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Abstract

Understanding transitions between dynamical regimes is crucial for predicting
the persistence and fragility of complex ecosystems.

In this work, we investigate how network structure shapes local stability and
dynamical evolution in competitive Generalized Lotka—Volterra (GLV) systems,
focusing on two structural parameters: connectance (C) and modularity (Q).

Building on Robert May’s complexity—stability framework, we characterize how
C and Q affect equilibrium spectra using random matrix theory, and use these
results to interpret their consequences for equilibrium stability and feasibility.
We then perform a statistical classification of the attractor space: numerical
simulations are compared with established analytical results for the onset of
multistability and unbounded growth in fully connected networks (C =1, Q = 0),
and we study how network structure modifies these transitions and the resulting
equilibrium states using observables such as the fraction of surviving species,
the final community structure, and the resulting species abundance distributions
(SADs).

We find that feasibility, rather than linear stability, is the primary constraint lim-
iting the existence of interior equilibria, while reduced connectance consistently
promotes feasibility, stability and species persistence. Network structure has
an asymmetric effect: anti-modularity (i.e., stronger inter-module than intra-
module interactions) destabilizes equilibria through a spectral outlier, leading
dynamically to module-selective bistability in which one module goes extinct
depending on initial conditions across a broad range of connectance values.
Positive modularity (i.e., stronger intra-module than inter-module interactions)
instead tends to dynamically decouple modules. Finally, SADs become increas-
ingly heavy-tailed as connectance increases, revealing a trade-off between species
richness and the persistence of rare, near-extinction species.



Sommario

Comprendere le transizioni tra diversi regimi dinamici € fondamentale per
prevedere la persistenza e la fragilita degli ecosistemi complessi.

In questo lavoro studiamo come la struttura della rete di interazione influenzi la
stabilita locale e I’evoluzione dinamica dei sistemi GLV (Generalized Lotka—Volterra)
competitivi, concentrandoci su due parametri strutturali: la connettivita (C) e la
modularita (Q).

Basandoci sul framework complessita—stabilita introdotto da Robert May, carat-
terizziamo l'impatto di C e Q sugli spettri degli equilibri mediante strumenti
di Random Matrix Theory, utilizzando poi questi risultati per interpretarne gli
effetti sulla stabilita e sulla fattibilita (ossia, la condizione in cui tutte le specie
presentano abbondanze positive) degli equilibri. Successivamente, svolgiamo
un’analisi statistica dello spazio degli attrattori: confrontiamo le simulazioni
numeriche con risultati analitici consolidati sull’insorgenza di multistabilita e
di crescita illimitata nelle reti fully—connected (C = 1, Q = 0), e studiamo come
la struttura della rete modifichi queste transizioni e i corrispondenti stati di
equilibrio, utilizzando osservabili quali la frazione di specie sopravvissute, la
struttura finale della comunita e le risultanti distribuzioni delle abbondanze
delle specie (SADs).

I risultati mostrano che la fattibilita, pitt della stabilita lineare, rappresenta
il principale fattore limitante per l'esistenza di equilibri interni, mentre una
minore connettivita favorisce sistematicamente la fattibilita degli equilibri, la loro
stabilita e la sopravvivenza delle specie nell’evoluzione dinamica. La struttura di
rete esercita un effetto asimmetrico: la modularita negativa, corrispondente a reti
dominate da interazioni tra moduli, destabilizza gli equilibri attraverso un outlier
spettrale, dando luogo dinamicamente a una bistabilita selettiva tra moduli, in
cui uno dei moduli viene portato all’estinzione a seconda delle condizioni iniziali,
su un ampio intervallo di valori di connettivita. Al contrario, la modularita
positiva, corrispondente a reti con interazioni concentrate all'interno dei moduli,
tende a disaccoppiare dinamicamente i moduli. Infine, le SAD assumono code
sempre pilt pesanti (heavy-tailed) all’aumentare della connettivita, evidenziando
un trade-off tra la ricchezza delle singole specie e la persistenza di specie rare,
prossime all’estinzione.
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Introduction

1.1 A discursive outline

Modeling complex dynamical systems inevitably requires a trade-off between de-
scriptive detail and generality. While increasingly detailed models may provide a
more faithful representation of a specific system, they often become less suitable for
identifying general mechanisms that extend beyond the particular case under study.

Ecology, understood as the study of the interactions among organisms and between
organisms and their environment, is a paradigmatic example of this modeling
philosophy.

Over the past decades, the development of quantitative ecology has enabled
mathematicians, and more recently physicists and computer and data scientists,
to contribute to the field through the formulation and analysis of increasingly
sophisticated mathematical models.

Among these, the Lotka—Volterra framework has become one of the standard
approaches for describing the dynamics of multispecies communities. Despite its
simple mathematical structure, it can be naturally extended in several directions,
allowing an increasing level of complexity to be reached.

An ecological community is characterized both by the nature of the interactions
among species and by the topology of the interaction network. It is therefore natural
to represent it as a weighted network, whose links encode the strength and sign of
pairwise interactions.

When studying real ecosystems, reconstructing both the interaction strengths and
the underlying network structure from empirical observations remains a challenging
task [1]. Conversely, when working with theoretical models, it is essential to state
explicitly the assumptions made about both the interaction dynamics and the network
structure, since the resulting predictions may depend critically on these choices.

The objective of this thesis is to investigate how the structure of the interaction
network influences the stability properties and dynamical evolution of ecosystems de-
scribed by the Generalized Lotka—Volterra (GLV) model in the competitive interaction
regime.
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1.2 Structure and objectives of the thesis

This thesis investigates how two of the most widely studied structural descriptors of
ecological networks—connectance (C) and modularity (Q)—affect both the properties
of ecological equilibria and the dynamical evolution of ecosystems under different
interaction regimes.

Chapter 2 introduces the ecological model adopted throughout this work, namely
the Generalized Lotka—Volterra (GLV) framework. The chapter also presents the as-
sumptions underlying the model and the parametrization used to generate interaction
networks with prescribed structural properties.

Chapter 3 investigates the effects of C and Q on the properties of static equilibria
through a combination of analytical methods—drawing on probability theory and
Random Matrix Theory (RMT)—and Monte Carlo simulations over ensembles of
ecological communities. In particular, the analysis addresses the following questions:

e What is the relationship between the local stability of an equilibrium and its
feasibility, i.e., the requirement that all equilibrium abundances are strictly
positive? Under which conditions does such a relationship hold?

* How do connectance and modularity influence the stability and feasibility
of equilibria in the GLV model, and how can these effects be interpreted
mathematically?

Chapter 4 presents the main original contribution of this thesis, which concerns the
study of the dynamical evolution of ecological communities. Analytical results are
used to complement numerical simulations and to provide benchmark predictions
under the assumptions required by the theory. This comparison allows us to assess
the robustness of the numerical results when these assumptions are relaxed.

The chapter focuses on the following questions:

* Does the dynamics converge to a limited set of characteristic equilibria (attrac-
tors)? How do different interaction regimes determine the transition between
the corresponding dynamical behaviors, and are the available analytical pre-
dictions robust for finite-size systems?

¢ How do connectance and modularity influence the organization of the attractor
space and the properties of the resulting ecological communities?

Finally, Chapter 5 summarizes the main findings of this work, discusses the
limitations of the adopted framework, and outlines possible directions for future
extensions. Additional analytical derivations and details of the numerical methods
are provided in the Appendices.



Model

This chapter introduces the ecological model employed throughout the thesis,
details its parametrization, and discusses the assumptions underlying the analysis,
highlighting their potential impact on the generality of the results.

2.1 The Generalized Lotka—Volterra equations

The most widely used mathematical framework for describing the dynamics of
complex ecological communities is the Generalized Lotka—Volterra model (GLV),
a multidimensional extension of the classical two—species model introduced in-
dependently by Alfred Lotka [2] and Vito Volterra [3] at the beginning of the
twentieth century, that models the binary interactions among individuals of different
populations.

Throughout this thesis we will consider the formulation

dN; - L
— (1) = Ni(h) ri+Zaiij(t) L i=1,...,n, 2.1)

j=1

where
e N;(t) denotes the abundance of species i;
* r;isits intrinsic growth rate (i.e. the fitness of a species in a given environment);

* a;j for i # j quantifies the effect of species j on reproduction of species i due
to individual interactions; a;; < 0 represents the intraspecific competition
(self-limitation) term, accounting for the finite availability of environmental
resources;

* 1 is the number of species in the community.

In vector form, the GLV equations can be written as

”;—lj = diag(N) (r + AN). (2.2)
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where N(t) € R" is the abundance vector at time ¢, » € R" is the vector of intrinsic
growth rates. The matrix A = (a;;) is often referred to as the interaction matrix [1, 4].

For biological reasons, we restrict our analysis to the positive orthant,

N(t) € R

>0’

since negative abundances have no ecological interpretation. Accordingly, only
trajectories entirely contained in the positive orthant are regarded as biologically
meaningful. In Subsection 2.1.1 we demonstrate that the positive orthant is invariant
under the model dynamics.

2.1.1 Density dependence and positive invariance

Equation (2.1) belongs to the broader class of systems

dN;
dt

=N;gi(N1,...,Ny), i=1,...,m, (2.3)

where the functions g; encode the ecological interactions among species.
Systems of the form (2.3) are called density—dependent (DD) because the per—capita

growth rate of each species,
1 dN;

N; dt’
depends on the current state of the community.

An important consequence of this structure is the invariance of the positive orthant.

Proposition 1 (Positive invariance). Let N(t) be a solution of (2.3) with initial condition
N(0) = No € RZ,,.

such that
Z\{lil’l’(lyr N; gi(N) =0, i=1,...,n (2.4)

and the vector field N;g;(N) is smooth. Then
N(t) € RY, Vit
for which the solution exists.

Proof. Consider the hyperplane
H; ={N e R" : N; = 0}.

If N; =0, then from (2.3)
dN;

dt

independently of the values of the remaining components. Therefore each hyperplane
H; is invariant under the dynamics. This is a direct consequence of the DD structure
(2.3) under the assumption of Eq. (2.4).

=0,
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Suppose by contradiction that a trajectory starting from
Np € RZO

reaches the boundary of the positive orthant at some time ¢*. Then there exists an
index i such that
N;(t*) = 0.

Hence the state N(t*) belongs to the invariant hyperplane H;. The solution entirely
contained in H; and passing through N(t*) is therefore a valid solution of the DD
system.

Since the vector field is smooth, the Cauchy—Lipschitz theorem guarantees existence
and uniqueness of solutions. Consequently, two distinct trajectories cannot pass
through the same point in phase space. The trajectory originating from Ny would
therefore have to coincide with the one lying entirely in H;, contradicting the fact
that N;(0) > 0.

Therefore no component can vanish or become negative in finite time, and the
positive orthant R, is positively invariant. ]

The GLV model of Eq. (2.1) satisfies the assumptions of Lemma 1. Indeed,
n
Fi(N) = N;|ri+ Z lli]'N]'
j=1

is a polynomial vector field, hence F; is smooth on R” and N; =0 = F;(N) = 0.
Therefore the positive orthant is invariant for the GLV dynamics.

While Proposition 1 ensures that population densities remain non-negative, it
does not prevent the mathematical possibility of unbounded growth (N; — +00).
In natural systems, finite environmental resources dictate that populations must
remain bounded; therefore, diverging dynamics represent an unphysical regime of
the model [5].

In the Generalized Lotka-Volterra framework, boundedness is tied to the properties
of the interaction matrix A. In Section 2.2 we will discuss the assumptions on
interactions used in this thesis and in particular in Subsection 2.2.4 we will discuss
under which conditions the diverging dynamics is prevented.

2.1.2 Equilibria of the GLV model
The equilibrium points of the system are obtained by imposing

dN;
d—tlzo, i=1,...,n.

Not all equilibrium points are biologically meaningful. An equilibrium is said to
be feasible if
N* € RS,
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Feasible equilibria lying in the interior of the positive orthant satisfy

N* e R”

>0’

and are called interior equilibria, whereas feasible boundary equilibria possess one or
more zero components
N =0

and are thus located on the boundary of the positive orthant.

By the positive invariance property established in Proposition 1, trajectories start-
ing from strictly positive initial conditions can only converge to feasible equilibria.
Moreover, under the interaction assumptions introduced in Subsection 2.2.4, diver-
gent trajectories are excluded, so feasible equilibria are the only asymptotic states
accessible from the positive orthant.

Lemma 2 (Interior equilibrium of the GLV model). Let A be invertible. Then the GLV system
(2.1) admits at most one interior equilibrium. Such an equilibrium necessarily satisfies

AN* = —r, (2.5)

or equivalently
N =-A"r.

Proof. At equilibrium one has
n
0=N;|ri+ Y ayN;|, i=1,...,n
j=1

For an interior equilibrium, by definition
N; >0, i=1,...,n,

and therefore

n
7’1‘+Zai]‘N;=0, i=1,...,n.
=1

Collecting the equations in vector form yields
AN* = —r.
Since A is invertible, the solution is unique and is given by
N =-A"r.
O

The invertibility of the interaction matrix A is not guaranteed in general. When A
is singular, the equilibrium equation (2.5) may admit either no solution or infinitely
many solutions. In such cases, generalized inverses, most notably the Moore—Penrose
pseudoinverse, can be employed to characterize the set of admissible equilibria.
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It is worth noting that, even when A is invertible, the equilibrium satisfying
(2.5) is not necessarily feasible. In such cases, the equilibrium has no biological
interpretation, despite being mathematically well-defined.

Besides the possible interior equilibrium, the GLV model generally admits bound-
ary equilibria. Indeed, for any subset of species one may impose

N; =0
for all species belonging to that subset. Since the hyperplanes
H;={NeR":N;=0}

are invariant under the dynamics (Lemma 1), the remaining species evolve according
to a reduced GLV system,

dN;
dt

=N;|ri+ ﬂf}adN]' , i=1,...,m,

m
j=1
where A;q denotes the interaction matrix obtained by removing the rows and
columns corresponding to extinct species.

Whenever A4 is invertible, the corresponding equilibrium satisfies

AredN:ed = —Freds

namely

R e |
Nred - Aredrred'

Since each species can be either present or extinct, there exist at most 2" distinct
equilibrium supports, including the trivial equilibrium N* = 0.

The existence of feasible boundary equilibria has an important biological impli-
cation. By Lemma 1, trajectories starting in the positive orthant cannot reach the
boundary in finite time. Nevertheless, a species abundance may satisfy

N;(t) >0 Vt < oo,

while
lim Nj() = 0.

Consequently, within the deterministic GLV framework, extinction corresponds to
the limit
Ni(t) - 0 as t — oo,

In practice, however, once the abundance becomes sufficiently small, the assumptions
underlying the GLV model cease to be valid, and finite-population effects should
be taken into account. In the numerical simulations presented in Chapter 4 we
introduce an extinction treshold: whenever the abundance of a species falls below a
prescribed cutoff, it is set to zero and removed from the dynamics.
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2.1.3 Logistic model for isolated species

If from Eq. (2.1) we reduce to the case of an isolated species (N; = 0 for j # i), the
dynamics reduce to a logistic form

4 Ni(ri = diNi), (2.6)
dt
where a;; = —d; < 0. The isolated species has equilibrium corresponding to its
carrying capacity
«_ Ti
N’ = —.
i d;

The logistic dynamics exhibit a simple monotonic behavior determined by the sign
of the growth term. Indeed, Eq. (2.6) implies that

>0, if0<N;<r/d,
=0, ifN;=r/d,
<0, ifN;>r/d.

Ny
dt

Therefore, solutions with initial condition N;(0) < r/d increase monotonically toward
the carrying capacity, while solutions with N;(0) > r/d decrease monotonically
toward it. In particular, for the Cauchy-Lipschitz theorem (see proof of Proposition 1)
the carrying capacity cannot be crossed by any trajectory, and every solution satisfies
the bound

Ni(t) < max{Ni(O), %} Vi 0. 2.7)

2.2 Interactions

This section presents the parametrization of the interaction matrix and the as-
sumptions adopted to model the competitive interaction regime. The implications,
advantages, and limitations of these assumptions are also discussed.

2.2.1 Interaction matrix as a Hadamard product

In order to characterize the interaction matrix A, it is useful to separate the biological
properties of species interactions from the structural organization of the ecological
network.
This can be achieved by expressing A as the Hadamard (entrywise) product of two
matrices:
A=Wok, (2.8)

where W is the weight matrix and K is the adjacency matrix.
The matrix W encodes the biological properties of the interactions, namely their
strength and sign. The matrix K has binary entries,

Kij € {0,1},
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and its entries specifies whether species j directly interacts with species i, thereby
determining the structure of the ecological network.

This decomposition allows us to study separately the effects of interaction strengths
and network structure on community equilibria and dynamics.

Here, uppercase letters denote random variables, while lowercase letters denote
their specific realizations. Therefore, for interspecific interactions (i # j), a realization
of the matrix satisfies

ai]' = wijki]'
In contrast, self-interactions are not treated as random variables. Since self-regulation
must always be present and have a negative effect (see comment on Eq. (2.1)), we
impose the diagonal entries separately by setting

Wi=-d;i <0, Ki=1= A;j=—d,.

In this section, we discuss the assumptions adopted for the weight matrix W
and for the remaining parameters governing species growth and interactions. The
ecological structures considered for K are presented in Section 2.3.

2.2.2 The random interaction hypothesis

In principle, a complete characterization of a GLV model requires the specification of
all interaction coefficients A;;. For large ecological communities this task is generally
impossible, as empirical information on every pairwise interaction is rarely available
[1].

To overcome this difficulty, Robert May [6] proposed in 1972 a statistical approach
in which interaction coefficients are treated as random variables. This idea was
inspired by earlier developments in nuclear physics, where random matrices had
been successfully employed by Wigner [7, 8] to describe the statistical properties
of energy levels in heavy atomic nuclei. His complete argument is reported in
Subsection 3.1.

Following May’s approach, we assume that the entries of the weight matrix are
independently sampled from a probability distribution

Wij ~ p(u, 0%)
with finite mean y and finite variance o2.

Under this assumption, the interaction matrix becomes a random matrix, allowing
the application of methods from random matrix theory and statistical physics [9,
10]. This setting is widely used because it keeps large-N analysis tractable while
obatining general analytical results.

However, empirical-network studies caution that random matrices can misrepre-
sent real ecosystems: for instance, James et al. [11] noted that, across 21 empirically
derived community matrices, observed systems were more stable by orders of
magnitude than comparable random constructions, and the discrepancy reflected
biologically structured interaction strengths (encoded in matrix W in our framework)
more than simple topology alone (described by matrix K in our framework) .
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In our work, we choose the Gaussian distribution to sample the coefficients of the
weight matrix:
Wij ~ N(u, 0°) (2.9)

However, in the large-n limit, the characterization of the interaction matrix spectrum
that we will perform is expected to be independent of this particular choice. This
follows from universality results in random matrix theory due to Tao, Vu et al. [12, 13],
which show that the asymptotic spectral properties of random matrices are largely
determined by the first two moments of the entries, under mild regularity conditions
(in particular, sufficiently fast decay of higher-order moments) [14]. Hence, after
proper centering and rescaling, ensembles with non-Gaussian entries share the same
asymptotic spectral behavior as the Gaussian case.

2.2.3 Parameter normalization: assumptions and caveats

In the following analysis of the GLV model (2.1), we assume that all species share
the same intrinsic growth rate and the same intraspecific interaction strength:

ri=r, Wjj:—d, i=1,...,1’l.

Considering Eq. (2.6), the assumption r; = r corresponds to a homogeneous com-
munity in which all species have the same fitness if isolated in the environment. This
simplification is commonly adopted in theoretical studies for analytical tractability
([15], e.g. [16—19]). This choice is analitically convenient and it is useful for some of
the analytical results derived in the following chapters (e.g. the feasibility treshold
for fully connected networks, Proposition 16), but it suppresses biologically mean-
ingful variation among species and therefore should be understood as a modeling
idealization rather than an empirical claim [11].

The condition W;; = —d imposes identical self-regulation across species. The
negative sign ensures bounded growth in the absence of interspecific interactions
(Eq. (2.6)). Given (2.8), in combination with K;; = 1 it implies

Aji = —d.

This assumption corresponds to May’s hypothesis of homogeneous intraspecific
interactions [6] and is widely used in random GLV models (e.g. [17-20]). It yields a
diagonal contribution proportional to the identity matrix for the interaction matrix
A, which substantially simplifies the analysis of feasibility and stability properties
we will carry on in Section 3.

Evidence on diagonal heterogeneity suggests that the equal-diagonal assumption is
often acceptable only in a restricted sense. A recent review [9] summarizes Tang et al.
results [21] as showing that moderate variance in diagonal terms has limited effects
on stability, but large variance can matter depending on how self-regulation covaries
with network interspecific interactions. Furthermore, when diagonal variability is
introduced in empirically inferred community matrices, stability can be significantly
reduced [11].

Further empirical evidence demonstrates that, for instance, introduced and invasive
plant populations frequently exhibit significantly reduced intraspecific competition

10
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compared to native populations of the same species, suggesting that self-limitation
can shift rapidly depending on biogeographical and ecological contexts [22].

The parameters r and d set the scales of time and abundance, respectively. By
rescaling time and abundance variables, one can set

This is a standard nondimensionalization and, unless otherwise stated, it will be
used throughout the thesis.
The ODE associated with the model (Eq. 2.1) considered in this thesis is therefore

dN;
dt

(t) = Ni(H) |1+ Z a;jN; (2.10)
j=1

while the equation for the internal equilibrium given by Eq. (2.5) considered is
AN* = -1, (2.11)

where 1, is the all-ones 7 X 1 column vector.

2.2.4 Strength and sign of interactions

In this work, we focus exclusively on competitive communities, implying that all
interspecific interaction coefficients are non-positive (A;; < 0 for i # j), implying that
we extract the interaction coefficients Wj; of Eq. (2.9) from a normal distribution with
negative mean

u=-c, O0<c<l

Given the normalization framework established in Section 2.2.3, where intraspecific
regulation is fixed to A;; = —1, this parameterization enforces the condition that,
on average, intraspecific competition is stronger than interspecific competition
(IWii| > [Wijl).

