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1.  INTRODUCTION  

The main objective of this master thesis is to analyze the behavior of asymmetric 

systems, that, under a seismic excitation acting orthogonally to the eccentricity 

between the center of mass and the center of stiffness, always show a rotational 

response. Thus, even a small range of eccentricity can lead to an unexpected response 

of the entire system and this fact could cause terrible consequences into the system 

itself, sometimes even its collapse. 

1.2 Scientific background 

The problem of the seismic response of one-storey asymmetric structure has been 

considered since 1975, when the first researchers analyzed it considering several 

symmetric/eccentric and elastic/inelastic cases, whose rotation coupled with the 

translation is considered a first order effect depending on the structure characteristics 

[2-5]. This coupled response leads to an to an increase of local peak response, such as 

the corner displacement. These studies identified several relevant parameters and 

underlined that following the norms could lead to possible unsafe condition for some 

structures identified from e and ɋʊ . However, these studies had been carried out by 

elementary computational tools, so some simplifying assumptions must be accepted. 

In order to effectively apply the performance-based design approach to seismic 

design, there is a growing need for code-oriented methodologies structures, 

estimating maximum displacements at different locations in plan, especially at the 

perimeter, requires an evaluation of the floor rotations. 
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At the beginning, some authors [6] tried to devise methods to assess the 

representativeness of standard earthquakes spectra, the consistency of simplifying 

assumption as the single storey equivalent in order to represent multi-storey 

structures [7,8] highlighting that the torsional-transversal stiffness ratio is a key factor 

to understand the structures behavior under seismic effects [12]. 

Later on, the ratio between the displacement of the flexible side to the one of the 

center of mass has been studied. It has been seen that that for torsionally-stiff systems 

(ɋᵻÓ1) the longitudinal displacement of the center of mass is almost equal to the one 

of the center of mass of the equivalent non-eccentric system; thus the increase in the 

seismic demand due to the eccentricity is linked to the rotational effect only (Fig. 

1.1).  

 

Figure 1.1 - Response of a symmetric and an eccentric torsionally-stiff system 

However, for torsionally-flexible systems (ɋᵻ<1) the longitudinal displacement of the 

center of mass may differ from the one of the center of mass of the equivalent non-

eccentric system; in this situation, the overall effect of the eccentricity cannot be 

reduced to the rotational effect only, thus the necessity to focus on the ratio between 

the maximum displacement at the flexible side and the one of the center of mass of 
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the non-eccentric equivalent system, instead of the one the eccentric system (Fig. 

1.2).  

 

Figure 1.2- Response of a symmetric and an eccentric torsionally-flexible system 

Furthermore the plastic behavior and the seismic insulators have been taken in 

account, identifying simplifying hypothesis and synthetic indicators to overcome the 

issue coming from the huge number of parameters needed to characterize the elastic-

plastic behavior of every single resisting element. It has been seen that the 

introduction of inelastic elastometric dampers increases the fundamental period of the 

structure, even if the torsional magnification depends from the dampers and the 

structure characteristics. The dampers reduce the torsional effect of a width order, 

and, so, the seismic input, but the torsional component is not negligible and cannot be 

neglected [10-11].  

1.3 Motivatio n and objectives 

Despite the large number of past researches that treated this topic, several issues have 

not been treated in detail. Furthermore each linear analysis has been performed with 

respect to specific systems. Thus a systematic parametric analysis is needed in order 
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to understand which are the main parameters that influence the increasing of the 

rotational response of a generic system and, so, whose variation could lead to 

problems into the system itself.  

For these purposes several linear elastic analysis will be performed and validated 

based on the known expected results; then a number of nonlinear analysis will be 

developed in order to get systematic parametric analysis even in the nonlinear range 

and in order to deduce a possible practical formulation that could allow to design a 

certain structure with a certain expected ductile behavior, attributing to simple 

formulation that could be used in the linear condition.   

1.4 Thesis organization 

For the previously described reasons a systematic analysis of all the parameters 

involved in such this problem is needed. Therefore in the second chapter the main 

parameters and their meanings will be analyzed. 

The third chapter deals with the main dynamic properties of the linear system. At first 

the equation of motion for the model of the structure is derived, leading to the 

identification of ɋ◒=ɤ◒/ɤL parameters, which is a dimensionless coefficient that gives 

a quantitative measure of the torsional flexibility of the system.  

In the fourth chapter the used simplified model to study the nonlinear response is 

introduced. Such this system has been idealized at first by Chopra [27], and it has 

been chosen due to its worldwide recognition and due to the fact that it may include 

all the variables needed to represent the nonlinear behavior of a system. 

The fifth chapter deals with the free vibration response of the system that has been 

previously given in a closed form [20]. Thanks to several equations it could be 



 

10 

 

possible to evaluate the response in damped and undamped conditions, both; thus, 

thanks to them it could be possible to quantify the damping effect on such this 

response. Furthermore the evaluation of a formal expression of the coefficients Ŭ and 

B is developed. Such these coefficients represents respectively a representation of the 

magnitude of the rotational response of the system with respect to the longitudinal 

one and a reduction parameter on the maximum rotational response with respect to 

the maximum longitudinal one of the center of mass in the formal expression of the 

maximum longitudinal displacement of the corner of the flexible side. This means 

that once the system displays the maximum translational displacement of the center 

of mass, this one will never correspond to the maximum rotational response. Thus the 

closed form expressions of parameters Ŭ and B are collected in plots in order to have 

a better comprehension of the effect of the damping ratio, on such these parameter, 

and thus, on the rotational response of the system. 

In chapter six the results of elastic seismic response with different damping ratios are 

collected.  

In chapter seven the inelastic seismic response for different values of force reduction 

factors is reported. 

Chapter eight is dedicated to the discussions of the obtained results. At first a 

comparison between damped free vibration and nonlinear seismic responses is 

performed in order to find an equivalence between the force reduction factor R 

applied in the nonlinear analysis, and usually defined by the designer in order to 

guarantee a certain ductility of the structure, and the damping ratio ɝ in free vibration 

condition. In this way, once the geometrical parameters of the system it is possible to 

impose a certain force reduction factor by considering its equivalent damping ratio ɝ, 

and, then the rotational response of the system could be evaluated. The same 
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observations will be performed even considering the damped seismic and the 

nonlinear seismic response.  

In chapter nine several design considerations are performed in order to define a 

formulation that could be used during the design phase in order to consider the 

rotational response of the system and its effects.  

Chapter ten deals with the response for real cases evaluated by meaning of finite 

element open source software OpenSees [31]. Such these results will be then compare 

with the ones got from the numerical simulations and the closed form expressions, 

analyzed in the previous chapters.  

Finally in chapter eleven the summary of the research is reported and some 

conclusions are withdrawn.    
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2.  PROBLEM  FORMULATION  

In the past, effects of torsional coupling in asymmetric building structures were 

widely investigated by means of simple one-storey models. Such models were 

considered suitable to clarify the influence of key structural parameters and develop 

design measures that could be applied to some classes of multi-storey asymmetric 

buildings. In the past years even multi-storey have been studied in order to have a 

more realistic evaluation of such these effects; however, these results are still 

applicable to few real cases, so that single-storey models still attract many 

researchers, because of their good qualitative prediction of the torsional behavior of 

asymmetric buildings.  

2.2 The assumptions 

 

Figure 2.1- Three dimensional one-storey system idealization 
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It has been decided to perform the analysis considering a simple three-dimensional 

one-storey system idealization of a general eccentric structure (Fig.2.1). It is assumed 

that the diaphragm is infinitely rigid in its own plane, and that the lateral-resisting 

elements (e.g. columns, shear walls, etc.) are massless and axially inextensible. The 

self torsional stiffness (Jk ) of each lateral-resisting element is also neglected.  

Under these assumptions, the system has three degrees of freedom that could be 

referred to the center of mass: 

¶ longitudinal displacement of the center of mass 
CMyu ,

; 

¶ transversal displacement of the center of mass 
CMxu ,

; 

¶ rotation of the center of mass 
CMu ,J

. 

Itôs important to notice that the rotation of the center of mass corresponds to the floor 

rotation Ju , and so it assumes the same value. The system is considered as subjected 

to an uni-axial seismic excitation along the longitudinal direction (y-direction), and 

so, under this last assumption, all the three degrees of freedom are function of the 

time t, once the system it is subjected to the dynamic input.  

The total lateral stiffness k  of the system is the same along the x- and the y-direction 

(i.e. ää
==

====
N

i

yiy

N

i

xix kkkkk
11

where xk and 
yk  are the translational stiffness along 

the x- and the y-direction, respectively). 
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2.3 The alpha method and its generalization 

In previous research works [20,23] it has been identified a parameter, Ŭ, capable of 

measuring the attitude of one-storey asymmetric system to develop rotational 

response.  

The proposed ñAlpha Methodò estimates the maximum rotational response of a 

certain system and was based on the assumption of equal maximum displacement 

response between the eccentric system and the equivalent not-eccentric one.  

In detail a closed-form expression for the maximum longitudinal displacement at the 

center of mass under seismic input is derived as a function of the longitudinal natural 

period of the equivalent not eccentric system, the eccentricity, and the flexibility of 

the system.  

Nevertheless, such this method has been generalized in order to obtain a quantitative 

prediction of the maximum displacement at the flexible side for both torsionally-stiff 

and torsionally-flexible systems, in order to get a formal way to represent such this 

response for design purposes. It is worth noting the corner displacement identifies the 

maximum displacement of the structure (only for few geometries the maximum 

displacement occurs to the rigid side). 

As far as the non non-linear dynamic response, previous studies [28] have shown that 

the ratio of the maximum rotation over the maximum displacement for non-linear 

systems is generally inferior to the corresponding ratio for linear-elastic systems, and 

that that a useful upper bound and a good estimation for the maximum rotation 

developed by non-linear asymmetric systems under seismic excitation can be 

obtained using the Ŭ parameter.  
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Figure 2.2- Plan view of the system 

From this moment on, the observations will be focused on the particular case in 

which 0=ye , and so the eccentricity xe  will be simply expressed as e. 

From simple trigonometric relationships, with reference to Fig.2.2, it is possible to 

express the displacement of the flexible side of the system (e.g. point B, the farther 

from the centre of stiffness CK), at a generic instant of time t, as: 

2
)()()( ,,

L
tututu CMyBy Ö-= J      ( 2.1 ) 

However, this formulation cannot be used for design purposes due to the fact that in 

this way it is possible to determine the maximum corner displacement only by 

performing a time-history analysis. For this reason it could be convenient the 
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following formulation that is based on a composition of the maximum displacement 

of the center of mass and the maximum rotational response: 

2maxmax,max,

L
uuu CMyBy ÖÄ= J    ( 2.2 ) 

The Eq.(2.2) highlights that the maximum corner displacement depends on the 

following three contributions: 

¶ translational contribution, linked to the maximum absolute displacement 

response of the center of mass 
max,,CMyu , governed by the period shifting 

effect; 

¶ torsional contribution, given by the product of the maximum rotational 

response Ju and the lever arm 2/L  (that is a shape factor); 

¶ combination  of the translational and torsional contributions, expressed by 

meaning of the symbol Ä. 

If further manipulations are performed of the Eq. (2.2), this fact leads to: 

ö
ö

÷

õ

æ
æ

ç

å
ÖÄÖÖ

öö
ö

÷

õ

ææ
æ

ç

å

=
-

-
2

1

max,

max

max,,

max,,

max,

max,

L

u

u
u

u

u
u

CMy
ENCMy

ENCMy

CMy

By

J
 ( 2.3 ) 

Eq.(2.3) can be expressed in a more compact form introducing several new 

parameters; each one of these parameters represents a certain contribution:  

¶ 

ENCMy

CMy

u

u

-

=

max,,

max,

d  indicates the amplification of the displacement of the center 

of mass with respect to the one of the equivalent not-eccentric system; 
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¶ 

max,

max

CMy

mu
u

u
A

J
ra =Ö indicates a rotational parameter, expressed as the ratio 

between the rotation and the longitudinal displacement, normalized by 

meaning of mr  (the mass radius of gyration of the system); 

¶ B takes into account of the simultaneity at a certain time of the translational 

and torsional contribution.  

¶ 
( )

( )2

2

/1

/3

2 BL

BLL

m +
==

r
f  is a shape factor of the system. 

If this manipulation is performed, it is possible to obtain the following expression:  

( )fad ÖÖÖ+ÖÖ=
- uENCMyBy ABuu 1

max,,max,   (2.4) 

At least we can say that the maximum displacement at the flexible side is 

conceptually composed of four different contributions: 

¶ the translational contribution d; 

¶ the rotational contribution uA aÖ ; 

¶ the combination B ; 

¶ the shape factor f. 

Thus, the main parameters that describe the torsional response are: 

¶ Parameter a: it is the ratio between the maximum absolute value of the 

rotational response and the maximum absolute value of the translational one, 

multiplied by the mass radius mr . Indeed it represents a formal index for the 

inherent property of a given structure to develop a rotational response under 

dynamic excitation and it shows the correlation between the two responses. 
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¶ Parameters MCM,stiff MNE,stiff: are the Magnification Factors for the stiff side of 

the plan, they tell us how much is the transversal maximum displacement is 

amplified with respect to the one of the center of mass and with respect to the 

one of the center of mass of the equivalent not eccentric system, respectively. 

¶ Parameters MCM,flex MNE,flex: are the Magnification Factor for the flexible side 

of the plan, they tell us how much is the transversal maximum displacement is 

amplified with respect to the one of the center of mass and with respect to the 

one of the center of mass of the equivalent not eccentric system, respectively.  

