ALMA MATER STUDIORUM - UNIVERSITA DI BOLOGNA

Scuola di Scienze
Corso di Laurea in Fisica

Symplectic Reduction, with an
application to Calogero-Moser systems

Relatore: Presentata da:

Prof. Luca Migliorini Carlo Heissenberg

Sessione 25 / 07 / 2014
Anno Accademico 2013/2014



Sommario

Lo scopo del presente lavoro e di illustrare alcuni temi di geometria simplettica, i
cui risultati possono essere applicati con successo al problema dell’integrazione dei
sistemi dinamici.

Nella prima parte si formalizza il teorema di Noether generalizzato, introducendo il
concetto dell’applicazione momento, e si da una descrizione dettagliata del processo
di riduzione simplettica, che consiste nello sfruttare le simmetrie di un sistema fisico,
ovvero l'invarianza sotto l'azione di un gruppo dato, al fine di eliminarne i gradi di
liberta ridondanti.

Nella seconda parte, in quanto risultato notevole reso possibile dalla teoria suesposta,
si fornisce una panoramica dei sistemi di tipo Calogero-Moser: sistemi totalmente
integrabili che possono essere introdotti e risolti usando la tecnica della riduzione
simplettica.
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Symplectic Geometry

1 Preliminary Notions

1.1 Derivative of a mapping
Let M and N be differentiable manifolds and let f be a mapping
f:M— N

which is differentiable, in the sense that f gives rise, when expressed in local coordi-
nates of M and N, to differentiable functions.

Definition 1.1. The derivative of the differentiable function f : M — Ninx € M
is the linear map between tangent spaces

Jow : TMy — TNy (@)

defined as follows. Given a curve ¢ : R — M, ¢(0) = = with velocity vector

‘Z—f’tzo = v, then f,,v is the velocity vector of the curve fop: R — N, thus

fle(t)). (1.1)

t=0

f*m’v = E

We will often use the equivalent notation : f, = df.

Remark 1.1. f.,v does not depend on the curve ¢(t) but only on the vector v, and
indeed, given any curve v, with Z—Z .o = U, we obtain, in local coordinates x' on M:
of de*  Of
5)) = = = —"
szof(v( ) ort ds  Oxt

Jiw : TMy — T Ny(g) is manifestly linear, since d/dt is a linear operator.




1.2 Pullback defined by a Mapping

The dual mapping to the one we just introduced is called pullback and is described
as follows.

Definition 1.2. Let M and N be differentiable manifolds and let f be a differentiable
mapping between them
f:M — N.

Given a one-form «, defining for any p € N a linear map of the tangent space to N
at p
ap : TpN = R,

we define the pullback of a through f onto M as the map acting, at a given x € M,
as:

(f*)a(v) = ap@)(dfz(v)). (1.2)
The generalization to a k—form f is straightforward:
(ffa)a(v1,v2,...,0;) = ap@)(dfz(vr), dfz(vs), . .., dfz(Vr)). (1.3)

2 Symplectic Manifolds

2.1 Symplectic Forms

Let V be an m-dimensional vector space over R, and let 2 : V XV — R be a bilinear
map. The map (2 is skew-symmetric if Q(u,v) = —Q(v,u), for all u, v € V.

Theorem 2.1. Let ) be a skew-symmetric bilinear map on V. Then there is a basis
ULy ooy Uy €15+ v vy Cny f1yeo oy fn of V' such that

Quz,v) =0, for all v eV,
Q(ei,ej) = Q(f,,f]) = 0,
Q(ei,f]’) = 51]

Such base, even though not unique, is often called a “canonical” basis.



Proof. Let U = {u € V|Q(u,v) = 0 for all v € V}.Choose a basis uy,...,u; of U
and choose a complementary space W to U in V:

V=UaoW.

Take any nonzero e; € W. Then there is f; such that Q(eq, fi) # 0 and by rescaling
we can obtain (eq, f1) = 1. Let

W1 = Span{ey, f1}
W = {we W|Qw,v) =0 for all v € W, }.

First we observe that W, N W = {0}.
Indeed, suppose that v = ae; + bf; € Wi N WS then 0 = Q(v,e;) = —b and also
0=Q(v, f1) = a.

Furthermore W = W, @& WL
This holds because, given v € W, with Q(v,e;) = h, Q(v, f1) = k, we can expand
it as

. S N

v=(=hfi +ke)+(v+hf —kel)/.

TV
€Wy ew

To move one step forward, consider e; € W2, e; # 0. We can find f, € Wi such
that Q(eq, fo) = 1, then we consider Wy = span{es, fo} and so forth.

This process eventually comes to an end since dimV is finite. [

Consider now the map € defined by
Q: V-V, Qo)) =9, ). (2.1)
Its kernel is the set where €2 is “degenerate” since
KerQ) = {v € V| for all u € V, Q(v,u) = 0}.

Remark 2.1. k = dim Ker(2 is an invariant of (V,2); thus, since k 4+ 2n = dimV,
also m is an invariant of (V, ), called sometimes rank of €.

Definition 2.1. A skew-symmetric bilinear map (2 is symplectic or non degener-
ate if (2 is bijective, i.e. KerQ = {0}. The map (2 is then called a linear symplectic
structure on V', and (V, () is called a symplectic vector space.



Here we list some immediate properties of a linear symplectic structure €2:
e Duality: the map Q:V = V* is a bijection.
e k=0, sodimV = 2n is even.

e By Theorem 2.1 a symplectic vector space (V,€2) hasabasis ey, ..., en, f1,. .., fn
satisfying
Q(ei, fJ) = 51']‘ and Q(@Z’, 6]‘) = Q(fz, fj) =0.

Such basis is called a symplectic basis of (V).

The last property tells us that any symplectic vector field is isomorphic to (R?", Q)
where e; = (...0;...), fi = (... 0i(j—n) - - .) is a symplectic basis. This is the prototype
of a symplectic vector space.

Definition 2.2. A symplectomorphism ¢ between symplectic vector spaces (V, 2)
and (V/,€) is a linear isomorphism ¢ : V' = V’ such that

QY =Q,

where (¢*Q')(u,v) = Q' (p(u), p(v)). If V and V' are linked by a symplectomorphism,
they are said to be symplectomorphic.

The relation of being symplectomorphic is an equivalence relation among all even-
dimensional symplectic vector spaces.
Moreover, by Theorem 2.1 every 2n-dimensional symplectic vector space is sym-
plectomorphic to the prototype (R**,Qy): finding the suitable symplectomorphism
amounts to finding a symplectic basis.

2.2 Subspaces

Let (V, ) be a symplectic vector space.

e A subspace W C V is called symplectic if the restriction |y is nondegener-
ate.

e A subspace W C V is called isotropic if Q| = 0.

We can also look at these properties by introducing the notion of symplectic orthog-
onal.



Given a linear subspace Y of (V, (), its symplectic orthogonal Y is the linear
subspace defined by

Y ={veV|Q,u) =0, for all u € Y}.

Some properties:

1. dimY + dimY® = dimV;

2. (YO =Y,

3. If Y and W are subspaces, then Y C W = W% C Y%
Proof. Property 1 is immediate, once we notice that the linear map

Q|y V=Y
v = Qv, )]y

satisfies: KerQ|y = Y and ImQ|y = Y*.

Property 2: v € (Y means Q(u,v) = 0 for all u such that Q(u,v’) = 0 for all

v' € Y so, clearly if v € Y then v € (V). However dim(Y®)® = dimV —dimY® =
dimV — dimV 4 dimY = dimY. Therefore we have Y = (YQ)Q

Property 3: Consider y € Y C W, and let u € W% ie. Q(u,v') = 0 for all
v € W;then u € Y given y € Y, Q(u,y) = 0 since y € W as well.
Viceversa assume W C Y then for the previous argument (Y?)® C (W), which
for property 2 means Y C . ]

We call the subspace Y':
e a symplectic subspace if

Qlyxy is nondegenerate <= Y NY® = {0} <= Y oY?=V;

e an isotropic subspace if

Q|Y><y =0 «— YQYQ,

e a coisotropic subspace if
YeCy;

e a lagrangian subspace if

1
Y is isotropic and dimY = édimV <= Y is isotropic and coisotropic <= Y =Y.



2.3 From symplectic spaces to symplectic manifolds

Let w be a two-form on a manifold M: for each p € M, w, : T,M x T,M — R is a
skew-symmetric, bilinear form, and w depends smoothly on the point p.

w is closed if it satisfies the differential equation dw = 0, d denoting the exterior
derivative.