This structural choice is grounded in empirical literature showing that stronger
self-limitation relative to interspecific effects is a primary stabilizing mechanism
that permits species coexistence. However, this assumption constitutes a statistical
idealization of natural systems, which exhibit profound variance in diagonal and
off-diagonal terms [23].

While acknowledging this empirical heterogeneity, maintaining A;; = —1 while
constraining the mean interspecific intensity to ¢ < 1 provides a necessary analytical
baseline to investigate the feasibility and stability thresholds of the system under
globally dominant self-limitation.

We now comment on how the assumptions introduced in this section for the inter-
action matrix A can prevent the unrealistic unbounded-growth behavior discussed
in Subsection 2.1.1.

Specifically, the assumption of strict intraspecific self-regulation (A;; = —d = -1),
if paired with purely competitive interspecific interactions (a;; < 0 for i # j), ensures

11



2. Model 12

that the per-capita growth rate is always bounded above by the isolated logistic
growth rate of Eq. (2.6). For any species i in the positive orthant,

dN;
dt

=N;|r—-dN; + Z ai]'N]' < Ni(r —dNj).

j#L
By the standard comparison theorem for differential equations (see Basic Comparison
Theorem in [24], with u(t) = N;(t), v(t) the solution of v’ = v(r — dv) satisfying
v(0) = N;(0) and f(x) = x(r — dx)), it follows that N;(t) < v;(t) for alla t > 0. Since
the logistic solution satisfies Eq. (2.7), we conclude that

Ni(t) < max(N;(0), r/d) = max(N;(0), 1)

under our normalization hypothesis (Subsection 2.2.3).

However, if the variance of the interspecific interactions is sufficiently large, positive
interaction coefficients may still arise with non-negligible probability. The resulting
positive feedback loops can overcome the stabilizing effect of intraspecific self-
regulation, leading to trajectories that diverge. Consequently, avoiding unbounded
growth requires constraints not only on the mean interaction strength but also on
the variance of the interaction matrix A.

In the following, we restrict our numerical analysis to representative values of
the interaction parameters (c, o) lying well within the bounded region of the phase
diagram. As shown in Figure 4.1, the two parameter sets considered throughout
this thesis are both far from the analytically predicted unbounded-growth region
derived by Bunin [25], ensuring that all reported numerical results correspond to
bounded dynamical regimes.

2.3 Structure

In this section, we characterize the adjacency matrix K introduced in Subsection 2.2.1,
which determines the topology of the ecological network through (2.8).

In particular, we focus on two structural properties of the network: connectance
C and modularity Q. Connectance quantifies the fraction of possible pairwise
interactions that are present in the network, while modularity measures the extent
to which species are organized into groups with dense internal interactions and
comparatively sparse interactions between groups.

These quantities allow us to construct interaction networks that depart systemati-
cally from an unstructured random topology. In the following sections, we introduce
the network ensembles considered in this thesis and describe how their structural
properties are controlled through C and Q.

The main objective of this work will be to investigate how variations in network
structure affect the equilibria properties and dynamical behaviour of the GLV model.

2.3.1 Random network: Erdés—Rényi ensemble

The topological baseline used to generate the interaction matrices is a directed Erdds—
Rényi random graph D(n,C). It consists of n nodes, where each ordered pair (i, j)

12



2. Model 13

with i # j is connected independently with probability C.
In this framework, C is the connectance of the interaction network. The adjacency
matrix K, with entries K;; € {0, 1}, is defined by

P(Kij=1)=C, PK;=0=1-C, i#]j.

Thus, fori # j, the entries K;; are independent Bernoulli random variables. In particular,
Kjj and Kj; are generated independently, so that in general K;; # Kj;. The resulting
interaction network is therefore directed.
We additionally impose
Kii =1,

to ensure that intraspecific interactions are always present, coherently to what
discussed in Subsection 2.2.1. These diagonal entries are treated separately from
interspecific links.

Because we adopt the convention that K;; denotes an interaction exerted by species
j on species i, the number of interspecific interactions received by species i is its

in-degree,
in _ § .
J#i

Since Ki“ is the sum of n — 1 independent Bernoulli variables with success probability
C, it follows a binomial distribution:

K" ~Bin(n - 1, C).
Therefore,

n-—1

P(K;n:k):( 3

)C"(l — o)1k, k=0,...,n-1.

Its mean and variance are
E[KM =mn-1)C,  Var(K")=(n-1)C(1-C).
If C is kept fixed while n increases, then
E [K;“] ~nC — oo.

Hence, the average number of interactions per node increases with system size, and
the network becomes progressively denser.

Because all ordered pairs of species interact with the same probability, the directed
Erdés—-Rényi ensemble does not impose any community structure. It is therefore
used as a null model without prescribed modular organization (Q = 0).

13



2. Model 14

2.3.2 Bipartite structure: modular parametrization

To introduce internal structure in the interaction network, we consider an ecosystem
composed of at most two subsystems, hereafter referred to as modules, which
represents communities. The resulting network is described by a stochastic two-
block model [15].
Let a € (0,1/2] denote the fraction of species assigned to the first module. The
module sizes are
ny=lan], ny=mn-—nj. (2.12)

The adjacency matrix K is then partitioned into two diagonal blocks K;,, repre-
senting within-module interactions, and two off-diagonal blocks K;, representing
between-module interactions, with block indexes r, s € {1, 2}. Explicitly:

_ K1 K
Ky Ky

Let M, denote the set of species belonging to module r, with r € {1,2}. We
indicate with E,s the number of links connecting any node in module 7 to any node

in module s
Eys = Z § Kij/
ieM, je M,

while E = Z%,s:l E,s is the total number of links in the network. We can define the
expected fraction of links from module r to module s

E[Es]

€rs = W, (213)
while the expected fraction of link ends attached to module r is defined as
2
a, = Z ers. (2.14)
s=1

Modularity quantifies the excess of within-module links relative to the expectation
under a random null model, such as the Erd§s—Rényi model discussed in Subsection
2.3.1. Following Newman [26],

Q= Z (err - a%) ’ (2.15)

The interpretation for parameter Q is clarified by the following result.

Lemma 3. For the Erdés—Rényi model, e,, = a? in expectation, and consequently E[Q] = 0.

Proof. In the Erd6s—-Rényi model the connection probability is the same, C, for every
ordered pair of species. Using the definition in Eq. (2.13), we therefore have

Cn,ng n,ng
€rs = =
C n2 n2’

14



2. Model 15

where n,, ns are the module sizes (Eq. (2.12)) for r, s, € {1,2}. Explicitly

nj 2 niny
nz

nz

and thus, using the definition in Eq. (2.14),
a1 =e11 +epp = a.

Proceeding analogously
a=1-a.
Hence e11 = a2, ez, = a3, and Q = 0. o
Following [27], we introduce two connection probabilities: Ci, for pairs of species
belonging to the same module, and C,y for pairs belonging to different modules.
Their definitions are analogous to the global connectance one for the Erd§s—Rényi
graph (Subsection 2.3.1), namely the probability of non-zero within-module and

between-module interactions. Given the two-block structure for the adjacency matrix
of Eq. (2.3.2)

Cin lfl,]EMr

0<Cin,Cowt <1, (216
Cout ifi€ M, je Msandr #s nout (2.16)

P(Kjj = 1) = {

where 7, s € {1, 2} are the block indexes and M, denotes the set of species belonging
to module 7.
Therefore, the expected block edge counts are

E[E11] = Cinn}, E[Ex] = Cinn13, E[E12] = E[E2] = Coutning, (2.17)

Proposition 4. Let
Bi=a’+(1-a) (2.18)

For the global connectance C to be preserved, it must be
BCin + (1 = f)Cout = C. (2.19)
Proof. Starting from (2.17) the global expected counts are
E[E] = Cin(n% + n%) + 2Couth1My.

Dividing for n? and using 11 = an, ny = (1 — a)n:

E[E
% = Cin (a® + (1 = @)?) + 2Coura(1 — a).
n
Defining
Bi=a’+(1-a)
completes the proof, because 1 — § = 2a(1 — a) and by definition % =C. m|

15



2. Model 16

Internal and external connectance are parametrized respectively as

_ Q _ Q
Cin—C(l-i'E), Cout—C(l—m),

where f3 is given by Eq. (2.18). Itis easy to demonstrate that this choice respects (2.19).

The admissible values of Q are constrained by the requirements
0<Cn<1l, 0<Cout < 1.

Substituting in (2.3.2), one obtain the conditions

Qmin = max {—ﬁ, -(1-p) (% - 1)} Qmax = min {1 -B,B (% — 1)} . (2.20)

These bounds depend on both the module-size asymmetry a and the global con-
nectance C.

Throughout this work we restrict to balanced modules,

For balanced modules, internal and external connectance are parametrized respec-
tively as
Cin = C(1+2Q), Cout = C(1 -2Q).

Under this assumption, complete separation between the two modules, Coyut = 0,
corresponds to Q = 1/2. Thus, this convention is not normalized to have maximum
modularity equal to one.

Three topological regimes can be distinguished:

* Modular regime (Q > 0). Here Cin > Cout, so interactions are more likely
within modules than between them.

* Neutral regime (Q = 0). Here Ci, = Cout = C, recovering the directed
Erd6s-Rényi ensemble.

¢ Anti-modular regime (Q < 0). Here Ci, < Coyt, so interactions are more likely
between modules than within them.

Note that, even for modules of the same size, the parametrization is not symmetrical.
A system described by Q is not topologically equivalent to one described by —Q.
This asymmetry arises because the main diagonal of the adjacency matrix K, which
represents species self-regulation (Kj;), is always contained within the diagonal
blocks and is therefore structurally constrained to depend on Ciy.

For the directed version of the model used in this work, each entry K;; with i # j,
is sampled independently according to Eq. (2.16). The diagonal condition K;; = 1is
imposed separately.

16



2. Model 17

To sum up the hypothesis for the interaction matrix (2.8) used in this work, as
discussed in this Section and in Section 2.2:

Wii = -1, W,']' ~ N(—C, 62), (2.21)
Cin, if speciesi and j belong to the same module,
Kii =1, P(Kij=1) = { pect / &
Cout, oOtherwise,

(2.22)

and A;; = Wj;k;; are the entries of the interaction matrix.

17



Equilibrium points analysis

In this chapter, we investigate the effects of the structural parameters C and Q on
the local stability of equilibrium points in the generalized Lotka—Volterra model
with competitive interactions. We begin by reviewing the classical results obtained
through random matrix theory, thereby motivating the relevance of this approach
and discussing its limits. We then employ these tools to characterize the spectral
properties of the interaction matrix A, and interpret the results of Monte Carlo
simulations in light of the corresponding theoretical predictions.

3.1 Classic result: complexity inhibits stability

In his seminal work [6, 28], Robert May used random matrix theory to study the
local stability of equilibria in ecological systems under general assumptions. In this
section, we review the hypotheses and results of this classical argument, which
motivated a large body of literature in theoretical ecology. Later, we will extend this
spectral approach to our specific setting.

3.1.1 May’s model hypothesis

May’s analysis is model-independent: its conclusions apply to a broad class of systems
governed by ordinary differential equations of the form

dN; .
d—tzzfi(Nl,...,Nn), i=1,...,n, (3.1)

or, in vector form,

dN
E - f(N)/

where the vector field f : R, — R generally describes nonlinear interactions
among species.

May’s argument relies on three strong assumptions, which became standard in
classical theoretical ecology. Its argument can be described as following [15]:

18



3. Equilibrium points analysis 19

Hypothesis 1: existence of an equilibrium. Species abundances are assumed to be close
to a dynamical equilibrium
N*=(Nj,...,N;) (3.2)

such that
f(N*) = 0.

Consider a small perturbation x(t) = (x1(t), ..., xx(t)), such that
Ni(t) = N: + x;(t), |xi| < 1.

Assuming that f is continuously differentiable in a neighborhood of N*, we can
expand f; to first order around N*:

n
of
N+ = filN') + ) az{;j %+ O(IxI?).
j=1 N
Since % = % and f;(N*) = 0, the linearized dynamics are
% = Sx. (3.3)

Here S = (S;;) is the Jacobian matrix evaluated at N*, whose entries are

_ 9
- 8N]- N*.

Si]'

In ecology, S is called the community matrix [29].

Hypothesis 2: random sparse interspecific interactions. Interspecific interactions are
assumed to be sufficiently complex to be modelled as random Bernoulli variables.

This is coherent with assumption discussed in Subsection 2.2.2 for the GLV model
and will also be central to our analysis. The relation between S and the interaction
matrix A defined for the GLV model will be discussed in Subsection 3.2.1.

Since S;j represents, in sign and magnitude, the effect of a perturbation of species
j on the growth rate of species i about the equilibrium point N*, May assumes that
its off-diagonal entries are independently drawn from a fixed distribution:

1, with probability C,

Sii = WiiK;;.
0, with probability 1 - C, ij ij 8

Wij ~ p(0,0%), Kij = {

where C is the connectance introduced in Subsection 2.3.1. This parametrization
does not account for internal structure, therefore it represents a Erd6s-Rényi graph
with Q = 0.

May also works in the neutral interactions regime, imposing p = 0. In Section 3.2

we discuss the expansion of this framework to the competitive interaction regime for
the GLV model.

Hypothesis 3: identical intraspecific interactions. Intraspecific interactions are assumed
to be identical for all species.

19



3. Equilibrium points analysis 20

Since S;; represents the self-regulation of species i, May sets
Wi = -1, Kii=1 = S;; =-1, i=1,...,n.

This is the same assumption discussed in Subsection 2.2.3 for the interaction matrix
A of the GLV model.

3.1.2 Preliminary notions: local stability and Lyapunov method

We are interested in the response of the system to small perturbations around N* of
Eq. (3.2), and in particular in characterizing whether such perturbations decay in
time: we refer to this property as local stability of N*.

Let || - || denote a norm in R"”. We can enunciate more precise definitions relating
to local stability.

Definition 5 (Lyapunov stability). The equilibrium N* is said to be Lyapunov stable if for
every € > 0 there exists 6 = 0(¢&) > 0 such that

IN(f)) = N[ <6 = |[IN()=N|| <e Vt=t.

This notion ensures that trajectories starting sufficiently close to the equilibrium
remain close for all future times, but it does not imply convergence.

Definition 6 (Asymptotic stability). The equilibrium N* is asymptotically stable if it is
Lyapunov stable and there exists 6 > 0 such that

IN(to) - N*|| <6 = tlim N(t) = N*.

Asymptotic stability corresponds to the case where perturbations decay to zero as
time goes to infinity. The definition does not specify the rate of convergence.

We now consider the linearized dynamics obtained in Eq. (3.3). The Lyapunov
indirect method relates local stability of the nonlinear system to the spectral properties
of the Jacobian matrix.

Proposition 7 (Lyapunov indirect method for local stability). Let S be the Jacobian matrix
evaluated at N*. The equilibrium N* is locally asymptotically stable if and only if for the
eigenvalues of S the spectral abscissa

A(S) := max R(A(S)) (3.4)

satisfies
A <O.

In this case, perturbations of the linearized system decay exponentially in time.
The eigenvalues of S determine the local behavior of the dynamics and will be
referred to as the spectrum of the community matrix.

This result shows that local stability is fully characterized by the spectrum of the
Jacobian (community matrix), which will be analyzed in the following section using
random matrix theory. We emphasize that this approach characterizes uniquely the
behavior of trajectories that originate sufficiently close to the equilibrium point N*
(i.e., under sufficiently small perturbations).

20



3. Equilibrium points analysis 21

3.1.3 Circular Law and spectral characterization

Under the assumptions enunciated in Subsection 3.1.1, the community matrix S has
form

where I is the identity matrix while B is a random interaction matrix with vanishing
diagonal. More precisely:
Bii =0,
and for i # j,
1, with probability C,

Bij = WijKij. (3.6
0, with probability 1 - C, ij = WiiKij.— (3.6)

Wi~ p(0,0%),  Kij= {

Proposition 8. Fori # j, the entries B;; defined in (3.6) are random variables with moments

E[B;j] =0, Var(B;;) = Co>. (3.7)
Proof. By the definition of variance,

Var(By;) = E[B}] - (E[B;])*.
Since E[B;;] = 0, it follows that
Var(Bj) = E[ij].
Moreover, by the definition of Bij,
E[ij] = CE[bfj] +(1-C)-0=Co>
Indeed, since E[b;;] = 0, we have
0? = Var(byj) = B[b] - (E[b;j])* = E[b2]
O

The spectrum of B can be characterized starting from a central result in random
matrix theory, commonly referred to as the Circular Law (see Theorem 2.8.1 in [30]).

Theorem 9 (Circular Law). Let B be an n X n matrix with independent and identically
distributed entries having zero mean and unit variance.
1

\/EE’ i.e. the probability measure

1 n
Hg =7 Z OBy
j=1

where 0, denotes the Dirac measure at x and A j(ﬁ) e C is an eigenvalue of B, converges
almost surely! to the uniform probability measure on the unit disk in the complex plane:

Then, the empirical spectral measure of B =

1
beirc(dz) = E1{|z|§1} dzz/

!Convergence almost surely refers to convergence with probability one with respect to the underlying
probability space.
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3. Equilibrium points analysis 22

where d?z denotes the Lebesgue measure on C ~ R2. Intuitively, the eigenvalues

of the normalized matrix B become asymptotically distributed over the unit disk in
the complex plane:
{zeC:|z| <1},

with eigenvalues spread approximately uniformly over its interior.
Applying this result to B yields the following asymptotic characterization.

Corollary 10. In the limit n — oo, the empirical spectral distribution of B defined in (3.6)
converges to the uniform distribution on the disk

{ze@:lz|§a\/ﬁ}.

Proof. By Proposition 8, the off-diagonal entries of B have variance Co?. Define
1
oVC

Then the off-diagonal entries of B have zero mean and unit variance. Hence, by
Theorem 9, the empirical spectral distribution of

B:= B.

N 1 = 1
B.=—B-=

Vno ovnC

converges almost surely to the uniform probability measure on the unit disk.
Since the eigenvalues scale linearly under scalar multiplication, the eigenvalues of
B are obtained by multiplying those of

B

1
oVnC

by 0 VnC. Therefore, the limiting spectral distribution of B is uniform on the disk

{ze@:lzléa\/ﬁ}.

B

O

Remark. Strictly speaking, Theorem 9 applies to random matrices with i.i.d. entries,
whereas the diagonal entries of B are deterministic, namely B;; = —1 for all i. This
difference is asymptotically negligible. Although the eigenvalues of non-Hermitian
matrices may be highly sensitive to perturbations, the limiting empirical spectral
distribution is unchanged under deterministic diagonal perturbations D,, whose
operator norm remains uniformly bounded. Since in our case D, = —I, we have
|Dy| =1 for every n, and therefore the Circular Law continues to hold in the limit
n — oo (see, e.g., Remark 1.5 in [31]).

To analyze the spectrum of the community matrix S, we first of all state a general
result of interest.
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3. Equilibrium points analysis 23

Lemma 11. Let B € C"*" and let d € C. Define
S=dI+B.
Then the eigenvalues of S are obtained by translating those of B:
Ai(8) = d + Ai(B),

while the eigenvectors remain unchanged.
Proof. Let x # 0 be an eigenvector of B associated with the eigenvalue A. Then

Bx = Ax.
Hence,

Sx=(dl+B)x =dx+ Ax = (d + A)x.

Therefore, x is also an eigenvector of S, now associated with the eigenvalue d + A.
Since every eigenpair of B gives rise to an eigenpair of S, the spectrum of S is obtained
by shifting the spectrum of B by 4. m|

Then the following result follows from Theorem 9:

Corollary 12. Under the assumptions of Corollary 10, as n — oo, the empirical spectral
distribution of the matrix S defined in (3.5) converges to the uniform distribution over the

disk
{ZECZ|Z+1| < a\/nC}.
Proof. Since
S=-1+B,

Lemma 11 implies that every eigenvalue of S is obtained from an eigenvalue of B by
translation:
Ai(S) = =1 + A;i(B).

By Corollary 10, as n — oo the empirical spectral distribution of B converges to
the uniform distribution over the disk

{z€C:|z| < oVnC}.

Since adding —I translates every eigenvalue by —1, the empirical spectral distribution
of S converges to the uniform distribution over the translated disk

{zeC:|z+1| £ oVnC}.
This proves the claim. |

Figure 3.1 shows that, for sufficiently large systems (here n = 1000), the asymptotic
predictions for the spectra of both B and S are in agreement with the numerical
results. As will be shown in the following sections, these analytical predictions
remain accurate even for considerably smaller values of n, providing a reliable
benchmark for ecosystem sizes of practical interest.
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Figure 3.1.. Eigenvalue distribution in the complex plane for (a) the fluctuation matrix
B (purple) and (b) the community matrix S = —I + B (green) for a system
of n = 1000 species. We use a normal distribution to extract the weights
(Wij in Eq. (3.6)) Parameters are set to C = 1.0 and ¢ = 0.03, yielding a
complexity ¥ = 6VnC ~ 0.95 (indicated by the arrow in panel b). Dashed
circles represent the theoretical boundaries predicted by the Circular Law
(Corollary 10 and Corollary 12) with radius y. The system is locally stable
as the entire spectrum of S lies in the left half-plane, bounded away from
the imaginary axis (vertical dashed line at R(A) = 0).

3.1.4 Implications and critical discussion

Combining the Lyapunov stability criterion of Proposition 7 with the spectral
characterization of the community matrix obtained in Corollary 12, one obtains a
condition for local stability in terms of the spectral radius of S.

Because the eigenvalues of S are asymptotically distributed in a disk centered at
~1 with radius 6VnC, stability requires that this disk lies entirely in the left half of
the complex plane, i.e. that its rightmost boundary is negative.

This yields the classical May stability condition:

y=0VnC <1 (3.8)

We will refer to the parameter y as complexity, as it simultaneously quantifies
system size (1), connectance (C), and interaction variability (¢). In this sense, higher
complexity generically reduces the probability of stability in the neutral random
interaction model.

