ALMA MATER STUDIORUM - UNIVERSITA DI BOLOGNA

FACOLTA DI SCIENZE MATEMATICHE, FISICHE E NATURALI
Corso di Laurea Magistrale in Matematica

On solvability
of PDEs

Tesi di Laurea in Analisi Matematica

Relatore: Presentata da:
Chiar.mo Prof. Luca Pallucchini
Alberto Parmeggiani

II Sessione
Anno Accademico 2011/2012



alla mia famiglia e a Giulia . ..






Introduction

The most natural question one can ask about PDEs is whether there exists
a solution of it. For ODEs we have satisfactory theorems about the existence
of solutions (at least locally). Malgrange and Ehrenpreis have proved that all
constant coefficient linear partial differential equations have local solutions,
and that, by Cauchy-Kovelevsky Theorem, all analytic partial differential
equation have local analytic solutions. Therefore, it came as a complete

surprise when in 1957 Hans Lewy discovered the first non-solvable operator,
L =D, +1iD,, —2i(x; + ixg)D,,.

Note that L is the tangential Cauchy-Riemann operator on the boundary of

the strictly pseudoconvex domain
{(z,w) € C%z]* — Im(w) < 0}. (1)

In fact, consider Im(w) = |z|> and the vector field «d/9z + 30/0w,

(a5 +050) (L2~ Imtw) ) =0

=2z =(w—w)/(2i)

gives f = —2iza. Now consider the map
@ : <x7y7 u) H (:U7y7u7 x2 + y2)7
where z = x + iy and w = u + v. We get :

B,(0,) = 0y + 220,, D.(9,) =0, + 2yDy, B.(Dy) = O,
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and
®.(D, +1iDy — 2izD,) = D, + 1D, — 2iz(D,, +iD,,).

The discovery opened up a new research area, that of solvability of partial
differential operators, with the aim of understanding necessary and/or suffi-
cient conditions for solvability.

Solvable differential operators include operators with constant coefficients
and elliptic operators.

In fact by Malgrange-Ehrenpreis theorem [Chapter 3] every constant coeffi-
cient linear partial differential equation has a fundamental solution FE, i.e.
there exists a distribution £ s.t. P(D)E = 6 and so there exists a solution
of the equation P(D)u = f with f € &, u = E x f is a solution of it (for the
general case one can see [21],[10] about P-convexity, but we are not going to
treat these topics).

For an elliptic operator there exists a parametriz and this gives solvability
[Chapter 4].

The simplest class of non-elliptic solvable operators is that of operator of real
principal type [8].

The conditions for solvability, as we will see, lie in the geometry of the
operator. Elaborating on the Lewy operator, Hormander [8] found the first
general necessary condition for solvability, (H)[chapter 2]. One can see that
for the Lewy operator (H) is violated. This was a remarkable advance be-
cause it explained a phenomenon, that had appeared as an isolated example,
in terms of very general geometric properties of the principal symbol, an in-
variantly defined object.

In spite of this success, it turned out that condition (H) was not accurate
enough to discriminate the solvable operator from the non-solvable ones. In

fact, if one considers the Mizohata operator,

0
M, y Yy

9
oz’

(H) is satisfied but M, is locally solvable at the origin iff & is even.
Nirenberg and Treves [22] identified a property that turned out to be the
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right condition for local solvability of differential operator of principal type
(condition &), see [Chapter 2]. The sufficiency of condition (&?) was proved
by Nirenberg and Treves [23] for analytic differential operators and by Beals
and Fefferman [4] for pseudodifferential operators of principal type.
A related and more general condition, condition (¥), also introduce by Niren-
berg and Treves [22], relevant for solvability of pseudodifferential operators,
was shown to be necessary in dimension 2 by Moyer (unpublished) and in
several dimensions by Hérmander [12]. The sufficiency of the condition was
next shown by Lerner [17] in 2 dimensions and finally in the general case by
Dencker [5].
Condition (V) is more general then condition (&) for pseudodifferential op-
erators, whereas it coincides with (£) for differential operators.

This dissertation aims at being a rapid introduction (although, far to
be complete) to solvability of PDEs. In this work, I have followed sev-
eral papers quoted in the Bibliography and some notes by G.Mendoza and

A.Parmeggiani. It is divided into six chapters:

e The first chapter is a review [6] of notions of symplectic geometry that

will be used throughout.

e The second chapter introduce the conditions for solvability, with ex-

amples.

e The third chapter gives two proofs of the Malgrange-Ehrenpreis theo-

rem about the existence of the fundamental solution of PDEs with con-
stant coefficients. In this chapter one can find two different way to prove
the theorem: the first one is the description of Atiyah’s proof about
the division of distributions, the second one is Hormander’s proof.
In this case, as is well known, the solvability of P(D)u = f € &'(R™)
is solved. In the last part of the chapter we give an elementary proof
due to D. Jerison [14], of the L? local solvability, in which use is made
of the SAK principle by C. Fefferman and D. H. Phong (see [7]).
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e In the fourth chapter we describe the process of constructing a parametrix

for an elliptic differential operator.

e In the fifth chapter we describe the link between solvability and hy-
poellipticity.

e In the sixth chapter we give Hormander’s proof of the invariance of
condition (V) and an elementary proof of the sufficiency of condition
(¥) in two dimensions due to H. Smith [30]. (Originally existence in 2

dimensions due to N. Lerner [17]).

Introduzione in italiano

La domanda piu naturale che uno potrebbe porsi riguardo alle PDEs e se
esista una soluzione. Per le ODEs abbiamo soddisfacenti teoremi riguardo
Iesistenza di soluzioni (almeno localmente). Malgrange ed Ehrenpreis hanno
provato che tutte le equazioni differenziali alle derivate parziali con coefficenti
costanti hanno soluzioni locali e, grazie al teorema di Cauchy-Kovelevsky,
tutte le equazioni differenziali alle derivate parziali analitiche hanno soluzioni
analitiche. Per questo fu una grande sorpresa quando nel 1957 Hans Lewy

scopri il primo operatore non risolubile,
L= l);t1 + ZDJC2 — 22(1‘1 + ’L.{L‘Q)D;m.

Notiamo che L e 'operatore di Cauchy-Riemann tangenziale sul bordo del

dominio strettamente pseudoconvesso
{(z,w) € C%*z]* — Im(w) < 0}.

La scoperta apri una nuova area di ricerca riguardante la risolubilita di
equazioni differenziali alle derivate parziali, con lo scopo di capire neces-
sarie e/o sufficienti condizioni per la risolubilita.

Tra gli operatori differenziali alle derivate parziali risolubili troviamo quelli

a coefficenti costanti e gli operatori ellittici.
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Per i primi, infatti, grazie al teorema di Malgrange-Ehrenpreis [Chapter 3],
sappiamo esistere una soluzione fondamentale, cioe una distribuzione E per
cui P(D)E = ¢, da cui poi possiamo trovare una soluzione di P(D)u = f
convolvendo E con f, questo a patto di prendere f € &'(R™) (per il caso
generale si rimanda ai lavori [21],[10] riguardo la P-convessita, questi non
verranno trattati nella tesi).

Riguardo agli operatori ellittici sappiamo esistere una parametrice e questa
da risolubilita [Chapter 4]. La classe pin semplici di operatori non ellittici
risolubili & quella degli operatori di tipo principale [8].

Le condizioni per la risolubilita, come vedremo, riguardano la geometria
dell’operatore.

La prima condizione per la risolubilita e stata trovata da Hormander [8], la
condizione (H) [Chapter 2]. Si vede che 'operatore L di Lewy non soddisfa
questa condizione. Questo fu un risultanto importante in quanto ci spiega
un fenomeno apparso come uno esempio isolato, in termini di proprieta geo-
metriche del simbolo principale.

Nonostante questo successo, la condizione (H) si scopri non abbastanza ac-
curata per discriminare gli operatori risolubili da quelli non risolubili, infatti

I'operatore di Mizohata

0
M, y )
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soddisfa (H) ma ¢ localmente risolubile nell’origine se e solo se k ¢ pari.
Nirenberg e Treves [22] identificarono una proprieta che si rivelo essere la
condizione sufficiente per la risolubilita di operatori differenziali di tipo prin-
cipale, la condizione (£?) [Chapter 2].

La sufficienza di () fu dimostrata da Nirenberg e Treves [23] per operatori
differenziali analitici e da Beals e Fefferman [4] per operatori pseudodifferen-
ziali di tipo principale.

Una condizione piu generale di (£?), la condizione (¥), anch’essa introdotta
da Nirenberg e Treves [22], fu mostrata essere necessaria in due dimensioni
da Moyer (non pubblicata) e in piu dimensioni da Hérmander [12]. La suf-

ficienza fu poi provata da Lerner [17] in due dimensioni e da Dencker [5] in
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generale per piu dimensioni.

La condizione (V) & piu generale della condizione (&) per operatori pseu-
dodifferenziali, anche se esse coincidono per operatori differenziali.

Questa tesi vuole essere una rapida introduzione alla risolubilita di PDEs. In
questo lavoro ho fatto affidamento su vari articoli citati in Bibliografia e su
appunti di G. Mendoza e A. Parmeggiani. Per un piccolo riassunto riguardo

1 temi svolti nei successivi capitoli si veda I'introduzione in inglese.
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Chapter 1
Local symplectic geometry

We recall briefly some notions such as: manifold, tangent and cotagent

vectors, differential form and vector bundle.

1.1 Tangent and cotangent vectors

Let X be a smooth manifold of dimension n.
Let zg € X.

If v, : (—=1,1) — X, we say that v,7 are equivalent if ||y(¢t) —F(¢)|| =
o(t),t — 0, (this is well defined through local coordinates).

A tangent vector is by definition an equivalence class. If v is a curve as

4
dt

The set of tangent vectors at a point xy € X is denoted by T,,X.

above we denote by 4(0) or (%)= () the corresponding tangent vector.

If f,f: X — R are two C'-functions, we say that f and f are equivalent

if (f(2) ~ f(z0) — (F(x) — F(x)) = ollla — zol)).x = 20,

We let df(z) denote the equivalence class of f. It is called a differential
1-form at xy or a cotangent vector at xg € X; also it is the differential of f
at zg.

The sets T; X and T}, X are n-dimensional (real) vector spaces dual to each

other, the duality being given by

(A7), 5(0)) = (),_of (0 (L)
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If x1,...,x, are local coordinates, defined in a neighborhood of xq, then

dz1(x0), ..., dvy(20) or (d1,...dx, for short) is a basis in Ty X and the cor-

resdonding dual basis is (by definition) a%l(xo), - %(mo) (or 8%1, o % for
short).
Thesets TX = | |, ex Tz X (disjoint union) and 7°X = | |, . T, X are vec-

tor bundles and in particular C°*°-manifolds. If x4, ..., z,, are local coordinates
on X then we get corresponding local coordinates (z,t) = (21, ..., Zn, t1, ..., ty)
on TX and (x,§) = (x4, ...,x,, &1, .., &) on T*X by representing v € TX
and p € T*X by their base point = so that v € T, X, p € T> X and then writ-
ing v = th%(x), p=>_&dx;. The local coordinates (x1, ..., Ty, &1, ..., &n)
are called canonical (local) coordinates on T*X. If yy, ..., y, is a second sys-
tems of local coordinates, then in the intersection of the two open sets in

X parametrized by the two systems of coordinates we have the relations

t = g—“;s, n= t(g—“;)ﬁ for the corresponding local coordinates (z,t), (y,n) on
T*X. Here % = (%) is the standard Jacobian matrix.
Y Yk

If p € T"X, we let m(p) € X be the corresponding base point. A section
in 7"X is amap w : X — T*X with 7 ow(x) = z, Vo € X. (The same
definition can be given for TX or for any given vector bundle). Sections

in T*X are called differential 1-form, and sections in T'X are called vector
0

fields. A vector field can be written in local coordinates as v = Y " t;(x) 5
J

and a differential 1-form as w = >} &;(z)dz;.

If Y is a second manifold and f : Y — X is a map of class C!, yy € Y,
zo = f(yo) € X, then we have a natural map f, =df : T,,,)Y — T, X which
in local coordinates is given by the ordinary Jacobian matrix. The adjoint
is f*: Ty X — Ty Y and we notice that d(u o f)(yo) = f*(du(zo)) if u is a
C! function on X. If Z is a third manifold, ¢ : Z — Y in C! and z, € Z,
g(20) = o, then (fog)s = feog., (fog)* = g*o f*. When passing to
sections we see that if w is a 1-form on Y then f*w is a well defined 1-form
on Y (this the pull-back of w by means of f). Notice that the corresponding
push-forward f,v of a vector field v on Y can be defined if f is a C* diffeo-
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morphism but not in general.

If v: (a,b) — Y is a C* curve and ty € (a,b) we defined its tangent at
Y(to) as () = %(to) = 4(to). (This definition coincides with the earlier
one.) If vis a C* vector field on X then for every zp € X we can find

T (z0),T-(x0) € (0,00] such that we have a unique smooth curve
(=T (x0), Ty (x0)) >t — Y(t) = exp(tv)(xg) € X (1.2)

with 7(0) = 20, () = v(1(1).
Choosing Ty (z¢), T-(x¢) maximal, we get a smooth map
O:{(t,z) eRx X;-T (z) <t<Ty(v)} > X
B(t, ) = exp(tv) (1), (13)
where ®(0,z) = z, 09(t,z)/0t = v(P(t,x)) and T (), T_(z) are lower semi-
continuous. We have
exp(tv) o exp(sv)(x) = exp((t + s)v)(z), (1.4)

for t,s such that both sides are defined. For details see [6], [26]

1.2 The canonical 1- and 2- forms

Let 7 : T* X — X be the natural projection. For p € T*X we consider

™ T

1-form w, € T;(T*X) by w, = 7*(p). Varying p we get a smooth 1-form on

X — T;(T"X) and since p € T*X we can define the canonical

T*X. In canonical coordinates we get w = | &;dx;.
We next recall a few facts about forms of higher degree. If L is a finite-
dimensional real vector space and L* is the dual space, then we have a natural

duality between the k-fold exterior product spaces /\k L and /\k L*, given by
(ur Ao Aug, v AL Avg) = det((ug, vg)), u; € Lo, € L7 (1.5)

If M is a C°° manifold of dimension m then a differential k-form is a section

v of the vector bundle /\k T*M. In local coordinates x4, ..., x,, ,

v = Z vy(z)da?, (1.6)
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where in general I = (iy,...,5) € {1,...m} || = I, dz’ = dx;, A ... Adx;,.
(The representation (1.6) becomes unique if we restrict to those I’s with
i1 < iy < ... < i) If vis a k-form of class C' locally given by (1.6), we
define the (k + 1)-form

dv = Z dvr A dz’  (the exterior differential of v). (1.7)
)=k
This definition does not depend on the choice of local coordinates or on how

we choose the representation (1.6). We have the following facts:

(i) Twice the exterior differential is 0, that is
d* = 0. (1.8)

(ii) Ifwisa C* (k+1)-form which is closed in the sense that dw = 0, then
in every open set in M diffeomorphic to a ball, we can find a smooth

k-form v such that dv = w. (Poincaré’s lemma)

(iii) If f : Y — X is a smooth map between two smooth manifolds then
there is a unique way of extending the pull-back f* of 1-forms to k-

forms by multilinearity. Moreover if v is a smooth k-form on X, then
d(f*) = f(dv).
We now return to the canonical 1-form w on T*X and define the canonical

2-form on T*X as 0 = dw. In canonical coordinates,
o= d&Ada;. (1.9)
1

This 2-form is also called the canonical symplectic form.
For p € T*X, 0, can be viewed as a linear form on A* T,(T*X) or equivalently

as an skewsymmetric bilinear form on 7,(7*X) x T,(7T*X) given by
op(t,s) = (ot ANs), t,seT,(T"X). (1.10)

In canonical coordinates we write t = (t,, t¢)(where t = "¢, 52 + tfja%-)’
J J

s = (84, S¢) and get

p(t,s) = (te,s2) = (se.ta) = Y (te; 50, — 5e,ta,)- (1.11)
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From this it is clear that o, is a non-degenerate bilinear form and we therefore
have a bijection H : T(T*X) — T,(T*X) defined by

o(s, Hu) = (s,u), s€T,(T"X), ueT;(I"X). (1.12)
In canonical coordinates, if u = u,dx + uedé = 3 (uy,dx; 4 ue,df;) we get
Hu= ufa% — uxa%'
If f(x,€) is of class C' on (some open set in) T*X, we define its Hamilton
(vector) field by Hy = H(df). In canonical coordinates,

"9f & Of 9

In a more sophisticated way, let M be a manifold, p € M, t € T,M and define
ta: N°T M — A T;M as the adjoint of the left exterior multiplication
tA - NP T,M — AFT,M. Then with M = T*X, the Hamilton field is
defined by the pointwise relation

Hf_lO' = —df (114)

Eqivalently, o(v, Hf) = df(v) Yo € T,7*X. If f,g are two C' functions
defined on the same open set in 7% X, we define their Poisson bracket as the

continuous function on 7*X given by

{f,9} = Hy(g) = (Hy,dg) = o(Hy, Hy), (1.15)

where in the second expression we view Hy as a first-order differential oper-

ator. In canonical coordinates,

{f,g}=Z<a—§ja—%—8—%a—€j). (1.16)
Notice that {f,g} = —{g, f} and, in particular, {f, f} = 0.

