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Abstract

In questo lavoro viene seguito lo schema di sicurazze asintotica per la gravita quan-
tistica. In tale approccio, e stata avanzata la possibilita che I'esistenza di un punto
fisso non-Gaussiano nell’ultravioletto, con un numero finito di direzioni attrattive,
ci permetta di considerare la teoria dei campi della relativita generale come un
approccio consistente per la gravita quantistica. In questo lavoro, viene portato
avanti un ansatz per ’azione effettiva mediata come funzione del solo scalare di
curvatura I'y ~ [ dz./gfr(R). Attraverso tale scelta vengono utilizzate le tecniche
del gruppo di rinormalizzazione funzionale per studiare il flusso della funzione fi(R);
in particolare vengono utilizzati tre approcci differenti per il calcolo delle tracce fun-
zionali nell’equazione di Wetterich’s: la tecnica Heat Kernel e la somma spettrale
sia attraverso una approssimazione asintotica sia utilizzando la formula di Eulero-
Maclaurin per le somme finite. Nei primi due casi viene utilizzato uno schema
di cutoff non-diagonale e vengono confermati risultati ottenuti gia in precedenza.
Invece, 'approssimazione di Eulero-Maclaurin permette di studiare il flusso della
fx(R) con un cutoff diagonale attraverso una equazione differenziale del secondo
ordine.






Abstract

In this thesis we follow the asymptotic safety program for quantum gravity. In this
program, it has been proposed that the existence of a non-Gaussian UV fixed point
with finite number of attractive directions for quantum Einstein’s theory allows us
to study the quantum field theory of general relativity as a self-consistent condidate
for quantum gravity. In this work, we make an ansatz for average effective action as
a function of scalar curvature only I'y ~ [ dz,/gf(R). With this choice we use the
functional renormalization group formalism to study the flow of function fi(R) and
use three different techniques to evaluate the functional traces in Wetterich’s equa-
tion: the Heat Kernel technique, the spectral sums with the asymptotic behaviour
approximation and with Euler-Maclaurin formula for finite sums. The first two
techniques, which exploit a non-diagonal cutoff scheme, confirms the results given
in previous works. Instead, Euler-Maclaurin approximation allows us to study the
flow equation with a diagonal cutoff which gives a second order differential equa-
tion on fi(R) instead of a third order one, which can be used for a future numerical
study.
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Introduction

In the last century, two important theories changed our concepts on the Universe. First,
quantum mechanics changes our point of view about microscopic world; on the other hand, the
General theory of Relativity modifies our concept of spacetime.

Starting from the principles of quantum mechanics and the special theory of relativity,
in the last 80 years, the quantum theory of fields has been developed and describes three of
the fondamental interactions with great agreement with experiments. Although this success,
quantum field theory, in the perturbative domain, can not be used to treat the quantum theory
of gravity, since the counterterms in the action cannot be absorbed into a redefinition of fields
or coupling constants; such a theory is said perturbatively non-renormalizable.

However, general relativity can be treated as an effective field theory, in the sense that
one can compute the quantum effects due to graviton loops as long as the momenta of the
particles in the loops are cut off at some scale. In this way it has been possible to calculate the
quantum corrections to the non-relativistic Newton’s potential [1]; but this is unrelated to the
UV behaviour of the theory.

Hence, for quantum field theory of general relativity the concept of perturbative renormal-
ization is not a powerfull method to predict the UV regime; so a non-perturbative approach is
necessary to understand whether this theory is a consistent canditate for the quantum gravity
problem.

Over the years, a series of different approaches propose a fondamental theory of quantum
gravity. We can devide them into two categories: the bottom-up and top-down approaches.
With the top-down approach, physicists try to replace the old theories with a new fondamental
theory and verify that the low energy effective theory coincide with previous ones; as examples,
for quantum gravity, physicists propose string theory, extradimensions and so on.

Contrary, the bottom-up approach has a different starting point. We know that quantum
field theory and general relativity work so well in their domain; hence, the basic idea is to unify
them starting from the principles of both theories. The asymptotic safety approach belongs
to the latter category. This theory starts from the quantum field theory version of general
relativity, considering the metric tensor g,, as fondamental degrees of freedom.

The main question about QFT of GR is whether this theory gives predictible quantities at
all energies.
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In fact, motivated by the analogy to the asymptotic freedom properties of non-Abelian
gauge theories, the term ”asymptotic safety” was suggested in [2] indicating that physical
quantities are ”safe” from divergencies as the cutoff is removed.

To quote from [2]: ”A theory is said to be asymptotically safe if the essential coupling
parameters approach a fixed point as the momentum scale of their renormalization point goes
to infinity”. Here, the ”essential” couplings are those which are useful for the absorption of
cutoff dependencies. If this criterion is valid for QFT of GR than the theory becomes predictive
at all energies. Hence, to answer to the main question about QFT of GR, a non-perturbative
approach is needed.

In the last 40 years, it has been shown that quantum field theory possesses an incredible
power not only in high energy sector but also in statistical mechanics, for example, it has been
used to understand critical phenomena and non-equilibrium conditions. This is due to Wilson’s
idea on Renormalization Group (RG), whose aim is to understand how physics changes when
the typical lenght scale varies.

Within the asymptotic safety program, the basic idea is to derive the behaviour of quantum
Einstein’s theory with renormalization group approach, which can give us the possibility to
study the running of the action functional when the momentum scale goes to infinity.

In fact, with renormalization group techniques we observe how the laws of physics change at
different lenght scale. Hence, with this formalism we can relate micro- and macro-physics of the
gravitational field. In particular, with the functional renomalization group approach, we can
introduce an effective action I'y, which depends on typical momentum scale k and which give
us all information about the system at lenght scale [ ~ % (in flat spacetime). This idea can be
implemented considering the high and low momentum field modes of quantum fluctuations in a
different way. In a path integral approach this corresponds to integrate only those fluctuation
modes with momentum p less than k. In particular, one can construct an effective action, and
study the flow towards of the so called average effective action.

As we shall see in the chapter 1, we can interpolate between the microscopic action Sp
(at high energies) and the full quantum effective action I' (at low energy) with all quantum
flactuations taking into account and construct a functional I'y, which contains all informations
about the physics at scale k. An important feature of this formalism is that we can determine
the flow from the bare action Sp (for k — +00) down to quantum action I'y_,o and observe,
directly, how physics can change when the scale k varies. This can be implemented with
Wetterich’s equation [3].

In chapter 2, we generalize the functional RG technique for the Einstein’s theory with the
background field method, first used in non-Abelian Yang-Mills theory [4]. We employ an ansatz
on average effective action T'y, ~ [ dz./gfr(R) as a function only on scalar curvature R, neglect-
ing more involved couplings such as RO‘B”"RQBPU or R R,,. Finally, following [5], we rederive
a third order differential equation on f;(R), which governs the flow of average effective action,
and we extend the flow equation including the anomalous dimension of the fields. Contrary to
[5], we use a different metric decomposition involving the Newton’s constant and introduce the
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anomalous dimensions contribution to the flow equation. We study the polynomial truncation
and verify that our results are compatible with that obtained in literature.

In chapter 3, we use a different mathematical technique, introduced in [6], and we obtain a
different differential equation for fx(R). Authors in [6] evaluate the functional traces, present
in Wetterich’s equation, with spectral sums technique. In this thesis, we extend Benedetti and
Caravelli’s equation in general spacetime dimensions, verifing that the approximation used is
still valid in d dimensions and including the anomalous dimensions contribution. We also study
the polynomial truncation up to order n = 5.

In chapter 4 we introduce an alternative method for the evaluation of functional traces,
given in a different, perhaps more physical, cutoff scheme. This cutoff choice is indipendent of

/(R), so that the resulting flow equation is of second order, instead of third order, as in the
previous works. The usual techniques for trace evaluation cannot be used in this context and
we propose to employ the Euler-Maclaurin approximation for the spectral sums.

We studied a polynomial truncation and found a non-Gaussian UV fixed point with the
same qualitative properties of that obtained with the previous flow equations, i.e. with a ”third
order” cutoff scheme and different trace approximation methods.
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Chapter 1

Functional Renormalization Group

1.1 Functionals Approach to Quantum Field Theory

In Quantum Field Theory all physical information, such as scattering amplitudes, is stored
in Green functions or correlation functions. In Euclidean quantum field theory for a scalar field
¢(z), described by the action S[¢], the n-point Green functions are defined by

(D(21)p(x2)..-Blan)) = N / D 1) b(2). . b(n)e=S19 (1.1)

where N is such that (1) = 1. We suppose that there exists a regularized definition of the
measure, in this case an ultraviolet cutoff A is imposed as a consequence of a spacetime lattice
discretization; so [ D¢ is replaced by [, D¢. One can define the functional

Z[J] = /Apgz)e—SWf ¢ (1.2)

where .J is an external source coupled with ¢ through [ J¢, which summarizes [ d%z.J(z)¢(x).
In terms of (1.2) the Green functions are obtained as

(n)
(@o0)0(e2)-0(0)) = 71 ( . J(;ﬂj}(%))]:o (19

for this reason Z[J] is called full Green functions generating functional. Equation (1.3) tells us
that Z[J] contains all physical information about our scalar field theory.

One can also introduce another functional
WIJ]| :=1nZ[J] (1.4)

which generates the connected Green functions or connected correlators, in analogous with Z[.J]

(n)
(6(1)6(w2)9())e = ( : J(i 1)'??5[‘;(]%)) (1.5)
J=0

1
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In most cases it is more convenient to do calculations with connected Green functions than with
reducible Green functions (1.1). A simple, but important, example is the 2-point connected
Green’s function, called non-perturbative propagator

G (1, 22) = (P(21)P(22))c = (P(71)P(72)) — (P(21))(D(22)) (1.6)

where the last relation can be obtained inserting (1.4) in (1.5) and consider n = 2.
Whitin the functional approach in quantum field theory, there is a more efficient way to
store the physical information, introducing the Legendre transform of W/[.J], one starts defining

oW1 6Z1J)

=57 Z[J] 5] =()s (1.7)

12

which means that new variable ¢ corresponds to the expectation value of the scalar field ¢ in
the presence of the source. Through the definition (1.7) one can finds explicitly the relation
J[p]. So the Legendre transform reads

riel = [ 7~ W[J])JM (18)

This is the quantum effective action for the scalar theory. Our definition of I' guarantees that
I itself is a convex functional (every Legendre transform does share this properties).
Taking the functional derivative of (1.8)

J="" (1.9)

and then setting to zero the source, one obtains

or

M =0 (1.10)
op

which is the quantum equation of motion. This equation governs the dynamics of the expecta-

tion value of the field taking into account its quantum fluctuations.

We can expand the effective action
o0 1 .
Tl = o /dxl...dxnf( N@1, oy ) (1) p() (1.11)
n=0

where the coefficients (™) are the n-point one particle irreducible (1PI) Green functions or
proper verteces.

A simple, but foundamental, example is the 2-point 1PI Green function I'®)(z1, z3) which
is also the inverse of nonperturbative propagator defined above in eq. (1.6), as the following

relations show @
dp(w1) §EWIJ] )
= = 1.12
Tlws) 07 @)0 ()~ © (w1, 2) (1.12)
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5J(.f2) (2)
—— =T""(x1,x 1.13
5(2) (71, 72) (1.13)
so we conclude that
/de@)(:c, AT(z,p) = 3w - y) (1.14)

which tells us that I'® is the inverse of the nonperturbative propagator.

Another way to define effective action, without introducing the Green’s functions generator
WJ] and the Legendre transform, is the following: we perform a substitution variable ¢ — ¢+
in the functional integral in (1.2) and then impose J = J[y]

_ olp
e — [ Doexs (=561 + [ 6 ) (1.15)
A 2
If one use the expansion (1.11) in the last equation, one could find a infinitly system of coupled
differential equations for the proper vertex known as Dyson-Schwinger equations.

The functional approach provides a perfectly defined non-perturbative method in quantum
field theory, although an exact determination of I'[¢] is found only for special and rare case.

1.2 Renormalization Group Flow

Consider a large momentum scale A and our scalar field theory described by the bare action
Sp[¢]. The Functional Renormalization Group (FRG) approach is based on Wilson’s idea to
start with such a classical action Sp (at momentum scale A) and then to integrate out all
flactuations successively from high to low momuntum scales. Once all flactuations are included
one may cover the full quantum theory described above. For a review see [4].

Referring to the effective action I', we fix a momentum scale parameter k and construct an
interpolating action I'y, the average effective action depending on the scale k, by imposing that
I'p ~ S as initial condition and I'y_,g = I'. To construct the flow of 'y, from S to I', we modify
the definition of generating funcionals (1.2) (1.4) by introducing an IR regulator as follows

WilJ] — ZyJ] = / D¢6—5[¢]—A5k[¢]+fj¢ (1.16)
A

It is convenient to choose

886 = 3 [ oo pRP)600) (117)
quadradic in the field ¢ so as to modify the mass term in the action. The regulator function
Ry (p?) must satisfy

lim Ry(p?) > 0 (1.18)

p2—0
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which implies that for p? < k2 the regulator behaves Ry (p?) ~ k2, so all modes with momentum
lower then k acquire an effective mass m ~ k. This additional term acts as a screen for the IR
modes and, as we shall see, modifies the full propagator of the theory. In the other regime

lim Ry(p*) =0 (1.19)

p2—00

all the UV above the scale k are unaffected by the cutoff. Moreover we see that

lim Ry, (p®) =0 (1.20)
k—0

which tells us that definition (1.16) for & — 0 gives the standard generating functional (1.2)
Zi—o[J] = Z[J], which implies (see below) I'y_o[p¢] = '[¢].
The last conditions we impose on the cutoff function Rj reads

lim  Ry(p*) = oo (1.21)

k2—A—o0

so that in the UV regime we have the condition I'y[¢] ~ S[¢] (see below). We now proceed to
the definition of average effective action introducing

ola) = e

= (¢(z))s (1.22)

which allows to extract the functional J = Ji[p]. The effective average action is then defined
by

riiel = ( [ 70 - wid) sl (1.23)

which is a modified Legendre transform (so 'y is not a convex functional).

Following the same argument of the previous section, we can find a relation between the
nonperturbative modified propagator G,(f) (x1,x2), defined as the second functional derivative
of the scale dependent functional Zx[¢], and the average effective action.

Adapting eqs (1.12-1.13), we find

/ 2P + Ry) (2, 2)GP (2 — y) = 8z — )

or in matrix notation
Tr? 4+ RHGD =1 (1.24)

which tells us that, in the presence of the IR cutoff, the inverse propagator contains explicitly
the cutoff function Ry, as expected. Note that in the limit & — 0 we have Ry — 0 and the
inverse propagator turns out to be the full quantum one I'(?).

From now on, the aim is to determine the interpolating itermadiate trajectory between the
two limits of the average effective action, constructing a differential equation which captures
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the flow from the classical to the quantum action. Introducing the renormalization group time
t

t = ln% 9y = ko (1.25)

taking the derivative of Wy[J]

d
AWlT) = ~57 7 | D6 [ et paRupo)e S e o

d
_ _% / (g;;datm (p)Gi(p) + O ASy[¢)

where Gi(p) = (¢p(—=p)o(p)) — (¢(—p)){(P(p))r is the modified connected propagator. Taking
the derivative with rispect to ¢ in (1.23), using (1.26) and considering that the functional Ji[¢]
depends explicitly on k, we obtain

oWy,

OiTx[p] = /soath[sﬁ] — (O W) [ Tkle]] — Waﬂk[@} — 0y ASk[¢]

d
_ ;/(;&&Rk(p)%(p)

using (1.24) we find the Wetterich [3] equation

BT [p] = % Tr [aﬂzk (F<2> (8] + Rk) _1]

. (1.27)

This equation governs the flow starting from the bare action S[¢] down to I'[¢].

The importance of this equation can be summarized into the following properties

e No approximation are made in the derivation of Wetterich’s equation, so one usually
refers to ( 1.27) as Exact Renormalization Group Equation (ERGE).

e Contrary to Polchinsky equation, the microscopic action Sj[¢] appears only as initial
condition at momuntum scale A.

e In this chapter we derived the Wetterich equation starting from the standard quantum
field theory viewed through Wilson’s eyes. Conversely, we can construct all properties of
quantum field theory starting from that equation, remembering that all physical infor-
mation are stored inside the effective average action, which can be obtained through the
limit k& — 0 of solution of (1.27), at least formally. In the next section we show that an
approximation scheme in this approach is required.
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e In equation (1.27) the cutoff function Ry appears explicitly. So the consequence flow
depends on the choice of the cutoff, which, fortunately (or not), in most cases can be
choosen arbitrary, up to eqs (1.17-1.18-1.19-1.21), so to simplify the resulting equation.
The function R introduces a scheme dependence, nevertheless the initial I'y ~ S and
final point T'y—g = T" of the flow are scheme independent thanks to relation (1.17-1.18-
1.19).

e The ERGE has been derived via the path integral technique, defining the relative measure
imposing the lattice regularization method, so the UV bare action has been considered.
Since physics is stored into the renormalized, rather than bare, action, if we correctly
know I';, given at a fixed momentum scale l;:, typically found measuring the coupling
costant at that energy scale, we can construct the relative flow, from k to a general scale
k, using ERGE and find new physics at different energy scale. From this flow we can
construct the limit & — oo and search if the correct limit is found. Note that typically
the bare action is not the fixed point action, it is just close to it. Starting from the fixed
point one cannot move from it.

Starting from (1.27) one can construct ”immediatly” the one-loop approximation for the
full quantum effective action. Let us expand the effective average action into A expansion,
yelding I'y, = S + hl“i_bOp + O(h?), so that to one-loop order F,(f) = S and the rhs of (1.27)
becomes a total derivative

_ 1
A 50 Trln (@ +Ry)
after integration between k = 0 and k = A we finds
1
pi-loor — g4 5 Trln S® + const.

which is the standard formula given in many QFT books.
It is interesting to observe that, taking derivative of Wetterich’s equation, one can obtain

)

the flow for any proper vertex Fgfn . For example one has for T?):

PR VI Y S ST ) U SO Y 1
e (00 + R 92 (10 + Ry) 220 (10 + Ry)

L s@Ar®  gR,
—=Tr
2 | p(x)de(y) 0P 4 Ry)

O 0%

where the three- and four-point verteces represent (5I‘,(€2) /8¢ and 6Ty, /§pdp, respectively. One

can have an infinite system of coupled equations.
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1.3 Need for truncation and projected theory-space

Wetterich’s equation has been derived in an exact way, unfortunately there are no example
in quantum field theory for which it can be resolved exatly. As we know, the average effective
action, as the full quantum one, must contain local and nonlocal terms which depend on
the mean field ¢ and only those which are allowed by the considered symmetry, for example
gauge transformations for Yang-Mills theory and diffeomorphisms invariance for gravity. The
difficulties arise since equation (1.27) is a highly complicated functional equation, so that
the space to which the solution I'y belongs is an infinite dimensional space of all functionals
of spacetime functions which is called theory-space. The usefullness of Wetterich’s equation
arise from the practicality when approximations are made. The appoximation which has been
choosen in this work is the method of operator truncation; the starting point is to make an

ansatz for the average effective action, for example

N
Tile) = D gn(k)Ou[e] (1.28)
n=1

in which O,[¢] are a finite set of local or non-local functional of its argument which may be
choosen to not depend on scale k, whose dependence is stored only in the coefficients g, . In
other words, we project the full theory-space in a N-dimensional space coordinatised by the
coefficients g, 1; so the resulting flow equation can be obtained inserting (1.28) into equation
(1.27). The resulting flow is governed by a system of coupled differential equation

N
OTk[e] = Bu(k)Onle] (1.29)
n=1

where (3, (k) = 0:gn(k) are the beta function associated with the coupling g,. Expressing also
the l.h.s. as a function of coupling g¢,, and introducing the dimensionless couplings g, (k) =
k% g, (k) in the spirit of renormalization group approach, one construct a new set of equations

kOkgi(k) = Fi(gn(k)) (1.30)

whose solutions describe the flow for the coupling g;, and so for the truncated average effective
action (1.28). Equations (1.30) define a vector field F, with component F;, on the truncated
N-dimensional theory space. Solution of equations (1.30) appears in the theory space as the
integral curve of vector field F. As we shall see below, the aim, in this work, is not only to
resolve completly equations (1.30), but to find a fixed point (see below for the definition) for
the vector field F.

Other choices for the average effective action exist, for example we can truncate into a (still)
infinite theory space making the ansatz

Tilel = Onklel (1.31)
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where O, 1[¢] is a (choosen) set of functional of mean field . With this choice, contrary to
ansatz (1.28), the operator O depends explicitly on momuntum scale k. Inserting (1.31) into
Wetterich equation, one obtains other functional equations for the operators O;; which, we
hope, are more simple than the starting flow equation.