Definition 2.3. The 2-form w is symplectic if w is closed and w, is symplectic for
all p e M.

If w is symplectic, then dim7,M = dimM must be even.

Definition 2.4. A symplectic manifold is a manifold M, equipped with a sym-
plectic form w and denoted (M,w).

Example 2.2. (R®",wy), where in linear coordinates wy = Y ., dz; A dy;, is sym-
plectic and its symplectic basis is

(o), (), ), @)}

Example 2.3. (5% w) where S? is identified with the set of unit vectors in R?* and

wp(u,v) = (p,u X v), u,v € T,5% = {p}~.
is symplectic.
Definition 2.5. Let (M;,w;) and (M, ws) be 2n-dimensional symplectic manifolds,
and let ¢ : M7 — M, be a diffeomorphism. ¢ is a symplectomorphism if

*
Y Wy = Wq.

The theorem below, of which we do not provide a proof (see for instance [1]) states
that the only local invariant of symplectic manifolds up to symplectomorphisms is
their dimension.

Theorem 2.2 (Darboux). Let (M,w) be a 2n-dimensional symplectic manifold, let
p be any point in M. Then there is a coordinate chart, called a Darbouz chart,
(U,x1,. . Ty, Y1, - - -, Yn) centered at p such that on U:

w= i dx; N\ dy;.
i=1

The Darboux theorem asserts that locally any symplectic manifold of dimension
2n “looks like” (R*" wy).



3 Isotopies and Vector Fields

Let M be a manifold and p: M x R — M a map, where we set p;(p) = p(p, t).

Definition 3.1. The map p is an isotopy if, for each t, p; : M — M is a diffeomor-
phism and py = idy,.

Given an isotopy, we obtain a time-dependent vector field v;, that is a family of
vector fields vy, t € R, which at p € M satisfy:

d _
w(p)=—| _pla) a=p'(p), (3.1)
or in other words p
% —v,0p (3.2)

On the other hand, given a time-dependent vector field v;, under the hypothesis
that M is compact or that the v,’s are compactly supported, we can find a suitable
isotopy p satisfying the ordinary differential equation (3.1).

Definition 3.2. Given a time-independent vector field v, the associated isotopy p
is called exponential map or flow of v and is denoted €.
Thus {e™ : M — M,t € R} is the unique smooth family of diffeomorphisms satisfy-

ing: ;
et”|t:0 = idy and pr (e"p) = v (¢"p) (3.3)

Definition 3.3. The Lie derivative is the operator
L, QF(M) — QF(M)

. d tv\ *
Lyw = T tzo((e ) w). (3.4)

In case the vector field v; does depend on time, we can still define a corresponding
isotopy p, by Picard’s theorem. Therefore, in the neighborhood of any point p € M
and for sufficiently small ¢ there is a one-parameter family of local diffeomorphisms
given by:

d .
% =wv,0p po = idyy. (3.5)

And the Lie derivative with respect to a time-dependent field is therefore:

Loy, : QF(M) — QF(M)

9



d
Lyw=— fw). 3.6
=2l (o) (36)
The following formulas prove useful in such a variety of cases that they are definitely

worth mentioning.

Proposition 3.1. Cartan magic formula
Low = tpdw + diyw. (3.7)

For a time-dependent vector field v, and its local isotopy p:

d * *
%ptw = p; Loy, w; (3'8)

and finally for a smooth family w;, t € R, of d-forms:

d , . dw
g P = P (ﬁvtwt + d_tt> : (3.9)

Proof. For (3.7) and (3.8) we can observe the following facts. First, they both hold
for 0-forms f € QM) = C>*(M):

(Lof) () f(e"p) = vfl, = dfy(v) = wdfy;

~ dihi=o

%(p’{f)(p) = %f(pt(p)) = (Lo, f)(pe(p)) = pi (Lo f) (D)

Then we notice that both sides of (3.7) and (3.8) commute with the exterior derivative
d, essentially because the pullback * commutes with it:

d(Lyw) =d {%(pfw)} = %(p:dw) = L, (dw); d (tpdw + diyw) = diydw = 1,ddw~+di, dw;

Cdt
Both sides are derivation of the algebra (Q*(M), A), i.e.

d d
1| o] = s d(iLas) = piluds

Ly(wAa)=(Lyw)Na+wA (Lya)

10



since the Lie derivative operator is a derivation itself. This concludes the proof, since
for any chart U, Q°*(U) is generated by functions and their differentials.
Formula (3.9) is a consequence of (3.8) via chain rule:

d . di A N
—piwy = — Wi+ — wg = oW+ —— | .
At T dalas e T gg 0 1P T P T
*L
Pt v Wt « dwy

Pt ~at

4 Hamiltonian Mechanics

4.1 Hamiltonian and Symplectic Vector Fields

Let (M,w) be a symplectic manifold, and let H : M — R be a smooth function.
Since w is non-degenerate, there exists a unique vector field Xy satisfying:

1xyw = dH. (4.1)

Definition 4.1. The vector field Xy is called hamiltonian vector field and H is
referred to as Hamilton function.

Supposing M is compact, or that Xy is complete, we can define, by integration,
a one-parameter family of diffeomorphisms p; : M — M, t € R, as

po =1id
(4.2)
% o) pfl — X
dt t H-
Claim. Vi, p; preserves the symplectic structure w.
Proof. By (3.8) we have: L (pjw) = p;Lx,w = p;(dix,w +ix, dw) = 0. O
—— ~~

dH =0
Remark 4.1. This shows that, for each t, p; is a symplectomorphism; notice however
how this proof involved both the non-degeneracy and the closedness of w.

Remark 4.2 (Energy conservation). H is preserved along the trajectories of Xpy:

d d
E(PZH)@) = EH(PM) =Lx,H=1x,dH =1x,1x,w = 0.

Which means: (p; H)(x) = H(pz), Vt.

11



Definition 4.2. A vector field X on (M,w) is called a symplectic vector field
whenever Lxw = 0.

The following are equivalent:

e X is a symplectic vector field
[ ) EXw =0
° pjw=w, WVt

e 1w is closed

However the condition necessary for Xy to be a symplectic hamiltonian vector
field is stronger:

e JH such that 1x,w = dH.

Since the form 2xw is closed, such a function H exists in a neighborhood of every
point, by Poincaré lemma. The existence of a global function H requires some
supplementary hypothesis of topological type on the variety under consideration. For
instance, if the variety is simply connected, then every symplectic field is hamiltonian.

4.2 Classical Mechanics

Let us consider the euclidean space R*", with coordinates (qi,...,qn,P1,---,Pn);
equipped with the canonical symplectic structure wy = >, dg; A dp;. The integral
curves of hamiltonian vector field for the Hamilton function H are described by
Hamilton Equations. Indeed

IxyWo = dH

however

7 %

hence:
dt Ip;
(4.3)

12



For n = 3, these equations describe the motion of a particle of mass m subject to a
potential V(q) in the three dimensional space R® with coordinates q = (g1, ¢2, q3)-

Newton’s second law
d*q
m_
dt?

=—-VV(q)

can be rewritten by introducing the momenta p; = m% and the hamilton function

(energy) H(p,q) = 5-p° + V(q). Considering now T*R* = R® with coordinates
(g, p), Newton’s second law in R? is equivalent to the Hamilton equations in R®.

4.3 Brackets
For a function f € C°°(M) and a vector field X, we define:
X[ =df(X)=Lxf.

Given two vector fields X, Y, there exists a unique vector field W = [ X, Y], called
Lie Bracket of X and Y, satisfying the condition:

Lixyf =LxLyf—LyLxf=[Lx,Ly]f. (4.4)
Lemma 4.1. For any form «
Xy = EnyOé — ly EXOd = [Ex, Zy]Oé. (45)

Proof. Both sides behave as anti-derivations with respect to the wedge product;
indeed let a and 8 be a p- and ¢-form respectively, then:

Z[va} (Oé N 5) = (’L[X7y]0é) A ﬁ + (—1)qOZ A (l[X,y]ﬁ),
by definition of A,
ﬁxly(O{ A B) — Zyﬁx(Oé A\ 5) =
= £X <ZyOé N ﬁ + (—1>qOé VAN Zyﬂ) — 1y (ﬁxOé AN ﬁ +aA ﬁXﬁ> =
=(Lxwya) NS+ (—1)a N (Lxwyp) — (yLxa) AN —(—1)aA (1yLx ),

by skew-symmetry of A with respect to contraction 2 and by the Leibnitz rule for £
(the cross terms, therefore, cancel out!).