1.3 Lie derivatives

Let v be a C* vector field on a manifold M and let w be a C*°k-form on

M. Then the Lie derivative of w along v is poitwise defined by

va:(d

%)tzo((exptv)*w). (1.17)



1. Local symplectic geometry

If w is a second smooth vector field on M we also define

Lou = (%)t_o((exp —tv),u). (1.18)

In the latter definition we observe that in this case the push-forward of a
vector field is made through a local diffeomorphism. We have the following

identities :
(i) When w is a O0-form and hence a function, then £L,w = v(w)

(i) L,u = [v,u] = vu — uv, where u, v are viewed as first-order differential

operators in the last two expressions.
(iii) L,(dw) = d(L,w)
(iv) Ly(wr Awa) = (Lywr) Awa 4wy A (Lyw2)
(v) Lo(vaw) = (Lou)w + uas(Low)
(Vi) Low = vadw + d(vow)
(Vi) Loyysvy = Loy + Loy

Lemma 1.3.1. If fis a C* function on some open set in T* X, then Ly 0 =
0

Proof. One computes
EHfO':HdeU—l-d(Hf_IO') :Hf_ldQW—d2f:O. (1.19)
O

The maps T*X 3 p — O(p) = exp(tHy)(p) is a local diffeomorphism
when |¢| is sufficiently small. They are also local symplectimorphisms, that

is ®;0 = o . This immediately follows from

d o
aq)tO':(

d

E)S:(@;‘@:a =& Ly,0=0 (1.20)
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1.4 Lagrangian manifolds

A submanifold A C T*X is called a Lagrangian manifold if dimA =
dim X and o[y = 0. In general we define the restriction of a differential
k-form to a submanifold as the pull-back of this form through the natural
inclusion map. Viewing (c]a),, p € A, as a bilinear form on T,A x T,A
we simply have (o|r),(t,s) = o0,(t,s), t,s € T,A, where T,A is identified
with a subspace of T,7*X (namely the image of T,A by the differential of
the natural inclusion map). If 7,A” denotes the orthogonal space of T,A in
T,T* X with respect to the bilinear form o,, then we see that a submanifold

A C T*X is Lagrangian if and only if T,A” = T,A for every p € A.

Theorem 1.4.1. Let A C T*X be a submanifold with dim A = dim X and
such that 7|p : A — X is a local diffeomorphism (in the sense that ev-
ery point p € A has a neighborhood in A which is mapped diffeomorphically
by m|p onto a neighborhood of m(p)). Then A is Lagrangian iff for each
point p of A we can find a (real) C* function o(x) defined near the projec-
tion of p, such that A coincides near p with the manifold {(x,dgo(x));x €
some neighborhood of W(p)}.

Proof. If w is the canonical 1-form, we notice that d(w|y) = o|s . Therefore

the following three statements are equivalent:
(i) A is Lagrangian;
(i) w|a is closed (i.e. d(w|p) = 0);
(iii) locally on A we can find a smooth function ¢ with w|y = de.

That (iii)=-(i) is clear. We show (ii)=-(iii). If 21, ..., z, are local coordinates
on X, we can also view them (or rather their compositions with ) as local
coordinates on A, and represent A by £ = £(x) in the corresponding canonical
coordinates. Then (iii) is equivalent to &;(z) = Op(x)/0x; i.e. > &;(x)dx; =
dy ]
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1.5 Hamilton-Jacobi equations

Hamilton-Jacobi equations are equations of the form p(x, go;) = 0, where
p is a real-valued C'* function defined on some open subset of T*X. Here we
shall also assume that dp # 0 when p = 0. The basic idea is to construct a
Lagrangian manifold A associated with ¢, and to construct it inside the hy-
persurface ¥ = p~1(0). If p € A, we shall then have T,A C T, (considering
these tangent spaces as subspaces of 7,7%X), and hence 7,7 C T,A (since
T,A° = T,A). Now 17,27 = RH,, so we must have H, € T,A at every point
p € A, or in other words, that H, must be tangent to A at every point of A.

Proposition 1.5.1. Let A’ C ¥ be an isotropic submanifold (in the sense
that o|n» = 0) of dimension n — 1 passing through some given point py € ¥
and such that H,(po) ¢ T,,A'. Then in a neighborhood of py, we can find a
Lagrangian manifold A such that N C A C ¥ (in that neighborhood).

Proof. According to the observation above it is natural to consider
A= {exp(tH,)(p);|t| <e.pe N, |p—po| <€} (1.21)

for some sufficiently small € > 0. (Here |p — pol| is well defined if we choose
some local canonical coordinates.) Then A’ C A (near py) and since H, is
tangent to ¥ (by the relation H,p = 0) we also have A C ¥. From the
assumption H,(po) ¢ T,,A" and the implicit function theorem, it also follows
that A is a smooth manifold of dimension n. In order to verify that A is
Lagrangian, we first take p € A’ (with |p — po| < €) and consider T,A =
T,A ® RH,. Then o,|r,axr,a = 0 since o,|p,arxr,nr = 0, 0,(Hy,, Hy,) = 0,
o,(t,H,) = 0, t € T,\" (this follows from o,(t, H,) = (t,dp) = 0, for all
t € T,H). More generally, at the point p, := exp(tH,)(p),p € A’, we have
T,,A = exp(tHp,).(T,A) and for u,v € T,A we get (using exp(tH,)*o,, = 0,)

0, (exp(tHy).u, exp(tH,).v) = o,(u,v) = 0. (1.22)

This concludes the proof in view of Thm. 1.4.1 O
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In what follows we write z = (2/,z,) € R", 2’ = (21, ...,2,_1) € R* L.
The following thm. gives a more local solution to the HJ eqt. once an initial

value is fixed.

Theorem 1.5.2. Let p(x, &) be a real-valued C™ function, defined in a neigh-
borhood of some point (0,&y) € T*R", such that p(0,&) = 0, 885” (0,&) # 0.
Let (z') be a real-valued C* function defined near 0 in R™™' such that
%(0) = &. Then there exists a real-valued smooth function o(x), defined in

a neighborhood of 0 € R™, such that in that neighborhood

p(x, (1) =0, @(@',0) = ¢(2'), ¢, (0) = &. (1.23)

If ¢(x) is a second function with the same properties, then p(x) = ¢(x) in
some neighborhood of 0.

Proof. In a suitable neighborhood of (0, &) € R™™! xR™ we have p(z/,0,&)) =
0 if and only if &, = A\a’,{’), where )\ is a real-valued C*° function, with

A0,8) = (§o)n- Let

AN = {(a: £ixn =0, = —(2),& = A2, ¢), 2" € neigh(O)} (1.24)

(where “z’ € neigh(0)” means that z’ belongs to some sufficiently small
neighborhood of 0). Then A C p~*(0) is isotropic of dimension n — 1 and H,
is nowhere tangent to A’ since H, has a component aaép ai with 81” ~ # 0. Let
A C p~1(0) be a Lagrangian manifold as in Proposition 1.5.1. The dlfferentlal
of m|p : A — R is bijective at (0,&y) so if we restrict our attention to a
sufficiently small neighborhood of (0,&p), A becomes of the form & = ¢'(z),
z € neigh(0). Hence p(z, ¢ (z)) = 0, ¢,(0) = &. Since A’ C A we get
%(x’) = gf (2/,0), and modifying ¢ by a constant gives p(z’,0) = 1(2’).
For the uniqueness see [6, 26]. O

We can view A as a union of integral curves of H,, passing through A’.
The projection of such an integral curve is an integral curve of the field v =

> g—g(:c, gpé)% (which, via 7|y, can be identified with Hp|y). If ¢(z,§) =
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> g (2, €)&;, we have

~p, 0 :
—)p = . 1.2
(Z 5, (@ sox)axj)w q(z, ¢,) (1.25)
Hence, if z = x(t) is an 1ntegral curve of v with z,(0) = 0, then we get
o(z(t)) = )+ i al (5))ds, where £(s) = ¢'(z(s )), so that s —

(x(s),&(s )) is the 1ntegra1 curve of H,, with z,,(0) = 0, £(0) = 2%(2/(0)), £,(0)
A(2'(0),£(0)). In particular, if p is positively homogeneous of degree m > 0,
then by the Euler homogeneity relations, ¢(x,§) = mp(z,£) = 0 on A and
we obtain p(z(t)) = 1 (2'(0)).

If o = ¢, depends smoothly on some parameter o € R, then ¢ = p(z, a) will
be a smooth function of (z, «), and differentiating the equation p(x,¢,) =0
with respect to a we get

op ;. 0 Oy
—_— —_—— = 1.2
> g6 g5 =0 (1.26)

so that g—i is constant along the bichacteristic curves (without any homo-
geneity assumption).
Recall that a characteristic curve is the z-space projection of a bicharac-

teristic curve, the latter being by definition an integral curve of H,.



Chapter 2

Introduction to Solvability

2.1 The problem

This is an exposition of various results concerning the existence of so-
lutions of pseudodifferential operators. In its most elementary form, the

problem is the following. Let U be an open subset of R”, and let

P(z,D,) = Y au(x)DS, z €U, (2.1)
o <m

0# Y lao(z)? VzeU (2.2)
la]=m

Local solvability of P at xy € U is stated as follows.

Definition 2.1.1. For every f € C§° there exists a distribution u defined in
U such that Pu = f near x.

equazioni differenziali alle derivate parziali The distribution u is not re-
quired to be smooth. The validity of the assertion is referred to as the
(local) solvability of P at xg, and P is said to be (locally) solvable at xq if
that holds. Solvable differential operators include operators with constant
coefficients (by the Malgrange-Ehrenpreis Theorem [Chapter 3]) and elliptic
operators [Chapter 4], that is, operators such as P in (2.1) for which the

11
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principal symbol, i.e. the function

Pnl(@,) = > aa(x)6®, (2,§) €U xR", (2.3)
|a|=m
has the property that p,,(x,§) # 0 if £ # 0.
The simplest class of non-elliptic solvable operators is the class of opera-
tors of real principal type (Hormander [8]).

Principal type means that the differential forms
Opm Opm

are linearly independent (over C) at every point of

p~'(0) = Char(P)={(z,£) € U xR" : £ #0, pm(z,£) =0 }, (2.5)

and real principal type means that, in addition, p,,(x,&) is real-valued.

The first non-solvable operator,
L= D,, + D,, — 2i(x; +ix9)D,, (21,79, 73) € R? (2.6)

in R3, was discovered by Hans Lewy [20] in 1957. Elaborating on this example
Hoérmander [8] (see also [9]) found the first general necessary condition for
solvability. Investigating further, Nirenberg and Treves [22] gave a weaker
necessary condition for solvability of an operator of real principal type at
every point of an open set. In this paper we find for the first time condition
(2) stated explicitly. The condition was shown to be sufficient for analytic
differential operators by Nirenberg and Treves [23] and in full generality for
pseudodifferential operators of principal type, by Beals and Fefferman [4].

A related condition, Condition (), also introduced by Nirenberg and Treves
in [22], relevant for solvability of pseudodifferential operators, was shown to
be necessary in dimension 2 by Moyer (unpublished) and in any dimension by
Hoérmander [12]. The sufficiency of the condition for solvability was proved

by Lerner [17] in dimension 2, and by Dencker [5] in general case.
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In order to state Hormander’s condition in [8] as well as conditions ()
and (V) we introduce some notation.
Suppose p is a smooth complez-valued function defined in an open subset of
R™ x R™. The Hamiltonian vector field of p is (recall)
H,= (—— = ——> 2.7
P = 8§] 8[Ej al’j 8& ( )

If g is another such function, then the Poisson bracket of p and ¢ is (recall)

{p,q} = Hyq. (2.8)

Suppose p : U x (R"\0) — C is smooth and positively homogeneous of degree
m > 0 in €. Recall that the latter means that p(z, A{) = A"p(x, &) for every
(x,€) € U x (R™\0) and A > 0. Let

p~(0) = Char(P)={(x,€) € U x R" : € £0, p(a,&) =0}, (29)

Recall that p is elliptic if it vanishes nowhere. If p is real-valued, then the

integral curves of its Hamiltonian vector field, the curves

RDOI>t— x(t;x,8) e U xR"
X2, &) = Hy(x(t2,€), x(0;2,8) = (2,€) (2.10)

are well-defined and have the property that p(x(¢;z,€)) = p(z,€) (because
H,p = 0). An integral curve with a point in Char(P) (hence entirely con-
tained in Char(P)) is a null-bicharacteristic of p.

Let p be an arbitrary smooth complex-valued positively homogeneous func-
tion such that dp # 0 on Char(P). Hérmander’s condition [8] is

(H) The Poisson bracket {p, p} vanishes at every point of Char(P)
while Conditions (V) and (&) are, respectively,

(U)  For every elliptic homogeneous function ¢, the function
Im(gp) does not change sign from - to + along any given ori-
ented maximal integral curve of Hge(gp) in U x R™ passing through

Char(P).
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and

(#)  For every elliptic homogeneous function ¢, the function
Im(gp) does not change sign along any given maximal integral

curve of Hge(gp) in U x R™ passing through Char(P).

Condition (¥) allows for Im(gp) to change sign from + to -. It also allows
for Im(gp) to be negative at some point of a null-bicharateristic of Re(gp),
then zero in an interval, and then again negative, as well as zero infinitely
many times. Condition () does not allow changes of sign at all. Returning

to Lewy’s example (2.6), for which the principal symbol is

p =& +i& — 2i(xy + i29)Es,

we have
0 0 0 _ 0 0
Hy =g Figy, ~ Yl tin)g o+ 2153<agl * 28_52>
SO
op op . (Op . Op .
ey ) 2 — ) = 8i&;.
{p,p} = + Z@:cg i(xy + 231:2)8963 -+ zfg(agl +1 8£2> 8i&s

This vanishes if ¢&3 = 0. However,

Char(P) = {(131,1[‘27ZIZ3;§1,£27§3) - Rs X (Rg\{O}) . 51 = —21’253,52 = 21’163}
= {(z1, 02, 73] —22283, 22183, §3) : &3 # O},

so {p,p} does not vanish on Char(P). Thus Hormander’s condition is vio-
lated.

Continuing with Lewy’s example, the Hamiltonian of Rep = & + 225&3 (we
are taking ¢ = 1 here) is

0 0 0
Hgep = o +2x28x3 263562

Its integral curves are

(t xOuéO) <t+$1,$2,2$2t+$3,£1,—2£3t—|—£2,£3)
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and if (2°,£°) € Char(P) then
X(t w0, o) = (t + 2, 23, 205t + a5; —22563, 2(a7 — 1)&3, 63).
Write ~y(t) for this curve. Evaluating Imp = & — 2x1&3 at y(t) we get
2(—t+21)8 — 2(t + 7)€ = —4&5t.

So if &3 < 0 then Imp changes sign from - to +, as t grows, at t = 0 along
v(t). Thus Lewy’s operator does not satisfy (V) and neither does it satisfy
(2).
Note that

{p,p} = —2i{Rep, Imp},

so the three conditions are related.
EXAMPLE 2.11. A simpler example of a non solvable operator is the Mizo-
hata operator,

M, =D,, +ix1D,,,

in R?. One may verify that (£2) is not satisfied. More generally,
My, = D,, + iz} D,,,

does not satisfy the condition if k£ is odd.

2.2 An example of a proof of necessity

Generally speaking, it easier to find necessary conditions for solvability
than sufficient conditions. The scheme for proving that a certain condition is
necessary is to contradict an estimate, frequently referred to as Hormander’s
estimate, which is equivalent to solvability. We will state and prove the
estimate as a consequence of solvability, and then apply it to show, by way

of contradiction that the Mizohata and Lewy operators are not solvable.

