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Abstract

Gravitational waves (GWs) from compact binary coalescences are a novel cosmological
probe, opening a new window to improve our understanding of the Universe. They act
as standard sirens, since they provide an independent measurement of the luminosity
distance, free from any distance-ladder assumptions. However, to fully exploit the cos-
mological potential of the rapidly growing number of standard sirens, a more accurate
characterization of the underlying source population has become essential.

In this Thesis, which focuses on binary black hole (BBH) systems, we tackle this chal-
lenge from multiple perspectives. We develop and implement a semi-parametric model
of the BBH primary mass function in a Bayesian framework, providing a more flexible
alternative to previous fully parametric approaches. The model is built by combining a
power-law baseline with a spline component. To maximize its versatility, we introduce
different knot placement strategies, ranging from logarithmic spacing to a novel data-
driven approach for informed knot placement. We then integrate this model into the
CHIMERA code and extensively test and validate it. The model is used with mock GW
data to assess its performance in a LIGO-Virgo-KAGRA (LVK) Observing Run 5 sce-
nario, demonstrating its robustness in reconstructing the underlying mass function under
both dark and spectral siren configurations. Finally, we present the first application of
this model to real data, analyzing 137 BBH events from the recently released GWTC-4
catalog as spectral sirens.

We find that the new model provides a more robust reconstruction of the BBH mass
distribution compared to the standard parametric ones, as verified through multiple
Bayesian diagnostics. Crucially, we show that this improved reconstruction translates
into tighter cosmological constraints, leading to a 12% improvement in the inference of
the Hubble constant. We also investigate the impact of knot placement, demonstrating
that poor choices can introduce significant biases in Hy.

This work shows that improved modeling of the BBH mass function is critical to
maximizing the scientific return of GWs and provides valuable insights for the anal-
ysis of future standard sirens. These results have contributed to the submitted work
[Tagliazucchi M., Moresco M., Borghi N., Ciapetti C., (2026)}
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Introduction

Modern cosmology is based on the ACDM model, a successful framework that has been
tested to accurately reproduce a plethora of observational data and currently serves as
the standard reference for studying and interpreting the evolution of our Universe.

Despite its success, this model relies on the presence of still mysterious components,
dark energy and dark matter, whose nature remains an open question in cosmology. At
the same time, as observational precision has improved, several tensions between cosmo-
logical parameters have emerged. The most notable is the Hubble tension, a discrepancy
between the value of the Hubble constant inferred from the early Universe via CMB
observations and from the late Universe via Type Ia supernovae calibrated on Cepheids.
This tension may indicate the need for new physics beyond the standard ACDM model
and the introduction of new cosmological probes (Moresco M., et al., 2022]).

In this cosmological framework, gravitational waves (GWs) generated by compact
binary coalescence represent a promising avenue for the future of cosmology. GWs act
as standard sirens, providing a direct and independent measurement of the luminosity
distance d; without requiring any external calibration (Schutz B. F., 1986|).

However, a measurement of d; alone does not allow cosmological inference, as the
redshift information is also needed. The redshift z cannot be directly derived from GWs
because of its intrinsic degeneracy with the binary detected masses. Therefore, to deter-
mine cosmological parameters, such as Hy, the degeneracy must be broken in a different
way. For binaries that include at least one neutron star, redshift information could be
obtained through electromagnetic counterparts (bright sirens). Nevertheless, these sys-
tems represent only a small fraction of detected events due to their lower masses (7 out
of 160 total confirmed events to date, [Abac A. G., et al., 2025] although so far the host
has been identified only for one), as most of the observed are binary black holes (BBHs).
In a different approach, the redshift can be inferred statistically by correlating the GW
events with galaxy catalogs (dark sirens), while for spectral sirens it is estimated from
intrinsic properties of the binaries population. For instance, the primary mass distri-
bution can be used to infer the redshift by comparing it with expected features in the
source-frame mass distribution.

As of today, it becomes crucial to develop mass models capable of identifying in detail
structures within the mass distribution, to capture as best as possible the astrophysical
properties of the sources, and possibly derive more accurate constraints on cosmological
parameters. With the release of the GWTC-4 dataset, which contains approximately 200
GW events, we are entering an era in which the number of detections is expected to grow
rapidly, both due to upgrades of existing interferometers and to the upcoming deploy-



ment of third-generation detectors. As the number of detected GW events increases, it
is fundamental to employ more flexible and dynamic models, capable of adapting to the
expanding dataset, rather than relying on fully parametric models which constrained the
data to follow a predefined function (Edelman B., et al., 2022| [Edelman B., et al., 2023]
Fully parametric mass models, typically based on power laws and Gaussian peaks, offer
limited flexibility and may force the data to conform to predefined structures, hindering
the discovery of new features.

In this Thesis, we develop a semi-parametric data-driven model for the BBH primary
mass within a Bayesian hierarchical framework, enabling a joint analysis of cosmological
and astrophysical information. The aim is to investigate whether and how the semi-
parametric approach, by allowing greater freedom in capturing the features of the mass
distribution, can improve parameter inference compared to fully parametric models. In
particular, we explore how an improved mass modeling can enhance the inference of Hy by
leveraging redshift information encoded in the mass distribution. The model is tested on
simulated data and validated through forecasts for the upcoming LIGO-Virgo-KAGRA
(LVK) O5 observing run, under both dark and spectral sirens configurations. Finally,
the model is applied to real data with the just-released Gravitational-Wave Transient
Catalog (GWTC) 4 in the spectral sirens framework to jointly infer cosmological and
astrophysical parameters and assess the optimal description of the primary mass function
suggested by the data.

The structure of this Thesis is outlined below.

e Chapter [1] introduces the cosmological framework, outlining the foundations of
General Relativity, Einstein’s field equations, and the resulting Friedmann equa-
tions. It then discusses how GWs fit into this framework, their use as standard
sirens, and the central problem of the Hubble tension. The Chapter concludes with
an overview of current evidence for features in the primary mass distribution and
the models developed to describe them. It also outlines how this Thesis fits within
the broader context of GW cosmology.

e Chapter [2| describes the Bayesian framework in which the semi-parametric model
is implemented. It begins with a brief overview of the principles of hierarchical
Bayesian inference and then moves to a more detailed discussion of the likelihood
and its constituent terms. The main focus is on the parametric models of the BBH
primary mass function currently implemented in the CHIMERA pipeline.

e Chapter [3|introduces the semi-parametric data-driven model from both a theoret-
ical and computational perspective. It outlines the construction of the model and
its first validation tests on theoretical mass functions generated with the GWTC-4
parameter posterior estimates. Particular attention is given to the methods im-
plemented and used to place the knots, either logarithmically spaced or manually
selected according to the features of the mass distribution. The chapter concludes
by explaining how cosmological information is extracted within this framework.

e Chapter {4 presents the model applied to mock data in both dark sirens and
spectral sirens analysis. The chapter begins by describing the construction of the
simulated galaxy catalog and the corresponding GW catalog. In the dark sirens



case, several models in different configurations are tested, allowing us to evaluate
how well the mass function is recovered and to assess the inferred parameters. The
analysis is then repeated in the spectral sirens mode, only for the best perform-
ing configuration in dark sirens, to reproduce as closely as possible the procedure
applied to real data, where no galaxy catalog is available.

e Chapter |5 presents the application of the semi-parametric model to the real
GWTC-4 dataset. It begins with a brief overview of the data, describing the selec-
tion and filtering procedures adopted in this work. It then introduces a data-driven
method for placing the knots based on the posterior distribution of individual GW
events. Several models with different configurations, some data-driven and others
logarithmically spaced, are tested on the real dataset. For each of them, the re-
construction of the mass function and the inference of the cosmological parameters
are analyzed, highlighting how different modeling choices lead to different results,
with particular focus on the posterior distribution of Hy.

The work conducted in this Thesis contributes to the submitted publication
lazucchi M., Moresco M., Borghi N., Ciapetti C., (2026)|







Chapter 1

Introduction to Gravitational Wave
Cosmology

In 1915, Albert Einstein formulated the General Theory of Relativity, a milestone that
transformed modern physics and the understanding of the Universe, particularly con-
cerning the interplay between geometry and gravitation: geometrical properties of the
Universe are related to the amount of energy and matter. The theory predicts the ex-
istence of gravitational waves (GW), ripples in the space-time propagating at the speed
of light and generated by system dynamics that are not spherically or cylindrically sym-
metric, producing a time-varying mass quadrupole moment. The prediction remained
purely theoretical despite the continuous efforts of the scientific community, up to a cen-
tury later, in 2015, when the first Gravitational Wave (GW150914) was detected by the
LIGO Interferometer, marking a new era in observational astrophysics. Since then, many
additional GW events have been observed, with about 400 candidates reported after the
fourth LIGO-Virgo-KAGRA observing run. Consequently, the study of GWs is becom-
ing an increasingly important tool in modern cosmology. Today, GWs are emerging as a
robust observational probe to constrain cosmology and fundamental physics, offering a
new perspective on cosmological tensions, such as the Hubble tension.

This first chapter provides an overview of modern cosmology, starting from General
Relativity and Gravitational Waves, and establishes the framework and the aim of this
Thesis. Section presents the cosmological background, including the main equations
of General Relativity and the definitions of cosmological distances. In Section,
we focus on gravitational waves, their generation, propagation, and interaction with
test particles. Gravitational waves are then discussed as standard sirens to address
current cosmological open questions, in particular the H, tension, alongside a review of
gravitational-wave detectors and outlines future observational prospects. Finally, Section
defines the aim of this work and summarizes the current state of the art in GW
astrophysics and cosmology.

1.1 An expanding Universe

Despite the numerous cosmological models developed over the past century, aiming to
describe different possible evolutions of the Universe based on various geometries and
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components, the scientific community currently agrees on a model that best describes
the observations: the ACDM model. This model assumes the coexistence of three com-
ponents: radiation, matter, composed of baryonic matter and cold dark matter, and the
cosmological constant A, which accounts for the accelerated expansion of the Universe,
within a flat Euclidean geometry such that €, = 1.
At present, the Universe is in a phase dominated by the contribution of A, although the
contribution of cold dark matter remains significant, while the contribution of radiation
is effectively negligible.
The discovery of the expansion of the Universe dates back in 1929, when Hubble discov-
ered a relation between the recession velocity (vg) and the proper distance of galaxies
(dpr):

vp = H(t)d,, (1.1)

where H(t) is the Hubble parameter, a parameter independent of space but dependent
on time that represents the expansion rate of the Universe at a given time ¢. In the
1990s, two independent research teams (the Supernova Cosmology Project, led by Saul
Perlmutter, and the High-Z Supernova Search, led by Brian Schmidt and Adam Riess)
analyzed the distances and velocities of type Ia supernovae. Their observations revealed
that the Universe is undergoing an accelerated expansion.

Moreover, the study of the Cosmic Microwave Background (CMB), particularly its
anisotropies and the angular power spectrum, offered independent confirmation of the
accelerated expansion and flat geometry of the Universe, supporting the conclusion that
the ACDM model accurately reproduces the observations.

1.1.1 Basic equations

Modern cosmology is based on a fundamental assumption known as the Cosmological
Principle, which states that, on sufficiently large scales, the Universe is almost perfectly
homogeneous and isotropic, without preferred locations or directions.
Moreover, the main force that governs the large-scale Universe is gravity and it is fully
described by the theory of General Relativity.
The study of any cosmological model requires the definition of a metric that allows us to
measure distances between two events in space-time. The geometry of the Universe can
therefore be described by a metric tensor g,,, which defines the infinitesimal space-time
interval:

ds® = g, dxtdx” (1.2)

where dz* is the infinitesimal differential of the space-time coordinates x# = (ct, z, vy, 2).
The metric that describes our Universe (ACDM model) is the Friedmann-Lemaitre—
Robertson—Walker (FLRW) metric, which, in spherical coordinates, takes the form:

dr?

d2:—2dt2 2t
s cdt® + a*(t) T2

+ r2d0* + rsin*0do? (1.3)

where all the mixed terms in time and space vanish as a consequence of the Cosmological
Principle, which ensures isotropy and homogeneity.
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With this metric, each point of the space-time is characterized by four comoving coordi-
nates (t, r, 0, ¢), which define a comoving reference frame. In this frame, a point at rest
does not change its coordinates as the Universe expands. The expansion in the metric
is taken into account by the scale factor a(t). Moreover, k is the curvature parameter
which describes the Universe geometry: flat (k = 0), closed (k = 1) or open (k = —1).

The evolution of the metric in the space-time is governed by the Einstein Field Equa-
tions, which relate the geometry of the space-time to its energy and matter content:

Ry — %QWR = 8:_4GTW + Aguw (1.4)
where R, and R = g, R"" are respectively the Ricci tensor and the Ricci scalar, which
characterize the curvature of space-time, and 7}, is the energy-momentum tensor that
accounts for energy and matter content. It can be shown that in a FLRW metric and
under the assumption of a perfect fluid, the Einstein equations reduce to a system of two
equations because of symmetry and isotropy, called the Friedmann Equations:

.\ 2

a 8t Kc*  Ac?
<5> R * 3 (15)
a 4G 3P A
a3 )T (1.6)

By combining the Friedmann equations, it is possible to define the critical density today,
as the energy density required for a spatially flat Universe at the present epoch:
_sH;
Perit,0 = 87TG

(1.7)

where H is the Hubble constant, representing the expansion rate of the Universe at the
present epoch. Moreover, the critical density allows the introduction of the dimensionless
density parameter:

Pi
Q; = 1.8
Perit ( )
which quantifies the contribution of the i-th component to the total energy density of the
Universe. In the ACDM model, Q) = -£ A is the density parameter for the cosmological

constant, associated to the Dark Energy and responsible for the Universe acceleration,
Q= pp ™ is the density parameter for baryonic matter and Dark Matter, and Q2p = ££

crit Perit

is the density parameter for radiation.
For a flat Universe, the total energy density must satisfy:

Qo = »_ Q=1 (1.9)

(]

By combining the two Friedmann equations and expressing them as a function of redshift,
the resulting equation expresses a relation between the Hubble parameter H(z) and the
energy density of the Universe:

H(z) = Hy [Qa(1 + 2)* + (1 4 2)* + Q4] 7 (1.10)
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where we have used the scaling laws of the ACDM model components:

PR = PR,OCf4
Pm = Pmod > (1.11)
pA = const

and the relation between the scale factor ¢ and the redshift z:

alt) = . (1.12)

1.1.2 Distances in Cosmology

In Cosmology there is not a unique definition of distance because time and space are
intrinsically connected through the theory of General Relativity. Consequently, different
definitions of distance can be introduced, each appropriate for specific cosmological mea-
surements. All distance definitions are derived using the natural units approximation
c=1.

Given that the Universe is undergoing accelerated expansion, one of the most funda-
mental quantities is the proper distance. The most straightforward way to parametrize
it is to start from the FLRW metric in (1.3)). Assuming no time variation (d¢ = 0) and
considering two radially aligned objects, the proper distance is defined as:

r dT/
d,r = a(t S — 1.1
P a’( )\/() (1 +k7“/2)1/2 ( 3)

According to General Relativity, the proper distance depends on geometry and time
through the scale factor a(t).
For a flat Universe (k = 0) as the ACDM model, this simplifies to:

dpr - CL(t)T (].].4)

By differentiating the proper distance with respect to time, it is possible to recover the

Hubble-Lemaitre law: p .
a
=—d, = —d, 1.15
dt ? a? ( )

where H(t) = ¢ is the Hubble parameter and Hy = H (tp) is its present value, also known
as the Hubble constant, which quantifies the current expansion rate of the Universe
Hy ~ 70 km/s/Mpc.

It is possible to define the value of proper distance today, which is the so called comoving
distance: do = d, (t = to) = aor.

The comoving distance is the distance traveled by light between the source and the
observer at z = 0 in the comoving reference frame, which is not affected by the Universe

expansion:
2 d ot
do(z) = = — 1.16
= [ wer= ) (1-16)

From the comoving distance, two fundamental cosmological distance measures can be
derived.

VR
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The first is the angular diameter distance d, which quantifies the distance of a source
with intrinsic size D that subtends an observed angle Af. It can be derived by measuring
the angular size Af and knowing the intrinsic size D of an object: d4 = %. In a comoving

reference frame, the intrinsic size transforms as % and the angular size becomes Af = %.
Accounting for these relations, the angular diameter distance takes the form:
da(2) = 1 de(2) (117)
z) = z :
A 13 2%

The second is the luminosity distance dy, which is also derived from the comoving distance.
It is defined as the distance where an object with intrinsic luminosity L produce the ob-
served flux f = 4Ldg. By including several relativistic effects, such as time dilation,
T,

cosmological redshift, and the change of the surface area 477? that in a comoving refer-
ence frame becomes: 4ma®(ty)r?, dr, can be expressed as:

dr(z) = (14 z)dc(2) (1.18)

1.1.3 Cracks in the standard model: the Hubble tension

The Hubble tension refers to a discrepancy in the measurement of the Hubble constant H,
obtained from early-universe probes and those from late-universe local probes
[E., et al., 2022)). In particular, the value of H, obtained from direct local measurements
based on the distance ladder is higher than the value inferred from CMB observations
under the assumption of the ACDM model.

Specifically, there is a ~ 5o disagreement between the Planck satellite CMB measurement
(Aghanim N., et al., 2020)):

Hy=67.4+0.5 km/s/Mpc

and the measurement obtained by the 2021 SHOES Collaboration using Supernovae
calibrated by Cepheids (Riess A. G., et al., 2022)):

Hy =173.0+1.0 km/s/Mpc

Despite significant efforts by the community to account for measurement errors and
underlying assumptions, the Hubble tension has persisted and grown in statistical sig-
nificance. In particular, all model-dependent estimates of Hy (such as CMB and and
Baryon Acoustic Oscillations, BAO) are mutually consistent, and the same holds for all
model-independent estimates, including distance ladder and strong lensing
F L 2023).
There are two main categories of methods to infer Hy: the late Hy measurements and
the early Hy measurements.
The late Hy measurements are independent on the ACDM cosmological model, and al-
low to measure Hj locally relying on previous steps of calibration. For very low redshift,
z < 1, the luminosity distance in can be approximated to:

cz

du() = - (1.19)



1.2. GRAVITATIONAL WAVES AS COSMOLOGICAL PROBES 10

Therefore, by measuring the luminosity distance and knowing the redshift, it is possi-
ble to directly obtain the Hj value. The luminosity distance can be derived from the
distance modulus:

d
p=m — M = blog <10ch) (1.20)

where m is the apparent magnitude and M is the absolute magnitude of Type Ia Super-
novae. The absolute magnitude must be calibrated using independent distance indica-
tors, such as Cepheids in the same host galaxy. Once calibrated, the distance modulus
provides the luminosity distance which can be used to infer the Hubble constant Hj.
The early Hy measurements, instead, rely on cosmological assumptions such as the cos-
mological model ACDM, the properties of Dark Energy (A) and of the Dark Matter
(CDM). The Baryonic Acoustic Oscillations (BAO) and the CMB measurements that
provide standard rulers in the Universe belong to the early Hy measurements. Although
the 2018 Planck satellite data on CMB anisotropies confirm the consistency of the ACDM
model, the Hj tension between the direct and indirect measurements suggests the need
for new physics.

In this context, gravitational waves represent a promising cosmological probe to provide
new and independent measurements of Hy, potentially helping to resolve this discrepancy

(see Section [1.2.4)).

1.2 Gravitational waves as cosmological probes

The relevance of gravitational waves in modern cosmology began with the first detec-
tion of a binary black hole merger, GW150914, by the LIGO detectors in 2015, opening
a new window for observing the Universe. A few years later, the first binary neutron
star merger, GW170817, was observed in both gravitational and electromagnetic waves,
marking the beginning of the multimessenger astronomy era (Abbott B. P., et al., 2017]).
GWs emitted by binary black holes and binary neutron stars represent powerful cosmo-
logical probes, as they provide an independent measurement of the luminosity distance
dr, (Schutz B. F., 1986)). When combined with an external measurement of the redshift,
they allow to place constraints on cosmological parameters.

1.2.1 Generation of gravitational waves

Gravitational waves are small perturbations of the space time, generated by the distri-
butions of matter and energy. To study their generation, the first step is to linearize the
Einstein Field Equations in Eq. in a region of spacetime far from the source that
produces the propagating wave. Because the perturbations induced by GW are extremely
small, the weak-field approximation is assumed, so that the metric g,, is expressed as
the sum of the flat Minkowski metric and a small perturbation:

G = N + Py (1.21)

where 7, = (—=1,+1,+1,41)6,, is the Minkowski metric that represents the geometry
in a flat and empty space and h,, is a small perturbation such that |h,,| < 1. The
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linearized Einstein Field Equations in the Lorenz gauge takes the form:

D]_ZMV — lﬁgGTul/

_ ¢ (1.22)
O =0

where O = —(1/¢*)0? + V? is the D’Alembertian operator.

In the compact source approximation, in which the GW perturbation is evaluated at a

distance r much greater than the source dimension, the equation that describes the GW

perturbation is:
iy 2G [d*T%(ct')
h'(ct,z) = — | ——— 1.23
wn =5 | S| (1.23)

where I is the quadrupole moment tensor of energy density of the source which depends
only on time-dependent component 7% :

riet) = [ (et gy 7 (1.24)

As evident from Eq. (1.23]), the metric perturbation produced by GW is extremely small

(< &) making GW very faint to detect.

1.2.2 Propagation of gravitational waves

To study the propagation of gravitational waves is easier to consider regions of spacetime
empty and far from the source. In vacuum, the Eq. reduced to A" = ( in the
Lorenz gauge.

The general solution of Eq is a superposition of plane waves propagating at the
speed of light c:

R (T) = / A (B)e*o™ @k (1.25)

where A" is a symmetric 4 x 4 amplitude tensor and k = (%, E) Because of symmetry,

A, = Ay, the amplitude tensor initially has 10 independent components. The Lorenz
gauge condition provide other four constraints A"} = 0 leaving six independent compo-
nents.

Finally, we can exploit an additional gauge invariant, the transverse traceless gauge (TT
gauge) defined by the transformation:

By = P — 046 — Dk (1.26)

In the TT gauge, the metric perturbation satisfies the traceless condition 2#, = 0 and
the transverse condition k*h,, = 0, meaning that only the components orthogonal to
the propagation direction do not vanish.

The amplitude tensor A,, can therefore be expressed in terms of two independent po-
larization states, denoted by h, and hy, corresponding to the two possible gravitational-
wave polarizations:

00 0 0
g _ |0 by e 0
TT= 10 hy —hy 0

00 0 0
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It is convenient to decompose this tensor as a linear combination of the two polarization
tensors €/” and e/
A = hyel + hyel! (1.27)

where the polarization tensors are given by:

00 0 0 0000
01 0 0 0010

uvy uv

=10 0 —1 0 [e57] 0100
00 0 0 0000

For a binary system of two spiraling objects in a circular orbit, the two GW polarization
in the T'T gauge are:

o () (T () oy

c? c 2
5/3 2/3
hy(t) = % (GC]\Z/[C> (ng;)(t)) cosi sin(27 fy,t) (1.29)

where i is a generic inclination angle between the line of sight of the observer and the
normal to the orbital plane and r is the distance to the source. In the two polarization
equations and it has been used the relations wg,, = 2wy = 27 f,,,, reflecting
the fact that GW are emitted at twice the orbital frequency of the binary system.

The parameter M, is known as the chirp mass, a combination of the individual masses
of the binary system:

(m1m2)3/5

M, = 13Pm2/5 =
pm (my + ma) /5

(1.30)
where m; and ms are the masses of the components and p is the reduced mass.