We remark that May’s result is asymptotic, i.e. it holds for n > 1. We are therefore
interested in studying the reliability of this condition for finite size systems. In
Figure 3.2, we perform a Monte Carlo analysis for different system sizes n: for each
value of the discretized interval of the complexity parameter ), an ensemble of 50
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3. Equilibrium points analysis 25

randomly generated matrices is considered. The fraction of realizations leading
to locally stable equilibria is then computed using the Lyapunov criterion for the
community matrices S of the form given in Eq. (3.5).

We observe that the stability threshold at y = 1 becomes increasingly sharp as
n increases, as expected. However, even for relatively small systems (n = 20), the
threshold remains a good qualitative indicator of the onset of instability.

Species Count
—e— 1n=20

100 ~ .
Sy

—e— n=50
n=100
n=200

80 A

% Stability
g

'
o
I

20 A

I S ——

T T
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
Complexity ()

Figure 3.2.. Fraction of locally stable matrices in an ensemble of 50 realizations as a
function of the complexity parameter y, for different system sizes n. For
each value of y, stability is assessed using the Lyapunov criterion applied
to the community matrix S defined in Eq. (3.5). In this simulation, the scan
over y is obtained by fixing C and n (here C = 0.8, with different curves
corresponding to different values of n) and varying ¢ according to the
definition in Eq. (3.8); an equivalent parametrization would be obtained by
fixing o and varying C.

Equation (3.8) implies that large, highly connected systems with strong interac-
tions are generically unstable under the assumptions of the neutral random model
of Subsection 3.1.1. Stability can only be recovered by reducing connectance or
interaction strength, i.e. by approaching a weak-interaction regime.

This result was historically in tension with earlier ecological intuition and ob-
servations [1]. The so-called stability—complexity paradox remains a central topic
in theoretical ecology even if empirical evidence remains mixed, with laboratory
microcosms and microbial systems showing different trends depending on the
experimental design and underlying constraints [32-34]. A large body of subsequent
work has explored how relaxing May’s assumptions modifies his conclusions. In
particular:

* Type of interactions. The original May framework assumes large random
interaction matrices with neutral interactions. Subsequent work has shown
that different sign structures of interactions play a central role in determining
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stability. In particular, predator—prey interactions are generally more stabi-
lizing than purely mutualistic or competitive ones, at fixed system size and
connectance [1, 35].

Predator—prey structures can sustain locally stable equilibria even in large
and highly connected systems [21, 35], whereas mutualistic and competitive
interactions typically reduce the probability of stability under comparable
statistical assumptions [1].

Systems with mixed interaction types have also been proposed to stabilize
ecological communities, potentially reversing May’s complexity—stability rela-
tionship under specific modelling assumptions [36]. However, this conclusion
has been challenged, with subsequent work showing that the reported sta-
bilization depends critically on the underlying assumptions rather than on
interaction diversity itself [37].

* Violations of randomness: correlations and self-regulation. A second line of
extensions relaxes the Hypothesis 2 of independence and identical distribution
of interaction coefficients. In fact, even when population abundances are
explicitly included, the asymptotic stability of large communities remains
primarily determined by the structure of the interaction matrix [38].

In this context, correlations between reciprocal interaction strengths have
been shown to play a key role in determining stability properties of ecological
networks [21], and May’s treshold (3.8) has been expanded to include correlation
between S;; and Jj; . In particular, this correlation structure can be as relevant
as the network topology itself in setting stability properties.

Furthermore, relaxing Hypothesis 3 by modifying the distribution of self-
regulation terms — for instance by drawing them from a prescribed distribution
[11, 21] or by assuming sublinear self-regulation [39] — can significantly change
May’s conclusions. In many cases, these extensions restore stability at higher
levels of complexity or even reverse the stability—complexity relationship [39].

* Imposed ecological structure. A third and broader direction considers devi-
ations from purely random models through the introduction of empirically
motivated ecological structure [1, 15].

Importantly, imposing realistic trophic or ecological structure does not guar-
antee increased stability: structured networks may even be less stable than
random ones if interaction strengths are not appropriately constrained [35].

In particular, spatial structure and environmental heterogeneity have been
explicitly incorporated into ecological networks, showing that they can strongly
affect stability and coexistence properties [40—43].

In summary, no universal complexity—stability relationship exists, as outcomes
depend jointly on interaction type, correlation structure and ecological organization.
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3.2 Extension to the competitive GLV model

We now extend the previous analysis to the competitive GLV model. Since the GLV
dynamics are density-dependent (i.e. it has functional form given by Eq. (2.3), see
Subsection 2.1.1), May’s original argument does not apply directly. Nevertheless,
under the assumptions introduced in this work, we show that under some additional
assumptions the local stability analysis can still be reduced to the spectral analysis
of the interaction matrix A. This provides a justification for extending May’s
random-matrix approach to the competitive GLV setting.

3.2.1 May’s result VS density dependent models

The results obtained by May and the associated analytical framework introduced
in Section 3.1 apply to models of the form given by Eq. (3.1), in which the absolute
growth rate of each species is entirely determined by interspecific interactions.

By contrast, as discussed in Subsection 2.1.1, the GLV model is density dependent
and has the general form

dN;
dt

:Nigi(N1,N2,...,Nn), i=1,2,...,n,

where the per-capita growth rate is multiplied by the species abundance, introducing
a density-dependent term.

For density-dependent systems, the random matrix theory results used by May
are not directly applicable [19]. To characterize local stability, we linearize Eq. (2.3)
around a feasible equilibrium N* by introducing a small perturbation x(¢) such that

Ni(t) = N: + x;(t), |xi| < 1.

Expanding g; to first order around N* gives

gi(N"+x) = gi(N) + xj + O(lIxI).
1 1 Z aN] ]
Since dé\t]’ = dxl and g;(N*) = 0, the linearized dynamics become
dx
E = SX,

as in Eq. (3.3). In this case, however, the community matrix S = (S;;) is given by

L 08i
Sl] = Ni 8N]- N

In particular, the community matrix of the GLV model takes a particularly simple
form.
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Proposition 13. For the GLV model in Eq. (2.1), the linearized dynamics around a feasible
equilibrium N* are

dx
yn = DAXx, (3.9)

where A = (aj;) is a realization of the interaction matrix defined as in Section 2.1, and
D = diag(Ny,...,N,)
is the diagonal matrix of equilibrium abundances.

Proof. The GLV model is

dN;

n
i
I = N; 1’1'+;111'ij .

Let
Ni(t) = Nj + xi(t), |xi| <1,

where N* is a feasible equilibrium. Substituting into the equations gives

dxZ

' = (N] + x;) r1+Za1](N + %) .
j=1

Expanding the right-hand side,

d
xl = (N7 +x;) rl+Za1]N +Zal]x] .

Since N* is an equilibrium,

n
¥ + Z lll']'N
=1

and therefore
d
xl = (N} + x; )Z aijx;.

j=1

Neglecting second-order terms x;x; yields

dx
o =N; Z aijx;.

Writing the system in matrix form gives
dx
= DA
ar -

which proves the claim. o
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Therefore, by the indirect method of Lyapunov (Proposition 7), local stability of
equilibria for the GLV model is determined by the eigenvalues of the community
matrix

S = DA =diag(N")A (3.10)

rather than by those of the interaction matrix A alone.

This distinction arises because the presence of the diagonal matrix D distorts the
standard identity matrix within the characteristic equation. Indeed, assuming a
feasible equilibrium (N* > 0), the eigenvalues A(S) of the community matrix S are the
roots of det(DA — A(S)I,,) = 0. Since D has non-zero determinat det(D) = []/_; N It
is invertible and this condition can be rewritten by factoring out D, yielding

det (A - A(S)D7!) = 0. (3.11)

While the spectrum of A is determined by the standard uniform shift det(A —
A(A)L,) = 0, Eq. (3.11) shows that the presence of the equilibrium abundances
replaces the identity matrix I, with the heterogeneous diagonal matrix D™ =
diag(1/Nj,...,1/Ny). This non-uniform weighting deforms the geometry of the
spectrum, lifting the direct applicability of the Circular Law and breaking any
immediate equivalence between the stability of A and that of S.

Figure 3.3 compares the spectrum of an interaction matrix A with that of the
corresponding community matrix S = DA. Here, A is a May matrix,

A=-1+B,

where B is defined by Eq. (3.6), and the equilibrium abundances are sampled
according to N* ~ U(0, 1]. Although the Circular Law (Theorem 9) characterizes the
spectrum of A, the figure illustrates that the stability of A does not, in general, imply
the stability of the corresponding community matrix S. In the next section, however,
we show that under physically motivated assumptions the stability of A becomes a
sufficient condition for the stability of S.
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Figure 3.3.. Comparison between the spectra of the interaction matrix A and the
corresponding community matrix S = DA for the same realization of A.
The parameters are n = 1000, 0 = 0.03, and C = 0.8. The equilibrium
abundances are sampled independently from the uniform distribution

Uuo,1].

3.2.2 Relation between the stability of A and S

In Subsection 3.2.1, we explained why the matrix governing the local stability of
equilibria in the GLV model is the community matrix

S =DA,

rather than the interaction matrix A. However, the analysis of S is generally more
involved, since its construction requires the equilibrium abundances N*, which must
be obtained from Eq. (2.11). In general, this entails inverting the interaction matrix
or approximating the solution numerically.

It is therefore natural to ask whether there exist parameter regimes in which the
spectral properties of A alone are sufficient to determine the local stability of GLV
equilibria, without explicitly computing S.

To address this question, we introduce the following notion [44].

Definition 14 (D-stability). A matrix A is called D-stable if, for every positive diagonal
matrix
D = diag(di, ..., dy), d; >0,

the matrix DA is locally stable.

In the GLV model, whenever an equilibrium is feasible, the community matrix
satisfies
S = D(N)A,

where D(N”) is a positive diagonal matrix. Consequently, if A is D-stable, then every
feasible equilibrium is necessarily locally stable.
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Although D-stability is a strong property and no complete characterization is
known for matrices of dimension greater than three, the following sufficient condition
is available [44].

Proposition 15. If there exists a positive diagonal matrix D such that
DA +A'D

is negative definite (equivalently the equilibrium is Volterra—Lyapunov stable), then A is
D-stable.

An immediate consequence is the following. If A is symmetric and stable, then
choosing D = I, gives
A+AT=2A,
which is negative definite. Hence, every symmetric stable matrix is D-stable.
More generally, if a stable (not generally simmetric) matrix A satisfies

A+AT <0,

(i.e. it has all negative eigenvalues) then it is D-stable. Therefore, every feasible
equilibrium of the corresponding GLV system is locally stable.

3.2.3 Feasibility condition for fully-connected competitive communi-
ties(C=1,0=0)

We are interested uniquely in feasible equilibria.

In this subsection, we recall a result originally derived by Stone [19] for fully
connected (C =1, Q = 0) competitive GLV models, in which the interaction matrix
takes the form

Wi = -1, Ki=1 = A;=-1, (3.12)
and, fori # j,
W,']' ~ N(—C, 62), K,']' = 1, Ai]' = W,']'Ki]'. (3.13)

Equivalently, K = J,;, where J,, denotes the n X n all-ones matrix.

Proposition 16 (Feasibility of fully-connected competitive GLV). Consider the GLV model
with interaction matrix A defined by Eq. (3.12) and Eq. (3.13). Then, in the limit n — oo,
the probability that the internal equilibrium of Eq. (2.11) is feasible tends to one only if

y=+vno<1.
where 'y is the complexity defined in Eq. (3.8).

We report the heuristic derivation of this result in Appendix A.1. Since the
argument relies on several simplifying assumptions—including a first-order expan-
sion and the approximate independence of equilibrium abundances—it should be
regarded as an approximation rather than an exact characterization.

Figure 3.4 compares the analytical prediction for feasibility probability

. B 1-c\]"
w5
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where ® denotes the cumulative distribution function of the standard normal
distribution, with Monte Carlo simulations.

For each system size 7, the markers represent the fraction of feasible realizations
(Eq. (2.5)) obtained from an ensemble of 50 randomly generated interaction matrices
following Eq. (3.12) and Eq. (3.13), for each value of y, while the solid line of the
corresponding color shows the theoretical prediction. The latter is constructed by
approximating the equilibrium abundance of each species as a Gaussian random
variable, computing the probability that a single species has positive equilibrium
abundance, and assuming that the abundances of different species are independent,
so that the feasibility probability of the whole community is the product of the
single-species probabilities.

Despite its simplicity, the approximation reproduces both the location and the
sharpness of the transition between the feasible and non-feasible regimes already for
moderately sized systems.

A systematic leftward shift of the numerical curves relative to the analytical
predictionis nevertheless observed, indicating that the heuristic slightly overestimates
the probability of feasibility. This discrepancy is mainly due to the neglected
correlations between equilibrium abundances, which are coupled through the
inverse interaction matrix A™! and therefore cannot be treated as independent.
Additional deviations arise from the first-order linearization of the equilibrium
equations and from finite-size effects (stronger for smaller n), for which the Gaussian
approximation provided by the central limit theorem is not exact.

32



3. Equilibrium points analysis 33

1.0
Species Count
o n=20
0.8 =] n=>50
n=100
. n=200
< 0.6 o
A
& 0.4
0.2 1
- Py Sy — |'| ....... L — "\0¥0 ...... I — Taleus
0.0 : : : B o £ & &
0.0 0.1 0.2 0.3 0.4 0.5 0.6

Complexity (7)

Figure 3.4.. Probability of feasibility as a function of the complexity y = ov/n for a
fully-connected (C = 1) competitive GLV model with mean interaction
¢ = 0.4. Solid lines represent the analytical prediction of Proposition 16
derived under the mean-field approximation and the assumption of inde-
pendent species abundances (see derivation in Appendix A.1). Distinct
empty markers correspond to empirical values obtained from Monte Carlo
simulations across different system sizes: n = 20 (circles), n = 50 (squares),
n =100 (triangles), and n = 200 (diamonds). Each empirical data point is
computed over an ensemble of 50 independent matrix realizations.

Therefore, feasibility constitutes a strong constraint in this regime, restricting the
set of parameter values for which realistic equilibria exist, and consequently for
which it is meaningful to analyze their properties. In the following, we extend this
observation through numerical simulations, showing that the feasibility condition
remains more restrictive than the stability of A across all structural regimes considered
(see Subsection 3.3.4 and Subsection 3.4.3).

3.3 Effect of C in competitive GLV

In this section, we analyze the spectral properties of the interaction matrix A in the
absence of modularity (Erd§s-Rényi structure; see Subsection 2.3.1) and investigate
whether, for competitive GLV systems (2.10), a connectance C < 1 leads to different
effects on stability and feasibility compared to the fully-connected case of the same
model.

3.3.1 Distribution associated with A

Given assumptions 2.22, we reduce to the case Q = 0, so that

Wii = —1, Kz’i =1 = Aii =-1 (3.14)
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and, fori # j,

1 with probability C,

A;i = W;iK;;. (3.15
0 with probability 1 - C, 1 ijKij. ( )

Wij ~ N(-c, %), Kij = {

We now quantify the effect of a non-zero mean interaction strength —c on the
variance of the interspecific interactions.

Proposition 17. Given an interaction matrix A whose off-diagonal entries are defined by
Eq. (3.15), the random variable A;; satisfies

E[Aij] =-cC,  Var(A;j) = Co*+c*C(1-C). (3.16)
Proof. By definition,

E[Ai]'] =C E[W,]] + (1 - C) -0 =-cC.

Moreover,
E[W2] = Var(Wj) + (BIW;])? = 0 + 2.
Therefore,
E[A?].] = CE[Wg] +(1-C)-0=C(c*+c?).
Hence,

Var(Ajj) = E[A?].] - (E[Aij])2 =C(0?>+c?) - c*C?>=Co?+2C(1-0),
which proves the claim. O

The first contribution to the variance grows linearly with the connectance C,
consistently with May’s classical result in Eq. (3.7). The second contribution arises
from the random network topology and is proportional to C(1 — C). This term
vanishes for both C — 0 and C = 1, attaining its maximum at C = 1/2.

3.3.2 Spectral analysis and instability threshold

We now determine analytically how the spectrum of A differs from May’s classical
case when a non-zero competitive mean interaction strength c is introduced.

To this end, we move from the Hadamard formalism adopted so far to the analysis
of the full matrix. We decompose A, whose entries are defined by Egs. (3.14)
and (3.15), as

A=M+B, (3.17)

where M is the mean interaction matrix, given by
M=-I,(1-cC)-cC]J,, (3.18)

using Eq. (3.16), where J,, is the n X n all-ones matrix; B is the fluctuation matrix,
satisfying the following properties.
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Proposition 18. Let B be the matrix defined by Eq. (3.17), where the off-diagonal entries of
A are given by Eq. (3.15). Then the off-diagonal entries of B have zero mean and the same
variance as those of A:

E[Bij]=0,  Var(Bj) = Ca®+c*C(1 - C). (3.19)
Proof. By definition,
B=A-M.
Since, for i # j,
Mi]' = —CC,
it follows that
Bi]' = Ai]' + cC.
Therefore,

E[Bi]'] = E[Aij] +cC=-cC+cC=0.
Moreover, the variance is invariant under translations, so that
Var(Bj;) = Var(A;j) = Ca* + ¢*C(1 - C),
where the last equality follows from Proposition 18. This proves the claim. m|

Therefore, we can use the Circular Law (Theorem 9) to determine the spectrum of
B as done in Corollay 10. For large 7, its eigenvalues are asymptotically uniformly
distributed over the disk

{zeC: |z| < oeVn},

where we will denote o as the effective variance, given by

024 = Co® +c*C(1 - Q). (3.20)

As for M, we first state a preliminary result.

Lemma 19. The n X n all-ones matrix, J,,, has n — 1 zero eigenvalues and a single eigenvalue
equal to n.

Proof. Since all the rows of J,, are identical, the matrix has rank equal to 1. By the
rank-nullity theorem it must be dim(ker(J,)) + rk(J,,) = n, therefore

dim(ker(J,)) =n -1,

so that 0 is an eigenvalue with geometric multiplicity n — 1.
On the other hand, the vector

e,=(1,..., 1)

satisfies
Jn €y = Nney,

showing that 7 is an eigenvalue of J,,.

35



3. Equilibrium points analysis 36

Finally, the sum of the eigenvalues, counted with algebraic multiplicity, equals the
trace of the matrix:

tr(Jn) = n.

Since 7 is already one eigenvalue and the remaining ones are zero, the spectrum of J
is

n,0,...,0.
N——
n—1 times

We thus obtain the following result for the spectrum of M.

Proposition 20. The eigenvalues of M are

— a single eigenvalue
Aout = =1 —=cC(n - 1);

— n — 1 degenerate eigenvalues

Abulk =-1+cC.

Proof. By Lemma 19, the eigenvalues of —cC]J,, are

— one eigenvalue with multiplicity one:

A(=cCJy) = —cCn;

— one zero eigenvalue with multiplicity n — 1:

Az(=cCJyn) = 0.

Moreover, by Lemma 11, adding the multiple of the identity matrix —(1 — cC)I,
shifts all eigenvalues by the constant —(1 — ¢C) without changing the corresponding
eigenvectors. Therefore,

Aout = —cCn—-(1-cC)=-1-cC(n-1),
and
Apulk =0 — (1 — CC) =-1+c¢C,
which proves the claim. O

Therefore, M has a single isolated eigenvalue, referred to as the outlier, which
becomes increasingly negative as n grows. The remaining n — 1 eigenvalues form a
degenerate bulk, whose location depends on the parameters ¢ and C.

To characterize the spectrum of A from these results, we rely on the following
theorem formulated by Tao (Theorem 1.7 in [45]):
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Theorem 21 (Outliers for low-rank perturbations). Let X, be a random n X n matrix whose
entries are i.i.d. with zero mean, unit variance, and finite fourth moment. Let C, be a
deterministic n X n matrix of rank j = O(1).

If C,, possesses exactly j non-zero eigenvalues A1(Cy), ..., Aj(Cy) such that |A;(C,)| >
1+ 0 for some 6 > 0 and all n sufficiently large, then, almost surely:

— The spectrum of %XH + C,, consists of a bulk contained in the unit disk {z € C: |z| <
1+0(1)};

— Exactly j isolated eigenvalues (outliers) lie outside the bulk and satisfy
A-(LX +C ) =Ai(Cy) +0(l) asn — o
1 \/E n n 1 n
foreach1<i<j.

It follows that we can prove the following proposition.

Proposition 22. Let A be a matrix whose diagonal entries are given by Eq. (3.14) and whose
off-diagonal entries are given by Eq. (3.15). Then, for large n, its spectrum is given by

— the bulk spectrum, which is contained in a disk centered at (=1 + cC, 0) with radius
Oefi V1, where o is given by Eq. (3.20);

— an isolated eigenvalue (outlier), which asymptotically converges to:
/\out(A) =-1- CC(” - 1) + 0(\/%) — Aout, (3-21)

where Aoyt 1s the outlier eigenvalue of M (Proposition 20).

Proof. To apply Theorem 21 to our model, we perform an algebraic transformation
of the matrix A. Recall the decomposition of Eq. (3.17), where the mean interaction
matrix is given by Eq. (3.18).

Introducing the unit vector é, of Eq. (??), we can rewrite the all-ones matrix as
J. = né,é,. We thus obtain:

A=B-(1-cO)I,, —cCnéyé,. (3.22)

We now define the normalized random matrix B = C%HB. By construction, the

entries of B have zero mean and unit variance, matching the assumptions of Theo-
rem 21.
We rescale the entire matrix A by dividing by the asymptotic bulk radius oegVn:

A _1gs 1-cC

= —I
GV V1 et V1 !

where the deterministic perturbation is defined as:

cC

Oeff

C, = ——né,é,. (3.24)
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The matrix C, has rank 1 = O(1), and its sole non-zero eigenvalue is:
cC
M(Cy) = ——n. (3.25)
Oeff
Since 11(C,) scales as O(+/n), its magnitude satisfies |11(C,)| > 1 + 6 for any fixed

6 > 0 and all sufficiently large n.
Applying Theorem 21 to the matrix %]AS + C,, its spectrum consists of a bulk

contained in the unit disk and a single outlier located at:

1 A cC
M (ﬁB + Cn) = —a—eﬁx/ﬁ +0(1). (3.26)

The additive term — HCC I, is a multiple of the identity, whose only effect is to

rigidly shift the entire spectrum (Lemma 11). Therefore, the spectrum of the rescaled
matrix - ? Vi possesses an outlier at:

A cC 1-
Ao (m) A aeﬁw +ot) 427

Finally, multiplying by the scaling factor deg/7 to return to the spectrum of the
original matrix A, we obtain:

Aowt(A) = —=cCn — (1 =cC) +o(Vn) = =1 = cC(n — 1) + 0o(\/n), (3.28)
which completes the proof. O

From these considerations, the isolated eigenvalue Ay is asymptotically separated
from the bulk spectrum and remains strongly negative for all admissible parameter
values. It therefore does not contribute to the stability boundary of the system, and
the matrix A is said to be a Google matrix [46].