1.4 Asymptotic safety

In standard perturbative quantum field theory, the Green’s functions, defined in the first
section, give infinities, as it is well known. The theory is said to be perturbative renormalizable
if this kind of infinities can be eliminated in any physical obrservable with fields’ or coupling
constants’ redefinition order by order in perturbation theory. The renormalizable theories give
finite predictive physical quantities as expansion of coupling constants.

The problem of quantum field theory of gravity, as we shall see, is the non renormaliz-
ability in the perturbative domain. This conclusion may show us that standard methods in
QFT are not consistent in the quantization of general relativity, leading to the expectation
of new physics at small lenght scale near the Planck lenght. Before proposing this idea, the
extension for renormalizability in the non perturbative regime may be considered; as we shall
see, asymptotically safe theories replace the perturbatively renormalizable theories in QFT.

The concept of asymptotic safety was introduced for the first time by Nobel laureate Steven
Weinberg [7] (for a review see [8]). For a practical introduction consider the scalar field theory
analized in previous sections and collect the coupling running constant into the expression

Lr(p,9:) = Zgi(k‘)oz'(@) (1.32)

The dependence of 'y on k is given by

Ok, gi) = Zﬁz’(k)oi(@)

The two last relations seem identical to relations (1.28-1.29), but in this section we do not
consider any truncation, in relation (1.32) the full average effective action is consider.

The beta functions f3;(k) determine how the coupling running constants depend with the
momentum scale. From dimensional analysis (see [8]) one can find that the beta functions for
dimensionless couplings §; = g;k~% (d; is the canonical dimension of g;) are

Bi(3) = 0 = ai(g;) — i
where
ai(g;) = k™" B(k"gj; k)
Since a;(g;) is dimensionless, it does not depend on k (remember that 5 functions are indipen-
dent of A). So B; depend on k only via the g;(k).
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The difference between the two effective actions I'y and I'y_s is given by a functional inte-
gral over the field modes between k and k — dk; this functional integral do not give divergences
and the beta functions are automatically finite at momentum scale k — dk. So if one knows
the coupling constants at a scale k, the flow equation can be integrated and gives the finite
running coupling at all energy scale. If the couplings g; can be measured at the scale kg, so one
can construct the total RG trajectory in theory space and take the limit in either direction.
The limit k£ — 0 gives the full quantum effective action from which one obtains all quantum
physical information, the other limit £ — co give the UV properties of the theory.

If the trajectory can not be integrated beyond a momentum scale A and the limit & — oo
makes no sense. The QFT is said non-perturbative non-rinormalizable and the theory, valid
only for scales k < A, is called effective field theory. Over the scale A some new physics is
expected to appear.

When the limit £ — oo makes sense, the dimensionless coupling g;(k) tend to finite values
g* and the physical dimensionless quantities remain finite for all momentum scale. In fact,
cross-section and decay rates can by expressed as functions of only dimensionless quantities,
for example the cross-section ¢ = k~25, where the dimensionless cross-section & depends only
on dimensionless kinematical variables and dimensionless couplings. So if the limit & — oo
gives finite couplings, the cross-section remains finite to all momentum scale. The correct limit
can be reached if a fixed point (FP) for beta functions exists, i.e. by definition 3;(§*) = 0.

Before giving a correct definition for ”asymptotic safety”, we must distinguish between
relevant and irrelevant couplings. Let us define the UV critical surface, associated to our fixed
point to be the set of points in theory space which is attracted towards the FP in the UV limit.
We can compute the tangent space, at the FP, and obtain the flow in the vicinity of the fixed
point through the linearization of flow equation

Ogi(k) = M;;(g;(k) — g;7) (1.33)
with _
Mij = %
0j g

Making a linear transformation z; = U;;(g;(k) — g;) we can diagonalize the system (1.33)

@z AiZi

dt

where the (complex) \; are the eigenvalues of M. The last equation can be integrated immediatly
and the solutions are z;(t) = e’z (0). The solutions with ®\; < 0 converge towards the fixed
point and the relative coupling z; is said relevant coupling. The couplings with A; > 0 is
called irrelevant since the relative trajectory z;(t) does not converge into the fixed point. Last,
for £\; = 0 no informations can be obtained with linearized analysis.

Since the dimension of the UV critical surface and of its tangent space is the same, then
the dimensionality of UV critical surface is determined by the number of eigenvalues of M with
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negative real part. We expect that the measured dimensionless couplings lie in the UV critical
surface, the physical sarface of theory space.

In fact, if the critical surface is (finite) n-dimensional, so the quantum theory is completly
determined by the measurament of n couplings, which determine the other irrelevant couplings
(if they exist). In the case of infinite dimensional critical surface, the theory can not be
predictive.

From the last argument we can give the condition for a quantum field theory to be well
behaved in the UV regime: the Functional RG trajectory in theory space must possess an UV
fized point and the relative UV critical surface must have a finite number of relevant directions.
Such a theory is called asymptotically safe, so it is non-perturvative rinormalizable (free of
divergences) and predictive. A simple example is represented by the non-Abelian gauge theory
with su(N) Lie algebra; this theories have an UV Gaussian FP (fixed point with gj.,, = 0)
and are asymptotically free, in the sense that the coupling gy s tends to zero when the energy
grow up, as it is known thanks to the standard perturbative methods of QFT.

In the next section we analize the "more complicated” case of quantum field theory of
gravity.

1.5 Quantum field theory of General Relativity

With the success of perturbative renormalizability and relative application in the particle
physics for gauge theory, many theoretical physicists try to apply the standard methods of
quantum field theory using the dimensional regularization[9], successful for Yang-Mills theory.

In paper [10], the authors used the standard perturbative technique for pure gravity, in this
case the counterterms at one loop level reads

Coon 1 1 7 V
Etlj.t.l = E\/g <120R2 + %R/J,Z/RM > (134)

but if we consider the equations of motion, the On-shell condition in pure gravity imposes
R, =0 R=0 (1.35)

so that the counterterm (1.34) vanishes.

The two loop contribution to counterterms was calculated for the first time in [11], in which
it was observed that not all the counterterms vanish for the On-shell condition (1.35). The non
zero contribution gives

209 1
[27loop VI 2 opaB puv ppo 1.36
ct. 2880(47)2 € VIR B o B (13

No terms in Einstein-Hilbert Lagrangian can be redefined to inglobe this counterterm.
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The case of gravity coupled to matter was analized also in [10], in which they consider
only a scalar field. The one loop counterterms give (taking into account the relative On-shell
conditions)

el = 20 R

We conclude that, in pure gravity non rinormalizable (in perturbative sense) counterterms
appear at two loop level, while in gravity coupled to matter at one loop.

This conclusion allows us to exclude the perturbative treatment of the quantum field theory
of General Relativity and lead us to take into account a full non-perturvative quantum theory
of gravitation.

Althogh this discouraging results in perturbative gravity, in the original paper [7] was
sugested that the quantum field theory of gravity can make sense in the non perturbative
domain. In fact, for the first time in this paper Nobel laureate Steven Weinberg introduced the
concept for an asymptotically safe field theory, which we discussed in the previous section.
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Chapter 2

Renormalization Group Flow for
Quatum Gravity

2.1 Construction of Functional RG for gravity

In order to extend the formalism of Functional Renormalization Group (FRG), applied in
previous chapter for a scalar theory, two aspects have necessary to be point out. First, the
full quantum metric v, must be decomposed into a general background metric g,, plus the
quantum fluctuations (not necessarily small) h,,, because we want to use the background field
method and keep the gauge invariance on it !

Yuv = guy + hul/ (21)

Second, in quantum field theory of gravity we must take into account a special local sym-
metry, the general coordinates transformations, or diffeomorfisms invariance. Consider an
infinitesimal coordinates transformation z'#(x) = z* — e(z), we know that the definition of

local variation for the metric tensor is
Y = V() = YV (2) (2.2)
and from the general coordinates transformation v, (z") = v () + due, + dyey, we find
Vv = LV = Vyew + Viey (2.3)

which links the local variation for the metric tensor and the Lie derivative associated to the
vector €"0),. Following the trick by Faddeev and Popov, the (correct) definition of the functional
generator of correlation functions reads

Zy|sources] = /DthDEexp{ — Seuly] — Sq¢lh; g) — Sgulé, ¢; g 24

— AkS[h, c, C; gﬂ - Ssources}

'For the construction of functional RG in gravity we follow Reuter [12]

13
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where Sgp is the usual Einstein-Hilbert action we start with

Seubl = 15 [ avAA - B) (2.5)

Using the Faddeev and Popov method to quantize a dynamical system with a local symmetry,
the gauge fixing Sgr and ghost Sy, actions appears in definition of (2.4). The gauge fixing
action reads

Suslhig = oo [ dlavaFalhiglFalhiglg*” (26)

which implements the conditions F[h; g] = 0. Together with the gauge fixing term, one adds
the ghost action, with Grassmann valued fields ¢# and ¢

oFH
Swle.cig) = [ dlavieSs | @ (2.7)
def |
the sources term
Seoureeslt 0,55 7] = / E2 G [ by + 5Py + T (2.8)
and the cutoff dependent term
1
ASlh, e, ¢ = 5 / A2/l R (91 hap - / dla/ge, Ry )" e (2.9)
The most common choice for the gauge fixing condition is
_ 1+ P =
F,= (Vphpu - dvu) (2.10)

where the parameter p is gauge parameter as a. For p = d/2—1 in flat spacetime the condition
F% = 0 reduces to the standard harmonic gauge condition 0*h,, = %&,h. The corresponding
ghost action will be calculated later.

The next step is to define the functional generator for connected Green function as in the
previous chapter

exp (-Wilt.o.0)) = [ DhDeDeexp { = Spuly] - Sylhig) - Sy cig -

— AkS[h, C, C; 57] + Ssources [t, 0,0; g]}

Given the functional W we introduce the classical fields
= 16w ~ 1 oW 1 oW
m /g ot /g dor /g donr

where with Grassmann variables the left derivative is understood.

So, the average effective action for quantum gravity is defined by

L[k, C,C;g] = Wi[t, 0,53 9] — / da\/g [t" hy + 6" Cy + Coy,] — ASK[R, C,C;g]  (2.12)
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Using the same algebra of chapter 1, one can construct the equation which governs the flow for
the average effective action

-1

- 1 -1
OLk[h, C.C) = 5 Tx [(r,ﬁ?’ + Rk) (8ﬂ€k)hh} —Tr [(r}f) + Rk)éc ((?t’Rk)CC} (2.13)

hh
or
_ _ - 1 (2) _1 B 1 // \\
OTk[h, €, C] = 5 STr (rk n Rk> (ORy)| = 5 ) , (2.14)
\ /

where we have introduced the short-hand notation

(F(22_>MVPU _ L ) L 6

k;hh VG Ohuw /G 6hpe
<p<2>_ )“” _ 1 6 14
k.CC Vg 6C,L+\/36C,

and in diagrammatic rapresentation (2.14) the double wiggy line refers to graviton nonpertur-

bative propagator and the dashed line to ghosts propagator. In equation (2.13), the ghosts
trace part appears with a minus sign, which has a physical meaning. Ghost and anti-ghost
fields appear in the definition of Z[sources], together with gauge fixing term, with the aim of
cancelling the redundant functional integration over the non physical gauge orbits. As we shall
see below, thanks to the minus sign which appears in ghosts part of Wetterich’s equation, the
non physical ghosts degrees of freedom cancel almost exactly with the non physical degrees of
freedom in graviton decomposition.
If we consider the average effective action as a functional of g and g instead of h, we can
define
Tkl9,5.C,C] =Tylh =g —3,C,C;g] (2.15)

Since the cutoff Ry is constructed by giving us the full quantum effective action in the limit
k—0
['[h,g] = lim T[h,C = 0,C = 0; g] (2.16)
k—0

This quantum action is the generator of 1PI Off-shell Green functions, which depends on the
background metric g,,,. But the full quantum effective action which generates physical On-shell
Green functions is not (2.16), instead of it it is obtained from taking the limit £ — 0 of (2.15)
and imposing h = 0, and the result is diffeomorfisms invariant

[[g] = lim kg, =¢,C =0,C =0] = lim T4 [h =0, =0,C = 0,7 = g] (2.17)
k—0 k—0

This definition for full quantum action is background indipendent and diffeomorfism invariant.
The quantum equation for General Relativity reads [13]

oTlg]
S0 =" (2.18)
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The average effective action satisfies an integro differential equation, as in the scalar case

exp {frk[ﬁ,é, C;g]} = /DthDcexp{ — Sen — Sgf — Sgh — /dd$ [(hw, — I_le)(;s}ii
+ (6, — C“H)ggi + ggi(c“ - Cu)] — ASg[h—h,e—C,c— C;g]}
(2.19)
In the limit k& — +oo the leading term into the exponential is
exp {—AS} ~ §[h — h]é[c — C)d[e — C] (2.20)
so the functional integral became trivial and one finds
Thsioolhs O, C 9] = Spn(g + B] + Sys[h; g + Sgulh, C, C; 9] (2.21)

but the behaviour for On-shell 1PI Green functions generator (2.15) under the limit & — 400
is

Dioo = SEH (2.22)

2.2 Tranverse-traceless decomposition

In the contruction of a FRG equation for gravity, the inverse nonperturbative propagator
r® +7R . may depends on complicated composition of covariant derivatives, both in gravity and
in ghost components. Transverse traceless decomposition, as we shall see, partially diagonalizes
the argument of functional trace in FRGE; with this choice r® depends only on Laplacian
operator A = —g,, V#V", hence the funcional trace can be approximated with Heat Kernel
techniques. The (type-1) Transverse-Traceless (TT) decomposition for gravity fluctuations
(used in [5, 14]) is defined by

_ _ I 1. = 1
hyw =hl, + V& + Vil + VYo — gng% + ~Guh (2.23)
with the constraints

g"hl, =0 VFRL,=0 VM, =0 (2.24)

For ghost fields
Cu=c,+Vue Cu=¢,+V,e (2.25)

with conditions
Vil =0 Vre, =0 (2.26)

The presence of covariant derivatives in this decomposition gives two consequences. First,
since (2.23) and (2.25) is a substitution in the functional integral (2.11), non trivial Jacobians
appears when we pass from Dh to DhT DEDoDh and the same for the ghost secto. Secondly,
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not all modes of the component fields contribute to the metric fluctuations and ghost fields.
In (2.23), if &, is a Killing vector it does not contribute the modes of h,,; the same for the
constant mode of o and the vector C, = V0 which satisfies the conformal Killing equation

_ _ 9 _
ViCy + Y0y = 25 VaC® = 0 (2.27)

These non-physical modes must be excluded in the computation of the functional trace in
FRG equation. A deteiled analysis can be made if one chooses a d-dimensional sphere S? as a
background, which admits d(d+ 1)/2 Killing vectors, none of which do contribute to tensor A,
as explained. All and only Killing vectors are eigenvectors of A = — g,wwv” corresponding to
the degenerate eigenvalue R/4, as the C.1 shows. For the scalar field o, there exist (d+2) modes
which do not contribute to metric fluctuations, the first corresponds to the constant mode, the
only eigenvector with null eigenvalue, as expected. The remaining (d+ 1) modes correspond to
the (d+1)-degenerate eigenvalue R/3; this scalars are proportional to the Cartesian coordinates
of R™1, the embedding for S¢.

The computation of the Jacobians for the decomposition (2.23) starts from the inner product
for the metric tensor

(h,h) = / d%/Ghyu GG hap

= / dz\/g[hl, hT — 28, (V2g"™ + R™) &, (2.28)
d—1

4GB0 + o[ TN (TR + VR, 4 )

which is orthogonal up to the mixing £ — o terms. For the ghost fields the scalar product reads
(€,0) = / /GO, CF = / /G [CTCT — 692 (2.29)

Note that the mixing { — o terms vanishes when we fix a maximally symmetric spacetime
(R = £g,,) as a background.
With relations (2.28) and (2.29) we can compute the Jacobians considering

/ Dh,,, exp [—;(h, h)} -

(2.30)
Jyr / DhTDEDoDh exp [—; / d’z\/g <h§VhTW + %hQ + [, o] M) [f,,,a]T>]

where M ") is a (d + 1) x (d + 1)-matrix whose first d columns act on vector field £ and the
last columns acts on the o field. The matrix M) reads

L 2 [ger s B _ovRyn
M) ( [ e ] AL ) (2.31)
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The h'-dependent and h-dependent parts in (2.30) can be absorbed into the normalization of
the measure, so that the Jacobians reads

Jgr = (Det [MWV)])I/ ‘= (Det Jgr>1/2 (2.32)

where the prime in functional determinant remembers us to exclude the non-physical modes in
the spectrum of eigenvalue. For the ghost fields we find

/DC“DC” exp [—(C,C)] =

(2.33)
Jgh/DCTDC_'TDchexp [/ddx\/g (C_'gCT“ - C@QC)]
so we can extract the Jacobians for the ghost sector
A |
Jgn = (Det’ [=92)) " = (Det’ Jn) (2.34)

There exist other choices for the decomposition for the gravity fluctuations. We recall what
is used in [6], which modifies the previous decomposition (2.23) into

_ _ o 1 _
huw = hl, + Vs + Vil + Vu Vo + SGuh (2.35)

with the constraints
g"hl, =0 VFRL, =0 V=0 (2.36)

The new variable h is related to the previous h by relation h = h — V2¢. Following the same
argument for previous variables one can construct the Jacobians of transformation (2.35). First
the scalar product

(h,h) = b, BTH = 2¢, (V?g" + VIVY) & + oV, V? Vo
1- P 2 -
+ =h? —4¢,V*Vio + ZoV2h
d d
with a maximally symmetric background spacetime we have

(h,h) = b, hTH —2¢, (?2 + ]j) g* + (o, h) [T(V?)] (0, h)"

| )
So we can calculate the Jacobians for gravity decomposition (2.35)

_ R -1 . -1
Jyrp1 = <Det’ [—2 <v2 + d)]) = (Dot Jyn ) (2.37)

with the scalar-scalar matrix

=2 , R\ o2
T(VQ) — < (v ;@dg)v

Q-
al=
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for spin-one field ¢ and

d—1 [ R\ o]\ . -1
Jgr.BO = (Det’ |: 7 (VQ + d—l) VQD = (Det’ Jgh,BO) (2.38)

for scalar part. Let us discuss how to treat this Jacobians for the FRG equation; there exist

two methods. By the first method we can add addictional trace to FRG equation, as it is done
in equation (2.65), with the same excluded modes of the original field. To explain the second
method consider for example the Jacobians

J = (Det [-92])"/?

we can use the trick of Faddeev and Popov and exponentiate into the definition of Zj[sources]
introducing a scalar 7 and a complex Grassmann-valued ¢ ¢ field and using the formula

(Det [-V2])"? = (Det [-V2]) * (Det [-V2]) =
Joumecen - [ o (G- +i-v2c) |

So we will introduce the field 7, ¢, ¢ into the FRG equation as the standard fields.

2.3 fi(R) trunctation ansatz

The aim of the equation (2.13) is to describe the flow from the action Sgpy at a large
momuntum scale down to the full quantum effective action I'y—g. First, from now on, we use
an alternative metric decomposition, different from previous sections

Juv = Guv + "‘fk;h;w (2.39)

with we add xp which governs the vertex expansion. In fact, with this choice, the n-th proper
vertex is proportional to (k)" 2. One impose x, = 1, which imply that (2.39) becomes
the standard metric decomposition followed in most papers on asymptotically safety quantum
gravity. Another choice may be the following, ki = /167Gy, first used in [15]. From now, we
consider the latter choice. For reasons explained above, we are forced to make an ansatz for
the average effective action; in this thesis we choose the following projection for I'y

Lk, C,C,b;g] = % /ddfﬂx/ﬁfk(R) + Thg.s. + Thghc + Thgns (2.40)
k
As explained below, we have four fields in the argument of our effective action; first the quantum
flactuation h,, for metric degrees of freedom, the standard ghost and antighost Grassmann-
valued fields and an addictional (commuting) ”third ghost” field b,. Since we want to study
the anomalous dimensions that these fields can acquire in the vicinity of fixed point, in the
spirit of renormalization group we redefine fields flactuations according to

haw = Zihih  Cu— 220, Cu— 220, by~ 270, (2.41)
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and define anomalous dimensions through the usual formulae

. atZk:,a

= =h.c.b 2.42
Tla Zk,a a »Cy ( )

Now, we explicite each contribution in ansatz (3.1). First, the gauge fixing condition reads
(after fields redefinition)

Z
Duglhig) = 5% [ da VG, gl hig) (2.43)

with 14
— LV, (2.44)

GM = (a+ V3G

Fulh; g = ?phpu -

An addition term, proportional to SV?, is added if one would consider higher derivative
gravity[16]. If one consider a classical action proportional to high power of scalar curvature, the
resulting equations of motion usually contains high derivative term. To be more specific, if we
choose the bare action Spgre = [ dd\/ﬁ f(R), the corresponding equations of motion depends
on four derivative of metric tensor. So it is natural to assume that also the gauge fixing term
contains four covariant derivatives. We continue with a general exposition taking «, 8 # 0
before to make a gauge choice in the trace evaluation.