¶ Parameter A: it is the ratio between the 
eqd ,a of the damped system weôre 

dealing with and the relative ua . It tells us how much does the curve of the 

eqd ,a  differs from the one of ua , for a certain couple of e and ɋɗ. 

¶ Parameter B: it represents a reduction coefficient (this is why 1¢B ) on the 

rotational response, due to the fact that, as we have seen in the undamped free 

vibration analysis of a generic system [20], the maximum translational 

response does not correspond to the maximum rotational one and viceversa. 

¶ Parameter d: it is the Period Shifting, the ratio between the translational 

response of the center of mass and the translational response of the center of 

mass in an eccentric system. 

2.3.1 Parameter Ŭ 

As we have already said, this coefficient has the aim to show the correlation between 

the two responses. Indeed, it could be interesting to evaluate such this coefficient Ŭ in 

the undamped condition, and, then to compare it to the one we get from the numerical 

simulation of the damped system. 
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It has been shown from previous studies [20]  that the undamped free vibration 

responses of an eccentric system under the special case of null longitudinal 

eccentricity ( 0=ye ) can be obtained by meaning of the following closed form 

expressions: 

[ ]

[ ]ttA
a

tu

tAtAatu

tu

m

y

x

314

3311

coscos)(

coscos)(

0)(

ww
r

ww

q -=

+=

=

 

So that, it is easy to see that, by substituting the latter expressions into the definition 

of ua , it could be possible to get a closed form formulation of it: 

 
31

4

31

4

31

4

s vibrationfree
 conditions Undampedmax,

max 12
222

2

W-W
==

+
=

+
==

e
A

AA

A

AAa

A
a

u

u
m

m

CMy

m

def

u

r
rra

q
 

Considering the Equation (3.5), it is possible to express ua as: 

( ) 2222 48112

34

ee

e
u

+-+W

=

q

a     (2.5) 

where the subscription u indicates the undamped conditions. 

The above-mentioned results on free vibration rotational response showed how the 

ratio of the maximum rotational response to maximum longitudinal displacement, ua

, can be exactly expressed as a function of physical parameters of the system (i.e. e 

and ɋɗ ). In order to obtain an expression equivalent to the Eq.2.5 that keeps its 
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validity for a generic seismic input, a new version of the Ŭ parameter, for damped 

eccentric systems under seismic excitation, is introduced: 

input earthquake
 conditions Dampedmax,

max

,

CMy

m

def

eqd
u

uq
ra =       (2.6) 

where the subscript d,eq indicates ñdamped conditions and earthquake inputò. 

2.3.2 Parameters MCM,flex , M CM,stiff  , MNE,flex  

and MNE,stiff 

These parameters give an idea of the effect of the behaviors of the system (i.e. e and 

ɋɗ) on the longitudinal displacement of each side of the system with respect to the 

one of the center of mass (MCM) and with respect to the center of mass of the 

equivalent not eccentric system (MNE). As we can see in the Fig.2.3 and Fig.2.4 we 

can define a flexible and a stiff side of the system.  
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Figure 2.3-Definition of the flexible side of the system 

 

Figure 2.4-Definition of the stiff side of the system 

In this way we can express the two displacement of the corner side in the following 

way: 

2
)()()(

2
)()()(

,2,

,1,

L
tututu

L
tututu

CMycornery

CMycornery

q

q

-=

+=

   (2.7) 

It is so possible to express the torsional effect on the longitudinal response of each 

corner side, by introducing the new parameters MCM,stiff  and MCM,flex : 

max,

max2,

,

max,

max1,

,

CMy

cornery

flexCM

CMy

cornery

stiffCM

u

u
M

u

u
M

=

=

    (2.8) 
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If we consider the center of mass of the equivalent not eccentric system instead of the 

one of the eccentric system, it is possible to deduce the values for MNE,stiff and MNE,,flex 

as follows: 

max,

max2,

,

max,

max1,

,

NECMy

cornery

flexNE

NECMy

cornery

stiffNE

u

u
M

u

u
M

-

-

=

=

            (2.9) 

2.3.3 Parameter A 

It has been seen that, for a damped system subjected to a seismic input we have that: 

input earthquake
 conditions Dampedmax,

max

,

CMy

m

def

eqd
u

uq
ra =

 

It is now possible to introduce a parameter A, defined as: 

u

eqd
def

A
a

a ,
=       (2.10) 

This could be a very useful coefficient due to the fact that it allows the expression of 

the maximum rotational response as a function of TL, e and ɋɗ. 

m

CMyu

m

CMyeqd uAu
u

r

a

r

a
q

max,max,,

max
==
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2.3.4 Parameter B 

It is possible to consider the simultaneity of the rotational and longitudinal 

displacement response of eccentric systems, by introducing a simple parameter of 

contemporary B, which is applied to the maximum absolute value of the rotational 

response, in order to get the maximum absolute value of the longitudinal 

displacement:  

2maxmax,max

L
uBuu CMyy Ö-= J

 

Thus: 

2max

max,max

L
u

uu
B

CMyy

q

-
=

    (2.11) 

It is quite easy to understand that such this parameter B should be lower or, at least, 

equal to 1, due to the fact that we never have the maximum translation together with 

the maximum rotation; therefore, the maximum translational response corresponds to 

a rotational one that could be seen as the maximum rotation reduced by B.  

2.3.5 Parameter ŭ 

At least, the parameter ŭ is introduced. This represents the period shifting of the 

system, in other worlds the ratio between the maximum possible translational 

response of the center of mass of the eccentric system and the maximum one of the 

equivalent non-eccentric system.  
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ENCMy

CMy

u

u

-

=

max,,

max,

d

     (2.12) 

Because of the background researches results, we expect that such this parameter ŭ 

should be almost equal to 1 for Torsionally-stiff systems (ɋᵻÓ1), but it may not for 

Torsionally-flexible systems (ɋᵻ<1).  

From previous studies [30] it has been defined a closed formulation of ŭ under these 

two main assumptions: 

¶ The maximum displacement at the center of mass is equal to the maximum 

displacement predicted using the SRSS modal combination rule: 

()( ) ()( ) ()( ) ()( )233

2

22

2

11

3

1

2

max,,,max,, MCFTSMCFTSMCFTSMCFTSuu ddd

n

nndSRSSCMyCMy Ö+Ö+Ö=Ö=@ ä
=

 

¶ The spectral displacement response Sd(T) is a linear function of the period T: 

TTSd Ö=j)(  

Thus: 

( )[ ] ( )[ ]22

3

2

3

22

1

2

1

2

max,,

112

1

112

1
12

-W+W
+

-W+W
@

ee
Teu LCMy j  

( )[ ] ( )[ ]22
3

2
3

22
1

2
1

2

ENmax,,CM,y

SRSSmax,,CM,y

1e12

1

1e12

1
e12

u

u

-W+W

+

-W+W

==d
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2.4 Objective of the work 

Aim of the thesis is the study of seismic response of one-storey eccentric structures 

when subjected to one-way seismic input and the identification of the key parameters 

which are necessary for a proper characterization of the torsional effects due to the 

not coincidence between the center of mass and center of stiffness. In this way we 

want to generalize the so called ñAlpha Methodò, introducing an elasto-plastic 

behavior of the lateral resisting elements. 

The study has been developed following an analytical-numerical approach to draw 

theoretical hypothesis, founded on a physical approach, function of the intrinsic 

properties of the system using the experimental information to calibrate the model 

parameters.  

Since a closed formulation for the period shifting has been already identified, the 

whole work will mainly focus on the rotational response and on the definition of the 

parameter B that expresses the combination between the maximum rotation and the 

maximum translational response.   
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3. DYNAMICS OF ONE -STOREY 

LINEAR ASIMMETRIC 

SYSTEMS 

3.2 The equation of motion 

Here new further assumptions are introduced: 

¶ the total lateral stiffness k  of the system is the same along the x- and the y-

direction (i.e. ää
==

====
N

i

yiy

N

i

xix kkkkk
11

where xk and 
yk  are the 

translational stiffness along the x- and the y-direction, respectively); 

¶ the damping is considered Rayleigh type: the damping matrix is a stiffness 

and mass matrixes linear combination KMC 10 aa += ; 

¶ the rotational response Ju developed under dynamic excitation is small 

enough to allow the approximation ( ) ( )qqq uuu tansin @@ ; 

Under these conditions the dynamic coupled lateral-torsional response of the 

considered system is governed by the following set of coupled equations of motion 

[20]: 
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where )(tux  , )(tuy
 and )(tuq

 

are the translation along the x- and y-directions and 

the rotation around the z-axis, respectively, of the base isolated system, m is the total 

mass of the system and  )(tpx , )(tpy
 and )(tpq

 

are the external dynamic 

forces/moment applied along the x-, y- and z-direction, respectively. 

The Eq.3.1 can be deduced by imposing the equilibrium along the x-axis for the 

undamped system, so that: 

ä =+
i

xxixix tpukum )(##  

but it has been seen that  quyuu ixxi -=  and so: 

( )ä =-+
i

xixxix tpuyukum )(q
##

 

ä =-+
i

xixixx tpuykukum )(q
####

 

It is now possible to state that  
k

xk

E

N

i

iyi

x

ä
== 1  

k

yk

E

N

i

ixi

y

ä
== 1  are the eccentricity 

along x- and y-axis respectively, so that the previous equation can be written as: 

)(tpukEkuum xyxx =-+ q
##  

As matters stand, we can refer to a relative eccentricity, instead of the previous 

defined one, that could be expressed as 
e

y

y
D

E
e = and 

e

x

x
D

E
e = , where 12meD r= is 

the equivalent diameter (or equivalent diagonal) of the plan we are dealing with.  
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In this way we can express the eccentricity as 12myeyy eDeE r== ; therefore the 

previous equation becomes: 

)(12 tpukekuum xmyxx =-+ qr##  

Making the position 
m

k
L =
2w  (SDOF structure with the same mass m and stiffness k): 

)(12 tpumekuum xmyLxx =-+ qrw##  

Performing the equilibrium both in x- ,  y- and z-direction it is possible to obtain the 

following system of equations: 
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Lets now focus on the equilibrium along the z-axis. It is possible to develop its 

equation by making several positions: 
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Thus the third equation of the system becomes: 
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I K
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r =,  is the stiffness radius of gyration respect to the center of mass, 
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r . Furthermore, itôs important to observe that 
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As matters stand, with the position: 
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It is possible to obtain that: 
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Lmk w= , so the equation becomes: 
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and the system of equilibrium equations turns out to be the following one: 
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It is easy to see that such this system can be represented by the matrix compact form 

that we have already seen:  
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It has been proved that, for a rectangular base isolated structure nm LL ³ , this 

parameter can be expressed as: 
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It is possible to notice that the first term under the square root is uncoupled, so that 

we can express it in the following way: 

2

2

2

22

1
Jq

r

rrr

w
w

rr
W===Ö=

Lm

k

m

k

m

k

k

m

I

I

k

m

m

I

k

I
 

In this way we defined a new dimensionless parameter, 
Lw

wq
q=W , that gives a 

quantitative measure of the torsional flexibility of the system and represents a 

physical property of the eccentric system, that is independent from the chosen 

reference system.  

For that matter it is possible to define all the systems into two main categories: 

¶ Torsionally-stiff systems ( 1²Wq ); 

¶ Torsionally-flexible systems ( 1<Wq ).  



 

32 

 

This is a very important definition because it has been proved (S. Nagarajaiah, A.M. 

Rehinhorn and M.C.Constantinou) [10-11] that for Torsionally-stiff systems ( 1²Wq

) 

max,.max, ENCMyCMy uu -@  

this allows to quantify the overall effect due to the eccentricity in the rotational effect 

only; nevertheless, for Torsionally-flexible systems ( 1<Wq ), 
max,CMyu  may differ 

from 
max,. ENCMyu -

 such that the overall effect due to the eccentricity cannot be reduce 

to the rotational effect, only.  

Considering again the equation of motion for a generic system, taking into account of 

the definition of the parameter qW , it is possible to write it the follow compact matrix 

form: 
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Letôs now remember that one of the main initial assumptions is that we are 

considering a particular system with a null longitudinal eccentricity (0=ye ) and that 

we expressed eex = , so that: 
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3.2.1 The Eigen-problem 

The solution of the eigenvalues problem governing the undamped free vibrations of 

the system gives the following closed-form expressions of natural frequencies 
1w , 2w  

and 3w , normalized with respect to the uncoupled longitudinal frequency Lw  and 

square [20]: 
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Introducing the coefficient qW  these closed form solutions becomes: 
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ɤ1 is generally lower than ɤL and decreases with the eccentricity, while ɤ3 increases 

with the eccentricity and  can be quite larger than ɤL. For torsionally-stiff systems ɤ1 

is closer to ɤL , ɤ3 is larger than ɤL . If we, then, evaluate the modal shapes, provided 

by the eigen-vectors, the translation in y-direction are coupled with the rotations, 

while the second mode is purely translational in x-direction.  

 

Figure 3.1- Normalized natural frequencies 1W , 2W , 3W  versus e and qW . 

The solution of the eigenproblem also provides the following vibration mode shapes 

(eigenvectors): 
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Careful examination of the analytical expressions for the three mode shapes shows 

that in the first and third modes the translations in y-direction are coupled with the 

rotation, while the second mode shape is purely translational in the direction defined 

by the center of mass and the center of stiffness (x-direction).  

  



 

37 

 

4.  THE IDEALIZED NON LINEAR 

ECCENTRIC SYSTEM  

Several numerical simulations have been performed in order to analyze the torsional 

response of a generic system, subjected to a seismic input. One of the main aim of 

this thesis is to get a quantitative and qualitative evaluation of the parameter we have 

previously described, that suggest which is the response of a certain system, with 

specific geometric behaviors (i.e. e and ɋɗ), under an earthquake.  