Figure 3.5 displays the numerically computed eigenvalue spectrum of a single
realization of the interaction matrix A under the current model assumptions. The
numerical results are compared against the theoretical predictions formulated in
Proposition 22, specifically regarding the radius of the bulk spectrum disk and the
exact coordinate of the isolated outlier. A precise agreement is observed between the
empirical data and the analytical boundaries.
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Figure 3.5.. Figenvalue spectrum in the complex plane for a single realization of
the interaction matrix A with n = 250 species, connectance C = 0.8,
standard deviation of interactions ¢ = 0.05, and a weak competitive mean
interaction strength ¢ = 0.02. The dashed circle represents the theoretical
boundary of the bulk spectrum, centered at (-1 + cC,0) = (-0.984,0)
with an effective radius of gegVn ~ 0.045, computed via the effective
variance agﬁ = Co? + ¢>C(1 — C). The isolated outlier eigenvalue Aoyut(A) is
highlighted by the markers, strictly adhering to the asymptotic prediction
-1 —-cC(n — 1) = 5. The perfect alignment confirms the validity of the
derivation in the large-n regime under the Q = 0 condition.

Stability is thus governed by the rightmost edge of the bulk spectrum. Denoting
by A the spectral abscissa of A, for n sufficiently large we obtain

A=-1+cC+ \/n [Co2 + c2C(1-O)]. (3.29)

By Lyapunov’s criterion (Proposition 7), the system is stable if and only if A <0,
which yields

JnlCo? +2C(1-C)] <1-cC.

This condition shows that stability is controlled by the competition between the
deterministic shift 1 — ¢C and the fluctuation-induced spectral radius of the bulk.

By setting C = 1, we isolate the effect of competition on the stability threshold
relative to the neutral regime studied by May (Subsection 3.1.4). In this case, the
stability condition shifts from the classical threshold

y <1
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(Eq. (3.8)) to
y<1-c. (3.30)

Thus, in a fully connected competitive network, increasing the average interaction
strength c has a destabilizing effect, since stability is achieved only for smaller values
of the complexity parameter . Moreover, because the connectance is fixed at C =1,
reducing the complexity is equivalent to reducing the variance o of the interspecific
interaction strengths.

Figure 3.6 verifies the theoretical threshold by means of a Monte Carlo analysis.
For each value of y, an ensemble of 50 interaction matrices generated according to
Eq. (3.14) and Eq. (3.15) was considered, with parameters fixed to C = 1 and c = 0.4.
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Figure 3.6.. Fraction of stable interaction matrices as a function of the complexity
parameter y for the fully connected competitive model (C =1, ¢ = 0.4) and
different system sizes n. The vertical dashed line marks the theoretical
threshold predicted by Eq. (3.30), obtained as the C = 1 specialization of
the general stability condition in Eq. (3.3.2). The numerical results are
consistent with the theoretical prediction, which provides a good qualitative
estimate of the onset of instability even for relatively small system sizes.
The scan over y is performed by fixing C and n (one curve for each value
of n) and varying o.

In the following, we instead investigate the effect of the connectance C on the
instability threshold while keeping the average competition strength c fixed.

3.3.3 Prediction of the spectral shift

To quantify the stabilizing or destabilizing effect induced by the connectance C, we
introduce the spectral shift

AAc(A) = Ac(A) — Ac=1(Fa), (3.31)

40



3. Equilibrium points analysis 41

where A = max; R(A;) denotes the spectral abscissa of the corresponding matrix.
Here, F5 denotes the fully-connected (C = 1) matrix obtained from A by preserving
the weight matrix W and replacing only the adjacency matrix K with the n X n matrix
of ones J,, in the Hadamard representation.
Therefore the quantity AAc(A) measures the change in spectral abscissa induced
solely by reducing the connectance from C = 1 while keeping the same realization of
the interaction strengths. In particular,

AAc(A) <0 = stabilizing effect of the connectance,
AAc(A) >0 = destabilizing effect of the connectance.

Since A is random, AAc(A) is itself a random variable. In the following, we derive
an analytical prediction for its expectation as a function of C and compare it with
numerical simulations.

Using the results of Subsection 3.3.2, where A was shown to be a Google matrix,
comparing Ac(A) and Ac=1(Fa) reduces to comparing the rightmost eigenvalue of
the bulk spectrum of the two matrices.

In particular, using Eq. (3.29) for the large n limit:

— for the matrix A with connectivity 0 < C <1,
Ac(A) = (=1 +¢cC) + Vn oes,
where o, is given by Eq. (3.20);

— for the corresponding fully connected matrix Fja,
Ac=1(Fa) = (-1+c¢) +Vno.

Therefore,
AAc = —c(1 = C) + Vn (0ef — 0). (3.32)

This behaviour can be understood by taking in account the effective variance o
of the entries of A. When C < 1, the presence or absence of an interaction is itself
a random variable, introducing an additional source of fluctuations on top of the
intrinsic variability o of the interaction strengths.

Note that, in the limit C — 0, corresponding to isolated species, the effective
variance of Eq. (3.20) satisfies oe¢ — 0. Consequently,

and the spectral shift converges to the finite value
AAc(A) — —c —+no.

Thus, in the limit of vanishing connectance, the interaction matrix is always more
stable than its fully connected counterpart by an amount equal to ¢ + V/n 0 in terms
of the spectral abscissa. Therefore, higher variance of interactions emphasises this
effect.
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By setting the first derivative of Eq. (3.43) with respect to C to zero, we find
that a positive deviation (AAc > 0)—which drives destabilization at incomplete
connectance (C < 1)—occurs if and only if

a2 \/nT—l

< —_—
c2 Vn+1+1

This implies that incomplete connectance can be destabilizing only when interaction
strengths are sufficiently homogeneous, i.e. when o2 is small relative to the squared
mean interaction strength c2.

(3.33)

The theoretical prediction of Eq. (3.32) is validated by the excellent agreement
with the Monte Carlo analysis reported in Figure 3.7, even for relatively small values
of n. The narrow width of the shaded region indicates that the variability across
realizations is small, so the median accurately captures the typical behavior. For each
sampled value of C, the average value of AAc(A) was computed over an ensemble of
500 independently generated interaction matrices A, with the interaction parameters
(c, 0) held fixed.

The median and the 5th and 95th percentiles were used to analyze the simulation
data. This non-parametric framework ensures that the empirical distributions are
described without relying on a priori distribution assumptions.

Equation (3.32) provides an asymptotic prediction (n — oo) for the spectral
shift, depending only on the generation parameters (C, c, ¢). For finite n, however,
Proposition 22 describes only the asymptotic location of the bulk. The actual spectral
abscissa of a realization A fluctuates around its limiting value because the boundary
of the bulk is not deterministic. Consequently, Monte Carlo simulations exhibit a
non-zero dispersion around the average value. As 1 increases, the ensemble average
converges to the theoretical prediction (3.32).
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Figure 3.7.. Spectral shift AAc as a function of connectance, compared with the theo-
retical prediction of Eq. (3.32). The solid line represents the median over
an ensemble of 500 interaction matrices satisfying Eqs. (3.14) and (3.15)
for each parameter set, while the shaded region denotes the 5th-95th
percentile range. Panel (a) corresponds to the case 0 < ¢ (c = 0.1, 0 = 0.05),
whereas panel (b) shows the regime ¢ ~ 0 (¢ = 0.1, 0 = 0.1). As predicted
by Eq. (3.33), the spectral shift exhibits a maximum at intermediate con-
nectance in the former case, whereas is monotonic in the latter.
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3.3.4 Numerical results and discussion

We compare the average spectral shift as a function of connectance for both the
interaction matrix A and the GLV community matrix S (Figure 3.8). We consider
two parameter regimes: one corresponding to relatively homogeneous interactions,
satisfying Eq. (3.33), and another characterized by interaction strengths with variance
large compared to the mean level of competition. Only realizations for which both
the original system and the corresponding fully connected system admit a feasible
interior equilibrium (Eq. (2.11)) are included in the analysis.

Again, we report the median together with the 5th-95th percentile range, thereby
avoiding any parametric assumptions about the underlying distribution of the
spectral shift.
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(2) Diverse interactions (o ~ ¢)

Figure 3.8.. Average spectral shift AAc as a function of connectance C for the interaction
matrix A (Eq. (3.14) and Eq. (3.15)) and the GLV community matrix S. Panel
(1) corresponds to the regime of homogeneous interactions, with ¢ < ¢
(c = 0.1, 0 = 0.05), whereas panel (2) shows the case of high variance in
interaction strengths (c = 0.1, 0 = 0.1). For both A and S, only realizations
admitting a feasible equilibrium were included. The solid lines represent
the median over 500 independent realizations, while the shaded regions
denote the 5th-95th percentile range.

The numerical results show that, although the qualitative behaviour predicted for
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A is preserved for S, the destabilizing effect at intermediate connectance predicted
for homogeneous interactions (¢ < ¢) in A is, on average, no longer observed in S.
This discrepancy arises from the combined effects of the feasibility constraint and
the diagonal rescaling induced by the equilibrium abundances N* (Eq. (3.10)).

However, imposing the additional feasibility constraint substantially increases the
variability among realizations. This is already evident for the interaction matrix A,
whose fluctuations are considerably larger than in the unconstrained case (Fig. 3.7).
As a result, the spectral shift of S exhibits no clear dependence on connectance,
making it difficult to draw firm conclusions from this comparison alone.

In contrast, for both interaction regimes, the stabilizing effect associated with
sufficiently low connectance remains clearly observable and is even more pronounced
for the community matrix. Indeed, connectance values below unity are still associated
with greater stability than the fully connected case (C = 1). We therefore conclude
that, within the competitive GLV model considered here, reduced connectance has
an overall stabilizing effect on feasible equilibria. This conclusion appears to be
robust with respect to the relative magnitude of ¢ and o, unlike the behaviour of the
interaction matrix A, for which the ratio o /c qualitatively affects the spectral shift.
Equivalently, reducing the average number of interactions per species promotes the
local stability of feasible equilibria.

As regards feasibility, we consistently find that reduced connectance increases
the probability of feasible equilibria relative to the fully connected case.

Finally, the fraction of feasible realizations decreases as the system size n increases.
This behaviour is consistent with the theoretical predictions discussed in Subsec-
tion 3.2.3 for the fully connected case, according to which feasibility requires y < 1.
This also explains why we restricted our simulations to smaller values of n than in the
previous analysis: imposing feasibility for both the original and the corresponding
fully connected system substantially reduces the number of admissible realizations,
especially as n increases.

3.4 Effect of Q in competitive GLV

We now move from the analysis of interaction matrices with arbitrary connectance C
but no internal structure to the study of the effect of network structure on the stability
of equilibria through the introduction of a non-zero modularity parameter Q (see
Subsection 2.3.2). In this section, we extend the spectral analysis of A and interpret
the effect of modularity on local stability in light of this spectral characterization.

3.4.1 Distribution associated with A

We consider a generic interaction matrix A in the presence of modularity Q # 0, with
parameters defined in Eq. (2.22), namely

Wi = -1, Kii=1 = A;=-1,
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and for i # j,
Wij ~ N(=c,d%),

Cin, 1,jinsame module,

Cout, 1, in different modules.

P(Kij = 1) = {

A = WiiKjj.
As in Subsection 3.3.1, we compute the mean and variance of the interspecific entries
Ajj.
Lemma 23. Given an interaction matrix A whose entries are defined by Eq. (2.22), the
off-diagonal random variables Aj;, for i # j, satisfy:
* if i and j belong to the same module,
E[Aij] = —cCin,  Var(Ajj) = Cino” + ¢*Cin(1 — Cin); (3.34)

* if i and j belong to different modules,
E[Az]] = —cCout, Var(Aij) = Cou’ra2 + Czcou’c(1 = Cout); (3.35)

The proof is analogous to that of Proposition 17, treating separately the cases in
which i and j belong to the same module or to different modules.

We now restrict our attention to the case of two balanced modules of equal size
(a = % ; see Subsection 2.3.2).

Proposition 24. For two modules of equal size 5, in the large-n limit, the off-diagonal
entries of the interaction matrix A have the same average variance along every row. We define
this common value as the effective variance of the matrix:

Ggff — Cin ‘;Cout 02 + (,‘2 Cin(1 - Cin) +2C0ut(1 - Cout)
Proof. Let i be a fixed row index corresponding to a species in one of the two
modules. Since the modules have equal size, row i contains n/2 — 1 off-diagonal
entries corresponding to species in the same module and 7/2 entries corresponding
to species in the other module. Hence, in the large-n limit, the fractions of intra- and
inter-module entries both converge to 1/2.
Therefore, the average variance of the off-diagonal entries in row i is

(3.36)

1 1
Ggff =5 Var(A;j | i, j in the same module) + > Var(A;j | i, j in different modules).
Using Lemma 23, we obtain

1 1

Ggﬁ-‘ = 5 [Cin02 + Czcin(l - Cin)] + > [Coutg2 + CZCout(l - Cout)] .
Collecting terms gives
Cin +C Cin(1 — Cin) + Cout(1 — Cout)
2 _ “In out 2 2 n n out out
O = — 50 *¢ > /

which is Eq. (3.36). Since every row contains asymptotically the same proportions of
intra- and inter-module entries, this average variance is independent of the choice of
i. Thus, every row has the same effective variance, completing the proof. o
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3.4.2 Spectral analysis and instability threshold

We now characterize the spectrum of A, whose entries are defined by Eq. (2.22),
assuming two balanced modules of equal size.
As in Eq. (3.17), we decompose A as

A=M+B, (3.37)

where M is the mean interaction matrix and B is the fluctuation matrix.

As shown for the Erd§s—Rényi case (Q = 0) in Proposition 18, the matrix B is a
random matrix.

Proposition 25. Let B be the matrix defined by Eq. (3.37), where the off-diagonal entries of
A are given by Eq. (2.22). Then the off-diagonal entries of B have zero mean and the same
variances as the corresponding entries of A given in Lemma 23.

The proof is analogous to that of Proposition 18, treating separately the cases in
which i and j belong to the same module or to different modules.

For random matrices with a block-structured variance profile, the effective variance
that determines the spectral radius predicted by the Corollary 10 of the Circular
Law is given by the average variance of the entries along each row of the matrix.
Therefore, under the assumption of two balanced modules and in the large-n
limit, Proposition 24 implies that the eigenvalues of B are asymptotically uniformly
distributed over the disk

{Z eC: |z| < O—eff\/E},
where o¢ is given by Eq. (3.36).

Ordering the species indexes so that the first 11/2 belong to module 1 and the
remaining 7/2 to module 2, M takes the symmetric block form

M = (Min Mout) ,

Mout Min
with
Min = =L, /2(1 = cCin) = cCinJu 2, (3.38)
Mout = _CCout]n/2- (3.39)

Here S;, and I,, denote the all-ones and identity matrices of size m, respectively.
Equivalently,

_1/ i= jl
Mij = {—cCin, i # j within the same module,

—cCout, across modules.

This block-constant structure implies that the indexes partition (equivalently the
species ordering) is equitable in the sense that all rows in a given module have identical
total interactions both within their own module and with the other module.
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We now introduce the quotient matrix Q € R?2, that encodes the average total
interaction from nodes between the two modules:

_(-1-cCin(3-1) —cCout’
Q=| _cCou = -1-cCun(2-1)]" (3.40)

An algebraic interpretation of Q is provided bt the following standard result for
equitable partitions (see, e.g., Lemma 2.3.1 of [47])

Lemma 26 (Spectrum induced by an equitable partition). Let M admit an equitable partition
with quotient matrix Q, and let U denote the subspace of vectors that are constant on each
module, i.e.

1
xu = (G XN = (a1,)2,01,0)", a,beR.

Then U is invariant under M, and the restriction of M to U is represented by Q. Consequently,
every eigenvalue of Q is an eigenvalue of M.

Therefore, M leaves the subspace U invariant. Since M is symmetric, the orthogonal
complement U+ is also invariant, and these two subspaces are orthogonal and have
dimensions 2 and n — 2, respectively. Hence, the spectrum of M consists of the
two eigenvalues of Q together with the eigenvalues associated with its orthogonal
invariant complement U ~+.

We find that

Proposition 27. The quotient matrix Q of Eq. (3.40) has eigenvalues
At =—1+cCy - c%(Cm + Cout), (3.41)
n
Ay =-=1+cCj, — CE(Cm — Cout)- (3.42)

This two eigenvalues are also eigenvalues for M.

Proof. The matrix Q has the symmetric structure
a b
Q - (b a) ’
n

n
Elz—l—CCjn (E—l), b:_ccouti-

with

The characteristic polynomial is
(A —a)®-1?
hence the eigenvalues are
Al,z =a=xb ,

corresponding respectively to the eigenvectors (1,1)T and (1, -1)".

Substituting the expressions of a and b gives
n n
M ==1=cCin (5 =1) = cCouy

= —1+cCy — cg(Cm + Cout),
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and

A= —1-cCin (g - 1) + cCoutm

2
n
=-1+cCin - CE(Cin — Cout)-
Because of Lemma 26, this two eigenvalues are also eigenvalues for M. This
completes the proof. O
Moreover,

Proposition 28. The remaining n — 2 eigenvalues of M are all equal to
Hence Ag has algebraic multiplicity n — 2.

Proof. Let

T
XyL = (X%)L,X(é[)l)

belong to the orthogonal complement U+ of the subspace U of vectors that are
constant on each module. Choosing the standard basis of U given by

1, /2 0, /2
uy = ’ Uy = 7
! (On /2) 2 (ln/Z
by definition of orthogonality we obtain

T (1 _ T (2 _
ln/zx,uL =0, ln/zx(w =0.

Since consequently J, /zfoil)L = 0, from Eq. (3.38) and Eq. (3.39) we obtain
Minxﬁgl = (—1 + CCin)XSLi;l,
and .
MoutXy, = 0.

Therefore
Mxqr = (=1 + cCin)xqye,

so every vector in this (n —2)-dimensional subspace is an eigenvector associated with
the eigenvalue
/\0 = -1+ cCjn.

Hence this eigenvalue has multiplicity n — 2. |
Now we can use similar arguments to the ones used for the Erd§s—Rényi case
(Q = 0) in Proposition 22 to characterize the spectrum of A using Theorem 21.

Proposition 29. Let A be a matrix whose entries are given by Eq. (2.22). Then, for large n,
its spectrum is given by
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— the bulk spectrum, which is contained in a disk centered at (-1 + cCin, 0) = (Ao, 0)
with radius oeg\n, where Ay is the degenerate eigenvalue of M (Proposition 28) and
Oeff 1s given by Eq. (3.36);

— two isolated eigenvalue (outliers), which asymptotically converge to:
M(A) = =1+ ¢Cin = ¢ (Cin + Cou) + 0(¥11) — Ay,
n—oo

A2(A) = =1 + cCipn — Cg(cm — Cout) + 0(Vi1) — .
n—oo

where A1, Ay are the outlier eigenvalues of M (Proposition 27).

Proof. In the decomposition of Eq. (3.37), the deterministic matrix M can be rewritten
by isolating the component proportional to the identity from the block-constant
matrix P:

A=B-(1-cCin)l, +P,

P= ( Pin Pout) ,

where

I)ou‘c Pin

with Py, = _Ccinln/Z and Poyt = _CcoutJn/Z-
Introducing the orthonormal vectors

m_ 1 T @ _ 1 T
aV = —1,,1,,)7, u?=—1,,-1,,)7,
n \/ﬁ( n/2 n/2) n \/ﬁ( n/2 n/Z)

P admits the exact spectral decomposition:

1, (1 2),. (2
P= ylu,(q )(u; ))T + yzui )(ui(’l ))Tr

with non-zero eigenvalues
n n
U1 = _CE(Cin + Cout)/ U2 = _CE(Cin - Cou’c)-

We define the normalized random matrix B = #B. By construction, the entries of

B have zero mean and unit variance. We rescale A by dividing by the asymptotic
bulk radius cegVn:

A 1 o 1-cG
- —B-—"p, 4+,
GV VN et V1
where the deterministic perturbation is C, = - Hl \/ﬁP'

The matrix C, has rank 2 = O(1). Its non-zero eigenvalues are

Ui
Geff\/ﬁl

Since 1 and py scale as O(n), the eigenvalues A;(C,,) scale as O(y/n).

Ai(Cy) = i=1,2.
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Applying Theorem 21 to the matrix %]AS + C,;, its spectrum consists of a bulk
contained in the unit disk and precisely two outliers located at:

1 4 i .
Ail—=B+C,| = + 0(1), i=1,2.
l(\/ﬁ ) oy W

The additive term —%In is a multiple of the identity, which rigidly shifts the
Oeff VN

entire spectrum (Lemma 11). Multiplying by the scaling factor geg/n to return to
the spectrum of the original matrix A, the isolated eigenvalues map to:

Ai(A) = (1 = ¢Cin) + pi + o(Vn).
Substituting the expressions for p1 and p; yields the claim. O

From these considerations, the isolated eigenvalues A1(A) and A»(A) are asymptot-
ically separated from the bulk spectrum. In the large-n limit, A1 remains strongly
negative for all admissible parameter values. By contrast, A, may either determine
the spectral abscissa A or lie inside the right edge of the bulk spectrum, depending
on the specific parameter regime.

These analytical predictions show excellent agreement with the numerical eigen-
value spectra presented in Figure 3.9. The predicted separation of the isolated
outliers from the continuous bulk and the structural modifications induced by the
modularity parameter Q are consistent with previous spectral characterizations of
block-structured random matrices (see, for example, Fig. 5 of [27]).

