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Abstract

The widespread integration of artificial intelligence into everyday life has raised fun-
damental questions about the mathematical principles underlying neural network learn-
ing. Modern architectures are rarely trained from scratch for each new task; instead,
they leverage knowledge acquired from previously learned tasks. This paradigm, known
as transfer learning, consists in initializing a model for a target task using a network
previously trained on a related source task. For example, a network trained to distin-
guish cars from motorcycles can be fine-tuned to classify bicycles and trucks, building
upon previously learned feature representations. When the objective is not only to learn
the target task but also to retain performance on the source task, the problem falls
within the framework of continual learning. In this setting, forgetting quantifies the
degradation in performance on the source task after training on the target task. A
well-known challenge is catastrophic forgetting: during fine-tuning, performance on the
original task can deteriorate dramatically. A central question is whether specific fine-
tuning strategies can mitigate catastrophic forgetting. Although the phenomenon has
been extensively studied and its causes widely analyzed (see e.g. [1, 2, 3]), it remains
unclear to what extent it can be controlled through tailored adaptation techniques. In
this work, we investigate the impact of Low-Rank Adaptation (LoRA) on catastrophic
forgetting. LoRA is a parameter-efficient fine-tuning method in which the pretrained
weight matrix is kept frozen and updated by adding a low-rank perturbation, expressed
as the product of two trainable matrices. Since the original weights remain unchanged,
this approach may have significant implications for memory retention. We address this
question within the theoretical framework of online learning introduced in [4], which
enables the study of learning dynamics by tracking the time evolution of macroscopic
order parameters (overlaps), such as weight norms. In online learning, the weights of a
network are updated after each individual data point, which is subsequently discarded.
In the regime of large datasets, this one-pass stochastic gradient descent approximation
becomes realistic, as the probability of encountering the same example twice is negligible.

This perspective allows us to analyze neural networks as dynamical systems. Focusing
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on committee machines [5, 6], we derive differential equations that govern the learning
dynamics and study their equilibrium configurations, plateau phases, and generaliza-
tion curves. Through this analytical approach, we identify the conditions under which
LoRA mitigates catastrophic forgetting, highlighting the role of source—target similarity,
architectural choices for teacher and student networks, and the interplay between the

hyperparameters introduced by LoRA.



Abstract

La diffusione su larga scala dell’intelligenza artificiale ha sollevato importanti ques-
tioni sui fondamenti matematici del processo di learning delle reti neurali. Al giorno
d’oggi, le reti neurali vengono raramente allenate da zero; nella pratica, si sfrutta la
conoscenza che altre reti neurali hanno acquisito quando allenate su altri compiti. Questo
paradigma, noto come transfer learning, consiste nell’inizializzare un modello, detto tar-
get, utilizzando una rete precedente allenata su un compito affine. Tale modello pre-
allenato ¢ detto source. Ad esempio, una rete allenata per distinguere auto e moto puo
essere modificata (fine tuning) per classificare camion e biciclette, basandosi su caratter-
istiche comuni tra queste due classi di oggetti. Se 'obiettivo fosse non solo imparare il
nuovo task, ma anche mantenere una buona performance sul primo, si starebbe parlando
del cosiddetto continual learning. In tal caso, si chiama forgetting quella quantita che
misura la perdita di performance sul primo task una volta che si ¢ iniziato ad allenare la
rete per risolvere il secondo. Tuttavia, questa procedura soffre di una problematica molto
nota detta catastrophic forgetting: la performance sul source deteriora in maniera dram-
matica. Una domanda cruciale ¢ se esistano delle tecniche di fine-tuning che possano
arginare il catastrophic forgetting. Sebbene il fenomeno sia stato ampiamente studiato,
cosi come le sue cause (si vedano ad esempio [1, 2, 3]), rimane ancora poco chiaro se e
in che misura esso si possa controllare usando delle specifiche tecniche di fine-tuning. In
questa tesi, studieremo 'impatto della Low-Rank Adaptation (LoRA) sul catastrophic
forgetting. LoRA e un metodo di fine-tuning computazionalmente molto efficente, in cui
la matrice del source € mantenuta fissa durante tutto il training sul secondo task e ad
essa viene aggiunta una perturbazione di rango basso, espressa come il prodotto di due
matrici, le quali vengono imparate usando la discesa del gradiente sulla funzione obiettivo
che vogliamo minimizzare (loss function). Poiché i pesi originali rimangono immodifi-
cati, questo approccio potrebbe avere effetti rilevanti sul forgetting. Tutto questo studio
verra condotto utilizzando le tecniche di apprendimento online introdotte in [4]. Questo
approccio permette lo studio della dinamica dell’apprendimento, poiché permette lo stu-

dio dell’evoluzione nel tempo di alcune quantita macroscopiche, dette parametri d’ordine

1l
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(od overlaps), come ad esempio la norma dei pesi della rete. Nell’apprendimento online,
i pesi della rete vengono aggiornati mediante discesa dei gradienti, in cui la funzione
obiettivo viene minimizzata utilizzando un singolo dato in input, che viene successiva-
mente eliminato. In un regime di sovrabbondanza di dati, questa discesa del gradiente
su singolo input e realistico, giacché la probabilita di incontrare piu volte lo stesso dato
e pressoché trascurabile. Questa prospettiva ci permette di analizzare le reti neurali
come fossero sistemi dinamici. Focalizzandoci sullo studio delle committee machines
[5] [6], deriveremo delle equazioni differenziali che governano la dinamica di apprendi-
mento, permettendoci di studiare configurazioni di equilibrio, presenza di eventuali fasi
sub-ottimali di apprendimento e permettendo di determinare analiticamente le curve di
apprendimento. Utilizzando questo approccio, identificheremo le condizioni sotto le quali
LoRA mitiga gli effetti del catastrophic forgetting, mettendo in luce I'importanza della
similarita tra compiti, della scelta delle architetture insegnante e studente e il rapporto

con gli iperparametri introdotti da LoRA.
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Chapter 1

Dynamical equations for Committee

Machines.

In this chapter, we will introduce a specific artificial neural architecture: the committee
machine. Inspired by the work in [4, 7], we will introduce a set of ordinary differential
equations that will describe the learning process of a neural network in the famous
teacher-student setting [6] under synthetic input data, i.e. where the input data are not
real-world data-points, but are drawn from a known probability distribution, which for
us will be a gaussian distribution with a specific mean and covariance. This chapter is
primarily devoted to the presentation of the theoretical results in [4, 7, 8], for which we
will provide explicit computations of the formulas in [4, 7], together with the reproduction
of some numerical experiments. Some notation may differ from those in the literature

and is made to make the presentation more uniform.

1.1 What is a neural network

This section is a basic introduction to the main concepts of neural network, inspired
by [9]. Neural networks are algorithms whose goal is to learn from data to accomplish
a specific task. For example, we can design a neural architecture that, given an image
of a cat or a dog, outputs the animal in that image. More precisely, we can give the

following;:

Definition 1.1.1. A (deep) neural network with L layers is described by a sequence
of matrices Wh, ..., Wy, called weights, and functions g1, ..., gy, called activation func-
tions and are typically non-linear. The output of the network is given by a sequence of

transformations of an input vector & as follows:
21 = g1(Wig)

1



2 1. Dynamical equations for Committee Machines.

where W& 1s a matriz-vector product and g, is applied component-wise. Then we define

recurswely for any1=2,..., L:

zi = gi(Wizi-1)
and the output of the network is zr,, which we can also denote as (&) 1= zp.
Remark. For our purposes, we will consider the case where zy, is a scalar.

Once the model is introduced, we need to talk about the data. A data set is a

collection (&#,7#),-1, . p of data, where £" is the input (e.g. image) and 7* is the label

associated to that input (e.g. "cat” or "dog”). We will use the data to "train” the
network to associate the correct label to any input. In order to do this, we need a

function that measures how well the network is labeling a specific input vector.
Definition 1.1.2. A loss function is a function e : R x R — R.
Remark. Typically, e is non-negative and can be thought of as a distance function.

Remark. Given a data point (§#,7") and a deep neural network with output z;, = o(&),
the loss on input " is defined as e(§*) := e(a(&*), 7). The idea is that, the lower the
loss, the higher the ability of the network to associate the true label to the given data.

The idea is then to minimize a loss function, called training loss that is an average
of the losses computed on the data set (§#,7#),=1,. p (called training set) and defined

as a function of the weights W = [Wy, ..., Wy] of the network as follows:

1
gtrain(W) = E Z 6(0’(5”), TH)
HEB
where B C {1,..., P} is called batch and is a collection of some data points. In order
to minimize the training loss we can use the Gradient Descent algorithm (GD), that is,

we can update the weights using the following relation:
Wk+1 = Wk - nvgtrain(wk:)

with n > 0 called learning rate. Using many batches at a time allows us to determine a
sequence of weights W), that can eventually converge to a minimizer of the training loss,

w=.

Remark. Convergence to an optimal value is not always guaranteed, as the loss function

may present many local minima, making GD only locally optimal.
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Finally, once the training procedure has finished, we can test how good the trained
network W is, by computing the so-called test loss:

1 Ptest R

gtest(W) = P E 6(0’(§u>, ’7A'u>
test 1
o
where (f“ TH) =1, s 15 the test set, possibly different from the train set.

1.2 Committee Machines

A committee machine is a two-layered neural architecture in which the output of the
network is provided as a linear combination [5] of the outputs of more simple networks.

Those simpler units are called perceptrons.

Definition 1.2.1. Let N € N. Let J € RY and g : R — R be a function. A perceptron
is a couple 11 = (J,g). The output of a perceptron I = (J, g) on the input data & € RY

is defined as:
O(J,9:§) =g (\J/—]\f) (1.1)

We refer to g as the activation function.

Remark. The reason why we are scaling using v N will be clear in the following of this
chapter. This is due to the so-called thermodynamic limit, i.e. the case where N — 400,
which is the main case of interest in statistical mechanics, as neural networks typically

have a large number of neurons and synaptic connections, as happens in the human brain.

Going back to our description of a committee machine, we can give the following

Definition 1.2.2. Let N,K € N. Let {J;}iz1..x CRY, he RE and g : R — R be a
function. A committee machine is the data € = (J, h,g), where J = [Jl, ce JK} is a
matriz whose columns are the vectors J;’s. The output of a committee machine is defined

as:

Q(J, h,g;€) = Zh( ) (1.2)

K s the number of hidden units, J is called input-to-hidden weight matriz, while h s

called the hidden-to-output weight vector. Again, g is called activation function.

Remark. As we said before, one can rephrase the definition of output of a committee

machine in terms of those of many perceptrons as follows:

K
QI h,g:) =Y hO(Ji,g;¢) (1.3)
=1
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Remark. In the following, when possible, we will use the shortcut Q(€; &) for Q(J, h,g;¢&),
where € = (J,h, g).

Remark. Working with committee machines allows us to retrieve the simpler case of a

perceptron by considering the case K = 1.

