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Introduzione

Un gruppo di Carnot e un gruppo di Lie connesso, semplicemente connesso e con

algebra di Lie stratificata.
Un esempio non banale di gruppi di Carnot e dato dal gruppo di Heisenberg H",

I’ambiente in cui si sviluppano i risultati di questa tesi.

Siamo interessati a studiare una nozione di continuita Lipschitz, che dipenda solo
dalle proprieta algebriche del gruppo di Heisenberg, per funzioni che hanno il grafico

contenuto in H".

Analogamente al caso euclideo, dobbiamo, prima di tutto, definire una “buona” de-
composizione di H" in sottogruppi complementari. Poiche vogliamo apprezzare la strut-
tura algebrica di H", consideriamo solo sottogruppi omogenei, ovvero sottogruppi che
sono invarianti per dilatazioni del gruppo. Diciamo che H" = Gy - Gy € una decompo-
sizione in sottogruppi complementari se ogni punto ¢ € H" si scrive in modo unico come
il prodotto di un elemento di G; e uno di Go.

Seguendo [17, 16, 15], studiamo i grafici di funzioni che agiscono tra sottogruppi
complementari di H". Intuitivamente, S C H" ¢ un grafico intrinseco (sinistro), in
direzione di un sottogruppo omogeneo G, se S interseca ogni laterale sinistro di G in al
pit un punto.

Definiamo grafici intrinsecamente Lipschitz come grafici intrinseci che intersecano
in al pitt un punto un oggetto costruito ad hoc: un cono intrinseco. Questo oggetto,
definito a partire da una decomposizione adeguata di H" in sottogruppi complementari,
¢ invariante per dilatazioni del gruppo.

Dopo un primo capitolo in cui ricordiamo al lettore alcuni risultati riguardanti i gruppi

di Carnot e le loro principali proprieta, nel secondo capitolo dell’elaborato presentiamo
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alcune caratterizzazioni e proprieta dei grafici intrinsecamente Lipschitz. Dopo aver stu-
diato in generale questi grafici, ci restringiamo al caso di grafici di codimensione 1. Viene
studiato ([17]) un teorema di estensione del tipo McShane-Whitney e si dimostra che i
grafici intrinsecamente Lipschitz sono bordi di insiemi che hanno localmente H-perimetro
finito. Successivamente, introducendo una nozione di differenziabilita intrinseca, ancora
una volta tratta da [17], viene presentata la prova di un teorema di tipo Rademacher per
funzioni intrinsecamente Lipschitz.

L’ultima parte della tesi e dedicata alle applicazioni della teoria studiata nei primi due
capitoli. Definiamo i domini con bordo intrinsecamente Lipschitz come insiemi aperti,
connessi e limitati il cui bordo e localmente il grafico di una funzione intrinsecamente
Lipschitz. Viene dimostrato che questi sono domini (g,4). Da tale risultato segue che i
domini intrinsecamente Lipschitz sono anche domini di Boman. Siamo cosi autorizzati
ad estendere alcuni risultati dell’Analisi Funzionale su questo tipo di insiemi, come ad
esempio la Disuguaglianza di Poincaré e un Teorema di estensione per funzioni di Sobolev
che prendono valori in un dominio intrinsecamente Lipschitz.

Un’ultima applicazione riguarda la teoria degli operatori subellittici. Se £ & un
sub-Laplaciano in H" e 2 C H" ¢ un dominio intrinsecamente Lipschitz, proviamo,

utilizzando il test di regolarita di Wiener, che il problema al contorno
Lu =0, in
Upg = P

ammete una unica soluzione.



Introduction

A Carnot group G is a connected, simply connected Lie group, whose Lie algebra g

admits a stratification

g=Vie..aV.

In other words g decomposes in a direct sum of r vector spaces. The first layer V; (called
horizontal layer) generates the entire algebra g and it can be identified with a linear
subspace of the tangent space at the origin e of G. Moreover, by left translation, V;
determines a subbundle HG of the tangent bundle TG. HG is called the horizontal
bundle.

Through the exponential map, each Carnot group can be identified with R” endowed
with a (non commutative) group law and with a family of (non isotropic) dilations J;,
t>0.

A non trivial example of Carnot group is the Heisenberg group H", the setting of this
thesis. We denote (z,¢) a point in C* x R. The n-th Heisenberg group H" is given by
C™ x R endowed with the following group law:

1 _
(z,t) - (2, t) = (z+z',t+t'+§§(2.z’)),

where z - 2/ denotes the usual Hermitian product of C*. Dilations in H" are defined as
follows, for A € RT,

0y : C"xR — C"xR
(z,t) — (A2, A%t).

For an exhaustive introduction to Carnot groups, we refer to [3].
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What about metric structures over a Carnot group G? We can introduce over G
a left invariant metric, the Carnot-Carathéodory metric: nothing else than the sub-
Riemannian metric associated with HG. Throughout this thesis, we will use this metric
or other metrics which are topologically equivalent to the Carnot-Carathéodory one.
The reader interested in general spaces endowed with a Carnot-Carathéodory metric is

referred to [21] for further informations.

Recently, efforts were made at studying geometric measure theory on metric spaces
and, in particular, Carnot groups. For instance, in a large amount of works, the main
focus is on rectifiable sets, finite perimeters sets and their properties.

Let us think for a moment to the Euclidean case. Rectifiable sets are generalizations
of regular and Lipschitz submanifolds. Going one step further, submanifolds are locally
graphs.

When we translate these points into our setting, the Heisenberg group (Carnot groups,
more generally), we need to pay attention to the algebraic structure of the group and
to the fact that Carnot groups, in general, can not be viewed as Cartesian products of
subgroups.

Hence, we define a good decomposition of H" in complementary subgroups. Since
we would like to stand out the algebraic structure of H", we consider only homogeneous
subgroups, i.e. subgroups which are invariant under group dilations. We say that G;
and Gy are complementary subgroups of H™ if they are homogeneous and if any element
p € H" can be uniquely written as product of pg, € Gy and pg, € G,.

Thank to this decomposition, following [16, 15, 17], we can define graphs of functions
acting between complementary subgroups of H". This notion will be an intrinsic notion,

i.e. a notion depending only on the group structure.

Definition. Let H" = G, - Gy. We say that S C H" is a (left) intrinsic graph over G,
along G if there exists a function f: € C Gy — Go such that

S =1 felcec}.

In this case we write S = graph(f).



INTRODUCTION vii

This definition is intrinsic in the following sense: S keeps being a graph after left
translations and dilations of the group.

The purpose of this thesis is to study a special type of graphs: graphs of intrinsic Lip-
schitz continuous functions. This new notion, originally suggested in [15] and developed
in [17], extends the notion of Lipschitz continuity but it depends only on the structure
of h™, the Lie algebra of H".

Let us recall here the geometric approach to this new concept. First we need to define

mtrinsic cones.

Definition. Let H" = Gy - Gy and let ¢ € H" and o« € R be fized. We call intrinsic

cone of base Gy, axis Go, vertexr q and opening o

CGl,(GQ ((L Oé) =q- OG1,G2 (67 Oé),

where

CG17G2(€7O‘> = {p S Hn| ||pGlH < a||pG2|’}'

Once again, these geometric objects are invariant under group dilations and, analo-

gously to the Euclidean case, they let us give the following

Definition. We say that f : G; — G s intrinsic Lipschitz continuous if, at each point

q € graph(f), there ezists an intrinsic cone with vertex q and fized opening, intersecting
graph(f) only in q.

Staying close to [17], we present some analytic and geometric characterizations and
some general properties. In a second step, we restrict ourselves to 1-codimensional
graphs: we decompose H" in a vertical subgroup W, that is a subgroup which contains
the center T of H", and a horizontal 1-dimensional subgroup V, that is contained in
{(z,t) e H" |t = 0}.

We propose the proof of a McShane-Whitney type extension Theorem and we show
that intrinsic Lipschitz graphs are boundaries of sets of locally finite H-perimeter. In

our presentation, we give a look also to an intrinsic notion of differentiability:

Definition. We say that f : W — V is intrinsic differentiable at g € W if there is a
homogeneous subgroup T, of G such that, if p=g- f(g) € graph(f), p-T, is the tangent
plane to graph(f) in p.
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With this notion, the authors in [17] proves a Rademacher type theorem for intrinsic

Lipschitz functions.

Theorem. Let H" = W-V, withdimV =1, £ CW be an open set and f : £ — V be an
intrinsic Lipschitz continuous function. Then f is intrinsic differentiable (L*"1_"W)-a.e.

m E.

The second part of the thesis is centered on domains in H" whose boundaries are
locally graphs of intrinsic Lipschitz functions. We call such domains intrinsic Lipschitz
domains.

A more analytic characterization for these domains is given in [40]: we write, locally,
the boundary of an intrinsic Lipschitz domain €2 as the zero set of a metric Lipschitz
function acting from H" into R, endowed with the Euclidean metric. With this charac-
terization, we show here that intrinsic Lipschitz domains are (g, 0)-domains. This fact
opens the way for other properties.

For example, since an (g,d)-domain is a Boman domain, we have automatically a
Poincaré inequality. Moreover, once we defined Sobolev spaces Wﬁ’p (G) over a Carnot
group G, we can adapt a Theorem, first proved in [35], which provides the existence of

an extension operator for Sobolev functions over an intrinsic Lipschitz domain € C H™:

Theorem. Let 0 C H"™ be an intrinsic Lipschitz domain. If 1 < p < oo, then there

exists an extension operator A on € such that

||Af||WH§’P(Hn) < C”f”wﬁvp(g)a
for all f € Wﬁ’p(ﬂ) and where C' is a positive constant not depending on f.

A final application concerns Subelliptic PDE’s. Let £ be a sub-Laplacian of H" and
let 2 C H" be an intrinsic Lipschitz domain. Consider the boundary value problem
Ly =0, in
(1)
Ugo = P
for ¢ : 02 — R a continuous function. The question is: has problem (1) a (unique)
solution? Using the Wiener’s reqularity test we can give an affirmative answer. In con-

crete terms, each point of the boundary is a reqular point, this means that the solution
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of (1) takes value on 0f.

Let us now briefly summarize the contents of the whole thesis.

Chapter 1 contains a brief introduction about Carnot groups and, more precisely,
on some general aspects regarding their nature of stratified Lie groups, on the Carnot-
Carathéodory metric and on Heisenberg groups and their homogeneous subgroups.

Chapter 2 is entirely dedicated to intrinsic Lipschitz graphs. In the first part of
the Chapter we study general intrinsic graphs, then we concentrate to 1-codimensional
graphs.

Chapter 3 presents some applications to the theory introduced in Chapter 2. After a
self contained introduction to some particular domains and their geometric aspects, we
define intrinsic Lipschitz domains and we study a pair of applications from Functional
Analysis and from Subelliptic PDE’s theory.

Three Appendices close the thesis with the aim of helping the reading.
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Chapter 1
Main Notions

This first chapter is a brief introduction to some fundamental notions and results that
we need through our thesis. We start with basic properties of Lie groups and Lie algebras,
with a focus on Carnot groups, with the purpose of studying Carnot-Carathéodory metric
and the notion of P-differentiability. In the second part we concentrate on Heisenberg
groups, on the structure of their subgroups and, finally, on the notions of BVg-functions

and H-Caccioppoli sets.

1.1 Lie Groups and Lie Algebras

We recall some notations and results about Lie groups and their Lie algebras. Let us
start with the definition of Lie group (for a comprehensive treatment and for references

to the extensive literature on the subject one may refer to the book [39]).

Definition 1.1.1. A Lie group is a differentiable manifold G endowed with a group
structure, which is differentiable in the sense that the product (x,y) — x -y and the

1

mverse r — x are smooth maps.

Definition 1.1.2. A Lie subgroup of G is an embedded submanifold of G which is also
a subgroup of G.
Definition 1.1.3. Let G and H be Lie groups. A Lie homomorphism from G to H is a
C*-map

p: G — H

1



2 CHAPTER 1. MAIN NOTIONS
that is also a group homomorphism.
Remark 1.1.4. A map ¢ : G — H is called a Lie isomorphism if it is a Lie homomor-

phism and also its inverse is a Lie homomorphism.

To understand the objects we are working with, let us treat two simple examples of
Lie groups on Euclidean spaces: we will consider R” endowed with an algebraic group

structure such that (R", *) is a Lie group.

Ezample 1.1.1. Consider R"™ with the usual operation of addiction. (R",+) is a Lie

group, indeed the maps

(z,y) — 2z +y

T — ot

are polynomials.

In the next example we introduce Heisenberg groups, which will be the setting of our

studies. We postpone the general case and main properties until Section 1.4.

Example 1.1.2. We consider R? identified to C x R and use the notation
r = (r1,29,t) = (2,t) € C xR,

with z = 21 + ix5. We give to C x R a Lie group structure with group law:

(2. 1) - (w, s) = (z+w,t+s+%%(z-w)>.

It is not difficult to check that the identity is 0 and that the inverse is given by (z,¢)™! =
(—z,—t). We call the Lie Group H' = (R3,) the first Heisenberg Group.

Definition 1.1.5. Fized g € G, we denote by

7, G —G

rT—>g-x

the left translation by g on G.
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By definition of Lie group, for each g € G, 7, is a diffeomorphism of the group onto
itself, that maps the identity e to g. We can interprete this fact to mean that a Lie group
is a homogeneous space. This says (roughly speaking) that to study the local structure
of a Lie group, it is sufficient to examine a neighbourhood of the identity. One must,
therefore, notice that the tangent space of G at e, T.G, plays a key role: we will discover

that, with a suitable operation, T,G has a richer structure.

We start by giving the definition of smooth left invariant vector fields. For a complete
understanding, we recommend to compare next results and definitions to Appendix A,

in which the reader will be reminded of some basic theory about differential geometry.

Definition 1.1.6. A smooth vector field X € ['(T'G) is said to be left invariant if, for
every g € G,

dr, X = X o7, (1.1)

where dry : TG — TG is the deriwative map of the left translation 7.

Since 7, is a Lie isomorphism (a diffeomorphism more generally), notice that dr, X

is well defined as vector field. The condition (1.1) is equivalent to the following one:
(dory (X(2)) = X(g- ),
for every g,z € G. If we apply the previous formula at the identity of G, we obtain
dety (X (e)) = X(9),
for every g € G. Moreover, the condition of left invariance can be rewritten in this way
X (forg)(x) = X[fory(x),
for all z,g € G and for all smooth function f on G.

Definition 1.1.7. Let G be a Lie group. We call the Lie algebra of G, and write g, the

set of all smooth left invariant vector fields on G.
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Proposition 1.1.1. g is a Lie Algebra' under the Lie Bracket product define as
[X,)Y] = XYf - YX/,

for all X,Y € g, and for all f € C*(G).

Remark 1.1.8. The dimension of g as vector space equals that of G. Indeed, g is canon-
ically isomorphic to T.G via the identification of X and X (e).

Ezxample 1.1.3. Return to the first Heisenberg group H!. It is not difficult to show that
the vector fields

1

X1 = 8351 + §x28t
1

X2 = 81«2 — §LL’1 @

are left invariant with respect to the group law.

1.1.1 The Exponential Map

Given a Lie group G, we defined its Lie algebra. The question now is: is there a
canonical way to associate each element of g to a point of G? The answer is given in the
following paragraph. We start with a proposition (for more details we refer the reader
to [3]):

Proposition 1.1.2. The left invariant vector fields on a Lie group G are complete.?

Given g € G and X € g, let us consider the solution of the following Cauchy problem:

74(0) = g.

{ 79(75) = X(Vg(t))

We recall that a vector space g is a Lie algebra if there is a bilinear and antisymmetric map

[,-] : 9 X g — g which satisfies the Jacobi’s identity
(X, Y, Z]| + [V, [Z2, X]| + [Z,[X, Y]] = 0,

forall X,Y,Z € g.
2See Definition A.0.27 on page 109.
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Remark 1.1.9. Notice that, by Proposition 1.1.2, the integral curve 7, is defined for each
teR.

In the following, we set
expx(t) = 7e(t).
Thanks to this notation, we can construct a canonical map which, with each vector field
in g, associates a point of G. We consider once again the integral curve of a fixed left
invariant vector field X, we stop at time ¢ = 1, that point will be the element of G

associated with X:
Definition 1.1.10. Let G be a Lie group with Lie algebra g, we set
exp:g — G
X — exp(X) :=expy(1).

This map is called exponential map related to the Lie group G.

In the following proposition, we summarize some of the main properties of the expo-

nential map and of integral curves more generally.
Proposition 1.1.3. Let G be a Lie group and g its Lie algebra. Then
(i) The exponential map is a smooth map;
(ii) For every X € g and for any t,s € R, expx(t +s) = expx(t) expx(s);

(iii) The derivative map of the exponential map dexp : Tog — T.G is the identity map,
under the canonical identification of both Tyg and T.G with g;

(iv) The exponential map is a local diffeomorphism from some neighborhood of 0 in g

to a neighborhood of e in G.

Proposition 1.1.4. IfG is a nilpotent,® simply connected Lie group, then the exponential
map is a global diffeomorphism of g onto G. Moreover, if H is a Lie subgroup of G, and
b s its Lie algebra, then H = exp b.

3A Lie group is nilpotent of step k if its Lie algebra is nilpotent of step k, that is, defined the

descending central serie of g, g) = g and gt*+t1) = [g(k),g}, for k > 1, there exists r € N such that
(r+1) —
g =0.
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Consider now two vector fields X,Y € g, we aim to reconstruct the group law of the

Lie group associated with g; we define C'(X,Y) € g setting
exp(C(X,Y)) = exp(X) - exp(Y).

It is possible to compute explicitly C(X,Y). We start with some notations: let o =
(a1, ..., aq) be a multiindex of non negative integers, we define

la| =1+ ...+

al =aq! .-y,

we say that [ is the length of the multiindexr «. Let f = (5, ..., 5;) another multiindex,
with the same legth as «, such that oy + 5, > 1. We set

(adX)2(adY )P - ... (adX)* (adY)PYY, if B; >0

Cop(X,)Y) =
Al ) { (adX)* (adY )P - ... - (adX )71 X, if g, =0,

where (adX)(Y) := [X,Y]. Then the Baker-Campbell-Hausdorff formula states that

& (_1)l+1 1
C =y — - _C.4(X.,Y), .
(¥ =300 zﬂj a5 Cer(Y) (1.2)
o +B8>1

whenever the serie at the right hand side makes sense. Moreover, it is clear that (1.2)

holds in nilpotent Lie groups.

1.1.2 Carnot Groups

In this subsection we will approach to the setting of our studies. As already men-
tioned, we are interested in Heisenberg groups, which forms a particular family of Carnot
groups. Therefore, we need a little background about them (for more details we refer,

once more, the reader to [3]). We start with a definition:

Definition 1.1.11. A Lie algebra g is called stratified if it admits a stratification, i.e.
there exists Vi, ..., V. C g subspaces such that

g=Vid..aV,
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where

V,=[W,V;_4], forj=2,...r

Remark 1.1.12. It is clear that V, is contained in the center of g. We point out also that
V) generates the whole Lie algebra. Because of its major role, we will call it horizontal

layer.

Definition 1.1.13. A group G is called stratified if its Lie algebra g admits a stratifi-
cation. Moreover, if the dimension of G is finite, then it is nilpotent of step r, exactly

the number of subspaces in the stratification of g.

From the definition of stratified Lie algebra, we can construct on g a one parameter
group of Lie homomorphisms, called dilations and denoted by {dy}. We fix A > 0 and
define, for X € Vj:

HX = NX,

and then we extend this map over the entire g. Moreover, if A < 0, we set
HX = =X
Proposition 1.1.5. The following properties hold
(1) Onu =00 0,;
(i) o\ ([X,Y]) = [0, X, 0,Y];
(iii) 0, (C[X,Y]) = C(0,X,6,Y),
for any A\, u and for any X, Y € g.

Definition 1.1.14. A Carnot group G is a finite dimensional, connected, simply con-
nected Lie group, whose Lie algebra admits a stratification. If r is the step of the strati-

fication, we say that G is of step r.
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Remark 1.1.15. We should stress that a Carnot group can admit more than one strat-
ification. For example, consider again the first Heisenberg group H'. Its Lie algebra b
admits the following stratifications:

span{ X1, X} @ span{[ Xy, X5]}

span{ X, — 3[X1, Xo], Xo} @ span{[X1, X|}

span{X; + X, 3X; + [ X1, Xo|} @ span{[ Xy, Xo]}.
Definition 1.1.16. Let G be a Carnot group with Lie algebra g. Let V = (V4,...,V;) be
a fized stratification of g. We say that a basis B of g is adapted to V if

B = <E§1>,...,E<1>;....;E{”,...,E,SQ),

mi
where, fori=1,...,r, we have m; := dim (V;) and (Efi), ,E,%) is a basis for V;.

Notation 1.1.1. We say that G has m generators, where m := dim (V7).

In Remark 1.1.15, we saw that a Lie algebra of a Carnot group could admit more
than one stratification. In the following proposition we point out that the main algebraic

aspects of a Carnot group do not depend on the choice of the stratification:

Proposition 1.1.6. Let G a Carnot group and g its Lie algebra. Let (Vi,...,V,) and
(Wh,...,W,) be two stratifications of g. Then r = s and dimV; = dim W, for every

1=1,...,r. Moreover, the real number
,
Q=Y i-dmV;
i=1

depends only on the stratified nature of G and not on the particular stratification. @ s

called homogeneous dimension of G.

We conclude the section introducing on Carnot groups the so-called exponential co-
ordinates. Let (X7,...,X,) a basis for the Lie algebra of G, g. As usual, for general
manifolds, in particular for Lie groups, we can write uniquely two vector fields in coor-
dinates, setting X = > " 2;X; and Y = > "' | y;X;.* This fact permits us to give the

following

4The reader should keep in mind that Carnot Groups are connected, simply connected and nilpotent.
Then the exponential map, being a global diffeomorphism (Proposition 1.1.4), provides a global chart

for the manifold.
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Definition 1.1.17. A system of exponential coordinates associated with Xy, ..., X, is

the map

vV:R" — G
(21, ..., Tp) > €Xp (Z xiXi> :
i=1

We endow R"™ with a group law, so that ¥ is a group isomorphism, that means x-y = 2

(1.3)

if and only if, using (1.1.1),

n

i=1 =1

=1

With this group law, R™ is a Lie group whose Lie algebra is isomorphic to g. Now, G
and R™ are both nilpotent, connected and simply connected, so, by Proposition 1.1.4, ¥
is also a diffeomorphism. From now on, we identify abstract Carnot groups with Carnot
groups on R". We will refer to coordinates (1.3) as graded exponential coordinates.

