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Abstract

Italian version

Con questo lavoro di tesi si presenta lo studio di metodi per ottenere modelli di rumore
equivalenti per misure dirette a due qubit e l’applicazione di essi a piattaforme supercon-
duttive in regime dispersivo. L’interesse in tale argomento è dovuto al fatto che di recente
sono stati pubblicati codici di correzione degli errori detti Floquet codes o dynamical
codes che sfruttano queste misure di parità a peso due codificando i qubit in maniera
dinamica. L’obiettivo era dunque capire come queste misure potessero indurre errori e
testare come questi codici di correzione reagissero al modello. I metodi sono stati stu-
diati e applicati ad un particolare tipo di errore semplificato che consiste in un dephasing
all’interno del sottospazio di parità pari di un sistema a due qubit, dopodichè il modello
è stato implementato in un simulatore per il calcolo della soglia in funzione dell’ampiezza
del segnale di ingresso al risonatore di readout.

English version

With this thesis work we present the study of methods to obtain equivalent error models
for direct two-qubit parity measurements and their applications to superconducting plat-
forms in dispersive regime. The interest in this topic is due to recently published error
correcting codes called Floquet codes or dynamical codes that use these weight-2 parity
measurements to encode dynamical qubits. The goal was then to understand how these
measurements could induce errors and benchmark how these dynamical codes respond to
the error model. The methods have been studied and applied to a particular simplified
error consisting in an even-parity subspace dephasing for a two-qubit system and we ob-
tained a threshold simulation as a function of the amplitude of the signal applied to the
resonator in the readout phase.
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Introduction

Since the first ideas proposed by Richard P. Feynman [7] in 1982 regarding the hint to
build quantum machines to unlock new methods to simulate quantum systems, scientists
and engineers from all over the world started developing theories and experiments to pre-
dict or verify the capabilities of these machines called quantum computers. There are a
lot of results showing that quantum machines can perform specific tasks with even expo-
nentially lower complexity compared to the classical counterpart thanks to the so-called
quantum parallelism. For example the factorization of prime numbers with a quantum
computer is possible within an exponentially faster algorithm called Shor’s algorithm [31]
or binary search in a database can be performed quadratically faster thanks to Grover’s
algorithm [11]. This led to waves of enthusiasm in the field and researchers became eager
to find new fast algorithms and applications for the quantum speed-up obtained with a
set of known algorithms. These applications can go from drug discovery and forecast
predictions to logistics, finance and much more.

Regarding the best candidates to host physical realizations of quantum computers,
there are for example superconducting platforms, neutral atoms and semiconductor qubits
but many other platforms are being developed like topological qubits engineering Majo-
rana bound states. All these platforms have their strong features and weaknesses but one
single thing is common to all of them: quantum processes are extremely weak against
noise and so this implies the necessity of quantum error correcting codes to reach a point
where these technologies can become scalable and useful.

This thesis stands in the middle between the physics of superconducting platforms
and quantum error correcting codes, so first of all we will introduce the reader to the
needed concepts of quantum error correction in chapter 1 and quantum electrodynamics
of superconducting circuits in chapter 2; then an overview on open quantum systems for
error models will be presented in chapter 3 and in the end – in chapter 4 – all the knowledge
will be gathered in a workflow from a master equation that describes the interactions in
the quantum system to an equivalent stochastic channel that models the errors. Studying
error models of physical platforms is very important in modern quantum computing for
two reasons: first of all we can benchmark existing quantum error correcting codes to see
how they perform when trying to correct these errors, then it is also extremely important
to know the errors happening in a platform because it can lead to the design of error-aware
error correcting codes made ad hoc for the particular physical realization. In this project
we chose to mix the construction of a model and to observe how a new class of quantum
error correcting codes called Floquet codes [13] perform with the specific error model we
developed.
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Chapter 1

Quantum Error Correction

Quantum Error Correction (QEC) can be considered as the branch of Quantum Informa-
tion Theory that studies how to contrast decoherence and correct the undesired evolution
of (open) quantum systems. The concepts of this chapter are inspired by the contents of
[26], [32], [25] and [2]. We recommend the reader to check Appendices A, B, C and D to
ensure you have most of the knowledge needed to understand the topics of this chapter.

1.1 Basic concepts

Quantum states are encoded using a (usually large) number of redundant qubits. This
abundance of non-logically needed dimensions will help us to preserve the information
contained in k logical qubits encoded in the total n-qubit system.

Definition 1.1.1 ([26]). Let H = (C2)⊗n be the total Hilbert space that describes the
n-qubit system. We define a quantum error correcting code as a subspace C ⊆ H.

Error correction operations are performed periodically to minimize (in principle an-
nihilate) the continuous degradation of quantum information caused by a certain error
E . The whole procedure of error correction (detection followed by recovery) is usually
performed measuring some observables, whose eigenvalues are called error syndromes β,
and then applying a proper error recovery operator R(β) that can evolve the state back
to the original code space C, hopefully removing the error. An error correcting cycle can
be then summarized starting from a state |ϕ⟩ ∈ C through the following steps:

|ϕ⟩ External noise E−−−−−−−−−→ |ϕ′⟩ Syndrome measurement−−−−−−−−−−−−−→ β
Syndrome recovery R−−−−−−−−−−−−→ |ϕ⟩

The recovery operator R and usually (but not always) the noise model E are trace pre-
serving quantum operation.
To get a successful error correcting cycle we must impose that for all density operators ρ
whose support is the code space C:

(R ◦ E)(ρ) ∝ ρ (1.1)

where the proportionality symbol is used instead of the equality symbol because E can be
a non-trace preserving quantum operation. Equation 1.1 is the starting point to determine
the properties that our quantum error correcting code must satisfy such as the following
theorem.
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CHAPTER 1. QUANTUM ERROR CORRECTION 4

Theorem 1.1.1 (Quantum Error Correction Conditions [26]). Let C ⊆ H be a
quantum error correcting code and P be the projector on such a code space. Consider now
a generic quantum operation E, identified as the error operation, which is defined by the
Kraus operators {Ei}, usually referred to as errors.

We claim that PE†
iEjP = αijP with α self-adjoint matrix is a necessary and sufficient

condition for the existence of a recovery operator R that can correct E.
The conditions PE†

iEjP = αijP are denoted as quantum error correction conditions.

Proof. We prove first the sufficiency of the condition. It is assumed that α is a self-
adjoint matrix and so it can be diagonalized such that d = u†αu is a diagonal matrix
and u is a unitary matrix. Consider now the following transformation on the errors {Ei}
built from the matrix elements of u and defined as:

Fk =
∑
i

uikEi.

By Theorem D.0.1 highlighted in Appendix D we know that the errors F and E are
identical. We can now work on the expression PF †

kFℓP as follows:

PF †
kFℓP =

∑
ij

u†kiujℓPE
†
iEjP =

∑
ij

u†kiujℓαijP = dkℓP . (1.2)

Equation 1.2 is referred to as simplified QEC conditions and they are completely equivalent
to the form introduced in the claim. We can now apply the left polar decomposition
theorem D.0.2 highlighted in Appendix D to the expression FkP such that for some
unitary operator Uk:

FkP = Uk
√
PF †

kFkP = Uk
√
dkkP =

√
dkkUkP .

The last equality can be justified because, choosing as square root of P the only possible
positive semidefinite operator such that (

√
P)2 = P = P2, this implies

√
P = P . It is also

immediate to see that Fk rotates the code space (projector) into a new subspace defined
by Pk = UkPU †

k = 1√
dkk
FkPU †

k . An important observation is that the QEC conditions
imply that those subspaces are orthogonal. This statement can be proven as follows:

PℓPk = P†
ℓPk =

1√
dℓℓdkk

UℓPF †
ℓ FkPU †

k =
dkℓ√
dℓℓdkk

UℓPU †
k = UkPU †

kδkℓ.