Thus, it is sufficient to check the formula on local generators of the exterior
algebra of forms. For a function f, both sides vanish identically.
For an exact one form df:

Z[X,y}df = X(Yf) — Y(Xf) = £X2ydf - Zyﬁxdf
since df (X)) = Xf = Lx/f. O

13



Proposition 4.2. Given two symplectic vector fields, X, Y, on a symplectic mani-
fold (M,w), then [X,Y] is hamiltonian and its hamilton function is w(Y, X):

Hixy) = w(Y, X). (4.6)
Proof. Using Cartan magic formula (3.7):

Z[X’y}w :,Cxlyw — Zyﬁxw

=dixtyw + 1x diyw —1y dixw —iytx dw .
N~~~ S—~— ~

0 0 0
=d (w(Y, X)).

O
Definition 4.3. A Lie algebra is a vector space g together with a Lie bracket [, ],

i.e. a bilinear map

[[]:axg—g
satisfying:

2,y = —ly,z], Vrz,y€g; (antisymmetry)
[, [y, 2] + [y, [z, 2]] + [2, [z, 9]], Vz,y,2 €. (Jacobi Identity)

Definition 4.4. A Poisson algebra is a commutative algebra A together with a
Poisson bracket {, }, defining a map

((}:Ax A A

which is a derivation:{f, gh} = {f,g}h + g{f, h}.

On a symplectic manifold (M,w), we can actually give a Poisson bracket and
define the Poisson structure (C*°(M), {,}) by introducing the formula:

{f, 9} = w(Xp, Xy), (4.7)

where Xy and X, denote the hamiltonian vector fields with f, respectively g as
hamilton functions.

Claim. Our {,} is indeed a Poisson bracket since

{f,gh} ={f,gth+g{f h}

14



Proof. He have
{fa gh} = W(Xfa Xgh);

however X, is defined by
d(gh) =dg h+ g dh =1x,,w

therefore
W(Xy, Xgn) = dg(Xy) htg dh(Xy) = w(Xy, Xg)htgw(Xy, Xpn) = {f, gth+g{f, b} O
Remark 4.3. We have Xy, = —[X;, X] since X5y = Xox;x,) = [Xg Xyl

where in the last passage we used equation (4.6).

Proposition 4.3. {,} satisfies Jacobi Identity:

{f g, h}}y +{9.{h, f}} +{n.{f. g}} = 0.

Proof. By the last Remark we have {f, {g,h}} = w(Xy, X(gn) = —w(Xy, [ Xy, Xp]),
thus our identity follows from Jacobi Identity for the Lie bracket of vectors. [

To sum up, we have shown that on a symplectic manifold (M, w) we have a Poisson
algebra (C>°(M),{,}); and moreover we have a Lie algebra anti-homomorphism
between the Lie algebra of vector fields (x(M),[,]) and the Lie algebra of functions

(C>(M),{,})

ceM)  —  x(M)
H — XH
{7} ~ _[7]‘

One can also define, in parallel with the notion of symplectic manifold, the weaker
notion of Poisson manifold.

Definition 4.5. A smooth manifold M is a Poisson manifold if (C*(M),{,}) is
a Poisson algebra.

And of course, similarly to symplectomorphisms for the former, for the latter we
have:

Definition 4.6. A Poisson map is a regular map ¢ : M — N between two Poisson
manifolds (M, {, }ar), (IV,{, }~) which defines a homomorphism of Poisson algebras,
i.e. given f,g € C®°(N):

o {f. 9t ={e"f, 0 gtm € CF(M).

15



From a general point of view, one can proceed with the notion of Poisson structure
on a manifold M only, and define:

{f,9} = (df @dg)(I1),  f,g € C=(M). (4.8)

Then, we can define the corresponding of a symplectic structure:

Definition 4.7. A Poisson structure on a smooth manifold M is defined by a
Poisson bivector i.e. a bivector on M II € T'(M,A*T'M) such that its Shouten
bracket with itself is zero: [IL, II] = 0.

The Shouten bracket mentioned above is just the extension to p-vectors (in this
case bivectors) of the usual Lie bracket of vector fields [, ].

Following this more abstract path, leads to a straightforward definition of Hamil-
tonian vector field of a given function H € C*°(M) that exploits the following homo-
morphism between the Lie algebra of functions and the Lie algebra of vector fields
xr(M) preserving the Poisson structure:

v:C®(M) — xu(M) (4.9)
Hs vy = {H, 1. (4.10)

4.4 Integrable Systems

Definition 4.8. A hamiltonian system is a triple (M,w, H), where (M,w) is
a symplectic manifold and H € C*°(M;R) is the hamiltonian function of the
system.

Here we have our first version of Noether theorem.

Theorem 4.4. We have {f, H} = 0 if and only if f is constant along the integral
curves of the hamiltonian field Xy .

Proof. Let p; be the flow of Xy. Then

d * * * *
%(pt f) = ptLXHf = ptZXde = PelxpglxW
= piw(Xy, Xu) = o {f, H}. O

A function which is constant along the trajectories of motion is called an integral
of motion (or a first integral). Given n functions fi,..., f, they are said to be
independent if their differentials (dfi),,. .., (df,), are linearly independent at all
points p in some open dense subset of M.

16



In a loose sense, a hamiltonian system is integrable if it has enough commuting
integrals of motion, where commutativity is with respect to the Poisson bracket.
This means that:

w(sz‘vaj) = {fu fy} =0,
so we are requesting that the set of hamiltonian fields (Xy,),, ..., (X}, ), generates

an isotropic subspace of T,M for each p. By symplectic linear algebra, then, n can
be at most half the dimension of M.

Theorem 4.5. (Arnold-Liouville) Let (M,w, H) be an integrable system of di-

mension 2n with integrals of motion f1 = H, fa,..., fn. Let ¢ € R™ be a reqular
value of f = (f1,..., fn). The corresponding level f~1(c) is a lagrangian subman-
ifold of M.

(a) If the flows of Xy, ..., Xy, starting at a pointp € f~1(c) are complete, then
the connected component of f‘l(c) containing p is a homogeneous space for
the group R™. There are affine coordinates @1, ..., p, on this component,
known as angle coordinates, with respect to which the flows of the vector
fields Xy, , ... Xy, are linear, where by affine coordinates we mean that the
action of the group R™ is by translations.

(b) There are coordinates I, ..., I, known as action coordinates, comple-
mentary to the angle coordinates such that the I;’s are integrals of motion
and ¢1, ..., ¢n, 11,..., I, give a Darboux chart.
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Moment Maps

The concept of moment map is a generalization of that of Hamilton function. The
notion of a moment map associated to a group action on a symplectic manifold
formalizes the Noether principle, which associates to every symmetry in a mechanical
system a conserved quantity.

5 Actions

5.1 Omne-parameter subgroups

Let M be a manifold and let X be a complete vector field on M. Consider now
the one-parameter family of diffeomorphisms p; : M — M, t € R, generated by X,
which satisfies:

po(p) =p

dpi(p)
dt

= X(p:(p))-

Claim. The family p; can be regarded as a one-parameter group of diffeomor-
phisms, denoted p, = !X, since it meets the requirements:

® 0t O Ps = Ptts;
® pp = id;
o pi=p; .

So the map R — Diff (M), t — p; is a group homomorphism.
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Proof. Let ps(q) = p and reparametrize as p;(q) = pr1s(q). Then we have:
polq) = ps(q) = p

dﬁcth(tQ) - dpt;;@ = X(pe+s(q)) = X(pe(q)),

i.e. p; is an integral curve of X through p. By uniqueness: p,(q¢) = pi(p), hence
prs(@) = pelps(a))- O

5.2 Lie Groups
Definition 5.1. A Lie group is a manifold G equipped with a group structure
where the group operations
GxG—G (a,b) —a-b
G—G a—at
are smooth maps.

Definition 5.2. A representation of a Lie group G on a vector space V is a group
homomorphism G — GL(V'), which is also a map of differentiable manifolds.