As reminded before, the exponential map is a global diffeomorphism, then also its
inverse in well defined. This allows us to introduce a one parameter group of automor-
phisms on G. Using for simplicity the same notation of algebras case, we define dilations

on G, and write {d,}, as follows
x(z) == exp (6r(exp~(2))),
for every x € G. With the same notation as in 1.1.16, if ¢ is an index such that
my+...+mg,_, < i< m+...+mg,

for some 1 < d; < k, the coordinate x; of x = (21, ...,2,) € G is said to have degree d;.

With this definition, group dilations d) : G — G can be written as
hz) = ()\dlxl,)\deg,...,)\d"xn).
Using Proposition 1.1.5, one can prove the following properties:

(1) Onu = O 0p;



10 CHAPTER 1. MAIN NOTIONS

(i) da(zy) = dr(z) - da(y).
Using the notions introduced in Section 1.1, since the exponential map is a diffeo-

morphism from g and G, it follows, for each x,y € G,
z-y = exp(C(X,Y)) = P(x,y),
where X and Y € g are such that exp(X) = 2 and exp(Y) = y. From this formula, one
can prove some facts about group law:
Proposition 1.1.7. There exists a polynomial vector function

Q:GxG — R'=R™g@..oR™,

where Q(z,9) = (Qu(#,9), - Qr(x,)), and Qu(z,y) = (@ (2, ), .. QM (,9) ), for al
1=1,...,r, such that
oy =a+y+Qz,y).

Lemma 1.1.8. The following properties hold:
(i) for all z,y € R™ X > 0, P(6x(x),0\(y)) = 6(P(x,y));
(i) for all x € R"™, P(x,0) = P(0,z);
(iii) for all z,y € G, QY (z,y) = 0, for j = 1,....,m1, and QYW (z,0) = QU (0,z) =
QU (z,2) = QU (z,27') =0, for j > my + 1.

Let us consider {Xj, ..., X,,}, a basis of g as a vector space. We can write, for j =

1,...,n, .
X;(x) =) ay(2)0;,
i=1
with a;; € C*°(R™). We assume also that X;(0) = 0;, for each j = 1,...,n. Then
aij(0x(x)) = X*"Vay;(2), (1.4)

for A > 0 and z = (21, ...,x,) € R". Indeed, let 7 :] — 9,5[— R™ be a integral curve of
9; (v is a regular curve such that v(0) = 0 and 4(0) = 9;), and let f € C'(R™). We

compute the derivative of f along X;:

X, f(@) = X;(for)(e) = lim L EEID) = [ (Px,¢))

t—0 t ’
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the first equality holds, since X is a left invariant vector field, the second comes from

the fact that + is an integral curve of d;. Now,

P — f(P 0 oP 0 oP
Hence, X, f(x) = %(w)g—;(x, 0), which is the same as
n 8R
X]<$> = - a—yj(x,O)GZ (15)

To conclude, if A > 0, applying (i) of Lemma 1.1.8,
P, 0

aij(0x(x)) = 90, (0r(2),0) = 8—%(5x(3($a0)))
i aPZ e
= N\~ 8_%(x’ 0) = M %ig;(x).

1.2 Carnot-Carathéodory Metric

The purpose of this section is to introduce a metric on Carnot groups. We start
by giving to R™ (supposed to not be provided with any particular structure) the so-
called Carnot-Carathéodory metric, induced by a family of vector fields which satisfies
certain conditions. After doing that, in Subsection 1.2.1, we will discover that, because of
their peculiarities, Carnot groups can be naturally equipped with a Carnot-Carathéodory
metric.

Let us consider a family of locally Lipschitz continuous vector fields on an open set
QCR”

Xj(x) = ay(2)d;, j=1,..,m.
=1

As usual, we call horizontal fiber at the point x, and write H,R", the subspace of T,R"
generated by X (z), ..., X,n(z). HRY will be the horizontal subbundle of TR™.

Notation 1.2.1. We denote by

11 - Qim
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the matrix whose columns are the coefficients of the vector fields X := (X1, ..., X,,,).

Definition 1.2.1. We say that a Lipschitz continuous curve v : [0,T] — Q is X-
admissible if there ezists a measurable vector function h = (hy,...,hy) : [0,T] — Q

such that
§) 4(t) = S By (OX,((0), for ae. t € 0,T);
(i) |h| & L= ([0, T7).
The curve 7y is called X-subunit if it is X-admissible and ||h||s < 1, for a.e. t € [0,T].

Proposition 1.2.1. A Lipschitz continuous curve v : [0,T] — Q is X-subunit if and
only if
(31,6 < > (X;(1(1), €)%, (1.6)

m
J=1

for all ¢ € R™ and for a.e. t € [0,T].

Proof. Let us consider 7 : [0, 7] — Q a subunit curve and fix £ € R". Applying Schwarz’

inequality,

(3(t),6)* = (Z hy(8) (X5 (v (2)), é))

IA

> (X060,

7j=1
for a.e. t € [0,77.
Vice versa, let 7 : [0,7] — € be a curve such that (1.6) holds. Let ¢ € [0,7] a point

at which ~ is differentiable. We can write
(1) = Y (0)X;05(0) + ) bi),
=1 i=1

for suitable coefficients h(t) = (hi(t), ..., hm(t)) € R™ and b(t) = (bi(t), ..., b,(t)) € R™.
Since m < n, it is possible to select & € R" such that (X; (y(¢)),§) = 0, for every
j=1,...,m. Then,

M

(), 6) = D h() (X;(v(1)), &) + Z bi(t) (9;,€)

1

I
—~

S
—~

~
N—
782%
~
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By (1.6),

and thus (b(t),£) = 0. This means that §(t) € span{X;(y(t)), ..., X;n(7(t))} and we can
write 4(t) = A(v(t))h(t). Assuming that h(t) = (A(y(¢)))" - €, for some & € R",
m)1* = ((e), (AGE)T - €)
= (A(y(1) - h(t),€)* = (3(t),€)”

< Z(Xj(v(t)),@? = [(AG@))" €P = ()P,

Jj=1

and this proves that [h*(¢)] <1, and h(t) is defined for a.e. t € [0, 7. O
Definition 1.2.2. We define d : 2 x Q@ — [0, 00] as follows
d(xz,y) = inf{T" > 0|3~ :[0,7] — Q subunit curve : v(0) =z, v(T) = y}.

If there exists no X-subunit curve in Q which joins x to y, then we write d(z,y) = co.

Definition 1.2.3. We say that 0 C R" is X-connected if for all x,y € ), there is a

X-subunit curve joining x to y.

Theorem 1.2.2. If d(x,y) < oo for all z,y € , then (Q,d) is a metric space. We call
d the Carnot-Carathéodory metric on Q0 (CC-metric for short).

In order to prove this result we need a pair of lemmas.

Lemma 1.2.3. Let zp € Q and r > 0 be such that U := {x € R" ||z — x| <1} CC Q.
Let M := sup,y [ A(x)|| and v : [0, T] — Q be a X-subunit curve such that v(0) = xo.
If MT < r, then y(t) € U for all t € [0,T].

Proof. We prove the Lemma by contradiction: we assume that, for some ¢t € [0, 7],

v(t) ¢ U. We set
t = inf{te€[0,T]|v(t) ¢ U}.
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Then
t t
10—l = | [ (s)ds| = | [ Ars)h(s)as
0 0
t t
= [ 1AGOI- kel < [ 1Al s
t
< M/ h(s)|ds < ME < M-T <r.
0
Therefore v(t) € U, which is a contradiction. ]

Lemma 1.2.4. Let K CC ) be a compact set. There exists a constant C' > 0 such that
d(z,y) > Clz — 1 (1.7)

forallx,y € K.

Remark 1.2.4. Inequality (1.7) says that the Euclidean metric is continuous with respect

to the Carnot-Carathéodory metric d.

Proof of Lemma 1.2.4. Let € € RT be so that K¢ CC , where
K* = {.’JcEQ ‘min|m—y| §5}.
yeK

Let us take z,y € K and set v = min{e, |z — y|} and M := sup,cx_ ||A(2)]]. Let
v :[0,7] — Q be a X-subunit curve such that y(0) = = and (7)) = y. Since |y(T) —
~v(0)] = |y — x| > r, by the previous Lemma, we have T'- M > r. If r = &, then

7> s & o -yl
M = Msup, x|z —y|
If r = |z —y|, then
1
T > —|r—vy|.
2 w7z =yl

We chose an arbitrary X-subunit curve ~, therefore, by definition of d, we get

d(z,y) > min{i c }

M’ Supz,yGK |.T - y|
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We are now ready to proceed to the proof of Proposition 1.2.2:

Proof of Proposition 1.2.2. Let us consider z,y,x € €. Firstly, we notice that d(z,x) =
0, indeed it is sufficient to consider the constant X-subunit curve at x. Moreover, by
(L.7), if = # y, then d(z,y) > 0.

The symmetry property follows from the fact that if v : [0,7] — Q is a X-subunit
curve, then 4(t) := v(T —t) is X-subunit too.

Finally, if v : [0,71] — © and 7, : [0,75] — Q are X-subunit curves such that
71(0) = 2, m(T1) = y and 12(0) = y, 72(13) = 2, then

S(1) = w(t), te€0,T}]
v Y(t), t e [Ty, Ty + T

is a X-subunit curve such that 4(0) = z and (T} +T5) = 2. Taking the infimum, we get
d(z,z) < d(z,y) +d(y, 2). O

Notation 1.2.2. We can define, as usual, the metric balls with respect to the Carnot-

Carathéodory metric setting, for r > 0,
Ulz,r) := {y e R"|d(z,y) <r} and B(x,r) := {y e R"|d(z,y) <r}.

We point out that the metric d is finite on R”, and in general we can assume that
the identity map between (R",d) and (R",|-|) is a homeomorphism. This condition
is satisfied when d is the CC-metric associated with a family of smooth vector fields

X1, ..., X, which satisfy Hormander condition:
rank (£(X1,..., X)) () = n (1.8)

for all z € R". With £(Xj,..., X,,) we denote the Lie algebra generated by Xj, ..., X,,.
Geometrically, condition (1.8) means that the vector fields Xy, ..., X,, and their iterated

brackets generate the whole tangent space at every point.

Theorem 1.2.5. Let X1, ..., X,, be smooth vector fields on R". Let K C R™ be a com-
pact set and assume that, on K, Hormander condition (1.8) is guaranteed by iterated

commutators of length less or equal r. Then there exists a constant C' € R* such that
1
d(z,y) < Clz -yl (1.9)

forallz,y e K
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Remark 1.2.5. Notice that the inequality (1.9), together with (1.7), ensures us that
topology induced by CC-metric d is the same of topology induced by the Euclidean

metric.

1.2.1 Carnot-Carathéodory Metric on Carnot Groups

Let us consider a Carnot group G with Lie algebra g. We know that we can represent
G by R", endowed with a Carnot structure, through a system of exponential coordinates,
associated with a basis adapted to a stratification of g. Using the same notations as
above, let g = Vi1 @& ...® V., r > 2, m = dimV} and fix a basis X = (X, ..., X,,) of
V. From definition of stratified algebra, V] generates the whole g as an algebra. Hence,

X1, ..., X,, satisfy Hormander’s condition, inducing a Carnot-Carathéodory metric on G.

Proposition 1.2.6. For all z,y,z € R™ and A € R™, the following properties hold:
(i) d(r:(2), 7.(y)) = d(z,y);
(i) d(0x(2),0x(y)) = Ad(z,y).

Proof. Statements (i) follows from the fact that v : [0,7] — R™ is a subunit path
joining = to y, if and only if 4 := 7,(y) is a subunit curve from 7, (x) to 7,(y).

Assume (t) = > 7 hy(8) X;(y(T)), then
A(t) = dr.(v(1)) - () = dr.(3(t)) - (Z hj(t)Xj(W(t))>

S i (O)X;(6(1) = >k OX;(n((0)

( .
(

> hi(H)X;((),

Jj=1

which proves that 4 is a subunit curve.
We prove now (ii). Let us consider an X-subunit curve 7 : [0,7] — R" such that
7(0) = x and y(T') = y. We define v, : [0, \XT] — R" by () = dx(t)y(£). Then, by
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(1.4), since d; = 1 for j = 1,...,m (using the notations introduced in Definition 1.2.1)

0= (S0 (e ()

- Z (i b (5) awm(t») 0
- ih (5) Ko (e)

As v, (0) = dx(x), 7a(AT) = dx(y) and 7, is a subunit curve, one has that d(d(x), 5 (y) <
AT'. Since 7 is arbitrary, we can conclude that d(vy(x), v (y) < Ad(z,y), and the converse

inequality can be obtained in the same way. ]

We conclude this section with some remarks about measures and metrics.
If we denote H% and S¥5 the k-dimensional Hausdorff and Spherical Hausdorff mea-

sures associated with the Carnot-Caratéodory metric d, then one can check that
(i) Hi(z - E) =Hy(E),
(i) HG(OrE) = NHG(E),

for every Lebesgue measurable set E C R"™ and for all x € R™ and A € R*. The same
formulaehold for S¥. The homogeneous dimension @ of (R™, -) is the Hausdorff dimension
of R™ with respect to the CC-distance.

Moreover, we recall that the n-dimensional Lebesgue measure £" is the Haar measure

of the group. Therefore, the translation and dilation conditions read as follows:

Proposition 1.2.7. Let E C R"™ be a Lebesque measurable set. Then, for all x € R"
and A > 0.
5We recall that, give E C R"™ and k > 0, the k-dimensional Hausdorff and Spherical Hausdorff

measures of E are defined, respectively, by

E C | Ei, diam E; < 5}
1=0

HE(E) := lim inf { i (diam E;)"

OO0
~ i=1

M EC | Bi, diam B; < 6, B; CR" balls} .
=0

Sk(E) = hm 1nf{z (diam B;)
=1
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(i) L (x-E)=L"(E-z)=L"(E);
(ii) L™ (0\E) = \9L" (E).
In particular L™ (B(z,7)) = r9L" (B(x,1)).

Definition 1.2.6. We say that a metric p on G is a homogeneous distance if, for all
z,y,2 € G and A € R

(1) p(z,y) = p(r(x), (y));

(i) p(dr(),0a(y)) = Ap(z, ).

In Proposition 1.2.6, we proved that the Carnot-Carathéodory metric is a homoge-
neous metric. We can construct other examples of homogeneous metrics. We start by

defining the following quasi-metric
doo(z,y) =y~ - 2], (1.10)
where | - || is a homogeneous norm. For example we can choose

n
2o = >l
i=1

1
d;

or

1
d .
)

where the ¢;’s are suitable positive constants which depend on the group’s structure and

Jall = max{eife,

which let d., be a distance on the group.

Remark 1.2.7. We notice that these homogeneous metrics induce the same topology as

the Carnot-Carathéodory one.

Remark 1.2.8. In the case of Heisenberg group (see Section 1.4), we introduce the Kordnyi
norm: if p = (z,t) € H",
Il =/ 1I2llgen + [t

If it is not specified, through this thesis we will use this homogeneous norm. To verify
that doo(z,y) = ||y~! - x| is a metric, when || - || is the Kordnyi norm, one needs to prove
the triangle inequality

doo(2,y) < doo(, 2) + doo(2,y). (1.11)
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This can be done by a direct computation.

1

First, we can replace z~! -z with z and y~! - 2 with y; then it is sufficient to prove

(1.11) in the case when z = e and to show that
-yl < {2l + Iyl

Writing « = (z,t) and y = (w, s) and using the group law (1.12), we find

1 2
o yl* = [lo+ wllhen + (t+w Lo w>>

2

1
v+ w||Zen + 2 (t +w+ 5%(1; : w))

0320 + 2it + 7 - w + [Jw||Zen + 2is|’
2
< (2l + 2f[ollgen e + lyll*)
4
< (=l + lylh)™

1.3 Calculus on Carnot Groups

Definition 1.3.1. Let G; and Gy be Carnot groups, with homogeneous norm || - |1, || - |2
and dilations 8} and 63. We say that a function L : G; — Gy is H-linear if L is a
group homomorphism and if, for all g € Gy and A € RT,

L(359) = 63(9).
The set of all H-linear functions between G1 and Go can be endowed with the norm

IL]] = sup |[L gl

llglla<1
Analogously to the classical case, we have the following

Proposition 1.3.1. Let Gy and Gy be Carnot groups with homogeneous norms | - |1

and || - ||a. If L : Gy — Gy is H-linear. Then L is continuous and

L glla < LIl - [lglls,

for each g € Gy.
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Proposition 1.3.2. Let Gi, Gy and Gs be Carnot groups with homogeneous norm || - |1,
| - |l2 and || - ||s, and let L : Gy — Gy and M : Gy — G3 be H-linear maps. Then
Mo L:Gy — Gs is H-linear and |[L o M| < ||L|| || M]|.

We give the notion of P-differentiability for functions acting between Carnot groups.

This key notion of differentiability was introduced by Pansu in [36].

Definition 1.3.2. Let G, and Gy be Carnot groups with homogeneous norm || - ||1 and
| - |l2. We say that f : € C Gy — Go is P-differentiable in gy € & if there exists a
H-linear function, called P-differential of f at go,

dgf : G1 — Gy

such that . o o
i [t 9) - £g0) ™ SO

90 lgo " - glls
We say that f : £ — Gy is continuously P-differentiable in &€ if f is P-differentiable

at every point g € £ and dyf depends continuously on g. In this case we write f €

C}-I(ga GZ)

= 0.

1.4 Heisenberg Groups

In this section we study some peculiarities of the Heisenberg group, which is the most
simple non Abelian Carnot group and the setting of this thesis. We start by recalling
the definition and some general properties, then successively we will give a close look to

the structure of subgroups.

Notation 1.4.1. We denote by (z,t) a point in C" x R, where z = (z1, ..., 2,) € C" and
t e R If z; = ;4 1dy;, we write 2 = (21, ..., Tp, Y1, .o, Yn), With zj,y; € Rfor j =1,...,n

Let us consider in C" x R the following composition law
1 -
(z,t)- (1) = (z + 26+t + 5%(2 . z’)) : (1.12)

where z - 2/ denotes the usual Hermitian product in C™:

Z xj + iy;) (2 — 1Y)
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Remark 1.4.1. If we identify C" with R*", we can rewrite the operation law (1.12) in the

following way:
1
(z,t)- (#,t) = <z + 2 e+t + 3 (Jz, z')) ,

where J is the unit (n x n)-symplectic matrix and (-,-) denotes the usual inner product
in R™.

It is not difficult to verify that (R***1,.) is a Lie group, whose identity is the origin of
R**1 and the inverse is (z,t)"! = (—z, —t). We call this Lie group the n-th Heisenberg
group, and we write H" := (R?"*1 ).

The Heisenberg group H" is the Lie group associated with the 2n + 1-dimensional
real Lie algebra h™ generated by {X1, ..., X,,, Y1, ..., Y,,, T'}, that satisfies the relations

[Xi7Xj] =0, [YHY}} =0, [X]WY}] =T,

for every i,7 = 1,...,n. By the Jacobi’s identity, we get that [X;,T] = [V;, T] = 0, for
each ¢ = 1,...,n. This means that h™ is a nilpotent Lie algebra. It is also clear that its
center is span{7'}.

Let us denote
b1 = span{Xy,..., Xp,, Y1,..., Y} and by = span{T'}.
Then the Heisenberg algebra is stratified of step 2 with stratification
b = by @ by.°
Remark 1.4.2. By the structure of h", we can say that the center of the group H" is
T = {(z,t) € R |z =0},
and the homogeneous dilations are, for A € RT,

(5)\ . RQn—l—l RQn—H

(z,t) — (\z, \?t).

6Using exponential coordinates, one can prove that H" is the unique simply connected, nilpotent Lie

group associated with h™.
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We can realize the Heisenberg Lie algebra h™ as an algebra of left invariant differential
operators on R?*"*1. For example, using formula (1.5), one can found T = §; and,
consequently,

X; = 0y, + %yjat, Y, = 0y, — %xjﬁt,
for 5 = 1,...,n. With this identification between vector fields and first order differ-
etial operators, X,..., X,, Y1, ..., Y, generate a vector bundle on H", called horizontal
bundle HH". The horizontal bundle is a subbundle of the tangent bundle TH". By
definition of vector bundle, we know that we can identify canonically each fiber of HH"
with a vector subspace of R*"*!1 so each section ¢ of HH" can be identified with a
map ¢ : H* — R?*"*1. We denote by H,H" the fiber of HH" at a point z € H".
On H" is defined a Sub-Riemannian structure: we can endow each fiber H,H" with a

scalar product, denoted by (-,-) , and the associated norm | - |, that make the basis

of H,H", Xi(x),..., Xn(x),Y1(x), ..., Y,(x), orthonormal; in other words, if we consider
v =", (Xi(x)+v,4:Yi(z)) and w = Y1 (w; Xi(x) + wnyY;(z)) vectors of H,H",
then (v,w) =Y """ v w; + Unyi - Wyt and ]2 := (v, v) .

We end this subsection by giving a definition that will be useful throughout this

thesis:

Definition 1.4.3. Let (z,y,t) and zo be fized points in H". We set
oo (1)) = >4 X;(w0) + D y;Y5(x0).
j=1 j=1

The map xg — T4, ((2,1)) . is a smooth section of HH".

1.4.1 Homogeneous Subgroups of H"

In Chapter 2 we will study the notion of intrinsic Lipschitz graphs; roughly speaking
we will study the graph of some special functions whose graphs lie in the Heisenberg group
H™. We can compare these notions with the Euclidean case, in which we decompose R" in
the sum of subgroups. In Heisenberg setting, on the other side, we need more conditions
for a “nice” decomposition in subgroups. We start with the definition of homogeneous

subgroups, which are subgroups invariant under group dilations:
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Definition 1.4.4. We say that a subgroup G of H" is a homogeneous Lie subgroup if,
forall g € G and XA > 0, d,(g) € G.

We point out that Definition 1.4.4 can be stated also for a general Carnot group of
step k. In this case, one can prove that each homogeneous subgroup is necessarily a

graded subgroup with step at most k, but in general it is not a Carnot group.

Definition 1.4.5. We say that H" is a semidirect product of homogeneous subgroups
W and V, and we write H* = W -V, if W = exp(tv) and V = exp(v), where to and v

are homogeneous subalgebras of h™ such that
(i) " =w D,
(ii) 1 is an ideal in h™.
We will say that W and V are complementary subgroups in H".