Adding now to the set of orthogonal projectors Pk one more orthogonal projector to satisfy
the completeness relation

∑
k Pk = 1, we can define a projective measurement to extract

the syndromes and recovery our original state thanks to the U †
k operators. Consider ρ and

σ as, respectively, the before and after error application density operators that represent
the quantum state of the system. The recovery operation is then defined as:

R(σ) =
∑
k

U †
kPkσPkUk. (1.3)

If we express this operation as a function of the original density operator ρ it is possible
to finally show that the imposed condition is sufficient to get a perfect recovery:
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R(E(ρ)) =
∑
k,ℓ

U †
kP

†
kFℓρF

†
ℓPkUk =

1

dkk

∑
k,ℓ

U †
kUkPF

†
kFℓρF

†
ℓ FkPU †

kUk =

=
1

dkk

∑
k,ℓ

d2kℓPρP =
∑
k,ℓ

dkkδkℓρ ∝ ρ.

This proves the sufficiency of the imposed condition.

The necessity of the imposed condition can be proved in the following way: suppose
that the error represented by the {Ei} can be corrected by a recovery operation R defined
by some {Rj}. At this point we can define the map EC acting on a generic density operator
such that EC(ρ) = E(PρP). We are sure that PρP ∈ C and so the recovery on that state
can be performed through R. Mathematically this leads us to a recovery equation for the
operator EC such that:

R(EC(ρ)) = R(E(PρP)) ∝ ρ.

After this consideration we can expand the symbols and obtain the equation:∑
i,j

RjEiPρPE†
iR

†
j = cPρP

where c ∈ C. This leads us to the equivalence between the quantum operation defined
by the elements RjEiP and the quantum operation defined by the single element

√
cP .

Defining now the elements Eij = RjEiP and Fk = F =
√
cP we can apply Theorem D.0.1

and so we get the equations:

RkEiP = ckiP
†−→ PE†

iR
†
k = c∗kiP

that can be multiplied to obtain:

PE†
iR

†
kRkEjP = c∗kickjP .

Reminding now that R is trace preserving, hence
∑

k R
†
kRk = 1, and summing over k the

previous equation we obtain:
PE†

iEjP = αijP
with αij =

∑
k c

∗
kickj = α∗

ji. The last equation proves that if E is a correctable error via
an R operation the QEC conditions are necessary, hence the theorem is proven.

In the literature it is also common to express the QEC conditions taking their matrix
element respect to an orthonormal basis of the code space {|ψ⟩k ∈ C} obtaining the
so-called Knill-Laflamme conditions for QEC [20],[25]:

⟨ψk|E†
iEj|ψℓ⟩ = αijδkℓ. (1.4)

In the previous theorem, the error E was referred as correctable error. This terminology is
correct, but we can get much more than that because the set of all the errors {Ei} defines
a set of correctable errors. We can then enunciate the following theorem.

Theorem 1.1.2 ([26]). Let C ⊆ H be a quantum error correcting code. Consider now
the correctable error operation E defined by the errors {Ei} and the associated recovery
operator R.

The error operation F defined by the errors Fj =
∑

imjiEi can be corrected by the
same quantum operation R.
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Proof. To ensure that E is a correctable error, the set of errors Ei must satisfy the QEC
conditions PEiE

†
jP = αijP . Without loss of generality we can assume α to be diagonal

like we did for the proof of the simplified conditions for the previous theorem, henceα = d,
with d diagonal. We know that α is a self-adjoint matrix; this implies that diag(d) is
made of real elements (they are the eigenvalues of α). From equation 1.3 we know that,
to obtain the appropriate recovery operation, R must be defined by the elements U †

kPk.
The theorem can be then proven starting from this expression:

R(F(ρ)) =
∑
k,j

U †
kPkFjρF

†
jPkUk =

∑
k,j,i,ℓ

mj,im
∗
j,ℓ U

†
kPkEiρE

†
ℓPkUk.

We can now plug in the last equation the relation

Pk =
1√
dkk
UkPE†

k =
1√
dkk

EkPU †
k

to obtain

1

dkk

∑
k,j,i,ℓ

mj,im
∗
j,ℓ U

†
kUkPE

†
kEiρE

†
ℓEkPU †

kUk =
1

dkk

∑
k,j,i,ℓ

mj,im
∗
j,ℓPE

†
kEiPρPE†

ℓEkP =

=
1

dkk

∑
k,j,i,ℓ

mj,im
∗
j,ℓdkidkℓPρP =

∑
k,j

|mjk|2dkkρ ∝ ρ.

This proves the statement because we recovered the density operator corrupted by generic
combination of Ei errors.

Now we can ask ourselves: how many errors can a quantum code code correct? A
possible answer to this question is hidden in the distance d of a code. To define the
distance we first need to introduce the weight of an n-qubit Pauli operator, which is the
number of qubits the operator acts on non trivially, hence the number of qubits where it
applies an X, Y or Z operator.

Definition 1.1.2 ([32]). Given a code C ∈ H we define the distance d of the code C as
the minimum weight of any logical operator acting on the code space.

We now observe that given a code of distance d = 2t+1 we can correct up to t-weight
errors Ej. That is because, plugging this information in equation 1.4, the product E†

iEj

cannot be a logical operator if the maximum weight of the errors is t. This statement is
a lower bound in the sense that errors with weight lower than t can be always corrected,
but it does not prove that errors with higher weight cannot be corrected.

1.2 Stabilizer codes

Stabilizer codes are a cornerstone of QEC. They are the straightforward generalization of
classical error correcting codes and they offer a more compact description compared to a
set of state vectors that generate the code space. These codes are based on the so-called
stabilizer formalism and we will highlight as follows the framework used and its main
results.

The main idea behind the stabilizer formalism is that the quantum states of the code
space C encode k logical qubits in n physical qubits and C can be easily described by the
set (to be precise, the group) of operators that stabilizes it. What do we mean by an
operator that stabilizes a state? A state |ψ⟩ ∈ H is said to be stabilized by the operator
O if O |ψ⟩ = |ψ⟩. We can now define the stabilizer group as follows:
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Definition 1.2.1 ([32]). Let S be a subgroup of the Pauli group Gn. S is a stabilizer
group if it is Abelian and −1 /∈ S.

A stabilizer group can be identified by one of its possible sets of independent generators
{s1, ..., sm} such that S = ⟨s1, s2, ..., sm⟩ with sj ∈ Gn ∀j.

Definition 1.2.2 ([32]). Let S be a stabilizer group. We define the stabilizer code on
S as the vector space L(S) =

{
|ψ⟩ ∈ H : s |ψ⟩ = |ψ⟩ ∀s ∈ S

}
We can see that each element of the stabilizer group fixes a certain degree of freedom

(DOF) of the n-qubits system to its +1 eigenspace. In the proper basis this corresponds
to the loss of a logical qubit. From this observation we can see that if we have a set
of n − k independent stabilizer generators, then dim(L(S)) = 2k and we are encoding k
logical qubits. This last statement (proved formally in theorem D.0.4 in Appendix D)
leads to the existence of k logical couples (X̃j, Z̃j)j=1,2,...,k. Those elements must commute
with the elements of the stabilizer group and so they are part of the so-called centralizer
of S in Gn defined as CGn(S) =

{
g ∈ Gn : ∀s ∈ S, [g, s] = 0

}
. From the definition of

the centralizer we can say that the logical operators of a stabilizer code are elements of
C(S)/S and so we can define the distance of a stabilizer code as d = minp∈C(S)/S |p|, where
|p| is the weight of p.

Unitary operations and the stabilizer formalism

It turns out that, within the stabilizer formalism, it is more practical to compute the
unitary evolution of the stabilizer group instead of the evolution of the quantum states
[26]. Consider now a unitary operator U acting on the Hilbert space H and |ψ⟩ ∈ L(S).
If this is true, then ∀s ∈ S we can observe that U |ψ⟩ = Us |ψ⟩ = UsU †U |ψ⟩. From
this trivial calculation it is immediate to see that, once we apply a unitary operation,
the evolved code space UL(S) is stabilized by the group USU † which consists of the
stabilizer group conjugated under the action of U ; hence the set of stabilizer generators
sj gets updated this way and the new stabilizer group is generated by the set Usj U

†.

