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Abstract

Ultra-cold atomic Bose-Fermi mixtures constitute a versatile platform for studying quantum many-
body phenomena, offering tunability over interparticle interactions, dimensionality, and component
populations. Similar mixtures also occur in two-dimensional semiconductor nanostructures known as
transition metal dichalcogenides, where excitons act as bosons interacting attractively with charge
carriers (electrons or holes). Both examples motivate the theoretical study of Bose-Fermi mixtures
with boson-fermion pairing and bosons and fermions with unequal masses.

This thesis investigates two-dimensional mass-imbalanced Bose-Fermi mixtures at zero temper-
ature, extending previous analyses of mass-balanced systems. Using a diagrammatic T-matrix ap-
proach that has been validated in three dimensions by a recent experiment as well as by Quantum
Monte Carlo simulations, we numerically study fundamental thermodynamic quantities as functions
of the boson-fermion attraction strength. (Semi-)analytical expressions in the weak- and strong-
coupling regimes are also derived. Mass-imbalance effects are systematically analyzed, and numerical
results are tested against the (semi-)analytical expressions.

We further introduce formal improvements to the T-matrix method, including fermion-mediated
boson-boson interactions in the anomalous boson self-energy and a partial self-consistency scheme in
the fermion and boson self-energies. The inclusion of the additional anomalous term is essential to
restore the correct weak-coupling expansion within the partially self-consistent T-matrix approach,

suggesting the necessity of both improvements for an even more accurate modeling of the system.
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Introduction

The study of ultracold quantum gases has its roots in the early twentieth century, when the theoretical
foundations of quantum statistics were laid down by Bose and Einstein for integer-spin particles [1—
3], and by Fermi and Dirac for half-integer spin particles [4, 5]. The seminal work from Bose and
Einstein predicted striking collective phenomena, most notably Bose-Einstein condensation (BEC),
the macroscopic occupation of a single quantum state below a critical temperature. However, the
experimental realization of these ideas had to wait for the development of advanced cooling techniques
in the 1980s [6, 7]. The first experimental observations of BEC in dilute atomic gases of 8"Rb and
23Na came in 1995 [8, 9]. Shortly thereafter, the achievement of quantum degeneracy in fermionic
species such as “°K and °Li [10, 11] paved the way for the investigation of strongly correlated Fermi
systems and, crucially, Bose-Fermi mixtures.

Since then, ultracold Bose-Fermi (BF) mixtures have been studied extensively both from a theo-
retical and experimental perspective, as they offer a wide range of possibilities to tune their properties
externally. Magnetic or optical traps allow to cool down atomic vapors to the nanokelvin scale, and
reach the quantum degenerate regime in which bosons and fermions exhibit their respective quan-
tum statistics [12-15]. The use of Fano-Feshbach resonances between different interaction channels
enables access to tunable interparticle interaction parameters. For instance, in a strong attractive
interaction regime, this allows control over the formation of bound states of different atomic species.
The optical or magnetic trapping determines the density profile of the atoms, making it possible to
tune the effective dimensionality of the system. In particular, confinement-induced resonances allow
to realize a dimensional crossover from 3D confinement down to (quasi-)2D one, while at the same
time tuning the strength of the BF and the boson-boson (BB) interactions [16-18].

Due to their high degree of tunability, ultracold gases constitute a versatile platform for simulating
quantum matter. The realization of ultracold atomic BF mixtures has allowed exploration of a wide
range of phenomena like phase separation [19], polarons [20-25], dual superfluidity [26-29], collective
excitations [30, 31], mediated interactions [32-34], and Feshbach molecules [35-44].

Besides ultracold quantum gases, BF mixtures have also been realized in semiconductor nanos-
tructures known as transition metal dichalcogenides (TMDs). TMDs are layered systems made up of
two-dimensional crystalline sheets of transition metals and chalcogenides [45-53]. Newly developed
exfoliation techniques have enabled atomically thin structures of few to only a single layer of TMD,

where the electrons are effectively confined in two dimensions. A common TMD is molybdenum
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disulfide MoSs, which in its single-layer form possess a direct band gap [50]. The latter facilitates
optical excitations across the band gap, creating a (conduction-band) electron and a (valence-band)
hole that experience mutual Coulomb attraction. This attraction can lead to the formation of a
bound state called exciton. Due to its spatial extension, an exciton (which is a composite boson) can
develop an electric dipole moment and interact attractively with an electron or hole (which are of
fermionic nature) [45, 47, 52, 53]. Recently, electrically tunable Fano-Feshbach resonances in TMD
bilayers have been detected [46, 49]. In this regard, TMDs are similar to ultracold atomic Bose-
Fermi mixtures: TMDs can also realize strong coupling yielding an interspecies bound state, not only

between electrons and holes but also between excitons and electrons/holes.

In experiments, Bose-Fermi mixtures are trapped in a potential well with a non-trivial profile.
Therefore, bosons and fermions exhibit non-trivial density distributions, and a local population im-
balance is unavoidable even when the two components contain the same number of atoms. This
inhomogeneity can be partially accounted for by considering a global population imbalance; that is,
the two components are taken to be homogeneous, but with a density-imbalance between the two. In
the case of attraction between bosons and fermions, the assumption of having a homogeneous system
requires tuning the BB repulsion to exceed a certain value in order to guarantee the mechanical sta-
bility of the BF mixture against collapse [54, 55]. In addition to density-imbalance, any BF mixture,
both in ultracold gases and in TMDs, features components with different masses (in atomic mixtures,
these can be different atomic species or different isotopes of the same species; in TMDs, these are
excitons and charge carriers); consequently, mass-imbalance is also unavoidable. These considerations
motivate the theoretical study of a homogeneous BF mixture with BF pairing, BB repulsion, and

density-/mass-imbalance.

In particular, in this thesis we investigate effects arising from mass imbalance, generalizing the
results obtained in previous works such as [56] for mass-balanced mixtures. Moreover, possible
improvements to the theory developed in that same paper, the so-called transition matrix approach (or
T-matrix approach), are discussed in detail from a formal point of view. These improvements include
the implementation of a partial self-consistency in the T-matrix, a modified scheme that should allow
for a more faithful treatment of Fermi atomic excitations. However, this modification alone is found
to worsen the agreement of the numerical results with the known analytical expressions in the weak
BF-coupling regime. This requires taking into account, in the calculation of the anomalous boson
self-energy, the BB interaction mediated by fermions, which yields an additional contribution not
considered in [56]. In the weak-coupling limit, this term compensates for a spurious term originating
from the partial self-consistent scheme in the perturbative expansion of the boson chemical potential.
In addition, the importance of its inclusion is suggested by comparison with a recent theoretical work
on mediated interactions in BF mixtures [57], showing that this term plays an important role in the

stability of BF mixtures.

The thesis is organized as follows. In Chap. 1, we introduce the general description of Bose-Fermi
mixtures, focusing on the techniques used to realize boson-fermion pairing and on some examples

of mixtures realized in ultracold gases and TMDs. In Chap. 2, the general diagrammatic theory for



fermions and bosons in the condensed phase is reviewed. In Chap. 3, the diagrammatic theory is ap-
plied to two-dimensional Bose-Fermi mixtures, and expressions for the fundamental thermodynamical
quantities are derived within the T-matrix approach. Calculations are carried out for different values
of the BF coupling parameter, yielding (semi-)analytical results in the weak- and strong-coupling
regimes. The modified T-matrix method and the additional anomalous self-energy term are also
presented. Chap. 3 is complemented by Appendices A, B, and C. Finally, in Chap. 4 (and Appendix
D), the results for the thermodynamical quantities are presented, with a focus on the effects arising
from mass-imbalance. Comparisons with the (semi-)analytical expressions obtained in Chap. 3 are

also provided.






Chapter 1

Bose-Fermi mixtures

In this chapter, general concepts of the physics of ultracold atomic gases are introduced. Special
attention is given to the techniques underlying boson-fermion pairing and the cooling of the mizture
to the quantum degenerate regime. The class of solid state transition-metal dichalcogenides is then
briefly presented, with particular focus on the similarities to ultracold atomic Bose-Fermi miztures

that allow for a unified description encompassing both systems.

1.1 Fano-Feshbach resonances

In this section we describe what is meant by a Fano-Feshbach resonance and explain why these
resonances constitute an important tool for controlling atomic interactions in the systems of interest,
making it possible to tune both the magnitude and the sign of the effective coupling parameter between
particles. Before doing so, we briefly recall a few concepts from scattering theory and introduce the
notion of a channel.

In the center of mass frame, the condition of energy conservation for two-particle scattering from
one energy eigenstate to another reads (for relative distances far larger than the interaction potential
range)

2 K2

om +e1tex = Dy +€/1 +5/2, (1.1)

where k is the initial relative momentum, m, = myma/(ms +ms) is the reduced mass, and ¢; denotes
the eigenvalue of the hamiltonian describing the internal degrees of freedom of particle 7; the prime
indicates the corresponding quantities in the final state. Note that here and in the rest of this thesis
we choose units such that A = 1.
The above equation can be rearranged as

K2 K2 )

= —eh —éh. 1.2
S 2mr+€1+52 €] — €5 (1.2)

A channel is defined by the set of quantum numbers specifying the internal states of the two particles.



CHAPTER 1. BOSE-FERMI MIXTURES
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Figure 1.1: Fano-Feshbach resonance model for a two-channel case: two particles scattering at energy
FE resonantly couple to a molecular bound state with energy F. of the closed channel potential. The
separation between the asymptotes of Vi (r) and Vi(r) as r — oo corresponds the Zeeman energy
difference Ay B, with Ay being the difference of the magnetic moments of the two channels.

If k’?/(2m,) > 0 the final channel is said to be open, since the final internal state can be accessed
from the initial internal state if the relative momentum varies accordingly. If instead k’2/(2m,) < 0
the final channel is closed, since for that set of internal quantum numbers the process is forbidden by
energy conservation.

We speak of a Fano-Feshbach resonance when the energy of a bound state in a closed channel
approaches the energy of a scattering state in an open channel [58]. By definition of a closed channel,
it is not possible for the two particles to scatter into a final state corresponding to such a bound
state; however, due to the bound state’s energy being close to that of the allowed scattering state, the
overlap between the evolved initial state and the bound state becomes significantly non-zero for times
close to the collision time. This means that two particles in an open channel can scatter “virtually”
to a bound state in a closed channel, which subsequently decays in one of the open channels.

Fano-Feshbach resonances can be realized in several different ways. For instance, channels can
be coupled together by adjusting an external magnetic field (magnetically tunable Fano-Feshbach
resonance, see e.g. [59]), or an electric field (electrically tunable Fano-Feshbach resonance, see e.g.
[46]) or a laser field (optically tunable Fano-Feshbach resonance, see e.g. [60]).

As a pedagogic example, let us consider a Fano-Feshbach resonance in the isolated resonance
approximation, meaning that a single bound state of the closed channel gives a significant contribution
to the resonance. Let us further assume that the resonance is magnetically tunable, so that the
channels are distinguished by their magnetic moments. For definiteness, let the initial (open) channel
be associated with the total magnetic moment pe, and the closed channel with the total magnetic
moment fi.. If we turn on an external magnetic field B, the interaction energy between particles
acquires a dependence on the magnetic moment of the correspondent channel. Let Vi (r) be the
potential associated with the initial channel (“background” potential) and V.(r) be the potential

associated with the closed channel.



1.2. ULTRACOLD ATOMIC GASES

A representative example for V4,4 (r) and V() is depicted in Fig. 1.1, together with the energy E of the
initial scattering state and the energy FE. of the closed channel bound state. Under the assumptions
of E ~ E, and of small relative momenta k and k', it can be shown (see [61]) that the scattering
amplitude f(k,k’) (to be defined in Sec. 2.5.3) for an incoming state with relative momentum k

scattering into a final state with relative momentum k’ is given by

1
E-E.

f(k k') o (1.3)
Denoting the energy of the two scattering particles at vanishing relative kinetic energy and at infinite
relative distance by Elg, and assuming E, = E? — u. B and Ey,g = Egg — Ubg B, we can approximate

the RHS of equation (1.3) by
1

E—E. " (pe— png)(B— Bo)’
Here, we have defined By = (E? — Egg)/(,uC — lbg) to be the magnetic field for which the bound state

energy FE. equals the energy Fjg, and we have used |k| ~ 0 to approximate E ~ FEi,. In practice,

(1.4)

then, the resonant coupling of the two channels is realized by tuning F. ~ Fy,.

This simple model shows that we can control the scattering amplitude by tuning the external
magnetic field B. We will discuss in Sec. 2.5.3 that f(k,k’) is closely related to the effective coupling
of the interactions in the system of interest for this thesis. By tuning B closer to or further from By,
the magnitude of the coupling can be made larger or smaller, or change sign.

In current experiments on Bose-Fermi mixtures, Fano-Feshbach resonances can be broad or nar-
row [62]. Broad resonances are characterized by the smallness of the effective range parameter of the
boson-fermion interaction potential with respect to both the average interparticle distance | = n=¢
(with d being the dimensionality of the system and n its number density) and the boson-fermion scat-
tering length (to be defined in Sec 2.5.3). Instead, in narrow resonances the range of the interactions

is comparable or larger in size than one of the other two lengths.

1.2 Ultracold atomic gases

The term “ultracold gas” is used to describe atoms at low temperature (typically T < 1 uK), that
are also assumed to be sufficiently dilute so that the system does not solidify and is indeed a gas.
In this regime, known as quantum degeneracy, the quantum statistics of the atomic constituents
becomes relevant. In an ideal Bose gas, atoms macroscopically occupy the lowest energy single-
particle mode, whereas in an ideal Fermi gas atoms fill up the single-particle modes up to the Fermi
energy, forming the so-called Fermi sphere.

The physics of ultracold atomic systems is ruled by three fundamental length scales: the thermal
de Broglie wavelength A = /2w /(mkgT) (with m denoting the mass of the atomic constituents and
kg the Boltzmann constant), the average interparticle distance I, and the range of the interaction
potential between particles. Quantum degeneracy is realized when [ < A.

If the system of ultracold atoms is tuned close to a broad Fano-Feshbach resonance, then the range

7
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of the potential is small compared to all other length scales. In this case interactions between atoms
can be described by a single parameter, the scattering length, and the whole spectrum of different
values of the coupling can be explored by varying the external parameter that controls the resonance.

For example, a milestone in theoretical quantum many-body physics was achieved in 1957, when
the BCS theory was first formulated in [63]. In this framework, electrons with opposite spin and mo-
mentum form correlated pairs (known as Cooper pairs) which condense below a critical temperature,
giving rise to superconductivity. This work provided the first microscopic explanation of conventional
superconductivity, a phenomenon discovered in 1911.

The BCS description applies to the weak-coupling regime, where correlations between paired
electrons are weak. As the strength of the attractive interaction increases, fermions bind into tightly
bound diatomic molecules with bosonic character, which can undergo Bose-Einstein condensation.
The excess of fermionic atoms forms instead a background Fermi sea. The continuous evolution
between these two regimes, known as the BCS-BEC crossover, has been extensively studied over the
past decades from both theoretical [64-70] and experimental [71-75] perspectives.

As the interaction strength is increased, Bose-Fermi mixtures with BF pairing undergo a phe-
nomenon similar to the BCS-BEC crossover in Fermi-Fermi systems. In the BF case, bosons and
fermions also bind into molecules in the strong-coupling regime; however, these molecules obey Fermi

statistics and therefore fill a Fermi sphere instead of forming a Bose-Einstein condensate.

1.2.1 Examples of realized ultracold atomic Bose-Fermi mixtures

The typical procedure to realize an ultracold Bose-Fermi mixture consists of several successive stages
of trapping and cooling, until quantum degeneracy of both species is achieved. Once the mixture
is prepared, interspecies interactions can be tuned in a controlled way by means of Fano-Feshbach

resonances. An example of the specific steps to prepare the mixture may be as follows:
1. both atomic species are captured and laser cooled in a magneto-optical trap (MOT);

2. the mixture is transferred to an optically-plugged magnetic trap (OPT), used to confine the

two species;

3. in the OPT, the bosonic species undergoes forced radio-frequency (RF) evaporative cooling

while the fermionic species is sympathetically cooled.

The above steps correspond to those of the experiment reported in [13], where the apparatus used
for the preparation of a *'K-SLi mixture is described in detail. The outcome is the realization of a
degenerate mixture containing 1.4 x 10° 4'K atoms with a condensate fraction of 62% and 5.4 x 10°
6Li atoms at 0.257F. In the following, we schematically present the trapping and cooling tech-
niques employed in this specific experiment, which are however common to many other experimental
realizations of ultracold Bose-Fermi mixtures.

A MOT is an apparatus that employs a spatially varying magnetic field to trap atoms exploiting
the Zeeman effect, while at the same time cooling the samples down by absorption and re-emissions
of photons [76, 77].
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Potential Energy

~

Position

Figure 1.2: Pictorial representation of the potential employed in an optically-plugged magnetic trap.
The dashed line locates the peak due to the repulsive light potential, at the position corresponding to
the zero of the magnetic field and the center of the trap. Colder atoms are more likely to be detected
near the center of the trap, in the potential wells schematically represented by the purple shaded
areas. The figure is a 1-dimensional adaptation of Fig. 1 in [9].

An OPT confines atoms through a combination of three potentials: a linear magnetic potential
arising from a spatially varying magnetic field, a repulsive light shift potential generated by a laser
beam focused onto the point of the trap where the magnetic field vanishes, and a radio-frequency
field that enables evaporative cooling [9]. The repulsive potential is used to suppress the trap loss
by “plugging the hole” of the magnetic field at the center of the magnetic trap. For a pictorial
representation of the potential profile, see Fig. 1.2

RF evaporative cooling is a technique used to reduce the temperature of atoms in a magnetic trap
[78]. The atoms with higher kinetic energy spend more time far from the center of the trap, where
they experience a stronger magnetic field and therefore a larger Zeeman shift. The chosen frequency
defines a surface at which the Zeeman splitting matches the RF photon energy, driving a transition

from a trapped state to a non-trapped state and thus removing those atoms from the trap.

Sympathetic cooling is a process in which particles of one type cool particles of another type
[79]. In our case, the coolant is made up of the RF cooled bosons, while the temperature of fermion

component is reduced by sympathetic cooling.

These trapping and cooling techniques, while reported in [13] for the ' K-5Li experiment, are rep-
resentative of the methods commonly employed in the preparation of ultracold Bose—Fermi mixtures.
In Table 1.1 we report a list of many realized heteronuclear Bose—Fermi mixtures, their mass ratios,

and references to the corresponding experimental works.

9
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Mixture (B-F) | mp/mp References

8TRb-171Yb 0.509 [15]

23Na 40K 0.575 | [23, 31, 37, 40, 41, 44, 59]
168y 161Dy 1.043 [12]

8TRb-410K 2.175 21, 32, 35, 36, 39, 42]
ZNa-OLi 3.833 [38]

4K 5L 6.833 (13, 19, 20, 28, 34, 80]

814Gy O 14 14]

133015 6T 4 22.167 30, 33, 43]
174yh-SLi 29 [27]

Table 1.1: Examples of realized ultracold heteronuclear Bose-Fermi mixtures, their mass ratios and
references to experimental works.

1.3 Transition metal dichalcogenides

The transition metal chalcogenides are a group of about 60 materials, most of which are layered
structures with weak interlayer van der Waals interactions [81]. Three subsets are identified: the
transition metal monochalcogenides, with the form of MX (M = Cu, Ag; X = S, Se, Te), the transition
metal dichalcogenides, with the form of MXs (M = W, Mo as semiconductor; V, Nb, Ta as metal),
and the (less explored) transition metal ¢richalcogenides, with the form of MX5 (M = Ti, Zr, Hf,
Rf, V, Nb, Ta, Db, and Cr), where X represents chalcogens (S, Se, Te). By using micromechanical
cleavage, one can obtain few-layer and monolayer crystals, typically of few to tens of micrometers in
lateral dimension [82].

Here, we shall focus on semiconducting TMDs MX,, with M = Mo, W, which exhibit relevant
excitonic properties. In their bulk form, they are indirect band gap semi-conductors [45], meaning
that the minimal-energy state in the conduction band and the maximal-energy state in the valence
band are characterized by a different Bloch momentum. When thinned down to the limit of a single
monolayer, the band gap becomes direct, meaning that the minimal-energy state in the conduction
band and the maximal-energy state in the valence band are characterized by the same Bloch momen-
tum (see Fig. 1.3). This implies that optical excitations across the gap are enhanced, since no Bloch
momentum transfer from a photon to an electron is needed to promote the latter from the valence to
the conduction band.

Following absorption of a photon with suitable energy, the electron promoted to the conduction
band leaves behind a hole in the valence band. In TMD monolayers, the electrons and holes are
tightly bound together as excitons by the attractive Coulomb interaction.! As a result, the funda-
mental optical properties at both cryogenic and room temperature are determined by strong exciton

resonances [45].

IThe attractive Coulomb interaction is less screened with respect to bulk TMDs, due to the absence of a dielectric
environment extending in all directions [48].
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Figure 1.3: (a): Monolayer TMD crystal structure. The transition metal atoms appear in black, the
chalcogen atoms in yellow. The hexagonal real-space lattice gives rise to a hexagonal Brillouin zone.
(b): Typical band structure of MXs TMD monolayers calculated using density functional theory,
showing the band gap E, at the K-points (i.e. the corners of the hexagonal Brillouin zone). The
highlighted splitting in the valence band is due to spin-orbit coupling. The figure is reproduced
from [45].

1.3.1 Bose-Fermi mixtures in TMDs

In ultracold Bose-Fermi mixtures, bosons do not appear as collective excitations, but they are atoms
that can be treated as point-like particles (since the effects originating from the internal degrees of
freedom are subleading in collisions at extremely low temperatures) which interact with the fermions
by coupling terms that are non-linear in their creation and annihilation operators. In contrast,
typical solid state systems concern point-like fermions (electrons) that interact with bosons emerging
as collective, low-energy excitations of either the crystal lattice (phonons) or the electronic system
itself (e.g. plasmons or magnons). In order to represent pointlike bosons, one faces the challenge to
ensure that the fermions remain sufficiently dilute compared to the extent of the bosonic particle,
which is characterized, for instance, by its binding energy or internal excitation energies.

Upon doping the semiconductor with charge carriers (either electrons or holes), excitons in bulk
semiconductors can form with a binding energy of the order of 10 meV [48, 83], which is roughly of
the same order as the Fermi energy that determines the fermion density. This fact invalidates the
picture of a “well-defined” Bose-Fermi mixture.

TMD monolayers, on the other hand, exhibit exciton states which are more strongly bound, due
to the enhancement of Coulomb attraction between electrons and holes. In particular, the binding
energy is of the order of hundreds of meV [48, 84]; as a consequence, it is possible to realize the
desired large energy separation where excitons remain well-defined atom-like particles even in the
presence of the electronic component.

The analogy with ultracold atomic Bose-Fermi mixtures further involves the following facts:

e excitons are expected to exhibit, at low to intermediate densities, collective phenomena such as

Bose-Einstein condensation and superfluidity [85, 86];
e signatures of boson scattering of excitons have been reported ([87] for monolayer WSes);

e through inelastic scattering with electrons or holes, an exciton can capture an additional charge

11



CHAPTER 1. BOSE-FERMI MIXTURES

and form a bound three-particle state at intermediate densities, the so-called trion states. Since
excitons can be considered as composite bosons (at least for not too high carrier densities, as
discussed above), trions can be seen as composite fermions made up of a composite boson and
an electron or hole, with a mass-imbalance due to the mass of the exciton being roughly two

times the mass of the extra charge carrier (in typical TMDs);?

e an electrically tunable Fano-Feshbach resonance has recently been realized in a MoSey bilayer
system, where a perpendicular electric field tunes the interlayer exciton-hole scattering into
resonance with the intralayer trion state, enabling precise electrical control over the exciton-
hole interaction strength [46]. The emergence of the interlayer Feshbach molecule leaves distinct
signatures in the optical excitation spectrum, which can be understood in terms of Fermi polaron
formation [49]. This electrical tunability opens a promising route toward the realization of
degenerate Bose-Fermi mixtures with fully controllable interactions in a purely 2-dimensional

solid-state platform.

2However, we should specify that the correlations between trions and the Fermi sea of electrons (or holes) may
be relevant [88-90], since the trion’s binding energy is typically of the same order of the Fermi energy [48]. This is
different from ultracold atomic Bose-Fermi mixtures, for which in the strong-coupling regime the binding energy of the
Bose-Fermi molecule is much larger than the Fermi energy.
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Chapter 2

Perturbation theory and the

transition matrix

In this chapter, we first review the basics of the imaginary-frequency Green’s function formalism.
Then, we apply it to the case of a Bose-Fermi mixture in the condensed phase, discussing the Feynman
rules, Dyson’s equations, and the subtleties related to the zero-temperature limit. Finally, we present
a class of Feynman diagrams that will be central in the following chapters and discuss their relation

to relevant physical quantities from the quantum theory of scattering.

2.1 Imaginary-frequency Green’s functions

For the purposes of this work, expectation values of observables are most conveniently evaluated in the
grand-canonical ensemble. Therefore, the starting point is writing down the system’s grand-canonical

hamiltonian

K =H — N, (2.1)

where p is the chemical potential. The grand-canonical density matrix pg and partition function Zg

are defined as

pa = Zg = tr(e_ﬁK), (2.2)

where 5 = 1/(kgT) is the inverse temperature. S, p, and the occupied volume V specify the
macrostate of the system. Unless otherwise stated, the system is assumed to live in d-dimensional
space.