Remark 1.4.6. If H* = W -V, then WNV = {e}. From (ii), it follows also that W is a

normal subgroup of H".

FExample 1.4.1. A simple example of a semidirect product is given by H” = W -V, where
V= {(.731,0, 70) ‘ YIS R}
and
W ={(0,29, ... Tn,y1, ey Un, t) | iy, t ER, 0 =2, ... ,m, 5 =1,...,n}.

Proposition 1.4.1. Let H® = W -V be as in Definition 1.4.5. Then each ¢ € H" has
unique components qw € W and gy € V such that ¢ = qw - qv.

Proof. Let us assume that ¢ € H" admits two decompositions: ¢ = qw-qv and ¢ = ¢{y - ¢4

Then, since e is the unique common element of W and V,

-1

(@)™ aw = ¢4 ()" = e

Thus, ¢ = qw and ¢ = qv. ]
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Proposition 1.4.2. Let H" = W-V be a semidirect product as in Definition 1.4.5. Then

the maps
[y : H® — W
q — qw
and
Iy : H® — V

q — qv
are continuous.

Proof. See [1], Proposition 3.4. O

Proposition 1.4.3. All homogeneous subgroups of H™ are either horizontal, that are
contained in {(z,t) € H" |t = 0}, which can be identified with the horizontal fiber H.H",
or vertical, that are containing the subgroup T.

A horizontal subgroup V has linear dimension k, with 1 < k < n; moreover, V is
algebraically isomorphic and isometric to R¥.

A wvertical subgroup W can have any dimension d, with 1 < d < n+1, and its metric

dimension 1s d + 1.

Proof. Let V. .C H" be a homogeneous subgroup. Then there exists v, a homogeneous
subalgebra of h”, such that expv = V. Then there exist linear independent vector fields
U1, ..., U € b7, with < k < 2n+1, such that v = span{vy, ..., v, } and [v;, v;] € v, for each
i,7 = 1,...., k. If V is horizontal, that means that v; € b, for all ¢ = 1, ..., k, necessarily
one has [v;,v;] =0, for all 7,7 = 1, ..., k, and it must be k < n.

On the other hand, let T" be a vector field in the center of h™, and suppose there exists
v € by such that v+T € v. Then, for A € R, \v4+ AT € v and, since V is a homogeneous
subgroup, Av + A2 T € v too. Hence, necessarily, it follows that 7" € v, implying that V
is a vertical subgroup.

Now, let us consider a horizontal subgroup V with dimv = k, and let z,y € V. The
points x - dy(z~! - y) € V, for A € [0,1], form a horizontal segment connecting = and y,

then it follows that V is isomorphic and isometric to R*.
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On the contrary, if W is a vertical subgroup with dim(t) = k, then, in general, W
is not isomorphic to R* and it is never isometric to R*, indeed it has metric dimension

equal to k + 1. ]

From the previous Proposition, we have directly

Proposition 1.4.4. All possible couples W and V of complementary subgroups of H"
are of the type

(i) V horizontal of dimension k, 1 <k <mn,
(ii) W normal of dimension 2n + 2 — k.
Proof. See [1], Proposition 3.21. O

Remark 1.4.7. We aim to highlight that any horizontal subgroup V has a complemen-
tary normal subgroup W; also the converse is true for normal subgroup W with linear
dimension larger than n 4+ 1. On the contrary, normal subgroups of dimension less than
or equal to n do not have complementary subgroups. For example the center T does not

have a complementary subgroup.

Proposition 1.4.5. Let H® = W -V be as in Proposition 1.4.4. Then there exists a
positive constant C = C(W,V) such that

C (llgvll + llgwll) < llall < Clgvll + llgwll) - (1.13)

Moreover, (q_l)v = (QV)_l; (q_l)w = qx?l : (QW)_l “qv, P- Qv =pv-qv, and (p-Qw =

pW'pV'QW'p§1'

Proof. We start by proving (1.13). By homogeneity, it is enough to show the left hand
side of (1.13) when ||g|| = 1. In this case, the inequality holds. Indeed, by compactness,
llgw|| and ||gv|| have a maximum when ||¢|| = 1. The right hand side of (1.13) is just the
triangular inequality.

Coming to the second part of the Proposition, we notice that ¢7' = (¢~ )w - (¢7')v,
but also ¢t = (qv) ™' (gw) ™' = (qv) '+ (qw) ™' - gv - (gv)~!. The assertion follows by the
uniqueness of the coordinates. The remaining equalities follow from similar arguments.

O]
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Remark 1.4.8. By the previous Proposition, it follows that Ily is a group homomorphism
from H" to V; while, in general, Il is not a group homomorphism from H" to W.
Moreover, one can notice that Iy : H* — V is a Lipschitz map. Indeed, let p = (z,¢)
and ¢ = (2/,t') € H". Since V is isometric to R¥,

Iy (p) " - ()l = [Tv(q) — Iy(p)]].

Then it follows
Iy (q) " = Ty(p)I| < [I2" = 2lleen < llp™" - gl].

On the contrary, Iy : H* — W is not, in general, a Lipschitz map. For example,
consider the first Heisenberg group H! decomposed in complementary subgroups as H! =
W -V, where W = {(0,y,¢)} and V = {(x,0,0)}. Now, for e € R*, let p = (1,0,0) and
q=(0,¢,5). Then pw = (0,0,0) and gw = (0,¢, 5). Thus,
1w(a)™ - Th(p)| = llgml| = e
lp~" - qll = [1(0,,0)]| ~ ¢

Proposition 1.4.6. Let H* = W -V be as in Proposition 1.4.4 with dim(v) = k, and
let p € H™ be fizred. Then there exists a positive constant C' = C(W,V) such that, for
B(p,r) C H",

L2 (M (B(p, 1)) = C(W, V) p2nt27F, (1.14)

Proof. First of all we notice that, for every Lebesgue measurable set £ C H",
L2 My (p - E)) = L2 (Mw(E)) - (1.15)
Indeed, since
Mw(p-E) = {pw-pv-qw-py' ¢ € E} = pw-pv-Uw(E) - py’,
the linear mapping

W — W
w '—>pW'pV'w'p§V1

has determinant equal to 1, therefore (1.15) holds. Now, by group dilations

My (B(e, 7)) = M (0:(B(e, 1)) = 4, (lw(B(e, 1)),
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thus
L [Ty (B(p, 7)) = L7 (T(Ble, 1)) 272

Setting C' = C(W, V) = £2"1=% (TIyy(B(e, 1))) and using (1.15), one has the thesis. [

1.5 Rectifiability in Heisenberg Groups

In [12, 13, 14], the authors prove analogous statements of De Giorgi’s results in the
setting of Heisenberg group. In this section we aim to re-propose some of these results
in order to use them in the next chapters. We start briefly by summarizing the classical
results: If £ C R™ is a Caccioppoli set,” then the associated perimeter measure |0F| is
concentrated on a portion of the boundary, the reduced boundary 0*E C OF, and this
means that *F, up to a set of H" '-measure zero, is a countable union of compact
subset of C''-manifolds.

In the first subsection we recall the definition of functions with bounded H-variation
and introduce some properties, in the second part we present the restatement of De
Giorgi’s theory in the case of Heisenberg groups. For proofs and a more details we refer
the reader to [12, 13, 14].

1.5.1 BVg-functions

We start with some notations. If €2 is an open set of H" and k is a non negative integer,
we denote by C*(Q) and C*(Q) the spaces of real valued continuously differentiable
functions. We denote by C*(Q, HH") the set of all C*-sections of HH", analogously we
define C*°(Q2, HH") and C§°(Q2, HH").

Definition 1.5.1. Let Q be an open subset of H", p = (@1, ..., pn) € C(Q, HH") and

"We say that a set £ C R” is a set of locally finite perimeter, or a Caccioppoli set, if the total

variation of its characteristic function is finite, i.e., if 2 i s any open set in R",

|OE|(QY) = sup{/ div p dz
Q

o€ CHQ)., [o()] < 1} < o0.

We recall that the perimeter measure |OE| defines a Radon measure on R™.
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f € CY Q). We define the horizontal gradient of f

Vuf = (Xof, .. Xof,YAf, ., Yo f)

and the horizontal divergence of

divap = Y (X;0; + Yinsj) -
j=1
Remark 1.5.2. We can define the horizontal gradient as a section of the horizontal bundle
HH™:

Vaf = > (X0 X+ (YG0)Y)),

j=1
whose coordinates are (Xif,..., X, f,Yif,....,Y,f). We point out that this definition
depends on the choice of the basis of the first layer: if we choose a different basis, say
(Xl, o X Y1, }771), then in general

n n

SUEHX W) £ 3 (80) %+ (B 7).

J=1 J=1

Only if the two basis are one orthonormal with respect to the scalar product induced by
the other, we have that

D XGHX+0G)) =D ((&‘f) X;+ (%f> f@) :
j=1 j=1
We are now ready for the definition of boundary H-variation functions.

Definition 1.5.3. Let 2 C H" be an open set. We say that f : 2 — H" is of bounded
H-variation if f € L'(Q) and

1971 (@) = sup{ | fdivHsodh' o€ CYOLHEY) o) < 1] < o0

We denote by BV () the space of all functions of bounded H-variation. The space
BVi10c(§2) is the set of functions belonging to BVy(U) for each open set U CC Q.

8We denote with dh the integration with respect the Haar measure of the group, that, as already

point out, is the n-dimensional Lebesgue measure on R™.
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We present now some properties of functions with bounded H-variation, BVg-functions
for short. For details and proofs in the general context of subriemannian geometries we

refer the reader to [19, 14].

Theorem 1.5.1. If f € BVg(Q2), then ||Vuf]| is a Radon measure on 2. Moreover,
there exists |Vuf||-measurable horizontal section oy : Q@ — HH" such that |os(z)|, = 1
for |Vufll-a.e. x € Q and

/fdingodh = —/ (p, o) A Vufll,
Q Q

for ¢ € C3(Q, HH™).
Finally, we can extend the notion of the horizontal gradient Vy from regular functions

to BVg-functions, defining Vuf as vector valued function:

Vuf = —o;L|[Vafll = (=(eh LIVafl, - =(a)2a LIVES)
where (0¢)1,...,(0f)2n are the components of o with respect to the horizontal basis
X1y X0, Y1, ., Y.

Theorem 1.5.2. BViy,.(Q) is compactly embedded in L, . (H") for 1 <p < %

1.5.2 H-Caccioppoli Sets

Keeping in mind the classical definition of De Giorgi, we define the H-Caccioppoli

sets:

Definition 1.5.4. A measurable set E C H" is of locally finite H-perimeter, or is a
H-Caccioppoli set, if the characteristic function 15 € BVi.(H"). In this case we call

H-perimeter of E the measure

Remark 1.5.5. The value of H-perimeter depends on the choice of the generating vector
fields X1, ..., X,,, Y1, ..., Y,. However the perimeters induced by different families of gen-
erating vector fields are equivalent as measures. As a consequence, the property of being

a H-Caccioppoli depends only on the group H".
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We point out that the H-perimeter is invariant under group translation, that is
[0E]u(A) = [0(7(E)|u(7p(A)),

for all p € H" and for every Borel set A C H". Indeed divy is invariant under group
translations and the Jacobian determinant of 7, : H" — H" is equal 1. It is important
to remark also that the H-perimeter is homogeneous of degree () — 1 with respect to the

dilations of the group, that means
0B |(A) = N'2|0E]w (9:(A4)),

for every Borel set A C H".

Proposition 1.5.3. The perimeter measure is lower semicontinuous with respect to the

L' convergence of the characteristic functions of the sets.

From the 1.5.1, in the special case when f = 1g and F is a H-Caccioppoli set, the
section o7, can be interpreted as a generalized inward normal to the set £/ and shall be

indicated as vg. Theorem 1.5.1 can be restated as follows:

Theorem 1.5.4. There exists a |OE|g-measurable section vy of HH™ such that

/dingodh = —/ (ve, ) d|OE|y,
E n

for all p € C3°(Q2, HH"), |vg(z)|, =1 for |0E|g-a.e. x € H".

If £ C H", we introduce the measure theoretic boundary O, mE, which is called also

essential boundary, and the reduced boundary O E.
Definition 1.5.6. Ler E C H" be a measurable set, we say that v € O, wE if

L ENU(x,T))

I

W T U
2n+-2 Ec

lim sup £ (E°NUfz,r)) > 0.

r—0+ £2n+2(U(x’ T))
Definition 1.5.7. Let E C H" be a H-Caccioppoli set. We say that x € O E if

(i) [0E|a(U(x,r)) > 0 for every r > 0;
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(ii) there exists lim,_o fU(x ) VE d|OFE|u;

(iii) ‘limr_)g fv e VE d|8E|H‘ = 1

Remark 1.5.8. As after definition 1.5.4, we observe that the H-reduced boundary of a
set is invariant under group translation, that is € 95 F if and only of 7,(z) € 9f(7,E).

Moreover vg(x) = v, p(7,()), for all p € H".

Remark 1.5.9. Notice that two different but equivalent doubling distances on H" yield
the same measure theoretic boundary of E. On the contrary, the respectively induced

reduced boundary can be different.

Next result states that H-Caccioppoli sets have an approximate tangent plane at each

point of their reduced boundary. First, let us fix some notations:

Notation 1.5.1. For any set £ C H", xg € H" and r > 0, we define
E .o ={veH"|zy-6.(zv) e E}.
Moreover, if v € HH". We define the hemispaces Sg (v) and Sy (v) as follows

St(v) == {x € H"| (my,x,v) > 0},
w(v) ={ | (map,v) = 0} (1.16)
Sy (v) ={z e H"| (my,z,v) < 0}.
The common topological boundary N(v) of S (v) and Sg (v) is
N(v) = {x e H"| (my,x,v) = 0}.

Theorem 1.5.5. Let E C H" be a H-Caccioppoli set and xy € OyFE. Let vg(z,) € H,,H"

be the unit inward normal as defined above. Then
U lp., = lstope) ™ Lo (H").
Moreover, for every R > 0,
lim D, 4, |a(U(0, R)) = 055 (va(wo))[a(U(0, R)).

Proposition 1.5.6. Let E be a H-Caccioppoli set. Then

(i) 04E C 0, uFE C OF;
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(il) S (0,mE \ O5E) =0
Proposition 1.5.7. Let E be a H-Caccioppoli set. Then
|0E|y = ¢S L0 uE,

where ¢ is a dimensional constant.

1.6 Convolution on Groups

In this last section, we would like to recall the classical technique of convolution in
homogeneous groups (see [10]). Let G be a Carnot group with Lie algebra g. We fix over
G a homogeneous metric. Let n € C§°(G) be such that

(i) 0<n <1,
(i) fen(z)dh(z) =1,
(iii) supp(n) C U(0,1).
Let € € RT, we denote, for z € G,
nelw) = & (6:(x))

the standard mollifier. Thanks to this definition, we can construct a convolution as
follows: let f: G — R,

(776 * f = 778 ) dh( )

ne ( f(z) dh(z).

Remark 1.6.1. Analogously to the classical case, if f € LP(G), 1 < p < oo, then 1. * f €
C>(G).

Proposition 1.6.1. The following properties hold:

(i) if f € CUG), for a suitable open set Q C G, thenn.x f — f uniformly on compact

subsets of Q as e — 0;
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(i) of fe Ll (G), 1 <p<oo, thenn.* f — fin L] (G), ase — 0;

(iii) X(n. * f) = n. * X(f), for any f € CHG) and for any X € g.

Proof. We start with the proof of (i). Consider an open subset V' of Q and choose a
compact set W, such that V. C W C Q. Let x € V be fixed, we compute

nex f(z) = / ne(a -y F () dh(y)

=9 a(0y) fw)dn() (117)

Just applying the definition of mollifier, one has
ne* fz) = f(z)] < / n(2) - |f ((6:(2))7") = f(a)| dh(z)
U(0,1)

Now, f is continuous on W, therefore we can conclude, from the last estimate, that
ne * f — f uniformly on V| and the proof of (i) follows.

Let us prove (ii). Consider f € LY (2), Q C G open subset, and take V.C W C €,
as above. We fix x € V and ¢ € R*". For case 1 < p < oc:

0% f(2)] < / o @S (@GN )] d)

o (1.18)
= [ W @ 11 (@) o) dne),
U(0,1)

where % + é = 1. Using Holder’s inequality, we get:

sl < ([ a@ae) ([ @1 @) o) ae) o
= ([ @l o) ans) )
U(0,1)
Now, we need to extend also to the case p = 1:
ne * f(2)[” dh(z) £ ((0:(2))"" - 2)|" dh(x) ) dh(z)

/ / U(0,1) </ ) (1_20)

< /W F@)P dh(y)
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for e € RT small enough. Now, fix § € RT. Since f € LP(W), there exists g € C° (W)
such that

If = glleewy < 0.
By inequality (1.20), we can also say that
17 * f = ne * gll ey < 0.

Therefore,

/V ne % f(z) — f@) dh(z / n. % F(@) — . % g(a)? dh(x) +

n /V‘ng*g(a:) ) |P dh(x /\g )|P dh(x),

(1.21)

and so ||n: * f — fllee(vy <20+ (|0 ¥ g — g/ zr(v). Using assertion (i), also (ii) is proved.
We conclude by proving (iii). Let f € C*(G) and X € g be fixed. We compute

XGe ) = x / ) -0) )

(1.22)
= [ X ()t ) anto)
Now, since X € g is a left invariant vector field, we have
/ X (n-(y)f(y™" - 2)) dh(y) = / n:(y) (Xt) (y~" - 2) dh(y)
G G (1.23)
= e X(f) (),
and the proof of the statement is complete. ]

Lemma 1.6.2. Any left invariant vector field X € g s self-adjoint, i.e.

/va:—/uXv,
G G

Proposition 1.6.3. Let f : G — R be a continuous function and X € g be such that

for any u,v € C§°(G).

the distributional derivative X f is represented by a continuous function on G. Then

X(e * f) = ne = (Xf).
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Proof. Since n. * f € C§°(G), it is sufficient to prove that

(X(mexf),g) = mex(Xf),9),°

for any g € C5°(G).
Using Proposition 1.6.1 and Lemma 1.6.2, one has
(X(mexf).g9) = —(n-xf, Xg) = —(f, n-x(Xg))
= —{f, X(exg)) = e+ (X[), 9)-

9We use the classical notation

for u,v: G — R.
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Chapter 2

Intrinsic Lipschitz Graphs

In this Chapter, following [17, 16, 15], we study some characterizations and properties
of graphs of functions acting between complementary subgroups of Heisenberg group
H". Let us think for a moment about Euclidean setting. We know that, locally, each
submanifold of dimension k in R™ can be viewed as the graph of a function acting between
R* and R™* In the same way, a Lipschitz submanifold can be viewed, locally, as a graph
of a Lipschitz function.

As already noticed in Section 1.4.1, the case of Heisenberg group (Carnot groups,
more generally) needs more attention: we studied a semidirect product of homogeneous
subgroups. With such a decomposition of the ambient space, we are allowed, analogously
to the Euclidean case, to consider functions acting between subgroups and to study
geometrical properties of their graphs.

In the first section we introduce the notion of intrinsic graph, where with ”intrinsic”
the authors in [16] mean properties defined only in terms of the group structure of H"
or its Lie algebra h".

In the second section, following more closely [18], we study intrinsic Lipschitz graphs:

intrinsic graphs of intrinsic Lipschitz continuous functions.

37
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2.1 Intrinsic Graphs

Definition 2.1.1. Let G; and Gy be homogeneous subgroups of H", with H" = G - Go
a semidirect product. We say that S C H" is a (left) graph over Gy along Gy (or from
Gy to Gy) if

SN (&-Gy)

contains at most one point for all & € Gy.

Remark 2.1.2. An equivalent definition is the following: we say that S C H" is a (left)
graph from Gy to G if there exists a function f : £ C G; — Gy such that

S={¢-fOlcee}.
In this case we write S = graph(f).

Proposition 2.1.1. Let H" = Gy - Gy be a semidirect product of H" and let S be a graph
from Gy to Gy. Then, for all X € RT, §,(S) is a graph.

Proof. Since S is a graph, there exists a function f : £ C G; — Gg such that S =
{&-f(&)|€ €&} Let us define

fr = 5,\Ofoc5% 0E C Gy — G
Therefore, 6,5 := graph(fy). Indeed

a(S) = {a(§-f(§) €&}
= {0 -n(f) e}

setting 1 := 9\(§), n € 0,(E), then
{n-07 (5:) [ ne i@} = (n-fm) | nean@} = eraph(f).
[

In the following two propositions we prove that the translation of a graph is a graph

as well.
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Proposition 2.1.2. Let H* = W -V be as in Proposition 1.4.4. Let S C H" be a left
graph such that

S = {&-fO)|cee W),
with f: € CW — V. Then, for every q € H", there are
& =1{a-& ()" |€€&} and
fo: & — VYV fn) = av- flay' - aw' -1 av),
such that

q-S = graph(f,) = {n-fu(n)In€&}.

Proof. First of all we notice that £ C W, because W is a normal subgroup. By definition
of left graph and left translation, ¢- S ={q-&- f(§)|& € £}. We can write

q-&- f(f) = QW'(]Vf'f(@
=qw-qv-$-qy' - qv- fE).

Now, calling = qw - qv - € - q;', we get £ = g;' - gy’ -1+ qv. Therefore ¢-&- f(§) €q-S
can be written as n - qy - f(%;l : C]\er -1+ qy), and the proof is completed. O

Proposition 2.1.3. Let H" = W -V be as in Proposition 1.4.4. Let S C H"™ be a left
graph such that

S={¢ fl§e ACV],

with f: ACV — W. Then, for every q € H", there are

A = {q- 1€ A} and
fo i Ay — Vo fu) =07 qwen- fleg' - n),

such that
q-S = graph(fq) = {n- fq(ﬁ) In e Aq}-

Proof. By definition of left graph

q-S ={q-& fE)IEe A},
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Recalling Proposition 1.4.5, we rewrite
q-&-f(&) = aqw-qv-&- f(§)

= qv gy -qw-qv- & f(E)

=qv & ay awav € f(E):
Notice that ¢y -& € V and 5*1-q§1-qw~qv-f € W. Then, setting n := gy-£ and observing
that

gyt aweav-E =" qwegvogyt =0 qw e,

q-&-f(&) € q-S can be rewrite as

- & fE =n"aw-n flag' -n) = f(n).
0

Remark 2.1.3. Let f : A C V — W be such that S = {£- f(§)|{ € AC V}isa
left graph in H". Then S is also an Euclidean graph over V. Indeed, recalling that V
is isometric and isomorphic to R¥, for some 0 < k < 2n + 1, we can identify V with
a k-dimensional vector subspace of R*"™!. On the contrary, if S = graph(f), where
f: € CW —V, then, in general, S is not an Euclidean graph.