The GW phase ®(t), given by the integral of the frequency, allows to study how the GW
waveform evolves in time during the inspiral of a binary:

B(t) = 27 / o)t (1.31)

where the GW frequency expresses as a function of the coalescence time 7 = t.,q — t is:

fouw(T) = ! < ° 1)3/8 (GMC>5/8 (1.32)

7\ 256 7 c3

The eq. (1.31)) and (1.32)) allow to redefine the two GW polarizations as:

ho(t) = 2 <GMC)5/3 (“fgW>2/3 <1 i COS%) cos[®(7)] (1.33)

r 3 c 2

ho(t) = % (GMC>5/3 <7TfW)2/3 cosi sin[®(7)] (1.34)

3 c
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As the two objects spiral inward, 7 decreases, and consequently both the frequency and

the amplitude increase, producing the characteristic chirp signal observed by gravitational-
wave detectors.

When accounting for the expansion of the Universe, we can express all quantities in

the observer’s frame at the time of coalescence. The GW phase is not affected by the

Universe expansion, since frequency and time have an opposite contribution of (1 + z):

dtors = (1 + z)dt, obs = I 1.35
o= (1+2) o (1.3
The amplitude, instead, is affected by the Universe expansion. By multiplying the dis-
tance r for the scale factor that is assumed to be constant a(ty), we can exploit the
relation:

dr,
t)r = 1.36
alto)r = L (1.36)
to rewrite the GW polarization in the form:
2/3
4 (GMN? (mfeb 1+ cos?i
= — — S D (Tops 1.
hy a ( 2 ) . ( 5 )cos[ (Tobs)] (1.37)
2/3
4 G . 5/3 T oi)}s
hy = - ( '/\2/{ > g cosi sin[®(7yps )] (1.38)
L C C

where M, = (1 + z)M, is the redshifted Chirp Mass and fo = f? the observed fre-
quency is redshifted with respect to the source frame frequency.

Finally, the replacement of r with dj, suggests that knowing the amplitude of the polar-
ization, it is possible to derive the luminosity distance and use GW as standard sirens

(see Section [1.2.4]).

1.2.3 Effect on test particles

To study the effect of a passing GW and how it influences the spacetime, let us consider
the motion of a set of test particles at rest, that form a circle in the (x!, z?) plane with
the reference frame at the center. Adopting the TT gauge, the test masses maintain
constant spatial coordinates during the interaction with the GW, however their physical
spatial separation [ changes:

1? = ;€& = 6;;¢'¢ (1.39)
where [£#] is the coordinate separation and (* = &' + 3hi&" is a convenient physical dis-
tance vector including the perturbation induced by the GW. For simplicity, we consider
a GW propagating only along the 23 direction such that k4%, = Amveik(*—2%)

In the straightforward case of a single polarization, assuming A" = he"”, the physical
separation oscillates as a function of time as illustrated in the upper panel of Figure

LD: 1
C=(¢.¢%0) = (61.€%,0) + ghycoslk(a® — 2?)](¢", ~€,0) (1.40)
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In contrast, for the case of the x polarization where A*” = h,e’” the physical separation
oscillates as shown in the middle panel of Figure (|1.1):

- 1
C=(¢",¢%0) = (€,€%,0) + Shxcoslk(a’ — aP)](€, €, 0) (1.41)
In the most general case, the GW propagates as a superposition of the two linear polar-

izations, resulting in a combined motion that incorporates the effects of both cases, as
depicted in the bottom panel of Figure (|1.1)).

Figure 1.1: In all three panels, the open circles indicate the initial positions of the test particles,
while the filled circles represent their displaced positions under the effect of the gravitational wave:
the upper panel corresponds to the + polarization, the middle panel to the x polarization, and the
bottom panel to a combination of the two. lllustration taken from [Hobson M. P., et al., 2006|

1.2.4 Standard sirens

Merging black holes and neutron stars, known as Compact Binary Coalescence (CBCs),
emit gravitational waves as they spiral toward coalescence. These systems represent
powerful cosmological probes, as from their signal it is possible to measure directly their
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dr, making them ideal standard sirens (Moresco M., et al., 2022)).

In fact, as shown in Egs. ((1.37)) and (|1.38]), the GW strain amplitude is inversely propor-
tional to the luminosity distance: by knowing the amplitude and the frequency evolution
of the GW signal, it is possible to derive d; without any calibration.

However, the redshift is degenerate with detector-frame masses because higher masses
at higher redshifts produce the same signal as lower mass at lower redshift. Because of
this degeneracy, the redshift can not be directly derived from GW data alone. Therefore,
using GW observations to perform cosmological inference through the d; — z relation is
not possible without introducing additional information on z. There are three ways to
include in the system a knowledge of the redshift:

— bright sirens: The redshift is obtained from the host galaxy of the GW event thanks
to the identification of an electromagnetic (EM) counterpart (Holz E. and Hughes|
S., 2005)). This allows for precise determination of cosmological parameters. The
presence of a neutron star in the binary system is required to produce EM emission,
as in the case of GW170817 (Abbott B. P., et al., 2017)). When GW170817 was
detected, a few seconds after the merger, a gamma-ray burst (GRB 170817A) was
detected within a region of the sky consistent with the GW signal (THE LIGO and|
[VIRGO scientific collaboration et al]) Once the region of sky was localized, optical
observations made it possible to identify the host galaxy, from which the redshift
could be derived through spectroscopy.

This is the most straightforward and difficult case: currently only 1 out of ~ 300
GW events is detected as bright sirens, since it requires a good localization and a
NS in the CBC.

This combined detection of GW and EM marked the beginning of the age of multi-
messenger GW astrophysics, the most promising to infer cosmological parameters
in an accurate way.

— dark sirens: In the most cases, no direct EM counterpart is detected, because
the majority of detected GW come from BBHs. In this case, the derivation of
redshift becomes difficult, since the GW localization area is typically very wide and
can contain numerous galaxies. A statistical approach must be used to infer the
redshift, making use of galaxy catalogs (Finke A., et al., 2021)). By cross-correlating
a detected GW with a galaxy catalog, it is possible to statistically associate a
potential host galaxy. Combining the redshift of each potential host within the GW
localization volume provides separate constraints on the cosmological parameters
for each event. By stacking together the information from more events, the true
parameters statistically emerge, with greater weight assigned to the those estimates
associated with smaller localization volumes, since they provide higher accuracy.

— spectral sirens: The redshift is derived relying only on GW data, making assump-
tions on the source-frame GW mass distribution (Mastrogiovanni S., et al., 2021]).
Differently from the dark sirens, spectral sirens derivation of redshift does not re-
quire necessarily the use of a galaxy catalog. This method is more reliable when
one or more features are present in the mass distribution of the source population.
Originally, this method was explored primarily for binary neutron stars (BNS),

because of their narrow mass distribution and higher mass cutoff (Messenger C.|
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land Read J., 2012} |Del Pozzo W., et al, 2017)). However, the method is now mainly
applied to BBHs, which constitute the majority of observed GW events and dis-
play evident mass distribution features whose astrophysical interpretation is still
debated: an excess of detections at ~ 35 Mg and a clear decrease of high mass
BHs, producing a gap at ~ 50 — 120 M, that could be due to the pair instability
supernova (PISN) (Ezquiaga J. et Holz D., 2022)).

Since the masses measured by the detector are redshifted, the source-frame mass
is related to the detector-frame mass by:

M1 det
src — —. 1.42
i, 1+z2 ( )

Therefore, by measuring the detector-frame mass and assuming a model for the
source-frame mass distribution, it is possible to statistically break the mass-redshift
degeneracy and constrain cosmological parameters.

This thesis employs standard sirens to analyze data: it examines mock datasets using
both the dark and spectral sirens methods, based on a simulated galaxy catalog, and
also investigates events from the GWTC-4 catalog through the spectral sirens approach,
assuming a specific form for the BBH mass function.

The main focus of this Thesis to explore how astrophysical and cosmological parameters
can be jointly inferred, by recovering the redshift information from the source mass
distribution, and to investigate how the accuracy of the mass model can affect these
inferences.

1.2.5 Gravitational waves detectors

As already discussed in Section , GW induce ripples in the spacetime, producing
a strain h(t). Detecting the passage of a GW therefore requires measuring the stretching
of space and the corresponding variation in distance. In this section, we will focus on
current ground-based interferometers and future space-based interferometers, discussing
their characteristics and observational capabilities.

Current ground-based interferometers are designed to detect CBCs with masses in the
range 1 — 10®> M. These detectors can measure strain amplitudes of h(t) ~ 1072 at
frequencies v ~ 10? Hz.

All the GW detections obtained so far have been carried out by the LVK Gravitational
Wave Network, which includes the Laser Interferometer Gravitational- Wave Observatory
(LIGO) consisting of two identical and widely separated detectors (LIGO Hanford and
LIGO Livingston), the Virgo gravitational-wave detector (VIRGO), and the Kamioka
Gravitational Wave Detector (KAGRA).

All four detectors are based on Michelson interferometers and share the same L-shaped
configuration. Their main components include a beam splitter, which divides the incom-
ing laser beam into two perpendicular paths; mirrors placed at the ends of each arm,
which reflect the light back toward the splitter; and a photo-detector, where the two
beams recombine. In the absence of a gravitational wave, the beams recombine in phase,
resulting in destructive interference at the detector. The passage of a GW, instead,
modifies the arm lengths, producing an interference pattern that reveals the presence of
the wave. The study of the optical length to detect GW with frequency vgw ~ 10°Hz
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and Agw ~ 3000 km suggests that the arms should have length such that (Maggiore M.,

5003):
A 100 H
L= % = 750 km ( Z) . (1.43)

Vaw

This distance cannot be reached in ground based interferometers, that’s why an advanced
setup with a Fabry Perot cavity is introduced. A Fabry Perot cavity is a cavity identi-
fied by two reflecting mirrors, containing a transmissive substrate and a reflective coating
that makes the light bounce back and forth, increasing the effective optical path. The
passage of a gravitational wave deforms the length of the interferometer arms, causing
a slight difference in the distances traveled by the light beams. As a result, when the
beams recombine at the photo-detector, they are no longer in phase.

All currently operating interferometers are continuously upgraded between observing

runs, allowing each successive run to achieve greater sensitivity and detect an increasing
number of sources. These improvements allow more precise studies of the population
properties of compact binaries. During the observing runs, the LVK Collaboration has
implemented numerous enhancements to the interferometers, including seismic and ther-
mal isolation. GWTC-3.0, which combines observations from the first three observing
runs, includes 76 candidates with a false alarm rate FAR < 1 yr=!: 69 BBHs, 4 NSBHs,
2 BNSs. During O4a, the first run of O4, 128 candidate signals were detected with a
probability of astrophysical origin of pusio > 0.5, of which 85 (84 BBHs and 1 NSBH)
have FAR < 1yr~! (LIGO VIRGO and KAGRA scientific collaboration, 2025)).
At the time of writing, the LIGO, Virgo, and KAGRA detectors have completed their
fourth observing run, which concluded on 18 November 2025. Currently the interfer-
ometers are in a period of upgrades and commissioning. Before reaching the required
sensitivity to start the fifth observing run O5, a six-month intermediate run IR1 is sched-
uled to test and validate the upgrades.

Updated o1 02 03 04 IR1
2026-02-10
80 100 100-140 150-170 160-180
Mpc  Mpc Mpc Mpc Mpc
LIGO | I N
30 40-60 50-60 50-60
] Mpc Mpc Mpc Mpc
Virgo I N
0.7 1.3 5-7 7-15
Mpc Mpc Mpc  Mpc
KAGRA | I 1]
T T T T T T T T T I I I ! [ | I
G2002127-v34 2016 2017 2018 2019 2020 2021 2022 2023 2024 2025 2026 2027 2028 2029 2030 2031

Figure 1.2: Past current and future observing runs for the LVK collaboration. The colored interval
represents the period of time during which data have been collected and the future time schedule
for data collection for O5. For each interval of data acquisition it is reported also the distance at
which BNS have been detected with a SNR threshold of 8. Image taken from https://observing.
docs.ligo.org/plan/.

In parallel, a third generation of GW detectors has been proposed, including the Einstein
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Telescope (Punturo M., et al., 2010)) and Cosmic Explorer (Reitze D., et al., 2019)). These
detectors aim to significantly improve sensitivity and extend the observable frequency
and redshift range up to z ~ 100. Although the design of the Einstein Telescope is still
under development, one of the key challenges is to extend the detection bandwidth to
lower frequencies down to ~ 2 — 3 Hz, to access to earlier inspiral phases and higher
redshift sources (Branchesi M., et al., 2023)).

Finally, the space-based interferometers LISA ((Amaro-Seoane P., et al., 2017)), scheduled
for launch in 2035, will probe a completely new low-frequency range 0.1mHz — 0.1Hz of
GW, enabling the detection of mergers of massive black holes (MBHs) with masses in
the range 10* — 105 M.

1.3 State of the art on compact binary coalescence

In just about a decade, gravitational-wave astronomy has evolved from the detection of a
single event to a catalog of more than three hundred confident events. These observations
have been carried out in four main observing runs, as shown in Table (1.1]).

Run Dates Duration | & | BgH | BNS | NSBH
months
Sep 18, 2015 -
Ol | 12, 2016 4 3 3 0 0
Nov 30, 2016 -
02 | Aug 25, 2017 ) 8 7 1 0
Apr 1, 2019 -
03 | o %, 2020 11 79 ~ T4 1 ~ 4
May 24, 2023 - . . \
o4 |\ 18, 2025 30 ~ 250% | ~ 243 0 ~5
Total ~ 340" | ~ 3277 | 2 ~ O

Table 1.1: Time evolution of the number of detected GW events during the observing runs, summa-
rizing the time span, the duration, and the GW events, divided for CBC type (BBH, BNS, NSBH).
* These values include also preliminary real-time candidates not yet confirmed and ambiguous events that
could be misclassified. The first part of the observing run (O4a) is released with the GWTC-4.0 catalog and
includes 128 confirmed events. O4b and O4c contributions are included, with ~ 2 low-latency alerts with
> 50% NSBH classification probability.

With the increasing statistics, a progressively richer structure has emerged in the
population of merging BBHs. Among the inferred source properties, the primary mass
distribution constitutes a key observable, as its features encode information on formation
channels, evolutionary processes, and may be used for cosmological purposes. The three
events from the first observing run (O1, |[Abbott B. P., et al., 2016|) show some similar
source properties: the component masses fall within the range expected for stellar mass
black holes, since they have masses in the range (mj2 ~ 5 — 65 My). Due to the small
number of detections, early population analyses adopted simple parametric models and
the first developed model was a simple power law (Abbott B. P., et al., 2016]) with fixed
slope:

p(my) o< my® a=2.35 (1.44)
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At these stages, studies were mainly descriptive and focused on confirming the presence
of a BBH population of stellar origin.

With the second observing run O2 and the increase of detected events, the first
statistically meaningful deviations from the power law were identified. In particular,
the primary mass distribution was found to exhibit two additional features: a sharp
high-mass cutoff and a pronounced peak around ~ 35 — 40 M. To account for these
features, [Talbot and Thrane (2018)| proposed a phenomenological model combining a
power-law with a Gaussian peak centered near the upper end of BBH mass distribution.
This was physically motivated by the expected signature of pulsational pair-instability
supernovae, which limits the final mass of the BBH remnants. Stars with initial masses
between 100 — 150 Mg are expected to form ~ 40 Mg BH remnant due to the pul-
sational pair instability supernova; whereas stars in the 150 — 200 M, range undergo
pair-instability supernovae, producing a gap in the BBH mass distribution between 40
and 250 M, (Belczynski K., et al., 2016|). This leads to a cutoff in the source mass dis-
tribution and an excess around 40 M. The physical origin of pulsational pair-instability
supernovae could lie in the Helium core becoming unstable in the mass range 30 — 64
Mg due to the electron-positron pair production, which reduces the internal pressure.
The star undergoes pulsations, losing mass until a stable remnant of ~ 35 — 40 M, is
formed. For cores of 64 — 135 My, the instability completely disrupts the star, leaving
no remnant (Woosley S. E. and Heger A., 2021). Therefore, the high-mass gap in the
BBH primary mass distribution could be explained by the total disruption of the most
massive stars and the mass loss from pulsational pair-instability, producing the observed
peak around 35 — 40 M.

During the combined analysis of O1 and O2 detections, [Abbott et al. (2019)|explored
three parametric mass function models, such as a simple power law, a broken power law
and a power law plus peak, inspired by [Talbot and Thrane (2018), Among these models,
the power law plus peak provides the best fit to the data, supporting the presence of the
bump feature.

The release of the second Gravitational Wave Transient Catalog GWTC-2, combining
the observations from O1, O2 and the first half of the third observing run O3a, enabled
a more robust study of the primary mass function distribution and the inference of pop-
ulation parameters.

IAbbott et al. (2021)| introduced a new model to parametrize the primary BBH mass
distribution, namely Multi peak model, constructed as a power law with two Gaussian
peaks: the first centered at ~ 33 My and the second at ~ 68 My. With the release
of GWTC-2, the shape of the primary BBH mass above 45 M begins to be resolved.
The Mult: peak model was motivated by the presence of a non-zero merger rate for BBH
systems with primary masses above 45 M. While analyses based on O1 and O2 data
indicated that approximately 99% of BBH systems had primary masses below 45 Mg,
the inclusion of higher mass detections in GWTC-2 reduces this fraction to about 97%.
Nevertheless, it was found that the addition of the second peak is not statistically favored
by the data, and the model that still best reproduces the population remains the power
law plus peak.

GWTC-2 marked the first use of semi-parametric and non-parametric models to infer
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the BBH mass spectrum, relaxing strong assumptions and enabling a more data driven
reconstruction of features present in the population.

A semi-parametric and a non-parametric modeling of BBH primary mass distributions
have been proposed through two different approaches, respectively by [Edelman B.. et]
lal. (2022)| and [Rinaldi S. and Del Pozzo W. (2021), In the former paper, the authors
implemented a cubic spline constructed over a power law, finding empirical support for
the peak at 35 My and for an additional feature around 10 Mg. The second paper,
instead, introduces a fully non parametric framework based on a Hierarchical Dirichlet
Process Gaussian Mixture Model (HDPGMM). Within this approach, the inferred mass
function again exhibits the presence of two distinct peaks located at 38 My and 15 Mg,.
Both studies represent a turning point in the investigation of BBH system masses, al-
though the results remain affected by a clear degeneracy between the inferred mass
features and other population parameters, as well as by possible fluctuations arising
from the limited number of detected events.

The third gravitational wave transient catalog GWTC-3, incorporating the full O3 ob-
serving run, expanded the BBH sample and introduced new classes of sources, including
neutron star - black hole (NSBH) mergers (Abbott R., et al., 2023).

With this enlarged dataset, semi-parametric models became crucial for population infer-
ence. The analyses of GWTC-3 revealed features in the BBH primary mass distribution
that are not captured by parametric models. In particular, they identified a lower mass
gap between 2 — 5 My and found evidence for multiple over-densities across the mass
spectrum.

This gap is between the most massive neutron stars and the lightest black holes and it
originates from the physics of core collapse supernovae explosion. The understanding of
this gap provides not only direct information on the BBH primary mass distribution, but
also indirect information on supernova (SN) mechanism. If the SN explosion develops
rapidly, on timescales of about 10-100 ms, the instabilities grow quickly, leading to the
ejection of the envelope before significant accretion occurs and producing few remnants
in the ~ 2-5 Mg range. In contrast, if the explosion is delayed (on timescales of about
2 200 ms), the proto—neutron star can continue to accrete material before the neutrino-
driven explosion takes place, leading to the formation of remnants that fill the gap. The
study of the primary mass distribution of NS and BH in our Galaxy provides evidence
that the SN explosion develops on rapid timescales, explaining the presence of the gap
(Zevin M, et al., 2020)).

With the increasing number of GW events, it becomes possible to jointly infer the popu-
lation and cosmological hyperparameter. In particular, spectral sirens rely on prominent
features in the mass distribution to break the degeneracy between the source frame mass
and redshift. Given the current uncertainties in the BBH formation channels and the
emergence of unresolved features in the mass domain, a more flexible non parametric
approach to spectral siren cosmology is therefore required.

The Binned Gaussian Process, was introduced by |[Abbott R., et. al. (2023)| as one
of the key non-parametric approaches, which models the mass distribution by dividing
the mass space into bins and estimating the merger rate in each bin, while enforcing
correlations between neighboring bins. [Hernandez I. M. and Ray A. (2024)| applied the
BGP to GWTC-3 BBH detections, using them as spectral sirens to jointly infer both
population and cosmological parameters, without assuming any specific parametric form
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for the source-frame mass distribution or the underlying power law.

Another used non parametric model is VAMANA (Tiwari V., 2021)), which, unlike the
previous approach, removes the need for binning and reconstructs the BBH mass func-
tion as a continuous function driven by the data through sampling the function on a fine
grid.

More independent non-parametric analyses have further improved this framework. In
particular, [Toubiana A., et al. (2023)| using reversible jump Markov Chain Monte Carlo
techniques, reported a statistically significant excess of BH systems around ~ 20 M.
This feature has been interpreted as a possible signature of second-generation mergers
occurring in dense stellar environments, although it is recovered by only a subset of the
analyses performed on the GWTC-3 dataset, and its statistical robustness remains under
investigation. Tentative evidence was also reported for a third Gaussian peak around
~ 65 Mg, which could account for the observed excess merger rate at the boundary of
the PISN mass gap.

These results strengthened the idea that the BBH mass spectrum contains a complex
structure, suggesting multiple formation channels and evolutionary processes. A variety
of additional non parametric approaches have been explored, including autoregressive
processes ((Callister T. A. and Farr W. M, 2024)), adaptive kernel density methods (Sadiq
lJ., et al., 2022) and maximum likelihood methods (Payne E. et Thrane E., 2023)).

The release of GWTC-4.0, including events from O1 through the first segment of the
fourth observing run (O4a), has confirmed the presence of the main features identified
in earlier catalogs. The peaks at 10 and 35 My and the bump around 20 M, are con-
sistently recovered by all the models considered despite significant differences between
them.

Abac A. et al. (2025)| adopted as a fiducial mass model to analize GWTC-4 a power
law plus two peaks, which best captures the two prominent peaks at 10 and 35 M.
In comparison, a semi-parametric spline model has been proposed, which identifies the
same features.

The various proposed models not only provide insight into the mass features but also
offer the opportunity to use them as spectral sirens, as demonstrated in [Hernandez I. M |
. In that work, two parametric models are considered: the power law plus peak,
which was the best model up to GWTC-3, and the power law plus two peaks, which is
the preferred model for GWTC-4. Both models yield lower cosmological constrains on
H, compared to a flexible non-parametric approach using Gaussian processes. This high-
lights the growing need to explore nonparametric, data-driven models for gravitational-
wave cosmology.

1.4 Aim of the Thesis

The rapidly increasing number of GW detections is providing a large amount of infor-
mation on the population of BBH. In particular, the primary mass distribution of BBH
mergers is fundamental, as it contains information about stellar evolutions and BH for-
mation. Features like peaks and gaps in the mass distribution could be linked to specific
astrophysical processes, while the shape of the mass function affects the cosmological
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parameters constraints. For this reason, there is a growing interest in the scientific com-
munity in developing and using flexible models that allow the data to determine the
shape of the mass function, without relying on strong prior assumptions.

The aim of this Thesis is to develop a semi-parametric model for the BBH primary mass
function within the Bayesian framework of CHIMERA, allowing the data to reveal potential
features in a flexible way. This model is tested and validated using simulated data and
subsequently applied to real GW observations, considering the GWTC-4 dataset.
Moreover, while significant progresses have been made in the development of semi- and
non- parametric models, the interplay between the mass function and the inference of
cosmological parameters is not fully explored. In this Thesis, we also perform a joint
astrophysical and cosmological analysis to investigate whether and how the inferred mass
distribution can influence cosmology and impact the estimation of cosmological param-
eters. In particular, we focus on the estimation of the Hubble constant Hy and on its
role in addressing the tension between local and early Universe measurements.