We define the single-particle temperature Green’s function as
G(rr,r'r') = — <T[1/J(r7)wf(r/7’)])>, (2.3)
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CHAPTER 2. PERTURBATION THEORY AND THE TRANSITION MATRIX

where:

e the time-ordering T]...] orders the operators inside the square brackets according to their value
of 7, with the smallest at the right;

e (..)=tr(pg...) and tr(...) =32,y (x]...|x) denotes the sum over a complete, orthonormal
set of states {|x)};

e 7 (r7) and its adjoint ¥ (r7) are the Heisenberg fields (bosonic or fermionic)®

Y(rr) = efTP(r)e KT, Yl(er) = F Tyl (r)e KT (2.4)
In presence of fermionic fields, T|[...] includes the factor (—1)¥ with P being the number of permu-
tations of fermionic operators in [...] needed to restore the original ordering.

Green’s functions are directly related to equilibrium thermodynamic properties of the system. As
a useful example, we show here how to deduce the average number of particles N (8, 1, V): denoting
Tt =74+0"

1
/dr G(rr,rr™) = ¥ dr tr(e*BKwT(r)w(r)) (2.5)
a
= :F/dr (n(r)) = FN(B,u, V), (2.6)
where “—” is for bosons and “+” is for fermions, with this sign difference coming from the time

ordering. We have therefore derived the relation
1 +
n=Fy dr G(rr,r7™) (2.7)

for a homogeneous system’s density at given 3, u, V.

If the system of interest is isolated, the Green’s functions depend only on the time difference:
G(rr,r'm) = G(r,v';7 — 12) = G(r,r'; 7). To find a Fourier representation of G in the variable 7,
it is important to recall its periodicity properties. In their domain of definition, i.e. 7 € (=3, 3),
the boson Green’s functions are periodic in 7 with period 3, while the fermion Green’s functions are
anti-periodic with period 5 (see [91, Sec. 7.25]). Therefore, the following direct and inverse Fourier

representations are available:

I —
G(r,r';17) == e TG (r, ' wy 2.8
( ) Bn;w ( ) (2.8)
B .
G(r,r’;wn):/ dr "G (r,r';T) (2.9)
0

INote that since 7 is real, the two Heisenberg fields are not actually one the hermitian conjugate of the other. We
will nonetheless refer to a field and its “dagger version” as a field and its adjoint. 7 is usually called imaginary time in
the literature, since the operator e X7 is related to the evolution operator e %% by the map t — —ir.
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2.1. IMAGINARY-FREQUENCY GREEN’S FUNCTIONS

with

2nm /B for bosons
Wy = (2.10)
(2n+1)w/8  for fermions.

We will refer to Green’s functions dependent on w, as imaginary frequency Green’s functions.
Assuming the system to be translational invariant, i.e. G(r1,r2;7) = G(r1 —ro;7) = G(r, 7), we

can employ a Fourier representation of the variable r

G(r,7) = %Z kT Gk, ) (2.11)
k
Gk, T) = / dr e T G(r,7), (2.12)

and thus write the Green’s function G(r,7) in terms of the Green’s function G(k,w,) in (d+1)-

momentum space2

nT) =3y Zze"” wnT (K, wy). (2.13)

k wn

With these definitions, the equation for the density (2.7) can be rewritten as
1 ot
"= DY e Gk wn). (2.14)

If we assume periodic boundary conditions on the box of volume V' and the thermodynamic limit,
k takes value in a continuum and the sum over the discrete momenta is substituted with an integral:

V=13, — [dk/(2m)?. The density can then written in terms of a d-momentum integral as

1 dk gt
=75 [ Gy 2 Gl ) 215)

2.1.1 Non-interacting systems

The simplest application of the Green’s function formalism is to a non-interacting system, for which

K= [arvle (——u) (), (2.16)

and the field operators are conveniently expanded in the free particle’s basis, i.e.

Y(rr) = \FZ etkr=&erg, o yl(er) = \FZ emikrtaergt (2.17)

2From this point onward, we employ an as a short-hand notation, with wy, given by (2.10).
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In the case of bosons, few mathematical steps from the definition of the Green’s function G° yield in

imaginary frequency

0 = (r —1') W T —57'
G'(r,r;w,) = Vzk: / dre T(1+n(k))

zk(r r’

etk )(1 + n(k)) )
zk: vy (exp [(iwn, — &k) S =v Z o fk (2.18)

< \

where n(k) = <aLak> = (e/% —1)~! and we have used —(1 + n(k))~! = (exp(—pB&k)) — 1 together
with e®8 =1 to go from the second to the third line.
Taking into consideration the different momentum distribution n(k) = (e +1)~!, expression (2.18)
is proven to hold for fermions as well, provided that w,, is modified according to (2.10).
By looking at the final expression GO(r,t';w,) = V=13, 0= /(iw, — &) we identify

1

GOk, wp) = —
w

— (2.19)

to be the non-interacting Green’s function in (d+1)-momentum space. From this quantity we define
the non-interacting propagator in (d+1)-momentum space as —G°(k,wy,), i.e. the Green’s function

with the opposite sign.

2.1.2 The perturbative expansion

Let us now move to the case of interacting systems. If we split the grand-canonical hamiltonian
as K = Ky + W, where Kj is the non-interacting piece, we can expand the Green’s function in

perturbation theory [91, Sec. 7.24] as

ZZOZO G (rr,r'7")

G(rr,x'7') = (2.20)
2o (5™,
In the above expression
G (er,x'e') = = (IS (o)l (7)) (2.21)
1 B B
S = 5(71)”/ dri .. / A7y, TWing(71) - - - Wing (7)) (2.22)
: 0 0
1
_ —BK

(.- = tr(e~PKo) tr (e C ) (2.23)

and the subscript “int” denotes operators in the interaction picture,?
Oint (1) = 5070 FoT, (2.24)

3Note that, as for fields in the Heisenberg picture, 1, and its adjoint 7,[) are not actually one the adjoint of the

other.

int
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2.2. PERTURBATION THEORY FOR THE BOSE-FERMI MIXTURE

Clearly, the index n labels the different perturbative orders in the interaction term W.

The general strategy to evaluate the above equations is to apply Wick’s theorem. It allows to
express any correlation function given by the expectation value (...), of a time-ordered product of
fields in the interaction picture as the sum of all products of contractions of two fields. The contraction
of two field operators is non-vanishing only if it is between a field and its adjoint. In this case, it

yields a non-interacting propagator:

r —
Wl = il = <T[¢i¢j]>0 — —G°(i, §) for bosons (2.25)

r i
—1#;[1/%' = z/jiz/;;f = <T[¢iz/;;]>0 —G°(i, ) for fermions, (2.26)

using the compact notation 1; = Vi (r;7;), 1/)3 = I/JiTnt (r;7;) and G°(i, j) = GO(r;7;, r;7;).
The sum of products of non-interacting propagators can be pictured as a sum of Feynman diagrams. A
first consequence of Wick’s theorem is that the denominator >~ <S (n) > o eliminates all disconnected

diagrams, leaving us with

G(rr,r't") = Z G™ (rr, I‘/T/)’ (2.27)

n=0

connected’

Moreover, since each connected graph appears essentially n! times, the factor 1/n! in G always

simplifies when we sum the diagrams at order n in Wi, and integrate over all internal variables.

2.2 Perturbation theory for the Bose-Fermi mixture

At this point we have set up the general formalism, and thus the next step is to identify the relevant
interactions to include in our theory for the mixture of bosons and fermions. Then, we will formulate
a set of Feynman rules to evaluate diagrammatically the perturbative corrections to the Green’s

functions.

2.2.1 The Bogolyubov substitution

Since we will eventually be working in the limit of vanishing temperature, for sufficiently weak inter-
actions between particles a macroscopic fraction of the bosons forms a Bose-Einstein condensate. In
the thermodynamic limit, a way to account for the large number Ny of bosons that are condensed is
through the Bogolyubov substitution of the creation and annihilation operators ag, ag with the real
number /Ny [91, Sec. 6.18]. Therefore, in terms of the condensate density ng = No/V

LQT n
T =V (2.28)

%ao — /o, (2.29)
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The boson field operator? ¢p(r) = V172 Ek?éo e™®T gy + V1244 acquires a non-zero expectation
value on the state with all bosons condensed in the k = 0 single-particle mode, while the expectation
value of the field pp(r)

pp(r) =) ey, (2.30)

is vanishing. The resulting expansion ¢g(r) = \/ng+ ¢gp(r) is at the basis of the theory in the broken
U(1) symmetry phase. Here, by U(1) symmetry we mean the rigid symmetry associated with the
total particle number conservation, which is explicitly broken by the Bogolyubov substitution. This
reflects the existence of a condensate that acts as a classical reservoir which non-condensed bosons
can enter or leave after a scattering event.

One of the reasons for which it is more convenient to employ the grand-canonical ensemble with
control variables 8, ug,V (instead of, for instance, the canonical ensemble, with control variables

B, Ng, V) is precisely the possibility of dealing with the variable number of non-condensed bosons.

In its second-quantized form, the grand-canonical hamiltonian that describes the boson component

alone reads

= [ ar o) (50— n) valo (231)
45 [ dr [ @ wbwehe!) Vet - x)vn(c)a() - e, (232
After the Bogolyubov substitution, it becomes
'S °
Kg = Ego — psNo + l;) <2mB — ,uB) aLak + ; Vi, (2.33)

4The subscript “B” indicates that we are referring to the boson component, while we will be using “F” for the
fermion component.
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with
Epo= %ng/dr dr’ Ugp(r — ') (2.34)
Vi = %no / dr dr’ Ugs(r — ') on(t)es(r), (2.35)
Vy = %no / dr dr’ ol ()l (') Ung(r — 1) (2.36)
Vi = no / dr dr’ oy (r) Upg(r — ') @n(r), (2.37)
Vi = no / dr dr’ ol (r) Usg(r — ') pn(r), (2.38)
Vo = i [ drdr’ gh(e) Unn(r — ') ga(c')gnr), (2:39)
Vs = i / dr dr’ ok (r)ph (') Usn(r — ') on(r) (2.40)
Vi=o / dr dr’ ol (0)pl (1) Upn(r — ') o (r)on(x). (2.41)

Wgp = Zzzl V; defines the vertices regarding the boson-boson interactions. To include the boson-

fermion interactions, we add to the hamiltonian a term

Wgr = /dl‘ dr’ ki (r)h () Ugr (r — v')e (r) ¢ (r), (2.42)
which after performing the Bogolyubov substitution gives rise to four hamiltonian terms Wgp =
S U

U= mo [ drdr’ ul () Ve = 1') v (x) (2.43)

U = Vi [ de dv’ wLx") Ve (e =) d(e')ou (o) (2.44)

Us = i / dr dr’ ol (1) 0k () Use(r — v') e (r') (2.45)

U = [ dr dv’ @)l (c) Une(e =) v )on(o) (2.46)

Here and in the following, we shall always assume that the interaction potentials Ugg and Ugr depend

only on the modulus of the relative distance |r; — r;|, implying that the Fourier transform
U(k) = / dr U(r)e~ T (2.47)
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satisfies U (k) = U(—k).

2.2.2 Evaluation of the terms at low orders using Wick’s theorem

As a pedagogic application of Wick’s theorem, we report some of the lowest orders’ terms in the

Green’s function G (r7,r'7’) = — <T [@B (rT)apJ{% (r’T')} > for non-condensed bosons and in the Green’s

function Gp(rr,r'7") = — (T ¢F(I'7')¢1T: (r'7")| ) for fermions. The corresponding Feynman diagrams
are also presented, but we postpone the discussion of the relation between the graphs and the math-
ematical expressions to Sec. 2.2.3.

Using the short-hand notation
Ty =1;Ty, U(Z,]) = U(I‘Z — I‘j)(S(TZ‘ - Tj), fdl} dl’j = fdrl foﬁ dTZ‘ fdrj foﬁ de,

the connected diagrams contributing to G at first order are written as

F
1 Ly
P = GV (1L2) = [doide; Une(i, ) GR(.J) G (L 9) G (0.2)
z;
K
1 — o = GY(,2) = no/dxi dz; Usg(4,7) GS(1,4) G (i, 2)
B , B
Y N A B xTo
k2
R = Gy (1,2) = n / dz; dz; Usg (i, §) GH(1,1) GH (), 2).
z;

Moving to G, there is only one connected diagram at first order:®

5Note that we are not reporting the first order diagrams featuring a boson loop, which are vanishing in the zero-
temperature limit for ug < 0.
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2 = 12 = cV(1,2) = no/dxi da; Ugr (4, 7) G2(1,4) G(i, 2).

Using the Fourier form of the Green’s functions and the interaction potentials (2.9), (2.18), (2.47)
together with the identities

% e nT for T € (—f,5) (2.48)

Wn="g5"
1
B/ dr en™ = 6,0, (2.49)
0

one can derive the following momentum space representations:

G (k, wn) = 1, Upr (0) G (k, wp)? (2.50)
G5 (k,wn) = ng Upp(0) G (k, wy,)? (2.51)
Gy HI)(k wn) = no Upp (k) GY(k,w,)? (2.52)
GYY (k, v) = no Upr (0) G (k, 1) (2.53)

In the above expressions, v, denotes the fermion discrete frequencies and w,, the boson ones. More-

over, we have replaced the loop integral in G](31 D with the density of the non-interacting Fermi gas
dk 1
Nyp = / Z ivn 0+ g (2.54)
k

Note the presence of the factor 70" due to the contraction d’m,j with z; = r7 and z; = r7+
(that corresponds graphically to the fermion loop in the diagram). The positive infinitesimal in
7t =7+ 0% has to be added in argument of the adjoint field T anytime we contract it with a field
1 inside the same interaction term W. The rationale behind this regularization is that in this way
the time-ordering in (T[Wiy]), is well defined and places the adjoint fields to the left of the fields, as
they are in W (see [91, Sec. 3.9] for further details).

As a first example of momentum-space Feynman diagrams, we report here that G (k wy) is
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assigned the following graph:

g ) 1,1
g B? = GUV (K, wn) =ny, Usr(0) GY (K, w,)?.

To illustrate the summation of identical n! diagrams mentioned at the end of Sec. 2.1.2, we provide

now a perturbative calculation at second order in the interactions. Specifically, we consider the two

terms
B
Zj | | Tm
a1 — — o = GU0(,2
F ; F 2. F F ( )
1 .
=3 no/da:i dz; dzs da, (UBF(z,j) Ugr(s,m)
< GH(1,1) Gh(1.3) G (5,2 G, )
(2.55)
B
Ty ! '
a1 —— —— —— 22 = GP(1,2
e B10(1,9)

1
=3 no/dz,; dz;j dzs dzy, <UBF(i,j) Ugr(s,m)

x G%(1,8) GA(s,1) GA(i,2) GL (5, m)).
(2.56)

The two contributions arise from two distinct contractions in G(Fz) (1, 2)’ but they are identical

connected’
after integrating over x;, z;, s and z,, as seen with the re-labeling of the dummy variables z; <
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and x; <> T,,. Summing the two therefore results in the cancellation of the common factor of 1/2.

In momentum space, the sum reads

GV (k,vn) + G (K, 1)

- n 0 (k. )2 dg 1
- O(GF(ka n)) /(27T)d 5

ZG%(k+q, Un +Wm)GOB(q7Wm)UBF(CI)27 (2-57)

and it corresponds to the following Feynman diagram:

B

1 1
1 1
1 1
awm | ) V@ wm
1 1
K, v, 1 k+q,vn twn Kk, v, (258)
1 \ 1

" , oy = G2V, v) + G (k1)

F F F
= —noGy(k, Vn)2/ (;:)d % > (UBF(Q)2

X Gk + v + ) Gt wm>).

2.2.3 Feynman rules

We now describe how to relate a momentum space Feynman diagram to its corresponding mathe-
matical expression, starting from particle lines and then moving to interaction vertices. These rules
are known as Feynman rules.

Focusing on bosons, we consider the correlation function

<T[<PB,1'1 B,y - - - <P]Tg,j1<P1Tg,j2 . -]>0 . (2.59)

If we include only the boson hamiltonian terms in our theory, it is the most general expectation value
that can appear in Eq. (2.21). Because of Wick’s theorem, it is non-vanishing only if the number of
pp fields equals the number of ga}; fields, and in this case it decomposes into a sum of products of
—GY. Since we can reorder the boson fields inside the time ordering with no sign penalties, there are
no relative minus signs between such products. In light of these observations, we assign to the lines

of non-condensed bosons the rule

— = GY%(kwy). (2.60)

k, wn

This rule is appropriate if we include the boson-fermion vertices too, since a bosonic and a fermionic

field commute with each other.
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Let us now move to fermions. We have seen that the products of boson fields in Eq. (2.21)
decompose into sums of products of free boson propagators. In the full theory with bosons and

fermions, any of these products multiplies a fermion correlation function of the kind

¢
<T |:w;7i1¢F,i1w;,i2wF7i2 e (1/)F,11/);72) } > ; (2.61)
0

where ¢ = 1 if the field operators at the external points are fermionic and ¢ = 0 if the field operators
at the external points are bosonic. Because of Wick’s theorem, the expectation value decomposes
into a sum of products of —G%. However, we are now dealing with fermionic fields and therefore they
anti-commute inside the time ordering, possibly giving rise to relative signs. Specifically, minus signs
appear between terms with a different number of fermion loops: for each fermion loop in a diagram
we need to multiply the latter by a further factor of (—1). Keeping this additional Feynman rule in
mind, we assign to the fermion lines lines a fermion propagator:

— N GY(kwy). (2.62)

k, wn

Here we give a short proof of the rule for relative signs. Consider first £ = 0; the pairs (1/1}; JUF.)
inside the sequence T[¢;7i1¢F7ilw;’i2 Yr iy - - -] can be re-ordered with no change in sign. We can think

of grouping them in strings of lengths Ly, Lo, ...
T T A ) T ) T A ) T ) 2.63
wF,ileﬂle,iglpFﬂ2 s wF,iLleﬂLl wp,ﬁ?/’F,mz/’F,jsz,Jz e 'wF,jL2 ¢F,JL2 el (2.63)

An odd number of interchanges is needed to move ¢ ;, to the left of 11[1;,1'17 and the same holds for
any of the other strings of operators in round brackets. Therefore, if we close any of these strings in

a loop, the term acquires a minus sign:

(T [0k s rin b s - 0k, i ], (2.64)

= = (T [Yrin, by ¥ri b sy Yria - Yrin, by, o)) (2.65)
I _‘_I I TI I TI ,—Tl .

= =Vrip, Vra, VFa Vp 3, VR Vp iy Vi, 1V (T[...])y + other contractions. (2.66)

In the case £ = 1, it is sufficient to note that the two field operators at the external points cannot be

part of a string closed to form a loop, and are instead always part of a contracted string like

wFJwFﬂ‘lT/)F,ile@ e wF,inRz- (2'67)

24



2.2. PERTURBATION THEORY FOR THE BOSE-FERMI MIXTURE

Such a string can be obtained from a re-ordering of the operators with no sign change. For instance:

T [ 0r0 0E iy Umiatm 1wl 5| = T [wmav ve il vl s vrs (2.68)
=T {1/11?,11/);;7,;1%/JF,illZ)yt,iZi/)F,iQ%/J;,g} . (2.69)

This proof concludes the discussion about particle lines, and we can move to the rules for the

vertices.

In the calculation of the low order diagrams of the previous section, only the vertices coming from
Vs, Vi, Uy and Uy played a role. We assign them the following rules, inserting a wiggly (condensate)
line for each factor of y/ng and a dashed line for each factor of Ugg or Ugp:

E 0,0 E k, wy
:T = 77LOUBF(0) :T i = 7UBF(k).

Including the vertex

=
£
I
|
o
[os]
E

arising from the interaction between non-condensed boson, i.e. the term V7 in the hamiltonian, we
have identified all those interactions that conserve the number of non-condensed bosons and fermions.
The anomalous interactions, i.e. those that do not conserve the number of non-condensed bosons,
arise from the terms Vi, Vo, Vi, Vs, Uz and Us of the hamiltonian. These vertices are assigned the

following values:
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vk, wn 'k wn
:T = —/no Uss(k) :T = —/no Uss(k)
B’ B’ B’ B’
B ~ NN Y Y\NNN A B
: k,wy : kywn
: = —+/No UBF(k) : = —y/ o UBF(k)

All vertex rules are formally derived from the correlation function

V= /O "4 <T [Wi(r)wfe’“”] >O : (2.70)

connected

transforming it to Fourier space and amputating its external legs. In the above definition:

e W;(7) denotes the interaction term V; or U; (in the interaction picture) for which we want to

derive the corresponding vertex rule;

. I/T/'i(ext)Jr is a product of the adjoint fields of the fields in W; (in the interaction picture) evaluated
at the external points, ensuring that Wi(r)W """ has a fully connected contraction. The
fermion fields in W T have to be ordered with w;& to the right of ¥ so that the field operators

i
at the external points are contracted as in Eq. (2.67) without introducing further minus signs;
e the number of different external points equals the number of fields in W; or Wi(eXt)T;

e the overall minus sign is there because each insertion of an interaction comes with a minus, as
indicated by the factor (—1)" in S(™ (2.22).

In other words, VVi(eXt)Jr is selected so that —V; represents the simplest connected correlation function
involving exactly the fields of that vertex, and therefore its amputated version yields the vertex
factor associated with W;. For all vertices in our theory, this procedure shows that the vertex rule
can simply be identified with minus the product of the interaction potential Upg(k) or Upr(k) and
the condensate factors \/ng in Wi.

26



2.2. PERTURBATION THEORY FOR THE BOSE-FERMI MIXTURE

The cases when this fact is somewhat less manifest are those where the integrand of W; has a symmetry

under the exchange of the dummy variables r;, r;, and therefore we have to sum terms that arise

from different contractions but are identical after integrating over x; = r;7; and x; = r;7;. This

implies that the factors of 1/2 in the interactions terms W; cancel after integration. As an example,
consider W; = V;. Wi(CXt)T is given by the adjoint fields

xt
Wl(e It = QOJ]rS,int(rlTl)SD]g,int(rQTQ)

and thus

Vi = —%no/dxi dz; <T[UBB(z',j)ws,m,nglwﬂ,g] >0 _ (2.71)
= —%no/dxi dz; Usg(i,j) (—G%(i,1)) (-G%(5,2)) (2.72)

- %no /dxi dz; Uss(4,4) (-G53, 1)) (-GS (i,2)) (2.73)

= —ng / de; dx; U (i,5) (~G%(i.1)) (~G3(7.2)) (2.74)
. transfom, —noUsg (k) (—GR(k, wn))Q amputation, —noUsg (k). (2.75)

Here “amputation” means multiplying by (—GOB (k, wn))_27 therefore getting rid of the factors that

are taken care of by other Feynman rules.

All in all, one can compute the contribution to a momentum space Green’s function G(k,w;,)

corresponding to a given diagram following these steps:

1.

2.

assign a direction to each interaction line;

associate a d-momentum k and a frequency w, (in short, a (d 4+ 1)-momentum) with each line
and conserve each quantity at every vertex, considering also that condensate lines carry zero

momentum and frequency;

assign —Uggp(k) or —Ugr(k) to each interaction line, where k is the d-momentum associated

with that interaction line;

assign —G%(k,w,) or —G%(k,wy) to each particle line, where w,, is given by (2.10), and assign

v/ng to each condensate line;

sum over all independent internal (d+1)-momenta, performing the operation

[dtk/(2m)? 32, /B

multiply by (—1)(—1)%, where the first factor (—1) comes from the global minus in G (2.21),
and L is the number of fermion loops; no factors of 1/n! are needed, since we implicitly take a
momentum space Feynman diagram to contain the sum of all the corresponding position space
Feynman diagrams that are related by permutations of identical interaction lines, as done for
the diagram (2.58);
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CHAPTER 2. PERTURBATION THEORY AND THE TRANSITION MATRIX

7. whenever a particle line either closes on itself or is joined by the same interaction line, insert a

w0t
convergence factor 9"

Note that, since to order n in perturbation theory for G the total number of particle lines (bosonic
or fermionic) is 2n + 1 — Iy where [y is the number of condensate densities ng in the diagram lines
(note that the condensate lines \/ng appear always in pairs in diagrams for G) we can reformulate
the above rules by dropping the minus signs in front of G or G% in rule 4, and change the overall
factor in rule 6 from (—1)(—1)¥ to (—1)L+o.

2.3 Remarks on the zero-temperature limit

The spacing between two consecutive imaginary frequencies (2.10) becomes smaller as 8 grows. In the

zero-temperature limit 8 — oo, w, takes arbitrarily real values, and the sum over discrete frequencies

3 Z / (2.76)

Wn

is replaced by an integral:

This procedure can be carried out without ambiguities only if the integral and the limit of the sum
in the zero-temperature limit are convergent to the same value. Let’s consider for instance the free

fermion density (2.54): the sum over w,, yields the Fermi momentum distribution:

3 Z om0 nr(k) = O(—£) as B — oo. (2.77)

Wy, — §k

This is the same result we would get from the corresponding frequency integral:® by closing the

contour on the upper complex half-plane

/dﬁew L _o-eh). (2.78)

2m w — §k

A subtler example, first presented in [92], is given by the following expression:

zw ot i l iwn 0" 71 2.79
ﬂz b (52 mfﬁ) 279)
= 87;}29) —5(&) as B — oo (2.80)

Kk

If the corresponding integral (27)~ f dw ew0" /(iw — §k) were evaluated naively, it would appear
to be vanishing because the residue at iw = &f is zero. The origin of this discrepancy lies in the
divergence of the frequency integral at k? = 2mypup. The discrete summation of the finite-temperature

theory serves the purpose of defining the value at that point.

SNote that the exponential factor im0t

sum and the integral.

coming from rule 7 is important to ensure the convergence of the discrete
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k7 wn k', wn k7 wn k7 wﬂ. k7 wTL k7 wﬂ. k1 wn
—_—, = >+ @+ + + ...
F F F F F F F

k, w, k, w, k,w,
= — 4
F F F

Figure 2.1: Diagrammatic representation of the fermion two-point function Gg(k,w,), represented
by the heavy line. The light lines represents the fermion lines G%(k,w,,). The filled circles represent
the fermion self-energy Xp(k,wy,).

