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Abstract

The first chapter of this work has the aim to provide a brief overview of
the history of our Universe, in the context of string theory and considering
inflation as its possible application to cosmological problems. We then dis-
cuss type IIB string compactifications, introducing the study of the inflaton,
a scalar field candidated to describe the inflation theory. The Large Volume
Scenario (LVS) is studied in the second chapter paying particular attention to
the stabilisation of the Kdhler moduli which are four-dimensional gravitation-
ally coupled scalar fields which parameterise the size of the extra dimensions.
Moduli stabilisation is the process through which these particles acquire a
mass and can become promising inflaton candidates. The third chapter is
devoted to the study of Fibre Inflation which is an interesting inflationary
model derived within the context of LVS compactifications. The fourth chap-
ter tries to extend the zone of slow-roll of the scalar potential by taking larger
values of the field ¢. Everything is done with the purpose of studying in de-
tail deviations of the cosmological observables, which can better reproduce
current experimental data. Finally, we present a slight modification of Fibre
Inflation based on a different compactification manifold. This new model
produces larger tensor modes with a spectral index in good agreement with
the date released in February 2015 by the Planck satellite.



CONTENTS



Introduction

From the Big Bang Nucleosynthesis era to today the history of the uni-
verse is based on well understood and experimentally tested laws of particle
physics and gravity. It is therefore justified to have some confidence about
the events shaping the universe during that time.For earlier times, we can
only conjecture the evolution of our universe based on prosiming theoretical
ideas. Under some general assumptions, the key events of the history of the
universe and their corresponding time and energy scales can be summarised

as follows|[1]:

Planck Epoch: < 1074 s — 2,4x10'8 GeV
String Scale: > 1074 s — < 10'® GeV
Grand Unification: ~ 10736 s — ~ 106 GeV
Inflation: > 1073* s — ~ 10'6 GeV

SUSY Breaking: < 1070 s — > 1 TeV
Baryogenesis: < 10719 s — > 1 TeV
Electroweak symmetry breaking: 1071% s — 100 GeV
Quark-Hadron Transition: 107* s — 100 GeV
Nucleon Freeze-Out: 0.01 s — 10 MeV
Neutrino Decoupling: 1 s — 1 MeV

Big Bang Nucleosynthesis: 3 min — 0.1 MeV
Matter-Radiation Equality: 10* yrs — 1 eV

Recombination: 10° yrs — 0.1 eV
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e Galaxy Formation: ~ 6 x 108 yrs
e Dark Energy: ~ 10° yrs

e Solar System: 8 x 10 yrs

As we can see from this list, around 0.1 eV (380,000 yrs) protons and

electrons combine to form neutral hydrogen atoms, while photons decouple
and freestream forming the cosmic microwave background. 13.7 billion years
later these photons give us the earliest snapshot of the universe. Anisotropies
in the CMB temperature provide evidence for fluctuations in the primordial
matter density. At this point a question arises: what is the fundamental
microphysical origin of the CMB fluctuations? It is clear that the answer to
this question would give us explanations about the origin of all large scale
structures in the universe.
It is here that a period of cosmic inflation plays a fundamental role. This
period is characterized by an exponential expansion in the very early universe
that is believed to have taken place about 10734 seconds after the Big Bang
singularity. Inflation is thought to be responsible both for the flatness and
the large scale homogeneity of the universe and for the small fluctuations that
were the seeds for the formation of structures like our own galaxy. Indeed,
these small fluctuations grow via gravitational instability to form the large-
scale structures observed in the late universe. A competition between the
background pressure and the universal attraction of gravity determines the
details of the growth of structure. Thus, inflation turns microscopic quan-
tum fluctuations into macroscopic fluctuations in the energy density of the
universe: a stunning connection between the ‘physics of the large and the
small’. This is the reason why the study of inflation is important and can
guide us in the search of new physics beyond our present knowledge.



Chapter 1

Cosmology and inflation

The current view of our Universe is based on two theories with robust
theoretical basis and solid experimental evidence:

e Standard Model of particle physics,

e Standard Model of Cosmology.

1.1 Standard Model of Particle Physics and Be-
yond

The Standard Model of Particle Physics is a four dimensional relativistic

quantum field theory based on the gauge symmetry SU(3) ¢ x SU(2) 1, x
U(1) v.
This Model produces theoretical predictions in excellent agreement with ex-
perimental results that make it one of the great triumphs of the XX century
and it is divided into two kinds of particles, according to different statistical
laws and spin:

e Fermions

The fermions of the Standard Model are classified according to how they
interact. There are six quarks (up, down, charm, strange, top, bottom),
and six leptons (electron, electron neutrino, muon, muon neutrino, tau,
tau neutrino), the building blocks of matter. Pairs from each classifi-
cation are grouped together to form a generation, with corresponding
particles exhibiting similar physical behavior. The lightest and most

9



1. Cosmology and inflation

stable particles make up the first generation, whereas the heaviest and
less stable particles belong to the second and third generations. All
stable matter in the universe is made from particles that belong to the
first generation; any heavier particle quickly decays to the next most
stable level.

e Bosons

The bosons of the Standard Model mediate the strong, weak, and elec-
tromagnetic fundamental interactions. The gauge bosons of the Stan-
dard Model all have spin 1. As a result, they do not follow the Pauli
exclusion principle that constrains fermions: thus bosons (e.g. pho-
tons) do not have a theoretical limit on their spatial density (number
per volume). The different types of gauge bosons are described below.

1. Photons mediate the electromagnetic force between electrically
charged particles. The photon is massless and is well-described by
the theory of quantum electrodynamics

2. The W*, W~ and Z gauge bosons mediate the weak interactions
between particles of different flavors (all left-handed quarks and
leptons). They are massive, with the Z being more massive than
the W’s. The weak interactions involving the W’s exclusively act
on left-handed particles. Furthermore, the W’s carry an electric
charge of +1 and -1 and couple to the electromagnetic interac-
tion. The electrically neutral Z boson also interacts only with
left-handed particles. These three gauge bosons along with the
photons are grouped together, as collectively mediating the elec-
troweak interaction

3. The eight gluons mediate the strong interactions between color
charged particles (the quarks). Gluons are massless. The eightfold
multiplicity of gluons is labeled by a combination of color and
anticolor charge (e.g. red-antigreen). Because the gluons have an
effective color charge, they can also interact among themselves.
The gluons and their interactions are described by the theory of
quantum chromodynamics

However, the mechanism that breaks electroweak symmetry in the SM
has not been completely tested experimentally 33|, [34], [35], |31], [8], [5]-
This mechanism, which gives mass to all elementary particles, implies the
existence of a scalar particle, the SM Higgs boson.
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Figure 1.1: The interactions between all the particles described by the Stan-
dard Model.|26],|27].

According to the Goldstone theorem, theories with spontaneously broken
global symmetries exhibit massless particle which however have not been seen
in Nature [10],[4]. Higgs has shown how these massless Goldstone particles
become additional Ingitudinal degrees of freedom of massive gauge bosons in
the presence of broken local symmetries [5].

The Higgs boson has spin 0 and plays a unique role in the Standard Model,
by explaining why the other elementary particles, except the photon and
gluon, are massive. In particular, the Higgs boson explains why the photon
has no mass, while the W and Z bosons are very heavy.

On 4 July 2012, the ATLAS and CMS experiments at CERN’s Large Hadron
Collider (LHC) announced the observation of a new particle in the mass re-
gion around 126 GeV. This particle is consistent with the Higgs boson On
14 March 2013 the Higgs Boson was tentatively confirmed to exist|28]. The
fact that our universe is almost flat, homogeneous and isotropic is often con-
sidered as a strong indication that the Standard Model (SM) of elementary
particles is not complete. We argue however that the Higgs boson of the
Standard Model can lead to inflation and produce cosmological perturba-
tions in accordance with observations [29].

Although the Standard Model accurately describes the phenomena within its
domain, it is still incomplete. Perhaps it is only a part of a bigger picture
that includes new physics hidden deep in the subatomic world or in the dark
regions of the universe. New information from experiments at the LHC will
help us to find more of these missing pieces|30].

The Standard Model describes gravity only at the classical level. As a matter
of fact, gravitational interactions are studied in the framework of the classical
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theory of General Relativity that leads to the famous Einstein-Hilbert action
of the form:

M
SEH = TP/\/ —ng4ZL‘ (11)

but it cannot be quantised in the usual fashion.

The modern framework is that Einstein theory should be regarded as an
effective field theory, which is a good approximation at energies below the
Planck mass Mp.

The Planck mass can be derived approximately by setting it as the mass
whose Compton wavelength and Schwarzschild radius are equal[32]. The
Compton wavelength is, loosely speaking, the length-scale where quantum
effects start to become important for a particle. M, defines the Planck energy,
according to the famous formula £ = Mc?, that is about 10'® GeV. Setting
¢ — 1 we can use M, as an energy scale.

There should be an underlying, quantum mechanically well defined, theory
which exists for all ranges of energy, and reduces to General Relativity at
low energies, below the cutoff scale.

Some proposals for extending the physics of the Standard Model are:

e Supersymmetry

1. Supersymmetry [3] is a spacetime symmetry, despite the fact that
it is seen only as a transformation that exchanges bosons and
fermions. Supersymmetry solves the naturalness issue of the hi-
erarchy problem due to cancellations between the contributions
of bosons and fermions to the Higgs mass. Combined with the
Grand Unified Theory (GUT) idea, it yields the unification of the
three gauge couplings at one single point at larger energies of or-
der 10'% GeV. Furthermore, the lightest superymmetric particle,
if stable, could behave as dark matter. For all these reasons, theo-
ries with low energy supersymmetry have emerged as the strongest
candidate for new physics beyond the Standard Model at the TeV
scale.