If the bare action contains R? (through derivative) terms and not only I'y, one may be wor-
ried of ghost instabilities in the graviton propagator. It has been shown that this bad behaviour
can be eliminated in maximally symmetric backgrounds by a suitable field redefinition.

The ghosts action follows from the gauge condition through the exponentiation of Faddeev-
Popov functional determinant. With the choice (2.44), an addition ghost action is required
[16], generally called third ghost term; so the total ghosts action becomes

Trgh = Tkgh—ec + Trgnb

where I'y, g, is the standard ghosts action obtained from the exponentiation of Faddeev-Popov

determinant
O0F,

oeP

o (2.45)

Fk,gh—c[hu C_', (OF g] = Zk,c / ddx\/ﬁéuGW
e=0

where e/ corresponds to infinitesimal general coordinates transformation z/# = z# — . While
the additional third ghost reads

Z _
Cegnoaliigl = 5 [ dlogbu(a+ 5920 (2.46)

where the field b,,, contrary to standard ghosts, is a commuting Lorentz vector field. Note that
if we consider the gauge choice 8 = 0 the third ghost contribution (2.46) can be absorbed by
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the functional measure, as expected. Let us calculate explicitly the contribution (2.45) for the
standard ghosts starting from the infinitesimal gauge transformation

SF, = VP8h,, — #?ﬁh

recalling that kidh,, = Lcgu = Ve, + Ve, and kidh = 2G4V e, we get

dF*[h; g]
o€

i — o A= 200+p) =
= gupgm\v)\(gpuva + gauvp) - (dp)gpog;mv)\ngp

which gives the ghosts action

Fk,gh—c[éa C; §] = Zk,c/ddl’\/ﬁcu(a + ﬁv2) [gupgm\?)\(gpuvcr + gavvp)

2(1 + —po — v v
_ (dp)gp gukv)\ngp C

(2.47)

According to FRG equation, only after the second variation we can put g = g inside the bracket
and consequently calculations simplify. Since the second variation for (2.47) is trivial we can
put from now g = g and obtain

—2_9p_ _
ddpv“vy} C,  (2.48)

Pigh—c[C,C;9) = Zie / dGCu(a + BV?) [§V? + R +
Only in higher order variations the dependence on the metric fluctuations would play a role.
Remember that action (2.47) contains at least three and four point interactions between ghost
and graviton field.

After imposing the ansatz (2.40), we proceed in construction of Wetterich’s equation for
gravity (2.13). The steps for calculation can be summarized in 3 points: 1. calculation of
second variation for ansatz (3.1) and corresponding I‘l(f) 2. cutoff scheme and gauge choice in
order to make important simplification for next step 3. calculation of trace with Heat Kernel
technique, used in [5, 14] or with ”sum of eigenvalue” approximation method [6]. Clearly, in
both cases, the FRG equation reduces to a nonlinear partial differential equation for function
Ji(R).

Let us start with the first step, providing the calculation of second variation for our ansatz.
Taking the second variation of [ ddm\/g fr(R)

0 [ atavanr) = [t [1(/5) A(R) + FiR25 (V5) 0R

+(R)y/g8® R+ \/afi(R) (6R)* ]

(2.49)

with the tensor variations, given in Appendix A, and taking into account (2.39) and redefinition
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(4.2) we obtain

5@ / d%e\/gfr(R) = Zn / ddx\/g[ /(R) (RaﬂhagR“”hW — 2R h,,, VoV 3h?

+ 2R By, V2 VIV VO i — 20V gV b o+ B(V?)%h)
2.50)

1 1 (

+ Ji(R) (= R hyuh SHVh+ Shy V2 4 1 hos )

1 1
+ by R hpg — NN Py, + hV“V”hW) + fr(R) (ZhQ — 2hw,h“”)]

Ouly after the second variation (2.50) we impose g = g with a maximally symmetric back-
ground metric. From now on we eliminate the "bar” in metric and curvature tensors which
refers to background; all geometric quantity refers to the d-dimensional sphere.

We use the transverse traceless decomposition (2.23) to diagonalize the second variation
of T'y. Also, this decomposition allows us to distinguish between the physical and non phys-
ical components in the quantum fluctuations h,,. The explicitly calculation can be found in

Appendix B
Z 2(d — 2 "
Lprnr, = ;’h [f;é(R) <V2 + dEd — 1§R) ~ fk(R)] grv-op (2.51)
where §#8 = %(g#agVB i guﬁgva)_
R R\ 2R
0, = 2 (V24 5) [+ o9 (v ) - B+ ] o 2

The scalar part gives

d— 4(d = 1) 1" R 2 d— , R
=2 [ o (T ) e (v )
(2.53)
o°R , 2 "
=~ fe(B) + fk(R)] - % [a -8 <_v2 _ dﬂ v2
(2.54)

) A

1) =z [P e (v ) - v+ 2 - a)

d—1

RECES) (_VQ _ di) <a e <—v2 - 5)) }VQ (V2 * di>

(2.55)
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At the begining of section we computed the total ghosts action, which contains two terms, first

the standard (anti-commuting) vector-ghost term

oF,

deP ¢

Fk,gh—c = Zk,c/ddx\/‘aC_'MG‘uy

i i-2-2p (2.56)
= / d%z+/GC, (o + BV?) (g’“’V2 + RM + dv“vy) C,

and the (commuting) vector third ghost
1
Lhgh—b = Zkpg /ddl‘\/ﬁbu(a + BV

As for metric fluctuations, we introduce a decomposition into transverse (CT, bT) and lon-
gitudinal (¢, b) ghosts fields

Cu=¢,+Vue Cu=c,+Vue by=b, +Vub
with the constraints
w T w T _ pwpT
Ve, =0 Ve, =0 V#, =0
According to this choice, the resulting variations give

I . = Z(a + BV?) <v2 + R) 9"

=T .T
Culy d

(2 _ _ 2(d—1—p) 2 E 2 1 2
Iy = Zk,cid a+ 5|V —i—d \Y% +7d—1—pR \Y%

Ty = Zsla+ BV?)g"

bIbT

Fz(j) = —Zkp (Oé + (VQ + 5)) %

2.4 Cutoff scheme and gauge choice

The functional RG equation (2.13) requires the choice of a Cutoff function Ry which,
according to Wilson’s idea analized in the first chapter, must be fixed in such a manner that
relations (1.17-1.18-1.19) are safisfied. In the case of gravity, the cutoff Ry, is a matrix-valued
function as T'®. We choose the cutoff function in such a way that the calculation of the

-1
nonperturbative propagator (I‘,(f) + 'Rk) becomes simple. We make the following choice

'Y (=V?) + R (=V?) = TP (B(-V?)) (2.57)

where Py, (—V?) = —V?2+r,(—V?) and ri(2) is the single-valued function which must obeys to
relations (1.17), (1.18) and (1.19).



24 2. Renormalization Group Flow for Quatum Gravity

Following [5] we choose the gauge p = 0 and proceed in parallel with two different choices
for parameters « and . In one case we have o — +o00 and 3 = 0, called a—gauge, in the other
case we impose 8 — oo and «a = 0, called S—gauge.

Given the matrix elements of l"](f), obtained in the previous section, and using (2.57), we
find for the tensorial part of cutoff function (from now on d = 4 and A = —V?)

1 1
Ri(B) g, i, = ~Zeng Fe(R) (P(B) = A) 58 = 73, = FL(R)r(A)670 (2.58)
for the vector part in the a—gauge and S—gauge rispectively

(-2~ (o)

a— 00

Ri(A)e,e, = Zppo g (2.59)

R, 2 208 | (B - 1) B - (- B) o e
for the scalar part
Ri(B)ns "2 Mt | (i) - ﬁf) P(a) - (a- ];f) (a) (2.61)
Ri(A)oo = 9fg’hﬁ <Pk(A) - f) <Pk(A) — ?)2 Pi(A)
2.62
(s 2) (-2 N
Ra(Bna =222 1) | () - ?)2 - (- ?)2 s
Bt 1 (R) (P(2) — )
R =260 g | (P~ ) mucay - (a - 2) o
+ 3?2%;(3) [(Pk(A) - ]§> Py(A) — (A - ?) A}

and similarly for ghosts contributions.

Taking into account the transverse traceless decomposition and relative Jacobians, the
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resulting Wetterich’s equation (2.13) becomes

atrk :5 TI'(Q) (2) : 5 TI‘(I) 7(2; 313
FhT,hT + RhTJZT F&é + 'R{’é

| ) 2P\ [ R AR
+ =Tr nn (Dr) ?03( ) t/Chh  Ot/Cho

2 F(2IZ (Pk) Ise (Pk) alf,R’Uh 8t,R/cm'
OiRer v . ORe.
— T‘I‘(l) (2) 2 — Tr (0) (2)157’
FET cT + RET,CT Fé,c + RE,C (2 65)
1 O¢Ryr 1 1 , R :
+ 3 Tr @ b 3 Tr’ (2)t bb
FbT,bT + RbTJ)T Fb,b —+ Rb,b
L TI', atRjV 1 5 8t7?’J
) -5 0
2 Jv+Rjy 2 JS + RJ
OR ; 1 A
+ Tr’ gy Ati‘]c 3 Tr’(o) Z OcRnn(A)
Je TR, Jb+R Ty S T (\) + Rin(A)

We use the same notation appearing in [5], in which the n-prime in the trace operator means
that in the calculation we must exclude first n» mode, for example with n = 2

Tr? W(A) = Tr W(A) — W(Aizo) — W(Aim1) (2.66)

As explained in previous section, in the trace for vector field £ we explude the first mode
and for the same reason the first two modes for ¢ field. Since ¢ scalar field appears in a non
trivial mixing with trace field h, we exclude the first two modes in total mixing and then add
the relative [ = 0,1 modes for h in the last line of (2.65). For ghosts fields we eclude the first
mode in longitudinal component, as expected. The fifth and sixth lines give the contribution
of Jacobians of transformations (2.23-2.25). The relative traces carry the same excluded modes
as the fields in (2.23-2.25).

For the last step, the calculation of traces in FRG equation (2.65), two different methods
can be followed. First, traces can be approximated with the Heat Kernel technique [5, 14]
given in Appendix C and used in the next section. Second, an approximation on ”sum over
eingenvalues” [6] will be followed in the next chapter.

2.5 Trace evaluation using the Heat Kernel technique

We have derived the Wetterich’s equation for the average effective action taking into ac-
count TT decomposition (2.65). The last step is the explicit evaluation of the functional trace
using the methods of heat kernel introduced in Appendix C. From this section, we introduce
dimensionless variables, defined as

R=FKR  fi(R) =k [u(R/K) (2.67)
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which imply

TH(R) = TR(RIKY)  J(R) = k2 (R/K?) (2.68)
Oufi(R) = K |O0f(R/K?) = 2RFL(R/KY) + 2fi(R/K?)]
OS(R) = [OuJL(R/K?) — 2RI (R/K)] (2.69)

Oufi(R) = k72 [0, f{ (R/K?) — 2R (R/K) — 2f/(R/K)|

Let us start with the trace evaluation for the tensor component A’

1 Tr 8tRhT hT 1 T at (I‘g?}’hT (Pk’) I‘;QY} hT (A))

5 Try =5 Trpy) =

2 I‘(Iz AT + RhT AT 2 Fgﬂz AT (Pk) (270)
1

5 TI'(Q)

J1.0: Py + (P, — A)(OLff, — Uk,hf;ﬁ;)]
(P — %) fi + fr

Imposing the S-gauge, the traces’ vector part receives contribution from &, ¢, ¢!, b7, Jy. From

now, we use the convetion

PW_p B am_p_E (2.71)
n n
e ¢ trace part
(2) (2) “)
1., O (Fg,g(Pk) - F&E) 1O [Z’“h (P ) b ]
5 Tr(l) 1"(2) (P ) = 5 r(l) (4) 2
geVk Zkh (Pk ) Py (2.72)
1 ) 8t7“k(A) ) &rk(A)
—Tr Tr — —Tr 0(k= — A)
1) 1) @ (1) "Tk.h
2 Pi(A) P/E )(A)
o cl'cT trace part
o (12 o (P) ~ T2 1) o0 |21 PV P
Trq) ) = —Trq) @
F5T7CT (Pr) Zke Py Pr (2.73)
_Tr(l) 8t’l"k(A) 8ﬂ”k(A) + TI‘( )nk,ce(k o A)

e bl trace part

o0 (T2 e (Pe) = T2 )
1 A\ T pT \ R bTpT) 1 ore(A) 1 9
3 r) r® () =530 pay "3 @ mef( = A) - (274)

bT bT
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° jV trace part

1 . Org(A
Sl t(4’;7( ) (2.75)
B (A)
So the total vector trace part gives
. lTra at’r'k(A) 1 8t7"]€()\l 1)
27 W pMa)y 2 Py T
Opr (A= 1
— MDI:LS:I + T Di—y,5=1 + = Trepy [0k = A)(20k,c — Mep — Thp)]
P () 2 2 2.76)
2.76

——Tr
2 WpWa)y " R
Oy (& 1
~10 t(zg(;lz) +5mkn + = Treyy [0(K = A)(20k.c — e — Tep)]
P8 ?

where we used the eigenvalues and relative multiplicity of the Laplacian in S¢, as given in C.1.

For the trace of h — o scalar part, note that in the gauge p = 0 only R(TQCQ, and so Ree,

dipends on

Lo T2 0 Run — 2020, Ry + T2, Z O Rn(\)
5 1 (0) 5
. FS?}F( ) (F;(i))Q l 0,1 th ()\l) +th(/\l)
1 O Run(A 1 O Roo
= — Tl"(()) Lh() Ty ©) (2)t7 (277)
2 Dpa)) 2 Loo (Pe(A))
1 O Rnn(A 1 O (A ori (A O (A
= *TI'(O) Lh() Ty t k(A ) +9 t(Sl;( ) + t(47§< ) _nk,he(k2 —A)
20T (P() PB) PP @) R
The remaining scalar contribution ¢, c, b, js, jc, jb gives
® CC
Iy Ree(A (D) | k(D) drp(A
- <0>(%7():—Tf’(0) t(zS( ) t(:g( L ]t?k(A)_ kel(k* = A)
T8 (Pe(A)) PY@)  pY@) BB
(2.78)
o b
1 Oy Rpp (A 1 O (A ori (A
3 T (zt)b¢ =510 t(fj( )4 ;k(A ) st — ) (2.79)
Ly (Pe(A)) PY(A) (A)

° jc, Jy and J, gives

2 T O B(A) 2

Lo Ome(8) 1 (aﬂ"k(A) 3t7“k(A>> (2.80)



2. Renormalization Group Flow for Quatum Gravity

The total scalar trace part gives

1 A 1
5 Tr(o) atth( ) G ) _5

ey 2 R TR 2RI (2.81)

1
+3 Tr' (o) [0(k® — A)(20k,e — Mep — Nb)| + =1k

aﬂ“k(A) 6trk(§) 5 aﬂ'k(g)
R R
3 3

Last, we explicite the h trace part

1 Tr O Rhn
5 10 ey, L. T
2 T (Pr)
Ly [P 6P ) ) + (P )0, S 3P+ 5~ 3RO nk,hf,;’»]
2
2 §+(Pk—§R)fk—3fé'(Pk—§)
(2.82)
Adding all together, the ERGE becamos
1 J1.0¢ Py, + (Pr, — A) (O ff, — nie,n ) 1. Orp(A) 1 Oyri(A)

5 F = - T‘I‘ 2 _ T _ VRN rI\rn _JUTR\&)

thET e (Pe — &) fl+ fr 2 Py(A) -4 2 © Pe(A) — &

N lTr(O) WPy (fr+6(Pe— %) f1) + (P — A) (et — i fh + 3(Pe+ A — 2R) (D fY — ﬂk,hf;g))]

2 4+ (P—3R) S —3f (P - )’

1 1
+ 3 Tryy [0(k* — A)(20k,c — Nkyh — ep) | + 3 Tr' () [0(kK* — A)(20k,c — e — M p)] + 2

(2.83)
where
. _58trk(%) B Oaﬂ‘k(%) _ () _ §a’5rk(§) - E77kh (2.84)
= R 3 *
VI I CONN A C S i I

collects the residue modes which do not cancel when we sum non physical flactuation trace
part (£,0) and ghosts trace part (¢, c,b). Term by term, we must explicit the functional trace
according to the technique described in the Appendix C. For the cutoff profile function r4(2)
we choose the Litim’s optimized cutoff [17] defined by

re(2) = (k% — 2)0(k* — 2) (2.85)

With this choice the trace calculation drastically simplifies, but it introduces some non-smooth
term in the final results.
Let us start with the spin one trace part

1 ) 6t7“k(A) 1 8t7’k(A) 1 6t7“k(A)
2 Py(A) — 4 2 Py(A) - 2p -2,

(2.86)
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Recalling the asymptotic Heat Kernel expansion for this case

1 Ori(A) 1 Vs Oy Oty
s A A S S o trby + Q1 tr bo
2 VU@ -F " 20m? |\ R -1 [
15,
+ Qo [ trb4} (2.87)
P -
1 V;LS ki4 2
= —trb —trb —trb
2(4#)2 ! %r0+1—%r2+1—%r4

where Qr(W) is introduced in Appendix C. We used formulae (C.15), dimensionless scalar
curvature R = k2R and four sphere volume Vjg = 38472/ R2. So the vector trace part becomes

40 R
— me (1 - 4) (2.88)

where we used the table C.2 in appendice for heat kernel coefficients traces.

Lo Om(d) 48

T2 A - BT (Roake

The scalar trace

2 Opa)-E

is analized as the vector trace. The heat kernel expansion reads

Oy Oty
Q2 trbg + Q1 tr by
<Pk — f;) P — £

Ly gy 2e(8) (2.89)

Orr(A) 1 Vis

1
— = Tr =—=
2 (0) Py(A) — g 92 (47.‘.)2
§ 8t7'k
5 2P, — %

Ok ] 1 Oy
+ Qo trbg| + =
<Pk_§> 2Pk—% 3

36 R 29R2 18 R
(R - 3)R2 3 ' 1080 R—_3 3

Next, we calculate the tensor trace part

[1.0: Py + (P, — A)(Oefy, — Men f1,)
(P — %) fi.+ fr

where we introduce the function W(y) defined by the last relation.