In this thesis, the delicate integrals will be of the kind of the example above, namely

dw 0+ 1
— e ———— with Ep € R 2.81

/ or ¢ (iw — Fp)? he P ’ (2:81)
which diverges where Ep = 0. For this kind of integrals, another way of making sense of the singular
behavior is by splitting the double pole into two simple poles. This is done by introducing an

infinitesimal auxiliary momentum k, as follows:

/ W oo 1 fdw e 1
—e —_— im [ —e
2m (iw—FEp)?2  |k|-0) 27 w— FEpiw— Ep_x

— lim aw w0t 1 1 . 1
B |k|—0 2w Fp — Fp_x \iw— Ep iw— Ep_x
O(—Ep) — O(—Ep_x)

=1 = —0(Ep). 2.82
\kl\glo Ep — Ep_x (Ep) (2.82)

The take-away of the above discussion is that special care must be reserved for frequency integrals
that diverge for certain values of the momentum. One way to define their value is going back to the
sums over imaginary frequencies, and then perform the limit of 5 — oo afterwards. The pole-splitting
prescription is an alternative to the discrete summation, the two being equivalent when dealing with

double poles, and it is the one adopted in the following chapters.

2.4 Dyson’s equations and Hugenholtz-Pines theorem

We define the irreducible self-energy” Y(k,w,,) as the sum of all connected (momentum-space) Feyn-
man diagrams which cannot be disconnected by cutting a single particle line. The Green’s function
(2.27) is obtained as the sum over all irreducible self-energy insertions, each of them connected with
the rest of the diagram by two particle lines. To be more specific, we need to separate the cases of
fermion and boson self-energies. Starting from fermions, there is only one way to connect a part of a

Feynman diagram Yy with the rest of the diagram with two fermion lines: one line going in ¥r and

7Or simply self-energy in the following.
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k,z;n @ k},wn
B \\/ B

\ 22]31 Z

B/ B
Figure 2.2: Irreducible self-energies for bosons in the condensed phase. The light lines represents

the boson lines G%(k,w,,). The filled circles represent the boson self-energies Y1 (k,w,,), L& (k, wy),
Y2 (k, wy).

one line going out of Yr. The sum over all self-energy insertions is then depicted in Fig. 2.1, which

corresponds to the fermion Dyson’s equation
Gr(k,wy,) = G(k,wy) (1 + Zp(k,w,) Gr(k,wy)) (2.83)
and is formally solved to yield
Gr(k,w,) ™' = Gp(k,w,) ™! — Sr(k,wy). (2.84)

The matter is more complicated for bosons, since there are in this case three ways to connect a part
of a Feynman diagram with the rest of the diagram with two boson lines. One type of self-energy, 4!,
has one particle line going in and one coming out. A second type of self-energy, 2!, has two lines
going in. The last type, 12, has two lines going out (see Fig. 2.2). X} is called normal self-energy,
while $12 and ¥ are anomalous self-energies. Correspondingly, we now deal with a system of three

Dyson’s equations [93]:

Gi(k,wn) = GR(k,wn) + GR(k, wn)SE (K, wn)Gi(k, wn) + GR(k, wn) SF (k,wn)GH (k,wn)  (2.85)
GE(k,wp) = GY (K, wn) S5 (k, w,) G (—k, —wy) + GR(k, w,) S5 (k, w,)GE (k, wy,) (2.86)
GEl(k,w,) = GY(—k, —w,) B8 (k, w,) G (k,wn) + GH(—k, —w, ) S8 (—k, —w,)GE (k,wy,), (2.87)

where the two anomalous Green’s functions G§* and G3' are given by

GE (r171,19m2) = — (T[en(rim1)e(ram)]) (2.88)
GE (ri11,19m) = — <T[<PI3(F171)<PE(1”272)]> (2.89)
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in position-space.

The self-energies and Green’s functions are not all independent: they obey the identities

G (k,wp) = G (=K, —wy) (2.90)
Yk, wy) = S8 (—k, —wp). (2.91)

Therefore, the three Dyson’s equations are formally solved to give two independent Green’s functions

E]132 (k, Wn)z

Gk, wy) ™t = G%(k,w,) ™! — BE (k,w) + oon €8 + S (K, —on) (2.92)
G, wn) ™ = —Gly ()12 +515;;; (il%f;)k —tn). (2.93)

In the limit of |k| — 0, both of them exhibit a pole at w,, = 0 if
ps = $5(0,0) — ££(0,0), (2.94)

a condition which is known as Hugenholtz-Pines theorem. If a theory obeys this condition, the energy
of single-particle Bose excitations (which are related to the poles of the boson Green’s functions) has
no gap in the limit of vanishing k. [91, Sec. 6.21] contains a proof at first order in perturbation theory,
at zero-temperature. The proof of the theorem at all orders in perturbation theory can be found in
the original paper by Hugenholtz and Pines [94], again at zero-temperature. The generalization to

finite temperature can instead be found in [95].

2.5 The transition matrices

Dyson’s equations provide a way to summarize the various perturbative contributions to a Green’s
function, in a compact form. As we have seen, the full information contained in the perturbative
series (2.27) is encoded in the irreducible Feynman diagrams, i.e., those that cannot be disconnected
by cutting a single internal particle line. Clearly, writing out the complete series would still require
the evaluation of an infinite number of irreducible diagrams; it is therefore necessary to introduce
suitable approximations for the self-energies. In the present work we focus on the irreducible diagrams
known as ladder diagrams. The sum over all diagrams of this class can be evaluated analytically, and
the resulting approximation of the boson and fermion self-energies is able to capture many notable

features of the Bose-Fermi mixture, as will be discussed in Sec. 3.2.

In the present section, we introduce the ladder diagrams and discuss how to relate them with
physical quantities such as the scattering length of the system. From this section onward, we assume

the zero-temperature limit.
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2.5.1 The two-body transition matrix

Consider the scattering of two particles s; and sy under the effect of an interparticle potential V,
dependent only on the relative distance operator r = ry, — r,,. After separating the motion of the
center of mass, the Schrédinger equation for the wave function of the relative motion reads

p?
2m,

(Ho + V) ) :( +v) ) = E 1), (2.95)

where m, is the reduced mass of the two-body system. Under the assumptions that

e V is significantly non-vanishing only in a region of space defined by a characteristic relative

length 7, s,,
e the wave-function in the coordinate basis (r|1)) is considered at relative distances |r| > 75, ,,
e we consider elastic processes,

the scattering states can be labeled by the free-particle energies given by the asymptotic momentum p

2
E=ep= 2‘; . (2.96)

The corresponding eigenstates |¢p) are formally given by

1

[p) = Ip) + o) —Hy+i0"

Vip), (2.97)
where the “+i0" prescription” for choosing the inverse of the operator e, — Hy accounts for the initial
conditions of the problem. Specifically, it could be shown (see Eq. (2.110) for the d = 2 case) that in
this way (r| (ep — Ho) ™'V [¢bp) is an outgoing wave propagating from the interaction region located
around r = 0.

Eq. (2.97) is known as Lippmann-Schwinger equation. After acting with V' on both sides and
introducing the two-body transition matriz Ts, defined by

Ty |p) =V [¢p) (2.98)
Eq. (2.97) implies
1
T = _ T . 2.
2|p) V|10>+V€p_HO+Z.O+ 2|p) (2.99)

By taking the scalar product with another state of definite asymptotic momentum |p’) and introducing
a completeness relation 1 = (27)~% [ dk |k)(k|, we obtain an integral equation for the two-body T»-
matrix element T5(p’, p) = (p’| T2 |p)

dk V(p' — k)
27T)d ep — €k + 10T

Ty(p',p) = V(p' —p) + / : Ty(k.p). (2.100)
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2.5.2 The many-body transition matrix

The many-body transition matriz is a generalization of the two-body 75 that takes into account
the interaction of the two scattering particles with the medium of other particles. It is determined

digrammatically by

S$1,P1,W1 S1,P3, W3 517p1,MW1,P37w3 5171)1,011SL S1,P3,wW3

Y

Y

-
52, P2, W2 52, P4, Wy 52, P2, w2 52, P4, Wy 52, P2, W2 52, P4, Wy

with no external propagators intended. The diagrammatic expression represents the sum over the
ladder diagrams of all orders in the interaction. It could be proven that in the limit of vanishing density
of the medium, the integral equation corresponding to the above diagrams reduces to Eq. (2.100) with
p=(p; — P2)/2 and p’ = (p3 — P4)/2, and with £, replaced by the center of mass energy.®

For the purposes of this work, it is sufficient to focus on p; = (p;,w1) = (P3,ws3), P2 = (P, w2) =
(Pg,wa). In terms of the center of mass (d+1)-momentum p; + po = P = (P,Q) and the loop
(d+1)-momentum k = (k,w), this yields

r (P, 2 p1> —V(0) - / (Qd;d / g—‘: V (k) L(P,k)GY, (1 — k)G, (p2 + k), (2.101)
where we have dropped an overall minus sign in the definition of I" (which comes from Feynman’s
rules for interaction lines). This implies that we need to attach a factor (—1) for each insertion of a
I" inside a Green’s function.

In general, note that the I'-matrix can depend on both the center of mass (d 4+ 1)-momentum
(first argument of I') and the relative (d + 1)-momentum (second argument of I"). If the interaction
potential is a contact potential V (k) = v3'*2, the I'-matrix depends on the center of mass (d + 1)-
momentum only: I'(P, k) = I'(P) = I'(P, Q). The integral equation (2.101) yields in this case

dk 1-0(-& ) —O(-§2)
2m)¢ Epoi + &7 — i€

[(P,Q) = v — I(P, Q) v / ( (2.102)

after performing the integral over w.

2.5.3 Regularization of the potential for d = 2

From this section onward, we specialize to d = 2. In this case, we see that the integral
k 1—0(=& ) — 6(=&>
/ d /dﬁ V (k) ( P*k)s (&) (2.103)
2m)? ) 27 & &2 —iQ

8See e.g. [96, Sec. 10.4] for the case of d = 3, or Egs. (3.11) and (3.15) in Sec. 3.2.1, with I+ (P, Q) — 0, up, ur — 0
in the limit of vanishing density, for the Bose-Fermi mixture in d = 2.
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is UV divergent for the contact potential case of Eq. (2.102). This leads us to the next sections, where
we discuss how to replace the interaction potential V' (k) in terms of the two-body 7% and in turn the

scattering length as,s,, which is measurable in low-energy scattering experiments in the vacuum.
Replacement of the interaction potential by Tb

From Eq. (2.100) we can define a continuation of the Th-matrix to complex energies z:

dk  V(p'—k)
2m)? z — ey +14i0F

Tr(p',p;2) =V(p' - p) +/( To(k, p; 2). (2.104)

We can regulate the previously encountered UV divergence via a cutoff, replacing the potential

according to
V(p' = p) = v5***O(po| — [P1)O(IPo| — [P'])- (2.105)

Employing an ansatz for 75 that resembles this form,
To(p', p; 2) = T2(2)O(Ipo| — IP)O(IPo| — [P']), (2.106)

Eq. (2.104) is solved for T5(z) yielding

Ty(z) = (U(;SQ—/(dk ®(|p°||k|)>_1. (2.107)

2m)? z—ex

It could be proven:

e for every value of v;'*® < 0 there exists one and only one solution to T5(z)~! = 0 along the

negative real axis;”

e the poles of Th(z) along the negative real axis correspond to the energies of bound states [96,
Sec. 10.3].

Denoting —eg, with €9 > 0, to be this pole, it follows

1 dk O(|py| — |k|)
1 2.108
S182 / (27T)2 €0 + €k ( )

([ dk (2t =0)0(pgl — kD)
Ta(z) = (/ 2m)? (z—ek><so+sk>> | (2.109)

The next step is to relate T(z) to the scattering length as,,, which in turn relates the latter to

S182

€o. This way, Eq. (2.108) formally describes how the bare coupling v;'** changes as a function of the

cutoff |py| in order to keep the observable as, s, constant. For a given scattering length, Eq. (2.108)

5182

provides the correct prescription to perform the “contact interaction limit” V(k) = v3'®?, canceling

9See Sec. 2.5.3 and in particular (2.124), analytically continued to complex energies p2/(2m.) + i0t — z. The
logarithm log(—z/e0) at the denominator vanishes only at the point z = —e&q.
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divergencies like the one in Eq. (2.102) and leaving us with finite predictions in terms of physical

entities such as as,s,.

Replacement of T, by as,s,

We review here a few facts on quantum scattering theory in two dimensions:

e the wave-function (2.97) associated with the elastic scattering state, in the presence of a localized
potential, in a region far from where the potential is significantly non-vanishing, is approximated

in terms of the scattering amplitude f(k,k’) as (see e.g. [97])

et([k|r+m/4)

Pie(r) = ™7 + f(k, k’)||k‘:|k,|7, where (2.110)
oK)= -2 [ dr e TV () (r); (2.111)
27 K|

e the partial wave expansion of the scattering amplitude in d = 2 reads
2 - 0 o i
f(kv k/)’\k|=\k’\ = f(‘k|,9) = er m Z e I 81n5,\e /\97 (2.112)
A=—00

where the phase shifts &y are |k|-dependent and 6 is the angle between k and k';

e from the above two points it follows that the representation of ¥y (r) in terms of a plane wave

and phase-shifted circular waves is

| o0 (k IRV
Y(r) = e 4 3 <2mr 7r|2k|8m5A> exp (i( |r+7\T//F A A)); (2.113)

A=—00

e for small momenta the phase shifts J, vanish according to power laws, apart for g which
vanishes logarithmically and is therefore the leading contribution (s-wave contribution) to the

scattering amplitude:
™

So(kD) ~ ke

, k| =0, (2.114)
where as,5, > 0 is the scattering length (see e.g. [97, 98]).
Egs (2.112) and (2.114) together show

2 ™
k,0)~ | —— k 0. 2.115
T 0) ] STy — i K (2.115)

To relate the scattering amplitude and T, we go back once again to Eq. (2.97), write it in the
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momentum basis as

Ve(p) = (27)26) (p — k) — = _i’;”“_ o / ( 2(1:)2 V(Q)vk(p - q) (2.116)

and insert it in Eq. (2.111) after expressing the latter with an integral in momentum space as well:

My dq

V2rlk| J (27)?
T k/ -

- ™y k) + 2mr/ dq2 QV( )
V27 K] (2m)? k* — g2 +i0*

:—\/ﬂf(k,k')ZV(k'—k)—F%nr/ dg V(' =) (—mf(cnk))- (2.118)

my (2m)2 k? — @2 + 0t my

f(kak/) - =

V(q)yk(k' —q)

f(q,k) (2.117)

By comparing this last equation with Eq. (2.100) and Eq. (2.104), we can identify

2 /
T, (k’,k; k +i0+> = - 27T|k|f(k’,k) (2.119)
2mr my
= Ty(K' k). 1° (2.120)

We have thus reached the desired relation: for elastic scatterings at small momentum |k|

2 1
(k' k)= == 2.121
2k, k) my —2In(k|ag,s,) +im’ ( )

dependent only on the incoming relative momentum k.

In the case of the ansatz (2.106), this last equation translates into

7, (2= 0+ ) (Ipy| — Iph(Ipol — /) = - 1 L )
2m, my —21n(|plas,s,) + i7
Removing the regulator |p,| — oo yields
(2 i0t) o 2T ! (2.123)
2\ 2m, my —2In(|plas,s,) + im '
2 k 2 1
T ( p +z’0+> . (/ d (p +20) ) S —— . (2124)
2m, (2m)2 (ep — €x)(g0 + €k) my In (— p2/(2m,&0))

where the second equation comes from (2.109). Comparing the two yields the binding energy in terms

of the scattering length,
1

= 72 .
2mra5152

€0 (2125)

10This shows that the two-body Th-matrix is closely related to the scattering amplitude f(k,k’), i.e. the probability
amplitude for the incoming wave with momentum k to scatter into the outgoing wave with momentum k’, in the
vacuum; the I'-matrix can be seen as a generalized scattering amplitude that takes into account the presence of a
medium.
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Chapter 3

The transition matrix approach for

the Bose-Fermi mixture

In this chapter we present the T-matrix formalism applied to a 2-dimensional Bose-Fermi mizture at
zero temperature. The self-energies, momentum distribution and densities are introduced within this
framework, and are used to set up a system of equations which can be numerically solved to deduce
crucial physical quantities such as the chemical potentials and the condensate density. We show that
the ladder diagrams yield the perturbative corrections to the chemical potentials up to second order
in the relevant small parameter of the theory. The comparison with the perturbative expansions in
[99] motivates the need for (partial) self-consistency in the T-matriz. We also present semi-analytical
expressions in the opposite regime of large parameter values, generalizing results for mass-balanced

Bose—Fermi mixtures to the mass-imbalanced case.

3.1 The system

We consider a homogeneous mixture of bosons and spin-polarized fermions in 2d space. We consider
the boson density ng not to be larger than the fermion density ng, so that a full competition between
pairing and condensation is possible. = np/nr denotes the boson concentration, and therefore we
restrict to the case x < 1 in the present work. We consider the gas to be diluted, in the sense that
the average interparticle distance is large compared to the range of interactions; using the notation

introduced in Sec. 2.5.1 for the range of interactions, now with s = B (boson) or F (fermion):

nprip < 1 (3.1)
nprip < 1. (3.2)

Regarding the masses of the two species, mp and mg, we focus on values of the mass ratio v, =

mp/mp close to those in Tab. 1.1.
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As for interactions, we consider repulsion between bosons and attraction between the two species;
we neglect the interaction between fermions in light of the Pauli exclusion principle, which forbids
s-wave scattering. In the repulsive interaction case, the scattering length is positive and typically of
the same order as, or smaller than, the range of the interaction potential. This implies ngpa3p < 1,
justifying the Bogolyubov approximation of the boson-boson interaction Ugg. In this framework, the
effective coupling parameter parameter for Bose-Bose interaction is n = —1/ ln(nBa%B) < 1 (see
[100] for the original development of the effective interaction).

The experimental conditions' relevant for the system of interest are such that the range rgr of the
interactions between bosons and fermions is small compared to the scattering length agr and the
average interparticle distance. This justifies the adoption of a contact potential for the boson-fermion

interaction; therefore, we consider the grand-canonical hamiltonian

K=Y [ar vl (—

4y [ ar @ uhmuhe) Ve - )n()va(), (3.3)

2

o - us> 0ule) + " [ dr v vl (r)

For the Bose-Fermi interaction, we introduce an effective coupling and a Fermi momentum

= — 1n(k:FaBF), (34)
]fF = 47TTLF. (35)

We define also a Fermi energy Fr as Fp = k% /(2mp). Since the interaction between bosons and
fermions is attractive, the scattering length agr is set by the radius of the bound state of a boson
and a fermion.?

The weak and strong BF couplings are identified by the regimes —¢g > 1 and g > 1 respectively. The
former corresponds to a weakly bound state with a large radius compared to the average interparticle
distance, and for practical calculations we may consider to be in this situation whenever g < —2.
The latter is the regime of strong coupling, and for practical calculations we may consider to be in
this situation whenever g 2 2. g — oo is the molecular limit, where almost all bosons are expelled

out of the condensate and fill up the Fermi sphere of composite fermions.

3.2 Transition matrices for the Bose-Fermi mixture

We can now apply the techniques developed in the previous chapter to set up the computation of the
equilibrium thermodynamic observables of the mixture. We adopt the diagrammatic approach of the
non-self-consistent T-matrix approximation in the zero-temperature limit, based on the summation
of the ladder diagrams introduced in Sec. 2.5.2. This method has proved to have many virtues in a

wide variety of situations. Here, we list a few of them, among those that will be discussed in more

ISpecifically, the broad Fano-Feshbach resonance [62].
2Recall from Sec. 2.5.3 that in the 2-dimensional case a bound state always exists.
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detail throughout this thesis:

e in the weak coupling limit the lowest order contributions in 1/¢g originate from the ladder
diagrams, a fact that has been tested against fixed-node diffusion Quantum Monte Carlo cal-

culations [99];

e the I'-matrix in the strong-coupling limit takes the form of a molecular propagator, reflecting

the boson-fermion binding into fermionic molecules if the attraction is sufficiently strong;

e the transition matrix approach predicts a universal behavior of the condensate fraction with
respect to the boson concentration x as the coupling parameter g is varied, an outcome that

was recently confirmed in an experiment on 3d BF mixtures [41].

3.2.1 The I'-matrix

Before evaluating the many-body I'-matrix analytically, it is convenient to recall Egs. (2.108) and

(2.109) for the vacuum Th-matrix, in the limit |py| — oco. Setting s; = F and sy = B, we have

1 dk 1
. _/ (27m)% go + K2/ (2m,) (3.6)
_ dk (z+¢0) ’1__2777;
= (/ (2m)? (2 —K*/(2m:))(e0 + kz/(gmr))> T n (= z/e) (3.7

Moving to the I', Eq. (2.102) with s; = F and s = B (note that boson lines represent non-condensed
bosons) yields

1 dk 1-0(=(p_y) —O(=&0)
T, ‘%W,/ww bk + & —iQ (38)

B / dk 1 - 1 7/ dk O(=£p 1) +O(=&)
@R G+ -1 K (2m) + e (2m)?  Gpoc T~
(3.9)
where we have used (3.6). Observe that [ dk/(27)? 1/ (k®/(2m,) + o) acts as a counter-term that

cancels the divergence of [ dk/(2m)? 1/(¢h_, + &2 — i€).
The first integral of the RHS of (3.9) yields (with © # 0)

dk 1 1 my . P?/(2M) — pp — pp — iQ
2 | ¢F B_.0 L2 =—5-In (3.10)
(271—) gp_k + fk —iQ)  k /(2mr) + €9 2 €0
P2 !
=15 (Z:—W+‘LLF+HB+19> ETQ(P7Q)717 (311)
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recalling (3.7).

The second integral reads

[ Ak O(—€5 ) +0(—€D)
IF(P’Q):/ @2 L+

- ;”—ﬂ (lnA(P,Q)—ln (—Z\z+up+ug+iﬂ)), (3.12)
where
AP,Q) = (P, 6) + P’ + sgn(Re(z(P,Q)))\/<Z(P’Q)>2 . UE, (3.13)
2 2Mym 2 2mBYm
and p2
2(P,Q) = pup — % ~ g Hi, (3.14)

assuming pp < 0, up > 0. A negative up results in a vanishing Iv (P, Q); we thus see that the latter
stems from the presence of a degenerate component of fermionic atoms.

All in all, using Eqgs. (3.11) and (3.12) we can write the I-matrix as
I(P,Q) = (To(P,Q) ' — Ip(P,0)) ", (3.15)

which for up > 0, ug < 0, Re Q2 # 0 simplifies to
27 €0 -1
reQ) = p (ln AP +imsgn (Re Q)) (3.16)

after inserting the analytic expressions for T5 and If.

3.2.2 The T-matrix

In the definition of the I'-matrix, we did not take into account the presence of the condensate.
Specifically, it is necessary to include the repeated interactions of the fermions with the condensed
bosons, besides the non-condensed ones. Diagrammatically, we thus need to include all possible
insertions of condensate lines. To construct such modified transition matrix, the T-matrix, we proceed
by drawing a progressively larger number of condensate lines, as shown in the diagrammatic expression

in Figure 3.1. It corresponds to the equation
T(P,Q) = I'(P,Q)+nol(P,Q)G%P, Q)T (P,Q), (3.17)

which yields when formally solved for T

1
(P, Q)1 —ngGY%P, Q)"

T(P.Q) = (3.18)
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N\ N\ N\

TPy = (TP o+ 0E)| TP ) )] e
P> P> P>
= || o+ re| e
>

Figure 3.1: Feynman’s diagrams for the T-matrix. Wiggly lines corresponds to condensed bosons
insertions and give the usual condensate factor of |/ng each. P represents the (2+41)-momentum
P=(P,Q).

For the same reason discussed for the I, the insertion of a T-matrix inside a Green’s function

carries a factor of (—1), since we have dropped an overall minus sign in its definition.

Dispersion relations of the poles of T-matrix

We define the retarded T-matrix, denoted by TR(P, ), as the analytic continuation of the T-matrix
to real frequencies via the replacement i) — Q+i0%. The dispersion relations of poles of the T-matrix

are found as the solutions Ep to the equation
ReT®(P,Ep) ' =0 (3.19)

when, simultaneously,
ImTR(P, Ep)~! = 0. (3.20)

In particular, these conditions yield two dispersion relations E; which will be discussed thoroughly
in Sec. 3.6.1 for the strong coupling regime. Here we simply mention that only one of the two
dispersions, say Ep, crosses zero, and this happens at all considered values of the concentration z,
the mass ratio 7y, and the coupling parameters g and 7. The momentum |P| for which Ep vanishes
is identified by solving

ReT(P,07)" ' =0 (3.21)

and is labeled as Prg. Prg plays a crucial role in analytical and numerical calculations, because
it represents one of the momenta where the frequency integrals of the kind [ df2 eiQOJrT(P7 2)(...)
may present a step discontinuity. This happens when the Laurent expansion of the integrand around
iQ) = Fp contains a term o 1/(i€2 — Ep ), i.e. when the residue at i€ = Ep is non-vanishing. In this

case, the integral over Q contains a term o ©(—FEp) that gives a step at Pro.
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3.3 Physical quantities

3.3.1 Normal self-energies

The normal boson self-energy 5! of our theory is a sum of two terms, X4 (k,w) = ZEk (k,w) + k¢
the first term L1k stems from the interactions of bosons with fermions, while the second terms 21k
stems from the interactions of bosons with other bosons. il is determined diagrammatically by
Fig. 3.2(b) (with no external propagators intended), and reads
dP dQ o0t
11 _ 0 iQ0
1L is computed within the Bogolyubov approximation for weak boson-boson interactions [100, 101],

and reads
Yhs = : (3.23)

The fermion self-energy ¥r is determined diagrammatically by Fig. 3.2(a) (with no external propa-

gators intended), and reads

Sr(k,w) = nol'(k, w)— / (;1:)2 / g T(P,Q)G%(P — k,Q — w)e™@" . (3.24)

3.3.2 Anomalous self-energies

The anomalous boson self-energy 12 is a sum of two terms as well, 222 (k,w) = L2, + B2 (k, w).
As for the normal self-energy, the first term $12, stems from the interactions of bosons with fermions,
while the second terms ¥1% stems from the interactions of bosons with other bosons.