5.3 Smooth Actions

Definition 5.3. An action of the Lie group GG on the manifold M is a group homo-
morphism:

Y G — Diff (M)
g = by
The evaluation map associated with an action ¢ : G — Diff (M) is
evy : M xG—= M
(P, 9) = ¥y(p).
The action is said to be smooth if its evaluation map is smooth.

It follows from our previous considerations that there is a one-to-one correspon-
dence between smooth actions of R on M and complete vector fields on M given
by:

X X

— .

diy (p)
X, —
P dt li=0
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5.4 Orbit Spaces
Let ¢ : G — Diff(M) be any action.

Definition 5.4. The orbit of G through p € M is {¢,(p)|g € G}.
The stabilizer of p € M is the subgroup G, = {g € G|¢,(p) = p}.

Furthermore we can describe an action by the characterizing the properties of its
orbits.

Definition 5.5. The action of G on M is:
e transitive if there is just one orbit,
e free if all stabilizers are trivial,
e locally free if all stabilizers are discrete.

Let now ~ be the equivalence relation that identifies two points in the same orbit:
p,q € M,
p~q <= p,q are in the same orbit.

The space of orbits M/~ = M /G is called the orbit space.
The natural projection 7 is the one associating a point to the G-orbit through it:

T M — M/G
p — orbit through p.

5.5 Symplectic and Hamiltonian actions

Let (M,w) be a symplectic manifold, and G a Lie group acting on it through a
smooth action ¢ : G — Diff (M).

Definition 5.6. The action v is a symplectic action if
Y : G — Sympl(M,w) C Diff (M).
This means that 1 gives rise to symplectomorphisms.

The general definition of hamiltonian action, which we are going to inspect in a
moment, requires the notion of moment map.
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5.6 Lie algebra of a Lie group

Let G be a Lie group. Given g € G let
Ly:G—=G
a—g-a

be the left multiplication by g.
Counsider now a vector field X on GG. Such field is called left-invariant if

(Ly).X = X
for every g € G. Since the Lie bracket of two left-invariant vector fields is again left
invariant we may give the following:

Definition 5.7. Let g be the vector space of all left-invariant vector fields on G.
Together with the Lie bracket [,] of vector fields, g forms a Lie algebra, called the
Lie algebra of the Lie group G.

Claim. The map

g — 1.G

X— X,
where e denotes the identity element of the Lie group G, is an isomorphism of vector
spaces.

Proof. Given a vector field X € g, we associate to X its corresponding vector in the
identity element X.; clearly we have, for two distinct fields X, Y

(aX + BY)e = aXe + BY.

where «, ( are constant coefficients for the linear combinations.
Conversely it is clear that any element X, € T,G defines a unique left-invariant
vector field through the relation X, = (L,)..X.: indeed given another h € G,

d
(Lh)*ng - (Lh>*9 © (L9>*€Xe = (Lh)*ga‘tzo(g ) etXe) =

d
— % t:O(h . g . etXe) — (Lh‘g)*eXe = Xh-g'

Finally [X,Y] in g corresponds to [X,Y]. == [X,,Y.] in T.G, while we have:

_ d tX tYy tY tX\ __ d
(Lol X, Y)e = (Lgeor| (¥ —eet¥) = 2

We observe that the last claim means we can plainly identify the Lie algebra of a
Lie group with its tangent space in the identity element, which is just the way many
authors actually define it.

gle®e™ —e"etN) = [X,Y],. O

t=0
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6 Adjoint and Coadjoint representations

Let G be a Lie Group and g its Lie Algebra, i.e. its tangent space at the identity
element, provided with a commutator operation [, ].

Given g € G, a group element, we have the left and right translations, which
are diffeomorphisms through which the group acts on itself:

Ly:G—G, heGw— Lh=ghed (6.1)
Ry:G—G, heG— Rh=hged. (6.2)

6.1 Adjoint Representation

The derivatives (def.1.1) of the diffeomorphisms described above are:

Lg* : TGh — TGgh (63)
Rg* : TGh — Tth (64)

The conjugation R, o Ly acts as follows:
Ry10Ly: G—G, heGwr ghg™. (6.5)

It is an inner automorphism of the group G. In particular, it fixes the unit ele-

ment e, since R;-10Ly(e) =g e gl=ggl=e

Its derivative in the unit element, which we shall denote Ad,, constitutes a linear
map of the Lie algebra g to itself:
Ady = (Ry~10Lg)se, Ady:g—g. (6.6)
Therefore, interpreting such procedure as a map
Ad: G — GL(g), g~ Ad, (6.7)

we define the adjoint representation of the group G on its Lie algebra g.
We can show that Ad, is a homomorphism for the algebra, i.e. it preserves the
structure of the Lie bracket

Ady[X,Y] =[Ady,X, Ad,Y], XY €g, (6.8)
and furthermore that Ad, has indeed the properties of a representation

Ady, = AdyAdy, g.h€G. (6.9)
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Proof. Let Ad,X = v, Ad,Y = u we have:

d

Ad, X, Ad,)Y| = |v,u] = — eel™ — ) = (vu — uv) =

g g dt lt=0

_ d sX —1 d sy —1 d sy —1 d sX —1\ __

ds Szo(ge g )ds‘s:o(ge g9) ds S:O(ge g )ds S:O(ge ) =

d _
— % TZOg(eTYeTX o 6TX€7'X>g 1 — Adg[X, Y]
Given X € g,
d tX d tX -1

AdghX = Adgh% t:0€ - E 0 ((gh)e (gh) ) =

gheh1g™1) = Ad, (he"*h™")

t=0

= Ad,AdyX. O

t=0

:%(

Let us once more consider the map from the group into the space of linear oper-
ators on the algebra given by Ad:

Ad:G — GL(g), g+~ Ad, € GL(g) (6.10)

its derivative in the unit element of G is a linear map from the Lie algebra g into the
space of linear operators on g itself; we shall denote this by ad in the following way:

Ad,. =ad, ad:g— End(g), X €g— ad, € End(g). (6.11)

Given a 1-parameter subgroup e*X, X € g, then, by definition we get:
g g g

d
adX dtli—o dex, (6 )

and we can finally express ad in terms of the Lie algebra only:

adxY = [X,Y]. (6.13)
Proof.
d d d
Y =2 Ad.xY = — - tX sY —tX\ _
adx dt lt=0 derx dt lt=0ds |s=0 (e € ¢ )
d d
= ] (LY X - =Xyl
dtlt=0ds 5:0( sl TisXY —tsY X +...) = [X,Y]
UJ
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Example 6.1. For matrix groups G (i.e. subgroups of GL(n;R), where we have
Ad,(Y)=gYg !, Vge G, VY €g

and

[X,Y]=XY -YX VX, Yeg,
we can check directly that (6.13) holds.

adyY = [X,Y] VXY €g.

6.2 Coadjoint Representation

Now we are about to express some properties of the action of the Lie Group onto
itself which are dual to those presented in the previous paragraph.

Let g* be the dual to the Lie algebra g, namely the vector space T*G, of linear
functions on g. We will express the contraction between a vector and a one-form
with angle brackets (,): (w, X) € R where w € g*, X € g.

Left and right translations induce, beside the mappings between tangent spaces
defined above, also mappings between cotangent spaces:

L: TGy — TG, (6.14)
R:: TG, — TG, (6.15)

defined as dual maps of Ly, and R, namely (Lw,X) = (w, LX) for a vector
X € g and analogously for R;.

Again we have the dual operator to Ad,, which is denoted Ady:
Ady gt — gt (Adiw,X) = (w, Adg-1 X)) . (6.16)
Again we can consider:
Ad*: G — GL(g"), g+ Ad, (6.17)
as a representation, called coadjoint representation. Indeed:

Adsy, = Ad3Ad,. (6.18)
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Proof.
<Ad;hw’X> - <w7Ad(9h)‘1X> = (w, Adp141X) =
= (w, Adp-1Ady;1 X) = (Adjw, Ady—1 X)) = <Ad;Ad2w,X>, O

The derivative of Adj; with respect to g in the identity element is a linear map of
the Lie algebra g* onto the space of linear operators acting upon the dual space g*,
and we will denote it ad* in the following manner:

ad* : g — End(g"*), X € g— ady € End(g") (6.19)
ady :g" = ¢g", weg—adyweg. (6.20)

ady turns out to be dual to adx as well, i.e. for any w € g* and Y € g:
(adyw,Y) = (w,adxY). (6.21)

If we make use of the expression of ad in terms of the Lie bracket [, ] given above

we obtain:
(adyw,Y) = (,[V,X]), X,V €g, weg (6.22)

Proof. (adyw,Y) = (4 t_oAd:tXw,Y) =4 tzo(w,Ade_zxY) =

= —(w,adXY> = <Wa [Y> XD -

7 Hamiltonian Actions

7.1 Moment and Comoment Maps

Let (M,w) be a symplectic manifold, G a Lie group and ¢ a smooth symplectic
action of G on M (See definition 5.6). As usual we denote the Lie algebra of G as g
and its dual as g*.