There are many reasons why committee machines should be examined in depth, as
they represent a powerful architecture in many learning scenarios. Firstly, unlike the
perceptron, committee machines represent a more complex class of neural networks and
therefore provide a wider range of applications [10]; for example, if we want to solve a
classification task where the data is not linearly separable, a perceptron is not able to do
so, as the perceptron parametrizes just a hyperplane defined by the vector J. Moreover,

committee machines proved to be universal approximators [11].

1.3 The teacher-student setting

The teacher-student setting [6] is a well-known learning scenario in statistical me-
chanics of neural networks, as it is a non-trivial yet mathematically tractable framework
in which the data are labeled according to a rule defined by a neural network, called
teacher, and another network, the student, is trained to associate the correct label to the
data. The idea behind this setting is the following:

Given an input data & € R¥, the label associated with this input is provided by a teacher

network as
7(§) = QT;§),

where T = (B, v, g) is a committee machine with M hidden units. In the following, we

will use a specific activation function, the scaled error function

1 z 2
g(z) = \/_2_7r/ e 2 dt.

This function allows us to compute many quantities of interest analytically [4, 7]. When
considering the output of a committee machine, we will keep the activation function

implicit.

Remark. The scaled error function is an odd-symmetric function, it is [—1, 1]-valued
22
and has derivative ¢'(z) = \/26_7.

Now, we can introduce the student network, which is a committee machine & =

(J,h, g) with K hidden units, where the weights J and h are tunable, meaning that can
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change in order to learn the rule provided by the teacher network, that is we would like

to have

(&) :=Q(€¢) =7(¢) forall £ € X,

where X C RY is the input space.

Remark. One should not always expect the student to be able to perfectly generalize
the rule, meaning to be able to assign the true label to every input data. This is a key
point in machine learning, as not every network is able to generalize every task, since the
underlying rule may be too complex to be perfectly learned by small architectures. Much
work has been done in this sense [1, 4, 7, 12, 13], both in the general learning scenario

and in the case of committee machines.

Based on this observation, we may give a more flexible, yet effective, concept of gen-
eralization of a task [4, 7]. Let £ be an N-dimensional random variable, which represents
our input data. Let T, & be the teacher and student committee machines, respectively.

The generalization error associated with & is defined as:

E(6) = (e(7(£),a(£))), (1.4)

where () represents the average over the distribution of £, while e(+) is a loss function,
which measures the mismatch between the true label associated to & (i.e. 7(£)) and
the prediction of the student ¢(&). In the following, we will work with the squared loss
function

e(r,o) = %(7‘ —0)%

We can then write the generalization error explicitly:

on
—~
6}
N—
Il
—
)
—~
\]
—~
o
N—
Q
—~
o
N—
N—
=

_ %((Q(BZ,{) - Q€)%

S g (PE) - S (26

—2<(mZ:1m (\/N) ; (x/ﬁ)H (1.5)
=5 Y ttalgg(Y) = 3 hatnlg(¥)g(Xo)

v > hihi(g(X)9(X0)

Here we used the shortcuts X; := 2% and Y, = %, that are typically called preacti-

3k

vations [4, 7).
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Remark. FEquation (1.5) provides a very powerful tool for analyzing the behavior of the
network with different weights. Indeed, as long as the average (-) contains only functions
mvolving X;, Y,,, it is not necessary to compute the average over the N-dimensional
distribution of &, which may be extremely difficult with N large. As long as the functions
in (-) only contain preactivations and do not explicitly depend on & (see e.g. last equality
in 1.5), we can compute the average implicitly using a low-dimensional distribution,

which is the (K + M)-dimensional joint distribution of the preactivations [4, 7.

Remark. Note that the generalization error in (1.4) is an average over a probability
distribution of some random vector. A major issue in machine learning is given by the
fact that the distribution of the data points is rarely at hand, meaning that the explicit

computation of the generalization error is usually not possible.

Remark. The generalization error measures how well the network is able to solve the

task on average.

1.4 The learning phase

The learning phase of a neural network is when the weights of the network are tuned
to minimize a prescribed training loss. In this thesis, inspired by [4, 7], we will exploit
the main characteristic of the online learning algorithm, where a Gradient Descent step
is made on one input at a time, i.e., at each step u = 1,..., P, we draw independently
one input vector £# and compute the loss only on this input, i.e., we compute

(T 64,0 561)) = %(ivmg (%) 3w (ng))

m=1 i=1

where €# = (J#, h"). Then, we compute the gradient with respect to the weights. More

explicitly, the gradient with respect to the i-th column of J is the following:
o
V5,e(QT;8M), Qe ¢M)) = AP Rl ¢ (XH) == 1.6
5 €(QT;8), (€5 ¢4)) g'( )\/W (1.6)
where we denote: A* := S g (XF) = oM v, (V") and X", Y} are the preacti-
vations on input &.

Moreover, the gradient with respect to the i-th component of the head vector is:

Vi e(QUT; 61), Qe &1)) = Ak g(X)). (1.7)

Finally, the gradient update for the weights of the student is made explicitly as follows
Jer = g A g (X1 € 18

1 = A (X (1.9

Pt = nt = TAn g (. (1.9)

N
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Remark. The scaling of a factor N of the learning rate in (1.9) is needed later to perform
the thermodynamic limit [1, 4, 7].

1.5 The order parameters

When talking about complex systems, one must take into account the role played by
the so-called order parameters: some low-dimensional quantities that can be computed
to analyze the current state of the system. In the context of committee machines trained

in the online regime, as in [4, 7] we define the following quantities:

Qik:Ji'Jk forall ike{l,... K} (1.10)
J;- B .

R, = forall ie{l,.... K} ne{l,...,M} (1.11)

T = B Bn forall m,ne{l,...,M} (1.12)

Here, () measures the overlap between the student’s synaptic connections, while R mea-
sures how much each student’s perceptron is aligned with those of the teachers. Many
learning scenarios have been studied in the literature [4, 7, 8] both with and without
noise in the data. In the following of this chapter, we will focus on the matched scenario,
that is, the setting where K = M, for which perfect generalization is expected, as the

student has enough resources to learn the rule [4, 7].

1.6 Dynamical equations through synthetic data

Let us now introduce the distribution of the data points. Following the works of Saad
and Solla [4, 7, 14] we are able to compute dynamical equations for the order parameters
by explicitly computing the averages that arise from taking the thermodynamic limit.
Let us now give some information about the input space and in particular about the
probability distribution. Assume now that & ~ AN(0, ) be an N-dimensional gaus-
sian vector with uncorrelated components and unitary variance. As a consequence, the
distribution of the random vector of preactivations Z = (Xi,..., Xg,Y1,...,Yy) is a

(K + M)-dimensional gaussian with zero mean and covariance matrix

Q R
RT T

Y
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where we have defined @ = (sz)f;l{(‘, R = (Rm)f::f[]y, T = (Tmn)"zl“"%. We then

m=1...

re-label the preactivations X;, Y, as follows:

X1'—>Zl

XKF—)ZK

Yi—= Zg

Yvu = Zrim
so that we can compute the averages in (1.5) by computing:

L(i,j) = (9(Z)9(2;)) ‘= %amsm (VC,-Z- + fi/ij + 1)

where the mean is a two-dimensional average over the marginal distribution of (Z;, Z;)
(case i # j), or over the one-dimensional distribution of Z; (case i = j). In both cases,
the distribution is a gaussian with zero mean and covariance matrix, C' the projection
of C' with respect to the indices ¢ and j, that is, C' = (érs)r,se{i,j}- We refer to appendix
A.2 for the explicit computation of I, (which is found in [4, 7]), which allows us to write

explicitly the generalization error in terms of the order parameters [4, 7] as follows:

1 U T
E(G) =~ Uy Uy, ATCSIN il
=52 T T 7T

K M
R
-2 h;v,, arcsin = (1.13)
; ; \/(1 + Qu)(l + Tnn)

K
. Qik
h;h .
+ MZI L arcsin \/(1 n Qn‘)(l — Qkk)}

1.6.1 From the difference equation to the ODEs

In the same way as it was done in the literature ([1, 4, 7]) using the Gradient Descent

update in (1.8) and (1.9), one can also write the order parameters at each step of the
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learning process as follows:

Ui Ui
TR = (Y = A (X €) - () = AR g (X €)

= T = A (X0 T € = A g (X I e

+ (AR B (X0 B g (X & - € (119
= JI Ty =y AR gN(XT) XY — g A by g (X)) X
s a(an g (et g g oy LI
If we divide everything by N we find that:
0Qu = Q! — Qf = — T A b g (XI) X!
- H—N]A“ hy g/ (X)) XY (1.15)
+ D any2 g (2 m g/ (LI
N N
which is a difference equation for the discrete evolution of the overlap @);,. This is a
powerful tool for analyzing the dynamical evolution of the system. In principle, one
could even avoid training the network, but still have a formula that computes the order
parameter during a training, provided that an initial condition was given. However, one
must take into account the stochasticity that arises from the terms that depend explicitly
on &*. In order to get rid of this randomness, we can perform a thermodynamic limit in
(1.15). By doing so, we can think of 7 = /N as a continuous-time variable and retrieve
the differential equation [4, 7]:

dQix
dr

=—nyhi (¢ (Xi) Xi A)
— 0y (¢ (X)) X5 A) (1.16)
+ 0 i (9 (X3)g' (Xi)A?).

Remark. In principle, taking the thermodynamic limit should not make the average (-)
appear. The reason of this appearance is a self-averaging property, deeply analyzed in
the literature [10, 15]. More specifically, a quantity is self-averaging if its value in the
N-large limit does not depend on the value it takes at the single point &, but can be

written through an average over the whole distribution of the data &.

Remark. Recall that & is an N-dimensional vector with uncorrelated components, zero

mean and unitary variance, meaning that in the thermodynamic limit we have that

% NZH0 1 almost surely, by the Kolmogorov’s Strong Law of Large Numbers (see

e.g. [16, Theorem 20.2]).
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Remark. Equation (1.16) provides a powerful tool for understanding the behavior of the
network. Moreover, since the averages above only involve functions of the preactivations,

they can be computed using the low-dimensional distribution we have used so far.