2. However, unbroken supersymmetry implies a mass degeneracy be-
tween superpartners, a possibility which is clearly forbidden by ex-
periment. Hence exact supersymmetry is not viable, but we can
keep all its desirable good properties, if it is broken softly. As we
have seen, supersymmetry has several appealing features but, even
though supersymmetry is responsible for gauge couplings unifica-
tion, the Minimal Supersymmetric Standard Model(MSSM) does
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not treat the three non-gravitational interactions in a unified man-
ner, and, on top of that, it keeps not containing gravity.

e Grand Unified Theory

1. This theory includes the Standard Model group as the low-energy
remnant of a larger gauge group (Ggur) that is broken sponta-
neously by a Higgs mechanism at a high scale Mgyt ~ 1016 Gev.
Besides this nice feature, grand unified theories do not address
the fundamental problem of gravity at the quantum level, or the
relation between gravity and the other interactions.

e Supergravity

1. A very important feature of supergravity theories is the presence
of a new supermultiplet, the gravity multiplet, including a spin-
2 graviton G, and its spin 3/2 superpartner 1,*, the gravitino,
which is the gauge field of local supersymmetry. This is the first
attempt to construct a theory that incorporates both gravity and
all the non-gravitational interactions within the same description.
However, it does not provide an ultra-violet completion of Einstein
gravity, since it is neither finite nor renormalisable.

e Kaluza-Klein theories

1. The number of space-time dimensions is intuitively 3-+1 since this
is what our common sense tells us. However, Theodor Kaluza,
in 1919, formulated his original hypothesis and sent his results
to Einstein. Independently, Klein worked on the same idea. The
result was the beautiful proposal of unifying gravity and gauge in-
teractions thanks to the presence of tiny compactified extra dimen-
sions. We know that the surface of the Earth is a two-dimensional
surface inside a three-dimensional space. Kaluza and Klein won-
dered if physical space dimensions are not extended in space but
could be curved like a circle. However, although the idea involves
gravity, it still suffers from quantum inconsistencies.
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e Brane-world scenario

1. This is another fascinating idea concerning the existence of ex-
tra dimensions. It is based on the assumption that only grav-
ity can propagate in the extra dimensions whereas all other non-
gravitational interactions are trapped on a four-dimensional brane
embedded in a higher dimensional space-time. Unfortunately, this
setup does not provide an ultra-violet completion of GGeneral Rel-
ativity, since gravity is treated classically

1.2 Standard Model of Cosmology

We are in the framework of the classical theory of Einstein gravity in
which the cosmological evolution of our Universe is determined by considering
a perfect fluid with pressure p and energy density p in a homogeneous and
isotropic space-time. This assumption forces the metric to take the famous
Friedmann-Robertson-Walker (FRW) form:

dr?

2 2 2
ds* = —dt Jra(t)(l—kn“?

+ 72 (d#? + sin*0d¢?) ) (1.2)

a(t) is the scale factor which measures the evolution of the Universe in
cosmological time

k is a discrete parameter, k = -1, 0, 1, that determines the curvature of
the spatial sections at fixed t, corresponding to an open, flat or closed
Universe, respectively

The most important implication of the FRW ansatz, is that the space-time
has an initial singularity at t = 0, nothing but the big-bang from which the
Universe started its expansion. This is a clear sign that quantum effects start
playing a crucial role and we are using General Relativity in a region beyond
its regime of validity.

Putting the metric (1.2) into the Einstein equations, one obtains the so-called
Friedmann equations:

LN\ 2 2
o_(a\ _ p ke
i = (a) CO3M2 a? (13)
a p+3p
- 1.4
6.M?2 (L4)



1.2 Standard Model of Cosmology

where H is the Hubble scale and the energy conservation equation:

5= —3H(p+p) (15)
Let us make some comments here:
e (p+3p) > 0 the Universe expands decelerating

e k= —1; p > 0 the Universe keeps expanding forever, whereas for k= 1
there can be a value of a, for which the curvature term compensates
the energy density term, and a =0 .

After this time, a decreases and the Universe re-collapses.

e It is not possible to have a closed Universe (k= 1) that re-collapses, if
it is always accelerating.

At this point we can introduce the parameter €2, which is the ratio between
the energy density of our universe and the critical energy density p.:

=L, p =3HM2 (1.6)
Pe

For Q@ =1, 2 < 1, Q > 1 one can have a flat, open or closed universe
respectively.

In this Standard Cosmological Model, the early Universe is supposed to be
undergone a cosmological evolution through the following main steps:

1. Approximately 13 billion years ago the universe began expanding from
an almost inconceivably hot, dense state and it continued its long pro-
cess of expansion and cooling, reaching the cold, sparse state we see
today.

2. The early universe was a soup of matter and energy, in which parti-
cle/antiparticle pairs were constantly being born and annihilating. As
the Universe became cold enough to prevent the production of certain
kinds of particles, these species dropped out of thermal equilibrium
and are said to have frozen out. After this point, the only reason we
have any matter in the universe at all is because of a poorly-understood
process called baryogenesis that should explain the observed asymmetry
between matter and antimatter.

15
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3. Big Bang Nucleosynthesis (BBN)took place during the first 3 minutes
or so. At this stage, free protons and neutrons, created in baryogen-
esis, combined together to give rise to various light elements. During
this period the Universe was opaque to light due to the very efficient
absorption of photons by the large number of free electrons.

4. Recombination: 10° years after the big-bang, after the formation of
atoms, the Universe became transparent and the light released at this
time is perceived today as the cosmic microwave background (CMB).
At the same time, the Universe also changed from being radiation dom-
inated to matter dominated and galaxies and stars began to form when
the baryonic gas and dust collapsed to the centre of the pre-existing
dark matter halos.

Despite many theoretical and experimental successes like the Hubble law, Big
Bang Nucleosynthesis and the Cosmic Microwave Background, the Standard
Model of Cosmology still faces several severe problems like the initial singu-
larity, the flatness and horizon problems, horizon problem, the origin of the
CMB anisotropies and the excess of matter over antimatter. Furthermore,
present observations show that ordinary matter accounts just about the 5%
of the total energy density. The remaining 95% is presently unknown!
There should be other contributions to the total energy density of our Uni-
verse, in particular the remaining 95% should contain cold dark matter (25%),
a mysterious form of matter that has not yet been identified, and dark energy
(70%), some kind of ’antigravity’ effect which causes the Universe to accel-
erate. This acceleration could be caused by the so called ’Quintessence’, a
time varying scalar field in contrast with the idea of the static cosmological
constant explanation of dark energy.

1.3 Inflation

As already written above, the most compelling solution to these cosmo-
logical problems is achieved by requiring that in the first 1073* seconds or so,
the Universe underwent a brief period of exponentially fast expansion, known
as inflation. The most beautiful feature of this period is that it can render
quantum effects visible in the sky and explain why some regions could be in
causal contact with each other. A significant confirmation to this theory was
received by the detailed observations of the cosmic microwave background
made by the Wilkinson Microwave Anisotropy Probe (WMAP) spacecraft|6].



1.4 String theory

The simplest models of inflation involve a single scalar field ¢ below M, ,
whose dynamics, coupled to gravity, is governed by the action:

S= [ V=3l + 590,00, - V@) d'o = Spu+ 5, (1T

(with M, = 1)This is the sum of the gravitational Einstein-Hilbert action,
Sen, and the action of a scalar field with canonical kinetic term, S,. The
potential V(¢) describes the self-interactions of the scalar field. The energy-
momentum tensor is:

1
T\ = 0,00,6 = 9,0 [50700,6 + V(9)] (1)

Assuming the FRW metric for g"” and restricting to the case of a homo-
geneous field ¢(t; x)= ¢(t), the scalar energy-momentum tensor takes the
form of a perfect fluid with the resulting equation of state:

172
Wy = P _ ?qb—V (1.9)
Py §¢2 +V

This shows how a scalar field can lead to negative pressure(w, < 0) and
accelerated expansion (wg < - 1/3) if the potential energy V dominates over
the kinetic energy @* /2 The best present model of inflation, referring to a
scalar field called inflaton, relies on the slow roll of this field down a very
shallow potential. This implies a very small mass of the inflaton but we are
going to study it in detail in the next chapters.

Now, given the notorious ultra-violet sensitivity of scalar masses, how is
it possible to keep the inflaton mass low protecting it from getting large
quantum corrections?

Furthermore, the ultra-violet sensitivity of inflation gets even worse when
one looks at possible models that would generate observable tensor modes,
since they require the inflaton to travel a trans-Planckian distance in field
space [20].

1.4 String theory

This section is not supposed to be a comprehensive review of string the-
ory but its purpose is only to show that all the previous proposals for physics
beyond the Standard Model can be embedded into string theory, which rep-
resents also the natural framework where inflation should be derived. This
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theory is, at present, the most promising candidate for a consistent theory of
quantum gravity and it is also able to incorporate all the four known inter-
actions and matter in a beautiful unified framework whose dinamic selects a
particular vacuum state which, in turn, determines all the masses and cou-
plings. String theory was born about fifty years ago and, although it still
lacks an experimental evidence, it has the potential to provide an answer to
most of the fundamental questions beyond the Standard Cosmological Model
However, in the last years, there is a new set of experimental data coming
from two crucial experiments for fundamental physics: the PLANCK satel-
lite, which has been launched by the European Space Agency in May 2009,
and the Large Hadron Collider at CERN in Geneva. Furthermore, consis-
tent and well-defined low energy limits of string theory have been found. It’s
time, therefore, to try to make contact of string theory with our real world
but, first, we have to put things in the right order.

