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Abstract

Dark matter composes approximately 85% of the matter content of the Universe
(Planck Collaboration et al., 2020); however, its particle nature remains unknown.
Weakly Interacting Massive Particles (WIMPs) are among the most extensively
studied dark matter candidates (Jungman et al., 1996, Bergström et al., 1998, Cirelli
et al., 2024). They may produce observable signatures through annihilation or
decay processes (Bertone et al., 2005). One promising indirect detection method is
the search for synchrotron emission generated by secondary electrons and positrons
produced in WIMP annihilation in the presence of magnetic �elds in astrophysical
environments (Colafrancesco et al., 2006).

The aim of this thesis is to investigate the potential of low-frequency radio
observations for constraining WIMP dark matter properties using galaxy clusters
as targets. The study focuses on the Coma and Abell 2199 galaxy clusters, which
contain dark matter halos with masses of the order of1015 M � (Šokas and Mamon,
2003, Rines et al., 2002) and host magnetic �elds whose properties are known
(Bonafede et al., 2010; Vacca et al., 2012). These characteristics make galaxy
clusters promising targets for predicting and searching for dark matter-induced
synchrotron emission.

A theoretical framework describing the dark matter annihilation process and the
resulting synchrotron emission is presented. The expected radio signal was modeled
using the DarkMatters code (Sarkis and Beck, 2025) for di�erent WIMP masses
and annihilation channels. For the Coma cluster, we used the radio data presented
by Bonafede et al. (2022). For Abell 2199, LOFAR observations at 144 MHz were
processed (Shimwell et al., 2022) through a complete radio-interferometric analysis
pipeline, including data extraction, calibration, imaging, deconvolution, and the
search for di�use emission.

A major challenge of indirect dark matter searches at radio wavelengths is
the separation of a potential dark matter signal from radio emission produced by
conventional astrophysical processes (Gaskins, 2016).

For the Coma cluster, upper limits on the WIMP annihilation cross section
were derived. Assuming the thermal relic annihilation cross section, WIMP masses
below approximately 1 TeV are excluded at the 95% con�dence level for theb�b
annihilation channel. This result is consistent with recent constraints obtained
from 
 -ray and radio observations (Geringer-Sameth et al., 2015; Regis et al., 2021)

For Abell 2199, the �nal residual images were signi�cantly a�ected by artifacts
associated with the bright central radio galaxy 3C 338. These residual structures
prevented a reliable extraction of any di�use component potentially associated with
dark matter. Consequently, upper limits on the annihilation cross section were
derived using the total residual �ux and the RMS noise level. It was shown that
this method could potentially place constraints up to WIMP masses of� 100 GeV,
assuming the thermal annihilation cross section.

The results demonstrate that low-frequency radio observations provide a valu-
able tool for indirect dark matter searches and highlight the potential of future
radio facilities such as the Square Kilometre Array (Weltman et al., 2020) to place
signi�cantly stronger constraints on WIMP dark matter.





Chapter 1

Introduction

1.1 Thesis Outline

Despite strong gravitational evidence for the existence of dark matter (DM), its nature remains
unknown. Among the most studied candidates are Weakly Interacting Massive Particles
(WIMPs), which could either annihilate or decay into Standard Model particles (Bertone
et al., 2005; Cirelli et al., 2024). These processes are expected to produce secondary electrons
and positrons, which emit synchrotron radiation in the presence of magnetic �elds, as well
as gamma-rays from prompt emission or inverse Compton scattering on Cosmic Microwave
Background (CMB) photons. Such multi-wavelength signatures o�er an indirect way to
constrain the properties of dark matter.

The purpose of this thesis is to derive upper limits on the WIMP masses with respect to
thermal cross-section based on Low-Frequency Array (LOFAR) observations of the Coma and
Abell 2199 galaxy clusters.

In Section 1.2, we examine the primary e�ects and phenomena that provide evidence for
the existence of dark matter. These are considered on cosmological scales (Section 1.2.1), on
galaxy cluster scales (Section 1.2.2), and on galactic scales (Section 1.2.3).

Next, in Section 1.3, we brie�y discuss potential candidates for dark matter. After, in
Section 1.4, we focus in more detail on WIMPs as a hypothetical candidate whose parameters
will be investigated in the present study. We also outline the main properties of WIMP.

Then, in Section 1.5, we proceed to analyze the phenomenon of WIMP annihilation and its
observable signatures, speci�cally the secondary radiation, which can serve as indirect evidence
for the detection of WIMPs.

In Section 1.6, we discuss why the signatures of dark matter annihilation are promising to
search for in galaxy clusters. In Section 1.7.1, we explain why these signatures are e�ectively
probed for in the radio frequency range.

In Sections 1.7.2 and 1.8, we review the fundamental principles of radio interferometry and
the basics of interferometric image processing. We also justify the choice of the Low-Frequency
Array telescope as the primary instrument for the analysis conducted in this study.

Section 1.9 is devoted to the statistical methods used to reconstruct the parameters of
both the dark matter pro�le and the astrophysical component.

Section 1.A describes how magnetic �eld pro�le is probed in galaxy clusters, and Section 1.B
presents dark matter distribution in galaxy cluster.

Chapter 2 is devoted to the analysis of dark matter in the Coma cluster. Section 2.1
provides an overview of the main properties of the cluster. Section 2.2 describes the radio
emission data that form the basis of the subsequent analysis.

Section 2.4 presents a detailed discussion of the radio emission induced by dark matter
annihilation. The dependence of the predicted signal on the dark matter model parameters,
including the WIMP mass, annihilation cross section, and annihilation channel, is investigated.



4 Chapter 1: Introduction

In Section 2.5 an analytical model of the expected emission is also constructed and later used
for �tting the observational data.

Subsequently, Section 2.6 presents simulations of the dark matter and astrophysical signals
together with the reconstruction of the input parameters. These simulations are used to assess
the performance of the method and to identify its limitations and range of applicability.

Finally, in Section 2.7, the developed statistical methodology is applied to the Coma cluster
data. Based on this analysis, upper limits on the dark matter mass are derived.

The Chapter 3 focuses on the search for induced dark matter emission in the Abell 2199
galaxy cluster. The chapter is organized into three main parts. Section 3.1 summarizes the
main properties of the Abell 2199 galaxy cluster. Section 3.2 details the calibration and
processing of the radio observations. Section 3.3 examines the extraction of astrophysical
information and di�use radio emission from the processed data and presents the resulting
constraints on WIMP dark matter properties.

The results and conclusions are presented in Chapter 4.

1.2 Astrophysical Evidence for Dark Matter

1.2.1 Cosmological Framework

Cosmic Microwave Background (CMB) observations strongly indicates that the Universe on
the large scales (larger than 200 Mpc) is nearly spatially �at and the observed density is close
to the critical one, de�ned as:

� 0 � � cr =
3H 2

0

8�G
� 9 � 10� 27 kg=m3 ; (1.1)

where G � 6:67 � 10� 11 m3

kg�s2 is the gravitational constant and H0 ' 67:4 � 0:5 km
s�Mpc is the

Hubble constant at the present epoch (Planck Collaboration et al., 2020), which described the
expansion of the Universe:

H0 =
_a
a

: (1.2)

Here a = a(t) is the scale factor, it describes how the overall size of the Universe changes with
time.

In the late 1990s, Riess et al. (1998) and Perlmutter et al. (1999) discovered accelerated
expansion of the Universe based on observations of Type Ia supernovae. They expressed the
scale factora(t) as a Taylor series (Coles and Lucchin, 2002, more details in section 1.6):

a(t) = a(t0) + _a(t0)( t � t0) +
1
2

•a(t0)( t � t0)2 + : : : : (1.3)

where t0 is the present epoch andt is the arbitrary time in the vicinity of t0 at which the scale
factor is evaluated. We introduce a new parameter:

q0 = �
•a(t0)a(t0)

_a2(t0)
; (1.4)

which characterizes whether the expansion of the Universe is accelerating or decelerating. We
substitute H0 using Hubble law (Eq. 1.2) and applying the de�nition for q0, rewrite Eq. 1.3 as

a(t) = a(t0)
h
1 + H0(t � t0) �

q0

2
H 2

0 (t � t0)2 + : : :
i

: (1.5)

This parameter (q0) depends on the chosen cosmological model. The current standard
model is the � CDM, in which the Universe is assumed to be homogeneous and isotropic
on large scales and composed primarily of cold dark matter (CDM) and the dark energy
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represented by the cosmological constant� is associated to the accelerated expansion of the
Universe (Dodelson and Schmidt, 2020, section 1.6).

In a spatially �at Universe, the present-day deceleration parameter is determined by the
matter (cold dark matter and baryonic matter) and dark energy density parameters,
 m;0 and

 � ;0, respectively. Here,
 i = � i =� 0, where � i is the density of a given component and� 0 is
the critical density (see Eq. 1.1).

In a spatially �at Universe, the present-day deceleration parameter is determined by the
matter (cold dark matter and baryonic matter) 
 m;0 and dark energy
 � ;0 density parameters,
where 
 = �=� 0, where � is the density for a speci�c component, according to:

q0 =

 m;0

2
� 
 � ;0; 
 m;0 + 
 � ;0 = 1 : (1.6)

Thus, the relative contributions of matter and dark energy determine whether the expansion
of the Universe decelerates (q0 > 0) or accelerates (q0 < 0). Using the present-day values

 m;0 � 0:3 and 
 � ;0 � 0:7 (Planck Collaboration et al., 2020), we obtain:

q0 � � 0:55; (1.7)

which implies an accelerated expansion of the Universe and the dominance of dark energy
at the present epoch. This result is consistent with the observations of Type Ia supernovae
reported by Riess et al. (1998) and Perlmutter et al. (1999).

Baryonic Acoustic Oscillations and CMB power spectrum

Prior to the Cosmological recombination, baryonic matter and radiation were tightly coupled.
Photons were continuously scattered by free electrons through inverse Thomson scattering,
thereby smoothing out primordial density inhomogeneities. As a consequence, matter was
unable to cluster and form large-scale structures. The coupled baryon�photon �uid exhibited
acoustic oscillatory behavior, commonly known asbaryon acoustic oscillations(BAOs) see
(Dodelson and Schmidt (2020, section 8.6)).

These baryon�photon acoustic waves oscillated within the gravitational potential wells
determined by the evolution of dark matter density perturbations, which, after the matter�
radiation equality and during the subsequent matter-dominated era, were able to grow freely
through gravitational instability. Thus, the gravitational potential generated by dark matter
acted as a driving force for the acoustic oscillations.

This feature, namely the presence of a driving force, leads to an asymmetry in the amplitudes
of the even and odd peaks (overtones) of the BAOs. By analyzing the relative heights of these
peaks, one can infer the abundance of dark matter (see Fig. 1.1).

BAOs can be observed in the anisotropy pattern of the CMB temperature distribution.
These anisotropies exhibit a strong scale dependence, which can be described in Fourier space.
In mathematical terms, this is represented by the power spectrum of CMB temperature
�uctuations, schematically shown in Fig. 1.1. For further details, see Dodelson and Schmidt
(2020, chapter 9) and Balazs et al. (2026).

The results of Planck Collaboration et al. (2020), based on measurements of the CMB
anisotropies, give the value of the cold dark matter density parameter as
 ch2 = 0 :120� 0:001,
corresponding to 
 c = 0 :264� 0:006, where 
 c denotes the present-day fractional energy
density of cold dark matter relative to the critical density.

Non-linear Perturbations Growth and Large Structure Formation

Observational data indicate that the Universe is homogeneous on scales larger than approxi-
mately 100�200 Mpc (Hogg et al., 2005; Scrimgeour et al., 2012). However, when examined
on smaller scales, a rich and complex structure emerges, including voids, sheets, �laments,
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Figure 1.1 This image is a schematic representation of the observed power spectrum of CMB
temperature anisotropies from Balazs et al. (2026). The geometry of the peaks: their positions and
relative heights�allows one to constrain the fundamental cosmological parameters of our Universe,
such as
 � , 
 c, 
 b , H0, among others.

clusters and other features of the cosmic web. The inhomogeneity of the Universe can be
characterized by the density contrast� :

� b =
��
�

: (1.8)

where �� is a density perturbation and � is the mean background density. Based on measure-
ments of the CMB power spectrum, the amplitude of density perturbations at the recombination
was of order10� 5 (Planck Collaboration et al., 2020). In contrast, in the present epoch these
inhomogeneities have grown signi�cantly, reaching values of103 up to 106 in the central regions
of galaxy clusters (Cirelli et al., 2024, section 1.3.1).

We will now brie�y illustrate that the growth of density perturbations would not have
been possible without the presence of dark matter. For a detailed discussion of perturbation
theory, see Cirelli et al. (2024, section 1.3.1), or Coles and Lucchin (2002, part 3).

In perturbation theory, one obtains an equation describing the evolution of the growth
of density perturbations, � (k), where k = 2 �=� is the wave vector corresponding to the
perturbation scale:

@2� k

@t2
+ 2H

@�k
@t

+
�

v2
sk2

a2 � 4�G�
�

� k = 0 ; (1.9)

where vs is the sound speed in the baryon�photon �uid.
Non-clustering of baryonic matter. In the early Universe, baryonic matter (protons,

neutrons, and electrons) was tightly coupled to photons.The sound speed in the baryon�photon
plasma was of the order ofvs � c=

p
3, resulting in pressure forces that exceeded gravitational

attraction on small scales. Therefore, we can neglect the gravitational term in Eq. 1.9, since
4�G� 0 � v2

s k2

a2 . The evolution of baryonic density perturbations in this regime is described by

@2� k

@t2
+ 2H

@�k
@t

+
v2

sk2

a2 � k = 0 : (1.10)

In the matter dominated era scale factor wasa(t) = ( 3
2 tH 0)2=3 (see Dodelson and Schmidt,
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2020, section 1.1) and substituting these expressions into the equation 1.10, we obtain

@2� k

@t2
+

4
3t

@�k
@t

+
v2

sk2

( 3
2H0)4=3t4=3

� k = 0 : (1.11)

The solution of this equation describes the acoustic oscillations:

� k =
c1 cos

�
c0kt1=3

�
+ c2 sin

�
c0kt1=3

�

kt1=3
; (1.12)

which corresponds to a pressure wave. The parametersc0, c1, and c2 are functions ofH0 and
vs. As a result, baryonic density perturbations could not grow signi�cantly until recombination
at z ' 1100. Here, the redshift z is related to the scale factor by:

z =
1
a

� 1: (1.13)

Thus, before recombination, the perturbations had only an oscillatory behavior, and their
growth was e�ectively suppressed until the decoupling epoch, when baryonic matter began to
cluster gravitationally. The qualitative scheme of baryonic perturbation growth is presented in
the left panel of Fig. 1.2. Moreover, the amplitude of these perturbations can be determined
from the CMB power spectrum.