(a) Q=-0.4 (¢) Q=04
I I
3 1 : 34 3 :
1 1
2 ! 2 2 !
i i
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= 04 @%;? 0 O -
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R(N) R(N)

Figure 3.9.. Eigenvalue distribution in the complex plane for the modular competitive
model across three distinct structural regimes: (a) antimodular config-
uration (Q = —0.4), (b) homogeneous random network (Q = 0.0), and
(c) modular configuration (Q = 0.4). The remaining system parameters
are fixed at size n = 500, global connectivity C = 0.25, mean interaction
strength ¢ = —0.02, and standard deviation ¢ = 0.1. The solid line marks
the boundary of the continuous bulk spectrum, defined by the analytical
radius o.gvn and centered at —1+cCjn. The highlighted individual markers
indicate the asymptotic theoretical positions of the two isolated outliers A4
and A;, obtained in Proposition 29.
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In the following, we do not derive an explicit expression for the spectral abscissa A
(Eq. (3.4)), as was done for the Q = 0 case. Instead, we rely on numerical simulations
and interpret the results in light of the spectral characterization developed above.

3.4.3 Numerical results and discussion

Extending the approach introduced in Subsection 3.3.3, we define the spectral shift
associated with modularity as

AAQ(A) = Ag(A) — Ag=0(Ra), (3.43)

where A = max; R(A;) denotes the spectral abscissa of the corresponding matrix.

Here, Ra denotes the Erd6s—Rényi (Q = 0) matrix obtained from A by preserving
the set of off-diagonal interaction values (equivalently, the realization of the weight
matrix W) and redistributing them uniformly at random over all off-diagonal
positions, while keeping the diagonal entries fixed. This operation preserves both
the interaction strengths and the total number of zero and non-zero entries, while
removing the block structure encoded in the adjacency matrix K.

Therefore, the quantity AAg(A) measures the variation in the spectral abscissa
induced solely by introducing modularity, relative to the Erd6s—Rényi case (Q = 0),
while keeping both the global connectance C and the realization of the interaction
strengths fixed; consequently, the overall complexity ¥ = VnCo is identical for the
two matrices. In particular,

AAQ(A) < 0 = modularity has a stabilizing effect,
AAQ(A) > 0 = modularity has a destabilizing effect.

It is worth noting that a change in the matrix structure from A to Rp inherently
alters the resulting equilibrium abundances N, since the intrinsic growth rates are
kept fixed to r = 1,. However, by restricting the analysis exclusively to realizations
where both the modular and the randomized configurations admit a feasible interior
equilibrium (N* > 0), we ensure a fair comparison, rather than an artifact of
biologically unfeasible equilibrium states.

Figure 3.10 shows the average spectral shift, computed over an ensemble of 500
matrices for each parameter value, as a function of the modularity parameter Q, for
both the interaction matrix A and the GLV stability matrix S. Only realizations for
which both the original system and the corresponding Erd§s—Rényi system admit a
feasible interior equilibrium (Eq. (2.11)) were included in the computation of median
and percentiles. For each value of global connectance C considered, we restricted to
the admissible modularity range, given by Eq. (2.20).
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(3) High connectance (C = 0.8)

Figure 3.10.. Average spectral shift AAg as a function of connectance Q for the inter-
action matrix A (Eq. (2.22)) and the GLV community matrix S. In all the
panels, interaction parameters are fixed to ¢ = 0.1, ¢ = 0.1. We consider
different values of global connectance C € {0.2,0.5, 0.8} respectively for
panel (1), (2), (3). For both A and S, only realizations admitting a feasible
equilibrium were included. The solid lines represent the median over 500
independent realizations, while the shaded regions denote the 5th-95th
percentile range. Note that in panel (3) the admissible range for Q is
restricted (Eq. (2.20)).

For the interaction matrices A, we observe that, in the competitive regime, anti-
modularity (Q < 0) has a strongly destabilizing effect on the system equilibria, whereas
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modularity (Q > 0) exerts at most a mild stabilizing effect. These results are consistent
with the analysis by Grilli [27] (in particular, see Fig. 4).

Compared to previous work, we extend the analysis to the community matrices S,
for which these qualitative properties are preserved on average. However, restricting
the analysis to feasible equilibria, the only robust global trend that emerges is that
anti-modularity has a destabilizing effect on feasible equilibria in competitive
regime. Under the assumptions of the present model, this result indicates that the
presence of two equally sized groups competing preferentially against each other is
more destabilizing than the corresponding competitive random (Erd6s-Rényi) case,
in which no structured factions are present.

We also notice that the magnitude of the effect of modularity on equilibrium
stability is modulated by the global connectance. Specifically, for intermediate
values of connectance, modularity exerts a stabilizing effect on feasible equilibria
in the competitive regime, whereas in the other analyzed configurations the effect
remains marginal.

The asymmetry between modular and anti-modular regimes can be understood
from the spectral decomposition of the interaction matrix A. In particular, it is driven
by the displacement in the complex plane of the isolated eigenvalue

n
Ay ==1+cCjn - CE(Cin — Cout)
identified in Proposition 29 (see Figure 3.9).

¢ Anti-modular regime (Q < 0). In this case, Cout > Cin, so that
n
_CE(Cin - Cou’c) > 0.

Since this contribution scales linearly with 1, the structural outlier A, rapidly
shifts to the right, separating from the bulk spectrum. Eventually, it crosses
the imaginary axis and becomes the dominant eigenvalue, so that A =~ A, > 0.
The system therefore becomes intrinsically unstable, independently of the
magnitude of the random fluctuations o.

* Modular regime (Q > 0). Here, Cin > Cout, causing the isolated eigenvalue A,
to move deep into the left half-plane. Consequently, the structural outlier no
longer determines the spectral abscissa, which is instead approximately given
by the rightmost edge of the bulk spectrum:

A~ =1+ cCin + e V1,
where

szf — Cin ‘;Cout 02 + 62 Cin(1 - Cin) +2C0ut(1 - Cout) .

Thus, in this regime, the system’s stability depends on the parameters Q, C,
and o through the effective variance that controls the bulk radius.
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Low modularity generally yields a higher number of feasible equilibria, although
this relationship is not strictly monotonic. Furthermore, the fraction of feasible
realizations decreases as the system size 1 increases. This behavior is consistent with
the theoretical predictions discussed in Subsection 3.2.3, which state that feasibility
requires y < 1 for fully connected networks.

3.5 Stability and feasibility over the parameter spaces

We now generalize the study of the effect on the properties of stability and feasibility
of GLV equilibria of C and Q by characterizing the relevatn parameter space for
obsrvables, namely the average stability of A, theaverage feasibility of equilibria and
the average stability of S.

In this way, we aim to characterize the relation between these three characteriztics,
comparing them with the previsions presented in Subsection 3.2.3 for the fully
connected case (C =1, Q = 0) and Subsection 3.2.2.

3.5.1 Scan of the interaction parameter space (C =1,Q =0)

Before untangling the joint role of structural parameters, we establish a baseline by
characterizing the interaction parameter space (c, o) for a fully connected network
(C=1,0=0).

We simulate an ensemble of 50 independent interaction matrices A (entries given
by Eq. (3.12) and Eq. (3.13)) of size n = 50 across a discretized grid of average
competition strength c € [0.0,0.35] and interaction heterogeneity ¢ € [0.0, 0.30].

For each matrix realization, we compute three distinct probabilistic observables:

1. Probability of Stability of A: Evaluated by verifying whether the Lyapunov
criterion for linear stability (see Section 3.1.2) holds for the interaction matrix, i.e.,
if the maximum real part of its eigenvalues is strictly negative (max R(Aa) < 0).

2. Probability of Stability of S: Computed as the fraction of realizations where
the community matrix S = DA evaluated at the internal equilibrium N* is
stable (max R(Ag) < 0). Only feasible realization where considered.

3. Probability of Feasibility (N* > 0): Defined as the probability that the internal
fixed point N* = A~11,, possesses strictly positive abundances for all component
species, assuming a uniform intrinsic growth vector (see Subsection 2.2.3).

The numerical results of this scan are summarized in Figure 3.11.
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Figure 3.11.. Probabilistic landscapes of stability and feasibility across the interaction
parameter space (c, o) for a fully connected (C = 1,Q = 0) competitive
GLV model. Panel (a) shows the probability of structural stability of
the interaction matrix A. Panel (b) reports the probability of dynamical
stability of the community matrix S for feasible realizations. Panel (c)
displays the probability of full feasibility (N* > 0). The ensemble consists
of 50 matrices per grid point with system size n = 50. The color scale
interpolates from 0.0 (dark purple, zero probability) to 1.0 (yellow, certain
event).

The comparative analysis of the three panels provides several insights into the
structural constraints of the competitive GLV model.

Structural Stability of A vs. Feasibility. Panel (a) shows that the structural stability
of the interaction matrix A is primarily controlled by the heterogeneity o, with only
a weak negative dependence on c. The probability that A is stable remains equal to 1
up to approximately ¢ =~ 0.10, beyond which it rapidly decreases to zero.

In contrast, Panel (c) shows that the feasibility boundary lies substantially lower in
parameter space. The probability of obtaining a fully coexisting internal equilibrium
collapses to zero already at 0 =~ 0.05. This clear separation between the two
transition lines confirms the theoretical predictions discussed in Subsection 3.2.3: in
competitive systems, feasibility is a more restrictive requirement than structural
stability. Consequently, the internal equilibrium typically loses biological relevance
through species extinctions well before the interaction matrix itself becomes linearly
unstable.

Coupling between Feasibility and Equilibrium Stability. A direct comparison
between Panels (b) and (c) reveals that the probability landscapes for the stability of
the community matrix S and for feasibility are essentially identical. The transition
from certain stability (yellow) to complete instability (purple) coincides with the
feasibility boundary at o =~ 0.05.

The observed coincidence between Panels (b) and (c) suggests the preservation
of D-stability throughout the explored parameter region (see Subsection 3.2.2).
Whenever the internal equilibrium satisfies N* > 0, the diagonal matrix D is strictly
positive, so the stability of S is constrained by the D-stability properties of the
interaction matrix A. This behaviour is also compatible with the preservation of
Volterra—Lyapunov stability, although the latter provides only a sufficient, and not a
necessary, condition for D-stability (Proposition 15).

Overall, the simulations indicate that, throughout the explored parameter space,
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the disappearance of stable internal equilibria is driven entirely by the loss of
feasibility rather than by an intrinsic destabilization of the interaction matrix.

3.5.2 Scan of the structural parameter space (C, Q)

Having established the baseline properties in the fully connected network, we turn to
analyze how the network structure, parameterized by connectance C and modularity
Q, alters the stability and feasibility landscapes. To systematically decouple the
effects of interaction physics from structural properties, we perform a grid scan over
the (C, Q) space by selecting arepresentative point:

(c,0) = (0.1,0.1)

This parameter set is chosen because the interaction matrix A lies safely within the
structurally stable regime in the baseline case.

It is worth noting that this point corresponds exactly to the choice of interaction pa-
rameters (¢, o) = (0.1,0.1) utilized in the previous numerical simulations (specifically,
Subsection 3.3.4 and Subsection 3.4.3).

We therefore expand and consolidate those previous dynamical results, placing
them within the random matrix theory framework to systematically investigate how
structural variations modify a baseline stable interaction regime.

The probabilistic landscapes generated for the stable baseline regime are reported
in Figure 3.12.

10 (a) Prob. Stability of A ) Prob. Stability of S ) Prob. Feasibility (N* > 0)

R 1.0
. 0.8
.6 0.6
.4 0.4

0.2

0.0 02

0.0
—0.4 -0.2 0.0 0.2 0.4 0.
Modularity (Q) M( hllx t\ Mo duh h

o
3

=)
=Y

Probability

=)
=

Connectance (C)

0.2

Figure 3.12.. Probabilistic landscapes of stability and feasibility across the structure
parameter space (C, Q) for Point 1 (¢ = 0.1, 0 = 0.1). Panel (a) shows the
probability of structural stability of A. Panel (b) reports the probability of
dynamical stability of S only for feasible realizations. Panel (c) displays
the probability of full feasibility (N* > 0). The ensemble consists of 50
matrices per grid point with system size n = 50.

The numerical exploration reveals a substantial divergence in how network pa-
rameters control the three properties under a stable interaction baseline:

Antimodularity destabilizes A most for intermediate connectance. Panel (a) shows
that the interaction matrix A remains perfectly stable (yellow region) across nearly
the entire structural domain, except for a specific region located at high connectance
(C 2 0.2) and negative modularity (Q < 0). This transition line indicates that
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antimodularity selectively destabilizes A as connectance varies, a result that perfectly
matches the spectral analytical predictions derived for block-structured matrices in
Subsection 3.4.3 (see Figure 3.10). In contrast, positive modularity (Q > 0) never
destabilizes A in this regime, regardless of the connectance level.

Feasibility as a Pervasive Constraint. Panels (b) and (c) present a dramatically
different landscape compared to the structural stability of A. The probability of
obtaining a feasible internal equilibrium (Panel c) collapses to zero across almost the
entire (C, Q) space, surviving exclusively at very low connectance values (C < 0.2).
This implies that varying the netwrok structure through modularity or connectance
can recover the internal equilibrium with respect to the fully connected case.

Moreover, the landscape of the stability of S (Panel b) is again perfectly identical to
the feasibility landscape. The lack of feasibility immediately drives the community
matrix S to instability, forcing the system toward competitive exclusion and boundary
equilibria (see Chapter 4).
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Dynamical evolution

In this chapter, we shift our focus from the analysis of equilibrium properties to the
characterization of the full dynamics of the model. Our goal is to investigate how
structural properties of the interaction network, in particular connectance C and
modularity Q, influence the dynamical evolution of the system and its long-term
outcome, including the equilibrium eventually reached.

4.1 Introduction to the analysis

4.1.1 Relevance of the topic

So far, our analysis has focused on the properties of equilibrium states, implicitly
assuming that the ecosystem is already poised at a feasible equilibrium (see the
assumptions discussed in Subsection 3.1.1).

In natural ecosystems, however, this assumption is often difficult to justify. The
set of coexisting species is not an arbitrary collection but rather the outcome of
an ecological assembly process acting on a much larger regional species pool. As
emphasized by Allesina [48], the communities observed locally are a filtered subset
of the regional pool that survive the population dynamics and are able to coexist.

More fundamentally, it has been argued that ecological systems may often operate
far from equilibrium, spending ecologically relevant times in persistent nonequilib-
rium states rather than near a stable fixed point [49, 50].

Moreover, even if equilibrium states are accepted as a meaningful framework, the
instability threshold such as the one predicted by May (Eq. (3.8)) does not necessarily
represent an existential threat to the entire ecosystem. Following the loss of local
stability, a community may persist through sustained chaotic fluctuations [51], or it
may reorganize towards a different attractor, for instance after the extinction of one
or more species or through persistent fluctuating states. Consequently, local stability
is only one aspect of ecosystem persistence and should be interpreted within the
broader context of ecological assembly and dynamical evolution.

The analytical characterization of the number and properties of these attractors,
together with the prediction of transitions between different dynamical regimes, has
proved to be a fertile ground for the application of methods from statistical physics,
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such as the replica and cavity methods (for example, see [25, 52, 53]), using mean-field
descriptions in the thermodynamic limit and often reducing to a self-consisten 1-body
problem (DMFT methods (see for example [54]).

Although these methods often rely on restrictive assumptions—such as symmetric
interactions (e.g. [52])—their main advantage lies in their independence from species-
level characteristics. Instead, they provide a coarse-grained description in which
the dynamical behaviour of the ecosystem is determined by a small set of effective
parameters, allowing the construction of phase diagrams that identify the typical
dynamical regimes of the system [10].

Extending these analytical results to more realistic interaction structures remains a
significant challenge (for a perspective on future challenges, see [10]). Developing
analytical frameworks capable of predicting the typical response of complex ecosys-
tems to perturbations—whether indirect, such as environmental or climate change,
or direct, such as species extinctions or invasions—is therefore a major objective.
Beyond their theoretical interest, such predictions are essential for understanding
biodiversity resilience and have potential applications in other complex systems,
including biological, medical, and socio-economic networks (see review [55]).

4.1.2 Preliminary notions: static attractors, multistability, and chaos

To characterize the dynamical evolution of an ecological community, the state of
the system at any time t can be represented as a point in an n-dimensional phase
space (or state space), where each coordinate corresponds to the abundance of one
species, N;(t) fori =1,...,n. An attractor is a bounded subset of the phase space
toward which all trajectories originating from a surrounding region, called the basin
of attraction, converge asymptotically as t — oo.

Static attractors, or stable fixed points, are time-invariant configurations satisfying
dN;/dt = 0 for all i [48]. More precisely, they are equilibrium points that are
asymptotically stable: trajectories starting sufficiently close to the equilibrium
converge to it as t — oo (see Definition 6).

For the GLV model, the characterization of equilibrium points was presented
in Subsection 2.1.2. A further distinction between stable equilibria can be made
according to the extent of their basin of attraction. In particular, one distinguishes
between locally and globally stable equilibria.

Definition 30. A feasible equilibrium is said to be globally stable if every trajectory
originating from the feasible state space converges to it. Equivalently, its basin of attraction
coincides with the entire feasible state space. Consequently, the system returns to the
equilibrium regardless of the magnitude of any feasible perturbation.

Recalling the definition of Volterra—Lyapunov stability (Proposition 15), the fol-
lowing sufficient condition for global stability of the GLV model can be stated
(Proposition 3.9 in [56]):

Proposition 31. Suppose that the GLV system admits a feasible equilibrium. If its interaction
matrix A is Volterra—Lyapunov stable, then this equilibrium is globally asymptotically stable.
Consequently, it is the unique attractor of the deterministic dynamics.
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When the interaction matrix A is Volterra-Lyapunov stable, the associated equilib-
rium is a non-invasible (or saturated) equilibrium [48]. At this equilibrium, a subset of
k persistent species maintains positive abundances, whereas the remaining n — k
excluded species cannot reinvade the community because their per-capita growth
rates at low density are strictly negative. Using Eq. (2.10), this condition can be
expressed as

¢ + ACING <0, (4.1)

where N®) denotes the abundance vector of the persistent species, r'®) the intrinsic
growth-rate vector of the excluded species, and A(¢*) the interaction matrix describing
the effects of the persistent species (s) on the excluded ones (e). Under these conditions,
the long-term state of the community is independent of the initial abundances: the
same subset of k species persists, while the remaining n — k species eventually become
extinct.

When the mathematical conditions ensuring global stability are no longer satis-
fied—such as in systems characterized by strong competitive asymmetries or highly
heterogeneous interaction networks (see Subsection 3.5.1)—the qualitative structure
of the phase space may change, allowing multiple attractors to coexist [48, 57]. This
phenomenon is known as multistability.

Multistability is thus a dynamical regime in which two or more distinct attractors
coexist in the phase space under the same set of structural parameters, interaction
matrix, and intrinsic growth rates.

In a multistable system, each attractor is associated with its own basin of attraction.
As a result, the long-term state of the community is no longer uniquely determined
by the model parameters alone, but also depends on the initial species composition
and abundances. In community ecology, this framework provides a mathematical
description of alternative stable states: sufficiently large perturbations can move the
system across the boundary separating two basins of attraction, causing a transition
to a different long-term ecological configuration [57].

Besides static attractors, dynamical systems in a multistable regime may also exhibit
limit cycles, namely isolated closed trajectories corresponding to periodic oscillations
in species abundances. A stable limit cycle acts as an attractor: trajectories originating
within its basin of attraction converge to the same periodic orbit, independently of
their initial phase. Although limit cycles represent an important class of ecological
dynamics, they will not be considered further in this thesis, as their identification
and numerical characterization require methods beyond the scope of the present
work.

Another possible long-term dynamical regime is deterministic chaos. Rather than
converging to a fixed point or a periodic orbit, trajectories may remain confined
to a bounded region of phase space, often a chaotic attractor. Chaotic dynamics
are characterized by sensitive dependence on initial conditions: trajectories starting
arbitrarily close to one another diverge exponentially over time, making long-term
prediction effectively impossible despite deterministic governing equations [58].
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4.1.3 Methods

The temporal evolution of the GLV model was simulated by numerically integrating
Eq. (2.1) using the adaptive fourth—fifth-order Runge—Kutta (RK45) algorithm implemented
in the Python function scipy.integrate.solve_ivp() (see Appendix B.1 for a
theoretical overview).

As shown in Subsection 2.1.1, in the GLV system species abundances may approach
arbitrarily small values but remain strictly positive in continuous time. Following
Bunin [25], an extinction threshold (cutoff) was therefore introduced to represent
numerical and ecological extinction. Extinctions are implemented as terminal events
of the ODE solver: when N; < ¢, the integration is interrupted, the species is removed
from the active set by setting N; = 0, and the system is reintegrated from the updated
state vector.

The numerical procedure adopted throughout this chapter follows the general
framework proposed by [57]. First, a two-dimensional parameter space defined by
the variables of interest, (x, ), was discretized into a grid, restricting the analysis
to admissible parameter combinations when required (i.e. for modularity, see
Eq. (2.20)).

For each point (x, y) of the parameter grid, num_mats = 50 independent interaction
matrices, denoted by A(, ), were generated. For every interaction matrix, num_ic = 50
independent initial abundance vectors N(tp) were sampled, yielding a total of
num_matsxnum_ic independent simulations for each parameter combination.

Each pair (A, N(fo))x,;) was then integrated using the adaptive RK45 solver,
following Eq. (2.2). All simulations were performed using relative and absolute
solver tolerances of 107® and 1078, respectively. During the integration, species with
abundance below the prescribed cutoff = 1071° were considered extinct and their
abundance was permanently set to zero. The simulation was terminated either when
an equilibrium N* was reached or when the maximum integration time, t_max = 2000
time steps, was exceeded.