Y12, is determined diagrammatically by Fig. 3.3 (with no external propagators intended), and

reads

Yix(k,w) = ng / (;;2 / g T(P -k, Q—w)T(P,Q)GYP —k,Q — w)G%P,Q). (3.25)

Y12, is computed within the Bogolyubov approximation for weak boson-boson interactions, and reads

ATt ngn
vz, =07 3.26
b= (3.26)

Many interesting properties of X% are discussed in Sec. A.2 in relation to the optimization of the
numerical program. Here, we note at zero (241)-momentum (k,w) = (0,0) the integral over  is
singular at |P| = Prg; therefore, this is one of the cases where the zero-temperature limit has to be
handled as prescribed in Sec. 2.3. The limit as |k| — 0 yields a Dirac delta, depicted in Fig. 3.4 for

the weak-coupling example.
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P—k
\N\' B
Yr(k) = rk) + T(P)
F F F F
k k k k
P—k
F
Sgr(k) = T(P) (b)
B B
k k

Figure 3.2: Feynman diagrams for: (a) the fermion self-energy Xg; (b) YLk, i.e. the contribution
to the normal boson self-energy 5! arising from the interactions of bosons with fermions. P and k

denote (2+1)-momenta: P = (P,Q), k = (k,w).

After solving the equation Re T(P,0%)~! = 0 that determines Pry, it is possible to evaluate the

contribution of the Dirac delta as follows. Let us consider |P| ~ Ppg and |k| ~ 0; the Laurent

expansion of the T-matrix around i) = E reads

T(P,Q) = ———Res (T(P,9),Q = —iEp) + regular at iQ = Ep
Q) — Ep
Z
= ,(7]3)7, with
Q) — Ep
Z(P)= lim T(P,Q)(iQ— Eg)
iQ—Eg

and analogously for T(P —k,Q). T(P,) and T(P — k, Q) can be approximated as

Z(P Z (P
TP,0)~ 20 g i) 2P0,

i) — EP i — Epfk
Z(PT()) = zgglo (ZQ ,‘T(]DTO7 Q)) .
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kB
T(P — k)
Ygp(k) = PF P—kF (c)
T(P)

Figure 3.3: Feynman diagram for the contribution to the anomalous boson self-energy ¥& arising from
the interactions of bosons with fermions. P and k denote (2+1)-momenta: P = (P,Q), k = (k,w).

Therefore,

. dQ 0 0

lim o TP -k, QT(P,Q)Gr(P,Q)Gr(P —k,Q)
s

1
) <EP —P7/(2mr) + pr

2
) Z(Pro)?. (3.31)
We postulate the simplest expansion of F around Pro:

E; = ’UCF(|P| — PT()) +0 ((|P‘ — PT0)2) . (332)

If we have already computed the residue Z(Pry), the slope vcr can be evaluated as®

1 T(P.OY)(P - Pro)
UCF N P—Pro Z(PTO) .

(3.33)

3With P = |P|. In what follows, we use the symbol P both for the (2+1)-momentum P = (P,Q) and for the
magnitude |P|[; this should not cause confusion, as the intended meaning will be clear from the context.
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100 T T T T

-100 |- 1
-200 |- 1
-300 -
-400 -

Mg X JgF

-500 -
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-700
-800
-900

1.1 1.15 1.2 1.25 1.3
P/ke

Figure 3.4: Plot of S = no(27)~ fde dd TP -k, QT(P,Q)GLP —k,Q)G%(P,Q) in units
of 1/mp, as a function of |P|/kp. The magnitude of the external momentum is set to the small value
|k| = 0.001 kp. @ denotes the angle between P and k. The boson concentration is x = 1 and the
mass ratio is vy, = 1. Different values of the BF coupling g are reported, while the BB coupling is
set to n = 0. The chemical potentials are set to ug = —0.01 Er, ur = Er and the condensate density
to ng = 0.999np. The dashed lines correspond to the different values of Py, which are evaluated
numerically by solving ReT(P,07)~! = 0 at the given g. The program used to compute Zgr is
described in Sec. A.2.

Integrating over a small interval I around Prq yields

/ (E_ PQ/(12mF) +uF>QZ(PTO)2

0 1 2 2
“on |UCF|( T0/<2mF>uF> #(Pro)

Prg

1 2 .
rZ (P%O/(ZmF) - MF) Z(Fro) PHIBTO (T(P,07)(P = Pro)). (3.34)

assuming vcr to be positive.

All in all, we have reached the following estimate for the contribution of the Dirac delta to
S (0,0):

AngnO/fP lim /dQ TP -k, Q—w)T(P, 0GP — k,Q — w)GAP, Q)

71 (2m)2 |k|—»0 ) 27
_ Pro 1 2 ] N
~ " (P%O/(QmF) - MF) Z(Pro) P (T(P.07)(P = Pro)) . (3.35)
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Therefore, recalling Eq. (3.25), X5%(0,0) can be evaluated as
" dp dQ
12 _ 2 0 2 46
$I12.(0,0) = no/ o / o T(P.Q)*GH(P, Q)% + Ay, (3.36)

where the notation [ ! dP(...) means that we exclude the interval I from the integration over |P].

Y12, was not considered in recent theoretical papers such as [56], but there are several reasons for
including it. In Sec. 3.5, we will discuss the importance of ¥12. in the weak-coupling limit, in the case
where a partial dressing of the fermion bare Green’s functions inside the self-energy is implemented.
In addition, X% is expected to play a role in discussing the stability of the Bose-Fermi mixture.
For example, another recent work [57] developed a strong-coupling theory for the stability of a 3-
dimensional Bose-Fermi mixture, based on a T-matrix approach similar to that of [56], but including
the anomalous ¥12. term. In particular, the authors considered a BEC immersed in a large Fermi
gas acting as a reservoir for the fermions inside the mixture, with BF pairing interactions and BB
repulsion (the latter treated within Bogolyubov theory). The fundamental conditions for studying
the stability of the system in this setting are pup = pie® (i.e., the chemical potential of the fermion
reservoir) and dug/ 8nB‘#F > 0. The first equation places a constraint on the fermion density inside
the mixture, while the second condition ensures that the mixture is stable against collapse. In that
paper, it is shown that (outside the phase-separation region)

4

= (aBB + aefr) , (3.37)

Ons
(9”]3

HF

where the effective scattering length a.g stems from fermion-mediated interactions between bosons

and reads A Q1
7r

— et = | ——=— GO (k, wn)2I(k, wy)?2. 3.38

T s /(%)Sﬁ; 8 (k)2 T (I, 0) (338)
This quantity is identical to the momentum integral in %% (0,0), upon replacing I" with T
The authors proved that aeg is negative* and hence that the mediated BF interaction is attractive,
undermining the stability of the system. This fact requires to tune agp to a sufficiently large value
to avoid the collapse of the system.
Similarly, for all boson concentrations, mass ratios, and coupling parameters considered in this thesis,
¥12.(0,0) is found to be negative,® and therefore, also in our case, the contribution of fermion-
mediated interactions between bosons to the anomalous self-energy is expected to be important.

This study remains a subject for future work.

4Even though with a magnitude |acg| which is smaller than the expectation from perturbation theory, in agreement
with the outcomes of recent experiments [30] on sound propagation and stability of a 133Cs-6Li mixture that questioned
the validity of the perturbative calculations.

5In the weak-coupling case, this fact can be understood from the dominant contribution of the Dirac delta, reported
in Fig. 3.4 and discussed in Sec. 3.4.3. See also Sec. A.2 for further numerical results.
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3.3.3 Green’s functions, momentum distributions and densities

The dressed fermion Green’s function Gr(k,w) is obtained by inserting the irreducible graphs of

Fig. 3.2(a) in Dyson’s Eq. (2.84), which we report here for convenience
Gr(k,w) ' = GY(k,w) ™ — Tp(k,w). (3.39)

Similarly, the dressed boson Green’s function is given by (2.92)

Spp (k, w)?

Gplk,w)™ ' =G (kw) ™t — 35 (k
B(k,w) B(k,w) B ( 7w)+iw+££’+2]131(—k,—w)7

(3.40)

with the self-energies discussed in the previous section.
With the Green’s functions at hand, the momentum distributions for fermions and out-of-condensate

bosons are given by

np(k) = / %GF(k,w)eiWO* (3.41)
np(k) = — / %’Gg(k,w)em*. (3.42)

Finally, integrating over k yields the densities np and ng of the two components.

3.3.4 Equations for ug, ur, ng

The set of equations

ps = X5(0,0) — 2£(0,0) (3.43)
dk
ng = ng + / W TLB(k) (345)

allows to numerically evaluate up, pur and ng, for given boson concentration x, mass ratio 7y, and
coupling parameters g and 7. The workflow of the numerical implementation in Fortran 90 is as
follows. First, a solution is found for up from Eq. (3.43) with a standard bisections method assuming
a suitable ansatz for up and ng. Then, we consider the 2x2 system of the remaining Eqgs. (3.44) and
(3.45) as functions of ur and ng and apply a two-dimensional secant (quasi-Newton) method whereby
the approximate jacobian matrix (which corresponds to the approximate hessian of the total energy)
is updated according to a symmetric rank 1 algorithm, which is a generalization of the secant method
to multidimensional problems.

All numerical integrations are performed employing the Gauss-Legendre quadrature method. In
Appendix A the strategy for the evaluation of the boson and fermion self-energies, momentum dis-

tributions and densities is briefly discussed, mostly following [56]. However, note that in [56] the
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anomalous term stemming from BF interactions was not taken into account. Therefore, in Sec. A.2

special attention is devoted to the inclusion of Y.

3.4 Perturbative expansions in the weak-coupling limit

At this point, we have established the general formalism and the resulting system of equations to
study in a fully numerical manner the equilibrium thermodynamic properties of the mixture. This
numerical implementation is necessary in the regime of “intermediate” coupling values —2 < g < 2,
while for g = 2 and g < —2 the numerical results are expected to approach the analytical expressions

available for these extremal regimes.

The goal of this section is to derive analytical expressions for the chemical potentials ug and up,
valid in the weak-coupling limit up to second order in 1/g. A similar calculation has already been
carried out in [99], although with some differences in the setup. In particular, in [99] the perturbative
expansions are performed within the real-frequency formalism, as opposed to our choice of imaginary
frequencies. Moreover, fermions are treated in the canonical ensemble, while imaginary-frequency
Green’s functions are typically used in the grand-canonical. The choice of ensemble is particularly
important here and leads to a discrepancy between the boson chemical potential reported in [99] and
that derived in this thesis.

In this section we focus on n = 0, implying ug < 0.

3.4.1 The ['-matrix

Defining the shifted center of mass energy éEM = P?/(2M) — pup — pp and the energy F = k2 /(2m,),
the two-body T» (3.11)
M —iQ

nE — 3.46
2w . o ( )

My

T,(P,Q)~ ! = —

can be written as (recalling g9 = (2m,a3y) ' = (kpagr) ~ €F)

_ my my M _ ;0
B@ﬂﬂ:—?mw@@—gmi?ff (3.47)
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We can proceed to expand T and I in orders of 1/g = —1/In(kpapr):

CM _ i0)
r(P,Q) = (_’Zrln(kFaBF)_ Do —°

-1
ot T - IF(P)Q))

o -1 1 1, M —i0 7 -
f(f7ln(kpagp)> (Hln(kFaBF) <21n = +mrIF(P,Q)>)

T 1= SIn=F I (P,0
my ln(k:FaBF) ( ln(kFaBF> <2 n Ef + - F( , )>) +

o (1 1 (1 gEM—iQ  n 1
- ( + (2 =B WIF(RQ))) +0 (gg> : (3.48)

mr \9

and identify the following perturbative orders I'(P,Q) = '™ + TP Q) + ...

1
ro_-" (3.49)
g my
1 7 (1. M40 =
om0 =— —InE - Ir (P,
(7 ) g2mr 2H Ef +mrF(7 )
1 P
972;% <1n <A(€Q)) — imsgn (ReQ)) . (3.50)

In the next sections, it will sometimes be convenient to express I'® in integral form as (recalling
Egs. (3.11) and (3.12))

2) . LLZ dgq @(*fg—q) -1 1
rO®E.e -7 / et ( Eramt ) (3.51)

In the last equation we have used up < 0 to set O(—&2) = 0 in Ir(P, Q).
Observe that [dq/(2m)? 1/(q?/(2m.) + €f) acts as a counter-term to cancel the divergence of

[ da/(2m)2 (O(~€5 ) — 1)/ (65 _q + €8 —ic2).

In this way, we have expanded the I'-matrix at fixed chemical potentials. For clarity, it can be

useful to highlight this parametric dependence on pup and pp, employing the notation
L(P,Q e, pn) = I'Y + T (P, Q| o, ) + ... (3.52)
Similarly, for the self-energies
Sk, w | pr, pe) = P (k,w| pr, p) + 2P (k,w | pp, us) + ... (3.53)

It is important to note that the chemical potentials should also be seen as functions of g, as they are

determined after solving Eqgs. (3.43), (3.44) and (3.45) at given coupling parameters, boson concen-
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tration and mass ratio. Therefore, they are also expanded in powers of 1/g

pr = Ep + i) + 42+ (3.54)
e = py) +uG) + (3.55)

resulting in the following series for the self-energies:

ox M (k
S(k,w | s ) = O (k,w| Ep, 0) + 2@ (k,w | Ep, 0) + (e w] e, pn) e
3MF ur=Ep
uB= 0
oM (k,w | pr, 1) (1)
ded Fod:E 3.56
Ous MF:EFMB + ( )
pu=20

3.4.2 The fermion chemical potential

We will use the self-energy expansion above to derive the series (3.54) and (3.55) for the chemical
potentials. For the boson chemical potential, the relation between pug and Yy is established by the
Hugenholtz-Pines theorem (3.43). To evaluate ur, however, we must first relate it to X in a similar
fashion.

Luttinger’s theorem

We start from rewriting Dyson’s equation as

Gr(k,w)! = G2(k,w)"' — ReSp (EF o+) — 9p(k,w) + ReSp (%F o+)

=G (k,w) ' — Sp(k,w). (3.57)

We have defined
GO(k,w) ! = GA(k,w) ! — ReSp (%F 0+) (3.58)
Sr(k,w) = S (k,w) — ReSp (%F, o+) (3.59)

with EF being the solution of the equation (note that ¥r depends on k only through its magnitude

k= k) 2

- Sr(k,0F) = .
sy 1P RS (F, 01) =0 (3.60)

that identifies the position of the Fermi step of the momentum distribution of the interacting fermions.
Eq. (3.60) is solved by kp = kp if

pr = Ep + ReXp(kp,01), (3.61)

a condition which is known as Luttinger’s theorem. The statement is that the volume of the Fermi
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sphere of fermions does not depend on interactions, and thus coincides with the volume of the Fermi
sphere of the corresponding non-interacting Fermi gas [92]. It was originally proved for Fermi liquids,
with its validity later extended to density-imbalanced two-component Fermi gases [102] and, within

a two-channel model, to BF mixtures [103].

Let us go back to Dyson’s equation (3.57). In the second part of this section, we will show
that Yp(k,w) = O(1/g), with the leading order being independent of (k,w). Therefore, Sp (k,w) =
0(1/¢?) and having introduced the shifted G%(k,w) and $p(k,w) from G%(k,w) and Zp(k,w) accel-

erates the convergence of the expansion

Crllk.w) = GY(k,w) + (Go(k. w))2 Sr(kw) £ ... (3.62)

By performing the operation [ dk/(27)? [dw/(27) 07 (_..) on both sides of Eq. (3.62) and

using

dk dw w0t

/W/%GF(I(,W)Q 0 = Nngr (363)
dk [ dw ~ ST _

[ | 3 G = B (e e (R.0%)) (364

we obtain the equation (neglecting orders higher than O(1/¢?))

ur = Brp + ReXp (kF, 0+)

+ ReXp (EF,W) — ReSp (kp,01) — :Tz tr((ég(k,w))2 i’:F(k,w)>, (3.65)

where we have summed and subtracted ReXp (kg,0%).

The validity of Luttinger’s theorem in the weak-coupling limit for our system is discussed in detail
in Sec. B.2, where it is proven that the terms in Eq. (3.65) that are “spurious” with respect to (3.61)
contribute only beyond O(1/g?). Therefore, in what follows, we neglect the additional terms in (3.65)

and compute pp perturbatively within this framework.

Perturbative expansion of X (kr, 0" | ur, 1B)

At this point, we have all the tools needed to compute up at O(1/¢g?). By noting that in the RHS of
Fig. 3.1 we can replace the T-matrix in the second diagram with the I'-matrix up to O(1/¢3) correc-
tions, we can identify the orders up to O(1/g?) of the self-energy from the following diagrammatic

expression (with no external fermion propagators intended)
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B
B
N
Yr(k|pr, pB) = r + r + r P r
F F F F F > F
k k k k k
@ (IT) (I11)
The first order Eg)(k,w | ir, up) comes from diagrams (I) and (II), yielding
(1) _ oy [ 4P /@ 1 00t
Yk =nol" - T
p (kwlpr, ps) =no / (2m)2 21 i(Q —w) — SPB’_ke
= nol'® (3.66)
as the pole Q = 72'51]2—1( lies on the negative imaginary axis. Since I'") is already of first order in
1/g, M(FI) is obtained by setting ng = ng:°
(1) Ym + 11 >
= - FF. 3.67
P o, g " (367

Let us now move to 2%2)(k:p,0+ | ir, uB), to which all of the above diagrams can in principle

contribute:
2%2)(1<;F,0+ | s ) = np I3 ke, 07 | e, i) (3.68)
_/(;7]32/(;2 F(z)(P»Qlup,uB)m_;@kFemW (3.69)
o (F(l))Q/ (;1732 % iQ i 5 i — EE_kF 7, (3.70)

where (3.68), (3.69) and (3.70) come from (I), (IT) and (III) respectively.

We focus on pup = Ep — App with 0 < Aup < Er, and ug = —Apup with 0 < Aug < FEg. For
notational convenience, we define np = Aur/Er, ng = Aug/Er and n = np —np. To compute (3.68),
we note that with this parametrization of the chemical potentials A(kg,0%") (3.13) reads

Ep . Er (nr 1/ np ® g
Ak:,0+ , = — +i0t 4+ = &£ — —F - — — + — 3.71
( F |77F 77B) 1+ 7m 2 . B F 4 \ B P ( )

8Moreover, since the leading perturbative order of ng turns out to be O(1/g?) [104], the product ngI(}) does not
yield a contribution to the second order either.
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and therefore

Alke, 0" [p,m8) _ Ym
e (1 +7m)?

Keeping the parametric dependence on nr and np explicit while making implicit the dependence on
the external 3-momentum (kp,0"), we define Z[FI] (nr,nB) to be the contribution to 21(?2) (kg,0" | pr, 1B)
arising from diagram (I). Recalling the right pre-factors from (3.50), it reads

s m
EE(WFJ?B):”B(IH(_ ik

2m, (14 ym)?
2
Ym 1 (np 1 (np iz} oy \1
i a2 B ot ) —
+ 1+ Ym 2 (’Vm 77]3> \/4 <'7m 77]3) + P)’m) T ) MT) 92
7r Ym 1+ 9m 1 np> (ng)
=n In + v/ —+0(=%])+0(—=]). 3.73
" om, ( (I+m)?  VIm nB) 9° (92 9° (373

The expansion in the last line is performed as a single variable series expansion in the small parameter
1/g, to which both ng and ng are assumed to be proportional.

The integral (3.69) gives no contribution, as seen by writing I'®) in the integral form (3.51).
Indeed, the counter-term is independent of € and thus its frequency integral is vanishing due to
up < 0; regarding the other term,

- a0 1 1 ot
(O(=&px) — 1) /g &+ —i0i—EB
O(—Ep_k — &)

=(1-6(—&_ =0 3.74
since O(—£p_1)O(—Ep_y — &) = O(=Ep_y — &)
The frequency integral of (3.70) reads
/ @ 1 1 0if207"
21 iQ—EE I —EB_
mg P k’F -1
= 60k~ P (304 5l =D = 55 om0+ D) . G7)

with &, = \/QmF(EF — Apr) = /1 —nr kr. Integrating over the angle 6 yields (using dimensionless
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variables P = |P|/kp and u = 1/P)

P O(=h)  mg [VTF .
/ @2 e —€B.,, /o ar JaP 1 B P 100 (3.76)
_omm [T 1
= 2 A d \/au2+5(77)u+ﬂ(77) (377)
with
o= (1 - ’Ym)27
Bm) = (141 =n)7m)?, 6m) = —2(1+nm+ 1 —n)22).

Recalling the right pre-factors from (3.70) and (3.49), it follows that the contribution EEH] (nr, mB)
to 2%2)(/@,04' | up, pp) from diagram (ITI) reads

111 T
E% ](77]5‘7778) =-nBg (1+m)

1-np 1 1
X (—1)/ du 5 )
0 \/au +6(np —nB)u+ Bnr —nB) 9

s 1 1 1 nr B
— 1 e Iy — —— = Ui LS ,
nB2mr( ) (’ym—l R~ 7713) 92+O<92)+O<92)’ (3.78)

where the expansion in the last line is performed after the integral and with the same method

(1]

mentioned for M.

Taking nr and np to be of first order in 1/g, the second-order contribution is identified after

summing the contributions from the two diagrams:

+1 1 1
sl (1] _ ™ 1 Ym Ym I~ | — =) '

r (M, m8) + X5 (1R, 1B) o M G mE) T ) 2 +0 7 (3.79)
Note that the two terms of order 1/|g|%/? cancel each other, and that the term of order 1/¢2 is
independent of g and ng.

Since we have shown that Eg)(k,w | ir, up) is independent of up and pp, its derivatives with

respect to the chemical potentials do not contribute to the second order of Y (k,w | ur, up); therefore,

from (3.79) we can read off ,u%z):
(2) Ym + 1 < < Tm > Ym + 1 > 1
=z— (In + Invy | = EF. 3.80
. 4%m Tt7m?)  Am—1 ™) g " (350)

All in all Egs. (3.61), (3.67) and (3.80) yield the following expression for up, valid up to O(1/¢3):

Tm +11 Ym + 1 Tm Ym + 1 1
urp = Fp + Fpx —+Epzx In + Invy, | —. 3.81
29m g 49m (14 ym)? Ym — 1 g* (3.81)
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3.4.3 The boson chemical potential

To compute the boson chemical potential we rely on the Hugenholtz-Pines theorem at zero repulsion

between bosons,

evaluating the normal term first and then moving to the anomalous.

Normal self-energy

By noting that in the RHS of Fig. 3.1 we can replace the T-matrix in the second diagram with the I'-
matrix up to O(1/g?) corrections, we can identify the orders up to O(1/¢?) in the self-energy ¥4 (0,0)

from the following diagrammatic expansion (with no external bosonic propagators intended)

F
F
11 F’
Yip (k| pr, pB) = r + r r
B B B Q B
k k k k

(a) (b)

This time the analogous of diagram (II), i.e. diagram (a), does give a contribution since the density

of free fermions at zero temperature is non vanishing: the first order 21(311; (k,w | pr, up) reads

" o dP 4o 1 iQot
ZBF(kaw|MF7MB) - F( )/ (27’[‘)2 /% me

k2
= ke (3.83)
4

where k. = v/2mpur. To zeroth order ur = Er and we have

(1):7m+11

FEr. .84
HB 2Ym g F (38)

However, differently from the perturbative calculation in Sec. 3.4.2, this time there is a second order

contribution to pup stemming from the first order in up = Ep +u(F1), as a consequence of the dependence

of 21(311;(0, 0| pr, up) on the fermion chemical potential. Indeed

(1)
m+11 m+1 1
Tm 22 ) Tm ”F+O< )

202(0,0| e, pp) = Ep —
BE 2%m g 2%m g

93
2
Tm+11 <7m+1> 1 (1)
= Ep Stz = |+0(=). 3.85
( 2Ym g 27m ) 9? g° (355)
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Going back to the diagrammatic expression for X5k, further second order terms in pup are given by

1 .

$2(0,0] Ex, 0) —/ /— (P, Q| Er,0)——re' " (3.86)

Q) —&p

2 (AP [dQ IR
ro) / / = 3.87
e ( @r2 /) 2r \in—¢t) > (3.87)
where (3.86) and (3.87) come from (a) and (b) respectively. Note that we have already set up =
Fr and pug = 07 in all diagrams for 21(32%. This is because, as we have verified explicitly in
Sec. 3.4.2 by keeping up = (1 — nr) Er and ugp = —np Er in the analogous second order contri-

bution 2%2) (kg,0" | ur, uB), the higher order corrections nr and ng play a role only beyond O(1/¢?).