Dark matter clustering. In the case of dark matter, in the matter dominated era, which
is collision-free and pressure-free, the pressure termv

2
s k2

a2 can be neglected. Then, Eq. 1.9
reduces to the following form:

@2� k

@t2
+ 2H

@�k
@t

� 4�G� 0� k = 0 : (1.14)

Expressing� 0 in terms of the Hubble and the gravitational constants (see Eq. 1.1), we obtain

@2� k

@t2
+

4
3t

@�k
@t

�
2

3t2 � k = 0 ; (1.15)

giving
� k = cgt2=3 + cdt � 1 ; (1.16)

where cg and cd are integration constants associated with the growing and decaying modes of
the density perturbation. Thus, dark matter perturbations began to grow signi�cantly before
the recombination. After decoupling, baryonic matter follows the inhomogeneities of dark
matter. Schematically, this is shown in the right panel of Fig. 1.2.

For completeness, it should be noted that in the radiation-dominated era (beforez ' 3400),
dark matter clustering was suppressed. In this epoch, whereH = 1=(2t) (see Dodelson and
Schmidt, 2020, section 1.1), both terms in the third component of Eq. 1.9 can be neglected
becausevs = 0 for the dark matter �uid. In this regime, � k corresponds to density �uctuations
of the radiation �eld. However, these radiation perturbations do not cluster and therefore do
not contribute to the gravitational potential.

@2� k

@t2
+

1
t

@�k
@t

= 0 ; (1.17)

giving
� k � ln t + const: (1.18)

Thus, dark matter e�ectively began to cluster after the matter-radiation equality at z ' 3400.
The growth of density perturbations from recombination to the present time is highly

nonlinear, a behavior that can be explained by the presence of dark matter. The assembly
of dark matter structures begins earlier, and baryonic matter subsequently follows the dark
matter distribution through gravitational infall. In this framework, dark matter dominates
the gravitational potential, so that baryons e�ectively behave as a tracer of the underlying
dark matter density �eld on large scales.
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Figure 1.2 Illustration of the formation of large-scale structure in the Universe without (left) and
with (right) dark matter. Adapted from Balazs et al. (2026).

1.2.2 Dark Matter in Galaxy Clusters

Weak Gravitational Lensing

Figure 1.3 Merging galaxy cluster. In the right panel, the red and blue colors represent the X-ray
luminosity observed with Chandra, tracing the distribution of the intracluster gas. The contours (both
left and right) indicate the total mass distribution inferred from gravitational lensing constraints. The
white bar corresponds to 200 kpc at the cluster distance. Adapted from Clowe et al. (2006).

Another important evidence for the existence of dark matter comes from observations of
galaxy clusters during merging events. One of the most prominent early examples is theBullet
Cluster, reported by Clowe et al. (2006).

The majority of baryonic matter in galaxy clusters is contained in the hot intracluster gas,
whose mass distribution, density, and temperature can be inferred from X-ray observations.
In addition, the total mass distribution can be reconstructed using gravitational lensing
techniques (see Fig. 1.3). These observations reveal a spatial separation between the dark
matter component and the baryonic (gas) component.

This can be understood as follows. Initially, two galaxy clusters, each containing both
dark matter and baryonic matter, were gravitationally bound systems. During the collision,
the gaseous components of the clusters interacted strongly, producing shock waves and being
decelerated. In contrast, the dark matter components, which interact only weakly (or not at
all) with themselves and with baryonic matter, passed through each other largely una�ected.
For a detailed discussion of this interpretation, see, e.g., Cirelli et al. (2024).
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Dark and Baryonic Matter in Galaxy Clusters

The total mass of a galaxy cluster can be estimated using the virial theorem. For a bound
system, the time-averaged kinetic energyhK i and the time-averaged gravitational potential
energyhUi are related by

hK i = �
1
2

hUi : (1.19)

Let us consider a simpli�ed galaxy cluster of radiusR, consisting ofN � 1 identical galaxies,
each of massm. In this case, the virial theorem can be written in the following form:

N
mv2

2
=

1
2

3
5

G(Nm)2

R
: (1.20)

The total mass of the cluster can then be expressed as

M tot = Nm =
5
3

v2R
G

: (1.21)

Using this approach, Zwicky (1933) suggested that the actual mass of a galaxy cluster is
signi�cantly greater than the visible mass (i.e., stars and gas).

Since the 1980s, X-ray astronomy has enabled more accurate estimates of both the total
mass of galaxies and their gaseous component. These studies focus on the hot intracluster gas,
which is assumed to be in hydrostatic equilibrium:

dPg

dr
= � g� g (1.22)

Here, Pg and � g denote the gas pressure and density, respectively. Assuming the gas behaves
as an ideal gas, we can write

Pg =
TgkB � g

mp�
(1.23)

where kB is the Boltzmann constant, � is the mean molecular weight,mp is the proton mass,
and Tg is the gas temperature. Combining these equations and eliminating the pressure, we
obtain

dTg

dr
kB � g

mp�
+

d� g

dr
kbTg

mp�
= � g� g (1.24)

Finally, we can express the gas density

d ln � g(r )
dr

= �
mp�

kB Tg(r )
GM tot

r 2 �
d ln Tg(r )

dr
(1.25)

The gas temperature pro�le, Tg(r ), and its logarithmic gradient, d ln Tg(r )=dr, can be measured
from X-ray observations. The total gas mass could then be estimated as

M g =
Z

4�r 2� g(r )dr (1.26)

Studies (e.g., Vikhlinin et al., 2006) show that the gas fraction,M g=Mtot , within r500 ranges
from � 0:06 to 0:14, depending on the gas temperature. When corrected for the contribution
of stellar components, this ratio is referred to as thebaryonic fraction, f b � 0:16.

1.2.3 Dark Matter on the Galactic Scales

Spiral Galaxy Rotation Curves

Spiral galaxies rotate around their symmetry axis. Their rotation velocities can be measured
using the Doppler e�ect, through the frequency shift of the neutral hydrogen HI 21 cm emission
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line. Based on these measurements, Rogstad and Shostak (1972) construct the rotational
velocity of a galaxy as a function of the distance from the galactic center.

The total mass of a galaxy enclosed within a radiusr and its circular rotation velocity can
be estimated using Newtonian:

vcirc (r ) =

r
GM (r )

r
) M (r ) =

v2
circ (r )r

G
(1.27)

Rogstad and Shostak (1972), using observations of di�erent galaxies, showed that the total
mass of neutral hydrogen HI accounts for only� 11% of the total galactic mass. This behavior
implies the presence of an additional, unseen mass component, such as an extended dark
matter halo.

In Fig. 1.4 from Cirelli et al. (2024), the rotation curves of two galaxies are shown, together
with the contributions of di�erent components�disk, bulge, gas, and dark matter�to the
total rotation velocity of the system. The observed rotation curves do not decline with radius
as would be expected from the stellar and gas components alone, which indicates the presence
of an additional, spatially extended dark matter component beyond the optical disk that
maintains the approximately �at rotation pro�le at large radii (Rubin et al., 1978; Sofue and
Rubin, 2001; de Blok et al., 2008).

Figure 1.4 Galaxy rotation curves for star-rich (left) and gas-rich (right) galaxies. The di�erent
curves represent the contributions from the disk, bulge, gas, and an additional unseen mass component.
Adapted from Cirelli et al. (2024).

1.3 Dark Matter Candidates

In this section, we discuss several leading candidates that could account for the nature of dark
matter and some basic properties of it. Some of these candidates are illustrated in Fig. 1.5.

Dark matter candidates can be classi�ed into several categories. For example, they may
include modi�cations of gravity, such as those highlighting the limitations of general relativity.
They could also be light bosons:axions and axion-like particles (ALPs), standard neutrinos,
or a new type calledsterile neutrinos. Alternatively, candidates may be large macroscopic
objects, such asMACHOs or primordial black holes. In this thesis, we will focus on Weakly
Interacting Massive Particles, shortly WIMPs. However, before doing so, let us brie�y discuss
the other candidates.

1.3.1 Neutrinos

According to the Standard Model, our Universe contains hundreds of neutrinos per cubic
centimeter of space. These neutrinos �ll the Universe much like the CMB photons. Their
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Figure 1.5 Schematic representation of possible candidates for dark matter. From Bertone and Tait
(2018).

temperature is slightly lower than that of the CMB, given by T� =
� 4

11

� 1=3 T
 � 1:95 K. This
is because neutrinos decoupled from the cosmic plasma earlier, at temperatures of the order
of MeV, and their temperature subsequently decreased with the expansion of the Universe,
whereas photons were slightly heated during the annihilation of electrons and positrons at
T � 0:5 MeV. Therefore, the total amount of neutrinos could be estimates as

n� = 3
3
4

2� (3)
� 2 T3

� � 336 cm� 3 (1.28)

The factor of 3 accounts for the three neutrino �avors (� e, � � and � � ). The factor of 3=4
appears because neutrinos are fermions and therefore obey Fermi�Dirac statistics (as opposed
to bosons, which follow Bose�Einstein statistics). And n� corresponds to the total number
density of all neutrino and antineutrino species today.

In 2015, the Nobel Prize was awarded to Takaaki Kajita and Arthur McDonald for the
discovery of neutrino neutrino oscillations, which shows that neutrinos have mass. For instance,
measurements indicate that the lower bound on the sum of neutrino masses is approximately
0.06 eV (Fukuda et al., 1998). Thus, we can estimate the contribution of neutrinos to the total
energy density of the Universe,
 �


 � =
n� hm� i

� 0
� 1:4 � 10� 3 (1.29)

In the Standard Model, neutrinos can account for no more than1% of the dark matter
abundance in the Universe. For more details, see Dodelson and Schmidt (2020, section 2.4.4).
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1.3.2 MACHO

Since the 1980s, the hypothesis that dark matter could consist of Massive Astrophysical
Compact Halo Objects (MACHOs) has been widely discussed (Hegyi and Olive, 1983, Alcock
et al., 1995). MACHOs could include planets, faint stars, brown dwarfs, or black holes.
However, such dark matter would be baryonic, which is strongly disfavored by observations of
CMB anisotropies, indicating that the vast majority of dark matter must be non-baryonic and
cold.

At present, MACHOs are primarily of historical interest. For example, microlensing studies,
such as Optical Gravitational Lensing Experiment (Udalski et al., 2015, OGLE) and Mróz
et al. (2024), conducted in the Milky Way and the Large Magellanic Cloud, have demonstrated
that no more than � 10% of a galaxy's dark matter halo can consist of MACHOs in the mass
range 10� 5� 103 M � .

1.3.3 Primordial Black Holes

A compelling dark matter candidate is primordial black holes (PBHs). Black holes with a
wide range of masses, from10� 5 g to 105; M � , could have formed in the early Universe as a
result of extreme compression associated with the Big Bang. For more details see Carr et al.
(2021) or Cirelli et al. (2024, section 3.1.1).

Low-mass PBHs, with M . 10� 18 M � , according to Hawking radiation (Hawking, 1974),
would lose mass so rapidly that they would not have survived to the present day. More massive
PBHs, up to 10� 16 M � , at the current stage of cosmic evolution would emit gamma- and X-ray
radiation during their evaporation; however, such emission or signatures of this emission is not
detectable by instruments such asINTEGRAL or Voyager-1, the latter having measured the
electron�positron �ux.

PBHs in the mass range5 � 10� 15 M � to 10� 13 M � can be ruled out Cirelli et al. (2024,
section 1.3.1), as such black holes could collide with white dwarfs or neutron stars, subsequently
accreting their material and potentially triggering supernova explosions at rates far exceeding
what is currently observed. This places strong limits on dark matter candidates in this mass
range.

Objects of higher mass from10� 11M � to 10� 6M � have also been excluded through
microlensing observations conducted by the Subaru HSC experiment (Niikura et al., 2019).

1.3.4 Particle Candidates

Since the late 1980s particle DM paradigm are widely discussed (Bertone and Tait, 2018).
Any viable particle dark matter candidate must satisfy a number of cosmological and astro-
physical constraints. DM is required to be cold, namely non-relativistic at the cosmological
recombination. This condition is essential for the formation of large-scale structure in the
Universe.

Furthermore, dark matter must be electrically neutral or, at most, carry an extremely
small electric charge, since otherwise it would interact with photons via electromagnetic forces,
which is not observed. Moreover, cosmological observations (Planck Collaboration et al., 2020)
show that dark matter behave as a collisionless �uid. Thus, its interaction cross-section must
be signi�cantly smaller than the characteristic strong nuclear cross section (i.e.� 10� 26 cm2),
see Cirelli et al. (2024, section 3.3)

Among the numerous particle dark matter candidates, sterile neutrinos (see Section 1.3.1),
axion-like particles (ALPs), and weakly interacting massive particles (WIMPs) are among
the most widely studied. Since the present work is devoted to searching for signatures of
WIMP annihilation, we discuss the relevant WIMP properties and parameters in more detail
in Section 1.4.
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1.4 WIMP Parameters

In this section, we discuss the main constraints on the parameters of Weakly Interacting
Massive Particles (WIMPs). The Tremaine�Gunn criterion, which establishes a lower bound
on the WIMP mass, is presented in Section 1.4.1. In the following Section 1.4.2 the upper
limit on the WIMP mass is discussed. Then, in Section 1.4.3, we examine the freeze-out
e�ect and the associated constraint on the annihilation cross-section, the so-calledthermal
or relic WIMP annihilation cross-section, h�v i � 3 � 10� 26 cm3s� 1. This represents one of
the key constraints on WIMP properties. Finally, in Section 1.4.4, we provide an overview of
experiments probing the parameter space of WIMPs.

1.4.1 Lower Limit of the WIMP Mass

Tremaine and Gunn, 1979 derived a lower bound on the mass of fermionic dark matter particles
by applying the Pauli exclusion principle to dark matter in galaxies. Within a unit phase-space
element, no more thang dark matter particles can be present, whereg is the number of
internal degrees of freedom. This leads to the constraint

n < g
p3

h3 ; (1.30)

where n is the number density of dark matter particles andp = M � � v is the characteristic
momentum, taken as the product of the particle mass and its typical velocity.

