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1. INTRODUCTION

The main objective of this master thesis is to analyze the behavior of asymmetric
systems, that, under a seismic excitation acting orthogonally to the eccentricity
between the center of mass and the center of stiffness, always show a rotational
response. Thus, even a small range of eccentricity can lead to an unexpected response
of the entire system and this fact could cause terrible consequences into the system

itsdf, sometimes even its collapse.
1.2 Scientific background

The problem of the seismic response of-setweyasymmetricstructure has been
considered since 1975, when the first researchers anaiyzmuhsidering several
symmetric/eccentric and elastic/inelastases, whose rotation coupled with the
translation is considered a first order effect depending on the structure characteristics
[2-5]. This coupled response leads to an to an increase of local peakseespmh as

the corner displacementhese studis identifiedseveralrelevant parameters and
underlined that following the norms could lead to possible unsafe condition for some
structures identified frone andq.. However, these studies had been carried out by

elementary computational tools, so sonmedifying assumptions must be accepted.

In order to effectively apply the performanibased design approach to seismic
design, there is a growing need for cadented methodologies structures,
estimating maximum displacements at different locationslan, pespecially at the

perimeter, requires an evaluation of the floor rotations.



At the beginning, some authors [6] tried to devise methods to assess the
representativeness of standard earthquakes spectra, the consistency of simplifying
assumption as theingle storey equivalent in order to represent rrstirey
structures [7,8] highlightinthatthe torsionakransversal stiffness ratio is a key factor

to understand the structures behavior under seismic effects [12].

Later on, the ratio between the dig@eent of the flexible side to the one of the
center of mass has been studied. It has been seen that that for torsibiajgtems

(q. Q1) the longitudinal displacement of the center afssis almost equal to the one
of the center of mass of the eqaient noreccentric system; thus the increase in the

seismic demand due to the eccentricity is linked to the rotational effect Figly (
1.1).
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Figure 1.1- Response of a symmetric and an eccentric torsioséfiysystem

However, fortorsionallyflexible systemsd: <1) the longitudinal displacement of the

center of mass may differ from the one of the center of mass of the equivalent non
eccentric system; in this situation, the overall effect of the eccentricity cannot be
reduced to theotational effect only, thus the necessity to focus on the ratio between

the maximum displacement at the flexible side and the one of the center of mass of



the noneccentric equivalent system, instead of the one the eccentric sffSigm
1.2).
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Figure 1.2- Response of a symmetric and an eccentric torsiofflatjble system

Furthermorethe plastic behavior and the seismic insulators have been taken in
account, identifying simplifying hypothesis and synthetic indicators to overcome the
issue coming fronthe huge number of parameters needed to characterize the elastic
plastic behavior of every single resisting element.h&ds been seethat the
introduction of inelastic elastometric dampers increases the fundamental period of the
structure, even if the teional magnification depends from the dampers and the
structure characteristics. The dampers reduce the torsional effect of a width order,
and, so, the seismic input, but the torsional component is not negligible and cannot be
neglected [1aL1].

1.3 Motivatio n and objectives

Despite the large number of past researches that treated thiséy@al issues have
not been treated in detail. Furthermore each linear analysis has been performed with
respect to specific systems. Thus a systematic parametric analyseded in order



to understand which are the main parameters that influence the increasing of the
rotational response of a generic system and, so, whose variation could lead to
problems into the system itself.

For these purposes several linear elastinalysis will be performed anehlidated

based on the known expected results; then a number of nonlinear analysis will be
developed in order to get systematic parametric analysis even in the nonlinear range
and in order to deduce a possible practical tdation that could allow to desigm

certain structure with a certain expected ductile behavior, attributing to simple
formulation that could be used in the linear condition.

1.4 Thesis organization

For the previously describedeasonsa systematic analysis of all the parameters
involved in such this problem is needdtherefore in the second chapter the main

parameters and their meanings will be analyzed.

Thethird chapter deals with the main dynamic properties of the linear systdirstAt
the equation of motion for the model of the structure is derived, leading to the
identification ofq .=y J¥_ parameters, which is a dimensionless coefficient that gives

a quantitative measure of the torsional flexibility of the system.

In the fourthchapter the used simplified model to study the nonlinear response is
introduced. Such this system has been idealized at first by Chopra [27], and it has
been chosen due to its worldwide recognitamd due to the fact that it may include

all the variablesieeded to represent the nonlinear behavior of a system.

The fifth chapter deals with the free vibration response of the system that has been

previously given in a closed form [20]. Thanks to several equations it could be



possible to evaluate the respomsedamped and undamped conditions, both; thus,
thanks to them it could be possible to quantify the damping effect on such this
responseFurthermore the evaluation of a formal expression of the coeffiditamnd

B is developedSuch theseoefficiens representgespectively a representation of the
magnitude of the rotational response of the system with respect to the longitudinal
one anda reduction parameter on the maximum rotational response with respect to
the maximum longitudinal one of the centermadss in the formal expression of the
maximum longitudinal displacement of the corner of the flexible side. This means
that once the system displays the maximum translational displacement of the center
of mass, this one will never correspond to the maximatational responsdhus the

closed form expressions of parametgiandB are collected in plots in order to have

a better comprehension of the effect of the damping ratio, on such these parameter,

and thus, on the rotational response of the system.

In chapter six the results of elastic seismic response with different damping ratios are

collected.

In chapter seven the inelastic seismic response for different values of force reduction

factors is reported.

Chapter eight is dedicated to the discussionshefabtained results. At first a
comparison between damped free vibration and nonlinear seismic responses is
performed in order to find an equivalence between the force reduction factor R
applied in the nonlinear analysis, and usually defined by the desmgrader to
guarantee a certain ductility of the structure, and the dampingsyatifsee vibration
condition. In this way, once the geometrical parameters of the system it is possible to
impose a certain force reduction factor by considering its atgnv damping ratia;

and, then the rotational response of the system could be evaluated. The same

10



observations will be performed even considering the damped seismic and the

nonlinear seismic response.

In chapter nine several design considerations arforpged in order to define a
formulation that could be used during the design phase in order to consider the
rotational response of the system and its effects.

Chapterten deals with the response for real cases evaluated by meahingte
element opesource software OpenSd@4]. Such these results will be then compare
with the ones got from the numerical simulations and the closed form expressions,

analyzed in the previous chapters.

Finally in chaptereleven the summary of the research is reported and some

conclusions are withdrawn.

11



2. PROBLEM FORMULATION

In the past, effects of torsional coupling in asymmetric building structures were
widely investigated by means of simple esterey models. Such modeisere
considered suitable to clarify the influence of key structural parameters and develop
design measures that could be applied to some classes ofstorgfy asymmetric
buildings. In the past years even tinstorey have been studied in order to have a
more realistic evaluation of such these effects; however, these results are still
applicable to few real cases, so that sirgjtgey models still attract many
researchers, because of their good qualitative prediction of the torsional behavior of

asymmetic buildings.

2.2 The assumptions

Figure 2.1- Three dimensional orgtorey system idealization

12



It has been decided to perform the analysis considering a simpledihrersional
onestorey system idealizatiorf a general eccentric structuffeig.2.1). It is assumed
that the diaphragm is infinitely rigid in its own plane, and that the lates#sting
elements (e.g. columns, shear walls, etc.) are massless and axially inextensible. The

self torsional stiffnessk(, ) of each lateratesisting element is also neglected.

Under these assumptions, the system has three degrees of freedom that could be

referred to the center of mass:

1 longitudinal displacement of the center of mags,, ;
1 transversal dispcement of the center of masg_,, ;

 rotation of the center of mass ., .

Il tés I mportant t o n o terotneasstcdrrasponds to¢he floort at i o n

rotation u,, and so it assumes thamsavalue. The system is considered as subjected

to an uniaxial seismic excitation along the longitudinal directiordifection), and
so, under this last assumption, all the three degrees of freedom are function of the

time t, once the system it is suliiett to the dynamic input.

The total lateral stiffnesg& of the system is the same along ¥h@nd they-direction

N N
(i.e. k=k, =q k, =, =Q k, where k and k, are the translational stiffness along
i=1 i=1

thex- and they-direction, respectively).

13



2.3 The alpha method and its generalization

In previous research works [20,23] it has been identified a pararbetapable of
measuring the attitude of oiséorey asymmetricsystem to develop rotational

response.

The pr oAlpoasMethodfi esti mates the maximum rota
certain system and was based on the assumption of equal maximum displacement

response between the eccentric system and the equivalertcantric one.

In detail a closedorm expression for the maximum longitudinal displacement at the
center of mass under seismic input is derived as a function of the longitudinal natural
period of the equivalent not eccentric system, the eccentricity,henfleibility of

the system.

Nevertheless, such this method has been generalized in order to obtain a quantitative
prediction of the maximum displacement at the flexible side for both torsiestéfly

and torsionallyflexible systems, in order to getfarmal way to represent such this
response for design purposes. It is worth noting the corner displacement identifies the
maximum displacement of the structure (only for few geometries the maximum

displacement occurs to the rigid side).

As far as the non nelinear dynamic response, previous studies [28] have shown that
the ratio of the maximum rotation over the maximum displacement fosimear
systems is generally inferior to the corresponding ratio for leksstic systems, and

tha that a useful upper bound and a good estimation for the maximum rotation
developed by notinear asymmetric systems under seismic excitation can be

obtained using th&lparameter.

14
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Figure 2.2- Plan view of the system

From this moment on, the obsereats will be focused on the particular case in

which e, =0, and so the eccentricity, will be simply expressed as.

From simple trigonometric relationships, with referencd-ig2.2 it is possible to
express the displacement of the flexible side of the system (e.g. point B, the farther

from the centre of stiffness CK), at a generic instant of tjrae:
Uy ®) =y (0 U, O (21)

However, this formulation cannot be used design purposes due to the fact that in
this way it is possible to determine the maximum corner displacement only by

performing a timehistory analysis. For this reason it could be convenient the

15



following formulation that is based on a composition of ieximum displacement

of the center of mass and the maximum rotational response:

‘uy’B‘maX :‘uy’CM ‘max A |u-7|max C£2: ( 22)

The Eq(2.2) highlights that the maximum corner displacement depends on the
following three contributions:

7 translational contribution, linked to the maximum absolute displacement

response of the center of masg., ..., governed by the period shifting
effect;

1 torsional contribution, given by the product of the maximum rotational

responseu, and the lever arni./ 2 (that is a shape factor);

1 combination of the translational and torsional contributions, expressed by

meaning of the symboA .

If further manipulations are performed of tBq. (2.2), this fact leads to:

~ o

Q
‘ yCM‘maX oCP"yCM maXN EC%A ju J|max d—_o (2.3)

a
il % | W]
YCM | maxN-E = C y.CM
Eq(2.3) can be expressed in a more compact form introducing several new
parameters; each one of these parameters represents a certain contribution:
lu

¥,.CM ‘max

1 d= indicates the amplificationfdhe displacement of theenter

Uy cu
‘ Y:CM | max N- E

of mass with respect to the one of the equivalenenoéntric system;

16



= uJ . . . .
1T A@G,=r, Hﬂmdlcates a rotational parameter, expressed as the ratio
Uy cu
Y:CM | 1ax

between the rotation and the longitudinal displacement, normalized by
meaning of 7, (the mass radius of gyration of the system);
1 B takes into account of the simultaneity at a certain time of the translational

and torsional contribution.

2
1 F= L . 3(L/B) is a shape factor of the system.

2r,, \1+(L/B)

If this manipulation is performed, it is possible to obtain the following expression:

‘uy'B‘max :dC.PJy*CM‘max,N—E Ctl--'- Bm@u G) (24)

At least we can say that the maximum displacement at the flexible side is

conceptually composed of four different contributions:

the transhtional contributiond ;

the rotational contributiorA,;

the combinatiorB;

= =2 =4 =4

the shape factof .
Thus,the main parameters that describe the torsional response are:

1 Parametera: it is the ratio between the maximum absolute value of the
rotational response and the maximum absolute value of the translational one,
multiplied by the mass radius . Indeed it represents a formal index for the

inherent property of a given structure to develop a rotational response under
dynamic excitation and it shows the correlation between the two responses.

17



1 Parametes Mcwm siiit Mne stiii arethe Magnification Factarfor the stiff side of
the plan, they télus how much is the transversal maximum displacement is
amplified with respectat the one of the center of mass and with respect to the
one of the center of mass of the equivalent not eccentric system, respectively.
1 ParameterMcwm rex MNE flex arethe Magnification Factor for the flexible side
of the planthey tellus how much is the transversal maximum displacement is
amplified with respect tthe one of the center of mass and with respect to the
one of the center of mass of the equivalent not eccesystem, respectively.

1 ParametelA: it is the ratio between tha, . 0of t he damped syste
dealing with and the relative , . It tells us how much does the curve of the
a, ., differs from the one o, for a certain couple &fandqq.