In particular, one can observe that the quantity above can be written as:

Il
—_

dQ”“ =1 h [Z V(g (X3) Xi g (Ym)) — Zhﬂg’(Xi)ng(Xj»]

J

s i [Z U9 (Xx) Xi g (Vo)) — Z;hxg’(Xk) Xig(Xj»]

+ 17 hi hi L;h (g (X)g' (Xi)g(X;)g(X2) (1.17)
+ mil vmUn {9 (X:)g' (Xk)g(Ym)g (V)
—2]ilmi:lhyvm<g’(Xz-)g’(Xk)g(Xg)g(Ym)> :

which involves only averages of the type

i, j.k) = (g/(Z:) Z; g(Zy)) with i,j € {1,... K}, ke {1,..., K+ M},  (1.18)

and

L(i,j k1) = (d'(Z)) ¢ (Z) 9(Zi) g(Z) with i, j € {1,..., K}, k1€ {1,...,K + M},

(1.19)
and can be rewritten as
dQ M K
o [Zv ik, K +m) — Zhjlg(i,k,j)]
m=1 j=1
K
1 hk [Z v I3(k, i, I +m) = > hy I3(k, i,j)]
m=1 j=1
K
=1
M
+ Z U U L4 (3, k) K +m, K 4 n)
m,n=1

K M
=23 " hjvm (i k, j, K +m)

j=1 m=1

Y
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We refer to A.3 and A.4 for the computation of this quantities (firstly introduced
in [4, 7]), that can be performed explicitly, making equation (1.17) a closed-form ODE
that can be solved numerically as it was done in [4, 7]. We rely on appendix B for the

algebraic steps that lead to the differential equation of R and h:

M K

=y [Z v I3(1, K 4+ 0, K +m) =Y hjI3(i, K +n,j) | | (1.21)
m=1 7j=1
dh. M K

e Mk Lzl U Lo (K 4+ myi) — ;hj [Q(j,z)] ) (1.22)

Remark. We remark that the above differential equations are exact in the thermody-
namaic limit, meaning that when applying all the theoretical results presented so far, one
must take into account the effect of possibly small values of N, making the ODEs less

accurate.

1.7 Numerical simulations

In this section, we provide a comparison between the dynamical equations found
in 1.6.1 and the behavior of the network during an actual training session using the
backpropagation of error in the online learning regime. Firstly, we will study the case
of a perceptron learning a task provided by a perceptron, in order to reproduce some
results in [8]. Then, we will study the behavior of the so-called soft-committee machine
[7], i.e., a committee machine where the head weights are constant during the whole
procedure. In particular, we will study the case where both teacher and student’s head
are initialized randomly. Later on we will discuss the main issues that can arise in the
simulations. Finally, as in [17], we will analyze the general framework of a committee
machine, where the heads are to be learned, too. Our analysis will focus on the noiseless
case, although many of our theoretical results also work for the noisy setting, where noise

is assumed on the input or on the output [14].

1.7.1 Perceptron

Simulations with the perceptron [8] are perhaps the easiest to implement and yet
provide valuable information on the evolution of a neural network during training. The
differential equations for a perceptron can be retrieved from those of a generic committee
machine, by setting K = M =1 and h; = v;.

Simulation parameters and initializations:
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e Input dimension: N = 1000;

e Learning rate: n; =1 (and n, = 0);

e Optimizer: SGD optimizer with batch size = 1 (equivalent to Gradient Descent);
e Loss: scaled MSE loss;

e Teacher weight initialization: element-wise uncorrelated normal gaussians;

e Teacher head initialization: v, = 1;

e Student weight initialization: element-wise uncorrelated Gaussian with zero mean

and variance o2 = 0.01;

e Student head initialization: hy; = 1;

Using one simulation with input dimension N = 1000 shows that learning a perceptron
without noise is a perfectly realizable scenario. We can rewrite Equation (1.13) for
K =M =1 and h; =v; = 1, and obtain

1 T
E(Il) = ;{arcsin T 2 arcsin R + arcsin i} (1.23)

VA+Q)(A+T) 1+Q

which shows that for Q = R = T we have £(II) = 0. The results shown in Figures 1.1,

1.2, 1.3 confirm this trend, suggesting that perfect generalization is achieved when the

teacher and the student have the exact same weight as the following holds:

|/ =B|* _[IJI? ,J-B B’ _ Q=R=T
N_N—2N+N_Q—2R+T_0

yielding J = B.

Also note that the point (Q, R) = (T, T) is an equilibrium point of the dynamical equa-

tions 1.20, 1.21, i.e., 92 = 4B — () [8]. Indeed, such equations can be simplified to

dr dr
dQ
- = I3(1,1,2) — I3(1,1,1
dr UJ[?)(a:) 3(,,)]
+ s [13(1,1,2) = I3(1,1,1)]
R (L1, 1,1,1) 4 L(1,1,2,2) — 2 1,(1, 1, 1,2)] (1.24)

=21y [I5(1,1,2) — I3(1,1,1)]
2 [1,(1,1,1,1) + 1,(1,1,2,2) — 21,(1,1,1,2)] .

After computing the integrals above using A.3, A.12 we obtain:
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dQ 4

R Q
dr 1 1+ Q)

VITQU+D) - VI+2Q

+772L {arcsin( ¢ )
T2 /T+20 1+3Q

(1.25)
. R
— 2 arcsin
<\/1 +30Qv(1+2Q)(1+1T) — 2R2>
4 aresi (1+2Q)T —2R?
arcsin 02000 +T) -2/ )|
Similarly, the evolution of R is given by:
dR
kY [I3(1,2,2) — I3(1,2,1)] (1.26)
which becomes:
dR 2 (1+Q)T — R? R
=, — ) (1.27)
dr T1+Q) |V1+Q+T+QT - R* V1+2Q

This is the same result achieved in [8], where T' = 1 was studied.

Remark. The choice of the learning rate is crucial, both for the learning procedure
and for numerical integration. Many theoretical results have been proposed to select the
appropriate values for this parameter [7, 8]. Recent works have proposed applying control

theory to tackle this problem and find optimal values for this parameter [3].

Figure 1.1a illustrates the generalization error obtained by both solving the differen-
tial equations and using a simulation on a network. As expected, perfect generalization
is achieved really fast. Moreover, Figures 1.1b, 1.1c, 1.1d show the parameters of the
teacher network, together with the head of the student network. Figures 1.2a, 1.3a show
that the behavior of the student network is characterized, as we said before, by the con-
vergence of the order parameters towards the equilibrium point (Q, R) = (7,7T). Also
note that since the differential equations that we computed in Section 1.6.1 are exact in
the thermodynamic limit [4, 7], we compute the absolute error between the simulation

and the analytical curve and find that the displacement is of order —.

VN
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Generalization error
Network parameters N=1000 K=1 M=1
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(a) Generalization error.
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Figure 1.1: Generalization error and parameters of the perceptrons. ODEs (A) and

Simulations (S) are shown.
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Student squared norm Qj
Network parameters: N=1000 K=1 M=1
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Figure 1.2: Evolution of the student norm. Crossed symbols indicate order parameter

computed during one training procedure with input dimension N = 1000. Learning rate

nys = 1 was used. ODEs (A) and Simulations (S) are shown.
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overlap. Crossed symbols indicate order

parameter computed during one training procedure with input dimension N = 1000.

Learning rate n; = 1 was used. ODEs (A) and Simulations (S) are shown.
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1.7.2 Soft committee machine

In this section, we analyze the convergence to generalization of two committee ma-
chines with K = M = 3 hidden units. Firstly, we analyze the phenomenology of the
so-called soft committee machine [7]: it is a committee machine where only the input-
to-hidden weights are trainable parameters, while the hidden-to-output weights are fixed
and are shared between the student and the teacher. From the combinatorial point of
view, we must point out the following fact: when the heads of both the teacher and
the student are set to be equal to the same constant ¢ (i.e. h; = v; = ¢) this induces a
symmetry in the problem that must be taken into account. Indeed, there is no reason
to think that the input-to-hidden weights of the students (the columns of the matrix J)
will align with those of the teacher following the same ordering. Let us consider the case

K = M = 2, so that the matrices of weights are:
J:[Jl JQ], B:|:Bl Bgi|

At convergence to perfect generalization, one may find that J; = By and J; = Bs, but
this is not always the case, since also J; = By and J, = B; are a possibility, and indeed
this may happen during simulations. This is more true than ever in the common setting
in which the teacher’s weights are orthogonal to each other and of unit norm. This is
also referred to as the ungraded teacher setting [7], for which teacher weights are taken
as Ty = Opm and 9, is the Kronecker delta.

As can be seen in Figure 1.4a, a plateau (i.e., a constant value of the error that is
not zero yet) is reached and maintained for a long time in a suboptimal solution. This
is because the symmetry affects how the student’s weights align to the teacher, leaving
some residual information that is shared among vectors [7]. This can be seen in Figure
1.5a as the mixed overlaps @ for k # i are not zero, unlike those of the teacher (see
Figures 1.5, 1.6). If we go deeper in time, one can see that after a long symmetric
trapping [7], the generalization error goes to zero, and the student weights specialize to
those of the teacher (see, e.g., [7]).

Simulation parameters and initializations:

e K =M =3;

e Learning rate: n; =1 (and 7, = 0);

e Optimizer: SGD optimizer with batch size = 1 (equivalent to Gradient Descent);

e Loss: scaled MSE loss;

For the ungraded case (Figures 1.4, 1.5, 1.6):
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Teacher weight initialization: element-wise uncorrelated normal gaussian;
Teacher head initialization: v; = g; with g; random realization of a normal gaussian;

Student weight initialization: element-wise uncorrelated gaussian with zero mean

Student head

e Input dimension: N = 1000;
[
[ ]
[
and variance o2 = 0.01;
e Student head initialization: h; = v; for any 7.
Generalization error
Network parameters: N=1000 K=3 M=3
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(a) Generalization error.
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Figure 1.4: Generalization error and constants of the soft committee machines. The
setting is that of an ungraded teacher (i.e. Ty, = dnm). ODEs (A) and Simulations (S)

are shown.
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Student squared norm Qix
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Figure 1.5: Evolution of the student norm. Crossed symbols indicate results of training,

averaged over 10 training procedures. The setting is that of an ungraded teacher (i.e.

Tom = Onm). ODEs (A) and Simulations (S) are shown.

Student-Teacher overlap Rin
Network parameters: N=1000 K=3 M=3

x RaglS) —— RaglA)
020 X RulS) — Ro(a)
X RolS) — Reala)
015 X Rio(s) — RiolA)
& X A — RnlA)
X Ruls) — Rila)
0.10 X RpolS) = Rzo(A)
< RulS) —— RplA)
RoxtS) —— RoalA)
0.05

T

(a) Evolution of the R;, parameters during

training

R's point-by-point absolute error between simulation and analytical curve

N=1000. Expected deviation: = 0.03162277660168379

0.005 +

0.004 1

0.003 1

4 _ gis)
[Rf3) = R

0.002 +

0.001 -

0.000 -

(b) Error between the simulation and the

analytical solution of the ODE.

Figure 1.6: Evolution of the student overlap. Crossed symbols indicate results of training,

averaged over 10 training procedures. The setting is that of an ungraded teacher (i.e.

Tom = Onm). ODEs (A) and Simulations (S) are shown.
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For the graded case (Figures 1.7, 1.8, 1.9):

e Input dimension: N = 500;

e Teacher weight initialization: element-wise uncorrelated normal gaussian, normal-

ized to have T}, = 1 Onm;

e Teacher head initialization: v; = 1 4+ g; with g; random realization of a gaussian

with zero mean and variance o2 = 0.01;

e Student weight initialization: element-wise uncorrelated gaussian with zero mean

and variance o2 = 0.01;

e Student head initialization: h; = v; for any i.