We identify this velocity as the velocity dispersion � v, which can be estimated from the
virial theorem:

� 2 �
GM
R

� G�R 2; (1.31)

where � is the mean mass density of the system.
Expressing the number density asn = �=m � and substituting Eqs. (1.30) and (1.31), we

obtain

m� >
�

h3

gG�R 2

� 1=4

� 40eV: (1.32)

Thus, the Tremaine-Gunn argument places a lower bound of several tens of eV on the mass
of fermionic dark matter, adopting representative values� v � 100 km/s and R � 10 kpc.

1.4.2 Upper Limit on the WIMP Mass

Griest and Kamionkowski (1990) derived a fundamental upper bound on the WIMP mass. In
their approach, the particle wave function is expanded in terms of spherical harmonics, leading
to an asymptotic expansion of the annihilation cross-section in powers of the relative velocity:

h�v i = a + bv2 + : : :

which contains only even powers ofv in this expansion, as odd terms would violate spatial
symmetry.

During freeze-out (see Section 1.4.3), the WIMP mass exceeds the temperature of the
Universe by a factor of � 20� 30. In this regime, dark matter particles can be treated as
non-relativistic. Consequently, the expansion of the annihilation cross-section is typically
truncated after the �rst few terms, corresponding to the so-calleds-wave (constant), p-wave
(v2), and d-wave (v4) contributions.

For particles in thermal equilibrium in the early Universe, partial-wave unitarity of the
S-matrix imposes an upper limit on the annihilation cross section. Because the relic abundance
scales inversely with the annihilation cross section,
 c / h �v i � 1 (see Section 1.4.3), this upper
limit implies a lower bound on the relic abundance, which grows with mass. By requiring
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that this does not exceed the observed dark-matter density, we obtain an upper bound on the
WIMP mass.

As a result, stable elementary particles with masses exceeding approximately340TeV are
strongly disfavored within the standard thermal WIMP scenario.

Smirnov and Beacom (2019) included the e�ects of Sommerfeld enhancement and showed
that this upper bound is reduced to approximately 140TeV for self-conjugate dark matter
particles and 100 TeV for non-self-conjugate particles.

1.4.3 Thermal Production of WIMPs

The history of a generic WIMP begins at very early times (high temperature), when the WIMP
was in equilibrium with the rest of the cosmic plasma. As the Universe expanded and cooled,
the particle underwent freeze-out, when the annihilation rate dropped below the expansion
rate.

In this section we solve the Boltzmann equation for such particles to determine the freeze-out
epoch and relic abundance. For more details see Dodelson and Schmidt (2020, section 4.4).

The Boltzmann equation for interacting particles in an expanding Universe is given by

@n1
@t

+ 3Hn 1 = n(0)
1 n(0)

2 h�v i

 
n3n4

n(0)
3 n(0)

4

�
n1n2

n(0)
1 n(0)

2

!

(1.33)

Here h�v i is the thermally averaged cross section, andni is the number density of i -th
species, andn(0)

i is the same distribution but in thermal equilibrium. We assume the following
reaction

� + � $  +  (1.34)

where two WIMPs � annihilate into two Standard Model particles  . In the early hot Universe
this reaction could proceed in both directions. The quantitiesn1 and n2 denote the number
densities of dark matter particles, whilen3 and n4 describe the number densities of Standard
Model particles. We assume that all Standard Model particles remain in thermal and chemical
equilibrium, so that their number densities satisfy n3 = n(0)

3 and n4 = n(0)
4 . We also consider

a single dark matter species, such thatn � n1 = n2. Thus, we obtain

@n
@t

+ 3Hn = n(0) n(0) h�v i
�

1 �
n � n

n(0) � n(0)

�
: (1.35)

The left part of this equation could be expressed as

dn
dt

+ 3Hn = a� 3 d
dt

(a3n) (1.36)

Let's call n(0) = neq and obtain

a� 3 d
dt

(a3n) = h�v i
�
n2

eq � n2�
: (1.37)

We now do two changes of variables. First, we introduceY

Y =
n

T3 and Yeq =
neq

T3 ; (1.38)

from which Eq. 1.37 becomes

dY
dt

= T3h�v i
�
Y 2

eq � Y 2�
: (1.39)

Secondly, we change the time variable from t to x, de�ned as

x =
M �

T
and dx = xHdt: (1.40)
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Figure 1.6 The number-density abundance of a WIMP � as a function of x, where x = M � =T.
x is proportional to the scale factor x / a. The dashed curve represents the equilibrium number
density. The two solid curves correspond to the abundance of the DM for two distinct values of� .
The parameter � describes the the ratio between the Hubble expansion rate and the annihilation rate.
From Dodelson and Schmidt (2020, section 4.4)

.

At early cosmic time, the expansion of Universe was dominated by radiation, whose energy-
density is proportional to T4. By replacing this in Eq. 1.52, we obtain

H /
p

� /
p

T4 / x � 2 and H =
H (M � )

x2 : (1.41)

HereH (M � ) is a time-independent normalization factor corresponding to the Hubble expansion
rate at T = M � , serving as a reference (normalized) Hubble parameter. Combining Eq. 1.39
with Eq. 1.41 we get

dY
dt

= �
M 3

� h�v i

H (M � )
1
x2

�
Y 2 � Y 2

eq

�
: (1.42)

This type of equation belongs to the class of Riccati equations, which in general does not have
an analytical solution. The numerical solution of Eq. 1.42 is shown in Fig. 1.6

However, it is possible to obtain an analytical solution forY1 in the asymptotic limit
of Eq. 1.42. The value ofY1 is related to the present-day dark matter relic abundance,
corresponding to
 c ' 0:26. In the case ofx � 1 (T � M � ), we can neglect theYeq term in
Eq. 1.42, because it rapidly approaches zero.

dY
dx

' �
�Y 2

x2 ; (1.43)

where � =
M 3

� h�v i
H (M � ) . The solution of eq.1.43 is

Y1 '
x f

�
; (1.44)

where x f is the freeze-out epoch, typically of order' 20 (see Fig. 1.6). Returning back to the
original variables

n1 = T3
f Y1 = T3

f x f

�
8�G

3 g�
� 2

30

� 1=2
M 2

�

M 3
� h�v i

(1.45)

h�v i = T3
f x f

�
8�G

3 g�
� 2

30

� 1=2

� 0
 DM
(1.46)
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A crucial point is that the freeze-out temperature Tf di�ers from the present-day CMB
temperature due to entropy conservation in the expanding Universe. For this reason, the
temperatures of cosmic neutrinos and CMB photons di�er as well. In the early Universe,
entropy was distributed across a large range of Standard Model particles, whereas today only
photons and neutrinos carry it: gnow � 2 + 7

8 � 6 �
� 4

11

� 4=3 � 3:36. The �rst term corresponds
to the photon contribution; the second term corresponds to the contribution of neutrinos and
antineutrinos (three �avors, each with a particle and an antiparticle), with the factor 7/8
arising from Fermi�Dirac statistics. The factor (4=11)4=3 accounts for the di�erence between
the neutrino and photon temperatures. Note that gfreeze-out

� � 106:75.

gfreeze-out
� T3

f a3
f = gnow T3

0 a3
0 (1.47)

From Eq. 1.46 we obtain

h�v i =
T3

0 gnow

g�
x f

�
8� 3

90 g�

� 1=2

� 0
 DM M P l
; (1.48)

here all quantities are expressed in GeV units, and the gravitational constant is written in
terms of the Planck mass. Solving this equation we �nd

h�v i � 1:52� 10� 9 GeV� 2; (1.49)

or by converting to CGS units

h�v i � 2 � 10� 26 cm3s� 1: (1.50)

The thermal cross-section of the WIMP is mass-independent. Here, we just presented the
standard derivation of the canonical WIMP annihilation cross section. In the literature (e.g.
Dodelson and Schmidt, 2020) and throughout this work, we adopt the commonly used reference
value of h�v i = 3 � 10� 26 cm3s� 1.

A more detailed and accurate analysis by Steigman et al. (2012) shows that the annihilation
cross section may deviate from this canonical value and exhibits a dependence on the WIMP
mass, as illustrated in Fig. 1.7.

To complete the derivation of the thermal annihilation cross section, we now discuss
the properties of the freeze-out parameterx f in more detail and provide an estimate of
its typical value. By equating the annihilation rate h�v i neq(x f ) and the Hubble rate H .
For non-relativistic matter the equilibrium number density follows the Maxwell-Boltzmann
distribution:

neq(T) = g
�

M � T
2�

� 3=2

e� M � =T = g

 
M 2

�

2�x

! 3=2

e� x (1.51)

The Hubble rate in the radiation-dominated era

H 2 =
8�G

3
� 
 ; (1.52)

with the radiation energy density

� 
 =
� 2

30
g� T4; (1.53)

where g� is the total number of degrees of freedom

g� = gbosons +
7
8

gf ermions � 106:75 (1.54)

The factor 7
8 appears because of the di�erent statistics for bosons and fermions.
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Figure 1.7 The black solid line shows the thermal annihilation cross section as a function of the
WIMP mass, while the grey solid line represents the canonical thermal cross section. From Steigman
et al. (2012).

For leptons there are three kind of particlese; �; � , each with an antiparticle and two
spin states. There are also three types of neutrinos with their antiparticles, giving the total
gleptons = 18. There are also six quark �avors (three colors, two spins, plus antiquarks)
gquarks = 72. This gives gf ermions = 90. The bosonic content comprises eight gluons with
two polarizations ggluons = 16, the four electroweak gauge bosonsW + ; W � ; Z; 
 with two
polarizations eachgEW = 8 , and the Higgs doubletgHiggs = 4 , giving gbosons = 28.

The Hubble rate is therefore

H =
�

8�G
3

g�
� 2

30
T4

� 1=2

=
�

8�G
3

g�
� 2

30
M 4

�

� 1=2

x � 2 (1.55)

Equating the Hubble rate from Eq. 1.55 to the annihilation rate from Eq. 1.51 gives

h�v i g

 
M 2

�

2�x

! 3=2

e� x =
�

8�G
3

g�
� 2

30
M 4

�

� 1=2

x � 2 (1.56)

from which the freeze-out valuex f can be obtained

ex f = x1=2
f

h�v i M � M P l

8� 3=
p

90

g
p

g�
(1.57)

Solving numerically this equation givesx f � 26. Here the gravitational constant is expressed
in terms of the Planck mass asG = M � 2

P l .

1.4.4 WIMP Detection Experiments

Direct detection experiments search for the scattering of dark matter particles o� nucleons
or electrons. It is assumed that a large �ux of dark matter particles, bound within the halo
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Figure 1.8 Evolution of upper limits from direct detection experiments on the spin-independent dark
matter�nucleon scattering cross section, assuming a dark matter mass comparable to that of theZ
boson. From Cirelli et al. (2024).

of our Galaxy, passes through the Earth every second. Consequently, dark matter particles
may traverse terrestrial detectors and occasionally scatter o� nuclei or electrons within the
detector material.

A major experimental challenge is the extreme rarity of such events, with expected rates
potentially below one event per ton of detector material per year.

Under the assumption of elastic scattering, the highest sensitivity of these experiments
typically peaks for WIMP masses around� 50; GeV in the case of nuclear recoils and in the
� MeV range for electron recoils.. The historical evolution of upper limits on the WIMP�
nucleon cross section is shown in Fig. 1.8.

For example, the PandaX-II experiment (Cui et al., 2017), one of the most sensitive direct
detection experiments for WIMP masses around40GeV, reported an upper limit on the
spin-independent WIMP�nucleon cross section of8:6 � 10� 47 cm2 at 90% con�dence level.

Such experiments place upper limits on the WIMP�nucleon elastic scattering cross section
on nuclei at the level of � 10� 46� 10� 47; cm2, which is approximately ten�twelve orders of
magnitude smaller than the typical thermal annihilation cross section (� � 10� 35 cm2),
assuming a WIMP velocity of order 0:1; c at the freeze-out epoch. at freeze-out.

If dark matter is composed of WIMPs, its scattering cross section with baryons is expected
to be strongly suppressed.

1.5 WIMP Annihilation Signatures

The process of dark matter particle annihilation is described below, leading to the production
of secondary Standard Model particles, which are assumed to eventually decay into electrons
and positrons. This is discussed in Colafrancesco et al. (2006), Storm et al. (2017), Regis et al.
(2021), Egorov (2023) and others.

In this section, we discuss the theoretical framework. First, we outline the main concepts
and then present the full derivation in a more rigorous way.

1. Two DM particles annihilate and produce a pair of Standard Model (SM) particles.
These SM particles subsequently undergo secondary decays, generating cascades of stable
particles.
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2. The secondary electrons and positrons, propagating in the presence of the intracluster
magnetic �eld, emit synchrotron radiation.

3. Given the DM distribution within the galaxy cluster, we estimate the number density of
WIMPs and the rate of annihilation processes.

4. Electrons and positrons lose energy through various astrophysical processes. These
energy losses a�ect the equilibrium energy spectrum of particles.

5. Using this information, we determine the energy spectrum and number density of the
secondary electrons and positrons.

6. By integrating over the cluster volume, we estimate the expected emission from secondary
electrons and positrons as a footprint of dark matter annihilation.

7. By comparing the theoretically predicted emission with observational data, we constrain
the best-�t WIMP parameters, namely the particle mass and the annihilation cross-
section.

1.5.1 Dark Matter Annihilation Channels

We consider the following model: two dark matter particles (� ) annihilate, releasing an amount
of energy equal to2m� c2. As a result, a pair of Standard Model (SM) particles ( ) is produced,

� + � !  +  : (1.58)

The annihilation can proceed through di�erent channels, including quark�antiquark pairs (b�b,
t �t, and other quark �avors), leptonic channels (e� e+ , � � � + , � � � + ), electroweak gauge bosons
(W � W + and ZZ ), photons (

 ), gluons (gg), and Higgs bosons (hh) (Cirelli et al., 2011).

Table 1.1 The masses of Standard Model fundamental particles (from Particle Data Group Workman
et al. (2022))

Particle Mass [GeV/ c2] Notes
Leptons

Electron (e) 5:11� 10� 4 Charged lepton
Muon (� ) 0:106 Charged lepton
Tau (� ) 1:78 Charged lepton

Quarks
Up (u) 2:2 � 10� 3 Current quark mass
Down (d) 4:7 � 10� 3 Current quark mass
Strange (s) 96� 10� 3 Quark
Charm (c) 1:27 Quark
Bottom ( b) 4:18 Quark
Top (t) 173 Heaviest quark

Bosons
W boson (W ) 80:4 Weak gauge boson
Z boson (Z ) 91:2 Weak gauge boson
Higgs boson (H ) 125 Scalar boson

These secondary particles, characterized by the energy distributiondNi =dE, may sub-
sequently undergo further decays (if they are unstable), giving rise to a particle cascade.
Ultimately, an ensemble of stable "granddaughter" particles is produced, described by a
speci�c energy distribution dNf =dE, which can be obtained from the following expression:

dNf

dE
=

X

i

B i
dNi ! f

dE
: (1.59)
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Here, B i denotes the branching ratio of thei ! f decay channel. For more details, see Cirelli
et al. (2024, section 6.1). The parameters of leptons, quarks, and bosons are summarized in
Table 1.1.