Let us focus on (3.86), denoted by Egl%. Recalling (3.51), the frequency integral can be separated
into two terms: one of them is proportional to [ dQ/(2m) (1/(iQ — €5))e’®" = O(—€E); the other

one is proportional to

3 a0 ! L O£ o) — 1

Note that only the pole of 1/(iQ — &5) contributes in Eq. (3.88), and therefore the integral over €2 in
(3.86) yields I'® evaluated at iQ = £5:

a dP .
zg;/( O(ky —|P|) lim I'®(P,Q|Ep,0)

27)? iQ—¢E +i0+
1 ¢ [ dP A(P, —i€E | Ep,0)

using (3.50) to go from the first to the second line.

Integrating over the angle and expressing everything in terms of the dimensionless quantities

P = |P|/kg (3.90)

Z(P) - %m (qm(ﬁQ —1)—1- ﬁQ) : (3.91)

we arrive at

+1 o 1
»l9d — g 7”1 / dP P In m | - + =
BE Yeu + 1 2 Yeu(Ym + 1) 9>
Ym + 1 1 YmInyg 1
- F oy MMy 1) ) = 92
. ( + 2, 1)) (3.92)

Let us now move to (3.87), denoted by ZE)]F. Observe that the frequency integral is of the type
that needs to be interpreted as a limit for k — 0, splitting the double pole as described in Sec. 2.3.
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In particular:

dP dQ 1 1 1 [ mg
li — =—— dP P§(P?/(2mp) — Ep) = ——. 3.93
/(27r)2 \k1|I—r>lO/ or i — €5 i — €5 27 J, (P%/(2mp) = Bp) = =5 = (3.93)
Therefore, collecting the right pre-factors
s, (mt1) L 3.94
pe= (T, ) @ B 599

Note that ZE]F precisely cancels the concentration-dependent term in (3.85), resulting in X£4(0,0 | ur, up)

being independent of the boson density.
Allin all, the sum of 21(31%(0, 0| pr, up) and 21(32% (0,0 EF,0) yields, truncating at the second order
inl/g:

19m+1 1 [ mIn(H2)
Yk (0 = Fp - T+ — | 22— —In((m +1H) 1] | . .
Br (0,0 pr, pp) = Br 5 — ( +29< P n((ym + 1)?) (3.95)

Anomalous self-energy

As for the anomalous term, it easy to see from (3.25) that its leading order has to be O(1/¢?) since the
T-matrix is of order 1/g. By replacing the T-matrix with '), the O(1/¢?) term in £32.(0,0 | B, 0)
is found to be identical to (3.94):

Vm + 1 ) S|

~F 3.96
2%m " (8.96)

Z]132]5‘(070|£?Fa0) =7 ( 92

up to orders higher than O(1/g?).
Including the anomalous contribution in up = X5%(0,0) — X£%(0,0), one reaches the following

expression for the boson chemical potential, valid up to orders beyond 1/¢?:

19m +1 1 m+ 1 wIn (72
g = B = dm <1+<gc7 1,7 (7)—1n((vm+1)2)—1)>. (3.97)

2 Ymyg 29 Ym Ym — 1

3.4.4 Remarks on the convergence of infinite series

In the previous sections, we avoided addressing the details about the convergence of infinite sums. In
particular, the T-matrix (3.18) was defined as the formal sum of an infinite series of terms involving
I-matrices. Approximating it by the first few terms of this series, as we did when computing the
lowest order contributions to ¥p(kr,0"), X5%(0,0) and XE%(0,0), is justified only if the series is
convergent.

The same issue arises in Dyson’s equations. For instance, in the case of G, (2.84) represents the

formal sum of an infinite series involving Xr. Truncating this series at some finite order in ¢ may
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or may not yield physical results, depending on its convergence properties. The sum-and-subtraction
scheme used in (3.57) served the purpose of solving this difficulty, but we have not yet specified where
and why the convergence of the series fails in quantitative terms.

The detailed discussion about all these aspects is found in Appendix B.

3.5 Mean-field shift of the fermion chemical potential

By comparing expression (3.97) with Eq. (23) in [99], we note that the two differ by the concentration-
dependent term at second order, Er (Ym + 1)2/(2vm 9)? x. Hence, the perturbative expansion in this
thesis appears to disagree with the expansion in [99], which has been tested against an independent
Quantum Monte Carlo study (in the repulsive case) and is believed to be the correct perturbative
series that describes the mixture in the limit where the coupling parameter 1/g is small.

The origin of the discrepancy can be traced back to the pup-dependence of 21(311;(0, 0| ur, pus) (3.85),
which is peculiar to our treatment of the fermion component by using Green’s functions in the grand-
canonical ensemble. If Eggﬂ(o, 0| pr, up) did not yield the term proportional to MS)7 the contributions
in Egs. (3.94) and (3.96) would cancel each other, leaving no dependence on x.

This evidence suggests that, to recover the correct perturbative expansion, it is necessary to intro-
duce an modified T-matrix method featuring a partial self-consistency. By (full) “self-consistency”
we mean the replacement of the non-interacting Green’s functions inside the self-energies by the
dressed Green’s functions given by Dyson’s Egs. (3.39) and (3.40). While the implementation of full
self-consistency in BF mixtures at zero temperature remains an open problem, in our case partial
self-consistency is sufficient. That is, we dress the bare Green’s function with a constant mean-field
approximation to the self-energies.

Similar approaches were studied in [105, 106] for Fermi-Fermi mixtures, and more recently in
[107, 108] for Bose-Fermi mixtures. Here we focus on [107, 108], where the subject of the study is a
3d BF mixture with a paring interaction, at temperature greater than or equal to the Bose-Einstein
condensation temperature Tggc. The authors propose the replacement of the non-interacting boson

Green’s functions in the self-energies by the modified boson Green’s functions

1

G (k,w) = with
sl iw —k*/(2mg) + ujy
ps = i — 35 (0,0 pr, i) - (3.98)

The rationale behind this replacement is as follows. The fully dressed boson Green’s function has
gapless excitations at Tggc, as ensured by the Hughenholtz-Pines condition up = X4'(0,0); the
non-interacting boson Green’s function, on the other hand, does not (with the energy gap Fga, =
—3¥11(0,0)), so that the low-energy Bose-atomic excitations are underestimated in the ordinary 7-
matrix self-energies. The replacement in Eq. (3.98) restores the Hughenholtz-Pines condition in the
boson Green’s functions within the self-energies, and in turn enhances the low-energy Bose atomic

excitations.
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One of the benefits of this modification is that, at Tggc and for ng = ng, by increasing the BF coupling
from weak to strong attraction the fermion chemical potential decreases and becomes negative. This
is not verified within the ordinary 7T-matrix approach, where up stays positive suggesting that a
Fermi sphere of unpaired Fermi atoms survives.

Following a similar principle, we are lead to replace the non-interacting fermion Green’s functions

(while not touching the boson Green’s functions) in the boson and fermion self-energies by

~ 1
GY(k,w) = ith 3.99

He = pr — XF (’151770+ Iu'mtB) ; (3.100)

where EF as usual is the Fermi step momentum of the interacting fermions momentum distribution,

determined by the equation

kp = \/Qmp (,uF —YF (EF,O+ |,ui,,,u13)>. (3.101)

Yr (EF, 0t ’ s ,uB> is real and we denote it by E(F) in the following.

This modification can be seen as a mean-field shift of the fermion chemical potential up — pf in
the self-energies (represented in Fig. 3.5), while in Dyson’s equation for the dressed fermion Green’s
function we maintain the “real” fermion chemical potential” up = pg + X% inside G%(k,w) ™!, that is

2
Grk,w) ™ =iw — ;—F+ug+zg—zp (k, w | e, uB) - (3.102)

Since at first order ¥% = 2/(29) (Ym + 1)/¥m, the transformation up — pp — % exactly compen-
sates the term proportional to « in Eq. (3.85) for up, which originates from the anomalous self-energy
Y12, The remaining terms in the perturbative expansion for up and up are unaltered, thus recovering
the correct result of [99].

Note that, somehow accidentally, the correct second-order weak-coupling expansion of the chemical
potentials is also recovered by the theory in which the anomalous term and the mean-field shift are
simultaneously dropped. This is the theory that was used in the recent work [56] for equal masses
and it is the theory that we will numerically study in the next chapter for different masses.

Finally, observe that shifting up by X% implies that é%(k, 07) shares the same pole at |k| = kp as
the fully dressed Green’s function Gr(k,0%).® Therefore, in this way we expect to take into account
the Fermi-atomic excitations more faithfully; however, the shortcoming is that we are still ignoring
many-body effects described by the dynamical part of the self-energy.

A discussion on the numerical implementation of this modified T-matrix method can be found

in Appendix C, where numerical results are reported in various regimes for the BF coupling. In the

"In [105, 106] this shift of up was performed in a very similar manner.
8This is in analogy with [107, 108] for boson Green’s functions: at Tggc, GOB(k7 01) and Gg(k,07) share the pole
at |k| =0.
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remaining sections of the main text we will instead stick to the ordinary T-matrix with no mean field
shift of up.

Pk
W\ B
Yp(k | pp, pB) = I'(k) + T(P) (a)
F F F F
k k k k
Pk
F
Ygp (k| g, pis) = T(P) (b)
B B
k k
kB
T(P — k)
Yee(k|pg,p8) = PF P—kF (c)
T(P)

Figure 3.5: Feynman diagrams for: (a) the fermion self-energy Yg; (b) ¥5%, i.e. the contribution to
the normal boson self-energy SE! arising from the interactions of bosons with fermions; (c) 12, i.e.
the contribution to the anomalous boson self-energy %1 arising from the interactions of bosons with
fermions. All self-energy diagrams feature the mean-field shift of up, with the red lines indicating
the modified fermion lines G%. Fermion lines inside I" and T are also modified.

3.6 Strong-coupling regime

We now move to the strong-coupling limit g > 1, that is, the limit opposite to the case —g < 1

of the previous sections. Similarly to the weak-coupling regime, in the strong-coupling regime it is
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possible to derive analytical expressions for many relevant physical quantities. In particular, the
system of Egs. (3.43), (3.44), (3.45) is replaced by a simpler one, for which a semi-analytical solution
is available.

We will follow the treatment of the strong BF interaction found in [56]; however, in that paper the
reported closed forms for the composite fermion density, the fermion density and the boson chemical
potential are specific to the mass-balanced case mg = mp, while here we present the expressions for
the general mass-imbalanced case my # mgp.

The BB interaction set by 7 is expected to produce only minor effects in this regime, and therefore
we neglect it altogether. Moreover, we do not take into account the anomalous term from BF

interactions (3.25).

3.6.1 The T-matrix

In the limit €g > Ep, T3 (3.11) and Ir (3.12) become the simpler expressions

(P, Q) = 2:20 o PQ/(;M) T (3.103)
Ip(P,Q) = %Z(MF) (3.104)
with pucr = pup + pr + €9 Defining the effective self-energy term
20 = T O (up), (3.105)
the I'-matrix takes the strong coupling form
Tso(P, Q) = 270 ! (3.106)

my iQ —P?/(2M) + pcr — Xp

Note that X% > 0 if up > 0, and it vanishes otherwise; therefore, it is interpreted as an effective
repulsion field generated by the medium of atomic fermions onto the molecular fermions.

Being a constant mean-field shift, ¥, can be re-absorbed into a redefinition of the chemical potential
ficF = picr — Y&, which yields I" in the form

27‘(60

Isc(P,Q) = G (P, ), with (3.107)

1
i~ P?/(2M) + fior

my

Gor (P, Q) = (3.108)

éOCF(P7 1) is a bare-like fermion Green’s function of a particle of mass M and chemical potential
iicr; the latter is the chemical potential of a molecule made up of a boson and an atomic fermion,
renormalized by the mean-field shift X2, that is due to the interaction of the molecules with the

atomic medium.
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All in all, I in the strong coupling regime takes the form of a molecular Green’s function, with
a constant of proportionality 2meg/m, that can also be justified by the composite nature of the

molecules (see [56]).

Inserting the strong coupling form of the I-matrix inside the definition of the T-matrix (3.18),

we obtain
P? 2megng/m
Tse(P,Q) ! = = (m-+~ - ULUALL )
5c(P,0) 2meo oM T T P (2me) + o
m
= " Ger(P, Q)7L 3.109
Sz cr(P,0) ( )

Gcr can be interpreted as a dressed composite fermion Green’s function, resulting from the hybridiza-
tion between a molecular bound state and an unpaired state made of a fermionic atom and a boson

belonging to the condensate. This hybridization is controlled by the quantity A2 = 2reong/m,.°

By solving the equation Fp — ~§F — A2/(Ep —£5) = 0, the dispersion relations Eg of the poles
of the T-matrix in the strong coupling regime are found to be

~ ~ 2
om g (57 - e) a0

+
Ep = 5

(3.110)
Here, we have defined the renormalized molecule dispersion &5F = P2/(2M) — ficp. Ep are the
energies of the quasi-particle excitations, and their structure reflects the hybrization of a molecule

with dispersion EP?F with an unpaired atom with dispersion &5.

The composite fermion propagator Ggp con be expressed in the Bogolyubov two-fraction form in

terms of the quasi-particle energies E:; and the weights u3 and v},

2 2

Gor(P,Q) = — 2 P (3.111)

iQ—Ep Q- FEp

with
1 FCF _ ¢F

ub = ol s L 5;’ (3.112)

\/ (67 - €8) +4a3
vh =1—ub. (3.113)

9This fact can be qualitatively understood in terms of the creation and annihilation operators. If we denote the
operator that creates a molecular bound state when acting on the vacuum by 1/)&;‘, the undressed molecular Green’s

function (T[wcplngD is given by é%F (3.108). If we then add to the hamiltonian a hybridization term Ag ’l[);’(ﬁcp +h.c.

with 1/1; being the creation operator of atomic fermions, the reciprocal of the dressed Green’s function of the composite

~ N1
fermions is given by <G%F> - A3<T[’¢JF’¢J;]>, ie. Gaé in (3.109).
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The density of composite fermions ncr is obtained as

[ dP  [dQ 0+
rer = [ oy [ 7Gxt

dpP -
— [ oo (OB + 136(-Ep) (3.114)
with the integrand in (3.114) interpreted as the composite fermion momentum distribution ncer(P).
In practice, only the term containing v3 contributes to (3.114) since Ej turns out to be always
positive for the concentrations, couplings and mass ratios considered in this thesis.

The integration over P in (3.114) can be performed in a closed form, yielding

ncr

- 2
= dy v
ng A v

1= — 14+ vm —2 = _\2
:4{HCF(1+%1)+MF+’C—2 5 |:\/4A0+<MCF_MF)

- \/ (435 + g )] (3115

with

K= \/4A§(1+vm)+ (Fcr (L +7m) ~ ) - (3.116)

T = ficr (V3 + 3%m +2) — Bp(2 + Ym) + 1K (3.117)

and where all barred quantities are in units of Ep. The integration variable y is defined as y = P> /K2
and y_ = (1/2) (ﬁCF(l + Ym) + O + K) is one of the solutions y4+ of the equation

=CF _p =CF _p 2
Sy +fy—\/4A%+<€y —£y> =0 (3.118)

that identifies the zeros of Ep. The other solution y is negative and therefore not interesting since y
is positive by its definition. E is negative for y € (0,y—) and positive for y > y_; hence, the integral
in (3.115) is restricted to (0,y_).

3.6.2 Fermion self-energy and momentum distribution

Let us now discuss the fermion self-energy in the strong coupling limit, i.e. (3.24) with I" replaced
by I'sc and T replaced by Tsc. The frequency integral is evaluated as always by contour integration,
yielding

A2 9 P 20(—FEg pO(—Ep
S (k,w) = ——%— 4 T / ) 2 | ; UPGB( v Tt UP@B( 2) — |- (3-119)
iw—&CF T my (2m) w+ép —Ep  w+ép_— Ep
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In the strong-coupling limit, for z < 1, the boson chemical potential ug ~ —¢&g is the dominant energy

scale. One is then allowed to take P = 0 in the denominators of the integrand and neglect ESE, thus

obtaining
A2 A2
Yr(k,w) = 2 —CoF_ (3.120)
W — kaF 1w + fk
with Ap = 2regnor/my.
With the self-energy at hand, one immediately obtains the fermion Green’s function
A2 A2
Gr(k,w) ™! =iw—€F — L - —CF_, (3.121)
w — kaF iw + &
and in turn the fermion momentum distribution, after integrating over w
3 z— z
np(k) = lim . O(—2z). (3.122)
S el - Y/ (2 - E8F) - A%/ (2 - €B)
In the above equation, z; are the three different real roots of the cubic equation
A2 A2
z—¢f — L —F_—0. (3.123)
w — é-kCF 1w + gk
3.6.3 Hugenholtz-Pines condition
In the strong-coupling limit, the boson self-energy (3.22) acquires the form
2 dP O(—Ep) — O(—¢5_ O(—Ep) — O(—&h_
211311:(1{,&})2 71'60/ . 2P ( +P) = ( EP k)+U% ( 7P) . ( §P k) . (3.124)
my (2m) Ef — & —iw Ep — & —iw

The Hugenholtz-Pines condition requires to evaluate the above expression at vanishing (2+1)-momentum:

in absence of the boson-boson repulsion and the anomalous term 12, we get

i = SIL(0,0) = 27r€o/ dP ( » O(—E3) 2 @(E;))

m. ) 2m)2 \PEL —¢E " PE, -k

This integral can be evaluated in closed form:

T Ey 753;
1+ mm)’ = _ — N2
= —¢0 ( 5 ! ) (111(2(1 +Ym)) +In (HF — Ber T+ \/4A(2) + (.uCF - HF) )
—In <2\/4A§(1 + Ym)? + 372 - j)) (3.125)
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3.6.4 Complete set of equations for semi-analytical calculations

Allin all, the system of Egs. (3.43), (3.44), (3.45) becomes analytically tractable in the strong-coupling
limit. Indeed, Eq. (3.43) is given in closed form in (3.125); the fermion momentum distribution is
given in closed form in (3.122); finally, Eq. (3.45) can be dealt with by observing that for large g all
non-condensed bosons are expected to bind with fermions into molecules (we recall that ng < np).
One can then trade (3.45) for the density (3.115) of composite fermions, since ng — ng ~ ncr.
As a consequence, one obtains the following set of equations for the unknowns pp, up and ng (and

implicitly pcr = pr + pus + €0):

e fermion number equation

with np(k) given by (3.122);

e composite-fermion number

ng —ng = / (;1:)2 (upO(—Ep) + vpO(—Ep)) , (3.127)

whose analytic form is given in (3.115);

e Hugenholtz-Pines condition

27eg dP u? vZ _
B = 2]1311?(07 0) = m, / (27r)2 (EIJ)F EEEG(_E;) + El;i—PflE@(_EP) ’ (3~128)

whose analytic expression is given in (3.125).

This simple system of equations can be solved for up, up, and ng with a standard root finder, and
no particular care has to be taken when performing the momentum integral in Eq. (3.126). These

operations are performed using Wolfram Mathematica code.

3.7 Overview of the results

In this section, we present a summary of the (semi-)analytical results obtained so far and recap their
dependence on the choice of parameters and Feynman diagrams.

In Sec. 3.4 we treated the weak-BF coupling limit, —g > 1. In this regime, we obtained ana-
lytical results for pp and pp, valid up to second order in 1/g. These expressions cover the cases of
density-imbalanced mixtures (z # 1) and mass-imbalanced mixtures (7, # 1). We discussed how to
account for the anomalous contribution % (0,0) to the boson chemical potential, and in Sec. 3.5
we presented how the perturbative series should be modified if the fermion chemical potential pp is
replaced by the shifted up — X% inside the self-energies.

What we did not take into account is the effect on up of a finite BB repulsion, n # 0. If 7 is suffi-
ciently small, namely 4mngn/mp < —Er(ym + 1)/(¢ym), the boson chemical potential is small and
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negative even in the presence of the repulsion. As a consequence, the derivation of the perturbative
expansions in Sec. 3.4 remains applicable, with the only difference being the mean-field Bogolyubov
term XL — B3 = 4mnpn/mp that needs to be added to up in Eq. (3.97). However, if the repulsion

is strong enough to render up positive, our calculations in Sec. 3.4 are no longer valid.

In Sec. 3.6 we treated the strong-BF coupling limit, g > 1. In this regime, we obtained the
system of Egs. (3.126), (3.122), (3.115) that can be solved to yield up, ur and ng. These expressions
cover the cases of density-imbalanced mixtures (z # 1) and mass-imbalanced mixtures (v, # 1). In
Sec. C.2 we describe how to modify these equations if the fermion chemical potential g is replaced
by the shifted up — X% inside the self-energies. In the strong coupling regime, the effect on ugp, up
and ng of a finite BB repulsion is expected to be negligible, and therefore the expressions we have
derived are applicable also when 71 # 0.

What we did not take into account is the effect of the anomalous contribution ©{2., which remains

as our future problem.

Density-imb. Mass-imb. BB repulsion Anomalous X%  MF shift of up
Weak-coupling v v X v v
Strong-coupling v v irrelevant X v

Table 3.1: Summary of the different effects considered in this thesis, for the analytical calculations
in the weak-BF coupling limit and the semi-analytical calculations in strong-BF coupling limit.

In Tab. 3.1, we summarize the different contributions included in our semi-analytical derivations.
In principle, the fully numerical calculation based on Egs. (3.43), (3.44), and (3.45) could be imple-
mented to include all of the above effects on the thermodynamics of the system.

In [56], the authors report numerical results for a density-imbalanced but mass-balanced mixture,
with and without BB repulsion. The anomalous contribution %%2. is not included, nor are the
modifications due to a mean-field shift of up.

In Chap. 4, we report numerical results for a density- and mass-imbalanced mixture. The effects of
BB repulsion and of the anomalous contribution X% are not included, nor are the modifications due
to a mean-field shift of .

In Sec. C.1, we present preliminary results for a density- and mass-balanced mixture, including
the mean-field shift of up in the self-energies. The effects of BB repulsion and of the anomalous
contribution ¥§% are not included.

The determination of the contribution of 211321; in the numerical evaluation of up, pur, and ng remains

as a problem for future work.
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Chapter 4

Numerical results for

mass-imbalanced mixtures

In this chapter, we present the numerical results obtained by solving Egs. (3.43), (3.44), and (3.45)
for the unknowns ug, pr, and ng. The calculations are performed within the non-self-consistent T -
matriz approach, without the anomalous self-energy ¥12., and at zero boson-boson repulsion n = 0.
Effects of mass-imbalance are identified, both in the density-balanced and in the density-imbalanced
cases. A comparison between the numerical results and the (semi-)analytical expressions in the weak-

and strong-BF coupling regimes is also carried out.

4.1 Results for ng = ngp

In this section, we study the thermodynamics of a density-balanced but mass-imbalanced mixture:
therefore, we consider the boson concentration to be x = 1 and different values for the mass ratio
Ym, close to those in Tab. 1.1. We do not include the anomalous self-energy Xf3 in the calculations,
nor do we treat the interaction between bosons (therefore = 0 in the following) or the mean-field
shift of the chemical potential up — pup — X%. The treatment of the system is therefore the same as
in the recent work [56]. Note that the analogous theory in 3d space, studied e.g. in [109, 110], was

recently tested experimentally on a 2*Na—4°K mixture [41].

4.1.1 Boson and fermion momentum distributions

Fig. 4.1 shows the boson momentum distribution, for unitary concentration of bosons z = 1, for
different values of the mass ratio 7., and the BF coupling g. A feature that was already identified in
[56] in the case of v, = 1 is the presence of a peak for small but non-zero momentum, depending on
the coupling g. In Fig. 4.1 the case of 4y, = 1 is reported in panel (b), and the mentioned peak is

visible in the curve for g = —4.
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Figure 4.1: Boson momentum distribution ng(k) as a function of k/kr, for different values of the BF
coupling g, and boson concentration z = 1. Different values of the mass ratio vy, are reported: (a)
Ym = 0.5 (b) ym =1 (¢) /m = 2 (d) ym = 4. Inset: comparison between numerical results and large
momentum behavior described by equation (A.16) (dotted lines).

Panel (a) shows that this feature is lost in the case of 7y, = 0.5. On the other hand, panels (c)
and (d) reveal that the peak is preserved in the case where v, > 1, where it appears also for larger

couplings g > —4.

In Fig. 4.2 is reported the momentum distribution ng(k) at g = —4 for 4y, = 0.5, Ym = 1, ym = 2,
Ym =4, Ym = 7, Ym = 14, ym = 22, to better illustrate how the position, width and height of the

peak vary as functions of the boson mass.
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Ym=05 —— Ym=2 — Ym=7 —/—  VYm=22 —/—

ng(k)

Figure 4.2: Zoom on the peak of ng(k) at g = —4, x = 1, for several different mass ratios.

The Fermi momentum distributions are reported in Fig. 4.3, at unitary concentration of bosons
x = 1, for different values of the mass ratio v, and the coupling g. We note that, from weak to
strong coupling, the position of the Fermi step varies the most in the case v, = 0.5, while it does not

change significantly for larger mass ratios.

4.1.2 Chemical potentials and condensate density

Fig. 4.4 presents the plots the boson chemical potential upg, the fermion chemical potential yp and

the condensate fraction ng/npg in the range —4 < g < 4 for x = 1.

Fig. 4.4(a) reports the quantity ug + ¢, to remove from the boson chemical potential the leading
strong coupling contribution, given by —e¢p = —Er €?9(y, + 1)/vm. The inset on the other hand
avoids the subtraction and illustrate on a logarithmic scale that, in the strong coupling limit, the
boson chemical (with a minus sign) approaches the binding energy. In particular, the “relative
difference” |up + £o|/e0 goes below 5% at g ~ 1 for the mass ratios ym = 1, Ym = 2, Ym = 4 and at a
slightly bigger coupling g ~ 1.2 for v, = 0.5 (see Fig. 4.5).