If convergence to an equilibrium had not been detected by this time, the simulation
was terminated and a final equilibrium estimate was computed directly from the
steady-state condition. Specifically, the final interaction matrix A®® was constructed
by restricting the full matrix to the subset of the k surviving species, and the
corresponding equilibrium abundances N®) were obtained by solving

AGING = —)

where all quantities are restricted to the surviving subcommunity. The linear system
was solved using numpy.linalg.solve(). If the resulting solution N©) is feasible
(i.e. all components are positive), the state is interpreted as consistent with a nearby
equilibrium and is classified as an attractor.

For each simulation, the final abundance vector N®)(t f), the final integration time
tf, and the number of surviving species n'®) were recorded.

Whenever the simulation converged to an equilibrium, the resulting equilibrium
vector was compared with all previously identified equilibria associated with the
same interaction matrix A, ;). The comparison was performed using the Python
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function numpy .allclose (), with a prescribed absolute tolerance atol = 10~* and
zero relative tolerance (rtol = 0), so that two equilibria were considered identical
only if all corresponding species abundances differed by less than the specified
absolute threshold.

If the detected equilibrium matched a previously identified attractor, its associated
observables were added to those already recorded for that attractor. Otherwise,
the equilibrium was classified as a new attractor and its properties were stored
separately.

After all initial conditions had been simulated for a given interaction matrix, the
mean values of the quantities of interest were computed across the corresponding
simulations. Finally, once all interaction matrices associated with a given parameter
pair (x,y) had been analyzed, the mean values over the ensemble of interaction
matrices were calculated and used in the subsequent analyses.

Convergence to equilibrium is monitored using the per-capita growth rates of the
surviving species, or fitness:

Ai(t) = %(t) =ri+ Y agNj(t),  ijeS()
1 ]:1

where S(t) denotest the subset of survived species at time ¢. The system is considered
to have reached a steady state when the maximum absolute deviation of A; across all
survived species satisfies

max;es(t) | Al -

€,
p
where € = 107° is a baseline tolerance.
The scaling factor g is defined as

B = max |1, max|r;|, max [(AGING),| ],
ieS(t) ieS(t)

and introduces an adaptive normalization of the convergence criterion. In particular,
when intrinsic growth rates r; (fixed to unity in this work, see Subsection 2.2.3) or
interaction-induced contributions (A®N®)); are large in magnitude, the criterion
effectively becomes relative rather than absolute. The lower bound > 1 ensures a
minimum absolute tolerance in regimes where all dynamical terms are small.

This adaptive criterion reduces the likelihood of false convergence detections,
particularly in regimes where species abundances are close to extinction and both N;
and N; become small simultaneously.

Initial conditions (ICs) were drawn from a loguniform distribution over the
interval [107#, 1]. This choice ensures that each order of magnitude within the range
is sampled with equal probability, avoiding a bias toward either very small or very
large initial abundances. In particular, this sampling strategy provides a uniform
coverage in logarithmic space, which is appropriate in ecological systems where
species abundances can span several orders of magnitude [59]. More generally,
broad and heavy-tailed abundance distributions are a well-documented feature of
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ecological communities and are often well described by lognormal-like or related
distributions across taxa and ecosystems [60].

The lower bound N{™" = 10~* was chosen to be sufficiently above the extinction
threshold (cutoff = 10719), allowing species starting from very low abundances to
undergo transient dynamics under negative growth rates before being potentially
classified as extinct.

The upper bound N;*** = 1 was selected to be consistent with the normalization
used in this work (see Subsection 2.2.3), where the effective single-species carrying
capacity in isolation is given by K; = —r;/a;; = 1. Initial conditions larger than this
value would correspond to transient regimes toward the feasible dynamical range of
the system, without contributing additional ecological information.

4.2 Attractor space for interactions (C =1,Q =0)

To investigate the role of network structure in the dynamical evolution of the
competitive GLV model, we first need to characterize the asymptotic behavior of
the system in the random Erd§s—Rényi case (see Subsection 2.3.1). In this section,
we perform dynamical simulations over the interaction parameter space (c,0)
and analyze the resulting dynamical regimes. The observed regions of different
asymptotic behavior are then compared with well-established analytical predictions.

4.2.1 Number of attractors: comparison with theoretical predictions

Using the methodology described in Subsection 4.1.3, we explore the interaction
parameter space

(x,y) = (c,0)

for the case C =1, Q = 0. Specifically, we simulate an ensemble of GLV systems on a
discretized grid of (¢, 0) values, where each system is initialized with an interaction
matrix A constructed according to Eq. (3.12) and Eq. (3.13).

The main objective is to quantify how the number of attractors to which the
dynamics converge, averaged over initial conditions and interaction realizations,
varies across the parameter space. In particular, we focus on distinguishing regimes
characterized by global convergence to a single attractor from those exhibiting
multistability, as discussed in Subsection 4.1.2.

Notably, Bunin [25] derived analytical phase boundaries between different dynami-
cal regimes using methods from statistical physics (see Appendix A.2). These include
a unique fixed-point (UFP) regime, corresponding to global stability; a multiple-attractor
(MA) regime; and a regime of unbounded growth (UG), where the GLV dynamics are
expected to break down.

In particular, the unrealistic outcome of the UG phase is due to the a positive
feedback mechanism that arises when interactions are very heterogeneous, and it is
due to the linear dependence of per-capita growth rate on the remaining populations
(see Subsection 2.1.1, [5]). This limitation has been adressed in recent studies (i.e.
[5]), but we will not address it further in this work, focusing instead on UFP and MA
phases.
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In Figure 4.1 we report the results of the simulations for a initial number of species
n = 50 together with the corresponding analytical predictions derived by Bunin. The
agreement between the two is good across the entire explored parameter range.
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Figure 4.1.. Mean number of attractors across the interaction parameter space (c, o) for
the competitive GLV model. At each grid point, the mean was computed
over an ensemble of 50 independently generated interaction matrices
A, each simulated from 50 independent initial conditions. All initial
systems contain n = 50 species and are fully connected (C =1, Q = 0).
The numerical simulation parameters are described in Subsection 4.1.3.
Dashed lines indicate the analytical boundaries between dynamical regimes
predicted by Bunin [25]. The two representative points of the UFP regione
and MA region (Eq. (4.2)) are marked respectively with a cyan circle and a
magenta diamond.

We can therefore describe how, in a fully connected network, the average strength
of competitive interactions ¢ and their heterogeneity o jointly control the number of
attractors of the dynamics. In particular, the parameter space can be interpreted in
terms of distinct dynamical regimes: low interaction strength and low variability are
associated with global convergence to a single attractor, whereas increasing either
c or o progressively destabilizes the global attractor and leads to the emergence
of multistability, characterized by multiple coexisting attractors. The analytical
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prediction states that for sufficiently large values of the interaction variability, the
system enters a regime of unbounded growth.

In Section 4.3 and Section 4.4, we investigate how these results are modified
when the interaction network is no longer fully connected. To this end, we select
two representative points in the interaction parameter space, corresponding to the
unique fixed-point (UFP) and multiple-attractor (MA) regimes identified in the fully
connected case. These points, indicated in Figure 4.1, are

(c,o)urp = (0.1,,0.1), (c,o)ma = (0.3,,0.25), 4.2)

for a system size of n = 50. In the following section, these parameter values are used
as reference interaction regimes to assess the effect of varying the network topology
through the parameters C and Q.

Note that, for consistency, we chose the UFP point equal to the one used in the
previous numerical simulations in Chapter 3.

4.2.2 Species survival

In addition to the number of stable states, a key macro-variable characterizing the
final ecological state of the system is the fraction of surviving species at steady state,
that we will indicate with the symbol ¢. Using the same simulation ensemble for
n =50, C =1,and Q = 0, we evaluate the average percentage of survived species
across the (c, 0) parameter space. The resulting landscape is shown in Figure 4.2.

The numerical results indicate that species survival is primarily controlled by the
interaction heterogeneity o, while displaying a weaker dependence on the average
competition strength ¢ within the explored bounds. When heterogeneity is low
(0 < 0.05), the system systematically retains 100% of its initial pool, corresponding
to a regime of total coexistence. As ¢ increases, the average percentage of surviving
species decreases monotonically due to the onset of competitive exclusion.

It is worth noting that the fraction of surviving species begins to decline around
o ~ 0.10, well before the transition to the MA regime predicted at o = 0.20. This
implies that while for low heterogeneity (¢ < 0.10) the unique fixed point corresponds
to a globally stable internal equilibrium where all initial species coexist, exceeding
this threshold alters the nature of the attractor. Specifically, within the intermediate
region 0.10 < o < 0.20, the dynamics still converge to a unique equilibrium, but
it shifts from an internal to a boundary fixed point characterized by competitive
exclusion. Consequently, the initial system no longer admits a feasible internal
equilibrium. This structural transition is expected to correspond approximately to
the loss of Volterra-Lyapunov stability of the interaction matrix, which constitutes a
sufficient condition for the existence of a unique global equilibrium (see Prop. 31).
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Figure 4.2.. Average percentage of survived species across the interaction parameter
space (c, 0) for the competitive GLV model. The simulation parameters
and ensemble size are identical to those in Figure 4.1. The color bar denotes
¢ = (% survived), with values ranging from 100% (yellow) down to 25%
(dark purple). Dashed and dotted lines indicate the transition boundaries
between different survival regimes. The cyan circle and magenta diamond
mark the reference UFP and MA points defined in Eq. (4.2), respectively.

The two reference points selected in Eq. (4.2) are characterized by distinct survival
properties:

® The UFP point at (c, o) = (0.1,0.1), indicated by the cyan circle, is located
within a high-survival zone (x 85%). This confirms that the unique fixed-point
regime maintains high community robustness and low extinction rates.

* The MA point at (c, o) = (0.3, 0.25), indicated by the magenta diamond, lies
deep within the low-survival regime (= 40%).

This shows that the emergence of multiple attractors and complex dynamical phases
is strictly coupled with significant competitive exclusion.
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4.2.3 Final species abundance distribution: comparison with theo-
retical predictions

A comprehensive characterization of the asymptotic state GLV dynamics requires
looking beyond aggregate macro-variables (such as the total number of attractors or
the global survival fraction) to investigate the statistical distribution of individual
species abundances. The Species Abundance Distribution (SAD) is a central concept
in community ecology, representing the probability density function of species
abundances at steady state [60].

To evaluate the empirical SAD, we integrate the competitive GLV equations
starting from random initial conditions using an ensemble of 300 independent
interaction matrices A with parameters fixed at the unique fixed-point (UFP) regime
(c,0) = (0.1,0.1) for an initial pool of n = 50 species. Once the dynamics reach a
stationary state (f = tmax), we collect the final abundances of all surviving species
across all realizations to construct an empirical probability density histogram.

In the thermodynamic limit (n — o0), the self-consistent cavity method developed
by Bunin [25] predicts that the continuous part of the SAD—corresponding to the
persistent species—follows a truncated Gaussian distribution whose mean and
variance are determined implicitly by the interaction statistics (¢, o) and the functional
response of the system.

The comparison between our numerical simulations and the analytical framework
is presented in Figure 4.3. The numerical results demonstrate good agreement with
Bunin’s asymptotic predictions also for relatively low n (n = 50). The empirical
histogram tracks the continuous dark purple curve across the entire range of final
abundances, validating the accuracy of the cavity method approximation even for
finite initial system sizes.

Furthermore, the inset confirms the predictive power of the theory regarding
competitive exclusion: the analytical survival fraction (¢ieor = 85%) falls squarely
within the statistical error bounds of the empirical ensemble average ((pexp = 84%),
calculated as the mean value. This match indicates that the statistical mechanics
framework accurately captures both the microscopic abundance variations and the
macroscopic extinction rates that characterize the boundary equilibrium of this
interaction regime.
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Figure 4.3.. Species Abundance Distribution (SAD) at the final steady state for the
competitive GLV model in the UFP regime. The empirical histogram (green-
outlined bars) represents the pooled final abundances of surviving species
from 150 independent interaction matrices A, tested over num_ic = 50
independent simulation runs. The solid dark purple curve shows the
analytical prediction derived via the cavity method by Bunin [25]. The inset
compares the theoretical survival fraction (¢teor = 85%) with the empirical
mean survival fraction (¢exp = 84%).

To fully evaluate how the competitive GLV dynamics shape the community
structure, it is instructive to compare the initial abundance distribution with the final
steady-state SAD on a logarithmic scale. This comparison is reported in Figure 4.4,
which contrasts the initial conditions with the asymptotic state for the already seen
UFP state and also for the MA state.

For this simulations, we adopted a different sampling strategy. Specifically, we
considered 50 independent interaction matrices A, each simulated with num_ic = 150
initial conditions. As discussed in Appendix B.2, this choice provides a more accurate
characterization of the alternative final states associated with each interaction matrix

of the MA point.
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Figure 4.4.. Species Abundance Distribution (SAD) on a logarithmic x-axis, correspond-

The logarithmic transformation highlights a profound dynamical restructuring

ing to the same analysis of Figure 4.3. Panel (a) shows the initial log-uniform
distribution of species abundances sampled between 10~* and 10". Panel
(b) illustrates the final steady-state distribution under the UFP interaction
regime, while panel (c) illustrates the final steady-state distribution under
the MA interaction regime.

of the community. Initially, the species pool is artificially constrained to a flat,

log-uniform profile strictly bounded between 107 and 10° (Figure 4.41). Throughout

the dynamical evolution, competitive interactions systematically dismantle this uni-
formity, forcing the ecosystem into a highly uneven and hierarchical state (Figure 4.42,
Figure 4.43).

The final SAD is characterized by a prominent peak near 10°, representing a stable
pool of highly abundant, dominant species. Concurrently, the system develops
an elongated, heavy left tail that stretches down to the imposed cutoff value 1071°.
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This broad spectrum expands the dynamic range of relative abundances across
different orders of magnitude, revealing the persistence of rare species, in some cases
operating near the extinction threshold.

This emergent pattern strongly aligns with empirical ecological literature, where
community structures are often characterized by heavy-tailed profiles with a strong
presence of rare taxa [59].

We observe that the cumulative SAD at the UFP point is more peaked (maximum
normalized frequency of approximately 0.31) than at the MA point (approximately
0.23). A plausible explanation is that, in the MA regime, the coexistence of multiple
attractors generates a larger variety of final abundance configurations, which broadens
the cumulative SAD and reduces its peak.

4.2.4 Final network structure

We analyze the structural features of the final attractors within the interaction
parameter space. Figures 4.51 and 4.52 show the asymptotic values of the network
modularity (Q¢) and connectance (Cs) across the (c, 0) plane for an initially fully
connected community.
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Figure 4.5.. Mean final structural parameters over the interaction space (c, ¢). For each
point of the discretized grid, values are averaged over an ensemble of 50
interaction matrices A, considering num_ic = 50 initial conditions each.
The white lines mark the analytical boundaries between the dynamical
regimes (UFP, MA and UG) by Bunin (see Figure 4.1).

The final connectance remains strictly constant at (C¢) = 1.000 across the entire
parameter space. This uniform profile is a direct consequence of the fully connected
framework: even when species abundances change dynamically or face selective
pressures, the underlying structural matrix preserves its global path connectivity
among the surviving components, preventing any link pruning.

Conversely, the final modularity metric (Qf) displays a mild but systematic
departure from zero, consistently dropping into negative values ((Qs) < 0) across all
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sampled combinations of ¢ and o. This negative shift indicates that the surviving
interaction network tends to acquire an antimodular organization. Moreover,
the magnitude of this antimodularity increases monotonically with the interaction
variance o, reaching its largest deviation in the top-right region of the parameter
space.

This systematic tendency toward antimodularity is somewhat unexpected. As
discussed in Subsection 3.4.3, static equilibrium analyses indicate that antimodular
interaction matrices are generally less stable than fully connected ones. The present
results therefore suggest that the network topology emerging after dynamical
pruning cannot be inferred solely from the stability properties of the original
interaction matrix. Instead, the pruning process itself appears to introduce additional
structural selection mechanisms.

A plausible interpretation is that increasing interaction heterogeneity (o) promotes
the survival of species configurations that reduce effective competitive overlap.
Since the self-regulation terms remain fixed (a;; = —1, see Subsection 2.2.3), this
reduction can only occur through the off-diagonal interaction structure. The observed
emergence of antimodularity is therefore consistent with a reorganization in which
strong competitive interactions are preferentially distributed between distinct groups
of surviving species rather than concentrated within them.

To gain a deeper insight into the structural reorganization of the communities, we
move from analyzing mean parameter space values to examining the full probability
distributions of final connectance (Cy) and modularity (Qf). We consider the two
representative points within the interaction space already discussed (one in the
Unique Fixed Point regime characterized by low interaction variance, and a second
in the Multiple Attractors regime driven by higher heterogeneity, Eq. (4.2)).

Figures 4.61 and 4.62 display the relative fraction of attractors as a function of
their final structural metrics for the UFP and MA cases, respectively. Following the
numerical analysis of Appendix B.2, we averaged the observables over 150 initial
conditions for each of the 50 interaction matrices A considered.
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Figure 4.6.. Distribution of the final structural parameters over an ensemble of 50

interaction matrices A, each considered for num_ic = 150 different initial
conditions. The analysis has been repeated for the UFP point (panel (a))
and for the MA point (panel (b)).

In both regimes, the final connectance distributions shown in panel (a) collapse to

a deterministic peak at C¢ = 1. This confirms that competitive dynamics preserve the
complete connectivity of the interaction network, as no links are removed between
surviving species.

The final modularity Qs, however, differs markedly between the two regimes:

e UFP regime: The distribution collapses to a unique modularity value around

Qf ~ —0.011. Since each interaction matrix admits a unique stable equilibrium,
the final network structure is deterministic, consistently exhibiting a weak
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antimodular organization.

* MA regime: The distribution becomes broad, spanning approximately Q €
[-0.08, —0.02], with a mode near —0.03. The coexistence of multiple attractors
allows different initial conditions to converge to distinct sets of surviving
species, producing a range of final interaction structures.

The broader distribution observed in the MA regime reflects the existence of
multiple alternative stable states. While the diagonal self-regulation terms remain
tixed (a;; = —1), different subsets of surviving species induce different off-diagonal
interaction patterns, leading to varying degrees of antimodularity. Consequently,
unlike the UFP regime, the final modularity is not uniquely determined by the
interaction matrix but depends on the attractor reached by the dynamics.

4.2.5 Attractor weight distribution in the MA phase

In this subsection, we discuss the numerical characterization of the basin of attraction
volumes within the Multiple Attractor (MA) phase. To quantify the structural
fragmentation of the phase space, we analyze the relative weight w of each static
attractor found, defined as the fraction of random initial conditions that successfully
converge to it. The numerical results are gathered by simulating an ensemble of 500
independent modular interaction matrices (ma_params_no_ss) without structural
symmetry, sampling 200 log-uniformly distributed initial conditions per matrix
configuration (see Appendix B.2).
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0.154
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Relative fraction of attractors
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Basin weight (w, log scale)

0.00

Figure 4.7.. Empirical probability distribution (relative fraction) of the attractor basin
weights w in the MA phase (¢ = 0.3, 0 = 0.25), obtained from an ensemble
of 500 fully connected interaction matrices with 200 initial conditions per
run. The x-axis is displayed on a logarithmic scale with log-spaced binning.

The empirical distribution of the basin weights, illustrated in Figure 4.7, exhibits a
highly heterogeneous setting. The most prominent statistical feature is the sharp
accumulation of attractors in the smallest weight bins close to the resolution limit (w ~
5 X 1072). The first two bins peak between 0.20 and 0.25, collectively accounting for
over 40% of the total discovered attractors. This peak is followed by a rapid, monotonic
decay as w increases toward 10°. This specific profile—when evaluated under log-
spaced binning—is characteristic of a power-law distribution. The landscape is
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populated by an exceptionally large number of rare attractors commanding minuscule
basins of attraction, balanced by a long and flat tail representing rare dominant
attractors with macroscopic basins (w — 1).

To evaluate this heavy-tailed behavior, we calculate the probability density function
P(w) of the unbinned, strictly positive empirical data and fit it to a power-law model.
The fit is performed over the entire data domain through Maximum Likelihood
Estimation (MLE), which determines the values that maximize the likelihood of
observing the empirical dataset under the assumed power-law model. The fit is
performed over the entire data domain using the Python method powerlaw.Fit().

® Data
MLE exponent: o = —2.11 +0.01

102.

101 4

100.

Probability Density P(w)

1072 107! 10°
Basin weight (w)

Figure 4.8.. Probability density P(w) of the basin weights plotted on a log-log scale.
The purple dots represent the empirical data, while the green solid line
represents the Maximum Likelihood Estimation (MLE) power-law fit.

Figure 4.8 displays the probability density P(w) on a log-log scale, where the visual
linear decay over multiple orders of magnitude confirms the power-law nature of
the distribution. The MLE fit yields a scaling exponent of a = —2.11 + 0.01.

Despite the finite-size sampling limitations, the underlying trend of a heavy-tailed
distribution with an exponent near -2 is consistent with analytical predictions for
random Generalized Lotka-Volterra models, which demonstrate that the multistability
regime generates severe phase-space fragmentation [61], although more specific
analyses like this are not known to us for this particular formulation of the model.

4.3 Attractor space for structural parameters C, Q - UFP

In Section 4.2, we analyzed how the dynamical evolution of the model depends on
the interaction parameters (c, o).
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In this section, we build upon those results to examine the role of the structural
parameters C and Q. Specifically, we select a representative point from the unique
fixed-point region identified for the fully connected case (C =1, Q = 0):

(¢, o)urr = (0.1,0.1).

We investigate how varying C and Q modifies the corresponding dynamical behavior.
In particular, we assess whether changes in the network topology preserve or alter
the dynamical regimes previously characterized in the fully connected system, and
the characteristics of the final equilibria, such as the average number of extinctions
and the species abundance distribution (SAD).

4.3.1 Number of attractors and species survival

To isolate the effect of parameters C, Q on the dynamical regimes of the model, we
scan the parameter space

(x,y)=(Q,C)

for the UFP point of Eq. (4.2), corresponding to a representative of the regime of
interest in the fully connected case (see Figure 4.1).

In Figure 4.9 we report the results of the simulations for n = 50 performed following
the methodology described in Subsection 4.1.3.