1.5.2 Secondary Electron�Positron Emission

From this ensemble of secondary particles, we focus exclusively on electrons and positrons,
since their presence in a magnetic �eld leads to synchrotron radiation, which can be mainly
observed in the radio band.

The synchrotron power emitted per unit frequency by a single electron in the presence of a
magnetic �eld is given by

P� (�; E; r; z ) =
Z �

0
d�

sin �
2

2�
p

3r0� 0mecsin �F
� x

sin �

�
(1.60)

Figure 1.9 Synchrotron emission power of a single electron at 140 MHz as a function of electron
energy. The emission depends on the magnetic �eld.

where r0 = e2=(mec2) is the classical electron radius,� is the pitch angle, and � 0 =
eB=(2�m ec) is the non-relativistic gyrofrequency. Following notation of Colafrancesco et al.
(2006), we de�ne quantities x and F (x) we de�ned them as

x =
2� (1 + z)

3� 0
 2 ; (1.61)

F (x) = x
Z 1

x
d� K 5=3(� ) � 1:25x1=3 exp(� x)

�
648 + x2� 1=12

: (1.62)

Here, K 5=3(� ) is the modi�ed Bessel function of the second kind of order5=3. As shown in
Eqs. 1.61�1.62 and in Fig. 1.9, the synchrotron emission produced by a single electron depends
on the magnetic �eld and on its energy expressed in the terms of Lorentz-factor.

The synchrotron power spectrum per frequency per electron can be simpli�ed as

P� (�; E; r; z ) =
p

3�� 0r0mec
Z �

0
sin2 � � 1:25

x1=3

sin1=3 �
exp(�

x
sin �

)[648 +
x2

sin2 �
]1=12d�

Fig. 1.9 shows the single-electron synchrotron emissivity at 140 MHz as a function of
electron energy and the magnetic �eld, the redshift is set to zero.
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1.5.3 Dark Matter Distribution and Annihilation Rate

To estimate the total �ux as a signature of the WIMP annihilation, we must determine the
particle number density and the corresponding rate of this process.

Let � denote the annihilation cross section andn� the total number density of DM particles.
Then, the mean free path is given by

� =
1

1
2n�

; (1.63)

the coe�cient 1=2 in front of the number density accounts for the presence of both DM and
anti-DM particles species. The typical interaction time t can be written as

t =
�
v

=
1

1
2n� �v

: (1.64)

We now average over the dark matter particle velocities to obtain the thermally averaged
annihilation cross sectionh�v i , as discussed in Section 1.4.3. From this point onward, the
annihilation cross section is understood to denote the thermally averaged quantityh�v i .

In a volume V, there are N � = n� V dark matter particles. In the annihilation process,
each pair of interacting particle releases an energy of2M � c2. The total energy production rate
is therefore given by

Q =
N �

2
1
t
2M � c2 =

n� V M� c2

t
=

n2
� M � c2�vV

2
(1.65)

Where we also take into account the relation between density and number density

n� =
� �

M �
: (1.66)

The dark matter density pro�le can be described by the Navarro�Frenk�White (NFW) pro�le
(Navarro et al., 1996), or by other commonly used parameterizations (For more details, see
Section 1.B). The total energy production per unit time per unit volume is

Q =
� 2

� c2

2M �
h�v i (1.67)

Here, Q = Q(h�v i ; M � ; R) is the source term, which depends on the velocity-averaged annihi-
lation cross section (hereafter simply named as the cross section), the dark matter particle
mass, and the dark matter density pro�le as a function of the distanceR from the cluster
center. Equation 1.67 is hereafter referred to as thesource term equation.

The energy injected by the source termQ is distributed among an ensemble of secondary
stable particles according to an energy spectrum.

Q(E; r ) =
X

f

Qf (E; r ) (1.68)

Where

Qf (E; r ) =
Z M � c2

E
E 0dnf

dE
(E 0; r )dE0 (1.69)

Where dnf =dE is the energy spectrum of thef -th species of injected particles. Hereafter, we
will focus only on electrons and positrons and will rename the source term corresponding to
electronsQe(E; r ) as Q(E; r ).
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Figure 1.10 The energy-loss term is shown for a magnetic �eld strength ofB = 1 � G and an electron
number density of ne = 10 � 3 cm� 3, which are typical values for galaxy clusters. The total energy-loss
rate is represented by the solid black line, while the combined synchrotron and inverse Compton
contributions are shown by the blue dashed line. For electron energies greater than a few tenths of a
GeV, Coulomb and bremsstrahlung losses become negligible.

1.5.4 Loss Term

To understand the energy spectrum of electron in thermal equilibrium, it is necessary to
take into account the rate of electron energy losses. We consider four primary energy loss
mechanisms: synchrotron radiation, inverse Compton scattering, bremsstrahlung (or free-free)
emission, and ionization (or Coulomb) losses.

bloss(E; B; n e) = bSynch(E; B ) + bICS(E ) + bBrem (E; ne) + bCoul (E; ne) (1.70)

According to Sarkis and Beck (2025), and in agreement with Egorov (2022), the coe�cients
of the energy-loss terms can be written as

8
>>>>>>>>>>><

>>>>>>>>>>>:

bSynch = 2 :5 � 10� 18
�

B
1� G

� 2 �
E

1GeV

� 2

bICS = 0 :26� 10� 16
�

E
1GeV

� 2

bBrem = 7 :1 � 10� 20

� ne

1 cm� 3

�
(ln 
 + 0 :36)

bCoul = 7 :6 � 10� 18
� ne

1 cm� 3

� �
ln



ne

+ 73
�

Here, 
 and E denotes the Lorentz factor and the energy (in GeV) of the particle,B is the
magnetic-�eld strength in � G, and ne is the electron number density measured incm� 3. The
total energy-loss term is given in units of GeV s� 1.

For high-energy particles (E > 1 GeV), the dominant energy-loss mechanisms are syn-
chrotron radiation and inverse Compton scattering, both of which scale as the square of the
particle energy. An example of the total energy-loss term is presented in Fig. 1.10.



1.5 WIMP Annihilation Signatures 23

1.5.5 Energy Spectrum of Secondary Electrons and Positrons

In Section 1.5.2 we showed the synchrotron power emission by a single electron. The next step
is understanding the total number-density of electrons with certain energyE . From which we
will be able to estimate the expected total �ux from a galaxy cluster. The evolution of the
electron power spectrum is described by the di�usion equation

@
@t

dne

dE
(E; r ) = r

�
D (E; r )r

dne

dE

�
+

@
@E

�
bloss(E; r )

dne

dE

�
+ Q(E; r ) (1.71)

where dne=dE is the electron equilibrium spectrum, Q(E; r ) the source (see Eq 1.67 and
Eq. 1.69), D (E; r ) is the spatial di�usion coe�cient, bloss(E; r ) is the energy loss term
described in Eq. 1.70.

As a result, the energy loss processes govern the evolution of the electron distribution,
allowing the di�usion term in the di�usion equation to be neglected. Let us consider the
stationary case

@
@t

dne

dE
= 0; D = 0 (1.72)

The di�usion equation becomes

0 =
@

@E

�
bloss(E; r; z )

dne

dE

�
+ Q(E; r ) (1.73)

from which we derive the equilibrium electron spectrum

dne

dE
(E; r ) = �

1
bloss(E; r )

Z M � c2

E
Q(E 0; r )dE0 (1.74)

The upper integration limit corresponds to the maximum energy at which the particles can
be injected into the system, which is the DM particle massM � c2. The lower limit corresponds
to the fact that only electrons injected with energiesE 0 � E can contribute to the equilibrium
spectrum at energyE after energy losses.

1.5.6 Synchrotron Emission from Dark Matter Annihilation

Now that we know both the equilibrium electron energy spectrum given by Eq. 1.74 and the
synchrotron emissivity of a single electron given by Eq. 1.60, we can combine them to obtain
the total synchrotron emissivity:

J� (r; z ) = 2
Z M � c2

mec2
P� (E; r; z )

dne

dE
(E; r ) dE : (1.75)

The factor of 2 accounts for contributions from both electrons and positrons. Evaluating this
integral yields the synchrotron emissivity per unit volume as a function of radius within the
galaxy cluster. Assuming spherical symmetry of the cluster, we estimate the �ux per unit
projected area (the surface brightness).

I � (r ) =
1

4�

Z 1

r
J� (r 0)

r 0dr0
p

r 02 � r 2
(1.76)

In Sections 1.5.1�1.5.6, we obtained estimates of the expected emission from dark matter
particle annihilation, parameterized in terms of WIMP properties such as mass and annihilation
cross-section. By comparing observations of real astrophysical sources with the theoretical
predictions presented above, one can derive constraints or upper limits on the mass and
cross-section of WIMPs.
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1.6 Galaxy Clusters as Laboratories for Probing Dark Matter

A useful quantity for estimating the annihilation signal from DM particles is the so-called
J -factor. The expected signal from secondary particles can be separated into two components:

I = � � J; (1.77)

where � depends on the WIMP properties, such as particle mass, annihilation cross-section,
and annihilation channel, while the second termJ , so-calledJ -factor, contains the dependence
on the astrophysical properties of the source:

J =
Z

� 2
DM dl d
 �

� 2
sR3

s

r 2 ; (1.78)

here, � s denotes the characteristic dark matter density andRs the scale radius of the halo.
The index s refers to the parameters of the NFW pro�le (see Section 1.B), whiler is the
distance from the source.

The larger the J -factor, the higher the expected �ux from dark matter annihilation. Below,
we compare several characteristic classes of astrophysical objects, including dwarf galaxies,
galaxies, and galaxy clusters. The estimatedJ -factors are summarized in Table 1.2.

ˆ Dark matter in dwarf galaxies. Dwarf galaxies were analyzed by Regis et al. (2015).
The main advantage of these objects is the absence, or very low level, of intrinsic radio
emission, which makes them particularly suitable targets for indirect dark matter searches.
Using observations of the Large Magellanic Cloud, Regis et al. (2021) derived a lower
limit on the WIMP mass of approximately 500 GeV.

ˆ Dark matter searches in galaxies. Among galaxies, two of the most promising
candidates for dark matter searches are the Andromeda galaxy (M31) and the Milky
Way (Egorov, 2022). According to Table 1.2, M31 possesses one of the highestJ -factors
among nearby astrophysical sources. However, a signi�cant disadvantage is the presence
of strong astrophysical background emission. As a result, one has to model and separate
the conventional astrophysical emission from a possible dark matter contribution. A
detailed analysis of dark matter signatures in M31 was performed by Egorov (2023),
where the upper-limit of WIMPs mass was set as an order of100 GeV.

ˆ Dark matter in galaxy clusters. Galaxy clusters contain enormous amounts of dark
matter, contributing up to 80� 90% of the total cluster mass (see, e.g., Vikhlinin et al.
(2006)). Although their characteristic J -factors are typically lower than those of dwarf
galaxies or nearby galaxies, galaxy clusters may experience an additional enhancement
of the annihilation signal due to dark matter substructures concentrated toward the
cluster. This e�ects is referred to as thesubstructure boost factor. Another important
advantage is that the magnetic �elds in galaxy clusters can be independently estimated
through Faraday rotation measurements (see Section 1.A).

On the other hand, galaxy clusters contain di�use non-thermal emission of astrophysical
origin. It is necessary to separate this component from the potential dark matter-induced
emission.

The theoretical foundations for searches of WIMP annihilation signatures in galaxy
clusters were established by Colafrancesco et al. (2006).
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Table 1.2 Characteristic properties of astrophysical objects commonly used in indirect dark matter
searches. J-factor estimated by Eq. 1.78

Object Type � s Rs M Distance J -factor
[GeV cm� 3] [kpc] [M � ] [Mpc] [GeV2 cm� 5]

Fornax Dwarf galaxy 0:15 0:67 5� 107 0.15 9 � 1014

Carina Dwarf galaxy 0:4 0:24 6� 106 0.076 1015

M31 Galaxy 0:12 10:4 1012 0.78 8 � 1016

Coma Galaxy cluster 0:01 290 1:4 � 1015 101 7 � 1014

Abell 2199 Galaxy cluster 0:02 180 7:6 � 1014 128 4 � 1014

1.7 Overview of Radio Interferometry

1.7.1 Radio Interferometry for Searching DM Signatures

Fig. 1.11 shows the expected radio emission from dark matter annihilation as a function of the
distance from the center of the Coma Cluster for di�erent observing frequencies ranging from
10 MHz to 100 GHz. We �nd that the expected �ux is higher at lower frequencies.

Ground-based observations are fundamentally limited at the low-frequency end by the
Earth's ionosphere, whose plasma cut-o� re�ects or absorbs incoming radiation below� 10MHz.
Above this limit, the decametre-to-metre range up to� 1 GHz remains observable, and this
window is of greatest interest here: as shown in Fig. 1.11, the expected DM signal rises towards
lower frequencies, with the sub-GHz range probing the lightest DM particle masses, where the
predicted �ux is largest.

Several current generation interferometers provide access to this band: MWA (Lonsdale
et al., 2009, Murchinson Wide�eld Array) covers the 70 to 300 MHz range, uGMRT (Gupta
et al., 2017, updated Giant Metrewave Radio Telescope) spans from 50 to 1500 MHz across
its bands, LWA (Ellingson et al., 2009, Long Wavelength Array) and NenuFAR (Zarka et al.,
2012, New extension in Nançay upgrading LOFAR) access the lowest frequencies (10�85 MHz),
and VLA (Perley et al., 2011, Very Large Array) can access the 58-84 and 230-470 MHz
ranges with the 4- and P-bands, respectively. In the near future, SKA-Low (Dewdney et al.,
2009, Square Kilometer Array) will be the most sensitive telescope mapping the 50�350 MHz
frequency range. Among these facilities, LOFAR (van Haarlem et al., 2013, Low Frequency
Array) operates in the 10�240 MHz frequency range, provides one of the highest sensitivities
at around 150 MHz, and o�ers archival observations with integration times of tens of hours for
targets of interest.

1.7.2 Introduction to Radio Interferometry

The derivations presented in this section are based onSynthesis Imaging in Radio Astronomy
II by Taylor et al. (1999).