In the graded teacher case (Figures 1.7, 1.8, 1.9) we observe the typical behavior
that we saw for the perceptron: each of the student’s vector aligns with one of the
teacher, and mixed terms Q;; and R;, go to zero, as the orthogonality of the teacher’s
vectors suggests. Also note that no symmetric trapping is observed and even in the
short-time period, generalization is reached [4]. Again, since the ODEs are exact in the
thermodynamic limit, one can compute the point-wise error between the simulations and

analytical solutions of the ODEs and find that the displacement is always of order \/—%
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Figure 1.7: Generalization error and constants of the soft committee machines in the

graded teacher setting (i.e. T, = N 0nm). ODEs (A) and Simulations (S) are shown.
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The setting is that of a graded teacher (i.e. T, = ndn,). ODEs (A) and Simulations

(S) are shown.
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1.7.3 Committee machine

In this section, we study the evolution of a committee machine, for which also the
head weights are trained. All the observations that we have made so far fit perfectly to
the general case. The setting is that of a graded teacher (i.e. Ty, = ndpuy). We will
consider case K = M = 2 to ease the discussion, but all subsequent observations are
generalizable to a more general case. When training both layers of the student network,
an observation is to be made. Since the error function is an odd function, a change of
sign in a student vector is compensated by a change of sign in the corresponding hidden
unit (see for example the flip of sign in Ry, and hy in Figures 1.13a, 1.14a with respect
to the sign of the corresponding head of the teacher). That is, assume that the student’s

weights are:
I=|h | b=|n b

then this network produces the output

QI hié) =hi g (%) +hayg (%\f) .

On the other hand, let us consider the following student:
j = [—Jl J2:| fl: [_hl hQ]
which produces the output

036 = o () g (228)

which is equal to (J, h; £), by oddity. This is exactly what happens in our simulation
(Figures 1.11, 1.13a, 1.14a).

Simulation parameters and initializations:

e Input dimension N = 1000;

o K =M =2

e Learning rate: n; =1 and n, = 1;

e Optimizer: SGD optimizer with batch size = 1 (equivalent to Gradient Descent);
e Loss: scaled MSE loss;

e Teacher weight initialization: element-wise uncorrelated normal gaussian, normal-

ized to have T},,, = 1 Onpm;

e Teacher head initialization: element-wise normal gaussian;
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e Student weight and head initialization: element-wise uncorrelated gaussian with

zero mean and variance o2 = 0.01;

Generalization error
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Figure 1.10: Generalization error. ODEs (A) and Simulations (S) are shown.
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Figure 1.11: Constants of the teacher committee machine. ODEs (A) and Simulations

(S) are shown.
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1.7 Numerical simulations

25

Student-Teacher overlap Rin
Network parameters: N=1000 K=2 M=2

1.0+

0.5

0.0

Rin

—=0.51

-1.0 1

~1.54

—2.07

0 50 100 150 200 250 300 350 400
T

x  RpolS) *  RulS)
% RplS) % RulS)

—— RuolA)
— Rn(4)

—— RuwlA)
—— RulA)

(a) Evolution of the R;, parameters during

training

R's point-by-point absolute error between simulation and analytical curve

N=1000. Expected deviation: L= 0.03162277660168379

0.01754

0.0150 4

0.01254

0.0100 7

A S
IR = REY|

0.0075 4

0.0050 4

0.0025 4

0.0000

T T T T T T T
0 50 100 150 200 250 300 350 400
T

(b) Error between the simulation and the an-

alytical solution of the ODE.

Figure 1.13: Evolution of the student norm and absolute error. ODEs (A) and Simula-

tions (S) are shown.
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Chapter 2

Continual learning in neural

networks

Transfer learning [9] is one of the prominent techniques of modern machine learning.
The key idea is the following: assume that we have a pre-trained neural network at
hand. Assume that this network was trained to solve a task (task A, also called source).
When we want to save time in solving another task (task B, also called target), which is
somehow related to the first one, we can use the source as initialization for the network
that is learning the target. This is far from unreasonable, as common sense suggests that
learning task B from scratch is more difficult than learning it from previous knowledge
in a related field (task A). Continual learning is the learning scenario in which learning
B and not forgetting A are pursued at the same time. The concept of task switch plays a
crucial role in continual learning: it is the learning step at which one should start learning
task B and stopping the update of the network for task A. This chapter is devoted to

reproducing the main results in [1].

2.1 Multi-headed approach to transfer learning

In this work, we will follow a multi-headed approach to continual learning [18]. In
this new setting, we will exploit all the quantities in [1] that are needed to analyze the
behavior of the networks under the continual learning framework. Following [1], we define
two teachers, each of which defines a different task. We represent them as committee
machines T¢ = (B¢, v?, g) (for task A) and ¥ = (BY,v", g) (for task B) and with the
same number of hidden units M. Then, following the multi-headed approach, the source
and target student networks share the same input-to-hidden matrix weight J, but have

different head weights. Unlike previous chapters, J is a K x N matrix whose rows are the

27
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Figure 2.1: Pictorial representation of a multi-headed student. Dash-dotted lines repre-

sent the same weights J as the continuous lines, but when task B is studied.

N dimensional weights that define the i-th hidden unit preactivation; this will ease the
computations and avoid dimensional mismatch when computing the order parameters.
The same holds for B. Then, we define a unique student network & = (J,h, g) with K
hidden units, where h = [h<> ho]. We will write & whenever task A is active, i.e.
when we are studying the committee machine (J,h¢, g). The same consideration works
by writing &%. Thus, the output of the student network € is a two-valued output, one

for each task, that we define as:
(€6 = |9(€%¢) QeE;56)] -

This above is more of a design detail that one can use when doing simulations. Then,
at each training step we can define the generalization error, which also depends on the

active task, as:
* 1 % *
£(&) = (e — (T L))
and x € {$, O}
All quantities and formulas retrieved in Chapter 1 are the same for this new setting,

with a clear distinction between the formulas that belong to task A and those belonging
to task B.
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2.1.1 Order parameters in continual learning

Like before, we can now define the order parameters in the continual learning setting
[1]. To this end, define:

o= 1)
R=1 (]?VO)T (2.2)
- Bo(ﬁ’o)T (2.3)
v—1 (]??T (2.4)
wimr »
V= w. (2.6)

V' is typically called task similarity and we will discuss its role in continual learning in
Section 2.2, inspired by [1, 2, 3].

2.1.2 Generalization error and ODEs

Before task switch (which we denote by 7), we are studying task A. We write explicitly

all the quantities of interest, that are found in [1]. The generalization error is as follows:

Tmn
— V@4 Tn) (1 + Ty

K M
R
-2 hovS arcsin = (2.7)
;; \/(1 +Qii)(1 +T7m)

BORO aresi Qir '
+i;1 i Ny arcsin \/(1 n Qu‘)(l n Qkk)}

The covariance matrix of the low-dimensional averages is:

Q R
RT T

I
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and for 7 < T

J

K

M
+ Z 09 08 I(i, k, K +m, K +n)

m,n=1
K M
23S hE 0 Luisk g K +m)|
7j=1 m=1
dR, a -
o = [Z vp L1, K 0, K +m) =y 09 Iy(i, K + n, ) (2.9)
m=1 J=1

m=1

dh? X
de = Z I(K +m,i) — Zh Ly(j,7)] . (2.10)

After task switch, i.e., when 7 > 7 the correspondmg quantities are written as follows.

S
{ vy v, arcsin K
pqzl V(L Spp) (1 + S)

K M
U,
—2 hyvY arcsin L (2.11)
,-le; ’ V(1 + Qi) (1 + Sp)

K
. Qik

hehy ,

+i%::1 ; hy arcsin \/(1 n Qu’)(l - Qkk)}

The covariance matrix of the low-dimensional averages is:

Q U
Ur S

Y
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and for 7 > 7:

d0; M K 7
= b | 0 ik K+ p) = D b (i k)
T Lp=1 Jj=1 i
-\ % _
na by | v) Ik, K +p) = > S Ik, j)
Lp=1 Jj=1 i
K
+ 03 by LZ hy by L(i k, 4, 1) (2.12)
jl=1
M
+ 3wl o) (i kK +p, K +q)
p,g=1
K M
_QZZh?U;Q ]4(Z7k7]7K+p) )
7j=1 p=1
aU M K
ip Q Q . v} . .
dr ="My hz [q:zlvq 13(Z7K+paK+Q) - ]Zlh‘] I3(Z7K+p7]) ) (213)

dh@ M K

p=1 Jj=1

2.2 Task similarity and impact on catastrophic for-
getting

In this section, we will analyze how transfer and forgetting are affected by the sim-
ilarity between tasks reproducing the work in [1]. First of all, we distinguish between
similarity at level of features, i.e. similarity between first layers’ weights, and similarity
on the read-out level, i.e. similarity between hidden-to-output weights. Here, we will

focus on the similarity between feature weights.

2.2.1 Transfer and forgetting

When talking about continual learning, two main quantities arise: transfer and for-
getting. Transfer is the long-term capacity to learn a new task, while forgetting is the
attitude of a network to forget the previous task. Let Eto be the generalization error at
time ¢ for task A, and & be that of task B. Then we define [1]:

Transfer at time t: T; = & — Egrt (2.15)
Forgetting at time t: F; = ESH — & (2.16)
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Transfer could also be defined as the difference between the generalization error obtained
with continual learning and the generalization error obtained by learning from scratch.
Here we prefer the definitions given in (2.15),(2.16) as they facilitate comparison. As
in [1, 19, 20|, we will show that intermediate task similarity leads to higher forgetting,
also known as catastrophic forgetting. On the other hand, transfer will prove to be

monotonically increasing with task similarity.

2.2.2 Perturbing the pre-trained model

As an intermediate step towards Low Rank Adaptation, we are interested in the effect
of perturbing the source model and use this perturbed matrix as initial condition for the
training on task B. Our analysis showed what follows: when the task similarity between
the source and the target is zero, using the source, or a perturbation of it, as initial
condition, does not affect convergence, as the pre-trained model is arguably useless for
the second task, whose rule (matrix of weights of the teacher) is orthogonal. As task
similarity increases, perturbing the source slows the convergence, but does not introduce
any plateau in the generalization curve. Let us describe better how the perturbation is
performed.

Let J; be the source model, i.e. the weight matrix obtained at the end of learning task
A. Let ¢ > 0 and P be a K x N matrix with entries that are i.i.d. normal Gaussian

random variables. Then we define our (random) initial condition for task B as:
JO = J% + oP.