Several linear elastic analysis have been done, in order to compare their results to the 

very well-known ones in literature. Once the system has been proved in such this 

way, it was subjected to a nonlinear analysis.  

 

Figure 4.1-Plan view of the considered one-storey system 



 

38 

 

In such this analysis we decided to use a very well known system, proposed in the 

past by A.K. Chopra [27]. Consider the idealized building shown in Figure 4.1, 

consisting of a roof diaphragm, assumed to be rigid in its own plane, supported on 

three frames: A, B and C. Frame A is oriented in the y-direction, located at a distance 

e from the y-axis passing through the center of mass (CM) of the diaphragm. Frames 

Band C are oriented in x-direction, located at the same distance d/2 on the two sides 

of the x-axis; for simplicity the frames  are located at the edge of the diaphragm and 

we neglect the frame thickness. The motion of the roof mass will be described by the 

three DOFs defined at the CM of the slab: displacements ux, in the x-direction and uy 

in the y-direction, and torsional rotation uɗ about the vertical axis.  

The linear and non linear analysis will be both performed on such this system. At first 

we will performed a linear analysis in order to validate these results even for the non 

linear analysis, and to verify that its behavior can be seen as if it were a generic 

system, even if it has such these particular features.  

4.2.1 Force-displacement relation 

Let sf  represent the vector of statically applied external forces on the stiffness 

component of the structure and u  the vector of resulting displacements both defined 

in terms of the three DOFs. The forces and displacements are related through 
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kuf =s      (4.1) 

The 3x3 stiffness matrix k of the structure can be determined by the direct 

equilibrium method (based on the definition of stiffness influence coefficient) or by 

the direct stiffness method.  

 

Figure 4.2-Frame A of the considered one-storey system 

For this purpose the lateral stiffness of each frame is defined. The lateral stiffness 
yk

of frame A relates to the lateral force sAf  and displacement Au : 

AysA ukf =  

 

Figure 4.3-Frames B and C of the considered one-storey system 

The lateral stiffness of frames B and C are xBk  and xCk , respectively, and they relate 

the lateral forces and displacements shown in Fig.6: 
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BxBsB ukf =   CxCsC ukf =  

The lateral stiffness for each frame is determined by static condensation, which is a 

method used to eliminate from dynamic analysis those DOFs of a structure to which 

zero mass is assigned; however, all the DOFs are included in the static analysis.  

We introduce now an important assumption that allows us several simplifications, so 

that we imposed: 

2

k
kk

kk

xCxB

y

==

=

 

The stiffness matrix of the complete system is determined first by the direct 

equilibrium method. A unit displacement is imposed successively in each DOF, and 

the stiffness influence coefficients are determined by statics. 

In detail, we first imposed 1=xu , 0== quuy
, so we get that: 

 

Figure 4.4-Evaluation of the stiffness matrix of a one-storey, tow-way unsymmetric 

system (ux=1) 
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Then, 1=yu , 0== quux , so we get that:  

 

Figure 4.5-Evaluation of the stiffness matrix of a one-storey, tow-way unsymmetric 

system (uy=1) 

0=xyk  

kkk yyy ==  

ekekk yx ==q  

Finally, 1=qu , 0== yx uu , so we get that:  
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Figure 4.6-Evaluation of the stiffness matrix of a one-storey, tow-way unsymmetric 

system (uᵻ=1) 
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The resulting stiffness matrix for the structure is:  
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Alternatively, the stiffness matrix of the structure may be formulated by the direct 

stiffness method implemented as follows: Determined first is the transformation 
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matrix that relates the lateral displacement ui of frame i to ux, uy, uɗ, the global DOFs 

of the system. This 1x3 matrix is denoted by xia  if the frame is oriented in the x-

direction, or by 
yia if in the y-direction. The lateral displacement of the frame A, uA 

can be written as: 

uayAyA euuu =+= q
 

where eyA 10=a . Similarly, the lateral displacement of frame B   

uaxBxB u
d

uu =-= q
2

 

where 
2

01
d

xB -=a . Finally, the lateral displacement of frame C 

uaxCxC u
d

uu =+= q
2

 

where 
2

01
d

xC =a . 

Second, the stiffness matrix of frame i with respect to global DOF u  is determined 

from the lateral stiffness xik or 
yik of frame i in located coordinates ui from: 

xixi

T

xixi k aak =   and   yiyi

T

yiyi k aak =  

Substituting the appropriate xia  or 
yia and xik  or 

yik gives the stiffness matrixes Ak , 

Bk and Ck  of the three frames: 
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Finally, the stiffness matrix of the system is  

CBA kkkk ++=     (4.3) 

Substituting Equations 4.2 gives the global stiffness matrix we have already obtained.  

In our problem we can define the term qqk , since it is only function of e, ɋɗ and of 

the geometrical properties. Once qqk  is known, we could be able to evaluate the 

equivalent system that represents our problem, by defining d: 
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therefore 
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Once we know the distance of the two frames in the x-direction of the equivalent 

system, we can define it is possible to define the transformation matrix 
fA whose 

rows correspond to the matrixes xia  and 
yia , respectively: 
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Where E is an absolute eccentricity of the system, that can be defined as 

meE r=  

Where e is the input relative eccentricity that goes from 0 to 1,2.  

This matrix 
fA will be used later on, in order to pass from the local to the global 

system.  

 

Figure 4.7-Idealization of a sdof 

Thus, if we consider the system as if it were a SDOF composed by a mass m and a 

spring with k stiffness (Fig.10), characterized by a certain period TL, we can get k: 
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The system previously described can be seen as if it were composed by two SDOF 

(one in the x-direction and one in the y-direction). Frame A will be characterized by a 

stiffness k, while the stiffness of frame B and C will be equal to k/2. It is so possible 

to define a new matrix: 

ù
ù
ù
ù
ù
ù

ú

ø

é
é
é
é
é
é

ê

è

=

k

k

k

loc

00

0
2

0

00
2
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Where the apex loc stays for the local reference system to which this matrix refers. 

As we have already said, it could be easily possible to pass from the local reference 

system to the global one, getting the stiffness matrix of the whole system: 

f

locT

f AkAk =     (4.4) 

4.2.2 Inertia forces 

Since the selected global DOFs are located at the center of mass CM, the inertia 

forces on the mass component of the structure are: 

TOT

xIx umf ##=   
TOT

yIy umf ##=   
TOT

CMI uIf qqq
##

,=  

where  

m is the diaphragm mass, uniformly distributed over the plan; 
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( )
12

22

,

db
mI CM

+
=q  is the moment of inertia of the diaphragm about the vertical axis, 

passing through the center of mass CM; 

TOTTOT

y

TOT

x uuu q
###### ,,  are the x, y and ɗ components of the total acceleration of the center 

of mass. 

In matrix form the inertia forces and accelerations are related through the mass 

matrix: 
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or TOT

I umf ##=      (4.5) 

where 
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being )(tugx
##  and  )(tugy

## the x and y components of the ground acceleration, and 

)(tugq
##  the rotational acceleration of the base of the building about the vertical axis. 

Under the assumption of an earthquake excitation acting only along the y-direction, it 

is possible to state that: 
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    (4.6) 

since 0)()( == tutu ggx q
####  and where )(tugy

##  is get from the spectrum. 

4.2.3 Equations of motion 

For the dynamic equilibrium: 

)(tpfff SDI =++         (4.7) 

In the problem in hand we have that 0)( =tp and, temporarily, damping is omitted, 

thus: 

0=+ SI ff      (4.8) 

where g

TOT

If umumum ###### +==  and ku=Sf , so that: 

gumkuum #### -=+  

That, considering the Equation 4.6, can also be written as: 

gyu####
î
ý

î
ü

û

î
í

î
ì

ë

-=+

0

1

0

mkuum       (4.9) 
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4.2.4 Damping matrix 

Once mass and stiffness matrixes are known it possible to define the damping matrix, 

considering a classical damping, that is known as an appropriate idealization if 

similar damping mechanisms are distributed throughout the structure. One of the 

most used method used in order to get the classical damping is the Rayleigh 

Damping, for which: 

kmc 10 aa +=      (4.10) 

The damping ratio for the n-th mode of such a system is: 

n

n

n

aa
w

w
z

2

1

2

10 +=       (4.11) 

The coefficients a0 and a1 can be determined from specified damping ratios ɕi and ɕj 

for the ith and jth modes, respectively. We assumed that ɕi=ɕj=ɕ. Considering the 

definition of the damping coefficient given by the Equation 4.12, it is possible to 

write that: 
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These two algebraic equations can be solved so, that it is possible to explicitly  

express the coefficient a0 and a1 as: 
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It has been shown that the ith and jth modes should be chosen among the n natural 

modes of vibration of the system, in such a way that imposing an equal value of 

damping coefficient, is a reasonable assumption.  

For this reason we considered the 1
st
 and the 3

rd
 mode of the structure, for which, the 

closed-form expressions for their natural frequencies normalized with respect to the 

uncoupled longitudinal frequency ɤL have been expressed in the equation 3.5.  

Such these expressions demonstrate that Lww¢1 and Lww >3 . It is possible to 

evaluate the uncoupled longitudinal frequency Lw considering the whole system as if 

it were a SDOF: 

L

L
T

p
w

2
=  

Once Lw is known we can define the natural frequencies for the third and first modes 

as: 

11 W= Lww   33 W= Lww  

Finally, it is possible to deduce the damping matrix, and so the equations of motion 

become: 
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5.  FREE VIBRATION  RESPONSE 

It could be useful to make several considerations about the response of a system 

under free vibration conditions. In previous research works [20] it has been proved 

that such this response can be simply obtained thanks to a closed formulation of it, for 

undamped and dumped conditions, both. Starting from these closed form evaluations 

of the response, we want to get a closed formulation even for the maximum rotational 

response and for the combination of the maximum longitudinal and rotational 

responses, expressed by Ŭ and B, respectively.  

5.2 Equation of motion 

5.2.1 Undamped free vibration response 

Undamped free vibration response of the eccentric system are governed by the set of 

coupled equations given by Eq. (3.3) without the damping term, with zero right hand 

side and with the following initial conditions: 
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qr      (5.1) 

Where a represents the initial deformation along the y-direction. Therefore, the x- and 

y- axis are referred to as the transversal and the longitudinal direction, respectively.  

Stating: 

12 -
=
g

e
F
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It is possible to introduce two new coefficients: 
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In this way Eq.(3.5) can be written in a more compact form: 
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Considering such these expressions and the initial conditions, and stating that: 
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The equations governing the free vibration response can be solved using the classical 

mode superposition method [27], which yields the following free vibration response 

histories along the original dofs: 
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( ) ( ){ }ttA
e
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tu x

314 coscos)( ww
r

J -=  

However, considering that the problem in art is dealing with a particular condition 

(i.e. ey=0), the previous expressions can be expressed as follows: 

( ) ( ){ }tAtAatuy 3311 coscos)( ww +=  

0)( =tux      (5.3) 

( ) ( ){ }ttA
a

tu 314 coscos)( ww
r

J -=  

5.2.2 Damped free vibration response 

Letôs consider an initial input displacement a along the y-direction and an equal 

viscous damping ratio, such that ɝ1= ɝ2= ɝ3= ɝ. 
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Under these assumption it is possible to express the response of the damped system 

under free vibrations as follows: 
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Where 21 xww -= iDi
 is the modal damped natural circular frequency of the i-th 

mode. However, with the assumption of null longitudinal eccentricity, the previous 

equations become: 

( ) ( ) ( )( ) ( ){ }qwwwxqwxw +--++-L= ttExpAtAtExpatu DDy 3133111 coscos)(  

0)( =tux      (5.4) 
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tu DD 313114 coscos)(
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5.3 Closed form response 

From this moment on we would like to give a closed formulation for the whole 

response of the system that could be applicable by the designer in order to have a first 

idea of the free vibration response of a certain system, once its main geometric 

parameters are known. For this reason we tried to derive closed form equations for 

the direct evaluation both for the maximum rotational response and for the 

combination of the maximum displacement and the maximum rotational response. 

These quantities are represented by the previously defined coefficients Ŭ (which will 

be expressed as Ŭd,free since it refers to damped conditions under free vibrations) and 

B, respectively.  

Before starting showing the results collected in several plots, itôs important to 

underline that the eccentricity e of the previous equations is the ratio between the 

absolute eccentricity and the equivalent diameter, so that: 

eD

E
e=

 

Where E is the Absolute Eccentricity and eD  is the Equivalent Diameter. eD  has 

been defined as: 

21 f+=BDe  

Where f is the Shape Factor and it has been defined as: 
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+
=f
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However, in our study, we considered at first a different definition of the Relative 

Eccentricity; indeed we considered it as: 

0r

E
e=

 

Where 0r  is the radius of inertia of the plan of our system.  