String theory can be introduced as the theory describing tiny one-dimensional
objects, called strings, that move through D-dimensional space-time and
sweep out two-dimensional world sheets which may be viewed as thickened
Feynman diagrams. The two-dimensional field theories living on such Rie-
mann surfaces define different perturbative string theories based on free
two-dimensional bosons and fermions, which correspond to the bosonic and
fermionic coordinates of the string in D-dimensional space-time. Combina-
tions of these two-dimensional fields give rise to a finite number of massless
spacetime fields, plus an infinite tower of stringy excitations with arbitrary
high masses and spins. The string scale Mg adjusts the size of the string
and governs the level spacing of the excited states. Moreover, thanks to the
presence in the massless theory spectrum of a spin-2 particle, the graviton,
we realize that the string theory includes the existence of gravity. Indeed, in
the study of string perturbation theory, the loop expansion does not contain
any ultra-violet divergence, so making the theory a perfect candidate for a
consistent treatment of quantum gravity. The fact that the quantum theory
of strings is naturally defined in more than four spacetime dimensions, has
led us to study the compactification methods for the extra spatial dimen-
sions, trying to reach ordinary four-dimensional physics. For concreteness,
we will focus on the compactification of the critical ten-dimensional type I1B
string theory!. The detailed explanation of how the ten-dimensional sources
determine the four-dimensional effective theory is a central task in string
theory model-building.

!There are five ten-dimensional string theories which have completely different spectra,
number of supersymmetries and gauge symmetries at the perturbative level but they
turned out to be all connected by various dualities



1.4 String theory

We shall, therefore, assume that the space-time manifold is not simply R,
but R"* x Y® where Y® is some compact six-dimensional manifold. The
compactification is usually demanded to yield a supersymmetric low energy
effective theory mainly because the supersymmetry breaking scale is sup-
posed to be low in order to solve the hierarchy problem and further super-
symmetry simplifies the calculations.

The requirement of obtaining N = 1 supersymmetry in D = 4, forces the
internal manifold Y® to be a very complicated Calabi- Yau space.

For our purposes, the most important degrees of freedom of the effective
theory are four-dimensional scalar fields known as moduli. They arise from
deformations of the compactification manifold, typically numbering in the
hundreds for the Calabi-Yau spaces under consideration, and from the po-
sitions, orientations, and gauge field configurations of any D-branes. These
non-perturbative objects, discovered by Polchinski in 1995, have changed
our view of type Il compactifications that until then seemed to be much less
interesting. Some D-brane features are:

e Non-Abelian gauge and matter fields are open strings whose end-points
are constrained to move on the brane

e D-branes allow to circumvent an existing no-go theorem that until then
prevented the turning on of background fluxes, interesting candidate
energy sources to stabilise the moduli

e The Standard Model lives on a particular D-brane whereas the closed
string sector, including gravity and the dilaton whose vacuum expec-
tation value sets the string coupling, probes all the extra dimensions

Now, one can compute the kinetic terms and scalar potentials of the moduli
whose vacuum expectation values parameterise the shape and the size of the
extra dimensions.
These moduli are massless uncharged scalar particles but in the presence
of generic ten-dimensional sources of stress-energy, such as D-branes and
quantized fuxes, there is an energy cost for deforming the compactification,
and many (though not always all) of the moduli fields become massive: it
is of primary importance to develop a potential for these particles and to
give them a mass, this is the so called moduli stabilisation. There is also a
cosmological constraint over the moduli masses, my,,q > 10 TeV, so that they
decay before BBN evading the cosmological moduli problem.

It is useful to divide the scalar fields into a set of light fields with masses
below the Hubble scale and a set of heavy fields with masses much greater
than the Hubble scale. Here one of the light fields, denoted ¢, has been
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identified as the inflaton candidate. To understand whether successful in-
flation can occur, one must understand all the scalar fields, both heavy and
light. Tt must be stressed that light scalars absorb energy during inflation
and, if they persist after inflation, they can release this energy during or af-
ter Big Bang nucleosynthesis, spoiling the successful predictions of the light
element abundances. To avoid this problem it suffices to ensure that their
mass is larger than 30 TeV, as in this case the moduli decay before Big Bang
nucleosynthesis.



Chapter 2

A simple string model

As we have explained in chapter 1, type IIB string theory seems to be,
at present, the most promising way to connect string theory with particle
physics and cosmology. Assuming the space-time to be a product of the
form but R'? x X, where X is a Calabi-Yau three-fold, one obtains an N —
2 supersymmetric field in four dimensions. Then taking Calabi-Yau orien-
tifolds, the number of supersymmetries can be reduced from N =2 to N = 1.
In the braneworld scenario, the Standard Model, or any of its possible gen-
eralisations, lives on a stack of space-time filling D-branes in the bulk. N =
1 supersymmetry can then be spontaneously broken by additionally turning
on background fluxes in the orientifold bulk, which render the compactifica-
tion manifold conformally Calabi-Yau. The internal fluxes also generate a
potential that freezes the scalar fields except for the Kahler moduli which
parameterise the size of the extra dimensions. Hence additional perturba-
tive and non-perturbative effects have to be considered in order to fix all the
moduli and construct a stable vacuum. Behind everything there is always
the question: What is the fundamental microscopic origin of inflation?

As said previously, inflation is believed to have occurred at an enormous
energy scale, far out of reach of terrestrial particle accelerators. Any descrip-
tion of the inflationary era therefore requires a considerable extrapolation of
the known laws of physics, and until recently, only a phenomenological pa-
rameterization of the inflationary dynamics was possible!. In this approach,
a suitable inflationary potential function V() is postulated and details of
the primordial fluctuation spectra will depend on its precise shape. Having
a model with stabilised moduli means that we are able to do realistic phe-
nomenology and compute all the relevant scales: the Kaluza-Klein mass, the

!Recently, progress has been made both in a systematic effective field theory description
of inflation and in top-down derivations of inflationary potentials from string theory.
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gravitino mass and also the masses of different particles in the moduli sector.
This issue has been successfully solved in the context of type IIB string the-
ory. In this framework there are Kdhler moduli, moduli which parameterise
the size of the extra dimensions, complex structure moduli which control the
shape of the Calabi-Yau and the dilaton whose vacuum expectation values
sets the string couping. Most of the geometric moduli are stabilized by fluxes
and for the remainig moduli it was at first proposed the KKLT scenario, then
ameliorated and extended in the Large Volume Scenario. The next sections
have the purpose of trying to explain a concrete example of large field infla-
tion in the context of moduli stabilisation within the well studied IIB string
compactifications. Working within such a framework allows us to use the
well-understood properties of low-energy 4D supergravity.

2.1 Type IIB moduli stabilisation

The first question to ask is how to work out the number of supersymme-
tries of the effective four-dimensional theory. This can be done by looking at
the decomposition of the spinor representation of the ten-dimensional Lorentz
group SO(1,9) and then counting the number of singlets under the structure
group of the compactification manifolds. The number of singlets gives the
number of supersymmetries in the effective four-dimensional theory.

2.1.1 Basic features

Given that we shall be interested in compactification manifolds that pre-
serve the minimal amount of supersymmetry in four dimensions, we focus on
the case of manifolds X with SU(3) holonomy group. Moreover, it turns out
that these spaces are Ricci-flat Kahler manifolds, corresponding to the fa-
mous case of Calabi-Yau manifolds. This is equivalent to prove the presence
of a globally defined (1, 1)-form J and a complex holomorphic (3, 0)-form €,
which are both closed. In order now to work out the particle spectrum in four
dimensions, one has to study the splitting of the ten-dimensional equations of
motion in a compactified space-time background of the form R x X. Start-
ing from the 10-dimensional metric, one obtains that the massless modes of
the D = 4 theory are in one-to-one correspondence with the harmonic forms
on the Calabi-Yau X. The number of these harmonic forms is given by the
so-called Hodge numbers h'! and h'2. We can put them in the so-called
Hodge diamond, since it renders all the possible symmetries manifest and
show that this Hodge diamond has three symmetries which are the complex
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conjugation (reflection about the central vertical axis), the Hodge- duality,
also called Poincaré duality (reflection about the central horizontal axis), and
the mirror symmetry (reflection about the central diagonal axis). The mass-
less modes counted by these Hodge numbers are particular deformations of
the Calabi-Yau metric which do not deform the Calabi-Yau condition. These
deformations of the metric correspond to scalar fields in the low energy effec-
tive action, which are called moduli. They can be viewed as the coordinates
of the geometrical moduli space of the Calabi-Yau manifold We shall now
focus on deformations of the metric dg that preserve Ricci-flatness. Given
that we are not interested in changes of coordinates, we need to eliminate
them by fixing the diffeomorphism invariance. This implies to see the vari-
ation metric expanded in terms of harmonic (1,1) and (1,2)-forms. In the
case of harmonic (1,1)-forms, they are Poincare dual to volumes of internal
4-cycles which are given by the Kédhler moduli. As we shall see in the next
sections, these moduli are promising inflaton candidates. Kdhler moduli sta-
bilisation is made in the framework of the previously mentioned LVS, the
simplest example of a broad new family of inflationary constructions within
the rich class of IIB stabilisation mechanisms.