Definition 7.1. The action ¢ is a hamiltonian action if there exists a map
w:M—g*

satisfying:
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1. For each X € g, let

o XM — R, u*(p) = (u(p), X) be the component of y along X,

e X' be the vector field on M generated by the one-parameter subgroup
X C G.

Then p* is the hamiltonian function for the vector field X*
dp” = 1w,
2. pis equivariant with respect to the given action ¢ of G on M and the coadjoint
action Ad* of G on g*:
poy, = Adyu forallg e G

i.e. the following diagram
M Yy M
I
. Ad .
g — 49
commutes.

In such case (M, w, G, ) is called a hamiltonian G-space and p is called a moment
map.

For connected Lie groups, hamiltonian actions can be defined using the equivalent
concept of comoment map:

prig— C*(M), (7.1)
where
1. p*(X) = p* is a hamiltonian function for the vector field X*
2. p* is a Lie algebra homomorphism
P Y] = {pt(X), w7 (Y)}

where {, } is the Poisson bracket on C°°(M). Or, using the homomorphism of
Lie algebras defined in eq. (4.9)

UM*(X) - Xﬂ7 X c g

Remark 7.1. In cases G = R, S*, T", which are abelian groups, the coadjoint action
is trivial and therefore equivariance becomes mere invariance.
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7.2 Some classical examples

Translation:

Consider R® with canonical positions and momenta x1, T2, T3, 1, Y2, y3 as coordinates,
equipped with the canonical symplectic form w = Y, dz; A dy;. Let G = R? act on
M = R® by translation:

@ € R — 1z € Sympl(R®, w)
va(Z, ) = (T + 7).
Here g ~ R3, therefore letting X = @ € g ~ R?, we have X* = ala%l + GQ% + aga%g

and
R — R u(Z ) =7

since

Ixtw = (Z dx; N dyz') <Z ai%) = Z a;dy; = dlﬁ(fa g)

It is now clear that the momentum vector ¥ is the generator of translation in
euclidean 3-space.

Rotation: Let G = SO(3), i.e. the set of A € GL(3;R) satisfying A’A = Id and
detA = 1. We know that g = so(3;R) is the set of 3 x 3 skew-symmetric matrices,
which can be identified with R? as follows:

0 —das (05} aq
A= as 0 —aq — d= a9
—ag aq 0 as

[A,B] = AB— BA+— axb.

We can now check that the adjoint and coadjoint actions are, under the identifications
g, 9" ~ R3, the usual SO(3)-action on R? by rotations. Indeed, consider the matrix
O of rotation about the z axis by angle # and let w be in g, i.e. a skew-symmetric
matrix:

cosf —sinf 0 0 —w3 woy
O= | sinf cosf 0 |, w = w3 0 —w |;
0 0 1 —W9o w1 0
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We can now compute

0 —w3 cos Bws + sin fwl
Adow = OwO} = w3 0 sin Owy — cos Ow,
— cos Bwy — sinfwl — sin Bw, + cos Bw 0

We see that in our dictionary this corresponds to a usual rotation of the vector &
about the zeta axis by angle 6:

w1 — sin fwy + cos Ouwy
J=| we — O = cos Bwy + sin Bwl
Ws w3

We can proceed with analogous calculations for rotations about the x and y axis as
well to complete the argument, but it is now clear that the coadjoint action really
induces ordinary rotations of vectors.

We can actually lift the SO(3)-action on R? to a symplectic action on the cotan-
gent bundle RY as follows. The infinitesimal version of this action is:

@ € R? — dyp(a@) € x¥™(RY)
dp(a)(T, ) = (@ X T,d X §);

then
peRO= R () =2 xy

is a moment map, whereas the hamiltonian function for X* X = @ is

= (u(@,7),d) = (& x 7) - a.

D o 0 0
IxiW = (Z dl‘, A dy7,> (Cl X x,a X y) = (Z dl’z A\ dyl> (Z Eijkai$ja—xk + %,; Gijkaiyja—yk>

ijk

S einairidy, — Y egpaiyidg = F x dy - @+ do x 7@ = d(F x §- @) = du (7, 7).
ijk ijk

We have given a precise sense to the common claim that angular momentum is
the generator of rotations.
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7.3 The Noether principle
Theorem 7.1 (Néther). Let (M, w, G, 1) be a hamiltonian G-space; if the function
f-M—R

1s G-invariant, then p is constant on the trajectories of the hamiltonian vector field
with hamilton function f.

Proof. Denote by vy the hamiltonian vector field of f: df =1, w. Letting X € g and
X = (u, X) : M — R we have:

X X
'Cvflu = vad/*’t = vaZXﬁw = —ZXﬁZUfUJ = _ZXndf = _EXﬁf
where the last term is zero since f is G-invariant. [

In order to give a precise sense to the Nother principle, we can set the following
definitions.

Definition 7.2. A G-invariant function f : M — R is called an integral of motion
of (M,w,G, p).

If 1 is constant on the trajectories of a hamiltonian vector field v¢, then the cor-
responding one-parameter group of diffeomorphisms e/ is called a symmetry of
(M,w,G, p).

The Nother principle asserts that there is a one-to-one correspondence between
symmetries and integrals of motion.

8 The Kostant-Kirillov and Lie-Poisson structures

8.1 Coadjoint Orbits and Symplectic Structure

In this paragraph we explain how the orbits of the coadjoint representation of G on
g* can be endowed with a natural symplectic structure.

Definition 8.1. Let’s define wg, where £ € g* as follows:
we(X,Y) = (6, [X,Y]), X,Y€g (8.1)

We are now going to see how this leads indeed to the symplectic structure we are
looking for.
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Lemma 8.1. The set Kerwe = {X € glwe(X,Y) =0 VY € g} is precisely the Lie
algebra g¢ of the stabilizer of & for the coadjoint representation of G on g*.

Proof. Let X € Kerwg, then 0 = (&, [X,Y]) VY € g; however, for the properties of
ad*, we have:

0= (& [X,Y]) = (ady§, X), VY €y,

since (,) is non-degenerate this can only mean: adj.¢ =0, i.e.

d d Ad*tYf - Ad*t yf
— Ad*g == O - Ad*t = l e €0 —
O ooy ey § = 0= 5| Adew& = lim t—t
_ lim Ad:tOYe(t—to)Yf - Ad:t0Y€ Ad:myf _f _

— Ad:to Y hm
At—0

At
d

= Ad:zoy <d_€

Therefore Ad,y§ = &, Vt € R, which means eV € G¢ and finally € € g;.

t—to t— 1o

Ad:&‘y§> — 0
=0

£

Viceversa supposing X € gg, then, for any YV € g:
we(X,Y) = (€, [X,Y]) = (ady €, X)
where the left term of the contraction is zero by definition.
Hence: we(X,Y) =0, VY €g. O

Let £ be an element of g* and let O C g* be its coadjoint orbit. We have the
“evaluation at £’map:
Gq— 05 g g*

sending g € G to Ad;(§). Tt is surjective by definition, and so is its derivative at {
T.G(~g) = T: O CTeg".

Thus, every tangent vector v € Ty O¢ can be represented as the velocity vector at
the point & of some curve, which is the coadjoint representation of a 1-parameter
subgroup e'* of G, where X € g, therefore:

d
v=-—| Adx&=adil, Xcg (€g (8.2)

dr 7=0

Notice that the element X € (G is determined only up to a vector which is tangent
to the stabilizer of €.
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Definition 8.2. We define the form 2 as follows: given two vectors vy, vy € T¢ O,
expressed in terms of the corresponding X, X5 € g;
then

Qe(v1,v2) = we(Xy, Xo) = (€, [ X1, Xo]), €9, Xi€g (8.3)

Remark 8.1. We shall examine in detail why Q¢ (vq, v2) indeed does not depend on
the choice of the representative elements X, X5, which are of course not unique, in
theorem 8.4.