Let us consider a single antenna whose position in space is speci�ed by the vector~r. We
also assume the presence of a distant point source located at position~R, such that R � r .
This source produces an electric �eld~E( ~R; t ), which propagates toward the observer in the
form of electromagnetic waves.

Due to the linearity of Maxwell's equations, the electric �eld ~E can be decomposed into
a superposition of monochromatic components~E � , and any time-dependent signal may be
expressed into a Fourier series, which likewise preserves linearity. Consequently, we consider
the electric �eld component ~E � ( ~R) to be time-independent and quasi-monochromatic.

Under these assumptions, the electric �eld measured by the antenna can be written as

E � (~r) =
Z Z Z

P� ( ~R;~r)E � ( ~R)dxdydz (1.79)
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Figure 1.11 Left panel shows the expected synchrotron emission from dark matter annihilation
calculated for di�erent observing frequencies from the Coma Cluster. The input parameters are a
WIMP mass of 100GeV, an annihilation cross-section of10� 26 cm3 s� 1, and the b�b annihilation channel.
The simulation was performed using theDarkMatters code; see Section 2.4 for details.
The right panel shows the total expected �ux from the Coma Cluster at di�erent observing frequencies.
The vertical line indicates the central observing frequency of LOFAR. The simulations were performed
for WIMPs with a �xed b�b annihilation channel and an annihilation cross-section of10� 26 cm3 s� 1, for
di�erent masses ranging from 10 GeV to 100 TeV.

where the propagator P� ( ~R;~r), describes the contribution of the electric �eld at the source
position ~R to the electric �eld at the observation point ~r. Treating the electric �eld from each
source element as a spherical wave, the propagator takes the form

E � (~r) =
Z

E � ( ~R)
1
R

e� 2��i j ~R� ~r j=cdS (1.80)

where dS is an element of the spherical surface of radiusR enclosing the source. This electric
�eld can be measured by a single antenna.

In practice, however, interferometers are commonly used (see Fig. 1.12) The simplest
interferometer consists of two antennas, measuringE � (~r1) and E � (~r2) respectively. The
correlation of their signal at frequency� is then given by

V� (~r1; ~r2) = hE � (~r1)E �
� (~r2)i (1.81)

The asterisk denotes complex conjugation andh�i the time ensemble average. Substituting
Eq. 1.80 for each �eld in Eq. 1.81 gives

V� (~r1; ~r2) = h
Z Z

E � ( ~R1)E �
� ( ~R2)e� 2�i� j ~R1 � ~r1 j=ce2�i� j ~R2 � ~r2 j=ci

dS1dS2

R1R2
(1.82)

Under the far-�eld approximation ( R � r ), we assumeR1 ' R2 ' R and R � r1; r2. In this
limit, the wavefront can be approximated as plane waves. Therefore, the distances can be
expanded as

j ~R1 � ~r1j � j ~R2 � ~r2j ' ŝ � (~r1 � ~r2); (1.83)

where ŝ is the unit vector pointing in the direction of the source. Thus we obtain

V� (~r1; ~r2) =
Z

hjE � ( ~R)j2i e� 2�i� ŝ�(~r1 � ~r2 )=cd
 (1.84)

where d
 is the solid-angle element. We identifyjE � ( ~R)j2 with the source intensity I (ŝ).
We choose a reference plane perpendicular to the direction toward the source, where

the vector u points to the east and the vectorv points to the north. Together, they de�ne
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Figure 1.12 A basic interferometer consisting of two antennas located at positions~r1 and ~r2, receiving
radiation from a distant monochromatic source. Using the propagator function, the electric �eld at
each antenna can be calculated, allowing the correlation of the received signals to be determined. The
�gure indicates the position in the uv-plane, the baseline~b = ~r2 � ~r1, the geometric delayctg, and the
unit vector ŝ pointing toward the source.

the uv-plane. In this plane, the baseline vector can be written as~r2 � ~r1 = ( u; v; w); � ,
where � is the observing wavelength, and the source direction is given by the unit vector
ŝ = ( l; m;

p
1 � l2 � m2). This plane is tangent to the celestial sphere, andl and m are called

direction cosines, with l = sin � x and m = sin � y (where � x and � y are the sky coordinates).
For a coplanar array (w = 0 ), this gives the van Cittert�Zernike relation:

V� (u; v; ! = 0) =
Z Z

I � (l; m)
e� 2�i (ul + vm)

p
1 � l2 � m2

dldm: (1.85)

This quantity V� is called visibility. Visibilities are complex-valued quantities and can be
written as V� = Ae� i� , where A is the amplitude and � is the phase (as also done for antenna
gains later in Section 1.7.3).

With the �at-sky approximation ( � � 1, so
p

1 � l2 � m2 ' 1), which holds for a small
�eld of view, Eq. 1.85 reduces to the two-dimensional Fourier transform of the sky brightness
distribution I � .

Moreover, each pair of antennas measures a single point in theuv-plane, but contributes
two conjugate visibilities: one at coordinates(u; v) and its Hermitian counterpart at (� u; � v),
re�ecting the relation V� (� u; � v) = V �

� (u; v) (see also the central panel of Fig. 1.13).
The interferometer elements have di�erent sensitivity in di�erent directions. This angular

response is encoded in theprimary beam A � (l; m)

V� (u; v) =
Z Z

A � (l; m)I � (l; m)e� 2�i (ul + vm)dldm (1.86)

In practice, the spatial coherence functionV is sampled through discrete coverage of the
uv-plane. This sampling can be described by asampling function or window function S(u; v),
which may be written as

S(u; v) =

(
1; if data were taken at this uv-point;

0; if not :
(1.87)
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As a result of sampling we can measure only

I D
� (l; m) =

Z Z
V� (u; v)S(u; v)e2�i (ul + vm)dudv (1.88)

I D
� (l; m) is called the dirty image. The dirty image arises because theuv-coverage is incomplete

and discrete. In other words, the expression can be written as a convolution:

I D
� = I � � B � (1.89)

Where B � (l; m) is called dirty beam or point spread function (PSF) and

B � (l; m) =
Z Z

S(u; v)e2�i (ul + vm)dudv (1.90)

Only if the sampling region S(u; v) covers the entire plane would PSFB � (l; m) become a
delta function and I D = I � exactly.

Figure 1.13 The left panel shows the LOFAR HBA station positions. The central panel shows the
correspondinguv-coverage, while the right panel shows the resulting PSF.

1.7.3 Data Calibration

A two-element interferometer measures the correlation of the signals received by a pair of
antennas i and j along a given baseline projected onto theuv-plane. In the absence of
instrumental and propagation e�ects, this equals the true visibility V T

ij , which is essentially
the Fourier transform of the sky brightness (Eq. 1.86). In real observational scenarios, the true
sky signal is corrupted by instrumental and propagation e�ects, which lead to the observed
visibilities V O

ij . The purpose of calibration is to model and remove these e�ects in order to
recoverV T

ij . The two quantities are related by the radio interferometry measurement equation
(Hamaker et al., 1996, RIME):

V O
ij = Gij (�; t )V T

ij + " ij (�; t ) + � ij (�; t ); (1.91)

where Gij is the baseline-based complex gain (also known as a Jones matrix)," ij is a baseline-
based complex o�set, and� ij is stochastic complex noise. Most of the corrupting e�ects are
antenna-based, which gives

Gij (�; t ) = Gi (�; t )G�
j (�; t ) = ai (�; t )aj (�; t )ei ( � i (�;t )� � j (�;t )) ; (1.92)

where aj (�; t ) and � j (�; t ) correspond to the amplitude and phase of the complex gain of each
antenna.
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For an array of N antennas, there areN (N � 1)=2 baseline equations but onlyN antenna
gains to determine. The system is therefore overdetermined and can be solved through
calibration by estimating the amplitude and phase of the gain for each antenna in the array.
All determined gains (Gi (�; t ) depend on both frequency and time; however, in many cases
the time and frequency variations can be treated independently, allowing them to be solved
separately.

When visibilities are strongly corrupted, for example by radio-frequency interference (RFI)
or malfunctioning antennas, they are excluded from the analysis (�agged). In many cases,
corrupted data are identi�ed before calibration, for example due to RFI in speci�c frequency
channels. Additional corrupted data can also be identi�ed during calibration by checking the
gains. At low frequencies, ionospheric e�ects can cause fast phase changes in the visibilities,
which makes it easier to detect problematic data.

1.7.4 Image Cleaning

An interferometric array yields samples of complex visibilities (see Eq. 1.85 and Eq. 1.88),
from which the sky brightness distribution, namely an image, can be recovered through a
two-dimensional Fourier transform. However, because the dirty beam exhibits sidelobes that
degrade the image quality, deconvolution techniques are required to remove these sidelobes
and produce higher-quality images. Among these techniques, theCLEAN family of algorithms
is the most commonly used approach for recoveringI � from I D

� .
For example, the Högbom (1974)CLEAN algorithm solves the convolution equation

by modeling the sky brightness distribution as a superposition of point sources (i.e. delta
functions).

The main steps of the Högbom 1974 CLEAN algorithm are illustrated in Fig.1.14 and are
as follows:

1. Identify the location of the strongest peak in the dirty image (b) , usually determined
from the absolute value of the image intensity.

2. Subtract a fraction of this peak, scaled by a loop gain (or damping factor)(c) , convolved
with the dirty beam, from the dirty image (d) .

3. Record the position and amplitude of the subtracted peak in a list of CLEAN components,
which eventually form the source model(c) .

4. Repeat the previous three steps iteratively until a stopping criterion is reached, such
as a prede�ned number of iterations or until the brightest peak of the residualdirty
image falls below a certain threshold level(e) . The remaining image is referred to as the
residual image(f) . In an ideal case, where all the sources have been cleaned correctly,
residual image should be just thermal noise (which is the lowest brightness achievable in
a residual image).

5. Convolve the �nal source model(g) with the clean beam, usually obtained from a gaussian
�tted to the main lobe of the dirty beam, and add to the residual image(f ) , to obtain
the so-called restored (ordeconvolved) image (i) .

Several extensions of the original Högbom CLEAN algorithm have been proposed, including
the Clark CLEAN (Clark, 1980) and Cotton�Schwab CLEAN (Schwab, 1984) algorithms.
These methods improve the computational e�ciency of the deconvolution by partially operating
in visibility space rather than entirely in the image plane. In particular, the Cotton�Schwab
algorithm iteratively subtracts the source model directly from the visibilities and recomputes
the residual image, signi�cantly reducing the computational cost and improving the accuracy
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Figure 1.14 The �gure illustrates the Högbom 1974 CLEAN algorithm. Panel (a) shows the true signal
consisting of three sources: a strong, an intermediate, and a weak source. Panels(b�f ) demonstrate
the deconvolution procedure. The CLEAN model shown in panel(g) and the corresponding model
image in panel (h) successfully recover the strong and intermediate sources; however, the weak source
remains undetected. Finally, by adding the residual image from panel(f ) , the �nal deconvolved image
shown in panel (i) is obtained. This �nal image can subsequently be used for measurements of the
physical properties of the observed sources and di�use emission.

of the reconstruction. This approach forms the basis of most modern CLEAN implementations
and can naturally account for non-coplanar baselines (thew-term).

A further limitation of the original CLEAN algorithm is its assumption that the sky
brightness distribution can be represented as a collection of point sources. While appropriate
for compact emission, this approximation performs poorly for extended structures and often
requires a large number of CLEAN components. To address this issue,multi-scale deconvolution
algorithms have been developed, in which the sky brightness is represented as a combination
of components with di�erent spatial scales. Common choices include Gaussian basis functions,
whose Fourier transforms are analytically known (Cornwell, 2008; Greisen et al., 2009; O�ringa
and Smirnov, 2017).

1.8 The Low Frequency Array

The Low-Frequency Array (van Haarlem et al., 2013, LOFAR) is a radio interferometer located
primarily in the Netherlands, with additional stations distributed across Europe. The central
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part of the array is shown in Fig. 1.15.

Figure 1.15 The central part of LOFAR. From van Haarlem et al. (2013)

Each LOFAR station is made up of two types of receivers: the Low-Band Antenna (LBA),
sensitive to the 10� 90 MHz frequency range, and the High-Band Antenna (HBA), sensitive
to the 110� 240 MHz range. The size and distribution of HBA and LBA within a station
change with the distance from the center of the array, such that LOFAR stations are classi�ed
into three types, as shown in Fig. 1.16:

ˆ Core stations: 24 LBA and 48 HBA stations located within a maximum distance of 2
km from the array center. In LOFAR, the HBA dipoles are the fundamental receiving
elements. These dipoles are grouped into tiles arranged in a4 � 4 grid. A collection of
tiles forms a single HBA station (24 tiles for core stations, 48 for remote stations, and
96 for international stations).

Each HBA station in the core is split into two sub-stations, HBA0 and HBA1, each
consisting of 24 tiles (see Fig. 1.15). These sub-stations can operate either jointly as
a single station or independently as separate stations. Operating them independently
increases the number of baselines, thereby improving theuv-coverage.

ˆ Remote stations: 14 stations, each equipped with 96 LBA and 48 HBA tiles, are
distributed across the Netherlands, providing a maximum baseline of 120 km. An inner
observing mode can be used, in which only the inner 24 HBA tiles are activated to match
the con�guration of the core stations.

ˆ International stations: 14 stations, each with 96 LBA and HBA tiles , are distributed
across Europe, extending the maximum baseline to 2000 km, enabling very long baseline
interferometry (VLBI) with the same instrument.

LOFAR is not a typical interferometer with dishes that can point and track a source. The
antennas within a LOFAR station are �xed and do not physically move. Pointing is instead
performed via beamforming (Thompson et al., 2017, Chapter Antennas and Arrays): the signal
from each antenna is time-delayed before summing, so that waves from the desired direction
add coherently while those from other directions are suppressed. By adjusting these delays,
the station beam across the sky can be electronically steered (van Haarlem et al., 2013).
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Figure 1.16 The core, remote, and international LOFAR stations layout. Layout is not drawn in
scale. The HBA tiles are shown as small squares, while the LBA dipoles are indicated by large circles.
Adapted from van Haarlem et al. (2013)

1.8.1 UV-Coverage

The image quality dependents on how well the uv-plane is sampled (for e.g. central panel of
Fig. 1.13). A poorly sampled uv-plane can result in strong side-lobes in the synthesized beam
(see e.g. right panel of Fig. 1.13) that limiting the overall dynamic range of an image. Moreover,
since an interferometer samples discrete points in the uv-plane, the resulting incomplete uv-
coverage causes a loss of information of the angular scales that are not sampled. This limitation
is particularly important when imaging extended sources.