2.1.2 The Large Volume Framework

We know that the low-energy 4D theory obtained at low energies is de-
scribed by an N = 1 supergravity, characterised by the Kéhler potential K, the
superpotential W and the gauge kinetic function f. Within this framework
complex structure moduli are fixed semiclassically through the presence of
branes and fluxes, while Kahler moduli are stabilised by an interplay between
non-perturbative corrections to the low-energy superpotential, W , and per-
turbative corrections to the Kahler potential, K, of the effective low-energy
4D supergravity. In particular, the LARGE volume that defines these scenar-
ios naturally arises as an exponentially large function of the small parameters
that control the calculation. It is important to note that large volumes imply
a low string scale, M,, and this drives down the inflationary scale M, . This
is interesting because it may lead to inflation even at low energy scales but
could be a problem inasmuch as it makes it more difficult to obtain large
enough scalar fluctuations to account for the primordial fluctuations seen in
the CMB.
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Lowest-order expressions

Type IIB string theory is defined in 10 dimensions and has 32 super-
charges. The ten dimensional bosonic massless fields consist of the metric
(9rmn), the dilaton (¢), RR antisymmetric forms ( Cy,Cs,Cy with the self-dual
field strength) and an NS-NS antisymmetric tensor (Bz). To obtain the four
dimensional model we compactify this theory on a Calabi-Yau orientifold.
Fluxes for the RR 3-form F3=dC5 and NS-NS 3-form H3;=dB, can be turned
on and the following quantisation conditions must be imposed [11]:

1 1
W\/Z ngnaGZ W/E H3:mb€Z (21)
a b

where ¥, 1, represent the 3-cycles of the Calabi-Yau manifold.
The superpotential at three level is independent of the Kahler moduli and is
given by the Gukov-Vafa-Witten superpotential:

W= [ GyAQ=W(SU) (2.2)
cY

where G3 = Fy + iSH3, being S = e=¢ + iCy, the axion-dilaton field and
the already seen holomorphic form (3,0) of Calabi-Yau.

To leading order in the string-loop and o’ expansions, the resulting low-
energy Kahler potential has the form:

Ktreez—2an—zn(s+§)—m(—i/Qm) (2.3)
X

where V is the Calabi-Yau volume, measured with an Einstein frame metric
g,E, =e- ¢/2g,fl,, and expressed in units of the string length, 1, = 2 7v/o/. In
general, the complex fields of the 4D theory include S, the complex structure
moduli, U,, a = 1,..., ko1 (X), and the Kdhler moduli T;, i = 1,...;h; 1(X).
In eq. (2.3) Q is to be read as implicitly depending on the U,’s, and V as
depending implicitly on the T;’s. The values of S and the complex structure
moduli, U,, can become fixed once background fluxes are turned on. These
fluxes may, but need not, break the remaining 4D N = 1 supersymmetry,
corresponding to whether or not the resulting scalar potential is minimized
where D,W = 9, W + W0,K vanishes at the minumum.



2.1 The Large Volume Framework

The Kdhler moduli T; do not appear in the eq.(2.2) and so remain precisely
massless at leading semiclassical order. To obtain the supergravity descibring
this massless sector, we elimate the heavier fields S and U, at the classical
level. This can be done in a supersymmetric way by solving 0, W = 0. At
this point the supergravity description of the remaining Kahler moduli is
specified by a constant superpotential, W = Wy = (W,ee), and the Kihler
potential K = K - 2In(2/gs) + Ko, with

Ko=—-2InV e'KCS:<—z’/Q/\§> (2.4)
X

To express Kg explicitly in terms of the fields Tj, referring to what we said
earlier, we write the volume in terms of the Kahler form, J, expanded in a
basis of harmonic (1, 1)-forms D; of H“!(X, Z) and we obtain:

k=1

X

where k;j;. are the triple intersection numbers of X and the t* are 2-cycle
which are Poincaré dual to the Kahler moduli 7} defined as

where 7; turns out to be the Einstein-frame volume (in units of I;) of the
divisor D;, the Poincaré dual to D;. Tts axionic partner is b;, the component
of the RR 4-form C, along this cycle: fDi Cy = b; |11]. Furthermore, the
4-cycle volumes 7; are related to the 2-cycle volumes as follows:

ov 1 .
= o = Qkijktﬂt’“ (2.7)

T;

Now, we can use the eq.(2.4) and (2.5) and solve these equations for the ¢’
as functions of 7; = $( T; + T; ) obtaining K, as a function of T;.
The supergravity scalar potential for 7; in terms of K and W is:

V = X[ KD,WD-W — 3|W|? 2.8
J

25



26

2. A simple string model

where K7 is the inverse of Kdhler metric Kz = 9;0,K and D,W = 9,W
+ WO0,K. Thanks to the no-scale identity of K;, we obtain a completely
flat potential, V=0 as is required for agreement with the microscopic com-
pactification since the fluxes did not stabilize the Kahler moduli to leading
order.

Non-perturbative corrections

To stabilize the Kahler moduli, non perturbative correction to super-
potential have to be included. The full non-perturbative superpotential is
expected to be

W = W() + Zk A,-e_‘“Ti (29)

where a; and A; are model-dependent costants.

The no-scale structure is broken and this non perturbative effects allow T
moduli to be stabilized by solving DyW = 0 [12]. To understand better the
situation, let’s consider only one modulus, denoted by 7 and the correspond-
ing axion set to zero. The Kéhler potential, the superpotential and the scalar
potential are given by:

K=-3ln(T+T) (2.10)
W =Wy + Ae T (2.11)
V = X[ KTT|DrW |2 = 3|W || (2.12)

The condition of unbroken SUSY, DyW = 0, allows to find an expression for
Wy and the following scalar potential minimum:

a2A2e—2aT

V=-3"W|*=-
3T

(2.13)

This is the famous KKLT minimum which is SUSY and Anti-de Sitter.

The important feature is that non-perturbative contribution, in the example
above W, = Ae —oT" breaks the no-scale. Since each term in Whyp 1s ex-
ponentially suppressed in terms of the Kéhler moduli, we generally expect
a similar suppression also for the in scalar potential. However, this is not
consistent with the neglecting of o’ and g, corrections because these go as
some powers of the Kdhler moduli and so dominate exponentially suppressed
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terms coming from W,,. Their neglection can be justified if complex struc-
ture and dilaton moduli are stabilized at a very small value of W}, so one
has to fine-tune Wy to a very small value. This means that the stabilization
only works for a small parameters range. At this point we have to uplift this
minimum to a de Sitter one and also in a way to give a vanishing cosmological
constant.

Perturbative o' effects

As mentioned earlier, there are several problems in this scenario. These
are overcome in the so-called Large Volume Scenario where perturbative o/
corrections are included in the Kihler potential which takes the form .2

§(S+§)3/Z]_ln(s+§)—ln(—i QAT (2.14)

K = —2ln[V+
2 oy

where £ = x/2(27) with x the Euler number of the Calabi-Yau three-fold.
For large volume, corrections go as inverse powers in the volume:

E(S+S)3?
2

S+8)32 2(S+85) 1
LSS S o) @)

In[ V+ | ~nV+

and will dominate in the scalar potential expression whose full analytic ex-
pression is reached by splitting it into three terms:

V= eK ( Vnpl + Vnp2 + Valpha’ ) (216)

with B B
Vnpl = K”aiWnp&jWnp (217)
Vipz = K9] 0;Woy K Wo + W + Ko Wo + W,y )0: Wiy | (2.18)
Viaipha = ( KV K5 — 3)[W ]2 (2.19)

At large volume we can take only the leading terms in the scalar potential.

2There are also string loop corrections to V in LVS but they do not appreciably alter
the minimum.
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For this purpose, we can use the (CP[AI 1,1,6,9] Calabi-Yau with two Kahler
moduli:

Ty, =1, + iby and T, = 75 + ib (2.20)

in which the 7, modulus is stabilised at large values whereas the small modu-
lus 7, is fixed at much smaller values. The Calabi-Yau volume can be written
as follows[13]:

1
V=—
9v/2

The Kéahler potential and the superpotential become:

(732 —17) (2.21)

K = —2In| ﬁ(%:ﬂﬂ — 7,32 )+ 5 63/2}
gs

W =Wy + Age %7 (2.23)

(2.22)

As it is possible to see, in the Kahler potential there are terms like £, that
takes into account perturbative corrections, and gs, the string coupling. The
supergravity scalar potential at large volume, at leading order, is as follows:

v AJT“E—?A..T_- B “Héwtr’[]h_sﬁ—mn V“'FE}F

3/2 3 0/2
am, / Th T

where A\ = 8 (asAs)? and u = 4A,. Now, in the absence of fine tuning,
the tree-level superpotential is of order Wy ~ O(1) and so the o/ and non-
perturbative corrections compete naturally to give an exponentially large
volume (AdS) minimum that breaks SUSY, located at

Vo~ Woe™ > 7, ~ 23 31



2.1 The Large Volume Framework 29

For phenomenological applications it is usually necessary to up-lift this
minimum from AdS to allow Minkowski (or slightly de Sitter) 4D geome-
tries. This can be done by adding suitable new contributions to either K
or W. The stabilized exponentially large volume can generate hierarchies be-
cause to small variations of a,7, correspond large variations of the Calabi-Yau
volume. The gravitino mass ms/, is given by:

: W
-irn.;jfz = ﬂx:'{rzll!’i’;id = %hﬂfpf

Phenomenological reasons associated with the solution of the hierarchy prob-
lem based on low energy SUSY require mg;, ~ O(TeV) from which the
Calabi-Yau volume is about 10 in string unit and the string scale is

]Iiffiji
M, = Vi/2

From the supergravity potential expression we can compute the moduli mass®
mi ~ K"Vy, and m? ~ K*Vy:

Mp
M 2l Iny

3b, has the same mass of 7, while b, is essentially massless
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An immediate generalisation of the (Cpﬁuesg] model is the so called
'Swiss-cheese’ Calabi-Yaus, whose volume is:

Nimall
V=a (ﬁ;‘” -y Jt?;*r.‘”z) ca>0, A >0 Vi=1, ., Nonau

where 7; control the size of the ’holes’ of the Swiss-chees and 73, controls the
overall size of the Calabi-Yau.