1.2.1 Calderbank-Shor-Steane codes (CSS codes)

Here we introduce a way to compose the so-called CSS codes [32]. This class of codes is
a particular sub-class of stabilizer codes and has been a game changer in the field: the
toric code introduced by A.Kitaev in [19] is a perfect example of a CSS code. Nowadays
to match some constraints imposed by the physical realizations of quantum computing
platforms some variants of the toric code were introduced: like the unrotated surface
code [3] and the rotated surface code [27]. These last codes are the de-facto standard for
correcting errors on NISQ platforms.

To build a CSS code we need two classical linear codes C1 (used to correct X errors)
and C2 (used to correct Z errors) defined by their parity check matrix H1 and H2 (we refer
the reader to A for a a very brief introduction on classical linear codes). Consider now r1j
as a row of the parity check matrix H1 and define the Z-type parity check operators as

s(Z)j =
n⊗

i=1

Z
r1j
i . (1.5)
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To make the code distance greater than one we can add X-type parity checks from the rows
of the matrix H2 into the operators s(X)j built as before but substituting the exponent
r1j → r2j . This condition is useful but it does not guarantee that the group is Abelian, and
so we would violate the stabilizer formalism. To impose the hypothesis of the stabilizer
formalism we can simply state as an axiom that the dual code of C1 must be contained
in C2, hence C⊥1 ⊆ C2. If we define now the groups defined by the Z-type and X-type
parity checks respectively as S1(Z) and S2(X) we can then define the stabilizer group of
the CSS code as the group S = ⟨S1(Z),S2(X)⟩ which is generated by the 2n − k1 − k2
independent parity checks so that the quantum code encodes k1 + k2 − n logical qubits.
The distance of the quantum code will be the min (d(C1), d(C2)).

1.3 Topological quantum error correction

Starting from the seminal works of A.Kitaev [19] and S.Bravyi [3], an important approach
to QEC is based on locally defined parity checks on qubits fixed on a 2D lattice embedded
in a certain manifold. Manifolds used for this purpose can be both orientable surfaces,
like a 2-torus [19], or non-orientable surfaces, like the Möbius strip [33]. This approach is
the so-called topological quantum error correction (tQEC).

(a) An orientable surface used in tQEC: a 2-
torus with rectangular tessellation. Source
code inspired by: Draw Torus with Tikz in
LaTeX – with Equation on CodeSpeedy

(b) A non-orientable surface used in tQEC:
a Möbius strip with rectangular tessella-
tion. Source code inspired by: Moebius
Strip using TikZ on StackExchange

The performance of these codes is usually studied by their threshold and their pseudo-
threshold. We will refer to the threshold, inspiring from [8], as the physical error rate per
measurement round at which it is no longer useful to enlarge the 2D array of qubits in
terms of logical error rate. In other words it defines a splitting in two working regions:
if the physical error rate is lower than the threshold then enlarging the 2D array lowers
the logical error rate, while if the physical error rate is higher than the threshold the
logical error rate increases with the dimension of the 2D array of qubits. To define the
pseudo-threshold we need a definition of the linear size L of a topological code, which is
the size of the 2D array of qubits such that n = O(L2) [32].

Definition 1.3.1 ([32]). We define the pseudo-threshold of a topological code T with
associated linear distance L as the critical physical error rate pTc (L) such that it is equal
to the logical error rate of the code p̄T (p, L) and p̄T (p, L) < pTc (L) ∀p < pTc (L) with p
being the physical error rate.

https://www.codespeedy.com/draw-torus-with-tikz-in-latex/
https://www.codespeedy.com/draw-torus-with-tikz-in-latex/
https://tex.stackexchange.com/questions/118563/moebius-strip-using-tikz
https://tex.stackexchange.com/questions/118563/moebius-strip-using-tikz
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The idea of the pseudo-threshold is to capture an L dependent crossover point that
defines when the code is helpful. For its L-dependency the pseudo-threshold contains
more information compared to the asymptotic threshold pT∞ = limL→+∞ pTc (L) [32].

1.3.1 Homological stabilizer codes

A way to build quantum error correcting codes with the philosophy of tQEC within the
stabilizer formalism is to rely on topology and homology; we will refer to this approach as
homological stabilizer code (HSC) formalism. We are going to develop a general frame-
work that will be applied straightforwardly into the definition of the toric code. The
contents of this subsection are inspired from [25], [32], [2] and [14].

Consider a manifoldM and fix one possible tessellation T (M) to obtain the sequence
of i-simplices {Ti}, e.g. – for the toric code – vertices (0-simplices), edges (1-simplices)
and faces (2-simplices). Associate now a vector space Ci over the field F2 with mod 2 sum
as its binary operation for every element of the sequence of i-simplices, hence we obtain
another sequence of vector spaces {Ci}. In these vector spaces it is possible to define an
inner product between two vectors a, b ∈ Ci – called i-chains – such that ⟨a, b⟩ =

∑
j ajbj

mod 2. When this inner product is 0, the vectors a and b are said to be orthogonal. Once
we defined the two sequences, we need a proper operator to obtain the boundaries of an
element of Ci, e.g. given a 1-chain it has to extract its extreme vertices or given a 2-chain
it has to extract the edges that define the border between the internal and external part
of it.

Figure 1.2: An 8×8 open boundary square tessellation where an example on how we want
boundary extraction to act is showed. The green 1-chain represents the desired output
we would like to obtain from the light blue 2-chain while the red 0-chain represents the
desired output we would like to obtain from the dark blue 1-chain.

It turns out that these operators, called boundary operators are a sequence of homo-
morphisms ∂i : Ci → Ci−1 and they respect the property ∂i ◦ ∂i+1 = 0 ∀i. Mathematically
speaking, this property tells us that the image of the boundary operator ∂i+1 belongs to
the kernel of the previous boundary operator ∂i. It is common to refer to the elements
of ker(∂i) as i-cycles. From now on we will denote the space of i-cycles – ker(∂i) – as
Zi and the space of i-boundaries – Im(∂i+1) – as Bi. It is also immediate that not every
i-cycle is an i-boundary and in literature i-boundaries are sometimes referred to as trivial
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cycles because if one adds them to a non-trivial cycle one obtains another non-trivial
cycle. Another interesting point to highlight is that from a linear algebra point of view,
i-boundaries are not a complete set for the i-cycles space.
Now that both the sequences {Ci} and {∂i} are defined, we can introduce the so-called
chain complex as follows:

Definition 1.3.2. Consider the sequences of Abelian groups {Ci} and boundary operators
{∂i}. The sequence {Ci, ∂i} is called chain complex.

For our purposes it is useful to express these definitions and concepts in the other
direction too, hence there will be a sequence of homomorphisms called coboundary
operators δi : Ci → Ci+1 with the property δi+1 ◦ δi = 0 ∀i.

Figure 1.3: An 8×8 open boundary square tessellation where an example on how we want
co-boundary extraction to act is showed. The green 2-chain represents the desired output
we would like to obtain from the light blue 1-chain while the red 1-chain represents the
desired output we would like to obtain from the dark blue 0-chain.

Definition 1.3.3. Consider the sequences of Abelian groups {Ci} and coboundary oper-
ators {δi}. The sequence {Ci, δi} is called cochain complex.

The elements of ker(δi) and Im(δi−1) are referred to respectively as i-cocycles and
i-coboundaries. As we did for the definition in the other direction, we define the space of
i-cocycles ker(δi) as Z

i and the space of i-coboundaries Im(δi−1) as B
i. To complete the

mathematical background to describe the toric code we have to define the i-th homology
and cohomology groups as follow.

Definition 1.3.4. Consider the sequences of the spaces of i-cycles {Zi} and i-boundaries
{Bi} defined by the sequence of boundary operators {∂i}. We call the sequence of groups
{(Hi,⊕)} as the sequence of homology groups, where Hi is the quotient set Zi/Bi and
⊕ is the mod 2 sum. The group (Hi,⊕) is referred as the i-th homology group.