Lemma 2.2.1 ([11]). Suppose P is differential operator defined in an open
set U in R™ with the property that for every f € C3°(U) there is u € D'(U)
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such that Pu = f. Then, for any given V. CC U there are constants C, M
and N such that

‘/fvdx‘ <C sup |D%f| sup |DP'Pv| for allf,ve CE(V).
U

|o|<M,zeU |BI<N,zeU

Proof. Let X = Cg°(V) with its standard topology and let Y = Cg°(V) with

the topology determined by the seminorms

v sup |D?'Py, (2.11)
|BI<N,zeU

for each V. The estimate is then seen to be equivalent to the continuity of

the bilinear form

B:CX(V) x C2(V) = C

B(f,v) = /fvdx

Note that for each N (2.11) is actually a norm, so Y is a metric space. To
verify this, the only thing we need to check is that ‘Pv = 0 implies v = 0.
So suppose ‘Pv = 0. Let f € C$°(U) be arbitrary. Since Pu = f for some
ue D),

/fvdx = (Pu,v) = (u, 'Pv) = 0.

So v = 0. We now show that B is separately continuous. Fix v € C3°(V).
Then

|B(f,v)| < C'sup |v[sup|f], (2.12)
so X 5 f — B(f,v) € C is continuous.

Next, fix f € C5°(V). There is u € D'(U) such that Pu = f. Then

1B(f, )| = [(Pu,v)| = [{u, Pv)| <Csup |DJ'Pu], (2.13)

|BI<M,xeU

so by Theorem A.2.2 in Appendix A the map Y 3 v — B(f,v) is continuous.
]
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Let M be the Mizohata operator M;. Suppose M is solvable near 0. Fix
a neighborhood V of 0 and let N and M be the numbers in Hormander’s
estimate. The general scheme is to find f; and v, € C3°(V) with 7 large

such that
| / fTdex|

is bounded from below by a positive number as 7 — oo but

sup  |D%f,| sup |DP'Muv.|—0 as T — oo.
|a|<N,zeU |BI<N,zeU

In general, one does not have much control on

sup |Dg [+, (2.14)

|a|<N,zeU

except that it is polynomially bounded. The function f, basically serves only

as a localizer. The burden falls on finding v,, such that

sup | DP M, |
|B|<N,zcU

decreases fast enough so as to compensate for the increase of the other factor.
In general the family v, is of the form v, = €™® Z?:o v;777 with ¢ and
v; € C3°(V), 7=0,1,...,k. (For the Mizohata operator and later the Lewy
operator we will only need vg). This will be achieved by first arranging for ¢
to have the property that Im ¢ is strictly positive in a punctured neighborhood
of 0. In finding ¢ we will take advantage of the fact that M has analytic
coefficients. Note that ‘M is just —M. Below we write M rather than M
for this reason.

To find an equation for ¢ we apply M to v, = €'™® 2?{:0 v;777 and organize

by powers of 7:

k k k
M (e Z v;77) = e (it Mo Z vafj + Z Mva’j)
=0 =0 =0
k—1
= e (irvoMe + > (i1 M + Muy)T7 + Mupr ™).
7=0
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In order for this to be at the very least bounded as 7 — oo for arbitrary
choices of v; we need M¢ = 0. We focus on this equation for a while. We

will find a solution of
MQb = Ov ¢|x1:0 = NT2 + Zﬂf%

This will ensure good bounds for the absolute value of ¢ at {z; = 0} by
the failure of condition (&) once we make a choice for the real constant 7.
We will make a specific choice later on. To solve this Cauchy problem we
use the complex version of the Hamilton-Jacobi method. We will go in some
details through the various steps in the construction of the solution. The

graph of the gradient of the initial condition is

Y = {y;n + 2iy},

The initial strip is the subset of Char(P) = {& + ix1&; = 0} consisting of
points (0, x9; &1, &>) such that (x9,&) € 70, that is,

Lo = {(0,22;0,n + 2ixy)}.
The Hamiltonian vector field of p = & + ix1&; is

0 .0 .0
Hp = 8_513'1 —|'7/3718—x2 — 528—&

The integral curves are the solutions of

ZL:1 = 1,!17'2 = iiEl,él — ng,gg =0.

The integral curve starting at the point (0, y; 0, n+2iy) is x (¢, y) = (X (t,y); Z(t,y))

with

X(t,x) = (t,y +it?/2), Z(t,z) = (—i(n + 2iy)t,n + 2iy).

The equation X (¢,y) = (z1,x2) gives (t,y) in terms of (x1,x3), as expected:

t=x1, y=xo—iz7/2.
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From this we get the gradient of ¢ at (z1,x2) by using in Z(t, y):

8_:m(x1’$2) = —i(n + 2i(zy — iz} /2))31
%i(xl, T9) = + 2i(xy — ix7/2)
that is,
(’f_fl(xl’ Tg) = —INxy + 20129 — iz}
g_i(xl, T9) = 0 + 2ixg + 7.

From this we get
o(x) = x3zy + nry +i(—n23/2 — 2] +23), and M¢ = 0.
Choosing n < 0 we get that
Im¢ > c(af +23),

with some ¢ > 0 in a disc D in V centered at 0 (of radius depending on 7).
Let vg € C§°(D) , vo(x) = 1 if |x| < r. Then

M (e vy) = €™ Muvy, |z| <.
Since vo(z) = 1 if |z| < 7,
€™ Mug| = "™ | Mug| > sup | Muvg|e ™7,

which gives (recall that ‘M = —M) |!M (e"™%v,)| < Area(D)/? sup |Mugle="".
Let f € C§°(V) have Fourier transform f such that f(0,—n) # 0. Define
f-(z) = 72f(7x). For a large T we have f, € C5°(V), so

|/Ufr(x)v7(x)dx\ <C sup |D%f(2)|]vs]. (2.15)

z€V|a|<N

But

[ @enta)ds = [ flapuajrjeteinirt it st i) g,
U U
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Whose limits 7 — 400 is
| ran)erde = f0. -1,
U

which is not 0 by our choice of f. So the left hand side of (2.15) is uniformly
bounded from below by a positive constant for all large 7. On the other
hand,

D} fr(z) = 7°**(Dg ) (12).

Therefore the right-hand side of (2.15) is bounded by

CArea(D)sup |Muvg| sup |[(DOf(z)|rVT2e e,
z€V|a|<N
which tends to 0 as 7 tends to infinity. Thus M cannot be solvable. In the
analysis just completed we chose n < 0 and f (0, —n) # 0. The Hamiltonian
vector field of Rep = & is 0/0x; (in RZ x RZ). The integral curve of this
vector field passing through (0,0;0,—n), a point in Char(M), at time 0 is
t — ~(t) = (¢,0;0,—n), whence

Imp(7(t)) = —tn.

Thus Im p changes sign from — to + along v at ¢t = 0.

We will now use the same scheme to prove that the Lewy operator L is
not solvable. We will assume that L is solvable near 0 (it is in fact non-
solvable at any point, see below) and contradict Hérmander’s inequality. We
will again take advantage of the fact that L has analytic coefficients and look

first for a function ¢ such that
tL¢ =0, ¢|x1:0 = nNr3 + Z(CE% + ZL’%)

We find a solution using once more the holomorphic version of the Hamilton-

Jacobi method. The principal symbol of 'L is

p=—& — &+ 2i(x1 + 229)&;.
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The graph of the gradient of the initial condition is

{(y2, y3; 2iy2, n + 2iy3) },

so the initial strip is the subset

{00, 92, y3; &1, iy, + 2iy3) : & = 2y2(1 — 1 — 2iys) },

of Char(P). We already saw that

0 0 0 0 0
g9 .9 oy 9 o (99
P Om +Z(93:2 iy +w2)0$3 * Z§3<8§1 +18§2>

The integral curves of the Hamiltonian vector field of p are the solutions of

i=1 £1 = 2i€s
To =1 o= —263
Iy = —2i(xy + ixs) & =0.

The integral curve (X (¢, y2,¥3), Z(t, y2,y3)) passing through

(0,92, y3; 2y2 (1 — n — 2iys), 2iye, n + 2iys)

at time 0 is given by

To = it + Y2 52 = —2(7] + 2@y3)t + 22y2
T3 = 2yst + Y3 §3 =1n+ 2iys3.

The condition X (t,ys,ys3) = (71, X2, T3) gives

t=x1, yo=1i(z1+ixg), y3=2ix1(T1+ix2) + x3.
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Replacing this in Z(t, y2, y3) we get the value of the gradient of ¢ at (z1, x2, x3):

0

8_¢ = dixn — 161'30:{’ + 24x% — 8x1x3 — 2121 + 239 — 2029 + 8ix1x§ — 412329
T1

o0 3 or2 . _

I —2z1m + 8z + &ixixy — diz1x3 + 221 + 2179
X2

0

—(b =n— 4mf — 4ix129 + 2i23.

(9.%3

After some computations one arrives at

¢ = n(—2z129 + r3)—4asr? + 8x3xy + 2w 10+

i((2n — 1)t + 25 + 23 — daswmy — 4a] + 4a173),
and sees that if n > 1/2 then
Im ¢ > o] + 25+ 3)

for some ¢ > 0 in a neighborhood of 0. Repeating the rest of the argument
used for the Mizohata operator we get that L is not solvable near 0.
The Lewy operator is in fact non-solvable at any point of R3. To see this,

define first, for arbitrary y € R3 |
ly R® — R?, Cy(z) = (1 + 21, Y2 + T2, y3 + 23 + 2(y2x1 — Yy172)).

If 7o = (22,29,29) is given and w is any function defined near zg, then
u(lyo(x)) is defined near 0 and

L(u(leo())) = (Lu)(loo (2))-

Whence it follows that the non-solvability of L near 0 yelds the non-solvability

of L near zg.

2.3 The necessity of (H)

Theorem 2.3.1. Let P be a differential operator of principal type defined in
a neighborhood U of 0 in R™ and let p be its principal symbol. Suppose that
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P is solvable on U, that is, for every f € C§° there is u € D'(U) such that
Pu = f. Then Hgeplmp =0 on Char(P).

Since p(z,&) = (=1)"p(x, =) (m is the order of P), v € Char(P) <=
—v € Char(P). Also, Hgeplmp is a polinomial in £ of order 2m — 1, so if
Hgeplm p has one sign at vy € Char(P), then it has the opposite sign at —uvy.
Thus if the quantity Hge,lm p is not identically zero on Char(P) then we can
assume that it is positive at some point of Char(P). The proof consists of
assuming that P is solvable but Hgeplmp # 0 at some vy € Char(P) and
reaching a contradiction to the estimate in Lemma 2.2.1. We continue to
write U for a neighborhood of 0 in R™. In the following lemma, f takes the
place of Imp or Rep. It is stated in a way that at the same time emphasizes

its local nature, and the invariant context in which it will be used.

Lemma 2.3.2. Let vy € T*U\O with w(vy) = 0. Let f be a smooth real-
valued function defined near vy in T*U such that m.H¢(vy) # 0. Then there
are coordinates i, ...,x, centered at 0 such that, in the induced canonical

coordinates on T*U near vy,

0
Hp(vo) = prs

o

Proof. Since m.H (1) # 0, there are coordinates yy, ..., y,, centered at 0 such

that
0

Ay

Since, in the canonical coordinates y;, n;,

—(Of O Of 0
=3 (75~ o)

T H (1) =

y=0.

this means that

af
om

af .
(’/o) ) anj(l/o) 0 for j e
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The task is to find coordinates xq, ..., x, with respect to which the above
formulas still hold but in addition all derivatives daf vanish at 0. The latter

condition is achieved by using a change of variables of the form

1 .
2y =y + 5 > Wawan + (). (216)
k,l

Here we have the symmetry condition 67 b{k The inverse of this change

of coordinates is of the form

yk—xk——Zb 2w + O(|z[?).

We have
> mwdyy = 277; i Zb;ka )dz; + O(|z]?)
k
= Zm i Z%yk dz; + O(|yl*),
SO
= Zm(% - Z biuk) + O(lyl?).
1, k
Thus
3yl 8:61 anbfjﬁ_fj + O(|=|),
and "
ao?% = % + O(|z|).

Thus, modulo terms of order O(|z|),

Hf:ﬁi_zaf )

O Oy y; On;
af L0 of o
~ o (8:1:1 Jzk: s ag) Z Dy, 0,

of o of  of )
= o am 2 oy * o ") g
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We seek the vanishing of the coefficients of a% at vg:

of ~of k ,
+ by; = 0 for all 7.
dy;  Om Zk:nk '

Thus we take ,
E Tk of /0y’ k

i = Vi
' nl* 0.f /Om
with 7% such that >, v¥nx = 0 for all i but otherwise arbitrary. Thus,

recalling that 0f/0n; = 1 at vy we get

0
Hy(n) = pr

]

In the following theorem we view T*U as a subset of the complexification
C® T*U. The latter just means that we allow the coefficients &; in ) {;dz;

to be complex.

Theorem 2.3.3. Let p be a smooth complex valued function defined in a
complex neighborhood of vy € T*U\O. Suppose p(vy) = 0, T Hgep(rn) # 0,
and Hgeplmp > 0 at vy. Let 'p(v) = p(—v). Then there is, for any given
positive integer N, a smooth function ¢ defined in a neighborhood of xq =
7(vy) such that

dp(0) = —1 and podp = O(|z — 20|V 1) as x — . (2.17)
Furthermore, there is ¢ > 0 such that
Im ¢(z) > clx — x0|*  in a neighborhood of xy. (2.18)

Proof. Using a translation we may assume that o = 0. We first prove the
claim when N = 1. The proof splits along two possibilities: either 7. Hge,(10)
and 7, Him (1) are linearly dependent, or they are not. These are coordinate-
independent properties. The Mizohata operator illustrates the first case while

the Lewy operator is an example of the second case.
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We deal with the linearly dependent case first. Since 7, Hgep(19) # 0, there
is p € R such that 7, Him (1) = pmHgep(10). Thus

1
1+

Ty (14 (W) = (TeHgep(10) + i Himp(10)) = T Hrep(10)

is a real vector. Replacing p by p/(1+iu) we may thus assume that 7, H, (1)
is itself real. This implies that, using Lemma 2.3.2 with f = Re p we can find

coordinates x1, ..., x,, such that in the induced canonical coordinates

0
HRep(VO) = 8_5(,’1
Thus
dp ap ORep .
—_— = = > = =1,...,n. .
851 (VU) ]-7 aé—] (VO) 0 if j 2 al,J (VO) O’ J 1a , TV (2 19)

With respect to the coordinates z;, &, the covector vy is (0,&%). Let
_ o 1 _ 4 4
v=—z-§ + 5 Z:laz‘j!ﬂﬂj, Qij = 4, all 1, 7, (2.20)
1,]=—

and write a(z) for the vector with components a;(x) = 3, ayx;. So dy(x) =
(z, —€° + a(z)) and

pody(z) = plx, £+ a(z)) = p(z, —€° + a(x)).

Recalling that p(1y) = 0 we have
dp dp
_ 0 _ 9P 1 ¢0
Pl € o) = 3 (5,060 = 22 36 0. ) + Ol
so we will be done if

Op

O 0
%ﬂg Z%OU%_OMﬂ] (2.21)

Using (2.19) these conditions reduce to

=(0,6%) — a1, =0, (2.22)
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for all j. Thus also the a;; are determined, but we are free to choose the ay;
for k,j > 2. We set ay; = ipudy; for these indices, with p to be determined
later. The hypothesis that Hge,Imp > 0 at v gives 8{'}7”’1” > 0 at vy, so

Im 011 > 0.

Thus

8Imp

Imw——lman x1) +Z Jr1xj + MZ xj ,

Jj=2
and choosing p large enough we get that Im1 > c|z|* for some ¢ > 0. This
completes the proof of the case N = 1 when 7, Hge,(t0) and m,Himp(10)
are linearly dependent. Suppose now that m,Hge,(vp) and m.Him,(1p) are

linearly independent. We choose coordinates ¥, ..., y, such that

0

7T>|<]¥Imp<y()> ayQ

7 Hre (1) = (2.23)

ayl

and use the proof of Lemma 2.3.2 to get new coordinates (2.16) such that
the conclusion of the lemma holds for Hge,. With the same kind of change
of coordinates we can simultaneously ask that in the expression of H)n, in

the new coordinates,

ol 0 ol 19)
Hlmp: mp__z mp

Oy Oy dy; On;

Olmp Olmp 0
B Ono <8:v2 ]Z:"’“b%%) Z dy; 0&;
_Olmp 0 almp 8Imp
N 6772 6_1’2 B ZZ: < (93/1 zk:nk 21) agz

(see the proof of Lemma 2.3.2), the coefficients of ;- ¢, vanish at 1o when i > 2.