2.1.3 Canonical normalization

Now we expand the lagrangian around the minimum, see appendix B.
Starting from

oty
ik =7 =(T)+ 0T = () +0m

Ts {T.»'} + 57—.&

where

(1) = (1) (1 = b, s) 0T = (07); (i = b, s)

are the VEVs and the real fields respectively. The lagrangian is:

Lpree = 0, 067" - KC-0"T — Vo — 87" - M?- 67 — O(87)°
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with mass matrix

and Kahler matrix

EFJFJ
K

ij

For the explicit computation see Appe

31

a2
TS
v

&5

K
KJ:N.E

ndices A and C.

Let us write the above Lagrangian in terms of the canonical normalized fields
¢ and y which are related to 7, and 74 in this way

¢
0T = vy

E'I'Ux

X

2

The normalisation condition for the kinetic terms and the eigenvalue

equation give:
ve - K- v,
K 'M%*vg
K'M?*v,

a‘lhx
2
MaVas

2
Uy
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with

Ve = (va)e Do = {T-’x)h
X (vy)s

{'L"l-‘),u

The Lagrangian in terms of ¢ and x is (as shown in appendix B):

2.2

1 1 Lo,y 1
L= 0,00 + S0, x"x — Vo — ;mi®” — Jmy

2

Adding to the lagrangian, an interaction term between the small modulus
and the electromagnetic field, one has:

L=0,067T  IC-0"6 — Vo — 77 - M? 81 — 07 ) — 7, ™

1 1 Lo, 1 Bvg)s + x(02).)
L = Gﬁpfbﬂ’“'fb-l‘iankr'}”l‘.— Vo= =ma®® ——m2x* — - F,, "™ — (B(re)s + x(vy),) F B

2 2 X 4 " 4 \//2 {‘TI,,> .ﬂrfl'p[

with the resulting moduli coupling to photons

o (?,’q:)ﬁ
M
_ (vy)s

VT
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Now, the explicit expression, eigenvalues and normalized eigenvectors of
K-1M2 are:

-2 — 2a,(T,) |Wo [P ‘ ;29(1 — 7€) Saﬁ{*rbs);gl — 5¢ + 1662)
B(m)7 \ =S (1 - Be+4¢%) 21— 3e + 6¢)

8a2|Wal2 . 1/2 1 2
ma, ~ Tr (K~ M?) ~ bal 'o’[t(l'rf,(}:) Yo ( I;v) M},

oy Det (KM 27|Wol*r M},
T T (ICTM?) T dag(r) ()2 VSInV

) )] 4 . P )
57 = 6 )1/ H.;,M) (\/j ) X ~ OV 2 @Vﬁ,fdi
5 (\f @) s + (V5 3 ~ OV g+ OV

2/6 , .. o V3 Y P Y
) s — | =5 3/4 F] Iﬂ)i‘l' (_) ~ V'ﬂ —+O 1
§ ( 3 () vioes e Janwa = OV i O
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Chapter 3

A string inflationary model

As written in the previous sections, inflation, a very early period in the
history of our Universe where the scale factor a(t) increased exponentially,
can provide a solution to the flatness, horizon and monopole problems of
the Standard Cosmological Model, and, at the same time, it can explain the
origin of the CMB anisotropies, so providing a beautiful mechanism for large
scale structure formation[18]. This chapter is focused on the case in which
the exponential expansion is driven by[17] a scalar field ¢ with a flat potential
V(p). In a flat Universe, the Friedmann equation takes the form:

1 %)
H? = r 1
?)Mg(VJr 2 ) (3.1)

When the potential energy dominates over the kinetic energythe following
condition is satisfied:
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For a very flat potential, the Friedmann equation admits an inflationary

solution of the form a ~ e* and the equation of motion for the inflaton
reads:

. _ dV

p—3Hp=—==

One can guarentee that the inflationary period lasts for some time if the
friction term —3H¢ dominates the LHS of ¢ equation, forcing the inflaton
to roll slowly on the potential V(¢). This is the case if:

n= hrj'r_{—, < 1

The conditions € < 1 and 1 < 1 are named ’slow roll conditions’ and, if
satisfied, guarantee the presence of an inflationary expansion, whose amount
is measured in terms of the number of e-foldings, defined as follows:

tend Fend H 1 ¥in '{’
N(t) = H(t")dt' = / —dp = — —dyp.
¥ tin ¥ ¥in ¥ " JI;&' ¥ and I o

where p.nd is defined as the point in field space where the slow-roll con-
ditions cease to be valid, corresponding to €(@enq) ~ 1 In most models of
inflation one needs, at least, N, > 50 to solve the horizon problem, but it
depends both on the inflationary scale and the reheating temperature. The
observed CMB temperature fluctuations §T /T, corresponding to density per-
turbations dp/p, are generated by the quantum fluctuations of the inflaton.
These give rise to scalar and tensor perturbations to the metric with a pri-
mordial spectrum of the form:

Pr (k) o ke~ Prrae (k) ox K"

The constants ny and ng.,, are the ’scalar spectral index’ and the 'grav-
itational spectral index’, respectively. They represent two important CMB
observables, like also the COBE normalisation of the scalar density perturba-
tions. Another important CMB observable is r which is defined as the ratio



of the amplitude of tensor fluctuations to the amplitude of scalar fluctua-
tions. All these four CMB observables, are only sensitive to essentially three
numbers in any slow-roll inflationary model: the inflationary Hubble scale,
H;yy , and the two small slow-roll parameters, € and 7, evaluated at "horizon
exit’, that is at 50 or 60 e-foldings before the end of inflation when the rel-
evant scales left the horizon and got frozen. Since tensor fluctuations have
not been detected yet, it is not possible to provide a single amongst the four
CMB observables. One may instead constrain the inflationary scale H;, by
demanding to match the COBE normalisation for the density fluctuations.
Subsequently, one can work out the value of the spectral index n, and the
tensor-to-scalar ratio r in terms of € and 7 as:

ns =1+ 2n — Ge r=16¢

The hope is to use experimental data to be able to distinguish between
the predictions of different broad classes of models that can be divided in:

Large-Field Models , for which the inflaton travels a trans-Planckian dis-
tance in field space during inflation

Small-Field Models , for which the inflaton travels a sub-Planckian dis-
tance in field space during inflation

Hybrid Models , for which the field evolution at the end of inflation in-
volves at least a two-dimensional field space, and for which the slow-roll
parameters depend on parameters in the potential which govern the
couplings between these fields.

Finally, the fact that the inflaton is nothing but a carefully-chosen modulus,
whose potential will generically be affected by any mechanism of moduli
stabilisation, implies a problem, the so-called 'n problem’[24]. We have the
following relation between m, and H:

m2

_
n= 352 (3.3)
The n problem is related to the fact that, any mechanism which lifts the flat
directions of all the other moduli, will in general also lift the inflaton flat
direction, implying m, ~ H and so n ~ 1 ruining the corresponding slow-
roll condition. The no-scale property of the Kahler potential in type IIB
compactifications, helps to evade the n problem, which, however, can find a
definite solution only via the discovery of the extended no-scale structure.
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3.1 Fibre inflation

Over the past few years there has been substantial progress towards the

goal of finding cosmological inflation within the controlled solutions of string
theory|21]. The hope to find generic prediction which coudl hold for all (or
many) realizations of inflation in string theory. The amplitude of primordial
gravity waves has recently emerged as a possible observable of this kind. Since
the observational constraints on primordial tensor fluctuations are about to
improve considerably it is important to identify precisely how fatal to string
theory would be the observation of primordial gravity waves at this level.
This has launched a search amongst theorists either to prove a no-go theorem
for observable r from string theory, or to derive explicit string-inflationary
scenarios that can produce observably large values of r. It was found that
for K3-fibred Calabi-Yaus, LVS moduli stabilisation only fixes the overall
volume and blow-up modes if string loop corrections to K are ignored. The
fibre modulus then remains with a flat potential, only lifted once string loop
corrections are also included. The proposal here is to explain this flatness
mechanism and describe the so called Fibre Inflation. Now, one can use LVS
results to explicitly derive the inflaton potential in this scenario, where the
range of field values is large enough to easily give rise to N, = 60.
The values for N, = 60, between horizon exit and inflation end, completely
determine the slow-roll parameters. Elimination of N, then implies the slow-
roll parameters are related by € ~ 3/2n? implying a relation for r: r ~
6(ns — 1)2. Furthermore, since the value of N, depends somewhat on the
post-inflationary reheat history, the precise values of r and n, are slightly
model dependent.