Definition 1.3.5. Consider the sequences of the spaces of i-cocycles {Zi} and i-coboundaries
{Bi} defined by the sequence of boundary operators {δi}. We call the sequence of groups
{(H i,⊕)} as the sequence of cohomology groups, where H i is the quotient set Zi/Bi

and ⊕ is the mod 2 sum. The group (H i,⊕) is referred as the i-th cohomology group.
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The group Hi (or H
i) can be seen as the equivalence classes of the i-cycles space Zi

(or the i-cocycles space Zi) mod Bi (or mod Bi). In other words, let ζ and η be elements
of Zi (or Z

i); they belong to the same equivalence class if ζ + η = β with β ∈ Im(∂i+1)
(or β ∈ Im(δi−1)). Regarding other useful properties that come out from topology, it can
be proven that, given a manifold with genus g, where the genus can be identified as the
number of holes of the manifold, then the number of logical qubits that can be encoded
is k = 2g; this is due to the fact that the first homology and cohomology groups satisfy
the isomorphism H1

∼= F
2g
2
∼= H1. This mathematical framework is fundamental for the

construction of the stabilizer group and the logical operators of HSCs, like the toric code,
but from now on we will need to decide what type of code we want to define.

1.3.2 Toric code

The toric code is a milestone of QEC. Thanks to the protection offered by topological
DOF it is possible to obtain very high performances and can be fully described as a
CSS code within the HSC formalism. Before reading this section we suggest to look at
Appendix C to align with the symplectic notation of Pauli operators. The contents of
this chapter are inspired by [32] and[25].

Consider now the manifold M to be a 2-torus and apply to it an L × L square
tessellation T . This tessellation creates L2 vertices, 2L2 edges and L2 faces and can be
represented on an L× L square grid with periodic boundary conditions.

(a) A 2-torus with 6×6 rectangular tessellation.
Source code inspired by: Draw Torus with Tikz
in LaTeX – with Equation on CodeSpeedy.

(b) A 6 × 6 square tessellation with periodic
boundary conditions imposed between both
left-right sides and top-bottom sides of the grid.

Figure 1.4: Fig. 1.4a and Fig. 1.4b are equivalent from a topological point of view.

Being the 2-torus a 2-manifold, it leads to the definition of the bounded chain complex

C0
∂1←− C1

∂2←− C2 and the bounded cochain complex C0
δ0−→ C1

δ1−→ C2 both made of three
groups connected by two homomorphisms. Following the general construction discussed
in section 1.3.1, we associate a qubit to each 1-simplex and define the elements of the
stabilizer group of the toric code as the Z-operators associated to a basis of the 1-boundary
space B1 and the X-operators associated to a basis of the 1-coboundary space B1. In the
literature the basis for both B1 and B1 are usually obtained by applying the ∂2 and δ0
operators to the canonical basis of their respective domain. With this procedure we obtain
a square made of 4 edges for each plaquette from the application of ∂2 and a cross made
of 4 edges for each vertex from the application of δ0. We can clearly see that only L2 − 1
of both the set of squares and crosses are linearly independent and they build a basis set

https://www.codespeedy.com/draw-torus-with-tikz-in-latex/
https://www.codespeedy.com/draw-torus-with-tikz-in-latex/
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for their relative boundary or coboundary space. Once we obtained these vectors we can
map them to our stabilizer group: for the set of squares we associate to each element a
Z-operator Zi acting on each of the four qubits on the sides of the square, while for the
set of crosses we associate an X-operator Xj acting on each of the four qubits on the arms
of the cross like in Fig. 1.5.

Z

Z

Z

Z

X

X

X

X

Figure 1.5: The figure shows how Zi – the dark green square edges – and Xj – the dark
red cross of edges – are respectively associated to a vector of the canonical basis of C2 –
the light green plaquette – and of C0 – the light red vertex – via ∂2 and δ0 respectively
and the choice of the Pauli operator to associate to the edges.

We can then express these concepts formally with the following definition:

Definition 1.3.6. Let the manifold M be a 2-torus and apply to it an L × L square
tessellation T . Consider the bounded chain complex {Ci, ∂i} and the bounded cochain
complex {Ci, δi} of the T -tessellated 2-torus M. We define the stabilizer group of
the toric code as the group S = ⟨{Zi}, {Xj}⟩ such that, in symplectic representation,
Zi = P (0|si) and Xj = P (si|0), where {si} and {si} are two basis of the 1-boundary
vector space C1 respectively obtained applying ∂2 to the canonical basis of C2 – {e2i } – and
δ0 to the canonical basis of C0 – {e0i }– discarding then the linearly dependent vectors.

Being the generators of S only Pauli operators, we know that S is a subgroup of the
Pauli group Gn and that −1 /∈ S. To complete the compatibility check with the stabilizer
formalism we can verify that S is an Abelian subgroup of the Pauli group by noticing that
square-form Z-operators commute with cross-form X-operators because they touch each
other with zero or two edges, so the symplectic inner product between their symplectic
vectors is zero.

From this definition we can also highlight some other aspects about the stabilizer
group. In our system we know that, having 2L2 edges, there are n = 2L2 physical qubits
while the dimension of the stabilizer group is n − k = 2L2 − 2. These dimensions imply
that the code represents k = 2 logical qubits and this result is compatible with the genus
dependent relation k = 2g, with g = 1 for the 2-torus, introduced before. This observa-
tion is valid because the genus is the only topological invariant that characterize a 2-torus.

Now that the stabilizer group is defined and we understood that we can represent two
logical qubits, we have to define the logical observables. The key to define these operators
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lies in the first homology group H1 and the first cohomology group H1. Let’s start by
defining the Z operators of the toric code; from H1 we observe there are 4 equivalence
classes: the identity operator mod B1, a meridian line made of horizontal edges mod B1, a
longitude line made of vertical edges mod B1 and the composition of the previous two (an
oblique chain mod B1). It is clear that this quotient group is generated by two elements:
we choose them to be a meridian line and a longitudinal line as it is normally done in
conventional literature. This observation also finds a theoretical confirmation from the
existing isomorphism between H1 and F2

2. We take now the vectors associated to the
two generators of the first homology group and define the logical Z-operators Z̃0 and
Z̃1 of the toric code as the operators constructed with Z operators acting on the edges
that belong to a meridian line (Z̃0) and to a longitude line (Z̃1). We can do exactly the
same procedure for the logical X-operators X̃0 and X̃1 with the first cohomology group
and find out that the two logical operators are the X-operators associated to a meridian
line made of vertical edges (X̃1) and a longitude line made of horizontal edges (X̃0) built
the same way we did for the logical Z-operators. The indexes are defined to assure that
{X̃i, Z̃i} = 0 and [X̃i, Z̃ī] = 0; it is trivial to observe that the Z-operator associated to
the meridian line is coupled with the X-operator associated to the longitude line and vice
versa. A graphical representation on how to obtain these logical operators can be found
in the following figure.

Z Z Z Z Z Z
Z

Z

Z

Z

Z

Z

(a) The dark green 1-chain of Z operators
represents the logical operator Z̃0 while the
light green 1-chain of Z operators repre-
sents the logical operator Z̃1

X X X X X X

X

X

X

X

X

X

(b) The dark red 1-chain of X operators
represents the logical operator X̃0 while the
light red 1-chain of X operators represents
the logical operator X̃1

Figure 1.6: An example on how to construct and couple the four logical operators: Z̃0 is
coupled with X̃0 while Z̃1 is coupled with X̃1. This pairing is induced by the commutation
relations these operators must respect and it can be easily checked that two operators
with different associated Pauli type anticommute if their respective 1-chain share an odd
number of edges while they commute if they share an even number of edges.

From these considerations we can then express the following definition:
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Definition 1.3.7. Let the manifold M be a 2-torus and apply to it an L × L square
tessellation T . Consider {h0, h1} and {h0, h1} as a set of generating vectors of the first
homology group H1 and of the first cohomology group H1 of the T -tessellated 2-torusM.
We define the logical operators of the toric code as the canonical Pauli operator

couples written within the symplectic representation:
(
Z̃0 = P (0|hi) , X̃0 = P (hj|0)

)
and

(
Z̃1 = P (0|hī) , X̃1 = P

(
hj̄|0

) )
where the generating vectors are coupled such that

⟨hi, hj⟩ = ⟨hī, hj̄⟩ = 1 with i, j = 0 ∨ 1.

The last definition, is based on the fact that if two basis vectors are not orthogonal,
then their corresponding Pauli operators do not commute. This consideration is trivial if
the operators to check are an X-only operator and a Z-only operator thanks to symplectic
representation of Pauli operators.