Therefore, if we call 1e the eccentricity of the previous studies in literature, and 2e the 

one of the study we are performing, we can easily see that: 

eDeE 1=  02reE=
 

e

e
D

eeeDe 0

21021

r
r =­=  

Thus, in our studies, at first we input the following vector of relative eccentricities: 

[ ]2,11,119,08,07,06,05,04,03,02,01,002 =e  

While, the one that we will use for the application of the known closed form 

formulation of the response and into the future plots, in order to have a better 

comprehension of the results is the following one: 

[
]3464,03175,02887,0

2598,02309,02021,01732,01443,01155,00866,00577,00289,001=e
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5.4 The maximum rotational response 

In order to quantify the maximum rotational response we usually refer to the Ŭ 

coefficient that gives an idea of the magnitude of the rotational response of the 

system in object with respect to its longitudinal one. Thus it could be defined the 

previously mentioned Ŭd,free as: 

s vibrationfree
 conditions Dampedmax,

max

,

CMy

m

def

freed
u

uq
ra =  

5.4.1 Approximate formulation for Ŭd,free 

For the Eq.(5.4) it has been seen that for a damped system under free vibrations, the 

response could be expressed in the following closed form: 

( ) ( ) ( )( ) ( ){ }qwwwxqwxw
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tu DD 313114 coscos)(  

( ) ( ) ( )( ) ( ){ }qwwwxqwxw +--++-L= ttExpAtAtExpatu DDy 3133111 coscos)(  

Considering that ux(t)=0 due to the fact that we are assuming ey=0 and an applied 

unitary input displacement a along the y-direction. Therefore, the maximum values of 

the responses could be evaluated once we consider the derivative of the previous 

expressions equal to zero; in this way we could be able to get the time at which the 

system displays the maximum rotational or longitudinal response. We will express 

them t1 and t2, respectively. 
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However, it is not possible to solve such these equations with respect to t, thus a 

parametric study has been performed and, as results several tables for each value of e, 

ɋʊ , TL and ɝ have been carried out (see Appendix A.2). From this tables once the 

designer knows the previously mentioned parameters, he could be able to have a first 

approximate value for the parameter Ŭ that derives from the closed form evaluation of 

the response.    

All  the results have been collected in several plots in order to understand the effect of 

the damping on the response of a generic system in free vibrations condition. All 

these plots are collected in Appendix A.3 and A.4; in this chapter we only analyze the 

one that collect the whole surfaces for different values of damping ratio ɝ for fixed 

values of longitudinal period TL.  
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(a) 

 

(b) 

 

(c) 

  Figure 5.1-3D surfaces of Ŭ parameter for (a) T=0,3sec,(b) T=0,5sec,(c) T=1,5sec. 

From the Fig.5.1 it could be seen that once the damping ratio increases the Ŭ surfaces 

decrease and thus Ŭu is an upper bound. This means that in free vibration condition 

the increases of the damping effect leads to a strong decrease in the rotational 

response of the system with respect to the longitudinal one.  
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5.5 Combination of the maximum 

displacement and rotational responses 

Another important preliminary evaluation at design level is the combination of the 

maximum displacement and rotational response that allows the designer to evaluate 

the corner displacement of the system. Such this combination is represented by 

meaning of the coefficient B previously described.  

5.5.1 Approximate formulation for B  

It has been seen that, considering that the problem in art is dealing with a particular 

condition (i.e. ey=0), its undamped free vibration response could be expressed as: 

( ) ( ){ }tAtAatuy 3311 coscos)( ww +=  

0)( =tux      (5.5) 

( ) ( ){ }ttA
a

tu 314 coscos)( ww
r

J -=  

As far as the damped free vibration response, it could be expressed as: 

( ) ( ) ( )( ) ( ){ }qwwwxqwxw +--++-L= ttExpAtAtExpatu DDy 3133111 coscos)(  

0)( =tux      (5.6) 

( ) ( ) ( )( ) ( ){ }qwwwxqwxw
r

J +---+-L= ttExpttExpA
a

tu DD 313114 coscos)(  
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Considering Eq.(5.5) and Eq.(5.6), it could be possible to get a closed form 

evaluation of the coefficients Ŭ and B, which reflect the maximum rotational response 

and the combination between this one and the maximum longitudinal response, 

respectively.  

As we have already seen the coefficient B is a corrective factor that takes into account 

the time correlation between the maximum longitudinal and the maximum rotational 

response in damped seismic condition.  

For this reason we previously wrote that: 

2
max,max,,

L
uBuu yflexy ÖÖ+= J  

At the same time the Argand diagram leads to the following observations regarding 

free vibration of laterally-torsionally coupled systems from an initial longitudinal 

displacement a (that we considered in our simulation equal to 1): 

¶ The maximum longitudinal displacement magnitude, 

aAAauy =+= )( 31max
, is developed for pw nt=1 and pw mt=3  (with n 

and m both odd or both even), and for these conditions the rotational respose

)(tuJ  is always zero. 

¶ The maximum rotational response is developed when pw nt=1 and 

pw )1(3 +=mt  , with n and m both even or odd. In these conditions, the 

longitudinal displacement magnitude is equal to )( 31 AAa - , and, therefore, it 

is closed to 
maxyu for small values of 3A (which are common). 
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Thus, we get that, for a certain value of t, for which we get 
max,Ju we will have a 

longitudinal response 
max,31 )( yy uAAu -= ; in detail it could be written that 

max,31 )( yy uAAu -= . This means that the longitudinal response happens in the same 

direction of the maximum one; in this way it could be possible to distinguish among 

two cases: one for which A1>A3 and one for A1<A3. 

If A1>A3 we can express the longitudinal displacement of the flexible side in the 

following way: 

2
)(
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L
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Therefore, we can write that: 
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If we consider then, the definition of the coefficient ua  we can express the maximum 

rotational response as function of the maximum longitudinal one.  
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So, by substituting such this expression in the previous equation, we get that: 
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Then, we have to consider one of the main properties of the coefficients A1and A3: 
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So we get that: 
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And, finally, it is possible to get the follow closed expression for the parameter B: 

r
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u
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1-=      (5.7) 

If A1<A3 we can express the longitudinal displacement of the flexible side in the 

following way: 
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Therefore, we can write that: 

22
)(

max,max,max,max,13

L
uBu

L
uuAA

yy JJ
Ö+=+-  



 

65 

 

So, by substituting the definition of the coefficient ua  in the previous equation, we 

get that: 
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And, finally, it is possible to get the follow closed expression for the parameter B: 

r
aL

A
B

u

14
1-=      (5.8) 

If we express A as the minimum between A1 and A3 it is possible to express a generic 

closed form formulation for the coefficient Bfree that is valid for each value of e and 

ɋᵻ: 

r
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u
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4
1-=      (5.9) 
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The subscript free underlines that this is the formulation of the coefficient B in free 

vibration conditions.   

It is interesting to observe that the previous passages lead to a very important 

observation: the maximum value of A, and so the maximum value of the minimum 

between A1 and A3 is, obviously, Amax=0,5, thus it could be defined a lower bound 

value for B that depends only on the geometrical parameters of the system: 

L
B

ua

r2
1min -=      (5.10) 

So it could be written that: 

L
B

ua

r2
11 -²²     (5.11) 

Thus it has been already seen that B could be directly evaluated  (Eq.5.9) in closed 

form, while Ŭu is got from the ratio between the maximum rotational response and the 

maximum translational one, which are obtained by the closed form equations 

(Eq.5.6). In the following plot the green surfaces represents the results got from the 

evaluation of the response under damped free vibration conditions.  
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Figure 5.2-3D surfaces of B parameter for (a) T=0,3sec and ɝ=3%,(b) T=0,3sec and 

ɝ=5% ,(c) T=0,3sec and ɝ=10%,(d) T=0,3sec and ɝ=20%,(e) T=0,3sec and ɝ=30%. 

In the previous 3D plot (Fig.5.2) the value of the parameter B is reported and it could 

be seen that the result got from the derived closed form curve doesnôt depend on the 

natural period TL or on the damping ratio ɝ, but, due to the definition we gave to such 

this coefficient, it only depends on e and ɋɗ; thatôs why it is possible to state that this 

close form expression of B in evaluated in undamped free vibration conditions. 

However, it is possible to observe as new result that for  ɔÓ0,6 A=A3, while for ɔ<0,6 

A=A1 .  

From the previous graph we could observe that for e=0 we donôt have any value of B. 

This fact could be easily explained due to the fact that, once the center of stiffness 

corresponds to the center of mass, the maximum displacement of the flexible side is 

equal to the one of the center of mass and so no rotations will occur.   
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6. SEISMIC ELASTIC RESPONSE 

FOR DIFFERENT DAMPING 

RATIOS 

The main objective of the first series of numerical simulations is the quantitative 

evaluation of the effect of damping on the rotational response of one-way eccentric 

structures with a systematic variation of the main parameters that affect the system 

response.   

We have represented the main results of the performed Linear Analysis into several 

plots. In the following paragraph we will only analyze three main cases: 

¶ Case 1: Systems with little periods (T<0,5 T=0,3); 

¶ Case 2: Systems with T=0,5; 

¶ Case 3: Systems with high periods (T>0,5  T=1,5) 

For a better comprehension of the obtained results, for each case 6 2D plots have 

been performed, by fixing e or ɋɗ.  

As far as e we will consider: 

- e=0,0289 that means that weôre dealing with an eccentricity that is almost 

equal to the 5% of the floor-dimension perpendicular to the direction of the 

seismic action, that is the accidental eccentricity imposed by the code; 

- e=0,1155 that means that eå15% of the floor-dimension; 
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- e=0,2887 that is a very high value of eccentricity, that allows us to consider a 

system whose center of stiffness is not so far from lateral side of the plan.  

In terms of ɋɗ, we considered three main values that refer to the main three types of 

system we could find in the practice: 

- ɋɗ=0,3 for torsionally-flexible structres; 

- ɋɗ=1 for structure that are in the boundary between torsionally-flexible and 

torsionally-stiff structures; 

- ɋɗ=1,5 for torsionally-stiff structres. 

The whole results obtained from the Linear Analysis are reported in Appendixes from 

A.5 to A.9; these ones are systematics results got for 13 values of eccentricity, 20 

values of ɋᵻ, 8 values of damping ratio ɝ and 7 values of longitudinal period TL. 

[
]3464,03175,02887,0

2598,02309,02021,01732,01443,01155,00866,00577,00289,00=e

 

[
]29,18,17,1

6,15,14,13,12,11,119,08,07,06,05,04,03,02,01,0=WJ
 

[ ]%30%25%20%15%10%7%5%3=x  

[ ]325,115,03,01,0=LT  
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6.2 The maximum rotational response 

In the following paragraph the maximum rotational response will be analyzed. This 

means that we will focus on the parameter Ŭ defined as: 

input earthquake
 conditions Dampedmax,

max

,

CMy

m

def

eqd
u

uq
ra =  

 

Case 1: 

In the following graphs we can see the results that we put up, for a system with the 

same period TL=0,3sec, but with different values of damping coefficient 

(ɕ=3%,5%,10%,20%,30%). The red surface represents the corresponding values of 

Ŭu, in other words the value of the coefficient Ŭ under free vibrations in undamped 

conditions, got for a certain couple of e and ɋᵻ values from the closed form 

expression given by Equation (2.5), while the blue ones are the curves got from the 

numerical analysis. 
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(a) 

 

(b) 

 

(c) 

 

(d) 
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(e) 

Figure 6.1-3D surfaces of Ŭ parameter for (a) T=0,3sec and ɝ=3%,(b) T=0,3sec and 

ɝ=5% ,(c) T=0,3sec and ɝ=10%,(d) T=0,3sec and ɝ=20%,(e) T=0,3sec and ɝ=30%. 

If we shift from low towards higher values of damping ratio ɝ (from Fig.6.1(a) 

towards Fig.6.1(e)) we can observe that, the curve got from the numerical simulations 

tends to lower. As expected, for a constant value of natural period, the increasing of 

the damping ratio leads to a decrease of the rotational response with respect to the 

longitudinal one; this effect is more effective for torsionally-stiff structures, while for 

small values of ɋɗ there is a peak in the curve that doesnôt apparently depend on the 

damping ratio ɝ; however, increasing the damping ratio, the maximum value of Ŭ 

decreases and so the peak of the curve does. 

 

This is a very important result, in fact it means that once we have small values of ɋᵻ, 

which are typical of, for instance, buildings with a non-concentric core, the response 

of such this structure could be characterized by a rotational response that is 

significantly higher than the longitudinal one.  

TL=0,3 sec ɝ=3%ɝ=5%ɝ=7%ɝ=10%ɝ=15%ɝ=20%ɝ=25%ɝ=30%

Ŭmax 1,6024 1,5912 1,6054 1,6220 1,6201 1,5750 1,5232 1,4790
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(a) 

 

(b) 

Figure 6.2-3D surfaces of Ŭ parameter for T=0,3sec and every ɝ=3% (a) , for ɋᵻ>1 

(b). 

It could be useful to consider a plot where both Ŭu and Ŭ for different values of 

damping ratio in order to have a better comprehension of what happens once the 

damping ratio is increased. In Fig.6.2 (a) we can easily see that once ɝ increases the 

curve lowers as previously observed, and this fact is particularly noticeable once we 

consider ɋɗÓ1 (so torsionally-stiff structures, Fig.6.2 (b)) where once ɝ increases, the 

Ŭ curve lowers and becomes flat; this fact has been already observed in past studies 

so it was expected and it validates the results.   

In order to have a better qualitative evaluation of the behavior of such this coefficient 

Ŭ once e and ɋɗ change we could consider the following 2D plots for fixed values of 

e and ɋɗ. 
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(a) 

 

(b) 

 

(c) 

Figure 6.3-2D surfaces of Ŭ parameter for T=0,3sec for (a) e=0,0289 , (b) e=0,1155, 

(c) e=0,2887. 

Considering e=0,0289 (Fig.6.3(a)) we can see that the Ŭ coefficient usually decreases 

once ɋɗ increases, and this fact becomes more clear once the damping ratio increases. 

From these plots we can see that for this value of e, Ŭu is an upper bound for 

0,8ÒɋɗÒ1,25 for ɝ=5%, for 0,65ÒɋɗÒ1,5 for ɝ=10%, for 0,6ÒɋɗÒ1,8 for ɝ=20% and 

for 0,55ÒɋɗÒ2 for ɝ=30%. Thus once we increase the damping ratio ɝ the range 

where Ŭu is an upper bound increases as well; however, for small values of ɋɗ 
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(ɋɗÒ0,5) the Ŭu coefficient could not be considered a good approximation or an 

evaluation on the safe side of the coefficient Ŭ for a system subjected to a seismic 

input.  