3.1.1 The Lyth bound

In 1996 David Lyth[17] derived a general correlation between the ratio r
and the range of values through which the (canonically normalized) inflaton
field, ¢, rolls in single-field slow-roll models:

tend 1/2
Nett = / (ﬁ) Hdt
Y the r
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with e = 1/2(V'/V)? and &(t) = 8(H+\}P)2 is the quantity whose value at
horizon exit gives the observed tensor-to-scalar ratio r. Note that N.sr = NN,
if £ is a constant. The validity of slow roll and measurements of the scalar
spectral index, constrain Ny > 50, and so r > 0.01 requires the inflaton
to roll through a trans-Planckian range Ay > Mp. The inflaton usually
has some sort of a geometrical interpretation when inflationary models are
embedded into string theory, and this allows the calculation of its maximum
range of variation. This considerations shows that the distance travelled by
the inflaton is too small to allow » > 0.01. However, in the absence of a no-
go theorem, there is strong motivation to find stringy examples which evade
these kinds of constraints.
In Kahler moduli inflation,the starting point is a Swiss cheese Calabi-Yau
manifold. The interest is in that part of moduli space where 7, > 7 > 7.
Then one finds that fixing 7, and 7, to their stabilised values and consider-
ing the subdominant dependence on 7, the potential gives rise to slow-roll
inflation, without the need for fine-tuning parameters in the potential.

3.1.2 The simplest K3 fibration Calabi-Yau

K3-Fibration Inflation is a rapresentative model of a larger class of con-
structions (Fibre Inflation), which rely on choosing the inflaton to be one of
those Kahler moduli whose potential is first generated at the string-loop level.
In this work, we shall focus on a simplified version of these constructions.
We start from a volume with two Kdhler moduli[14],[19]:

Ll ko
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In the above equations the CY volume is expressed in terms of 2-cycle
[15] and 4-cycle volumes. A third Kéhler modulus is required for inflationary
purposes:

> a — 32 _ " _a/2
V:)\ltlfz—l—)\jt;j = ¥ (V’JIJQ — YTy ) = 1171 — QYT,

where the constants a and v are given in terms of the model-dependent
numbers, A; :

1 y—1/2
[ — 5 }11

= (4\1/27Aa) /2

We shall work in the parameter regime in which

e

5 - 3.-"I2 -
Vo i=ayTi e > ayry’ " > 1

Now, including the leading o’ corrections to the Kahler potential, as well as
including nonperturbative corrections to the superpotential, we have:

. 3
K =Ko+ 0Ky =-2In (V + %) W =Wy + Z Ape™ Tk
k=1

Because our interest is in large volume regime, it is useful to consider the
following approximation:

W~ W, + Azge 2T
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In this regime, the Kahler metric and its inverse are:

: 3/2 —
( TS Y 37 VT3 _ \
2 "\ T a2’
"1 " 2 Tf'z
3/2
KO 1 T3 VT3
i7 T 12 08 B 2 —3y—
2 1 VTl
37 VT3 _ . VT3 3ay T2
—— 712 — Y e
\ 2 Tf;E VL 2 V1 )
2 32 -
T V1T 73
_ J.-.-_.-.-E"a.z 1 .-.—2 R
Ki=4] 7Wnty 5 72 T2T3
- 2
T1T3 T2T3 —Vvﬁ
3y

In particular, here (and below), the volume is only the part
V[j = Ct'v-“ﬁi"g

The resulting scalar potential simplifies to:

] {'{2‘4_2 _-‘_,J._:jl . Tq 3 ;'-ﬁ"::'
V = Skt v —2asTs — 4Wyaz A- ( ) o I ?{}
3y (V ‘ 033 e ) © i

with Wy > 0.
Thanks to the relation

K3'K? + KPK? 4+ cc. = —3r3

the scalar potential dipends only on two Kahler moduli. Setting a7, large
enough to switch off its non-perturbative dependence in W, there is a modulus
(a proper combination of 7, and 7») describing a direction along which V is
flat. This modulus plays the role of the inflaton.
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Figure 3.1: V (arbitrary units) versus 7, and 73 for one of the parameter sets
discussed in the text, with volume fixed at its minimum|7].

The minimum for V is at!

. 2/3

£ 3 ary -
! ] ! T — T4
(1) = | 5= V) = (4,9,3 43) Wo /(r3) e/

Now, the purpose is to follow some concrete numerical choices for the various
underlying parameters. There are several sets of choices:[16] LVS corresponds
to a volume ~ 10" and M, ~ 10'? GeV, whereas in other two models (SV),
with different numerical choices, volume ~ 103 and M, ~ 10'® GeV. The
choices for LVS give an inflationary potential whose energy scale is too small
to provide observable primordial density fluctuations.

Inclusion of string loops

There are three relevant kinds of loop corrections which turn out to gen-
erate a potential for the remaining flat direction:

IThese two relations do not take into account the shift in the volume minimum due to
the up-lifting term
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Here the 2-cycle t, denotes the intersection locus of the two 4-cycles whose
volumes are given by 7, and 7. The corresponding corrections to the scalar

potential are:
A B {?ﬂ WE
(ﬂ-'! - -5 = r 0 "
(gs) (le. Vﬁ + vz) V2
A = (g.CKK)? >0,
B =20WA"* = 4aCl,
C = 2 (ag:CE¥)* > 0.

Here 7, will turn out to be mostly the inflaton.
Minimizing these corrections of scalar potential with respect to 7 at fixed

volume and 73 we obtain:
. 32AC
1+ (sign B)4/1 + T}

R (i)
Ti‘i,fz 8AV
32AC <= B?

2/3 2/3
le(—%) if B<0 or le(%) ifB =0

Furthermore, any meaningful minimum must lie within the Kahler cone de-
fined by the conditions that no 2-cycle or 4-cycle shrink to zero and that the
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overall volume be positive. Since 7 and 7 both have been considered much
larger than 73 we have

Vo~ ay/Tim = Eltlt%
V _— A\ 2
—_ — G R [ J— 2 —
ty — ty (Jhl) ; Ty = 2V -

and the Kahler cone is given by 0 < 73 < o0o. To discuss dynamics and
masses we need to consider the kinetic terms in addition to the potential, in
terms of the volume and 7:
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After having established the existence of a consistent LVS minimum of the
potential for all fields, the purpose is to explore the inflationary possibilities
that can arise when some of these fields are displaced from these minima,in
particular 7, beacause of its systematically flat potential in the absence of
string loop corrections (it could be a good candidate for a slow-roll inflaton).

Inflationary potential

Fixing the volume and 75 to their 7-independent minimum 7 is displaced
far away from its minimum and it rolls towards it from initially larger values.
This is the approximation of single field 7; [2]. Choosing 7, as the coordinate
along the inflationary direction, the relevant dynamics reduces to
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where it was included also an up-lifting potential, which might be produced
by the tension of an anti D3 brane in a warped region somewhere in the extra
dimensions. The canonically normalised inflaton is therefore given by:

and the Kahler cone is:

0<m <004+ —00<ip<+to0.

thus the inflationary dynamics can in principle take place over an infinite
range in field space.
Shifting ¢ from its vacuum value, the potential becomes:
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A tipical plot for scalar potential as a function of ¢ is:
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Figure 3.2: V(p) with A,C < B, R = Cy/Cy = 10~* and volume and 73 fixed
at their minimum
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Inflationary slow-roll

Working in the most natural limit with A;C < B and B > 0 that implies
0 < Cy <« Oy = 4C,, the potential is well approximed by:
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In the potential, in practice, the powers of R can be neglected in all but the
last term which eventually becomes important for sufficiently large ¢. For
smaller ¢ R is completely negligible. We seek inflationary slow roll focusing
on the situation in which ¢ rolls down to its minimum (at ¢ = 0) from
positive values, with the following slow-roll parameters:
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with k? = 4/3 and keeping R only when it comes multiplied by e*?, it follows
that:
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Plots of these expressions are:
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Figure 3.3: Plots of the potential and the slow-roll parameters € and 1 with

R = 1078 (blue), R = 107%(green), R = 107*(red)|7].

There are three qualitatively different regions in the potential:
slow-roll regime , both ¢ and 7 are small and e *?/2 dominates in the
potential. The approximation in this regime is:
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The slow-roll parameters are as follows, with an interesting relation
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small ¢ regime , the slow-roll conditions break down when ¢ is small
enough that the two negative exponentials, in the potential expres-
sion, are comparative in size to produce n = 0. Accordingly, there is

an inflection point in this regime.
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large ¢ regime , the positive exponential dominates the potential, which
becomes:
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and the slow-roll parameters plateau at constant values n ~ 2¢ ~ k? =
4/3. The slow-roll condition also breaks down when k¢ ~ In(1/R),
providing an upper limit to the distance where slow roll occurs and,
accordingly, to N.. Going to this region 7 changes sign. This shows
that, while € is still small, > € > 0. Furthermore, unlike generic
single-field inflationary models, in this regime ng > 1. Due to the cur-
rent observational preference for ny < 1, horizon exit is choosen to
occur before this value of ¢.

n vanishes due to the competition between e*? and e *%/2 in the po-
tential. This occurs when ¢g(R) = —In(R)/V/3

The number of e-foldings N, occurring during the slow-roll regime can be
computed using the approximate potential for that regime:
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where Q.,q represents the end of inflation and ¢, the value of ¢ at horizon
exit.

Figure 3.4 shows how the number of e-foldings depends on ¢, as well as the
insensitivity of this result to Qepg.
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Figure 3.4: N, vs ¢, (left) and N, vs @enq (right) for R = 0; The solid (red)
curves are computed using the full potential while the dashed (blue) curves
are computed using the approximate potential in the slow-roll regime[7].