1.4 Subsystem stabilizer codes

Subsystem codes – introduced in [28] – are a generalization of stabilizer codes. These
codes do not guarantee better performances compared to stabilizer codes and they are
built removing some of the logical qubits encoded via a stabilizer group. The advantage
of these codes is mainly that sometimes we can get lower weight operators to measure
compared to their stabilizer version. Let’s start to formalize them by defining the so-called
gauge group:

Definition 1.4.1 ([32]). Consider now a stabilizer group S = ⟨s1, sn−k⟩ with associ-

ated pairs of logical operators { ˜(X i, Z̃i)i=1,...,k}. Consider a subset of the logical couples

{ ˜(X i, Z̃i)i∈G} with G ⊆ {1, ..., k}; we refer to them as the logical operators of the gauge
qubits. We define now the gauge group as G = ⟨S, {X̃i, Z̃i}i∈G⟩.

First of all we can observe that the gauge group is non-Abelian and so it is immediate
that the stabilizer group associated to a gauge group is the center of the gauge group
itself. Mathematically [32]:

S = C(G) = CG(G) = {ℓ ∈ G | ∀g ∈ G, [ℓ, g] = 0}. (1.6)

Because of the gauge group being a non-Abelian group, it is not trivial how to measure
the operators of the gauge group (all the degrees of freedom of the group cannot be fixed).
These codes, removing |G| degrees of freedoms, can represent k − |G| logical qubits and
these logical pairs commute with G, hence they are uneffected by measuring elements of G.
The logical operators of a subsystem code – like logical operators of stabilizer codes – are
not unique because they can be multiplied by elements of G; if they are multiplied only
by elements of S they are referred to as bare logical operators, while if multiplied by at
least a logical operator of a gauge qubit they are referred to as dressed logical operators.
The difference between the stabilizer counterpart is that all logical operators of stabilizer
codes cannot be dressed because all the representable qubits contain information. The
multiplication by a gauge qubit logical operator is allowed because it just changes the
state of the gauge qubits, and we are not interested in them. The possibility of choosing
the logical operators we prefer can lead to different kinds of optimizations. The choice
of the logical operators imposes also the need of a new definition for the distance of a
subsystem code as d = minℓ∈C(S)\G |ℓ|.
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1.5 Floquet codes

Floquet codes are a new class of quantum error correcting codes introduced by Haah and
Hastings in [13]. The key idea behind these codes is that their stabilizer group and the
logical operators of the code are time dependent. This feature is possible because the
measured operators in different rounds of measurements may not commute.

To define these codes, first of all consider a gauge group G = ⟨g1, ..., g|G|⟩ and define

a set of possible subsets of G named M = {Mi}i∈{1,...,P} with Mi = {mj
i}j∈{1,...,|Mi|}.

Floquet codes are defined by a P -periodic sequence of measurements such that at time
t we mesaure the subset of operators contained in MtmodP. From the measurement at
round t it is possible to obtain a sequence of syndromes associated to the operatorsmj

tmodP

denoted as β(MtmodP, t) = {bi(mj
i , t)}j=1,...,|MtmodP| with bi(m

j
i , t) ∈ {±1}. Once we have

a set of syndromes we indicate with β(MtmodP, t)·MtmodP the set of operators associated
to the t-th measurement round multiplied by the sign of the associated syndrome. As we
anticipated, this periodicity of measurements leads to the possibility of having a time-
varying stabilizer group and in this context the stabilizer group is instead called the
istantaneous stabilizer group (ISG). This time dependency of the stabilizer group
will imply that the logical operators might be time varying too and they will not always
be trivial to find. To obtain them we will consider the specific cases analysed.

1.5.1 Honeycomb code

The honeycomb code is the first example of a Floquet code. It is defined by weight-2
parity checks and it is a candidate to challenge the “supremacy” of the toric (surface)
code in modern QEC.

Consider now a manifold T to be a 2-torus and apply to it an hexagonal tessellation,
then associate a qubit for each vertex of the tessellation like in Fig. 1.7.

Figure 1.7: An hexagonal tessellation of the 2-torus with qubits on the vertices is repre-
sented. It produces np faces, 3np edges and 2np vertices. If we connect the upper and
lower orange sides and the left and right magenta sides we get a 2-torus. Note that this
tessellation is not the same used in HSC 1.3.1 where qubits were on the edges.

Once we have defined the tessellation of the torus we now index the plaquettes as type-i
plaquettes with i ∈ {0, 1, 2} such that a plaquette of type j cannot touch another plaquette
of the same type. This is explained graphically in fig. 1.8.
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Figure 1.8: An hex-tessellated 2-torus with qubits on the vertices and indexed plaquettes.

We now want to associate two possible indices to each edge: the first index is defined
by the direction of the 1-simplex and defines an operator to apply to the two qubits that
are boundaries of the edge, while the second is defined by the type of plaquettes the edge
connects. These definitions are represented graphically in Fig. 1.9.

ity
p
e-Y

Y

ty
p
e-
X
X

type-ZZ

(a) How we associate to edges a type of
weight-2 Pauli operator based on their di-
rection.

i i
type-i

(b) How the plaquette dependent index of
the edges is defined. In the example we
construct a type-i and type-ZZ check.

Figure 1.9: Following the procedure of the two upper figures we can obtain the edges that
defineMi sets for the measurement rounds of the honeycomb code.

Now that all the edges are indexed, we can define the set M = {Mi}i∈{0,1,2} of the
honeycomb code. The elementMi ofM consists in all the checks associated to the edges
that connect type-i plaquettes, hence in the periodic cycle of measurements there will be:
type-0 edges, type-1 edges and then type-2 edges. We will denote the elements ofMi as
mj

i = m(eji ), where e
j
i is the j-th edge of type i andm(·) maps the edge to its corresponding

weight-2 Pauli operator. The last objects we need to introduce to define the ISG are the
plaquette operators and how to compute the sign associated to them. Suppose we are at
round t, and we measured type-i checks, hence at time t − 1 we measured type-j checks
with j = (i − 1) mod 3. We now define the signed plaquette operator Pr

k associated to
the k-th type-r plaquette P r

k as:

Pr
k =

∏
eℓi∈Mi ∩ ∂2P r

k

∏
eqj∈Mj ∩ ∂2P r

k

b(m(eℓi), t) b(m(eqj), t− 1)m(eℓi)m(eqj) (1.7)

With r = (i − 2) mod 3. Note that the plaquette operator is not indicated as a time
dependent quantity: that is because every plaquette operator commutes with all the
weight-2 checks measured during the cycles of the honeycomb code, hence their associated
sign remain constant. With these quantities we can now define the ISG as:
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Definition 1.5.1. Let the manifold T be a 2-torus and apply to it an hexagonal tes-
sellation H. Consider as the defining sets of the 3-periodic measurement cycle of the
honeycomb code the operators associated to the elements ofM = {Mi}i∈{0,1,2} whereMi

contains all the edges that connects type-i plaquettes. Then the ISG of the honeycomb
code is defined by the following procedure:

1. Set: ISG(t = −1) = {∅}

2. First update: ISG(t = 0) = β(Mt=0, t = 0) · M0

3. Second update: ISG(t = 1) = β(Mt=1, t = 1) · M1 ∪ {P2
k}k∈{1,...,np

3
}

4. Third update: ISG(t = 2) = β(Mt=2, t = 2) · M2 ∪ {Pr
k}k∈{1,...,np

3
},r∈{0,2}

5. Following updates: ISG(t ≥ 3) = {β(Mtmod3, t)·Mtmod3} ∪ {Pr
k}k∈{1,...,np

3
},r∈{0,1,2}

From the stabilizer group we defined it is immediate that after t = 3 we get to a steady
state condition for the ISG up to signs or, graphically:
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(f) sISG(t = 2mod 3 ∧ ≥ 3)

Figure 1.10: The evolution of the sign-less ISG (sISG) is displayed. Coloured edges
and plaquettes belong to the ISG. Edges are coloured based on their operator type and
plaquettes following their index: {P0

k} are magenta, {P1
k}s are cyan and {P2

k} are yellow.
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The last informations we need to figure out is: how many logical qubits in the “steady
state condition” can this code represent? And how can we construct the logical operators
associated to these logical qubits?