An example is given in [16]: consider the semidirect product H' = W -V, where
W ={(0,y,t)|y,t € R} and V = {(,0,0) |z € R}. Let us fix 1 < a < 1 and take
f: W — V defined as

£Q0,y,t) = (|t[*,0,0).

It is clear that graph(f) = S is not an Euclidean graph near the origin:

S={-FOIeeW} = {(t%y,t+2ylt|]") [ty e R}

2.2 Intrinsic Lipschitz Graphs

In the previous Section we studied graphs of functions acting between complementary
subgroups of H". Now we aim to specialize to graphs of intrinsic Lipschitz continuous
functions. This notion was originally suggested in [15], where the authors describe sub-
manifolds in Heisenberg group. Let us see more details about, in order to justify the

notion of intrinsic Lipschitz continuity.
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Definition 2.2.1. Let k be an integer, 1 < k < n.

(i) We say that S C H" is a k-dimensional H-regular submanifold if, for each p € S,
there exists an open neighbourhood U of p in H", an open set & C R* and an
ingective continuously P-differentiable function f : €& — U, with injective P-
differential, such that

SNU = f(€).

(ii) We say that S C H" is a k-codimensional H-regular submanifold if, for eachp € S,
there exist an open neighbourhood U C H"™ of p, f € Cy (U, R¥), with surjective P-
differential, such that

SNU ={xzeU|f(zx)=0}.

Remark 2.2.2. Although Definition 2.2.1 seems similar to the Euclidean case, we em-
phasize that, for example, k-codimensional H-regular submanifolds can be very irregular

objects from the Euclidean point of view (for the details we refer the reader to [15]).

We state now the Implicit function Theorem for k-codimensional H-regular subman-
ifolds, without giving the proof. It will be clear how this theorem suggested the notion

of intrinsic Lipschitz continuity that we are going to introduce.

Theorem 2.2.1. Let S be a k-codimensional H-reqular submanifold, with 1 < k < n.
Then, for each pg € S, there are an open set U C H", with p € U, and complementary
subgroups W and V of H" as in Proposition 1.4.4, such that

(dpf)lv : V — R”

is injective for all p € U. Moreover, there are an open set £ C W' and continuous

¢ : & —V such that
SNU ={& 9@}

Finally, there is a positive constant L such that, for all € and & € &,

(@)™ (Ol < Llle@™" - (&) - @)l (2.1)

'When we say that & is open in W, we mean with respect to the relative topology of W, induced by
H™.
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Exactly from inequality (2.1), we have the following

Definition 2.2.3. Let H" = Gy - G be a semidirect product. We say that
f EC G — Gy

s an intrinsic Lipschitz continuous function if there exists a positive constant L such
that, for all q € graph(f),

[for (@) < Lill], (2.2)

for each x € E,-1. As usual, we call the intrinsic Lipschitz constant of f the infimum of
the numbers L such that (2.2) holds.

Remark 2.2.4. Let H" = W -V be as in Proposition 1.4.4. Using Propositions 2.1.2 and

2.1.3, we can specify the two cases:

(i) f : W — V is said an intrinsic Lipschitz function, if there exists a positive

constant L such that, for all £, € W,
LA™ FOI < LIFE™ -7 FO;

(ii)) f : V — W is said an intrinsic Lipschitz function, if there exists a positive

constant L such that, for all n,7 € V,
7~ - fo) ™t f@I < Ll -7l

Our aim now is to give a more geometrical definition of intrinsic Lipschitz continuity:
if H* = Gy - Gy is a semidirect product and f : Gy — Go, we will say that f is
intrinsic Lipschitz continuous if, at each p € graph(f), there is an intrinsic closed cone,
with vertex p and axis Go, intersecting graph(f) only in p. Once again, “intrinsic cone”

means that properties of the cone depend only on the structure of the Lie algebra §™.

Definition 2.2.5. Let H" be the semidirect product of two subgroups Gy and Go. Let
q € G and a € RT be fized. We call intrinsic closed cone with base Gy, axis Gq, vertex
q and opening «

Ce,.6,(¢, ) == q-Cg, 5,(e, ),
where

Coy (e, ) = {p € H"|[|pe, || < alpe, [I}-
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Proposition 2.2.2. Let H" = G, - Gy be a semidirect product, t € RT and 0 < o < 3.
Then the following statements hold:

(i) CG1,G2(670) = Go;
(i) Co16.(0, @) C Cg,6,(q,5);
(Hl) Ot (CGl,G2(67a)) = CGl,Gz (B,CY).
Proof. Since (i) and (ii) are trivial, we prove just (iii). Because of the uniqueness of the
components (&:p)g, = 0(pg,), for i = 1,2, then
0(Cey a6, ) = d{p € H"[[|0:(p)e; < allpe.l}
= {0:(p) € H" [ |6:(P)a, | < a[|de(p). I}
= {0u(p) e H" |t |[pg, | < at|lpe.ll}
= {0:(p) e H" |[Ipe, || < evllpe.ll} = Ceyeale; @)

Definition 2.2.6. Let H" = Gy - Gy be a semidirect product. We say that
f & C Gl — G2
15 intrinsic Lipschitz continuous in &£, if there exists a positive constant L such that, for

all g € graph(f),
Coveu (4. ) N exanh() = {0} (23)

As usual we call the Lipschitz constant of fin € the infimum of the numbers L such that
(2.3) holds.

We prove now the equivalence between the two definitions of intrinsic Lipschitz con-

tinuity:

Proposition 2.2.3. Let H" = W -V be as in Proposition 1.4.4. A function f : W — V
is intrinsic Lipschitz continuous according to Definition 2.2.3, with Lipschitz constant L,

if and only if , for each q € graph(f) and for all a such that 0 < a < %,

Cwy(q, @) N graph(f) = {q}.
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Proof. 1f q € graph(f),

Cw,v(e,a) N graph(f—1) = {e},

hence, by Proposition 2.2.2,

74 (Cwy(e, @) N graph(f,-1)) = {q}.
On the other hand,
7q (Cwyv(e,a) N graph(fy-1)) = 74 (Cwy(e, @) N 74 (4-1graph(f))
= Cwy(q, @) N graph(f).

Proposition 2.2.4. Let H" =W -V be as in Proposition 1.4.4. Then

(i) f : &€ ¢V — W s intrinsic Lipschitz continuous in &, if and only if the
parametrization map
(I)f € — ]H[n,
defined as ®;(v) =v - f(v), is metric Lipschitz continuous

(ii)) f: & CV — W is intrinsic Lipschitz continuous in &, if and only if there is a

positive constant L such that, for all n,n € &,
1A FEOI < LI -7 FOl

Proof. We start by proving statement (i). If ¢ = z - f(x) € graph(f), then, from
Proposition 2.1.3, for each n € &;-1,

for(n) =0 fla)™ - flx ).

Assuming that ®; is metric Lipschitz continuous, denoting by L its Lipschitz constant,

1. v, we have

Ifor I = llo™" -z fla) ™2™ v f(u)]

forn =a~

< ol + @) 2T e f(o)]
= o7zl + [[2s(z) " - 24 (v)]
< ™tz + Lz~ ol

(1+L)[lz=" ol = 1+ L) [Inl.
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Vice versa, assume that f is intrinsic Lipschitz. We want to show that ®; is metric

Lipschitz. We start writing, for v = z - v,

Op(v)™" - @p(0) = flv)™ w70 f(D)
= flu)y b ot (z-v) - fxw)
=ax-27 b floY)a- fxw)
=z fo-1(2),

where the last equality follows from Proposition 2.1.3. Now, taking the norm,

[@(v)~" - (D) = [z fy-1(2)]
< Jlzll + [ fg- (@)
< @+L)zf = @+ L) v "7
Let us prove statement (ii). By Proposition 2.2.3 and Proposition 2.1.3, for each
refandyc &,

lf ) = |f@" f@-f (@) -y f@] < Lyl

Setting z .=z - f(z)-y- f(z)"', y=f(x)" - 271 2 f(Z), then it follows that

If@)~" f@)l < LIf@) - (@ 2)- f@)].
O

Remark 2.2.7. Since W and V are subsets of H", they are metric spaces, then also the
usual definition of metric Lipschitz continuity is available. We say that f: W — V| or
f:V— W, is a metric continuous Lipschitz function if there is a constant L > 0 such

that, for all n,n € V,

If)~ - f@)l = d(f(n), f(7) < Ld(n,7) = L|n~"-7ql. (2.4)

As pointed out in [17], the definition of metric Lipschitz continuous function could
seem to be more natural. Actually, intrinsic Lipschitz continuity is more appropriate
for functions acting between complementary subgroups and, first and last, more closely
related to the group structure. Indeed, intrinsic Lipschitz continuity is invariant under

left translations:
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Proposition 2.2.5. Let H" = Gy - Gy be a semidirect product. Then, for all ¢ € H”,
f & C Gy — Gy s intrinsic Lipschitz in €, with constant L > 0, if and only if

fq & C Gy — Gy is intrinsic Lipschitz in £, with the same constant L.

Proof. By definition, we know that graph(f,) = ¢ - graph(f). Hence, p € graph(f,) if
and only if p = ¢ - p, for some p € graph(f). First, assume that f is intrinsic Lipschitz,
then
{p} = {q¢-p} = ¢ (Cwy(p,a) N graph(g))

— Cw(p, @) N graph(f,).
Hence f, is intrinsic Lipschitz. The other implication can be analogously deduced keeping
in mind that, if p,q € H",

graph ((fp)g) = ¢-graph(fy) = ¢- (p- graph(f))
= (¢ p) - graph(f).

]

Let us now consider two examples (Example 3.3 in [17]). In the first, we consider a
function which is metric Lipschitz but not intrinsic Lipschitz. At the same time, we will

show that metric Lipschitz continuity is not a left-invariant property.

Ezxample 2.2.1. Let us consider the semidirect product H! with the homogeneous norm
|| - || defined as in Section 1.2.1. Let H' = W -V, where

W = {(0,y,t) |y,t € R} and V = {(,0,0) |z € R}.

Notice that, for w = (0,4,t) € W, |lw| = max{|yl,|¢|z}, and, for v = (z,0,0) € V,
|v]| = |z|. Let f: W — V be defined as

F0,9,1) = (1 + [t[2,0,0).
It is a metric Lipschitz continuous function, indeed

— _ oL 1 T 1 _ _
1£0,5.6)~" - (0.5, = ’|t|2 — [t | < [E—t]2 = [[(0,5,6)"" - (0,5,%) |-




2.2. INTRINSIC LIPSCHITZ GRAPHS 47

On the contrary, f is not intrinsic Lipschitz continuous. To see this we translate graph( f)
moving p = (1,0,0) € graph(f) to the origin e. We know, by Proposition 2.1.2, that the
translated set is the graph of f,-1 : W — V| which is, setting n = (0, y, ),

foi(n) = (0w flov-pw-n-py?) = (ly +1]2,0,0).

The definition of intrinsic Lipschitz continuity, applied to this function, should be equiv-
alent to the inequality
ly+t[5 < L-max{ly,[¢]?}, (2.5)

that is, in general, not true. This shows us also that property (2.4) is not invariant under

graph translations, indeed the following inequality, because of (2.5), is false:

N

+ |y +1]2,0,0)
)7 (0,5,9)]
L],

1£p=21(0,5,8) ™" - forr (0,5, ) = (|17 + 1]
(0, y
t—

IA
antl

=

I
e

|
|
for some constant L.

The previous example shows us that metric Lipschitz continuous functions are not
necessarily intrinsic Lipschitz. Also the converse is true: not each intrinsic Lipschitz

continuous function is metric Lipschitz.

Example 2.2.2. Consider again the semidirect product in Example 2.2.1. Let g : W — V

be defined as follows
1
g((0.9.1) = (1+]t=yl*,0,0).

We aim to show that it is not metric Lipschitz continuous but it is intrinsic Lipschitz.

Let us start proving that it is not metric Lipschitz:

g™ (0,91 - 90,50 = |(1T=51F = |t =y1%,0,0)]

=t—t—(y—y)l,

=

and there are no constants L > 0 such that

E—t—g—yl* < L0y 050
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On the contrary, ¢ is intrinsic Lipschitz continuous. Indeed, if p = (1,0,0) and we define
oW —V
p(w) = (1t#,0.0).

we have that g(w) = ¢,(w), therefore, since ¢ is trivially intrinsic Lipschitz continuous,

by Poposition 2.2.5, ¢ is intrinsic Lipschitz too.

In Proposition 1.4.3 on page 24, we studied all possible semidirect products in which
one can decompose the Heisenberg group. In particular, we proved that H" always can
be decomposed in a horizontal subgroup V with linear dimension, say k, and a vertical
subgroup W with metric dimension 2n + 2 — k. The following proposition tells us what
is the relation between metric dimension of the graph of an intrinsic Lipschitz function

and metric dimension of the subgroup W.

Proposition 2.2.6. Let H" = W -V be as in Proposition 1.4.4, and let 1 < k < n be
the dimension of V. If f : £ CW — V is an intrinsic L-Lipschitz function and € is an
open set W, then graph(f) has metric dimension 2n + 2 — k. Moreover, for any RinR™
there is a positive geometric constant C = C(W,V, L, R) such that, for all p € H",

Sy * (graph(f) N B(p, R)) < C. (2.6)

Simmetrically, if f: € CV — W is intrinsic L-Lipschitz and € is an open subset of
V, then graph(f) has metric dimension k and, for all p € H" and R € RT,

Si (graph(f) N B(p,R)) < C, (2.7)
forC=C(W,V,L,R) > 0.

Proof. We prove in details only the case of f : W — V. The second case is analogous
to the Euclidean one. Indeed, by Porposition 2.2.4, the parametrization of graph(f),
®; : V — H", is a metric Lipschitz map, then S¥(graph(f)) < oo, and in particular
(2.7) holds. On the other hand, by Remark 1.4.8, Iy : H* — V is a metric Lipschitz
map, then S¥(graph(f)) > 0, implying that & is the metric dimension of graph(f).

Let f: & C W — V be an intrinsic Lipschitz function. The lower bound for

S22k ((graph(f)) is consequence of Proposition 1.4.6. Indeed, assume that

S22 (graph(f)) < 0.
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Let us fix € € RT and choose r = r(¢) > 0. We cover graph(f) with balls B; = B(p;, ;)
such that r; < r. By definition of Hausdorff spherical measure (see Footnote 5 on
page 17),

Zr?””’k < §*F27F(graph(f)) + .

7

Hence, by (1.14),
£2n+2—k(8) < Z£2n+2_k(HW(Bi))

= C(W, V) et

(2

< C(W,V) 87" (graph(f)) + e.

Now, to get inequality (2.6), it is enough to prove that for every p € graph(f), R > 0
and € > 0, graph(f) N B(p, R) can be covered by at most N := c- (1)2”+2‘k

3

with radius less than .2 Notice that, here, the constant ¢ depends on R, W, V and L.

metric balls

Without loss of generality, we assume that p = e (remember that intrinsic Lipschitz
continuity is invariant under left translations). Using a Vitali covering argument, we
choose a covering of graph(f) N B(e, R) with metric balls {B(p;, 5¢)};, where p; = w; -
f(w;) € graph(f), such that B; = B(p;,¢) are pairwise disjoint.

Let us extimate the number N. We fix a notation:

o= {wew|i@) ot sl < o b

for1 <7< N.
Because the balls B(p;,¢) are pairwise disjointed and f : &€ C W — V is intrinsic
Lipschitz,
2e < [|f(@) ™" w g f(@y)]
< [ £ (@) w7ty f @) + [ f (@) 7 (@)
< (+L) || fl@)™ - wrt @ flw)

2Tt is sufficient since R™, with the Carnot-Carathéodory metric, is a doubling space. Doubling spaces

have the following covering property: there exists a function ¢ :]0, %} —]0, oo[ such that every set of
diameter, say d, can be covered by at most ¢(¢) sets of diameter less than or equal to € d. The function
¢ is called a covering function, and can be chosen to be of the form p(g) = C (é)’ﬁ, for some constant

C > 1 and B > 0. In case of R™, the infimum of the constants 3 is exactly the Hausdorff dimension.
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that is

2
g < @)y p(@)])

Now assume, by contradiction, that there exists w € & N &;, then

< )y @)

< Hf(wi)_l cwytw f(wz)” + Hf(wz‘)_l : f(w)H + Hf(UJ)_l : f(wj)H

|| @)t wT g f () || 4 || f (@) fw)]| [ f(w) T f (@) |
€ 2

(1+L)Y1+2L) 1+1L

< (2+4+4L)
a contradiction. In this way we proved that
ENE =0,

for ¢ # j. Now observe that

= flw) - {w €W |0l < (g b A0,

and consider the map y : W — W

-w-@_l,

]|

w = x(w) == w -

for fixed w € W and v € V. It is clear that its Jacobian determinant is identically equal
to 1 (here W is identified with R>"*17%). Therefore, it preserves the Lebesgue measure

L2 H=F_W. Hence,

ntl—k o\ _ p2nt+l—k £ _ o2tk
L (&)=L ({wGW‘HwH<(1+L)(1+2L)}> Ce

Finally, the sets &; are not only pairwise disjoint but also contained in a fixed bounded
set (dependent on R, L but independent on £ €]0,1[) because w; are all contained
in the bounded set Ilw(B(e, R)) and ||f(w;)|| is bounded by L ||w;||. Thus, there is
C=C(W,V,L,R) > 0 such that
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2.2.1 1-Codimensional Intrinsic Lipschitz Graphs

In this section we restrict ourselves to 1-codimensional graphs of intrinsic Lipschitz
continuous functions. According to Proposition 1.4.4, we can decompose the Heisenberg
group H" in the semidirect product of a horizontal subgroup V, of dimension 1 < k < n,
and a vertical subgroup W, of metric dimension 2n + 2 — k. From now on, we assume

that k = 1. In other words, we make the following
Assumption 2.2.7. Let H" = W -V be a semidirect product as in Proposition 1.4.4, we
assume that there exists a fived vector field V € by such that

V = {exp(tV) |t € R}.

Without loss of generality, we assume also that |V| = 1.

From this assumption, it follows also that if f : & C W — V|, then there exists a
real-valued function ¢ : &€ — R such that

f(w) = exp(p(w) - V),

for every w € £.

We aim now to expound the proof of an Extension Theorem given in [18]. The
authors follow the idea of the McShane-Whitney Extension Theorem for Lipschitz maps
(see Appendix B).

We start with a technical Lemma, that holds for general step 2 Carnot groups:

Lemma 2.2.8. Let G be a step 2 Carnot group and p,q € G. Then there exists a
constant ¢ = ¢(G) such that

_ _ 1 1
lp™ g gl < Clpllz - lgll=. (2.8)

From (2.8), it follows

_ 1 1
g -p-qll < llpll + Clipllz - ql|=. (2.9)

Proof. As usual, we identify G with R™ through exponential coordinates, so that the

group law is written as

p-q=p+q+Qpq).
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Then

p gt pg=(—p—q+Qpq) (p+aq+ QM q)
= Q(-p,—q) +Q(p,q) + Q(—=p—q+Qp,q),p+q+ QP q)

By Lemma 1.1.8, we have
Q(—p—q+Q(—=p,—q),p+q+Q(p,q) = Q=p—q.p+q) = 0.

Hence, since Qm,+1, ..., @, are homogeneous polynomials of degree 2 containing only

terms as pp qr, for 1 < k, h < my,

—1

IN

1Q(—=p, —q)|| + [|Q(p,q)|
Ipll= - flqll=.

lp™ g p-ql

IN

To conclude, we notice that

1

g pall < lpll +llp" - p-qll

1 1
ol + 2l - llqll=-

IN

]

Lemma 2.2.9. Let H" = W -V be as in Assumption 2.2.7. For L > 0, we define
oW —YV as

pr(w) = exp(L[lw] V).

Then there ezists a constant Ly = L1(L, W, V) > L such that the function ¢y, is intrinsic
Ly-Lipschitz. The constant Ly will be made precise during the proof.

Moreover,
1
graph(pr) = 00y y (e, Z) :

where

CS‘},V (e, %) =exp({Z€bh*| (Z,V)>0}) N Cwy <€, %) )

Proof. According to Remark 2.2.4, we need to prove that, for all w,n € W,

lep(w)™ o) < Lt ||ep(w)™ - w™ - n-pL(w)]. (2.10)
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Notice that, since V is isometric to R and the isometry is realized by the exponential

map,

[ez(w)™" o] = llexp(=Lwll - V) - exp(Lllnl| - V)]
= L lexp((llnll = lwll) - V)]
= L lnll = lJwll]

Now, let V = exp(v) = exp(tV) and W = exp(to) = exp (span{Wi, ..., Wa,, T}),
where V. Wy, ..., Ws, € h;. We call M the 2n x 2n-matrix that gives the vector fields
V., Wi, ..., W5, in terms of the standard basis X, ..., X,,, Y1, ..., Y,. With respect to the

new basis of v and tv, a fixed point p € H" can be written as
2n
p = exp (151 + ZﬁiVVz’ +p2n+1T> .
i=1

In this case, we use the notation

P = (]517-'-7152717]72714-1) - (ﬁ/ap2n+1)~

It turns out also that p’ = M7T§'. Moreover, the group law of the Heisenberg group can

be reformulated in this form

o 1 L
pq (p’ + 4, panr + @onir — 5 (JMP, MTQ/>R%> ’

and the Koranyi norm
1
114 1
Pl = (IM75 g + Phuss)
In these new coordinates, oy, is as follows
pr(w) = exp (L|jw|-V) ~ (L]w],0,...,0)
= L||wl| -e.
Therefore, for all w and n € W,
pr(w)™ - w - npr(w)
~ (0,72 — W2, ..., Ton — Wan, Nont1 — Want1

+% (JM"@', M7 ) g, — Llwl| (JMT (7 — ), MT61>R2n> :
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To simplify the notations, we set
1 - - o~
V = (77271-‘1-1 — Wop+1 + 5 <J]\4Tu;’7 MT77,>R2n — LHwH <JMT(77’ _ w’)’MT€1>R2n) s

Ho= [|M (7 — ),
T = |lpp(w) ™ - w ™ n-pp(w)]| = VHE+ V2

Then, inequality (2.10) can be written as

ler(w)™ ol = Lllnll = llwll| < L, T. (2.11)

Now, without loss of generality, we assume that ||n|| < ||w| and |Jw]| > 0. Notice that

inequality (2.10) is invariant by Heisenberg dilations. Hence, with

nr—>5ﬁn, wr—>(5ﬁw

(2.11) is equivalent to
L= {nl) < LT, (2.12)

for ||n]] <1 and |jw| = 1.
Let us prove (2.12). Notice that

0 < 1=yl < 1= Y IMTF e + i
-1 — </1 — 1+ | MT7 ||gon + |72n11|?
<1- HMT HRzn Mant1
= [l = M7 gan = Mt

T ~1 T ~1 2 2
”M w H - HM U HR% + Wapi1 — Map+1

Observe that, for ||n|| <1 and ||w|| =1,

|27 [ — (M7 [ =
= (17 o = (1377 ) - (170 + 0773
< 2 || M7 — (1M e (2.13)
=2 (M@ = i), M (@ + 7] )go |
< 4 MT@ =) g

4H < 47.
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To conclude the proof, we need to extimate |w3, ; — 73,,1| in terms of Z. We divide

mto two cases:

1 1
§|772n+1 — Wopt1| < |V| and §|772n+1—w2n+1| > V.