We now analyze the effect of this perturbation on the order parameters. The overlap @)

at task switch, after perturbation, is given by:

. JO(JO)T _ J%(J%)T
Q= N - N +20 N +o I
——

Qs

where @); is the self-overlap of the source model J:. By the law of large numbers, in
the thermodynamic limit, the scalar product has no effect on @), as it goes to zero. On
the other hand, being that %P)T — I, where I is the identity matrix of order K,
the perturbation has the clear effect of increasing the diagonal of Q; of a summand o2.
In order to mitigate the effect of this perturbation on the order parameters, we can re-
normalize () to have the same norm of ();. This idea has a clear geometric interpretation.
At task switch, the self-overlap matrix of the source model is );, and the diagonal entries
of this matrix are the norm of the rows of J», meaning that each of them are confined on

a sphere of radius (Q;);;. After the perturbation, we translate each vector and change
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Generalization error on task B with perturbed initial condtion (N=1000)

Correlation coefficient between teachers y = 0.0

0.175 + 0=1.00(S)
— 0=1.00 (A)
0.150 +  0=0.10(S)
—— 0=0.10 (A)
0=0.00 (S)
0.125 1 0=0.00 (A)
0.100
w
0.075
0.050
0.025
0.000 R e S TR !
50000 60000 70000 80000 90000 100000

Training step

Figure 2.2: Generalization curve on second task for different values of the perturbation
of the source. Orthogonal tasks V' = 0. ODEs (A) and Simulations (S) are shown.

its direction and norm. Normalization is performed so that the new rows of J may
change direction but belong to the same sphere as the rows of J,. The setting we are
considering now is K = 2 and M = 1, so the task similarity is a scalar quantity (v
in the figures) that represents the cosine (up to renormalization) between the teachers.
Consider Figure 2.2, where the two teachers defining the rules are orthogonal, i.e. where
task similarity is V' = 0. We observe that perturbing the pre-trained weights and using
this perturbation as an initial condition for the student network on the second task does
not affect the convergence to generalization. As one should expect, when the source is
trained on a task that is completely uncorrelated to the new task, previous information
is pretty much useless. On the other hand, increasing similarity between tasks makes
the pre-trained model more and more suitable for the new task, enforcing the network to
converge faster when the pre-trained model is not corrupted by noise. This is precisely
what happens in Figures 2.3 and 2.4: when task similarity increases, the unperturbed
initialization is the one that makes convergence faster. All the figures mentioned above
contain also the analytical curves that come from the differential equations, proving that

there is a perfect match between simulations and theoretical results.



34 2. Continual learning in neural networks

Generalization error on task B with perturbed initial condtion (N=1000)

Correlation coefficient between teachers y = 0.5

+ 0=1.00(S)

—— 0=1.00 (A)
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Figure 2.3: Generalization curve on second task for different values of the perturbation
of the source. Intermediate task similarity, V' = 0.5. ODEs (A) and Simulations (S) are

shown.

Generalization error on task B with perturbed initial condtion (N=1000)

Correlation coefficient between teachers y = 1.0

0.16 4+ + 0=1.00(S)

— 0=1.00 (A)

0.14 - + 0=0.10 (S)

— 0=0.10 (A)
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0.00 A
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Figure 2.4: Generalization curve on second task for different values of the perturbation
of the source. Task similarity V' = 1. ODEs (A) and Simulations (S) are shown.
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2.3 Numerical simulations

In this section, we want to reproduce some results in [1] to understand how task
similarity affects forgetting. We will show, as the literature suggests, that intermediate

task similarity is the one that suffers from catastrophic forgetting.

2.3.1 Theoretical results and simulations.

Before doing so, we show that the dynamical equations cited in section 2.1.2, together
with the generalization errors, perfectly match with simulations. Consider the toy model
K =2 and M = 1. In this setting, generalization of both tasks is expected, as the
student has sufficient resources to learn from both teachers. Moreover, for M = 1 the
similarity 2.6 between teachers is a scalar number. In addition, let T¥ = (B®,v®, g)
and TV = (BY,v",g) be the teachers and assume that |B®|| = |BY| = 1. Then,
the similarity is given by the cosine of the angle between the teachers, and therefore
ranges in [—1,1]. For our analysis, following [1], we consider the setting v¥ = 1 and
v¥ = —1, thereby disentangling the similarity at the level of the second layer. Figures
2.5-2.7 show the comparison between analytical solutions and simulations, and we find
the same results of Figure 1 and 2 in [1]. Theoretical and simulated curves perfectly

match (within the expected deviation). Parameters of the simulation:

e Input dimension N = 2000;

e K =2 M-=1;

e Learning rate: n; = n, = 0.9;

e Task similarity: V = 1;

e Optimizer: SGD optimizer with batch size = 1 (equivalent to Gradient Descent);
e Loss: scaled MSE loss;

e Teacher weight initialization: element-wise uncorrelated normal gaussian;

e Teacher head initialization: v¢ =1 and v¥ = —1;

e Student weight and head initialization: element-wise uncorrelated gaussian with

zero mean and variance o2 = 0.001;
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Generalization error of transfer learning Transfer and forgetting

Similarity coefficient of first layers of the teachers V = 1.00 Similarity coefficient of first layers of the teachers V = 1.00
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(a) Generalization loss: analytical solution  (b) Transfer and Forgetting after task switch:

and simulation. analytical solution and simulation.

Figure 2.5: Generalization curves.
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Figure 2.6: Evolution of the student’s parameters during training. ODEs (A) and Sim-

ulations (S) are shown.
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Student-Teacher A Overlap Student-Teacher B Overlap
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Figure 2.7: Evolution of the overlap between student and teacher A and B, respectively.
ODEs (A) and Simulations (S) are shown.

2.3.2 Impact of task similarity

We are ready to discuss how task similarity affects catastrophic forgetting (inspired
by [1]). Figures 2.8,2.9 show how the generalization loss for both tasks changes with task
similarity V. They reproduce Figure 3 in [1] perfectly. Recall that, since we are working
with an odd activation function, varying V in [—1,0) is not necessary, as a negative
sign can always be absorbed by the hidden-to-output weights [1]. Again, our analysis is
carried out with the following parameters:

e Input dimension N = 1000;

e K =2 M=1,

e Learning rate: n; = n, = 0.9;

e Time horizon s = 100, task switch at s = 50

e Optimizer: SGD optimizer with batch size = 1 (equivalent to Gradient Descent);

e Loss: scaled MSE loss;

e Teachers’ input-to-hidden vectors initialization: see C;

e Teacher head initialization: v¢ =1 and v¥ = —1;

e Student weight and head initialization: element-wise uncorrelated gaussian with

zero mean and variance o2 = 0.001;

Figure 2.8 shows that even with strongly correlated teacher vectors, forgetting is present.
In the same figure, we quantify forgetting at s = 75000 (i.e. in the middle of the training
procedure of the second task) for different values of similarity. Surprisingly, forgetting

is higher when the task similarity is intermediate, while it is lower when the teachers
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Figure 2.8: Generalization loss on task A for different values of the similarity coefficient.
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Figure 2.9: Generalization loss on task B for different values of the similarity coefficient.

Transfer at intermediate step of the training procedure.

are not correlated, and takes the lowest values when the teachers are strongly aligned.

On the other hand, Figure 2.9 shows that transfer is monotonically

similarity.

increasing with task



Chapter 3

Low-Rank Adaptation for Continual

Learning

This thesis introduces a novel approach by deriving differential equations for the order
parameters of the low-rank matrices introduced by Low-Rank Adaptation (LoRA), and

investigating its effect on catastrophic forgetting.

3.1 Fine-tuning

Fine-tuning is a widely used paradigm in transfer learning in which the pre-trained
model (source, denoted by J®)) is kept frozen while learning the second task (target) by
adding a tuning matrix A.J to J©) and learning only A.J.

3.2 Low-Rank Adaptation

Low-Rank Adaptation (LoRA) is a state of the art parameter-efficient fine-tuning
technique, first introduced in [21], where the tuning matrix AJ is the product of two.
We will use LoRA for continual learning in the teacher-student setting in order to study
the main characteristics of this technique in this elementary, yet effective, setting. The
teacher-student setting in online learning will also be useful in deriving differential equa-
tions for the order parameters, as was done in the literature for other learning paradigms
([1, 4]), which also inspired previous chapters. Let J®) be the input-to-hidden weight
matrix obtained at the end of the training procedure on the first task. If the student is

a multi-headed committee machine, we have J® € RX¥*N_ Then the matrix of weights

39
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on the second task is defined by:

JO = g+ D pa
G

with B € R, r € N, D € RE*" and A € R™". 7 is the low rank, while 3 is a scaling
factor. A key idea is to understand whether the parameter 5, which acts as a learning
rate, is learnable or can become a control variable. In the following, we will refer to D as
the intensive matrix or intensive weight (whose dimensions do not grow with N), while
we will refer to A as the extensive matrix or extensive weight. Using the same notation
that we have used so far for the multi-headed approach to continual learning, we define
the student network & = (J,D, A h, g) with K hidden units, where h = [h<> hﬂ.
When the first task is being learned, it is sufficient to keep D and A fixed. At task

switch, J is frozen and D and A are updated using gradient descent.

3.2.1 Gradient update of D

Let & be the input vector. Let v := 3/4/r. The output of the student network for
task B is:

- J€# 4 y DI Abgn
Q(@‘;é“):Zhé‘g( S +\’/yﬁz < ) (3.1)
i=1

where we suppressed the superscript O (i.e. € = €% and h; = h?) to keep the equations
clean. Here, J; and D; are the i-th rows of J and D, respectively. We also define
jz- = J; + vD;A. The loss function is then

(6.9 6) = (3 g (T ) - oty (P e o

m=1
we define, as before, the preactivations as follows:

L Ji€
X; = Vi (3.3)

— Bt
Vi i= 2 (3.4)

AL
W= (3.5)

where A, is the s-th row of A and by setting
Wi
W —
W,
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we can rewrite 3.6 as
X, = X, +yD;W. (3.7)

Using this notation, we can compute the partial derivative of 3.2 with respect to Dj; as:

K r
Op,,e(QUT;¢), Q€ ; ¢")) = A*Op,, (Z hi' g (Xf + VZDZWt“>>
i=1 t=1 (3.8)
= YyA"hS g (f(f) Wk,
The gradient update for D is therefore

+1 D S
DIt = Db, — Ty (X2 ) W (3.9)

and the scaling 1/N follows the same idea as the one for the head weights of the student,

allowing for a well-defined thermodynamic limit.

3.2.2 Gradient update of A

In order to compute this update, we need to rewrite 3.2 as (we suppress the superscript

w for simplicity):

(Z Um g (Y, Zh g (X + —ZDdZAmgn» : (3.10)

Then the partial derivative with respect to A, results in

K
Oa,e = Ay, (Z hig (X +—= Z Dy Z Aln§n>>
i=1
K
= A;hi 04,9 (Xi + \/LN ;Dil;Alnfn) (3.11)

YN é hid (X) \/LNDisgp.