(2.90)

R
3

- TI'(Q)

1
] =35 Tr(g) Wi2)(A) (2.91)

In this case the heat kernel expansion reads

1 _1 Vas
3 Tl“(g) W(Q)(A) =93 (47)2 [QQ(W@)) trbo + Ql(W(2)) trb (2.92)

+ Qo(Wi2)) tr by + Q_1(W(g)) tr b
Using (C.15)
_ k6fl:; + 5 Ouft, — menft)
(K = 5) fi+ fi

Q2(W(2)) (2.93)
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2fi + 3 (0cfi — Mo fi)

Wigy) = k2 2.94
2f1 + (Ouft. — e n fr)

Wigy) = k2 22k k Rk 2.95

Qi (Wigy) = i — e fi) (2.96)

(k2 = 5) fi+ i
So that the total tensor trace part is

1

T [1.0: Py + (P, — A)(Oeff — en fr,)
5 '@

36 1 (e 5. 1,
e T35 (R-3) [f’“<5 31 216R>

5 5~ 1 311
I / - ——_R?
+ (Ocfr. — Mkn fr) <6 12R 432R + 54432R >}

(2.97)
The remaining trace is the h-scalar part

1
~Tr
5 ')

WPe (f,4+6(Pu—Z) f) + (P — A)Ouff, — menfr+ 3(Pe + A= 2R) (O f1 — Uk,hf;é’))}
24 (Po—2R) fi-3f1 (P — B

(2.98)
This relation leads us to define the function Wi(A). The heat kernel expansion leads to

1 Vis
(4m)?

1
§TY(O)W— [Q2(W5) trbo + Q1(Ws) trbg + Qo tr by

N |

(2.99)
+ Q-1(Ws) trbe + Q—2(W) trbg

since third derivative of Ws(z) in z = 0 vanishes.
Using (C.15) we find

Qu(W) = k1956 (1= %) fi + 5 Ot —menf}) + (3 — %) D! — mnfl)
%fk+( 3k2R)fk f/(l %)

Ou) = g 2t 12 (= 5) St 5 oSy — me hf,;> 2= )OS — el
2+ (1— 25 B) £ -3, (1- 4%)°

Qo(W,) = k.22f]:: +12(1— 3%) [l +0uff, — kS +3 (1 — 52 R) (Oufy — e fr,

ot (1 R S 3 (L o)
O S, — kSl — 28 Ol — Mo fY)

Q_1(Ws) =
1 i+ (1= 32 R) L — 300 (1— %)
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—6(0cfr, — M n 1)
2
3+ (1= 50R) fi, =3 (1 - 5%)

So that the h scalar trace part becomes

1
R [f,g([% — 324 2f 4+ (3 2R)f,g]

_ .29 . 2 (29 - 1=
{f,; <36+12R+ 3232) — ,g’( Ty 2 R2—216>

1
5 TI'(O) Ws ==

153801 i 29 273 (2:100)
— (Ouff = 2R — (qen +2) F) (7056R4 + %Rg + ERZ - 27>

5 oD ¢ R §~2 377~3
+ (Oifi, — 2R Sy, — e n fi) <6+ 3R+ 60R T 1512R

The last trace contribution regards the anomalous dimensions for fields fluctuations

1 1
+ 5 Tr(l) [9(]€2 — A)(Q?]k’c — Nk,h — ﬁk,b)] + 5 TI"(O) [0(k2 — A)(an,C — Nk,h — le,b)] (2.101)

Both traces reduce to the simple functional trace Trf(k? — A), which has the Heat Kernel
expansion
Vis

1
Tro(k* — A) = (i) [2k4 trbg + k*trby + tr b4} (2.102)

where, clearly, the coefficients tr b,, depend on the spin of the fields, as reported in Appendix
C. The contribution (2.101) gives

1 .37 -
= [24 +5R+ WRQ} (2.103)

Last, single modes X give

P T VY R DY (2.104)
R—4 R-3 4] R-14 3

Collecting all contributions we find that the FRG equation in the f;(R) approximation for
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gravity becomes

36 1 ~ 5 - 1 -
Oy = ——— - - {f’<5RR2>
R -y U 3T 26

N - (5 5~ 1 - 311 - 18 R
’ "o / e N > 71 YT P2 . o
(S = 2R "k’hf’f)(6 2l sus ﬂ R_ge(l 3)
36 R 29R2 48 R 7 - 40 R
- ~_ 1 - ~ ~ 3 7_7R2 - ~ 9 1_7
+(R73)R2[ +3—‘_1080} (374)]{2[ +2 720 } R—4 ( 4)
1 - - 29 .
+— _ — {f,; <36+12R+9R2>
B2 [fi(R=3)2 +2f + (3 2R) 30
= (29 -, 91 - . _ (3801 ~, 29 .. 273 -
—fi (1533+ gRZ 216) = (Oufi = 2Rf" = (men + 2) /i) (7056R4+30R3+60R2 27)
O — 2R —monfl) (6 43R+ 22+ ST B3 | 4%
Ik b~ khJk 60 1512

+

(20k,c — Mie,h — Mheyb) [

- 37 -
! 24 +5R + RQ]
RQ

360
(2.105)

This equation is obtained with the gauge choice a = 0 and § — oco. But the same calculation
can be done for the opposite gauge f§ = 0 o« — 005 in this gauge we obtain the same equation
up to the contribution X, which changes in

Sy = 100 P OREDPTE) | oRu(E)
—gauge R
PV (B PP (&) Pe(E)
_gfl=H) _ 106(3 — R)}? —6, 106(3 — R)
(R—4) R-3

2.6 Possible closures for f;(R) RG equation

In last sections we expand Wetterich’s equation in the case of fx(R) approximation, and
obtain the flow evolution equation (2.105); its solution, in principle, tells us the dependence of
fx(R) both on k and on the scalar curvature R. After having a solution to equation (2.105),
one can use relation (2.67) and get function fi(R) explicitly.

Equation (2.105), which is the starting point of any detailed analysis, contains anomalous
dimensions of gravitational quantum flactuations and ghosts fields. Hence, one can choose
different methods to close relation (2.105).

The same situations appears in scalar field theory where Wetterich’s equation contains
both the evolution of scalar potential Vj(¢) and anomalous dimension 7,. In this case, the
equation can be closed considering the flow equation of I’(Q), which gives 7, as a function of
Vi(¢ = const) and its derivatives.
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The authors in [15] extend the previous method for scalar theory in gravity. They determine
the flow of I‘](f) in the case of Einstein-Hilbert truncation and extract n , and 7 . (in this case
we have only ghost and anti-ghost fields) as a function of G and A, the dimensionless Newton’s
and cosmological constant.

A proposal for a future work is to extend the method in [15] for fx(R) approximation. Note

that, on the contrary, the flow equation for I' 1(62) depends on gravity-ghost-antighost proper

vertex Fg’l’l) 2 and on gravity-gravity-ghost-antighost proper vertex F,(f’l’l), which contain
third and fourth derivative of f(R).

To follow a consistent closure of (2.105), in this work we make two different ansatz for
the values of Zj j, Z . and Zj . The most simple ansatz, which we call type I ansatz, is the
following

—2
Zih = Ky, Zie=Zrp=1

which imply

5
M = — g —2  mpe=0 My =0 (2.106)

wherery, = v/167G, and G = k2G}, is the dimensionless Newton’s constant. Note that type I
ansatz (2.106) imply the following metric decomposition

uv = g;w + h,uzz

which is the most used definition for quantum flactuations.
Another ansatz for the anomalous dimensions values, which we call type II ansatz, is the
following
Zih = Zip = Zge =1

which implies
Nk,h = 0 Mig,e = 0 Mep = 0

Hence, with type I ansatz, the anomalous dimensions contribution in (2.105) is completly
neglected. Note that, within this choice, we do not recover flow equation in [5], since metric
decomposition g, = guv + krhy and truncation ansatz for I'y are different from this work.

2.7 Polynomial truncation

The most simple truncation for the average effective action is the standard Einstein-Hilbert

action
1

/dd$\/§(2/\k —R)+ Lrgh +Thg.t. (2.107)

FLO’O’I)

2Notation FS’O’O) labels functional variation with respect to h,., while Fio’o’l) and with respect to

ghost and antighost field, respectively.
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where A}, is the running cosmological constant. This kind of truncation has been studied with
different point of view [12, 18, 19, 20], in diverse cutoff choices [5] and in d spacetime dimension
[21]. The choice (2.107) is consistent with previous truncation (3.1) if

fri(R)=2A,—R —  f(0)=2A;  f1(0)=-1

so one can construct the flow for gravitational and cosmological constants using (2.105).

For a first study on the dimensionality of the critical surface, the average effective action
have to be modified introducing more interactions such as R?, R3..., or direct composition of
Riemann tensor RagpoRo‘/B”".

Here, we consider the polynomial truncation, so that the effective action reads

1 n ]
b= d* iR+ Dgn +T 2.1
b 167er/ CU\@;gR tlkgh T kg (2.108)

Clearly, for n = 1 we go back to Einstein-Hilbert form. This truncation ansatz is consistent
with our initial assumption for the effective action as a function only on curvature scalar. To
study the flow equation for the dimensionless couplings §; = k?~%'g;, we use equation (2.105),
which, as pointed out in the last section, necessitate of a closure to be solved for the presence
of anomalous dimensions’ contribution.

Type I closure: 7, = k., Z.= Zpp =1

In table 2.1 the value of dimensionless couplings at the fixed point are reported for n =1
to n = 5. First, we see that the value of G* and A* in the Einstein-Hilbert truncation (n = 1)
agrees with the projection in the A — G plane of other truncation (n>1). For n =2 we see a
deviation of mean value of the fixed point position; the same deviation is observed also in [5]. As
the reader has noticed yet, the only different between flow equation in [5] and equation (2.105)
is a factor Zyj = m,:l in the regulator. Hence, this little expedient make the distribution of
fixed point in different truncation more stable.

In table 2.2, the critical exponents are reported as a functions of the truncation. We first
note that for n > 1 there are only three critical exponents with positive real part. Hence, we
found an UV critical surface of dimension three for all n > 1; this is an important aspect which
tells us that, within polynomial truncation up to n = 5, QFT of General Relativity is found to
be asymptotically safe.

We report here some details of the Einstein-Hilbert approximation, which starts from ansatz
(2.107). Inserting into equation (2.105), the r.h.s. becomes

kA Ay . Be R
Tk = Tonin z\/g [ (@\ G Ba k) G, 12

where we introduced the beta function for the dimensionless Newton’s constant Bc = 9,Gy

and for dimensionless cosmological constant Sy = 9, Ak. The calculation of r.h.s. of (2.105) is
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Closure type I: Z, , = REQ, Zge =2y =107 = =2, Qe =Mp =0
A G 9o R g2 93 g Js
0.194 | 0.7683 | 0.3879 | 6.2143
0.2225 | 0.8894 | 0.445 | 6.6863 | 0.1087
0.2057 | 0.8072 | 0.4113 | 6.3697 | 0.0829 | -0.2929
0.1986 | 0.7938 | 0.3972 | 6.3169 | 0.0753 | -0.3028 | -0.2084
0.199 | 0.7946 | 0.3981 6.32 0.0758 | -0.2824 | -0.1943 | -0.0597

U Wi~ B

Table 2.1: Couplings value at non-Gaussian fixed point as a functions of the order n of the

truncation.
Closure type L: Zj, j, = /{,;2, Zie=Zkp=1, 0 = =2, Mpc=nrp =0
n 6o 01 02 03 04 05
1| 3.2353+i0.4723 | 3.2353-10.4723
2 | 3.3791+i1.1891 | 3.3791-i11.1891 | 11.778
3 4.8126 2.5069 1.9175 -6.5191
4 | 3.6681+4i10.8798 | 3.6681-10.8798 | 89.1475 -6.3821 -3.4987
5 4.6001 2.806 1.6701 | -4.6191+i10.4134 | -4.6191-110.4134 | -4.4418

Table 2.2: Critical exponents as a function of the order n of the truncation.

more involved; first, note that for a polynomial truncation all theta functions can be set to one,
since the next step is to expand in Taylor series around R = 0 and collect only linear term.
Now we have only contributions which are constant or linear in dimensionless scalar curvature
R in both side, so comparing the constant and scalar curvature coefficients we find the beta

functions
) 1262 (6483 — 210A2 + 3174, - 144)
Ba = —2Gk + — - - - L (2.109)
G (2401\2 — 336A2 + 467, + 51) — 144r (1 — 2Ak) <4Ak _ 3)
~ 1
Ba =2Ay —

Am(4hy — 3) [14477(1 — 24,)2 <4Ak - 3) — G (240A3 — 336A2 + 467, + 51)}
x Gy [ék(4992ﬁi — 22024A3 + 3550242 — 244654, + 6093)

+ 487 (256A7 — 1416A} + 3794A3 — 4233A7 + 1953A,, — 297)
(2.110)

This coupled equations give immediatly a Gaussian fixed point
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12

1.0

—(;.4 —(;.2 0.0 0‘.2 O.‘AA
Figure 2.1: In this picture the flow given by beta functions (2.109-2.110) is represented in the
(f\k,ék) plane.

Instead, a numerical study gives the following value for non Gaussian fixed point (NGFP)

A" =0.194 G* =0.7683 (2.111)
with a stability coefficients, defined as the opposite of the eigenvalues of the stability matrix
01,2 = 2.8764 £ 11.8668 (2.112)

which ensure us that NGFP is UV attractive in both direction in (Ay, Gy) plane. This result is
in agreement with [5] and is similar to that obtained with different cutoff scheme [12, 18, 5] and
represents the first evidence for the asymptotic safety of quantum field theory of gravity. The
main question is whether or not this UV fixed point persists in different (and more accurate)
truncations. In papers [22, 23] an R? truncation is analized and non Gaussian fixed point is
found with similar characteristics.

Our discussion within the fx(R) allows to consider a large polynomial truncation or In R
and R™" contribution added in Einstein-Hilbert truncation[14]. In [5] a polynomial truncation
up to order n = 9 is considered, a NGFP is found for n = 9 and the UV critical surface has
dimension three, so the six irrelevant couplings can be expressed in terms of the remaining
three relevant couplings. In paper [24] a polynomial truncation of orden n = 35 is considered
and a NGFP is still found, with similar properties.

Type II closure: Zy ), = Zy.= Zpp =1, Meh = Nke = Mep = 0

In this section we present the result of polynomial truncation with a different choice for
anomalous dimensions contribution. The type II closure for equation (2.105) reads

Zikh=Zike=Zkp=1 — Mppn="Nke="Mkp=0 (2.113)
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Closure type II: Zy , = Zie = Zip = 1 Ny = Mgy = Miep = 0

A* 5 90 R g2 g3 g g5
0.0958 | 1.4451 | 0.1915 | 8.5229
0.0645 | 1.8156 | 0.1289 | 9.5532 | 0.1099
0.0954 | 1.5351 | 0.1908 | 8.7842 | 0.0527 | -0.1211
0.0962 | 1.5445 | 0.1923 | 8.8110 | 0.0539 | -0.1408 | 0.0222
0.0924 | 1.47136 | 0.1849 | 8.5999 | 0.0357 | -0.1966 | -0.0346 | 0.0493

U Wi~ B

Table 2.3: Couplings value at non-Gaussian fixed point as a functions of the order n of the
truncation for closure (2.113).

Closure type I1: Zy, , = Zi e = Zpp = 1, Mk = Miye = My = 0
n R€90 = Re@l Im90 = —Im01 02 R693 = R€94 Im63 = —Im04 95
1 2.3471 1.0908
2 2.5343 0.3783 14.9101
3 3.2492 0.3096 2.2444 -1.0945
4 2.7630 1.1131 2.9292 -2.5628 -6.9273
) 2.8721 1.3385 1.851 -3.0748 -5.9726 2.9515

Table 2.4: Critical exponents as a function of the order n of the truncation for closure (2.113).

The truncated effective average action is still (2.108) and the couplings values at fixed point is
given in table 2.3.

First, we note that fixed point values for the couplings are different from type I closure.
In fact, the two closures differ not only for regulator choice but also for metric decomposition;
hence they give different values for the fixed point as expected, but the qualitative picture is
the same.

Also in this case for n = 2 we have a deviation from the mean fixed point values; but the
deviation is greater than in the previous case. Maybe, the previous choice on regulator term
gives a more stable distribution of fixed point as a function of n.

In table 2.4 critical exponents are presented. For n = 1, the Einstein-Hilbert truncation,
we have a pair of complex conjugate critical exponents; hence both directions in the Ay — Gy,
plane are UV attractive. For n > 1 only three critical exponents have positive real part, so
the UV critical surface has finite dimension, a result which is in common to the closure type I
studied above.
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Chapter 3

Trace evaluation with spectral sums
in d dimension

The Heat Kernel approximation method is the most used in literature for trace evaluation
of ERGE in gravity. We introduce now an approximation method, used in [6], which gives a
different scaling equation for the f(R).

The average effective action, as the starting point, is given by the ansatz'

_ 1
Telh C.Cg) = 5 [ Aoy /GA(R)+ Thgn + iy (3.1)
k

where, Ky, is a free parameter, which appears in the metric decomposition is g, = guv + Kk,
as in the previous chapter. At the end of calculation, two possible physical choice exist to fix
its value, ki = 1 and kj, = \/167G},.

As in the previous chapter, we redefine field flactuations according to

hw = Ziihw  Cu—= 2020, Cu— 220, by~ 270, (3.2)

and define anomalous dimensions through the usual formulae

O Z
Mha = — % 4= h,c,b (3.3)
Zk,a
Instead, contrary to the previous chapter, the gauge fixing condition reads (after redefini-
tion) 2
o Zgn _ _ -
Tyg.r.[h;g] = 2O’[/cldﬂcx/t&Fu[h;g]Fu[h;g]g‘“’
where 1
Fulh;g) = VPhp, — gvuh (3.4)

! Note that in [6] the ansatz is the same up to a running factor Zj in the gravity and ghosts terms
2In the notation of the previous chapter we choose p =0 and 8 =0

39
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3. Trace evaluation with spectral sums in d dimension

Note that F'[h; g] do not depend on field h, when the transverse-traceless decomposition is used;
this observation is crucial in diagonalization of F,(f) within the gauge oo — 0.

The corresponding standard ghost action reads

Fk,gh—c[ha éa C; g] = Zk,c / ddl‘\/gc,u [gﬂpgoAvA(gpuva + gauvp) - ngag#)\vkgauvp] cr

(3.5)
As it is pointed out in [25] the ghost action used is not (3.5). The aim is to provide a perfect
cancellation between pure gauge degrees of freedom and ghosts sector in trace calculations. In
order to achive this aim, it is crucial to note that the Faddeev-Popov determinant Det M, which
is implemented to a path integral over Grassmann-valued fields, is equivalent to v DetM?2,
which can be reprensented by a path integral over a vector Grassmann field and commuting
real vector field and gives (after transversal and longitudinal decomposition)

_ Tk o _ 2 _1\2 2
a5 ol o B (Yoo )

Zeo [ g ~[or R\? ., d—1\2 R \?
Zkb BT (A-=) BTr g (== A--—") A
+- /dx\/g}[u i + 7 b 71 b

As we shall see, for this choice in ghost sector an exact cancellation of pure gauge and ghost
degrees of freedom occurs. Here we do not consider higher derivative in the gauge fixind, so
we do not need the third ghost term, contrary to the previous case.

We now follow the same steps of the previous chapter but adopting a different metric
decomposition

_ _ _ 1 -
huw = hl, + Vs + V& + Vi Vo + ~Guh (3.7)

with the constraints (2.36). The new variables h is related with the trace h by h = h—V2o. The
last difference with the previous treatment is the introduction of auxiliary fields. In previous
sections, the role of Jacobians is taken into account directly in the calculation of functional
trace. In paper [6], Jacobians are exponentiated with the trick introduced in 2.2. Hence
Jacobian (2.37) for decomposition (3.7) gives the contribution to the total action (A = —V?)

. R d—1_ R
Saux-gr = /ddm\/fl{?)(,f (A - d) X+ 5z X (A - d—l) Ax

R d—1 R
+2¢7 (A—d)CT“+2C<A—d_1>AC

(3.8)

where 7 and y are Grassmann valued fields while (7 and ¢ are real commuting fields. The
Jacobian (2.38), belonging to the ghosts decomposition, gives

1
Saux—gh = 2/ddx\/§¢A¢ (39)
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We proceed in the construction of FRG equation with this decomposition. First, the calcu-
lation of a new second variation for the average effective action. Clearly, the transverse tensor
and transverse vector components is the same of (2.51) and ( 2.52) for 5§ = 0 (from now on all
metric and Riemann tensor refer to the background)

(2) _ _Zkah _pl 2 L N g / nv,a3

Ut pr, = =5 [ Tk (V d(d — 1)R> - (fk dekﬂ 5 (3.10)
52 o R\ |1 (o2 K R 2R , .
Fgugy = Zk,h (V + d> [a (V + d) - <dfk —fi )| 9" (3.11)

To distinguish from the previous T'® we add a tilde on new variations.
Since the decomposition (3.7) is different from (2.23) for the scalar part we rewrite the
quadratic form % ﬁhaﬁ , obtained in section 2.3, for the scalar contribution (2.53-2.54-

pro

2.55) and then substitute h = h + V2o
IC@h + 90020 + 0T R = [T+ 2DV + TV 0
+2h ) + T3V?| o + AT
= of‘g%)o + QBf‘g‘)J + Bf‘%)ﬁ

Hence the resulting second variation for decomposition (3.7) in the scalar sector gives

1:(2) :Zkh(d_2) [4(d_1)2 ”(R) <V2—R>2+2(d_1)f;{(R) <_v2_R>

hhe =B gd L d(d —2) R d—1 d d—1
(3.12)
2R
- 2 ) + )
P(2) _ (d—2) d 2
Fiw = ~Zkh 242 Rfl/c_ifk \Y (3.13)
2 2
p@) _ gy W=D (o R o, L (py d 2, 2R\ o

As in the previous case, only ff,%,) and f‘é? depends on gauge parameter o. So in the limit

~(2 — —
a — 0 the 2 x 2 scalar part of I‘( ) diagonalizes into ¢ — ¢ and h — h contributions as we have
seen in 2.5.

In previous sections, the cutoff scheme was based on replecement rule
A — Pk(A) =A+ T’k(A) (315)
which is encoded into the general cutoff scheme

TP(A) + Ri(A) = TP (Pi(A)) (3.16)
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With this choice, in the previous chapter, we realized that unphysical singularities appear
in the final equation (2.105). To understand why this unphysical infinities appear, consider
for example the vector trace part in (2.5). Inside the I‘g) in (2.52), only the operator A — %
appears after the gauge choice. With cutoff scheme (3.16) and with Litim’s optimized cutoff
the replecement rule (3.15) becomes (Py ~ k?)