Dataset Models Evidences Cosmology | BS | DS | SS Ref.
free
o1 PL BH population of X - IAbbott B. P.. et al., |
stellar origin [ 20106]
01-02 PLP High-mass cutoff X - [Talbot and Thrane |
Peak at 35 Mg | (2018)|
01-02 Model A (PL), BBH mass and spin X - |Abbott et al., 2019
Model C (PLP) | population inference
GWTC-2 | TPL, PLP, BPL, | BBH shape above 45 X . |Abbott et al. (2021)|
Multi-Peak Mg
GWTC-2 Cubic SPLINE Peaks at 10 M, and X - [Edelman B., et al. |
35 Mg, | (2022)|
GWTC-2 non parametric Peaks at 15 My, and X - [Rinaldi S. and Del |
HDPGMM 38 Mg | Pozzo W. (2021)|
GWTC-3 PS, FM , BGP Gap at 2 — 5 M, X - (Abbott R., et al., |
| 2023)
GWTC-3 BGP Gap at low masses v SS [Hernandez I. M. and |
and peak at 35 Mg | Ray A. (2024)|
GWTC-3 reversible jump Bump at 20 Mg X - Toubiana A., et al. |
Markov Chain | (2023)|
Monte Carlo
GWTC-4 PL2P, Peaks at 10 Mg and X - IAbac A. et al. (2025)|
semi-parametric 35 Mg
SPLINE
GWTC-4 | PLP, BP2P, GP Cosmological v SS Hernandez 1. M. |
inference | (2025)|

SISHH.L HH.L 4O NIV ¥'T

Table 1.2: List of the most relevant papers on BH mass distributions and their implications for gravitational-wave cosmology discussed in this work.
The labels BS, DS and SS refer to bright sirens, dark sirens, and spectral sirens, respectively.
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Chapter 2

Statistical framework

Over the past few years, several independent pipelines have been developed for stan-
dard siren analyses, such as MGCosmoPop (Mancarella et al., 2022)), GWPopulation (Tal-
bot et al., 2019), and GWInferno |[Edelman B., et al., 2023 for spectral sirens, and
DarkSirensStat (Finke et al., 2021)) for dark sirens using galaxy catalogs.

More recently, other pipelines have been publicly released, improving on the previous
ones since they can provide joint astrophysical and cosmological inference in a variety of
configurations, including spectral, dark, and bright sirens (e.g., icarogw [Mastrogiovannil
[S., et al., 2024 and gwcosmo [Gray R., et al., 2023)).

CHIMERA is one of the most recently released pipelines, and it can be applied to dark,
spectral, and bright sirens. Compared to the previous ones, CHIMERA extends the range
of implemented models and introduces a new approach to model the likelihood.

The aim of this Thesis is to introduce a semi-parametric binary black hole (BBH)

mass function model to obtain cosmological constraints using the spectral siren method,
based on a flexible data-driven description of the population. In particular, we jointly
infer cosmological and BBH population hyperparameters using the Hierarchical Bayesian
Inference approach implemented in CHIMERA (Borghi N., et al., 2024} [Tagliazucchi M., et]
L. 2023).
This chapter introduces the statistical framework and its implementation within the
CHIMERA pipeline, leading to the development of the likelihood used to perform the joint
inference. Particular focus is given to the population modeling, and in particular to
the parametric mass function models already implemented in CHIMERA, which will be
extended in this Thesis through the introduction of a semi-parametric model. Finally, a
schematic overview of the CHIMERA workflow is presented to summarize the main com-
ponents of the analysis pipeline.

2.1 Hierarchical Bayesian Inference

A common approach to study the population of GW events is the Hierarchical Bayesian
inference, use to simultaneously infer the source parameters and the population model
(Talbot C. and Thrane E., 2018)). The term ’hierarchical’ refers to the two level structure
of the analysis, in which event-level parameters § are linked to the population hyper-
parameters )\, allowing for simultaneously parameter estimation and model selection
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(Adams M. R., et al., 2020).
In particular, each GW event is characterized by event-level parameters #, which de-
scribe the intrinsic (e.g., masses and spins) and extrinsic (e.g., position, orientation, and
distance with respect to the observer) properties of the source. Under the assumption of
adiabatic and quasi-circular non precessing orbits, the event-level parameter of a BBH
in the detector frame are 15:

edet — {MC’ 77’ 7)217 %27 dL, 07 (b? ’i, w7 ¢ca tc} (21)

where M. is the detector frame Chirp mass and 7 is the symmetric ratio. The vectors
X1 and Y3 denote the spin components of the two BHs, d, is the luminosity distance,
0 = m/2—DEC and ¢ = RA are the position angles, and ¢« and 1 are the inclination and
polarization angles, respectively. Finally, ¢. and t. correspond to the phase and time at
coalescence.

It is generally not possible to uniquely reconstruct the hyper-parameters vector \
from a limited number of GW events affected by selection effects and measurement
uncertainties. Instead, to reconstruct them, it is possible to estimate their posterior
probability given the data and using the Bayes’ theorem:

p({d} M) 7(3)
pidy (22)

where p({d;}|)\) is the likelihood, i.e. the probability of observing the data set {d;} given
the population hyper-parameters A, () is the prior on the population hyper-parameters,
and p({d;}) is the Bayesian evidence, which is a normalization factor computed as the
integral of the numerator over all A\, and which can be neglected for parameter inference.

pA{d:}) =

2.1.1 Derivation of the likelihood form

To derive the expression of the likelihood given a dataset of GW events, we first as-
sume that measurement uncertainties are negligible. Under this assumption, the data
{d;} allow the direct recovery of the event-level parameters §. For N,, independent
observations, the probability of obtaining them is given by:

Ne’u

p({B:}|\) = Hf

Ppop( ‘9 ‘)‘)
do ppop

(2.3)

where ppo,(0;|\) is the population distribution of the event-level parameters for given
hyper-parameters \, and the denominator normalizes this distribution.

However, each GW event is affected by selection effects. To account for this, it is neces-
sary to introduce the detection probability Py (), the probability that GW events with
event-level parameters @ can be detected in the detector frame.

In general, the detection probability depends on the signal-to-noise ratio (SNR) of the
GW event. Therefore, it can be expressed as:

RM@ZAde@M' (2.4)
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where d € det means, for example, that the SNR of a GW event is above a given de-
tectability threshold. The SNR has two stochastic components: one related to the detec-
tor noise and another intrinsic component due to the variations in the source parameters.
For instance, higher-mass mergers are relatively easier to detect than lower-mass ones.

Taking into account the selection effects, Eq. (2.3) becomes:

Nev

pp0p<9 |)‘>
o3 =1y, “Gn o)

(2.5)

where, in the numerator, we have used the fact that for the detected events, the detected
probability is Pu(f;) = 1; instead, the denominator normalizes the distribution over all
detectable events.

Finally, by applying the Bayes theorem to Eq. , the probability of observing an
event in the presence of both measurement uncertainty and selection effects becomes:

plapy) = L2 O

(2.6)

where
) = / 08 Dyop (1) Puce(B) 2.7)

represents the fraction of all GW events that would be detected given a specific popula-
tion model (Mandel I., et al., 2018)).

Assume now to have a set of N,, independent GW events {d;}.

According to Eq. (2.6), the likelihood term p({d;}|\) represents the probability of ob-
serving the full dataset {d;} given the population hyper-parameters A and the model.
More specifically, every single event has its own likelihood p(d$"'|6;), which describes
the probability of detecting the event d; with the event-level parameters ;.

The total likelihood is therefore obtained by combining these single-event likelihoods
with the population probability, and including the selection effects, as:

NPU

RN e | R O 28)

2.2 Population modeling

The core of the standard siren method is to construct the population prior term as in Eq.
(2.8). This section presents the scheme also used in CHIMERA (Borghi N., et al., 2024))
that we aim to extend in this Thesis. More details on the numerical implementation are
provided in Section ({2.3]).

In this study, we focus on the BBH population, as these systems constitute the great
majority (about 95%) of GW detections so far (Abac A. G., et al., 2025)). Under the
assumption that the BBH mass distribution does not evolve in redshift, we can divide
the set of hyper-parameters A into the three vectors, the BH mass function parameters
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Am, the redshift distribution parameters A\, and the cosmological parameters A.. The
population probability can be factorized as the product of two independent contributions:

ppop(67 )‘) :p(mth‘)‘m)p(zan\c’ /\z) (29)

The first term p(my, ma|Ay,) is the mass function, which describes the distribution of
primary and secondary mass components. The mass function models are described in

detail in Section ([2.3).

The second term p(z, Q|)\c, A.), instead, is the redshift prior, which depends on both
the source redshift z and the GW localization (. This term incorporates information
about the distribution of the host galaxies and the BBH merger rate across cosmic time.
It can be expressed as:

(2, QA \,) = (2.10)

where pgq(z, Q) is the probability of finding a galaxy at redshift z and localization €2,
while prqe(z) describes the probability that a galaxy at redshift z hosts a GW event.

The term prate(z|/\_z) characterizes the redshift evolution of the BBH merger rate, and
it can be written as: _
U(z[A)

(1+=2)

where 1(z|),) describes the merger rate as a function of redshift and the factor (1 +
z)~! converts time intervals from the source frame to the detector frame. Under the
assumption that the Madau—Dickinson model describes the evolution of the merger rate
density with redshift:

Drate(2|\z) o (2.11)

(1+2)7
TR
1+2
1 + <1+zp>
where z, is the redshift at which the rate reaches its peak, v describes the rising slope

at low redshift, and k characterizes the declining slope beyond the peak (Madau P. and|
IDickinson M., 2014])).

U(z[A;) = (2.12)

The galaxy term pg, in Eq. represents the probability of finding a galaxy in
the catalog. In the ideal case of full completeness, this reduces to the catalog term, i.e.
Pgal (2, Q, GIA\) = Peat (2, Q, G|\.), where G is the explicit dependencies on the host galaxy
properties that influence the BBH formation, and can be computed as the weighted mean
over the contribution of each galaxy of the catalog:

~

>y Wap(2, Glzg, Ac)S (€2 — £y
Zg wg
where the weight w, corresponds to a galaxy-specific property assumed to correlate with

the BBH merger rate, for instance luminosity, stellar mass, or star formation rate.
In GW cosmology, a catalog is considered complete when it contains all the galaxies that

pcat(Z;Q;gAc) = (213)
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can host GW sources. In general, each observed catalog is incomplete because of the
presence of selection effects. Therefore, the pye term can be expressed as the sum of two
contributions:

pgal(za Qa g’)\c) - prcat(Za Qa g|)\c) + (1 - fR)pmiss(Za Qa g’)\c) (214)

where p.. is the probability of finding a galaxy included in the catalog, and p,,;ss accounts
for galaxies that are missing due to catalog incompleteness and observational selection
effects.

The term fr quantifies the volume-weighted completeness fraction, and it is expressed
as (Finke A., et al., 2021} [Borghi N., et al., 2025)):

fR = / - Pcomp(z> Qa g)pbkg(Z, g’)\c)dz (215>
0

where Promp(2, Q, G) is the catalog completeness function, describing the probability that
a potential host galaxy is included in a catalog, and py,(z, G|\:) is the background
probability distribution of potential host galaxies.

The catalog completeness function is computed as the ratio between the catalog number
density and the theoretical number density of galaxies we expect to find in a given region.
It depends on redshift, localization, and galaxies’ properties G:

Promp(2, Q. G) = min <M 1) (2.16)

ntheo(Za g) ’

The theoretical number density distribution can be obtained, for instance, by integrating
a given Schechter function ®(M, z) over stellar masses M (Schetcher P., 1976; [Pozzetti|
IL., et al., 2010; [Weaver J. R., et al., 2023)).

With the theoretical number density distribution, we can define also the background
probability distribution:

dV,
dz

Pokg(2|Ae; G) X Niteo(2,G) (2.17)

where dV./dz is the cosmological comoving volume.
Finally, the last term to explore present in Eq. (2.14) is p,,iss, the probability of missing
a galaxy in the catalog that can be expressed as:

1 — Promp(2,,G)
1—fr
To evaluate the missing probability p,.;ss, Wwe use the homogeneous completion method,

in which we assume that the missing galaxies are homogeneously distributed with respect
to the background (see |[Finke A., et al., 2021| for the derivation).

pmiss<zaﬁyg|)\0) = pbkzg(zagl)\c) (218)

Combining all the equations from Eq. (2.8) to (2.15), we find the full form for the
Likelihood as:

N
1 i A A A w(z‘)\z)
el
p(d™"|\) x £ J:ll /dz dQ Kew.i(z, QA e, M) Pgar (2, ) T (2.19)
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where the GW kernel gy (z, Q|/\c, Am) is the marginalization of the posterior over the
masses my and mo, remaining dependent on redshift z and on GW localization €2:

. p(6;]dS"  \,)
ICGWi(Z,Q’)\C,)\ // gdet

By making explicit the Jacobian factors arising from the conversion between detector
and source frames and by specifying the priors on §9, with flat priors for m;, ms, and
7(dr) o< d2, the GW kernel takes the form:

dé;

dgdet p(ma, ma|A) dmy dms (2.20)

Kewi(z, QAe, Am // p(z m1>m279\dGW ) p(my,ma|Ay)

- B dm1 dmg (221)
(mi)m(mge) e (2[A) (1 + 2)2

2.3 Parametric mass function models

In this Thesis, particular attention is placed on the mass function models, as one of the
main goals is to develop a semi-parametric description of the mass function. Within
CHIMERA, several parametric models are already implemented to describe the primary
mass function distribution.

According to the population term introduced in Eq. (2.9)), the mass function models are
used to constrain the population prior on the source-frame masses p(mq, mi|A,).

In particular, this latter term can be factorized as:

p(ml,m2An) = p(m1|An)p(m2iml, A,)

where p(m1|A,,) is the primary mass distribution probability conditioned on the mass
hyper-parameters \,, and p(m2|ml, \,,) is the secondary mass distribution probability
conditioned on the primary mass and the mass hyperparameters A,,.

In CHIMERA, the primary mass distribution for BBH is modeled using four different para-
metric models, listed below. All these methods are widely used in literature and their
development is discussed in detail in Section . All these models share common
characteristics: a power law behavior across the mass range and a main peak around
~ 35 —40 Mg, probably due to the effects of pulsational pair-instability supernovae (see
Section (|1.3))).

In addition to these two main features, each mass function model introduces other fea-
tures related to observational evidence observed up to O4. Nevertheless, these models
rely on predefined distribution forms, preventing the data from fully shaping the mass
distribution in a flexible way.

2.3.1 Truncated Power Law

The Truncated Power Law primary mass distribution is the simplest model, as it imple-
ments a pure power-law with sharp cutoffs at low and high masses, without explicitly
accounting for the observed peaks:

—Q
my= Migw < M1 < Mpigh

p(m1|06, Miow mhigh) 0.8 { (222)

0 otherwise
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where « is the power law slope, mq, is the lowest mass bound, and 1y, is the upper
mass bound for the primary black hole mass.

The secondary mass function distribution, instead, follows a second power law with slope
[, defined between my,,, and my:

mg Migw < Mo < My (2.93)

malmy, A\p,) X
plmafmy ) {O otherwise

. Truncated Power Law
10

— TPL
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plmy) [M3]
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Figure 2.1: Truncated Power Law for the primary mass distribution.

The importance of this model derives from its role as a fundamental model for the
development of the other parametric models.

2.3.2 Broken Power Law

The last primary mass model distribution already included in CHIMERA is the Broken
Power Law (BPL). This model accounts for the ~ 35 — 40 My, peak not by introducing a
Gaussian component, but by introducing a discontinuity in the power-law slope.

The Broken Power Law primary mass distribution is:

m;a15<m1‘mlow,6m> Miow < my < Mpreak
p(ml |a1a Q, b; 677’“ Miow, mhigh) X ml_a25(m1|m10’w75m) MMbreak S my S "Mhigh (224)

0 otherwise

where Mpreak = Miow + b(Mpigh — M) is the mass where the slope changes and
S(mi|Miow.s,,) is a smoothing function (Abbott R., et al., 2021)).
The mass hyper-parameters that enters in the Broken Power Law are listed in Table

Z1).
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Parameter ‘ Description
oy Power law slope for masses below my,cqr
Q9 Power law slope for masses above my,cqr
Miow Minimum mass of the power law
Mhigh Maximum mass of the power law
b Fraction of the distance between m;, and mp;4, where the slope changes
Om Smoothing scale term at low masses

Table 2.1: Parameters that enter in the Broken Power Law (BPL) model for the primary mass
distribution.

Broken Power Law

10°
— BPL
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102 4

'

5]

plmy) [M

1073 4
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103 T T T .
20 40 60 80
m [Mg]

Figure 2.2: Broken Power Law for the primary mass distribution.

2.3.3 Power Law + Peak

The Power Law + Peak (PLP) model extends the Truncated Power Law model by adding
a Gaussian peak and a Smoothing function. The Gaussian peak is included specifically to
account for the observed feature around ~ 35— 40 Mg, (see Section[1.3). The Smoothing
function is introduced to avoid a sharp cutoff at low masses.

The Power Law + Peaks primary mass distribution is:

(M|, O, Miow, Mhighs fg, Tg, Ag) X [(1 = Ag)P(my) + AgG(mq)]S(my) (2.25)

where P(my) is the power law component; G/(m;) is the normalized Gaussian distribution
with mean p, and width o, and S(m;) is the smoothing function, which takes values in
the range [0, 1] for masses between myy, and myy, + 0, (Abbott R., et al., 2021)).

The hyper-parameters that characterize the Power Law + Peak are listed in Table :
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Parameter ‘ Description
« Spectral index for the power law
Miow Minimum mass of the power law
Mhigh Maximum mass of the power law
Iy Mean of the Gaussian peak
o Width of the Gaussian peak
Apeak Fraction of the BBH in the Gaussian peak
Om Smoothing scale term at low masses

Table 2.2: Parameters that enter in the Power Law + Peak (PLP) model for the primary mass
distribution.

Power Law + Peak
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Figure 2.3: Power Law + Gaussian Peak for the primary mass distribution.

2.3.4 Power Law + Two Peaks

The Power Law + Two Peaks (PL2P) model extends the PLP distribution by introducing
an additional Gaussian peak. This makes the model more structured to capture another
feature in the mass function. When applied to the data, the inferred peaks are found
around 10 Mg and 35 M, (see Section |1.3)).

The Power Law + Two Peaks primary mass distribution is:

p(m1|047 5m7 Miow, Mhighs Hg1, Ogls Hg2, 0 g2, )\ga )\gl) X

[(1 = X)) P(my) + AgAg G (my) + Ag(1 — Ayt )Ga(my)] S (my) (2.26)

where P(my) is the power law component, G(m;) and G(ms) represent the normalized
gaussian peaks for the first and second peaks, respectively, and S(m;) is the smoothing
term.

The mass hyper-parameters that characterize the Power Law + Two Peaks are listed in
Table (2.3)).
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Parameter ‘ Description

« Spectral index for the lower law

Miow Minimum mass of the power law

Mhigh Maximum mass of the power law
fg1 Mean of the lower-mass Gaussian peak
Og1 Width of the lower-mass Gaussian peak
fhg2 Mean of the upper-mass Gaussian peak
Og2 Width of the upper-mass Gaussian peak
Ag Fraction of the BBH in the high-mass Gaussian peak
Agl Fraction of the BBH in the lower-mass Gaussian peak
Om Smoothing scale term at low masses

Table 2.3: Parameters that enter in the Power Law + Two Peak (PL2P) model for the primary
mass distribution.

Power Law + 2 Peaks
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Figure 2.4: Power Law + Two Gaussian Peak for the primary mass distribution.

2.4 Implementation in CHIMERA

In this Thesis, we introduce a new semi-parametric model for the BBH primary mass
distribution in CHIMERA. The entire analysis presented in this work was carried out using
CHIMERA (Combined Hierarchical Inference Model for Electromagnetic and gRavitational
wave Analyses), a novel and independent Python code that allows to jointly perform in-
ference analysis on cosmological and population hyper-parameters by solving the Eq.
(2.19)). EI (Borghi N., et al., 2024} [Borghi N., et al., 2025} [Tagliazucchi M., et al., 2025)).
The last release of CHIMERA is fully developed in JAX, which allows hyperparameters
vectorization and GPU acceleration (Tagliazucchi M., et al., 2025]).

Figure shows the entire workflow of the CHIMERA code, presenting the main Python

! Available at: https://github.com/CosmoStatGW /CHIMERA
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modules used to accurately compute Eq. (2.19)).

3D GW Kernel The Likelihood computation is technically performed using the
kernel density estimation (KDE) to model the GW data posterior. The GW kernel is
represented by Kaw,i(z, Q|)\c, Am) in Eq. . It combines posterior samples of masses
and luminosity distance obtained from single event analyses, converted into the source
frame. In fact, the kernel density estimation represents the marginalized posteriors over
the masses and luminosity distance assuming as priors for detector frame parameters:

m(md) = w(md) =1 mw(dp) o dy, (2.27)
The new release of CHIMERA provides three different KDE algorithms:

— 38D kernel: already implemented in the first release of CHIMERA. It consists in

dividing the 2D localization area dQ); into Nfﬁx equal area pixels and discretizing
the redshift interval dz; into N, equally spaced points. Finally, the two grids
are combined, resulting in a 3D grid (R.A., DEC, z). CHIMERA 2.0 improves the
integration process by evaluating the KDE only over the portion of the redshift

grid that contains posterior redshift samples.

— many-1D kernel: the pixelization of the localization area dQ) and the discretization
of the redshift range remain the same as in the method 3D kernel. However, instead
of a single 3D density over (RA, DEC, z), this algorithm computes the 1D redshift
distributions for each pixel by marginalizing over the sky localization. The GW
kernel within each pixel is obtained by multiplying the 1D KDE, which describes
the redshift distribution in that pixel, by a normalization factor that accounts for
the probability of the source being located in that region of the sky. Also in this
case, the KDEs are evaluated only on the portions of the redshift grids containing
redshift samples.

— single 1D kernel: this algorithm assumes independence between sky position and
redshift. Instead of computing a 1D for each redshift pixel (as done in many 1D
kernel), all redshift samples are computed with a weighted 1D KDE. Then, the
GW kernel in each pixel is obtained by multiplying the redshift distribution by a
normalization factor dependent on the localization area.

In this Thesis, we employ the many-1D kernel, which has proven to be both efficient and
accurate given the LVK data analyzed in this study (Tagliazucchi M., et al., 2025]).

Selection effects The selection effects account for observational bias introduced by
the limited detector sensitivity. The term related to the selection effects is defined in Eq
(2.7) and in CHIMERA, is calculated using a set of IV;,; injections, simulated events with
parameters {9?}5.\[;’{7' . The integral in Eq. is estimated by performing the Monte
Carlo integration over the injections:

Ndet

1 Prop(05]A) _ 1 3 s (2.28)

§(N) ~ f
Nin; = (1+ z?) |%(zj; e, )\m)‘ Nin;
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where N;,; and Ny, are the numbers of injections and detected events, respectively.
The numerical stability required by the Monte Carlo summation depends on the effective
number of injections, defined as:

o Ndet 2 Ndet 1 Ndet 2 !
s S| <[ Ea  () 220
=0 =0 I\ j=0

must be larger than 5Ngy,.

Galaxy term The galaxy term defined in Eq. combines the contributions

from the catalog term and the completeness term. In the ideal case of a complete galaxy
catalog, the entire information originates from the catalog term. In the more realistic
scenario of an incomplete catalog, both terms play significant roles. Conversely, when
no galaxy catalog is available, all the information is derived from the completeness term
and the background galaxy distribution.
The catalog term in Eq. can be precomputed pixel by pixel in the redshift grid
to increase the efficiency of the computation. Once the catalog term is computed, the
completeness function in Eq. is evaluated in NV,,qsxs masks, which group together
healpix pixels using a k-means algorithm, according to the number of galaxies inside
each pixel. To compute Py, it is required the computation of the background galaxy
distribution, which is obtained by integrating a given Schechter mass function over the
host mass range.