We start with the case
1
5‘ Mon+1 — Wap+1 ’ < ’V\ .

We have, from definition of V),

1

1
§| Nont1 — Wont1 | < B |<JMT@D/> MTﬁI>R2n‘ + L [Jw]| |<JMT(77/ —a'), MT61>R271‘

1 - -
) KJMT(U’/ - 77,) ) MT€1>Rzn‘
< 3 I (o) M7 i

Y

where the last inequality follows trivially from the Schwartz inequality. Therefore,

|w§n+l - n%n—i-l ’ S 2 ‘w2n+1 — T2n+1 |

(2.14)
< 2||MT|| (1+2L)T.
Consider now the second case
1
vl = B M2nt1 — Wang].
We have
2 2
Wapi1 = Mantr | < 2] Wang1 — Mont |
< 2V2 | wWang1 — Monta \% (2.15)
< 4VV < 4T
Then, from inequalities (2.13), (2.14) and (2.15), we get
14 4
L=l < (|| = M) + g = |
< 2max {2,|M"||- (1+20)} T,
which, setting L; = 2 max {2, MT” (14 2L)}, completes the proof. O
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Lemma 2.2.10. Let H" = W -V be as in Assumption 2.2.7. For each o > 0, there
exists oy = a1(a, W, V) < «v such that, for all v € exp(tV) € V with t > 0,
Cyv(v,a1) == v-Cyyle,an) C Cyyyle, a).

1

Proof. Let p € C’;{,’V(e,al) be fixed. By Proposition 1.4.5, (v p)w = v - pw - v~ " and

(v-p)y = v - py. Moreover, since V is isometric to R,
1w -p)vll = llpvll + vl
On the other hand, by (2.9)

(v pwll = llv-p-v7]
1 1
< llpwll + ellvllz [lpwll>.
Now, using the fact that p € Cy; (e, 1), one has
(1+2) lpwl + 5 lol

<o (14 )||pV||+ ol

< max{a; (1+5), }||pv||+||v||)
~ o (145).5} 10

Hence, if we choose a > 0 such that a = max{oq (1 + g) , 2} we have that v-p €
C’JV’V(e,oz). O

IA

(v - p)wll

In classical proof of McShane and Whitney, we define a family {f;};c; of Lipschitz
functions f; : A — R. Lemma B.0.16 ensures us that inf;c; fi(x) and sup,¢; fi(x), for
each © € A, are Lipschitz functions as well. It is possible to do the same for a family
of intrinsic Lipschitz functions on H". Since V = {exp(tV') |t € R}, it can be identified
with R so that the exponential map induced an order on it. Then it makes sense to
speak about the supremum oder the infimum of a collection of V-valued functions.

In the next lemmas, our goal is to prove the analogous result of Lemma B.0.16.

Definition 2.2.8. Let H" = W -V be as in Assumption 2.2.7 and let {fo}aca be a
collection of V-valued functions

falw) : W — V

fa(w) = exp(pa(w)V),
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where o« W — R. We define infoeq fo : W —V as
inf fo(w) := exp <Sfe‘£ Pa(w) V) :

for all w € W such that inf,c4 o (w) is finite.
Analogously, we define sup,cq fo : W —V as

Sup fu(w) = exp (sup o) V) .
acA acA

In the same way, we define max{ fa, fs} and min{fa, f5}.

Notation 2.2.1. Let f : W — V be a continuous function such that f(w) = exp(p(w) V),
for ¢ : W — R. We define the subgraph of f and the supergraph of f, respectively,

E7(f) = E; = {w-exp(tV)|w e W, t < p(w)}
E*(f)

Ef = A{w-exp(tV)|w e W, t > p(w)}.

Notice that we can consider E_JT and E_}r just taking also equalities in the two sets.
Remark 2.2.9. Let {f,}aca be a family of V-valued functions. it is clear that
— . . — + . . +
E (;Ielgfa) = gEfa and F (;nga) = LGJAEfa.

In the next lemma we prove a characterization for 1-codimensional graphs of intrinsic

Lipschitz functions:

Lemma 2.2.11. Let H® = W -V be as in Assumption 2.2.7. Then f : W — V,
f(w) :=exp(p(w) V), where ¢ : W — R, is intrinsic L-Lipschitz, if and only if, for all
wew,

Cawv <w : f(w),%) C E_]T and Cyy (w : f(w),%) C E_]?

Proof. The first implication is trivial. Indeed, if we assume that f is intrinsic L-Lipschitz,

then, by definition, for all w € W and 0 < a < 1,

Cwy (w- f(w), @) N graph(f) = {w - f(w)}.
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We prove the converse implication by contradiction: let w € W and ¢ > p(w) € R
be such that

w-exp(tV) € Cyy (0 - f(w),a) N E;. (2.16)
Then again, for all £ > ¢
exp(tV) € Cyy (- f(),a).

In particular,

W - exp(tV) € Cyy (0 - f(w), )
and this contradicts (2.16). O

Lemma 2.2.12. Let H" = W -V be as in Assumption 2.2.7. Let fo, fs : W — V be
intrinsic L-Lipschitz functions. Then there exists a constant Ly = Lo(L, W, V) > L such
that g :== max{f., fz} is intrinsic Ly-Lipschitz.

Proof. Let w € W be fixed. We apply Lemma 2.2.10, with a; = % and Ly := O% to have

Cav (w - g(w), LLQ) C E_JTQ and  Cyy (w -g(w), Lig) C E_};.
Hence, by Remark 2.2.9,
. 1 5T N BT - BT
Cywy <w-g(w>,L—2> C E; NE; = Ef,
which, by Lemma 2.2.11, implies that ¢ is intrinsic Ls-Lipschitz. [

Proposition 2.2.13. Let H* = W-V be as in Assumption 2.2.7. Let { fo}aca be a collec-
tion of intrinsic L-Lipschitz functions. Then, there exists a constant Ly = Lo(L, W, V) >
L such that

f = inf fo
is f = —o0 or [ is defined on all W and it is intrinsic Lo-Lipschitz.

Proof. Using Remark 2.2.4, we can prove the assertion showing that, for w,n € W,

[fw)™ - fm)|| < Lo || fw)™ - w™ - n - fw)]].
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Let w and n € W be fixed, and let € € RT. We choose a = «a(e) and 5 = f(¢) € A such
that

[fa(w)™" - fw)|| <& and |[[fs()™" - fO)]| < e
Notice also that it is always possible to choose such an o and 3, because of the definition
of infimum.

Now, define g := max{ f,, fs}, and observe that, from Lemma 2.2.12, ¢ is intrinsic

Lo-Lipschitz. Moreover, g is such that

lg™ (w) - f(w)l < e and |lgn)~" - fF()] < e

Hence,
Lf ()" fF@)ll = [1f(w)™" - g(w) - g(w)™" - g(n) - g(m)~" - fF(n)]
< |[fw)™" - glw)]| + Hg( )"H )+ llg(w)™ - g()]
< 2e + Lolg(w)™ - w™ - g(w)
= 2¢e + Loflg(w)™" - f(w) - flw)™ - w™ - flw) - flw)™h - g(w)]
< 2e+ 2eLly + Ly f(w)™ - wt o fw)].
Choosing ¢ small enough, one has the assertion. ]

We are now ready to give the proof of the Extension Theorem:

Theorem 2.2.14. Let H" = W -V be as in Assumption 2.2.7. Let B be a Borel subset
of W and f : B — V be an intrinsic L-Lipschitz function. Then there are f : W — V
and a constant Ly = L3(L,W,V) > L such that

(i) f is intrinsic Ls-Lipschitz;
(i) f(w) = f(w), for allw € B.
Proof. Let w € B. We define

OLa - W — Vv
w— f(0) o (f(@)™ o0 w- f(w)),
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where ¢ is the function defined in Lemma 2.2.9. We notice that

eph(prs) = 9C3 (10 f(@). 7 ) (217

We can write, for real valued functions
Vg : W — R and ¢ : B — V,
that
prao(w) = exp(Pp(w) - V) and f(w) = exp(p(w) - V).
Since, on B, ¢4 = f, one has that
Ye(w) = p(w), forall w e B. (2.18)
Let us define f: W — V as
flw) = inf opa(W),

for all w € W.

From Lemma 2.2.9, we know that ¢y, 4 is intrinsic Lo-Lipschitz for all w € B, where
Ly is the constant defined in Lemma 2.2.9. Therefore, by Proposition 2.2.13, one has
that f is intrinsic Lo-Lipschitz.

Our aim, now, is to show that f(w) = f(w) for all w € B. Given (2.18), it is sufficient
to show, for a fixes w € B, that

Va(w) = p(w),
for all w € C. Now, f is intrinsic L-Lipschitz, then, since t — exp(tV) is an isometry,

[ p(w) = Da(w) | = [¢(w) — p()|
= [f(@)" - fw)]

< Lflf(@) " a - w- f(w)].
On the other hand, from (2.17),

|V (w) = da(w)| = |lpra(w)
(@)
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Hence,

which is exactly what we wanted. O]

We aim to conclude this Section by proving that subgraphs of intrinsic Lipschitz

functions are sets of locally finite H-perimeter. We start with a useful characterization:

Theorem 2.2.15. Let €2 be an open subset of H".
(i) If Sffl(aﬂ) is locally finite in H, then 2 has locally finite H-perimeter;
(i) if SY71(0N) < oo, then there exists a positive geometric constant ¢ > 0 such that

090y < ¢S9O

Proof. We divide the proof in three steps.
Step 1. First, suppose that 2 is bounded and 85271(69) < 00. We have to show
that |0Qm(H") < co. Let ¢ € RT, we can cover 02 with open metric balls {U; . }jen,

with radius r;. < ¢, such that

Zr?_l < eS¢ O0) = ¢ < .

,€
jEN

Setting S, := UjeN Uj. and Q. := QN S, we have
Q. — Q in L' as ¢ — 0. (2.19)

Indeed,

£2n+1 (QEAQ> — £2n+1 (Qe \ Q)
£2n+1(S€)

2n+2
¢ Z Tje

jeN

IN

IN

IN

CEe.

Claim. The following inequality holds

|09 [ (H") < ¢[d5|u(H"). (2.20)
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Assuming the Claim true, the proof of this first step follows from (2.19) and by the

L'-lower semicontinuity of the perimeter, since

OS] (H") < > |0U;|u(H")

jeN

2n+1
<ec) it

JeEN

< ¢ < .

Step 2. Let us prove the Claim. First observe that 0Q, C Q¢, dist(9€2.,Q) > 0 and
Q. N Q°. Therefore,

|0Qe|m(H") = [09Q:[m(2°) = [0(Q N Q)[a(Q°)
= [0(8: N Q)|u(Q) = |0S:[m(2°)

Step 3. We drop now the assumption of the boundedness of €2. Let U be a fixed
open ball, such that 9Q N U # 0 and S (02N U) < co. Now, since S7"(U) < oo,

we have

S OUNQ)) < S3HOU U (00N T))
< S2HQU) + SO NT) < oo

Thus, from Step 1, it follows that
0(UNQ)|m(H") < oo,

and consequently

]

Theorem 2.2.16. Let H" = W-V be as in Assumption 2.2.7. If f : W — V is intrinsic
Lipschitz, then the subgraph E is a set with locally finite H-perimeter.
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Proof. By Proposition 2.2.6, it follows that Sg”“(@E;) is locally finite in H". Therefore,

statement (i) in Theorem 2.2.15 implies the assertion. O

Proposition 2.2.17. Let Q be an open set in H". If U is an open ball such that 0QNU

15 an intrinsic Lipschitz graph, then
10Q|u(U) = ¢S (0QNU). (2.21)

Proof. If 92N U is an intrinsic Lipschitz graph, then its measure theoretic boundary in
U coincides with 9Q2NU (this fact follows simply from the definition of intrinsic Lipschitz
graph and from Definition 1.5.6). Proposition 1.5.7 implies directly (2.21). ]

2.2.2 Intrinsic Differentiable Graphs and a Rademacher type
Theorem
Following again [18], in this subsection we aim to apply ourselves to the proof of a
Rademacher type results for intrinsic Lipschitz maps. First, we need a notion of differ-
entiability which is dependent only of the group structure: the intrinsic differentiability.

As usual, differentiability is connected to the existence of approximating linear func-

tions. Hence, we start with the definition of intrinsic linear functions.

Definition 2.2.10. Let H" = Gy - Gy be a semidirect product of homogeneous subgroups.

We say that L : Gy — Go is an intrinsic linear function if

graph(L) := {g-L(g)|g € G}
is a homogeneous subgroup of H™.

Remark 2.2.11. We point out that graph(L) is a closed set and that intrinsic linear
functions are continuous functions from G; to Gs.
Once more, if we assume that H" = W -V is as in Proposition 1.4.4, we have different

characterizations depending if the intinsic linear map L is defined on V or on W.

Proposition 2.2.18. Let H" =W -V be as in Proposition 1.4.4. Then

(i) L:V — W is intrinsic linear if and only if the parametric map ®; : V. — H",
Q(g) =g f(g), is H-linear.
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(ii) L: W — V is intrinsic linear if and only if L is H-linear.
Proof. See [1], Proposition 3.26. O

In the following example, again taken from [1], we highlight that it is really necessary,

in Proposition 2.2.18, to distinguish the two cases:

Ezample 2.2.3. Let H! = W -V be as in Example 2.2.1, and let a € R be fixed. The
function L : V — W, define as

L((x,0,0)) = (O,ax,—%ﬁ),

is intrinsic linear. To prove this it is enough to show that graph(L) is a homogeneous
subgroup of H*.
Let (v1,0,0) € V. Then

2
ao 1.
= | V1, G0y, 51)1 — 5 (avl)

= (vy,avy,0).

(01,0,0) - L ((01,0,0)) = (v1,0,0) - (Owl,_a_v%)

Hence, graph(L) = {(¢,at,0) |t € R}, which is clearly a horizontal 1-dimensional sub-
group of H'. On the contrary, L is not a group homomorphism from V to W.

Analogously, the function L : W — V| defined as

L((0,y,t)) = (ay,0,0),

is intrinsic linear. Indeed, graph(L) = {(at,t,s)|t,s € R}, which is a vertical subgroup

of H' of dimension 2. But the parametric function ®; : W — V acts as

a
(DL ((07y7t)) = (ayvyat - 592) ;

and, consequently, it is not a group homomorphism from W to H*.

Definition 2.2.12. Let H" = G - Gy be a semidirect product and f : £ C G — Gg,
with € an open subset of Gy. For p:= g- f(g), we consider the translated function fz—
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defined on E;-1. We say that f is intrinsic differentiable in g € & if there exists an

intrinsic linear map

dgf : Gl — GQ

such that, for all g € €51,

. ldgf(9)~" - fo-1(9)ll

= 0. 2.22
llgl|—0 9]l (2.22)

The map dgf is called the intrinsic differential of f in g.

Remark 2.2.13. Intrinsic differentiablity is invariant by left translations of the graph.
Indeed, let g3 = g1+ f(g1) and ¢2 = g2~ f(g2) € graph(f). Now, f is intrinsic differentiable
in g; € Gy if and only if fq1-1 is intrinsic differentiable in e. Consequently, f is intrinsic
differentiable in g; if and only if £, gt = ( f q1_1>q2 is intrinsic differentiable in gs.

Intrinsic differentiable functions, within H"™, can be characterized in the following

algebraic way.
Proposition 2.2.19. Let H" =W -V be as in Proposition 1.4.4. Then,

(i) f: & CV — W in intrinsic differentiable in g € £ if and only if the parametric
function ®; : £ — H" is P-differentiable in g;

(ii) f: &€ C W — V is intrinsic differentiable in g € £ if and only if there is an
intrinsic linear map dgf : W — 'V such that

ldef@-9)" - f@ " f@)]| =o(lf@ -39 f@)]),

forge & and || f(G)~" 7" -9 f(@ — 0.

Remark 2.2.14. We should stress that, by assumption, V is a horizontal subgroup of H".
This implies, in particular, that V is isomorphic and isometric to R* (Proposition 1.4.3
on page 24). Therefore, V is a Carnot group and it makes sense to speak about P-

differentiability in (i).

Proof of Proposition 2.2.19. We start with case (i) and assume that f is intrinsic differen-
tiable in g with intrinsic differential d;f. By Proposition 2.2.18, the map g — g-d;f(g)
is a homogeneous homomorphism from V to H". We define d;® : V. — H" as follows

dz®s(g) == g-dzf(g).
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Notice that, by Proposition 2.1.3 and using the same notations introduced in Definition
2.2.12,

dgf ()" fpr(n) = dgf ()™ ™" f(@)" - f(g-m).
Therefore, setting g := g - n, we get
dgf(@" - 9) f (57 9) = dgf(g - 9) (379 f@7 5 g flo)
= dg@p(5 - g) " Dp(5) " Ps(g).
Hence, the intrinsic differentiability of f implies
[dg®s(g~" - g) " - Ds(g @] =
= IIdgf 9’1~9> fr(g™ 9
=o(llg7" -4l

as [|g7 - g — 0.
Vice versa, assume that ® is P-differentiable in §. By definition of P-differentiability,
we have that d;®; : V — H" is a homogeneous homomorphism.

We claim that
dg®s(g) = g+ Lyg(9), (2.23)
for some intrinsic linear map Ly;: V — W.

Once (2.23) is proved, defining Ly ; as the intrinsic differential of f at g, we have that

o(llg™ - gll) = [dsg®s(g"-9)" ‘I’f@f1 ' q)f(g)H
= |ldgf(a" - 9)" - fm (37" - 9|
the intrinsic differentiability of f in g.
Let us prove (2.23). By definition of P-differentiability and by Proposition 1.4.5,
components along V and W of d;®;(g'-g) ™' - @4(g)~' - ®¢(g) have to be o(||g~" - g]|).

In particular,
o(lg - gll) = [[(ds®(g " 9) v+ (24(9)3" - (@5(9)]
= [I(ds®s(3" - 9) w5 g

Hence, since (dz®y)y, is a linear map from V, identified with R¥, to itself, we get that

(dgq)f)v = Iv,
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which provides (2.23).
We prove, now, case (ii). by Proposition 2.1.2, for each n € W, we have

dgf ()" fpr(n) = dgf)™ - @7 f (- f@) - f@)7).
Let g=g-f(g)-n- f(g)~". Then
daf ()~ f@) " @) (- f@) 0 f@)") =
= d;f (@59 F@) @7 S9)
= dgf(g™" - 9)7" - F(@) - flo),
where the last inequality follows because d;f is a homogeneous homomorphism and V

ia an Abelian subgroup.

Now, assume that f is intrinsic differentiable. Then

[dgf ()™ fy=r ()] = o lInl]).

for ||n|] — 0. This implies that

o(lf@"-at-g-f@|) = |dgfm)" - f(n)]]
= ||dgf(g"-9)7 - F(@) " F9)]],
for || f(g)~t-g7'-g- f(g)]] — 0. Analogously one can prove the converse. O

Once more following [18], our aim, now, is to study more geometric feature for intrinsic
differentiability. Next theorem provides us two characterizations. The first is in terms
of blow-ups: we approximate the graph of an intrinsic differentiable function f, from a
vertical subgroup W to a horizontal one V, with a vertical subgroup complementary to

V. The second characterization is in terms of intrinsic cones. First, we need the following

Lemma 2.2.20. Let H" = Gy -Gy be a semidirect product. If M is another homogeneous

subgroup such that MM Gy = {e}, then there exists a continuous function
Y g, (M) — Gy

such that Ml = graph(1)).
In particular, if W, V and W', V' are two couples of complementary subgroups as in

Proposition 1.4.4, then there exists an intrinsic linear function ¢ : W — V such that
W = graph(¢).
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Proof. We start by proving that Ilg, : M — Go is injective. Assume that p,p € M
have the same projection on G, that is p =g, - go and p = ¢; - g2. Since M is a group,

pp =gt

- g2 = g3 G2 € MNGy.
Hence p~! - p = e, which implies p = p.

Now, any point p € M can be written as p = Ilg,(p) - llg,(p). Hence, setting
g1 = Ilg, (p) € Ilg, (W), we can define p = gy - ¥(g1), with ¢ = IIg, - (IIg,)”". Clearly
graph(v)) = M, then we have to show that % is a continuous mapping. By Proposition
1.4.2, Tlg, is continuous, then the continuity of 1 follows from the continuity of (ITg,)".

Let {qn fnen C Ilg, (M) be a sequence such that ¢, — ¢ € Ilg, (M), as n — +00. Sup-
pose for the moment that there exists a subsequence (not renamed) of {(HGl)_l (qn)}nGN

such that (Ilg,)”" (g,) — m, for some m € H”. Since M is closed, m € M. Further-

more, by continuity of Ilg,,

an = HG1 o (H(Gu)_l (Qn) — HGl (m)

Hence, § = Ig, (m) and (Ilg,) " (§) = m, which gives the continuity of (Ilg,) "

The proof will be complete if we prove the existence of a convergent subsequence of
{(HG1<Qn))_1}n€N. First, we notice that

(Ilg,) ™" : Mg, (M) — M

is homogeneous, that is (Ilg,) " o dy = dy o (Ilg,) ", for all A > 0.
Now, let us consider ¢,, := H (H@l)*1 (qn) H Striving for a contradiction, suppose that

{¢n }nen is unbounded. Then p,, := 5cgl(qn) —s e and
1) ™ (G (@) || = ezt (M) ™ (a)]] = 1.
Hence, with the same argument as before, we get that
(He,) ™" (01(0n) = 01 (Mg,) ™ () — e,

as n —> +o00. Now we have the required contradiction since H(HG,I)*1 (pn)H = 1, for
each n € N. ]



2.2. INTRINSIC LIPSCHITZ GRAPHS 69

Theorem 2.2.21. Let H" = W -V be as in Proposition 1.4.4 and f : E CW — V, with
E an open subset of W. Let wg € € and gy := wo - f(wy). Then the following statements

are equivalent:
(1) f is intrinsic differentiable in wy € E.