If we analyze e=0,1155 (Fig.6.3(b)) it could be seen that for very small values of ɋɗ 

the Ŭ parameter got from the numerical simulations is higher than one, that means 

that for this value of eccentricity, those systems which are very torsionally-flexible 

display a maximum rotation that is even higher than the one of the translational 

response. However, once the damping ratio ɝ is increased the range of ɋɗ for which 

Ŭ>1 becomes smaller (for ɝ=5% Ŭ>1 for ɋɗ<0,8 while for ɝ=30% Ŭ>1 for ɋɗ<0,35). 

For this value of eccentricity we obtain higher values of Ŭ with respect to the ones got 

in the previous case, due to the fact that itôs reasonable that once the eccentricity 

increases, thus the rotational response of the system increases as well; in addition, as 

before, once ɋɗ increases Ŭ decreases and it decrease in a faster way for small values 

of damping ratio. However, the Ŭu curve still has a peak for ɋɗ=1, thus it wonôt be an 

upper bound for Ŭ for every value of ɋɗ. From these plots we can see that for this 

value of e, Ŭu is an upper bound for 0,8ÒɋɗÒ1,5 for ɝ=5%, for 0,7ÒɋɗÒ1,6 for 

ɝ=10%, for 0,65ÒɋɗÒ1,8 for ɝ=20% and for 0,5ÒɋɗÒ2 for ɝ=30%. As before once we 

increase the damping ratio ɝ the range where Ŭu is an upper bound increases as well. 

For very high values of e, e=0,2887 (Fig.6.3(c)) the scenario of these plots changes. 

In this condition even Ŭu decreases once ɋɗ increases, and for each value of ɋɗ and ɝ, 

Ŭu is always an upper bound for the one got from the numerical analysis.  
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(a) 

 

(b) 

 

(c) 

Figure 6.4-2D surfaces of Ŭ parameter for T=0,3sec for (a) ɋᵻ=0,3 , (b) ɋᵻ=1, (c) 

ɋᵻ=1,5. 

Then we can fix the values of ɋɗ in order to perform further observations. We have 

seen that there are values of e from which Ŭu becomes an upper bound; thus from 

these graphs we could be able to quantify this value of e for torsionally-flexible and 

torsionally-stiff structures. If we are dealing with ɋɗ=0,3, and so torsionally-flexible 

structures (Fig.6.4(a)) we can see that both Ŭu and Ŭ increase once the eccentricity 

increases, but Ŭ displays a peak and values higher than 1 for a certain range of 
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eccentricity, which decreases once the damping ratio ɝ increases (for ɝ=5% Ŭ>1 for 

0,07<e<0,26 while for ɝ=30% Ŭ>1 for 0,11<e<0,24). From these plots we can see 

that for this value of ɋɗ, Ŭu is an upper bound for e>0,26 for ɝ=5%, ɝ=10%, and 

ɝ=20% and for e>0,26 for ɝ=30%. Thus the increase in the damping ratio for 

constant values of ɋɗ has a slight effect on the range where Ŭu is an upper bound. 

Being on the safe side it is possible to state that Ŭu can be considered as an upper 

bound for torsionally-flexible systems only for e>0,26.  

For ɋɗ=1 (Fig.6.4(b)) Ŭu is always an upper bound, while for ɋɗ=1,5 so torsionally-

stiff structures (Fig.6.4(c)) Ŭu is always an upper bound except for small values of 

damping ratio ɝ (ɝ<10%); for ɝ=5% that is the most common value for existing 

buildings Ŭu is an upper bound only for eÓ0,15.  

Case 2: 

The following plots represents the values of the parameter Ŭ for systems whose 

TL=0,5sec, together with the value got from the closed form evaluation in undamped 

conditions under free vibrations, for different values of damping ratio 

(ɕ=3%,5%,10%,20%,30%). 

 

(a) (b) 
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(c) 

 

(d) 

 

(e) 

Figure 6.5-3D surfaces of Ŭ parameter for (a) T=0,5sec and ɝ=3%,(b) T=0,5sec and 

ɝ=5% ,(c) T=0,5sec and ɝ=10%,(d) T=0,5sec and ɝ=20%,(e) T=0,5sec and ɝ=30%. 

As before we shift from low towards higher values of damping ratio ɝ (from 

Fig.6.5(a) towards Fig.6.5 (e)) we can observe that, the curve got from the numerical 

simulations tends to lower. As expected, for a constant value of natural period, the 

increasing of the damping ratio leads to a decrease of the rotational response with 

respect to the longitudinal one; this effect is more effective for torsionally-stiff 

structures, while for small values of ɋɗ there is still the previously observed peak in 
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the curve that doesnôt apparently depend on the damping ratio ɝ; however, increasing 

the damping ratio, the maximum value of Ŭ at first slightly increases and then 

decreases for ɝ>20%; and so the peak of the curve does.  

 

 

(a) 

 

(b) 

Figure 6.6-3D surfaces of Ŭ parameter for T=0,5sec for every value of ɝ (a)  and for 

every value of ɋᵻ, (b) for ɋᵻÓ1. 

Also in this second case we can plot together all the Ŭ curves got from the numerical 

simulation (Fig.6.6(a)) and it could be seen that once ɝ increases such these curves 

lower and even become flat for ɋɗÓ1 (Fig.6.6 (b)) as expected.  

Like in the previous case it could be useful to focus on 2D plots for fixed values of e 

or ɋɗ.  

TL=0,5 sec ɝ=3%ɝ=5%ɝ=7%ɝ=10%ɝ=15%ɝ=20%ɝ=25%ɝ=30%

Ŭmax 1,3462 1,3755 1,4011 1,4221 1,4460 1,4259 1,3737 1,3126
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(a) 

 

(b) 

 

(c) 

Figure 6.7-2D surfaces of Ŭ parameter for T=0,5sec for (a) e=0,0289 , (b) e=0,1155, 

(c) e=0,2887. 

Considering e=0,0289 (Fig.6.7(a)) we can see that the Ŭ coefficient usually decreases 

once ɋɗ increases, and this fact becomes more clear once the damping ratio increases. 

From these plots we can see that for this value of e, Ŭu is an upper bound for 

0,8ÒɋɗÒ1,3 for ɝ=5%, for 0,7ÒɋɗÒ1,5 for ɝ=10%, for 0,6ÒɋɗÒ1,8 for ɝ=20% and for 

0,55ÒɋɗÒ2 for ɝ=30%. Thus once we increase the damping ratio ɝ the range where Ŭu 

is an upper bound increases as well; however, for small values of ɋɗ (ɋɗÒ0,5) the Ŭu 
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coefficient could not be considered a good approximation or an evaluation on the safe 

side of the coefficient Ŭ for a system subjected to a seismic input. These results are 

quite similar to the ones got for the Case1. 

If we analyze e=0,1155 (Fig.6.7(b)) it could be seen that for very small values of ɋɗ 

the Ŭ parameter got from the numerical simulations is higher than one, that means 

that for this value of eccentricity, those systems which are very torsionally-flexible 

display a maximum rotational response that is even higher than the one of the 

translational one. However, once the damping ratio ɝ is increased the range of ɋɗ for 

which Ŭ>1 becomes smaller (for ɝ=5% Ŭ>1 for ɋɗ<0,75 while for ɝ=30% Ŭ>1 for 

ɋɗ<0,3). For this value of eccentricity we obtain higher values of Ŭ with respect to 

the ones got in the previous case, due to the fact that itôs reasonable that once the 

eccentricity increases, thus the rotational response of the system increases as well; in 

addition, as before, once ɋɗ increases Ŭ decreases. However, the Ŭu curve still has a 

peak for ɋɗ=1, thus it wonôt be an upper bound for Ŭ for every value of ɋɗ. . From 

these plots we can see that for the current value of e, Ŭu is an upper bound for 

0,8ÒɋɗÒ1,4 for ɝ=5%, for 0,75ÒɋɗÒ1,5 for ɝ=10%, for 0,6ÒɋɗÒ1,7 for ɝ=20% and 

for 0,45ÒɋɗÒ1,9 for ɝ=30%. As before once we increase the damping ratio ɝ the 

range where Ŭu is an upper bound increases as well. These results are quite similar to 

the ones of Case1 but the upper bound range for Ŭu shifts towards slightly lower 

values of ɋɗ.  

For very high values of e, e=0,2887 (Fig.6.7(c)) the scenario of these plots changes. 

In this condition even Ŭu decreases once ɋɗ increases, but while for TL=0,3sec for 

each value of ɋɗ and ɝ, Ŭu was always an upper bound for the one got from the 

numerical analysis, in this situation itôs not an upper bound for ɋɗ>1,9. 
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(a) 

 

(b) 

 

(c) 

Figure 6.8-2D surfaces of Ŭ parameter for T=0,5sec for (a) ɋᵻ=0,3 , (b) ɋᵻ=1, (c) 

ɋᵻ=1,5. 

Then we can fix the values of ɋɗ in order to perform further observations. We have 

seen that there are values of e from which Ŭu becomes an upper bound; thus from 

these graphs we could be able to quantify this value of e for torsionally-flexible and 

torsionally-stiff structures. If we are dealing with ɋɗ=0,3, and so torsionally-flexible 

structures (Fig.6.8(a)) we can see that both Ŭu and Ŭ increase once the eccentricity 

increases, but Ŭ displays a peak and values higher than 1 for a certain range of 
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eccentricity, which decreases once the damping ratio ɝ increases (for ɝ=5% Ŭ>1 for 

0,07<e<0,26 while for ɝ=30% Ŭ>1 for 0,12<e<0,25). From these plots we can see 

that for this value of ɋɗ, Ŭu is an upper bound for e>0,26 for ɝ=5%, ɝ=10%, and 

ɝ=20% and for e>0,26 for ɝ=30%. Thus the increase in the damping ratio for 

constant values of ɋɗ has a slight effect on the range where Ŭu is an upper bound. 

Being on the safe side it is possible to state that Ŭu can be considered as an upper 

bound for torsionally-flexible systems only for e>0,26. Thus we get the same result 

of Case1.  

For ɋɗ=1 (Fig.6.8(b)) Ŭu is always an upper bound, while for ɋɗ=1,5 so torsionally-

stiff structures (Fig.6.8(c)) Ŭu is always an upper bound except for small values of 

damping ratio ɝ (ɝÒ10%); for ɝ=5% that is the most common value for existing 

buildings Ŭu is an upper bound only for eÓ0,17 and for ɝ=10% Ŭu is an upper bound 

only for eÓ0,13. From these observations it seems that once the natural period 

increases, for torsionally-stiff structures with small values of eccentricity the range 

where Ŭu could be considered as an upper bound decreases.  

Case 3: 

As far as the last case, the plots dealing with structures whose TL=1,5sec are 

considered, together with the value got from the closed form evaluation in undamped 

conditions under free vibrations, for different values of damping ratio 

(ɕ=3%,5%,10%,20%,30%). 
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(a) 

 

(b) 

 

(c) 

 

(d) 
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(e) 

Figure 6.9- 3D surfaces of Ŭ parameter for (a) T=1,5sec and ɝ=3%,(b) T=1,5sec and 

ɝ=5% ,(c) T=1,5sec and ɝ=10%,(d) T=1,5sec and ɝ=20%,(e) T=1,5sec and ɝ=30%. 

As before if we shift from low towards higher values of damping ratio ɝ (from Fig.6.9 

(a) towards Fig.6.9 (e)) we can observe that the curve got from the numerical 

simulations tends to lower. As expected, for a constant value of natural period, the 

increasing of the damping ratio leads to a decrease of the rotational response with 

respect to the longitudinal one; this effect is more effective for torsionally-stiff 

structures; it is important to notice that for small values of ɋɗ the peak that 

characterized the plots of the previous cases cannot be seen anymore. 
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(a) 

 

(b) 

Figure 6.10-3D surfaces of Ŭ parameter for T=1,5sec for every value of ɝ (a)  and for 

every value of ɋᵻ, (b) for ɋᵻÓ1. 

It could be useful to plot together the values of Ŭ got from the numerical simulations 

for the same period, but for different values of ɝ. In this way it could be possible to 

understand which is the effect that the damping has on the rotational response of a 

system (Fig.6.10). As expected also in this case the increasing of ɝ leads the curves to 

lower and to become flat for high values of ɋɗ.  

Like in the previous cases it could be useful to focus on 2D plots for fixed values of e 

or ɋɗ.  
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(a) 

 

(b) 

 

(c) 

Figure 6.11-2D surfaces of Ŭ parameter for T=1,5sec for (a) e=0,0289 , (b) 

e=0,1155, (c) e=0,2887. 

Considering e=0,0289 (Fig.6.11(a)) we can see that the Ŭ coefficient usually 

decreases once ɋɗ increases, and this fact becomes more clear once the damping ratio 

increases, in fact for ɝ=5% this effect is not easily predictable. From these plots we 

can see that for this value of e, Ŭu is an upper bound for 0,7ÒɋɗÒ1,3 for ɝ=5%, for 

0,65ÒɋɗÒ1,45 for ɝ=10%, for 0,4ÒɋɗÒ1,7 for ɝ=20% and for 0,25ÒɋɗÒ1,9 for 

ɝ=30%. Thus once we increase the damping ratio ɝ the range where Ŭu is an upper 
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bound increases as well. These results are quite similar to the ones got for the Case1 

and 2 but the range where Ŭu is an upper bound shifts towards lower values of ɋɗ. 