The number of qubits this code can represent can be found computing the dimension
of the ISG for t ≥ 3. The ISG in this time region is generated by np − 1 plaquettes and
np − 1 edges: one plaquette can be discarded because the product of all the plaquettes
is the identity and one edge can be discarded too because if we compute the product
between all the type-i plaquettes and the type-i edges we obtain the identity, hence
dim(ISG(t ≥ 3)) = 2np − 2. This result implies that we are fixing 2np − 2 degrees of
freedom out of the 2np available degrees of freedom of our system (we have 2np vertices,
hence 2np physical qubits). The number of logical qubits of the honeycomb code is then
2.

Obtaining these logical operators is the hardest part: they have to commute with all
the possible elements of the ISG at a fixed time and they have to be paired in conjugate
couples. It turns out that we can divide them in two categories named inner logical
operators and outer logical operators. These names will be clarified in the next paragraph:
take them as just a nomenclature fact for now. Inner logical operators turn out to be
static operators while outer logical operators are dynamical and they need to be updated
after every measurement round. Another peculiarity of outer logical operators is that (up
to a sign) they are periodic with period-6 instead of what we could intuitively guessed to
be periodic with period-3. For the definition of logical operators we will consider one of
the possible definitions as follow:

Definition 1.5.2. Let the manifold T be a 2-torus and apply to it an hexagonal tessel-
lation H. Consider {h0, h1} as a set of generators of the first homology group H1 of the
H-tessellated 2-torus T . The inner logical operators of the honeycomb code I0
and I1 are respectively defined as the product of the operators associated to the edges in
the 1-chains h0 and h1.

Graphycally, we can see them represented in Fig. 1.11 (choosing h0 and h1 as a
meridian and a longitude respectively) where green vertices indicate a Z operator, red
vertices indicate an X operator and blue vertices indicate a Y operator.
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(a) Inner logical operator I0.
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(b) Inner logical operator I1.

Figure 1.11: A graphical construction of the inner logical operators of the honeycomb
code.
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Regarding outer logical operators, a way to find them is to consider the non-trivial
1-chains used to define the inner logical operators and choose properly the operators
to apply on the chain of edges. Keep in mind that this is not the only way to obtain
them and the choice of mantaining the same 1-chains used for the inner logical operators
is purely a convention we are adopting. There are for sure more general manners to
express this definition but we are sticking to the following graphical method to deliever
an operative definition to implement the honeycomb code with a programming language.
The procedure starts from the operators that lie in the selected non-trivial chain in Figs.
1.12a and 1.12g that commute with ISG(t = 0mod 3) and anticommutes with the inner
logical operator associated to the other 1-chain, then multiply it by the checks measured
in the current round whose defining edge is on the 1-chain we are building the operator
on and by the sign of their respective syndrome just like we did for plaquette operators.

Ok(t ≥ 3, hk̄) = Ok(t = 3, hk̄)
∏

r∈{3,...,t−1}

∏
ejrmod 3∈Mrmod 3 ∩hk̄

b(m(ejrmod3), r)m(ejrmod3)

(1.8)
where Ok(t = 3, hk̄) is the starting set of operators. We obtain then the following 6-
rounds period (without counting the signs) for two possible outer logical operators
named respectively O0 and O1 such that {Oj, Ij} = 0, [Oj,Ok] = [Ij, Ik] = [Oj, Ij̄] = 0.
In Fig. 1.12 you can find a graphical representation.
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(l) O1(t = 2mod 3∧ ≥ 3)

Figure 1.12: From (a) to (f) and (g) to (l) are represented respectively the evolution of
O0 and O1. These operators can be extended to bigger tessellation repeating the patterns.

The honeycomb code as a subsystem code

The operators that appear in the measurement cycles of the honeycomb code can also
be used to define a subsystem code. If we define the gauge group G as the subgroup of
the Pauli group generated by the checks of type-0, type-1 and type-2, then we know that
dim(G) = 3np − 1 because the product of all the checks gives the identity.

Given this definition of the gauge group, his internal stabilizer group can be generated
by np − 1 plaquettes and two independent generators of the first homology group H1,
hence dimS = np + 1. This implies that the number of gauge qubits of the code is
nGq = (dim(G) − dim(S))/2 = np − 1. These dimensions tell us that the code has zero
logical qubits, because np + 1 degrees of freedom are fixed by the stabilizer group and
np− 1 degrees of freedom are fixed by the gauge qubits, hence our system of 2np physical
qubits has zero logical qubits in it if we encode the information with this subsystem code.

We can now explain why in the previous paragraph the fixed logical operators are
called inner logical operators: they are in the stabilizer group of the associated subsystem
code, while outer logical operators are not.
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Ladder code

The ladder code, also proposed by Haah and Hastings in [13], is a toy model that rep-
resents a single dynamical logical qubit. The code lives in a 2 × L ladder with periodic
boundary conditions on the rungs (the short side). We associate to vertical rungs a ZZ
check and to horizontal edges associated to the same plaquette either XX or Y Y checks.

The measurement cycle is the following:

1. Measure vertical ZZ checks, henceM0 = {(ZZ)i=1,...,L}.

2. Measure horizontal XX checks, henceM1 = {(XX)i=1,...,L}.

3. Measure vertical ZZ checks, henceM2 = {(ZZ)i=1,...,L}.

4. Measure horizontal Y Y checks, henceM3 = {(Y Y )i=1,...,L}.

where the i index is referred to the L possible weight-2 operators of the chosen Pauli type.

Here the steady state sign-less stabilizer group is generated by the plaquettes built with
the checks and the last measured set of checks; exactly like in the honeycomb code.

Regarding the number of logical qubits, we have 2L physical qubits in our system
and we have to understand how many degrees of freedom are absorbed by the stabilizer
group in every round. During ZZ-measurement rounds the stabilizer group is generated
by 2L− 1 elements because the product of XXXX plaquettes and the ZZ checks gives
the product of the Y Y Y Y faces, hence multiplying everything together we obtain the
identity, while during XX (Y Y )-measurement rounds the product of XXXX (Y Y Y Y )
plaquettes and XX (Y Y ) checks gives the identity, hence the stabilizer group is always
generated by 2L− 1 elements. This proves the existence of a logical qubit because 2L− 1
out of 2L degrees of freedom are fixed.

The sign-less logical operators for this qubit are then defined as follow:

• The inner logical operator is non-trivial string along a rail of the ladder made of Z
operators.

• The outer logical operator is a vertical check and his dynamics during the rounds is
the following:

1. t=0 mod 4: An XX or Y Y check over a vertical rung

2. t=1 mod 4: An XX check over a vertical rung

3. t=2 mod 4: An XX or Y Y check over a vertical rung

4. t=3 mod 4: A Y Y check over a vertical rung





Chapter 2

Circuit Quantum Electrodynamics

In 1962, a macroscopical quantum effect has been predicted by Brian Josephson [18] via
a Cooper pair tunneling mechanism in a junction, later called Josephson junction, made
of three layers: superconductor - oxide - superconductor. This particular phenomenon
granted Josephson the 1973 Nobel Prize in Physics “for his theoretical predictions of
the properties of a supercurrent through a tunnel barrier, in particular those phenomena
which are generally known as the Josephson effects” and was later revealed to be a key
mechanism for the design of superconducting qubits; this drove to the “creation” of an
entire new branch of research in physics: circuit quantum electrodynamics (cQED). Re-
cently, another Nobel Prize related to cQED has been awarded: John Clarke, Michel H.
Devoret and John M. Martinis won the 2025 Nobel Prize in Physics “for the discovery of
macroscopic quantum mechanical tunnelling and energy quantisation in an electric cir-
cuit”: this second award highlights even more how groundbreaking this branch of physics
has been from both the theoretical aspect and the technological point of view.

This chapter contains some of the basics of cQED and it is based on the knowledge
acquired during the course ”Dispositivi, circuiti ed algoritmi per il calcolo quantistico M”
held at the University of Bologna, the review by Blais et al. [1] and the review by Krantz
et al. [23] whenever another reference is not cited specifically. The reader can also consult
the lecture notes by Ciani et al. [6] for a more pedagogical approach.