(ii) There exists a vertical subgroup Ty 4., complementary to V, characterized by

lim 6y (go_l . graph(f)) = Ty, (2.24)

A——+o00

3

in the sense of Hausdorff convergence® in compact subsets of H".

(iii) There exists a vertical subgroup T/f,go’ complementary to V, and, for any a > 0,

there exists ro = ro(f, wo, ) > 0, such that
Cry 40,v(90, @) N B(go, 70) N graph(f) = {go}-

Notice that Ty g, =T’ , = graph(d.y, f).

Notation 2.2.2. We call Ty, the tangent subgroup to graph(f) at go.

Proof. We can assume, without loss of generality, that wy = e and f(wy) = go = e.

Indeed, each condition (i), (ii) and (iii) depends on notions which are invariant by left

translations.
First, we prove that (i) implies (iii). Denote by T’ := graph(d.f). Let p € H".
Then
b = Pw Dpv
= pw - (def(pw)) - (def (pw)) " - pv. (2:25)

Moreover, if = - d.f(x) € V, for some z € W, then z € V, implying that x = e. Hence,
T . NV = {e}.

30n the set C of all compact subsets of H”, we define the Hausdorff metric as follows:
dy(E,F) = inf{a ERT|ESCF F°C E}

With this metric, we say that a sequence {K, },en C K converges to K. if dp (Kn, K) — 0, as n— 0.
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Our goal now is to prove
Cr,.v(e,a) N B(e,ro) Ngraph(f) = {e}. (2.26)

We have to show that, for all a > 0, there exists rq = 7o(f,e,) > 0 such that if
0<l|z- f(z)]] <ro, then z- f(z) ¢ CT}E,V(e, «). That is equivalent to prove that if 0 <
|z - f(x)|| < ro, then ‘ Iy (2 f(x))H > a ||lly(z - f(z)]|. By a standard compactness

argument, we know that the geometric constant

c:= inf |z v
veVY
z€W, [|z[|=1
is positive (notice that it depends only on the group structure). Therefore, by homo-
geneity, we can conclude that

1
ol <~ Jlz- vl

for all z € W and for all v € V.
Let o € RT be fixed and choose € =
that, for each ||z| < 4,

Ty (2 f@D] = lldef(z)" - f(2)]

c 1
e < Zlax-d.
< Sllell < o def(@)]

= = I, (o £

Qlo

. By equation (2.22), there exists 6 € R* such

Hence, choosing 7y := ¢, we have (2.26).
Let us prove that (iii) implies (ii). Fix R € R* and choose T, = T’ .. Notice that,

for each € > 0, there exists a positive constant o = a(Ty., V, R, ¢) such that
B(G,R) C (vae)g U C']rf’mv(e,a), (227)

where (T;.)° is an e-neighbourhood of T.. Now, by hypothesis, we know that, for each
a > 0, there exists 7o(a) > 0 such that, for all 0 < r < g

Cr,.v(e,a) N Ble,r) N graph(f) = {e}.
Hence, for all A > %, we have

Cr,.v(e,a) N Ble, R) N 0y (graph(f)) = {e}, (2.28)
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which implies, together with (2.27), that, for all ¢ € RT, there exists A\g = A\o(e,rg,€) > 0
such that, for any A > )y,

B(e, R) N 6x (graph(f)) C (Ty.e)°.

For the converse inclusion, we need to prove that, for all ¢ € RT and R > 0, Ty, N
B(e, R) is contained in an e-neighbourhood of d, (graph(f)), for A > A\o(R, ¢).

By Lemma 2.2.20, we know that there exists a continuous map ¢ : IIw(Ts.) C
W — V such that Ty, = graph(¢)). For simplicity of notation, we set w = (5§ (w),
where p = w - ¢(w). Since £ is an open subset of W, there exists A > 0, which depends
on £ and R but not on point p, such that w € B(e,r) N'W, for all A > A. With this

choice of \, we have
b (w- f(w) = -5, (1 (53(@)))
The preceding observation leads to estimate dist (p, dx(graph(f))):
dist (5, 0 (graph(f)) < d (5, 0 (w - f(w))
= - da(w- f(w)]
= [Jet -t ma (s (5y0) )|
= [[e(@) " - (Fw).

On the other side, from (2.28) and (iii), we know that, for all & > 0 and ry > 0, there
exists A\g = Ao(ro, @) such that, for all A > A,

Cr,.v(e,a) N Ble,ro) N dx (graph(f)) = {e},

which is equivalent, for all A > Ay and for w - f(w) € B(e,ry), to

a- [Ty (8x (w - f)))|| < [[Tr,. (6 (w - f(w)))]|- (2.29)

We calculate explicitly the projections in order to rewrite (2.29):

oa(w - f(w)) = w0z f(w) = w-p(w) ¥(@) "o (f(w)).

-

ETf’e ev

This completes the second part of the proof. Indeed, (2.29) can be rewritten in the form

(@) - 6 f(w)|| < é @ - @) < &

(67
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We come to the last part of the proof: (ii) implies (i). We have to show that there

exists an intrinsic linear function d.f : W — V| such that

[de f(w)™" - f(w)]| = o(Jlw]), (2.30)

as [Jw| — 0. Lemma 2.2.20 asserts that there exists a continuous intrinsic linear
function ¢ : W — V such that Ty, = graph(z)). Then we can choose d. f(w) := ¢ (w),
for all w € W.

Let {wy, }tneny € W be a sequence such that w, # e, for all positive integer n, and
1

w, — e, asn —» 0o0. Let us define A\, := . Then from homogeneity of the distance

llwn I
And (def(wn), f(wn)) = d(dx, (wn) - def (Ox,wn), Ox, (wn - fwn)))
< d (0x, (wa) - def (Ox, (wn) - def (Ox,wn) , n)) (2.31)

+ d(Pa, O, (wn - flwn))),
where we have chosen p, = 1, - def(1,) € Ts. N B(e,2) such that
dist (0, (wn - f(wn)), Tre) = d(ox(wy - f(wn)), pn) -
Now, by assumption,
d (Pn; Ox, (W - f(wn))) = d (1 - de f (1), Ox, (wn - f(wn))) — 0, (2.32)

as n — +o00. Hence, since projections are continuous maps (Proposition 1.4.2) and we
remember that Ilyw(p,) = 0, and Iy (Jy, (w, - f(w,))) ,

d (O, Wn,Mn) — 0 (2.33)
as n —»> +oo. It follows, because of continuity of d. f, that
d(de f(orw), def(nn)) — 0, (2.34)
as n — +o00. Thus, once more from (2.24), (2.33) and (2.34),
d (0, (wn) - de f(Ox,wn), Pn) = d(0x,wy - def(Ox,wn), 1 de f (M) — 0, (2.35)

as n —> +oo. The proof is complete; indeed, from (2.31), together with (2.35) and

(2.31), we get
lim d (def(wn)a f(wn)) _

n—+o0 ||wn||
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We are now ready to proceed to the main result of this section: the Rademacher-type
Theorem. We confine ourselves to discussing the case of 1-codimensional graphs: from
now on, we consider, once again, H" = W -V as in Assumption 2.2.7.

Let f: & C W — V be an intrinsic Lipschitz continuous function, where £ is an
open subset of W. Analogously to the classical case, we aim to prove that f is intrinsic
differentiable almost everywhere in &£.

Let us recall some notations introduced in Section 1.5.

Notation 2.2.3. Let v € by be a fixed horizontal vector field. We define the wvertical

hemispaces Sg (v) and Sg(v) and their common boundary N(v) as

Su(v) =exp({Z €h"| (Z,v) 2 0}),
Su(v) = exp({Z€h"|(Z,v) <0}),
N(v) == exp({Z €| (Z,v) =0}).
Remark 2.2.15. Since {Z € h™| (Z,v) = 0} is a 1-codimensional ideal of b, N(v) is a

1-codimensional normal subgroup of H". Moreover, L(v) := exp{tv |t € R} and N(v)

are complementary subgroups in H".

Proposition 2.2.22. Let H* = W -V be as in Assumption 2.2.7, and let f - W — V
be an intrinsic L-Lipschitz function. Consider also p = w - f(w) € graph(f).
If there exists v € by such that

lim 1<E7>’r’p = 1SH-_E(V) (236)

r—0 f

71
in L,

(H™), where
(E7),, ={e€H"|p-dq€ Ef},
then f s intrinsic differentiable in w.
The proof is a direct consequece of the following lemmas and of Theorem 2.2.21.

Lemma 2.2.23. Under the same assumption of Proposition 2.2.22, there exists an in-

trinsic linear function foo : W — V such that
(i) 010 fod, = f1 —> fo, as 1 — 00, uniformly on compact sets;

(ii) graph(foo) = N(V);
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(i) N(v) and V are complementary subgroup in H".

Proof. For M > 0, we consider F := {fl :Ble, M\)NW — V‘ r> 0}. The collection
F is equibounded. Indeed

Moreover, by Proposition 2.2.5, each element of F is intrinsic L-Lipschitz. This fact

frw)]| = T IFG )l < 5 w)]
— Llw|| < LM.

implies that F is equicontinuous. Indeed, for » > 0, by Remark 2.2.4,

AN

<L‘

@) ww ()|
B - k)

IA

Le (le.wu ¥

< CLM? (1+M%>,

where in the second inequality we applied (2.9).

By Arzela-Ascoli Theorem and a standard diagonal argument, we obtain that there
exists a subsequence {ry}ren, converging to zero as k —» 400, such that f 11— foo
uniformly on compact sets, as k — —+o00. '

Statement (i) will follow from statement (ii), because of definition of intrinsic graph,
which determines uniquely f.. Thus, we need to prove statement (ii). First we show
that

N(v) C graph(f). (2.37)

To do this, we take a point p ¢ graph(f.); for instance, suppose p € E; . We aim to
show that 1 SEw) (p) = 1. Let us consider a ball B, centered at p with radius p > 0, such
that

dist (B, graph(f)) > 0.

Since { fa } is uniformly convergent on compact sets, we can assume that B C EJTU ,
"k ) keN Tk

for k large enough. It follows that lE; = 1, for k large. By (2.36), since E;/ =
1/rg /7y

(Ej?) o we have that 1 Stw) = 1 almost everywhere in B. This implies that 1 SEw) = 1
Tk
on B and hence 1g+(,) = 1. The case p € (Ef_oo)c \ graph(fs) can be handled in the

same way, concluding the proof of (2.37).
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To prove the converse inclusion, we notice that p € graph(fs) is both the limit of
a sequence (pn)nen in By and of a sequence (¢, )nen in (EJTOO)C \ graph(fs). Indeed, if
p=w - f(w), recalling that f(w) = exp (p(w) V), it is enough to choose

Pn = ’u_)~exp(<g0(u7) —%) ~V) and ¢, = W-exp (((,0(11_))4—%) -V>.

On the other hand, we have just shown that E; C Sg(v) and (EJ?OO)C \ graph(fs) C
Sy (v), therefore p € S (v) N Sy (v) = N(v). This complete the proof of statements (i)
and (ii).

Let us prove statement (iii). First we prove that if v € V| then v ¢ graph(f). By

assumption f is intrinsic L-Lipschitz, therefore, if we fix 0 < o < %, then

Cwy(e,a) N graph(f) = {e}.

Hence, since cones are invariant under group dilations ((iii) of Proposition 2.2.2),

Cw.v(e,a) N graph <f%) = {e},

for any r» > 0. This implies that

Cwyv (e, %) N graph(fs) = {e}. (2.38)

Indeed, take a point p = w - f1(w), we have
=1l )
p TI_I)I(I)pr

Now, it is clear that p, € graph ( f;); we can also assume that p, # e, for every r > 0.
Then p, ¢ Cwy(e, a), for any r > 0 From (ii) of Proposition 2.2.2, we can coclude also
that p, ¢ Cwyv (e, %), hence (2.38).

Since v € Cwy (e,%) and v # ¢, v ¢ graph(f), implying that N(v) NV = {e}. This
implies that, in h"

{Zeb"| (Zv) =0} Nnspan{V} = {0}.
Hence, we have necessarily that
b* = {Z eb"| (Z,v) =0} & span{V},

that is exactly what we wanted. O
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Lemma 2.2.24. With the same assumption as in Proposition 2.2.22, for every a > 0,
there exists 6 = 6(a) > 0 such that

graph(f) N B(e,d) N Cypyv(e,a) = {e}. (2.39)

Proof. Let us assume, by contradiction, that (2.39) fails. Then we can find a sequence

Pn i= Wy - f(wy,) € graph(f) N Cne)v(e, o) such that p, # e, for every n € N, but
Pn — €, as n — +00.

For simplicity of notation, we set &, := 0 1 (w,), for every n € N, and we assume,

Twnl

without loss of generality, that £, — &, as n — +o0, with ||| = 1. We have

01 (Pn) = &0 L (f (O (6n))) = & f 1 (&);

lwn | llwr |l llwr |l

hence 6 1 _(pn) € Cn)v(e, a) N graph (fﬁ) Applying Lemma 2.2.23, it follows

TonT
o foo(&) € COnpyv(e, ) Ngraph(fe) = Cnpyvie, o) NN(v) = {e}.
Thus, § € WNV = {e}, which contradicts the fact that ||| = 1. O

Theorem 2.2.25. Let H* = W -V be as in Assumption 2.2.7. Let U C W be an
open subset and f : U — V be an intrinsic Lipschitz function. Then f is intrinsic
differentiable (L*"LW)-a.e. in U.

Proof. First, from Theorem 2.2.14, we can assume that f is intrinsic Lipschitz on all of
W. Now, by Theorem 1.5.5, we know that the reduced boundary

Ogly C OE; = graph(f),
is such that
|0E | (graph(f) \ 0 E;) = |0E; |, (OE; \ 0E;) = 0, (2.40)

and, for every p € 95 £, there exists v = v(p) € by, ||[v(p)|| = 1, the inward unit normal
to £, at p,

. : 1 n

hm 1(E—)T7p — 1551—(1/(17)) m LZOC(H )

r—0 f
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From Proposition 2.2.22, f is intrinsic differentiable at every point w € W such that
w- f(w) € 9L .
The proof is concluded if we show that graph(f)\ 0 E; has (£*"L W)-measure zero.

Since we know that (2.40) holds, it is enough to prove the following Lemma:

Lemma 2.2.26. Under the same assumptions of Theorem 2.2.25, let f : W — V be an
intrinsic Lipschitz function and let @5 : W — H" be the parametric map. Then there

exists a positive constant ¢ = ¢(W, V), such that
(<I>f)ﬁ (EQ”I_W) =c-(v,V) \8E]?\H,4
where v denote the horizontal generalized inward normal to L .

Proof. We are assuming that there exists a vector field V' € b; such that
V = {exp(tV) |t € R}.
Therefore, we can find a non zero vector a = (ay, ..., ag,) such that

W = {p = (p/7p27l+1) S Hn| <CL, p/>R2n = O}

Since a does not vanishes, we can assume, without loss of generality, that a; = 1.

By Theorem 2.2.16, we know that E; has locally finite H-perimeter, then

/ (Vg) dL*™h = / (v, V) gd|OE] |u, (2.41)

!

for all g € Cj(H").
Now, it is avantageous to define a change of variables. Let ® : R?"*! — R27+1 = "

be defined as follows:

@(51,0,...,0) = 5510 eV,

=2

2n
(0,82, ..., 6on11) = <_Zai§i7§2w~7§2n+l> e W,

“We denote by () 4 (52” I_W) the push-forward of the Lebesgue measure restricted to W under the
map Py.
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and such that
(I)(€17 "-7£2n+1) = \D(Oa 627 "'7§2n+1) ' \D(fla 07 [EE) 0)

Explicitly, the components of W can be represented in the form
2n
(€ = —Zaifi + v,
i=1
V(&) = & + &y, for j=2,..,2n,

n n 2n
Uoni1(§) = Song1 — g <—Zfﬂ1n+i + anﬂ'vi + Zaifi) :
i=2 i=1 i=2

Because of our requirements about the decomposition H” = W - V| U is injective.

Furthermore,

TTH(W) = {€eH" & =0},

which should be identified with a subset of R?", and
U0, : R*" — W

is still an injective map. Now, the Jacobian matrix of ¥ is non singular, i.e. ¢;(W,V) :=
det %—‘é" # 0. Indeed,

vy —ay —az - —az, 0
Vg 1 0 0 0

o P L

det — = det = v + a;iv; # 0,

0 L . 00 z;
Von 0 0
* * * *

since v ¢ W.

Using the same notation as above, we denote f(w) = exp (p(w) - V'), with ¢ : W —
R. We also write

A

E; = \Ijil (E;) = {5 € R2n+1 ‘51 <@ <\P<07€27 "'7£2n+1)) } .
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We thus get

/ 9 (go W) dL*! = / (V g) o WdL+
E; 06 o

! | (2.42)

= —— VgdL*t
QWNLL !

On the other hand, using Coarea Formula, we obtain
/ 9 (go W) dL*t! = / go®poWdL™, (2.43)
7 06 (61=0}
If we combine this with Theorem 1.19, on page 16, of [30], we see that

/ngd ((®yoW(0,-) (LLW)) = /{g :O}g o®roW(0,-)dL*™.

Now, we apply classical Area Formulaefor linear maps: there exists a positive constant
c2(W) such that, for all g € C§(H"),

/ go®(0,-)dL = CQ(W)/ go®sd (LLW).
{&1=0} W
Therefore, by (2.42) and (2.43), we obtain

/ngd <(<I>f)ﬁ (L2n|_W)) = ¢(W,V) / (v, V) gd|8E;|H,

n

for all g € CJ(H™). This completes the proof. O
Corollary 2.2.27. Under the same assumptions of Lemma 2.2.26, we have
(£"LW) (W\ Iy (0" E})) = 0.
Proof. We apply the previous Lemma. We can write, using again Theorem 1.40 of [30],
(ﬁmwﬂwumw@»:/“ d(emiw)
W\Iy (9" E;)
_ / d(@)), (L7 LW)
H\0* B
= ¢(W,V) / (v, V) d|0E;|m = 0,
H\0* By

because [0E [ (H™ \ a*E;) = 0. O
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Chapter 3

Intrinsic Lipschitz Domains and

Applications

In this Chapter we study intrinsic Lipschitz domains, which are connected open
subsets of H" whose boundaries are locally graphs of intrinsic Lipschitz maps. The main
point of the chapter is the proof of the fact that intrinsic Lipschitz domains are uniform
domains. In our setting being a uniform domain means to be a Boman domain. This fact
is of considerable importance because this condition plays a key role in proving theorems
of classical Functional Analysis and, more precisely, in Potential Theory.

In the first Section we study some particular domains in general metric space. In
the second Section we prove that intrinsic Lipschitz domains are uniform and we study
some properties which follows from this fact. Then we conclude the Chapter with an
application concerning the regularity of intrinsic Lipschitz domains for the Dirichlet

problem.

3.1 Geometry of Domains

We start by fixing our setting: from now on (if it is not differently specified) we

assume that (M, d) is a general metric space.

Definition 3.1.1. We say that a metric space (M,d) is with geodesics if, for every

couple of points x,y € M, there ezists a continuous rectifiable curve 7 : [0,t] — M such

81
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that v(0) = x and v(t) = y and length(vy) = d(z,y).

In this Section we investigate some properties of domains in general metric spaces.
Together with the definitions of different classes of domains, we state also some relations
between them. To follow our presentation, it could be useful to keep in mind the diagram
in Figure 3.1 on the facing page.

Let us introduce some basic properties used in definitions we will give.

Definition 3.1.2. Let Q0 C M be a bounded open set and let « > 1. A sequence of balls
By, By, ..., B C Q) is an a-Harnack chain of € if

(1) BZ N Bi—l 7é @, fOT’ all 1 = 1, cees k’,’
(ii) every ball B; is a-non tangetial in €, i.e.

1

Definition 3.1.3. Let Q2 C M be a bounded open set. We say that Q2 satisfies the Harnack
chain condition if, for every ¢ € R and x,y € Q with dist (x,00Q) > ¢, dist (y,0Q) > ¢
and d(z,y) < Ce for some C > 0, there exists, for « > 1, an a-Harnack chain joining x
to y with length k = k(e).

Definition 3.1.4. Let E C M be a general subset. We say that E satisfies the interior
corkscrew condition (exterior corkscrew condition) if there exist 1o > 0 and k > 1 such
that, for everyr €]0,1¢] and x € OF, there isy € E (y € M \ E) for which the following
two inequalities hold

% < dist (y,0F) and d(x,y) < r.

As already announced in the introduction to the Chapter, these definitions play
a significant role in Potential Theory. For example, the exterior corkscrew condition
(see Definition 3.1.4) implies that the domain is regular for the Dirichlet problem (via
the Wiener criterion). Another application in this kind of theory is the following: the
Harnack chain condition (Definition 3.1.3) is used to compare values of positive harmonic

functions at different points.

Definition 3.1.5. Let 2 C M be a bounded open set. We say that €2 is a non tangentially
accessible domain, NTA domain for short, if there exist ro > 0 and k > 1 such that
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)

Boman domain <« Weak John domain
(2)
©)
Corkscrew -— John domain
condition

|

Wealk Un}form —>(4) Uniform domain
domain
Lipschitz domain —— NTA domain

T

Smooth domain

Figure 3.1: (1) If (2, d) is a doubling space; (2) If (€2, d) is a doubling space with geodesics;
(3) If (2, d) is a doubling space with geodesics; (4) If (€2, d, i) is an Ahlfors-regular metric

space with geodesics.
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(1)  satisfies the corkscrew conditions;
(ii) §2 satisfies the Harnack chain condition.

Let us consider a little example taken from [6], where the reader could find also more
details.

FExample 3.1.1. We aim to give an example of a domain which is not a NTA domain. In

H*, endowed with the Carnot-Carathéodory metric, we consider an Euclidean cone
C = {(wy) e B | 22+ 42} <at},

for some fixed o > 0.
The domain C' does not satisfy the interior corkscrew condition near the vertex, hence
it is not an NTA domain. Let us prove this fact. By contradiction, assume that there

exist o > 0 and k > 1 such that, for r €]0, r|, there is yo € C' which satisfies
(i) dist(yo,0) < 7
(i) d(yo,0C) > 1.