So in the new coordinates,
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Writing H, at 1 using these formulas gives

op dp . Op :
851_1 a&—z, 8€j—0f0f]>27

at (0,£%). We proceed as before with 1) given by (2.20). The condition that

the linear terms vanish (see (2.21)) gives

0
_p(07£0) — (oq; + i) =0 for all j,
837]'

ORep op .
aﬂfl 07 81']‘ 0 for 7=

S0 aqj + iay; is determined (but not yet the individual coefficients) while
the oy, with k,7 > 3 can be chosen arbitrarily. We take advantage of the
latter fact by choosing, for these indices, o, = i10y; with positive p. Since
Op/0x;(1y) = 0if j > 2 we may further take aj;, = 0 for j = 1,2 and k > 3.
The matrix « is thus a block matrix whose top left 2 x 2 block we now specify.
The conditions for j = 1,2 are, respectively

Olmp

) (0,£%) — (a11 +iag) =0 and ajs + g = 0.
(‘3:171

The first of these equations gives

dlmp

81‘1 (0,fo> — Re 91,

Im 11 =
and the second,
Im Qo9 = ReOélg.

Note that Im aq5 is irrelevant, so we choose it to be zero. We pick aws so that

dlmp

0<I < 0,&°
m o2 O ( N3 )7
and a7 purely imaginary, with
dlmp
Imay < ( 0,£% — | )
m o7y (0,¢7) m a2

Thus
ilm 11 Im Q99 0

Qi = Im Q99 7lm Q99 0
0 0 il
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has positive definite imaginary part. This concludes the proof of the theorem
when N = 1.

We now show that the proof for general N > 1 can be reduced to the case
where p is analytic. We use the coordinates x1, ..., x,, centered at 0 obtained
in either of the two cases discussed above and let, as before, z;, & denote
the canonical coordinates near vy = (0,£Y). Let py be the Taylor polynomial

of p of degree N > 1 based at vq in these coordinates:

1 Hlal+sl
(e = D o e (0.€)% (- )
lal+lgl<N T T aESE

For the error, py+1 = p — pn, we naturally have

Pvin(z0) = > Pyiras(E, (€ =&,

|| +|B]=N+1

for some functions pyii1,45. If ¢ is a function defined near 0 in U with
dé(0) = vy and fpyodp = O(Jx|V 1) then also podg = O(|z|VT1). Indeed, in
the coordinates z;, & we have do(z) = (z, Vo(z)), Vo(0) = —£°, so Vo(x) =
—&% + a(x) where a(z) = O(|z|), whence

bya(e,Vo@) = Y priras(z, Vo()2® (—a(@)® = O™

loe|+|B|=N+1

Note that since N > 1, Hgeplm p(1g) = HgepyImpn (). Thus we may work
with py instead of p and add to the hypotheses of the theorem that p is

real-analytic. Consider the Cauchy problem

on(x,Vvo(x) =0 ¢

=9
=0

Y

1 x1=0

where 1 is the function (2.20) previously obtained. Write 2’ for (zo, ..., x,)

and let =;(z') be defined near 2’ = 0 and satisfy

p(0, 2", E1(2), V'(0,2)) =0, Z41(0) = —&]. (2.24)

Since V'1(0,0) = (—£9, ..., —£°%) and p(0, £°) = 0, and furthermore Op/9&; (1) =

1 # 0, the holomorphic version of the Implicit Function Theorem gives the
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existence, uniqueness, and analyticity of the function =Z; in a neighborhood
of 0. Using the holomorphic version of the Hamilton-Jacobi method as before
we get a solution ¢ of the Cauchy problem stated above. By construction,
Vp(0) = —£° We now verify, making full use of the special coordinates we
chose, that the Hessian of ¢ at 0 is the matrix . This will imply (2.18) and
conclude the proof of the theorem. Note in the first place that the initial
condition already gives
9?¢
O0x;0x;

(O) = Oy, Z,] > 1.

To obtain these formulas for 7 = 1 we use the fact that

0="p(z,ve) =) ( Z (0, ng (o))xj +O(lz),

J

to conclude first that

9p
6xj

0y - @ 0
(0,€") 2 7, (0,€")

D*¢
8xk8xj

for each j. The argument now splits as before. In the first case we discussed

(where m,H\m,(10) = 0) this gives, exactly as in (2.22) and with the same
consequence, that

0% _.0p

Oxp0x; 8x]

(0,6%) = ay; for all j.

In the second case (where 7, Hm,(10) and 7, Hgep(vo) are linearly indepen-

dent) we get

W, 0 P P
8:1:1 (075 ) <8x18:1:1 (O) +20x163:2 (0)> =0

0%¢ - 9
c%laxj (O) + Z&xgé)xj

(0)=0 forj>1,

which give
¢ . 0%
CE A v )

= Qg fOl"j > 1,
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and, as a consequence

82¢ 8]7 0 82¢ 8[) 0 .
= . (2.2
0101, (0) 0xq (0 ¢ ) 8513'181'2 (O) 0xy (O § ) tQiz = an ( 5)
This completes the proof of the theorem. O

Suppose P is a differential operator of order m and principal symbol p

and ¢ and vy are smooth. Then

'P(2,D,)(e" %) = €7 7" Py (x, D)o, (2.26)

=0
where P, (z, D,) is of order j, ‘Py(z,D,) = 'P(x,D,), 'Py(z,D,) is a
multiplication by p(z, V¢(x)), and

Pnq= —g—?j(;c, —Vo(z)) D, +c, (2.27)

where c is a function. If ¢ satisfies (2.17)-(2.18), then
|7 P, (2, Dy )vg| < Crm-(NHD/2)

near xy so with NV such that m — (N + 1)/2 = —r with r a positive inte-
ger we get that this term decreases to 0 as 7 — co. We wish to get the
same kind of behavior for all terms 7" /e P, _;(x, D,)vg . We can get

T Leimotp . (x, D,)vg to have the right behavior if we can arrange that
P (z, Dy)vg = O(|w — x| Y),

but in general vy needs to be replaced by a polynomial in 77! (with smooth
coefficients) in order to achieve estimates with 77". We have in fact the

following lemma.

Lemma 2.3.4. Let P be a differential operator of principal type, of order
m and principal symbol p. Suppose the hypotheses of Theorem 2.3.3 hold for
p, and let ¢ satisfy (2.17)-(2.18), in a neighborhood V' of xo. Let N be a

positive integer. There are vy, ..., v € C§° such that

sup le” "' P(x, D,) ”‘1527' u)| <777

zeV

for some C > 0.
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Proof. Without loss of generality we assume xy = 0. Using (2.26) we get

m+K
e " P(x, D,) ”‘7’27’ vk = Z 7t Z tP(m_j)(x,Dx)vk,
=0 k+j=¢

where for simplify the formulas we have defined ‘P = 0 if j > m and v, =0
if k > K. We will specify ¢ and find the v so that

> Prj(@, Do)y = O(|z ) as z — 0, (2.28)
ktj=¢

without concern about their support. From this it will follow that

|7 teim? Z Pri(x, Dy)og| < CT77,
ktj=t
uniformly in a neighborhood of 0. We then replace each v, by xvr where
X € C3°(V) and x(z) = 1 near 0 to arrange for the condition of the support
of the v, in the statement of the lemma. When ¢ = 0, the left-hand side of
(2.28) reduces to p(z, —Vo(x))vg, so we pick N = 2(m +r) — 1 in Theorem
2.3.3 to obtain (2.28). Next, with £ =1 we get

Z th—j(maDI)Uk: = tpm—l(man)’UO + th<x>Dx)U1
k+j=¢
The second term on the right is p(x, —V¢(z))v; = O(Ja|*™*+7=9) which is

better than needed, so we dismiss it and focus on finding vy such that
Pru1(z, Dy)ug = O(|z[2mF7=9).

We work in the coordinates of the proof of Theorem 2.3.3. Since d¢(0) = vy
and dp/dxy # 0 at vy, 'Pp,_1(x, D,) is noncharacteristic for x; = 0. We find
a solution of our problem by first replacing the coefficients of ‘P,,_1)(z, D,)
by their Taylor polynomials of order Ny = 2(m —r)—3 to reduce the problem
to the analytic situation, as in the proof of Theorem 2.3.3; the reminders will
then be O(|z|*™+7=9) which is all that is needed. Letting *P,, 1 n, (7, Dy)
be the resulting operator, we then solve

tpmfl,No (l', D:v)/UO = 07 Vo = 17

x1=0
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in a neighborhood of 0 taking advantage of the analiticity of the coefficients.
We now proceed by induction. Suppose that ky > 1 and that v, ..., vg,—1
have been found so that (2.28) holds for ¢ < ky. With ¢ = kg + 1 the left
hand side of (2.28) is

ko+1

Z th—(k‘()—‘rl—k‘) (I‘, D:E)Uk
k=0

The term with k = ko + 1 is p(x, —V¢(2))vg,+1 which is already of order
O(|z[2™+7)), so after dismissing it the problem becomes to ensure that

ko+1

ZE: P (ko+1-k) (€, Do)y = O(|z[2mtr—ko=1)).
k=0

Here only vy, is not yet known. We replace ZZ":JBI Pr—(ko+1-k) (2, Dy)vg by

its Taylor polynomial of sufficiently high order, call it f,—1, and then solve
t _ —
P(m_LNO)(.I‘, DQ;)UO = _fkou Uko g = 1.

This concludes the proof. ]

2.4 On the change of sign from + to —

The condition Hgeplmp > 0 at some point v, € Char(P) implies that
Im p changes sign form — to + along the oriented integral curve (t) of Hge,
through 1. We have seen how this change of sign enters in the proof of
non-solvability. We may ask, on the other hand, what can happen when the
opposite change of sign occurs, or if there is no change of sign at all. In this
section we explore these possibilities through examples.
Consider P = D,, + iz}D,,, first with & odd. The principal symbol is

p=& + m:’ffg with characteristic set
Char(P) = {(0,22;0,&) : & # 0},
and Hgeplmp < 0 on & < 0. We show that the equation

Pu=f,
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with arbitrary f € C§°(IR?) has a solution “on & < 07 in the sense that there
is a Schwartz distribution u € .%/(R?) such that the partial Fourier transform
ﬁa(xl, &) is equal to f(:vl, &) on & < 0. Indeed, with f as specified, consider

the equation

(D, +izi&) (21, &) = f(ﬂl'l,fé)-

The method of variation of the coefficients gives

i, &) — i / e e ) (g 6y,
0

k+1 k+1)

Evidently the quantity (x7 &, is nonpositive in & < 0 when yF ™ <

:E’f“ which is the case if 0 < y; < x1 or 1 < y; < 0 because k + 1 is even.

But this is the case in the integral above.
Define

; 400 1

(3 iz xk+1 k+1 ~

v(ry, T2) = _27r/ e 252/ el 12/ (D) £y &) dyrdEs.
—00 0

Then v is a Schwartz distribution such that

ﬁf(fl,fz) — f(1,&) =0 on & <0,

as required. We say that Pv = f microlocally on & < 0.

Consider now P as above but with k even. Then Imp does not change sign
along any of the integral curves of Hge, so we should expect P to be solvable.
This is indeed the case: the equation Pu = f with f € C5°(R?) has a solution,

namely

= %//6Z¢(z1’y17€2)K(x17yl;fz)f(y1,§2)dy1d§2,

where

d(x1,y1, &) = x2€o — (2] L Z/Ifﬂ)&/(k + 1),
K(z1,y1,62) = H(=§)H (71 — y1) — H(&)H(y1 — 21),

and H being the Heaviside function.
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2.5 Estimates and solvability

The estimate in Lemma 2.2.1 is in terms of C'>° seminorms. For some
purposes it is better to use Sobolev norms and in particular it is convenient
to remove the function f from the statement. We restate the lemma as
follows.

Define for each k € Z, [ flr = 220 j<kjpay

Proposition 2.5.1. Suppose P is a differential operator defined in an open
set U in R™ with the property that for every f € C(U) and open W € U
with supp f C W there is uw € D'(U) such that Pu = f in W. Then, for any
V €U there are C' and N such that

Yo e C2(V) : Jv]_n < C|'Poly. (2.29)

Proof. The proof is essentially the same as for Lemma 2.2.1. Let Y = C§° (V')
with the topology determined by the seminorms
v Yy DY, (2.30)
[BISN
for each N. Here the norm is the L? norm. These seminorms are actually
norms because v — ‘Puv is injective on C°(V). Let X = Cg°(V) with its
standard topology. This topology is the same as that defined by the family

of norms

F=1fllv =Y I1DgFI-

la] <N
As in the proof of Lemma 2.2.1, the bilinear form

B:C(V) x C2(V) = C, B(f,v):/fvdq:,

is separately continuous. Indeed, on the one hand the Cauchy-Schwarz in-
equality,

1B(f,0)| < | fllv].
gives the continuity in the first variable. On the other, if f € C§°(V) and
Pu=f (ueD(U) with W & U open containing V'), then

B(f,v) = (Pu,v) = (u, 'Pv). (2.31)
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But the restriction of u to a neighborhood W & U of V belongs to some
Sobolev space H=" (W), therefore

[B(f,0)] < lul-~]"Puly.

Since X is a Fréchet space, B is continuous: there are C', N, and M such
that

| / fode| < ClIflull*Polly Vf € CR(V)ve Co(V).  (232)
Thus
lox=  swp | / fudz| < CJ'Polx.
FeEHM (V)| flar=1

Replacing M and N by max(M, N) we get the estimate in the form (2.29).
]

The estimate (2.29) is in fact equivalent to solvability:

Proposition 2.5.2. Let P be a differential operator defined on an open set
U C R™. Suppose that for any V' € U there are C and N such that (2.29)
holds. Then P 1is solvable on U.

Proof. Let f € C3°(U) be arbitrary and let V' € U be a neighborhood of
supp f. Using (2.29) we obtain

(0] <1 fInlvl-n < ClfInl"Po|n Yo e C5(V),
which shows that the linear form
PO (V) 2 'Puw (f,v) € C

is continuous (recall that *P is injective) in the topology of H¥ (V).
By the Hahn-Banach Theorem this functional has an extension to a contin-
uous linear functional u : HY(V) — C, that is, there is u € H~™ (V) such
that

(u,"Pv) = (f,v) veC&((V).

Thus Pu=finV [



Chapter 3

Constant-coefficient PDEs

In this chapter we present two different proofs of the Malgrange-Ehrenpreis
theorem about the solvability of PDE with constant coefficients. Malgrange-
Ehrenpreis theorem says that every constant coefficient linear partial differen-
tial equations have a fundamental solution F, i.e. there exists a distribution
E s.t. P(D)E = § and so there exists a solution of the equation P(D)u = f
with f € &', u = E % f is a solution of it.

In the last part of the chapter we give an elementary proof due to D. Jerison
[14], of the L? local solvability, in which use is made of the SAK principle by
C. Fefferman and D. H. Phong (see [7]).

3.1 Atiyah’s proof of the Malgrange-Ehrenpreis

theorem

In this proof, Atiyah uses the Hironaka theorem on the resolution of
singularities in order to prove the Hormander-Lojasiewicz theorem on the
division of distributions and hence the existence of temperate fundamental

solutions for constant-coefficient differential operators.

Theorem 3.1.1. Let X be a real analytic manifold (paracompact and con-
nected) and let f, g1, go, ..., gp be real analytic functions on X with f nonneg-

ative and not identically 0. Let I denote the characteristic function of the

37
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set

G ={z € X|gi(z) > 0 for all i}

Then the function f°T", which is locally integrable for Res > 0, extends as an
analytic function to a distribution on X which is a meromorphic function of
s in the whole complex plane. Any given relatively compact open set U in X
the poles of f°T" occur at points of the form —r/N,r = 1,2, ..., where N is
a fized integer (depending on f and U) and the order of every pole does not

exceed the dimension of X. For s = 0 we have f°T' =T.

Before Proving the theorem let us first deduce the corollaries on the di-

vision of distributions.

Corollary 3.1.2. Let X be a real analytic manifold, f : X — C be an
analytic function (f #£0). Then there exists a distribution T on X such that
fT=1.