R R
A-= Sk -=
d d
which is zero, and so not invertible, for R = d. The same conclusion is valid for the scalar
part where operator A — % appears. To avoid this unphysical singularities, following [6], we

introduce three new operators

R
Ao=A- P2(Ag) = Ag + ri(Ao) (3.17)
R
Ar=A-o PM(A)) = Ay +ri(Ay) (3.18)
2R 2

(2)

To obtain a new cutoff scheme, we consider I, as a functions only of operators (3.17-3.18-3.19)
and then apply (3.16). This corresponds to a slightly different pattern of coarse-graining.
Hence the corresponding regulator functions in the limit v — 0 becomes

A
Rug iz, (B2) = = =5" firk(Ag)9

Zih 2 o
Ree = — [(P;gl)(ﬁﬁ) —A%} 7"

Rin(Do) = Zkn (dd_Q D " {(P;EO)(AO)Y - Ag] + Zk,hw_?;j_l)férk(ﬁo)
A [ (00 ) s )

and for the ghosts and auxiliary fields part becomes

= {(P,E”ml))? - A%] 7"

(0%

Rerer

Zib 1 2 o
RBEB,,T = a [(Pzi )(A1)) - A%] g"

Xu

o= e (0100 (0100 727) =08 (04 525

2
Ry = Reger =2 |:(Pl§1)(A1)> - A?] 9"
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Ry — 4Zak,b (d ;21)2 [( P(O)(Ao))2 <P,§°>(A0) - di) — A} (AO + di)}

d—1 R R
Ryx = Ree = 2 [P(O)(AO) (P;EO)(AO) + d—l) — Ay <A0 =+ d—lﬂ

and finally for the scalar auxiliary field ¢, simply

Rgpg = 1(Ao)

We now proceed in the calculation of trace contributions starting from the tensor trace part
which gives

atRhThT ]

T+ Ryrpr

1
5 T [
hThT

introducing dimensionless variables
R=FKR  fu(R) =K fu(R/K)

which imply

FL(R) = fu(B/K?)  fi(R) = k= f{(R/K?) (3.20)
Oufi(R) = K |O0f(R/K?) = 2RIL(R/KY) + 2fi(R/K?)]
OuT(R) = |OuJL(R/K?) — 2RI} (R/K)] (3.21)

Ot (R) = k=% |O0f(R/K?) — 2R (R/K?) — 2f{ (R/K?)]
we obtain the total tensor trace contribution
1T (1- %) (@fé—?}?fg—ﬁkﬁfé) +2f1
— 1r 2 = = —=
2% fo+ Fe - 3RF;

where the optimized cutoff r,(A;) = (k? — A;)0(k% — A;) is used.
The vector trace contributions come from &, CT, CT, BT, xT, xT and (7 fields. First we
note that pure gauge ¢ cancel almost exactly with CTC”T and B” contributions

1 1
(3 cL+3)=0
~~oror =~~~
3 BT

)

(A1)
2TI'(1) !

P (A)

{L

Qi

Only the anomalous dimensions contributions remain

1 b
B (20k,c = Mk — M) Trqy 0(k* — Ay) (3.22)

This conclusion arises from the particular choice for ghosts sector, as analized at the beginning
of this chapter.
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The remaining spin 1 contribution, related to the auxiliary fields, gives

- k20(k% — Ay)
" [A (R = 20002 — A))

Ori(Ar)

= —Tr,, O(k* — Ay)
PV (Ay) .

From now on, following notations in [6], we devide the total scalar contribution into np
(non-physical) and h contributions; o, ¢, ¢, b, X, X, ¢ and ¢ fields give the np trace part, the
remaining h forms the ”physical” contribution.

Let us start with non physical scalar contribution. First note that, once again, the compo-
nent o cancels almost exactly with the ghosts scalar degrees of freedom ¢, ¢ and b

0 2 (50
o {(p,g (A0)) " (P(20) + di)] X X
o (0) (0) ( 2~ 2 ) -
(PO@0) (A0 + ) [N oS-
o b
Only the anomalous dimensions contributions still remain
1 ) 2
3 (21%,c — Mk, — M) Tr(0) O(K~ — Ao) (3.23)
The scalar y, x and ¢ fields give
0
L [a [P0 (P< )(Ao) )]

d—1
—*TI' (0)
2 P )(Ao)( di)

and the remaining trace contribution for scalar ¢ field reads

aﬁ"k(AO)
PO (o) + £

1 )
5 Tr (0)

Adding all together, we obtain the total scalar non physical trace part

Orri(Ao)
P;io)(Ao)

Y

1
Y + 5 20k.c — Mkp — M) T (o) 0(k* — A)

2

1
+ 5 (20%,c — Mkp — Mep) Tr” (0) 9(/{72 —Ag)

= — TI"(O) [9(1{2 — Ao)] 2

The scalar h contribution are more involved, using (3.20) and (3.21) we find

Tr(g) [9(k2 — Ag)WIH(Ag/k?)
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where
1
20— 127 + (A= 2 fi((d— 1) - B) + 252

x {(d “ 121 = 2) [0 - 2RF 2~ Y|

Wi(z) =

(3.24)
d—1)(d—2 N - ;
+ -9 D 0Rfy ]
+(d=1) [(d=2)ff + 4@~ D] }
At this level, the functional RG equation becomes
0Ty, = Tr(g) [0(K* — Do) Wa(Ao/k?)] + Trpyy [(K* — A)W1 (A1 /)]
+ T (g) [0k — Do) W5 (Ao/k?)] + Tr(g) [9(k¢2 - Ao)WgL(Ao/kZ)} (3.25)

1 )
5 e = M = mn) (Triey (K = A1) + T ) 6(k? — As))

2

where

WQ(Z) =

and ng(z) is given in (3.24).

3.1 Traces as spectral sums

In the last chapter we used the Heat Kernel technique for the evaluation of traces in func-
tional RG equation, given in Appendix C. In this chapter we use an alternative calculation
of traces which enables us to extend, in a natural manner, the exact RG equation in ansatz
(3.1) to general d spacetime dimension. This new method, used in [6], is based on ”sums over
eigenvalues” in trace calculation and relies on the fact that we have choosen for the background
manifold a sphere.

Consider a function W(Ay) with ¢ = 0,1, 2, the definition of functional trace reads

+oo
Tr W(AS) == Z W(An,s)Dn,S

n=nsg

where A\, s and D,, ¢ with s = 0, 1,2 are the eigenvalues and relative multiplicities for operators
(3.17-3.18-3.19), given in Table 3.1.
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Operator Eigenvalue A, s Multiplicity Dy, ¢
Ng=A-B | nle=dp 0,1 Crtddynsd2)
A=A — dTR1 n(nﬂ:ll))_d Rin=1,2. n(n+d—3(72;1)—:-&;11))(!71—&-(1—3)!
Dp=At g2y | Mt g =g 3. | @2 D) (ntd—5)

Table 3.1: Eigenvalue and their multiplicities of operators (3.17-3.18-3.19) on a d-sphere

However in equation (3.25) we have a theta function in the trace argument
Tr [0(k* — A)W(A)] (3.26)

The theta function enables us to truncate the sum to N, S(R), with

Ns(R) = max {n € N; \us < k*} = | Ny(R) | (3.27)
where, clearly, Ns(R) is such that Ay, s = k? and © — |z] is the Floor function. So trace
(3.26) becomes
Ns(R)
Tr [0(k* — A)W(AL)] = > W(Ans)Dns

n=ng

By definition (3.27) can be obtained from conditions Ay, s = k%, which give

(- d)R+/(d - 1202+ ARd(d - 1)

Ny(R) = v (3.28)
No(R) = Ny () — (1-d)R+ \/(d +222R2 +4Rd(d —1) (3.29)
(3.30)

Hence, the functional RG equation (3.25) becomes

Na(R) Ni(R)
OtFk—ZWz nQ/k n2+ZWl nl/k)
n=2
No(R) No(R)

Z WP (An.o/k?) Do + Z W (Ano/k*) D,

R) No(R

1
+ 5 (277k:,c — Nk,h — nk,b) Z Dn 1+ Z DnO
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Note that tensor and ” physical” scalar sums start from n = 2 and n = 0 as expected. Vector
trace part starts from n = 2 instead of n = 1 since we must exclude modes relative to Killing
vectors, which satisfy V&, +V,€, = 0. All d(d—1)/2 (in S¢) Killing vectors are collected into
n = 1 eigenvectors of Aj. The scalar non-physical contribution starts from n = 1, the n = 0
eigenmode must be excluded since o = const and V0 do not contribute to metric fluctuations.

We analize trace calculation in details in the following sections.

Tensor trace contribution

For tensor trace contribution we have to evaluate the following sums

N
Su(N) = Dny (3.31)
n=2

N
Sp(N)=> <)‘l:2’2 - 1) Do (3.32)

n=2

Let us start with the first sum
N

d+1)(d—-2)(n+d)(n—1)2n+d—1)(n+d—3)!
The exact value for this is
S (R) = Su(IN2(R))) (3.34)

which is really difficult to be evaluated, so an approximation method is needed. It has been
proposed in [6] to make the following approximation

ST (R) = ST (R) + ST (R) (3.35)

where the two contributions St(?) (R) and St(fo )(R) represents the asymptotic behaviour of
Si1(No(R)) for R — 0 and R — oo respectively.

In order to evaluate this two contributions we need the asymptotic behaviour of NQ(R),
which can be obtained from (3.28)

No(R) 20 (‘“g”) ’ (3.36)

No(R) T2 0 (3.37)
Now, using the limit Ny(R — 0) — +00, we can approximate sum (3.33) to evaluate Sg)) (R)

0, 5 0 (d+1)(d—2) &
C(d+1)(d-2) (d(d—1)
o 2(d—1)! < >

i1 Ao (d+1)(d—2)

2(d—1)! (N2(R))*
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dim=3 dm=4
L L L L L L L Il L I L L Il
0.2 0.6 08 10 r 0.2 0.6 0.8 1.0
_20; —200
i ~400}-
—40+ :
[ -600
-60 -800F
el ~1000f
[ ~1200F
~100 [
~1400
dm=5 dm=6
1 L L 1 N | ! L L 1 | |
0.2 0.6 0.8 10 i 0.2 04 06 0.8 10
—2000 r
—20000 /
- /
~4000 | [ /
—40000
—~6000 | b [
~60000 -
~8000 | [ ‘
[ f
1000k ~80000 - ‘
~12000 F —100000:

Figure 3.1: St(gmcﬂ in blue, Sgsymp) in green ford=3,d=4,d=5and d =6

Instead, St(fo )(R) vanishes as a consequence of (3.37). Remember that for large N

N
Sk Mo N
E+1

n=1

So, in the asymptotic approximation sum over multiplicities reads

Na(R)

Z Dn2

Let us proceed to the Sy (N

d+1)(d—2) d(d—1)\ 2
i ()

), which is quite different and can be devided in

N
)\n2

Se(N) =D —5 Dnz = Su(N)

n=2
So we analize the first contribution on the right hand side, which reads

NQX(’:%) (d+1)(d = 2n(n+d = Do+ d)(n—1)@n+d—1)(n+d—3)! -

2dl(d — 1)(n + 1)

n=2
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Following the same procedure of previous case, this sum can be approximated by

(d+1)(d—2) (dd—1)\*
o ()

Hence, the asymptotic approximation for sum (3.32) is given by

(asymp) / B\ (d + 1)(d — 2) d(d - 1) %
Se R =~ 2 S @) < R ) (3.38)

At this level, an analisys of the quality of the approximation made is needed. We have
implemented a Mathematica program, in which the numerical calculation for the exact sum-
mation

SE™ D (R) = Spa(| Na(R))) (3.39)

is done. Picture 3.1 plots ngcw(}?) in blue and St(;‘symp )(R) in green in different dimension,
d=3,d=4,d =>5,d =06. In all cases, the assumption approximates the exact result in a good
way, giving an almost perfect smooth approximation.

Hence the total tensor trace gives the contribution

Na(F) ~  (asymp)
> Wa(Ana/k* R) TEY 2

n=2

(d+1)(d—2)
d(d +2)(d — 1)!

Ofl — 2R — Sl + (d+2)f} (d(d _ 1)> 2

(18- 2) i -2 &

Vector trace contribution

The vector, as scalar part, trace contribution is quite simply since the only sum needed is
the following

N N
nn+d—-1)2n+d—1)(n+d— 3)!
w(IN) = D, = 4
Su(N) ; ! nz:; (d—2)!(n+ 1)! (340)
which give the exact value
S (R) = Sy([Ni(R))) (3.41)
and using the asymptotic approximation we have
d
- 2 did—1)\?2
(asymp) —
S (R) A2 < 7 ) (3.42)

Note that the behaviour for R — 400 implies Nj(R) — 1 ( see (3.29)), but sum (3.40) starts
from n = 2, so this limit does not give contribution.
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dim=3 dim=4
300[
2500
250 F T
2000 [
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Figure 3.2: Séemcﬂ in blue, Sf,asymp) in green ford=3,d=4,d=5and d=6

Sz(}ezact) (R) and approximated one Sl()asymp) (R) is

A comparison between the exact value
given in figure 3.2. As in the previous case, the agreement between the exact and asymptotic
approximation is excellent.

So the total vector trace is given by

N1 (R)

o 2 d(d-1)\?
> Wl(An,l/kZ,R)—d(d_z)!< R )

n=2

”Non-physical” scalar contribution

As in the vector case, the "non-physical” scalar contribution is given by the simple sum
over the multiplicities

N N tntd—2)12n+d—1
Sup(N) = 3 D =3 (AT

which can be written without approximation as

St (R) = Sp(| No(R)))

np
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Figure 3.3: ST(LZMCt) in blue, Sr(g,symp) ingreen ford=3,d=4,d=5and d=6

The Ny function has the following asymptotic behaviours
1
~ R-)O d(d - 1) > 2
No(R) = | ———
() " (M
N()(R) R—>:+oo 1

which give the following asymptotic approximation

d
asym; D 2 d(d—1 2
Slasy p>(R)=d!<(R )> + D1y

d
) RN
_ 2 (AN
d! R

(3.43)

A comparison between the exact value Sr(i)ma) (R) and approximated one ST(L(;,symp )(R) is

given in figure 3.3. As in the previous case, the agreement between the exact and asymptotic
approximation is very good.
In asymptotic approximation the corresponding scalar trace becomes

Ny d
~ 2 (dd—1))2
np 2 _ 4 —
ng_l Wyt (Ano/k™, R) Dy = i < B ) d—1
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h-scalar trace contribution

The last contribution involves the scalar field h. The relative functional trace is composed

by the three following contribution

N
An

S(N) =) (1 - k,f) Dy (3.44)
n=0

Sha(N) = Z (1 - ]:4 ) Dn (3.45)
n=0
N

Sia(N) =Y _ Dy (3.46)
n=0

First, note that the last term is analized in previous section where the sum starts from n =1
Sp3(N) = Snp(N) + Do o

Hence, the S}%Symp ) can be calculated directly from (3.43)

d
asym, ~ 2 d d —1 2
S}%g Y p)(R) = S;f;,syml)) + Do = a ((R)> +d+2 (3.47)

(ezact)

Let us consider the sum Sy, defined in (3.44). The exact value Sy reads

St (R) = S5y ([ No(R)))

For the asymptotic approximation we start deviding (3.44) into

4\
n,0
S (V) = Spa(N) — w2 D0

n=0

Since we know from (3.47) the asymptotic approximation for the first term on the right hand

side, we move to the second contribution and take first the limit for large Ny(R)

S Ao _% n(n+d—1)—d@nt+d-Dn+d-2),
L g2 T T L d(d - 1) nl(d—1)!
N
Noz+oo 2 Rzo:nd—i-l No—+o0 2 N2 (3.48)
di(d—1)" =~ dl(d+2)(d—-1)""°

T d- 1)?(d+2) <d(dfg 1))3

and then the limit R — 400 (which implies Ny(R) ~ 1)

No~1 ~
)\n 0 >\0 0 )\1 0 R

g ~Dpo=—2D “Dig=———

2 2 o 2 00 + 2 10 d-1
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Figure 3.4: S}%imd) in blue, S}%C{Symp ) in green ford =3 and d =4

(asymp) ( R)

So we find for the approximated sum S},

: R
d+2
>+d_1++

Sgasymp) (R) — 4 <d(d B 1)
hl

d(d+2)(d —1)! R

A comparison between the exact value S}%Md) (R) and approximated one S}%Symp ) (R) is
given in figure 3.4. The pictures show both the behaviour for small range value of R on the
left and for a wide range of R on the right. As in the previous case, the agreement between

the exact and asymptotic approximation is optimal in both situations.

Now we consider the contribution

N )\2 0
Sha(N) = Spz — Z ey Dn o
n=0
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The second term on the right hand side have the following behaviour for R — 0

No A%OD _ goj [n(n+d—1) —d 2n+d—1)(n+d-2)! 5
Lt T T 2 (d - 1) nl(d—1)!
No
No—2+o0 2 RZ 3 Nozhoo 2 d+4
dd(d— 1) = dld(d+4)(d—1)2" 0

IS8

CE 1>?<d+4> <d(dﬁ; 1)>2

for the opposite limit R — 400, so No(R) ~ 1, we have

No~1 42 2 2 P
A0 A0 Ao R?
) -Dn — i D i D —
Hence, the asymptotic approximation for (3.45) S}%(;Symp ) becomes
8 dd—1)\2 R
slasum) _ AL
z dd+nd-1\" & CEEA

A comparison between the exact value S}%Md) (R) and approximated one S}%L;Symp )(R) is
given in figure 3.5. The pictures show both the behaviour for small range value of R on the

left and for a wide range of R on the right. As in the previous case, the agreement between
the exact and asymptotic approximation is vary good in both situations.

Collecting all contribution we find for the scalar h trace part

o(R)

Th = W (Ano/k%) Do = - ! - -
a1 - Ry
8 dd—1)\2 R )

{ v () @t

% |Oufi = 2RFY =201 = mea i

(d—2)(d—1) 4 dd—-1)\* R
2 d(d+2)(d—1)!< 7 >+d—1+d+2

X (@f;’c —2Rf] T}k,hf;ﬁ;)

+(d-1) !d(dQD! <d(dR_ 1)>2 +d+2

(3.49)

((@=2)f +4(d - D] }
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Figure 3.5: S}%Md) in blue, Si(;;symp ) in green for d =3 andd d =4

Anomalous dimensions trace contributions

Last, we have the anomalous dimensions contributions to the total trace calculation

1 Ni(R) No(R)
T =45 (2ke = M — Mip) Dni+ Y Dng (3.50)
1 n=1

n—

The sums have been evaluated within the asymptotic approximation in previous sections. Equa-
tions (3.43,3.42) give

d(d—1)

d
1 2 2
T = = (206c — Mo — _ d+1
5 (2c = Tk nk,b)[(d_l)!< 7 ) +d+

(3.51)

3.2 Beta function for f;(R)

Finally, collecting all trace contributions, we find the functional RG equation for fx(R)
approximation with the spectral sums technique

ke -~ L ORkL\ = = 7
o'y, = ?Vds Oifr(R) —2RfL(R) + <d -2 ;:Jk> fk(R)] =T+ Ty +T," —i—TéL +T" (3.52)
k k
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where we defined

T, — o 4+ Dd=2) Ocfy, — 2RIY + (d+2 — men) fi (d(dj 1)>2
d(d+2)(d—1)! (31;3_2) fl—2f R
B 2 d(d—1)\ 2
Tl__d(d—Q)!< R )
np __ 2 d(d_l) %
To __d(d—l)!( R > —d-l

while Tg‘ and T is defined respectively in (3.49) and (3.51), and last
d(d—1)\>T'(%)
R I'(d)

For completeness we report here the same equation for d = 4, recovering the well known

vl
[SI[oH

Vas = (4m)
is the volume of a d dimensional sphere.

spacetime dimensions

4 ~ ~ ~ o~ ~ I ~ ~
om =" Vis |0 u(R) 2R + (4 - 222 ) ()
2 R (3.53)

=Ty =1+ T1a=a + To_y + T(;l,d:4

where we defined ~ . ~
20 (at fi —2Rf!" + (6 — Wk,h)f]/g)

T g—4 = — - - — —
R2 ((R— 2) - 2fk)
36
T g—4 = )
n 12 + 5R?
T0,§:4 == RQ
1

Tgaa = | { (=R + 5482 +54) [0 —2RF' = (e +2)F1

22 |9f) + f1(3 — R) + 2]

(R 4+ 18R +12) (9 fi — 2RF] — mndt) +36 (B2 +2) (i + 67 }

1 48
T  =2-(2 — — = 3.54
== 5 (20k,c — Meh — Meb) (R2 n 5) (3.54)

and last Vjs = 38472/ R? is the volume of a four sphere. Equation (3.53) recovers the previous
results appeared in [6].
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3.3 DPossible closures for f;(R) RG equation

Equation (3.52) allows us to describe the flow of function fi(R) and also its dependence
on the curvature scalar R. This equation contains fields anomalous dimensions which have to
be determined in a different way. As explained in the previous chapter, a possible closure is
the following: find anomalous dimensions contribution with flow of Ff). This possibility is a
proposal for a future work.