By (i), we have that yo € B(0,r), therefore

2
Mr(yo) < =r?t
T
Let us take an horizontal subunit segment ~ from yy to T and continue until it meets
0C. Let y; be the point of 9C' N ~. It is well known that horizontal segments are

geodesics, then

2
d(y(bac) S d(yO:yl) S 1ength(7) S Oé;?"z,

and this contradicts (ii).
The class of NTA domains has been introduced by Jerison and Kenig in [25]. This
class, which provides a generalization of several properties of Lipschitz domains, is a

subset of the class of uniform domain. Uniform domains in Euclidean space R", for
n > 2, were introduced by Martio and Sarvas ([29]) and Jones ([27]).

!Compare with Appendix C.
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Definition 3.1.6. Let Q@ C M be a (bounded) connected open set. We say that Q is
a uniform domain if there exists ¢ € R such that, for every x,y € Q, there exists a

continuous curve 7y : [0, 1] — Q, joining x to y, with
1
€

and, for every t € [0,1],

dist (v(t),9Q) > min {1ength(%[0,t]),1ength(mu)}. (3.2)

Remark 3.1.7. Let us suppose that M = R" and d is the Euclidean metric. Roughly
speaking, a domain 2 C R" is uniform if each couple of points x,y € ) can be joined
by a cigar which is not too thin (condition (3.2)) or too crooked (condition (3.1)). The
reader might want to compare this approach with [38].

An example of a domain in R? which is not a uniform domain is
Q =R\ {(z,0) eR*| . <0}.

In this case the cigars are too crooked.

Remark 3.1.8. If conditions (3.1) and (3.2) hold for every x,y € §2 such that d(x,y) <9,

for some § > 0, then we say that Q is an (e, §)-domain.

For completeness of exposition, we now introduce also the definition of weak uniform

domain.

Definition 3.1.9. Let Q C M be a (bounded) connected open set. We say that § is a
weak uniform domain if there exists € € RT such that, for every x,y € Q, there exists a

continuous curve 7y : [0, 1] — Q, joining x to y, with
) 1
diam(vy) < B d(z,vy), (3.3)
and, for every t € [0, 1],

dist (y(t),0) > emin {diam(y‘[oyt]), diam(vht‘l})} . (3.4)
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Remark 3.1.10. It could be interesting to notice that, if we assume that (M,d) is an
Ahlfors-regular? metric space with geodesics, then a weak uniform domain Q C M is

also a uniform domain.

Let us consider a pair of properties of uniform domains. For the detailed proofs we
refer the reader to [34].

Lemma 3.1.1. Let Q C M be a bounded open set and let 0 < r < diam(Q2). If, for
every z € 02 and for every x,y € QN B(z,1), there exists a continuous rectifiable curve
v : [0,1] — Q, joining x to y, such that (3.1) and (3.2) hold for some ¢ € R*, which

does not depend on z, then 2 is a uniform domain.

Proposition 3.1.2. Let us assume that there exists 0 < 6 < 2 such that, for every
x € M and r > 0, diam (B(z,r)) > dr. If Q C M is a uniform domain, then it is a

Harnack domain.

We now recall the basic definition and some general results concerning John domains,
which have been introduced by John in [26].

Definition 3.1.11. Let Q C M be a bounded open set. We say that 2 is a John domain
if there exists xg €  and C > 0 such that, for every x € §Q, there exists a continuous

and rectifiable curve 7y : [0,1] — Q, joining x to xg, such that
dist(y(t),€2) > C'length(y)0,), (3.5)

for all t € [0, 1].

Remark 3.1.12. Notice that we can assume that the curve v is parametrized by arc

length. In this case, (3.5) can be rewritten as

dist(~(t),00) > C't.

2 A measure metric space (M, d, 11), where 1 is a Borel measure, is Ahlfors-reqular if there exist Q > 0

and « > 0 such that, for every x € M and r > 0,

—r? < u(B(z,r) < ar?.
«
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Example 3.1.2. A simple example of John domains is provided by metric balls of a metric
space with geodesics. Another example of a John domain is given by the interior of Von

Koch’s snow flake.
Analogously to Uniform domain, also for John domains we have a weaker definition:
Definition 3.1.13. Let 2 C M be a bounded open set. We say that €2 is a weak John

domain if there exists xqg € Q and 0 < C' < 1 such that, for every x € €1, there exists a

continuous curve 7y : [0, 1] — €, joining x to xo, such that
dist(3(t),2) > Cd(x(t),x), (3.6)

for all t € ]0,1].

Remark 3.1.14. Notice that this definition is weaker than the John domain’s one in the
following sense: we do not require that ~ is rectifiable, but we connect the points simply

with continuous curves.

Ezample 3.1.3. Let (M,d) be a bounded arcwise connected metric space. If we take
2 = M, then Q is a weak John domain; indeed (3.6) is satisfied for any curve joining x

to xo.

Remark 3.1.15. Each John domain satisfies the interior corkscrew condition.
Indeed, let €2 C M be a John domain and choose zy € 9€2. From the definition of
John domain, we know that for every x € () there is a continuous and rectifiable curve

v : [0, 1] — €2 such that v(0) = xo, 7(1) = = and
dist(y(¢),02) > C't.

This means that we can choose t, € [0,1], and denote y := y(ty), so that
dist(y, 0Q2) > C'to.

Moreover, d(xg,y) < to, because - is rectifiable.
John domains and weak John domains are strictly connected, as we can see in the

following

Theorem 3.1.3. Let us assume that (M,d) is a doubling metric space with geodesics.

Then Q@ C M is a John domain if and only if it is a weak John domain.
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We conclude this Section by introducing the notion of Boman domain. We will
discover that, under extra hypothesis, the definition of John domain is equivalent to
that of Boman domain. The proof of this fact was originally given in [4]. The reader
could find the detailed proof also in [19].

Definition 3.1.16. Let Q0 C M be an open set. We say that 2 is a Boman domain if
there exist a covering with balls F = {B;},.; of Q and constants N > 1, A\ > 1 andv > 1
such that

(i) AB C Q, for every B € F;

(i) Y perxap(x) < N, for every x € §;

(iii) there exists By € F such that, for any B € F, there exists By, ..., By such that
By = B, pu(B1 N Biy1) > ~max {u(B;), w(Biy1)} and B CvB;, for alli =1, ..., k.

Remark 3.1.17. Condition (ii) of the previous definition says that each point x € € is
covered by, at most, a fixed number N of dilated balls of . On the other hand, third
condition means (roughly speaking) the following: if we start from a fixed region of Q
covered by a ball By € F, then we can reach each point in €2 with a finite sequence of

balls which are comparable one to each other.

Remark 3.1.18. In Definition 3.1.16, we can skip the requirement of boundedness for the
domain 2 saying that 2 C M (unbounded) is a Boman domain if 2 = U;en$;, with
Q; C Q11 and ; is a bounded Boman domain, for all 7 € N.

Theorem 3.1.4. Let us assume that (M,d, ) is a doubling metric space. Let Q C M

be a proper subset. If ) is a weak John domain, then it is a Boman domain.

Theorem 3.1.5. Let (M,d, ) be a doubling metric space with geodesics. If Q C M is

a Boman domain, then it is a John domain.

Remark 3.1.19. Summarizing, in a doubling metric space with geodesics (M, d, i), being

a John domain is equivalent to being a Boman domain.
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3.2 Intrinsic Lipschitz Domain

In this section we aim to apply results of Section 3.1 in order to prove that a bounded
domain with intrinsic Lipschitz boundary is a uniform domain.

We immediately start by giving the definition of intrinsic Lipschitz domain. It could
be interesting to compare this definition to the classic definition of Lipschitz domain; we

refer the reader to the Definition on page 127 of [8].

Definition 3.2.1. Let Q) be a bounded domain of H". We say that €2 is an intrinsic
Lipschitz domain if, for each z € 052, we can choose a decomposition H" = W -V as in

Assumption 2.2.7, an intrinsic Lipschitz map f: & CW — V, with £ an open set in
W, and ro € R* such that

QNU(z,m) = Ey NU(2,70). (3.7)

We recall that
E; = {w-exp(tV)|w e W, t < p(w) },

where f(w) = exp(p(w)V), for ¢ : W — R.

In different words, an intrinsic Lipschitz domain is an open, connected and bounded
set in H", whose boundary is locally the graph of an intrinsic Lipschitz map.

We can start with the proof that an intrinsic Lipschitz domain €2 is a uniform domain.
To do that, we will use a characterization proved in [40]. We report here the results in
which we are interested.

Let us denote, as in first Chapter, X := (X, ..., X},,) the vector fields which generate
h™, the Lie algebra of the Heisenberg group H". Roughly speaking, we define an X-
Lipschitz domain as a domain whose boundary is locally the zero set of a metric Lipschitz

function® which takes value in R.

3Let (R™, d) be a CC-space associated with a family of locally Lipschitz vector fields X = (X7, ..., X,,).
A function f:R™ — R is metric L-Lipschitz if , for all z,y € R",

|f(x) = f(y)| < Ld(z,y).
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Definition 3.2.2. Let 2 C H" be a bounded open set. We say that € is an X-Lipschitz
domain if, for each z € 0X), there exists a neighbourhood of z, say U, a metric L-Lipschitz

function F: U — R and an index j € {1,...,m} such that
(i) QNU ={z€U|F(x) >0} orQNU = {z € U|F(x) <0};
(i) there exists a positive constant | such that X;F > 1, L"-a.e. on U.

Theorem 3.2.1. A set 2 C H" is an X-Lipschitz domain if and only if it is an intrinsic
Lipschitz domain according to Definition 3.2.1.

The proof of this Theorem, given in [40], follows directly from the subsequent result,

which we report here for completeness of exposition.

Proposition 3.2.2. Let S C G be a hypersurface in a Carnot group G. The following

two statements are equivalent:

(i) for any z € S there exist an open neighbourhood U C G, a Lipschitz function
F:U — R and a positive constant | such that

SNU = {x€U|F(x) =0}
and X1 F > 1, L"-a.e. on U.

(ii) for any z € S, there exist an open set E C W, a, b € R and an intrinsic Lipschitz
map ¢ : € —]a,b[C V such that z € U := E-|a,b] and SNU = @,(&), where P,

is the parametrization map ®,(2) = z - p(z).

Theorem 3.2.3. Let 2 C H" be an intrinsic Lipschitz domain. Then ) is a uniform

domain.*

Before giving the proof, we recall a result concerning metric Lipschitz continuous
functions over CC-spaces. We give the general statement, for the proof we refer to
[34]. The reader is invited to notice that our setting (the Heisenberg group with the

CC-metric) is included in the one of the theorem.

4In order to define Uniform domain (Definition 3.1.6), we just need a metric space. So, for our

setting, it does not matter if the metric is the CC-metric or another homogeneous one.
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Theorem 3.2.4. Let (R",d) be a CC-space associated with a family of locally Lipschitz
continuous vector fields X = (X, ..., X;). Let us assume that the metric d is continuous
with respect to the Fuclidean topology. If f : R™ — R is a metric L-Lipschitz func-
tion, then the derivatives X;f, j = 1,...,m, exist in distributional sense, are measurable
functions and | X; f(x)| < L for a.e. x € R™.

Proof of Theorem 3.2.3. Let z € 0f) be fixed. From Theorem 3.2.1, we know that there
exist an open neighbourhood U of z and a metric L-Lipschitz function F : U C H" — R

such that, using the same notations as in the Theorem, X F' > | L™-a.e. on U, for some
X e {Xy,...., X}, and

NNU ={zecU| Flx)=0},

QNU ={zeU| F(x)<0}.
Let x,y € QN U. We shall construct a rectifiable curve I' : [0,1] — H" such that
properties (3.1) and (3.2) are satisfied. We divide the proof in a number of small steps.

Step 1. Let R > 0 be such that the ball B(z,2R) is entirely contained in the open
neighbourhood U of z. Let p € B(z, R/2) N Q. If ¢ €]0, R/2][, then

p-exp(tX) € B(z, R).
Indeed, since the exponential map is an isometry along horizontal directions,

d(p-exp(tX),z) < d(p-exp(tX),p) +d(p, z)

R
<t+5<R

Step 2. Let again p € B(z, R/2) N and consider a point ¢ € 02 which realizes
the distance of p from 0%, i.e. d(p,q) = dist(p,9). We take o : [0,1] — H" to be a
geodesic joining p and ¢. If € € ([0, 1]), then

(€, z) < d(&,p) +d(p, 2)
< d(p,q) +d(p, 2)
<2d(p,z) < R.

This chain of inequalities implies that the support of o is entirely contained in B(z, R).
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Step 3. The idea now is to use the function F' to measure how points inside €2 are
far from the boundary. To do this, we remember that, along the integral curve of X, F'

is monotone. First, since F' is metric L-Lipschitz continuous, we can write

|[F(p)| = |F(p) — F(g)| < Ld(p,q)

— Ldist(p, 0). (38)

On the other hand, let us assume that p € B(z,eR) N {2, for some e €]0,1/2[. We aim
to prove that
[F(p)| > ldist(p,09). (3.9)

Being a metric L-Lipschitz function, F' is continuous. On the contrary, we need to
handle with regular functions, so we approximate F' using mollifiers of Section 1.6. From

Proposition 1.6.3, combined with Theorem 3.2.4, we can extimate, for z € B(z, R),

X(n.  F)() = /B ) (XP@ g

> l/ - (z-q7") dh(q)
B(z,e)
> 1.

Notice that the first inequality holds because we are taking the integral over the ball
B(x,¢), which is entirely contained in B(z,2R) C U. Now, using Proposition 1.6.1, we
can write, for ¢ €]0,1/2],

F(p-exp(tX)) = Fp) = lim [(n. x F)(p - exp(tX)) — (n- * F)(p)]

= lim | X(n.* F)(p-exp(sX))ds

e—0 0

> lt.

Therefore,

F(p-exp(tX)) > it + F(p)

> lt+ min F.
ONB(z,eR)

By this inequality, since F'(z) = 0, we can choose ¢ € R* such that

R .
[—4+ min > 0.
3 QNB(z,eR)
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So, from Intermediate Value Theorem, there exists ¢, €]0, R/3[ such that
p-exp(t,X) € 0N.

Now, dist(p,092) < d(p,p - exp(t,X)) < t,; hence, if p € B(z,eR) N2, using the same
technique as above, together with the result in Step 2, we conclude
—F(p) = F(p-exp(t,X)) — F(p)
> [t, > ldist(p,09).

Step 4. We construct the rectifiable curve needed to prove the Theorem. We want
to use Lemma 3.1.1. Let us assume that x,y € B(z,d), where § < eR. We denote d :=
d(z,y), 2’ := z-exp(—dMX) and y' := y-exp(—dM X), for some constant 0 < M < R/4
to be determined. We construct the following curve

x - exp(—tM X)), t € [0,dM],
I'(t) = < v(t), t € [dM,dM + d(z',y")], (3.10)

y-exp(—(M —t)X)), tel[dM +d(z,y), M|,

where 7 is a geodesics joining 2’ to i’ and M = 2dM + d(z',y/). Let us prove that such
a I' is the curve we are looking for.
Step 5. Using relation 2.9 on page 51, one has
length(I") < 2dM + d(2',y")
2dM +C ||eXp(dMX) ytex exp(—dMX)”

IN

24M +Ci [ly ™|+ Gy - - 1da
2dM + Cyd (1 + m)
d(e,y) (201 + 5 (14 VaI) ).

IN

IN

and this provides inequality (3.1).

Step 6. Let us prove inequality (3.2). We need to distinguish points in the three
pieces of I'. Let ¢ € [0,dM] be fixed. First, we notice that, since F'(x) < 0 for x € UNQ,
—F(x-exp(—tX)) = —F(z-exp(—tX)) + F(z) — F(x)

> —F(x-exp(—tX)) + F(x)
lt.

v
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We now combine this inequality with (3.8). Since we have that
d(z-exp(—tX)),z) < d(z-exp(—tX),x) + d(z, 2)
R
S dM + ) S Z + cR
1
< §R,
we can apply inequalities (3.8) and (3.9) of Step 3 in order to obtain

1 l

dist(z - exp(—tX),0Q) > th > zlength (F\[O,t]> .

Exactly in the same way, one can prove the inequality also for ¢t € [dM + d(z',y), M].
Step 7. Let us consider t € [dM,dM +d(z',y')] and denote & :=T'(¢t). If n € 09, we

have, mimicking computations that we already did,

d(&n) = d(z',n) —d(§, )

> dist(z',00) — d(z',y") (3.11)
> d(z,y) <%M ~Gs (14 m)) |

On the other hand,

length <F|[O,t]> < d(z,y) +dM
< d(z,y) (Cg <1 + \/M> + M) (3.12)
Cyd(z,y).

Therefore, if we choose M > 0 such that %M — (4 <1 + VM ) > 1 (consequently one
should choose 6 € RT), we can combine (3.11) and (3.12) and the assertion follows, thank
to Lemma 3.1.1. ]

Remark 3.2.3. We point out that, in the proof, we showed relations (3.1) and (3.2) for
each couple of points z,y € Q such that d(x,y) < §. Therefore, more precisely, we proved

that intrinsic Lipschitz domains are (g, §)-domains.

From Theorem 3.2.3, one can directly show the following
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Proposition 3.2.5. Let Q C H" be an intrinsic Lipschitz domain. Then ) is a Harnack

domain.

Proof. In Theorem 3.2.3 we proved that an intrinsic Lipschitz domain is a uniform do-
main. So, we can apply Proposition 3.1.2 and the proof follows, if we show that, in H",
there exists a constant 0 < § < 2 such that diam(B(z,2r)) > 2r, for each ball B(z,2r).

This fact is the content of the following Lemma. ]

Lemma 3.2.6. Let d be a homogeneous metric in H" (e.qg. CC-metric, the homogeneous

distance dn, etc...). Then, for each x € H" and r € RY,
diam(B(z,r)) = 2r.

Proof. Without loss of generality, we can assume that x = 0 and » = 1. It is clear that
diam(B(0, 1)) < 2, so we need to prove the converse inequality.

Let £ = (t,0,...,0) be such that d(£,0) = 1. By translation invariance, we point out
that d(—&,0) = 1. This implies that —¢ and £ € B(0,1). Now, because of the choice of

&, we can conclude that

d(=¢,§) = d(0,&§-§) = d(0,62(¢))
= 2d(0,¢) = 2.

3.2.1 Applications

Theorem 3.2.3 allows us to extend some classic results on intrinsic Lipschitz domains.
A first application is given by the Poincaré inequality. As in FEuclidean setting, we have
a Poincaré inequality also in open sets different from balls. But it is well known that
not any open set admits such a property. Restricting ourselves to the Heisenberg group,
we state a theorem, proved in [11], which gives a special class of open sets for which the

Poincaré inequality holds.

Notation 3.2.1. Let f: Q C H" — R. We denote the average of f in Q

1
o= /Q f(z) dh(z).
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Theorem 3.2.7. Let QQ C H" be a Boman domain. Let 1 < p < q < oo be such that the

following balance condition holds:

(@) (101" _ (101
"(0) <|U|) SC(IUI) 7

for any balls U C U, with radius v(U) and r(U) respectively, centered in a neighbourhood
of 0, with r(U) < 1y, 19 < 00 fized.

Then 1 1
(/If—fnl"dh)q < cq (/|va|pdh)”
Q Q

with a constant Cq > 0 independent on f.

If1 <p<@Q, we can always choose ¢ = p* := 5—?1).

Thanks to the following Lemma (we refer the reader to [20] for the proof), we can
say that intrinsic Lipschitz domains have a Poincaré inequality.

Lemma 3.2.8. Let 2 C H" be an (g,6)-domain. Then Q is a Boman domain.

The second application concerns with an extension theorem for Sobolev functions
defined over an (e,d)-domain. Let us recall the definition of Sobolev spaces over a
Carnot group G. Let (X7,...,X,,) be generators for the first layer and let N be the

dimension of g as vector space.

Notation 3.2.2. Let I = (iy,...,ixy) be a multiindex. We define the differential operator
X=X X (3.13)

We call |I| = i1 +...+iy the order of the differential operator and d(I) = dyi1+...+dyiyn
its degree of homogeneity.
We can construct also more general differential operators: if J = (ji,...,Jx) be a

multiindex, with |J| < |I|, we define

X7 = X2 X

ap?

for oy, ..., € {1,...,m}.
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Remark 3.2.4. Differential operators of this kind can be always expressed as linear com-

bination of operators of the special form (3.13).

Definition 3.2.5. Let k be a positive integer, 1 < p < oo and §2 be an open subset of G.
The Sobolev space Wﬁ’p(Q) associated with the vector fields X, ..., X,, is defined as the
set of all functions f € LP(Q) with distributional derivatives X' f € LP(Q), for every X!
defined above with d(I) < m.

We say that the distributional derivative X! f exists and it is equal to a locally
integrable function g; if, for every ¢ € C5°(Q),

/f-X[sodh - (—1>d<”/g1-sodh.
Q Q

Definition 3.2.6. Let A : WP(Q) — WP(G) be a bounded linear operator. We say

that A is a bounded extension operator on We* () if

Afio = 1,

for each f € Wﬁ’p(Q). Moreover, we denote the operator norm of A as follows

A= sup (A llyptr ey -

118y =1

We are now ready to state the extension theorem whose proof was given firstly in

[35] and, later, for a more general setting, in [20].

Theorem 3.2.9. Let Q@ C G be an (¢,0)-domain and let k be a positive integer. If

1 < p < o0, then there exists an extension operator A on € such that

HAJC”WE’;P(G) <C Hf“wgvp(g)u (3'14)

forall f € Wﬁ’p(H”), where C' is a positive constant which does not depend on f.

Again, if Q C H" is intrinsic Lipschitz, then it is an (g, d)-domain. Hence, if f is a
Sobolev function defined over €2, then it admits a unique extension over the entire H"
such that (3.14) holds.
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3.3 Intrinsic Lipschitz Domains and Subelliptic PDE’s

We conclude our work with an application concerning subelliptic PDE’s. Our goal
is to prove that intrinsic Lipschitz domains have a good behaviour with respect to the
Dirichlet problem. Therefore, before coming to the central topic of this Section, we just
recall some fundamental definitions and results about sub-Laplacian operators and their
fundamental solutions. A detailed exposition, more suited to the purposes of the present
thesis, is given in [3].