Proof. 1t is enough to prove the corollary for f > 0 because, if S is an inverse
of |f|?> = ff, then T = fS is an inverse of f. Applying the theorem we can

expand f* ,over U, around s = —1 in the form
£F=) a(s+ 1) n=dmX, (3.1)

where each a;, is a distribution. But f - f* = f**! cannot have a pole at

s = —1 (since f° = 1) and so we must have

far=0 for k<O
fag=f"=1.

Thus, over U, T' = aq is the required inverse of f. If VO U is another open
set, the expansions of f* for U and V' are necessarily compatible, though the
region of convergence (around s = —1) may be smaller for V' than for U.

The distribution 7" = aq therefore exists on the whole of X. O
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Corollary 3.1.3. Let f be a polynomial on R™ with complex coefficients
(f # 0). Then there exists a temperate distribution T on R™ such that
fr=1.

Proof. Let m = deg f; then the function g, defined by

flz, . xy)
1+ a?)

g(x1, .., x,) =
(

extends to an analytic function on the n-sphere S" = R"U{oo} (it is enough
to compose g with the stereographic projection). By Corollary 3.1.2, there
is a distribution ) on S™ such that g@) = 1. The restriction of ) to R C S"

is then a temperate distribution. Now put

Q

T = — on R"
(1+51?)
Then T is also temperate and
fQ

(1+xpa2)”
[

Taking the Fourier transform in Corollary 3.1.3 we obtain in the well-

known way that

Corollary 3.1.4. Every constant-coefficient partial differential operator which

s not identically O has a temperate fundamental solution.

Having explained these corollaries we now return to the main theorem,

and make a number of preliminary remarks.

(i) The theorem is of a local character so that it is sufficient to prove it for

small neighborhoods of the origin in R".

(i) The theorem is classical when X = R, f(z) = 2 and G = R or R:

the poles occur at points —r /2.
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(iii) For X =R, f(x) = 2, N even, and G = R or R the theorem follows
from Remark (ii) by re-indexing (f(x) = (z"V/2)?).

(iv) Taking products, the theorem now follows for X = R", f(z) = Mz},
N, even, and G = [ G;, where each G; = R or R™.

We also need for the proof of the thm. the following version of Hironaka’s

theorem.

Theorem 3.1.5. Let F' be a real analytic function (F # 0), defined in a
netghborhood of 0 € R™. Then there exists an open set U 3 0, a real analytic
manifold U and a proper analytic map ¢ : U — U such that

(a) ¢ : UNA — U\A is an isomorphism, where A = F~'(0) and A =
¢~ (A) = (Fo¢)7(0),

(b) for each P € U there are local analytic coordinates (yy,...,yn) centered

at P so that, locally near P, we have
Fogp=ce- H Yk
i=1

where € is an invertible analytic function and k; > 0.

The basic idea, for the proof of our theorem, is to use the Hironaka the-
orem to reduce the problem to the simple cases described earlier in Remark
(iv). Before proceding further, however, we must make a few general remarks
about distributions on a manifold.

For any given n-dimensional C'* manifold X let (X) be the space of
C* exterior differential n-forms with compact support and Z(X) the space
of C* densities with compact support. In local coordinates, w € Q(X) and

€ P2(X) can be respectively written as

w= f(z)dz, p=g(z)|dzl,

where f,g are C* functions, doz = dx; A dxs A ... A dx,, and |dz| denotes

the Lebesgue measure on R™. If « is a local choice of orientation, then u
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determines locally an n-form which we write as au. If X is itself orientable,
then a global orientation enables us to identify Q(X) and Z(X).

The space 2'(X) of distributions is defined as the dual of Z(X). Since a
locally integrable function f defines a linear form on 2(X), by u — [ fu, we
have f € Z'(X). The space Q'(X), dual of Q(X), may be called the space
of "twisted” distributions. If ¢ : X — Y is a proper C*° map of manifolds,
it induces a map ¢* : Q(Y) — Q(X) and hence by duality a direct image
homomorphism ¢, : (X)) — Q'(Y).

In order to prove the theorem it is sufficient to consider the local situation,
so we can take X to be a neighborhood of 0 € R". Put F' = f[[] ¢; and take
U,U,¢ as given by the Hironaka theorem. Let f = fod¢, §; = g; o ¢ be the

induced functions on U. For any given point P € U the local factorization
F= ngz = GH%J’
1 1

implies a corresponding local factorization of f and each §;. Moreover, since
f > 0 the exponents for f are necessarly even. Now let a denote the standard
orientation of U (inherited from R™), & the corresponding orientation of I\ A.
Then, for Res > 0,

Ffa € Q\A),
extends to a locally integrable n-form on U (here [ = ['o¢ is the characteristic
function of the set defined by g; > 0 for all 4). In the neighborhood of P € U

the orientation & must be of the form
a = (H sgn yi)ﬁ, (3.2)

jes
where (3 is the orientation given by the local coordinates (y, ..., y,) and S is
a subset of (1,...,n) defined as follows: j € S if & changes as we cross the

hyperplane y; = 0. Since sgn y; = 2I'; — 1 (where I'; is the characteristic

function of y; > 0), it follows that f*T'@ is locally a sum of expressions of the

1

form
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where € is an invertible analytic function and j runs over some subset of
(1,..,n). By Remark (iv) this implies that f*Ta extends analytically in a
neighborhood of P, and has poles as specified in the theorem. Since this holds
for any P € U, we get on the whole U a twisted distribution f*T'é& depending
meromorphically on s. Applying the direct immage ¢, : Q'(U) — Q(U) we
obtain a twisted distribution ¢,(f*T'@) on U, depending meromorphically on
s and with poles as in the theorem. Since we have an orientation o on U

which induces an isomorphism Q'(U) = 2'(U), we get
¢*(fsf&) =T(s)a,

where T'(s) € 2'(U). To complete the proof of the theorem it remains to
check that, for Res > 0, T'(s) = f°I". As we have already observed, for
Res > 0, f*T'a is a locally integrable n-form on U, which is determined by
its restriction to U \fl. Similarly, f°T" is locally integrable and determined
by its restriction to U\A. Since ¢ induces an isomorphism U\A — U\ A, it
follows that

¢.(f’Ta) = fTa, Res >0,

and the proof is complete.

3.2 Hormander’s version of the Malgrange-

Ehrenpreis theorem

3.2.1 Temperate weight functions

Definition 3.2.1. A positive function k defined in R™ will be called a tem-

perate weight function if there exist positive constants C' and N such that
k(E+mn) < (L+ClENk(n) &neR™ (3.3)
The set of all such functions k& will be denoted by 7 .
From the inequality (3.3) it follows that

(1+ClEN™ < k(& +n)/k(n) < (1+Cleh™. (3.4)
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If we let £ — 0 in (3.4) it follows that k is continuous, and when n = 0 we

obtain the estimates
EO)(1+ClEN™ < k(&) < k(0)(1 + Cle)™. (3.5)
If k € # we shall write
My(§) = Sup k(& +n)/k(n). (3.6)
This means that M}, is the smallest function such that

k(€ +n) < Mip(Ek(n). (3.7)

It also follows immediately that M} is submultiplicative,

Mi(§+n) < Mi(§) My (n), (3.8)
and since My(€) < (1 + C[€])N this implies that M, € 7.

Example 3.2.1. The example of a function in # which occurs frequently
is

ks(€) = (1+ €)%, seR.
To prove that k, € ¢ it is sufficient to prove that ky € # . In fact if k € #

then k% € J# for every real s, and this follows from the estimates
L [€ 4" < T+ 187 + 218l nl + Inl* < (1+ €)1+ [n])*.

Example 3.2.2. The basic example of a function in ¢, which is the reason
for the definition of this class, is the function P defined by

P&)* =) |PW©P, P*=0¢P, (3.9)
lo|>0
where P is a polinomial, which yields that the sum is finite. It follows
immediately from Taylor’s formula that

P(&+n) < (1+ClE)™P(n), (3.10)

where m is the degree of P and C' a constant depending only on m and the

dimension n.
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3.2.2 The space %,

Definition 3.2.2. If k € Z and 1 < p < oo, we denote by %, the set of

all temperate distribution u € .%’ such that 4 is a function and

U k— 7T < 0. .
o= ((2 k(&)a(€)Pde) 3.11

Theorem 3.2.3. Let P(D) be a differential operator. If uw € B, it follows
that P(D)u € B, /p-

Proof. Since the Fourier transform of P(D)u is P(£)u(€) and since |P(&)u(€)] <
|P(€)a(€)], the statement is trivial. O

Theorem 3.2.4. Ifu € A, and ¢ € 7, 1t follows that pu € X, and that

[oulpr < 10l1an lulpr- (3.12)

Proof. We know that the Fourier transform of v = ¢u is the convolution

(2m)~ /qbf n)u(n)dn, (3.13)

when ¢ € Cg°. Multiplying (3.13) by k(&) and noting that k(£) < Mg(§ —
nk(n), we obtain |kd| < (27)""| M| * |ki|. Hence Minkowski’s inequality
in integral form gives |k[, < (27) ™| Myo|y * |k, which is equivalent to
the estimate (3.12). Since C§° is dense in ., the result immediately extends

to an arbitrary ¢ € .%. ]

3.2.3 The space %]lj",ﬁ

Definition 3.2.5. Let 2 be an open subset of R”. A linear subspace .# of
2'(Q) is called semi-local if pu € .# when u € .Z and ¢ € C3°(Q).
It is called local if, in addition, .# contains every distribution « such that

ou € F for every ¢ € C5°(Q).

Example 3.2.3. 2'(Q),C*(Q), L}

loc

tributions with finite order), &”(2), LP(Q2) are semi-local but not local.

() are local space, whereas Z(Q2) (dis-
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Example 3.2.4. It follows from Theorem 3.2.4 that the set of restrictions

to (2 of distributions in %, , is semi-local.

Theorem 3.2.6. If .% is semi-local, the smallest local space containing %

1s the space
Fl¢ ={uju € 7'(Q), pu € F for every ¢ € CF(Q)}.

Proof. Since . is semi-local, we have .# C .Z!¢. It is also clear that .#'°
is semi-local. To prove that . !¢ is local, we take a distribution u such that
du € F° for every ¢ € C5°(Q2). Choose ¥ € C§°(€2) so that ) = 1 in the
support of ¢. Then it follows that ¢u = ¥ (¢u) € F, in view of the definition
of Z'¢. Hence u € %', so that .#'¢ is a local space. It is obvious that it

is the smallest local space containing .%. [

Theorem 3.2.7. If u € B%(Q) we have P(D)u € %' (Q).

p.k/P

Proof. For any given ¢ € C5°(€2) we can choose ¢ € C§°(2) so that ¢ = 1
in a neighborhood of the support of ¢. Since Yu € %, it then follows from
Theorems 3.2.3 and 3.2.4 that, using ¥¢ = ¢

¢P(D)u = ¢P(D)(Yu) € B, ;) p, (3.14)

which proves the theorem. O

3.2.4 Existence of fundamental solutions

Definition 3.2.8. A distribution £ € 2'(R") is called a fundamental solution

for the differential operator P(D) with constant coefficients if
P(D)E =9 (3.15)

where ¢ is the Dirac measure at 0.

Theorem 3.2.9. To every differential operator P(D) there exists a funda-

mental solution &/ € %QCP(R”). More precisely, to every e > 0 there exists a



46

3. Constant-coefficient PDEs

fundamental solution E such that E/ cosh(e|z|) € B, p and |E/ cosh(e|z|)|, 5
1s bounded by a constant depending only on €, the dimension n and the degree
m of P.

Proof. The main step in the proof is the estimate given by the following

lemma.
Lemma 3.2.10. For every € > 0 there exists a constant C' depending only
on €,n and m such that

[u(0)] < Cf cosh(ela)P(D)ul,, pr u€ CE®RY.  (3.16)

We shall first prove that Theorem 3.2.9 follows from Lemma 3.2.10. Note
that Definition 3.2.8 says that the distribution F is a fundamental solution
if the linear form E(v) = E % v(0) on C°(R™) satisfies the identity

e

u(0) = B(P(D)u), Yu e CX(RM). (3.17)

In fact

(0|lu) = u(0) = (0|E * Pu) = (0|PE x u) = ((PE) * 0|u) =
(PE % d|u) = (PE|u), Yu € C(R™),

where v(z) = v(—x), (for a review of the inequalities that we have used
above one can see [33]).
In other words F is a fundamental solution if E is an extension of the linear
form P(D)u — u(0), u € C§°(R™). In view of the Hahn-Banach theorem and
(3.16), a linear form E on C5°(R") satisfying (3.17) can thus be constructed
so that
B < Cl(coshelal)o)ly o v € CR). (3.13)

If we write F. = E/ cosh€|z|, this means that
[E()] < Clolyp, v e G (RY). (3.19)

Hence E. € %, p (since &,

P = %, p), which proves Theorem 3.2.9. [
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The proof of Lemma 3.2.10 will be obtained as a result of a few lemmas

concerning analytic functions.

Lemma 3.2.11. If f is an analytic function of a complex variable t when
[t| < 1, and p is a polinomial in which the coefficient of the highest order

term is A we have the inequality

2

AFO)] < 20" [ I pteao, (3:20)

0
Proof. Let m be the degree of p and let ¢ be the polynomial ¢(t) = t"p(1/t)
where p is obtain by taking complex conjugates of the coefficients of p. Then
we have ¢(0) = A and |q(e?)| = |p(e?)| so that 3.20 reduces to the familiar

inequality )
F(0)g(0)] < (2)! / F(e)q(c®)|do.
]

Lemma 3.2.12. With the notation of Lemma 3.2.11 we have, if the degree
of pis <m and Cy,, = m!/(m — k)!,

2

F(0)p™®(0)] < Cm,k(%)_l/ |f(e)p(e”)|do. (3.21)

0

Proof. We may assume that the degree of p is equal to m and write

m

p(t) =[]t 1. (3.22)

1

Applying the previous lemma to the polynomial []}"(¢ —¢;) and the analytic
function f(¢) [1}"(t — t;), we obtain

‘f(o) ﬁtj

A similar inequality holds for any (m — k)-fold product of the numbers ¢;

< (2m)! / 17 (E)p(e) db. (3.23)

on the left-hand side, and since p*)(0) is the sum of C,, ,, terms, the inequality
(3.21) follows.

Note that (3.21) reduces to (3.20) when & = m and is trivial when k =
0. [
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Before extending Lemma 3.2.12 in several variables we shall give it a
slightly more general form. Suppose that f is entire and apply (3.21) to the
function f(rt) and the polynomial p(rt) where r > 0. This gives

SO O < Co [ e p(re®) o,
0

Let 1(r) be a nonnegative integrable function with compact support. Mul-

tiplying by r¢(r) and integrating w.r.t. r, we obtain

\f(O)p(’“’(O)I/C!t’“l\w(!tl)!L(dt) SCm,k/c!f(t)p(t)!w(!t\)L(dt), (3.24)

where L(dt) stands for the Lebesgue measure rdrdf and the integrals are ex-
tended over the whole complex plane. The following generalization to several

variables follows immediately by applying (3.24) to the variables &1, ..., &,.

Lemma 3.2.13. Let F(§) be an entire function and P(§) a polynomial of
degree < m in & = (&,...,&,) € C". Let V(&) be a nonnegative integrable

function with compact support, depending only on |&1|, ..., |&a|. Then
FOPOO)] [ 18UELE) < Cniar | IFEOPOIEL(E). (3.25)
where L(d) is the Lebesque measure in C".

Proof of Lemma 3.2.10. Let u € C§°(R™) and write P(D)u = v. We then
have P(§)u(§) = 0(¢). With fixed ¢ we apply Lemma 3.2.13 to F(§) =
(€ + ¢) and to the polynomial P(¢ + (), taking ¥(£) = 1 if [£] < ¢/2 and
W(£) = 0 otherwise. Adding over o and noting that P(¢) < 3 [P (¢)], we

obtain with a constant C depending only on €, n and m

[4(OIPQ) <Cu | Ta(C+ P+ OIP(O)L(de)
=Ci | 10(C+ENE)L(A)



3.3 An elementary approach to local solvability in L?*(2) (Jerison [1419

Integration of this estimate w.r.t. ( after division by P(C ) now gives

o)) =|zm " [ 4020 <
<em [ [ 1+ OlPOLEwE Lide)
—C1 [ e 90, W) Lide) <
< [ cw©re) swp fe 9,

€] <e/2

Using Theorem 3.2.2 we obtain the estimate (3.16) with

C = Cl/\l'(f)df ‘ S|llp/ |e7i € / coshe] - [Inyaps (3.26)
£l<e/2

The right-hand side is finite since the set formed by the function z
e~ "8 / cosh e|lz| with & € C" and |¢] < €/2 is bounded in .#. This com-
plete the proof of the Lemma 3.2.10.