1 ParameteB: it represents a reduction coefficient (this is wBy¢ 1) on the
rotational response, due to the fact that, as we have seen in the undamped fre
vibration analysis of a generic system [20], the maximum translational
response does not correspond to the maximum rotational one and viceversa.

1 Parameterd: it is the Period Shifting, the ratio between the translational
response ofhe center of mass and the translational response of the center of

mass in an eccentric system.

2.3.1 ParameterU

As we have already said, this coefficient has the aim to show the correlation between
the two responses. Indeed, it could be interesting to evalualethis coefficient)in
the undamped condition, and, then to compare it to the one iregethe numerical

simulation of the damped system

18



It has been shown from previous studies [20] that the undamped free vibration
responses of an eccentric systeunder the special case of null longitudinal

eccentricity g, =0) can be obtained by meaning of the following closed form
expressions:

u,(t)=0

u, (t) = aA cosut + A, cosmst]

a
u, () = R A, [coswlt - cosw3t]

m

So that, it is easy to see that, by substituting the latter expressions idfitiigon

of a,, it could be possible to get a closed form formulation of it:

a
2
d_Ef |uﬂ7|max — fm |A4| _ |A4| _ _ e\/1—2
a,=r,—>m =r. =2 =2A|=2———
‘uy,CM ‘max fLrJnda_rg]p(?_donditions a‘IAi + A3| |A1 + A3| |W1 - W3|
Considering the Equation (3.5), it is possible to expegsas:
a,= 3 (2.5)

JOW2 +122 - 1) + 487
where the subscriptiomindicates the undamped conditions.

The abovementioned results on free vibration rotational response showed how the

ratio of the maximum rotational response to maximum longitudinal displaceagnt,

, can be exabt expressed as a function of physical parameters of the system (i.e.
and qq ). In order to obtain an expression equivalent to Ege2.5that keeps its

19



validity for a generic seismic input, a new version of thparameter, for damped

eccentric systemsnder seismic excitation, is introduced:

a d_Efr |UL7| max (2 6)
deq — T .

m
‘uy,CM ‘ Dampedconditions

max earthquakiaput

where the subscrigteqi ndi cat es fAdamped conditions

2.3.2 Parameters Mcusiex » Memstitt » MNE fiex

and Mg stif

These parameters give an idea of the effect of the behaviors of the systemar(de.
04 on thelongitudinal displacement of each side of the system with respect to the
one of the center of magdlcym) and with respect to the center of mass of the
equivakent not eccentric systenMfg). As we can see in theig.2.3 and Fig.2.4ve

can define a flexible and a stiff side of the system.

L2

Side Side
2

B/2

@ FLEXIBLE
SIDE L L
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Figure2.3-Definition of the flexible side of the system

L/2

Side

B/2

Reaction STIFF
SIDE

Seismic
input

Figure 2.4Definition of thestiff side of the system

In this way we can express the two displacement of the corner side in the following

Way:
L
uy,cornetl(t) = uy,CM (t) + uq (t) E

uY,corneQ (t) = u)’vCM (t) ) Uq (t)% (2 7)

It is so possible to express the torsional effect ondhgitudinal response of each

corner side, by introducing the new paramelégs sir andMcw fiex:

M _ ‘uy,cornetl max
CM,stiff —
‘uy'CM ‘max
(2.8)
M _ ‘uy,corneQ max
CM, flex — ‘U ‘
Y:CM | max

21



If we consider the center of mass of the equivalent not eccentric system instead of the

one of the eccentric system, it is possible to deduce the valuel#QfirandMne siex

as follows:
u
_ ‘ y,cornet | oo
M NE,stiff — ‘U
y.CM- NE‘
‘ e (2.9)
u
_ y,corner max
M NE, flex —

U e

2.3.3 Parameter A
It has been seen that, for a damped system subjected to a seismic input we have that:

aef |uq|
—_ max
ad‘eq =r,

‘uy,CM ‘ Dampectonditions

max earthquakiaput

It is now possible to introduce a parameiedefined as:

def g
A=_—4% (2.10)
a

u

This could be a very useful coefficient due to the fact that it allows the expression of

the maximum rotational response as a functioh_pé and .

Uy o
V.M |

_ ad,eq l"Iy,CM ‘max _ Aau

q|max_ r r

m m

lu

22



2.3.4 Parameter B

It is possible to consider the simultaneity of the rotational and longitudinal
displacement response of eccentric systems, by introducing a simple parameter of
contemporaryB, which is applied to the maximum absolute value of the rotational
response, in oer to get the maximum absolute value of the longitudinal
displacement:

O TSP - T -

y max

‘u

Thus:
B= ‘uy‘max ) ‘uy,CM ‘max
L
|u¢7|max E (2]1)

It is quite easy to understand that such this pararBeséould be lower or, at least,
equal to 1, due to the fact that we never have the maximum translation together with
the maximum rotation; therefore, the maximum translational response corresponds to

a rotational one that could be seen as the maximumaotatduced b.

2.3.5 Parameteru

At least, the parametar is introduced. This represents the period shifting of the
system, in other worlds the ratio between the maximum possible translational
response of the center of mass of the eccentric system and trumaone of the

equivalent noreccentric system.

23



Uy om|
- ‘V'CM max

d=
‘UY'C'V' ‘max,N- E (2.12)

Because of the background researches results, we expect that such this parameter
should be almost equal to 1 for Torsionastiff systems . O }, but it may not for

Torsionally-flexible systemsq: <1).

From previous studies [30] it has been defined a closed formulatiomrader these

two main assumptions:

1 The maximum displacement at the center of mass is equal to the maximum

displacement predicted using the SRSS modalbination rule:

3 .. 2 = 2 = 2 A 2
Uy oot e @Jy,CM,mastsf\/é (5,(T.)OMCF, ) = (s, (T,)MCR, ) +(s, (T, ) Q1CF, )’ + (s, (T,)ucF,)

1 The spectral displacement respoBg@) is a linear function of the period T:
s:M=/a

Thus:

1 . 1
wifize + (wg - 2 wiaet + (w - 1]

2

uy,CM,max @].ZEZTL/ \/

d= Uy,CM,maxSRsszlzez 1 + 1
T — wpze? + (- 07 wafize? + (ws - 12

24



2.4 Objective of the work

Aim of the thesis is the study skismic response of ois¢orey eccentric structures
when subjected to ongay seismic input and the identification of the key paranset

which are necessary for a proper characterization of the torsional effects due to the
not coincidence bween thecenter of mass and mer of stiffnessin this way we

want to generalize the so calldéd\lpha Method |, i ntroduelasiog an
behavior of the lateral resisting elements.

The study has been developed following an analyticaherical approach to dsa
theoretical hypothesis, founded on a physical approach, function of the intrinsic
properties of the system using the experimental information to calibrate the model

parameters.

Since a closed formulation for the period shifting has been already iddntifie
whole work will mainly focus on the rotational response and on the definitigmeof
parameteB that expresses the combination between the maximum rotation and the

maximum translational response.

25
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3. DYNAMICS OF ONE-STOREY
LINEAR ASIMMETRIC
SYSTEMS

3.2 The equation of motion

Here new further assumptions are introduced:

1 the total lateral stiffnes& of the system is the same along #ieand they-
N N
direction (i.e. k=k, =gk, =%, =3 k,where k.and k, are the
i=1 i=1
translational stiffness along tlxeand they-direction, respectively);
{1 the damping is considered Rayleigh type: the damping matrix is a stiffness

and mass matrixes linear combinatior a,M +aK ;
{ the rotational regponse u,developed under dynamic excitation is small

enough to allow the approximatiary, @sin(u,,) @ar{u, );

Under these conditions the dynamic coupled latensional response of the
considered system is governed by the followieg &f coupled equations of motion
[20]:

e o
en 0 Opée ek ¢ 1 0 [eiZmus el
0 m 0CH() p+[ClSe () 3+mw§¢ 0 1 (e>(\/172)|;u,guy(t)3=épy(t)g 3.9
© 0 mgE0l ed08  $ei2d) ki & Bruon 0
r

e u



where u, (t) , u,(t) and u,(t) are the translation along tie andy-directions and

the rotation around theaxis, respectively, of the base isolated systeris the total

mass of the system andp,(t), p,(t) and p,(t) are the external dynamic

forces/moment applied along tke y- andz-direction, respectively.

The Eg.3.1can be deduced by imposing the equilibrium along ttexig for the

undamped system, so that:
nﬁi +a I'(xiuxi = px(t)
but it has been seen that, =u, - y,u, and so:

rr#ﬁ +a. I(xi (ux - yiuq): px(t)

mﬁﬁ+kﬁ§- a kxiyi q:px(t)

N N
_a. kyi X; a. Ky Y,
It is now possible to state thatt, == " E, == o are the eccentricity

alongx- andy-axis respectively, so that the previous equation can be written as:
mét +ku, - KEu, = p,(t)
As matters stand, we can refer to a relative eccentricity, instead of the previous
. Ey EX .
defined one, that could be expresseeps ——and e, =—, whereD, = rm\/1_2|s
D D

e e

the equivalent diameter (or equivalent diagonathefplan we are dealing with.
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In this way we can express the eccentricityegs=e D, = eyrm\/l_z; therefore the

previous equation becomes:

mét +ku, - keyrm\/1—2uq =p, (1)
Making the positionv/ :n% (SDOF structure with the same mass m and s#rk):

rrﬁi +kux - WLmQ/rm\/l_Z"lq = px(t)

Performing the equilibrium both i , y- andz-direction it is possible to obtain the

following system of equations:

mét +ku, - wome,r \/_Zu =p, (1)
mﬁ§+ku - Wngr \/_Zu =p, (1)

Irm#fy a kXI xi Yi + a kyluyl P = pq(t)

—_— =) == =)

Lets now focus on the equilibrium along tkexis. It is possible to develop its

equation by making several positions:

N

a kXI XI :a kxi(ux - yiuq)yi :a Xi Xyl a kXIyI U =u k%/’ \/_2 a kXIyI

=1 i=1 i=1

N N
ékylu X _akyi(uy_ Xiuq)xi :akyi akyl i q_u k%r vi2- aky| i q
i=1 =1 i=1

yi N
Thus the third equation of the system becomes:

|8 - uker, \/_2+a kg YU, +uker J12- ak XU, = p,(t)

=1
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el N [}
b - ka%fm@+uyk%fm@+qu§ K.Y - a kX 5= P, (1)

eN
éa. kxi y| a ky| i l:l
é - uker J12+uker, V12 +u, &2 ” = Yk =p,(t)

|8 - uke,r V12+u ke r V12+u,rZ. k=p, ()

Wherer, .. =, /’TK is the stiffness radius of gyration respect to the center of mass,

with 1, = a(ky,xI kxiyiz). Further mor e,

it 0k, dmMmportant
i=1

, and so:
v 28 - uke s V12+u ke V12+u,rZ k= p,(t)

2 UKe V12 uker, 12 ugrink _ p, ()
ro. I r r r

m m m

As matters stand, with the position:

_ _%IrkCMgl g‘e r k,CM dng rm,CM
g_gCM_ - 2
mri k9 kr o

It is possible to obtain that:
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_ P, (1)

m

é - ke, v12u, +ke12u, +gkr U,

But k =muf, so the equation becomes:

P, (1)
7t - e, 12, + mae 1au, + gmag 7y, =

m

and the system of equilibrium equations turns out to be the following one:

mét + ku, - WLme/rm\/1_2uq =p, ()
mét +ku, - wmer \/1_2u =p, )

T/ M, - mWZe\/—Zu +mW2e\/_2u +g°mufr u p:(t)

m

— =) =) =/ —> = (:

It is easy to see that such this system can be represented by the matrix compact form

that we have already seen:

e 2
am 0 OgéM) e e e e 1 0 (e\/_Z)@eu OF Sp (t)U
eo m o“eag(t) +[c] (t) +mw2§ 0 1 (e J_z)ueu (t)u epy(t)u
@0 0 mu@ré#(t)g &, (t)u deviz) 12) o Yeru,mp Ok
é f u

Recalling the position:

g=0y = Wy.em _% Ir,k,CM 8 1 _%/Ir,k,CM d’ng_\/lr,m,cm
- CM - - ..__ 2 . 2
W, aqg/ I, m O & m, k O kr -
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It has been proved that, for a rectangular base isolated structutel, , this

parameter can be expressed as:

Irm |I'

kr?2 2
Due to the fact that:

I rk,CM = g (kxi yi2 + kyi Xiz): g [kxi (yi,CK + Ey )2 + kyi (Xi,CK + Ex )2] = I rk,CK + k[Ef + Ej] =
i=1

i=1

=1, +kD2(e? +&2)=1, +kr212e? +€?)

It is possible to notice that the first term under the squ@oeis uncoupled, so that

we can express it in the following way:

Irk:|rkG"m :Irkm:l/l/j

=W,
rék m r2k 1,k 7

e

2
m

w,
In this way we defined a new dimensionless paraméNg,r,:W", that gives a
L

quantitative measure of the torsional flexibility of the system and remiesa
physical property of the eccentric system, that is independent from the chosen

reference system.