‘ MASS ‘ ‘ RATE ‘ ‘ Cosmo } l } DATA

Parametric models CRLIEIELD
models

CATALOG

l

POPULATION COMPLETENESS

‘ LIKELIHOOD } } SELECTION EFFECTS

Figure 2.5: Workflow of CHIMERA in the jax branch. Modules shown in grey contain the model
functions, the yellow module defines the population model that combines all grey modules, the
red module handles input and output data files, the green modules compute probability corrections
and the violet modules contain the functions to compute the whole likelihood with the correct
normalization due to selection effects.
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Chapter 3

Development and validation of
semi-parametric mass function

Each new observing run of the LIGO-Virgo-KAGRA Collaboration yields an increasing
number of detected GWs events from BBH mergers, enabling a deeper understanding of
the astrophysical population and providing tighter cosmological constraints.

The features already identified in the mass function, such as peaks and gaps discussed in
Section , provide important clues about its underlying structure and the underlying
astrophysical population. When the number of detected events was still limited, the
mass function was typically constrained using parametric models that imposed a specific
functional form. For this reason, several parametric models were implemented within
the CHIMERA framework, such as those discussed in Chapter 2} TPL, BPL, PLP, PL2P.

An improvement is represented by extending the mass distribution models, including
semi- and non- parametric approaches, because of the difficulty of accurately recovering
a priori the functional form of the data distribution when using parametric models. In
fact, the assumed functional form may fail to capture additional structures in the data.
While fully non-parametric models offer maximum flexibility, they are almost impracti-
cal with the current dataset sizes. In fact, with limited data, such models are inclined to
overfitting, producing spurious features dominated by statistical fluctuations rather than
by astrophysical distribution. Therefore, a semi-parametric approach provides a com-
promise: it allows sufficient flexibility to capture features while enforcing a power law
trend. However, attempts to construct flexible data-driven models up to the GWTC-3
dataset did not provide additional information beyond that already known with para-
metric models. As shown by [Toubiana A., et al. (2023), applying a Power law + Spline
model to the GWTC-3 dataset generated apparent new features that were dominated by
statistical fluctuations and therefore not physically meaningful.

With the recent release fo GWTC-4.0 dataset, which adds 137 BBH events with respect
to GWTC-3, the larger sample size finally makes it statistically meaningful to explore
the BBH population using more flexible semi-parametric approach. In the Thesis, the
CHIMERA framework is therefore extended by introducing, in addition to the already ex-
isting parametric mass models, a semi-parametric model based on a smoothed truncated
power law combined with a spline: the PLS model.

This Chapter presents the PLS model from a technical and methodological perspective,
providing the necessary context before applying it to mock and real data.
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3.1 Spline Function and Spline Basis

A spline function of order k is a piecewise polynomial of polynomials of order x, connected
together at knots’ position defined in the domain. Instead of fitting one single polyno-
mial, splines divide the domain into smaller intervals separated by specific points called
knots. Within each interval, a different polynomial is used, and the pieces are smoothly
connected at the knots. The order of a spline is related to the degree of smoothness and
continuity required at the knots’ location. A spline function of order « is built to ensure
that the function itself and its first kK — 1 derivatives are continuous at each knot.

The spline function provides an efficient way to interpolate smooth functions from a
finite sampling of knots’ heights.

Given a set of knots t = {to,t1,...t;1x }, any spline function of order x can be written as
a linear combination of spline basis:

Nknots

S(@)= > ¢;Bju(z.1) (3.1)

=1

where Niyots 1s the chosen number of knots in which the domain is divided, B; .(x,t) are
the B-spline basis functions with degree x and defined on the knots positions ¢, and c;
are the spline coefficients that controls and weights the contribution of the corresponding
basis function to the overall perturbation.

The basis functions are generally constructed using the Cox-de Boor recursion formula,
starting from the base case (k = 0) and constructing the base components of higher
orders (de Boor, 1978). The zero-order relation is:

I 6 <x<tin
’0< 2 {O otherwise (32)
The recursive formula is:
Biwi1(x]t) = win(@[t) By w(w|t) + [1 — wig1,x(2[t)] Bit1x(wt) (3.3)
where w is a weighted factor defined as:
S ik F
w; k(x|t) = bitr—ti ' (3.4)
0 otherwise

The spline coefficients ¢; are determined from the Nj,qs resulting in a total of Negesrs =
Ninots + £ — 1. Each coefficient corresponds to the value of the S(z) at its associated
Greville abscissa. These points in the m; domain are computed as the averages of x + 1
consecutive knots, and they indicate where the underlying power law can be modified
according to the value of c;.

3.2 A more versatile mass function model

In this work, I extend the CHIMERA population models by introducing the Power Law
+ Spline (PLS), a semi-parametric representation of the primary mass distribution that
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superimposes a spline over a smoothed truncated power law (TPL). The TPL, introduced
in Section , is here smoothed at low masses through the inclusion of a smoothing
factor 0,,.

In this Thesis, the adopted spline is cubic (degree k = 3), ensuring continuity up to the
second derivative, which is physically reasonable.

This choice allows the spline component to freely adapt to the data, enabling the mass
distribution to exhibit features such as peaks or gaps without imposing assumptions on
their number, position or shape, unlike parametric components such as Gaussian peaks.
This approach allows the model to closely follow the primary mass distribution and to
adopt the best-fitting shape, improving the inference of astrophysical and cosmological
hyperparameters.

The Power Law + Spline primary mass distribution is defined as:

POMA | Mo, Miighs O, 16 }) o< P(My |, Mg, Mipigh, O )e! M1 (3.5)

where p(mi|a, Myow, Mhigh, 0r) 1s the underlying smoothed TPL primary mass distribu-
tion. This is multiplied by the exponential of the perturbation function modeled as a
cubic spline f(mq|{c;}), which is constructed as a linear combination of the B-spline
basis functions and of the spline coefficients {c;}. The exponential form in Eq. is
used to handle the wide range of order of magnitudes of the mass function.

The parameters of the PLS model are summarized in Table (3.1]).

Parameter ‘ Description
« Spectral index for the power law
Miow Minimum mass of the power law
Mhigh Maximum mass of the power law
Om Smoothing scale term at low masses
{¢:} Spline coefficient at the i—th Greville abscissa

Table 3.1: Parameters that enter in the Power Law + Spline (PLS) model for the primary mass
distribution.

In the construction of the PLS, the first step is to define the knots positions and
the spline basis functions. In the CHIMERA framework, knots can be placed in the mass
range [Miow, Mhign] Mo, defined by the priors on myow and my;g,, according to three
different spacings: linear, logarithmic, or quantile. Adopting any of these three spacing
methods, the knots’ positions can be determined knowing only their total number. In
this Thesis, knots are placed in logarithmic space, in order to remain consistent with
most of literature works, as [Edelman B., et.(2022)[ and [Edelman B., et al. (2023)| and
to better map the low mass regime.

The B-spline basis is then computed using the De Boor recursive formula in Eq. ,
with each basis anchored to the knots’ positions and evaluated on the spline grid. In
fact, the B-spline basis are defined by a set of Ny,.s knots placed in the mass domain,
which determine the intervals over which the spline can vary its curvature.

Once the B-spline basis is constructed, a vector of spline coefficients, of length Neoerfs =
Ninots + £ — 1, is initialized to zero. An illustrative plot showing how the power law is
perturbed and how knots and spline coefficients enter into the construction of the PLS is
reported in Figure (3.1)).
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Figure 3.1: Descriptive sketch of the spline perturbation applied to a truncated power law, without
the smoothing parameter (0, = 0). The knot positions (in red) are shown along the x-axis, while the
spline coefficients (in blue) indicate the amplitude of the perturbations from the underlying truncated
power law (dashed line). The overall model is the black solid line.

3.2.1 Computational implementation

The computational implementation of the PLS model inside CHIMERA requires some other
adjustments that are not included in the theoretical section. The PLS model is imple-
mented in Python in the new code release CHIMERA 2.0, fully implemented in the JAX
framework. JAX is a Python library which enables high performance calculations and
fast array computations in the Numpy syntax. The PLS model is therefore built using
equinox to ensure compatibility with JAX, as discussed in [Tagliazucchi M., et al. (2025)|
The first computational adjustment, used when building the knot array through the
setup_spline function, is the repetition of the knots at the domain boundaries. The
first and last knots are in fact repeated s + 1 times (four times in the cubic case), to
ensure that the spline starts and ends exactly on the TPL, and to allow for the correct
definition of the Greville abscissae at the boundaries.

The setup_spline methods is therefore the main method for building the PLS. It com-
putes the knots, the spline grid (the grid in mass where the spline basis values are
evaluated) and the spline basis functions using the De Boor formula itself.
Implementing the PLS class also requires modifying the generate_dict function. The
function takes an array of parameters and a list of their corresponding names, and pro-
duce a Python dictionary with the appropriate keys and values. In fact, unlike the
other models, the PLS does not contain only scalar parameters, but it also includes an
array of spline coefficients. Because fo this, in this Thesis work, the generate_dict
is updated to recognize all the spline coefficients, sort them, and group them in the
dictionary into a single array under the key "spline coefficients". This modification
makes possible to handle the PLS model like all the others, without other changes in
the code and ensure that the coefficients are passed correctly to the likelihood function
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hyperlike.compute_all. All these modifications have been added to the official version
of the pipeline, available on €) CHIMERA.

3.3 Validation of the semi-parametric mass function

In this section, we evaluate how well the PLS model can reproduce and interpolate theo-
retical parametric mass models before applying it to the data. In fact, the main advantage
of first validating the PLS on known theoretical models, such as PLP and PL2P, is that
we know their shape a priori, making it easier to identify any problems.

The two theoretical models, PLP and PL2P, are constructed by setting their mass param-
eters to the median posterior values of the hyperparameters inferred with icarogw (Datal
[distribution of GWTC-4.0, Zenodo|). These inferences are performed in spectral mode
for 137 BBHs from the GWTC-4.0 dataset, assuming the ACDM cosmology for the PLP
and MLTP models. This approach ensures that our theoretical models are aligned with
the observed data, providing the most accurate possible validation. The median values
used to construct the two models are listed in Table (3.2]).

PLP

« 5m Miow Mhigh Hg Og >\peak

3.6 3.3 5.3 94.4 28.6 5.1 0.05

PL2P

Q 6m Miow Mpigh Hg,1 O0g,1 Hg,2 0g,2 )\g )\gl

2.9 4.8 4.6 86.3 9.7 0.74 30.6 6.3 0.85 0.38

Table 3.2: Median posterior values of the mass hyperparameters for the PLP and PL2P models,
inferred using icarogw.

In this validation, the knot positions used to represent the theoretical PLP and PL2P
models are logarithmically distributed between 14, = 5.1 Mg and my;g, = 87 Mg,
Figure shows the resulting knot positions for the knots sets used in this analysis,
which are uniformly distributed in logarithmic space. The numbers of knots adopted are
Ninots = [5, 10,15, 20].

PLS 5 *l

PLS10p ® @ L 3 L J L 3 L J L J L 2 L |
PLS15p0 @ @& & @& @ L L L L L L L |
PLS 20 2000 0 0 0 @ L @ @ L L L @ L
10 20 0 py 0 60 7 80
my [Mo]

Figure 3.2: Positions of logarithmically spaced knots between m,, = 5.1 Mg and my,;g, = 87 Mg
for different knots sets Ngpots = [5,10,15,20]. The first and last knots are fixed at the boundaries.
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Once defined the knots positions and computed the spline basis functions, the internal
spline coefficients are determined with an optimization process that minimize the dis-
crepancy between the PLS and the theoretical models. The loss function to be minimized
is defined as the root mean square of the relative difference between the two normalized

distribution:
2
I = <(M> > (3.6)
Ptheo

where p;pe, denotes the chosen primary mass distribution, either PLP or PL2P.

In this analysis, the only parameters of the PLS left free to vary are the spline coefficients
{ci}. The parameters a, Moy, Mpign, and d,,, which define the contribution of the power-
law component, are instead kept fixed at the default values shown in Table . The
goal of this procedure is to verify that the PLS model is sufficiently flexible to reproduce
standard parametric population models such as PLP and PL2P. Demonstrating that the
PLS is enough flexible to accurately recover these reference models, ensures that the PLS
is capable of capturing the main features reproduced by parametric models, and can
therefore be applied to data.

At the beginning of the optimization, all spline coefficients are set to zero. The fit is
performed using the scipy.optimize.minimize function, which iteratively adjusts the
spline coefficients to minimize the loss function in Eq.(3.6), finding the PLS configuration
that best reproduces the theoretical distribution.

3.3.1 Comparison with a standard parametric function

To validate the PLS over the theoretical primary mass distribution PLP in absence of
data, the optimization procedure, described in Eq. , has been performed for each
set of internal knots Ny,os = [5, 10, 15,20]. The PLS representation of the PLP is shown
on the left panel of Figure and the corresponding accuracy is reported in Table

3
Neinots ‘ Mean difference (%) ‘ Maximum difference (%)

) 13.09% 38.72%
10 1.18% 6.03%
15 0.32% 5.26%
20 0.30% 5.26%

Table 3.3: Average and maximum percentage difference between PLS and the default PLP model,
with logarithmically spaced knots in the mass range [5.1 Mg, 87 Mg] for Nipots = [5, 10,15, 20].

By studying how the PLS represents the PLP, it is evident that the accuracy improves
as the number of knots increases. This is because a larger number of knots allows for a
finer sampling of the domain, so that more knots lie within the mass range of the peak.
The most accurate representation is obtained with 20 knots, with an average percentage
difference of 0.30% and a maximum percentage difference always below 6%.
Some fluctuations, even in the 20-knots case, are mainly observed before and after the
peak, where the PLS must deviate from the power-law component to reproduce the
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Figure 3.3: The upper panels display the PLS representations, using four different sets of knots
(Nknots = [5,10,15,20]), which are uniformly distributed in logarithmic space, as attempts to
reproduce the PLP (/eft) and the PL2P (right distributions. The bottom panel shows the relative
percentage difference between the PLS and the parametric models. The shaded area represent the

10% accuracy threshold. Left: A = (ppip — Ppis)/Ppip; right: A = (Ppizp — Ppis)/Ppi2p-

peak. The discrepancies may also be due to numerical effects associated with the fitting
procedure, rather than to an intrinsic lack of flexibility of the PLS model.

3.3.2 Comparison with an advanced parametric function

In the same way as done for the PLP case we also test the PLS model on the theoretical
PL2P distribution, which represents the best model to fit the GWTC-4.0 dataset with its
double peak structure (Abac A. G., et al., 2025)). The corresponding results are shown
the the right panel of Figure (§3.3)), and the relative accuracy for each PLS configuration
is reported in Table .
Even in the case of PL2P fit, we see that increasing the number of knots generally improves
how well the model is reconstructed. However, comparing the two reconstructed PLP
and PL2P models highlights an important aspect: as the mass model becomes more
complex with more features, such as the peak at 10 My for the PL2P, the PLS struggles
to reproduce the shape accurately when the number of knots is limited. In fact, increasing
the knots from 10 to 20 leads to only a small and negligible improvement when fitting the
smoother PLP model (both reconstructed functions remain below a mean difference of
1.20%). Instead, for the more structured PL2P model the effect is more evident: moving
from 10 to 20 knots improves the mean accuracy by more than 23%. This shows that
as the number of features increases, more logarithmically spaced knots are needed to
capture more details in the mass distribution.

More generally, to achieve higher accuracy in the mass reconstruction can require
not only increasing the number of logarithmic knots but also optimizing where they are
placed. As the next Section shows, choosing the knot positions rather than spacing them
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Ninots ‘ Mean difference (%) ‘ Maximum difference (%)

5 34.75% 94.66%
10 24.72% 70.19%
15 8.67% 36.50%
20 1.44% 10.81%

Table 3.4: Average and maximum percentage difference between PLS and the standard PL2P model,
with logarithmically spaced knots in the mass range [5.1 Mg, 87 Mg] for Ngpots = [5, 10, 15, 20].

logarithmically can improve the reconstruction of localized features. This becomes a key
aspect of the PLS modeling used throughout this Thesis, especially because the precision
with which these structures are recovered directly impacts the cosmological information
in the spectral sirens framework.

3.4 Exploring the impact of the knots’ positions

Logarithmically spaced knots often fail to capture and to reproduce key features, such
as peaks, and require a larger number, and thus a higher density, of knots to achieve
a good coverage. A more efficient strategy than increasing the number of knots, is to
select the knot positions arbitrarily based on the posterior p(m;) of individual events,
allowing better interpolation of the features in the mass function.

Figure (3.4) clearly shows that a PLS model with only 10 chosen knots can reproduce
a PL2P with an average accuracy slightly lower than a PLS model with 20 logarithmically
spaced knots, but with a maximum percentage difference even smaller than that of the
20 log model. The numerical values are reported in Table (3.5)). This demonstrates
how choosing the knot positions can improve the performances of the models, without
increasing its complexity.
In this case, in absence of data, the knots are selected basing only on the observed
structures in the mass function. The knots are therefore placed manually and arbitrarily.
In Chapter 5 using the PLS on real data, it becomes clear that, when the underlying
distribution is unknown, it is important to develop an analytical method that uses the
individual mass posterior of the single GW events to suggest the knot positions.
As shown in Figure , most of the knots are concentrated around the peak at 10 Mg,
which is the sharper peak in the mass function. Only three knots cover the start, the end
and the central part of the smoother peak at 32 My, instead in the mass range between
45 My and 87 Mg, where the mass function behaves like a power law, only two knots
are needed.

Ninots | Mean difference (%) | Maximum difference (%)

10 chosen 2.13% 9.34%
20 log 1.44% 10.81%

Table 3.5: Average percentage difference between PLS and the default PL2P model, with 10 knots
chosen and 20 knots linearly distributed in the mass range [5.1,87] Mg
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Figure 3.4: The upper panel displays the PLS representations using two different knots distributions:
20 knots logarithmically spaced in mass and 10 knots whose positions have been chosen based on the
PL2P distribution. The chosen knots' position are displayed in the plot to ensure good interpolation
of the peak. The bottom panel shows the relative difference ((pprop — prrs)/prr2p) between the
PLS and the PL2P models. The shaded area represent the 10% accuracy threshold.

3.5 The cosmological information in the spectral-siren
approach

GWs provide an estimate of the luminosity distance dj through Eq. , but they
do not directly determine the redshift z, because of its degeneracy with detector-frame
masses (see Eq. . This degeneracy can be broken by exploiting additional informa-
tion, such as the mass function when it contains distinctive and identifiable structures.

The ability to identify distinctive features in the mass function, which can act as ref-
erences to break the mass-redshift degeneracy, is particularly important in the spectral
sirens approach. In this framework, in fact, the cosmological information is inferred en-
tirely from the mass distribution and therefore depends on the adopted mass model. For
the PLP and PL2P models, the cosmological inference relies almost entirely on the loca-
tions of the Gaussian peaks, meaning that only the features associated with parametric
components can be reconstructed. As the dataset grows and additional features emerge,
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a fully parametric model would require more components to capture them. In contrast,
the PLS model allows the mass function to adapt more flexibly to the data: the positions
of the spline knots are fixed a priori, while the cosmological information is encoded pri-
marily in the spline coefficients. Even in the PLS it is crucial the position of knots: knots
located too far from the true peaks may flatten or smooth them, while simultaneously
introducing artificial fluctuations and resulting in incorrect inferences. The importance
of the model selection and of how accurately the model must reconstruct the underlying
mass distribution to break the degeneracy is illustrated in Figure , which shows an
example taken from [Pierra G., et al., 2025]
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Figure 3.5: Graphical representation of the evolution of the mass function in the detector frame
mass-luminosity distance dj, plane. For each value of d; the detector frame mass spectrum is
displayed for two different set of cosmological parameters (Hy, €,,0) within the ACDM cosmology.
The dashed lines track the shifting peaks of the distributions. The illustration is taken from
G., et al. (2025)|

In Figure (3.5), the mass function in the detector frame is shown as a function of dy,
for two fixed cosmologies. The Figure focuses on the 35 Mg peak to illustrate that, at
the same luminosity distance dj, different cosmologies correspond to different observed
mass functions. At d; = 0, the two mass functions coincide because z = 0 and therefore
Maet = Mgre. As the distance dj, increases, the curve moves due to redshift effect, since
at any given dj, the corresponding redshift depends on the assumed cosmology.
Although the plot displays only a single peak, the increasing number of detected GW
events has revealed multiple features in the mass function. In addition to the 35 Mg peak,
studies on the GWTC-2 dataset identified evidence for a peak at 10 M, (Edelman B., et
al., 2022)), while the GWTC-4 dataset revealed a third peak at 20 M, (Tagliazucchi M.,
et al., 2026)) and a bump around 60 My (Abac A. G., et al., 2025)). The more structure
are observed and detected, the more cosmological information can be extracted frm
the mass distribution. This is analogous to spectroscopy: having several spectral lines
allows for a much more precise redshift measurement than having only one. Similarly,
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additional structure in the mass function enables more accurate extraction of redshift
and cosmological information.
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Chapter 4

Testing the semi-parametric model on
future gravitational wave observations

The main innovation of the semi-parametric PLS model lies in its ability to flexibly and
accurately capture the structure of the data. To ensure the reliability of this approach,
the PLS model is first validated on mock data before being applied to real data. In fact,
the mock data analysis provides a framework in which the population properties are
known by construction.

This Chapter presents the application of the PLS model to mock galaxy and GW
catalogs, in order to validate the semi-parametric model and to provide forecasts for 05
detector configuration. In Section (4.1)), we present the generation of the mock galaxy
and GW catalogs, created and described in [Borghi N., et al., 2025 In particular, we
start from a parent galaxy catalog (Sec. |4.1.1)), which represents the galaxy population
in a simulated universe and from which potential BBH host galaxies are identified by
applying a linear weighting scheme. Then, a mock GW catalog is generated (Sect.
following defined population models.

The presence of a galaxy catalog enables the implementation of both dark sirens
(Sect. and spectral sirens (Sect. analyses. In both cases, we focus on the
study of the mass function, the role of the knots, and their impact on cosmological and
population hyperparameters.

Although a mock galaxy catalog is available, a spectral siren analysis is also performed
to reflect the conditions of real data, where no galaxy catalog is available.

4.1 Mock catalogs

4.1.1 Parent galaxy catalog and BBH host galaxy catalog

The mock galaxy catalog used in this Thesis is derived from the MICE Grand Challenge
light-cone simulation (MICECATv2). This simulation covers approximately one octant
of the sky (~ 5157 deg?), including galaxies with i-band magnitudes ¢ < 24 within a
redshift range z < 1.4 and assumes a flat ACDM cosmology with Hy = 70 km/s/Mpc,
Q0 = 0.25 and Qo = 0.75 (Fosalba P., et al., 2015| [Crocce M., et al., 2015| [Carretero|
[J., et al., 2015 [Hoffman K., et al., 2015])).

We use the subsample of MICECATvV2 presented in [Borghi N., et al., (2025)| which is
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constructed to ensure that the galaxy stellar mass distribution can be efficiently described
by a redshift-evolving double Schechter function. This subsampling reduces the original
catalog size while preserving realistic galaxy clustering and improving computational ef-
ficiency for the standard siren analysis. The resulting catalog, hereafter referred to as
the parent galaxy catalog, contains 67% of the galaxies contained in the MICECATvV2
(~ 335 million galaxies).

Once the parent galaxy catalog has been constructed, a crucial step is to associate
the BBH mergers with their host galaxies included in the catalog. The probability that
a galaxy hosts a BBH merger can depend on its physical properties, such as the stellar
mass M., the star formation rate SF R, and the metallicity Z (Santoliquido F., et al. |
2022)). Previous studies have shown that the stellar mass plays a dominant role: more
massive galaxies are more likely to host a BBH merger than low-mass ones. Moreover,
this relation is strongly redshift dependent, shifting toward massive host galaxies at lower
redshift (Artale M. C., et al., 2020)).