O

3.3 An elementary approach to local solvabil-
ity in L*(Q) (Jerison [14])

Let © be a bounded, open subset of R™. The Hilbert space L?(Q) with

inner product (f,g) = [, f( x)dx and norm | f| = +/{f, f) is the space
in which we will find a solutlon to P(D)u = f i.e L? solvability

Theorem 3.3.1. Let P(D) be a constant-coefficient partial differential op-
erator (but not the zero operator). For any given ¢ € L*(Q2) there exists

u € L*(Q) such that P(D)u = ¢ in the sense of distributions.

Proof. We begin the proof by showing that it suffices to prove

[fl < CIP(D)f], Vf € Q). (3.27)
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Indeed, given ¢ € L2*(Q), define a linear functional uy on the subspace
V = {P(D)f;f € C(Q)} by uo(P(D)f) = (f,¢). Note that ug is well-
defined because P(D) is injective (and P(D) = P(D)*). Moreover the linear

functional is bounded beacuse (3.27) implies

luo(P(D) ) = [(f. o) < [ fle] < CIP(D)fll4].

By the Hahn-Banach theorem, there is an extension of uy to a linear func-
tional on L?(2). We can identify this functional with an element u of L?(12).
Thus (f, ¢) = (P(D)f,u) for all f € Cg°, as desired. O

Plancherel’s formula now implies that (3.27) is equivalent to
[fy)Pdy < C* [ |[P(y)P|f ()P dy, (3.28)
Rn Rn
for all f € C5°(Q).
We will suppose for convenience that 2 C B;, where B is the ball of
radius 1 centered at the origin. Here is the version of the uncertainty principle

that we need.

Theorem 3.3.2. Let % be the family of unit cubes of R™ with integer lattice

point corners. Let P be a polynomial of degree m and denote

= max [Plxq(y).

Qer

where xq 1s the characteristic function of Q.

(i) There is a constant o(P) > 0 such that P{(y) > o(P).

(ii) There is a constant C' = C(n,m) such that for every f € C3°(By),

[ Viwray<ce [ U0

[ (y)PPd
In particular,

If() v)IP1f ()P dy.
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Remark 1. The role played by tiling .%; is somewhat arbitrary. One can,
for instance, rotate and traslate .%#; without changing the result. In fact,
if 1 and @) are unit cubes whose distance apart is at most 1, then there
is a constant ¢ = ¢(n,m) > 0 such that ¢ < maxg, |P|/ maxg, |P| < ¢!
This follows from the fact that all norms on the finite dimensional space of
polynomials of degree < m are equivalent. Moreover, a similar argument

shows that there is a constant ¢ = ¢(n, m,r) > 0 such that
c< Piy)/Pi(y) <c!, VyeR", (3.29)

where P’ (y) = Z max |Plxo(y) and %, = {rQ;Q € F,r > 0}.
QEFr

Proof. Let @) be a unit cube. Equivalence of norm implies there is a constant
C = C(n,m) such that

max [(0%/8y*) P(y)| < C'max|P|.

Therefore, [(0%/0y*)P(y)| < CP}(y). Choose a non-zero coefficient of P,
aq, of highest order |a] = m. Then [(0%/0y*)P(y)| = allas| is a constant
independent of y, and we have the positive lower bound of part (i).

For part (ii) we observe that by Plancherel’s theorem, for all f € C§°(By),
IV F12 = @m) ||z f]2 < )| f]> = | f|? (it is here that we use the restric-
tion on the support of f).

Lemma 3.3.3 (Fefferman, SAK [7] p.146). Assume that V (y) is a nonneg-
ative polynomial of degree < d on a cube Q) of side-length r in R™. Suppose

that maxqg V' > r=2. There is a constant ¢; = ci(n,d) such that for all

e C®(Q),
/ (Valy) + V()luly)P)dy > crr™ / fu(y) Pdy
Q Q

Proof. First of all, a change of variables x — rx shows that it suffices to
consider the case r = 1. Thus we take the unit cube Q@ ={y e R": 0 < y; <
1} and V' a polynomial of degree < d such that maxg V' > 1.
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The family of functions @.(y) = [[;_, cos(ma;y;) indexed by a € Z%
forms an orhogonal basis for L?(Q). If we write the series for u € C*°(Q) in

this basis, it is easy to check that
| 1vuly == [ futy) - waldy (330
Q Q

with uy = fQ u(y)dy, the average of u on ). Therefore, we need only bound
|ug|* from above. To do this we will first show that V(y) > 1/2 on an wide
portion of Q.

By equivalence of norms, there is a constant C' = C(d,n) such that
maxgq |VV| < Cmaxq |V| = CmaxqV. Then V(y) > fmaxqV > i for
all y € BN Q, where B is a ball of radius 1/2C centered at a point of @) at
which V' takes on its maximum.

Next,

/Q (Vu) + V()lul)P)dy
> /Q (7 uy) — wol> + V(3 u(y)*)dy
> [ min(V(y), 7)(|u(y) — uo|* + |u(y)|?)dy

1 _ 1

> 3 min(V (y), 7°)|uo|*dy > Z/ luo2dy = coluol?,
Q BnQ

where ¢y = Vol(B N @Q)/4 depends only on n and d. Combining this with

(3.30), we have

/Q (Vu() + V()lu(y)P)dy

1

= (3 5) |17 + VEt))iy

7T2 C
> T [ luto) — oy + Sluof
Q

v

C C
D[ Gt — ol + Py = [ Jutw) Py
Q Q
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We will apply the lemma with d = 2m. Choose 7 so that ¢;r™? = 2. Fix
Q € Z,, and let V(y) = |P(y)|*/r* maxg |P|*. Then max,cq V(y) = 2,

and the lemma implies
[1vF Wl +Vliw P = 2 [ 1Py
Q Q

Summing over ) € .%,,

2 ~

FoV|2 |P(y)] 2 V|2
| (19 k + -2l i)y =2 [ 1w

But [V /> < | f|?, so that

[P 2 12 -
/RnW\f(yﬂ dy= | 1 @)F)dy.

Finally, since r depends only on n and m, (3.29) implies

Pi(y)?
1N 0=
2pyye = ¢ = )

and hence (ii). O
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Chapter 4

Construction of a parametrix

for elliptic operators

4.1 The process of “inverting” an elliptic dif-

ferential operator

A differential operator is called elliptic if its principal symbol does not
vanish when & # 0. We will now describe the process of “inverting” an elliptic
differential operator.

Let us assume first that P has constant coefficients. Since p,,(§) # 0 on
the unit sphere S"~1 = {¢;|¢| = 1}, there is a constant C; > 0 such that
Pm(€) > Cy on S"~! and, by homogeneity, |p,(£)| > C1]€[™ on R™. On the
other hand, there is another constant, Cy, such that [p(&) —p, ()| < Col¢|™ !
if [£] is large enough, since p(&) —p,,(§) is a polynomial of degree m—1. Then

1p(&)| =pm ()] = 1p(§) — Pm(§)]
>ChE|™ — Colg|™

Cy
—lem(Cy — 2

so [p(&)| > 0 if [¢| is large enough. Let then ¢ € C§°(R"™) be a function
which is equal to 1 in a neighborhood of the zeros of p(§) and define ¢(&) =

95
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(1 — ¢)/p. Then ¢ is a smooth, tempered function with the property that
pq = 1 — ¢,which is a function equal to 1 in the complement of a compact

set. Define the operator ) by
Quiz) = 2m) " [[ e I@utdya, we s w).
RQn

It is then immediate that @ : 7 (R") — (R™) continuously. Moreover,

PQui) = 20" [ oty

7 [ e - oty

with Ru(z) = ffR% @9 (E)uly)dydE. Since ¢ € CP(R™), the
operator R maps 5/ '(R™) into . (R™) and it is continuous. We call such
an operator a smoothing operator. Thus P is invertible modulo smoothing

operators.

Let us now consider the case where P does not have constant coefficients.
Let us assume that the coefficients are defined on all of R” and that they are
bounded along with and all their derivatives by all orders. Let us also assume
P is elliptic, i.e. 3C' > 0 such that |p,,(x,&)| > C&™ for all (z,£) with £ # 0.
By our assumptions, one sees that the zeros of p(x, &) are contained in a set
R™ x Q where (2 is a bounded neighborhood of 0. Choose ¢ € C§°(R") with
¢ = 1 near Q and define q_,,(z,&) = (1 — ¢)/p(z,£). The operator Q_,,
defined by

Q_mulz) = (27) " / / DG, Euly)dyde,

(integrate first in y, then in &) is a continuous operator from .7 (R™) to
C*(R™). But now we do not have PQ_,, = I + R with R smoothing.
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Rather,

PQ_u(e) = )" [[ e p(a e, uludye
(4.1)

<g> Dy, )€ )uly)dyd,

sen [ e (P

la|<m B<a

using the Leibnitz rule. Since pq_,, = 1+ ¢, the first expression on the right
equals u+ Ru, where R is an error like the one obtained earlier in the constant
coefficient case. But the second term (absent in the constant coefficient case)
is not of that form. Call it R_ju(z), and let r_y(z, &) be the expression in
bracket in that integral, so that

R_ju(z) = (2m)™" //R% e (z, &) uly)dydéE.

Note that for large |¢|,the term ¢_,,(x, ) and its z-derivatives are controlled
by [£]7™, so that r_;(x,&) is controlled by [¢|~!. We also note that (4.1) is

true regardless ¢,,. So, if we set ¢_,,_1 = —r_1q_,, and define

Qo) = o) [ [ ut)ands

we have
PQ_rufz) = (27)" / /R G, €)q (i, )y

+(2m)" / /R ) (N @)Y

|a|<m B<a

(g) Dy g ma(x, 5)§ﬁ> u(y)dyde.

The first expression equals —R_; plus a smoothing operator, and the second

one can be written as

Resu(e) = () [ 4o uty)du,

so that P(Q_, + Q—m—1) = I + R_o+smoothing. The symbol r_s(x, &) is
controlled by [£]72 and ¢_,,_1 by |£]7™". We repeat the process, with the
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purpose of getting rid of R_,, defining q¢_,,_o = —r_sq_,, and the corre-
sponding operator. In this way we get sequences of operators Q_,,—;, R_1_;,
respectively defined by symbols of order m — j and 1 — j, with the property
that

PQ_m+Q_pma+..+Q_m_n)=1+ R_yn_1+ smoothing.

The regularity of the Schwartz kernel of R_y increases with N, so if you
could add all the @_,,—;, so as to be able to define Q = Zj Q-m—j in
such a way that the operators Zj> N @—m—; have kernels with increasing
regularity, we would have PQ — I = P}, xnQ-m—j + 2 oy Q-m—j) =
R_N-1+ P(3 sy Q-m—j), which is an operator whose kernel has arbitrarily
high regularity, that is, is smoothing.

All of the above can actually be done in a suitable way. One cannot
directly add the Q)_,,—; but there is a perfectly good substitute for that.

4.2 Parametrix for elliptic operators

Definition 4.2.1. Let X C R™ be an open set, if a € S™ (X x R*), b €
S™ (X x R"), we can define afb € S™*™ (X x R") uniquely up to some
element of S™°(X x R") by

(at)(,€) ~ 3~ 3¢ a(r, ) D3z, ),

where ~ means the asymptotic sum.

This gives a biliner map
S™ /S7 x §™ /ST 3 (a,b) > afib € ST /ST (4.2)
and the “product” f is associative.

Theorem 4.2.2. If P € L™(X) is elliptic, then there exists Q € L™™(X),
properly supported, such that Po(@Q = Qo P =1 mod L™*(X). Moreover
Q is unique modulo L=>°(X).
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Proof. Using a partition of unity we can first find a function gy € C*°(X xR™)
such that for every compact K C X, there is a constant C'x > 0 such that

C_Io(%f) =

1
for ze€ K, |£| > Ck.
p(z,§) 1= Cx

Lemma 4.2.3. gy(z,€) € ST™(X x R").

We have pfigo =1 — 7, qofip =1 — ¢ with r,t € S71/S7°°. Define

¢ = qt(L+r+rir+rirgr+...) € S™/S™
q = (1 +t+ tit + ththt + ..)ig € S™/S™.

Then pig. = 1, qip = 1 (in S°/57%), and, furthermore qf(pig,) = (afp)ie. =
G-

Let @ € L™(X) be properly supported with symbol ¢ = ¢. mod S~™>.
Then PoQ =QoP =1 mod L™=°(X). If / € L™(X) is a second operator
with the same properties, we get Po (@ — Q') = 0 and composing with @ to
the left gives Q — Q' = 0.

O

The operator () is called a parametriz.

Corollary 4.2.4. Let A be an elliptic differential operator with smooth co-
efficients on an open set X C R"™ and let xo € X. Then there exists an open
neighborhood V- C X of x¢ such that for every v € 2'(V) and every open
W €V, there exists u € 2'(V') such that Au=v in W.

Proof. For every compact K C X,and every s € R, there exists C' = Ck s > 0
such that

[tlstm < CUA ] + uls),  Vu € &'(K) N H™(R").

In fact, let B € L™™(X) be a properly supported parametrix of A*. Then
u = BA*u+ Ru where R € L~°°(X) is properly supported and both B and
R are continuous HZ (X)) — H:1™"(X).

comp comp
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4. Construction of a parametrix for elliptic operators

We assume m > 1 (the case m = 0 is trivial). By Poincaré’s lemma we
know that for every € > 0 we have |ulo < |u|, for all u € &'(K) N H™(R™),
provided the diameter of the support of u is sufficiently small depending on
e and m only. Hence, if V' is a sufficiently small open neighborhood of z(, we
have in addition to the previous estimate with s = 0, that Clulo < 3|u]m

and hence
lulm < 2C|A*ulo, Yu e &'(K)N H™(R™).

Ifv € 2'(V), we first put @ = Bv, where B € L~™(V) is a properly supported
parametrix of A. Then Au = v + 0 where v € C*(V), and the problem of
local solvability is reduced to the case when v € C*(V). For such a v, we

let W & V be open and consider the linear form
C:H™R")NE' (W) > ¢ (dv) € C.

Then |(¢)| < C(v, W)|d|m < C(v, W)|A*@|o. Hence £(¢) = k(A*¢), where
k is a bounded linear form on L = {A*¢ € L*N&'(W); ¢ € H™(R™")N&' (W)}

By the Hahn-Banach theorem, %k has a bounded extension to L*(R"™),
whence there exists u € L?(R") such that

k(A*¢) = (A*p,u), Vo€ LN & (W),

and therefore Au =v in W. O]



Chapter 5

Hypoelliptic operators

5.1 Hypoellipticity and local solvability

Let P be a properly supported pseudodifferential operator of order m, and

let X C R™ be open.

Definition 5.1.1. The operator P is hypoelliptic if
sing supp u = sing supp Pu, Yu € 2'(X).
Equivalently: VY C X, Y open,
ue 2'(X), PuecC®Y)= uecC=Y). (5.1)

Set now
H*(K):= H*(R") N &' (K),

K C X a compact. Then
H?*(K) is closed in H*(R").
Theorem 5.1.2. Suppose that P is a differential operator, such that
uwe&'(K), PueC®= uecCyK). (5.2)
Then P* is locally solvable at any xo € int(K).
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5. Hypoelliptic operators

Proof. Define, for a given s € R,

F:={ue H*(K); Pu e C*},
endowed with the family of seminorms

luly” = luls + |Puly, 7€ Zs.

We claim that F is a Fréchet space. In fact, suppose |uy — uz|f — 0 as
k, k' — +oo for all r € Z,. Then |up —up|s — 0, whence u, — u in H3(K).
But then Puy — Pu in &'(K) as k — oo, and since |Puy — Pug|, — 0 as
k,k' — oo for all r € Z,, for each r € Z, there exists v, € H"(K) such
that |Puy — v, — 0 as k — oco. Hence also Pu — v, in &' (K) as k — oo,
so that Pu € H"(K) for all r € Z,, which proves the claim.

Now, the inclusion j : C§°(K) — F'is continuous (C§°(K) endowed with
the family of H*-norms), injective and onto by virtue of the hypothesis (5.1).
Hence, by the open mapping theorem the inverse is continuous, whence: For
any given s,k € R there exists r € Z, and a constant C' = C(K, s, k) > 0,
such that

[ulx < CUPuly + uls),  Vu e C(K).