To follow a consistent closure of (3.52), in this work we make two different natural ansatz
for the values of Zy j,, Z . and Zj . The most simple ansatz, which we call type I ansatz, is
the following

Zip = k> Zie=Zpp=1

which imply

B
Meh = — 5 -2 Mee =0 Mgy =0 (3.55)

where ki = /167Gy and G = k2G), is the dimensionless Newton’s constant. Note that type I
ansatz (3.55) imply the following metric decomposition

uv = g;w + h,uu

which is the most used definition for quantum flactuations.
Another ansatz for the anomalous dimensions values, which we call type II ansatz, is the
following
Zih = Zp = Lie=1

which implies
Nk,h = 0 Ni,e = 0 Mep = 0
Hence, with type I ansatz, the anomalous dimensions contribution in (3.52) is completly ne-

glected. Note that, within this choice, we do not recover flow equation in [6], since metric
decomposition g, = guv + krhyu, and truncation ansatz for I'y are different from this work.

3.4 Polynomial truncation

The most simple truncation for the average effective action is the standard Einstein-Hilbert
action

1
167Gy,

where Ay is the running cosmological constant. This kind of truncation has been studied with

Fk[h, é, C, b, g] = /dd$\/§(2/\k —R)+ Fk,gh + F]@g.f. (3.56)

different point of view [12, 18, 19, 20], in diverse cutoff choices [5] and in d spacetime dimension
[21]. The choice (3.56) is consistent with previous truncation (3.1) if

frl(R) =20, —R  —  f(0)=2A;  f1.(0)=-1
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Closure type I: Z, , = REQ, Zge =2y =107 = =2, Qe =Mp =0
A G 9o R g2 93 g Js
0.2839 | 0.6616 | 0.5678 | 5.7667
0.3038 | 0.7988 | 0.6077 | 6.3365 | 0.1053
0.3388 | 0.6593 | 0.6777 | 5.7569 | 0.1377 | -0.0705
0.3428 | 0.6523 | 0.6857 | 5.7261 | 0.1426 | -0.0796 | -0.0549
0.3414 | 0.6548 | 0.6828 | 5.7368 | 0.1411 | -0.0791 | -0.0642 | -0.0365

U Wi~ B

Table 3.2: Couplings value at non-Gaussian fixed point as a functions of the order n of the
truncation in d = 4.

so one can construct the flow for gravitational and cosmological constants using (3.52).

For a first study on the dimensionality of the critical surface, the average effective action
have to be modified introducing more interactions such as R?, R? and so on.

Here, we consider the polynomial truncation, so that the effective action reads

1 " ,
I = d? R'+T r 3.57
T / m\/ﬁggz + Ligh +Lhgr. (3.57)

Clearly, for n = 1 we go back to Einstein-Hilbert form. This truncation ansatz is consistent
with our initial assumption for the effective action as a function only on curvature scalar. To
study the flow equation for the dimensionless couplings §; = k2~%'g;, we use equation (3.52),
which, as pointed out in the last section, necessitate of a closure to be solved for the presence
of anomalous dimensions’ contribution.

Type I closure: 7, = k.2, Zp.= Zpp = 1

In table 3.2 the value of dimensionless couplings at the fixed point are reported for n = 1
to n = 5. First, we see that the value of G* and A* in the Einstein-Hilbert truncation (n = 1)
agrees with the projection in the A — G plane of other truncation (n>1). For n =2 we see a
deviation of mean value of the fixed point position, already present in other approaches and in
previous chapter.

In table 3.3, the critical exponents is reporter as a functions of the truncation. We first
note that for n > 1 there are only three critical exponents with positive real part. Hence, we
found an UV critical surface of dimension three for all n > 1; this is an important aspect which
tells us that, within polynomial truncation up to n = 5, QFT of General Relativity is found to
be asymptotically safe. The check that such a property is mantained for higher n is not done
here for simplicity.



3.4 Polynomial truncation

Closure type I: Z, , = RI;Q, Zye=Zrp=1,1m = =2, g c=npp =0
n 90 91 92 93 94 95
1 3.1443 5.749
2 2.7194 9.0078 24.9525
3 | 3.2284+i10.5134 | 3.2284-10.5134 | 6.6439 -51.7959
4 3.3275 2.0639 6.4078 | -17.3671+i12.6919 | -17.3671-112.6919
5 3.2416 2.2692 6.4239 -9.985+4i117.7432 -9.985-117.7432 12.5219

Table 3.3: Critical exponents as a function of the order n of the truncation.
G

1.2
10

0.8
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0

|

-0.4 -0.2 0.0 0‘.2 0‘.4;\
Figure 3.6: In this picture the flow given by equation (3.52), using the Einstein-Hilbert trun-
cation, which projects in the (]\k, ék) plane.

Type II closure: Zy ), = Zy.= Zyp = 1, kp = Nke = My = 0

In this section we present the result for the polynomial truncation with a different choice
of anomalous dimensions contribution. The type II closure for equation (3.52) reads

Zk,h = Zk,c = Zk,b =1 — Ni,h = Nkeye = Mk,b = 0 (3.58)

The truncated effective average action is still (3.57) and the couplings values at fixed point is
given in table 3.4.

First, we note that fixed point values for the couplings are highly different from type I
closure. In fact, the two closures differ not only for regulator choice but also for metric decom-
position; hence they give different values for the fixed point as expected.

Also in this case for n = 2 we have a deviation from the mean fixed point values; but the
deviation is greater than in the previous case. Maybe, the previous choice on regulator term
gives a more stable distribution of fixed point as a function of n.
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Closure type II:Zk,h = th = Zk,b =1 77k,h = 77k,c = 77]{71) =0
A6 G | R g 95 g 9
0.1902 | 1.7674 | 0.3804 | 9.4253
0.3199 | 1.4513 | 0.6397 | 8.5411 | 0.1732
0.2441 | 1.8644 | 0.4883 | 9.6805 | 0.1096 | -0.0705
0.2358 | 1.8858 | 0.4717 | 9.7361 | 0.1073 | -0.0726 | -0.0299
0.2363 | 1.8882 | 0.4725 | 9.7423 | 0.1075 | -0.068 | -0.0284 | -0.005

Ui | W NN~ B

Table 3.4: Couplings value at non-Gaussian fixed point as a functions of the order n of the
truncation for closure (3.58).

Closure type I1: Zy, , = Zi e = Zpp = 1, Mk = Miye = My = 0
n Reeo = R691 Im@o = —ImHl 02 R603 = R€94 [m63 = —Im04 05
1 2.1817 2.1665
2 1.8697 3.2475 2.2156
3 2.2667 2.1951 2.4279 -5.4926
4 2.4394 2.2145 2.3254 -3.9547 -1.9701
) 2.8721 1.3385 1.851 -3.0748 -5.9726 -2.9515

Table 3.5: Critical exponents as a function of the order n of the truncation for closure (3.58).

In table 3.5 critical exponents is presented. For n = 1, the Einstein-Hilbert truncation, we
have a pair of complex conjugate critical exponents; hence both directions in the Ax— Gy, plane
are UV attractive. For n > 1 only three critical exponents have positive real part, so the UV
critical surface has finite dimension, a result which is in common to the closure type I studied
above.



Chapter 4

Alternative flow equation for f.(R)
with Euler-Maclaurin approximation

In previous chapters we derived two differential equation for the flow of fx(R) using two
different methods in evaluating the functional trace present in the Wetterich’s equation.

The first method is based on the Heat Kernel technique while the second one regards a
particular approximation for the spectral sums. In this chapter we use a different approximation
scheme to evaluate the trace based on Euler-Maclaurin formula for finite series. The aim of
this work is to find a differential equation of second order for fi(R), instead of third order; this
can be acheved with a ”second order” cutoff scheme, as we have seen in previous chapters.

An equation with a second order derivatives in R would allow for a possibly simpler analysis
of the fixed point and stability involving an infinite numer of coupling.

The starting point is the same as in the previous chapters. The metric decomposition
g = § + kih contains an extra factor kK = /16mG}, so that the n — th proper vertex depends
on /-1272

The truncation ansatz still reads

_ 1 _
k

In order to study the anomalous dimensions that fields can aquire, in the spirit of renor-
malization group, we make the following redefinition

hw = 2w Cu— 2020, Cu— 2/2C0 by — 2 b, (4.2)
and define anomalous dimensions through the usual formulae

o atZk:,a

= =h 4.
Nk,a Zk,a a y Cy b ( 3)

The gauge fixing condition is the same as before

61
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4. Alternative flow equation for f;(R) with Euler-Maclaurin approximation

Z
Trgrlhigl = 52 / d'z/gFu[h: g)F, [h; 9lg"
where )
Fulh; 9] = VPhy, — ﬁuh (4.4)

Note that F'[h; g| does not depend on the scalar mode h when the transverse traceless decom-
position is taking into account; this observation is crucial in diagonalization of I‘](f) within the
gauge a — 0.

As in chapter 3, we do not use the standard Faddeev-Popov ghosts contribution; instead,
we used the following choice

Tegnlh =0,0,C, B; g = /ddx\/ﬁ[ §<A—§> cTr 4 (‘T)zc(A—dﬂ)Qm}
ool (- ) o (G oo )
(4.5)

As it was pointed out in the previous chapter, using this ghosts contribution, there exists
an almost perfect cancellation between pure gauge degrees of freedom and ghosts sector in the
trace calculation; only the anomalous dimensions’ contribution still remains.

We rewrite for convenience the auxiliary field action resulting from the exponentiation of
the Jacobians for the transverse-traceless decomposition, as discussed in chapter 2.

[ R d—1 R

= [ (3 ) v Lt - 2 )
R d—1 R

+2<§<A—d><Tﬂ+ = g(A d_1>A§

where xT and y are Grassmann valued fields while (7" and ¢ are real commuting fields.

(4.6)

The calculation of I‘(2) & 18 given in the previous chapter, in particular for the gravity sector
it is given by equations (3.10-3.11-3.12-3.13-3.14).

4.1 Cutoff scheme

In previous chapters we employed a particular cutoff scheme in order to simplify the cor-
responding functional traces, which had the effect of making the right hand side of Wetterich
equation dependent on ~,'€” . Instead, in this chapter we use a simplified version for cutoff
scheme, called ”second order”, which reduce the dependence only on derivative up to second

one. The ”"second order” cutoff is used, for the first time related to fi(R) approximation, in
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[26]. In this paper a cutoff R(As + asR) with argument Ag + asR, where A (s = 0,1,2) is
given by (3.17-3.18-3.19) and «s is fixed by the requirement that the argument Ag + asR is
positive or semi-positive definite. For s = 1,2 we can impose a; = 0, while for s = 0 we choose
og = dfll, so that Ag + apR = Ag + del = A is semi-positive definite.

To be more precise, we choose the following regulator

1
Ryrr(Ag) = _iflﬁ;Zk,th(AQ)

Z
Re(A1) = Rarer(Ar) = Rygr = =% (k' — ADo(k" — 67)

d—1
Rp(A) = — 7 Zinri(A)
~ ~ ~ d—1)2 Zih ~ ~
Ro(B) = Reel ) = Ry(A) = L2 20 o pyoeo - &)
~ d—1 . _
131 (Bnp) = Rerer(Any) = 7(’# — App)0(E* = Ayp)
( ) = Ree = Kru(A)
73¢(A) k(A)
where
R
A]_ - A - E
2R
Aoy = A
2= 8T g
2
- R
Np=A—— A
= (2-75)
and last

is the standard Litim’s optimized cutoff.
Inserting previous regulators into Wetterich’s equation, the r.h.s. gives the following con-
tribution (divided by spin components)

OTy =Ty +Ti + T + T + 717 (4.7)
where the spin 2 component reads

(1- 28) (i — 2RFY —mnft) + 27,
ot o 3R

1
T2 = 5 TI‘(Q)
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Operator Eigenvalue A, s Multiplicity Dy, ¢
A %R; n=0,1.. (2"+i—!(1d)£q;r!d—2)!
A=A — dTR1 n(nﬂjll))—d Rin=1,2. n(n+d—};(E;)—;i;ll))(!n—&-d—?))!
Az = A+ d(?lljl) n(dTZ:{iil_)l)R; n=23.. (d“)(d_”("Z?B&‘)&)ﬁ?ﬁd‘”(”“"3)’

Table 4.1: Eigenvalue and their multiplicities of operators (3.17-3.18-3.19) on a d-sphere
the spin 1 is given by
Ty = —Try 0(k* — Aq) (4.8)
the non-physical scalar contribution is
T = —Tr' () 0(k" — Anp) + Tr' () 0(K* — A) (4.9)

and the h contribution reads

7 1 (2 — npep + Uk,h,%] 0(k* — A)

@127y (& - ) + @07 (& - &) + (2 - RE) + & -1
(4.10)

Last, we give the anomalous dimensions’ functional trace

T = (200 — 1 — ) {Tr’(l) O(k* — A2) + Tr’ () O(kS — A)} (4.11)

4.2 Spectral sums and Euler-Maclaurin approximation

As discussed in previous chapters, the r.h.s. of Wetterich’s equation involves functional
traces over functions of Laplacian A = —g,, V#V" on a d-dimensional sphere.

In Chapter 2 we used the Heat Kernel technique implemented by a local expansion of the
Heat Kernel operator. In Chapter 3 we adopted the asymptotic approrimation used in [6]
generalizing the method in d-spacetime dimensions.

Here, we introduce an alternative new approximation method based on the Euler-Maclaurin
formula. The starting point is the standard definition of functional trace

TrW(A) = Y W(Ans)Dns (4.12)

n=ng

where, as pointed out above, function W depends on A, Ay or As.



4.2 Spectral sums and Euler-Maclaurin approximation

65

First, note that in all cases we have W (A,) = W(A,)0(k* — A,); hence we can truncate
the sums to the values Ny = | N, |, where

3 N (1—®R+Wﬂd—nﬂﬁ+4éﬂd—n

No(R) = Na(R) = Y (4.13)
— AR 2 2 - _

Nu(B) = (1—-d)R+ \/(d +22 R2 +4Rd(d —1) (414)

(4.15)

as it was discussed in the previous chapter. Formally the Wetterich’s equation with ”second
order” cutoff and spectral sums technique becomes

N, Ny No
kT =Y Wa(An2)Dna+ > WilAn1)Dna+ > W (Ano)Dno

n:2~ n=2 i n=1 i (416)
No ~ N1 No

+ 3 W An0)Dno + Y W (A1) Dt + Y WP (A 0) Do
n=0 n=1 n=1

where A, 1 and A, 2 are the eigenvalues of operators Ay and Ao, given in 3.1, while A\, are
the eigenvalues of A with spin 0 and are reported in table C.1. Note that the spin 1 sum
starts from n = 2 since all d(d — 1)/2 Killing vectors do not contribute to the functional trace.
Similarly, the np scalar contribution starts from n = 1 (contrary to [5]), since o = const does
not contribution to quantum flactuations while Vo, corresponding to n = 1 modes, does.
The functions W (z) in the argument of the sums are given by the following expressions:

1 (1= 2) (0} = 2RFY = mendt) + 2

Wa(z) = 5 M S—_
2 fi+ e — 3RS
Note that when one consider R = 0 and impose f,’C(O) = —1 the denominator does not depend
on z.
W1 (Z) =—1
W"(z) = —1
R 1 2 — N, + Nkp %

N ) . - ——
(@=127 (2= ) + =0 (2= &) + 2/ — Rfp+2 -1
W (2) = (20k.c — Meh — Thep)
W (2) = (20k.c — Mk — Tkd)

To understand the Euler-Maclaurin approximation method, consider first the generic sum
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4. Alternative flow equation for f;(R) with Euler-Maclaurin approximation

The Euler-Maclaurin formula gives

b
Z g(n) ~ /bg(:v)dac + g(a)2—|—g(b) + Remainder (4.17)

n=a

where the remainder term is given by

+o0o
Remainder = Z gj)l' <g(2i—1)(b) _ g(2i—1)(a)>

and By are Bernoulli coefficients: By =1, By = —%, By = %, B3 =0, By = 307 Bs =0 and
so on. Using Euler-Maclaurin formula (4.17), one can approximate functional trace in (4.16)
but the remainder term R gives a non-trivial contribution. Adding to (4.17) another suitable
integral form would establish an equality.

The idea is to provide a truncation for the remainder term

l

_ Rl(t) _ 2(123:)1‘ (9(21'—1)@ _g(m‘—l)(a)) (4.18)

Remainder

trunc.

hence the truncated Euler-Maclaurin approximation becomes
b
S =~ / w)dz + 2 );g( ) 4 g (4.19)

where [ can be chosen such that the truncated Euler-Maclaurin method gives a good approxi-
mation for functional trace.

We had verified that, for any value of [, the remainder contribution gives no important
correction. As we shall show, the Euler-Maclaurin scheme gives a high quality approximation
for functional traces considered in this work. Hence, from now on, we do not consider the

remainder correction in the subsequent calculations.

Tensor trace contribution

First, we apply the truncated Euler-Maclaurin (tEM) approximation formula (4.19) to spin
2 trace contribution, which reads

3 1 ( ) <8tfk_2Rfk_77khfk>+2fk
= 7; WQ()\n,Q)Dn,Q - 5 Z:: fk; + fk _ %Rfk Dn,Z (420)

where A, 2
In order to apply (4.19) first we devide the approximation formula as follows

SQ ~ IQ(N) + MQ(N)
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Figure 4.1: In this figure we plot the exact calculation of spin 2 trace contribution and the
approximation (4.23) with a sample function function f(R) = R? — R+ 1 and with M h = —2.

where I5(IN) represents the integral contribution and My(N) is the second term of r.h.s. of
(4.17). Regarding the spin 2 trace evaluation, the integral part gives, considering the replace-

ment N — Na(R)

- - 7 (R+6) T z z
-  5(5R—6)2(2R +3) 18Nk Grgy e T 2R — Oy + menti

Iy(R) = Ir(Na(R)) = o7 22 fiR—2(fu + f) (4.21)
k

while for My contribution we obtain
~ ~ 5
Mg(R) = MQ(NQ(R)) = = == = =
12R2(fi. R —2(fk + f}.)
+4f} <2(R —3)V3y\/R(3R + 16) — 21R2) + TR*(5R — 6)0: f. — e
(4.22)

{14 fi'(6 — 5R)R®

Hence, the total spin 2 trace contribution that we consider reads
T? = Ir(Na(R)) + Ma(Na(R)) (4.23)

We show the quality of the approximation in figure ??fig:t2EM) by examing eq. (4.23) for
a particular value of f(R).
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4. Alternative flow equation for f;(R) with Euler-Maclaurin approximation
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Figure 4.2: In this figure we plot the exact calculation of spin 1 trace contribution and the
approximation (4.27).
Vector trace contribution

We now calculate the spin 1 trace part within the Euler-Maclaurin approximation scheme.
The spin 1 spectral sum reads

N N
S1=> Wi(An1)Dpi1=—_ Dny (4.24)
n=2 n=2

The approximation formula gives
S~ 1 (N)+ M; + Rl(t)

where, as before, I} represents the integral contribution while M; the second term in (4.17) of
Euler-Maclaurin formula.

The vector sum is trivial; in fact, the integral part gives

N N4
Il(N):—/ Dzlz———§N3—9N2+25 (4.25)
9 ’ 4 2 4
while the M; contribution becomes
1 1
M;(N) = —3 (35 + §N(N +3)(2N + 3)> (4.26)

so that the total vector trace contribution gives

T' = LI(N1(R)) + Mi(Ni(R)) (4.27)
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Note that if one choose [ = 1 then obtain the exact calculation of sum (4.24). In fact, for [ =1
we have the following contribution with Euler-Maclaurin approximation

S1 == (—=N*=8N? — 19N? — 12N + 40)

F-

which is the correct evaluation of sum (4.24).

In figure 4.2 we plot the exact evaluation of vector trace (in blue) and the resulting ap-
proximation with Euler-Maclaurin formula (in green). This picture shows the great quality of
approximation (4.27) already with [ = 0.

Non-physical scalar contribution

The next term regards the non-physical contribution, which can be represented by the
following sum

np - Z Wnp nO/k Z DnO (428)

also this time, the functional trace reduces to simple sum over multiplicity of operator A.
The same consideration and procedure of previous section can be applied. The integral
contribution to Euler-Maclaurin formula gives

N
1
Iy = —/ Dy odr = 75(32 = 12N — 13N? — 6N3 — N*) (4.29)
1
so that sum (4.28) can be approximated by

Spp = ——(N* + 8N® + 22N? 4 25N + 4) + R" (4.30)

13
The total non-physical scalar contribution gives

T = —%(No(f%)“ + 8No(R)® + 22No(R)? + 25Np(R) + 4) (4.31)

In figure 4.3 the exact value of sum (4.28) (in Blue) and the approximation (4.31) are
represented for [ = 0.

h scalar contribution

The h trace part is the most complicated. It can be represented by the following sum

An
1 (2 — Mh + nk,hTiO) Do

N
Sy, = Z Wi (Anjo/k*) Do = —3 s 2 A
= n:09f,g(ka—§> +3f,g(k%0— >+2fk—Rfk no
(4.32)
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Figure 4.3: In this figure we plot the exact calculation of scalar non-physical trace contribution
and the approximation (4.31).