In matrix form, if A, is the s-th row of A:

K
ApTL = Al — \Z—%vﬁ“ (Z iy (%) Dﬁé) (€)" (3.12)

3.3 The new order parameters

Recall that computing an average over the distribution of the input & ~ N(0, Iy)

is not needed when the functions involved depend only on the preactivations. Let us
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now focus on the joint distribution of such preactivations. Although X; is just a linear
transformation of X; and Wi, it is recommended to consider the higher dimensional

gaussian distribution of the vector
Z=(X1,.., X, X0,..., X, Yo, .., Yo, Wh, . W), (3.13)

The idea behind this augmented gaussian distribution will become clear in a while. Let

us now compute the covariance matrix of this (2K + M +r)-dimensional gaussian vector.
As before, we find:

JiJT
BT
(XiYy) = JZN" = Rin (3.15)
B,,BY
(YY) = N ~ = Thn. (3.16)
Then we compute the remaining interactions:
A AT
<W8Wt> = L= 3 (3.17)
N
B, AT
<YmWs> = N > =g (318)
J; AT
(XiWy) = NS = Zis (3.19)
- (J; +vD;A) AT J;AT AAT T
~ J; D;A\BY  J,BL ABT
o Ji(J; DA g JATDT -
v v JiJi 1 T T T
J;JT J AT AJF AAT 3.23
— NJ +7 % DI+~ D; NJ +~%D; ¥ DY (3.23)
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where the subscript ”s :” denotes the s-th row of the corresponding matrix. In summary;,

we have the following order parameters:

DGRKXT,
Q:—J]{TT € RFK,
JBT KxM
R:TGR 5
T = B]]\?T € RM>M,
AAT
@: N ERT’XT"
BAT Mxr
I'= ~ e R
E:JﬁTeRK”

and the vector 3.13 is gaussian with zero mean and covariance matrix:

Q Q+~y=DT R =
b Q" +~DE" Q+~(EDT + DET) +4°D®DT R+~ DIT Z+~ D"
RT RT +~4TD? T r

GT GT +~y®DT rr )
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We can now write the generalization error in terms of the new preactivations, since:

(e (AT;6),0(¢7 5¢) (f o2 )§M<ﬁ%%ﬁfk
(i ihig (5Q>>2>§

m=1 =1

l\DI»—t

= % Z VmnUn{g(Ym)g(Yn)) z

B 3) SINRMIANE IS

m =1
+ = Zhh (X)g(X;),

M
1
b Z UmUnl2(2K +m, 2K +n)

M
—Zvahlg (2K +m, K + 1)

m =1

1 . .
+ 5 ZhthIQ(K + 2, K +j)

i,J

(3.24)
which results in
£(6Y) = Z UmUnlo(2K +m, 2K + n) (3.25)
- Z Z Uil (2K +m, K + 1) (3.26)
m =1
1 X
+ §ZhithQ(K+i,K+j). (3.27)

4,7
The same computation can be carried out for the loss on the first task, but more order
parameters are needed, which goes beyond the scope of this work. At the end of this
long but straightforward computation, we remark on the reason behind the augmented
gaussian distribution. If we had not introduced the new variable X;, we would have had
to compute the expected value of functions involving ¢g(X; + v D;W). This could have
introduced a completely new setting and would have not allowed us to use the quantities
(e.g. I, I, I}) in [7]. Introducing X; helps us overcome this issue and allows us to use

all the quantities mentioned so far.
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3.4 Differential equations for the order parameters

This section derives new differential equations for the order parameters of the network
in the LoRA paradigm, using the tools of [7]. In the following, when writing v, h or B,,,

we refer to the quantities vV, hY or B, that define the second task.

3.4.1 Differential equation for D

From 3.9 we obtain:
Dl{jl —- D", .
S N 2= —npy AFRYY <Xf) w

which in the thermodynamic limit results in the differential equation

dD;s s
ar —np Y hi(g (X]> AW;)
which we can expand to
aD. M K
Js _ ‘ e _ Jq [ X, .
= np vy [;mg (%) Weg (V) > il (%) weg ()g))]
M
=npyh; [Z U I3(K + 7,2K + M + 5,2K +m) (3.28)
K

> WI3(K +j,2K + M + 5, K +m)

3.4.2 Differential equation for ¢

By 3.12 we have:

K
AL = Al \Z_ANVA“ (Z g’ ()N(Z“> Dﬁ;) (€M7

=1

Then:

K ~ ne\ "
AR AP = AR(ALYT — iy A (Z g (X) D’HS) (£>

=1

N (f g’ (X2) Dz) (%)

=1

K K
/ > L / < 5”2
o 2<w( nog (X0 D;s>( heg (X Df‘) |
n4y ; g( ) Z:; g( > L)y
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which can be written as:

ot - @ 3 c
: % neDLy (K1) W A
1/N na~ ZZI is9 i Wt
(z mDLg (X)W N)
2 2 ,u u I V) u Y w2 ”5”2
which in the thermodynamic limit becomes:

d:let = =147 (Zths < z) Wi A>)
—na" (Z h;Dji(g’ (&) W A))

i=j
K
+137 (Z hih;DisDji (g’ (X) g (Xj> (A)2>>
1,J
then expanding the definition of A and A? we have:
d%a _ > hivnDi(g' (Xi) W, Zhh D W g(Xe))
dr = 1NDp7Y : iUmLis\g tg k zs t9g
+ npYy [Z hivm Dyt (g (Xi) W, Z hihi Dt (g (X3) W g( Xy, )>]

S
S—
—
S
SN—
—
>
SN—
Ne)
Y
>
S—
S~

+npy? [Z hihjhehi Dy Djs(g'(X;)g'
1,5,k k

—2 Z hilihyvm Dig D <g,(Xi)gl<Xj>g(Xk>9(Ym)>

i’j’k)m

+ Z hihjvmvnDitDjs<g/(Xi)gl(Xj)g(Ym)g(Yn)>

/[/7]7m7n




3.4 Differential equations for the order parameters 47

which is written in terms of I3 and I, as:

do, |
L= DY [Z hivais[?)(K + 1, 2K+ M + t,2K -+ m)
dr

i,m

> hihDiIs(K +6,2K + M +t, K + k)

ik

+ DY [Z iV DisIs(K + 1, 2K + M + s, 2K 4+ m)

— " hihiDyls(K +4,2K + M + 5, K + k) (3.29)
ik
+ by [Z hihjhuhiDi D Iy(K + 4, K + j, K + k, K +1)
i3,k
~2 Y il Dy Dy Iu(K + 4, K + §, K + k, 2K +m)
i,7,k,m
+ > hihjona Dy D L(K + i, K + j, 2K +m, 2K + n)
1,7,m,n
3.4.3 Differential equation for =
Again, from the gradient update 3.12, we have that:
J(A/Hl) J(A“) — nayAH Zhu / XM)DM ﬁ
VN
~—
X
and substituting the definition of = we have:
ZHtl _ e i
—js —js _ AM hu / X}L DM X
1/N navy (Z zg( Z) is ])
which, in the thermodynamic limit, becomes:
dujs:—nA’y ZhD X)X;A)
d 18
=147y [Zhvm (g (X0) X Zhhl 16 (g' (X)) X (X’l)>].

Finally, we can rewrite this differential equation in terms of I3 as follows:

d:js
dr

=T1A"Y [Z hivaisI?)(K + i?ja 2K =+ m)
o (3.30)
=D hiluDiIy(K + ., K +1)

il
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3.4.4 Differential equation for I

From the gradient update 3.12, we have that:

s
3
m

K
B (AT = B (AT — nay A (Z n' g (X! )Dé‘s)

{5

and substituting the definition of = we have:

F,qul — T~ K ~
TN T oAt (Z hy g/ (X} Di, Ym)

i

which, in the thermodynamic limit, becomes:

dl'y,s
dr

= —navy [Z hiDis<g/(Xi)YmA>

=1A7 [Z hivn Dis(g' (X:) Yo g(Ya)) — Z hiluDis(g'(X:) Vi 9(5(1))] :

Finally, we can rewrite this differential equation in terms of I3 as follows:

dl',,.s »
dr =TMnNA7Y [Z hivnDisI3(K+Z,2K+m, 2K—i—n)
’ (3.31)

= hiluDiIs(K +4,2K +m, K +1)

il

3.4.5 Differential equation for h

From the loss on the second task computed in 3.2 we can compute the gradient update
for h" as:

On;e = A”Q(X]H)

and the gradient update reads as:

Pt — R — n—]\};A“g(X“). (3.32)

J

Thus, rearranging the terms and taking the thermodynamic limit, we get:

L (Bg(X,)

= 1h [Z v (9(Ym) 9(X5)) = > hi (9(X5) g(ffj)>]

m 7

which becomes:

dh; . : ,
4 = [ZUm L(2K +m,K +j) — Xi:hi (K +i, K +j) (3.33)

m




Chapter 4

Results

In this chapter, we present the main results and conclusions on the effect of Low-Rank
Adaptation on catastrophic forgetting, as well as a comparison between simulations and

analytical solutions of the differential equations found in 3.4.

4.1 Effects of LoRA on catastrophic forgetting

In this section, we study the main features introduced by LoRA in the continual
learning setting, through simulations. In order to do this, we will make comparisons
with the work of [1] to exploit the main differences between the two approaches. Thus,

every plot will present results given by

1. the setting in [1], which was also studied in 2, which we will refer to as LGS;

2. the study of continual learning using LoRA;

In order to make sure to exploit interesting characteristics, we will study an over-
realizable scenario (K > M, [7]) with K = 10 and M = 2. Simulation details:

e Input dimension N = 1000;

e K =10, M = 2;

e Low rank r = 1;

e =1,

e Learning rate: ny =n, =np =na = 0.9;

e Optimizer: SGD optimizer with batch size = 1 (equivalent to Gradient Descent);

e Loss: scaled MSE loss;

e Teachers’ input-to-hidden vectors’ initialization: prescribed similarity obtained us-
ing the procedure described in C;

e Teacher head initialization: v =1 and v¥ = —1 (entry-wise);
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e Student weight and head initialization: element-wise uncorrelated gaussian with

zero mean and variance o2 = 0.001;

4.1.1 Task similarity V = 0.1

From Figure 4.1, we observe that whenever the two tasks are almost orthogonal, using
Low-Rank Adaptation does not cause forgetting at all, but also no transfer is observed

as the loss on task B does not decrease after task switch.

Input size=1000 | K=10 | M=2 | Low Dimension=1 | =1 | Similarity=0.1
T

}
0 50000 100000 150000 200000 250000 300000 350000 400000

Figure 4.1: Generalization errors on both tasks using LoRA and LGS. Task similarity
V =0.1.

4.1.2 Task similarity V = 0.5

Figure 4.2 shows an interesting effect of LoRA. An initial plateau (between step
200000 and 250000 approximately) is observed, in which the generalization loss on task
B decreases, but the loss on task A does not increase, i.e. no forgetting is present at that
point. An intuition on the reason why this plateau appears will be given in the following
section, where the differential equations and the order parameters are analyzed. Figure
4.2 also shows that after step 275000, loss A increases rapidly. However, the asymptotic
value of the loss on task A given by LoRA is smaller than the one obtained without
LoRA.
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Input size=1000 | K=10 | M=2 | Low Dimension=1 | =1 | Similarity=0.5
T

}
0 50000 100000 150000 200000 250000 300000 350000 400000

Figure 4.2: Generalization errors on both tasks using LoRA and LGS. Task similarity
V =0.5.