Now fix k =1, s = 0. It follows that for some ¢ > 0
July < C(|Pule + [ulo),  Vu e C5°(K).

By the Poincaré inequality, for any given € > 0 we may find a relatively
compact neighborhood V' C K of xzy € int(K) with diameter sufficiently

small, so as to have
[ullo < elvulo < e(fulg + [vulg)'? = eluly, Vu e C(V),
whence (for a new constant C' > 0)
July < C[Pule,  Vue G (V).
If necessary, we increase t > 0 so that

[ul- < ful < ClPule, Yu e C3=(V).
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Counsider then

HY(R"™)

M :={Py;p € C°(V)} C HY(R").

Given any f € C*°(X), we consider f|> and extend it as a compactly sup-
ported smooth function (with support contained in some relatively compact
subset of X that contains the compact V') so that we may suppose also that
f € HY(R™). So, consider the linear form

L:Por— (fl), ¢ e CF(V).

Since
IL(Po)| < | flelel— < 11l Pl

L can be extended as a continuous linear form L : M — C, and it can there-
fore be further extended to a continuous linear form to the whole H*(R™),

whence the existence of u € H*(R™) such that

(flo) = L(Pp) = (u|Pp) = (Prulp), Ve e C(V), (5.3)

that is P*u = f (in the distribution sense) in V.

5.2 An example of an unsolvable hypoelliptic

operator

We have seen in Theorem 5.1.1. that the formal adjoint of an hypoel-
liptic differential operator is locally solvable. This does not imply that the
operator itself is locally solvable. In this section we will show an example of
a hypoelliptic second order differential operator in two variables for which
there exists a line such that the operator is not solvable at any point of this
line.

The differential operator is

where D; = 1(9/0x;), j = 1,2.
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5.2.1 Proof of the hypoellipticity of A

The nature of A becomes more trasparent if the coordinates z%/2 = t,

zo = x are used. Then

2

— —Z\/_< — 2) (5.5)

and it follows that on each of the half planes {z; > 0} and {z; < 0}, A is
equal to a C* function times the backward heat operator (on each half plane
separately). Thus, A is certainly hypoelliptic in the complement of the line

x1 = 0. So, let u be a solution of the equation
Au = f, (5.6)

where u € 2'(Q), f € C*(Q) and Q is an open subset of the plane. We hence
know that u € C*°(Q2N{(z1,z2); 1 # 0}). Hence, we have only to show that
u is infinitely differentiable also in the neighborhood of the line z; = 0. We
may assume, therefore, that ) is an open disk whose center lies on the line
x1 = 0, and since A is invariant under translations in the direction of the
To variable we may assume that the center of €2 is at the origin. It suffices
to prove that w is infinitely differentiable in a neighborhood V' of the origin,
where V' C Q. Let ¢ € C°(€2) be identically equal to 1 in a neighborhood
V; of V. Then

Apu = pAu + (D1¢ + iz, D3¢)u + 2iz1 (D) (Dau)
= g+ (A9)u + 2iz1(D26) (Dau),

(where g = ¢f). Let us first introduce new coordinates —(22/2) =t, x5 = x

for the open half plane {(z1,z2); 21 > 0}. Then

(2~ T )ou= L~ A0+ 2ADud) (D). (57

The function (¢u)(v/—2t, x) vanishes identically on the line t = —K if K is
sufficiently large and is bounded in the set {(¢,2); —c0 < x < +o0,—K <
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t < —e} for every € > 0. Hence, we may use the usual fundamental solution

of the heat equation (5.6) and conclude that

(6u) (V=3 ) = T et (2 - Vou

\/47Tt ot 0x?
0 0?
/ /—471'15—7' / VA= T<a—%>¢u(v—27,y)dyd7,

for negative value of t. Using (5.6), we see that

at-n 9V —27,y)
(6u) (V=21 2) RS

dydt

/m/

+ 2(D2¢)(D2u)) dydr.

2/4(t—r (—i((A¢)U)( —27,y)
V2"

Changing back to the original coordinates (z1,22) (where z; > 0) we find
that

(Pu) (1, x2) = v(21, X2) + W(T1, Ta), (5.8)
where
v(xy, 22) / \/7/ (220220591 (4, o) dyadyy, (5.9)
and

w(xy, T2) (r2—y2)*/2(y}—=1) '
; / =) / X (5.10)
—i((Ad)u)(y1, y2) + 2y1((D26) (Dau)) (y1, y2))dy2dy .-

Taking the partial Fourier transform of v we get

(21,8) = —i / e~ WI=TDER gy, €)dy,. (5.11)
1

Since g = ¢ f has compact support, the integration is actually perfomed on a

finite interval (of length at most equal to v/2K'). Moreover, for every positive
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number N there exists a constant Cy such that [§(z1,§)| = ]@(wl,é)] <
Cn(1+4 €))7V since ¢ f € C§°(Q2). Hence

9(a1, )] = / T Oldn < VIRCx(1+ €)Y, (5.12)

1

It follows that v(xy,z9) is infinitely differentiable w.r.t. x5, and each of the
derivatives D5v is uniformly bounded as z; — 0. Noting that (5.10) or
(5.8) imply that

Dy = g — iz, Dv, (5.13)

we see that the function D;v along with each of its derivatives w.r.t. o
are bounded as x; — 07. Differentiating (5.12) w.r.t. 27 we find that
D?v = Dyg — izyD3v — D3v is uniformly bounded as z; — 0T, and that the
same holds for each of its derivatives w.r.t. x,. Iteration of this procedure
leads us to the conclusion that each of the derivatives of v is uniformly
bounded as x; — 0% (and therefore v has in fact an infinitely differentiable
extension to the closed half plane {(zy, z2);z; > 0}).

Turning now our attention to w(xy,z3), we note in the first place that
dist(suppVe, V) > 0, since ¢ = 1 on the set Vi which contains V in its
interior. Moreover, the functions A¢ and Dy¢ have compact support, and

the fundamental solution E(z,t) defined by the equations

1 —xz/t
e t>0
E(x,t) = { At

0 t<0Oand z #0

is infinitely differentiable except at the point z = ¢ = 0. Hence, the functions
¥(y1,y2) defined by

2

o
(A¢)(y1a yQ)E(IQ — Y2, A 2 1) y1 >0
0 1 <0

¢(y1,y2,$17$2) = {

are in fact test function in C°(€2) (of the variables y;,y>) and depend in
an infinitely differentiable manner (as vector valued functions of yi, y, with

values in C§°(Q2)) on 7 and xo, where (z1,25) € V and x; > 0. Since u
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is a distribution and thus is continuous on C§°(€2) it follows that the scalar

function

e~ (@2-12)%/2(yf —a?) ((Ad) (Y1, y2)u(y1, y2))dya2dyy

2

//m/

= u(E(xy —

) (46)()

is infinitely differentiable w.r.t. x; and to x5 in the intersection of V' with the
closed half plane {(z1,xs); z1 > 0}. Since Dou is also a distribution in 2'(Q2)
we may treat the second term in (5.9) in a similar way and conclude that
w(x1, x2) is infinitely differentiable in the closed half plane {(z1, x2); x; > 0}.
Using (5.9) we thus see that the function u(zy, z5) and every derivative of it

are uniformly bounded (in V') as 1 — 0.

In a similar fashion, let us define v(xy, z3) and w(zy,x2) for z; < 0 by

v(z1, 22) / ﬁ/ (e2=v2)*/20u xl)g(yl Y2)dyzdyy, (5.14)
— 7)
and
w(xy, Tg) :/ / ~(w2=y2)?/247—a1) (5.15)
V2m(y7 — a7)

X (1((Ap)u) (Y1, y2) — 2y1((D20)(D2u)) (Y1, y2) ) dyady: .-

It follows once again that ¢u = v + w for ;1 < 0 and that the function

u(xy, o) as well as each of its derivatives are bounded as z; — 0.

We have proved that the function u(xy, z5) possesses C*° boundary values
as xry tends to zero from either the right or the left. In order to finish the
proof that u € C*°(V') one has to show that the boundary values of u and its
derivatives actually match up and that u has no singular part with support
on the line z; = 0. For details look at [15].
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5.3 Proof that A is not locally solvable on the
line 1 =0

We show that the operator A does not satisfies the Hormander’s condition:

p=0={p,p} =0.
We have

p=&+im&l p=E& —iné.

Now the points (0, x9;0,&;) € Char(P), but

does not vanish at these points. Hence A is not solvable on {z; = 0}.

5.4 Hypoelliptic operators with loss of deriva-

tives

Definition 5.4.1. The operator P properly supported of order m is said to
be hypoelliptic with a loss of r of derivatives, r > 0, if

we P2'(X), PueH) —ueHI™mT". (5.16)

loc loc

Note that (5.16) measures the extent to which P fails to be elliptic, i.e.
hypoelliptic with loss of 0 derivatives. One can also see that (5.16) implies
(5.1).

When P is hypoelliptic with a certain loss of » > 0 derivatives, the a

priori estimate is easier. In fact, one has the following lemma (Hérmander
[13] Lemma 22.4.2; Vol.III).

Lemma 5.4.2. Let P be properly supported and of order m. Suppose that

for some r > 0, whatever s € R,

ue&'(X), Pue H = ue H'T" .
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Then for every compact K C X and for every s € R there exists Cx s > 0
such that

(HE)  [u]srm-r < Cres(1Puls + [ulsrm-r),  Vu € CF(K).

Proof. Set
F:={ue H" " YK); Puc H*},

with norm

[ulr = [ulssm—r—1 + [ Puls.

Then (F,| - |r) is a Banach space. By (HFE) we have that F' is embedded
into H*™™"(K) and the embedding is a closed operator. In fact, take a
sequence {ug}r C F such that uy — w in F and u, — v in H*™™ " (K).
Then u = v, i.e. u € H*""(K) and since { Puy} is a Cauchy sequence in
H*, we get Pup — vp in H®. Thus, since Puy — Pu in &'(X), we also
get v9 = Pu € H®. Hence u € F'.

Finally, by the closed graph theorem, we obtain that the sought for in-
equality holds, and this conclude the proof. O

It is worth noting that inequality (HE) with » > 1 is not sufficient in
order to have hypoellipticity. Let us consider in fact, P = 0? — /\,, the

wave-operator. We have the following lemma.

Lemma 5.4.3. For any given compact K C R, x R? and any given s € R
there exists a constant C' = C(K,s) > 0 such that (HE) holds for r = 1.
However, because of propagation of singularities, P is not hypoelliptic (not

even with a loss of 1 derivative).

Proof. Since the operators (14 |D;|?+|D,|?)® all commute with P, it suffices
to prove the inequality when s = 0. Let then K be a compact of R**1. We
may hence suppose that for T, R > 0 we have K C [-T,T] x m. Let for
u e C°(K)

Bt) = % / (100t 2) + (e, )P
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We may suppose, P being real, that u is real-valued. Moreover, we have that
for [t| > T the energy F(t) = 0. One computes
d

%E(t) = /n (07 u(t, 2)Ou(t, z) + Vo0uu(t, x) - V,0pu(t, x))de =

:/n Owu(t, x)(Pu)(t,z)dx.

We thus have, for some A € R to be picked,

T E T
(eMOpu, Pu) = / e’\tcii—t(t)dt = —)\/ ME()dt + [MNE)]E, =
-T =T

T
=) / ME(t)dt.
-
Choose then A = —1, whence

T

/ e "E(t)dt = (e 'O, Pu).

-7

Since E(t) > 0 we have on the one hand

T T efT
| Bz [ B = (ol + [v.ul),

=T =T

and on the other
cel el
|// e topu(t, z)(Pu)(t, z)dtdr| < —|0wu|?® + —| Pul?,
R1+n 2 26

where € > 0 is to be picked. Therefore

LT — ey ol + | vaul? < S Pul?.
2 2 - 2¢
We choose € = =21 /2. Hence
T T T T

1l + =1 92ul? < <=0l + -] 9.ul? < €T Pul?.
Thus
Jul? < 4*" (1Pulf + Jul?). (5.17)
with space-time Sobolev norms. O

For details about hypoellipticity with loss of derivatives one can see [29],
[13], [24] (and for a recent work on hypoellipticity with a big loss of derivatives
see [16], [25], [27]).



Chapter 6

Invariance of condition (V) and
a proof of local solvability in

two dimension under condition
(W)

6.1 Flow invariant sets and the invariance of
condition (V)

(¥)  For every elliptic homogeneous function ¢, the function
Im(gp) does not change sign from - to + along any given ori-
ented maximal integral curve of Hge(gp) in U x R™ passing through
Char(P).

A surprising feature of condition (W) is that it involves the bicharacteristics of
Re(gp) although they depend very much on ¢ except where H,, is proportional
to a real vector. In spite of this it was shown by Nirenberg and Treves [23]
that the choice of ¢ is not very important in condition (V). The main point
in their proof is the application of results on flow invariant sets due to Bony
[2] and Brézis [3].
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Let X be a C? manifold, F' C X be a closed subset and v be a Lips-
chitz continuous vector field in X. We want to describe the conditions on v
required for integral curves starting in F' to remain in F' for all later times.

First note that if zg € F and f € C!, f(x9) =0 and f < 0in F, then we

must have v f(zg) < 0. In fact, let v be an integral curve of v s.t. y(0) = xy,

then |, f(7(t)) = (vf)(wo), if vf(2o) > 0 then f(y(t)) > f(z0) = 0 on the
right of z, a contradiction since f < 0 on F.

Definition 6.1.1. We define N(F') as the set of all (z,£) € T*(X)\0 s.t.
one can find f € C! with f(x) =0, df(x) = £ and f < 0 in a neighborhood
of z in F'. Note that necessarily x € JF.

Theorem 6.1.2 (Bony [2]). Let v be a Lipschitz continuous vector field in

X. Then the following conditions are equivalent:

(i) Every integral curve x(t), 0 <t < T, of v with x(0) € F is contained
in I,

(ii) (v(z),&) <0 for all (z,€) € N(F).

We have already proved that (i) = (i7). Since the statement is local, in
proving the converse we may assume that X = R”. We need the following

lemma.

Lemma 6.1.3. Let F be a closed set in R™ and set

M3 R
fla) = minfz —zf7,

where | - | is the Euclidean norm. Then we have

f(z+y) = f(z) +g(z,y) +o(|y[), where
g(z,y) =min{(2y,z — 2);2 € F, |z — 2|* = f(2)}.

Proof. We may assume in the proof that x = 0. Set, for € > 0,

qe(y) = min{—2(y, z); z € F,|z| < \/f(0) + €}.
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Then ¢, is a homogeneous function of degree 1, and ¢. 1T ¢qo as € | 0. The
limit is therefore uniform on the unit sphere (by Dini’s theorem on uniform

convergence), so that

lge(y/ly]) — ao(y/ly])] < ce

gives
wy) > q(y) > @ly) —clyl, c—0, as e—0.

Now |y — z|* = 2> — 2(y, 2) + |y|* whence

Fy) < F0) 4+ aqo(y) + lyl*.

On the other hand, when |y| < € the minimum in the definition of f(y) is
assumed for some z with |z| < 1/f(0) + ¢, hence

F) > FO) +ac(y) + |yl* Jyl <e

which proves the lemma. [

Proof of Theorem 6.1.2. With the notation in (i) and Lemma 6.1.3 we have

ift<T
i 1) = Fa()
s—tt s—1

= g(a(t), v(x(1))).

Since the result to be proved is local we may assume that for all z,y

v(z) = v(y)| < Clo —yl.
When 2z € F and |z(t) — z|*> = f(z(t)) we have

2w(x(t), 2(t) = 2z) = 2(v(2), x(t) = 2) = 2{(v(2) — v(2(t)), 2(1) - 2).

The last term in absolute value is controlled by 2C f(z(t)). Since f(x(t)) —
|z(t) — 2|2 < 0 for all Z € F, we have (z,2(t) — z) € N(F) if z(t) # 2, so the
first term on the right is < 0 by condition (i7). Hence the right-derivative
of f(x(t)) is < 2C f(x(t)) so that f(z(t))e 2t < 0. Hence f(z(t))e 2 is
decreasing in every interval where it is positive, and if f(x(0)) = 0 it then
follows that f(x(t)) =0 for 0 <t <T. O



6. Invariance of condition (¥) and a proof of local solvability in two
74 dimension under condition (V)

Corollary 6.1.4 (Brézis [3]). Let ¢ € C(X) where X is a C* manifold and
let v be a Lipschitz continuous vector field in X such that for every integral

curve t — x(t) of v we have
q(z(0)) < 0= q(z(t)) <0 for t>0. (6.1)
Let w be another C wector field such that

(w,vq) <0 when ¢=0 (6.2)
w=v when ¢q=dq=0. (6.3)

Then (6.1) remains valid if z(t) is replaced by any given integral curve of w.