We split the sum into two contribution

N N
> Wi (Ano/k*) Do = Wi (Xo,0/k*)Doo + Y Wi (An0/k%) Dno (4.33)
n=0 n=1

and treat only the second part of r.h.s. with the standard approximation scheme. Next, we
apply the Euler-Maclaurin formula for the r.h.s. of (4.33) and calculate the integral contribution

N
MMz[I%%MWWW=%+mW) (4.34)
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where

2

A_ —_— ==
h 3f];/2R2

{ Arctanh

fi+1
\/f,g(f,g FAf +R+2) —4Af/f +R—3)+1
< 1271+ fi = 3RFY)

o (2 (BT = AF +9) + G+ 1P) = FERU + 185+ 9) + 02 R) | } /

\/f,g(f,;+4f,;’+1%+2)—4f,;’(2f+1?2—3)+1

1 o iy _ _ 3 _
+ 7 In [256(f,;R —R—2f + 3)} (12f,g’ men(FI(6 = 5R) + 2fL + 2))

(4.35)

By, (N) :3;7%2 (N +4)(N —1)
k
- ~22~2{ Arctanh | ——— 2f; 2 +~f,Q’R(N + il)(N~+ 12
e V2R AT+ R 2) —4f12f + R—3)+1

x 12771+ fi - 3RF)

o (2 (AT~ AF +.9) + Gt 1F) = FERUL + 185+ 9) + 07 | } /

[\/f,;(f,g+4f,;’+1§‘t+2) —4fl2f+R-3)+1

— 3fl?R? In [16(48 —32f, — fUR*(N +4)*(N — 1)?
k
_AR (f,’C(N(N+3)—8)+N(N+3)>)}

x (12 + mn(F(6 = 5R) + 2/} +2))

(4.36)

Hence, the total h scalar trace is approximated by

T* = M (No(R)) + Ay, + By (No(R)) (4.37)
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Figure 4.4: In this figure we plot the exact calculation of h trace contribution and the approx-
imation (4.37) with a sample function function f(R) = R?> — R+ 1 and with 7 ), = —2.

where

Mk,h — 2 5 64+ (R—3)mn
—3+2f, —2fiR+ f/R? 4-3+2f, —Rf,+R
(N +1)(N +2)(2N +3)(2 — o p + 5N (3 + N) Ry )

My (N) :g

+ 2

(—48 + 32f, — 16f,R — AN(N + 3)R + 4fL(N? + 3N — 4)R + f/'(N2 + 3N — 4)2R?)
(4.38)

In figure 4.4 the value of sum (4.37) (with N replaced by Ny(R)) and its approximation
(4.37), where we choose (for sample) f(R) = R2+ R+ 2 and [ = 0.

Note that the formula obtained for the h trace part with the Euler-Maclaurin approximation
is valid with the condition f;’ # 0, since in the evaluation of integral (4.34) the previous the
previous relation must hold.

For the case f” = 0, which we call ”Einstein-Hilbert” case, a modified evaluation of the
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integral (4.34) is necessary. With f,’g’ = 0, we define

oy 2 gy 3\ 625
I (N) —W{Q(m 3fk) <<N+2> 16>77k,h

i ;‘Z(mﬁ + (16 — 15f1) R + 96) (nk,h(2f+ fr(3—2R)) - 6f; + 32)

96 + 41 (3f; (N* + 3N —8) — 16N (N +3)) + 768

x In = - =
16(6f — (3f + 16)R + 48)

- ]%2(3f,; —16) <<N + 2)2 - %f) (nk,h(g?,f,;R — 96y, — 144f] + 16R) + 96(3f;, — 16)) }
(4.39)
Hence, for f,;’ = 0, the scalar h trace can be approximated by
Thu = My(No(R)) + IF" (No(R)) (4.40)

Anomalous dimensions’ contribution

Finally, we consider the contribution to the traces given by the anomalous dimensions’ part
of Wetterich’s equation, which can be represented by the following sums

N N
S) = Z W (Ano/k*) Do = (20k.c — Nk — Mked) Z Dy (4.41)
n=1 n=1
N N
ST = W1 /k*)Dny = 20k — Mo — Mhp) Y Do (4.42)
n=1 n=1

The previous sums have been evaluated in the vector and non-physical scalar sector. Here,
we report directly the results of Euler-Maclaurin approximation scheme for the total anomalous
dimensions trace part

1 . . s 3
T = 5(2%6 — eh — Mep) (No(R)* + 8No(R)? + 20No(R)? + 17No(R) + 4) (4.43)

4.3 Flow equation for f;

Collecting all the expressions for the terms in the Euler-Maclaurin approximation scheme,
the Wetterich’s equation becomes

4 o o e . _
Ty = %us Oife(R) — 2Rfl(R) + (4 — 2?’“) fk(R)} =T? 4T 4T 4+ T +T" (4.44)
k k
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with
T? = I(R) + My(R) (4.45)
with
R+6
27R? fkR 2(fk + £
and
- 5 - -
Mo(R)) =—mre e [14]”’(6 ~5R)R’
2 2R(fIR—2(fe+ f) L " (4.47)
+4f; < (R —3)V3y/R(3R 4 16) — 2132> + 7TR*(5R — 6): fr. — M f,;}
7' =~ (Ni(RY) + 8N (R)® + 18Ny (R)? + 9Ny (R) — 30) (4.48)
T = — - (No(R)* + 8No(R)° + 22No(R)” + 25No(R) +4) (4.49)
= %(27719,0 — e — o) (No(R)" + 8No(R)® + 20No(R)* + 17Ny (R) +4) (4.50)
and last )
= M;(R) + A5 (R) + B;(R) (4.51)
where
M(N) =2 L T/2~ — 5 6+ (R- 31)7/k’h _
2-34+2fy—2ffR+ f{R? 4-3+4+2f,—Rf+R w52)
4.52

3 (R+6)\/R(3R + 16))
R? (2fi = [L2R = 3) + (R~ 3)?)

Az (R) :7,22~2{Arctanh — — Ji 1 —
3R \/f,g(f,g+4f,;’+R+2)—4f,;'(2f+R—3)+1
x (1211 + fi = 3RFY)

o (2 (FEGR T 49) + (G 17) = LR+ 18 +9) +67°72) } /

[\/f,;(f,g+4f,g’+é+2)—4f,g’(2f+1%—3)+1

1 D D r rh gl D rl}
e In [256(f{ R — R = 2fi +3)| (12 + mn(F(6 = 5R) + 2f +2))

(4.53)
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sy Men (12

_{Aretanh 2f1 +2+ fI(12R — 4)
*//2"’ ~ P ~ ~ ~ ~ ~
3fp R \/Qf,g(f,g+4f,g’+R+2)—4f,g’(2f+R—3)+1

% |12/ (L + Ji = 3RF)

i (2 (LT =47 +9)+ G 12) = FERGL+ 1877 +9) + 672 )| } /

[\/f,g(f,;+4f,;’+1%+2)—4f,;’(2f+1%—3)+1

1
3f,2R?

In [16( — 32f, — fI(12R — 4)2
16712 — 3))]

x (12f,’; +men(FL(6—5R) + 2, + 2))
(4.54)

4.4 Possible closures for f;(R) RG equation

Equation (4.65) allow us to describe the flow of function fi(R) and also its dependence
of curvature scalar R. This equation contains fields anomalous dimensions which have to be
determined in a different way. As explained in the previous chapter, a possible closure is the
following: find anomalous dimensions contribution from the flow of F,(f). This possibility is a
proposal for a future work.

To follow a simple and consistent closure of (4.65), in this work we make two different ansatz
for the values of Zj j,, Zi and Zj . The most simple ansatz, which we call type I ansatz, is
the following

Zih = FLEQ Zie=Zipp=1
which implies

B
Meh = — 5 -2 Mee =0 Mgy =0 (4.55)

where ki, = /167Gy and G = k2G), is the dimensionless Newton’s constant. Note that type I
ansatz (4.55) is associated to the following metric decomposition

Juv = g/w + h,uz/

which is the most used definition for quantum flactuations.
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Another ansatz for the anomalous dimensions values, which we call type II ansatz, is the
following
Zih = Zip = Zge =1

which implies
Meh =0 Mee=0  mep=0

Hence, with type I ansatz, the anomalous dimensions contribution in (4.65) is completly ne-
glected.

4.5 Polynomial truncation

The most simple truncation for the average effective action is the standard Einstein-Hilbert
action .
Lrlh,C,C,b;g] =
k[ s Ly Ly Uy g] 16’/’1’Gk

where Ay is the running cosmological constant. The choice (4.56) is consistent with previous

[ e aeA — B+ T+ T (456)

truncation (3.1) if
B)=20~-R  —  fi(0)=27;  fr(0)=-1

so one can construct the flow for gravitational and cosmological constants using (4.65).

For a first study on the dimensionality of the critical surface, the average effective action
have to be modified introducing more interactions such as R?, R? and so on.

Here, we consider the polynomial truncation, so that the effective action reads

1 " ,
I = d? R'+T r 4.57
k= TonCn / x\/ﬁggz + Ligh + gy (4.57)

Clearly, for n = 1 we go back to Einstein-Hilbert form. This truncation ansatz is consistent
with our initial assumption for the effective action as a function only on curvature scalar. To

study the flow equation for the dimensionless couplings §; = k*>~2'g;, we use equation (4.65),
which, as pointed out in the last section, necessitate of a closure to be solved for the presence

of anomalous dimensions’ contribution.

Closure type: Zy, = k;%, Zyp = Zpe = 1

With equation (4.65) and in the polynomial truncation the numerical studies are really
involved. From n > 1 the corresponding beta functions contain complicated expression with
Arctanh and Log functions. Here, we present first the results for n = 1, where we find a
non-Gaussian fixed point with values

Zrn=ry> —  GF=0.61902 A*=0.217946
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Closure type I: Z, , = Iilzg, Zie=2rpy=1,1mp = =2, Qe =Nkp =0
n| A ]G G R g g g1 9 s
1102179 | 0.619 | 0.4358 | 5.578
2 ? ? ? ? 7
31 0.2727 | 0.5144 | 0.5454 | 5.0852 | 0.1048 | 0.0114
4 | 0.1563 | 0.5396 | 0.3126 | 5.2082 | -0.3669 | -1.0033 | -3.2592
51 0.1387 | 0.5021 | 0.2773 | 5.0236 | -0.6453 | -2.0609 | -5.3371 | 4.5353
6 | 0.1339 | 0.4907 | 0.2677 | 4.9663 | -0.7478 | -2.4707 | -5.9841 | 6.1949 | -12.8759
Table 4.2: Couplings value at non-Gaussian fixed point as a functions of the order n of the
truncation.
Closure type I: Z, , = /i,;Q, Zye=Zkp=1,0 = =2, Mpc=nrp =0
n R€90 = R€91 Im@o = —Im@l 92 R693 = R€94 Im93 = —Im94 95 96
1 1.7562 3.7246
2 ? ? ?
3 1.0357 5.1787 1865 -21552
4 2.7262 3.4013 8.9136 -119.933 -1.1675
5 2.6887 3.0439 5.021 -91.9527 -2.5599 1.5174
6 2.6975 3.0381 10.4644 -104.339 -5.0858 2.6116 | -2.1647

Table 4.3: Critical exponents as a function of the order n of the truncation.

with critical exponents

.2
Zk,h = Ky, —

01 = 1.3725 + i3.4262

These values are compatible with previous results given in second and third chapters. Note

that the two closures have very different values for the fixed point solution, feature in common

with the two previous fi(R) equations.

In table 4.2 the values of coupling constants at the fixed point are given; instead, in table

4.3 the critical exponents are reported up to n = 6. It is evident that the UV critical surface

has dimension three, which confirms the results of previous equations.

For n = 2, we find no NGFP with positive Newton’s constant. This does not require that

a fixed point for R? truncation does not exist since, simply, the numerical algorithm does not

converge near the starting values we propose.
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Closure type II: Zy , = Zie = Zip = 1 Ny = Mgy = Miep = 0

n| A G* do R 72 J3 da Js J6

1| 0.0813 | 1.3219 | 0.1626 | 8.1514

2 ? ? ? ? ?

3] 0.0291 | 0.8838 | 0.0582 | 6.6651 | -0.9152 | -3.144

41 0.0473 | 1.1084 | 0.0945 | 7.4643 | -0.2684 | -0.5262 | -1.2757

51 0.0372 | 1.0069 | 0.0744 | 7.1141 | -0.5444 | -1.2611 | -2.3027 | 2.6717

6 | 0.0351 | 0.9801 | 0.0702 | 7.019 | -0.636 | -1.5307 | -2.4963 | 3.751 | -5.0053
Table 4.4: Couplings value at non-Gaussian fixed point as a functions of the order n of the
truncation.

Closure type: Zi = Zyp = Zp. =1

Here, we present first the results for n = 1, where we set 7;; = 0. We find a non-Gaussian
fixed point with values

Zpn=1 — G*=1.3219 A* =0.0813

and critical exponents
Zpp=1 — 0+ = 2.3839 +40.8614

In table 4.4 we report the result of numerical studies also for n > 1. First note that we did
not find any suitable fixed for n = 2; we stress that this does not require that a fixed point in
R? truncation does not exists. The numerical algorithm does not converge nor give any values
as the solution of the system. Maybe, the fixed point has values such that indesiderable poles
appears in the integral of the Euler-Maclaurin approximation formula.

In table 4.5 we report the values of critical exponents. Here, we note that the UV critical
surface has dimension three, which confirms the previous results obtained with different flow
equation.

A general remark is in order: even we have choosen a pretty different cutoff scheme we
notice that the qualitative picture for the UV critical behaviour does not change.

4.6 Spectral sums with Digamma function

There exists an alternative method to evaluate the spectral sums reported in previous
sections. This method makes use of the special function called Digamma function. This special
function is defined through the well known Gamma function

d T'(2)

P(z) = gln I'(z) = (%) (4.58)
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Closure type I1: Zy , = Zi e = Zip = 1, My = Nke = iy = 0
n 6o 01 02 03 04 05 + ibg
1] 2.3839+i1 0.8614 | 2.3839-i 0.8614
2 ? ? ?
3 2.9873 2.4264 1.1955 | -43.9298
4 | 2.8011+1 0.4986 | 2.8011-1 0.4986 | 9.898 | -70.9492 | -1.194
5 | 2.66384+i 0.2646 | 2.6638-1 0.2646 | 5.1064 | -58.499 | -2.0632 -5.1065
6 | 2.70414i 0.2533 | 2.7041-1 0.2533 | 9.3296 | -65.6745 | 1.7447 | -5.8279 4+0.9337
Table 4.5: Critical exponents as a function of the order n of the truncation.
where

+o0o
I'(z) = / t*~le~tat
0

Note that this definition is valid only for $z > 0, but can be extended also in the domain
Rz < 0 by analytic continuation, see [27].
One useful property of the Digamma function is the following

n—1
w(n—i-z)—i/}(z—i—l):zzil (4.59)
k=1

for n integer value.

With formula (4.59) we can express the functional trace contribution into explicitly expres-
sion involving only the Digamma function.

We start from the spin 2 trace contribution. Consider the sums (4.20) which we report here

N N (1_ 2n2 8fl—2Rf//— J?/ +2J?/
1 2 tJk k — kT k

S2 =Y Walh2)Duz =5 3 ( ) < S ) Dna  (4.60)

n=2 n=2 fk+fk73Rfk

where the eigenvalues and relative multiplicities are given by

Ana = ”(”1";3)3 Dpo = g(n —1)(n+4)(2n +3)

The sum given in (4.60) can be evaluated exactly and the result is

BN(N — 1)(N +4)(N +5) (R(N F1)(N +3) - 18)

Sy(N) = Y
2 216 (2(fk +fi) - Rf;é) (4.61)
o 36/ — O fr + e
(R(N+ (N +3) - 18)
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Figure 4.5: In this figure we plot Digamma function v (z), defined in (4.58) , in the case of a
real variable z.

One must stress that this result is exact and not obtained with an approximation scheme. But,
there is a comment that allow us to prefer the Euler-Maclaurin approximation than the exact
expression.
To recover the functional trace contribution in the spin 2 sector, we have to replace N with
Ny (R)
T2 = Sy(No(R)) (4.62)

where

- —3R+VIR? 4+ 48R

Na(R) oF

First, when we consider the sum Sy as function of R (with the replecement rule N — Na(R)),
we do not use the Floor function in the argument of exact sum So, because this would imply
a non analiticity in the equation and subsequent complication in numerical studies. This fact
introduces an approximation into our scheme which gives us the same quality than the Euler-
Maclaurin approximation.

In figure 4.6 we plot the exact value of spin 2 functional trace and the relative approximation
with Digamma technique. The quality of the approximation scheme is the same as in Euler-
Maclaurin technique.
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Figure 4.6: In this figure we plot the exact calculation of spin 2 trace contribution and the
approximation (4.62) with a sample function function f(R) = R? — R+ 1 and with ., = —2.

Vector, scalar np and anomalous dimensions’ contribuions

As it have been pointed out in previous sections, the vector, non-physical scalar and anoma-
lous dimensions’ contributions involves only a sum over multiplicities. This sums can be evalu-
ated exactly again in simple term, since D,, s is a polynomial in n. Here we report the resulting
trace contributions

Ni(R)
1 - - - -
T'=- > Dnpi= Z(—Nl(R)4 — 8N (R)? — 19N (R)? — 12N, (R) + 40)
n=1
R)

No(R
1 - - - -

T =— 3" Dpo= —ﬁ(z\fo(R)4 + 8No(R)? + 23No(R)? — 28 Ny(R))
n=1

No(R) Ny
T =(20k,c — M — Mkep) |3 Z Dy + Z Dy 1
n=1 n=1

:%(2%@ — Mo — p) No(R) (NO(R) + 4) (5 + No(R)(No(R) + 4))

= —3R+VI16R?+ 48R

Ni(R) 2R

where
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. —3R+V9R2+48R

No(R) = Y

Scalar h contribution

Last, the h scalar contribution can be written in terms of the following sum

N N 2 — M) D
SE _ Z WE()\n,O/kz)Dn,O _ _1 Z - - 2( j]k,h + 77k,h~ k2 ~n,O _
o =0 ofy (B - B) +af (G - B) + 2 - RA+ 1
(4.63)
Decomposing the denominator in terms of its roots, we find the exact evaluation of sum

(N + 1)nk,n
3fIR

S;L(N):— (N+15+21'1+2$C2+2$3+2$4)

N 24: <24 + e R (s + 3)) (i + 1) (i +2)(22; +3)
3 R i (@i = )

(Y1 + N —x;) —YP(—x;))
(4.64)

in terms of Digamma function, where z; (i = 1,2,3,4) are the roots of denominator of function
Wi (2), which can be obtained from the four combinations of plus and minus sign of the following
expression

3 25F) R~ 8f, + 48/ FLAFIR+ L +2) —Af{(2f + R~ 3) + 1
12f/'R

4.7 Flow equation for f; with Digamma function

The Wetterich’s equation for fk with Digamma special function becomes

4 o o =, . _
Ty, = ,%Vw 0 fu(R) — 2Rf(R) + (4 - 282%) ﬁ:(m} =TT 4T+ T+ T7 (4.65)
k k

where

SN(N — 1)(N + 4)(N +5) (R(N F1)(N +3) — 18)

T? =
216 (2(fr + f) — RS
~( (Fe+ F}) - BfY) oo
X | = 367 — Ouft + e fr
(R(N F1)(N +3)— 18)

Th = _E(NI(R)ZL + 8Ny (R)® + 19N1(R)? + 12N; (R) — 40)
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T = L (No(R)* + 8No(R)° + 28No(R)” — 28No( )

T = (ke — i — ) No(R) (No(R) +4) (54 No(R)(No(R) +4))
T"R) = — W (NOR + 15 + 221 + 220 + 223 + 2x4)
4 (24 + T]kﬁﬁixi(xi + 3)) (z; + 1)(w; + 2) (225 + 3) _
+ ; 317]/6/&2 Hi;&j(xi — JU]') <¢(1 + No(R) — ;) — 1#(-%))
(4.67)

where z; (1 = 1,2, 3,4) are the roots of denominator of function W7 (z), which can be obtained
from the four combinations of plus and minus sign of the following expression

3, 251 R — 8} + 8\ F4fI R+ L +2) —af12f + R—3) +1

T; — —= T
12f R
and last the upper bound of the sums
- —3R+V16R? + 48R
Ni(R) = =
2R
- - —3R+VIR? +48R
Ny(R) = No(R) = o

One may use this equation as a starting point for an alternative numerical analysis. Again
with the choice done for the cutoff scheme the flow equation depends on derivative of fx(R) of
order non higher than 2.
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Conclusions

This thesis is devoted to the functional RG approach to the quantum field theory of general
relativity. To be a consistent candidate to the quantum theory of gravitation the QFT of GR
have to be an asymptotically safe theory, a paradigm which extend the well known notion of
asymptotic freedom in the non-perturbative domain. According to Weinberg, a quantum field
theory can be called asymptotically safe if the dimensionless coupling constants tend to fixed
values as the momentum scale goes to infinity; then all measurable quantities remain finite at
all energies.