4.1.3 Task similarity V = 0.9

Figure 4.3 shows that highly correlated tasks preserve the plateau for loss B given
by LoRA, which was also observed at intermediate similarity. Moreover, the plateau
is obtained at a significantly lower value of the loss function. This is a key property
that can be used to truly mitigate catastrophic forgetting, at least when the correlation

between tasks is high.

Input size=1000 | K=10 | M=2 | Low Dimension=1 | =1 | Similarity=0.9
T

0ss (LoRA)
055 (LORA)
oss (LGS)
0ss (LGS)

-0.50
-0.75

-1.00

1
:
!
!
!
7
-1.25 i
ny
i
i
-1.50 +
i
i
i

-1.75
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0 50000 100000 150000 200000 250000 300000 350000 400000

Figure 4.3: Generalization errors on both tasks using LoRA and LGS. Task similarity
V =0.9.

4.1.4 Forgetting under LoRA setting

Our simulations showed that, despite task similarity, Low-Rank Adaptation provides
lower forgetting than the classical continual learning setting in [1], even at intermediate

training steps. Indeed, all subfigures in 4.4 show that, together with an initial phase in
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which LoRA does not show forgetting (4.4-(a) and (b)), forgetting is always lower than

the one obtained with (LGS).

Forgetting: LoRA vs LGS

—e— Forgetting (LORA)
Forgetting (LGS)

[ B e e o L o o

0.0 0.2 0.4 0.6 0.8 L0
Task similarity v

(a) Forgetting at 500 steps after task

switch.

Forgetting: LORA vs LGS

—e— Forgetting (LoRA)
0.25 § Forgetting (LGS)

0.05 4 \

0.00 1 .

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0
Task similarity V

(c) Forgetting at 100000 steps after task

switch.

Forgetting: LoRA vs LGS

—8— Forgetting (LoRA)
0.25 4 Forgetting (LGS)

0.0 0.2 0.4 0.6 0.8 1.0
Task similarity v

(b) Forgetting at 50000 training steps after

task switch.

Forgetting: LoRA vs LGS

—8— Forgetting (LoRA)
0.25 Forgetting (LGS)

0.0 0.2 0.4 0.6 0.8 1.0
Task similarity v

(d) Forgetting at 199000 steps after task
switch, nearly at the end of the training

procedure.

Figure 4.4: Forgetting at different time steps, for different values of the similarity.

4.1.5 The effect of

In this section, we will study the effect of 8 on the generalization error. As can

also be seen from the dynamical equations found in 3, the rescaling factor g acts as a

learning rate. Indeed, when computing the gradient with respect to D and A (see 3.8,

3.11), the factor v = 8/+/r appears as a factor in the gradient. Simulations proved that

increasing the value of 3 speeds up convergence to a stationary value of generalization

errors. However, small values of 3 slow down this behavior. Here we present, for different

values of task similarity, the generalization plots obtained using LoRA, varying the value
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of 8. In every plot, the higher the 3, the faster the plateau of task B identified in
4.1 appears, but the faster the forgetting. Figure 4.5 also suggests that the value of
can also show significantly diverse asymptotic values for generalization errors. Further

work may investigate how to optimally choose f to reduce forgetting. As task similarity
increases, this effect reduces.

Input 5ize=1000 | K=10 | M=2 | Low Dimension=1| Similarity=0.1
T
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Figure 4.5: Generalization errors for different values of §. Task similarity V' = 0.1.
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Figure 4.6: Generalization errors for different values of . Task similarity V = 0.5.
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Figure 4.7: Generalization errors for different values of 8. Task similarity V' = 0.9.

4.2 ODEs and simulations

Since LoRA showed an interesting phenomenology from the point of view of catas-
trophic forgetting, a key idea is now to study the differential equations found in 3.4.
Showing that there is a match between the differential equations and the simulations
allows us to study the solution of the ODEs directly, which is faster than an actual train-
ing session even with a modest input size. We remark that the differential equations and
the order parameters refer to the networks learning task B. One may also find the order
parameters for the networks on task A, but this is beyond the goal of this thesis. As a
final result, in this section we show that the differential equations found in 3.4 match the
order parameters computed during the training procedure with the online approach. We
will consider task similarities V' € {0.2,0.5,0.9}. The dynamical equations are studied
starting at task switch. As we said, one may also compute the dynamics before switching
task, but new dynamical equations for the order parameter = and a new computation of
the loss on task A should be studied, as = also depends on the source. Here we make a
comparison between the differential equations and the simulations at task switch, only,
i.e. we train the network on task A and then we employ the dynamical equations using

the source provided by the simulation, starting at task switch. Simulation details:

e Input dimension N = 1000;
e K =5, M=1,;

e Low rank: r = 1;

e =1 (for V€{0.50.9}) and g =5 for V =10.2;

e Learning rate: n; =n, =np =na = 0.9;

e Optimizer: SGD optimizer with batch size = 1 (equivalent to Gradient Descent);
e Loss: scaled MSE loss;
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e Teachers’ input-to-hidden vectors initialization: prescribed similarity obtained us-

ing the procedure described in C;
e Teacher head initialization: v¢ =1 and v¥ = —1;

e Student weight and head initialization: element-wise uncorrelated gaussian with

zero mean and variance o2 = 0.001;

Remark. The reason behind the choice f = 5 when tasks are almost orthogonal (V =

0.2) is that keeping information on the source can decrease the performance on the second
task. Thus, amplifying the effect of the LoRA update is needed.

Solving the dynamical equations confirms the presence of an initial plateau in the gener-
alization error for task B. Here, we can also see that this plateau is given by a trapping
of the order parameters of LoRA to constant values, while the head weights change in-
stantaneously starting from task switch. As long as the LoRA order parameters change,
meaning that the network is learning the main features at level of the input-to-hidden

layer, the generalization error starts to decrease.

4.2.1 Similarity V =0.2

Generalization error task B with LoRA Intensive LoRA
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(a) Generalization error on task B. (b) Evolution of D.

Figure 4.8: ODEs (A) and Simulations (S). Task Similarity V' = 0.2.
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Figure 4.9: ODEs (A) and Simulations (S). Task Similarity V' = 0.2.
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Figure 4.10: ODEs (A) and Simulations (S). Task Similarity V' = 0.2.

4.2.2 Similarity V = 0.5
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Figure 4.11: ODEs (A) and Simulations (S). Task Similarity V' = 0.5.
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Figure 4.12: ODEs (A) and Simulations (S). Task Similarity V' = 0.5.
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Figure 4.13: ODEs (A) and Simulations (S). Task Similarity V' = 0.5.
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4.2.3 Similarity V =0.9
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Figure 4.14: ODEs (A) and Simulations (S). Task Similarity V' = 0.9.
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Figure 4.15: ODEs (A) and Simulations (S). Task Similarity V' = 0.9.
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Figure 4.16: ODEs (A) and Simulations (S). Task Similarity V' = 0.9.






Appendix A

Integral computations

A.1 Preliminary formulas

Let us give some preliminary results on integrals involving the error function. All

. . . . . T 42
formulas are written in two versions, one using the error function erf (x) = \% fo e " dt,

+2
and the other using its rescaling g(z) = erf <%) = \/gfom e~z dt. Observe that ¢'(z) =

22
\/26_%-
™

Proposition A.1.1. For any a > 0 and any b € R:

2 b
" g(bx)dr = ——— Al
e gtante = ——— (A1)
/ ze= " erf(bx)dx = b (A.2)
R ava + b? .

Proof. The proof of A.2 follows from A.1 with b = v/2b.

By integration by parts:
+oo
+ i\/2/ e F ) gy
oo 20V T JR

— 0 as |z|] — 400, and using the definition of a

2 1 2
—axr b d — —axr b
[ e e = —5oe7 g o)

e—ang(bx)‘ S \/g e_abe.fC

gaussian density, the above expression is equal to

i fEE
2a V m+/2a + b?
b

av2a + b2

Since
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62 A. Integral computations

The following formula is needed to compute some quantities of interest.

Proposition A.1.2 ([22, Formula 13, Section 4.2]).

/e (@240 orf (2 )dx:—ﬁerf <L>
R a a’+1

A sketch of the proof:

Proof. Define
I(b) = / e~ (@0 orf (1) du.
R

Rewrite I(b) using a change of variable

I(b) = / e~ erf (2 — é) dz.
R

a

Now differentiate with respect to b:

dI<b) _ —2 —a2z e (2—2)? dz
db a\/_
—2e a2 ) 2 2bz
_ e ((a*41)z T) dz
A~/ T R
I
—26 a? " a2(a2+1) _(\/mz_ bQ
= e av/a241 dz
a/T Jr )
—o
V 2(a2+41)
_v?
—2e aZ+1

avaz +1

Let then R > b. By the fundamental theorem of calculus:

R 26
e a%+1 \/ _
VaZ+1

Let then R — +o00 and observe that I(R) L2+ () to obtain:

2 [T
I(b) == / e~ dt.

vV a2+1

Use the same computation for R < b and observe that I(R) 272 0 as well and get:
b
2 [Va
)= -2 / T gy

Summing the two expressions and using the change of variable z = —t in the integral

with +00 as extreme, we get the claim. O]
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Corollary A.1.1.

/R e~ (@’ g(cx) do = —g erf (\/%) - —gg (%) . (A3)

(az+b)? — _ﬁ —bc
/Re erf (cx) dr = - erf (\/m) (A.4)

The last property of interest of the error function is the following and is a more

general result of [8, Equation (A3)]:

Proposition A.1.3. For any a,b € R and any c > 0 the followings hold true:

/R % glaz) g(bx) dx = f/@arcsm ( Wﬁ—ﬁ:l;m) (A.5)

ca? 2v/2 2ab
/ e 2 erf(ax)erf(bx)dx = V2 arcsin ( ¢ ) (A.6)
R Ve V2a? + V20 + ¢

Proposition A.1.4. Let (X,Y) be a 2-dimensional gaussian vector with zero mean and
covariance matriz C. Let A be the inverse of C and let (-) be the expected value with
respect to N'(0,C). Let g be the scaled error function g(x) = erf (x/+/2) Then

() 9} = Zarcsin (=), (A7)

m VO +1vCs + 1
Proof.
e—%(A111’2+296yA12+A22y2)
(00X) 90 = [ otedal) o ddy

2
et _ Ao A2,
éQdAé‘;”/g(y).e (V) dy dx
R

1
= T
2m/det(C) /Rg( )¢
[ (e
\/ 27TA22 det \ A%2 + A22

A12
= — arcsm
<\/det + All \/det(A) + Agg)

2 : < Cha )
= — arcsin
™ VCi + 1y/Co + 1
where the last equality follows from the fact that:

Alg == —012 det(A)

All = 022 det(A)
A22 = Cll det(A)
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A.2 Computation of I,

This is a straightforward application of proposition A.1.4. The conclusion of formula

(1.13) follows from observing that:

Cij=Riy forie{l,...,K} and je{K+1,...,M} where n=j— K
Cij=Tn, fori,je{K+1,...,M} where m=i— K, n=j—K,
Cz]:sz for Z,kE{l,,K}

A.3 Computation of I3

Let us now compute the integral in (15), that is we compute:
Iy =(9'(Z:) Z; 9(Z)),

where i € {1,..., K} and j,k € {1,..., K+ M}. Let C be the projected matrix. Let us
denote by A the inverse of C' and recall that the cofactor matrix of a symmetric one can
be written as: o
A, = 2V
Y det(C) Y
where C}; is the matrix obtained from C' by deleting the ¢-th row and the j-th column.