Proof. Let F be the closure of the union of all forward orbits of v starting
at points x with ¢(z) < 0. By (6.1) we have ¢ < 0 in F, and F' contains
the closure of the set where ¢ < 0. Therefore orbits of v which start in
F must remain in F. If now (z,§) € N(F), then x is in the boundary of
F so q(x) = 0. If dg(x) # 0 then F' is bounded by the surface ¢ = 0 in a
neighborhood of z, and ¢ is a positive multiple of dg(z), thus (w(z),£) < 0 by
(6.2). If dg(x) = 0 we have (w(x),&) = (v(x),&) <0 by (6.3) since v satisfies
condition (i) in Theorem 6.1.2. Hence w satisfies condition (i7) in Theorem

6.1.2 and therefore condition (i) also, which proves the corollary. O

Lemma 6.1.5. Let I be a point or a compact interval on R, and let v : [ —»
M be an embedding of I in a sympletic manifold M as a one dimensional
bicharacteristic of p1+ips if I is not reduced to a point, and any characteristic

point otherwise. Let
2
szzajkplm j:1a27
k=1

where det(ajx) > 0 on y(I). Assume that H,, # 0 and that Hy, # 0 on vy(I).
If v(I) has a neighborhood U such that py does not change sign from — to +
along any bicharacteristic for p1 in U, then U can be so chosen that fs has

no such sign change along the bicharacteristics of f1 in U.
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Proof. First note that if p; = p, = 0 at a point in U then

{p1,p2} = Hp,p2 <0,

Hence, at the same point,

{f1, fo} = {a11p1 + @12p2, ao1p1 + agopa} = (a11G22 — a12a91){p1, p2} < 0.

The proof is now divided into two steps.

(i)

Assume first that a1 = 0. Since ajia99 > 0 either aq; and agy are both
positive or both negative. Thus the bicharacteristics of f; = a;1p; are
equal to those of p; with preserved and reserved orientation respectively,
and fo = ageps when p; = 0 so f; has the same and opposite sign, as

P2, respectively. This proves the lemma in this case.

By a canonical change of variables we can make M = R?", p; = & and
[' = v(I) equal to an interval on the z; axis (Darboux’s theorem). Let
T € R?" be a vector with

(T,dp,) =1 and (T,df;) #0 on T.

Since dp; and df; do not vanish on I', the existence of T is obvious if
" consists of a single point. Otherwise dp, is proportional to dp; (since
this is the case for H,, and H, ) on I' so df; is proportional to dp;.
Hence we just have to take T'= (0, ...,0,1,0, ..., 0).

—— —

n n

Set

ga(z,8) = pa((,§) — &iT).

Then py = ¢2 when & = 0 (i.e. p; = 0) and g is constant in the direction 7T'.

Then there is a smooth function ¢ such that

q2 = Yp1 + P2.

It therefore follows from step (i) that the hypotheses in the lemma are fulfilled

for p; 4+ 1qo. We have

fi = (a11 — a1290)p1 + 1242,
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hence
0 7£ <T, df1> = (CLH — CLlZQO) on I.

In a neighborhood of I' we can therefore divide f; by a;; — a2 and set

¢ = fi/(a11 — a120) = p1 + ar2(an; — a12<,0)_1612,

which implies
2
szzbijka j:1727
k=1

where b1; = a1; — a12¢, bio = 0 and det b = deta > 0. Thus it follows from
step (i) that it suffices to prove that (¢, qo) satisfies the hypothesis made
on (p1,pe2) in the lemma. The difficulty here is that the surfaces p; = 0 and
¢1 = 0 are not the same. However, they may be identified by projecting in
the direction T.

Let U be a neighborhood of I' where ¢ does not change sign from —
to 4+ on the bicharacteristics of p;. Since T is transversal to the surface
fi = ¢ = 0, we can choose U so small that Y = {(z,¢) € U;q(x,&) = 0}
is mapped diffeomorphically by the projection 7 along the direction T to
X =A{(z,§) € U;& = 0}. When ¢; = ¢ = 0, i.e. p; = py = 0, we have
H, g2 = Hp,p2 <0, so (6.2) are fulfilled in Y by the restriction ¢ of ¢» to Y
and w = H,,. At a point in Y where ¢ = 0 and dg vanishes on the tangent
space of Y, we have dg, = 0 since (T, dg.) = 0. Hence w = H,, = H,, there
and thus mp,w = Hp,. If we apply Corollary 6.1.4 to ¢ = m¢2 and the vector
fields v = 77, (H,, ) and w we conclude that ¢o cannot change sign from — to

+ along a bichacteristic of ¢; in Y. This completes the proof. n
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6.2 Proof of local solvability in two dimension

under condition (V)

In n dimensions, the principal symbol of P can be microlocally conjugated
to the form ([13] thm. 21.3.6.)

él + iQ(xv 5/)7

where q(z, £') is real, positively homogeneous of degree one, and £’ = (&, ..., &,)-
Condition (¥), in this case, is equivalent to the following: For each z', &', the
real function q(xq1,2',&’") nowhere changes sign from — to + as x1 increases.
The special feature of two dimensions is that the positively homogeneous
(of degree 1) function ¢(x,&) can be written for & > 0 as b(x)&, where
b(xz) = q(z,1) is a function of z only. Local solvability is then implied by
the following energy estimate (6.4), which is Theorem 1.2.3 of [17]. Note
that in the energy estimate (6.4) the symbol & + iq satisfies condition (1))
(i.e. q does not change from + to — as x; increases). The estimate implies
a local solvability result for an operator with principal symbol & — iq, the

lower order terms being unimportant by virtue of of the large constant 7.

Theorem 6.2.1. Suppose that b(t,z) € C=([—1,1] x R) nowhere changes
sign from + to — as t increases. Then there exist C, Ty > 0 such that for all
T <Tp,

18, — b{t, ) [ D]yl > 1T Jula, (6.4)

for all Schwartz function u on R? such that u(t,z) = 0 when |t| > T.
Proof. Consider the vector field on R3,
L = 0,4+ b(t,x)0,,
and the smooth extension of u(t, z) from R? to R? x {y > 0},
f(t,z,y) = e ¥Ply(t, ).

The sign-change condition on b is equivalent to saying that, for each (¢, z),

the integral curve (¢t + s, x, fttH b(r,z)dr) of L through (¢,z,0) remains in
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the region y > 0 for either all s > 0 or all s < 0: the past of a point (¢, )
such b(t,z) < 0 is made of points (' =t + s,z), s < 0, with b(t',x) < 0,
analogously for the future with b(¢, z) > 0, this gives that the integral curves
remains in the region y > 0. Since f(t,z,y) = 0 for |t| > T, we can express
u(t,z) = f(t,z,0) as the integral of Lf along the integral curve of L through
(t,z,0), to either 7', the choice depending on (¢, x). This yields for all (¢, )
the inequality

+T
u(t, 7)) < / sup |(Lf)(s,z,)\ds,

T 0<y<M
where M depends on the bounds for b.
Now observe that Lf‘y:o = (O — b(t,z)|Dy|)u and that Ajjy(Lf) =
(D LU + LA, f, (due to f(t,&y) = e ¥¥a(t, &) and —05f(t,€,y) =

~ :0

IE12f(t,&,y).) We thus write
Lf =e P8, = b(t, 2)| Da|)u + Goy[Day, U,

where G, is the Green’s kernel in x, y. Since [A,,, L] is of second order and
involves derivatives in x and y only, the second term depends continuously
on u in the L? norm. If T is small enough, the integral of this term along L
will have a small L? norm compared to u.

Directly from the definition of f we have

(Lf)(t,z,y) = e Y=, — b(t, 2)| Da|)ult, z) — [b(t, ), e_y|Dz‘] | D |u(t, z)
(6.5)
and we seek to control the L? norm of the supremum over y.
Now we want to recall some properties of the Poisson kernel (P,,) and the
mazximal function (M). (See, ref Stein Singular Integrals and Differentiability

Properties of Function). Let
u(z' z,) = Py, * f(z'), 2 €eR"™', x,>0, feILP(R")

and

M) =sp g | sy
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We have
sup [u(z’, )| < M(f)(").

xn>0

Furthermore, note that
M : LP(R™Y) — LP(R™), Vpe (1,00], isboundend,

and that
Forse( P, ) (&) = eIl

Then we obtain that the supremum over y of the first term in (6.5) is domi-
nated by the mazimal function in x of (0, — b(t,x)|D,|)u(t,z) and thus has
an L? norm bounded by |(0; — b(t, )| D,|)u(t, z)|s-

For the commutator term we fix a cutoff function ¢ € C§°(R) such that

)1l

Thus we can write the multiplier e ¥l as a compactly supported term, plus
a term supported in |£] > 1. The compactly supported term, e ¥€lp(¢),
yelds Ryu(t,z,y) such that both |Riu(-,y)| 12z and |0y Riu(-,y)| 1200, are
bounded by |ufs uniformly in y. The supremum over 0 < y < M thus has
an L? norm bounded by |u]».

The term a1 (&) = e VEl(1 — ¢(€)) € S°. In fact, to fix ideas, with no loss
of generality, consider £ > 0. We have

Dear(€) = —y(1 — p(€))e ¥ — eVl (¢),
the second term is supported in 1 < ¢ < 2 and the first in £ > 1, so that

deay(¢) = LU _E’(Q)e_yg' + 57, (6.6)

Note that
lyce ¥l < ¢ Wy >0, (6.7)
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and
Ohe (1~ pl@)) = (e (1 p@) 45 = (68)
— ke—ylél
== vl + 57, (6.9)

where the first term in (6.9) is < C'[€]7".
Hence the Kohn — Nirenberg formula for pseudodifferential operator in x
applies to the commutator with the remainder estimates uniform over y and
t:

.0b da,q

o (b, ar]) ~ %{b, a}+S57 ) =ig Sl - (6.10)
.0b y&

z%( — E)(1 — (€)Yl 4 57> = (6.11)

b e &
= —j—ye VKl > 4 g7, 6.12

The leading term combined with the |D,| equals,

Ob
i%(—yf)fl"é' + (compactly supported) =

o0b, £€.0 _ €]
=i—(y—)=e Y% 4 (compactly supported) =
5z !f\)f’)y ( )
.0b

= z%y sgn(g)agye_yIE + (compactly supported),

then, modulo a term compactly supported in & which behaves as R; above,

we get
(8xb)y/sgn(f)ﬁye_ygle”gﬁ(t,§)d§
Noting that sgn(§)u(t, ) is the fourier transform of H,u, we obtain
(0,0)yd e Y'P= Hou(t, )

where H, is the Hilbert transform in z.
The maximal function for the kernel yaye*lewl is bounded on L? by the same
argument as for the Poisson kernel since, as for the Poisson kernel, we have

YO, Py(x/€) = €y0y Py () Ve > 0.

Y= Yy=€
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The second-order remainder term Rs(y,t,x,|D,|) (that is, the term re-
lated to the S72 in (6.10)) is a pseudodifferential operator in z of order —2,
with its bounds uniform in y and ¢. Furthermore 0,Rs(y,t, z, |D,|) is the re-
mainder term for the commutator of b(¢,z) and the cutoff of d,e¥P=I; hence
it is uniformly of order —1. We thus have similar estimates for Ry|D,|u as
for Ryu.

The first inequality now yelds

|ula < CiT)(0r — b(t, )| Da|)ult, )|2 + CoT |uls,

for T sufficiently small. [






Appendix A

Locally convex topological

vector spaces

A.1 Some topological vector spaces

A topological vector space is a vector space together with a Hausdorff
topology with respect to which the algebraic operations are continuous. We
collect here some definitions and results concerning such vector spaces.

A seminorm on a complex vector space X is a function p : X — R

satisfying:

(1) p(z) >0Vr € X,

(2) p(z) =0if = =0,

(3) plz+y) < px)+ py) Vo,y € X,
(4) p(tr) = [t|p(z) Yz € X,t € C.

Example A.1.1. Relevant examples of seminorms are as follows. Let K &
R™ be a compact subset and N be a nonnegative integer. For f € C>*(R")
let

oni(f)= sup |Dgf(x)] (A1)

zeK,|a|<N

83



84

A .Locally convex topological vector spaces

A family & of seminorms on X defines a topology on X by way of declaring
a set U C X to be open if for every xg € U there are @i, ...,pr € & and

positive numbers 71, ..., 7, such that
{re X;pj(x—x) <rj,j=1,..,k} CU.

The family &2 is separating if for every x € X, x # 0, there is p € &
such that p(x) # 0. If the family & is separating then X with the induced
topology is a Hausdorff topological vector space admitting a local base of
neighborhood at 0 consisting of convex open sets. Such a space is a locally
convex topological vector space.

Let N={y € X;90(y) =0 Vpe& £}. Then N is a subspace of X and
the topology defined by & is Hausdorff if and only if N = 0. The space N
is in any case closed, and for any z € X, p(z +y) = p(z) for every y € N
. So the seminorms g determine seminorms on the quotient X/N giving a

Hausdorff topology.

Example A.1.2. Recall that convergence of a sequence { fx}72, in C*>°(R")
to a function f € C'° means that for any given o, DS fi, — DS f uniformly
on compact subsets of R” . This notion of convergence is precisely the con-

vergence in the topology defined by the seminorms gy k.

The seminorms may in fact be norms and still produce an interesting

topology. Two examples are the following:

Example A.1.3. Let K € R" be compact. Then C§°(K) is, by definition
the space
{f € C*(R"); suppf C K},

is a closed subset of C*°(R™). The seminorms pg y of C*°(R™) become norms
on C§°(K).

Example A.1.4. Recall that the Schwartz space .#(R"™) is the subspace of
C>=(R") whose elements have the property that z° D f is bounded for each
a, 3. Define

Pa,s(f) = sup |27 DS f()].

z€R™
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Then @, 5 is a norm on .7 (R"). The collection of these seminorms for «, 5 €
Z" defines the standard topology of .(R").

A topological vector spaces is metrizable if its topology is determined
by a metric. If the topology of X is Hausdorff defined by countably many
seminorms then it is metrizable. For if {p;}?2, is an enumeration of the

seminorms, then

— 261 + pp(z — y)
is a metric defining the same topology as the seminorms. Evidently this

metric is invariant under translations.

Example A.1.5. The topology of C*°(R") is metrizable. Indeed, the topol-
ogy C=(R™) is determined by the seminorms {ppgonn; N € N}, where
B(0, N) is the closed ball of radius N with center 0. Likewise, if K € R" ,
then the topology of C§°(K) is metrizable, as is that of .#(R").

A.2 Complete topological spaces

In order to define completeness of a topological vector space we need to
recall the notion of net. First, a directed set is a set D together with an order

relation < such that
1. forallv e D, v < v;
2. for all n,u,v € D, n < pand p < v implies n < v;
3. for all n, u € D there is v € D such that n < v and p < v.

For example, the natural numbers with the usual order relation form a di-
rected set. A net in a set X is a family {z,},cp indexed by a directed set.
If X is a topological vector space, then {z,},ep is a Cauchy net if for every
neighborhood U of 0 there is 1 € D such that vy < p, v implies x, —z, € U.
When D = N and the topology is defined by a norm this coincides with the

notion of Cauchy sequence.
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A .Locally convex topological vector spaces

A topological vector space X is complete if every Cauchy net converges.
If X is metrizable, then completeness needs to be checked only for sequences.

A Fréchet space is a locally convex complete metrizable topological vector
space. Examples of such are Banach spaces, as well as the spaces C*(R"),
CP(K) if K € R", and . (R").

Let X,Y be topological vector spaces and I' be a family of continuous

linear maps X — Y. The orbit of x € X by I' is the set

I'(z) ={y(z) eY;y €T}

Theorem A.2.1 (Banach-Steinhaus, [28]). Let X,Y be topological vector

spaces and I" be a family of continuous linear maps X — Y. Let
B = {z;'(x) is bounded}.

If B is of second category (i.e. it isn’t a countable union of nowhere dense

sets), then B =X and ' is equicontinuous.
This the basic ingredient for proving the following result

Theorem A.2.2. Suppose X is a Fréchet space,Y is a metrizable topological
vector space and Z is a topological vector spaces. If f : X XY — Z is

separately continuous bilinear form, then it is continuous.

For details see [28], [32].
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