If we analyze e=0,1155 (Fig.6.11(b)) it could be seen that for very small values of ɋɗ 

the Ŭ parameter got from the numerical simulations is not anymore higher than one, 

that means that for this value of eccentricity and period, those systems which are very 

torsionally-flexible display a maximum rotational response that is never higher than 

the maximum translational one; as before, once ɋɗ increases Ŭ decreases. However, 

the Ŭu curve still has a peak for ɋɗ=1, thus it wonôt be an upper bound for Ŭ for every 

value of ɋɗ. . From these plots we can see that for this value of e, Ŭu is an upper 

bound for 0,8ÒɋɗÒ1,1 for ɝ=5%, for 0,75ÒɋɗÒ1,35 for ɝ=10%, for 0,4ÒɋɗÒ1,6 for 

ɝ=20% and for ɋɗÒ1,9 for ɝ=30%. As before once we increase the damping ratio ɝ 

the range where Ŭu is an upper bound increases as well. These results are quite similar 

to the ones of Case1 and Case2 but the upper bound range for Ŭu shifts towards 

slightly lower values of ɋɗ for high values of damping ratio ɝ; at the same time for 

small values of damping ratio the range where Ŭu is an upper bound decreases.  

For very high values of e, e=0,2887 (Fig.6.11(c))  the scenario of these plots changes. 

In this condition even Ŭu decreases once ɋɗ increases, but while for TL=0,3sec for 

each value of ɋɗ and ɝ, Ŭu was always an upper bound for the one got from the 

numerical analysis, for TL=0,5sec it wasnôt an upper bound for ɋɗ>1,9. In this 

condition Ŭu is not an upper bound for ɋɗ>1,5. Thus, once we increase the period we 

have a benefit in terms of the possibility of usage of the closed form Ŭu because the 

peak of the Ŭ surface vanishes; nevertheless for very high values of eccentricity the 

closed formulation of Ŭu doesnôt forecast in a good way the rotational response for a 

torsionally-stiff structure.   
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(a) 

 

(b) 

 

(c) 

Figure 6.12-2D surfaces of Ŭ parameter for T=1,5sec for (a) ɋᵻ=0,3 , (b) ɋᵻ=1, (c) 

ɋᵻ=1,5. 

Then we can fix the values of ɋɗ in order to perform further observations. We have 

seen that there are values of e from which Ŭu becomes an upper bound; thus from 

these graphs we could be able to quantify this value of e for torsionally-flexible and 

torsionally-stiff structures. If we are dealing with ɋɗ=0,3, and so torsionally-flexible 

structures (Fig.6.12(a)) we can see that both Ŭu and Ŭ increase once the eccentricity 

increases, and Ŭ still displays a peak, but only for ɝ=5%,10%,20%; as it has already 
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seen, such this peak decreases once the damping ratio increases and for ɝ=30% it 

even vanishes. From these plots we can see that for this value of ɋɗ, Ŭu is an upper 

bound for e>0,28 for ɝ=5%, ɝ=10%, and ɝ=20% while for ɝ=30% it is an upper 

bound for every e. This result is very different from the ones of Case1 and Case2; Ŭu 

is an upper bound for higher values of ɋɗ and for very high values of damping ratio 

(ɝ=30%) the closed form of Ŭu seems to be a very good approximation.  

For ɋɗ=1 (Fig.6.12(b)) Ŭu is always an upper bound expect for ɝ=5% and 

0.145<ɋɗ<0.17, while for ɋɗ=1,5 so torsionally-stiff structures (Fig.6.12(c)) Ŭu is 

always an upper bound except for small values of damping ratio ɝ (ɝÒ10%); for ɝ=5% 

that is the most common value for existing buildings Ŭu is an upper bound only for 

eÓ0,3 and for ɝ=10% is an upper bound only for eÓ0,25. From these observations it 

seems that once the natural period increases, for torsionally-stiff structures with small 

values of eccentricity the range where Ŭu could be considered as an upper bound 

decreases.  

 

Parameter A has been defined as the ratio between Ŭu and the value of Ŭ got from the 

numerical simulations. Due to the previous results we expect that this parameter 

should be almost equal to one and usually lower than one, due to the fact that Ŭu 

represents an upper bound of Ŭ got from the numerical analysis, except for the 

previously seen condition where it is not. These plots are collected in Appendix A.6.  
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6.3 Combination of the maximum 

displacement and rotational responses 

Parameter B is a reduction factor on the maximum rotational response, that expresses 

the contemporaneity of the rotational and longitudinal responses.  

2max
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It expresses the fact that a system never shows the maximum rotational response and 

the maximum longitudinal one together; thus this coefficient B is applied to the 

maximum rotational response, in order to get the effective rotational response we 

have once we consider the maximum longitudinal displacement of the flexible side 

and of the center of mass. Thus, this parameter is expected being lower than 1.  

 

(a) 

 

(b) 
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(c) 

 

(d) 

 

(e) 

 

(f) 
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(g) 

Figure 6.13-3D surfaces of B parameter for (a) T=0,1 sec, (b) T=0,3sec, (c) 

T=0,5sec, (d)T=1sec, (e)T=1,5sec, (f)T=2sec, (g)T=3sec. 

It could be useful to plot together the values of B got from the numerical simulations 

for the same period, but for different values of ɝ. In this way it could be possible to 

understand which is the effect that the damping has on the rotational response of a 

system. From Fig.6.13 it could be seen that once the damping ratio ɝ increases, B 

increases, too. This means that once the damping of a system has been increased, the 

maximum longitudinal displacement slightly decrease because of a more important 

effect of the rotational response.  

As it has been done for the Ŭ coefficient, it is possible to focus on 2D plots which one 

that refers to one of the three main cases, for fixed values of e and ɋɗ.  

In Fig.6.13 it is possible to see that for small values of ɋᵻ and e in some condition B 

could be lower than one; this fact has been seen even in past research works where it 

has been highlighted that the contemporary factor for the stiff side is the opposite of 

the flexible side one; thus the parameter B should be assumed as flexBB= . Thatôs 

why in the next plots we will find only positive values of B.  
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Case 1: 

In the following graphs we can see the results that we put up, for a system with the 

same period TL=0,3sec, for fixed values of e and ɋɗ, but with different values of 

damping coefficient (ɕ=5%,10%,20%,30%).  

 

(a) 

 

(b) 

 

(c) 

 

(d) 

Figure 6.14- 3D surfaces of B parameter for T=0,3 sec and (a) ɝ=5%,(b) ɝ=10% ,(c) 

ɝ=20%,(d) ɝ=30%. 
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As it has been previously said B<1 and increases once ɋɗ increases (Fig.6.14 (a), (b), 

(c) and (d)).  

 

(a) 

 

(b) 

 

(d) 

Figure 6.15-2D surfaces of B parameter for T=0,3sec for (a) e=0,0289 , (b) 

e=0,1155, (c) e=0,2887. 

For e=0,0289 (Fig.6.15 (a)) torsionally-stiff systems show the same behavior for each 

value of damping ratio, and so their B increases once ɋɗ increases; however, if the 

designer is dealing with a torsionally-flexible structure this trend is not guaranteed. In 

this situation, in fact we have that only for very high values of damping coefficient 
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(ɝ=30%) the parameter B increases with ɋɗ, while for smaller damping effects the 

value of B starts decreasing. In detail B decreases for ɝ=5% and ɋɗ<0,4, for ɝ=10% 

and ɋɗ<0,4, for ɝ=20% and ɋɗ<0,35. In this condition the parameter assumes very 

different values depending on ɋɗ; for torsionally-flexible systems 0<B<0,3-0,4 for 

ɝ=5% and ɝ=10%, 0,2<B<0,55 for ɝ=20%, 0,25<B<0,6 for ɝ=30%; however, for 

torsionally-stiff systems once ɋɗ tends to 2 B tends to 0,85 for each value of ɝ. This 

means that a torsionally-flexible system with a very small eccentricity shows its 

maximum longitudinal response together with a rotation that is less than the 50% of 

its maximum one, while for torsionally-stiff system with a small e the maximum 

translational response corresponds to a rotational one that is higher than the 50% of 

its maximum one. 

For e=0,1155 (Fig.6.15 (b)) torsionally-stiff systems show the same behavior for each 

value of damping ratio, and so their B increases once ɋɗ increases; however, if the 

designer is dealing with a torsionally-flexible structure this trend is not guaranteed. In 

this situation, in fact we have that B starts decreasing for every value of damping 

ratio, usually B decreases for ɋɗ<0,4. Despite the previous case, in this situation the 

values of B slightly change once the damping ratio changes. For torsionally-flexible 

structures 0,68<B<0,85, while for torsionally-stiff structures 0,8<B<0,9. This means 

that for this value of e, once the designer wants to evaluate the maximum longitudinal 

response of the system, he should keep in consideration that it corresponds to at least 

the 68% of the maximum rotational response.  

Considering e=0,2887 (Fig.6.15 (c)) torsionally-stiff and torstionally-flexible systems 

show the same behavior for each value of damping ratio and their B is almost 

constant (0,95<R<0,99). This means that for very high values of eccentricity the 
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maximum rotational and translational responses occur almost simultaneously for each 

value of ɋɗ.  

 

(a) 

 

(b) 

 

(c) 

Figure 6.16-2D surfaces of B parameter for T=0,3sec for (a) ɋᵻ=0,3 , (b) ɋᵻ=1, (c) 

ɋᵻ=1,5. 

For ɋɗ=0,3 and so torsionally-flexible structures (Fig.6.16 (a)) the parameter B 

increases once e increases. In detail it increases faster for small values of e (for 

e<0,15 0,2<B<0,8), while for higher values of eccentricity it increases slowly and 

tends to 1. In this condition the damping ratio has a very little effect on the variation 
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of B. The previous observation means that in a torsionally-flexible system with a 

center of stiffness next to the lateral side, the maximum translational response and the 

maximum rotational one occur almost simultaneously, while, in a torsionally-flexible 

system with a very small eccentricity the maximum translational response 

corresponds to a rotation that is a very small percentage of the maximum rotational 

response. This percentage increases with the eccentricity.   

For ɋɗ=1 (Fig.6.16 (b)) the parameter B still increases once e increases, but the 

curves are higher than before. Furthermore it could be seen that for small values of 

eccentricity the damping ratio has an important effect: for eå0,03 we have that for 

ɝ=5% Bå0,37, for ɝ=10% Bå0,44, for ɝ=30% Bå0,59.  

Considering ɋɗ=1,5 and so torsionally-stiff structures (Fig.6.16 (c)) the parameter B 

increases once e increases, but it assumes very high values for each ɋɗ (B>0,75). 

This fact means that for a torsionally-stiff system the maximum longitudinal response 

corresponds to a rotation higher or at least equal to the 75% of the maximum one.  

Case 2: 

In the following graphs we can see the results that we put up, for a system with the 

same period TL=0,5sec, for fixed values of e and ɋɗ, but with different values of 

damping coefficient (ɕ=5%,10%,20%,30%).  
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(a) 

 

(b) 

 

(c) 

 

(d) 

Figure 6.17- 3D surfaces of B parameter for T=0,5sec and (a) ɝ=5%,(b) ɝ=10% ,(c) 

ɝ=20%,(d) ɝ=30%. 

As it has been previously said B<1 and increases once ɋɗ increases (Fig.6.17(a), (b) , 

(c) and (d)).  
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(a) 

 

(b) 

 

(d) 

Figure 6.18-2D surfaces of B parameter for T=0,5sec for (a) e=0,0289 , (b) 

e=0,1155, (c) e=0,2887. 

For e=0,0289 (Fig.6.18 (a)) torsionally-stiff systems show the same behavior for each 

value of damping ratio, and so their B increases once ɋɗ increases; however, if the 

designer is dealing with a torsionally-flexible structure this trend is not guaranteed. In 

this situation, in fact we have that only for very high values of damping coefficient 

(ɝ=30% and ɝ=20%) the parameter B increases with ɋɗ, while for smaller damping 

effects the value of B starts decreasing. In detail B decreases for ɝ=5% and ɋɗ<0,5, 
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for ɝ=10% and ɋɗ<0,4. In this condition the parameter assumes very different values 

depending on ɋɗ; for torsionally-flexible systems 0<B<0,4 for ɝ=5%, 0,7<B<0,4 for 

ɝ=10%, 0,8<B<0,45 for ɝ=20%, 0,8<B<0,6 for ɝ=30%; however, for torsionally-

stiff systems once ɋɗ tends to 2 B tends to 0,8 for each value of ɝ. This means that a 

torsionally-flexible system with a very small eccentricity shows its maximum 

longitudinal response together with a rotation that is less than the 50% of its 

maximum one, while for torsionally-stiff system with a small e the maximum 

translational response corresponds to a rotational one that is higher than the 50% of 

its maximum one. This is a result that is very similar to the one got in Case1, but the 

values assumed by B are slightly lower and the parameter B for a damping ratio 

ɝ=20% always increases with ɋɗ.  

For e=0,1155 (Fig.6.18(b)) torsionally-stiff systems show almost the same behavior 

for each value of damping ratio and so their B increases once ɋɗ increases; however, 

if the designer is dealing with a torsionally-flexible structure this trend is not 

guaranteed. In this situation, in fact we have that B starts decreasing for ɝ=5%, 

ɝ=10% and ɝ=20%; usually B decreases for ɋɗ<0,6 if ɝ=5% and for ɋɗ<0,4 if 

ɝ=10% or ɝ=20%. While in Case 1 even for a damping ɝ=30% there was an initial 

decreasing trend, in this situation for that condition B increases with e.  Furthermore 

despite the previous value of e, in this situation the values of B slightly change once 

the damping ratio changes. For torsionally-flexible structures 0,6<B<0,85, while for 

torsionally-stiff structures 0,75<B<0,9. This means that for this value of e, once the 

designer wants to evaluate the maximum longitudinal response of the system, he 

should keep in consideration that it corresponds to at least the 60% of the maximum 

rotational response.  
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Considering e=0,2887 (Fig.6.18 (c)) torsionally-stiff and torstionally-flexible systems 

show the same behavior for each value of damping ratio and their B is almost 

constant (0,95<R<0,99). This means that for very high values of eccentricity the 

maximum rotational and translational responses occur almost simultaneously for each 

value of ɋɗ.  