Lemma 8.2. Q¢ defines a non-degenerate two-form on the tangent space at § to the
coadjoint orbit through &, denoted T¢ O.

Proof. By contradiction, assume there is v € T O¢ such that Q¢(v,u) = 0, Vu €
T¢ O¢. Looking at the definition of €, this leads to a corresponding relation between
the representative elements in g: we(X,Y) =0, VY € g, thus X € Kerwe. However,
from Lemma 8.1, X € g, the Lie algebra of the stabilizer of £ which means Ad.:x{ =
¢ for all t € R and finally v = %}tzoAdemg = %L:O{' = 0, which shows the non-
degeneracy of €. ]

Lemma 8.3. )¢ defines a closed 2-form on the orbit of £ in g*.

Proof. Clearly from Definition 8.2 €)¢ 4s a 2-form: it is bilinear and skew-symmetric
since ad* and [, ] possess these properties.

To show the closedness of 2 we can consider a general property: for a generic
two-form w, its exterior derivative dw satisfies

dw(X,Y,Z) = Xw(Y, Z) + Yw(Z,X) + Zw(X,Y)+
—W([X,Y],2) — w([Y, 2], X) — w([Z, X],Y). (8.4)

In our case we can apply this identity to the generators of T¢ O, which are of course

vectors of the form X g = Ad¥x &, X € g; for arbitrary X 3 Yg, Zg get

|
dt |t=0
A (XEYE, ZF) = dwe(X,Y, Z) = Xwe(Y, Z) + Ywe(Z,X) + Zwe(X,Y )+
- wf([X7 Y]7Z) - w-f([Y7 Z]7X> - wf([Zu X],Y)
The first three terms vanish:
(adix&, Y, Z]) + (adiw €, [Z, X]) + (adZz€, [X, Y])

= <£7 ade-ix [Y7 Z]> + <£7 ade-ev [Zv X]> + < 7ade—fZ[X7 Y]>
(e [1X,Y), 2]+ IV, 2], X] + [[Z,X], Y]) =0

(.

Vv
=0 by Jacobi Identity
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The last three terms, on the other hand, can be regrouped as
XYL 21+ [y, 2], X] + [[Z, X],Y))

and vanish thanks to Jacobi Identity all the same. [

Theorem 8.4.

Q2 constitutes a well-defined symplectic structure on the coadjoint orbits O,
fegh
This canonical symplectic form is also known as the Lie-Poisson or Kostant-
Kirillov symplectic structure.

Proof. From the previous Lemmas 8.2 and 8.3 we can conclude that )¢ is indeed
bilinear, skew-symmetric, non-degenerate and closed.

We are now to verify that Q¢(v,u), v,u € T O¢ =~ g* does not depend on the choice
of the representative elements X,Y € g such that adi\¢ = v, ady{ = uw. Indeed,
consider X, X', both satisfying ad% ¢ = ad’.£ = v; therefore

we(X,Y) = (& [X,Y]) = (£ adxY) =
= (adx&,Y) = (ady.&,Y) = (§,adyY) = (§, [X", V]) = we(X"Y). O

8.2 Coadjoint Orbits and Poisson Structure

The Lie Algebra structure of g also defines a canonical Poisson structure on g*.

Definition 8.3. The Poisson bracket of two functions on g* can be taken to be:

{£,93(&) = (& [dfe, dge]), €€’ f,9€C™(g"). (8.5)

The use of the (,) contraction notation is justified by the fact that dfe : Tzg* ~ g* —
R and it can therefore be identified with an element of g ~ g**.

Lemma 8.5. {,} satisfies the Leibnitz rule: {f,gh} = {f,gth + g{f, h}.

Proof. {f,gh}(&) = (&, [dfe, d(gh)e]) = (&, [dfe, (dge)he +ge(dhe)]) = (&, [dfe, dge]) he +
9e (&, [dfe, dhe] = ({f, g}h + g{f, h}) (€). O
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Lemma 8.6. The jacobiator

J(fr9.h) = {95, p} +{{g hy, 1+ {{h, [} g}
15 a trivector field, that is to say a skew-symmetric, trilinear map
C=(g") x C*(g") x C=(g") = C>(g")
which is a derivation in each argument.

Proof. Skew-symmetry and bilinearity are granted by the fact that [,] is skew-
symmetric and bilinear, whereas <, > is bilinear in its argument.
The property of being a derivation amounts to the Leibnitz rule from Lemma 8.5. [J

Lemma 8.7. J =0, i.e. {,} satisfies the Jacobi Identity.

Proof. This is trivial since the Jacobi identity for [,] is indeed valid. O
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Symplectic Reduction

Dynamical systems that exhibit properties of symmetry allow the introduction of a
reduced phase space, provided with a natural symplectic structure, as the quotient
manifold between the invariant level manifolds of the first integrals defined by those
symmetries and the 1-parameter subgroups operating on those manifolds.

9 The Marsden-Weinstein-Meyer Theorem

9.1 Statement

Theorem 9.1 (Marsden-Weinstein-Meyer). Let (M,w,G, u) be a hamilto-
nian G-space for a compact Lie group G. Let i : u~'(0) < M be the inclusion
map. Assume that G acts freely on M. Then

e the orbit space Myeq = 1~ 1(0)/G is a manifold,
o m: 11 (0) = Mg is a principal G-bundle and
e there is a symplectic form weq 0n Mieq Satisfying

7w = T Wred-

The pair (Myeq), wrea 1S often called reduction of (M,w).
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9.2 Ingredients

1. Let g, be the Lie algebra of the stabilizer of p € M. Then we have for du, :
T,M — g* the following properties:

Ker dp, = (T, 0,)™"
Im dILLp = 927

where O, is the G-orbit through p and gg is the annihilator of g,, i.e. the set
{¢eg [ (6,X)=0, forall X €g,.}

Proof. The first fact follows from

v € Ker du, <= du,(v) =0
= 0= (du,(v),X) =w,(XLv) VX € g
<— ve (T,0p)".

As for the second, it is easy to show that Im dp, C gg, since letting £ = dpu,(v)
for some v € T, M one has:

VX € gp, (£, X) = (dup(v), X) = wp<X£=U) = wy(0,v) =0,

where we used X* = % ‘t:O’(/)etXp = 0 because e'* € G,, G, being the stabilizer
of p.

To prove that actually only the equality holds, we can count dimensions as
follows: dim M = dim T,M = 2n, dim 7,0, = g — s where g = dim G
and s = dim G,,. For symplectic linear algebra, a subspace and its symplectic
orthogonal have dimensions that add to the dimension of the whole space:
dim (7, 0)*" = dim Ker du, = 2n—g+s. Finally dim Ker du,+dim Im du, =
dim T,M, thus dim Im dp, =2n— (2n —g+s) = g — s.

On the other hand clearly dim g = dim g — dim g, = g — s. O

The previous properties imply that, if the action is locally free at p, which
means g, = {0}, then dp, is surjective, which means that p is a regular point.
In particular if u(p) = 0, then 0 is a regular value of y and the level set ~1(0) is
a closed submanifold of M of codimension equal to dimG. Assume furthermore
G act freely on p~1(0); then T,u~'(0) = Kerdpu, for p € p~*(0) and the pre-
vious statement ensures that 7,0, and T,u~'(0) are symplectically orthogonal.
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This line of thought leads to conclude that T, O,, where p € p~'(0) is an
isotropic subspace of T, M, hence orbits in p~'(0) are isotropic. To convince
ourselves of this fact, we can verify it directly; let X,Y € g and p € u=*(0):

wp(X5,Y)) = Hye xo(p) = Hy x:(p) = ¥ (p) = 0.

. The existence of such isotropic subspaces hints to the presence of redundant
degrees of freedom. To eliminate them, we need the following lemma from
linear algebra:

Lemma 9.2. Let (V,w) be a symplectic vector space. Suppose that I is an
isotropic subspace of V', i.e. w|f = 0. Then w induces a canonical symplectic
form on I¥/1.

Proof. Let u,v € I and [u], [v] € I¥/I. We set: Q([u], [v]) = w(u,v).
First we notice that 2 is well-defined since Vi, j € I we have

wlu+i,v+j) = w(u,v) +wu, j) + w(v, i) + w(i,j) -
0 0 0
Furthermore €2 is nondegenerate; indeed letting u € I has w(u,v) = 0 for all
v € I¥ implies u € I“ = [. But then [u] = 0. O

. As a third preliminary fact, we need a statement concerning the regularity of
the objects we are dealing with.