Using this notation, we have that

L= [ @)y oo 2w dedyds
R
272, /det(C)
% / y - g(z) . ef%((Au+1)x2+A22y2+A33z2+2xyA12+2yzA23+2sz13) dx dy dz
R3
/20 ( Ay + 1) det(C)

2 2
1 (A22<A11+1)—A12 2 9A23(A1+1)—A1347p A33(A11+1)— A3 o
2 A1+l Yo+ A{1+1 yz+ A +1 Z
% / Y - g(z) .e 1+ 1+ 11+ dy dz
R2

Using the following shortcuts for the quantities above:

Ago(Ay +1) — A2,

Dll -

An+1
Do — _A23(A11 +1) — AizAss
12 A +1
Ass(A 1) — A2
Dy — s3(An +1) 13

An+1
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we compute

1 2 2
co(2) - e—g(Duy —2D12yz+Da2z )d dz
/R v 9(2) Y
2
D11 Dyy—D3? —(/B22, _Di2
:/y.e—%(“ Do 12)y2/g(z).e (V= atia) dz dy
R R

o2 / _ D13 Dgyp-DFy y? Do
=\lp—- [ y-e = I\ ==V |y
D22 R (\/D%Q—{—DQQ

(A_l) 2\/ 27TD12
(D11 Doy — D%z)\/Dn(Dm +1) — D},

Putting everything together:
I 2 Dy
3= =
T (D11 D3y — D3y)/(D11(Das + 1) — D%,) det(C) (A + 1)

After some computations, we can write explicitly the quantities above as follows:

9 (A1 + 1)(Ag2Ass — A%g) + 2A13A93A15 — A22A%3 - A33A%2
D11D22 - D12 =

A +1

o A22A33 - Ag?) + All(A22A33 - Agg) - A12(A12A33 - A13A23)
B A +1
+ A13<A23A12 - A22A13)

A +1
 det(A) + Ay Ay — A3,
B A +1

D12 o A13A12 - A23A11 - A23

D11 Dyy — D3, det(A) + Ay Ass — A3,
By the cofactors’ matrix, one can see that:
A13Ary — Aoz Ay = Chzdet(A)
—A23 = (022033 — 0223) det(A)
A22A33 — Ag3 = 011 det(A)
so that

Dys _ Ca3(Cr1 + 1) — C12Ch3
D11Dgy — D%Q Ch+1

Equivalently:

DH(DQQ + 1) — D%Z = D11 + D11D22 — D%Z
_ Ap(Ay +1) — A, + det(A) + Ay Agz — A3,
A +1
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hence

V (Dua(Das + 1) = D3,) det(C)(Au +1)
:\/det(C') (AQQ + A11A22 — A%Q + A33A22 - A%?) + det(A))

:\/(c11 +1)(Cys 4+ 1) — CZ

where the last equality follows from:
Aj1Agy — A3, = Oz det(A),
A22 = (011033 — C123> det(A),
det(C) det(A) = det(C) det(C™1) = 1.
Finally, we have

2 1 Cp3(Cry + 1) — C12Ch3
T\/(Cr+1)(Cs + 1) — O Cu+1
which concludes the proof of the formula for I that can be found in [7, Equations 15-16].

[3:

A.4 Computation of I,

Let us now compute the last integral of interest, i.e.

Is =9 (Z:) 9'(Z;) 9(Zx) 9(Z1))

where the average is over the gaussian distribution with zero mean and covariance matrix
C, the projection of C' with respect to the indexes of interest. Let us now prove the
quantity of interest. Let C be the four-dimensional covariance matrix of our gaussian

random vector, and let A be its inverse. Then

22 2
T o7 g(s) - g(t) - e 2@wsDA@ESOT g0 gy dt ds

Iy =

2
(&

7/ (2m)4 det(C) /11@4

24/det(C) . g(t) - e HeusAGusT dx dy dt ds

———] g(s)-9(
7/ det(C) R4g (2m)* det(C)

24/ det C
7T\/T<(C))<<9(X)9(Y)>>
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where ((-)) is the mean with respect to the gaussian distribution (Z, W, X, Y) ~ N (0, ),
where C'= A1 and

0
. 0
A=A+ FE, where F = 0
0

o O O O

0
1
0
0

o O o =

Note that although the last average is over a 4-dimensional gaussian distribution, the
function does not depend on Z and W at all, meaning that the average must be computed
over the 2-dimensional gaussian distribution with zero mean and covariance matrix, the
sub-matrix of ' X X

Csz Oz
Cs Cu

By (A.7) we have that

13 det(C) arcsin ( Ci )
1= 5 - -
™ \/det(C) Vs +1v/Cu + 1

We will now give an expression for all the quantities above in terms of values of C

only. First of all, note that:

det(C) 1 1 1 1

Vaei(@) \/det(4) det(C) ) Vdet(4-0)  VAt((A+E)-C) VI+EC

After some simple computation, we find that A, := det(I+FEC) = (Cy1+1)(Cop+1)—C%,.
We can also compute the values in €' in terms of that of C' using the following matrix

identities:

~

C=A"'"=(A+E)'=(C'+E)'=(CYI+CE)'=UI-CE)'C

Therefore, in order to compute 6'33, 034, Cu4 we can use the following identities:

4
Cys =Y (I +CE)3'Cis
=1
4
034 == Z([ + CE);;CM
=1
. 4
Ciu=» (I+CE);'Cy

=1
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Using the co-factors’ matrix to compute the above-mentioned coefficients of (I + CE)™!

one finds that:
O30 — C13(Cop +1)

(I + CE)gll - A4
_ C12C13 — Cy3(Ci1 + 1
(I + CE)321 _ 1213 AiS( 11 )

(I+CE) =1

(I +CE)3) =0
C1209 — C13(Coy + 1)

(I+CE)] = »
(I + CE) 012014 — Cy3(Cy1 + 1)
Ay

(I+CE); =0
(I+CE), =1
And finally compute:

oy = Ao AMyCsy — C13C14(Cog + 1) — Cy3C04(Cr1 + 1) + C19C14Cos + 012024013
3y = — =
A4 A4

Ay Ay(Cs3+1) — C5(Cag + 1) — C35(Chy + 1) + 2C12C13C3

Cas+1= v v
Ay Ay(Cuu+1) — C}(Cra + 1) — C3,(Cry + 1) + 2C15C14Coy
Cu+1=
A4 A4
Putting everything together, we retrieve the formula in [7, Equations 16-19]. That
is, defining;:
A= (Cii+1)(Cn+1) - 0122 (A.8)
Ao = AyCsy — C13C14(Cog + 1) — Co3C24(Chy + 1) + C12C14Co3 + C12Co4Ch3 (A.9)
Ay = Ay (C33 + 1) — C%(Cog + 1) — CH(C11 + 1) + 2C15C13053 (A.10)
Ao =Ay(Cay + 1) — 0124(022 +1)— 0224(011 + 1) + 2C12C14Co4 (A.11)
we obtain: A A
= i (20 A12
= ym e () S



Appendix B

Overlaps ODEs

In this section, we compute explicitly the differential equations for the order param-

eters as it was done in [4, 1].

B.1 Differential equation for R

Using the Gradient update for J; (1.8) we find that:
Bn ’ é“,u,
VN

JE By = By - AR g (XY) (B-1)

that is
J.B,  J*.B ny
0R;,, = R*™ — R = =2 n_ i h_ e
o N N N

Again, performing the thermodynamic limit and regarding /N as a continuous time we

AR G(XE)YS (B2)

obtain:
dR;
o = — hl A ! Xz Yn
pa nrhi (A g'(Xi)Yy)
M K (B.3)
—nh [Z 09/ (X0) Yo g(Yi)) = S hylg/(X0) Yng<Xj>>]
m=1 j=1
which can be written in terms of I3 as follows:
dR - -
o = h LZI v I3(1, K +n, K +m) — ; hy I(i, K +n, j) (1.21)

B.2 Differential equation for A

Now we apply the same reasoning as before directly to the gradient update (1.9) and

write:

5hi = W — B = — 2 A g(XL). (B4)
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B. Overlaps ODEs

In the thermodynamic limit we get:

dh;
dr

= = (9(Xi) A)

= [Z Un{g(Yn) 9(X0)) = Y hila(X;) g

which can be written in terms of the integrals I, as:

m=1

dh; l
dT:nh [ZUmIQK+mZ Zh I(j,i ]

(B.5)
-

(1.22)



Appendix C

Generate teacher networks

C.1 Scalar case

We now describe how to generate two teacher vectors with the prescribed overlap
V € [0,1]. First, randomly generate an N x N matrix and consider ) the orthogonal
matrix of its QR decomposition. Being (); the i-th row of Q, define:

B® = m@l

where the rescaling is performed to make each entry of B¢ of order O(1). Then, we
define
BY =VBY +V1-V2Q,

and Qs = VN Q.

C.2 Matrix case

Assume now M > 1. Let V be the mutual overlap matrix of the teachers. We now

need BY, BY € RM*K 5o that
B¢ (BY)T
N

Consider the singular value decomposition of V:

V =

vV =Uuxz"

where ¥ = diag(oy,...,0p) is a diagonal matrix, whose diagonal contains the singular
values of V', ordered in descending order. Let now () be the orthogonal matrix of the QR
decomposition of a gaussian matrix G of dimension N (i.e. a random square matrix).
Then define:

B® = VNU(2)"*Q.r,
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BY =V NZ(2)Y2Qq.,

Q1. is the M x N matrix whose rows are the first M rows of Q and (X)Y? = diag(,/0;).

Then:
BO(BO)T

= U<E)1/2 Ql:M(Ql:M)T(E)l/QZT = UZZT =V
N ——

Ing

Another way of characterizing the similarity is by considering:
BY =VB® +V1—-V2B,.4,

where B, is orthogonal to B® and V is a scalar quantity that can be thought as a scalar

similarity between matrices. This is the method used in the simulations with M > 1.
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