 

(a) 

 

(b) 

 

(c) 

Figure 6.19-2D surfaces of B parameter for T=0,5sec for (a) ɋᵻ=0,3 , (b) ɋᵻ=1, (c) 

ɋᵻ=1,5. 
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For ɋɗ=0,3 and so torsionally-flexible structures (Fig.6.19 (a)) the parameter B 

increases once e increases. In detail it increases faster for small values of e (for 

e<0,15 0,2<B<0,75), while for higher values of eccentricity it increases slowly and 

tends to 1. In this condition the damping ratio has a very little effect on the variation 

of B. The previous observation means that in a torsionally-flexible system with a 

center of stiffness next to the lateral side, the maximum translational response and the 

maximum rotational one occur almost simultaneously, while, in a torsionally-flexible 

system with a very small eccentricity the maximum translational response 

corresponds to a rotation that is a very small percentage of the maximum rotational 

response. This percentage increases with the eccentricity.   

For ɋɗ=1 (Fig.6.19 (b)) the parameter B still increases once e increases, but the 

curves are higher than before. Furthermore it could be seen that for small values of 

eccentricity the damping ratio has an important effect: for eå0,03 we have that for 

ɝ=5% and  for ɝ=10% Bå0,4, for ɝ=30% Bå0,49. This condition underlines that an 

higher period TL leads to lower values of B.   

Considering ɋɗ=1,5 and so torsionally-stiff structures (Fig.6.19 (c)) the parameter B 

increases once e increases, but it assumes very high values for each ɋɗ (B>0,65). 

This fact means that for a torsionally-stiff system the maximum longitudinal response 

corresponds to a rotation higher or at least equal to the 65% of the maximum one. 

Case 3: 

In the following graphs we can see the results that we put up, for a system with the 

same period TL=1,5sec, for fixed values of e and ɋɗ, but with different values of 

damping coefficient (ɕ=5%,10%,20%,30%).  
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(a) 

 

(b) 

 

(c) 

 

(d) 

Figure 6.20- 3D surfaces of B parameter for T=1,5sec and (a) ɝ=5%,(b) ɝ=10% ,(c) 

ɝ=20%,(d) ɝ=30%. 

As it has been previously said B<1 and increases once ɋɗ increases (Fig.6.20 (a), (b), 

(c) and (d)).  
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(a) 

 

(b) 

 

(c) 

Figure 6.21-2D surfaces of B parameter for T=1,5sec for (a) e=0,0289 , (b) 

e=0,1155, (c) e=0,2887. 

For e=0,0289 (Fig.6.21 (a)) torsionally-stiff systems show almost the same behavior 

for each value of damping ratio, and so their B increases once ɋɗ increases. In this 

case we can observe that B could be less than zero. This is due to the fact that, as we 

have already seen once we defined B, the absolute value of it is always between 0 and 

1; however, its own value could also be negative. It could be proved that in the zones 

where B<0, it means that the maximum longitudinal displacement occurs in the stiff 
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side, therefore the magnification factor of the stiff side Mstiff is higher than the one of 

the flexible side Mflex, and this one results lower than 1.  In this condition the 

parameter B assumes very different values depending on ɋɗ; for torsionally-flexible 

systems 0<B<0,4 for ɝ=5%, 0,7<B<0,4 for ɝ=10%, 0,8<B<0,45 for ɝ=20%, 

0,8<B<0,6 for ɝ=30%; however, for torsionally-stiff systems once ɋɗ tends to 2 B 

tends to 0,7 for each value of ɝ. This means that a torsionally-flexible system with a 

very small eccentricity shows its maximum longitudinal response together with a 

rotation that is less than the 50% of its maximum one, while for torsionally-stiff 

system with a small e the maximum translational response corresponds to a rotational 

one that is higher than the 50% of its maximum one. This is a result that is very 

similar to the one got in Case1, but the values assumed by B are slightly lower and 

the parameter B for a damping ratio ɝ=20% always increases with ɋɗ.  

For e=0,1155 (Fig.6.21 (b)) torsionally-stiff systems show almost the same behavior 

for each value of damping ratio and so their B increases once ɋɗ increases; however, 

if the designer is dealing with a torsionally-flexible structure this trend is not 

guaranteed. In this situation, in fact we have that B always increases but in different 

way for the different values of damping ratios ɝ; therefore, despite Case 1 and Case 2 

here in each damping condition the coefficient B increases with ɋɗ. For torsionally-

flexible structures 0<B<0,7, while for torsionally-stiff structures 0,7<B<0,8.  

Considering e=0,2887 (Fig.6.21 (c)), if for Case1 and Case2 torsionally-stiff and 

torstionally-flexible systems show the same behavior for each value of damping ratio 

and their B is almost constant, in this case this observation could be done for 

torsionally-stiff systems (0,8<R<0,95), but for torsionally-flexible structures the 

parameter B strongly depends on the damping ratio ɝ. The higher is the damping ratio 

the higher the value of B and for ɝ=5% and ɋɗ=0,1 we have that B=0,55 that means 
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that for a system with these characteristics once the maximum translational response 

occurs, it is subjected to a rotation equal to the 55% of its maximum one.    

 

(a) 

 

(b) 

 

(c) 

Figure 6.22-2D surfaces of B parameter for T=1,5sec for (a) ɋᵻ=0,3 , (b) ɋᵻ=1, (c) 

ɋᵻ=1,5. 

For ɋɗ=0,3 and so torsionally-flexible structures (Fig.6.22(a)) the parameter B 

increases once e increases. In this situation the variation of the damping ratio is more 

effective, while in Case1 and Case2 we had almost the same curves for different 

values of ɝ. 
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For ɋɗ=1 (Fig.6.22(b)) the parameter B still increases once e increases, but the curves 

are higher than before. Furthermore it could be seen that for small values of 

eccentricity the damping ratio has an important effect: for eå0,03 we have that for 

ɝ=5% and  for ɝ=10% Bå0,2, for ɝ=30% Bå0,3. This condition underlines that an 

higher period TL leads to lower values of B.   

Considering ɋɗ=1,5 and so torsionally-stiff structures (Fig.6.22 (c)) the parameter B 

increases once e increases, but it assumes very high values for each ɋɗ (B>0,55). 

This fact means that for a torsionally-stiff system the maximum longitudinal response 

corresponds to a rotation higher or at least equal to the 55% of the maximum one. 

 

As conclusion it has been seen that B<1 and it decreases once the eccentricity e 

decreases, due to the fact that the whole rotational response decreases. It could be 

seen that, for the same value of e, for torsionally-flexible structures B is usually 

smaller than the one we get for torsionally-stiff structures, due to the fact that in the 

first case a smaller part of the maximum rotational response of the system 

corresponds to the maximum translational one, while in the second situation the value 

of the rotational response is almost equal to the maximum one of the whole system. 

At the same time ones we pass from small towards high values of eccentricity, the 

variation of B with respect to ɋɗ tends to vanish and, at the same time, for high values 

of ɋɗ the variation of the eccentricity e on B has a smaller effect with respect to the 

same condition but with a low value of ɋɗ.  

Finally, it could be seen that, decreasing the damping ratio ɕ, the surfaces of 

parameter B lower; thus, increasing damping, the rotational part acting on the 

translational displacement of the flexible side increases. At the same time increasing 
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the period of the structure B decreases and for high periods the effect of the damping 

ɝ becomes more important.  

 

6.4 The maximum displacements of the 

flexible and stiff sides 

Parameters MCM,stiff and MCM,flex are the magnification factors of the stiff and flexible 

side of the system with respect to the center of mass, respectively. They have been 

defined as the ratio between the longitudinal displacement of the stiff or flexible side 

and the one of the center of mass.  
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Because of this definition we expect that for not eccentric systems, whose e=0, such 

this parameter should be equal to 1 because no torsional effect affects the longitudinal 

response, while, once the eccentricity increases we expect several changes of these 

parameters. 
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(a) 

 

(b) 

 

(c) 

 

(d) 

Figure 6.23-3D surfaces of MCM,flex parameter for T=0,3sec for (a) ɝ=5%, (b) 

ɝ=10%, (c) ɝ=20%, (d) ɝ=30%. 
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(a) 

 

(b) 

 

(c) 

 

(d) 

Figure 6.24-3D surfaces of MCM,flex parameter for T=0,5sec for (a) ɝ=5%, (b) 

ɝ=10%, (c) ɝ=20%, (d) ɝ=30%. 
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(a) 

 

(b) 

 

(c) 

 

(d) 

Figure 6.25-3D surfaces of MCM,flex parameter for T=1,5sec for (a) ɝ=5%, (b) 

ɝ=10%, (c) ɝ=20%, (d) ɝ=30%. 
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(a) 

 

(b) 

 

(c) 

 

(d) 

Figure 6.26-3D surfaces of MCM,stiff parameter for T=0,3sec for (a) ɝ=5%, (b) 

ɝ=10%, (c) ɝ=20%, (d) ɝ=30%. 
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(a) 

 

(b) 

 

(c) 

 

(d) 

Figure 6.27-3D surfaces of MCM,stiff parameter for T=0,5sec for (a) ɝ=5%, (b) 

ɝ=10%, (c) ɝ=20%, (d) ɝ=30%. 
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(a) 

 

(b) 

 

(c) 

 

(d) 

Figure 6.28-3D surfaces of MCM,stiff parameter for T=1,5sec for (a) ɝ=5%, (b) 

ɝ=10%, (c) ɝ=20%, (d) ɝ=30%. 

As expected MCM,stiff and MCM,flex are both equal to 1 for not eccentric systems. 

Furthermore they have different trends depending on the side weôre dealing with.  

As far as the flexible side (Fig.6.23), its magnification factor (MCM,flex) increases once 

e increases, except for small values of ɋᵻ, for which it has a peak for eå0,5 and then it 

decreases tending to 2. This means that the corner of the flexible side shows an higher 

longitudinal displacement with respect to the one of the center of mass and that their 
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difference increases once the eccentricity increases.  The increasing of damping 

makes these curves smoother, but it doesnôt change so much the values of the 

magnification factors; however, increasing the period TL(Fig.6.24 and Fig.6.25), the 

peak tends to vanish and thus, for each value of ɋɗ the magnification factor of the 

flexible side increases once e increases. Itôs is possible to notice that for T=1,5 and 

very small value of eccentricity e MCM,flex<1 and this is due to the fact that B<0 in 

such this zone, as we have previously observed.  

As far as the stiff side (Fig.6.26, Fig.6.27 and Fig6.28), the magnification factor 

(MCM,stiff) usually decreases once e increases for torsionally-stiff structures, while in 

torsionally-flexible structures the longitudinal displacement of the stiff side increases 

with respect to the one of the center of mass for small values of eccentricities, but, 

once e>0,5 it decreases. This means that for small eccentricities we have that the 

longitudinal displacement of the stiff side increases with respect to the one of the 

center of mass, while for e>0,5 the maximum displacement of the corner of the stiff 

side of the system is lower than the one of the center of mass. In this situation once 

the damping ratio increases the range of ɋɗ where MCM,stiff increases for the first 

increasing of e, is reduced; however, this range increases for high values of period. In 

the latter situation the peak even shifts towards higher values of e.  

Parameters MNE,stiff and MNE,flex are the magnification factors of the stiff and flexible 

side of the system with respect to the center of mass of the equivalent non eccentric 

system, respectively. They have been defined as the ratio between the longitudinal 

displacement of the stiff or flexible side and the one of the center of mass of the 

equivalent non eccentric system.  
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Because of this definition we expect that for not eccentric systems, whose e=0, such 

this parameter should be equal to 1 because no torsional effect affects the longitudinal 

response, while, once the eccentricity increases we expect several changes of these 

parameters. 

 

(a) 

 

(b) 
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(c) 

 

(d) 

Figure 6.29-3D surfaces of MNEflex parameter for T=0,3sec for (a) ɝ=5%, (b) ɝ=10%, 

(c) ɝ=20%, (d) ɝ=30%. 

 

(a) 

 

(b) 
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(c) 

 

(d) 

Figure 6.30-3D surfaces of MNEflex parameter for T=0,5sec for (a) ɝ=5%, (b) ɝ=10%, 

(c) ɝ=20%, (d) ɝ=30%. 

 

(a) 

 

(b) 
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(c) 

 

(d) 

Figure 6.31-3D surfaces of MNEflex parameter for T=1,5sec for (a) ɝ=5%, (b) ɝ=10%, 

(c) ɝ=20%, (d) ɝ=30%. 

 

(a) 

 

(b) 
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(c) 

 

(d) 

Figure 6.32-3D surfaces of MNEstiff parameter for T=0,3sec for (a) ɝ=5%, (b) ɝ=10%, 

(c) ɝ=20%, (d) ɝ=30%. 

 

(a) 

 

(b) 
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(c) 

 

(d) 

Figure 6.33-3D surfaces of MNEstiff parameter for T=0,5sec for (a) ɝ=5%, (b) ɝ=10%, 

(c) ɝ=20%, (d) ɝ=30%. 

 

(a) 

 

(b) 
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(c) 

 

(d) 

Figure 6.34-3D surfaces of MNEstiff parameter for T=1,5sec for (a) ɝ=5%, (b) ɝ=10%, 

(c) ɝ=20%, (d) ɝ=30%. 