Theorem 9.3. If a compact Lie group G acts freely on a manifold M, then
M/G is a manifold and w: M — M/G is a principal G-bundle.

A thorough proof of this fact can be found in both [4] and [2]; a sketch of the
reason why it holds goes as follows.

That the quotient space, endowed with the quotient topology, is Hausdorft
and second-countable is a general fact from point-set topology. We just sketch
how one can construct a differentiable atlas: Given a point p € M one can
construct a local slice ¥, for the action, i.e. a subvariety passing through p and
transversally intersecting the orbit O,, with the property that, for every g € X,
we have O, N Y, = {¢} (this statement is sometimes called “Slice” theorem).
Then, coordinates on ¥ give coordinates for a neighborhood of 7(p) in M/G.
The coordinate-change maps are given by identifying points on different slices
by using the action of the group G.
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9.3 Proof of the Marsden-Weinstein-Meyer theorem

For the first ingredient, since G acts freely on p='(0), then dp, is surjective for all
p € 1 1(0), 0 is a regular value and p~1(0) is a submanifold of codimension dimG.
Now the third ingredient, applied to the free action of G on u~1(0), yields the first
two assertions of the theorem.

The second ingredient (Lemma 9.2) gives a canonical symplectic structure on
the quotient T,u~'/T, O,, T, O, being an isotropic vector subspace for p € p=*(0).
However, [p] € M,cq has tangent space Tj,)M,eq T,u=t/T,O,, hence our Lemma
defines a nondegenerate 2-form wy.q on M,.q as well. w,¢q is well defined because w
is G-invariant. By construction i*w = m*w,eq Where

po0) —— M

Mred;

hence m*dw,eq = dm*wyeq = di*w = i*dw = 0. The closeness of w,¢; follows from the
injectivity of 7*. We notice that the relation also ensures that w,.q is smooth, by the
construction of an atlas for M /G out of local slices for the action of G on M which
was sketched above.

10 Applications

10.1 Elementary theory of reduction

Given the 2n-dimensional hamiltonian system (M,w, H), if we can spot a symmetry
in this system, i.e. invariance under the action of a group, we can simplify the prob-
lem by solving the reduced (2n — 2)-dimensional system (M, eq, Wred, Hred)-

To give a more precise idea of this, we can consider local Darboux coordinates
for the open set U of M: xy,...,x,, &,...,&,, where &, is the integral of motion
corresponding to the symmetry mentioned above.

So we have &, = constant = ¢, which means

OH
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then H = H(xy,...,24-1,&1,...,&—1,¢). The Hamilton equations read:

dx oH
d_tl - a_é'l<l'17...,$n_1,£1,”-7£n—170>
dz,_ oOH
dt ! = 85 1([[‘1,...,$n_1,§1,»«-7§n—1a6)
d oH
dén oH
fitl - amnfl (':Ela"‘7'1:71_17517""6”_176)'
and
dvn _ OH
dt 06,
d&,
— = 0.
dt

Therefore, switching to the reduced manifold means to set &, = ¢, and to work on
this hyperplane. In case we manage to solve the reduced problem, by finding the
trajectories x1(t),...,z,_1(t),&1(t),. .., &—1(t), we can also reconstruct the solution
to the original problem by direct integration:

"YOH

Ea(t) = c.

10.2 Reduction at Other Levels

Let a compact Lie group G act on a symplectic manifold (M,w) in a hamiltonian
way and let p: M — g* be the moment map of such action.

Up to now we have only considered the reduction at the level zero, u~!(0); given an
arbitrary value £ € g*, we would like now to reduce at the level £ of p; to do so we
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need p~(€) to be preserved by G.
Since G is equivariant:

G preserves p ' (€) <= G preserves &
— Ad,§=¢, VgeG.

Consistently with the above considerations, se see now that 0 is always preserved

10.3 Hamiltonian reduction along an orbit

Let’s take O to be the coadjoint orbit of £ € g*, equipped with the Konstant-Kirillov
symplectic form we which was discussed before.

Denote O~ the same orbit equipped with the symplectic structure defined by —w o;
now the natural product action of G on M x O~ is hamiltonian with moment map
po(p, &) = u(p) —¢&, since this shifted map satisfies 1) (0) = p~1(£) by construction.

Now, if we can verify the hypothesis of the Marsden-Weinstein-Meyer theorem
for M x O7, then we obtain the reduced space with respect to G along the
coadjoint orbit O, u(0)/G = R(M, G, O).

Lemma 10.1. If the action of u='(O) is free, then R(M,G, O) is a symplectic
manifold of dimension
dimM — 2dimG + dim O.

Proof. We obtain O by imposing dimG — dim O constraints, therefore we have
dimp ' (O0) = dimM — (dimG — dim O). Finally, since G acts freely, thus all the
stabilizers are discrete,

dimR(M, G, O) = dimp ' (O) — dimG = dimM — 2dim G + dim O. [

This procedure will prove to be of chief interest in the next section.
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Introduction to Calogero-Moser
Systems

In this final section we describe and solve the hamiltonian system of Calogero-Moser
type, which was originally introduced in the work of F. Calogero.

Here we are going to deal with complex quantities: manifolds are going to be
complex manifolds, rather than real manifolds which we dealt with in the previous
sections, and also symplectic forms are going to be holomorphic symplectic forms.

11 The Calogero-Moser system

11.1 The hamiltonian G-space

In order to build the Calogero-Moser space, we are going to require the following
elements:

o Let M = T*Mat,,(C).

Since this is a linear space, we can identify 7, Mat,,(C) ~ Mat,,(C) and TMat,,(C) ~
Mat,, (C) x Mat, (C). Thus dimM = n? + n? = 2n?.

Provided we have a nondegenerate bilinear form I', on T,Mat,(C), we can
further identify 7Mat, (C) ~ T,Mat,(C) in the usual way:

X € TyMat, (C) — I'y(X, ) € T;Mat,(C).
So we can regard M as the set of pairs of matrices:

M = T*Mat, (C) ~ TMat,,(C) ~ Mat,,(C)xMat,(C) = {(X,Y)|X,Y € Mat,(C)}.
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e Counsider also the trace form
w = tr (dY AdX) = tr[(dYi;) A (dXpm)] = tr (Z dYy, A dX,m> = dYipAd Xy,
k R,k

which is really nothing more than our usual canonical symplectic form dp A dgq.
The pair (M,w) constitutes a symplectic manifold.

e Now let G = PGL,(C) = GL,(C)/C*1d, where:
GL,(C) = {M € Mat,(C)|detM # 0},
C*=C\ {0}.

This is the formal way of saying that we want to consider all nonsingular ma-
trices after identifying those which can be written in the form: A, A’, where
A=XA", AN #£0.

Thanks to this degree of freedom, we are able to satisfy the condition detAA =1
in n different ways:

1
A=1 A= )
detA = Totd

This gives the relation connecting PGL,(C) to SL,(C), where
SL,(C) ={M € Mat,(C)|detM = 1},

which is just:
PGL,(C)=SL,(C)/C*'Ildn SL,(C).

However the matrices in the form Ald where A" = 1 are precisely n, so the
difference between the two groups amounts to a finite group. We have shown
that:

dim PGL,(C) =n?® — 1; (11.1)

pgl,(C) = sl,(C). (11.2)

e Let now G act on M by conjugation in the following sense.

Given A € G

14 : Mat, (C) — Mat,,(C) (11.3)
Q = Ya(M) = A7'QA; (11.4)
this action lifts to an action on M = T*Mat,,(C).
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Claim. The action of G = PGL,(C) on M = T*Mat,(C) by conjugation is
hamziltonian with moment map

WX, Y)=[X,Y]=XY -YX, XY € Mat,(C).

Proof. We first have to compute the action of PGL,(C) on T*Mat,(C) explicitly.
Since PGL,(C) acts on Mat,,(C) by conjugation, we have for any C' € PGL,(C):

Yo 1 M € Mat,(C) — C'MC.
The corresponding action of TMat,,(C) will be:
Yo (M, V) € TMat,(C) — (C™*MC,C'V ()
since we have M + eV — CH (M +eV)C = C'MC 4 C~'VC or, more formally

(™) — (Yo),V 4 (c~teVi0o) = o ve.