Moreover, in the slow-roll regime we can use ¢, = ¢o(R) and this leads to
an upper limit to N, plotted in the here below vs x = logio(R): Ultimately,

Ny o 9 (RO - 9) - {m (%) —In 8]

W= |

200

Figure 3.5: N,, plotted in the here below vs x = log1o(R)[7].

the most robust predictions are for those observables whose values depend
only on the slow roll parameters, such as the spectral index and the tensor-
to-scalar ratio, which are:

ns = 14 2n, — 6Ge, and 1= 16e, (3.4)

where, in general, n, and e, are function of ¢, and R; hence ng = ns(p.,R)
and r = r(¢4,R). For R < 1, which is required for a significant number of
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e-foldings, a good approximation is n, = ny(¢,) and r = r($), unless @, is
large enough that Re*?* cannot be neglected. This is studied in depth in the
next chapter. For small R we find a robust correlation between r,n, and N,:

2
r~6(ns—1) (3.5)
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Figure 3.6: Plot of ng vs N, r vs N, and r vs vs n, rescpectively|7].

Deviations(|20]) from this correlation arise for large ¢,. This is the topic
on which the next chapter is based.
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Chapter 4

New slow-roll results

As explained in the previous chapter, the scalar potential is divided into
three regimes

small ¢ regime
slow-roll regime
large ¢ regime

The last two listed above are of particular importance. Let us see in detail
what happens in the transition between these two regimes. In the slow-roll
regime the dominant term is e %%/ and we have already seen the correspond-
ing approximation for the scalar potential, that is

Ve~ {vffm (3-aeP2)

with k = 2/+/3.
In this frame, in addition, the following relationship between the slow-roll

parameters holds
2

n
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We have also seen how the number of e-foldings is calculated in this region
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where Q.4 represents the end of inflation and ¢, the value of ¢ at horizon
exit. N, is, therefore, very sensitive to the value of ¢, and we placed as the
upper limit the value ¢, = ¢o(R). This value represents, consequently, the
entry in the large ¢ regime where the terms e*¢ and e *%/2 become compa-
rable. For large values of 45, the potential is completely dominated by the
positive exponential term and, the slow-roll conditions are broken. Conse-
quently, the cosmological observables, previously considered only as functions
of ¢, , now also become dipendent on R.

We tried to stretch the area of slow-roll, taking higher values for ¢, , which
still preserve the slow-roll conditions. Now, the full expression of the infla-
tionary potential involves all the exponential terms, apart from corrections
in R. We studied the following issues and their dependence on R:

e Scalar potential
e Slow-roll parameters ¢ and 7

e Cosmological observables N, , r and ng

4.1 Scalar potential

The explicit expression for the potential is

¢,
(v} 10/3

r

: LY gy 2 —2p i
(3—-R) 4(IIGH) ¢ I(]ig."a’.) e FRe

taking into account all the exponential terms.

As can be seen from Figure 4.1, three crucial values of gg are Qeng , Po(R) and
Omae - Lhe latter has been fixed as the largest possible value for ¢, which
corresponds to the point where the slow-roll conditions are no longer valid
for € or . The lower end of this range is fixed by ¢o(R). As already said,
Dena 18 the point where inflation ends and is about the same for all values of
R.

Plotting the potential for different values of R, it is possible to note that, for
smaller values of R, the slow-roll range increases (Figure 4.2).

This extension of the slow-roll area, allows us to study the parameters and
the cosmological observables at large values of (ﬁ




4.1 Scalar potential

Figure 4.1: Plot of V vs ¢, with all exponential terms and R = 2,25x1075
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Figure 4.2: V(), with all exponential terms, with R = 1073, R = 1074, R
= 1075 R = 1078 from left to right respectively.
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4.2 Slow-roll parameters

Using the standard definition of the slow-roll parameters
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with k% = 4/3 and keeping R only when it comes multiplied by e*%, we obtain
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In the following plots for € and 7 it is possible to note the same extension of
the slow-roll area taking values of R between 10~2 and 1078:
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Figure 4.3: €(¢) with R = 1073, R = 107, R = 1075, R = 107® from left to
right respectively.
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Figure 4.4: n(¢) with R =103, R =10"* R = 1075, R = 107® from left to
right respectively.

Finally, we plot in Figure 4.5 ¢(¢) and 7(¢) for a given value of R (in-
tuitively the relation 4.1 between € and n is not valid for large values of

~

Q)

Figure 4.5: Left:n($) with R = 2,25x107°. Right: n(@) with R = 2,25x107°.

From Figure 4.5 it is possibile to note the range choosen for .. The
relevant points in field space for R = 2.25 x 107 are Peng = 0.91 , $o(R) =

6.17, Pmaz = 11.16 for which we have: n(po(R)) = 0.043, n(Pmaez) = 1,24,
N(Pena) = -0.18. €(Po(R)) = 5x107* | €(Pmaz) = 0.37, €(0ina) = 1.

57



58 4. New slow-roll results

4.3 Cosmological observables

First of all, we compute the number of e-foldings N, as

Y A
Nﬁ.zfﬁé ﬁdnp
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with Po(R) < Gy« < Pmae- The resulting plot of N,(¢) for R = 5x107° is
shown in Figure 4.6.

R=5x10"°

Figure 4.6: Plot of N.(¢)

As shown in Figure 4.6, N, ~ 50 for ¢ = 6, and N, ~ 60 for ¢ = 6.47.
We remind that, for this value of R, ¢o(R) = 5.71 and @4, = 10.47. For
this reason, R = 5x107° could be a good value for studying r and n,. Figure
4.7 shows N (p) for R = 1072, R = 1074, R = 107, R = 107%:

Figure 4.7: Plot of N () for R =103, R =10"%, R =105 R = 107%.



4.3 Cosmological observables

Now, using eq.3.1 for the spectral index ng and the tensor-to-scalar ratio r
we obtain (taking the best value for R, which in this model is R = 2.25x107°):

e n, — 0.98 and r=0.01 for N, ~ 50
e n, — 0.99 and r=0.01 for N, ~ 60

These values for ng are in slight disagreement with Planck 2015 results
which predict ns = 0.9655 +0.0062 (68% CL) for the base ACDM model [9].
However the value of the present Hubble scale inferred from Planck data
is in 2.40 tension with the direct measurement of the Hubble Space Tele-
scope. This could be an intruguing indication of new physics beyond the
base ACDM model. A very well theoretically motivated extension of the
base ACDM model is dark radiation.

Dark radiation is usually parameterized by the effective number of neutrino-
like species N.tf, defined so that the total relativistic energy density in neu-
trinos and any other dark radiation is given in terms of the photon density
py at T <1 MeV as

7 ( 4\

3 (ﬁ) Py

£ = Ncﬂ'_

The standard cosmological prediction is Ny = 3.046, since neutrinos are not
completely de-coupled at electron-positron annihilation and are subsequently
slightly heated|[25]. In addition to massless sterile neutrinos, a variety of other
particles could contribute to N.sr. We assume that the additional massless
particles are produced well before recombination, and neither interact nor
decay, so that their energy density scales with the expansion exactly like
massless neutrinos.

Hy [kms~! Mpe™?]

Figure 4.8: Hy versus Nss [9].
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For N.s¢ > 3 the Planck data favour higher values of the Hubble param-
eter than the Planck base A CDM value which is in better agreement with
direct measurements of Hy. As shown in Figure 4.8, larger N.;; corresponds
to a region of parameter space with significantly higher Hubble parameter
which, in turn, gives a larger values of the spectral index in perfect agreement
with the prediction of our inflationary model:

og = 0.850 + 0,015
ns = 0.983 + 0.006 } Planck TT+lowP; ANz = 0.39.

Hy=706+1.0

Figure 4.9 shows also ny( ¢) for R = 1073, R = 107, R = 1075, R =
1078

R=103 \ \ R=108

Figure 4.9: Plot of ny(p) with R =103, R =10"*, R =107% R = 1075.

In Figure 4.9, the red horizontal line shows the deviations from the slow-
roll regime where ng, < 1.
All these calculations have been performed for k = 2/4/3 corresponding to
the K3-fibration model, described in chapter 3. The previous expression for
the volume was

V>~ ay/TiT (4.2)

Let us now investigate if a different value of k£ might give rise to different
phenomenological results which are more compatible with recent Planck data.
In order to do that, we consider a slightly different form of the volume:

Ve T (4.3)

We now assume that 75 is fixed at 73 = oy with o > 0 due to some stabilisa-
tion effects (like D-terms for example). By requiring then a constant volume
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during inflation, that is:
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This change in k yields the following values for n, and r:
e n, — 0.967 and r = 0.019 for N, ~ 50
e n, = 0.973 and r = 0.015 for N, ~ 60

with €4, = 0.16 and 7,4, = 0.33.

(4.10)

In this new framework, n, is in perfect agreement with Planck 2015 results
without the need to add extra neutrinos-like species, as it was written before.
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Conclusions

As we have explained in chapter 1, type IIB string theory seems to be,
at present, the most promising way to connect string theory with particle
physics and cosmology. An intriguing connection is represented by inflation.
Inflation is believed to have occurred at an enormous energy scale, far out
of reach of terrestrial particle accelerators. Any description of the inflation-
ary era therefore requires a considerable extrapolation of the known laws of
physics. In this approach, a suitable inflationary potential V() is postulated
and the details of the primordial fluctuation spectra depend on its precise
shape.