Let G be a Carnot group and let (X1, ..., X,,,) be generators for the first layer V; of
g, the Lie algebra of G. The second order differential operator

L= ixﬁ
i=1

is called a sub-Laplacian, or subelliptic Laplacian, on G.

Thanks to the celebrated Hormander’s Theorem ([24]), £ is hypoelliptic. This means
that if f € C°(Q), for Q@ C G an open set, then the distributional solution of Lu = f is
of class C.

We now give the definition of fundamental solution of a sub-Laplacian £ on a Carnot
group.

Definition 3.3.1. Let G = (R",-) be a Carnot group. Let L be a sub-Laplacian on G.
A function T : R™ \ {0} — R is a fundamental solution for L if

(i) T'e C=(R"\ {0});
(ii) T € L}.(R") and T'(z) — 0, as x — oo,
(iii) LT' = —Dirg, where Diry is the Dirac measure supported at {0}.

Remark 3.3.2. One can prove, but it is hard work, that, on a Carnot group with ¢ > 2,

the fundamental solution of £ exists and it is unique.

Let us summarize here some main properties of the fundamental solution:
(i) T(z™') =T(x), for any z € G\ {e};

(i) T(0x(z)) = A>9I (z), for any z € G\ {e} and X € R¥;
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(iii) I'(x) > 0, for any = € G\ {e}.

On every Carnot group one can find some particular homogeneous norms which play
a key role for sub-Laplacian. These norms, which are smooth and symmetric, are called

gauges:

Definition 3.3.3. Let L be a sub-Laplacian on G. We call L-gauge on G a homogeneous,

symmetric norm d which is smooth on G\ {e} and satisfies
L(d*9) =0 inG\{e}.

Fundamental solutions and £-gauges are strictly related, as the following Proposition

states:

Proposition 3.3.1. Let L be a sub-Laplacian on G and I' be the fundamental solution
of L. Then
D(x)7, zeG\{e}

0, z=e

is an L-gauge on G.
Proof. See [3], Proposition 5.4.2. O

Remark 3.3.4. Also the converse of Proposition 3.3.1 is true. Indeed, if d is an L-gauge
on G, then there exists a positive constant Cy such that I' = C; d*>~ is the fundamental

solution of £. This fact implies that the £-gauge is unique up to a multiplicative constant.

Example 3.3.1. Let H" be the n-th Heisenberg group. Let £ be a sub-Laplacian on H".

Then, an L-gauge is given by the Koranyi norm

d((z,1)) = y/ll2llzen + 12>

As already said, in this section we aim to study the Dirichlet problem over an intrinsic
Lipschitz domain €2 C H". In other words, we want to prove that € is regular with respect
to a sub-Laplacian £. What does it mean to be L-regular? Let us define immediately

this concept in a general Carnot group G.
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Definition 3.3.5. Let Q2 C G be a bounded open set. We say that Q is L-regular if the

boundary value problem

Ly =0, in
(3.15)

Upg = ¥
has a (unique) solution u for every continuous function ¢ : 02 — R.

We say that u solves (3.15) if it is L-harmonic in 2 and

lim u(y) = ¢(z),

Yy—T
for every x € 0N2.
To show that an intrinsic Lipschitz domain Q C H" is L-regular, we will use the
Wiener’s regularity test for L. For the sake of completeness, we study a little bit the

background material concerning general notions and results which play a role in this kind

of theory. Once more, the interested reader is referred to [3] for further informations.

Notation 3.3.1. Let 2 C G be a bounded and connected open set. Following the notations
used in [3], M(€2) denotes the set of Radon measures p on 2. We denote by My(€2) the
subset of M(2) of compactly supported Radon measures.

S(£2) denotes the set of L-superharmonic functions in €, and ST() of non negative

L-superharmonic functions.

Definition 3.3.6. Let K CC G be a compact set. For any p € M(K), we say that
I) = [(Cen)@due) = [ [ T o) duo)dnty
G K JK
is the L-energy of u. We define also the L-equilibrium value of K as
V() = inf{I(n) | p € M(K), pu(K) =1},

Theorem 3.3.2. Let K CC G be a compact set. Then there exists a Radon measure
p € M(K) such that i(K) =1 and

I(5) = V(K).

We call such a measure i an L-equilibrium distribution for K and the related potential

I' % i an L-equilibrium potential for K.
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Definition 3.3.7. Let A C G and u € ST(G). The L-reduced function of u relative to
A s

Rj = inf{f|f € 4},
where Y4 = {f € ST(G)|f > u in A}. We define also the L-balayage of u relative to

A as the lower semicontinuous reqularization RY of RY, i.e. for any x € G,

Y = hin_glf R (v).

We now list some properties of the L-reduced function and the L£-balayage:
(i) R/, is L-subharmonic in G and £-harmonic in G \ A;
(ii) if 0 < f < g, then R, <RY, R/, <RY;
(i) if A C B C G, then R}, < R}, R/, <RZ;
(iv) R/, = R/, almost everywhere in G.

It could be interesting to notice that, when A C G is a compact set, then the L-

balayage takes a particular form. This fact is the content of the following theorem:

Theorem 3.3.3. Let K CC G be a compact set and let u € ST(G). Then there exists a
Radon measure p in G such that

f{;ﬁ = T'xpu.

We are now ready to give the definition of L-capacity. We start with the case of
compact sets. Then, just taking an approximation from inside with compact sets, we

can define the L-capacity also for general sets.

Definition 3.3.8. Let K CC G be a compact set. We define
Wg = Rk, Vi :=Rk.

By Theorem 3.3.3, there exists a measure ug, called L-capacitary distribution for K,
such that Vi =T x pug. We call Vi the L-capacitary potential of K.
We define the L-capacity of K as

C(K) := ug(K).



102 CHAPTER 3. INTRINSIC LIPSCHITZ DOMAINS AND APPLICATIONS

Let us give a look to some characterizations of the L-capacity of compact sets.
Theorem 3.3.4. Let K CC G be a compact set. Then
K = max{u(K)|pe M(K), I'spu <1in G}.

Theorem 3.3.5. Let K CC G be a compact set and let C(K) and V (K) be the L-capacity
and the L-equilibrium value of K. Then

Proposition 3.3.6. Let {K;}jen be a sequence of compact subsets of G. Then the
following properties hold:

(i) if K1 C Ky, then C(K1) < C(Ks);
(ii) if {K;}; is a decreasing sequence, then C(K,) \,C(N;K;), as n — oo;
(ili) C(K3 U K3) + C(K1NK,) < C(Ky) + C(Ky).
Proposition 3.3.7. Let K CC G be a compact set. Then, for any X € RT and g € G,
C(OA(K)) = A*(K) C(g- K) = C(K).

We now can extend the notion of L-capacity to a larger class of sets.

Definition 3.3.9. Let E C G be a non empty set. We define the interior L-capacity of
E as
Ci(E) := sup{C(K) | K compact, K C E},

and the exterior L-capacity as
C*(E) := inf{C.(Q?) | Qopen, E C Q}.

We say that E C G is L-capacitable if C.(E) = C*(E). In this case, we denote this
common value by C(E) and it is called the L-capacity of E.

Remark 3.3.10. Any Borel set is L-capacitable.
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We now introduce the following notation: let y € G and let @ > 1 be a constant. For

every n € N we set
Cp ={reGla"<TI'(y ' z) <o}

The Wiener’s regularity test for the sub-Laplacian £ reads as follows:

Theorem 3.3.8 (Wiener’s regularity test for £). Let 2 be an open and connected subset
of G and let y € 9. Then the following statements are equivalent:

(i) y is a L-regular point for Q;
(i) it holds > 07 a™ - C*(C, \ Q) = o0;
(iii) it holds 07 | RE, \o(y) = 00;
(iv) it holds [°C* ({x € Q|T(y™' - z) > t}) dt = co.
Proof. See [3], Theorem 12.4.3. O

As already announced, our final step is to use this test to show that an intrinsic

Lipschitz domain in the Heisenberg group H" is L-regular.

Theorem 3.3.9. Let Q) C H"” be an intrinsic Lipschitz domain. The §2 is L-reqular.

Proof. Let y € 00 be fixed. We need to show that y is an L-regular point for €.
Without loss of generality, we can assume that y = e. We can make this assumption
because intrinsic Lipschitz graphs are invariant under left translations and because of
Proposition 3.3.7.

Let us prove that property (i) in Theorem 3.3.8 holds. First, we notice that, since
L-capacity is monotone increasing, it is sufficient to prove (ii) for an intrinsic cone, say
C, which realizes the definition of intrinsic Lipschitz graph near e € 9f).

Let

Then, keeping in mind Proposition 3.3.1, we can rewrite

Co = B(e,37")\ B(e,f7"7).
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Now, intrinsic cones are invariant under group dilations, therefore, using Proposition

3.3.7,

C*(C\ Q) = C* (55 (C1\ C))
= (B9 C(C\ O).

Hence,
D o (B (C\ C) = ) G\ C) = oo,
n=1 n=1

and this proves the assertion. ]



Appendix A

Basic Notions on Differential

Geometry

In this appendix we recall some definitions and fundamental results from differential

geometry.

Definition A.0.11. We say that a topological space M is locally Euclidean of dimension
n if every point p € M has a neighbourhood U homeomorphic to an open subset of R™. We
call a chart of M the couple (U, : U — R™), where p : U — R" is a homeomorphism.

Definition A.0.12. We call topological manifold M a Hausdorff, second countable,

locally Fuclidean space of dimension n.

Definition A.0.13. We say that two charts (U, : U — R"), (V,4p: V. — R") of a
topological manifold M are C*°-compatible if the two maps

gpozﬁfl YpUNV) — oUNV)
Yot pUNV) — p(UNV

are C*°.

Definition A.0.14. Let M be a topological manifold. We call a C*°-atlas a collection
A ={(Ua, a)} of pairwice C*-compatible charts such that M =, U,.

105
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Definition A.0.15. We say that a C*°-manifold is a topological manifold M together

with a maximal atlas.*

Remark A.0.16. One can prove that if M is a C*°-manifold with a maximal atlas A, and
(U, ) € A, then ¢ : U — ¢(U) is a diffeomorphism.

Definition A.0.17. Let N and M be C*°-manifolds of dimension n and m, respectively.
A continuous map F : N — M is C™ at a point p € N if there exists (V,1), a chart
of M in F(p), and (U, ), a chart of N in p, such that

YpoFop™:p(UNF (V) — R

1s a C*° i Euclidean sense.

Let M be a C*°-manifold. A germ of a C*° function at p in M an equivalence class
of C*° functions, defined on a neighbourhood of p in M, which agree on some open
neighbourhood of p. Denoting by Cp°(M) the set of such equivalence classes, we call a

deriwation on M at p a linear map
D:Cr(M) — R
such that

D(f-g) = (Df)-g(p) + f(p)- Dyg.

Definition A.0.18. We call a tangent vector to M at a point p € M a derivation at p.
We denote by T,M the set of all tangent vector to M at p.

Definition A.0.19. Let F': N — M be a C*° map between C*°-manifolds. We define
the differential of F' at a point p € N the linear map

dpF : TpN — TF(p)M,

defined as follows
dpF (X)) (f) = Xp(fo F),

for all X, € T,N and f € Cf, (M).

LA mazimal atlas is an atlas which is not contained in another atlas.
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Theorem A.0.10. If F: N — M and G : M — P are C*°-maps between manifolds,
and p € N 1is fized, then the following chain rule holds

dy(g o F) = dpp)G o dyF.

Let us consider a smooth manifold M of dimension n and fix a point p € M. By
definition of C°°-manifold, there exists a chart (U, ) = (U, z,...,2") of M at p. Since
0 : U — ¢(U) is a diffeomorphism,

dpg0 : TpM — Tgo(p)Rn
is an isomorphism of vector spaces.

Proposition A.0.11. If (U,¢) = (U,x',...,2") is a chart of a C*™-manifold M at a

point p, then
{ a }
Ox? »

is a basis for the vector space T,M, where, if with r*, .. r
0 » € T,M s defined by

) Ozt
0 0
i <a7 ) = o

Definition A.0.20. Let M be a C'*°-manifold. A smooth curve in M is a smooth map
¢ :la,b[C R — M. We call the velocity vector '(tg) of the curve ¢ at time ty €la, b|

0

PR _7’L
» ox

" we denote the standard

coordinates of R™

»(p)

the tangent vector

d
C’(to) = dtoc <% ) € Tc(tg)M-

Proposition A.0.12. For every point p on a C*-manifold M and for every X, € T,M,

to

there exists € € R™ and a smooth curve ¢ :| —e,e[— M such that ¢(0) = p and
d(0) = X,.

Proposition A.0.13. Let M be a C*°-manifold and X, be a tangent vector at a point
pe M. If f e CF(M)andc:]—ee[— M is a smooth curve starting at p with

d(0) = X,. Then
d
Xpf = E(foc)

t=0
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Proposition A.0.14. Let F : N — M be a smooth map between C*°-manifolds, p € N
and X, be a tangent vector to N atp. Ifc:|—e,e[— N is a smooth curve in N starting

at p with velocity X, then

LE(X,) = S(F o))

t=0

Let M and F be two C'°°-manifolds. Given a map 7 : £ — M, we call the inverse
image 7~ ({p}) =: E, of a point p € M the fiber at p.

For any two maps 7 : B — M and 7 : E — M, amap ¢ : E — E is said to be
fiber preserving it p(E,) C E’p, for each p € M.

A surjective smooth map m : E — M of manifolds is said to be locally trivial of

rank r if
(i) each fiber E, has a structure of vector space of dimension r;

(ii) for each p € M, there are an open neighbourhood U of p and a fiber preserving
diffeomorphism ¢ : 771(U) — U x R" such that, for every q € U, the restriction

90|7'r_1(q) : Eq — {Q} X RT
is a vector space isomorphism.

Definition A.0.21. We call a C*-vector bundle of rank r a triplet (E, M, ) consisting
of two C'*®°-manifolds E and M and a surjective smooth map © : E —> M that is locally
trivial of rank r. The manifold E is called the total space of the vector bundle and M

the base space. By abuse of language, we say that E is a vector bundle over M.

Definition A.0.22. Let M be a C*°-manifold, we call the tangent bundle of M the
triplet (TM, M, m)*> where TM = U cp {p} x T,M and © : TM — M s defined as
w(v) =p, ifveT,M.

Definition A.0.23. Let (E, M, ) be a vector bundle. We say that a map s: M — E
s a section of the vector bundle if m o s = 1idy;. We say that the section is smooth if it

s smooth as a map.

20ne can endow T M with a structure of C>-manifold; the topology is just the topology induced by
M through .
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Definition A.0.24. Let (E, M, x) be a vector bundle, and let U be an open subset of M.
We call a frame for the vector bundle (E, M, ) over U a collection of sections sy, ..., S,

such that, for each p € U, {s1(p), ..., s,(p)} is a basis for the fiber E,.

Definition A.0.25. We call a vector field X on a C*-manifold M a section of the
tangent bundle (T'M,M,r), and we write X € T'(TM). We say that a vector field
X : M — TM 1is smooth if it is a smooth section.

Let p € M be a fixed point and let (U, ) = (U, x!,...,x™) be a chart of M around p.
Then the value of the vector field at p € M is given by

X@) = Y d ) oy

1

p

We notice that as p varies in U, the coefficients a’ can be considered as functions on U.

Proposition A.0.15. Let M be a C*-manifold and let (U, p) = (U, 2, ...,2™) be a chart

of M at a fized point p € M. A vector field X =Y, a* 3‘; on U is smooth if and only if

the coefficients a' are smooth functions on U.

Definition A.0.26. Let X be a smooth vector field over a C*°-manifold M. We say
that a smooth curve ¢ :]a,bfC R — M 1is an integral curve of X if it is such that
d(t) = X(c(t)) for all t €la,b]. Usually, we assume that 0 €la,b[. In this case, if
c(0) = p, we say that ¢ is an integral curve starting at p. We say that an integral curve

s maximal if its domain can not be extended to a larger interval.

We can also study the dependence of the integral curve of a vector field on its starting

point:

Definition A.0.27. A local flow about a point p in an open set U of a manifold M is
a C* function

F:l—ece[xW — U,

where € > 0 and W is a neighborhood of p contained in U, such that writing Fy(q) =
F(t,q), we have

(i) Fo(q) = q for allq e W,

(ii) F; (Fs(q)) = Fiis(q) (when both sides are defined).
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If a local flow is defined on R x M, then it is called a global flow. A wvector field having

a global flow is called a complete vector field.



Appendix B

McShane and Whitney Extension

Theorem

We prove the classical McShane-Whitney extension Theorem. For further informa-

tions and for proofs, the reader should look in [23]. We start with a simple lemma

Lemma B.0.16. Let A C R™ and { f;}icr be a family of Lipschitz functions, f; : A — R,
with the same Lipschitz constant L > 0. Then the functions

A— R

v — inf fi(z)

and
A— R

x — sup fi(z)
iel

are L-Lipschitz on A, if they are finite at one point.

Theorem B.0.17 (McShane-Whitney extension Theorem). Let A C R and f: A —
R be a L-Lipschitz function. The there exists a L-Lipschitz function F' : R® — R such

that F|a = f.
Proof. Let us define, for each a € A, the following function
falx) == f(a) + L|z —al|.
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It is clear that it is a Lipschitz function on R", indeed,

[falz) = fay)| = L |z —al = |y —al|

< Llz—a-y+a|l = Llz—yl|

Hence, by Lemma B.0.16, the function

F:R" —R
F(z) = clbgfl fa(2),

is Lipschitz with constant L. For such a F, it is also true that F'(a) = f(a), for each

a€A.

]



Appendix C

Geodesics and Balls in Heisenberg

Group

In this Appendix we aim to present some useful ideas and notions about geodesics
and metric balls in Heisenberg group. This part is entirely taken from [33].
We start by recalling the definition of geodesics, we will use the same notations as in

Section 1.2.:

Definition C.0.28. Let R™ be endowed with a Carnot-Carathéodory metric d induced
by a Hormander system of vector field. We say that a Lipschitz continuous X-subunit
curve v : [0,T] — R™ is a geodesic if d(~(0),~(T)) =T.

Theorem C.0.18. If (R", d) is X-connected then, for each couple x,y € R", there exists
a geodesics v which joins x to y.

We state now the Pontryagin Maximum Principle, which can be used to derive equa-
tions of geodesics. First we need to fix some notations and introduce a control problem,
whose solutions are exactly the geodesics.

If h e L ([0,1]; R™) is the control, we define the pay-off functional as follows

J(h) = %/0 Ih(s)[ ds. (1)

The state equation is

& = Zhj-xj(x), (C.2)
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and we are looking for a Lipschitz continuous function x over [0,1] with values in R™.

Moreover, we need also to fix initial and final data (constraints)
z(0) = xy, (1) = 2.

Remark C.0.29. We point out that we introduced a well posed problem. Indeed, Theorem

(C.0.18 ensures the existence of a curve which minimizes J.

Definition C.0.30. Given (C.1) and (C.2), we say that the pair (x,h) is optimal if the
control h minimizes J and x is almost everywhere a solution of (C.2) together with the

constraints.

Theorem C.0.19 (Pontryagin Maximum Principle). Assume that (z,h) is optimal for
our problem. Then there exist a function & : [0,1] — R™ and a constant A =0 or A =1
such that

(i) [£(s)|+ A #0, for every s € [0, 1];
(ii) £ = _a% (A(x)h,§), a.e. on [0,1];
(iii) (€(s), A(x)&(s)) — A5|h* = maxyerm ((A(z)u,&(s)) — Ad|ul?), for a.e. s € [0,1].

Remark C.0.31. Equations (ii) in Theorem C.0.19, combined with (C.2), transform in

the Hamilton system

_ 10H(z,§)
=30
1oH(e) 3
ST R T
where the Hamiltonian function is
H(z,§) = Y (X;(x),€)".
j=1

Using Pontryagin Maximum Principle, one can prove, in the setting of the Heisenberg

group, the following

Theorem C.0.20. Geodesics in H" are curves of class C.
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Remark C.0.31 and Theorem C.0.20 imply that geodesics in H" are solutions of the
Hamiltonian system (C.3) with

n

H ((z, Z (&5 + 2y,7)° + (0 — 2$j7—)2) )

where we denote two generic points of H™ as (z,t) = (x,y,t) and ((,7) = (&, n, 7).

Therefore, we write explicitly the equations

T = &+ 21y,
y = nj— 2775
t = Z 2y;&; + 47'y]2- — 2x,m; + 472
=1
éj = 27’7]]' — 47’21}]'

7"]]‘ = —27'€j — 47’2yj

(. 7 =0,

for j = 1,...,n. As initial data we take

(2(0),£(0)) = (0,0) and (¢(0),7(0)) = (Bl, By, Ay, A, %) ,

which provide the solution

(o) = A= cos(ps)) + B sin(es)
j ©
ui(s) = —Bj(1 — cos(ps)) + A;sin(ps) (C.4)

¥
s — sin(ps) w—
j

\

Clearly, a posteriori, the correct normalization is > 7, (A2+B7) =1.
Using equation (C.4), we can deduce a parametrization of the unitary metric ball

centered at the origin. We restict the discussion to H!. Let

S ={(z,y,t) € H" | d((z,y,t),0) = 1}.
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The normalization (A? + B?) = 1 allows us to choose A = cos? and B = sind). There-

fore, if we choose s = 1, we obtain

( cos (1 — cos ) + sin I sin
o(t,p) = SEIEZERE) ¢
—sind(1 — cos ) + cos ¥ sin
$ Y, p) = ( °) d (C.5)
. 2
w —sing
t(9 =2 T
\ (¥, ) P

with 0 <9 <27 and —27 < p < 27.

Remark C.0.32. Equations (C.5) imply that the surface S is of class C* where (x,y) #
(0,0).
Remark C.0.33. Set

2 2
52{(79,s0,p)€R3| —%SwS%,pZO}

and define ® : & — H' by ®(V,,p) = (x(9,9,p),y(V, ¢, p), t(V, ¢, p)), where

( cos (1 — cos + sin ¥ sin
w00, p) = ( (s@p;) (#p)
—sin¥(1 — cos 4 cos ¥ sin
y(9, 0, p) = ( (wz)) (vp) (C.6)
— sin
\ t('ﬂ’ gp)p) = ZWTQ(M

If p > 01is fixed, the the equations (C.6), with ¢ € [0, 27[ and —27“ Sp< 27”, parametrize
9B(0, p).
We point out that the t-components of the two poles are given by

2 2
t<27r,j:—7r,p) — 422 (C.7)
p 27
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