1.8.2 Angular Resolution

The ability to identify and characterize structures of di�erent angular sizes depends on the
angular resolution of an interferometric array.

� res = �
�

bmax
(1.93)

Where � is the observing wavelength,bmax is the longest baselength up to 3.5 km for core
stations and 120 km for remote stations.� is a parameter depends on the array con�guration
and the imaging weighting scheme (natural, uniform and others). In practice, the resolution
also depends on the position of the source in the sky relative to the array zenith: the farther
from the zenith the target source is, the more the baselines are foreshortened in projection
along the source�zenith direction. This compresses the uv-coverage along that axis, resulting
in an elongated, elliptical synthesized beam.

1.8.3 Sensitivity

The sensitivity of the telescope observations can be expressed by using thesystem equivalent
�ux density (SEFD), de�ned as the �ux density of a hypothetical source that produces the
same power to the receiver as the system noise itself. Figure 1.17 shows the SEFD as a function
of frequency for the LOFAR core and remote HBA stations.

An increase in the integration time, bandwidth, and number of antennas participating in
the observations improves the signal-to-noise ratio. The corresponding system sensitivity can
be estimated using Eq. 1.94.

� S =
W

r

2(2���t )
h

N c (N c � 1)
2S2

c
+ N cN r

ScSr
+ N r (N r � 1)

2S2
r

i (1.94)
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Figure 1.17 System equivalent �ux density (SEFD) as a function of frequency for core stations
(circles) and remote HBA stations (squares). Adapted from van Haarlem et al. (2013).

Here, W denotes the noise ampli�cation factor introduced by the weighting scheme, while
Nc and N r represent the numbers of core and remote stations, respectively. The quantitiesSc

and Sr correspond to the SEFD values for the core and remote stations.
For simplicity, one may assumeSc � Sr � S and de�ne the total number of stations as

N = N r + Nc. In this case, Eq. 1.94 can be simpli�ed to

� S =
S

p
N (N � 1)(2���t )

: (1.95)

1.9 Bayesian Monte Carlo Sampling

Bayesian Monte Carlo sampling is a widely used method in astrophysics and cosmology for
reconstructing posterior distributions and recovering the likelihood surface (Lewis and Bridle,
2002; Bernardi et al., 2016; Sharma, 2017; Planck Collaboration et al., 2020). According to
Bayes' theorem, the posterior distribution of the parameter setf � i g given the data xobs is:

P(f � i g j xobs) / L (xobs j f � i g) �( f � i g); (1.96)

where �( f � i g) denotes theprior distribution and L(xobs j f � i g) is the likelihood function.
Frequently, priors for each parameter� i are assumed to be independent and uniform, de�ned
over the interval

� i 2 [� min ;i ; � max;i ]: (1.97)

Assuming Gaussian, uncorrelated uncertainties, the log-likelihood is

ln(L (xobs j f � i g)) / �
1
2

X

obs

[I obs(xobs) � I model(xobs; f � i g)]2

� 2
obs(xobs)

; (1.98)

where I obs(xobs) is the observed pro�le evaluated at the observed pointsxobs, I model(xobs; f � i g)
is the model prediction pro�le evaluated at the same points and dependent on the parameter
set f � i g, and � obs(xobs) represents the corresponding observational uncertainty.
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The posterior distribution P(f � i g j xobs) is sampled using Markov Chain Monte Carlo
(MCMC) techniques (Metropolis et al., 1953; Hastings, 1970) in order to reconstruct the
parameter constraints. These methods construct a Markov chain whose equilibrium distribution
corresponds to the target posterior.

In this work, we employ an a�ne-invariant ensemble sampler (Foreman-Mackey et al.,
2013), which e�ciently explores the parameter space even in the presence of strong correlations
between parameters.

In the context of this thesis, this Bayesian framework serves as a statistical tool for
analyzing the observed radio pro�les. Speci�cally, in Chapter 2, this method will be applied
to the Coma galaxy cluster to reconstruct the model emission. By exploring the likelihood
surface via MCMC sampling, we evaluate the accuracy of the parameter reconstruction.
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1.A Probing Magnetic Fields via Faraday Rotation

The magnetic �eld of the galaxy cluster can be derived from the Faraday e�ect

	 obs = 	 int + � 2 � RM; (1.99)

where	 obs and 	 int are observed and initial polarization angle,� is an observational wavelength
and RM is a Faraday rotation measure.

RM �
Z

ne(l )B jj (l )dl (1.100)

It depends on the parallel component of the magnetic power of mediumB jj and the
electron number densityne along the line of sight. Last value could be measured from X-Ray
observations. For Coma clusterne was well described by Briel et al. (1992) with� -model

ne(r ) = n0

�
1 +

r 2

r 2
c

� � 3
2 �

(1.101)

For Coma cluster � = 0 :75� 0:03, r c = 291 � 17 kpc, n0 = 3 :44� 0:04� 10� 3cm� 3. The
polarization angle could be obtained from radio observations from each band separately For
the polarization analysis, is used two images containing the Stokes Q and U components.
These images allow to derive the linear polarization angle across the source from each band
separately

	 =
1
2

arctan
U
Q

(1.102)

In the case of the Coma Cluster, Bonafede et al. (2010) estimate a central magnetic �eld
strength of B0 = 4 :7 � 0:7; � G and a radial slope� = 0 :5 � 0:2 (at the 1� con�dence level).
The magnetic �eld was well described by a Kolmogorov power spectrum, with minimum and
maximum scales of� min � 2 kpc and � max � 34 kpc, respectively. The magnetic �eld spatial
pro�le is given by:

hB (r )i = hB0i
�

ne(r )
n0

� �

(1.103)

The Kolmogorov power spectrum for a magnetic �eld describes how the �eld's energy is
distributed across spatial scales in a turbulent medium. In this model Kolmogorov (1941)
shows larger-scale �uctuations contain more energy, while smaller scales have progressively
less, following a stochastic vector �eld with a power spectrum:

jBk j2 / k� n ; k =
2�
�

(1.104)

where k is the wavenumber corresponding to scale� and n is the Kolmogorov slope. The
�eld is de�ned between a minimum � min and maximum � max scale, with the resulting hB 2i
determining the local magnetic �eld strength.

1.B Dark Matter Density Pro�le

For a Dark Matter density pro�le will use Navarro-Frenk-White (NFW) pro�le (Navarro et al.,
1996)

� NF W (r ) =
� s

r
r s

�
1 + r

r s

� 2 (1.105)
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where � s and rS is scale density and scale radius or in the other words are parameters of
NFW-density pro�le.

M (x) = 4 �� sr 3
s

�
ln(1 + x) �

x
1 + x

�
(1.106)

where x = r=r s.
According to Šokas and Mamon, 2003 the total mass of the Coma cluster within the virial

radius of 2:9h� 1
70 Mpc is 1:4� 1015h� 1

70 M � (with 30%precision), 85%, of which it is dark matter.
The distance also according to Šokas and Mamon (2003) is 101.3 Mpc.

Buote et al. (2007) derived an empirical relationship between the virial radiusr vir and the
scale radiusr s from X-ray observations.

xvir =
r vir

r s
= 9

�
M vir

1014M 0h� 1

� � 0:172

(1.107)

In the case of Coma Cluster

xvir = 9
�

1:4 � 1015M 0

1014M 0 � 0:7� 1

� � 0:172

= 6 :1 (1.108)

r s = r vir =xvir = 0 :475 Mpc. And � s = 9 :4 � 105M 0=kpc3.



Chapter 2

Coma Cluster

The chapter is organized as follows. In Section 2.1, we introduce the main properties of the
Coma Cluster. Section 2.1.1 provides a brief overview of dark matter studies in Coma.

In Section 2.2, we describe the radio observational data used in this work. Next, Section 2.3
presents the astrophysical component of the cluster radio emission. In Section 2.4, we discuss
the expected dark matter-induced emission and its dependence on the WIMP properties,
including the annihilation cross section, particle mass, and annihilation channel.

In the following sections, we simulate dark matter and astrophysical emission pro�les and
apply the reconstruction method introduced in Section 1.9. This allows us to test the ability of
the method to recover the input parameters of both emission components from synthetic data.

ˆ In Section 2.6.1, we consider simulated dark matter emission alone, without any astro-
physical background.

ˆ Then, in Section 2.6.2 we investigate a more realistic scenario in which both the astro-
physical and dark matter components are present.

ˆ The simulations discussed in Section 2.6.2 reveal a strong degeneracy between the
WIMP mass and the annihilation cross section for the Coma Cluster. As a result,
these parameters cannot be constrained simultaneously unless the dark matter signal
is unrealistically strong compared with the astrophysical emission. To overcome this
limitation, in Section 2.6.3 we �x the annihilation cross section and treat the WIMP
mass as the only free dark matter parameter, repeating the validation tests under this
assumption.

Finally, in Section 2.7 the developed methodology is applied to the Coma Cluster obser-
vations to derive upper limits on the WIMP annihilation cross section as a function of the
WIMP mass.

2.1 Coma Galaxy Cluster

The Coma galaxy cluster (Abell 1656) is one of the most studied galaxy clusters (Gunn and Gott,
1972, White and Rees, 1978, Marinacci et al., 2018), located in the constellation Coma Berenices
at RA = 12h 59m 48:72s, DEC = +27 � 58051:600, with a redshift of z = 0 :02310� 6 � 10� 5

(Dhawan et al., 2018; Bird et al., 2016).
Zwicky (1933), using the virial theorem and the observed velocity dispersion of individual

galaxies, estimated the total virial mass of the Coma cluster. By comparing this value with
the mass inferred from the cluster luminosity, he was led to propose the existence of unseen
(dark) matter. Later studies, for example Šokas and Mamon (2003), performed a more precise
analysis of the dark matter distribution in the Coma Cluster. They employed more advanced
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dynamical models, in particular the Jeans equation (Binney and Mamon, 1982), taking into
account orbital anisotropy inferred from galaxy kinematics. They obtained a virial mass
and radius of M vir = 1 :4 � 1015 M � and r vir = 2 :9Mpc, respectively, with an uncertainty of
approximately 30%.

Beyond its mass content, the Coma Cluster also hosts a large-scale magnetic �eld, whose
strength and structure are central to this work: the synchrotron emission produced by DM-
induced electrons and positrons depends directly on the cluster magnetic �eld. Bonafede
et al. (2010) derived a central magnetic �eld strength ofB0 = 4 :7 � 0:7 � G, with a radial
slope of � = 0 :5 � 0:2, both constrained at the 1� level. Moreover, it was shown that the
magnetic �eld power spectrum is well described by a Kolmogorov spectrum with a minimum
scale� min � 2 kpc and a maximum scale� max � 34 kpc.

The main properties of the Coma Cluster are summarized in Table 2.1.

Coma Cluster

Parameter Value

M vir 1015 [M � ] 1:4 � 0:4

Rvir [Mpc] 2:9 � 0:9

Rvir [arcmin] 99� 29

Distance [Mpc] 101:3

B0 [� G] 4:7 � 0:7

� 0:5 � 0:2

r c [kpc] 291� 17

ne(0) [10� 3 cm� 3] 3:44� 0:04

� 0:75� 0:03

Table 2.1 Main properties of the Coma Cluster, summarized from Section 2.1, assumingh0 = 0 :67
(Planck Collaboration et al., 2020). The last �ve parameters describe the electron number density and
magnetic �eld.

2.1.1 Dark Matter Studies in Coma Cluster

The Coma Cluster has played a key role in the study of dark matter since the pioneering work
of Zwicky (1933), who �rst pointed out the presence of a large amount of unseen mass in the
system.

Subsequent studies investigated the cluster mass distribution using a variety of techniques,
including the spatial distribution of galaxies, galaxy kinematics, and the assumption of
hydrostatic equilibrium (Kent and Gunn, 1982; The and White, 1986; Geller et al., 1999; Šokas
and Mamon, 2003). In more recent analysis, several authors employed weak gravitational
lensing to estimate the virial mass of the cluster, reconstruct its mass distribution, and study
dark matter subhalos (Kubo et al., 2007; Gavazzi et al., 2009; Okabe et al., 2014).

The Coma Cluster has also been extensively investigated as a target for indirect dark
matter searches. Using observations from VERITAS (Weekes et al., 2002, Very Energetic
Radiation Imaging Telescope Array System), Arlen et al. (2012) derived upper limits on the
WIMP annihilation cross section in the order of � 10� 20� 10� 21 cm3s� 1 for the W + W � , � + � � ,
and b�b annihilation channels, assuming WIMP masses between 100 GeV and 10 TeV.

Similarly, Ackermann et al. (2010) analyzed 11 months of Fermi-LAT observations of
nearby galaxy clusters, including Coma, and obtained constraints on dark matter annihilation
cross section. For theb�b annihilation channel, they derived upper limits of approximately
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Figure 2.1 Left panel shows Coma cluster observational surface brightness with uncertainties corre-
sponding to 1� standard deviations at 144 MHz and best-�t model I 0 exp(� R=R0). The right panel
presents the concentric regions in the Coma Cluster were used to derive its radial emission pro�le. The
radio relic in the lower-right was excluded from the di�use emission analysis. From Bonafede et al.
(2022)

10� 23 cm3s� 1 for a 10 GeV WIMP and � 10� 21 cm3s� 1 for a 1 TeV WIMP. Using 12 years of
Fermi-LAT observations, Thorpe-Morgan et al. (2021) improved these limits by one order of
magnitude.

The possibility of detecting dark matter annihilation through radio observations of the
Coma Cluster was discussed by Colafrancesco et al. (2006) and Storm et al. (2017). In
particular, Storm et al. (2017) showed that observations with LOFAR, ASKAP, and other
radio facilities could probe WIMP models with masses up to approximately 100 GeV with
the thermal annihilation cross section. Earlier, Colafrancesco et al. (2006) analyzed radio
observations spanning frequencies from 30 MHz to 5 GHz (Thierbach et al., 2003, and others,
references therein). Assuming that the entire radio halo emission originates from dark matter
annihilation, they obtained a best-�t model with a WIMP mass of approximately 40 GeV and
an annihilation cross section ofh�v i = 4 :7 � 10� 25 cm3s� 1 for the b�b annihilation channel.

In this work, we use sensitive LOFAR observations of the Coma Cluster to test the predic-
tions of Storm et al. (2017). In addition, we assume that the observed di�use emission consists
of both an astrophysical component and a possible contribution from WIMP annihilation.