Motivated by these results, the probability of hosting a BBH merger in our mock
galaxy catalog is assigned proportional to the stellar mass of each galaxy:

w o< M,. (4.1)

Among the three possible weighting schemes presented in [Borghi N., et al., (2025)] in
this Thesis the linear one is adopted, as it provides the most accurate representation of
the BBH host galaxy population in the local Universe for the construction of the host
galaxy catalog.

4.1.2 GW catalog

The GW catalog is constructed in [Borghi N., et al., (2025)| by sampling the true event-
parameters (RA, Dec, z) from the catalog of potential hosts. To each host galaxy is
associated a BBH event with population parameters sampled from known mass and
merger rate models, by fixing cosmological parameters A\. and astrophysical population
parameters A, and \,,. This prior knowledge of the underlying models allows us to test
and assess whether the proposed PLS model is able to reproduce the data accurately.

The overall BBH merger rate follows the Madau-Dickinson model, presented in Eq.
(2.12). To construct the catalog, the rising slope is set to v = 2.7, consistent with the
GWTC-3 results. The redshift peak and the corresponding declining slope are instead
chosen to be z, = 2 and k = 3, respectively.

The mass component follows a PLP model, which is the preferred mass model up
to GWTC-3. The primary mass distribution consists of a truncated power law with a
superimposed Gaussian peak; instead, the secondary mass distribution is modeled as a
power law with index /3 in the mass range [myy,, m1]. The cosmology is assumed to be
the same as that used in MICECATv2.
Therefore, the GW population is described by these cosmological and astrophysical hy-
perparameters:

)\c = {HO}
A= {9,k 2} (12)

/\m = {O[, 67 5m7 Miow, Mhighs Lgy Og, /\g}



4.1.

MOCK CATALOGS

52

The true values are summarized in Table (4.1) along with the prior ranges used in
the subsequent analysis.

Parameter Description True value Prior
Hy Hubble constant [km/s/Mpc| 70.0 1(10.0,200.0)
Qo Matter energy density 0.25 Fixed
0% Slope at z < z, 2.7 U(0.0,12.0)
K Slope at z > z, 3 (0.0, 6.0)
Zp Redshift Peak 2 1(0.0,4.0)
a (Primary) slope of the power law 3.4 U(1.5, 12.0)
o} (Secondary) slope of the power law 1.1 U(-4.0, 12.0)
O (Primary) smoothing scale [Mg| 4.8 U (0.01, 120.0)
Miow Lower mass value [Mg] 5.1 U(2.0, 50.0)
Mhigh Upper mass value [Mg] 87.0 U(50.0, 200.0)
Ly (Primary) mean of the Gaussian peak [Mg] 34.0 U(2.0, 50.0)
o (Primary) width of the Gaussian peak |[Mg] 3.6 (0.4, 10.0)
Ag (Primary) fraction of the Gaussian component 0.039 U(0.01, 0.99)

Table 4.1: Cosmological and astrophysical population hyperparameters used to generate the mock
catalogs, along with their true values and associated uniform (&/) priors used in the standard siren
analysis.

We simulate the detection of our BBH population by the LIGO-Virgo-KAGRA net-
work at Ob sensitivity, considering a Ob-like network configuration which includes the
2 LIGO interferometers, Virgo, KAGRA, and a third LIGO detector located in India
(Abbott B. P., et al., 2016|) with a low frequency cutoff of 10 Hz and 100% duty cycle.

The detection is simulated using GWFAST, a Python code designed to forecast the
signal-to-noise ratios and parameter estimation of GW detector networks, based on the
Fisher Information Matrix method (lacovelli F., et al., 2022|). The simulation, performed
assuming quasi-circular orbits and non-precessing BBH, aims to estimate the uncertain-
ties on the intrinsic and extrinsic source parameters 6, already presented and discussed
in Section . ), Eq. ( .

For each source, the GW signal is simulated using the IMRPhenomHPﬂ waveform ap-
proximant (Kalaghatgi C, et al., 2020} [London L., et al., 2018)), consistently with previous
works (e.g., [Borghi N., et al., 2024] [Borghi N., et al., 2025 and [Tagliazucchi M., et al. |
2025)). The corresponding network signal-to-noise ratio (S/N) is then computed and a
threshold of S/N > 25 is applied.

The final catalog of GW events considered in this Thesis consists of 1000 events at
S/N > 25, each event with 5000 posterior samples. The number of events is chosen to
ensure high statistics to accurately validate the semi-parametric mass function method
in our mock analysis. We note that, for reference only, such a catalog corresponds
approximately to ten years of observations under the assumed population model and
LVK 05 scenario.

The selection effects, accounting for the observational biases introduced by the detec-
tor sensitivity, are evaluated by generating a set of simulated injections with GWFAST,

!The IMRPhenomHM approximant is a frequency domain aligned-spin waveform model
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adopting the same signal-to-noise ratio threshold S/N > 25 used for the GW cata-
log. The injections population consists of 2 - 107 simulated sources, of which 10% have
S/N > 25 in the O5-like scenario. We ensure that these events span the full range of
detectable luminosity distances and binary masses. These injections are used to compute
the selection effects term according to Eq. (2.7)).

4.2 Forecasts for a LVK O35 analysis: the dark siren
scenario

As a first analysis, we study the implementation of the PLS mass function in the dark
sirens configuration. In this case, the inclusion of a galaxy catalog allows the redshift
to be inferred from the potential host galaxies contained within the gravitational wave
localization volume. Galaxy redshift measurement uncertainties are included in CHIMERA
and modeled as Gaussian errors with a standard deviation o, = 0.001. In this con-
figuration, the cosmological information is primarily constrained by the galaxy catalog
(Borghi N., et al., 2024]), allowing us to focus on the impact of the mass distribution.
In particular, the simulated catalog is generated assuming a PLP model, whereas our
analysis adopts a PLS model. The key question is, therefore, how well our model can
reproduce known features of the distribution and whether this model introduces biases
in other cosmological or astrophysical hyperparameters.

Hierarchical Bayesian inference is applied to the mock catalog using the CHIMERA
pipeline, introduced in Chapter 2] The posterior distribution used in this analysis is
sampled with the MCMC sampler emcee (Foreman-Mackey D., et al., 2013]).

The PLS parameters that are shared with the PLP model use the same priors as those
adopted for the PLOP model in the mock catalog construction. For the spline coefficients,
we assign a uniform prior in the range [—4,4|, which is sufficiently wide to allow the
parameters to flexibly adapt to the data, while remaining sufficiently constrained to
prevent excessive dispersion. This interval is chosen to encompass the full range of spline
coefficient values obtained when fitting the PLP mass function with the PLS model.

The priors adopted for the PLS analysis on mock data are summarized in Table (4.2)).

4.2.1 Mass function analysis

In Figure , we show the reconstructed primary mass distributions for the PLS model
using Ninots = {5, 10,15,20}. The knots are logarithmically distributed between my,, =
2.0 Mg and mp;gn = 200.0 Mg, corresponding to the lower and upper bounds of the prior
range for the low-mass and high-mass cutoffs, respectively, as reported in Table (4.1)).

All reconstructed primary mass distributions, despite significant differences in the
number of knots, are able to identify the peak at 35 Mg, corresponding to the Gaussian
component of the PLP model assumed for the mock catalog. It is worth emphasizing
that the PLS model with 5 knots, although it provides the least accurate reconstruction
of the PLP distribution, is still able to recover the peak. This occurs despite only three
knots lying within the mock data domain, with the remaining two fixed at the lower and
upper mass boundaries (2 Mg and 200 M,).
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Parameter Description Prior
Hy Hubble constant [km/s/Mpc| 4(10.0,200.0)
Qo Matter energy density Fixed
y Slope at z < z, 4(0.0,12.0)
K Slope at z > z, (0.0, 6.0)
Zp Redshift Peak 1(0.0,4.0)
a (Primary) slope of the power law U(1.5,12.0)
I5; (Secondary) slope of the power law U(-4.0, 12.0)
Om (Primary) smoothing scale [Mg] U(0.01, 120.0)
Miow Lower mass value M| U (2.0, 50.0)
Mhigh Upper mass value [Mg] U(50.0, 200.0)
Ci Spline coefficients at the knots position | U (—4.0,4.0) - Nipots

Table 4.2: Summary of the PLS cosmological and astrophysical population hyperparameters and
their associated prior distributions adopted in MCMC analysis.

In contrast, the reconstructed primary mass distributions obtained with 10, 15, and
20 knots are very similar and recover the same structures in the data: the main peak at
35 My and an additional fluctuation around ~ 60 M. As suggested by the underlying
posterior of single events, shown in grey, this secondary overdensity is consistent across
individual event posteriors, suggesting it reflects genuine fluctuation in the mock catalog
rather than a spline artifact.

The lower panel of Figure shows the relative difference of the primary mass dis-
tribution with respect to the PLP model, while Table reports these differences in per-
centage form. The PLS model with 10 knots provides the most accurate reconstruction,
likely because the models with 15 and 20 knots introduce a higher degree of overfitting,
resulting in spurious features and artificial fluctuations, especially at low masses where
the knot density is higher.

Ninots ‘ Median relative difference

5 log 26.3%
10 log 8.5%
15 log 10.9 %
20 log 14.4%
10 chosen 7.8%

Table 4.3: Median relative percentage difference between the PLS models and the fiducial PLP
model. The table compares PLS models with Nyots = [5, 10, 15, 20] logarithmically spaced knots
and a PLS model with 10 chosen knots.

The number of knots sets the number of degrees of freedom of the PLS model and
determines also the knots location, until they are uniformly distributed in the log-space.
The knot positions are crucial because they determine the positions where the spline is
anchored to the underlying power law (see Section . Consequently, the placement of
a knot can affect the reconstructed mass function: a knot located where it is expected
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Figure 4.1: Posterior distributions of the Power Law + Spline (PLS) BBH primary mass function
for different knot configurations (Nknots = [5, 10, 15,20]), uniformly spaced in log-mass. The black
dashed line shows the PLP distribution at fiducial hyperparameters. Solid lines indicate median PLS
values; shaded regions denote 68% credible intervals. Light-gray curves represent posteriors from
1000 individual GW mock events. The bottom panel shows the relative difference between the PLS
and fiducial PLP models.

a peak could smooth or suppress that feature. For this reason, the flexibility of the PLS
model depends not only on the number of knots, but also on their positions.

Starting from the PLS model with 10 knots, which provides the best overall repre-
sentation of the fiducial PLP according to the median relative difference (see Table [4.3),
we investigated whether the model accuracy could be further improved by modifying
the knot positions. Figure shows the comparison between two PLS models with
10 knots: one with logarithmically distributed knots and one with chosen knot posi-
tions. The latter configuration is thought to avoid placing knots on mass distribution
features, to prevent their smoothness or suppression (see Section for the properties
of PLS knots). Different from the logarithmically distributed knots, the chosen knots are
strategically anchored at the boundaries of the expected peaks.

In Figure , both the PLS distributions reproduce the peak at 35 M well, although
the PLS distribution with logarithmic knots presents small-scale fluctuations driven by
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Figure 4.2: Posterior distributions of the Power Law + Spline (PLS) BBH primary mass function
for two configurations: 10 logarithmically spaced knots and 10 selected knots. The black dashed
line shows the PLP distribution at fiducial hyperparameters. Solid lines indicate median PLS values;
shaded regions denote 68% credible intervals. Light-gray curves correspond to posteriors from 1000
individual GW mock events, and the crosses mark the knot positions for each distribution. The
bottom panel shows the relative difference between the PLS and fiducial PLP models.

the specific positions of the knots. The differences in the knot positions are highlighted
by the crosses shown in the upper panel of the Figure. The most significant variation
between the two models is the one around the fluctuation at ~ 60 My, where the local
accuracy between the two distributions increases by 30%.

However, from a global point of view, the increment produced by the PLS with chosen
knots is lower than one percentage point, as reported in Table (4.3]).

As a final step, a more consistent evaluation of the differences between the two dis-
tributions is obtained by comparing a PLS model inferred through MCMC sampling
with a PLP model inferred in the same way. The comparison is now performed between
the median mass function obtained by MCMC, rather than against a fixed fiducial PLP
model. Therefore, we also carried out MCMC sampling for the PLP model. Figure (4.3)
compares the PLS probability distributions with the PLP probability distribution. The
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lower panel shows the median relative difference computed with respect to the median
PLP rather than to the fiducial PLP.

At ~ 60 Mg, as suggested by the posteriors of individual GW events, the PLP dis-
tribution deviates from the fiducial PLP by about 10%, indicating the presence of a
fluctuation. This confirms that the fluctuation previously observed in the PLS models
is also present in the data, suggesting that it originates from statistical fluctuations in
the simulated events. Overall, the PLS model with the 10 chosen knots provides the best
representation, as shown in Table [£.4]
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Figure 4.3: The upper panel shows the posteriors of two PLS and one PLP primary mass distributions.
The two PLS models are built with 10 logarithmically spaced knots and 10 selected knots. Solid
lines indicate the median distributions, and shaded regions represent the 68% credible intervals. The
black dashed line shows the PLP distribution at fiducial hyperparameters, while light-gray curves
correspond to posteriors from 1000 individual GW mock events. The bottom panel displays the
relative difference between the PLS models and the median PLP.

4.2.2 Posterior constraints on hyperparameters

In the previous Section, we investigated the ability of the semi-parametric PLS model to
accurately reconstruct mock data, showing its capability in capturing new features.
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Ninots ‘ Median relative difference

10 log 7.7%
10 chosen 3.9%

Table 4.4: Median relative percentage difference between two PLS models — one with 10 logarith-
mically distributed knots and one with 10 chosen knots — and the median PLP.

In this Section, we present a detailed analysis of the impact of the PLS model on
the marginalized posterior distributions of some crucial hyperparameters. This analysis
evaluates the posterior distributions of a set of key parameters and examines whether
they are consistent with the true values used to construct the mock catalog: a way to
test the model’s reliability.

The four analyzed parameters are Hy, a, mpig, and . Including cosmological and
rate hyperparameters, in addition to those of mass, is crucial to study how well the
fiducial models are recovered and potential degeneracies between hyperparameters.

Figure shows the constraints on the four hyperparameters, while Table (4.5
reports the median values and the errors associated to 68% credible intervals for each
hyperparameter. Each column of Figure corresponds to a different parameter, while
each row illustrates a specific configuration of the analysis:

- the effect of varying the number of logarithmically spaced knots;

- a comparison between the best configuration with 10 logarithmically spaced knots
and a set of 10 user-defined knots;

- a comparison between the best-performing PLS model (with 10 user-defined knots)
and the PLP model.

Regarding the cosmological parameter H, its median value and associated uncer-
tainties do not depend on a specific choice of knots configuration. In fact, the relative
error is oy, /Ho =~ 0.6% in all cases, indicating that in the context of dark siren analysis,
H, is entirely constrained by the spectroscopic redshifts of the galaxy catalog. A more
detailed investigation of H, requires a spectral sirens analysis, which is presented in the
following section.

For the mass hyperparameters, we focus on the power law slope a and the high mass

cutoff Mhigh-
For «, the most precise result comes from the PLP model, where the median value
is consistent with the fiducial value within the uncertainties and the relative error is
0o/ = 2.62%. Among the PLS models, the most precise result comes from the 5 knots
logarithmically distributed configuration, with a relative error of 13.5%. All the other
models have relative errors between 18% and 21%. It is, however, interesting to note that
the median value furthest from the fiducial one is obtained from the 10-knot user-defined
model. It is therefore crucial to emphasize that the PLS model that is least accurate in
reproducing the mass distribution (the configuration with 5 logarithmically distributed
knots) yields the most accurate inference of the parameter «, while the PLS model that
best reproduces the mass distribution (the 10 knots user defined configuration) provides
the least estimation. This occurs because a controls the slope of the primary mass dis-
tribution, and it is degenerate with the spline coefficients, especially at low masses.
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Figure 4.4: Marginalized posterior distributions for the selected hyperparameters in the dark siren
analysis. The shaded colored regions represent the 68% credible intervals, while the dotted lines
mark the fiducial values of the hyperparameters.

Instead, for mp,gn, the model that best reproduces the high mass cutoff is the PLS model
with 10 chosen knots. Its median value is consistent with the fiducial one within the
uncertainties with a relative precision of Ormnion /Mpign ~ 4.5%. The other PLS configu-
rations and the PLP model tend to underestimate my;q;, with the exception of the PLS
5 knots model, which instead overestimates it. This behavior is due to a degeneracy
between mp;q4, and the last spline coefficients.

The final parameter analyzed is the rate parameter v, which characterizes the ris-
ing slope. Across all the mass models investigated, ~ is consistent with the fiducial
value within the uncertainties, with a relative error o, /v ~ 14% — 17%, and shows no
degeneracy with the other mass hyperparameters.

4.3 Forecasts for a LVK O5 analysis: the spectral siren
scenario

As a second analysis, we investigate how and whether the PLS mass function reproduces
the data in the spectral sirens configuration. In Section [4.2] we validated the mass func-
tion by inferring redshifts from a galaxy catalog, thereby obtaining tight constraints on
cosmological parameters. Here, in the spectral sirens mode, we perform a joint infer-
ence analysis of astrophysical and cosmological parameters. The spectral siren method
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SCENARIO 60
5log 10log 151log 20 log 10 user-defined PLP

Hy [km/s/Mpc| | 69.7704 69.7107 69.870% 69.7107 69.7754 69.7754
o 40702 35708 3.6107  3.87h% 4.4%98 3.4101
Mpign [Mo] | 934732 827716 833439 g4 5+07 87.5+44 83.3+19
v 2.2108 23704 94104 93704 2.3+03 2.2103

Table 4.5: Median values and 68% Cl of the marginalized posterior distributions for the selected
hyperparameters. The results correspond to the dark siren analysis for all the studied knot configu-
rations.

provides cosmological constraints by exploiting features in the BBH mass distribution,
without relying on a galaxy catalog. In this approach, redshift information is extracted
from the source frame mass distribution features, which implies that the accuracy of the
inferred cosmological parameters also depends on how these mass features are recovered.
From this perspective, the aim is to study whether systematic difference occurs between
the fiducial PLP model and the semi-parametric PLS model, focusing in particular on the
cosmological information.

The reason for performing a spectral siren analysis is to mimic realistic conditions for
real data, where a complete galaxy catalog is not available, and to test the performance
of the PLS mass model under these conditions.

As in the previous Section, the results presented here are obtained through the Hierar-
chical Bayesian Inference using the CHIMERA pipeline.

The analysis begins with the inference of the mass function distribution to test whether
the PLS model is able to accurately recover the underlying mass distribution even in the
absence of a galaxy catalog.

Subsequently, we present the results of the inference on cosmological and population
hyperparameters, without any galaxy catalog information.

The posterior distribution is sampled using the MCMC sampler emcee, and the priors
adopted for the PLS parameters are the same as those reported in Table .

4.3.1 Mass function analysis

The mass function analysis in the spectral siren configuration is conducted using a single
PLS model, which is compared to a PLP model. Specifically, we employ a PLS model with
10 logarithmically distributed knots. This choice is motivated by the fact that, among
the PLS configurations tested in dark sirens with logarithmically distributed knots, this
PLS model is the most accurate. Although the PLS model with 10 chosen knots provides
the best fit to the mock data in the dark siren approach, it remains a data-driven method
and is therefore less informative when preparing for the analysis of the GWTC-4 data.
In this mock data study, the intent is to verify that there are unbiased measurements
between the semi-parametric and parametric models. In the analysis of real GWTC-4
data, multiple logarithmic and data-driven models will then be evaluated (see Section
, beyond the logarithmic 10 knots PLS model.

Figure (4.5) shows the comparison between the PLS and the PLP mass probability
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Figure 4.5: The upper panel shows the posteriors of the PLS and PLP primary mass distributions.
The PLS model is constructed with 10 logarithmically spaced knots. Solid colored lines indicate the
median distributions, while shaded regions denote the 68 % credible intervals. The black dashed line
shows the PLP distribution at fiducial hyperparameters, and the light-gray curves represent posteriors
from 1000 individual GW mock events.

The bottom panel displays the relative difference, (psig — ppLs)/pPsid, between the PLS model and the
fiducial PLP model.

distributions and the fiducial PLP distribution. Compared to the dark siren analysis, the
features of the mass distribution are less accurately reconstructed in the spectral sirens
configuration. In particular, the peak at 35 Mg is not precisely recovered by the PLP
model, and it is overestimated by the PLS model, while both the distributions show an
over-density at ~ 60 M, consistent with the behavior found in the dark siren analysis.

The reduced accuracy in the reconstruction of the mass distribution arises from the lack
of redshift information, which introduces a degeneracy between redshift and the source
frame mass distribution.

The values reported in Table show that the PLS model provides the most ac-
curate reconstruction of the fiducial PLP distribution compared to the PLP model. In
fact, the flexibility of the semi-parametric PLS model allows it to adapt to the data and
capture features in the mass distribution, leading to a more accurate inference of astro-
physical and cosmological parameters (Farah A. M., et al., 2024)).
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Ninots ‘ Median relative difference
PLP 19.8%
PLS 10 log 16.3%

Table 4.6: Median relative percentage difference between the PLS and the PLP models with respect
to the and the fiducial PLP in spectral siren configuration.

However, as discussed in the previous section, the fiducial PLP does not reproduce the
over-density at ~ 60 My. For this reason, in order to quantify this feature, it is more
appropriate to examine the relative difference between the median PLS and PLP mass
distributions, which amounts to ~ 10%.

4.3.2 Posterior constraints on hyperparameters

As shown in Figure , the reconstruction of the primary mass function is less ac-
curate than in the dark siren case, due to the degeneracy between source frame mass
and redshift. Consistently, the hyperparameters inferred in this Section are also less
precisely constrained. Figure shows the marginalized 1D and 2D posterior distri-
butions, while Table reports the median values and the corresponding 68% credible
intervals for Hy, o, mpign and 7.

The parameter most affected by the absence of a redshift constraint from a galaxy

catalog is Hp, which now exhibits a relative uncertainty of op,/Hy ~ 10%. While no
degeneracies were observed in the dark siren analysis for Hy, in the spectral siren, the PLP
model shows a clear degeneracy between Hy and mp,gn, and Hy and pg. In fact, mpgn
and g correspond to the most prominent mass features and are crucial to break the
mass redshift degeneracy, enabling cosmological inference. Instead, for the PLS model, a
significant degeneracy is observed only between Hj and my;gp.
The lack of degeneracy between Hy and the spline coefficients arises because the informa-
tion about the peak is not encoded in a single spline coefficient, but is instead distributed
and averaged across multiple coefficients. Moreover, p, and the spline coefficients de-
scribe different physical quantities: p, parametrizes the location of the peak, whereas
the spline coefficients control the amplitude of the distribution at each knot.

The mass hyperparameter « is inferred by the PLP model with a relative precision of
0q/a = 3%. In contrast, for the PLS model, the relative precision drops to approximately
21% and « exhibits clear degeneracies with the spline coefficients at low masses.
Instead, the mass hyperparameter 1my,g, is inferred with a relative precision of T rmnigh /Mhigh
~ 4%, and this discrepancy is likely due to the degeneracies with cosmological parame-
ters.

From the perspective of the spectral siren analysis, the crucial result is that no system-
atic difference is observed in the inferred parameters when comparing the semi-parametric
PLS model to the fiducial model.

Finally, the absence of a galaxy catalog leads to weaker constraints, even on parameters
not directly connected to the redshift.
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Figure 4.6: Marginalized 1D and 2D posterior distributions for the selected hyperparameters in the
spectral siren analysis. The shaded colored regions represent the 68% credible intervals, while the
dotted lines mark the fiducial values of the hyperparameters.

The rate hyperparameter ~ is the worst constrained in the spectral siren analysis
with relative error of 0., /v ~ 69% and 110% for PLS and PLP respectively. Despite that,
the distribution for the tested and the fiducial models are still comparable.