69



CHAPTER 4. NUMERICAL RESULTS FOR MASS-IMBALANCED MIXTURES

1 " 1 T "
g=-4 —— = g=-4 ——
g-=2 Vi =1 g-=2

—— g=-1—— T = W Chly.
0.8 [ = g=0 08| = g=0
<z g=1 = g=1——
A g=2---- A 1 g=2----
E3 2 I el
06 - & 06| < 0.9/

= = — =

3 < - =

T < T <

0.8
j= =
0.4 | 0.4 2 3
0.2 - 1 0.2
R e B TR _—
or . . N N n n n 0 . n n n n
0.5 1 15 2 25 3 35 0.5 1 15 2 25 3 3.5
k/kg k/Kg
(a) (b)
T : "
=2 g= =4 g=-4 —
Ym 9= Ym g=-2
- 1 g= . 1 g=-1——
=< g= =< g=0
E L - g= =z g=1—
A / 0= A 89—
fu. 0.9 i‘,u_
£ £
= =3
T T
& 5
0.8
2 3
e o
15 2 25 3 15 2 25 3 35
k/kg k/kg
(c) (d)

Figure 4.3: Fermion momentum distribution ng (k) as a function of k/kg, for different values of the BF
coupling g and for the boson concentration x = 1. Different values of the mass ratio vy, are reported:
() ym =05 ) ym =1 (¢) Ym = 2 (d) ym = 4. Insets: ratio of np(k) to its large momentum
behavior given by (A.15). In the large momentum limit, the ratio is expected to approach one.
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Figure 4.5: Relative difference |up + €o|/€0 compared to 0.05 (dashed gray line), as a function of g
and for the boson concentration z = 1.
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Figure 4.4: (a): boson chemical potential up (shifted by the binding energy eq), in units of Er, as a
function of the BF coupling g, for different values of the mass ratio =y, for the boson concentration
x = 1. Inset: comparison between —up and the binding energy € (dotted lines, reported for clarity
only for 4y, = 0.5, v, = 1 and v, = 4). (b): corresponding fermion chemical potential pp in units
of Ep. (c): corresponding boson condensate fraction. (d): dimensionless Tan’s contact parameter
Cpr/(m%E%). Dotted lines: quantity (z &g (Ym + 1)/Ym) /Er, reported for clarity only for v, = 0.5,

7m:177m:4o
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Fig. 4.4(b) reports the fermion chemical potential as a function of the BF coupling. The figure
illustrates that pp crosses zero (dashed gray line) for all considered mass ratios, with the value of g

at which the sign change occurs becoming larger with ~,.

4.1.3 Tan’s contact parameter

For large momenta, the fermion and boson distributions have asymptotic behaviors given by Egs.
(A.15) and (A.15).

We define the Tan’s contact parameter Cgr as the coefficient of the leading order term of expressions
(A.16) and (A.15) (proportional to k=4):

2P [ dO o0t Cir

Tan’s contact parameter is reported in Fig. 4.4(d), from weak to strong coupling for the usual values
of the mass ratio .

As shown in [56], for 7, = 1 the dimensionless Tan’s contact parameter Cpr/(miFE32) scales as
2x €9/ Er in the strong coupling limit. The same exponential behavior is found in the mass-imbalanced

case, upon the replacement

2
250%7m+150<7m+1> 029 (4.2)
EF Ym EF Ym

(dotted lines in Fig. 4.4(d)).

4.2 Numerical results for ng < ng

In this section we study the thermodynamics of a density- and mass-imbalanced mixture: therefore,
we consider the boson concentration to be = < 1, specifically x = 0.5, x = 0.175 and « = 0.1, and
different values for the mass ratio 7y, close to those in Tab. 1.1. We do not include the anomalous
self-energy Y12, in the calculations, nor do we treat the interaction between bosons (therefore n =0

in the following) or the mean-field shift of the chemical potential g — pp — X%.

4.2.1 Boson momentum distributions

Figures D.1 and D.2 in Appendix D.1 report the boson momentum distributions for x = 0.5 and
x = 0.1, for several different values of the mass ratio and the BF coupling. Here we present only the
case of x = 0.1, 7, = 0.5, in Fig. 4.6, to illustrate that the peak at small momentum missing for

g = —4, x = 1 instead appears at lower boson concentrations.
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Figure 4.6: Boson momentum distribution ng(k) as a function of k/kp, for different values of the
BF coupling g, boson concentration x = 0.1, and mass ration v, = 0.5. Inset: comparison between
numerical results and large momentum behavior described by equation (A.16) (dotted lines).

4.2.2 Chemical potentials

Concerning the the boson chemical potential (Figures D.3(a), D.4(a) and D.5(a) in Appendix D.2),
we note that —up approaches the leading contribution ¢ in the strong coupling regime as expected.
In Appendix D.2, Fig. D.6 we report the plot of the relative difference |up + eo|/eo for z = 0.5,
x = 0.175, x = 0.1, while here we present only the case of x = 0.1, in Fig. 4.7.

Ym =05 Ym=2 ====  Ym=7 ———-
Y =1 == Ym=4 ——  yp=14 —
0.25 T T T T

0.2

o©
—
o

o
—

leg+ugl/eg

0.05

Figure 4.7: Relative difference |up + €o|/€0 compared to 0.05 (dashed gray line), as a function of g
and for the boson concentration z = 0.1.

These plots show that for all values of the boson concentration z < 1 and the mass ratio 7y, the

difference is below 5% for g > 1.
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Figures D.3(b), D.4(b) and D.5(b) in Appendix 4.5 reports the results for the fermion chemical
potential. As for the mass-balanced case, up is progressively less affected by the increase of g as the

boson concentration x decreases. This behavior is better illustrated in Fig. 4.8.
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x=0.5yp =05 ———— x=01,yp=2 — X=1,Ym=2 -====
) S — i
08 [T TR e I ]
ok e -
[T
wl -05 ]
;_L .......................................
ERS T
-15 “'\,‘ B
_2 C |
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Figure 4.8: Fermion chemical potential up in units of Fg, as a function of the BF coupling g, for
several different choices of the combination of the boson concentration x and the mass ratio v,.

4.2.3 Universality of the boson condensate density

Fig. 4.10 reports the value of the condensate fraction as a function of the BF coupling, for different
boson concentrations and mass ratios. In [56], the authors discussed the approximately universal
behavior of ng with respect to concentration, in the case 7y, = 1 (which we have reproduced in
Fig. 4.9). From Fig. 4.10, we find that this universality holds with even greater accuracy for vy, > 1,
whereas for v, = 0.5 the curves corresponding to different concentrations separate visibly in the

region —1 < g < 2.

74



4.3. WEAK-COUPLING LIMIT

Ym =1 x=0.1
x=0175 ——
08 | x=05 — |
x=1 ——
0.6 | ]
m
£
o
S o04f 4
02 .
Ok
4 3 2 1 0 1 2 3 4

Figure 4.9: Boson condensate fraction ng/np as a function of the BF coupling parameter g for different
values of the boson concentration x and ~,, = 1.

4.3 Weak-coupling limit

4.3.1 Fermion chemical potential

As discussed in Sec. 3.4, we can expand pp and pp in powers of 1/g in the weak-coupling limit
—g> 0.

For clarity, we report here the result for the fermion chemical potential

TYm+1 1 Ym Ym + 1
ur = Fr + Fp — (1 + — (ln( ) + In vy , 4.3
2 Tmg 2g (1 +7m)? Ym — 1 (43)

valid up to higher orders in 1/g. In [56] formula (4.3) was shown to hold in the mass-balanced case

Ym = 1, while in this work we verify it in the mass-imbalanced case as well.

Fig. 4.11(a) shows that, in the weak coupling regime g < —2, the numerical curve for the fermion
chemical potential approach the asymptotic limit given by (4.3). The figure reports the case of x = 1,
while the plots for < 1 are presented in Appendix D.3. To make the comparison more stringent,
we subtract from the fermion chemical potential the zeroth and first perturbative orders in 1/g, i.e.
Er 4+ Erz(Ym + 1)/(27mg), multiply the result of the subtraction by g2, and perform a curve fit to
the model f(g) = A+ B/g. These steps are carried out in the very weak BF coupling regime, namely
g < —15. Fig. 4.11(b) shows the optimal curve, for x = 1 and several different mass ratios. The
results of the fit procedure are listed in Tab. 4.1, and reveal an excellent agreement between numerical

data and the asymptote expected from the perturbative expansion (4.3).
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no/ng

no/ng

w F

no/ng

a function of the BF coupling parameter g for

Figure 4.10: Boson condensate fraction ng/np as
different values of the boson concentration z and mass ratio v: (a) ym = 0.5, (b) m = 2, (¢)

Ym =4, (d) Ym =T7.

4.3.2 Boson chemical potential

The perturbative result for the boson chemical potential reads (for n = 0 and without the anomalous

term ZEQF)
1 Y + 1 1 (YmIn(¥2) )
— Ep- — (V) +1)2) =1 ) 44

valid up to higher orders in 1/g.

Formula (4.4) in the weak-coupling limit is verified to hold in the mass-imbalanced case, by the
same tests we have carried out for the fermion chemical potential. Fig. 4.12 shows that the numerical
curve for the boson chemical potential approaches the asymptotic limit given by (4.4) (both shifted
by €p). The figure reports the case of = 1, while the plots for 2 < 1 are presented in Appendix D.3.
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Ym ,U'](E‘Q)QQ/EF A B

0.5 0.432 0.431 | —1.497
1 0.307 0.311 | —0.765
2 0.216 0.218 | —0.542

22 0.054 0.054 | —0.589

Table 4.1: Results of the fit with points (ur — Ep — ug))QQ/EF and model f(g) = A+ B/g, for z = 1.
u%l) is computed in perturbation theory as the O(1/g) term in the expansion ur = Er + ,u%l) + M%Q)
(4.3). The second column of the table is useful for comparing A with the coupling independent,

perturbative result u%z) g°.

[ Vm=05 Ym=1 — Ym=2 ——  Ym=22 — Ym=05 Ym=1 X Ym=2 X Vm=22 X |

UF/ER

(ue - B - ue) g%/EE
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Figure 4.11: Plots in the weak coupling regime for x = 1 and several different values of v,,. (a):
fermion chemical potential pg, in units of Eg, as a function of the BF coupling g. The dotted lines
represent the weak-coupling result (4.3). (b): the crosses represent the quantity (ur—Er— ug)) g%/ Er,
as a function of 1/g; the full lines represent the fit to the model f(g) = A + B/g; the dashed lines

represent the expected asymptotic value ,ug) g? of the fitting curve in the limit 1/g — 0~.
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Figure 4.12: Boson chemical potential upg, in units of Ew, as a function of the BF coupling g, for

x = 1 and different values of the mass ratio. T,}L? dotted lines represent the weak-coupling result
(4.4).
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Note that the convergence of the curve of numerical data to the curve corresponding to the analytic
expression (4.4) occurs in a universal way, i.e. independently of the boson concentration x.
4.4 Strong-coupling limit

Let us now turn to the strong-BF coupling limit, and discuss the numerical solutions of the system
of Egs. (3.126), (3.127) and (3.128).

‘ Ym = 0.5 ’ ‘ Ym =1 ‘
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Figure 4.13: Chemical potentials ur, up + €0 and ficr = picr — L&p (in units of Er) as functions of
the boson concentration x, for strong BF attraction g = 3 and different mass ratios: (a) vm = 0.5, (b)
Ym = 1, (¢) Ym = 2, (d) y/m = 22. The circles represent the chemical potentials computed using the
fully numerical implementation in Fortran 90, and reveal a good agreement between up, pup evaluated
with the strong-coupling expressions in Mathematica and up, pr evaluated with the Fortran 90 code.
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4.4. STRONG-COUPLING LIMIT

In Fig. 4.13 we report the chemical potentials up (once subtracted the leading term —eg), ur and

ACF = HCF — EOCF as functions of the boson concentration x, for different values of the mass ratio vy,.

The boson chemical potential pp follows the dominant energy scale —eg, meaning that as soon as
boson is expelled out of the condensate it binds with a fermion (in agreement with ncp = ng — ng).
Therefore, the out-of-condensate component of the system can be regarded as a mixture of atomic
and composite fermions, with the effect of the repulsion of the former on the latter encoded in 2

and the hybridization between the two encoded in A3.

The fermion chemical potential ur approaches the non-interacting value up = Eg as x — 0,
reflecting the fact that in this regime the effects of interactions on atomic fermions are mild.
As x — 1, on the other hand, up becomes negative, reflecting the disappearance of the Fermi sphere
of unpaired atomic fermions. Note also that X% = 0, indicating that the effective repulsive field of

atomic fermions on the composite fermions is not present.

The shifted composite fermion chemical potential jicp varies as function of the boson concentration
x in the opposite way as pup. When z — 0, pcr is negative and the presence of a non-vanishing
component of composite fermions is due to their momentum distribution ncr(P) being different from
the Fermi sphere @(—~1§F) (see Fig. 4.14). This indicates that the composite fermions are strongly
affected by interactions.
As ¢ — 1, jicr approaches the value Ex/(1 + vy, ), which is expected for a non-interacting gas of

fermions with mass mg + mg.

The shaded areas in Fig. 4.13 indicate the crossover regions in which the two chemical potentials
per and pp cross and change their sign. For concentrations below the lower bound of one such region,
the system is in a regime dominated by Fermi atoms interacting weakly and Fermi molecules experi-
encing strong interaction effects, whereas for concentrations above the upper bound, it is dominated
by weakly interacting Fermi molecules.

Note that the crossover region shifts towards higher concentrations for larger mass ratios. One might
think this is due to a decrease in the number of composite fermions associated with the increase in the
mass ratio at fixed boson concentration. However, the dependence of ng on vy, is mild (see Fig. D.7
and the insets of Fig. 4.15), and consequently the same is true for ncr, assuming that ncr = ng —ng
holds independently of 7,,. Furthermore, the condensate density ng slightly decreases as the mass
ratio vy, increases, which leads to an increase (rather than the expected decrease) in the composite-
fermion density ncr.

Therefore the shift of the crossover region indicates that, if we increase the boson mass, it is neces-
sary to simultaneously increase the boson concentration z (thus forming more composite fermions)
to attenuate the influence of the atomic fermion component on the molecules. This fact is illustrated
in Fig. 4.14, reporting the composite-fermion momentum distribution ncr(P) for different values of
the boson concentration and the mass ratio. Note that ncr(P) approaches the non-interacting result
@(7~PCF) as x — 1, but in the large-yy, case the upward bending at momenta lower than the step
momentum persists even at concentrations close to x = 1 (see, e.g., x = 0.9 and x = 0.95). This

peculiar behavior is due to interaction effects that remain relevant at large boson concentrations.

79



Ncr

Ncr

CHAPTER 4.

NUMERICAL RESULTS FOR MASS-IMBALANCED MIXTURES

Ym = 0.5 Ym = 1
1.ojl_._._.;.i o o )é: 1 1ojl_._._._;.i - )‘(=1 N
sl i x=0.95 ] 08 ;_//i— x=0.95 ]
f ! — - x=09 | ; o — —x=09
7 S — |—- | x=0.5 — 0.6:—— - = = | I - x=0.5 ]
7 | x=0175| & | ! x=0.175
04t . 1 04t . —
i [ -
0.2; ! | f 0.2—/_4_“ ] i
oof i |' ] oof i :
00 s 10 5 20 25 o0 o5 10 s 20 25
P/ kg P/ kg
(a) (b)
Ym = 2 Ym = 22
1.oj‘. ________ i _ )£=1 ]
0.8;___’/1:. x=095 |
[ _ = — —=x=09
S | A e | - os |
I | x=0.175
04f o l ]
02t : ]
_/—/rll :
00;\ L \I - L L L \7
0.0 05 o s 15 20 25
P/ kg P/ kg
(c) (d)

Figure 4.14: Composite-fermion momentum distribution ncr(P) = v30(—Ep ) as a function of P/kp,
for strong BF attraction g = 3 and different boson concentrations and mass ratios: (a) v, = 0.5, (b)

Ym =1, (C) Tm =2, (d) Ym = 22.

Let us now analyze in detail the effect of the hybridization between atoms and molecules.

The square of the hybridization energy A2 is reported in Fig. 4.15, together with the condensate
density ng (in the insets’ upper panels) and the condensate fraction ng/np (in the insets’ lower
panels). ng is exponentially suppressed for strong coupling; however, this exponentially small value is

compensated by the exponentially large binding energy in the expression of A, yielding the sizable

values of AZ shown in the main panels of Fig. 4.15.

To better understand the role of A2, it is useful to analyze the molecular quasi-particle energies

Eg, which are reported in Figs. 4.16, 4.17 and 4.18 for several different boson concentrations and
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mass ratios. The hybridized dispersions Ef)t are compared with the unhybridized molecular ESF and

atomic &5 dispersions.
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Figure 4.15: Square of the hybridization energy A2 = 2wegng/m, (in units of E%) as a function of
the boson condensate xz, for strong BF attraction g = 3 and different mass ratios: (a) v, = 0.5, (b)
Tm =1, (€) Ym = 2, (d) ym = 22. Insets: condensate density ng in units of np (top) and condensate
fraction ng/np (bottom) for the same set of parameters. The circles represent A2 computed using
the fully numerical implementation in Fortran 90, and reveal a good agreement between ng evaluated
with the strong-coupling expressions in Mathematica and ng evaluated with the Fortran 90 code.

At exactly matched densities, all fermions are essentially paired up with all bosons (ng ~ 0), and
the system is effectively made of a gas of non-interacting molecules, with the hybridized dispersions

coinciding with the unhybridized since Ay = 0.
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As soon as the concentration decreases (see the case x = 0.95 in Figs. 4.16, 4.17 and 4.18), the
hybridization energy scale Aq sharply rises and hybrid quasi-particles form out of the molecular and
unpaired Fermi states, resulting in a downward shift of the energy dispersion Fp with respect to
NSF. This shift is especially visible in the case of v, = 0.5 (see Fig. 4.16(b)), which has the largest
hybridization energy (see Fig. 4.15(a)).

The bottom panels of Figs. 4.16, 4.17 and 4.18 display the typical level crossing (dotted and dashed
lines) and avoided crossing (solid and dot-dashed lines) of a non-hybridized and hybridized two-level
system, respectively. The dispersion of the occupied composite fermion states ', approaches the non-
interacting molecular dispersion §~§F for large x; as x is reduced below the crossover concentration
x = 0.7 (where the hybridization energy is maximal, see Fig. 4.15), the character of the occupied
composite fermion states changes from molecular to mostly atomic and eventually approaches the
non-interacting atomic dispersion £1F37 albeit with a small quasi particle weight U123 (see panels (d) of
Figs. 4.16, 4.17 and 4.18, and Fig. 4.14).
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Figure 4.16: Hybridized dispersions E; of the poles of the strong coupling limit of the T-matrix

Tsc(P, Q) and unhybridized molecular and atomic dispersions fNPCF and &5 (in units of Er) as func-
tions of P/kp. All data are obtained for strong BF attraction ¢ = 3 and mass ratio v, = 0.5.
Different boson concentration are considered: (a) z = 0.95, (b) = 0.75, (¢) x = 0.5, (d) =z = 0.175.
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Figure 4.17: Hybridized dispersions E:Pt of the poles of the strong coupling limit of the T-matrix
Tsc(P, ) and unhybridized molecular and atomic dispersions &5 and €5 (in units of Ep) as func-
tions of P/kg. All data are obtained for strong BF attraction g = 3 and mass ratio v, = 2. Different
boson concentration are considered: (a) x = 0.95, (b) z = 0.75, (¢) z = 0.5, (d) x = 0.175.
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Figure 4.18: Hybridized dispersions E:Pt of the poles of the strong coupling limit of the T-matrix
Tsc(P, ) and unhybridized molecular and atomic dispersions &5 and €5 (in units of Ep) as func-
tions of P/kr. All data are obtained for strong BF attraction g = 3 and mass ratio v, = 22. Different
boson concentration are considered: (a) x = 0.95, (b) z = 0.75, (¢) z = 0.5, (d) x = 0.175.
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Conclusions and perspectives

In this thesis, we studied 2-dimensional Bose-Fermi mixtures at zero temperature with BF pairing
and mass imbalance between the bosons and fermions. We chose realistic values for the mass im-
balance from BF mixtures realized in experiments, as summarized in Tab. 1.1. The equilibrium
thermodynamic quantities were evaluated within the T-matrix approach adopted in [56], employ-
ing a a numerical code (written in Fortran 90) that solves the system given by the Hugenholtz-Pines
theorem and the density equations to determine the unknowns ug, ur, and ng for given boson concen-
tration, mass ratio, and coupling parameters. Two interesting results found using this fully numerical

implementation are:

e The boson momentum distribution ng(k) presents a peak at small but non-zero momentum in
the BF coupling regime g < —4. In the density-balanced example, this feature for g = —4 is lost
in the case vy, = 0.5, while for v, > 1 the peak persists also for larger BF couplings g > —4.
However, when the boson concentration ng is sufficiently lowered, the peak for g = —4 appears

in the case vy, = 0.5 as well.

e The approximately universal behavior of ng with respect to the boson concentration holds with

greater accuracy when the boson mass is increased.

Overall, most of the qualitative features identified in the numerical study of [56] for mass-balanced
mixtures are present in the mass-imbalanced case as well.

The results from the fully numerical calculation of ug and ur were compared with the correspond-
ing analytical expressions in the weak-BF coupling regime g < —2, showing agreement to second order
in the parameter 1/g.

The results from the fully numerical calculation of ug, pr, and ng were compared with the
corresponding semi-analytical calculations in the strong-BF coupling regime g 2 2, showing agreement
in this case as well. The semi-analytical expressions, computed numerically using a Mathematica
program which is a generalization to mass-imbalanced mixtures of the Mathematica code employed
in [56], allow for a simpler and faster evaluation of the thermodynamic quantities compared to the
Fortran 90 program. In this way, we characterized in detail the interaction effects on the fermionic
molecules that form from the binding of atomic bosons and fermions. In this context, by studying the
dependence on the boson concentration of the atomic and molecular chemical potentials and of the

molecular momentum distribution, we found that when the boson mass is increased, it is necessary to
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simultaneously increase the boson concentration x in order to attenuate the influence of the atomic
fermion component on the molecules.

Two possible improvements to the above T-matrix theory were proposed: the inclusion of an
additional anomalous boson self-energy, originating from fermion-mediated interactions, and the im-
plementation of a partially self-consistent modified T-matrix approach. The latter boils down to a
mean-field shift of the fermion chemical potential in the bare fermion propagators inside the self-
energies.

Part of the work of this thesis involved writing a program to compute ug, pur, and ng with these
two improvements. A Fortran 90 code and a Mathematica code (the latter valid in the strong-BF
coupling regime) to implement the mean-field shift in absence of the additional anomalous term have
been written and were used in this thesis to obtain preliminary results in the density- and mass-
balanced case. An interesting result is the achievement of a more physical momentum distribution
of the interacting atomic fermions in the strong-coupling regime, compared to that of the previous
T-matrix method of [56]. Concerning the additional term in the anomalous boson self-energy, a
Fortran 90 code has been written and tested against the expected value of this term computed in
perturbation theory in the weak-BF coupling regime.

Analytical expressions for ug and pp were derived in the weak-coupling limit up to second order
in 1/g, taking into account the two improvements to the T-matrix described above. We found that
the inclusion of the additional anomalous term is crucial for recovering the correct weak-coupling
expansion within the partially self-consistent T-matrix approach, suggesting that both improvements
are necessary for a more accurate and reliable modeling of the BF mixture.

This thesis work could be extended in several directions:

e To identify and understand the origin of the peak in ng(k) in the weak-coupling regime, it

would be helpful to study the bosonic spectral weight function of the mixture.

o The effects of the mean-field shift of up inside the self-energies on the thermodynamic properties
of the mixture still need to be studied systematically. In particular, extending the analysis to
density-imbalanced mixtures could be important for discussing the Fermi liquid features of the

mixture in the strong-BF coupling regime in more detail.

e The effects of the anomalous BF term on the thermodynamic properties of the mixture also
remain to be investigated. In particular, it is important to understand the consequences for
the stability of the mixture. Developing a simplified model for the anomalous BF term in the

strong-BF coupling regime is another problem for future work.

e The T-matrix approach adopted in [56] and in the numerical analysis of this thesis misses the
polaron-to-molecule transition (which is instead found in 3d within the same T-matrix method
[65, 110] and in 2d using more sophisticated approaches that go beyond the ladder diagram
approximation [111, 112]). It is important to investigate whether introducing the partially
self-consistent scheme and the additional anomalous self-energy term moves in the direction of

recovering this transition.
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Appendix A

Numerical methods

A.1 Calculation of the normal self-energies

The numerical evaluation of the normal boson and fermion self-energies requires special care when
dealing with the slow convergence of the frequency convolutions appearing in Eq. (3.22) and (3.24),
owing to the low dimensionality of the problem at hand. In order to speed up the convergence,
the integrand of the convolution is added and subtracted by an auxiliary function with the same
asymptotic behavior yet analytically integrable. As a result, the numerical integration is truncated
by applying a large frequency cutoff, which we fix at . = £50000 Er. For || > ). integration is
done by making use of asymptotic expressions. The strategy is inherited unchanged from [56, 109].