We observe that in this interaction regime, antimodularity induces a bifurcation
of the unique fixed point. Evidence for this mechanism is provided by the extinction
plot, where the fraction of extinctions decreases to approximately 50% in this region
of the parameter space.
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Figure 4.9.. Mean number of attractors for the UFP point across the structure parameter

space (C, Q) for the competitive GLV model. At each grid point of the
admitted range for Q (see Eq. (2.20)), the mean was computed over an
ensemble of 50 independently generated interaction matrices A, each
simulated from 50 independent initial conditions. Allinitial systems contain
n = 50 species and have fixed interaction parameter (c = 0.1, 0 = 0.1). The
numerical simulation parameters are described in Subsection 4.1.3. The
cyan circle is the UFP point for the fully connected case marked also in
Figure 4.1.
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Figure 4.10.. Average percentage of survived species for the UFP point across the
structure parameter space (C, Q) for the competitive GLV model. The
interaction parameters are fixed at the unique fixed-point reference values
(c,0) =(0.1,0.1) for an initial system size of n = 50 species. The ensemble
size and numerical simulation parameters are identical to those specified
in Figure 4.1. The color bar denotes (% survived), with values ranging
from 25% (yellow) up to 100% (dark purple). The cyan circle at the apex
(C =1, Q = 0) marks the baseline fully connected configuration.

This behavior can be explained by the complete extinction of one module while the
other survives. Figure 4.11 shows, for different values of the modularity parameter,
the eigenvalue spectrum of the final equilibrium together with the spectra associated
with the two equally sized modules, obtained from a single simulation.

* For strongly antimodular systems (Q; = —0.480), competitive exclusion drives
one module to extinction. Consequently, the spectrum of the global equilibrium
coincides exactly with that of the surviving module, while the second module
leaves no spectral signature.

* At intermediate values of Q;, the two module spectra exhibit a non-trivial
overlap.
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e For modular systems (Q; = 0.480), the two modules become dynamically
independent, and the global equilibrium is simply the superposition of the two
decoupled sub-equilibria. Notice the presence of the two outlier eigenvalues
characteristic of modular matrices, as discussed in Proposition 22.

Since the two modules have identical size and interaction statistics, this result
indicates that, in this interaction regime, antimodularity generates bistability: the sur-

viving module is selected by the initial conditions, with arbitrarily small differences
determining which of the two ultimately prevails.

Qi=-0.480 Q;=0.069 Q;=0.480
0.5/ Qr=0.000 0r=0.029 0r=0.491 ®
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R(A) R(A) R(A)
O Total Spectrum o Modulel e Module 2
Figure 4.11.. Eigenvalue spectrum of the final interaction matrix for a single simulation

realization in the UFP interaction regime (¢, o) = (0.1,0.1). The initial
system contains n = 50 species structured into two equally sized modules,
with an intermediate initial connectance fixed at C; = 0.5. Panels from
left to right show the transition from strongly antimodular (Q; = —0.480),
to weakly modular (Q; = 0.069), and strongly modular (Q; = 0.480)
configurations. Empty grey circles denote the total spectrum of the global
equilibrium, while filled green and magenta circles represent the spectral
contributions computed independently from Module 1 and Module 2,
respectively. Insets report the final modularity Qs and connectance Cy at
steady state. For Q; = —0.480, competitive exclusion leads to the complete
extinction of one module (Cy ~ 0.020, Qf = 0.000), leaving the global
spectrum identical to that of the single surviving module.

This interpretation is further supported by the extinction asymmetry between the

two modules,
clearly shows

shown in Fig. 4.12. The figure, obtained from the same simulation,

that one module undergoes complete extinction while the other

survives in the antimodular regime.
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Figure 4.12.. Survival fraction of Module 1 versus Module 2 across the modularity
spectrum for the UFP interaction regime. Each point represents a single
simulation run from an ensemble of 50 independent interaction matrices,
each evaluated across 50 initial conditions (50 x 50 total realizations per
parameter set) for an initial pool of n = 50 species and intermediate initial
connectance C; = 0.5. The color bar denotes the initial modularity Q,
ranging from strongly antimodular (Q = —0.5, dark purple) to strongly
modular (Q ~ 0.5, yellow). The dashed diagonal line represents sym-
metric coexistence between modules. Antimodular configurations cluster
exclusively at the top-left and bottom-right boundaries, illustrating the
bistable nature of localized failure where competitive exclusion drives one
module to complete extinction while the other maintains high survival.

4.3.2 Final species abundance distribution (SAD)

To understand how the topological structure of the network (defined by connectance
C and modularity Q) influences the organization of the system outside the fully
connected limit, we analyze the final species abundance distribution (SAD) for the
UFP point (c =0.1,0 = 0.1).

In Figure 4.13, we report the evolution of the SAD as a function of C and Q. We
observe that the system maintains a persistent heterogeneous structure, characterized
by a dominant peak and a long left tail describing the presence of rare species,
confirming that the heavy-tailed structure of the SAD is a robust property of the
competitive GLV model.
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Figure 4.13.. Final species abundance distribution (SAD) across different values of
initial connectance C and initial modularity Q; for the UFP regime (¢ =
0.1,0 = 0.1). The two Q; # 0 values are the extreme values admissible
for each C; for n = 50 (Eq. (2.20)). The distributions are plotted with a
logarithmic scale on the x-axis to highlight the long left tail representing
rare species.
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Connectance alone seems to have an effect on the abundance distributions: low
connectance is associated with peaked SADs with respect to high connectance,
where the species are distributed more uniformly across differen orders of magnitude.
This observation is further strengthened comparing these results to the SAD obtaines
for the fully connected case at the same UFP point (panel (b) of Figure 4.3), where
the maximimum fraction of species over the normalized histogram is around 0.3,
less than the values obtained for lower values of C.

In this regime of interactions, the SADs mantain the characteristic long-tailed form
of the fully connected case.

The only significant deviation is observed for C = 0.5 and Q; = —0.5, where
the distribution collapses onto a nearly singular value, consistent with the total
competitive exclusion phenomenon described in Subsection 4.3.

Under the restrictive assumption of Volterra-Lyapunov stability, which guarantees
the D-stability of the initial interaction matrix A (see Subsection 3.2.2), Allesina
investigated the final SAD under different network structures and concluded that
topology has no influence on this observable [48] (see Figure 1 in [48]).

Although the present analysis is based on a relatively limited sampling and should
be confirmed with a larger number of realizations, our results suggest that, outside
the D-stable regime, network structure generally affects the final SAD in the UFP
region. Indeed, Figure 3.12 shows that the selected UFP point, (¢, 0) = (0.1,0.1), is, on
average, not D-stable. Therefore, our findings are not necessarily in contradiction with
those of Allesina, whose conclusions were derived under the stronger assumption of
D-stability.

4.3.3 Final network structure

As already done for the interaction parameter space in Subsection 4.2.4, we investigate
how the final network structure—measured via final connectance (Cs) and final
modularity (Q¢)—is shaped by the initial topological parameters (C, Q) in the Unique
Fixed Point (UFP) regime (¢ = 0.1, 0 = 0.1). Simulations are performed using an
initial pool of n = 50 species, averaged over 50 interaction matrices with num_ic = 50
initial conditions per matrix.

The resulting parameter space mapping for the final connectance is presented in
Figure 4.14.
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Figure 4.14.. Average final structural parameters in the (Q;, C;) parameter space for the
UFP pointc =0.1,0 =0.1.

Across the vast majority of the (Q,C) domain, the final connectance behaves
deterministically, mapping directly onto the initial connectance ((C¢) = C). This is
manifested as horizontal, uniform monochromatic bands in Figure 4.14. Because the
low interaction strength and variance of the UFP phase yield high baseline species
survival (Figure 4.10), the original links in the community are largely preserved
during the dynamical allocation of the equilibrium.

Concurrently, Figure 4.142 shows that the average final modularity (Qs,) closely
mirrors the initial modularity Q. This produces a vertical banding pattern where the
color gradient changes strictly along the x-axis, moving from negative, antimodular
values (yellow /green) on the left to positive, modular values (dark purple) on the
right. This linear alignment confirms that the stable unique fixed point dynamics do
not inherently reorganize the macroscopic community partitions outside of specific
localized regions

However, a prominent structural anomaly emerges in the region of intermediate
connectance (C € [0.4, 0.6]) coupled with strong initial antimodularity (Q < —-0.4).
In this zone, the final connectance drops sharply toward zero (visible as a bright
yellow patch on the left flank of the triangular domain in panel (a)) and, concurrently,
interal structure is lost (modularity drops to zero, as visible in panel (b) for the same
parameter region).

This localized structural collapse is a direct consequence of the total competitive
exclusion phenomenon. In a moderately connected, strongly antimodular competitive
network, the distribution of interspecific links creates highly asymmetric competitive
pressures across specific sub-groups. This asymmetry triggers systemic cascading
extinctions that drastically prune the community down to a single module, as
already discussed in Subsection 4.3.1. Because in the antimodular regime species
intra-module interactions tend to zero (C¢) — 0, the interspecific network structure
is effectively obliterated. Outside this exclusion zone, the macrostate network
properties remain robust and structurally invariant under the UFP dynamical flow.
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4.4 Attractor space for structural parameters C, QO - MA

We repeat the same type of analysis done in Section 4.3 for the unique fixed point in
the fully connected regime, but this time for the chosen multiple attractors region
(MA) representative point:

(c, o)ma = (0.3,0.25).

This configuration corresponds to a regime characterized by a high number of
alternative stable states in the fully connected baseline case.

In particular, we discuss the deviations in the number of attractors, the average
extinctions and final structure obtained by modifying the initial structural parameters
C, Q for these interaction values.

4.4.1 Number of attractors and species survival

In Figure 4.15 and Figure 4.16, we report the results of the simulations performed for
an initial pool of n = 50 species, keeping the ensemble size and numerical simulation
parameters identical to those described in Subsection 4.1.3.
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Figure 4.15.. Mean number of attractors ( Nag,) for the MA reference point across the
structure parameter space (C, Q) for the competitive GLV model. The
magenta diamond at the apex (C = 1,Q = 0) marks the baseline fully
connected configuration, where multistability peaks.
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We observe that the high multistability characteristic of the fully connected
MA regime is remarkably sensitive to the structural properties of the interaction
network, as shown in Figure 4.15.

This behavior can be explained by two distinct mechanisms:

¢ Connectance reduction: Decreasing C structurally thins out the interaction
matrix, weakening the complexity required to sustain multiple alternative
stable states. Below C = 0.2, the system completely loses its multistable nature,
converging to a unique attractor ((Nayr) = 1) regardless of modularity.

* Modularity and Antimodularity: For intermediate to high connectance (C >
0.4), moving away from the central random axis (Q = 0) toward either strongly
modular (Q > 0) or strongly antimodular (Q < 0) configurations sharply
reduces (Nir). Grouping species into defined modules breaks the global
symmetry of the competitive interactions, filtering out alternative stable states
and forcing the community toward a lower number of viable equilibria.
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Figure 4.16.. Average percentage of survived species for the MA reference point across
the structure parameter space (C, Q) for the competitive GLV model. The
color bar denotes (% survived), ranging from 25% (yellow) up to 100%

(dark purple). The magenta diamond at the apex marks the baseline fully
connected configuration.

Concurrently, the species survival plot (Figure 4.16) reveals a strong dependence
on connectance. The fully connected apex represents a global competitive bottleneck
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where intense, unmitigated competition drives the highest fraction of extinctions,
leaving only about 25% of the initial pool alive.

As connectance decreases, the dilution of competitive links effectively shields
species from global exclusion, monotonically lifting the average survival rate toward
100% as C — 0.

Interestingly, as shown in Figure 4.17 for C; = 0.5, network structure also mitigates
extinction. Rather than simply changing the total number of surviving species,
modularity (Q # 0) mainly determines how extinctions are distributed across the
network. Antimodular networks undergo the collapse of one module while the
other remains largely preserved, whereas modular networks experience more evenly
distributed extinction events but smaller than for the Q = 0 case.
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Figure 4.17.. Survival fraction of Module 1 versus Module 2 across the modularity
spectrum for the MA interaction regime. Each point represents a single
simulation run from an ensemble of 50 independent interaction matrices,
each evaluated across 50 initial conditions (50 x 50 total realizations per
parameter set) for an initial pool of n = 50 species and intermediate initial
connectance C; = 0.5. The color bar denotes the initial modularity Q,
ranging from strongly antimodular (Q = —0.5, dark purple) to strongly
modular (Q = 0.5, yellow). The dashed diagonal line represents sym-
metric coexistence between modules. Antimodular configurations cluster
exclusively at the top-left and bottom-right boundaries, illustrating the
bistable nature of localized failure where competitive exclusion drives one
module to complete extinction while the other maintains high survival.

4.4.2 Final species abundance distribution

To evaluate how initial network architecture shapes community structure in the
multistable regime, we analyze the final species abundance distribution (SAD) for
the MA reference point (¢ = 0.3, 0 = 0.25) across different combinations of initial
connectance C; and modularity Q;. For each simulation, we considered 50 interaction
matrices and 150 initial conditions for each interaction matrix (see Appendix B.2),
The resulting distributions are displayed in Figure 4.18.
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Figure 4.18.. Final species abundance distribution (SAD) across different values of

initial connectance C; and initial modularity Q; for the MA regime
(c = 0.3,0 = 0.25). The two Q; # 0 values are the extreme values
admissible for each C; for n = 50 (Eq. (2.20)). The x-axis is plotted
on a logarithmic scale to capture variations across multiple orders of
magnitude.
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The same trend observed for the UFP point in Subsection 4.3.2 is recovered here:
the initial connectance C; is the primary factor controlling the dispersion of the final
SAD, with lower connectance leading to more peaked abundance distributions.

A notable difference is that the SAD collapses to a nearly singular distribution
(i.e., only one occupied histogram bin) not only for negative Q; and intermediate
connectance, as observed in the UFP regime (Figure 4.42), but also for low connectance.
This behavior is consistent with the results of Figure 4.15, which show that, in this
region of the parameter space, the system loses multistability and reverts to a unique
stable equilibrium.

4.4.3 Final network structure

We extend the structural analysis to the Multiple Attractors (MA) regime defined by
higher competition and interaction heterogeneity (¢ = 0.3, 0 = 0.25). Simulations
are performed with an initial pool of n = 50 species, averaged over num_mats = 50
matrices. Following the validation in Appendix B.2, we utilize num_ic = 150 initial
conditions per matrix to ensure an accurate sampling of the alternative stable states.

The average final connectance (C¢) and final modularity (Qs) across the (Q, C)
parameter space are reported in Figure 4.19.
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Figure 4.19.. Average final structural parameters in the (Q;, C;) parameter space for the
MA point ¢ = 0.3, 0 = 0.25.

The final connectance landscape (Figure 4.191) preserves the horizontal banding
pattern ((C¢) = C) in the random and modular regions (Q > —0.2). However,
the structural degradation zone observed on the antimodular region (Q < —0.3)
is significantly expanded compared to the UFP regime. Under intense mean
competition (c = 0.3), the structural asymmetry of antimodular networks triggers
widespread competitive exclusion across a broader range of intermediate connectance
(C €[0.2,0.5]). The resulting species extinctions prune the interacting pairs, driving
(C¢) below its nominal initial value. This is consistent with the analysis of survival
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(Figure 4.16) and extinction localization (Figure 4.17) already discussed for this
regime.

The final modularity landscape (Figure 4.192) exhibits a departure from the rigid
vertical bands that is consequently more intense than in the UFP case.

Near the fully connected limit, the structural influence of the initial modularity
Q; is entirely erased by the global competitive coupling. All trajectories converge
toward a narrow, slightly negative modularity envelope, consistent with the fully
connected baseline behavior discussed in Subsection 4.2.4.
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Conclusions

5.1 Summary of the work

This thesis set out to investigate how the two most widely used descriptors of
ecological network topology, global connectance C and modularity Q, jointly shape
the equilibrium properties and the dynamical evolution of competitive communities
described by the generalized Lotka—Volterra (GLV) model.

Chapter 2 introduced the model and the statistical parametrization of the interaction
matrix A = W o K, in which the adjacency matrix K encodes C and Q through the
block connection probabilities Ciy, Cout, while the Gaussian weights encoded in W
describe the interaction regime through the mean competition strength c and the
heterogeneity o.

Chapter 3 characterized the static properties of this model — local stability of A
and of the community matrix S = DA, and feasibility of the interior equilibrium
N* — combining Random Matrix Theory (RMT), through the Circular Law and the
theory of spectral outliers for low-rank perturbations, with Monte Carlo sampling.
The effects of C and Q were first isolated separately (Sections 3.3 and 3.4) and then
examined jointly over the full (C, Q) structural plane (Section 3.5).

Chapter 4 extended the analysis to the full nonlinear dynamics, integrating the
GLV equations from an ensemble of random initial conditions and characterizing
the resulting attractor landscape — number of attractors, species survival, species
abundance distribution (SAD) and final structure — first for the fully connected case
(Section 4.2), and then, reusing the same two reference interaction regimes identified
in Chapter 3 (the unique-fixed-point, UFP, and multiple-attractor, MA, regimes),
over the same (C, Q) structural plane explored statically (Sections 4.3 and 4.4). This
design choice was deliberate: it allows the dynamical outcomes to be read directly
against the static stability and feasibility landscapes obtained beforehand, rather
than as an independent set of results.

The remainder of this chapter synthesizes the main findings emerging from this
comparison into three central messages, followed by a discussion of the limitations
of the present approach and of possible directions for future work.
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Feasibility is the primary constraint on interior equilibria

The first result concerns the relative role of feasibility and of local spectral stability
in determining the fate of the interior equilibrium. Our results indicate that, in the
competitive regime, the spectral properties of the interaction matrix A alone are not
sufficient to characterize the persistence of the community.

The joint scan of the interaction parameter space (c, o) for the fully connected
case (Figure 3.11) shows that the probability of feasibility collapses to zero at values
of o well below those required to destabilize A: feasibility is lost first, while A
typically remains structurally stable over a much larger region. At the same time, the
probability landscape of the stability of S is essentially indistinguishable from that of
feasibility, consistent with the preservation of D-stability throughout the explored
region (Section 3.5).

The same pattern recurs, and is in fact amplified, in the joint structural scan
at the UFP interaction point (Figure 3.12): the stability of A is preserved almost
everywhere in the (C, Q) plane except for a narrow region of high connectance and
negative modularity, whereas feasibility survives only at low connectance (C < 0.2).
Structural stability of A is therefore a comparatively weak constraint; the effective
bottleneck for the existence of a biologically meaningful equilibrium is feasibility,
and, whenever it holds, the stability of S essentially tracks it.

This is qualitatively consistent with the complexity parameter y = cVnC that
governs May’s stability threshold (Eq. (3.8)): larger y tends to erode both stability and
feasibility together. We stress, however, that an explicit analytical feasibility threshold
of this form was only derived for the fully connected case (Appendix A.1); for C <1
and for Q # 0 the corresponding boundary was only characterized numerically
(Section 3.5), and modularity appears to have a comparatively minor influence
on it relative to connectance. A more general analytical treatment of feasibility
for structured interaction matrices remains an open problem, discussed further in
Section 5.3.

A direct consequence of this hierarchy is that a purely linear, equilibrium-based
analysis cannot by itself predict the attractor structure emerging after feasibility is
lost: it only signals where the interior equilibrium disappears, not how the system
reorganizes afterward. Addressing the latter question is precisely the role of the
dynamical analysis of Chapter 4, discussed next.

Antimodularity drives spectral destabilization and module-
selective extinction

The spectral analysis of Section 3.4 showed that a non-zero modularity introduces
two structural outliers in the spectrum of A, the relevant one being

Aa(A) = =1+ cCin — € = (Cin — Cout) -

2

In the antimodular regime (Q < 0, Cout > Cin), this outlier moves rightward with n
and eventually crosses the imaginary axis, destabilizing the system independently of
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the interaction heterogeneity o; positive modularity, by contrast, pushes A, further
into the stable half-plane and has at most a mild stabilizing effect, more visible at
intermediate connectance (Section 3.4, Figure 3.10).

This asymmetry between Q > 0 and Q < 0 is not an artifact of the parametrization
alone: it reappears in the joint (C, Q) scan of Section 3.5, where the instability region
of A is confined to high connectance and negative modularity (Figure 3.12).

The dynamical analysis reveals what this destabilization actually produces. At
the UFP interaction point and intermediate initial connectance, the region of the
(C, Q) plane where the antimodular outlier destabilizes A coincides with the region
where the mean number of attractors bifurcates from one to two (Figure 4.12)
and the average survival fraction drops to about 50%. Tracking the two modules
separately (Figure 4.11, Figure 4.12) shows that this is not a gradual transition: it
corresponds to the essentially complete extinction of one module while the other
survives nearly intact, with the identity of the surviving module determined by the
initial condition. This shows that network structure alone, without module-specific
statistical differences in interactions, can generate alternative stable states.

Positive modularity, in contrast, does not produce this bifurcation: consistently
with the spectral picture, the two modules instead become dynamically decoupled,
each evolving approximately as an independent subsystem (Figure 4.11).

A further, more subtle observation emerges from the MA reference point (Sec-
tion 4.4, Figure 4.15): here, departing from Q = 0 in either direction reduces the
number of coexisting attractors relative to the unstructured baseline. This sug-
gests that imposing any block structure — modular or antimodular — breaks the
statistical equivalence among species that characterizes the fully mixed random
regime, even though modularity and antimodularity act through different mecha-
nisms and produce qualitatively different final states (decoupled coexistence versus
module-selective exclusion, see Figure 4.43).

We regard this asymmetry between the UFP and MA regimes as an interesting
but still preliminary result, which would benefit from a broader exploration of the
interaction parameter space before being generalized.

Opverall, non-zero modularity does not necessarily protect biodiversity: its effect is
better described as a redistribution of extinction risk along modules, whose outcome
— mild stabilization, decoupling, or all-or-nothing module collapse — depends
sensitively on both its sign and on the underlying interaction regime.

Reduced connectance promotes equilibrium feasibility,
stability, and species persistence.