4.4 Summary

In this Chapter, we presented the first application of the PLS model to mock data, using
the galaxy and GW catalogs constructed in [Borghi N., et al., (2025) The importance
of testing the PLS model on simulated data lies in the fact that the true values used
to generate the data are known, providing a controlled environment to assess how the
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10 log PLP

Hy [km/s/Mpc] | 79.2730  80.175%
o 34405 3.3%03
Mhigh [Mo| | 788535 79.1%37
v 13558 15138

Table 4.7: Median values and 68% Cl of the marginalized posterior distributions for the selected
hyperparameters. The results correspond to the spectral siren analysis for 10 knots PLS and PLP
models.

model fits the data.

The main goal of this analysis on mock data is, therefore, to assess how well our model
can reproduce known features of the distribution and whether this model introduces
biases in cosmological or astrophysical hyperparameters.

The analysis of mock data is performed both in dark sirens and spectral sirens con-
figurations. In the dark sirens case, the presence of a galaxy catalog provides tight
constraints on the cosmological parameters, allowing us to focus primarily on the re-
construction of the mass function. We considered five different semi-parametric models:
four characterized by logarithmically spaced knots and one with knots chosen to follow
the posterior distribution of the GW events. The results show that the PLS models suc-
cessfully recover the main features of the distribution used to generate the data and even
reproduces the fluctuation at 60 My also obtained with the fiducial model. Among the
tested configurations, the model with 10 chosen knots provides the best reconstruction,
while among the logarithmic configurations, the 10-log model performs best. We find
that increasing the number of logarithmically spaced knots tends to increase the model
complexity and introduce spurious oscillations, reducing the accuracy of the inferred
parameters.

Finally, a spectral sirens analysis is performed on the same dataset, adopting the
model that provided the best performance in the dark sirens analysis among the loga-
rithmic models (Nypos = 10) for the reconstruction of the mass distribution. The main
goal of the spectral sirens analysis is to assess whether the reconstruction of the mass
function can introduce biases in the inferred cosmological and astrophysical parameters.
By comparing the posterior distributions obtained with the PLS and PLP models, we
do not find evidence of systematic differences in the inferred parameters, opening the
opportunity to test the semi-parametric model on real data.
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Chapter 5

Application to real data: improved
constraints from the latest
gravitational wave observations

The release of a new gravitational wave transient catalog (the fourth version, GWTC-4,
publicly released in November 2025), significantly increased the number of detected GW
events. In this Chapter, we apply the previously validated PLS model to real GW data
to assess its performance in reconstructing the mass function and inferring hyperparam-
eters.

First, the primary mass function is reconstructed using the PLS model under three dif-
ferent configurations and compared to the fiducial parametric model PL2P.

The first configuration adopts a data-driven approach, in which the spline knots are
placed following the data distribution (Section . We then explore configurations
with different Gaussian priors on the spline coefficients and, finally, a setup with loga-
rithmically spaced knots. For each mass function configuration, we investigate the impact
on parameter inference, considering both population and cosmological parameters. The
analysis is performed using spectral sirens only, without assuming any galaxy catalog,
so that the constraint on the Hubble constant Hj relies entirely on mass features and
structures in the reconstructed mass distribution.

5.1 The Gravitational-Wave Transient Catalog 4

The dataset used in this analysis is GWTC-4, the fourth gravitational wave transient
catalog, fully released in November 2025. It contains GW events detected by the LIGO-
Virgo-Kagra (LVK) Collaboration from the first observing run (O1) up to the first part
of the fourth observing run (O4a). The dataset analyzed in this Thesis is identical to
that adopted for the cosmological analyses performed by the LVK group
et al. (2025)] then also used in [Tagliazucchi M., et al. (2026)} It consists of 137 BBH
mergers, selected by imposing a false alarm rate (FAR) threshold of FAR < 0.25 yr—!
in order to reduce the noise contamination. In fact, the FAR quantifies the statisti-
cal significance of GW candidates and corresponds to the expected rate of noise origin
events. In this Thesis, only the FAR threshold is applied for the event selection, while
the signal-to-noise (SNR) threshold is not imposed.




5.1. THE GRAVITATIONAL-WAVE TRANSIENT CATALOG 4 67

The greatest contribution of BBHs events comes from the O4a observing run, which
includes 75 new BBH detections. The remaining events consist of 3 from O1, 7 from
02, and 52 from O3. The increasing number of detected BBH mergers has allowed the
identification of more and more features in the BBH mass distribution that were not
predicted by earlier parametric models.

From this dataset, the only excluded event is GW231123 135430, a GW signal origi-
nating from a BBH system with component masses of 137733 Mg, and 101725 Mg at a
redshift of 0.407027. Although this event could represent a key case for investigating BH
formation channels beyond standard stellar collapse, it is not included in this analysis
because its extreme properties lead to increased uncertainties in parameter estimation
when using current waveform models (Abac A. G, et al., 2025)).

Different waveform models have been employed for the parameters estimation across the
observing runs, depending on the event’s properties. In this analysis, for events detected
during O1 - O3, the IMRPhenomXPHM waveform model is used, while events from O4a are
analyzed with the updated IMRPhenomXPHM_SpinTaylorﬂ model, which provides a more
accurate treatment of spin precession.

The LVK pipeline samples the posterior probability distribution of the source parameters
for each GW event, producing a variable number of posterior samples. These samples
provide constraints on the event-level parameters that enter Eq. . For each GW
event in this analysis, 5000 posterior samples are randomly selected from the release
LVK samples, ensuring computational efficiency and statistical validity, while providing
the same number of samples across all events. Only the parameters dr,, miger, and moget
are retained for this analysis because they are the only ones that enter the population
models. The distributions of luminosity distance, redshift, and primary source-frame
mass for the GWTC-4 events are shown in Figure [5.1]

An important characteristic to take into account of the O4a dataset is that the sky
localization of detected events is broader than expected. This is due to the fact that the
Virgo detector was not operating during O4a, so the localization is based on only two
detectors.

Finally, the injections used to compute the selection effects in Eq. are taken

from the public O3 - O4a set presented in (Abac A. G., et al. (2025)). In contrast,
no real injections are used for O1 and O2, but the detector sensitivity is inferred from
the semi-analytical model proposed by ([Essick R. (2023)). Under the assumptions of
Gaussian and stationary detector noise, [Essick R. (2023)| derives the distribution of the
matched filter response and calibrates the model using the O3 data.
The event injected selection is performed by applying cuts both on the false alarm rate,
requiring FAR < 0.25, and on the signal-to-noise ratio, requiring SNR > 10. In addition,
spin parameters are not included in this analysis to simplify the model and to focus on
the reconstruction of the mass function, therefore we have marginalized over them.

!The IMRPhenomXPHM and IMRPhenomXPHM_SpinTaylor approximants are theoretical waveform mod-
els describing the GW signal emitted by BBH mergers and are used to infer the physical properties of
the source
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Figure 5.1: Histograms of GWTC-4 events for (from left to right) luminosity distance dr,, redshift z,
and primary source-frame mass mj .. Source-frame masses and redshifts are calculated assuming,
for illustrative purposes, Hy = 70 km/s/Mpc and Q,,, = 0.3.

5.2 A new data-driven knot assignment approach

Our goal is to fit the new GW catalog using the mass function model described in Section
and, following the approach of Section , to test whether the Bayesian inference
on the population parameters can be improved with a more realistic modeling of the
mass function. To achieve this, we both test a fit with a PLS model with logarithmically
spaced knots, but we also introduce a new way to place the knots informed by the data
distribution. In this Section, we present a data-driven approach that allows the model
to better capture the features of the mass distribution (see|Tagliazucchi M., et al. 2026)).
The data-driven method for the spline knots is designed to adapt the mass function
reconstruction to the structure of the observed data. In this method, the knot posi-
tions are directly inferred by the posterior mass distribution of the detected GW events
(marginalizing over cosmological parameters) rather than being fixed a priori.

To apply the approach, we start from the posterior samples of the detector-frame
masses for each event. For a given value of Hj, these posterior samples are converted to
the source frame through Eq. , inferring the redshift from the knowledge of the
luminosity distance d;. A Gaussian KDE (kernel density estimate) is then applied to
the source-frame mass samples of each event to reconstruct a continuous functional dis-
tribution of p(m;). These event-level KDEs are subsequently summed and renormalized
to produce the mean source-frame mass distribution, as shown in Figure (5.2)).

This mean source-frame mass distribution is estimated for 100 different values of Hy
spanning the range [10, 200] km/s/Mpc, as shown in Figure (5.2, not to assume an
explicit cosmological model, but rather to marginalize over it.

The knot positions are therefore identified in the source-frame mass domain for each
value of Hy. To identify distinctive peaks in the mass distribution and construct a PLS
model capable of representing them, knots are placed where the distribution shows the
largest local variations, in correspondence to the peaks of the logarithmic derivative

(Figure 5.3)).
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Figure 5.2: Observed source frame primary mass distribution for different values of HO, constructed
by averaging over gaussian KDE.
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Figure 5.3: The plot shows the combined primary mass distribution (black solid line) computed
as the average of the individual event KDEs of the source-frame primary mass. The knot positions
are highlighted in red, while the source-frame mass posteriors of individual GW events are shown
in light grey. For this illustrative example, the mass distribution is estimated assuming Hy = 67.9
km/s/Mpc.

This procedure is performed for each H, value, and the knots identified for each mass
distribution are then concatenated into a single set. Once the knots list is obtained,
a clustering algorithm is applied to determine the final knot positions. The knots are
grouped using Gaussian Mixture Models, and the optimal number of clusters is chosen by
minimizing the Bayesian Information Criterion (BIC). The BIC is a model selection met-
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ric that reduces model complexity and avoids overfitting. Models with more parameters
are penalized, ensuring that the selected number of clusters captures the main features
of the distribution. The final knot positions are given by the centers of the resulting
clusters.

This method can be tuned through a user-defined parameter that we call prominence;
this value corresponds to the relevance threshold for identifying peaks in the metric,
therefore, by changing it, is possible to obtain a different number of possible selected
knots. However, it is not possible to have an arbitrarily large number of knots a priori,
as the clustering algorithm will tend to merge those placed too close together; this also
allows us to avoid over-structuring the model.

In the analysis presented in|Tagliazucchi M., et al., (2026)| four values of the prominence
parameter were considered: prominence = [0.00106, 0.008, 0.004, 0.016], spanning a range
of one order of magnitude. For each value, the variation of the knot positions was studied,
and these choices resulted in an initial set of [1914, 826, 1158, 599] total knots, respec-
tively. The subsequent analysis using Gaussian Mixture Models and BIC minimization
yielded the optimal number of knots: [10, 14,16, 12]. These knots define the data-driven
knot positions used to construct the spline basis in the data-driven configuration.

To construct the PLS models from the four knot configurations, it is necessary to
specify also the priors for the spline coefficients. Together with different numbers of
knots, we also explored the impact of different priors on the spline coefficients of the
inferred mass distribution. The various considered setups are described in Section ([5.3.1]).
In this case, unlike with the analysis performed on mock data, the posterior distribution
is sampled using pocoMC (Karamanis M., et al., 2022)). The reason behind this choice is
that the new sampler offered an improved computational performance, enabling, at the
same time, the estimation of the model evidence and performing a model comparison.
We verified that, in terms of constraints, the different samplers were providing results in
perfect agreement.

5.3 Analysis setup

In this analysis, we wanted to assess whether a more flexible and accurate reconstruc-
tion of the BBH mass distribution provides a better description of the GWTC-4 data
compared to the commonly used parametric models. The goal is to understand whether,
in this way, we can extract from the data more information, therefore improving the
constraints on cosmological parameters, and quantifying its impact on the inference.

For this reason, we decided to explore two different functional forms of mass func-
tion models: the parametric PL2P model and the newly introduced semi-parametric PLS
model. The parametric model PL2P has been chosen, among all the other models, because
it is the reference model used in standard cosmological LVK analyses, and in particular
in|{Abac A. G., et al. (2025)| for the GWTC-4 dataset.

Below, we discuss the criteria used to build the various PLS models and how it is
possible to identify the model that best reproduces the data.
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5.3.1 Model configurations

We perform our analysis considering different semi-parametric models, depending on the
number and position of the knots. In particular, we explore two different choices of
knot placements: the data-driven and the logarithmically-spaced ones. In this way, we
can estimate the impact of the new method on the results compared with the standard
approach adopted so far in the literature (Abac A. G., et al., 2025)).

All the models are constructed by placing the knots between 2 M and 200 Mg,

which correspond to the lower and upper bounds of the mass priors my,, and mpigh,
respectively (Table [5.1]).
The total number of knots ranges between 10 and 20. For the data-driven case, the
number of knots Ny,os = [10, 12,14, 16] is determined through the minimization of the
BIC. For the logarithmic case, instead, the number Ny, s = [10, 14, 15,20] was chosen
to explore a broader range, also taking into account the results obtained in Chapter
on mock data. The choice of logarithmically spacing the knots is motivated by the need
to better resolve the structure of the mass spectrum at low masses compared to high
masses. The model with 14 logarithmically spaced knots was included specifically to
allow a direct comparison with the 14-knot data-driven configuration.

In addition to varying the number and placement of the knots, we also explore the
impact of different priors on the spline coefficients. The priors are Gaussian with mean
1 = 0 and standard deviation o, whose value varies depending on the considered analysis
setup.

The configuration setup of our analysis can be divided into three main groups, which
differ in the choice of the spline knot positions and in the prior assumptions of the spline
coefficients:

— Data-driven, o configuration: the number of knots is fixed Ng,s = 14 and
the standard deviation of the Gaussian prior on the spline coefficients varies o =
[0.5,1,2,3,5]; this analysis will allow us to choose the best prior according to the
data.

— Data-driven, knot configuration: the number of knots varies between this
range Ninots = [10, 12,14, 16], while keeping the Gaussian prior on the spline coef-
ficients with fixed standard deviation o = 2.

— Logarithmically spaced knots: the knots are logarithmically distributed with
Ninots = [10,15,20] and a fixed Gaussian prior on spline coefficients with o = 2.

The choice of fixing 0 = 2 and Ny,.:s = 14 while varying, respectively, the number of
knots and the widths of the priors, is motivated by the fact that these fixed values are
preferred according to the Bayes Factor and ADIC (see Section [5.3.3)).

For all models in these three configurations, a quantitative comparison with respect
to the reference model PL2P is performed. The aim is to identify which configuration pro-
vides the best reconstruction of the mass function and to evaluate how and whether an
improved reconstruction affects the constraints on cosmological and population parame-
ters. The population and cosmological parameters used in this analysis and included in
the models are listed in Table ({5.1)).
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Parameter Description Model Prior

Hy Hubble constant [km/s/Mpc] All 4(10.0,200.0)

Qo Matter energy density All Fixed
v Slope at z < z, All 1(0.0,12.0)
K Slope at z > z, All U(0.0, 6.0)
Zp Redshift Peak All U(0.0,4.0)
Q@ Primary slope of the power law All U(1.5, 12.0)
I’ Secondary slope of the power law All U(-4.0, 12.0)
Om Primary smoothing scale [Mg| All 4(0.01, 120.0)

Miow Lower mass value [Mg)] All U(2.0, 50.0)

Mhigh Upper mass value [Mg)] All U(50.0, 200.0)
JTe Position of the first Gaussian peak [Mg] PL2P U(5.0, 100.0)
Og1 Width of the first Gaussian peak [Mg] PL2P U(0.4, 5.0)
[g2 Position of the second Gaussian peak [Mg)] PL2P U(5.0, 100.0)
042 Width of the second Gaussian peak [Mg)] PL2P (0.4, 10.0)
Ag Fraction of BBH in the first Gaussian peak PL2P (0.0, 1.0)
Ag1 Fraction of BBH in the second Gaussian peak | PL2P (0.0, 1.0)
¢ Spline coefficients at the knots position PLS g}(l/; re_&of [6 ; )1'7 gkélf%b]

Table 5.1: Summary of the cosmological and population parameters that enter in the analysis and
in the models PLS and PL2P with their associated priors. U/ indicates a uniform prior, G a gaussian
prior with mean p and standard deviation o.

5.3.2 Model selection

A common challenge in astrophysical data analysis is to identify, among many models
with different numbers of parameters or different assumptions and constraints, the one
that best describes the data. Since multiple models may reproduce the data distributions
with comparable accuracy, it is necessary to adopt quantitative criteria that allow for
assessing and comparing the quality of their fit.

Two statistical methods are used to evaluate and quantify the quality of the models:
the Bayes Factor (BF) and the Deviance Information Criterion (DIC).

The Bayes Factor (BF) is a statistical indicator that quantifies how much the data
favor one model with respect to another. It is defined as the ratio of the Bayesian ev-
idence of the two models considered, in this case between a PLS model and the PL2P,
and it is really sensitive to the prior amplitude. A value of BF greater than 1 (or less
than 1) indicates an increase (or decrease) in the support for the first model relative to
the second, given the observed data (Kass R. E., Raftery A. E., 1995 [Rezaei M. and|
[Malekjani M., 2021)). Values of BF' > 20 or BF > 150 indicate, respectively, strong
and very strong evidence in favor of a model over the PL2P. The Deviance Information
Criterion (DIC), instead, is a model selection criterion that balances the quality of the
fit and the complexity of the model, penalizing the number of free parameters. Models
are compared against the one achieving the minimum DIC, the preferred model, via
the quantity ADIC: values below 6 indicate inconclusive evidence of a difference, while
values above 6 indicate strong evidence that the model is worse. The list of all models
used in this analysis with their BF and DIC values is reported in Table (5.2)).

Another method used to evaluate models qualitatively in this Thesis is the Posterior
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Predictive Check, a visual diagnostic for comparing models, already used in
IB., et al. (2022)] This method is based on comparing the observed data with the
data predicted by the considered model. Specifically, the predictive data are obtained
from injections, already used to evaluate the selection effects. First, each injection is
reweighted by the ratio of the model-predicted probability to the probability under which
the event was originally drawn:

w = Pnew
Pdraw
After, a number of predicted events equal to the number of observed events N_yents 1S
drawn from the weighted injections. This weighted resampling is repeated Ng,.q., times,
producing Ng.q., predicted catalogs, each containing Ngyen:s events.
Then, the observed events are also re-weighted: in particular, the posterior samples for
each event are re-weighted according to Eq. , where, instead of Pjy,.q,, We now use
7(0), the priors on redshift and masses. This re-weighting is performed Ng.q,, times. In
this way, both the observed and the predicted events are re-weighted according to the
inferred population model. Finally, to compare the two sets of data, we compute the
cumulative distribution functions (CDF) for each of the Ng.q, catalogs.

(5.1)

5.3.3 Model comparison

We performed the spectral siren analysis on the GWTC-4 data for all the configurations
described in Sect. [£.3.1]

According to the BF criterion, all the PLS models have a Bayes Factor greater than
one when compared to the PL2P, indicating that they all provide a better description
of the data than the reference model. However, the models with the narrowest standard
deviation for the Gaussian prior o = 0.5 and with the smallest number of knots Ny,,ts =
10 have BF' < 6. This suggests that they are almost comparable in terms of fit to the
PL2P model, indicating that a model that reduces or suppresses the presence of structures
in the mass distribution is penalized

In contrast, stronger evidence in favor of the PLS model emerges for ¢ > 1 and for
Ninots > 10. The best model, according to the Bayes Factor, is the PLS-DD-14-G, with
BF = 226. It is worth emphasizing that increasing the number of knots beyond 14 in
the data-driven case does not lead to further improvements and that all the models with
logarithmically spaced knots perform worse than their data-driven counterparts.

According to the ADIC criterion, the model that best balances the goodness of the
fit and the complexity of the model is PLS-DD-14-G5, which allows for a more complex
behaviour in the mass function with only 14 knots and a broad prior on spline coefficients
(0 =5). Among the data-driven models, all configurations with o > 2 and Np,ps > 12
yield the ADIC value below the significant threshold, showing a comparable level of
evidence with the best model. In contrast, all models with logarithmically spaced knots
and the PL2P itself exhibit ADIC values above the threshold and are therefore signifi-
cantly disfavored. Nevertheless, among the logarithmic knot models, the configuration
that performs better when combining the BF analysis with the ADIC evaluation is
PLS-L0G-20-Gs.

This analysis identifies the prior and the number of knots that best fit the data,
with 0 = 2 and Ng,os = 14 being the optimal choices. Most importantly, this analysis
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Model Bayes factor (BF) ADIC
PL2P 1.00 20.11
PLS-DD-14-Gj 5 2.59 18.20
PLS-DD-14-G,; 81.84 9.42
PLS-DD-14-G, 226.14 2.65
PLS-DD-14-G5 134.43 0.26
PLS-DD-14-G5 24.07 0.00
PLS-DD-10-G, 5.27 13.43
PLS-DD-12-G, 60.81 7.93
PLS-DD-16-G» 114.83 5.41
PLS-LOG-10-G5 6.02 12.79
PLS-LOG-14-G, 7.28 13.25
PLS-LOG-15-G5 8.18 13.39
PLS-LOG-20-G, 38.74 8.47

Table 5.2: Models with their respective BF and ADIC values. The best-performing models according
to BF and DIC are highlighted in bold.

also shows strong evidence that the data prefer a mass function model that allows more
structures and more freedom in the peaks. The preferred models perform much better
than the standard parametric one, and the data-driven approach gives better results
quantitatively in model comparison.

5.4 Results from the data-driven approach

The model comparison analysis showed that the data-driven configurations are the most
effective in capturing the structure of the primary mass distribution, according to two
quantitative criteria. For this reason, this Section focuses on the results obtained with
the data-driven models, examining how they reconstruct the mass function and how the
inferred features impact both population and cosmological parameters.

In Appendix ({A.2)), we show the full marginalized distribution for all the parameters
fitted for one illustrative case. In the following section, we describe in detail the main
results obtained.

5.4.1 Reconstructing the mass distribution

In Figure (5.4), we show the best-fit primary mass posterior distribution for the data-
driven models as a function of the prior width o (left panel) and of the number of knots
Ninots (right panel). As a comparison, we also report in the plot the PL2P model. Here,
PL2P is used as a reference to discuss how much additional structure it is possible to
recover through the spline models.

For the configuration with varying o, the width of the Gaussian prior controls how freely
the spline coefficients can oscillate. For the narrower priors, o = [0.5, 1], the model
is bound, by construction, to have a smooth and slowly varying behaviour, where the
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peaks are strongly suppressed. Compared to the PL2P model, where the amplitudes of
the peaks are free parameters with uniform priors, the semi-parametric models result in
a reduced reconstruction of the two main overdensities at approximately 10 My and 31
Mg in the mass function.

Instead, with less restrictive priors, o > 2, structures start to emerge in the mass
distribution, including not only the two peaks previously identified by the PL2P model,
but also a third additional feature at intermediate masses. In particular, the two peaks
become more pronounced, the second peak slightly shifts to 33 Mg, and a third inter-
mediate feature emerges around 18 M. Increasing o also enhances the amplitude of the
peaks, as expected, especially for 0 = 5, where we observe the first evidence of a gap at
low masses for m < 10 Mg,

It is worth noting that in the literature it is common to impose strong priors on the
amplitudes of the peaks (i.e. [Edelman B., et al., 2022/ who test o = [1,2]). However, this
produces an evident risk of suppressing part of the information that can be extracted
from the mass function. As discussed in Section , allowing greater freedom in the
peak amplitudes is in fact preferred by the data.
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Figure 5.4: Best-fit primary mass posterior distributions for the data-driven models obtained from
the GWTC-4 dataset. Left: data-driven configurations with fixed Ny,.ts = 14 and varying prior
width o. Right: data-driven configurations with fixed o = 2 and varying the number of knots Ng,o¢s.
In both panels, the reference PL2P model is shown for comparison.