This thesis is based on type IIB moduli stabilisation and it is focused on
the Large Volume Scenario. Within this framework the dilaton and the
complex structure moduli are fixed semiclassically through the presence of
branes and fluxes, while Kahler moduli are stabilised by an interplay between
non-perturbative corrections to the low-energy superpotential, W , and per-
turbative o and string-loop corrections to the Kahler potential, K, of the
effective low-energy 4D supergravity. Furthermore, the LARGE volume that
defines these scenarios naturally arises as an exponentially large function of
the small parameters that control the calculation. Starting from the lead-
ing order expression of K and W, we added subdominant corrections and
we showed how an AdS minimum emerges which breaks SUSY. This mini-
mum can be uplifted to dS due to an appropriate mechanism. Moreover, we
also explicitly performed a full canonical normalisation of all Kihler moduli.
Subsequently, we described a promising string inflationary model called Fibre
Inflation. The goal is to find cosmological inflation amongst the controlled
solutions of string theory. The hope is to find observable predictions which
can be fully trustable from the theoretical point of view. The amplitude
of primordial gravity waves has recently emerged as a possible observable
of this kind[22][23|. This has launched a search amongst theorists either to
prove a no-go theorem for observable r from string theory, or to derive ex-
plicit string-inflationary scenarios that can produce observably large values
of r. Ultimately, it was found that for K3-fibred Calabi-Yaus, LVS moduli
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stabilisation only fixes the overall volume and blow-up modes while leaving
a flat direction, if string loop corrections to K are ignored. In chapter 3 we
review a string inflationary model where the remaining flat direction behaves
as an inflaton field. We analysed different properties of this model taking all
the exponential terms into account. In particular we focused on:

e Scalar potential
e Slow-roll parameters ¢ and 7
e Cosmological observables N, , n, and r

The results obtained in this way, were compared with those obtained in the
case where the Calabi-Yau volume takes a slightly different form.

As it is possible to see from the values obtained for n, and r ( corresponding
to 50 < N, < 60 ), the new Fibre Inflation model is compatible with the
data recently reported by the PLANCK satellite without using a number of
neutrino-like species different from the one of the Standard Model, overcom-
ing the difficulties of the standard Fibre Inflation shown in the section 4.3,
whose predictions approach the PLANCK 2015 results only if one includes
new neutrino-like degrees of freedom.

The PLANCK 2015 results are in very good agreement with the 2013 anal-
ysis of the Planck nominal-mission temperature data, but with increased
precision. The Planck temperature data combined with Planck lensing give
a spectral index ns, = 0.968 £+ 0.006 [9]. Furthermore, combining Planck
observations with other astrophysical data they found N.¢; = 3.154 0.23 for
the effective number of relativistic degrees of freedom, consistent with the
value 3.046 of the Standard Model of particle physics. The spatial curvature
of our Universe is found to be very close to zero. Adding a tensor component,
as a single-parameter extension to base ACDM, they found an upper limit on
the tensor-to-scalar ratio of order rg g9 < 0.09 consistent with the B-mode
polarization constraints from a joint analysis of BICEP2, Keck Array, and
Planck (BKP) data.



Appendix A

Kahler metric

Starting from the expression of the Kahler potential in the framework of
7, and 7, (2.22) we obtain:

K 3
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with
(A.1)

in which i and j run over Kahler moduli. Let us find the elements of the
Kahler matrix:
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Since the Kdahler metric is symmetric, one needs to calculate only one
element in the diagonal:
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Now, starting from
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The Kéhler matrix and the corresponding inverse K ii are as follows:
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Appendix B

Minimum of the scalar potential

Starting from the explicit expression of the scalar potential:
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the scalar potential is minimised in this way:
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B. Minimum of the scalar potential

Setting x = 7,%/2
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We obtain the solutions:
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Now, taking into consideration the right hand side of the equation (B.1)
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That is equivalent to this expression
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For 7, > 1, setting y = a,7s and performing a Taylor expansion in the
limit y > 1, one has:

which leads to
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Now, inserting the above equation in the previous result for 7, one has:
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Multiplying both sides of the last equation for the square-bracket term
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2 { da,ms  16a27? + (w”rd)} (27e /2

L |

1 3 3 1 JvA
“a - r @ 3 o = + 1— —
2 dagr,  16ai7? M (ﬂ.d?“i) 23

a8 &8




and squaring both sides

1 1+ 3 N 0 N 6 Lo 1 1 RITD)
4 2a,7y  (4ay7s)?  (dagT,)? adr3 )| “z,r_jfa"?

A little algebra yields:

2 i r -1
o821 L5 1
m Y { Sa,m,  (daum)? | m(agﬁ

Recalling that y = a,7s > 1, we can expand the term in the square
bracket and, finally, obtain:

2
,H- :tll.l';g _ l 1 9
i T, v ( + 2.1, + [:fla,;?‘,;]j + ...
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B. Minimum of the scalar potential



Appendix C

Mass matrix

From the definition of the mass matrix we are going to calculate the
second derivatives of the scalar potential, with respect to 7, and 7., evaluated

at the minimum:

PV [_ 3ha2ry 2e 2 , SulWola,re = 9u|m,|2]

d*7, N d_Tb 21’5” T: 21},“’;2
B lﬁlai'ﬁl”e 2a47s B 12p|Whla,me ™™ 99u|Wy|?
B ar Ty A7)
B 15 a7/ [;alW:ﬂT.-;”z( 33 )r
A | 2xa,n” da,7,  16a27?
12p| Wola,, {mwolri” (1 3 3 )] 99| Wol?
T 2Aa.1 da,7,  16aiT? 473
~ lﬁ;ezlwulzrf”( 3 3 ) 1z WP (1 _ 3 3
16A7, 2 2a,7,  (da,7,)? 2x7, 2a,7,  (4a,7,)?
99| W |2
4’T|-13ﬂ

¥

15|[Wh P 1+ 1 + 9 o3 + 3
B 47-;:*;2 QGNTN (4(1&7—#}2 Qa”T” [:4‘:1”?_")2

2Wolv (19 3 3
Tbl'uif? 20,7, (da,T,)? 2a,7, (da,7,)?

990 |Wo
P
15| Wl (] R ) B 24|w0|2.-.f(] R ) | 9wl
41’; 32 20,7, Té:;‘l‘z dasTs 41’,,1:;;2
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C. Mass matrix

5 4
(1 o fl.'.l.‘:*r,i + {fla,g*r,,}z)

that yields:
PV 9\Wo[?v 1
({}iTE N 21-; 3/2 2'13 Ts
Similarly for others matrix elements we obtain:
PV 2a2 Wyl 3 6
= —am 1 — + ,
67‘5 T{;}flz 4(1.,,-?}; (4&-57_3)2
I’V Ba Wy (1 5 N 4 )
aTbTS T;lﬁ 4{137_5 (4(157_3 )2
At this point the mass matrix is as follows
9| Wy | 2w 3g 2y
M 2 Jl:?-i’!ﬁ'z (1 + Qu.:r,-,) _JﬂEJ—FﬁL

1

b

_ das|Wo 2 1 — 5 + 4 a? [Wol?w
27_1.111 z AasTs (das7s)* CTH

(1

S N T
AagTs + (rlu,.'r,,)'l)



Appendix D

Lagrangian in terms of
canonically normalised fields

Let us compute kinetic and mass terms using the normalization condition:

. P X
e T . T _ ¥ s A
duo1 - K- OM6T fiplﬁ(vq, + \/Z(UX) ] K- r}“{

— ;ampw + ;aﬁxaﬂ X

orT - M?* . 6 =677 - K-K'M?*. 61

_ l%(vq})%r %(v,{)*} KK M? lan,

- | e + S| i

1 ., . 1 ., .
— Emﬁ,sz + Emi ')(_2

Mg —=
7

vt f ]

)

2 X
v —I—m —
L 5 x}

Then we have to recover the Maxwell lagrangian and the interaction term

KT, F“VFIW - K ( {’-'_u} + 5’;‘“) FLWF;:L—
= K (7s) Fpu " + K07, B ™

(Mpp=1)

7



78 D. Lagrangian in terms of canonically normalised fields

Furthermore, setting

1
K {?—_‘J F“VF‘IW — 1 {TIHI-’GHD

1

FwF'tw —
' 4K {T.,)

G G

we get(renaming G with F and recalling the expression of 075 in terms of
¢ and x):

K {T.‘s} F}LE—-‘ FHY };.57'3 P;ﬂfﬁ,{w =7 ij(f + K 67_‘, G”“(mu

4k { Ts)

_ T v,u:u L
— GWC wG

4

('n-}

w g g ((e)s +x(04)s)

4V2(r)

KTs Py b
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Now, one can multiply the matrix K~ by M?, knowing that m3 > m?,

at the leading order in €

Tr (IKT'M?) = (mg, +m3) ~ mj,

2, 2

Det (K 'M?) = m.pm;(
Det (K7'M?)

m

Tr(C'M2) X

_ 2a,(7,)|Wo|*v | da, ()
Tr (?C 1M2) _ 3<Tb}-"f§ -9 (l — TF.) + W

[ 2a (1) [WolPv [ 4ag(n,)*?
- 3(my)0/2 (T )12
_ 8a3 ()Wl

(1—3e+ ﬁe:z)]

3(n)?
_ da? (7)) | W w2 da,()**? r
1 2y s\'8 & )
DBt-[:JC M}— Q(Tb}g l—g(l—Tf)‘W(l—Sf—Fﬁf)—
L F —6(1‘5)1'{2
+ ﬁa.s{ﬂ_,}(l — be+ lbcz) . “. — De + 16[2) W

 18ay (1) Wy "v?
- {Th)l‘r’“(n) 1/2

Det (KK™'M?) [ 18a,(7,)*|Wo|'v? 3(n)°
Tr(K'M2) | (n)52()/2 ) \Ba2(r ) /2 Wo|?w

20| Wl
 day (1) ()92



80 D. Lagrangian in terms of canonically normalised fields

At this point we have to solve

Employing the normalization condition for v and v, it is easy to obtain:

Ve = ((?J'I:rjb) (\/ﬁ{ﬂ?}ui{’rs)ﬂfd)
(V) s 2;—":'5{'5,}””{7,;}1“
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