For that matter it is possible to define all the systems into two main categories:

f Torsionallystiff systems W, 2 1);

' Torsionallyflexible systems{V, <1).
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This is a very important definition because it has been pr{velagarajaiah, A.M.

Rehinhorn and M.C.Constantinp[10-11] that for Torsionallstiff systems W, 2 1
)

Uy @yt
‘ Y.CM | 1ax YCMN-E| o0

this allows to quantify the overall effect due to the eccentricity in the rotational effect

only; nevertheless, for Torsionaffiexible systems YV, <1), ‘uy'CM‘max may differ

from ‘Uy.CM,N-E‘maX such that the overall effedue to the eccentricity cannot be reduce

to the rotational effect, only.

Considering again the equation of motion for a generic system, taking into account of

the definition of the parameté&¥ _, it is possible to write it the followaenpact matrix

form:
em 0 Oge#(t) g eH(t) o é 1 0 ( ey\/TZ) 2u,(t) g epx(t)U(g 2)
S m 0% d+[clw® Yrmue 0 1 e~12) %uy(t)u gpy(t)u

© 0 mEHOF Ol e(eyfz) (e.12) W +12fe? + €2, 0l ‘;Lp ®u

U

Let 6s now remember t hat one of t he mai n

considering a particular system with a null longitudinal eccentrigify=0) and that

we expresse@, =e, So that:

e 2
en 0 Om# () o ew (1) o él 0 0 @u)e epx(t)
S m o%um telclum D 1 (v12) Bu,0 Y=ep, 0y
0 0 mpEOy gEO§  © ([©12) Wi, OF ép, ()1

efu

(3.3)
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3.2.1 The Eigenproblem

The solution of the eigenvalues problem governing the undamped free vibrations of

the system gives the following closéam expressions of natural frequencies w,
and w;, normalized with respect to the uncoupled longitudinal frequamcyand
square [20]:

o 2

w, Q0 1
W, =gg g ==0+g? +48* 2
! L@ 22 g ( ) H
A, §
W, = —28 =1 (3.4)
¢+
81
W, =8>8 :_gHg +\/( ) +48° %2
S8 2 u
Introducing the coefficient, these closed form solutions becomes:
W, = W1§ ;vaz +1267 - (W +120" - 1 + 480" ]
¢~
A,
W, =28 =1 (3.5)
E, 8
W, = W’°‘§ guvvz +126% +J(We +12¢? - 1)’ +48e2§’
¢+
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¥ is generally lower tham and decreases with the eccentricity, whilgincreases
with the eccentricity and can be quite larger tiranFor torsionallystiff systemsy;

is closer toy| , ¥3is larger thary, . If we, then, evaluate the modal shapes, provided
by the eigervectors, the translation ig-direction are coupled Wi the rotations,

while the second mode is purely translationaé-ghirection.

Figure 3.1- Normalized natural frequenciegs, W,, W; versus e andV, .

The solution of the eigenproblem also provides the following vibration mode shapes

(eigenvectors):

e 7} e [}
é 0 u elg ¢ 0 o
fl=€ 1 U =€ 1 U 3.6
V=gt 13{}@3{}‘?""3'13 (3.6)
@e\/_z 6ev12 Q)
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Careful examination of the analytical expressions for the three mode shapes shows
that in the first and third modes the translationg-tfirection are coupled with the
rotation, while the second mode shape is purely translational in the direction defined

by thecenterof mass and the center of stiffnegsl{rection).
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4. THE IDEALIZED NON LINEAR
ECCENTRIC SYSTEM

Several numerical simulations have been performed in order to analyze the torsional
response of a generic system, subjected to a seismic input. One of the main aim of
this thesis is to get a quantitative and qualitatvaluation of the parameter we have

previously described, that suggest which is the response of a certain system, with

specific geometric behaviors (i®andqy), under an earthquake.

Several linear elastic analysis have been done, in order to cothpareesults to the
very welkknown ones in literature. Once the system has Ipeevedin such this

way, it was subjected to a nonlinear analysis.

¥

dr2
=
e
2
>

dr2

Seismic
input

Figure 4.1-Plan view of the consideraxhe storey system
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In such this analysis we decided to use a very well known system, proposed in the
past by A.K. Chopra [27]. Consider the idealized building showrrigure 41,
consisting of a roof diaphragm, assumed to be rigid in its own plane, supported on
three framesA, B andC. FrameA is oriented in the-direction, located at a distance

e from they-axis passing through treenterof mass (Gi) of the diaphragm. Frames
BandC are oriented irx-direction, located at the same distad(2 on the two sides

of the x-axis; for simplicity the frames are located at the edge of the diaphragm and
we neglect the frame thickness. The motion of the roof mass will be described by the
three DOFs defined at they@f the slab: displacements, in thex-direction anduy

in they-direction, and torsional rotatiary about the vertical axis.

The linear and non linear analysis will be both performed on such this system. At first
we will performed a linear analysis in order to validate these results even for the non
linear analysisand to verify that its behavior can be seen as if it were a generic

system, even if it has such these particular features.
4.2.1 Force-displacement relation

Let f. represent the vector of statically applied external forces on the stiffness

component of the structure andthe vector of resulting displacements both defined

in terms of the three DOFs. The forces and displacements are related through

—_ —=>D:
—h T
—’C—’D

ek K, 2
u

3< kyy kyq u

g< k
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(4.1)

The 3x3 stiffnes matrix k of the structure can be determined by the direct
equilibrium method (based on the definition of stiffness influence coefficient) or by
the direct stiffness method.

fs.a » — Ui

Figure 4.2-Frame Aof the considered orgtorey system

For this purpose the lateral stiffness of each frame is defined. The lateral stiffness

of frameA relates to the lateral forcé,, and displacement ,:

foa= kyuA

fos, fro» — Us Ue

Figure 4.3-Frames B and Cof the considered orgtorey system

The lateral stiffness of framésandC are k., and k.., respectively, and they relate

the lateral forces and displacements shown in Fig.6:
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fsB = kauB fsC = kauC

The lateral stiffness for each frame is determined by static condensation, which is a
method used to eliminate from dynamic analysis those DOFs of a structure to which

zero mass is assigned; however, all the DOFs are included itaticeagalysis.

We introduce now an important assumption that allows us several simplifications, so

that we imposed:

,\_
x
@
I
=~
x
O
I
N x

The stiffness matrix of the complete system is determined first by the direct
equilibrium method. A unitisplacement is imposed successively in each DOF, and

the stiffness influence coefficients are determined by statics.

In detail, we firstimposed, =1, u, =u, =0, so we get that:

ks ks
— 0 0
=1 l l
ke ki
\ e e

Figure 4.4-Evaluation of the stiffness matrbf a onestorey, towway unsymmetric
system (k=1)
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Ky =0

d dak ko
k, =—(ke-kg)=—% - -0=0
(73 2(><C xB) 2(}%2_ 29

I” [

Figure 4.5-Evaluation of the stiffness matrix ofamestorey, towway unsymmetric
system (y=1)

kqx =eK/ =ek

Finally, u, =1, u, =u, =0, so we get that:
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— —
fes d/2 fes d/2

M@ ek_\i l ek_\r

ks d/2 ke di2
— —

Figure 4.6-Evaluation of the stiffness matrix of a esterey,tow-way unsymmetric

system (1)

d dak ko
K == Kec - Kg)=—=28- 0=
I 2( c~ k) 2¢2 2+
k,, =ek, =ek
2 d? a, d?@
qu:ezky+7(ka+kXC):e2k+7k=ké$2+7§

The resulting stiffness matrix for the structure is:

x O
0]
= ©O

+

x
I
(‘DfDéD\ %(‘D\ @ o
N
IN | Q
dE&C. c.cn

D

=

=
vﬂaﬁmo

Alternatively, the stiffness matrix of the structure may be formulated by the direct

stiffness method implemented as follows: Determined first is the transformation
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matrix that relates the lateral displacemardf framei to uy, uy, Ug, the global DOFs

of the system. This 1x3 matrix is denoted &y if the frame is oriented in the-
direction, or bya,;if in the y-direction. The lateral displacement of the frafeia

can be written as:

u, =Uy + qu =ayAu
wherea,, =(0 1 e). Similarly, the lateral displacement of fraiBe

d

Ug =Uy - U, =a,5U

X

wherea,, :<1 0 - %> Finally, the lateral displacement of frai@e

d
Uc =U, +§u‘7 =a,.u

Whereaxc:<l 0 %>

Second, the stiffness matrix of framavith respect to global DOk is determined

from the lateral stiffnesk, or k , of framei in located coordinatag from:

— — AT
k =agkga, and k,; =a;k;a,

Xi NXi X

Substituting the appropriate,; or a,andk,; or k, gives the stiffness matrixds,,

kgandk . of the three frames:
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€00 @ 0 0g &0 0g
Ka=i1tk, (0 1 €=k, D 1 ef=kP 1 ef
tey O e e @ e ey
flr L &1 0-dizg &1 0 -di%
Ko =1 odpka<1 0 -§>:ka2 0O 0 O 3252 0 0 0 j42
.= g d/2 0 d*/4yg & d/2 0 d?*/4y
2%
flr L &1 0 di2g el 0 di2g
kczlgpkxc<1 0 2> keGS0 0 0 3:520 0 0§
1[519 g/2 0 d?/ay “@/2 0 d2/a4y

Finally, the stiffness matrix of the system is
k=k,+kg+k¢ (4.3)
Substituting Equations 4dlves the global stiffness matrix we have alreadwioled.

In our problem we can define the terkp , since it is only function o€, q 4 and of
the geometrical properties. Ondg , is known, we could be able to evaluate the

equivalent system that represents our problem, by defthing

_k§4 +e° 8

therefore
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d_2+e2:ﬂ_ d_Z:L]_ ez_ d=2 kiq_ e2
4 k 4 k \ k

Once we know the distance of the two frames inxturection of the equivalent

system, we aa define it is possible to define the transformation masixwhose

rows correspond to the matrixag anda,, , respectively:

é.? el 0 d/2g
_€é u_é U
Af—éang—gL 0 -d/2g
g,.4 €& 1 E ¢

WhereE is an absolute eccentricity of the system, that can be defined as
E=er,

Whereeis the input relative eccentricity that goes from 0 to 1,2.

This matrix A, will be used later on, in order to pass from the local to thbad

system.

Figure 4.7-ldealization of a sdof

Thus, if we consider the system as if it were a SDOF composed by amaask a

spring withk stiffness(Fig.10), characterized by a certain peridd we can gek:
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The system previously described can be seen as if it were composed by two SDOF
(one in thex-direction and one in thgdirection). FrameA will be characterized by a
stiffnessk, while the stiffness of framB andC will be equal tok/2. It is so possible

to define a new matrix:

ek o
& O %
Ioc_e k u
k°“=eé0 — Ou
é 2
60 0 Kk
g §

Where the apeloc stays for the local reference system to which this matrix refers.
As we have already said, it could be easily possible to pass from the local reference

system to the global one, getting #t#fness matrix of the whole system:
k=ATk" A, (4.9)
4.2.2 Inertia forces

Since the selected global DOFs are located at the center of mass CM, the inertia

forces on the mass component of the structure are

f, = méo" fly = nﬂ"gOT flq = lq,CMﬂ%y-OT
where

mis the diaphragm mass, uniformly distributed over the plan;
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2+d?) . . : : :
loom = m(bl—zd) is the moment of inertia of the diaphragm about the vertical axis,

passing through the center of mass CM,;

4" #°T 4T are thex, y andd components of the total acceleration of the center

of mass.

In matrix form the inertia forces and accelerations are related through the mass

matrix:
ef, i ém 0 0 e’
I _é | |
[ =% m o Yal
P A N |
Fay g0 0 1 HeET
or f, =m&#°" (4.5)
where
eH°T0 elitn & gx(t)fJI
P |
TG 18 e (0
| T Tel |
I#% |ﬂf7y gq(t))'/

being &, (t) and @& (t)the x andy components of the ground acceleration, and
#f, (t) the rotational acceleration of the base of the building about the vertical axis.

Under the assumptioof an earthquake excitation acting only alongytuirection, it
is possible to state that:
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&40 o0 e 0 0
| | | |
174 6 G+ 6 (O 46)
| | | , 1 |
(#y idy 1 0y

since & (t) =&, (t) =0 and where# (t) is get from the spectrum.