In contrast, varying Ni,..s while keeping o = 2 fixed, allows us to isolate the impact

of the number of knots on the recovered mass function. It is therefore interesting to
highlight how the number of knots affects the reconstructed structures. When too few
knots are used, the model lacks flexibility, and part of the structure in the mass function is
lost, leaving only the most prominent peaks. An example is the data-driven configuration
with Ninors = 10, where even the position of the first peak around 11 Mg, is not correctly
captured. Conversely, the models with Ng,.s = [14,16] produce very similar results,
reconstructing the three peaks suggested by the data at approximately 11 My, 18 My,
and 33 M. An additional feature that becomes visible with a larger number of knots is
the bump at ~ 60 Mg,
Overall, Figure highlights that compared to PL2P, the PLS models are capable of
extracting richer structures in the mass function, especially when the prior width or the
number of knots allows sufficient flexibility. This confirms that the PLS approach can
reveal features that remain hidden under more rigid and parametric assumptions, such
as that of the PL2P model.
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5.4.2 Comparison with the literature

To validate our results, we first compare them with those found in the literature, followed
by a visual inspection through the Posterior Predictive Check (PPC).

A direct comparison with independent non-parametric approaches in the literature
highlights whether and how the PLS model implemented in CHIMERA is capable of recov-
ering the same or additional finer structure in the mass distribution. In particular, we
compare our results with those obtained by [Abac A. G., et al. (2025)|
In Figure , we present the constraints on the primary mass functions for all data-
driven models considered in this Thesis, showing the best-fit and the 68% credible interval
of p(mq) for each reconstruction. These results are compared with the reconstruction
obtained by |[Abac A. G., et al. (2025)| with the B-Spline model.

Both approaches rely on the spline bases (B-Spline; see Section to reconstruct the
primary mass distribution, but they differ in flexibility and in the role of parameters.
The B-Spline model used in [Abac A. G., et al., 2025| is a fully data-driven approach,
where the mass function is expressed as a linear combination of B-Spline bases; instead,
the PLS model is a semi-parametric approach, where the cubic spline at the exponent
perturbs and modifies an underlying parametric power-law (Eq. .

Before comparing the models, it is important to note that the datasets used for the two
analyses differ slightly. While both works are based on GWTC-4, in this Thesis we se-
lect and analyze only 137 BBH events (Section [5.1)), whereas [Abac A. G., et al. (2025)|
considered 153 BBH events. This difference is due to the threshold on the false alarm
rate (FAR) applied in each analysis: in this Thesis we adopt a FAR < 0.25 yr~!, instead
[Abac A. G., et al., 2025{used FAR < 1 yr—1,

Moreover, the B-Spline model is designed to represent the full population of CBCs,
and is flexible enough to include mergers of BNS and NS-BH systems as well. In contrast,
CHIMERA currently models only the mass function of the BBHs.

Another important difference is that the analysis performed by LVK is a pure pop-
ulation study, in which cosmological parameters are fixed with Hy = 67.7 km/s/Mpc.
Instead, our work represents the first study in the literature where PLS data-driven mod-
els are considered to constrain jointly cosmological and astrophysical parameters, hence
without fixing the cosmology. In addition, the spline knots were also selected by varying
the H, parameter (Section [5.2).

Despite these differences, the comparison remains crucial for understanding whether
the primary mass structure is recovered similarly. The B-Spline model resolves multiple
over- and under-densities in the BH mass distribution, reproducing the peaks at 10 My
and 35 Mg, and providing evidence for a third feature around 20 M. Compared to the
reference PL2P model, the B-Spline reveals additional substructure as the third peak at
20 Mg, and it identifies a bump at 60 M. These features are also recovered by the PLS
reconstruction. Figure clearly shows that increasing the number of knots improves
the agreement with the B-Spline results, while increasing o tends to make the peaks
and gaps appear more spurious, such that they do not reflect the data distribution and
deviate from the B-Spline reconstruction. Conversely, using a very low o suppresses
information contained in the mass distribution, reducing and smoothing features.

Finally, to visually assess how well each model reproduces the observed mass dis-
tribution, we perform the Posterior Predictive Checks (PPC). For this analysis, the
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Figure 5.5: Best-fit and 68% confidence interval of the primary mass posterior distributions for all
the data-driven models, compared with the results obtained by [Abac A. G., et al. (2025) which use
another independent weakly-parametric approach (dashed lines).

number of predicted events drawn from the weighted injections is set equal to the num-
ber of observed events N_yenis = 137. Both the predicted and observed events are drawn
Naraw = 200 times, producing 200 catalogs for each, to ensure statistical stability. Fig-
ure shows the cumulative distribution function (CDF) of the predicted events,
compared to the observed events, for each model analyzed.

In a PPC, a model becomes inconsistent with the data when the observed band ex-
tends outside the predictive band. Overall, in this analysis, all models yield an observed
distribution that is compatible with the predicted one, meaning that none of them are
rejected based solely on PPC. The only model where the observed curve slightly falls
outside the predicted band is the PLS-DD-14-Gy 5. In fact, it is not a coincidence that
the worst data-driven model according to BF and DIC is also the worst model according
to the PPC, as this is due to the excessively narrow width of the spline coefficients prior.
Where the qualitative PPC diagnostic is no longer informative, the assessment of the
model fit must rely on quantitative criteria such as DIC and BF, as reported in Table

=)
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Figure 5.6: Posterior predictive checks for all data-driven models and for the logarithmic model with
Ninots = 14, evaluated on GWTC-4 dataset. The darker region shows the 90% credible interval of
the observed cumulative distribution of the BBH population, while the lighter region corresponds to
the 90% credible interval of the predicted distribution. The solid line indicates the median of the
predictive cumulative distribution.

5.4.3 Constraints on cosmological and astrophysical parameters

In [Tagliazucchi M., et al. (2026)| the analysis about constraints on parameters posterior
focuses exclusively on the Hubble constant Hj, the cosmological parameter most sensi-
tive to the reconstruction of the mass function. In this Section, in addition to revisiting
the results already discussed for Hj, we expand those by discussing the other popula-
tion parameters relevant for the analysis, such as Mo, Mhigh, Om, and a. For all these
parameters, we study whether and how much increasing the information extracted from
the mass function improves the constraining power.

One of the major results obtained, as shown in Figure (5.7)) and summarized in Table
(5.3), is that models capturing more structures in the mass distribution p(m;) lead to
tighter constraints on H,. In particular, the best model according to the Bayes Factor

provides:
Hy = 57.87552 km/s/Mpc (5.2)

which corresponds to a 12% improvement with respect to the reference PL2P model.
Conversely, the model with the lowest DIC value shows an even larger improvement of
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Figure 5.7: Posterior distributions of parameters Hy, miow, Mhigh; Om, & as a function of o (upper
panel) and Nyyots (bottom panel).

21% yielding:
Hy = 61.71]5 km/s/Mpc. (5.3)

A notable trend is that the accuracy on the Hy parameter improves as ¢ increases: the
relative uncertainty decreases from op,/Hy ~ 61.5% for ¢ = 0.5 down to 27.7% for
o = 5. This behavior can be explained by the fact that, as discussed in Section
and shown in Fig. , the structure in the BBH mass function provide an indirect
information on the redshift, and hence has a direct impact on cosmological constraints.
Here, we demonstrate that each structure in the mass distribution carries relevant cos-
mological information, and hence models with greater freedom in the spline coefficients
(i.e., a larger o) increase the information extracted to infer Hy.

A different number of knots Ny, in the PLS model also affects the inferred value of H,.
Specifically, models with Ng,.s < 12 produce very weak constraints on the parameter,
being also, as discussed, associated with worse BF and DIC values.

Regarding the population parameters, we observe opposite trends to those seen for
Hy. In particular, for all four population parameters analyzed (Mo, Mpigh, Om, @),
the tightest constraints come from the PLS-DD-14-G, 5 model, which corresponds to the
model with the smallest prior width o = 0.5.

As o increases, the relative uncertainty grows for all population parameters. This be-
haviour can be understood by recalling the construction of the PLS model (see Section
, where the primary mass distribution is modeled as an exponential perturbation of
an underlying truncated power-law, where the spline components can capture deviations.
As a consequence, the parameters describing the power law and the spline coefficients
are interdependent: increasing the prior width on the spline coefficients allows the spline
to absorb part of the information that would otherwise be constrained by the parametric
component. This interplay leads to larger uncertainties on the parametric parameters as
o increases. The population parameters, in contrast to the cosmological ones, are also
less sensitive to the details of the mass function reconstruction. They do not exhibit
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clear degeneracies with the spline coefficients, although part of the information absorbed
by the spline coefficients can reduce the information carried by the parametric power-
law parameters. Nevertheless, the median values obtained for each parameter across the
different models are all consistent within the uncertainties.

Here below we provide a more in-depth discussion of the main astrophysical param-
eters.

The lower mass value my,,. For the parameter my,,, all models yield consistent
median values within their uncertainties, indicating that the lower mass cutoff is well
constrained by the data independently of the considered model. All the data-driven PLS
and PL2P models return values in the range 4.6 — 4.9 M, (see Table [p.3)). However, what
clearly changes is the precision: the relative uncertainty increases from o, /Mo ~
16.3% for the PLS-DD14-Gys model up to o, /Miew ~ 32.2% for the most flexible
model PLS-DD14-Gs.

The model preferred by the Bayes Factor is the one that infers my,,, the most similar to
the reference PL2P model, giving:

Migw = 47779 Mg, (5.4)

whereas the model with the lowest DIC value exhibits the largest uncertainty. In con-
trast, varying the number of knots Ng,.s at fixed ¢ = 2 produces almost constant
median values and uncertainties, yielding an improvement of 1 — 5% compared to the
PL2P model. However, these differences are well below the inferred uncertainties on mj,,
and are therefore negligible in finding the best model.

The upper mass value my;ign. The upper mass cutoff 1,4, shows a stronger de-

pendence on ¢. Although the median value remains statistically consistent within the
uncertainties across all models, it increases from ~ 90 Mg for PL2P and for PLS models
with 0 = 0.5 and Ny,0s = [10, 12], to about 120 M, for the largest values of prior width
o = [3,5]. Its uncertainties also roughly double across the models.
Mpign 1s the only parameter that does not follow the general trend of increasing un-
certainty with 0. The model that provides the broadest uncertainties is PLS-DD14-G5
with a relative error oy, . [Mpigh = 37.5%, whereas the tightest constraints are obtained
with PLS-DD12-G,. This behavior indicates a degeneracy between mp;g, and Hy that
we explore in Figure (5.8)). For high values of the prior width (o = 3 — 5), the degen-
eracy between my,,, and Hy becomes weaker and smoother. Instead, for lower values
(0 = 0.5;1;2), mp,gn exhibits a clear negative correlation with Hy. The behaviour origi-
nates from the degeneracy between the detector-frame masses and the redshift: smaller
values of Hy correspond to smaller inferred redshift z at fixed luminosity distance dj,
which leads to larger source-frame masses. In order to maintain these masses com-
patible with the population model, the my;, must increase, producing the observed
anti-correlation.

Because of this degeneracy, it is not possible to separate the effects of the upper mass
scale and the expansion rate of the Universe using only these data and these models. In
this regime, the model compensates for a lower value of the Hubble constant Hy with a
higher value of the upper mass cutoff in order to remain consistent with the observed
population.
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Figure 5.8: Degeneracy between Hy and my;gy. Here, we report the PL2P model (in gray) and the
best model according to the BF (PLS-DD14-Gy, in blue), showing both the 1D and 2D marginalized
distributions.

The primary smoothing scale d,,. The parameter ¢,, follows the expected trend
with o: its uncertainty increases as o grows. The tightest constraint (37.9%) comes
from the ¢ = 0.5 model, while the largest uncertainty (65.6%) is found for o = 5. An
interesting feature is the strong negative prior-dependent degeneracy between 9,, and
Miow (See Appendix and Appendix : as one increases, the other decreases. This
degeneracy weakens as o increases and as the spline captures more structure in the mass
distribution. The same degeneracy remains with the variation of Ng,.s. However, the
variation of Np,.s at fixed o = 2 does not affect the parameter, nor the median value,
nor its uncertainty. The improvement of PLS model with Ng,.s = [10, 12,14, 16] with
respect to the reference model PL2P lies in the range 9.2% — 13.2%.

The primary slope of the power law «. The median value of the power-law
slope « is consistent across all models within the uncertainties. Its uncertainty grows
from 9.4% for o = 0.5 up to 39.7% for ¢ = 5. The most precise results come from
PLS-DD14-Gj 5 model in which the spline coefficients are more constrained, providing;:

a=32+03, (5.5)

In PLS models with low values of the prior width, the parametric components more di-
rectly capture the global slope of the mass distribution, leading to a better constraint of «.

Overall, the population parameters illustrate a complementary behavior to that of
Hy: while increasing the spline flexibility enhances the recovery of the mass distribution
substructures and improves the cosmological constraints, it simultaneously weakens the
precision with which the parametric component of the population model is obtained.
Nevertheless, the stability of the median values across all analyzed models confirms that



5.5. EXPLORING THE IMPACT OF LOGARITHMIC KNOT SPACING 82

the global features of the mass distribution are inferred by the data.

Model Hy [km/s/Mpc|]  myow [Ma]  mpuigh [Me] 0 [Mea] o

PL2P 7257027 4.7710 90.053T1 4 8%2T 29707
PLS-DD-14-G 5 54.61502 49107 90.53%2  5.8%32  3.2703
PLS-DD-14-G; 55.41380 48198 99.1753%  6.073%  3.2703
PLS-DD-14-G, 57.8+219 47718 1LstSE 59728 31108
PLS-DD-14-G3 59.41192 47114 118.27535 55725 3.2718
PLS-DD-14-Gs 61.77193 48718 121.3%520 48T 3473
PLS-DD-10-G, 102.175}2 4.6798 88.61535  55%25  35+10
PLS-DD-12-G, 56.8752% 4.7199 93.6t320  6.1%25  3.3%19
PLS-DD-16-G, 52.01262 47119 105.8%55¢ 58730 32708

Table 5.3: Median and 68% C.1. of parameters Ho, mjow, Mhigh, Om, o for each data-driven model.

5.5 Exploring the impact of logarithmic knot spacing

This Section examines models with logarithmically spaced knots, which currently repre-
sent the most widely explored configuration in the literature (for instance
. The motivation behind the choice of adopting the logarithmic spacing is to
place an appropriate number of knots, especially at low masses, characterized by a finer
structure in the BBH mass distribution. Model comparison (Section indicates that,
according to the Bayes Factor (see Table , the only logarithmic model that shows
strong evidence in favor of itself with respect to the PL2P is the PLS-L0G20-G,; model.
Instead, according to the DIC, all the logarithmic models appear to be disfavored models
relative to the data-driven models with the lowest DIC values. This is a consequence of
the logarithmic spacing: capturing additional substructures in the mass function requires
increasing the number of knots, leading to more complex models. Among the models
analyzed, the PLS-L0G20-G, emerges as the preferred model according to BF and ADIC.

In this Section, we focus our analysis on highlighting the differences in the reconstruc-
tion of the mass function with respect to the PLS models, and how this reconstruction
affects both the cosmological and population parameters inference with respect to the
data-driven results.

5.5.1 Mass distribution analysis

In Figure , we show the best-fit primary mass posterior distribution for the log-
spacing models with the corresponding 68% confidence interval, compared also in this
case with the weakly parametric data-driven approach adopted by [Abac A. G., et al|
(2025)] The main difference to keep in mind is that the B-Spline model used by
A. G, et al. (2025)|is constructed assuming a fixed cosmology, with knots determined
directly by the data.

For models with a number of knots Ng,.s = [10,14,15], the reconstructed mass
functions are generally smoother compared to the PL2P reference model. In particular,
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the peak at ~ 35 Mg, clearly visible in the PL2P, is much less pronounced in these
logarithmic models, while the main peak at ~ 10 M, remains evident. Both peaks,
however, appear shifted to lower masses compared to the PL2P model: for this reason, a
more quantitative assessment of the peak locations and their dependencies on the model
parameters is discussed in detail in Section . Moreover, for these models, in which
knot placement is not driven by the data, just increasing the number of knots does not
ensure a priori a more accurate reconstruction.

The PLS-L0G20-G, model identifies three peaks at approximately 9 My, 18 M and
30 Mg. This reconstruction is the closest to the weakly parametric data-driven model
of[Abac A. G., et al. (2025) and to the data-driven models already discussed in Section
, although the third peak still appears shifted to slightly lower masses. In addition,
the PLS-L0G20-G, model is the only logarithmic one that displays clear mass gaps.

PL2P PLS-LOG-10-G»

Bspline
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Figure 5.9: Best-fit and 68% confidence interval of the primary mass posterior distributions for the
models with logarithmically distributed knots Ny,ts = [10, 14,15, 20] and for PL2P, compared with
the results obtained by |Abac A. G., et al. (2025)]

In Figure , it is shown the median of the primary mass distribution with the
considered knot positions. It clearly shows how small differences in the knot placement
can shift the location of the reconstructed peak. The model that best reproduces the
three peaks, together with the gaps between them, is the one whose knots fall near
the expected peaks and especially in the regions where the mass function changes slope
(similarly to the data-driven method reported in Section (5.2)). In contrast, the other
models place their knots more broadly across these features, missing the weakest peak
at 18 M, first and then leading to a suppression and smoothing of the other peaks.

A visual and qualitative Posterior Predictive Check analysis has also been carried
out for this type of mass function model. All models exhibit observed distributions that
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Figure 5.10: Median of the primary mass posterior distribution for the four logarithmically spaced
model with Ny,ots = [10, 14,15, 20] and their corresponding knot position.

remain consistent with the corresponding predictions, and the PPC does not indicate
that any model should be excluded from the analysis. Since the PPC does not provide
additional information, the full set of PPC plots is reported in Appendix (A.1]).

5.5.2 Constraints on cosmological and astrophysical parameters

Data-driven models have shown that capturing substructures in the mass function can
improve the reconstruction of population parameters. Here, we explore the logarithmic
models with different numbers of knots Ny,.s = [10,14,15,20] and we analyze their
effect on the inferred population parameters.

The models mainly differ in how well they reproduce the peaks of the mass distribu-
tion. While the PLS-L0G20-G, model reproduces all three main peaks, it slightly shifts
them toward lower masses. Instead, models with fewer knots, such as PLS-L0G10-G,,
PLS-L0G14-G,, and PLS-L0G15-G,, smooth part of the mass structure, leading to more
stable parameter estimation.

The population parameters, as discussed in Section (5.4.3)), are less sensitive to the recon-
struction of the mass function compared to the cosmological ones. While they remain
independent and do not exhibit degeneracies with the spline coefficients, some of the
information captured by the splines may partially weaken the constraints on the para-
metric power-law parameters. Overall, the median values are mutually consistent within
their uncertainties and align well with those obtained from the data-driven models, as
reported in Table . In particular, they follow a trend that is similar to the data-
driven population posterior as a function of knots.

The only population parameter that exhibits a strong correlation with Hy and captures
the degeneracy with Hy independently of the number of knots is mpgp,.

The cosmological parameter Hy is the most sensitive to the reconstruction of the mass
function, especially for the spectral sirens analysis, where no galaxy catalog is available,
and it is completely inferred from the shape of the primary mass distribution. In this
case, we observe that the knot placement with the logarithmic approach has an almost
disruptive impact on the retrieved Hubble constant. Different from the data-driven
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models, here Hy shows some unexpected features in its posterior distribution, as shown
in Figure . In particular, the two logarithmic models with the largest number of
knots (Ngnots = 15,20) present significant wiggles in the posterior of Hy.

We notice, strangely, that the model that best reproduces the mass function (PLS-L0G20-Go,
even though the three peaks found are shifted to lower masses) presents a double-
peaked posterior distribution of H,. Instead, the best inference for H, comes from
the PLS-L0G14-G,; model. Cosmological inference and the mass function reconstruction
in the logarithmic case do not depend only on the knot positions, since their locations
are independent of the data.

== PL2P

L
100 200
Miow MMhigh

Figure 5.11: Posterior distributions of parameters Hy, Mo, Mhigh, 6m, « as a function of the
number of knots Nypts = [10, 14,15, 20] logarithmically distributed.

Model Hy [km/s/Mpc|  miow M| Mpigh [Me|  0m [Me] o)

PL2P 72,5527 47719 90.07372 48737 29757
PLS-LOG-10-G, 95.9738 49199 1026135 51735 3.6%))
PLS-LOG-14-G, 93.0+35¢ 4.4199 88.7+612  58+25  33+10
PLS-LOG-15-G, 103.2+H4%2 4.6105 11161535 5.775¢ 34109
PLS-LOG-20-G, 68.37504 4509 106.8%515  6.0735  3.370%

Table 5.4: Median and 68% C.l. of parameters for the logarithmic models.

5.5.3 Inspecting the H issue

To explore the issue in the retrieved Hy with the logarithmically-spaced knots, we in-
spected in detail the parameters derived in the various fits.

It is in particular interesting to consider the logarithmic models with Ng,..s = 15, 20,
that show two independent peaks in the H, posterior. Inspecting the relation between
the retrieved Hubble constant and the reconstructed mass function, we hypothesize that
this bimodality could arise from the observed shift in the position of the peaks. As
in the case of the data-driven models, an improved reconstructed mass distribution can
provide better constraints on Hy, in the same way an incorrect reconstruction can induce
a bias. In particular, in the PLS models, degeneracies can arise between Hjy and the spline
coefficients, which measure the amplitude of the structures in the mass distribution. On
the other hand, we remind that the position of the knots is fixed in this approach. This is
a crucial difference with respect to the parametric PL2P model, where both the position
and amplitude of the peaks are free parameters.
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In the models with Ng,.s = 15, 20, some spline coefficients exhibit strong degeneracies
with Hj, producing the bimodal posterior distribution shown in Figure . Appendix
shows a part of the corner plot for the models PLS-L0G15-G,, explicitly highlighting
Hy, the population parameters, and two relevant spline coefficients. The PLS-L0G15-Gs is
in fact the model for which the Hy bimodality is the most evident and with the strongest
degeneration between H, and spline coefficients.

To investigate correlations between the population parameters and the cosmological
parameters Hy, we divide the posterior samples into two subsamples based on the value
of the spline coefficients ¢; and ¢g. These coefficients correspond to the first peak (~ 10
M) and to the subsequent gap in the mass distribution and are strongly correlated with

Hy, respectively positively and negatively.

We then extracted from the sampled posterior the mass function for two regimes:

e Low H,, defined by ¢5 < 0 and ¢ > 0;
e High H,, defined by ¢; > 0 and ¢ < 0.
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Figure 5.12: The red and blue bands show the mass function reconstructed from the two subsamples
selected based on the values of the spline coefficients ¢5 and c¢g, which identify the low and high Hy
regimes. Left: the two subsample mass functions are plotted together with the fully marginalized
mass function, shown as a black solid line (median) with 68% credible interval as dashed lines. Right:
the four vertical lines mark the 4 strategic knots positions around the peaks at 10 Mg and 35 Mg,.

In Figure (5.12)), the mass function is reported for the two Hj regimes. A clear
difference is observed between them, which can explain the bimodality seen in the H

posterior.

The mass function associated with the low H, regime is shifted toward higher masses,
while the one corresponding to the high Hj regime is shifted toward lower masses. These
differences in the mass distributions lead to two equally probable solutions in the H
posterior, producing two distinct peaks. In particular, the low H, peak is anchored by
the "low Hy" mass function, while the high Hjy peak is anchored by the "high Hy" mass

function.
The two mass functions not only show different peaks and gaps, but they also cover

different ranges of masses. This behaviour arises because H, is proportional to the
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redshift through Eq. , which in turn is inversely proportional to the source-frame
mass Mg, as shown in Eq. . As a consequence, changes in the reconstructed mass
function directly affect the inferred Hy values in the spectral sirens analysis.