V= dt li=0 - dt lt=0

We identify T*Mat,,(C) ~ TMat,,(C) using a convenient, conjugacy-invariant bilinear
form: given (M, N) € T*Mat, (C) and V € TMat,,(C)

(M,N)(V)=Tr(NV);

now, as M — C~'MC, we have that Tr(NV) — Tr(NCVC™1) since 1)¢ is a group
homomorphism. Then:

Tr(NCVC™h) = Tr(C~INCV)
which proves that
Yo : (M,N) € T*Mat,(C) — (CT'MC,C'NC).
Our next task is to verify: du? = 145w, where A € pgl,(C), u(M,N) = [M, N],
pt = (u, A), w = Tr(dY A dX). Now, using the Liouville one-form w = da and
Cartan magic formula 3.7 our condition simplifies to:
dp?t = 1w = 1pda = Lo —diga
~——

=0
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that is to say —14:a = . Indeed we have:

AN = L Ny = L (MMM AN = (M, AL, A
dt lt=0 dt lt=0

— g = —1Tr(NdM) =
= —Tr(N[M,A]) = Tr(—-NMA+NAM) =Tr(—-NMA+ MNA) = Tr([M, N]A).
On the other hand
pt (M, N) = Tr([M, N]A),

which proves the statement. O

11.2 The Calogero-Moser Space

Let O be the orbit of the matrix

0 0 ... n—1
The orbit admits a simple parametrization: in order to discuss let us recall that,
given a column vector v, and a row vector ¢, we can form their tensor product

matrix
VR p = ( ) (—);

this matrix has rank one and Tr(v ® @) = p(v) = (¢, V). Viceversa, it is easy to see
that every rank one matrix is of this form. Furthermore such matrix is diagonalizable

if and only if p(v) # 0, i.e. Tr(v ® ) # 0.

Lemma 11.1. The orbit O is the set of traceless matrices T such that T + Id has
rank one.

Proof. We have
Tr(C'TC) =Tr T = 0;

Rank(C~!TC+1d) = Rank(C~'TC+C~'1dC) = Rank(C~*(T+1d)C) = Rank(T+1d).
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On the other hand, if T" is traceless, and 1"+ Id has rank one, then 7"+ Id = v ® ¢,
for appropriately chosen v and . Since Tr(7") = 0, we have that Tr(7 + Id) = n,
hence v ® ¢ is diagonalizable and conjugate to

0 0 0
0 0 0
0 0 . n
and we conclude. O

The Calogero-Moser space is the reduction of (M,w, G) along the orbit O :

C. = R(M,G, O). (11.5)

Thus, C, is the set space of conjugacy classes of pairs of n x n matrices (X,Y") such
that the matrix XY — Y X + 1 has rank 1.

From the Marsden-Weinstein-Marsden theorem C,, is symplectic, and it can also
be shown to be connected.

From the discussion in the proof of Lemma 11.1, we see that any 7' € O can be
written in the form
T=v®ep-—Id

provided that (p, V) = Tr Id = n. Since v and ¢ live in an n-dimensional space, but
we have to take both the constraint (p,V) = n and the gauge degree of freedom
v = v, o — @/ into account, we see that:

dim O =2n—2. (11.6)
We are now in a position to show the following fact:
Claim. Tha Calogero-Moser space C, is 2n-dimensional.

Proof. Applying the formula from lemma 10.1 we have exactly:

dim C, = dim M —2dim G +dim O =2n* - 2(n* - 1) +2n—-2=2n. O
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11.3 The Calogero-Moser System and Flow

Consider the functions
H;=Tr(Y", i=1,2,...,n, (11.7)
where (X,Y) € M = T*Mat,,(C). These functions satisfy the following properties:

e they are invariant under conjugation, since trace is invariant under change of
basis;

e they are trivially in involution with each other, since {H;, H;} = 0 by skew-
symmetry of the Lie bracket; indeed they depend only on the Y component
of (X,Y) € M, and thus their Poisson bracket can be shown to be zero by
exploitation of {Y, Y} = 0;

e their differential are independent almost everywhere on M.

Let G = PGL,(C) act on M by conjugation and let O be the coadjoint orbit,
consisting of traceless matrices 7" such that 7"+ Id has rank one, considered above.
Then the system Hy,..., H, descends to a system of functions in involution on the
Calogero-Moser space R(M,G, O) = C,. This is called the Calogero-Moser Sys-
tem.

The Calogero-Moser flow is, by definition, the Hamiltonian flow on C,, defined
by the Hamiltonian H = H, = Tr(Y?). Thus this flow is integrable by Arnold-
Liouville Theorem 4.5, since it can be included in an integrable system: Hy,..., H,
provide n independent integrals of motion, whereas we have shown that C, is exactly
2n-dimensional.

Therefore, in principle, its solutions can be found by quadratures using the induc-
tive procedure of reduction of order, according to the elementary theory of reduction.

However one may observe that on the former manifold M the Calogero-Moser
flow is just the motion of a free particle in the space of matrices, so it has the form:

p(X,Y) = (X +2Yt,Y). (11.8)

It can be shown that the same formula is valid on C,, and that the other n — 1 flows
corresponding to H; = Tr(Y") have exactly the same form

ANX,Y) = (X +iY74,Y).
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12 Coordinates on C, and the explicit form of the
Calogero-Moser system

Let us restrict ourselves to the open dense subset U,, C C, consisting of conjugacy
classes of those pairs (X,Y) for which X is diagonalizable with distinct eigenvalues.
Let P € U,. Clearly, P can be represented by a pair (X,Y") such that

T Ti # x4,1 F J.
0 0 T
Now,
0 (x1 —z2)y12 ... (21— Zn)Y1n
To — X 0 oo (o — x20) Yo
r=xv_yx—| @ -1)y21 , , (= . v = ((z: — 25)ysj) -
(Zn —2)Yn1 (Tn — T2)Yn2 - - 0

Now, as we saw 1"+ Id has rank 1 and its entries x;; can be written in the form
Kij = v;p; for some appropriate v, ¢ :

T+1l=v®p
1 (951 - 352)912 . (1'1 - xn)?ﬂn v1p1 V1p2 ... ViPp
(.132 — I‘l)ygl 1 ce (LEQ — .Tln)ygn - Va1 VP2 ... UV2Pn
(xn - xl)ynl (xn - x?)yrﬂ cee 1 UnP1 UpP2 ... UpPnp

By inspecting the last equation we have: v;p; = 1, s0 p; = v]-’l and hence k;; = vivi L

J
By conjugating (X,Y’) by the matrix

U1 0 ... 0
0 Vo 0
0 0 Up,
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we can reduce to the situation when v; = 1, k;; = 1, so:

01 ... 1
10 ... 1
11 ...0

This leads to conclude that (x;—x;)y;; = 1 when i # j, whereas y;; are unconstrained.
We have almost shown the following result.

Theorem 12.1. Let C}, be the open set of (x1,...,2,) € C" such that x; # x; for

reg
i # j. There exists an isomorphism of symplectic manifolds & : T*(Cy,,/Sn) — Uy,
where S, denotes the symmetric group, given by the formula (z1,...,Tp, D1, .., Pn) —
(X,Y):
1 1
P1 Ce
zy 0 ... O 1 Ty — X2 $1Il‘n
0 .. 0 e
X = . l’_Q ] . ; Y = Ty — 1 b2 Ty — Tp
0O 0 ... =z, 1 1
Pn

Tn —T1 Tp — T2

Proof. Let a; = Tr(X*) and by = Tr(X*Y). On M we have:

{bm, ax} = mam 1.

On the other hand, by definition of &: £*ap = Y. a¥, £b, = > 2Fp;. Thus we see
that

{bm, ar} = {§bm, T ar}.

Now we are done, since the functions a, and by form a local coordinate system near
a generic point of U,. [

In such coordinates, the Hamilton function of the Calogero-Moser system reads:

H =Tr(Y*(z,p)) Zpl Z; (12.1)

L — 12
2#] :13])

Thus the Calogero-Moser Hamiltonian describes the motion of n particles on the line,
interacting with potential —1/z2. The procedure we have described ensures that this
system is completely integrable, with first integrals

H; = Tr(Y(z,p))
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and provides an explicit solution:
X, =Xo+2Y,, PB=X,

where (X,Y) = &(z, p).
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