4.2.3 Equations of motion
For the dynamiequilibrium:
f, +f, +fs=p(t) (4.7)

In the problem in hand we have thpft) =0and, temporarily, damping is omitted,

thus:
f, +fs=0 (4.8)
where f, =m##°" = méit+ mé, and fs =ku, so that:
mét+ ku = - mé

¢}

That, consideng the Equation 4,6&an also be written as:

mé#+ ku = - mi 148 (49)
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4.2.4 Damping matrix

Once mass and stiffness matrixes are known it possible to define the damping matrix,
considering a classical damping, thatkisown as an appropriate idealization if

similar damping mechanisms are distributed throughout the structure. One of the
most used method used in order to get the classical damping is the Rayleigh

Damping, for which:
c=a,m+ak (4.10)
The danping ratio for the sth mode of such a system is:

=%

1
Z,=——+—W, (4.11)
2w,

N | &

The coefficientsag anda; can be determined from specified damping ragiegadg
for theith andjth modes, respectively. We assumed #rag=6. Considering the

definition of the damping coefficient given by the Equation 4.12, it is possible to

write that:
el 2
& Wi, o A
1Sw a0 eza
—‘?1 U "0=1_0
26— ylidy iZy
ew, 'H

These two algebraic equations can be solved so, that it is possible to explicitly

express the coefficiea anda; as:
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a, =2
W+ w,
a,=z2
W+ w,

It has been shown that thign andjth modes should be chosen among riheatural
modes of vibration of the system, in such a way that imposing an equal value of

damping coefficient, is a reasonable assumption.

For this reason we considered ttitahd the 3 mode of the structure, for which, the
closedform expressions for their natural frequencies normalized with respect to the

uncoupled longitudinal frequenay. havebeen expressed in the equation 3.5.

Such these expressions demonstrate tha¢ 1, and w, >w, . It is possible to

evaluate the uncoupled longitudinal frequengyconsidering the whole system as if

it were a SDOF:

»

w =
L -I-L

Once w; is known we camlefine the natural frequencies for the third and first modes

as:

w, =i W, w, = w Wy

Finally, it is possible to deduce the damping matrix, and so the equations of motion

become:
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€0
m#t+ cett+ ku = - m\: 1
[
|

M

o=

By (4.12)

\g—)
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5. FREE VIBRATION RESPONSE

It could be useful to make several considerations about the response of a system
under free vibration conditions. In previous research works [20] it has been proved
that such this response can be simply obtained thanks to a closed formuldtitor of
undamped and dumped conditions, both. Starting from these closed form evaluations
of the response, we want to get a closed formulation even fandkRgnum rotational
response and for the combination of the maximum longitudinal and rotational

responses, expressed bgndB, respectively.

5.2 Equation of motion

5.2.1 Undamped free vibration response

Undamped free vibration response of the eccentric systegoaegned by the set of
coupled equations given by Eqg. (3.3) without the damping term, with zero right hand

side and with the following initial conditions:

@uX(O) g &0g

& U_é
eU, O g= &y

gu, Oy éoy (5.1)

Wherea represents the initial deformation along yhéirection. Tterefore, the- and

y- axis are referred to as the transversal and the longitudinal direction, respectively.

Stating:
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It is possible to introduce two new coefficients:

=10 Nrwr=) nggwm)

and

In this way E((3.5) can be writtem a more compact form:

éﬁjg T A REE R (VESESRE I S RS

L

é

N

o

X
|-CDO
11
|_\

W, =

-

i

(5.2)

_Aw 8 _1g 2 1) +a8e29=1+ 5
Wg_%%g gL+\/\/2+12e +\/(\N§+12e 1) +48 g‘1+2Q3

Considering such these expressions and the initial conditions, and stating that:

-W3 _ Q3 _V1+48F2 +1

1
A1 = =
W -W, Q;-Q 2J1+48F?

A = W -1  Q, _J1+48F2-1
W -W, Q-Q; 2J1+48F?

Aol W-9Ww-1)_ 1 QQ _ [ 12F°
ez W W, J48Q;- Q V1+48F’
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The equations governing the free vibration response can be solved using the classical
mode superposition method [27], which yields the following free vibration response
histories along the original dofs:

2 A

u, ) =2 [ A codut) + A, 2 codust) +A,codmt)
e [ e {]

X

0 =a - A cosut) + A, coduyt)- A,codust)

u, (=2 Adeodig) - codwt)

However, considering that the problem in art is dealing with a particular condition
(i.e.e=0), the previous expressions can be expressed as follows:

u, (t) =af{ A coust) +A,cogust)}

u, (t)=0 (5.3
1,0 =2 Adeodw)- codat)

5.2.2 Damped free vibration response

L e tconsideran initial input displacemerd along they-direction and an equal

viscous damping ratio, such tlat 3,= 33= 3
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Under these assumption it is possible to expresseg@onse of the damped system
under free vibrations as follows:

< N

0, 0=a% Ll x ) A cout +0) + ABpl- x(m, - wi) L codest +0)
[

+AExpl(- x(us - w t) oot + g}

e
e

<X N

eX

U, () =2 LExp(- x - A codug,t +q)+ AExpl- x(w, - w))cosupt +4)

- A Expl (- me)oodgst + )

u, (t) :%e_g AALEXp(- X l{ﬁ’){COiWDlt +Q)' EXp(- X(Ws - Wl)t)COS(WDst +L7)}

With the positions:

a , 0
g =- arctarfS 0
&

eVl x2 9

Where w;, =w/1- x* is the modal damped natural circular frequency ofittie

mode.However, with the assumption of null longitudinal eccentridityg previous
equations become:

uy () =aL EXp(— X ,{y){Ai COS(WDlt + C/) +A; EXd— X(VV:% - M/l)t)COS(Wmt + Q)}

u, (t)=0 (5.4)

U, =2 ALE- x efcodueyt +q)- Bxpl- x{w; - wk)codupst +9)

55



5.3 Closed formresponse

From this moment on we would like to give a closed formulation for the whole
response of the system that could be applicable by the designer in order to have a first
idea of the free vibration response of a certain system, once its main geometric
parameters are known. For this reasantried to derive closed form equations for

the direct evaluation both for the maximum rotational response and for the
combination of the maximum displacement and the maximum rotational response.
These quantities arepresented by the previously defined coefficidhta/hich will

be expressed dg ree Since it refers to damped conditions under free vibrations) and

B, respectively.

Before starting showing the results <coll
underline that the eccentricitg of the previous equations is the ratio between the

absolute eccentricity and the equivalent diameter, so that:

WhereE is the Absolute Eccentricity an®, is the Equivalent DiameteD, has

been defined as:

D, = By/1+ 7?2

Wheref is the Shape Factor and it has been defined as:

. / 3(L/B)?
1+ (L/B)?
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However, in our study, we considered at first a differeriindmn of the Relative

Eccentricity; indeed we considered it as:
E
e=—
rO

Where r, is the radius of inertia of the plan of our system.

Therefore, if we calk, the eccentricity of the previous studiediterature, ande, the

one of the study we are performing, we can easily see that:
E=eD, E=¢,r,

’
eD. =&/, - elzezD_O

e
Thus, in our studies, at first we input the following vector of relaaentricities:
e,=[0 01 02 03 04 05 06 07 08 09 1 11 12]

While, the one that we will use for the application of the known closed form
formulation of the responsand into the future plots, in order to have a better

comprehension of the results is the following one:

e, =[0 00289 00577 00866 01155 01443 01732 0,2021 0,2309 0,2598
0,2887 0,3175 0,3464
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5.4 The maximum rotational response

In order to quantify the maximum rotational response we usually refer tdJ the
coefficient that gives an idea of the magnitude of the rotational response of the
system in object with respect to itsntgitudinal one. Thus it could be defined the

previously mentioned) feeas:

def |u
ad,free =r

¢7|max

m
‘uy,CM ‘ Dampectonditions

max ) St
free vibratios

5.4.1 Approximate formulation for Ud,free

For the Eq5.4) it has been seen that for a damped system under free vibrations, the

response could be expressedhia following closed form:
u, (t) :%A4L EXp(' X l{'k){COS(WDlt + 67) - EXp(' X(Ws B Wl)t)COS(WDst + Q)}

Uy (t) =alL EXp(— X '{y){Ai COS(WDlt + C/) +A3 EXd— X(VV:% - M/l)t)COiWD:,,t + C])}

Considering thati(t)=0 due to the fact that we are assumepg0 and an applied
unitary input displacemeitalong they-direction. Therefore, the maximum values of

the responses could be evaluated once we consider the derivative of the previous
expressions equal to zero; in this way we could be able to get the time at which the
system displays the maximum rotational or libimgjnal response. We will express

themt; andt,, respectively.

—duét(t) = g - wy)codup t +9)- ug, sin(ugt +g)+ e g sin(ugt +q)
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_d (©) =- A)E X(1- )t (W3 - Wl)COS(Wmt + q) - A_M/D]_Sin(WDlt + q) - Ag o lﬂﬁ)t'/'/Dssin('/’/ozt + Q)

dt
du.](t):o_ tl
dt
du, (t
B0 oy,
dt

However, it is not possible to solve such these equations with respecthts a
parametric stughas been performed and, as results several tables for each v&lue of
gs, TL and 3 have been carried ofsee AppendixA.2). From this tables once the
designer knows thpreviously mentioned parameters, he could be able to have a first
approximate value for the paramet#hat derives from the closed form evaluation of

the response.

All the results have been collected in several plots in order to understand thefeffect
the damping on the response of a generic system in free vibrations condition. All
these plots are collected in Appendix A.3 and A.4; in this chapter we only analyze the
one that collect the whole surfaces for different values of dampingz#biofixed

values of longitudinal periodi,.
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Figure 5.13D surfaces ofUparameter for (a) T=0,8e¢(b) T=0,5%ec,(c) T4,5sec.

From theFig.5.1it could be seen that once the damping ratio increasdssheaces
decreasand thusl, is an upper boundfhis means that in free vibration condition

the increases of the damping effect leads to a strong decrease in the rotational
response of the system with respect to the longitudinal one.
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5.5 Combination of the maximum

displacement and rotdional responses

Another important preliminary evaluation at design level is the combination of the
maximum displacement and rotational response that allows the designer to evaluate
the corner displacement of the system. Such this combination is repdessgnte
meaning of the coefficier® previously described.

5.5.1 Approximate formulation for B

It has been seen thatonsidering that the problem in art is dealing with a particular

condition (i.eg=0), itsundamped free vibration response could be expressed
u, (t) = a{ A coust) +A;codust)}
u,(t)=0 (5.5)

u, == Afeodwt) - cogwst)

As far as the damped free vibration response, it could be expressed as:
Uy (t) =alL EXIX' X W){Ai COS(WDlt + C]) +A3 Exp(- X(”/s - ”ﬁ)t)coiwost + q)}

u,(t) =0 (5.6)

u, (t) :%A4LEXD(- X '{'k){COE(WDlt +67)- EXp(' X(Ws B Wl)t)COS(WDst +C7)}
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Considering Eq.(%) and Eq.(%%), it could be possible to get a closed form
evaluation of the coefficientdandB, which reflect the maximum rotational response
and the combination between this one and the maximum longitudinal response,

respectively.

As we have already se#ime coefficient B is a corrective factor that takes into account
the time correlation between the maximum longitudinal and the maximum rotational

response in damped seismic condition.

For this reason we previously wrote that:

=u +BQ

y, flex y,max J,max

u

d:
2

At the same time the Argand diagram leads to the following observations regarding
free vibration of lateralhtorsionally coupled systems from an initial longitudinal

displacemena (that we considered in our simulation equal to 1):

1 The maximum longitudinal ddacement magnitude,

u,| =a(A +A)=a, is developed formst =npand st =mp (with n

andm both odd or both even), and for these conditions the rotational respose

u,(t) is always zero.
1 The maximum rotational response is developed whet=np and
wet =(m+1)p , with n and m both even or odd. In these conditions, the

longitudinal displacement magnitude is equab{@\ - A;), and, therefore, it

is closeal to ‘uy‘ for small values ofA, (which are common).
max
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Thus, we get that, for a certain valuetpfor which we getu, _ we will have a

J,max

longitudinal responseu, =(A - A)u in detail it could be written that

y,max;
u, =|('°1' %)|uy’max. This means that the longitudinal response happens in e sa

direction of the maximum one; in this way it could be possible to distinguish among

two cases: one for whiol>A3 and one foA;<As.

If A;>A3; we can express the longitudinal displacement of the flexible side in the

following way:

L
|u|y, flex = (A B %)|u|y,max +|u|J,maxE

Therefore, we can write that:
L : L
(A - %)|u|y,max +| |J max 2 |u|y max BCP'I|JmaxE

If we consider then, the definition of the coefficienf we can express the maximum

rotational response as function of the maximum longitudinal one.