2.1 Quantization of the LC resonator

Analysing an LC resonator starting from the point of view of Lagrangian mechanics and
quantizing the canonical variables into their corresponding operators, we can map the
quantum LC resonator problem into a quantum linear harmonic oscillator (also referred
to as the simple harmonic oscillator). We suggest the reader to check [29] for an ex-
planation on the quantum harmonic oscillator with the second quantization formalism
before starting this section. from this theoretical procedure we can then predict energy
quantization in electrical circuits.

23

https://www.nobelprize.org/prizes/physics/1973/summary/
https://www.nobelprize.org/prizes/physics/2025/summary/
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Consider now an LC resonator with a capacitor Cr and inductor Lr:
Characterized by the following equations:

CrLr ϕ

V I

Q

Figure 2.1: Schematic of the LC resonator


V = ϕ̇

I = Q̇

ϕ = −LrI

Q = CrV

(2.1)

Our goal is to get the Hamiltonian function of this circuit; to obtain it we have to start
from the Lagrangian function, which I remark to be defined as:

L(q, q̇) = T (q̇)− U(q) (2.2)

where q are the generalized coordinates, T is the kinetic energy and U is the potential
energy. By arbitrary choice we associate the kinetic term to the energy stored in the
electric field of the capacitor and the potential energy to the energy stored in the magnetic
field of the inductor. Applying this particular choice together with the fundamental
equation of the LC resonator we obtain the following flux dependent equations:{

T → 1
2
CrV

2 = 1
2
Crϕ̇

2

U → 1
2
LrI

2 = 1
2
ϕ2

Lr

(2.3)

Hence, choosing ϕ as our generalized coordinate we can write the Lagrangian of the
system:

L(ϕ, ϕ̇) = 1

2
Crϕ̇

2 − 1

2

ϕ2

Lr

. (2.4)

From the Lagrangian function we can obtain the conjugate momentum of the generalized
coordinate ϕ. It turns out that it can be identified as the stored charge in the capacitor:

p =
∂L
∂q̇
→ ∂L

∂ϕ̇
= Crϕ̇ = CrV = Q . (2.5)

Applying now the Legendre transformation we can obtain the Hamiltonian function as:

H(q, p) = pq̇−L(q, q̇)→ H(ϕ,Q) = Qϕ̇−L(ϕ, ϕ̇) = 1

2
Crϕ̇

2+
1

2

ϕ2

Lr

=
1

2

Q2

Cr

+
1

2

ϕ2

Lr

. (2.6)
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We can then quantize the Hamiltonian and introduce the canonical commutation relation
such that: {

Ĥ = 1
2
Q̂2

Cr
+ 1

2
ϕ̂2

Lr

[ϕ̂, Q̂] = iℏ
(2.7)

From now on we will drop the hats on the operators to have a simpler notation. From
the Hamiltonian operator of equation 2.7, we can do a mapping to the Hamiltonian of
the simple Harmonic oscillator:

H =
p2

2m
+
mωq2

2
(2.8)

such that:

q → ϕ, p→ Q m→ Cr, ω =
1√
LrCr

≡ ωr

From this mapping we can also define our Hamiltonian in second quantization formalism
redefining the canonical couple of operators with creation and annihilation operators a†

and a: ϕ =
√

ℏ
2ωrCr

(a+ a†)

Q = −i
√

ℏωrCr

2
(a− a†)

(2.9)

such that [a, a†] = 1.
The second quantized Hamiltonian is then:

H = ℏωr

(
a†a+

1

2

)
. (2.10)

The eigenvalue equation of the Schrödinger problem associated to this Hamiltonian is
trivially solved. That’s because n = a†a is a well known object called number operator.
It is possible to prove that its eigenvalues are only non-negative integers Z+ ∪ {0}, hence
we can index its eigenstates as follows:

n |m⟩ = m |m⟩ , m ∈ Z+ ∪ {0} . (2.11)

The eigenvalues corresponding to the energies of the quantum LC resonator are then:

Em = ℏωr

(
m+

1

2

)
, m ∈ Z+ ∪ {0} (2.12)

where the spacing between two consecutive energy levels is constantly equal to ℏωr.

2.2 Superconducting qubits

To build a qubit where the state is encoded via energy levels, we do not want the energy
splitting between two levels to be constant all over the spectrum, hence we do not want
a simple harmonic oscillator. This necessity is due to the fact that, encoding the qubit
states in the first two energy levels, it would be very hard to control the system and isolate
the first two states from the higher energy states. To obtain the desired spectrum we need
to introduce a non-linearity and a possible solution for this problem can be obtained using
a Josephson junction.
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2.2.1 The Josephson junction

A Josephson junction is a superconductor-oxide-superconductor structure where an inter-
action via tunneling current between the Cooper pair ground states of the two supercon-
ducting sides can happen.
The expressions for the tunneling current and the voltage difference read:{

I = Ic sin (φ(t))

ϕ̇(t) = V, φ(t) = 2π
ϕ0
ϕ(t) mod 2π

(2.13)

where φ(t) is the difference between the phases of the order parameters of the Cooper pair
ground states, ϕ0 = h/2e is the superconducting flux quantum and Ic is the maximum
supercurrent that the junction can sustain. Taking now the time derivative of the current
equation and isolating the time derivative of φ, we obtain the following equation:

φ̇ =
1

Ic cos(φ)
İ (2.14)

that can be plugged into the voltage equation to obtain the following relation:

V =
ϕ0

2πIc

1√
1− (I/Ic)2

İ . (2.15)

It is clear that this equation resembles the equation of an inductor V = Lİ (where the
current have been taken with the convention of Fig. 2.2), but the voltage is not a linear
function of the current. This last note is due to the fact that the Josephson junction
introduces a non-linearity; this helpful contribution will help us to create more reliable
qubits. This non-linear inductance is often referred to as the Josephson inductance:

Lj =
ϕ0

2πIc

1√
1− (I/Ic)2

(2.16)

and can be considered as a linear inductor only for small currents with associated value

lim
I→0

Lj(I)→
ϕ0

2πIc
.

Substituting now the inductor in the LC resonator with a Josephson junction we obtain
the circuit in Fig. 2.2.

CJj

V

I

Q

Figure 2.2: Schematic of the Josephson junction – indicated with the square box with the
cross inside – with a parallel capacitance.
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Compared to equation 2.7, we need to substitute the energy associated to the magnetic
field of the inductor with the one associated to the Josephson junction. To obtain this
expression we integrate the tunneling current multiplied by the voltage difference between
the two superconducting sectors such that:

UJ =

ˆ
I(t)V (t)dt =

ˆ
Ic sin

(
2π

ϕo

ϕ

)
dϕ

dt
dt =

ˆ ϕ2

ϕ1

Ic sin

(
2π

ϕo

ϕ

)
dϕ = −Icϕ0

2π
cos

(
2π

ϕ0

ϕ1

) (2.17)

where we chose ϕ2 such that cos
(

2π
ϕ0
ϕ2

)
= 0. We can now define the Josephson energy

as:

EJ =
Icϕ0

2π
(2.18)

and obtain the standard form of the energy associated to the Josephson junction:

UJ(ϕ) = −EJ cos

(
2π

ϕ0

ϕ

)
. (2.19)

Substituting now this expression to the magnetic part of the Hamiltonian 2.7, we obtain
the Hamiltonian associated to a generic capacitor-Josephson junction parallel:

HJ =
1

2

Q2

C
− EJ cos

(
2π

ϕ0

ϕ

)
. (2.20)

From equation 2.20, we can observe that, near the minimum of the cosine, the expression
is approximately a quantum linear harmonic oscillator while, when the energy goes up,
we drift into the case of the free particle, hence the higher the energy, the smaller is the
energy splitting.

2.2.2 The Cooper pair box

The Cooper pair box is one of the simplest circuits to use the non-linearity of a Josephson
junction to obtain a reliable physical system to represent a qubit and it is represented in
Fig. 2.3.