2.2 Di�use Radio Emission in the Coma Cluster from LOFAR
observations

In this section, we examine the surface radio brightness distribution of the Coma Cluster as
observed at 144 MHz with the Low Frequency Array (LOFAR) from Bonafede et al. (2022), see
Fig. 2.1. A detailed discussion of the LOFAR instrument is presented in Section 1.8, where we
describe the speci�cs of radio observations, calibration procedures, data reduction, and image
reconstruction. Here, we focus on the astrophysical interpretation of the observed emission.

We model the di�use radio emission as the sum of two components, distinguished by the
origin of the relativistic electrons responsible for the emission. Both astrophysical and DM-
induced electrons produce synchrotron radiation, and thus the emission mechanism is identical
in the two cases. The �rst component, hereafter denoted as theastrophysical component, arises
from a population of relativistic electrons of conventional origin (e.g. AGNs, cosmic rays, and
other sources) accelerated within the intracluster medium.

The second component, hereafter referred to asthe dark matter component, is attributed to
a potential signal arising from dark matter particle annihilation. It corresponds to synchrotron
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emission produced by electrons and positrons generated as secondary products of dark matter
annihilation, which then radiate via synchrotron emission in the intracluster medium. We
assume that the two components radiate independently, owing to the di�erent spatial distri-
butions of their underlying electron populations; therefore, their contributions to the total
emission are additive.

2.3 Astrophysical Emission Component

Many galaxy clusters exhibit di�use radio emission, which is commonly interpreted as syn-
chrotron radiation produced by relativistic cosmic rays propagating in large-scale magnetic
�elds within the intracluster medium (Feretti et al., 2012; van Weeren et al., 2019). In this
work, we do not attempt to model the physical origin of this component; instead, it is treated
as an astrophysical background to the potential dark matter-induced emission.

We model this astrophysical component with a simple exponential pro�le that provides a
good empirical description of the observed brightness distribution of the radio halo (Murgia
et al., 2009, Boxelaar et al., 2021, Bonafede et al., 2022):

I (R) = I 0e(� R=R0 ) ; (2.1)

where I 0 is the central surface brightness andR0 is the scale radius at which the brightness
decreases by a factor ofe. The left panel of Fig. 2.1 shows the astrophysical model (solid line)
together with the measured emission data of the Coma Cluster (dots).

The dark matter component is modeled separately, with its surface brightness pro�le
depending on the annihilation channel, WIMP mass and annihilation cross section. A detailed
analysis of the dark matter emission component is presented in Section 2.4.

Given parametric models for both components, we apply the statistical inference method
described in Section 1.9 and applied in Sections 2.6.1�2.7 to recontract their respective
parameters, which allows us to assess the detectability of a dark matter annihilation signature
in the radio observations of the Coma Cluster.

2.4 Dark Matter Emission Component

DM radio emission in Coma Cluster was initially searched by Colafrancesco et al. (2006), see
also Section 2.1.1. Colafrancesco et al. (2006) assumed that the total emission was produced
by the DM annihilation process, and neglected the astrophysical background, that is instead
included in our analysis. However, they analyzed data at di�erent frequencies, while in this
thesis we use observations taken at a single frequency (i.e. 144 MHz).

To compute the spatial pro�le of the DM-induced synchrotron emission, we use the
DarkMatters code (Sarkis and Beck, 2025). The underlying methodology is described in
Section 1.5. In Sections 2.4.1 and 2.4.2, we investigate how the predicted signal depends on
the WIMP annihilation channel, mass and cross-section.

In Section 2.5, we build an interpolation of the simulated signal, since it was simulated in a
�xed grid and we want to �nd an analytical function that describes it, which will subsequently
be used for the reconstruction of dark matter parameters.

2.4.1 Annihilation Channels

In our default setup, we adopt an annihilation cross section ofh�v i 0 = 10 � 26 cm3 s� 1, since
it is of the same order as the thermal relic cross section (see Section 1.4.3) and is commonly
used in dark matter indirect-detection studies. We consider dark matter particle masses of
10 GeV, 100 GeV, and 1000 GeV.
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Figure 2.2 Synchrotron surface brightness pro�les produced by secondary electrons from dark matter
annihilation for nine representative annihilation channels. Each panel shows the predicted synchrotron
�ux density as a function of the angular distance from the center of the Coma Cluster, for three dark
matter massesM � = 10; 100; 1000GeV. All panels share the same spatial and �ux scales to allow
a direct comparison of the radial pro�les and their mass dependence. For some channels, such as
W + W � , the spatial pro�le for a dark matter mass of 10 GeV is not available. This is because, the rest
energy of the DM particle is below the rest mass of theW boson.
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Figure 2.3 Dependence of the expected surface brightness on the dark matter annihilation cross-
section for M � = 100 GeV. The left panel shows the absolute simulated value of the �ux, while the
right panel displays the ratio of the surface brightness for a given cross section to that obtained for
h�v 0i = 10 � 26 cm3 s� 1.

Dark matter may annihilate through several channels (Cirelli et al., 2011; Ciafaloni et al.,
2011); the �nal states considered in this work aree+ e� (electrons and positrons), � + � �

(muons), � + � � (tau leptons), b�b (bottom quarks), t �t (top quarks), W + W � and ZZ (electro-
weak gauge bosons), andhh (Higgs bosons). The surface brightness pro�le expected from
synchrotron radiation is shown in Fig. 2.2 for each of these channels and for the three di�erent
WIMP masses.

In a realistic scenario, all possible annihilation channels should contribute, weighted by their
branching ratio (see Eq. 1.59). For simplicity, we restrict our analysis to theb�b annihilation
channel, because this is expected to provide the brightest radio emission among all the channels.

2.4.2 Dependence of the Expected Surface Brightness on the Dark Matter
Interaction Cross Section

We generate dark matter surface brightness pro�les for the three dark matter particle masses,
M � = 10, 100, and 1000GeV, and for �ve di�erent annihilation cross-sections, h�v i = 10 � 28,
10� 27, 10� 26, 10� 25, and 10� 24 cm3 s� 1. The simulation results demonstrate that the total radio
emission �ux from the galaxy cluster scales linearly with the WIMP annihilation cross-section
(see Fig. 2.3).

Moreover, according to the theoretical framework (see Section 1.5 and Eq. 1.67), the surface
brightness I (r ) depends linearly on the source termQ(E; r ) and therefore scales linearly with
the annihilation cross-section. For clarity, we reproduce the relevant equations here:

Q(E; r ) =
1
2

�
� � (r )
M �

� 2

h�v i
dNi

dE

dne

dE
(E; r ) =

1
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E
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mec2
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Figure 2.4 Interpolated surface brightness of the Coma cluster in units ofJy � arcmin� 2 as a
function of the WIMP mass M � and the distanceR from the cluster center. Cross-section is �xed at
h�v 0i = 10 � 26 cm3s� 1.

Here, dne=dE is the injected electron number density power spectrum,P(�; E; r ) is the single
electron synchrotron power emissivity, andJ� (r; � ) is the total cluster emissivity per unit
volume at the frequency� .

We can therefore write I DM (see Eq. 2.2), where we express the pro�le for any given
cross-section as a rescaled function of a reference pro�le (labeled 0):

I DM (h�v i ; M � ; R) =
h�v i
h�v 0i

I DM (h�v 0i ; M � ; R): (2.2)

2.5 Interpolation of Dark Matter Signal Pro�les

To model the expected �ux of synchrotron emission from DM-induced particles, we constructed
a cubic spline using theRectBivariateSpline module from the scipy.interpolate library.
The resulting spline function is illustrated in Figure 2.4.

The original spline was constrained on 800 points along the radius and 34 logarithmically
spaced points in mass. To validate the accuracy of the interpolation, we tested the spline on
a separate grid whose nodes di�er from those of the original computation grid (179 linearly
spaced points in radius and 20 logarithmically spaced points in mass). This test revealed that
the main interpolation errors occur at large radial values, corresponding to regions with weak
�ux. The relative error was found to be below 1%. The relative interpolation errors are shown
in Fig. 2.5 and Fig. 2.6.

2.6 Pro�le Reconstruction

Before applying the inference method discussed in Section 1.9 to the observations, we �rst
verify its ability to recover known input parameters from noisy data. For this purpose, we
generate synthetic radial astrophysical pro�lesI (R) (see Eq. 2.1) using a simple parametric
model. Realistic random noise is then added to simulate observational uncertainties. The
simulated data are subsequently analyzed with the reconstruction procedure, and the recovered
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Figure 2.5 Two-dimensional distribution of the spline relative error. The vertical axis corresponds to
particle mass [GeV], and the horizontal axis corresponds to radius [arcmin]. The color scale represents
the relative error of the interpolation, which does not exceed 1.5% over most of the interpolation
domain. The non-smooth behaviour forM � . 100GeV can be attributed to the relative structure of
the computational and test grids, where the spacing between corresponding points is not uniform.

Figure 2.6 One-dimensional slice of the spline at a particle mass of 50 GeV. The horizontal axis
represents the distance from the center, while the vertical axis shows the relative di�erence between
the spline interpolation and the original data. This illustrates the interpolation accuracy along the
radial coordinate for a representative particle mass.

parameters are compared with the input values. This test allows us to assess the accuracy and
robustness of the method before applying it to observational data.

To recover the input parameters, we use the Markov Chain Monte Carlo (MCMC) method,
as implemented in theemceePython library Foreman-Mackey et al. (2013). This algorithm
allows us to reconstruct the posterior distributions and likelihood surfaces of the parameters
and yields their expectation values and covariance matrix.

For the �rst validation, we adopt a simple exponential pro�le:

I (R) = I 0 exp
�

�
R
R0

�
; (2.3)

with input values I 0 = 20 mJy � arcmin� 2 and R0 = 10 arcmin.
We generated a synthetic pro�le at 30 radial points between 1 and 60 arcmin. Gaussian

noise with zero mean and standard deviations of 1, 5, 10, and 25% was added to the pro�le,
producing one noisy dataset for each noise level. Each dataset was then analyzed independently
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Table 2.2 Reconstructed values of the parametersI 0 and R0 obtained from MCMC simulations with
di�erent noise levels added to the initial data. The errors correspond to1� uncertainties.

Noise level 1% 5% 10% 25%
I 0 [mJy � arcmin� 2] 19:94� 0:06 20:2 � 0:3 20:2 � 0:6 15:7 � 1:2

R0 [arcmin] 10:01� 0:01 9:93� 0:05 9:88� 0:10 10:14� 0:27

Parameter 1% noise 2% noise 5% noise 10% noise
h�v i [10� 26 cm3 � s� 1] 3:0 � 0:1 2:9 � 0:1 2:6 � 0:3 2:8 � 0:5
M � [GeV] 99� 2 97� 4 89� 9 92� 17

Table 2.3 Recovered values of the annihilation cross sectionh�v i and the dark matter particle mass
M � obtained from the simulated signal for di�erent levels of added noise. The errors correspond to1�
uncertainties.

using MCMC. The reconstructed parameters and their uncertainties, derived from the posterior
distributions, are summarized in Table 2.2.

As expected, the parameter uncertainties increase with the noise level. While the input
parameters are recovered within uncertainties for noise levels up to 10%, the parameterI 0

becomes underestimated at 25% noise, indicating a indicating a noise limit at which the
parameter best �t values are biased.

As will be shown below, the astrophysical component is recovered with high accuracy in
nearly all cases, at a level comparable to the precision of the simulations.

2.6.1 Test 1. Accuracy of Dark Matter Signal Reconstruction at Di�erent
Noise Levels

Having validated the reconstruction framework (Section 1.9) using a simple parametric pro�le,
we proceed to a series of validation tests. In particular, we consider three scenarios of
increasing complexity: (i) reconstruction of a pure dark matter signal at di�erent noise levels
(Section 2.6.1); (ii) joint reconstruction of dark matter and astrophysical components, with
the annihilation cross section treated as the only free dark matter parameter (Section 2.6.2);
and (iii) a full joint reconstruction in which both the annihilation cross section and the WIMP
mass are treated as free parameters (Section 2.6.3).

We simulate a dark matter signal assuming a thermal annihilation cross sectionh�v i =
3 � 10� 26 cm3 s� 1 and a WIMP mass M � = 100 GeV for all simulated cases. Gaussian noise
with relative amplitudes of 1%, 2%, 5%, and 10% is added to the signal. We then analyze how
accurately the original signal can be reconstructed under these noise levels. The recovered
parameters are presented in Table 2.3.

In all cases, we were able to accurately reconstruct both dark matter parameters massM �

and cross-sectionh�v i within 2� of the statistical uncertainty. An example of the posterior
distribution for this case is shown in Figure 2.7.

2.6.2 Test 2. Reconstruction of Both Dark Matter Parameters with an
Astrophysical Component

In the second test case, we include an astrophysical component modeled by an exponential
pro�le in addition to the dark matter signal.

We then �x the noise level at 1%, assume a dark matter particle mass of100GeV, and vary
the annihilation cross section over the range from1 to 1000in units of 10� 26 cm3s� 1. Increasing
the annihilation cross section enhances the dark matter signal (see Eq. 2.2). Subsequently,
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Figure 2.7 Left panel shows posterior distribution and covariance betweenh�v i and M � . For simulated
data with 10% Gaussian noise amplitude. The contours show the68% and 95% con�dence regions.
The right panel shows the simulated dark matter emission (black points) and the corresponding best-�t
model (green dashed line). For comparison, the observed Coma Cluster signal is shown in gray.

Table 2.4 Recovered parameters for di�erent input annihilation cross-sections, assuming a �xed noise
level of 1% and a WIMP mass of 100 GeV throughout the simulations.

Astrophysical component Dark matter

h�v i model I 0 R0 h�v i rec mWIMP I DM =IA

[10� 26 cm3 s� 1] [mJy arcmin� 2] [arcmin] [10� 26 cm3 s� 1] [GeV]

1000 19:79� 0:22 10:02� 0:02 1293+399
� 299 125+30

� 25 170

500 19:75� 0:19 10:03� 0:02 865+420
� 275 157+55

� 42 86

250 19:81� 0:20 10:02� 0:02 511+565
� 276 179+391

� 83 34

100 19:84� 0:12 10:02� 0:02 406+1007
� 274 295+391

� 168 17

10 19:92� 0:07 10:01� 0:01 168+60
� 78 766+168

� 257 1:7

1 19:93� 0:06 10:01� 0:01 17:1+6 :0
� 8:6 769+167

� 282 0:17

we reconstruct the parameters of both the astrophysical and dark matter components. The
results are presented in Table 2.4.

The astrophysical component is well recovered in all simulations, with an accuracy better
than � 1%� 2%. However, the dark matter parameters show large uncertainties, with posterior
distributions that deviate signi�cantly from Gaussian shapes.