Jul
y,max

So, by substituting such this expression in the previous equation, we get that:

Uy e L _ sy Ve L
I

(Al - A&)|u|y’max +au 2 = |u|y,max + u r 2

(A - A3)+———1+ BC§— L
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a,L_ _.a, L
e (A- A+ Do =B

g=1+ A AD,,
a,L

u

Then, we have to consider one of the main properties of the coeffidi@misAs:
A+A=1

So we get that:

B:1+(A1' A A- A3)2r:1-ﬂ2r
alLl aL

u u

And, finally, it is possible to get the follow closed expression foptrameter B:

B=1- ﬂr (5.7)
a,lL

u

If As<A3 we can express the longitudinal displacement of the flexible side in the

following way:

L
|u|y,flex = (A" } A-)|u|ymax +|u|J,max E

Therefore, we can write that:

L ) L
(A3 - Al)|u|ymax +|U|J,max E = |u|y,max + BCP'I|JmaX E
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So, by substituting the definition the coefficienta, in the previous equation, we

get that:

Uy L _ o (U L
(A3 B A)|u|y,max +au yTE - |u|y,max + B@U YTE

a“h: ¢ UE
(A- A)+ 2> =14 BEY
LA A e ap

p=1+A A Dy,

a,L

u

B=1+ A A AA) g 2—Atzr

u au

And, finally, it is possible to get the follow closerpression for the parameter B:

B=1- ﬂ r (5.8)
a,L

u

If we expresdA as the minimum betweek, andAg it is possible to express a generic

closed form formulation for the coefficieB.. that is valid for each value @& and
q::

4A
=1- ——r 5.9
free a L ( )

B
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The subscripfree underlines that this is the formulation of the coefficiBnh free

vibration conditions

It is interesting to observe that the previous passagesttead very important
observation: e maximum valuef A, and so the maximum value of the minimum
betweenA; and As is, obviously,Ana=0,5, thus it could be defined a lower bound

value forB that depends only on the geometrical parameters of the system:
B, =1- — (5.10)

So it could bewritten that:

12 g2 1- 2 (5.11)
al

u

Thusit has been already seen tlatould be directly evaluatedEq.59) in closed
form, while U, is got from the ratio between the maximum rotational response and the
maximum translational one, which aretabed by the closed form equations
(Eq.56). In the following plotthe green surfaces represents the results got from the

evaluation of the respse under damped free vibratioonditiors.
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Figure 52-3D surfaces of B parameter for (a) T=G8c a3 = 3 %, ( bsecamd=0, 3
3=5% , Bxgc TamWd 3=3C®%, (ah)d B=E&ERW%, @ea)d B=®B,0 %.

In the previous 3D plofFig.52) the value of the parametBris reportedand it could

be seen that the result godm the derived closed formur ve doesndt depen
natural periodl_ or on the damping ratig but, due to the definition we gave to such

this coefficient, it only depends @andqy;, t hat 6 s why it i s possi
close form expression of B in evaluated in ungath free vibration conditions

However, it ispossible to observe as new result that o0 0A=/, while foro <0, 6

A=A; .

From the previous graplke could observe thatf@=Owe dondét haBe any v
This fact could be easily explained due to thet that, once the center of stiffness
corresponds to the center of mass, the maximum displacement of the flexible side is

equal to the one of the center of masd sm no rotations will occur.
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6. SEISMIC ELASTIC RESPONSE
FOR DIFFERENT DAMPING
RATIOS

The main objective of the first series of numerical simulations is the quantitative
evaluation of the effect of damping on the rotational response eivapesccerric
structures with a systematic variation of the main parameters that affect the system

respoise.

We have represented the main results ofptiidormed Linear Analysigto several

plots. In the following paragraph we will only analyze three main cases:

1 Case 1 Systems with little periods (T<0,5 T3),
1 Case 2 Systems with T=0,5;
1 Case 3 Systemswith high periods (T>0,5 T=1,5)

For a better comprehension of the obtained results, for each case 6 2D plots have

been performed, by fixingor q .
As far ase we will consider:

- e=0,0289t h a't means t hat webre dealing witdt
equal to the 5%f the floordimension perpendicular to the direction of the
seismic actionthat is theaccidental eccentricitynposed by the code

- e=0,1155that means tha a 1 6f¥e floordimension;
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- e=0,288T7that is a very high value of eccentrigithat allows us to consider a

system whose center of stiffness is not so far from lateral side of the plan.

In terms ofq d we considered three main values that refer to the main three types of
system we could find in the practice:

- 40,3 for torsionallyflexible structres;

- qq1 for structure that are in the boundary between torsioffigkyble and
torsionallystiff structures;

- qq=1,5 for torsionallystiff structres.

The whole results obtained from the Linear Analysis are reported imnélpggs from
A.5 to A.9 these ones are systematics results got for 13 values of eccentricity, 20
values ofg., 8 values of damping ratmand 7 values of longitudinal peridd.

e=|0 00289 00577 00866 01155 01443 01732 0,2021 0,2309 0,2598
0,2887 0,3175 0,3464

W, =[01 02 03 04 05 06 07 08 09 1 11 12 13 14 15 16
17 18 19 2|

x=[3% 5% 7% 10% 15% 20% 25% 30%)

T, =[01 03 05 1 15 2 3
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6.2 The maximum rotational response

In the following paragraph the maximum rotational response will be analyzed. This
means that we will focus on the paraméteefined as:

def |u

— l7|max
ad’eq =r

m
‘uy,CM ‘ Dampedconditions

max earthquakiaput

Case 1:

In the following graphs we can see the results that we put up, for a system with the
same period T,=0,3se¢ but with different values of damping -coefficient
(6=3%,5%,10%,20%,30% The red surface represents the corresponding values of
U, in other words the value of the coefficidthunder free vibrations in undamped
conditions, got for a certain couple efand q. values from the closed form
expression given by Equatid@.5), while the blue ones are the curved tom the

numerical anigsis.
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o. T=0,3 DampingRatio=30%

08~
06+
0.4

02

(e)
Figure6.1-3Dsurfc es of U par ad3setokrsF 2%, pmpndT=0,,
3=5% , Bcgc Tamd 3=3C®%, (adh)d B=EERW%, (@e)d B=B,0 %.

If we shift from low towards higher valuesf damping ratio3 (from Fig6.1(a)

towards Fig6.1(e)) we can observe that, the curve got from the numerical simulations

tends to lowerAs expected, for a constant value of natural period, the increasing of

the damping ratio leads to a decrease of ti&tiomal response with respect to the
longitudinal one; this effect is more effective for torsionallijf structures, while for

small valuesofjyt here i s a peak in the curve that
damping ratios: howeer, increasing thelamping ratio, the maximum value bf

decreases and so the peak of the curve does.

T.=0,3se¢ 3=3 %3=5W3=7W=10Q0%=15 %=2(0 %=2 9 8= 3 (
Unax 1,6024| 1,5912| 1,6054| 1,6220| 1,6201| 1,5750( 1,5232| 1,4790

This is a very important result, in fact it means that once we have small valyes of
which are typical of, for instance, buildings with a raomcentric core, the response

of such this structure could be characterized by a rotational response that is
significantly higher than the longitudinal one.
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o T=0,3 o T=0,3

(a) (b)
Figure 6.23D surfcesofU par amet eacad oev elr=y0 , 8u3>% ( a)

(b).

It could be useful to consider a plot where bathand U for different values of
damping ratio in order to have a better comprehension of what happens once the
damping ratio is increaseth Fig.6.2 (a) we can easily see that oreacreases the

curve lowers as previously observed, and this fact is particularly noticeable once we
considerg QL (so torsionallystiff structures Fig6.2 (b)) where once-increases, the
Ucurve lowers and becomestffl this fact has beeareadyobserved in past studies

so it was expected andvidlidates the results.

In order to have a better qualitative evaluation of the behavior of such this coefficient
Uoncee andq ¢ change we could consider the following 2D plots for fixed values of

eandq g
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Consideringe=0,0289(Fig.6.3(a))we can see that tHecoefficientusually decreases
onceq q increases, and this fact becomes more clear once the damping ratio increases.
From these plots we can see that for this value, dfl, is an upper boundor

0,80 qQL,25for 3=5%, for 0,650 gOL,5 for 3=10%, for 0,60 qQL,8 for 3=20% and

for 0,550 g2 for 3=30%. Thus once we increase the damping ratithe range

where U, is an upper bound increases as well; however, for small valuegs of
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(040 0), the U, coefficient could not be considered a good approximation or an
evalation on the safe side of the coefficidhfor a system subjected to a seismic

input.

If we analyzee=0,1155(Fig.6.3(b) it could be seen that for very small valuesygf

the U parameter got from the numerical simulations is higher than one, that means

that for this value of eccentricity, those systems which are very torsidlediigle

display a maximunrotation that is even higher than the one of the translational
responseHowever, once thdamping ratiosis increased the range qf; for which

U>1 becomes smaller (fa=5% U>1 for q 4<0,8 while for 3=30% U>1 for q ¢<0,35).

For this value of eccentricity we obtain higher valueBwith respect to the ones got

in the previous <case, due to the fact t he
increases, thus the rotational response of the system increases as well; in addition, as
before, once ¢ increased) decreases and it decrease in a faster way for small values

of damping ratio. However, tHa, curve still has a peak faf&=1, t hus int wonot
upper bound fotJ for every value ofy 4. From these plots we can see that for this

value ofe, [, is an upper bound fo®,80 gOL,5 for 3=5%, for 0,70 qQL,6 for

3=10%, for 0,650 gQL,8 for 3=20% and for0,50 2 for 3=30%. As before once we

increase the damping ratighe range wherg, is an upper bound increases as well.

For very high values of, e=0,2887(Fig.6.3(c) the scenario of these plots changes.
In this condition evett], decreases onagy increases, and for each valuegefands;

U, is always an upper bound for the one got from the numerical analysis.
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Then we can fix the values qfy in order to perform further observations. We have
seen that there are valuesefrom which U, becomes an upper bound; thus from
these graphs we could be able to quantify this valuefof torsionallyflexible and
torsionallystiff structures. If we are dealing withy=0,3, and so torsionalllexible
structures (Fig.4(a) we can see that botli, and U increase once the eccentricity

increases, but) displays a peak and values highbart 1 for a certain range of
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eccentricity, which decreases once the damping saiticreasesfor 3=5% U>1 for
0,07<e<0,26 while for 3=30% U>1 for 0,11<e<0,24). From these plots we can see
that for this value ofy4, U, is an upper bound fog>0,26 for 3=5%, 3=10%, and
3=20% and for e>0,26 for 3=30%. Thus the increase in the damping ratio for
constant values of 4 has a slight effect on the range whéteis an upper bound.
Being on the safe side it is possible to state thatan be considered as an upper
bound for torsionallflexible systems only foe>0,26

For qq=1 (Fig.6.4(b) U, is always an upper boundhile forqs=1,5 so torsionally
stiff structures (Figh.4(c) U, is always an upper bound except for small values of
damping ratios (3<10%); for 3 = 5 #at is the most common value for existing

buildingsU, is an upper bound only fe,15
Case 2:

The following plots represents the values of the paramgtir systems whose

T, =0,5se¢ together with the value got frothe closed form evaluation in undamped
conditions under free vibrations, for different values of damping ratio
(6=3%,5%,10%,20%,30%0

o T=0,5 DampingRatio=3% . T=0,5 DampingRatio=5%

.-
—

08+
06+
04

0.2

04
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Figure65-3 D surfaces o@®TEOp & ame(l &=0,5sB0mBd%
385%,c) T=0, 5s184(d)a nfd= 03 5 s280g(e)a M- 03 H5s38%k and 3=

As before we shift from low towards higher values of damping ratirom
Fig.6.5a) towards Fig.5(e)) we can observe that, the curve got from the numerical
simulations tends to loweAs expected, for a constant value of natural period, the
increasing of the damping ratio leads to a decrease of the rotational response with
respect to the longitudinal one; this effect is more effective for torsiessify

structures, while for smallalues ofq 4 there is still the previously observed peak in
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the curve that doesndét ap p:dowever ihcieasidee p e nd

the damping ratio, the maximum value Ufat first slightly increases and then
decreases f@=>20%;and so the gak of the curve does.

T, =05seq¢ 3 =3 %W3=5%3=7%r=10%=15%=208%=25 %=3C
Unax 1,3462| 1,3755| 1,4011| 1,4221| 1,4460| 1,4259| 1,3737| 1,3126

g 0q (6=10%)
o, . 6=20%)

03

(@) (b)
Figure6.63 D sur f aces o0T=033edpravery vakd of(a) afddor
every value of(., (b) for . QL.

Also in this second case we can plot together alltberves got from the numerical
simulation (Fig6.6(a)) and it could be seen that ore@creases such these curves
lower and even become flat fqrOL (Fig.6.6 (b)) as expected.

Like in the previous case it could be useful to focus on 2D plots for Wiakeks ofe

or g g.
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Consideringe=0,0289(Fig.6.7(a) we can see that thécoefficient usually decreases
onceq q increases, and this fact becomes more clear once the damping ratio increases.
From these plots we can see that for this value, df|, is an upper bound for

0,80 qQL,3 for 3=5%, for 0,70 qQL,5 for 3=10%, for 0,60 gOL,8 for 3=20% and for

0,550 g for 3=30%. Thus once we increase the damping ratize range wherg|,

is an upper bound increases as well; however, for small valugs(qiO 0 ), tHe Cu
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coefficient could not be considered a good approximation or an evaluation on the safe
side of the coeftient U for a system subjected to a seismic infiitese results are
quite similar to the ones got for the Casel.