Starting from the self-energy for bosons, we recast it as follows

Yhr(k,w) = / % / g (T(P,Q)GL(P —k,Q —w) — T(P, 0GP (P — k,Q —w))
+ / (;1;2 / g To(P,Q)GP(P — k, Q — w)e0" (A1)

where G is a bare fermion Green’s function with & = k?/(2my)+0%, and Tj is given by Eq. (3.11).
The frequency integral at the second line is evaluated analytically by contour integration closing on the
left-hand side and contributing with a pole and a branch cut when they fall in this region. Instead,
the first frequency integration is split into three regions: (—oo, =) U [=Qc¢, Q] U (Q¢, 00). The
intermediate frequency range is treated numerically. The integrals over the external ranges |Q] > Q.

are instead computed analytically, exploiting the improved convergence:

TP, Q)GLUP -k, Q —w) - TH(P, QOGP (P - k,Q —w)

N<2W>2n0—k2F/(4w) 1 +2l 1 pip — OF
my ) In?(=iQ/eo) (i0)?  myIn(—iQ/eg) (i€2)?

for large Q. (A.2)

Here k. = +/2mppur if pp > 0, and k,, = 0 otherwise.
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Regarding integration in momentum space, the angular integral can be carried out analytically,
since the dependence on the angle appears only in the bare Green’s function. Finally, radial integrals
are evaluated numerically up to a natural cut-off given by the position of the largest momentum
corresponding to a non-differentiable point in the integrand function. In particular, we find one step
due to the pole of the T-matrix and up to two kinks coming from the poles of the angular integral of
the fermion bare Green’s function fo% df GL(P — k,Q — w).

The calculations for the fermion self-energy Xr follow the same approach as above provided that
G and GY are replaced with G%. Since the boson bare Green’s function G (P —k, Q —w) does not
have a pole, the final momentum integration is carried out simply over a single finite interval, up to
the step in the integrand coming from the pole P of the T-matrix.

In the Fortan program, the fully numerical calculation of the self-energies is carried out only for

small frequencies w. In particular, for w > 100 Er, the following asymptotic expressions are used:

Sr(k,w) ~ nel(k, w) — G4 (k, —w) / (;1732 / ‘212 T(P,Q)e0" (A.3)
2 .
Yil(k,w) ~ DEL + ”FT( w) — GY(k, w)/(;;/gi T(P,Q)e’ ", (A.4)

A.2 C(Calculation of the anomalous self-energy

Let us now move to the evaluation of $12.. The high-frequency approximation of the integrand reads

in this case

2

TP —k,Q—w)T(P, Q0GP — k,Q — w)GAUP,Q) ~ (ZT) e ln21(—iQ/€0) : (A.5)
and therefore there is no need to add and subtract an auxiliary function to accelerate the convergence
of the frequency convolution. The frequency interval is split into three sets: (—oo, —Qz) U [—Qz, Q] U

(Qz, 00) with Qz = 5000 E, and the asymptotic form (A.5) is exploited in the outer regions.
The angular integral cannot be performed analytically because of the dependence of T'(P—k, Q—w)
on k; therefore, it is evaluated numerically by performing the change of variable § — cosf and
sampling [—1, 1] with 30 points. This step is carried out prior to the integration over the frequency.

The double integral over the frequency and the angle reads
2m de
0 0
/ /— TP -k, Q—w)T(P,Q)Gp(P -k, Q —w)Gp(P,Q)

_ [ A d(cos®) T(P —k,Q —w)G%(P —k,Q —w) 0
_195 277 (/1 m m )T(P’Q)GF(Pvﬂ)

Ve g 1
—~ 2Re/ dy =& (A.6)
0 mi n*(=i/(e0y))

Before discussing the integral over [—(z, Qz], note that, for the evaluation of the boson momentum
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distribution, we can focus on positive w (see (A.12)); depending on the values of w > 0 and |k| > 0,
the integral over 2 is performed in slightly different ways. If 0 < w < 0.1 Ep then [—$g, ] is split

as
[—Q%&, Q] = [-Q%, —b] U (=b, —a) U[—a,a] U (a,b) U [b, Qe]. (A.7)

The sub-intervals are sampled with, respectively, (going in order from left to right in (A.7)) Nqi,
Naa, Nas, Nqa, Ngi points. Otherwise, if w > 0.1 Ep, [—Qz, Q¢] is split as

[—Q&Qg] = [—Qg, —b} U (—b, —a/5)
U[—a/5,a/5)U (a/5,w —a/5) Uw—a/5,w+ a/5]|U (w+ a/5,b) U [b, Q] (A.8)

(note that w < b, since an asymptotic expression (A.10) is employed for w > 50 Egr). The sub-intervals
are sampled with, respectively, (going in order from left to right in (A.8)) Na1, Naz2, Nas, Nas, Nas,
Nqso, Nqi points. The parameters a, b, Ng; are reported in Tab. A.1.

Finally, the contribution from the tail is computed numerically sampling [0, 1/9z] with 100 points.

At this point, we are left to perform the integral over |P|. The T-matrix can introduce steps and

b 200 Fp

Nqi1 | 50

Nqso | 100

Nqs | 800ifw < 0.01 Er and |k| < 0.05 kp,
200 otherwise

Table A.1: Parameters used for constructing the grid in € for the numerical integration in [—Qz, Qz].

kinks; therefore, the grid is conveniently divided into sub-intervals delimited by pairs of these sensitive

momenta. Specifically, these points are found to be
Pro, Pro+k, [Pro—kl; (A.9)

therefore [0, Pro + k] is divided in three sub-intervals, each sampled with 10 points. Note that the
momenta k., k.. +k, |k., — k| do not play any role in the optimization of the Fortran program,
since the divergence of G (P,07) at |P| = kj,,, is canceled by the vanishing of T(P,0") at the same
point (and analogously for G%(P — k,0%) and T'(P — k,07) at k,, + k and |k, — k).

The case (k,w) = (0,0) requires special attention due to the singularity at |P| = Pro. Since the
contribution of the Dirac delta is known from A5BF in Eq. (3.35), the numerical momentum integral
is evaluated over [0, Pr], with Py, = Pro — 1076 kp; then, A3 is added to it.!

The fully numerical calculation of the anomalous self-energy is carried out only for small frequen-

1The number 109 kg is chosen since the tolerance with which we find Ppq by the bisection method is 10~7 kg, and
we want the grid cutoff to lie safely below the singularity by an amount larger than the numerical uncertainty on Ppq
itself.
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cies w. In particular, for w > 50 E, the following asymptotic expression is used:
Shr(k,w) ~ 2ng 25k (0,0) Re (T'(k, w)GR(k,w)) . (A.10)

Focusing on large w, Fig. A.1 illustrates the convergence of (A.10) toward the fully numerical

data for various |k| and BF coupling parameters g, for x = 0.5 and 7y, = 1.
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Figure A.1: Anomalous self-energy $:12.(k, w) as function of w for different choices of k and g, for x =
0.5 and 4y, = 1. The plots report the comparison with the expression (A.10). Input parameters for
g=—2: up = —0.5FEp, up = 0.8 Ep,ng = 0.4np. Input parameters for g = 2: ug = —110 Ep, up =
0.6 Ep,ng = 7 x 1073 np. Input parameters for g = —4: ug = —0.26 Ep, pr = 0.89 Ep,ng = 0.48 ng.

Focusing on small w, Fig. A.2 reports $12.(k,w) for [k| = 0.01 kg, = 0.5, v, = 1, and various
BF coupling parameters g; in particular, we observe that lim,,_,o X% (k, w) approaches the expression
given by Eq. (3.96). We are currently investigating the origin of the feature at w ~ 0.08 Er in Fig. A.2.
Finally, the lower panels of Fig. A.2 report ¥12.(k,w) (multiplied by g?) evaluated at exactly k = 0
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and w = 0, using Eq. (3.36); we consider here extremely weak coupling values, to show agreement

with the perturbative result (3.96) at order O(1/g?).
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Figure A.2: Upper panels: anomalous self-energy ¥12.(k,w) as function of w for |k| = 0.01kp,

x = 0.5 and v, = 1. Different values of the BF coupling g are considered. The plots report the
comparison between lim,_,o X5%(k,w) and the expression (3.96) (crosses). Insets: anomalous self-
energy %32 (k,w) as function of w, plotted in the wider range 0 < w < 10 Ep, for the same |k|, z and
Ym- Input parameters for g = —4: pug = —0.26 Ep, ur = 0.89 Ep,ng = 0.48 np. Input parameters
fog =-3: up = —0.35Ep, up = 0.86 Ep,ng = 0.46np. Input parameters for g = —2: up =
—0.5 Er, pr = 0.8 Er,ng = 0.4np. Lower panels: crosses represent the quantity ¥1%(0,0) g2/ Er, as
a function of 1/g, in the extreme weak-coupling range g € [—15, —10], for several values of the boson
concentration = and the mass ratio vy,; the full lines represent the fit to the model f(g) = A + B/g;
the dashed lines represent the expected asymptotic value of the fitting curve in the limit 1/g — 07,
given by the perturbative result (3.96) (multiplied by ¢?). Input parameters: ugp = —0.01 EF,
pr = 0.999 B, ng = 0.999np (for z = 1) or 0.499 nr (for z = 0.5).
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A.3 Calculation of the momentum distributions and the densities

The momentum distributions Egs. (3.41) and (3.42) are treated introducing an addition/subtraction

scheme as well (as for the normal self-energies, the strategy is inherited unchanged from [56, 109]):

np(k) = / c21w (Gr(k,w) — Gh(k,w)) + C;—::G%(k,w)ei‘“OJr

= 2Re/ j“’ (Gr(k,w) — G (k,w)) + O(—&) (A.11)
0

s (K) =—/‘21°7: (i) — G (k) _/dw 69l )el"

:—2Re/ gw<G’(kw) GY (k, w) —% 5k+2 1], (A1)
0 +35p)? — (E5h)
Here,
(SH)°

GY (k,w) ' = G4 (k,w)"! — BLL (A.13)

iw+ &P+ Xhp
The remaining integral is computed numerically up to a chosen cutoff w., exploiting the improved

convergence: for instance, in the fermionic case

Gr(k,w) — G (k,w) ~ ﬁ (noF(k,w) - GY%(k, —w)/ (SI; /%T(P Q)e 190*) (A.14)
for large w, and therefore decreases as 1/(w?Inw). Note that we have used the asymptotic formula
(A.3) for the self-energy at large w. The frequency cutoff w. is set to 50000 Er so to make the
contributions of the integrands negligible for w > w.. In the range 100 Fr < w < w. the asymp-
totic expressions for the normal self-energies (A.3) and (A.4) are exploited, whereas the asymptotic
expression for the anomalous self-energy (A.10) is employed in the range 50 Fr < w < w..

Finally, the densities are obtained integrating over the momentum k. The integral over |k| is
separated in two ranges [0, k.| U (kc,00). The cutoff k. is chosen in such a way that in the large-

momentum range (k¢, 00) one can use the asymptotic expressions

(k>>kF) 1 dP dQ iQot

o= (k2/(2mr)—uB—uF)2/ (2n)2 / o 1P, 2)e (A.15)
g ! aP_[do (=5)°

(k) = (k*/(2m,) MB_MF)Q/(27T)2/2W T(P, Q)¢ +4(k2/(2m3)—u3)2' (A.16)

In particular, we set k. = 4 kp.
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Appendix B

Series expansions under the

integral sign

This appendix discusses series expansions within (241)-momentum integrals. In particular, we ex-
amine the conditions under which the T-matrix and the fermion Green’s function can be represented
as convergent geometric series. The goal is to rigorously justify the expressions (3.80) and (3.95),
which were obtained by expanding the 7" and the Gr without explicitly addressing the convergence

of the resulting series.

B.1 Boson chemical potential

We are interested in computing

Pro gqp dQ ,
SLL(0,0) :/ W/gT(P,Q)G%(P,Q)e’QW, (B.1)

the notation [7*° dP (...) means that the integral over |P| is performed over the sphere [P < Pryg.
g p p

At a given frequency 2, a sufficient condition to grant the convergence of the geometric series

S(P,Q)=I(P,Q) > (nGH(P,Q) I'(P, Q)" (B.2)
n=0
is given by
0 < [P| < V2mp (ur — no| (P, Q))), (B.3)
since in this case (P, ) is out of the set
{(P, Q) : i — &p] < no| (P, Q)[} (B.4)
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1.3
IF(P,Q)Ime

Figure B.1: Plot of |[I'(P,Q)| in units of 1/mp as a function of (P/kg,$2/Er), in the case of z = 1,
Ym = 2, g = —4. Input parameters: ug = —0.20 Ep, up = 0.83 Ex, ng = 0.96 np.

where the series diverges. At the points (P, Q) where S(P, () is convergent, S(P, ) coincides with
T(P,Q). Therefore, for such points T'(P,2) can be approximated in perturbation theory by a finite

number of terms of (B.2).

Since |I'(P, Q)| is even in Q and decreasing in || (see for instance Fig. B.1), inequality (B.3)
implies that

0 <|P| < v/2mp (up — no| (P, 07)]) (B.5)

is another sufficient condition on P for T'(P, ) to be expanded perturbatively, now independent of
). We define Py to be the solution to the equation

[P| — v/2mp (ur — no| (P, 0%)]) = 0. (B.6)

In the range [Py, Pro] we are not allowed to expand the T-matrix for all momenta and frequencies.
To order 1/g

Py = \/ 2 (uF T u,%l)) (B.7)

PTO = \/27’71];‘ ([LF - ,U,%l)>, (B8)
as shown in Fig. B.2 for v, = 2 and several values for the boson concentration x.
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Figure B.2: Points represent the momenta P,s/kr (a) and Pro/kr (b) as functions of the BF coupling
g, after subtracting the leading order contribution and multiplying by g. The data are obtained for
the mass ratio v, = 2. The colored lines in (a) represent the expected values ap,, for (Py/kp —1)g
in the limit g — —oo, i.e. ap,, = (ug) 9)/FEr. The black line in (b) represents the expected value
apy, for (Pro/kr —1)g in the limit g — —o0, i.e. ap,, = 0. The asymptotes ap, and ap;, are easily
read off from (B.7) and (B.8) respectively.

The momentum integral from 0 to Pas can be performed following the same steps discussed in

Sec. 3.4.3, and yields!

Pys )
/ ﬂ/@ T(P, Q)G (P, Q)ei0”

@2 ) 2n
Tym+1 1 m+1  ymIn(42

_pplam Ly om L mInbn) n((y +1)2) = 1] | + higher orders. (B.9)
2 Ymyg 29 Ym Ym — 1

The integral from Py to Prg is instead given by

I Pro E/@ p F(P,Q) Qo+
Jp, 27 ) 27 iQ—P?/(2mp) + pr — nol (P, Q)
m+1\7 1
=— EFg (7 + ) — + higher orders, (B.10)
m g

employing the notation P = |P].
To show that (B.10) holds, it is sufficient to approximate ng with ng and I'(P, ) with the first order
term ') = 7/(m, g). The reason is the following:

e when |Q] is large, namely

|Q| > |P2/(2mp) — UF +7’LOF(P,Q)|,

INote that, since Pgs < kup, [dQ (1/(iQ2 —€5))2 = 0 and there is no need to introduce an infinitesimal momentum
k to make sense of its singular behavior.
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the leading term in the denominator is €2

1 _1( N P2/(2mp) — pp + nol (P, Q) N
iQ — P2/(2mp) + pr —no (P, Q) iQ iQ o
1
=g to0 (g) (B.11)

As a consequence, the lowest order in 1/g of the integral is set by the product of the I" at the
numerator of I'(P, )/ (iQ — P?/(2mp) 4+ pr — nol'(P,€2)) with the variation, in the integration
domain, of the momentum squared A (P?) = (Pro)® — (PgS)Q. That is, A (P?) I'(P,Q) =
0(1/g?), already with I'(P,Q) = I'"). In symbols

1 _— a0 (1 .
ylarge ) ~ EA (P?) It /la 9 \ig + ... ] + higher orders. (B.12)
rge |Q]
e When |Q] is small, namely
Q| < |P?/(2mp) — pr +nol (P, Q)| = O (1/g), (B.13)

the denominator iQ — P?/(2mpg) + pr — nol'(P,€) is of order 1/g. The inequality (B.13)
implicitly determines the extrema of the restricted domain for the frequency integral, and we
denote the difference between the upper and the lower extrema by Af). Note that the leading
order of the frequency integral is a constant in 1/g already with ng set to ng and I'(P, )
set to '™, Indeed, both AQ and iQ — P?/(2mg) 4+ pur — ng'™D are of order O(1/g), and
the two are divided one by the other. Therefore, the lowest order in 1/g again comes from
A (PQ) 'V = 0(1/¢?). In symbols (with P and © now representing suitable points chosen in
the integration domain)

1

520 (P?) r A0

iQ — P?/(2mp) + pp — ng D

1 Lmdn o ~ + higher orders. (B.14)

Evidently, the same argument shows that to calculate I at O(1/¢?) it is sufficient to evaluate A (P2)
at O(1/g), which amounts to approximate the extrema of the momentum integration by (B.7) and
(B.8).

All in all, up to higher orders:

2mF(HF N dP
Po|(4/2 —uP)—p
/2mF MFM() o (\/ mg (ALF Hp )

17 (a1 /EFdP~ w1 1 w1\ 1
T dm F 2/ pomt (—2,VL(F1>)7:—EFE <7 + ) —~. (B.15)
ng Ym MF+H<F1) /Ep 21 29m g 2
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Note that when we sum I and (B.9) the concentration dependent terms cancel exactly, as it happened
in our previous calculation in Sec. 3.4.3. Therefore the final take-away is that, up to orders higher than
0(1/g?), evaluating ©£%(0,0) as in (B.1) is equivalent to evaluating the same momentum integral
but expanding the T-matrix as a geometric series in the whole (2+1)-momentum space, provided that
we keep k finite throughout the calculation and take the limit k — 0 at the very end. In symbols (as
always, up to orders higher than O(1/g?%))

/(;:SQ /(217Q T(P Q)GO( )emo+

B /(;SQ (11136/;12 (F(P, Q) +nol'(P,92)°Gy(P, Q) Gy (P k,Q)eim*) ,
(B.16)

A numerical check of the above argument can be found in Fig. B.3, for v, = 2 and several values

for the boson concentration x. In particular, we report the quantities

P,
= dP [ dQ 1om 41
2,135</ L prp )G (P,Q)e 0" — s It >92
0

2w 2 2 Ym g
1 Ym + 1 { Ym 1n(712n) 2
— Fp 3 ( P —In((ym+1)?) -1/, (B.17)

i.e. the coefficient of the O(1/¢?), concentration-dependent term of (B.9), and
Fro qp +
¥3 = / /— P T(P,Q)G%(P, Q)" | ¢%, (B.18)

Py

i.e. the integral I g*>. The integrals in 35 and Y3 are performed numerically by Gauss-Legendre

integration. In agreement with our analytical calculation, Fig. B.3 shows that 3 ~ —%2.

B.2 Luttinger theorem and fermion chemical potential

Expansion of ¥p(k,w)

Let us now adapt the arguments developed for the boson chemical potential to the fermion case. In

particular, we are interested in the fermion self-energy

dP dQ ,
Sr(k,w) = _/7/7 T(P,Q)G%(P — k,Q — w)e™®" (B.19)
(2m)2 ) 2
where we have dropped the term noI'(k,w) since here we want to focus on the expansion of the
T-matrix.
The main difference with respect to the boson case is the replacement of the fermion Green’s

function with the boson Green’s function G%(P — k,Q — w) in the convolution with the 7T-matrix.
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Figure B.3: The crosses represent ¥4 /Fp, while the circles X3 /FEF, for different values of the BF
coupling ¢ and the boson concentration z, and 7y, = 2. The lines represent the quantities £ ((ym +
1)/vm)? x/2, i.e. the expected values in the g — —oc limit for X} /Fr and X3 /FEF respectively.

Carrying out the steps that we have discussed in the previous section, one deduces the contribution

to Yp(k,w) from the momentum interval where the convergence of the geometric series is spoiled:

Pro qp 2T d40 [ dQ (P, Q) — ¢E .
_/ P ( 9 ) 1 gP eZQOJr (BQO)

e 2 )y 2w ) o gl (P i - w) - B,

Observe that only the factor I'(P, Q)/(ZQ — &8 —no (P, Q)) exhibits a pole in the upper half of the
complex plane, since the boson chemical potential in the denominator of the second factor is assumed

negative.

The same argument that allowed us to replace I'(P, Q) with '™ and ng with ng in Sec. B.1 can

be applied here, yielding

/@ re i€ — glFD 0i207"
2 iQ — &5 —nplMWi(Q—w) — ¢8|
2
ng (I) 1
=0 (|P|—-P =0(—=). B.21
(| | TO) gg —nplM) — fg_k — W g2 ( )

This implies that the integral over the momentum interval [Py, Pro] is of order higher than O(1/g?),
since [Pgs, Pro| has width of order 1/g. Hence, the contribution (B.20) is sub-leading in the fermion
self-energy, which can therefore be evaluated treating the T-matrix as a convergent geometric series

independently of the internal (2+1)-momentum (P, ). The perturbative approximation for Yy that
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one obtains by inserting the T-matrix expanded at second order,?
Srk,w) =3P + 2P (k,w), (B.22)

is valid irrespective of the external (2 + 1)-momentum (k,w). We shall now use this result to prove
the validity of Luttinger’s theorem at O(1/g?).

Luttinger’s theorem

—4
k| = 107" kr k| = 0.5 kr
[ Re3g Im > I3el [ Re3g Im > I3 el
0.2 T T T T 0.2 T T T T
0.15 q 0.15 bl
0.1 0.1 1
0.05 - 1 0.05 - 1
iy iy
T 0 o 0 4
W W
-0.05 - 1 -0.05 - 1
-01 1 -0.1 1
-0.15 | -0.15 |-
02 ‘ ‘ ‘ ‘ 02 ‘ . . .
0 1 2 3 4 5 0 1 2 3 4 5
l.\)/EF l.\)/EF
k| = kg k| = 2kr
[ Resg Im S ¢ IS gl | [ Resg Im S ¢ I3 gl |
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0.15 [ B 0.15 -
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Figure B.4: Fermion self-energy in units of Er as a function of w/Ep, in the case of x = 1, v, =
2, g = —4. The dashed line represent the frequency for which |Xr(k,w)| is at its maximum. Input
parameters: ug = —0.20 Bp, ur = 0.83 Er,ng = 0.96 np.

2Using the notation of the main text, (B.22) would be written as L (k,w | ur, u) = ZS) + Eg)(k,w | Ew,0).
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Let us start from Dyson’s equation for the fermion Green’s function,

1

Gr(kw) = —— 11—k w)/(iw—&)

(B.23)

At a given w, a sufficient condition on k for 1/(1 — Sp(k,w)/(iw — &)) to be expanded as a convergent

geometric series is

k2
- Sr(k B.24
5o — | > Be(ic (B.21)
which implies the following:
k| < v/2me(ur — [Zr(k,w)]) if k[ < K, (B.25)
k| > /2mp(ur + [Zr(k,w)]) if k| > k. (B.26)

|Xr(k,w)] is even in w and for sufficiently large |k| is decreasing in |w| (see Fig. B.4(d)). For smaller
k|, it is decreasing in |w| only for |w| > wmax > 0 (see Figures B.4(a), B.4(b), B.4(c)). Using this
observation, (B.25) and (B.26) lead to the weaker condition

k| < /2m (e — (25 (K, O (O)]) i [K] < ke (B27)
k| > /2mp (ip + 158 (K, Wmax (K))]) i [K| > Ky . (B.28)

We define kge1 and kgso as the solutions to the equations

k| = v/2mr (1 F [ZF (k, wmax (k))]) = 0

respectively, and wgs1 = Wmax (Kgs1), Wes2 = Wmax (kgs2)-

By taking the trace (2m)~3 [dP [dQ (.. .)ei“’O+ of the Green’s function Gr and expanding the

latter as a geometric series where possible, one reaches the following equation for the fermion density:

ng = / % k/— GO( w) (1 + G%(k,w)EF(k,w) + G%(k,w)QEF(k,w)Q) Qiw0”
RH\[k

gsl; g>2
/
k

Since kgs1 < kyp and kgeo > Ky, the first line yields

=2 dk 0 1 w0t
(k, “0" 4 higher orders. B.2
k/ Gr(k,w) 1 —G%(k7w)EF(k,w)e + higher orders (B.29)

gs1

dk ‘
/ = k:/ = Gk, w) (1 + G (k,w)Sr(k,w) + Gk, w)?Sp (k,w)?) 0"
R+\[kgsl7kgs2] 27T 27T
k2
— st +/ k/— G%(k,w) (2)(k,w) + higher orders. (B.30)
AT e\ ] 2T

Here, we have expanded the fermion self-energy as discussed for (B.22). Moreover, by definition

102



B.2. LUTTINGER THEOREM AND FERMION CHEMICAL POTENTIAL

of kgsl

ki = 2mp (ur — |SF (kg1 west)|) - (B.31)

Plugging these expressions inside the equation for the fermion density and isolating up, we obtain the

following self-consistent equation for the fermion chemical potential, valid up to orders higher than
0(1/¢%):

2 2
pUrp = FBp — <I1 —|Zr (kgslawgsl)|)
mg

e B.32
my 2 ( )
where we have defined
kgs2 dk dw ) -

N e B.33

1 /k 2 /277 He T G e WD (o) (B.33)

dk d
I E/ or k;/iw G%(kaw)QZi?)(k,w)_ (B.34)
RH\ [bgot ,kgaa] <7 27

Note that the Fermi step momentum EF > kgs1, as can be seen by comparing their approximations
at the first order in 1/g; furthermore, we observe that krp < kgeo. Indeed,

|XF (Kgs2, wes2)| > ’ZF (kgs2a0+)’ = ‘ZF (EF7O+)

, (B.35)
where the last equality holds up to orders higher than O(1/g?); therefore,

kgso = ¢2mF (1 + |Sr (kgs, wes2)]) > \/2mp (MF + \EF (EFm)D — Fop. (B.36)

This shows that the momentum interval of Iy, [kgs1, kgs2], contains the Fermi step momentum %F.
Consequently, the frequency integral in I; yields

dw ]. ; 0+ g 1

s w07~ 0 (ke — k) +0 (5 ] B.37
| % o s SURUE) (37
This result is justified as follows: a correction of order 1/g could only come from the first order Eg)
of Xp(k,w); such a correction is however not present, since Zg) is constant in (k,w) and inserting it
in the integral yields

dﬁ 1

w0t 1)
e =@< 2mp(up — 2 )—k),
27w — k2/(2mp) + pp — B4 "
a step of unit height.