Even the simulated noise levels are su�ciently small to allow a detection of both components,
the presence of the astrophysical signal introduces strong parameter degeneracies, which lead
to biased estimates and increased uncertainties in the dark matter parameters.

At the 95% con�dence level, the two components can be reliably disentangled only in the
presence of a su�ciently strong dark matter signal, which must exceed the peak amplitude of
the astrophysical component by a factor of approximatelyI DM =IA

�
�
R=0 � 34.

We repeat the analysis at2% noise to identify the minimum DM-to-astrophysical brightness
ratio at which the two DM parameters can still be independently constrained in a worse scenario.

The validation test results are summarized in Table 2.5. When the noise level is increased
from 1% to 2%, the minimum annihilation cross section required to distinguish the both
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Table 2.5 Recovered parameters for di�erent input annihilation cross-sections, assuming a �xed noise
level of 2% and a WIMP mass of 100 GeV throughout the simulations.

Astrophysical component Dark matter

h�v i model I 0 R0 h�v i rec mWIMP I DM =IA

[10� 26 cm3 s� 1] [mJy arcmin� 2] [arcmin] [10� 26 cm3 s� 1] [GeV]

2000 19:43� 0:49 10:06� 0:05 3920+1770
� 1050 152+60

� 41 340

1500 20:25� 0:48 9:95� 0:05 1560+840
� 460 104+44

� 28 260

1200 19:52� 0:51 10:05� 0:06 2200+1950
� 1050 167+100

� 68 200

1000 19:40� 0:49 10:06� 0:07 2460+2800
� 1330 207+150

� 95 170

500 19:38� 0:31 10:07� 0:04 3070+3940
� 2020 395+291

� 212 86

Table 2.6 Recovered parameters for di�erent input annihilation cross-sections, assuming a WIMP
mass of100 GeV and a �xed noise level of5% throughout the simulations.

Astrophysical component Dark matter

h�v i model I 0 R0 h�v i rec mWIMP I DM =IA

[10� 26 cm3 s� 1] [mJy arcmin� 2] [arcmin] [10� 26 cm3 s� 1] [GeV]

12 000 16:95� 2:35 10:27� 0:25 31400+45000
� 15900 221+202

� 94 2000

8 000 17:41� 1:44 10:26� 0:17 35000+52000
� 24000 440+370

� 250 1400

5 000 16:95� 2:35 10:27� 0:25 32100+70300
� 20600 300+364

� 162 860

components at a given con�dence level increases by approximately a factor of4� 5. Under
these conditions, the dark matter parameters (mass and cross section) can be independently
constrained only if the peak brightness of the dark matter component exceeds that of the
astrophysical component by a factor of aboutI DM =IA

�
�
R=0 � 200.

We then performed an analogous simulation for a noise level of5%. The results are presented
in Table 2.6. In this case, the two DM parameters can be independently distinguished at the
95% con�dence level only if the peak brightness of the dark matter emission exceeds that of
the astrophysical component by a factor of approximatelyI DM =IA

�
�
R=0 � 2000.

In all of the cases considered, the parameters of the astrophysical component are recovered
with an accuracy of up to 15%, even when its peak brightness is2000times lower than that
of the dark matter emission. This validation test demonstrates that the WIMP parameters,
mass and annihilation cross section, are strongly interdependent and exhibit signi�cant mutual
correlation, as illustrated in Figures 2.8 and 2.9.

2.6.3 Test 3. Reconstruction of DM Annihilation Cross-section with an
Astrophysical Component

In this exercise, we �x the mass of the dark matter particleM � at 100 GeV, while treating
the annihilation cross-sectionh�v i only as a free parameter and changing its input values.
An astrophysical component, analogous to that employed in Section 2.6.2, is added to the
dark matter emission. Gaussian random noise with amplitudes of 1% and 10% is subsequently
applied to the resulting signal, and we attempt to recover both the dark matter annihilation
cross-sectionh�v i and the astrophysical parametersI 0 and R0.

Table 2.7 presents the recovered components of the astrophysical emissionI 0 and R0, and
the WIMP annihilation cross-section h�v i for the 1% noise level case. We �nd that it is
possible to reliably identify the presence of dark matter even in cases where the ratio of DM
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Figure 2.8 Posterior distributions and covariance plots for the astrophysical component parameters
I 0 and R0, as well as the dark matter component parameters (massM � and annihilation cross section
h�v i ). The peak dark matter signal is 34 times higher than that of the astrophysical component. Blue
lines indicate the input data used in the simulation. The noise level is1%.
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Figure 2.9 Posterior distributions and covariance plots for the astrophysical component parameters
I 0 and R0, as well as the dark matter component parameters (massM � and annihilation cross section
h�v i ). The peak dark matter signal is 170 times higher than that of the astrophysical component.
Blue lines indicate the input data used in the simulation. The noise level is1%.
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Figure 2.10 The left panel shows the astrophysical component with parametersI 0 = 20 mJy � arcmin� 2

and R0 = 10 arcmin (solid green line), together with the dark matter component (solid orange line)
for h�v i = 10 � 10� 26 cm3 s� 1 and M � = 100 GeV. The black points represent simulated data
with a noise level of 10% of the signal. The central panel presents the recovered astrophysical
parameters, I 0 = 19:47 � 0:69 and R0 = 10:02 � 0:12, which are in excellent agreement with the
input values. In contrast, the reconstructed dark matter parameters, h�v i = (182+77

� 96) � 10� 26 cm3 s� 1

and M � = 749+179
� 243 GeV, di�er by nearly an order of magnitude from the input values. Nevertheless,

these incorrect parameter values still provide a good �t to the dark matter signal, indicating a strong
degeneracy between the parameters. The right panel shows the simulated data together with the sum
of the reconstructed components.

to the astrophysical component is0:014, which corresponds to an annihilation cross section
h�v i � 8 � 10� 28cm3s� 1. In such a scenario, the presence of dark matter can be detected at
the 95% con�dence level.

In Test 2, DM could only be identi�ed when its signal was at least a factor of 34 stronger
than the astrophysical component, corresponding to an annihilation cross sectionh�v i �
2:5 � 10� 24cm3s� 1. In contrast, in the present case, the dark matter contribution amounts to
only 1�2% of the astrophysical component. This corresponds to an improvement in sensitivity
of more than three orders of magnitude.

An example of the posterior distributions for the recovered parameters, in the case where
the peak dark matter signal is 0.05 of the astrophysical component, is shown in Fig. 2.11.

We then repeated the simulation with the noise level increased to 10%. The results are
presented in Table 2.8. In this case, we are still able to con�dently identify the presence of a
dark matter signal at the 95% con�dence level, provided that the dark matter signal is no less

Table 2.7 Recovered parameters for di�erent input annihilation cross-sections, assuming a �xed noise
level of 1% and a �xed WIMP mass of 100 GeV throughout the simulations.

Astrophysical component Dark matter

h�v i model I 0 R0 h�v i rec I DM =IA

[10� 26 cm3 s� 1] [mJy arcmin� 2] [arcmin] [10� 26 cm3 s� 1]

10 19:95� 0:07 10:00� 0:01 10:15+0 :014
� 0:014 1:7

3 19:96� 0:06 10:01� 0:01 3:08+0 :09
� 0:09 0:5

1 19:98� 0:06 10:01� 0:01 1:02+0 :07
� 0:07 0:17

0:3 19:98� 0:06 10:01� 0:01 0:321+0 :064
� 0:065 0:05

0:1 19:98� 0:06 10:01� 0:01 0:125+0 :061
� 0:061 0:017

0:08 19:98� 0:06 10:01� 0:01 0:105+0 :059
� 0:055 0:014
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Figure 2.11 Posterior distributions and covariance plots for the astrophysical component parameters
I 0 and R0, as well as the dark matter parameter annihilation cross sectionh�v i . Mass of DM particle
is �xed along the simulations M � at 100 GeV. The peak dark matter signal, as shown in Table 2.7, is
0.05 times the peak of the astrophysical component. Blue lines indicate the input data used in the
simulation. The noise level is1%.
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Table 2.8 Recovered parameters for di�erent input annihilation cross-sections, assuming a �xed noise
level of 10% and a �xed WIMP mass of 100 GeV throughout the simulations.

Astrophysical component Dark matter

h�v i model I 0 R0 h�v i rec I DM =IA

[10� 26 cm3 s� 1] [mJy arcmin� 2] [arcmin] [10� 26 cm3 s� 1]

10 19:83� 0:66 10:06� 0:11 10:3+1 :4
� 1:4 1:7

3 19:81� 0:65 10:06� 0:11 3:28+0 :87
� 0:87 0:5

2 19:84� 0:062 10:06� 0:11 2:26+0 :77
� 0:80 0:35

1:5 19:84� 0:063 10:06� 0:11 1:74+0 :72
� 0:71 0:25

1 19:79� 0:062 10:07� 0:11 1:26+0 :66
� 0:64 0:17

than 17% of the astrophysical component, yields an annihilation cross section of approximately
h�v i � 10� 26cm3s� 1.

We then performed a set of analogous simulations in which the annihilation cross-section
was �xed, while the dark matter mass was treated as a free parameter. In this case, the
mass can also be successfully recovered. However, this type of simulation is subject to certain
limitations. Speci�cally, in constructing the interpolation model for the expected dark matter
emission from the Coma Cluster, we considered only a restricted mass range, from 10 GeV to
1000 GeV. As a result, the recovered posterior distributions frequently exhibit tails extending
beyond the upper bound of 1000 GeV.

From the theoretical considerations discussed in Sections 1.3�1.5, we can expect WIMP
parameters ofh�v i � 3�10� 26 cm3 s� 1 and M � � 100� 1000GeV. These correspond to a relative
�ux I DM =IA

�
�
R=0 of approximately 1�50%. As shown in Test 2, in order to independently

measure both the mass and the annihilation cross-section, the relative �ux must be at least
2�3 orders of magnitude higher.

We �nd a strong degeneracy between the two dark matter parameters. In the regime
relevant for current observational noise levels (from 1% to� 10%), the two parameters cannot
be independently constrained. However, they can be jointly constrained through an e�ective
combined parameter, leading to an improvement in sensitivity of approximately three orders of
magnitude compared to the independent-�t case. This degeneracy motivates the introduction
of the K teDM parametrization, which will be presented in Section 2.6.6.

2.6.4 Degeneracy of the Dark Matter Mass and Cross Section

The results of the previous validation test demonstrate a strong degeneracy between the dark
matter mass and annihilation cross-section. The WIMP mass primarily a�ects the shape of
the emission pro�le, while the annihilation cross-section determines its normalization.

However, as shown in Fig. 2.12, the spatial brightness pro�les are nearly identical for
di�erent WIMP masses. Noticeable di�erences in the pro�le shapes appear only at large radii
(10� 100 arcmin), where the absolute �ux is low and the signal is dominated by noise or by the
astrophysical component.

A similar issue was noted by Regis et al. (2014) in their analysis of WIMP parameters
based on radio observations of Local Group dwarf spheroidal galaxies at a wavelength of 16 cm
with the Australia Telescope Compact Array. They state: Since the analysis is performed using
a single energy bin and the injected spectrum has only a weak e�ect on the spatial morphology
of the source, the �t cannot disentangle the degeneracy between the particle mass and the
annihilation rate, both of which enter primarily through the overall signal normalization.

In the following Section 2.6.5, we investigate how the expected surface brightness of the
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dark matter signal depends on the WIMP mass and derive an empirical relation describing
this dependence, Eq. 2.6.

We then propose two approaches for reconstructing WIMP parameters. The �rst method
is based on the empirical relation, see Eq. 2.4 and Eq. 2.6, derived in Section 2.6.5, and is
described in Section 2.6.3.

The second method follows the approach proposed by Regis et al. (2021), in which the
WIMP mass is �xed while the annihilation cross-section is �tted. A 95% con�dence interval
for the cross-section is then determined, and the procedure is repeated for di�erent assumed
WIMP masses.

2.6.5 Dependence of the Expected Surface Brightness on the Dark Matter
Interaction Particle Mass

As demonstrated in Section 2.6.2, the presence of the astrophysical component introduces
strong degeneracies that prevent a reliable reconstruction of the dark matter parameters.
However, the problem can be reformulated. Rather than attempting to determine both dark
matter parameters directly, we �rst ask whether the observational data contain a statistically
signi�cant dark matter signal, in the following, we introduce this criterion, denoted by K DM .
We then investigate its dependence on the WIMP mass and cross section.

For this purpose, We attempted to parameterize the three-dimensional functionI (h�v i ; M � ; R).
As shown in Section 2.4.2, it is directly proportional to the WIMP annihilation cross-section.
First, let us rewrite the Eq. 2.2

I (h�v i ; M � ; R) =
h�v i
h�v 0i

I (h�v 0i ; M � ; R) :

We then aim to factorize I (h�v 0i ; M � ; R) into separate functions of mass and radius,
e�ectively performing a separation of variables. For simplicity, we denoteI (M � ; R) �
I (h�v 0i ; M � ; R).

We de�ne

Fratio (M � ; R) =
I (M � ; R)
I (M 0� ; R)

; (2.4)

which is the ratio of the dark matter �ux for the WIMP masses M � = 10; 103 and 104 GeV to
that for a �xed reference massM 0� = 100 GeV. This is shown in the Fig. 2.12.

As shown in Fig. 2.12, the functionFratio (M � ; R) remains approximately constant over a
wide range ofR see table 2.9. Towards the virial radius,R ! Rvir (on the order of 102 arcmin),
Fratio (M � ; R) sharply increases and approaches unity. This behavior arises because both �uxes,
I (M � ; R) and I (M 0� ; R), rapidly decrease to zero in this regime. When the radius is changed
by a factor of 100, from 0.1 to 10 arcmin, we see that the �ux forb�b and � + � � -channels
changes by several thousand times. However, the ratio of �uxes between di�erent particle
masses does not exceed 1.5; see table 2.9.

The dependence ofFratio (M � ; R) via all studied mass regions is presented on the left panel
of Fig. 2.14.

Based on this observation, we averageFratio (M � ; R) over R, obtaining:

hFratio (M � )i R = hFratio (M � ; R)i : (2.5)

The corresponding dependence onM � is shown in the left panel of Fig. 2.13. The error bars
re�ect both the statistical uncertainty from averaging and the contribution from interpolation
errors (see Section 2.5).

We then �t hFratio (M � )i R with the function

hFratio (M � )i interp = exp
�
a ln2

�
M �

M 0�

�
+ bln

�
M �

M 0�

�
+ c

�
; (2.6)
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