If we analyzee=0,1155(Fig.6.7(b))it could be seen that for very small valuesygf

the U parameter got from the numerical simulations is higher than one, that means
that for this value of eccentricity, those systems which are very torsidlediigle

display a maximum rotational response that is even higher than the one of the
translationabne. However, once the damping reais increased the range qf; for

which U>1 becomes smaller (fa=5% U>1 for q¢<0,75 while for 3=30% U>1 for

q¢<0,3). For this value of eccentricity we obtain higher valuedefith respect to

the ones gotinthe prei ous case, due to the fact that
eccentricity increases, thus the rotational response of the system increases as well; in
addition, as before, onagy increased) decreases. However, thk curve still has a

peak forqs=1,thus it wondt be Udoneverpvpleerofigh.Fromd f or
these plots we can see that fbe current valueof e, U, is an upper bound for

0,80 Q1,4 for 3=5%, for 0,750 gQL,5 for 3=10%, for 0,60 gQL,7 for 3=20% and

for 0,450 gQL,9 for 3=30%. As before once we increase the damping rattbe

range wheré], is an upper bound increases as well. These results are quite similar to

the ones of Casel but the upper bound rangd]fahifts towards slightly lower

values ofg 4.

For very high valuesf e, e=0,2887(Fig.6.7(c) the scenario of these plots changes.
In this condition everl], decreases onogq increases, but while fof =0,3secfor
each value ofjy and 3; U, was always an upper bound for the one got from the

numeri cal anal ysi s, in thigsel i tuation itods
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Then we can fix the values qfy in order to perform further observations. We have
seen that there are valuesefrom which U, becomes an upper bound; thus from
these graphs we could be able to quantify this valuefof torsionallyflexible and
torsionallystiff structures. If we are dealing withy=0,3, and so torsionalllexible
structures (Fig.8(a) we can see that botli, and U increase once the eccentricity

increases, but) displays a peak and values highbart 1 for a certain range of
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eccentricity, which decreases once the damping saiticreasesfor 3=5% U>1 for
0,07<e<0,26 while for 3=30% U>1 for 0,12<e<0,25). From these plots we can see
that for this value ofy4, U, is an upper bound fog>0,26 for 3=5%, 3=10%, and
3=20% and for e>0,26 for 3=30%. Thus the increase in the damping ratio for
constant values of 4 has a slight effect on the range whéteis an upper bound.
Being on the safe side it is possible to state thatan be considered as an upper
bound for torsionallflexible systems only foe>0,26 Thus we get the same result

of Casel.

For qq=1 (Fig.6.8(b) U, is always an upper bound, while fge=1,5 so torsionally
stiff structures (Fid.8(c) U, is always an pper bound except for small values of
damping ratios (30 1 0);%or 3 = 5 #tat is the most common value for existing
buildingsU, is an upper bound only f@®,17 andfor 3 = 1 Q]%s an upper bound
only for e®,13 From these observations it seems that oihee natural period
increases, for torsionaHstiff structures with small values of eccentricity the range

wherel, could be considered as an upper bound decreases.
Case 3:

As far as the last case, the plots dealing with structures whosk5sec are
considered, together with the value got from the closed form evaluation in undamped
conditions under free vibrations, for different values of damping ratio
(6=3%,5%,10%,20%,30%0

83



o. T=1,5 DampingRatio=3% o. T=1,5 DampingRatio=5%

o
3

o
=

(@) (b)

o T=1,5 DampingRatio=10% o T=1,5 DampingRatio=20%

84



o. T=1,5 DampingRatio=30%
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3=5% ,1(6pedT=and 3 5Hls®kW, (adh)d B=-SZE%, (@aen)d B=3 0 %

As beforeif we shift from low towards higher values of damping rat{from Fig6.9

(a) towards Fig.9 (e)) we can observe thate curve got from the numerical
simulations tends to lower. As expected, for a constant value of natural period, the
increasing of the damping ratio leads to a decrease of the rotational response with
respect to the longitudinal onghis effect is more effective for torsionaiyiff
structures; it is important to notice that for small valuesqgfthe peak that

characterized the plots of the previous cases cannot be seen anymore.
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o T=1,5 o T=1,5

(@) (b)
Figure 6.103 D sur f ac e s fooT=1,33edpravery vaked of(a) and for
every value of(., (b) for q. QL.

It could be useful to plot together the valuedJagfot from the numerical simulations
for the same period, but for different valuessotn this wayit could be possible to
understand which is the effect that the damping has on the rotational response of a
system (Figs.10. As expected also in this case the increasirgledds the curves to

lower and to become flat for high valuesogf

Like in the previous cases it coldé useful to focus on 2D plots for fixed valuesof

orqg.
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Considering e=0,0289 (Fig.6.11(a) we can see that th& coefficient usually
decreases onagyincreases, and this fact becomes more clear once the damping ratio
increases, in fact fa=5% this effect is not easily predictable. From these plots we
can see that for this value ef U, is an upper bound fa,70q 4OL,3 for 3=5%, for

0,650 Q1,45 for 3=10%, for 0,40 Q1,7 for 3=20% and for 0,250 Q1,9 for
3=30%. Thus once we increase the damping rattbe range whergl, is an upper
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bound increases as well. These results are quite similar to the ones got fas¢fie C

and 2 but the range whelgis an upper bound shifts towards lower valueg of

If we analyzee=0,1155(Fig.6.11(b) it could be seen that for very small valueg gf

the U parameter got from the numerical simulations is not anymore higher than one,
that means that for this value of eccentricity and period, those systems which are very
torsionallyflexible display a maximum rotational response that is never higher than
the maximum translational one; as before, onggincreased) decreases. However,
theU, curve still has apeak far&=1, t hus it wonot Uforevegn upper
value ofqg. . From these plots we can see that for this value, &f is an upper
bound br 0,80 gQL,1 for 3=5%, for 0,750 gQOL,35 for 3=10%, for 0,40 gQL,6 for

3=20% and forq 4OL,9 for 3=30%. As before once we increase the damping ratio

the range wherg), is an upper bound increases as well. These results are quite similar
to the ones of Cad and Case2 but the upper bound rangelfoshifts towards
slightly lower values ofy 4 for high values of damping rati® at the same time for

small values of damping ratio the range wHeyis an upper bound decreases

For very high values of, €=0,2887(Fig.6.11(c)) the scenario of these plots changes.

In this condition everl], decreases onogy increases, but while fof =0,3secfor

each value ofjy and 3; U, was always an upper bound for the one got from the
numerical analysis, foil =0,5seci t wasnot an qfhd énrthisbound f
condition(, is not an upper bound fors>1,5. Thus, once we increase the period we

have a benefit in terms of the possibility of usage of the closed iptrecause the

peak of theU surface vanishes; nevertheless for very high values of eccentricity the

closed formulation of,d oesndt f orecast in a good way

torsionallystiff structure.
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Then we can fix the values qfy in order to perform further observations. We have
seen that there are valuesefrom which U, becomes an upper bound; thus from
these graphs we could be able to quantifg thalue ofe for torsionallyflexible and
torsionallystiff structures. If we are dealing withy=0,3, and so torsionalllexible
structures (Fig.12(a) we can see that both, and Uincrease once the eccentricity
increasesand U still displaysa peak but only fora = 5 %, 1 0;%s ih@s%lready
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seen,such this peak decreases once the damping ratio increases and f8rQt %
even vanishesFrom these plots we can see that for this valug o1, is an upper
bound fore>0,28 for 3=5%, 3=10%, and 3=20% while for 3=30% it is an upper
bound for evere. This result is very different from the ones of Casel and Cdse2;
is an upper bountbr higher values of| 4 and for very high values of damping ratio

(3=30%) the closed form of], seems to be a very good approximation.

For q#=1 (Fig.6.12(b) U, is always an upper bounéxpect for 3=5% and
0.145<q <0.17, while for q¢=1,5 so torsionallystiff structures (Fig.12(c) U, is
always an upper bound except for small values of dampiimsrétO 1 0);%r3 = 5 %
that is the most common value for existing builditigss an upper bound only for
e(,3 andfor 3 = 1 @s%n upper bound only f@®,25. From these observations it
seems that once the natural period increases, for torsieidillgtructures with small
values of eccentricity the range whdig could be considered as an upper bound

decreases.

ParameteA has been defined as the ratio betwelgand the value of) got from the
numerical simulations. Due to the previous results we expect that this paramete
should be almost equal to oaad usually lower than one, due to the fact Hat
represents an upper bound dfgot from the numerical analysigxcept for the
previously seen condition where it is nbhese plots are collected in Append6.
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6.3 Combination of the maximum

displacement and rotational responses

ParameteB is a reduction factor on the maximum rotational response, that egpress

the contemporangi of the rotational and longitudinal responses.

B= ‘uy‘max ‘UV'CM‘max
L
|ut7|max E

It expresssthe fact that a system never shows the maximum rotational response and
the maximum longitudinal one together; thus this coefficiBns applied to the
maximum rotationakesponse, in order to get the effective rotational response we
have once we consider the maximum longitudinal displacement of the flexible side
and of the center of mass. Thus, this paramstexpected being lower than 1.

B T=01 8 T=03

G (c=5%) s (:=5%)

- B (=10%) - B (=10%)
B (£=20%) B (=20%)
B (¢=30%) B (;=30%)

"(at |
CEa D g
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Figure 6.133D surfaces of B parameter for (a) T=0,1 sec, (b) T=0,3sec, (c)

T=0,5sec, (d)T=1sec, (e)T=1,5sec, (f)T=2sec, (g)T=3sec.

It could be useful to plot together the valueBajot from the numerical simulations

for the same period, but for different valuessotn this way it could be possible to
understand which is the effect that the damping has on the rotational response of a
system From Fig6.13it could be seen that ondbe damping ratia increases, B
increases, too. This means that once the damping of a system has been increased, the
maximum longitudinal displacement slightly decrease because of a more important

effect of he rotational response.

As it has been donef theUcoefficient, it is possible to focus on 2D plots which one

that refers to one of the three main cases, for fixed valuearafq g.

In Fig.6.13 it is possible to see that for small valueg.odnde in some conditiorB
could be lower than onghis fact has been seen even in past research works where it

has been highlighted that the contemporary factor for the stiff side is the opgosite

the flexible side one; thus the paramedBeshould be assumed ('B:‘Bﬂex : That 6s

why in the next plots we will find only positive valuesif
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Case 1:

In the following graphs we can see the results that we put up, for a system with the

same periodl =0,3se¢ for fixed values ofe and q 4, but with different values of
damping oefficient E&=5%,10%,20%,30%
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Figure 6.14 3D surfaces oB parameter for T9,3 sec anda) 3> =%, ( b10% $cF
3 =200 ( d30%.3 =

0.5
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As it has been previously sak1 and increases oncgyincreases (Fi¢.14 (a), (b),

(c) and (d).
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Figure 6.152D surfeces of B parameter for T=0,3sec for (a) €=0,0289 , (b)
e=0,1155, (c) e=0,2887

Fore=0,0289(Fig.6.15(a)) torsionallystiff systems show the same behavior for each

value of damping ratio, and so th@rincreases oncgq increases; however, if the

designer is dealing with a torsionaflgxible structure this trend is not guaranteed. In

this situation, in fact we have that only for very high values of damping coefficient
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(3 = 3 Pthe parameteB increaseswith q g4 while for smaller damping effects the
value ofB starts decreasing. In det&ldecreases fa = 5&n0dq<0,4, for3 =1 0 %
andq <0,4, for 3 = 2 (8d q<0,35. In this condition the parameter assumes very
different values depending aqy; for torsionallyflexible systems<B<0,3-0,4 for

3> =5a&0d3 = 1 00¥2<B<0,55for 3 = 2 0 %, 0, Pre-<-BObwéver, for
torsionallystiff systems once s tends to 2B tends t00,85 for each value o8 This
means that a torsionaifjexible system with avery small eccentricity shows its
maximum longitudinal response together with a rotation that is less than the 50% of
its maximum one, while for torsionaiitiff system with a smale the maximum
translational responsrresponds to a rotational onettiehigher than the 50% of

its maximum one.

Fore=0,1155(Fig.6.15(b)) torsionallystiff systems show the same behavior for each
value of damping ratio, and so thé@rincreases oncqq increases; however, if the
designer is dealing with a torsionaflgxible structure this trend is not guaranteed. In

this situation, in fact we have thBtstarts decreasing for every value of damping
ratio, usuallyB decreases fag ¢<0,4. Despite the previous case, in this situation the
values ofB slightly change onceneé damping ratio changes. For torsiondléxible
structure9,68<B<085, while for torsionallystiff structured,8<B<0,9. This means

that for this value o€, once the desigm wants to evaluate the maximum longitudinal
response of the system, he should keep in consideration that it corresponds to at least

the 68% of the maximum rotational response.