The functional RG approach is a powerfull method to study the non-perturbative regime
of any quantum field theory. To extend this formalism to curved space time in a diffeomor-
fisms invariant way we use the background field method, first introduced in non-Abelian gauge
theories.

As it is pointed out in chapter 1, we choose a FRG technique for the average effective
action and consider the flow equation for it. The exact equation is impossible to be solved so
that one is forced to make an ansatz on the average effective action; in this work we choose
a function of the scalar curvature R only, as in Ty ~ [ dx\/gfx(R). The first work in this
direction was carried on in [5, 14], wherein the authors use a ”"third order” cutoff and derive
a flow equation for the function fx(R) which is a third order differential equation, where the
Heat Kernel technique is used in the trace evaluations.

In chapter 2 and 3 we extend the equation given in [5, 6] considering a different metric
decomposition and introducing the anomalous dimensions contributions to the flow equationi.
We derive the corresponding differential equation, which is of third order due to the cutoff
scheme choice, with the Heat Kernel technique in chapter 2 and with ”asymptotic behaviour”
approximation in chapter 3, as used for the first time in [5, 14] and [6], respectively.

In chapter 3, we also extend the flow equation to general d spacetime dimensions and verify,
term by term, that the approximation used is still valid in general dimensions.

The fr(R) truncation ansatz allows also to study the polynomial truncation where the
function f is expanded in power series of scalar curvature; in [5], for the first time, they
considered a polynomial troncation up to order n = 9 and found a non-Gaussian UV fixed
point solution with three attractive directions.

In chapter 4 we move to study a new cutoff scheme which is able to lead to a differential
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flow equation of second order in f;(R). Hence, in this thesis, we consider the case of ”second
order” cutoff in the sense that does not depend on f;/(R) and propose an alternative evaluation
for the functional traces present in the flow equation. With Litim’s optimized cutoff function
the functional traces can be considered as finite sums where the upper bound depends on the
dimensionless scalar curvature.

We consider two approximation schemes for the finite sums. First, we used the Euler-
Maclaurin formula and observed that the quality of the approximation is very good. With this
cutoff scheme, we derive a second order differential equation for f;(R) instead of third order
one, which can be used as a proposal for a future work based on numerical investigation for
searching a global solution for the scaling equation. We also propose a numerical study for the
polynomial truncation and compare our results with those obtained in the previous chapters
and in literature. We found, as expected, the presents of a non-Gaussian UV fixed point up to
order n = 6 with three attractive directions, which confirms the previous results.

Secondly, we propose an alternative traces evaluations of spectral sums with expression
containing the Digamma function. Althought the sums are computed analytically, this method
introduces an approximation when we consider that the upper bound depends on dimension-
less scalar curvature. Contrary to the Euler-Maclaurin approximation, this second technique
involves a special function which complicate the flow equation. Hence, we consider the Euler-
Maclaurin approximation method a very good tool for the trace evaluations.
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Appendix A

Riemann tensor variation

Riemann tensor and coefficients of Levi-Civita connection

1 loa
Fpaﬁ = igp (804906 + 8,39040 - aagaﬁ)

A A
Rpaaﬂ = 80[1_‘/)50 - 85Fpaa + Fp)\ozr Bo Fp)\ﬁr ao
Ry =R, R=g"R,,

Let us calculate metric tensor, coefficients of connection and Riemann tensor variation, starting
from
17 17
OGuv = huw og” = —h#

1 1
5Fpa5 :—gpa(ﬁahgﬁ + aﬂhm — 80'haﬂ) — ih’m(ﬁaggg + aﬁgm — 6gga5)

2
1

:i [gpaaahaﬁ + gpoaﬁhaa - gpaaahaﬁ] - ngFAaﬂhJ)\
1 g

:igp (Vahgg + Vﬁhao — Vghag)

which, as expected, reveals that the variation of a connection is manifestly a tensor. In deriva-
tion we considered [0, d,] = 0, but [d, V4] # 0, since

[0, Va]ug = —5I’/\aﬂv>\
[0, Valtpe = =0T, jtre — 6T ton
Riemann tensor variation

SR’

oaf

:aaérpﬁa - aﬁdeOéU + (6Fp/\a)r>\ﬁo + Fp)\a(sr)\ﬁcr - (5Fp)\ﬁ)FAOéO' - FPAB(SF)\OM
:Va(érpﬁa) - vﬁ<5rpa0')

1
== [vavghpﬁ + VeV hao — VaVPhss = VVehPy + B\ sh, — R0
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Ricci and scalar curvature variation follow
5RNV = 6Rpupl/ :vﬂ(érp;w) - v1/ ((kup)
1
=5 |VoVuh’, + VoV h?y = Vihyy = Vo Vuht Royhyf = R, 0y

SR =8(g" Ry) = —h" Ry + ¢" 6 Ry = —" Ry + V Vo h*° — V2h
Let us start with second variation, taking into account
8P g, = Ghy =0
which implies
5@ gt = —5h" = —5(gMPg"" hpg) = 2h1RY,,
and
0h = 6(guh"”) = —huht

From the commutator (A) we can construct the second variation for coefficients of connec-
tion

1 1
af — _§hpa(vahﬁa + vﬁhao - vahaﬁ) + igpgfs(voéhﬁﬂ + Vghag - vaho‘ﬁ)
1

— _§hl)a(vahﬁo 4 Vﬁhao — Vghaﬂ) — gpdéf)‘aﬁhg)\

5P

= —h"?(Vahge + Vghao — Vohag)
and for Ricci curvature scalar
PR = —R,,0h" — W™ SR, + 0V ,V o h?" — §V2h
= 20" oy R, = W SRy, + NV p0V o b7 — T2, W\ + 617 [\ Vb + 617, Vo
A
— V,0V°h — 61"\ V*h
— 21 hoy R, = W 0 Ry + VN o0 49, (%) 17| 4+ 7, [477,, 1]
+ 017, Voh = V26h — 617, V*h
1
= 20y B, = [V,\V,Jﬁy + YV, Vs — V2, — V.V, h
g 1 17 1 loa oo
+ Ry, — R h A} — S VPR 4+ SHTN Vo + BTN,V I,

1 1
+ (Voh)(Vah) = 5 (Voh)(V7h) + (Voh))(Vph*7) = S (Voh) (VP hay)
— 2V, Vo [hP o h7%) 4 V2[R ]
v 3 (0% 1 Vo 3 v
= Wb+ S hay RS 4 Sy R Thyg — Sh* VaV,hY,
5 1 3
— QhWV”V’\hA" + (V,hP)(VAh) — 5 (Veh)(V7h) + (V) (VPhy)

2
+ 2N, V2R — 2(V 0PN (Vo) — (V,hA) (V7))
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For relation (2.50) we need the quantities

1 1
5(v9) = 72\/559 = 5\/§9“”huy

1 v g v
VAR 1 V98 g hoe — 207 By )
which allows us to construct
5
2209 | 50k _ hsr 4 5OR
VI
v v 3 174 (67
= —R"hyh + hV, VW — hV?h + S hav RY,
1
+ P R g — ghwkum - ghWV”VAhA“
1 3
+ (Voh?) (Vah) — 5 (Vah)(V7h) + §(VphA")(V”hAa—)
+ 20, VAR = 2(V phPY) (Vo hy7) — (V) (Vo hYy)
124 1% 3 174 (6%
= —R"hy,h+ hV,V,h*" — hV?h + S M hav R,
1 1 1
+ S R hyg — SV AV, — SV NS
v 1 1 12 (0%
= —R"hyh — 5hv2h + 5h,wv%# + h*hagRl
+ Py R hpg — NN Phy, + VY by,

and
(OR)? = [~R" hys, + V¥ " hysy = V2h] [=R*Phag + VoV hag = V2h
= — R"R*hy,hag — 2R hyy Vo Veh®? + 2R by, V2R
+ (VY hyu ) (VOVPhos) + h(V?)2h — 20V?V Y, b
where ”=" means "=" up to four divergences.
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Appendix B

Calculation of F in f(R)
approximation

In this appendix we explicite the calculation for second variation of average effective action
within the ansatz (3.1). Starting from (2.50) we will derive the expressions (2.51- 2.55) using
the transverse-traceless decomposition (2.23).

We start from the transverse-traceless component of I‘,(f), we get term by term

1 1 .y y
) (G2 = S ) = = WL ()
1 1
S LR — o [ (R, b

(0 104 R v
fL(R)R* hagRﬁ — f1(R)R* haﬁRfj = dhfyhTﬂ

R
huy RMP hpy — i, RFPVO R = AT hl hTH

the other terms are identically zero for the transverse or traceless properties (2.24) of hg,/.
summing all together, the transverse traceless component gives

1
I Ti(R) <2v2 + d(d_l)R> - %fk(R)thhT”” (B.1)

which gives (2.51).
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For the vector part we have

fe(R) (—hm,hﬁ“’) — fou V2" + &V VVER = i€, <V2 5) ¢t

SR VAR = = fig v, VAV e = f1&uV, VAVIEY =

_ g 22, Bop 2R? ) R R? 2R 9
——fkﬁu[(v) +5V +d2(d_1)}§“——fk§u[ +d?+d(d—1)v]§“
féh”o‘haﬁRff - _fl/c%gu <V2 + R> 13

2R R
fllgh,m/RMpVUhpo fk d( )fp < > 5“

. 2R R?
- fllchuv“vphpu — fl/cfu {(V2)2 d v+ dz} gr

gauge fixing term

1+p
Fj, =V"h,, — y ——EV,h = VPV, + V&) = <v2+ )

F(a+ BVFF = ¢, <v2 + ];) (a+ BV?) <v2 5)

all togheder gives

d

%gu <v2 + 5) sy <v2 + 5‘) (a+ BV2) <v2 + R) g (B.2)

which is equivalent to (2.52).
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The scalar h — h part gives

1, 1. ., d—2,
f <4h — Shuh )g R
— frRuwh*™ h — —%hQ

-
— kpv2h
5 IV
/1 27 pv / 1 2
f,@hwv Y — f,%hv h
N R
feh**hag Rl — f,’@h2
R
fl/ghm/R'upyghpa — fl/cﬁhQ
/
— [Rh NN Py, — —J:?hv?h

/
FLhNVHNY Ry — %hVQh
R
ka2
— 2f R* b, VOV hes — 2f hV2

FARP hag R™ hyy — h?
2f¢ R Dy V2h — 2 f”—hV2h
[P VG VA VA Vo) TR Ji k Eh(V?)2h

— 2fI W2V P hyp — — fk h(V?)?h
FR(V?)?h

summing all we find

fih?

Jip (d—1)%(V?)? +2(d — 1)RV? + Rﬂ e 2
d2 4d

,(d—1)(d—-2) 9 2R

equivalent to (2.53).

For the scalar o part we use relations
V2V, [of"] = f*V?V 0 + oV, V2 f* + four divergences

1 d—1 R
p 2 = 2 - 2 v
V hpl/ » VeV, 0 dcuC g d Cy<c +d—1>
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where f, is a four vector and s is a scalar. So that

d
fk huyh e _fk

— R
2 2

54 <V —i—d_l)VU

fk 2 Wy fk AviAwiZ fk 2\3

?hWVh LoV, V,VIVEY —ﬁa(V)a
f’f oV (VQ) Vio + ff —av VQV“U—l-f/i

D) Fd2(d—1) 2d

3fi R oo , R’ 2

5 4 (V)a—l—fkd(d_l)o*Va
d—1_, R]_,

] +d]VU

- f,;( o2yt

feh"hogRl = fr.— hw,h” f,’ga[

vo R 2 R2 2
fl/chuuRup hpo = fkd( )h.ul/h - fk*a(v) ﬂfmava

v ( _1)2 2 R 2
— f,ghuV“Vphpy — —f]é d2 Ve + ﬁ V o

veawr B vh ( 1)2 2 R 2 2\2
Fl b VPPN P hog = fIHVEVY hy)? — 1! (v +> (V2)%o

for gauge fixing term

d—1)? R R
(e + BVt 500 (94 77 ) Vot 899 (924 5 ) o

= (d;;) <V2+d}i>2 (a+6 (V2+§>> Vo

where ”=" means ”=" up to four divergences. The total ¢ contribution gives

_ f]/gU |:(d — 12);201 — 2) (V2)3 R (V2) - ‘sz2:|

_ d—1 2 R 2 //( _1)2 2 R 2 2\2
Ix 53 a(V —i—d_l)VU—l—fk 7 \% t o (V7)

102 2
+(dd21) 0<V2+d]jl> <a+6<v2—|—§>>v20
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Last, the scalar mixing h — o contribution

d- v2 R]VQ

- f,’gh;’jV“Vphpy — —=2fh [ 2 2

1 R
PPN by, — fLANVPVY (v#vy — 29V > o= i1y <v2 n d_1>

— 2f R* 1, VOV P hos — —2f)! hV VZV“U+2fk d2 (VQ)%
—Qfélgh( Vo +2f/<; 2 h(V?)?o — 2 *hVQ

1

h(V2)3a — 2f,;'gh(v Vo

R
(VQ) + 2f,’€’?h(v2)20

— 2f/hV?V 5V ,hP

(V“VU /‘“/)

for gauge fixing term

d—1 2 R p

F,(a+ BVHFF — _u ;QDZ [a <v2 + d]f 1) - f 1h] V(o + BVA)VH

R p

2 [— e —

x[(v +d 1)0’ d—lh}
d—1 s R 9 9 R

The total h — o contribution reads

R \? d—1)(d—2 d—2
2f <v2 d_1> V20 + fih {(C);)VMR = }v%

d—1 2 R 2 (o2 R
- a(am(v H)) v (v i)

which gives (2.54).
Next, the trasverse CTCT ghost part

2p

Syn.e — CTH(a + BV?) <V2 + 5) cr

the longitudinal ¢ part

—2-2
Sohe = — &V (o + BV?) [<v2 + ?) Ve + WV“V%}

—c (a + <v2 + ?)) vV, [<v2 + 5) VHe + (d_il_mv“v?c]
(o a (e B (w0 28) 4 U2
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the transverse b” third ghost
Sghp — by, (o + BV)pTH

and the longitudinal b third ghost

Sgnb = —bV (a4 BV?)VHb = —b <a + 8 <v2 + ];”)) V?b

)

which concludes the matrix elements of 1"22 .
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Heat Kernel Technique

In the construction of Wetterich equation, the calculation of functional trace is needed; in

particular we find the following expression
Tr [W(A))] (C.1)

in which W(A) is a generic function of the Laplacian A = —g,, V#V" in a four dimensional
sphere S*. From new on, we consider a d-dimensional sphere S% e the Laplacian A on it. By

definition the functional trace reads

T W(A) = > W) (C2)

where \; are the eigenvalue of the Laplacian in S¢.
The first step for the evaluation of trace is to write W in terms of its Laplace anti-transform

+oo 5 +o0 _
Te [W(A)] = Tr /0 dse= TV () = /0 dsT¥'(s) Tr (e=*2) (C.3)

so in order to calculate the functional trace of a generic function of A we must know only the
trace Tr (e7*2). The exponential H(s) = e ** satisfies the heat equation

(0s+A)H(s)=0 (C4)
Defining the function H(x,y;s) = (x|H(s)|y), it satisfies
(05 + Ag) H(z,y;5) = 0 (C.5)

which posses a simple solution in the flat case

1 —y)?
H(z,y;s) = e~ (C.6)
~flat o (47rs)

[S]ISW
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(C.7)

1 o(z,y)
e~ o Qz,y; s)

100
Following De Witt, we make an ansatz for the general solution of (C.5)

[NJisH

H(z,y;s) =
(4ms)

where o(z,y) is a generalization of the Minkowski square distance (z — y)* and satisfies
1
=V,oVto =0

for x # y and o(z,y) = 0 for x = y. The next step is to substitute the ansatz (C.7) into the

equation (C.5) and suppose that the function Q(z,y; s) can be expanded in Taylor series with

ZA2n x y

After some algebra, one obtains a system of coupled equations for the coefficients Ag,(x,y)

respect to s (local expansion)
which can be solved recursively in the limit  — y. Fortunately only the coefficients bay, ()
—sA
(C.8)

(7,y;s
n>0

Agp(z, ) is needed for the evaluation of the trace for e

T (s) = [ doyglalH(s))

where
B, = /ddac\/ﬁtr b,
We report here the first three coefficients negletting the coupling with matter
bp=1
R
b2=7% (C.9)
1
<R~”aﬂRWa5 — R"™ Ry, + 5R2 + 6V2R>
The relative coefficients with

b
17180

where the 1 is the identity which acts on the space of fields

matter and the bg can be found in [5] while bg in [29]
Inserting (C.8) into (C.3) The functional trace for the generic function W (A) reads
(C.10)

TrW(A) =
(477)5 n=0
(C.11)

with
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Spin s Eigenvalue \; Multiplicity D o
W(+d=1) p. 7 (20+d—1)(I+d—2)!
0 qa=) R;1=0,1... B )
I(+d—1)-1 p. 1 1(l4+d—1) (2l+d—1)(I+d—3)!
1| ey Bi=12. (CEES)]
(+d—1)—2 . ; (d+1)(d—2)(14+d)(1—1)(20+d—1)(I+d—3)
2 =y =23 2(d—1)1([+1)!

Table C.1: Eigenvalue and their multiplicities of the Laplacia A = —g,, V#V" on a d-sphere

One can connect the quantity Qx(W) to the function W (z) directly and not through its Laplace
anti-transform. For integer £ > 0 we introduce the gamma function in its Euler rapresentation

I'k) = /+OO dsshte™® (C.12)
0
inserting in (C.11)
+oo
Qu(W) = 1“(1k) /0 dz21W (2) (C.13)

For integer k < 0 it’s sufficient to construct the derivative of W(z) in z =0
. . +Cx> .~
Wi () = (—1) / dssiT (2) (C.14)
0

So for integer k and m we have

+o00
Qr(W) = F(lk)/o dz2""1W (2) k>0
Q—m(W) = (_

(C.15)
D™W®©0)  m>0

Finally the trace (for an even d dimensional-sphere) can be calculated with equation (C.10).
For odd dimensional space see the review [5].

When we consider a transverse-traceless decomposition of type (2.23) or (2.25), a reconsid-
eration of Heat Kernel coefficients b,, is needed. For example, consider the decomposition in
transverse and longitudinal component as in ghosts sector

C, = CZ + Ve (C.16)
One can relates the spectrum of —V? on longitudinal part to the spectrum of —V? — % con-
sidering the formula (we are on d-dimensional sphere)

R
~V?V,c=-V, <v2 + d) c
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S \% VT T TT TTT
tr by 1 4 3 10 9 )
fr by ¢ iR vy R SR ~3R
trb 29R? 43R? __7TR? 11R? 81R? __R?
4 2160 1080 1440 216 2160 432
trb 37R3 __R3 __ 541R3 _ 1343R3 __319R3 311R3
6 54432 17010 362880 136080 30240 54432
trb 149R* _ 2039R* _ 157R4 _ 2999R4 683R* 109R*
8 6531840 13063680 2488320 3265920 725760 1306368

Table C.2: Heat kernel coefficients for S%. The scalar (S), vector (V) and tensor (T) trace can
be obtained from relations (C.9), while transverse vector (VT) and transverse-traceless tensor
(TTT) expanding relations (C.17) and (C.19). (TT) means traceless tensor. Note that tr by is
simply the dimension of field space where b,, acts.

So one can obtain the corresponding Heat Kernel coefficients by the relation

&l

+ Tr (A=) _es

T
CH c

= Tre 8
C

Tre 2 (C.17)

from which and from the spectrum of A on scalar and vector we find the relative Heat Kernel
coefficients for decomposition (C.16) and are reported in Tabella bla bla.
The same argument ca be applied with decomposition on gravity fluctuations

1 1
huw = b, + Vb + Vil + V,Vyo — Eg,wv% + ~9uh (C.18)
We use the relations
d+1 d+1
2 — I v I v
VA(V,6, + Vot vu< v d(d_l)R)fy—i—Vy( v e,

and ) ) )
-V? (vuvy — diV2> o= (V,Lvy — diV2) (—v2 — d_lR) o

Noting that the @ Killing vectors do not contribute to spectrum for —V?, although they

are eigenvectors of —V? — d&tll)R and the same for the constant and first modes of scalar o

we have

Tre A =Tre *®| +Tr eiS(Ai At R) + Tre 4
hyw hT 3 h (C.19)
4 Tres(A=&1)| _edrs d(d;l)ed(dmms —(d+ 1)6%3
ag
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With this relation we can construct the coefficients trb, for different component of metric
fluctuations which are reported in C.2.
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