As far as the flexible side (Fig.6.29,Fig.6.30 and Fig.6.31), its magnification factor 

(MNE,flex) increases once e increases, and it increases in a faster way for low values of 

ɋɗ. Itôs important to notice that for torsionally-flexible structure this magnification 

factor reaches very high values, due to the fact that it has been seen that for these 

types of structures the maximum displacement of the center of mass of the eccentric 

system may differ from the one of the equivalent not eccentric one, thus the result of 

such this magnification factor is different from the results got for MCM,flex. It could be 

seen that for the same value of TL, the increasing of the damping ratio will lower the 

peak of the magnification factor for torsionally-flexible structures; however these 

plots show higher values than the ones previously obtained for MCM,flex. In addition, 

even the increase of TL for constant values of ɝ leads to the same lower of the peak for 

torsionally-flexible systems. Once we consider a high TL the peak became very low, 

however, for ɋɗå1 it is still noticeable; in these plots even values of MNE,flex<1 are 

collected because in those conditions B<0.  
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As far as the stiff side (Fig.6.32, Fig.6.33 and Fig.6.34), the magnification factor 

(MNE,stiff) usually decreases once e increases for torsionally-stiff structures (for which 

it is always lower than 1), while in torsionally-flexible structures the longitudinal 

displacement of the stiff side increases with respect to the one of the center of mass of 

the equivalent not eccentric system for small values of eccentricities, but, once e>0,5 

it decreases. This means that for small eccentricities we have that the longitudinal 

displacement of the stiff side increases with respect to the one of the center of mass of 

the equivalent not eccentric system, while for e>0,5 the maximum displacement of 

the corner of the stiff side of the system is lower than the one of the center of mass of 

the equivalent not eccentric system. In this situation once the damping ratio increases 

the range of ɋɗ where MNE,stiff increases for the first increasing of e, is reduced; 

however, this range increases for high values of period. 

 

6.5 Period shifting ŭ 

Parameter ŭ represents the so called period shifting, and it is defined as the ratio 

between the maximum longitudinal displacement of the center of mass of the 

eccentric system and the one of the not eccentric one.  
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Because of the previous parameters definitions it could also be seen as the ratio 

between the magnification factor MNE,stiff and the corresponding MCM,stiff or as the ratio 

between MNE,flex and the corresponding MCM,flex. From background results it is 

expected that such this parameter should be usually almost equal to 1, except for 
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torsionally-flexible systems, for which, for high values of e, the longitudinal 

displacement of the center of mass of the eccentric system may differ from the one of 

the equivalent not eccentric system.  

 

(a) 

 

(b) 

 

 

 

(c) 

 

 

 

(d) 

Figure 6.35-3D surfaces of ŭ parameter for T=0,3sec for (a) ɝ=5%, (b) ɝ=10%, (c) 

ɝ=20%, (d) ɝ=30%. 



 

126 

 

 

(a) 

 

(b) 

 

(c) 

 

(d) 

Figure 6.36-3D surfaces of ŭ parameter for T=0,5sec for (a) ɝ=5%, (b) ɝ=10%, (c) 

ɝ=20%, (d) ɝ=30%. 
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(a) 

 

(b) 

 

(c) 

 

(d) 

Figure 6.37-3D surfaces of ŭ parameter for T=1,5sec for (a) ɝ=5%, (b) ɝ=10%, (c) 

ɝ=20%, (d) ɝ=30%. 

It could be seen that for small values of longitudinal period (Fig.6.35) the behavior of 

the surface of the period shifting is exactly the expected one and the that, increasing 

the damping ratio ɕ, the peak of the period shifting decreases. Once the period 

increases (Fig.6.36 and Fig.6.37) the peak becomes smoother, but under these 

conditions it could be seen that even for torsionally-stiff structures a little period 

shifting effect can be observed for high values of e. 
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7. NON LINEAR SEISMIC 

RESPONSE FOR DIFFERENT 

FORCE REDUCTION FACTORS 

Before showing the results obtained from the performed Nonlinear analysis, it should 

be underlined that these were performed for different values of e, ɋᵻ, T and R, but 

with a constant ɝ=5%. The force reduction factor R is applied to the yield strength of 

the material, therefore in literature it is also called yield strength reduction factor. R is 

equal to 1 for linearly elastic systems and is greater than 1 for systems that deform 

into the inelastic range. For instance, R=2 implies that the yield strength of the 

system is the minimum strength required for the system to remain elastic divided by 

2.   

Therefore, the main objective of this second series of numerical simulations is to have 

a quantitative prediction of the effect of the force reduction factor on the response of 

one-way eccentric systems. Thus the following plots will show how the imposed 

level of ductility changes the rotational response of a certain structure.  

We have represented the main results of the Nonlinear Analysis we performed into 

several plots. In the following paragraph we will only analyze three main cases: 

¶ Case 1: Systems with little periods (T<0,5 T=0,3); 

¶ Case 2: Systems with T=0,5; 

¶ Case 3: Systems with high periods (T>0,5  T=1,5) 
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The whole results obtained from the Nonlinear Analysis reported in Appendixes from 

A.10 to A.14 refers to systematics analysis got for 13 values of eccentricity, 20 values 

of ɋᵻ, 4 values of force reduction factor R and 7 values of longitudinal period TL. 

[
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7.2 The maximum rotational response 

input earthquake
 conditions Dampedmax,

max

,

CMy

m

def

eqd
u

uq
ra =  

Like in the previous chapter the parameter Ŭ obtained by the numerical analysis of the 

problem are plotted together with Ŭu. Furthermore, for each longitudinal period TL, the 

cyan surface represents the behavior of Ŭ from the nonlinear analysis, the red surface 

the behavior of Ŭu. Then, For each period it could be useful to collect in the same plot 

the surface for Ŭu, for Ŭ got from the nonlinear one for different values of force 

reduction factor R. 
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Case 1: 

In the following graphs we can see the results that we put up, for a system with the 

same period TL=0,3sec, but with different values of force reduction factor 

(R=2,3,4,5). The red surface represents the corresponding values of Ŭu, in other words 

the value of the coefficient Ŭ under free vibrations in undamped conditions, got for a 

certain couple of e and ɋᵻ values from the closed form expression given by Equation 

(2.5), while the cyan ones are the curves got from the numerical non-linear analysis. 

 

(a) 

 

(b) 
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(c) 

 

(d) 

Figure 7.1-3D surfaces of Ŭ parameter for (a) T=0,3sec and R=2,b) T=0,3sec and 

R=3 ,(c) T=0,3sec and 3=4,(d) T=0,3sec and R=5. 

If we shift from low towards higher values of force reduction factor R (from Fig.7.1 

(a) towards Fig.7.1 (d)) we can observe that, the curve got from the numerical 

simulations tends to lower a lot. As expected, for a constant value of natural period, 

the increasing of the imposed force reduction factor leads to a decrease of the 

rotational response with respect to the longitudinal one; this effect is more effective 

for torsionally-stiff structures where the curve becomes flat and assumes values lower 

than 0,2. At the same time, increasing R, the maximum value of Ŭ decreases and so 

the peak of the curve does.  
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(a) 

 

(b) 

Figure 7.2-3D surfaces of Ŭ parameter for T=0,3sec and every R (a) , for ɋᵻ>1 (b). 

It could be useful to consider a plot where both Ŭu and Ŭ for different values of force 

reduction factor in order to have a better comprehension of what happens once the 

damping ratio is increased. From Fig.7.2 (a) we can easily see that once R increases 

the curve lowers as previously observed, and this fact is particularly noticeable once 

we consider ɋɗÓ1 (so torsionally-stiff structures) where we can observe that once R 

increases, the Ŭ curve lowers and becomes flat.   

In order to have a better qualitative evaluation of the behavior of such this coefficient 

Ŭ once e and ɋɗ change we could consider the following 2D plots for fixed values of 

e and ɋɗ. 
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(a) 

 

(b) 

 

(c) 

Figure 7.3-2D surfaces of Ŭ parameter for T=0,3sec for (a) e=0,0289 , (b) e=0,1155, 

(c) e=0,2887. 

Considering e=0,0289 (Fig.7.3(a)) we can see that the Ŭ coefficient usually decreases 

once ɋɗ increases, and this fact becomes more clear once the force reduction factor 

increases. From these plots we can see that for this value of e, Ŭu is an upper bound 

for 0,7ÒɋɗÒ1,7 for R=2 for 0,55ÒɋɗÒ2 for R=3, for 0,45ÒɋɗÒ2 for R=4 and for 

0,35ÒɋɗÒ2 for R=5. Thus once we increase the force reduction factor R the range 

where Ŭu is an upper bound increases as well; however, for small values of ɋɗ 
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(ɋɗÒ0,35) the Ŭu coefficient could not be considered an evaluation on the safe side of 

the coefficient Ŭ for a system subjected to a seismic input.  

If we analyze e=0,1155 (Fig.7.3(b)) it could be seen that for R=2 and R=3 and for 

very small values of ɋɗ the Ŭ parameter got from the numerical simulations is higher 

than one, that means that for this value of eccentricity, those systems which are very 

torsionally-flexible display a maximum rotational response that is even higher than 

the one of the translational one. However, once the force reduction factor R is 

increased the range of ɋɗ for which Ŭ>1 becomes smaller (for R=2 Ŭ>1 for ɋɗ<0,38 

while for R=3 Ŭ>1 for ɋɗ<0,18 but for R>3 Ŭ is always lower than 1). For this value 

of eccentricity and for torsionally-flexible systems we obtain higher values of Ŭ with 

respect to the ones got in the previous case, due to the fact that itôs reasonable that 

once the eccentricity increases, thus the rotational response of the system increases as 

well; in addition, as before, once ɋɗ increases Ŭ decreases and it decrease in a faster 

way for small values of force reduction factor. However, the Ŭu curve still has a peak 

for ɋɗ=1, thus it wonôt be an upper bound for Ŭ for every value of ɋɗ. . From these 

plots we can see that for this value of e, Ŭu is an upper bound for 0,6ÒɋɗÒ1,8 for R=2, 

for 0,45ÒɋɗÒ2  for R=3, for 0,3ÒɋɗÒ2 for R=4 and for 0,25ÒɋɗÒ2 for R=5. As before 

once we increase the force reduction factor R the range where Ŭu is an upper bound 

increases as well. 

For very high values of e, e=0,2887 (Fig.7.3(c)) the scenario of these plots changes. 

In this condition even Ŭu decreases once ɋɗ increases, and for each value of ɋɗ and R, 

Ŭu is always an upper bound for the one got from the numerical analysis.  
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(a) 

 

(b) 

 

(c) 

Figure 7.4-2D surfaces of Ŭ parameter for T=0,3sec for (a) ɋᵻ=0,3 , (b) ɋᵻ=1, (c) 

ɋᵻ=1,5. 

Then we can fix the values of ɋɗ in order to perform further observations. We have 

seen that there are values of e from which Ŭu becomes an upper bound; thus from 

these graphs we could be able to quantify these values of e for torsionally-flexible 

and torsionally-stiff structures. If we are dealing with ɋɗ=0,3, and so torsionally-

flexible structures (Fig.7.4(a)) we can see that both Ŭu and Ŭ increase once the 

eccentricity increases, but Ŭ displays a peak and values higher than 1 for a certain 
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range of eccentricity for R=2 and R=3; this peak decreases once the force reduction 

factor R increases (for R=2 Ŭ>1 for 0,1<e<0,24 while for R=3 Ŭ>1 for 

0,17<e<0,21). From these plots we can see that for this value of ɋɗ, Ŭu is an upper 

bound for e>0,23 for R=2, e>0,22 for R=3, e>0,1 for R=4 and for every value of e 

for R=5. The curve seems to remain the same, but it lowers once the force reduction 

factor increases.  

For ɋɗ=1 (Fig.7.4(b)) and ɋɗ=1,5 so torsionally-stiff structures (Fig.7.4(c))  Ŭu is 

always an upper bound. 

Case 2: 

The following plots represents the values of the parameter Ŭ for systems whose 

TL=0,5sec, together with the value got from the closed form evaluation in undamped 

conditions under free vibrations, for different values of force reduction factor 

(R=2,3,4,5). 

 

(a) 

 

(b) 
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(c) 

 

(d) 

Figure 7.5-3D surfaces of Ŭ parameter for (a) T=0,5sec and R=2,b) T=0,5sec and 

R=3 ,(c) T=0,5sec and 3=4,(d) T=0,5sec and R=5. 

As before we shift from low towards higher values of force reduction factor R (from 

Fig.7.5(a) towards Fig.7.5 (d)) we can observe that, the curve got from the numerical 

simulations tends to lower. As expected, for a constant value of natural period, the 

increasing of the force reduction factor leads to a decrease of the rotational response 

with respect to the longitudinal one; ; this effect is more effective for torsionally-stiff 

structures where the curve becomes flat and assumes values lower than 0,2. However, 

increasing the damping ratio, the maximum value of Ŭ decreases and so the peak of 

the curve does. 
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(a) 

 

(b) 

Figure 7.6-3D surfaces of Ŭ parameter for T=0,3sec and every R (a) , for ɋᵻ>1 (b). 

Also in this second case we can plot together all the Ŭ curves got from the numerical 

simulation (Fig.7.6(a)) and it could be seen that once ɝ increases such these curves 

lower and even become flat for ɋɗÓ1 (Fig.7.6 (b)) as expected.  

Like in the previous case it could be useful to focus on 2D plots for fixed values of e 

or ɋɗ.  

 

(a) 

 

(b) 






















































































































































































































































































































































































































































































































































































































































































