Consideringe=0,2887(Fig.6.15(c)) torsionallystiff and torstionallyflexible systems
show the same behavior for each value of damping ratio and Bhisralmost

constant @,95<R<0,99. This means that for very high values of eccentricity the
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maximum rotational and translationmaksponses occur almost simultaneously for each

value ofq .
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Figure 6.162D surfaces of B parameter for T=0,3sé&wr (a) q.=0,3, (b)q. =1, (c)

q»=1,5.

For q40,3 and so torsionalkflexible structures (Fi§.16 (a)) the parameteB

increases once increases. In detail it increases faster for small values (@6r

e<0,15 0,2<B<0,8), while for higher values of eccentricity it increases slowly and

tends to 1. In this condition the damping ratio has a very little effect on the variation
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of B. The previous observation means that in a torsiofil@lkyble system with a
center of stiffness next to the lateral side, the maximum translational response and the
maximum rotational one occur almost simultaneously, while, in a torsiefteiple

sysem with a very small eccentricity the maximum translational response
corresponds to a rotation that is a very small percentage of the maximum rotational

response. This percentage increases with the eccentricity.

For q4=1 (Fig.6.16 (b)) the parameteB still increases once increases, but the
curves are higher than before. Furthermore it could be seen that for small values of
eccentricity the damping ratio has an important effectefé 0 wé Isave that for
3=5BA0,fF=1B®BM,fora=3B®BO, 59

Consideringq ¢=1,5 and so torsionalbgtiff structures (Fig.16 (c)) the parameteB
increases once increases, but it assumes very high values for eactB>0,75).
This fact means that for a torsionadiiiff system the maximum longitudinal response
corresponds to a rotation higher or at least equiklee@5% of the maximum one.

Case 2:

In the following graphs we can see the results that we put up, for a system with the
same periodl =0,5se¢ for fixed values ofe and qgq, but with different value®f
damping coefficientg=5%,10%,20%,30%

98



B T=0,5 DampingRatio=5% B T=0,5 DampingRatio=10%

(@) (b)

B T=0,5 DampingRatio=20% B T=0,5 DampingRatio=30%

04

02

(c) (d)
Figure 6.17 3D surfaces oB parameter for T9,5sec anda) 3 =%, ( b1)0% $cF
3 =200 ( d30%.3 =

As it has been previously sdk1 and increases oncgsincreases (Fi¢.17a), (b),
(c) and (d).
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Fore=0,0289(Fig.6.18(a)) torsionallystiff systems show the same behavior for each
value of damping ratio, and so th@rincreases oncqq increases; however, if the
designer is dealing with a torsionaflgxible structure this trend is not guaranteed. In
this situation, m fact we have that only for very high values of damping coefficient
(3 = 3 Rd3 = 2 Pthe parameteB increases withy 4, while for smaller damping
effects the value dB starts decreasing. In det&ldecreases fas = 5 &0d q ¢<0,5,
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for 3 = 1 @dq 4<0,4. In this condition the parameter assumes very different values
depending om 4, for torsionallyflexible system$9<B<0,4 for 3 = 5, @47<B<0,4for

3 =1 00¥8<B<0,45for 3 = 2 0 %, 0 ,fo8 3 B 3 OHgvgever, for torsionally

stiff systems once 4 tends to 2B terds t00,8 for each value o#: This means that a
torsionallyflexible system with a very small eccentricity shows its maximum
longitudinal response together with a rotation that is less than the 50% of its
maximum one, while for torsionalistiff system wih a smalle the maximum
translational response corresponds to a rotational one that is higher than the 50% of
its maximum oneThis is a result that is very similar to the one got in Casel, but the
values assumed bB are slightly lower and the paramet8rfor a damping ratio

3 = 2 @l%ays increases witly.

For e=0,1155(Fig.6.18Db)) torsionallystiff systems shovalmostthe same behavior
for each value of damping ratamd so theiB increases oncey increases; however,
if the designer is dealing with torsionallyflexible structure this trend is not
guaranteed. In this situation, in fact we have tBastarts decreasing fa = 5 %
3=10% and 3 20%; usually B decreases foq 0,6 if 3 =5 &hd for q4<0,4 if
3=10% or 3 20%. While in Case 1 even for a dampiag= 3 Qh#re was an initial
decreasing trend, in this situation for that conditimcreases witke. Furthermore
despitethe previousralue ofe, in this situation the values &f slightly change once
the damping ratio changes. For torsiondliéxible structure,6<B<0,85, while for
torsionallystiff structures),75<B<0,9. This means that for this value gfonce the
designer wants to evaluate the maximum longitudinal responseeo$ystem, he
should keep in consideration that it corresponds to at leasD¥%aeob6the maximum

rotational response.
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Consideringe=0,2887(Fig.6.18(c)) torsionallystiff and torstionallyflexible systems
show the same behavior for each value of dagpiatio and theiB is almost
constant 9,95<R<0,99. This means that for very high values of eccentricity the

maximum rotational and translational responses occur almost simultaneously for each

value ofq 4.
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Figure 6.192D surfaces ofB parameter for T=0,5sefor (a) q.=0,3, (b)q.=1, (c)

q»=1,5.
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For q40,3 and so torsionallflexible structures (Fi§.19 (a)) the parameteB
increases once increases. In detail it increases faster for small values (@br
e<0,150,2<B<0,75), while for higher values of eccentricity it increases slowly and
tends to 1. In this condition the damping ratio has a very little effect on the variation
of B. The previous observation means that in a torsiofil@lkyble system with a
center of stiffnes next to the lateral side, the maximum translational response and the
maximum rotational one occur almost simultaneously, while, in a torsieftetiple
system with a very small eccentricity the maximum translational response
corresponds to a rotatidhat is a very small percentage of the maximum rotational

response. This percentage increases with the eccentricity.

For q4=1 (Fig.6.19 (b)) the parameteB still increases once increases, but the
curves are higher than before. Furthermore it coulddsn that for small values of
eccentricity the damping ratio has an important effectefé 0 wé Igave that for

3 =5and for> = 1 B% O, fods = 3 B% 49, This condition underlines that an

higher periodl, leads to lower values &.

Consideringq ¢=1,5 and so torsionalbgtiff structures (Fig.19 (c)) the parameteB
increases once increases, but it assumes very high values for eactB>0,65).
This fact means that for a torsionadiiiff system the maximum longitudinal response

corresponds to atation higher or at least equal to B%% of the maximum one.
Case 3:

In the following graphs we can see the results that we put up, for a system with the
same periodl =1,5se¢ for fixed values ofe and q 4, but with different values of
dampingcoefficient 6=5%,10%,20%,30%
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As it has been previously sak1 and increases oncgyincreases (Fi.20 (a), (b),
(c) and (d).
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Figure 6.222D surfaces of B parameter for T83sec for (a) €=0,0289 , (b)
e=0,1155, (c) e=0,2887

For e=0,0289(Fig.6.21 (a)) torsionallystiff systems show almost the same behavior
for each value of damping ratio, and so th&iincreases onceqq increasesin this

case we can observe tliatould be less than zero. This is due to the fact that, as we
have already seen once we defiligdhe absolute value of it is always between 0 and
1; however, its own value could also be riaga It could be provethat in the zones

whereB<0, it means that the maximum longitudinal displacement occurs in the stiff

105



side, therefore the magnification factor of the stiff didlgy is higher than the one of

the flexible sideMsex, and this oneresults lower than 1.In this condition the
parameteB assumes very different values dependinguanfor torsionallyflexible
systems0<B<0,4 for 3 = 5 %,7<B<0,4 for 3 = 1 0 08<B<0,45 for 3 =2 0 %,
0,8<B<0,6 for 3 = 3 OMdwever, for torsionalbgstiff systems once 4 tends to 2B
tends t00,7 for each value 08 This means that a torsionafiigxible system with a
very small eccentricity shows its maximum longitudinal response together with a
rotation that is less than&h50% of its maximum one, while for torsionadff
system with a sma# the maximum translational response corresponds to a rotational
one that is higher than the 50% of its maximum one. This is a result that is very
similar to the one got in Casel,tlithe values assumed Byare slightly lower and

the parameteB for a damping ratia- = 2 @l¥ays increases witlg.

For e=0,1155(Fig.6.21 (b)) torsionallystiff systems show almost the same behavior
for each value of damping ratio and so th&increags oncey g increases; however,

if the designer is dealing with a torsionaflgxible structure this trend is not
guaranteed. In this situation, in fact we have Balways increases but in different
way for the different values of damping ratmsherefore, despite Case 1ldkase 2
here in each damping condition the coefficiBrincreases withy 4. For torsionally

flexible structure®©<B<0,7, while for torsionallystiff structure€,7<B<0,8.

Consideringe=0,2887 (Fig.6.21 (c)), if for Casel and Case®rsionallystiff and
torstionallyflexible systems show the same behavior for each value of damping ratio
and theirB is almost constantin this case this observation could be done for
torsionallystiff systems(0,8<R<0,95), but for torsionallyflexible structures the
parameteB strongly depends on the damping raidhe higher is the damping ratio

the higher the value d@ and forz = 5 &b8dq 0,1 we have thaB=0,55that means
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that for a system with these characteristics once the maximum tranglatsmanse

occurs, it is subjected to a rotation equal to the 55% of its maximum one.
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Figure 6.222D surfaces of B parameter for T=1,5séwr (a) q.=0,3, (b)q. =1, (c)

q»=1,5.

For q4=0,3 and so torsionalljlexible structures (Fi§.22a)) the parameteB

increases onceincreaseslin this situation the variation of the damping ratio is more

effective, while in Casel and Case2 we had almost the same curves for different

values of3:
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Forqq=1 (Fig.6.22b)) the parameteB still increases onceincreases, but the curves

are higher than before. Furthermore it could be seen that for small values of
eccentricity the damping ratio has an important effecteefé 0 wé lgave that for

3 =58nd forz =1 (B% O, foR3 = 3 B% B This conditon underlines that an

higher periodrl, leads to lower values &.

Consideringq ¢=1,5 and so torsionalbgtiff structures (Fig.22 (c)) the parameteB
increases once increases, but it assumes very high values for eactB>0,55).
This fact means #t for a torsionallystiff system the maximum longitudinal response
corresponds to a rotation higher or at least equal t65%eof the maximum one.

As conclusionit has beerseen thaB<1l and it decreases once the eccentrieity
decreases, due to the fact that the whole rotational response decreases. It could be
seen that, for the same value effor torsionallyflexible structuresB is usually

smaller than the one we get for torsionadtiff structures, due to the fact thatthre

first case a smaller part of the maximum rotational response of the system
corresponds to the maximum translational one, while in the second situation the value
of the rotational response is almost equal to the maximum one of the whole system.
At the same time ones we pass from small towards high values of eccentricity, the
variation ofB with respect ta| 4 tends to vanish and, at the same time, for high values

of qq the variation of the eccentricigyon B has a smaller effect with respect to the

samecondition but with a low value afq.

Finally, it could be seen that, decreasing the damping tithe surfaces of
parameterB lower; thus, increasing damping, the rotational part acting on the

translational displacemenf the flexible side increaseét the same time increasing
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the period of the structui® decreases and for high periods the effect of the damping

3-becomes more important.

6.4 The maximum displacements of the

flexible and stiff sides

Parameterdcwm,sitr andMcwm,iex are themagnification factors of the stiff and flexible
side of the systerwith respect to the center of massspectively. They have been
defined as the ratio betwe#me longitudinal displacement of the stiff or flexible side

and the one of the center of mass.