(B.38)

(B.37) is all we need to know to derive an estimate of up at O(1/¢?), since the interval [kgs1, kgs2)
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has width of order 1/g. Plugging (B.37) inside I; we get, up to orders higher than O(1/¢?),

I = —?—; (EF (Ep,m) ). (kgsl,wgsm) : (B.39)

Let us now move to the evaluation of Iy, which reads

! 2
L= / % % ei“’O+ (iw i 5]1:) (nBF(Q) (k,w) (B.40)
Yy Ly b oot
/ (2m)?2 / 2 (P, Q)Z(Q —w) — gg_ke (B.41)
— wy2 [_dP_[d@ 1 1 mo+)
(1) / (2m)2 / 21 iQ — €5 i(Q —w) — fB,ke ) (B.42)

where, in I" and in the Green’s functions, the fermion chemical potential is set to Er and the boson
one to 0~. The notation f/ dk (...) indicates that the integration over |k| is performed on Rt \ Ay,
where Ay, is an interval of infinitesimal width centered at kr. These approximations for the chemical
potentials and for the integration domain are justified by the fact that I is already of order 1/g?;
therefore, higher-order corrections in pr, pB, kg1 and kg would contribute only at orders higher
than 1/g2.

The frequency integral of (B.40),

/ dw( ! )2F<2>(k,w)eiw0+, (B.43)

o iw — &

receives a contribution only from the frequency dependent term of (3.51), since the integral of the

counter-term vanishes as the residue at its only pole w = —i&f is zero.> Hence, we shall compute
/dw 1 2 6(_511:—(:1) - 1 iw0+
— (- " e
2m \iw — &8 §£_q—|—§§—zw
d 1 2 [e) F_ + B )
2m \iw — & zw—fk_q—fq
where we introduced the redundant @(§E_q+§§) to highlight the fact that we get a contribution only
if the pole w = fi(gll“;q + £5) lies on the negative imaginary axis since @(g{fq)e(fggfq —£5)=0.
By closing the contour in the upper half-plane, encircling only the pole w = —i&f when it lies on the

3Notice the importance of kp not belonging to the integration domain.
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positive imaginary axis:

/dﬁ ) ’ O(-bicg) — 1 eiw0™
2r \iw — &8 SE_quEE —iw

=z’@<|k—q|—kF>@<kF—k|>Res<( ) ! =—z‘5£>

. . w
iw—&p ) dw—& o — &8

2

1

=-0(k —q| — kr)O (kr — [k|) (W) : (B.45)
k k—q q

The contribution to I3 stemming from (B.40) is thus the double momentum integral

Ig] == ianﬂ- / (2(171{)2 / (2(17?)2 ®(|k - ql - kF)e(kF - ‘k|) <1> ’ (B46)

5112 - ﬁi—q - fc]?

where we have dropped the prime on [dk(...) due to the factor © (kg — |k|), which prevents the
integration from crossing k = kp.

The term from (B.41) vanishes since the integral over Q is zero. The integral over Q of (B.42)

instead reads

@ 1 1
2m Q- &p (R —w) — &Ry

1

eI _ g(_¢E :
( gP)fl}; _ fllgfk — W

(B.47)

and the integral over w is therefore

/dw( 1 ) O(—¢k)
27 iw—ﬁE 5112—5;3,_1(—1'0.}
1

. 1\’ ‘
= —i0(—¢&p)O (&) Res ((M — ££> G —w= z§£> (B.48)

since the other pole w = —i(&5 — €5 ) lies on the positive imaginary axis. Computing the residue
yields
/ do (1 N\ O(=&)
2r \iw—¢&F ) -8 | —iw
2
1
— ke — [PNO (K| — k) [ | - (B.49)
&p — &p_k — Sk

The contribution to I stemming from (B.42) is thus the double momentum integral

2
[ _ 1 nB7r2 dk dP 1
e /(%)2/ O(kr — [P)O (k| — kr) (—&5) : (B.50)

9> m¢ (2m)? &~
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APPENDIX B. SERIES EXPANSIONS UNDER THE INTEGRAL SIGN
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Figure B.5: The crosses represent ni/ng, while the circles nZ/ng, for different values of the BF
coupling g and the boson concentration x. The considered mass ratio is vy, = 2.

again dropping the prime on [ dk(...) due to the presence of O (|k| — k).

By performing the variable transformation k — P — q, the above integral becomes

2
1 ngm? dq dP 1
B = S s [ s ke~ PIO (P —al ~ ko) ey |+ (BSU)
2 g*> my J (2m)* ) (2m)? &b — 68— &pq
which we recognize to be —IQ[I]. Therefore, when we sum the two contributions to obtain Iy, we realize

that I = 0 up to orders higher than O(1/¢?).

All in all, collecting the results (B.32), (B.39), (B.46) and (B.51), we find that up to orders higher
than 1/¢°
pur = Ep + Op (EF 0*) . (B.52)

Furthermore, since X depends on the (2+1)-momentum (k,w) only from the second order O(1/g?)

and since kr and %F differ by an order O(1/g), within the second order approximation we find

pr = Er + Zp(kp, 07). (B.53)

Fig. B.5 displays the approximate cancellation of |Zp (kgs1, wgs1)| that occurs when we insert (B.39)

in (B.32), up to the second order in 1/g. In particular, for v,, = 2 and several values for the boson
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B.2. LUTTINGER THEOREM AND FERMION CHEMICAL POTENTIAL

concentration z, we report the quantities

dk [ dw +  mp (1)
1 _ wot _ e 2 2 B.54
" </R+\[kgsl,kgsz] 2r ) 27 kGrlhwe 2 <MF T ) ! B59
&2 dk +  mE ~
n2 = iw0 + (1) 2
n2 = </ / k Gr(k,w)e " + 22 (EF (k:F,O )+2F )>g. (B.55)

The integrals are performed numerically by Gauss-Legendre integration, employing the approxima-

tions kge1 & \/2mp(ur + M%)

shows that nf ~ —n#.

) and kg ~ EF In agreement with our analytical calculation, Fig. B.5
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Appendix C

Numerical results with the
mean-field shift of the fermion

chemical potential

In this present appendix, we refer to the modified T-matrix approach featuring the mean-field shift
of up as mTMA, while TMA indicates the ordinary T-matrix method. The analytical expressions
and numerical results presented here do not include the contribution from the anomalous self-energy
»iz.

C.1 Fully numerical implementation

In this section we discuss the Fortran program to compute up, pur, no at given couplings, mass ratio
and concentration, in the case where up is shifted by X% as discussed in Sec. 3.5.

The starting point is again the set of equations (3.43), (3.44), (3.45), and the logic of the algorithm
to find a solution is substantially unchanged with respect to the case with no mean-field shift. The

main differences are the following:

o Eqs. (3.44), (3.45) are solved for uf and ng instead of pp and nop;

e the addition-and-subtraction scheme discussed in Appendix A for the calculation of the self-
energies is borrowed with no changes, upon the replacement of yp with up in the transition

matrices and in the fermion propagator within the frequency convolutions;

e the addition-and-subtraction scheme to improve the convergence of the frequency integral that
determines np (k) consists in adding and subtracting G%(k,w) = 1/(iw —k?/(2mg) + php + B%),
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APPENDIX C. NUMERICAL RESULTS WITH THE MEAN-FIELD SHIFT OF THE FERMION
CHEMICAL POTENTIAL

so that

Gr(k) — G%(k,w)

- Zr(k,w) (C.1)
(i — K2 (2me) T 1y + 55 — S (k) (o0 — K/ (2 + i+ 5)

and we recover in mTMA the same asymptotic behavior 1/(w?Inw) we had for the integrand

at large w in the ordinary TMA;

e the large k forms (A.15) and (A.16) for the momentum distributions have to be modified by a
suitable replacement of up with pf, where needed. First of all, inside the T-matrix the fermion
propagators contain the chemical potential pf, both in (A.15) and in (A.16). Concerning the
factor Fy = 1/(k?/(2my) — g — pr)? (with s = F or B) in front of the integral, it is necessary to
distinguish between the fermionic and the bosonic case. In the fermion momentum distribution,
the dependence of Fr on pp comes from the external propagator in Dyson’s equation. Therefore,
in the modified theory it is maintained as the “real” fermion chemical potential up = pf + X%.
In the boson momentum distribution, on the other hand, the dependence of Fg on ur comes
from the internal propagator in the convolution integral for the boson self-energy. Hence, in
this case it must be replaced by up. All in all, within mTMA the appropriate limiting forms

for the momentum distributions are

(k>kr) _ 1 dp @ 0192 +
np (k) = (k2/(2mr) — s — ,UJ% - E%)g / (27r)2 / o T(P,Q) 0 (CQ)
n(k>>kp) _ 1 dpP @ emo+
B (k) - (k2/(2mr) — g — M/F)2 / (27‘_)2 / o T(P7Q)
+ (7)) (C.3)

4(k*/(2mp) — pp)?

Fig. C.1 presents the plots of the boson chemical potential up, the fermion chemical potentials
pr and pf, and the condensate fraction ng/np from weak to strong coupling, in the density- and
mass-balanced case x = 1, 7, = 1. The insets report the comparison with the weak-coupling formulae

derived in Secs. 3.4 and 3.5 (in absence of the anomalous term ¥}

1 m T 1 1 Ym In (’72 )

TMA i m 2

L —Fr -1+ — [ 22— In((pm +1)?) =1 C.4

B 2 Ym 9 ( 29 < Ym — 1 (( ) ) ( )

1Y + 1 1 Ymt+1  YmIn()

mTMA m 2

1 =FEp - 1+ — |-z + —In((ym +1)%) =1 C.5
B 2 Ymg < 29( Y Y — 1 (¢ ’) (©5)
TMA mTMA T Ym +1 1 Ym Ym +1

I = U =Ir+ Ey - (1 4+ —(1In + In vy, . C.6
" ! 2 Yy 29 A+ 7m)?)  Am—1 (©.6)
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C.1. FULLY NUMERICAL IMPLEMENTATION
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Figure C.1: Plots for up, pr, ng as functions of the BF coupling g, implementing the mean-field
shift pup — ph = pr — B inside the self-energies (mTMA), compared with the analogous quantities
computed within the ordinary T-matrix approach (TMA). Results are for © = 1, 7, = 1. (a): boson
chemical potential pp (shifted by the binding energy £¢), in units of Ew, as a function of the BF
coupling g. Inset: comparison between up + €¢ and the weak-coupling predictions (C.4) and (C.5)
(dotted lines). (b): corresponding fermion chemical potentials pp and pf in units of Fr. Inset:
comparison between up and the weak-coupling prediction (C.6) (dotted lines). (c): corresponding
boson condensate fraction.
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APPENDIX C. NUMERICAL RESULTS WITH THE MEAN-FIELD SHIFT OF THE FERMION
CHEMICAL POTENTIAL

In Fig. C.2 we report the fermion momentum distribution ng(k) for z = 1, 4y, = 1, and different
values of the BF coupling g, both within TMA and mTMA. Within TMA, as discussed in [56] and as
it can be seen in the inset of Fig. C.2, the position of the Fermi step EF in the strong-coupling limit
decreases only slightly from the non-interacting value kr, although its height becomes (vanishingly)
small. For mTMA, on the other hand, the strong-coupling profile of nr(k) is quite different: the
height of the step remains finite, while %F tends to vanish. This can be seen in the main panel of
Fig. C.2 and, correspondingly, from pf reported in Fig. C.1, since within mTMA kp = \/m
In this context, mTMA yields a prediction that is more physically sensible than TMA, since the
disappearance of the Fermi sphere of atomic fermions should be accompanied by a decrease in the
Fermi step momentum. This is expected if the following extension of the Luttinger theorem from
Fermi liquids to a Bose-Fermi mixture with a condensate [103] holds: the sum of the volumes of
the Fermi spheres of dressed atomic fermions and molecules does not depend on interactions, i.e.
ki = EI% + P%F, with Pcp being the step momentum of the momentum distribution of the interacting

fermions.

In [56], the authors discuss the violation of this version of the Luttinger theorem within the ordi-
nary T-matrix approach TMA. One of the identified causes is precisely the absence of self-consistency
in the fermion Green’s functions. Therefore, it would be interesting to study in detail whether the
partial self-consistency in mTMA is sufficient to satisfy the Luttinger theorem in the above form. We
postpone this analysis to future work, as it requires a systematic study of the fermion momentum
distribution at lower boson concentrations, as well as of the momentum distribution of composite

fermions.

g=-1.8 TMA —
T g=-1.8 mTMA
g=1,TMA ——
08 | g=1, mTMA 4
g=38, TMA ——
g=3.8 mTMA - - -
0.6 | 5.3x10™ — . . . . i
= 5.2x10™
[T
c -4
0.4 k 5.1x10 .
5.0x10™
02F, 4.9x10™ -
' 08 09 1 11 12
0 : 1 1 1 = 1 1 1 1
0 0.5 1 1.5 2 25 3 35
k/kg

Figure C.2: Fermion momentum distribution ng(k) as a function of k/kp, for various BF couplings,
at boson concentration z = 1, mass ratio v, = 1, and BB repulsion = 0. Inset: zoom on the Fermi
step within TMA for the strong coupling g = 3.8.
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C.2. STRONG-COUPLING EXPRESSIONS

C.2 Strong-coupling expressions

In this section, we present the fundamental equations for mTMA in the strong-coupling regime,’

derived in analogy with the ordinary TMA in Sec. 3.6:

e dressed composite fermion Green’s function, weights and dispersions

o A}
Gor(P,O) ' =i — & — —— (C.7)
iQ — &8
£ CF’ F’ ¢ CF’ % 2
LoET e (&7 ) rang
Ef = 5 (C.8)
1 ’VCF/ i ’
@:5 14+ —— s 5‘; (C.9)
(& -ep)" s
vh =1—ub, (C.10)
with
~ mp ju}
ficy = 1B + ph + €0 — ——O(uify) (C.11)
~opr P?
1ng ToM ficy (C.12)
2
— s
p = g M (C.13)

e composite fermion density

NCF 1 /. 1+ 9m — 2
an4EF( /CF(1+7m)+MIF+’C—2%(\/4A(2)+(N/CF—N/F)

\/<4A%+4(1_~_1%11)2j2>>>7 (©14)

with

K = 48301+ ) + (il (1 + ) — 1) (C.15)
J = licp(V2 + 3%m + 2) — 45 (2 + Ym) + YK (C.16)

IThe expressions listed in this appendix have been tested for (z,vm) € {0.1, 0.5, 1} x {0.5, 2} and (z,vm) €
(0,1] x {1}.
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CHEMICAL POTENTIAL

e boson chemical potential

1+ 2
m ~ ~ 2
KB = —€0 () (hl (2(1 +7m)) +In (M% — ficy + \/4A(2) + (her — pp) )

—In <2\/4A3(1+7m)2+i727)>; (C.17)

e mean-field shift of up

Z0 _ A(% _ A%F . (C 18)
T /M) + fige pp/(2mB) — pp’ '

e fermion Green’s function

Kk’ A2 A2
Grk,w) ' =iw— — + pufp + 3% — 0 _—CF_ C.19

Egs. C.14, C.17 and C.19, together with ngp = (27)~ [ dk [ dw Gp(k,w)e™?" that determines
the fermion density, form a system of three equations for the unknowns pp, ug, and ng. Assuming

ng — ng ~ ncr and denoting z = €2, such system reads

1+ %m )\’ ~ .
= =20 (22 ) (1 201+ )+ 0 (i = T+ /28 + G — )7

“n (2\/4Ag(1 )2 + iy? - j)> (C.20)

1 + Ym ~ 2
S (\/4A% + (ficy — Hp)

(=)
dk

ng :/7 > lim (z — 2) Gr(z, k) "1 O(—2) | . (C.22)

2 z Zi
(2m) s e{Gr(zk)-1=0}

ng [~
ng =no + s | For(1+vm) + s + K — 2
4Fp

As in the TMA case discussed in Sec. 3.6, these equations can be solved using a standard root-finding
algorithm. No particular care is required in the evaluation of the momentum integral in Eq. (C.22).
All numerical calculations are performed using Wolfram Mathematica.

With these formulae at hand, we can further justify the asymptotic behavior in the strong-coupling
limit of the curves in Fig C.1.

In Fig. C.3 we report A as a function of the boson concentration, comparing it with the same
quantity evaluated in the TMA framework. Note that, within the mTMA formalism, the square of
the hybridization energy scale A2 = 2weggng/m, is non-vanishing in the strong-coupling limit if z ~ 1.

This feature is not found in the ordinary TMA, where A2 ~ 0 at matched densities.
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Figure C.3: Square of the hybridization energy A2, in units of EZ, as a function of the boson
concentration x, for strong BF attraction g = 3, BB repulsion = 0, and mass ratio v, = 1. Results
are depicted for both TMA and mTMA. Insets: condensate density ng in units of ny (top) and
condensate fraction ng/np (bottom).

Since, within mTMA and at sufficiently large boson concentration (namely = > 0.2), A2 is a non-
zero constant of the order of E%, both terms in Eq. (C.18) contribute to £%. In the density- and
mass-balanced case, X% can be approximated as

A2
o 20 9pp S0 (C.23)

uB +€o UB

with the two contributions being of the same order. This follows since pp + 9 = O(Ep) in the
denominator of the first term, while g9/up = O(1) in the second term. X% provides the dominant
contribution to up = pk + B, resulting, at large g, in the limiting negative value of up visible in
Fig. C.1(b).
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Appendix D

Additional figures

In this appendix, we present further plots supporting the numerical study of Chap. 4.
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APPENDIX D. ADDITIONAL FIGURES

D.1 Figures for the boson momentum distributions, for ng < ng

In this section, figures for the the boson momentum distributions of a density- and mass-imbalanced
mixture are reported. We consider the boson concentration to be x < 1, specifically = 0.5 (Fig. D.1)
and z = 0.1 (Fig. D.2), and different values for the mass ratio 7y,, proximate to those in Tab. 1.1.
We do not include the anomalous self-energy X% in the calculations, nor do we treat the interaction

between bosons (setting 7 = 0) or the mean-field shift of the chemical potential up — pp — X%.

(a) (b)
45 T T " 7 . . . . : . "
=4 g=-4 — =7 g=-4 —
At Ym 9o — | Ym 9o —
Qfg____ 6 gfg....
35 9= g=
5
3l
4
X
o
<3
2
s
T T T T ¥ T T 0 E--==r I
03 04 05 06 07 08 09 1 0.1 02 03 04 05 06 07 08 09 1
k/kg kikg
(c) (d)

Figure D.1: Boson momentum distribution ng(k) as a function of k/kg, for different values of the
BF coupling g, and boson concentration « = 0.51. Different values of the mass ratio v, = mg/mr
are reported: (a) ym = 0.5 (b) Ym =2 (¢) ym = 4 (d) ym = 7. Inset: comparison between numerical
results and large momentum behavior described by equation (A.16) (dotted lines).
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D.2. FIGURES FOR THE CHEMICAL POTENTIALS, THE CONDENSATE FRACTION AND
TAN’S CONTACT PARAMETER FOR ng < ng
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Figure D.2: Boson momentum distribution ng(k) as a function of k/kp, for different values of the
BF coupling ¢, and boson concentration 2z = 0.1. Different values of the mass ratio 7, = mg/mp
are reported: (a) ym = 0.1 (b) Ym =2 (¢) Ym =4 (d) ym = 7. Inset: comparison between numerical
results and large momentum behavior described by equation (A.16) (dotted lines).

D.2 Figures for the chemical potentials, the condensate fraction and Tan’s

contact parameter for ng < ng

In this section, figures for the the boson and fermion chemical potentials pur and upg, the condensate
density ng and Tan’s contact Cgr of a density- and mass-imbalanced mixture are reported. We
consider the boson concentration to be x < 1, specifically z = 0.5 (Fig. D.3), « = 0.175 (Fig. D.4)
and z = 0.1 (Fig. D.5), and different values for the mass ratio 7y,, proximate to those in Tab. 1.1.
We do not include the anomalous self-energy X% in the calculations, nor do we treat the interaction

between bosons (setting 7 = 0) or the mean-field shift of the chemical potential g — pp — X%.
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(MB+e0)/EF

no/ng

Figure D.3: (a): boson chemical potential up (shifted by the binding energy e¢), in units of Ep, as a
function of the BF coupling g, for different values of the mass ratio =y, for the boson concentration
x = 0.5. Inset: comparison between —pup and the binding energy g (dotted lines, reported for clarity
only for 4y, = 0.5, ym = 1 and vy, = 7). (b): corresponding fermion chemical potential pp in units of
Er. (c): corresponding boson condensate fraction. (d): corresponding dimensionless Tan’s contact
constant Cgr/(m&FE2). Dotted lines: quantity (zeo (ym + 1)/vm) /Er, reported for clarity only for
Tm = 05a Tm = 1, Ym = 7.
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D.2. FIGURES FOR THE CHEMICAL POTENTIALS, THE CONDENSATE FRACTION AND
TAN’S CONTACT PARAMETER FOR ng < ng
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Figure D.4: (a): boson chemical potential up (shifted by the binding energy e¢), in units of Ep, as a
function of the BF coupling g, for different values of the mass ratio =y, for the boson concentration
x = 0.175. Inset: comparison between —up and the binding energy £y (dotted lines, reported for
clarity only for vy, = 0.5, v = 1 and 4y, = 7). (b): corresponding fermion chemical potential ur in
units of Ep. (c): corresponding boson condensate fraction. (d): corresponding dimensionless Tan’s
contact constant Cpp/(mEE%). Dotted lines: quantity (xeo (Ym + 1)/9m) /Er, reported for clarity
only for vy =05, ym =1, ym = 7.
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Figure D.5: (a): boson chemical potential up (shifted by the binding energy e¢), in units of Ep, as a
function of the BF coupling g, for different values of the mass ratio =y, for the boson concentration
x = 0.1. Inset: comparison between —up and the binding energy o (dotted lines, reported for clarity
only for v, = 0.5, vy = 1 and v, = 14). (b): corresponding fermion chemical potential yp in units
of Er. (c): corresponding boson condensate fraction. (d): corresponding dimensionless Tan’s contact
constant Cgr/(m&FE2). Dotted lines: quantity (zeo (ym + 1)/vm) /Er, reported for clarity only for
Ym = 0.5, ym =1, v = 14.

Fig. D.6 reports a plot for the “relative difference” |up + 9|/, for the usual values of 7y, and

the boson concentrations x = 0.1, x = 0.5 and z = 1.

Finally, Fig D.7 reports a zoom on the condensate density at strong-BF attraction g = 3, as a

function of 7, and for the boson concentrations x = 0.1, x = 0.175, x = 0.5 and z = 1.
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D.2. FIGURES FOR THE CHEMICAL POTENTIALS, THE CONDENSATE FRACTION AND
TAN’S CONTACT PARAMETER FOR ng < ng
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Figure D.6: Relative difference |up + £¢|/ep compared to 0.05 (dashed gray line), as a function of g
for: (a) x = 0.5, (b) = 0.175 and (c) z = 0.1.
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Figure D.7: Condensate density ng (in units of ng) as a function of the mass ratio yy,, for strong BF
attraction g = 3, BB repulsion n = 0, and several different boson concentrations x.

D.3 Figures for the chemical potentials in the weak-coupling limit, for

ng < ng

In this section, figures for the the boson and fermion chemical potentials pup and ppg in the weak-
coupling regime are reported. We consider the boson concentration to be x < 1, specifically z = 0.5,
x = 0.175 (Fig. D.4) and = = 0.1, and different values for the mass ratio 7y,, proximate to those
in Tab. 1.1. We do not include the anomalous self-energy 1% in the calculations, nor do we treat

the interaction between bosons (setting n = 0) or the mean-field shift of the chemical potential

pr > pp — X9

Fig. D.8 reports the fermion chemical potential in the weak-coupling regime —4 < g < 2, while
Fig. D.9 in the “extreme” weak coupling regime g < —15. Fig. D.10 the boson chemical potential in
the weak-coupling regime —4 < g < 2.
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D.3. FIGURES FOR THE CHEMICAL POTENTIALS IN THE WEAK-COUPLING LIMIT,
FOR ng < ng

o o |

[yn=05 Yn=1—— yp=2— yy=22—]
T T T

[yn=05 Yn=1—— yp=2—— yy=22—]
T T T

UF/EF

0.7 0.85

Ym=0.5 Vm=1——  Vm=2 ——  yp=22 ——

0.975 -

MF/ER

0.95

0.925 - L -
-4 -35 -3 -25 -2

(c)

Figure D.8: Fermion chemical potential pp, in units of Er, as a function of the BF coupling g, for
several different values of the boson concentration and the mass ratio. The dotted lines represent the

weak-coupling result (4.3).
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Figure D.9: Crosses: (pup — Ep — u%l))g2/EF as a function of 1/¢g. Full lines: fit to the

f(g) = A+ B/g. Dashed lines: expected asymptotic value pg)

model

g2 of the fitting curve in the limit

1/g — 0. Tables: outcomes of the fit procedure; the second column is useful for comparing A with

the coupling independent, perturbative result M?) g% in (4.3).
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D.3. FIGURES FOR THE CHEMICAL POTENTIALS IN THE WEAK-COUPLING LIMIT,
FOR ng < ng
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Figure D.10: Boson chemical potential up (shifted by the binding energy eg), in units of Er, as a
function of the BF coupling g, for several different values of the boson concentration and the mass

ratio. The dotted lines represent the weak-coupling result (4.4) (shifted by the binding energy eg).
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