In fact, because of the intrinsic nature of the PLS model, the spline is forced to pass
through the imposed knots. As shown in the right panel of Figure (5.12)), the knots
near 10 Mg and 35 M, are located on opposite sides of the peaks in the combined mass
function. Consequently, the mass function is forced to place the peak in correspondence
with one knot, either to the left or to the right of the combined mass function peak,
depending on the Hj regime. The model PLS-L0G15-G, is not the only one that pro-
duces a bimodal posterior for the cosmological parameter; the PLS-L0G20-G, model also
exhibits the same behavior. The model with 20 knots has more degrees of freedom, and
hence it allows the mass function to oscillate more freely. As a result, the posterior does
not show a sharp double peak but rather a smoother structure in the Hy parameter.
Moreover, as shown in the corner plot in Figure , it is noteworthy that in the case
where the bimodality in the Hy posterior is most pronounced, a corresponding double
peak also appears in the posterior of my;g, the parameter most strongly correlated with
Ho.

The clear separation between the two mass functions highlights the strong correlation
between cosmological and population parameters and demonstrates that spectral sirens
analysis requires extremely accurate models.

5.6 Correlation between mass function features and H,

To identify which features of the mass function contribute most to the inference of H,
and quantify their impact, we compute the Spearman correlation coefficient p between
Hy and the parameters describing the mass distribution. This coefficient ranges from -1
to 1 and quantifies the strength and direction of the correlation between variables.

For each mass function model, we evaluate the correlation between Hy and the param-
eters that define the main features in the mass function. In the case of the PL2P model,
these correspond to the parameters describing the low and high mass cutoffs (m,, and
Mhign) and the Gaussian peaks (p; and po). For the PLS models, the correlations are
computed with the spline coefficients (¢;) and still the cutoff masses.

Each correlation coefficient, therefore, quantifies how variations in a feature of the
mass functions are associated with changes in the inferred value of Hy. To visualize it,
these correlations between two parameters are associated with the primary mass and
shown along the m;, allowing us to highlight which mass ranges have the most impact
on the cosmological inference.

The results are shown in Figure (5.13), where the colored regions represent the value
of the Spearman coefficient in that mass range, while the dashed black line shows the
median mass function.

For the PL2P model, we find that both peaks in the mass distribution are anti-
correlated with H,. For the data-driven models, with the exception of PLS-DD10-G», a
clear pattern emerges: the coefficient preceding each peak is positively correlated with
Hy, while the one following it is anti-correlated. This means that H, is constrained
through the combination of the two coefficients that characterize the rising and falling
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Figure 5.13: Spearman correlation coefficients p between Hj and the parameters describing the
mass function for each model. The correlations are interpolated along the primary mass m. The
dashed black line represents the median of the mass function.

edges of each peak in the mass function. The PLS-DD10-G, instead, due to the low
number of knots and the uncertain reconstruction of structures in the mass function,
does not exhibit a clear correlation or anticorrelation. It is in particular interesting to
underline here the emergence of this behaviour around three peaks for the data-driven
PLS, evidence of the fact that also the third intermediate peak has a non-negligible
contribution to constraining the Hubble constant.

Regarding the logarithmic models, we find that PLS-L0G10-G, behaves similarly to
the PLS-DD10-G,. The PLS-L0G14-G, model displays correlations associated with the
two main features in the mass function, occurring at mass scales consistent with those
observed in the data-driven models. This explains why PLS-L0G14-G, provides an Hy
inference most similar to the data-driven approach among the logarithmic models. In
contrast, PLS-L0G15-G, and PLS-L0G20-G,, which both have two distinct peaks in the
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Hy posterior, show positive correlations just after the peaks and anticorrelation in cor-
respondence with gaps. The correlations involve mass scales that are shifted to lower
values relative to those carrying cosmological information, as evident from the plot.
Comparing the data-driven correlations with those from the logarithmic models, it be-
comes evident that, as the number of knots increases, the data-driven approaches yield
more stable results. This greater stability arises from the fact that, even if with more
knots, the data-driven reconstructions can place knots consistently around the peak
structures (Section . Instead, the logarithmic models place the knots independently
of the data, and in this case, the PLS forces the mass function to pass through those
points, weirdly placed with respect to the overdensities in the mass distribution. This
further stresses that the choice of knot positions is crucial, and that simply increasing
their number in the logarithmic case would not necessarily lead to an improved recon-
struction.

5.7 Summary

In this Chapter, we explored for the first time the PLS model on real data, using the
GWTC-4 catalog. The analysis of the GWTC-4 dataset was already carried out by
[Abac A, et al. (2025) with a spline model, but only with fixed cosmology. Furthermore,
a logarithmic spline configuration has already been tested by [Edelman B., et al. (2022)|
and by [Edelman B., et al. (2023)]on GWTC-2 and GWTC-3 datasets, respectively, still
with fixed cosmology.

In this Thesis, the analysis on GWTC-4 is performed in the spectral siren regime using
both configurations, data-driven and logarithmic, for the first time, fitting at the same
time cosmological and astrophysical parameters. Allowing cosmology to vary makes it
possible to study not only population parameters, but also the inference of cosmological
ones and how the two sets of parameters are correlated and degenerate.

Among the two configurations, the data-driven approach can improve the cosmolog-

ical constraints because it recovers the features of the mass function more accurately,
thanks to the freedom of choosing knot positions. This analysis demonstrates how cru-
cial the knot placement is. In fact, a wrong placement of knots could produce artificial
oscillations in the posterior distribution. This issue is clearly visible in the logarithmic
case, where the posteriors of parameters could show oscillatory behavior and a bimodal
shape.
Another important point stressed in this Chapter concerns the choice of parameters’
priors, in particular that of my;g,. In this analysis, the upper bound of the maximum
cutoff mass prior is set to 200 Mg, allowing the parameter my;4, to vary and to perform
a completely cosmologically unconstrained study. In contrast, [Edelman B., et al. (2022)|
and |[Edelman B, et al. (2023)|fixed the upper bound ¢, , = 100 Mg. Combined with
the fact that their cosmology was fixed, and in the absence of the degeneracy between
Hy and myp,gpn, this also restricted the mass range and the allowed knots positions below
100 M.

Overall, the analysis suggests that the data-driven method should be preferred over
the logarithmic one, as it provides better control over where the mass function is recon-
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structed. We also observed that increasing the number of knots in the data-driven case
leads to a small but significant improvement in the reconstruction of the mass function,
whereas in the logarithmic case, it mainly introduces spurious oscillations.
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Conclusions

The advent of gravitational waves (GWs) has opened a new observational window on the
Universe, impacting both astrophysics and cosmology. The first detection of GWs oc-
curred in 2015, when the LIGO Collaboration detected GW150914 ((Abbott B. P., et al. |
2016)), marking the beginning of the gravitational wave observations era. Two years later,
in 2017, the first binary neutron star (BNS) merger event, GW170817, was detected with
its electromagnetic counterpart, opening the era of multimessenger astronomy
B. P., et al., 2017)). Since then, a continuous campaign of instrumental upgrades has sig-
nificantly increased the sensitivity of ground-based interferometers such as LIGO, Virgo,
and KAGRA, leading to a rapidly growing catalog of GW events. Today, the latest GW
catalog is GWTC-4, (released in November 2025, |[Abac A. G., et al., 2025)), which con-
tains &~ 200 GW events from compact binary coalescences (CBCs), the majority of which
are binary black hole (BBH) mergers. The increasing number of observed events has im-
proved our knowledge of the BBH population and its astrophysical properties, and this
progress is expected to continue with future observing runs and the next generation of
interferometers. At the same time, GWs have started to be used as cosmological probes.
In particular, CBCs act as standard sirens (Schutz B. F., 1986 [Holz E. et Hughes S. |
2005)), providing an independent way to measure the luminosity distance dj without any
external calibration. However, the rapidly increasing volume of data has also highlighted
new challenges. The growing number of detections requires a continuous review of the
models used to reconstruct the BBH population properties. In particular, the BBH mass
function has revealed multiple complex structures not recovered by parametric models.

Despite the success of the ACDM model, modern cosmology has highlighted several
open questions: the nature of dark matter and dark energy is still under debate, and with
increasing precision of modern observations, tensions have emerged in the cosmological
parameters measured with different probes. The most significant is the Hubble tension,
a disagreement between the Hubble constant inferred from early-Universe data (such as
CMB) and the value obtained from late-Universe measurements (using Type Ia super-
novae calibrated with Cepheids). This discrepancy between H values may suggest that
additional physics is required beyond the ACDM model, motivating the development of
new observational probes to resolve it (Moresco M., et al., 2022)).

GWs are emerging in this scenario as a potentially powerful cosmological probe for
the future, especially for resolving the current tension in the measured values of Hj.
At present, however, the uncertainties in the available measurements of H, are too
large to solve the discrepancy. The situation is expected to improve with future GW
interferometers, which will enable the detection of O(10°) events, reaching redshift up
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to ~ 20.

The aim of this Thesis is to develop and implement a semi-parametric methodology
for modeling the BBH mass function. This flexible modeling is crucial, especially for
the future, to maximize the cosmological information extracted from GWs. In fact, it
enables not only a more accurate reconstruction of the mass function itself but also a
better extraction of cosmological insights encoded in its structure. Especially for the
spectral sirens mode, where the redshift information is inferred from features in the
mass function, a semi-parametric data-driven model is crucial for the emergence of new
features.

In this Thesis, the semi-parametric model PLS is developed and implemented within
the Bayesian framework CHIMERA to perform a joint hierarchical Bayesian analysis of
both astrophysical and cosmological parameters, aiming to study how these parameters
can be inferred according to the mass function models adopted and to explore their de-
generacies and mutual dependencies. This work is included in and contributed to the
publication of [Tagliazucchi M., Moresco M., Borghi N., Ciapetti C. (2026)]

The main results of the Thesis are summarized below.

Implementation of a semi-parametric mass function. In this Thesis, the first
step was the study and implementation of a semi-parametric primary mass function
(PLS) to model the mass distribution of BBH. The structure of the PLS model (taken
from [Edelman B., et al., 2022), is successfully implemented and validated within the
CHIMERA pipeline. By combining a power law with a flexible spline component, the
model introduces controlled deviations from the standard parametric form, allowing the
mass distribution to adapt more closely to the data. The construction of the spline
through the de Boor recursive algorithm, together with the flexibility in choosing knot
positions, allows for capturing both global trends and localized features of the BBH mass
function. We also included the possibility for an automatic or manual placement of the
spline’s knots, to allow for maximum versatility. This implementation required extend-
ing the internal structure of the pipeline, including a modification of the generate_dict
function to support arrays of coefficients. With this extension, the PLS model is now
fully integrated and can be used as the already existing population models. Overall,
the introduction of a semi-parametric approach provides a more flexible and data-driven
tool for mass function reconstruction, and represents a significant step forward for future
hierarchical analyses within the CHIMERA framework.

Validation and testing. The validation process constitutes an essential preliminary
test in assessing the robustness and performance of the PLS model, as it allows us to
evaluate its reconstruction capabilities in a controlled setting, without observational
data and starting from well-defined and known theoretical mass functions. The goal is
to verify whether and with which accuracy the PLS model is capable of reproducing the
distribution of BBH masses most commonly adopted in the literature to describe the
observed dataset. We decided to consider as testing data the PLP and PL2P models, since
they are the representative reference models considered for the GWTC-3 and GWTC-4
analyses, respectively. We set up the models adopting the parameters directly derived
from the analysis of the GWTC-4 dataset, in order to make the functions as close as
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possible to the observational evidence.

e The first phase of the validation explored how four PLS configurations, with an in-
creasing number of knots, specifically Ny,ors = [5, 10, 15, 20] logarithmically spaced
between 5.1 My and 87 Mg, can reproduce the test models. The results clearly
indicate that a higher number of knots generally improves the reconstruction ac-
curacy, particularly when the target mass function exhibits multiple features. In
the case of the PLP model, however, increasing the knots from 15 to 20 yields no
significant improvement, suggesting that above a certain complexity, the gained ac-
curacy becomes negligible. In contrast, the PL2P model benefits from this increase:
moving from 15 to 20 knots enhances the reconstruction accuracy by approximately
7%, enabling the model to reproduce not only the broad peak around 35 M, but
also the secondary peak near 10 M.

e An interesting insight emerging from this analysis concerns the placement of knots,
which often plays a more decisive role than their total number. We verify that a
model with 20 logarithmically spaced knots can achieve the same reconstruction
precision as a model with only 10 knots whose positions are strategically chosen
to capture the main structures, supporting the importance of the versatility with
which we built the code. The selection of knot positions, and consequently of the
model configuration, is a crucial aspect of this and future analysis, because the
placement of knots, and thus of the spline coefficients, determines which features
are highlighted or smoothed, affecting the accuracy of the cosmological information
extraction.

Application to mock data The PLS model is then applied and studied on mock
galaxy and GW catalogs created and described in [Borghi N. et al., 2025 Firstly, a
parent galaxy catalog is built from the MICECATv2 and is described by a parametric
redshift-evolving stellar mass function. Then, potential BBH host galaxies are identified
using a linear weighting scheme on mass. Mock GW events are therefore generated
according to population models (PLP for the mass distribution and Madau-Dickinson for
the merger rate), and their detections from the LVK detector network are simulated using
GWFAST (lacovelli F., et al., 2022)), providing a forecast for O5 observing run. Working
with simulated data allows the knowledge of the true parameters and full control over
the PLP model used to generate the data, enabling a clear validation of the hierarchical
inference. We analyze these catalogs, exploring both the dark siren (considering the use
of a galaxy catalog to provide redshift information about the GW hosts) and spectral
siren (considering only the mass distribution of BBHs to derive constraints) approaches.
These are the main results.

e In the dark sirens case, 5 PLS models with different knot placements are tested:
4 of them have logarithmically spaced knots, respectively Ny,os = [5, 10,15, 20],
one is built by exploring the chosen knot positions using the same number of knots
that gives the best result in the logarithmic case (Ngnors = 10). All the models
reconstruct the mass distribution successfully, recovering the fiducial peak at 35
Mg, but models with ten or more knots also identify a fluctuation at 60 M. The
10-knot models provided the most accurate and stable reconstruction, avoiding
artificial fluctuations at low masses. The 60 Mg, feature, absent in the fiducial PLP
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model, persisted when reanalyzing the data with a PLP and a 10 user-defined knots
PLS models, suggesting that it is not an artifact of the spline representation but
rather depends on the specific mock realization.

e In dark sirens, the analysis of the hyperparameters (Hy, o, mpign, ) shows that
Hj remains consistent across all models with a relative error oy, ~ 0.6%, as its
inference is driven by the inclusion of a spectroscopic galaxy catalog. Instead, the
mass hyperparameters exhibit degeneracies with spline coefficients, which tend to
absorb the contribution of the parametric model parameters. This highlights how
crucial the model choice is when reconstructing the mass function.

e In the spectral sirens approach, the cosmological inference becomes directly linked
to the reconstruction of the BBH mass distribution. Only the reference PLP model
and the best performing PLS model (10 logarithmically spaced knots) are compared,
simulating a realistic scenario for the real data application. The mass function
reconstruction is consistent and robust, recovering both the peak at 35 M and a
statistical fluctuation at 60 My, even with slightly lower accuracy with respect to
dark sirens cases, due to the absence of galaxy information.

e In the spectral sirens mode, the parameters inferred (Hy, o, mpgn, ) are mutu-
ally consistent within the uncertainty with no evidence for systematic differences
between the two models.

Overall, the results on simulated data demonstrate that the PLS model is able to reliably
reconstruct the global shape and key features of the mass function. The consistency of
cosmological and astrophysical parameters between PLP and PLS models indicates that
the model developed is suitable for application to real GW data. We note, however, that
given the available catalogs, our tests focused on a simplified mass distribution modeled
with a single peak.

Application to real data. Once implemented and validated our model, the final
step consisted of performing the analysis for the first time on a real dataset, and in
particular the real GWTC-4 catalog (just released during the development of this Thesis),
consisting of 137 BBH events. We decided to perform the analysis in spectral sirens mode,
and study whether and how the PLS model, thanks to its increased flexibility compared
to parametric models, is able to reconstruct the BBH primary mass distribution more
accurately than the reference parametric model PL2P. This approach allows us to reveal
new features and enhance the inference of cosmological and astrophysical parameters.
Here are the main results.

e A data-driven method for knot selection is devised and implemented. This new
method explores the observed mass distribution, and with an algorithm based
on Gaussian Mixture Models provide an optimal selection of spline knots across
the most relevant features derived in the BBH mass function. This procedure is
performed by varying the cosmological parameters (Hy, in particular) in order not
to be cosmology-dependent. This approach is verified to be the most effective and
economic (in terms on number of knots found) for the knots placement, as it is
driven by the posterior of GW events for different values of H.
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e Two classes of PLS models are explored in the analysis: one constructed using
the data-driven method, varying both the number of knots and the priors on the
spline coefficients, and one with logarithmically spaced knots, the most popular
choice considered for semi-parametric modeling in the literature. In both cases, the
goal is to identify the best compromise between model complexity and descriptive
accuracy according to model selection diagnostics; here, we considered in particular
the Bayes Factor (BF) and the Deviance Information Criterion (DIC). We find that
the best performing models are the ones based on the data-driven approach, and
in particular with Ny, = 14 and 0 = 2, 5.

e The analysis of the BBH mass distributions derived with the data-driven models
shows that the prior of the spline coefficients has a stronger impact than the num-
ber of knots. As the prior width o changes, the features of the distribution are
modeled with varying levels of detail, although the same underlying structures are
consistently recovered. Compared to the PL2P model (the standard model used in
cosmological analyses in LVK), the analysis identifies not only the known peaks at
10 M, and 35 M, but also a third peak at 18 M, and a bump around 60 M. This
is interesting, since it confirm another observational evidence found by population
studies (Abac A. G., et al., 2025).

e For the data-driven models, the analysis on the parameter constraints includes Hy,
Miow; Mhighs Om, and a. For the cosmological parameter Hy, a clear trend emerges:
as o increases, the relative uncertainties decrease. This behavior indicates that
a larger o enables a more accurate reconstruction of the mass function, allowing
additional structures in the distribution to be captured. As a consequence, we find
that the constraint on Hy improves when the mass function is reconstructed with
higher accuracy. This highlights the impact of the precision of the mass function
modeling and the strength of the cosmological inference. In contrast, the mass
parameters exhibit the opposite trend: their uncertainties increase with o. This
is likely because, as o grows, the spline coefficients gain more freedom to capture
and absorb the information that would otherwise constrain the parametric mass
parameters.

e The logarithmic models are less predictable than the data-driven ones because
their knots are spaced deterministically (depending on mye, and mp,g,) rather
than informed by the data. As a consequence, it is not surprising that the model
capable of reproducing all three peaks is the one with 20 knots, simply because it
allows fluctuation at the values where they are observed.

e For logarithmic models, the mass parameters do not exhibit any clear trend and
remain mutually consistent. However, the inaccurate reconstruction of the mass
function introduces a bias in the inferred value of Hy, which strongly depends on
the knots placement and on the resulting location of the identified mass structures.
This effect is particularly evident per the log-15 and log-20 models, for which the
posterior of Hy shows a double peak. We studied this effect in detail, and we
identified its origin in the degeneracy between Hy and the spline coefficients in
correspondence with the peaks.
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Future perspectives

The results presented in this Thesis demonstrate that the constraints on both astrophys-
ical and cosmological parameters can be significantly enhanced through a more versatile
modeling of the mass distribution, particularly when employing semi-parametric ap-
proaches and, even more, when optimally selecting the knot positions.
A future extension of this work would be to explore additional methods for studying the
dependence and influence of knot positions, but also to investigate methods that do not
require the knot positions a priori. Moreover, the data-driven method could be further
developed, potentially by constructing an approach that does not rely on an external
parameter such as the prominence.
Another promising direction is the implementation of a semi-parametric model based still
on BSpline to investigate the mass distribution not only of BBH systems but also of
other CBCs. In fact, although BBH systems remain the most frequently detected by the
LVK detector network, the release of the GWTC-4 dataset already shows an increasing
number of systems containing one or two neutron stars (NS). This suggests that in future
observing runs, and even more so with the third generation of interferometers, we can
expect to detect a growing number of systems involving NSs. These systems will be used
not only as dark and spectral sirens, but also as bright sirens when their electromagnetic
counterpart is identified.
Within the expansion of the BSpline, a future perspective to extend this work is to
study the joint mass distribution p(mi, ms) of primary and secondary masses instead
of the primary mass distribution p(m;) alone. In fact, the joint mass distribution is a
two-dimensional distribution that contains much more information: it allows us to ob-
tain p(m;) and p(ms) by marginalization, and it also describes the correlations between
primary and secondary mass distribution parameters.
This analysis has been further simplified by marginalizing the GWTC-4 data over the
spin parameters, effectively neglecting their contribution. Therefore, a natural next step
is to extend the analysis to explicitly include spins and assess how they impact our re-
sults.
Lastly, the spectral sirens analysis adopted in this work relies on the assumption that
the source-frame mass distribution can be used to break the degeneracy between redshift
and detected masses. However, it has been shown (Rinaldi S., et al., 2024]) that the mass
function itself may evolve with redshift. It would therefore be interesting to investi-
gate a redshift-dependent evolving mass spectrum and to understand how to adapt the
semi-parametric mass model to the case of a mass function that evolves in redshift.
With the increasing number of detections, this Thesis has demonstrated that semi-parametric
methods can effectively complement traditional parametric models for deriving cosmo-
logical constraints. These approaches should be further developed in parallel with para-
metric models, especially in light of the large number of detections expected from third-
generation detectors such as the Einstein Telescope (ET; (Punturo M., et al., 2010) )
and Cosmic Explorer (CE; (Reitze D., et al., 2019))).
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Appendix A

Appendix

A.1 Posterior Predictive Check for logarithmic models

In Figure (A.1]), it is shown the Posterior Predictive Check (PPC) for the logarithmic
models. The number of predicted events is fixed, as in the case of data-driven models, to
the number of observed ones, N, yenis = 137, and 200 posterior draws are used. The PPC
panels compare the observed CDF of the primary mass distribution with the CDF pre-
dicted by each model. Across the different models, the overall behavior is almost similar.
However, the model exhibiting the poorest PPC performance is the PLS-L0G15-G, case.
It shows the largest visible discrepancy between the observed and the predicted CDFs,
particularly in the intermediate mass range around ~ 50 M. This is also consistent with
the ADIC values reported in Table (5.2)), which show that the PLS-L0G15-G, model is
the worst-performing logarithmic spline configuration in terms of balance between the
goodness of fit and model complexity: despite introducing 15 spline coefficients, the
chosen knot positions do not support the recovery of the underlying structure.

PLS-LOG-10-Go

CDF

PLS-LOG-20-Go

my (M) my (M) my [Me)

Figure A.1: Posterior predictive checks for all log-spacing models and for PL2P evaluated on GWTC-
4 dataset. The darker region shows the 90% credible interval of the observed cumulative distribution
of the BBH population, while the lighter region corresponds to the 90% credible interval of the
predicted distribution. The solid line indicates the median of the predictive cumulative distribution.



A.2. FULL CORNER PLOT FOR THE PLS-DD14-G, MODEL 100

A.2 Full corner plot for the PLS-DD14-G>; model

The full corner plot for the PLS-DD14-G, model is reported. It shows the marginalized
1D and 2D posterior distributions for all the model parameters. This case is presented
as an illustrative example, for the model that performs best according to the Bayesian
diagnostics (see Section [5.3.3).
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Figure A.2: Full corner plot showing the marginalized 1D and 2D posterior distributions for all
parameters of the PLS-DD14-G> model.
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A.3 Corner plot for the PLS-L0G15-G,; model

In this Section we report the corner plot of the PLS-15L0G-G, model, showing the
marginalized 1D and 2D posterior distribution for Hy, the mass parameters («, 0y,
Miow, Mhigh) analyzed in Section , and two spline coefficients used to investigate
the double-peaked structure of the Hy posterior distribution (see Section .
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Figure A.3: Corner plot of the PLS-15L0G-G, model for Hy, the four analyzed population param-

eters (o, Om, Myow and mp,gn) and a representative selection of spline coefficients. Specifically, c5
and c¢g are included to show their respective positive and negative correlations with Hy.
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