M _ ‘uy,cornerl max
CM,stiff — ‘U ‘

Y.CM | max

M _ ‘uy,corneﬁ max
CM, flex — ‘U ‘

Y.CM | jax

Because of this definition we expect that for not eccentric systems, wh0seuch
this parameter should be equal to 1 because no torsional effect affects the longitudinal
response, while, once tlezcentricity increases we expeaveral changes of these

parameters.
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As expectedMcw,sitr and Mcwmisex are both equal to 1 for not eccentric systems.
Furthermore they have different trends

As far as lhe flexible sidgFig.6.23), its magnification factorNMcwm,qex) inCreases once
eincreases, except femall values of|., for which it has a peak f@d0,5and then it
decreases tending to Phis means that the corner of the flexible stlews an higher

longitudinal displacement with respect to the one of the center of mass and that their
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difference increases once the eccentricity increaséle increasing of damping

makes these curves smoother, but the t does
magnification factors; however, increasing the pefip(Fig.6.24 and Fig.6.25 the

peak tends to vanish and thus, for each valug ahe magnification factor of the

flexible side increasesones ncr eas es. | t 6s | sT=pboasds i bl e t
very small value of eccentricity Mcwu,nex<l and this is due to the fact thB&O in

such this zoneas we have previously observed

As far as the stiff sidgFig.6.26, Fig.6.27 and Fig6.28the magnification factor
(Mcwm,siif) Usuallydecreasesncee increases for torsionaHstiff structures, while in
torsionallyflexible structures the longitudinal displacement of the stiff side increases
with respect to the one of the center of msssmall values of eccentricities, but,
oncee>0,5 it decreasesThis means that for small eccentricities we have that the
longitudinal displacement of the stiff side increases with respect to the one of the
center of mass, while f@>0,5the maximum displacement of the corner of the stiff
side of the system i®wer than the one of the center of mdsasthis situation once

the damping ratio increases the rangeq@fwhere Mcw,sitt increases for the first
increasing ok, is reduced; however, this range increases for high values of period. In

the latter situatin the peak even shifts towards higher values of

Parameterdne,sif and Mng,ex are the magnification factors of the stiff and flexible
side of the system with respect to the center of mass of the equivalent non eccentric
system, respectively. They have been defined as the ratio betinedongitudinal
displacement of the stiff odexible side and the one of the center of mafsshe

equivalent non eccentric system
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M - y,cornef max
NE, stiff
‘uy CM- NE‘
' max
M — ‘uy,corneQ max
NE, flex

Uy ve|
‘ y.CM- NE| o

Because of this definition we expect that for not eccentric systems, wh0ssuch
this parameter should be equal to 1 because no torgfieeal affects the longitudinal

response, while, once the eccentricity increases we expect several changes of these
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As far as the flexible side (F®29,Fig.6.30 and Fig.6.31lits magnification factor
(Mnesfiex) INCreases onceincreases, and it increases in a faster way for low values of

q ¢ I'tds 1 mportant t dlexibledtructure this mamgnificaioor t or s
factor reaches very high values, due to the fact that it has been seen that for these
types of structures the maximum displacement of the center of mass of the eccentric
system may differ from the one of the equivalent not eccentric one, thus the result of
such this magnification factor is different from the results goMew,qex. It could be

seen that for the same valueTef the increasing of the damping ratio will lower the
peak of the magnification factor for torsionaflgxible structures; however these

plots show higher values than the ones previously obtainedd@fiex. IN addtion,

even the increase @f for constant values @fleads to the same lower of the peak for
torsionallyflexible systems. Once we consider a highthe peak became very low,
however, forqqa 1lit is still noticeable; in these plots even valuedVhizqe<1 are

collected because in those conditi@®@¥0.
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As far as the stiff side (Fi§.32, Fig.6.33 and Fig.6.34the magnification factor
(Mngssiif) Usuallydecreases oncaeincreases for torsionaHstiff structures (for which

it is always lower than 1), while in torsionafiexible structures the longitudinal
displacement of the stiff side increases with respect to the one of the center of mass of
the equivalent not ecceit system for small values of eccentricities, but, ozre@,5

it decreases. This means that for small eccentricities we have that the longitudinal
displacement of the stiff side increases with respect to the one of the center of mass of
the equivalent noéccentric system, while fa@>0,5 the maximum displacement of

the corner of the stiff side of the system is lower than the one of the center of mass of
the equivalent not eccentric system. In this situation once the damping ratio increases
the range ofgy where Mngsiir iIncreases for the first increasing ef is reduced;

however, this range increases for high values of period.

6.5 Period shifting U

Parametett represents the so called period shifting, and it is defined as the ratio
between the maximum longitudinal displacement of the center of mass of the

eccentric system and the one of the not eccentric one.

Uy cu
— ‘ Y:CM | ax

d=

Uy ou|
‘ Y:CM | max N- E

Because of the previous paraters definitions it could also be seentlas ratio
between the magnification fact®lye sirand the correspondingcwm sit Or as the ratio
between Mg qex and the correspondindlcmnex. From background results it is

expected that such this parameter should be usually almost equal to 1, except for
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torsionallyflexible systems, for which, for high values &f the longitudinal
displacement of theenter of mass of the eccentric system méfgrdfrom the one of
the equivalent not eccentric system.
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It could be seen that for small values of longitudpetiod (Fig6.35)the behavior of
the surface of the period shifting is exactly the expected one anbdathencreasing
the damping ratios, the peak of the period shifting decreases. Once the period
increases (Fi§.36 and Fig.6.37the peak becomes swptber, but under these
conditions it could be seen that even for torsionstiff structures a little period

shifting effect can be observed for high values.of
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/.NON LINEAR SEISMIC
RESPONSE FOR DIFFERENT
FORCE REDUCTION FACTORS

Before showing the resslibbtained from the performed Nonlinear analysishould

be underlined that these were performed for different values gf, T andR, but

with a constang=5%. Theforce reductiorfactorR is applied to the yield strength of
the material, thereforailiterature it is also called yield strength reduction fad®as.
equal to 1 for linearly elastic systems and is greater than 1 for systatndgeform

into the inelastic range. For instand®s2 implies that the yield strength of the
system is the mimum strength required for the system to remain elastic divided by
2.

Therefore, the main objective of this second series of numerical simulations is to have
a quantitative prediction of the effect of the force reduction factor on the response of
oneway eccentric systems. Thuise following plots will show how the imposed
level of ductility changes the rotational response of a certain structure.

We have represented the main results of the Nonlinear Analysis we performed into
several plots. In the following paragraph we will only analyze three main cases:

1 Case 1 Systems whi little periods T<0,5 T=03);
1 Case 2 Systems withir=0,5;
1 Case 3 Systems with high period$%0,5 T=1,9
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The whole results obtained from the Nonlinear Analysis reported in Appendixes from
A.10 to A.14refers to systematics analysis got for 13 valuescoéntricity, 20 values
of q., 4 values of force reduction fact@rand 7 values of longitudinal peridd.

e=|0 00289 00577 00866 01155 01443 01732 0,2021 0,2309 0,2598
0,2887 0,3175 0,3464

W, =[01 02 03 04 05 06 07 08 09 1 11 12 13 14 15 16
17 18 19 2|

R=[2 3 4 5

T, =[01 03 05 1 15 2 3

7.2 The maximum rotational response

def |u
ad’eq =r

¢7|max

m
‘uy,CM ‘ Dampedconditions

max earthquakiaput

Like in the previous chapter the paramédebtained by the numerical analysis of the
problem are plotted together with. Furthermore, for each longitudinal periddthe
cyansurface represents the behaviotddfom the nonlinear analysis, tmed surface

the behavior ofl,. Then,For each period it could be useful to collect in the same plot
the surface forlJ, for U got from the nonlinear one for different values of force

reduction factoR.
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Case 1:

In the following graphs we can see the restitat we put up, for a system with the
same periodT =0,3se¢ but with different values of force reduction factor
(R=2,3,4,5. The red surface represents the corresponding valugsiofother words
the value of the coefficieddl under free vibrationsniundamped conditions, got for a
certain couple oé andq.: values from the closed form expression given by Equation

(2.5), while thecyanones are the curves got from the numencatlinearanalysis.

o T=0,3 R=2 o T=0,3 R=3
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Figure 7.23D surfc e s o f U par ansectad R=2b)dr+0,3ge@gnd T =0, 3
R=3,(c) T=03sec and=4,(d) T=023sec andR=5.

If we shift from low towards higher values fafrce reduction factoR (from Fig.7.1

(a) towards Fig.1 (d)) we can observe that, the curve gotniraghe numerical
simulations tends to lowex lot As expected, for a constant value of natural period,
the increasing of thémposed force reduction factdeads to a decrease of the
rotational response with respect to the longitudinal one; this effeabiis effective

for torsionallystiff structuresvhere the curve becomes flat and assumes values lower
than 0,2 At the same timeincreasingR, the maximum value dfl decreases and so

the peak of the curve does.
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o T=0,3 o T=0,3

(a) (b)
Figure 7.23D surfac e s pardmeter for T=0,8ec anl every R (a) , foq. >1 (b).

It could be useful to consider a plot where bdttandUfor different values oforce
reduction factoin order to have a better comprehension of what happens once the
damping ratio is increased. From Hig@ (a) we can easily see that oriRéncreases

the curve lowers as previously observed, and this fact is particularly noticeable once
we considein Ol (so torsionallystiff structures) where we can observe that dRce

increases, th&lcurve lowers and becomes flat.

In order to have a better qualitative evaluation of the behavior of such this coefficient
Uoncee andq ¢ change we could consider the falimg 2D plots for fixed values of

eandqq.
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Consideringe=0,0289(Fig.7.3(a) we can see that thécoefficient usually decreases

onceqq increases, and this fact becomes more clear onclite reduction factor

increases. From these plots we can see that for this vakjedlpfs an upper bound
for 0,70 Q1,7 for R=2 for 0,550 g2 for R=3, for 0,450 q(2 for R=4 and for
0,350 g2 for R=5. Thus once we increase tf@rce reduction factoR the range

where U, is an upper bound increases as well; however, for small valuegs of
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(04O ®B5) the Ll coefficient could not be considered an evaluation on the safe side of

the coefficientJfor a system subjected to a seismic input.

If we analyzee=0,1155(Fig.7.3(b) it could be seen that fdR=2 and R=3 and for

very small values of| s the Uparameter got from the numerical simulations is higher

than one, that means that for this valuectentricity, those systems which are very
torsionallyflexible display a maximum rotational response that is even higher than

the one of the translational one. However, once faree reduction factoR is

increased the range qfs for which U>1 becomesmaller (forR=2 (>1 for ¢ 4<0,38

while for R=3 U>1 for g ¢<0,18 but for R>3 Uis always lower than)1For this value

of eccentricityand for torsionallyflexible systemsve obtain higher values afwith

respect to the ones got in the previous case, dutentee f act t hat itdéds r
once the eccentricity increases, thus the rotational response of the system increases as
well; in addition, as before, onegs increased) decreases and it decrease in a faster

way for small values diorce reductiorfactor. However, the], curve still has a peak

for q4=1, thus it wonot Uloeeveayrvalue ptp.e Frombtteesen d f o r
plots we can see that for this valueept, is an upper bounfibr 0,60 gOL,8 for R=2,

for 0,450 g for R=3, for 0,30 g2 for R=4 andfor 0,250 (2 for R=5. As before

once we increase tHerce reduction factoR the range wherél, is an upper bound

increases as well.

For very high values of, =0,2887(Fig.7.3(c) the scenario of these plots changes.
In this condition evetl, decreases onagyincreases, and for each valuengfandR,

U, is always an upper bound for the one got from the numerical analysis.
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Figure 7.42D surfc e s o f U par ani@ (apqg=0,8 o)q. I1=(6), 3sec
q»=1,5.

Then we can fix the values qfy in order to perform further observations. We have
seen that there are valuesefrom which U, becomes an upper bound; thus from
these graphs we could be able to quantiBs#values of e for torsionallyflexible
and torsonally-stiff structures. If we are dealing wittps=0,3, and so torsionally
flexible structures (Fig.4(a) we can see that both, and U increase once the

eccentricity increases, butdisplays a peak and values higher than 1 for a certain
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range of eccdncity for R=2 andR=3; this peakdecreases once tli@rce reduction
factor R increases for R=2 (b1 for 0,1<e<0,24 while for R=3 (b1 for
0,17<e<0,21). From these plots we can see that for this valugsot], is an upper
bound fore>0,23 for R=2, e>0,22for R=3, e>0,1 for R=4 and forevery value ok

for R=5. The curve seems to remain the same, but it lowers once the force reduction

factor increases.

For qq=1 (Fig.7.4(b) and qs=1,5 so torsionallystiff structures (Fig..4(c) U, is

always an upper bogl.
Case 2:

The following plots represents the values of the paramgtir systems whose
T,.=0,5se¢ together with the value got from the closed form evaluation in undamped
conditions under free vibrations, for different values of force reduction factor
(R=2,3,4,5.

o T=0,5 R=2 a T=0,5 R=3
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o T=0,5 R=4 a T=0,5 R=5
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(© (d)
Figure 7.53D surfc es o f U par ansectad R=2b)oT+0,54e@gnd T =0, 5
R=3,(c) T=05sec and=4,(d) T=05sec andR=5.

As before we shift from low towards higher values of force reduction fac{orom
Fig.7.5a) towards Fig¢..5 (d) we can observe that, the curve got from the numerical
simulations tends to lower. As expected, for a constant value of natural period, the
increasing of théorce reduction factoleads to a decrease of the rotational response
with respect to the longitudinal ongthis effect is more effective for torsionayiff
structures where the curve becomes flat and assumes values lower thaaw@zer
increasing the damping ratio, the maximum valu&) decreases ansb the peak of

the curve does.
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Figure 7.63Dsurfc e s of U p arsaaaa every R (B)gfog. >SL D , 3

Also in this second case we can plot together alltberves got from the numerical
simulation (Fig7.6(a)) and it could be seen that oreencreases such these curves
lower and even become flat fiqrQL (Fig.7.6 (b)) as expected.

Like in the previous case it could be useful to focus on 2D plots for fixed val@es of

orqg.
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