For the fully connected network, reducing C was found to have a broadly stabiliz-
ing effect on feasible equilibria and to increase the probability of feasibility itself
(Section 3.3, Proposition (16)); this trend remained qualitatively unchanged across
different ratios of ¢ and o, unlike the spectral shift of the bare matrix A, which can
instead be non-monotonic in C depending on the ratio o/c (Eq. (3.33)).
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When C and Q are varied jointly, however, this picture becomes more modulated
by the interaction between these two parameters: intermediate connectance amplifies
the influence of modularity, enhancing both the mild stabilizing effect of Q > 0
and the destabilizing effect of Q < 0 (Figure 3.10), while at low connectance the
whole system becomes essentially insensitive to Q, preserving higher stability and
teasibility (Figure 3.12).

The dynamical scans reproduce this dependence consistently. In both the UFP
regime (Figure 4.10) and the MA regime (Figure 4.16), decreasing C monotonically
increases the average survival fraction, and, in the MA case, strongly suppresses
multistability below C = 0.2, restoring a unique attractor or diminishing sensitively
the total number regardless of Q (Figure 4.15).

This is the dynamical counterpart of the stabilizing and feasibility-enhancing effect
of sparser connectivity identified in Chapter 3: thinning the interaction network
reduces both the effective variance of the competitive interactions (Eq. (3.36)) and
the number of alternative stable configurations available to the system.

At the same time, connectance shapes the internal structure of the surviving
community in a way that a survival fraction alone does not capture. The final
SAD becomes more peaked and homogeneous at low C, while it mantains the
characteristic long tail of rare, near-extinction species (Figures 4.42 and 4.43).

The one clear exception to this heavy-tailed pattern occurs precisely in the an-
timodular, module-collapse regime discussed in Subsection 4.3.1, where the SAD
instead collapses onto a single dominant peak — a direct consequence of one entire
module being removed from the community.

Taken together, these observations point to a trade-off rather than a single mono-
tonic trend: sparser networks favor overall species richness, whereas denser, unstruc-
tured networks favor a more heterogeneous abundance hierarchy, at the cost of a
lower total survival fraction. We consider this trade-off, rather than either effect in
isolation, to be the more meaningful summary of the role of connectance in this
model.

5.2 Limitations

The conclusions above should be read in light of several simplifying assumptions
adopted throughout this work.

The structural model is restricted to at most two balanced modules (a = 1/2);
unbalanced or multi-module (hierarchical) architectures, which are common in
empirical ecological networks, were not explored and may modify both the admissible
range of Q and the spectral picture derived in Section 3.4.

Interactions were restricted to the competitive regime, with fixed, identical self-
regulation (2;; = —1) and uniform intrinsic growth rates (r; = 1); mixed interaction
types (mutualism, predation) were not considered, as well as correlations between
interaction strengths (see also Subsection 2.2.3).

The topological ensembles used, directed Erd6s—Rényi and two-block stochastic
block models, do not capture other structural features known to matter empirically,
such as degree heterogeneity or nestedness.
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On the dynamical side, the analysis was restricted to static attractors: limit cycles
were explicitly excluded from the scope of this thesis, and the unbounded-growth
(UG) regime identified by Bunin’s phase diagram was acknowledged but not further
characterized.

Finally, most numerical results were obtained for moderate system sizes (n = 50)
and finite Monte Carlo ensembles (of the order of 50-500 realizations); although the
RMT predictions were shown to hold reasonably well already at these sizes, some of
the finer features discussed above, in particular the asymmetry between the UFP
and MA regimes noted in Section 5.1, would benefit from confirmation over larger
ensembles and system sizes.

5.3 Future developments

Several directions naturally follow from the limitations above. On the analytical side,
considering extensions of the cavity-method treatment used for the fully connected
UFP regime (Appendix A.2) to block-structured interaction matrices would provide a
genuine analytical counterpart to the numerical (C, Q) dynamical scans of Chapter 4,
in the same spirit as Bunin’s phase diagram for the unstructured case.

A more general derivation of the feasibility boundary for C < 1 and Q # 0,
complementing the numerical results of Section 3.5, would also help clarify how
much of the observed feasibility landscape is a finite-size effect.

On the structural side, relaxing the assumption of balanced, two-block modularity
— allowing unequal module sizes, additional modules, or hierarchical structure —
would test whether the module-selective bistability identified in Subsection 4.3.1 is a
peculiarity of the perfectly symmetric two-module case or a more general feature of
antimodular architectures. Incorporating degree heterogeneity or mixed interaction
types would move the model closer to empirically observed networks.

Finally, characterizing the UG regime, extending the analysis to limit cycles and
chaotic attractors, and systematically studying finite-size effects across a wider range
of n would complete the picture of the attractor landscape only partially explored
here. We regard these directions as natural and tractable extensions of the framework
developed in this thesis, rather than as departures from: it.
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A.1 Feasibility of fully-connected competitive GLV

We present here the heuristic derivation of Proposition 16, developed by Stone [19].
Proposition. (Feasibility of fully-connected competitive GLV) Consider the GLV model
with interaction matrix A defined by Eq. (3.12) and Eq. (3.13). Then, in the limit n — oo,
the probability that the internal equilibrium of Eq. (2.11) is feasible tends to one only if

y=+no<1.
where y is the complexity defined in Eq. (3.8).

Proof. We consider the N-dimensional competitive system at equilibrium, defined
by AN" = —1, where the interaction coefficients for a given realization are given by

aij = —(c + bjj) and a;; = —1. From Eq. (2.10), the equilibrium equation for species i
reads
=Nj = Y (c+bi)N; = -1. (A1)
j#i

We separe the deterministic mean interaction ¢ from the fluctuations b;;. In the
homogeneous limit b;; — 0, the system becomes symmetric with respect to indices
permutations. All species are identical, therefore they share the same equilibrium
abundance N = k. Substituting into (A.1) yields

1

K(l—C+7’ZC) =1, hence sz.

(A.2)

We now consider small fluctuations around this homogeneous solution. We
rewrite (A.1) adding and subtracting cN:

n
~(1-c)N! —¢ Z; Ni = > b;N; = -1,
]:

j#EL

We assume that fluctuations are small enough to approximate the deterministic
term 27=1 N]’f ~ nx. Moreover, we approximate the effect of fluctuations b;; on
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neighboring populations N; as higher order, replacing N]’.‘ ~ « inside the fluctuating

term. We obtain
—(1-¢)N; —cnx —«x Z bij ~ —1.
j=1

Using Eq. (A.2), rearranging terms gives
n
(1-¢c)N/=(1-c)xk—x Z bij,
j=1

where we have included j = i since b;; = 0.
Dividing by (1-c) and defining b;; = b;;/(1—c) leads to the approximate expression

n
Ni~x|1- > by . (A.3)
j=1

We now analyze the random variable

n
Xi=1- bi]'.
j=1

Since 1517- with i # j areii.d. with zero mean, the central limit theorem applied to this
n — 1 variables implies that X; is asymptotically Gaussian for large n ~ n — 1.

A

We now compute the first two moments of X;. Since E[b;;] = 0,
n
E[X;]=1- Z E[b;] = 1.
=1

Assuming independence of the interaction coefficients, the variance of the sum is
additive. Since

~ bi]'
bij = T Var(b;j) = 02,

we obtain

02

Val‘(l;ij) = m,

and therefore

n 2
Var(X;) = ;Var(bij) = ﬁ.
Defining
__\no
reEIze
we conclude that
Xi ~N(1,77)
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in the large-n limit.
Introducing the standard normal variable

7 Xi—-1
’)7 4
the probability that species i has positive equilibrium abundance is
1 1
p= P(XZ > 0) = P(Z > —j) = q)(j) ,
)4 4

where ® denotes the cumulative distribution function of the standard normal
distribution.

Assuming, to first order, that the equilibrium abundances of different species are
independent, the probability that all species have positive abundance is approximated
by

P(N* > 0) ~ p". (A.4)

As n — oo, the quantity p” tends to one only if p approaches one sufficiently

rapidly, which requires 7 < 1. Since

Vno

“1-¢’

this condition is equivalent to
y <1,

completing the proof. O

A.2 Phase boundaries in the interaction parameter space

Here we report the core ideas behind the analytical derivation developed by Bunin
[25] which predicts the boundaries between the different dynamical regimes obtained
by evolving the competitive GLV (see Figure 4.1).

We rewrote Bunin’s argument using the parametrization adopted for the model
throughout this thesis. Note that the original demonstration is quite general and
holds also relaxing our additional hypothesis on normalization (see Subsection 2.2.3)
or introducing correlation between interactions.

The GLV dynamics for a community of n interacting species is given by:

dN; -
dtl = Ni;|r + ]._Zlaiij

Following the specific structural hypothesis of our model (Subsection 2.2.3), we set
the intrinsic growth rates to r; = 1 and the intraspecific competition coefficients to
a;; = —1. The dynamics then simplify to:

dN;
—r =Ni|1-Ni+ ; a;iN; (A5)

96



A. Analitical derivations 97

To translate Bunin’s parameterization into this notation, we model the interspecific
interaction coefficients a;; (for j # i) as random variables drawn from a distribution
with mean —c = —up/n with ug > 0, variance 0% = 0123/ n, and correlation y between
reciprocal interactions. We can explicitly write this as:

ajj = —& + 2Zi]‘ (A.6)

no An
where z;; are random variables satisfying (z;;) = 0, <z?j> = 1, and (zjjzji) = .
Because we considered uncorrelated interactions, under our hypothesis it would be
y =0.

A.2.1 Derivation of the Single-Species Effective Equation (Cavity
Method)

To find the properties of the Unique Fixed Point (UFP), we compute the equilibrium
abundances using the cavity method.

Originally developed in the statistical mechanics of disordered systems, the core
idea behind this method is to derive the macroscopic properties of a complex
system by analyzing the addition of a single new element to an already equilibrated
environment. We consider a community of n species at equilibrium and conceptually
introduce a new, (1 + 1)-th species (the "cavity" species). In the large system limit
(n — o0), the introduction of this single species exerts only a microscopic perturbation
on the resident community, allowing the system’s reaction to be treated analytically
via linear response theory. By subsequently imposing self-consistency—requiring
that the newly introduced species is statistically indistinguishable from the resident
ones—we can close the equations and determine the overall equilibrium abundance
distribution.

In Eq. (A.5), setting the time derivative to zero for a persistent species i:

HB OB
N; 1—Ni—7ZNj+WZziij =0

j#i j#i

LetM =13 j Njbe the mean abundance. Forlarge 1, we can approximate 1 j#i Nj ~
M. The equation becomes:

OB
N;i|1—ugM — N; + — ziiN; =0
i UB i n; ij N

We introduce a new "cavity" species 0 into the equilibrated system. Its equilibrium
condition is:

OB
Ny 1—yBM—N0+— zoiNi | =0 (A7)
\/E; 75%]
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The introduction of species 0 slightly perturbs the abundances of the existing species
j. We express this change through linear response:

Ny % Nog 4 20 c
i~ Njvo+ j
) ag].

9B

n
. . . . IN; .
is the effective perturbation on the growth rate of species j. Let v;; = a_g; be the linear

where N j\ois the abundance of species j in the absence of species 0, and &; = —#zoNo

response function. Then:
OB
N]' r Nj\O + Z)]']'—nz]'oN()

Substituting this back into the interaction term of Eq. A.7:

2
0B 0B Op
— zoiN; = — zoiNio + —Np Z0iZi00ii
,—nEj, jAVj ’_nE].‘ IR ” E, j<j0Yj

j
By the law of large numbers, as n — oo, the sum in the second term converges to its
expected value. Since zp; and zjo are correlated by y, we have % > j 20jZj00jj — v{v),

where (v) = % 2.j vjj. Thus the effective equation for species 0 becomes:
No (1= psM = No(1 = a3y(0)) + 05Co) =0

where (g = % 2.;20jNj\o is a sum of weakly correlated variables, strictly approaching

a Gaussian distribution with zero mean and variance g = % i NjZ.

Consequently, the abundance of the new species (and by symmetry, any species in
the pool) follows a truncated Gaussian distribution:

1- yBM + UB\/ﬁZ
1-02y(v)

Np = max (O, (A.8)

where Z ~ N(0,1).
From this, the response function (v) is simply the average derivative of Ny with

respect to its effective growth rate. Differentiating Eq. A.8 gives vy = 1_021)/ = i
B

Np > 0, and 0 otherwise. Denoting the fraction of persistent species (N; > 0) as ¢,
we obtain the self-consistency equation:

_ 9
1-ogy(v)

(v) = = (0)(1-030(0)) = ¢ (A.9)

Note that Eq. (A.9) is quadratic in (v) for y # 0, and therefore admits two roots.
Physical consistency requires selecting the branch that reduces to (v) = ¢ in the
uncorrelated limit y — 0 relevant to our model.
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A.2.2 Boundary between UFP and MA Regions

The transition from the Unique Fixed Point (UFP) phase to the Multiple Attractors
(MA) phase is marked by the loss of stability of the cavity solution.

The stability of the UFP is probed by introducing a small, independent random
perturbation en; to the intrinsic growth rate of each species and evaluating the
system’s linear response. The fixed point loses its stability when the variance of the
resulting abundance shifts y; = % (the susceptibility of the system) diverges.

The explicit derivation of the marginal stability condition is beyond the scope
of this thesis. However, by combining this condition with the self-consistency
equation (A.9), one finds:

V2

=Ty

Under our specific hypothesis of uncorrelated interspecific interactions (y = 0),
the prediction for the onset of the multiple attractors phase simplifies to:

GB,C = \/E

Returning to our initial parametrization o, the onset of multistability depends
exclusively on the standard deviation of the interactions and the system size n:

\/E
OC: -
n

A.2.3 Boundary of the Unbounded Growth Region

The boundary characterizing the Unbounded Growth region is reached when
interspecific competition is too weak to constrain the intrinsic population growth,
causing the mean species abundance M to diverge (M — o).

The explicit derivation of this divergence from the cavity method equations is
beyond the scope of this thesis. However, by analyzing the self-consistency equations,
one can determine the exact point at which the restoring competitive forces are
overpowered.

In Bunin’s transformed variables, the divergence corresponds analytically to the
condition:

oph+up =0 (A.10)

where h = A4/q is an effective field parameter. The quantities A and g are auxiliary
variables determined by the roots of functions defined as truncated Gaussian
integrals:

wr(A) = /A \/%e_zz/z(z +A)Kdz
- e

In the numerical simulations, these integrals are evaluated explicitly using the
standard normal probability density function ¢(x) and cumulative distribution
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function @(x) (implemented via scipy.stats.norm.pdf and norm. cdf in Python).
The expressions for the relevant moments are:

wo(A) = D(A)
w1(A) = p(A) + AD(A)
wa(A) = wo(A) + Awy (A)

A is defined as the root for the following equation, obtained as a first-order

approximation for n > 1:
1
A)=—.
Viwa(d) = —

To represent this curve in Figure 4.1, we solved this equation numerically using the
root-finding algorithm scipy.optimize.root_scalar.
Once A is determined, we compute the variance parameter

_wa(A)
T wi(A)?

and evaluate i = A4/g.

To translate this boundary back into our initial parametrization (c, o) for a system
of size n, we substitute the scaling relations pp = ¢n and op = g/ into the transition
condition of Eq.(A.10):

oVnh +cn =0

Solving for the mean interspecific interaction ¢, we obtain the critical threshold
that delineates the Unbounded Growth regime:

_oh

Vi

This equation defines the exact curve in the (¢, 0) parameter space beyond which
the deterministic Lotka-Volterra saturation assumptions break down, leading to
unbounded dynamics, as represented in Figure 4.1.

Cc =
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Numerical methods

B.1 The Runge-Kutta Method

We introduce here the integration method used to discretized and numerically
resolve the GLV equations used in the simulations presented in Chapter 4.

Runge-Kutta (RK) methods generalize Euler’s classic approach by introducing
multiple estimates of the vector field’s slope within a single time step &, aiming to
achieve a higher order of convergence.

B.1.1 The Classical Runge-Kutta Method (RK4)

The classical fourth-order method (RK4) provides a good balance between accuracy
and computational cost. It advances the solution from time t, to t,+1 = t, + h by
computing a weighted average of four increments:

Xn+l = Xy + %(kl + 2k, + 21(3 + k4) + O(hS),

where the coefficients k; are defined as:

- k1 = £(t,,x,) is the slope at the beginning of the interval, evaluated at x,
(Euler’s method);

-k =1 (tn + %, X, + h%) is the slope at the midpoint of the interval, estimated
using ki;

- ky=f (tn + %, X, + h%) is again the slope at the midpoint, but now estimated
using ko;

— ky4 = f(t, + h, x, + hk3) is the slope at the end of the interval, estimated using
ks.

Note that greater weight is assigned to the slopes evaluated at the center of the
integration interval.
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From Eq. (B.1.1), the local truncation error—that is, the error introduced at
each integration step, assuming the starting point x,, has zero uncertainty—is of
order O(h°). Specifically, expanding the k; terms up to the fourth order using the
multivariate Taylor expansion,

f(t, + At,x, + Ax) ~ f(t,;, x;;) + HEAL + O fAX+ .. .,

and substituting these expansions into Eq. (B.1.1), it can be shown that all terms
combine perfectly to match the fourth-order Taylor expansion of the exact solution:

4

hidix
Xn4l = Xp + ; Fﬁ(t”) +0(I).
The global error over the integration interval [to, T] can be estimated by noting
that the required number of integration steps N is inversely proportional to the step

size:
T -ty

PR

N =
Consequently,
NO(I) = %a(lﬁ).

Assuming the considered system does not exponentially amplify perturbations in x,
the global error accumulates to:

NO(I°) = O(h*).
In linear systems of the form
X = AX, x(t) = eAlxo,

such as the GLV system linearized around an equilibrium, the perturbation evolves
as

[ox(D)ll ~ [I6xolle™,

where A is the largest real part of the eigenvalues of A (the spectral abscissa). This
result is at base of Lyapunov method for linear stability 7. Therefore:

o if the spectrum of A has a negative real part, perturbations decay over time
and the numerical error is not amplified. In this case, the global order O(h*)
effectively represents the quality of the approximation over finite time intervals;

* if the spectrum of A has a positive real part, the local numerical error, despite
being O(h°) at each step, is amplified exponentially. As a result, the numerical
trajectory fails to remain a reliable approximation of the exact trajectory over
long times.

In the context of this project, the numerical integration method is employed strictly
to infer statistical properties of GLV systems through ensemble analysis, rather than
to accurately track exact individual trajectories.
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B.1.2 Adaptive Runge-Kutta Methods (RK45)

In ecological simulations, multi-scale dynamics characterized by disparate timescales—such
asrapid population collapses alternating with prolonged quasi-stationary phases—render

a fixed time step h highly inefficient. Because the local truncation error is bound

to the higher-order derivatives of the vector field x = f(t, x), a constant step size is
either computationally wasteful during slowly evolving dynamics or numerically
unstable during sharp transients where ||f|| or its derivatives vary rapidly.

To optimize both accuracy and computational efficiency, the solve_ivp() routine
utilized in our simulations implements the Dormand-Prince method (commonly
referred to as RK45). This algorithm belongs to the class of embedded Runge-
Kutta schemes: by sharing the evaluation of intermediate stages, it simultaneously
computes two separate approximations of the solution, of order 4 and 5, respectively.
Denoting these estimates as xgﬂl and xfll,
approximated directly by their difference:

the local truncation error at step 7 is

NORENC

€n = n+1 xn+1

The step size h is dynamically adapted by comparing €, against a local tolerance
threshold determined by the absolute tolerance (atol) and relative tolerance (rtol)
parameters. If €, exceeds this threshold, the current step is rejected and recomputed
using a reduced step size h. Conversely, if the error is well below the tolerance, h
is increased for the subsequent integration step, maximizing performance without
compromising accuracy.

B.2 Selection of sampling size for the Multiple Attractors
regime

In the Unique Fixed Point (UFP) regime, the system converges globally to a single
equilibrium, making the characterization of the attractor landscape independent of
the number of initial conditions (num_ic) tested per matrix realization. Conversely,
in the Multiple Attractors (MA) regime, a single interaction matrix can sustain a high
number of alternative stable states, requiring an explicit optimization of the initial
condition sample size to properly chart the phase space.

To determine the optimal value for num_ic, we performed a saturation analysis
on the baseline fully connected configuration (n = 50,C = 1,Q = 0) for the MA
representative point considered in the thesis (¢ = 0.25, ¢ = 0.3). We evaluated two
metrics as a function of num_ic:

1. The total number of unique discovered attractors (blue solid line).

2. The smallest discovered basin weight, bmin (red dashed line), which represents
the relative fraction of initial conditions leading to the rarest detected attractor.

The other parameters used for the dynamical simulations are the same of Subsec-
tion 4.1.3.
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Attractor Saturation Analysis
(n=50, C=1, Q=0, 0=0.25, c=-0.3)
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Figure B.1.. Attractor saturation analysis in the multiple attractors (MA) regime for a
community withn =50, C =1, Q =0, 0 = 0.25, and ¢ = 0.3. The plot
displays the number of unique discovered attractors (blue solid line, left
axis) and the size of the smallest identified basin of attraction (bmin, red
dashed line, right axis) as a function of the number of initial conditions
(num_ic).

Choosing num_ic = 50 as done for the UFP point analysis is insufficient for the MA
phase. As shown by the scaling behavior in Figure B.1, at num_ic = 50 the number
of unique attractors has not yet approached saturation, and the minimum basin
weight remains relatively high (bmin = 0.025). This indicates that a sample size of 50
fails to resolve a substantial portion of the stable equilibria, undersampling the true
diversity of the attractor landscape.

The choice of num_ic = 150 represents a well-defined trade-off between computa-
tional cost and statistical completeness. This value sits almost at the elbow of the bin
curve, after which the minimum basin weight flattens out asymptotically toward
zero.

Beyond num_ic ~ 200, the return on investment for numerical sampling drops
drastically. Increasing the sample size further yields diminishing returns: it primarily
uncovers highly rare, peripheral attractors with negligible basin sizes (bmin < 0.01)
while increasing the computational overhead linearly. Therefore, num_ic = 150
ensures that an acceptable fraction of the macroscopically relevant attractors defining
the community properties are captured without incurring prohibitive numerical
costs.
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