CΣϕAJA

Cg

ϕB

ϕC Vg

IB

IA

IJ ICΣ

Figure 2.3: Schematic of a Cooper pair box with gate voltage Vg and gate capacitance Cg
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To analyse this quantum circuit it is useful to associate a flux ϕi to each branch of the
circuit such that ϕ̇i = Vi. Applying now the Kirchhoff’s laws we can obtain the following
equations: {

ϕ̇A = ϕ̇C − ϕ̇B

IA = ICΣ
+ IJ = IB

(2.21)

And the relations of the components in Fig. 2.3 are the following:
ICΣ

= CΣϕ̈A

IJ = Ic sin(φA)

IB = Cgϕ̈B

ϕ̇C = Vg

(2.22)

Now it is possible to write the Lagrangian of the system in terms of energy stored in the
capacitors CΣ and Cg together with the Josephson energy associated to the Junction JA
such that:

L =
1

2
CΣϕ̇

2
A +

1

2
Cg(ϕ̇A − ϕ̇C)

2 + Ej cos(φA) (2.23)

where the generalized coordinate that defines the dynamics of the system is ϕA. We can
now obtain the conjugate momentum QA as

QA =
∂L
∂ϕ̇A

= (CΣ + Cg)ϕ̇A − CgϕC (2.24)

to finally obtain the Hamiltonian of the system

H = QAϕ̇A − L =
1

2
CΣϕ̇

2
A +

1

2
Cgϕ̇

2
A −

1

2
Cgϕ̇

2
C − Ej cos(φA)

≡ 1

2
CΣϕ̇

2
A +

1

2
Cgϕ̇

2
A − Ej cos(φA) =

1

2

(QA + CgVg)
2

CΣ + Cg

− Ej cos(φA)
(2.25)

where the term in ϕ̇C has been omitted because it does not contribute to the dynamic of
the system. In the literature the Cooper pair box Hamiltonian is often written in another
form introducing the normalized operators and quantities

Qg = CgVg

n = QA

2e

ng =
Qg

2e

EC = e2

2(CΣ+Cg)

(2.26)

where n is the operator associated to the number of Cooper pairs, ng is a noise that causes
decoherence and EC is the energy needed to charge an electron in the total capacitance
in parallel to the Josephson junction. With those definitions the Hamiltonian becomes:

H = 4Ec(n− ng)
2 − Ej cos(φA) . (2.27)

2.2.3 The Transmon qubit

Transmon qubits [21] are just a straightforward application of the Cooper pair box in a
particular regime, named transmon regime. Consider now the Hamiltonian of the Cooper
pair box:

H = 4Ec(n− ng)
2 − Ej cos(φA) .
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This equation can be studied varying the ratio EJ/EC . If EJ/EC << 1, then H ≈
4Ec(n− ng)

2, hence the eigenstates will be extremely de-localized when projected in the
φA space and, thanks to the Fourier transformation between canonical variables, very
localized in the n space. On the other side, when EJ/EC >> 1 we enter the so-called
transmon regime where the effect is the opposite: the wave function in the φA space
is localized while in the n space it is very de-localized. This last observation implies
that the presence of ng does not influence the dynamics of the system because the wave
function is extremely delocalized in the n space, hence we will assume this approximation
in the analysis of the Transmon qubit neglecting the ng term. This leads obviously to the
transmon Hamiltonian:

Ht = 4Ecn
2 − Ej cos(φA) . (2.28)

From equation 2.28 we can sum and subtract 1
2
EJφ

2
A to split the equation in the following

two terms where the first one is harmonic and the second is anharmonic.

Ht =

(
4ECn

2 +
1

2
Ejφ

2
A

)
− Ej

(
cos(φA) +

1

2
φ2
A

)
. (2.29)

We can now expand via Taylor series the nonlinear part related to the Josephson junction
up to the fourth order such that

Ht ≈
(
4ECn

2 +
1

2
Ejφ

2
A

)
− EJ

(
1− φ2

A

2
+
φ4
A

4!
+
φ2
A

2

)
=(

4ECn
2 +

1

2
Ejφ

2
A

)
− EJ

(
1 +

φ4
A

4!

)
≡
(
4ECn

2 +
1

2
Ejφ

2
A

)
− EJ

φ4
A

4!

(2.30)

where constant terms have been omitted as before. From this expression of the Hamilto-
nian we can obtain its second quantized form rewriting the normalized canonical couple
φA and n as functions of the creation and annihilation operators for the transmon qubit
as follow: φ = 4

√
2EC

EJ
(b+ b†)

n = −i
2

4

√
EJ

2Ec
(b− b†)

(2.31)

where [b, b†] = 1.
Plugging now these definitions in the harmonic part of the Hamiltonian 2.30 we can

arrive at the form:

Ht = ℏωpb
†b− Ec

(b+ b†)4

12
, ℏωp =

√
8ECEJ . (2.32)

To obtain a simpler expression for the Hamiltonian we choose to apply the rotating wave
approximation (RWA). This approximation consists in neglecting all the products b†mbℓ

arising from the fourth power term such that m ̸= ℓ, hence the final second quantized
expression of the Hamiltonian is:

HRWA
t = ℏωqb

†b− EC

2
b†b†bb, ℏωq =

√
8ECEJ − EC . (2.33)

From equation 2.33 we can directly prove that the eigenstates of the transmon qubit,
assuming the RWA to be valid, are the eigenstates of the number operator n = b†b. It
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can be proved through the algebra of the creation and annihilation operators that let us
rewrite the RWA Hamiltonian as:

HRWA
t = ℏ

(
ωq −

Ec

2ℏ
(b†b− 1)

)
b†b (2.34)

and this also shows that the eigenvalues of the Schrödinger problem associated to HRWA
t

are:

Em =

(
ℏωq −

EC

2
(m− 1)

)
m, m ∈ Z+ ∪ {0} . (2.35)

These eigenvalues are not linear in m as we expected from the introduction of a non-
linearity. To capture the effect of the non-linearity intruduced by the Josephson junction
we define the so-called anharmonicity α as the difference between the second energy
transition and the first energy transition between levels:

α = (E2 − E1)− (E1 − E0) = −EC < 0 . (2.36)

In the end a transmon qubit is completely defined by two parameters: ωq/(2π) ∈ [4, 10]GHz/s
and α/(2π) ∈ [100, 400]MHz.

2.3 Coupling in cQED

During the execution of unitary gates and measurements we want our qubits to interact.
To make these interactions happen we need to utilize some kind of physical connection
between our qubits. This is one of the bottlenecks of the superconducting platform for
quantum computing considering that to have an interaction between qubits a physical
connection must be built.

2.3.1 LC-LC capacitive coupling

Consider the scheme in Fig. 2.4 made of two resonators and a capacitance to couple them.

Cg

CBLBCALA

Figure 2.4: Schematic of an LC-LC circuit with capacitive coupling.

The capacitance matrix, the inductance matrix and the flux vector associated to the
circuit in Fig. 2.4 read:

C =

(
CA + Cg −Cg

−Cg CB + Cg

)
, L̃ =

(
1/LA 0

0 1/LB

)
, ϕ =

(
ϕA

ϕB

)
. (2.37)
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The Lagrangian of the system built as the difference between the energy of the electric
fields associated to the capacitors and the energy of the magnetic fields associated to the
inductors can be expressed as

L(ϕ, ϕ̇) = 1

2
ϕ̇

t
Cϕ̇− 1

2
ϕtL̃−1ϕ . (2.38)

From equation 2.38 we can compute the conjugate momentum of ϕ

Q =

(
QA

QB

)
(2.39)

whose components are {
QA = ∂L

∂ϕ̇A
= CAϕ̇A + Cg(ϕ̇A − ϕ̇B)

QB = ∂L
∂ϕ̇B

= CBϕ̇B + Cg(ϕ̇B − ϕ̇A)
(2.40)

From the conjugate momentum expression, it is immediate to notice that

Q = Cϕ̇ (2.41)

hence, knowing that C is symmetric we can also state that

ϕ̇ = C−1Q, ϕ̇
t
= QtC−1 (2.42)

where

C−1 =
1

C̄2

(
CB + Cg Cg

Cg CA + Cg

)
, C̄2 = det(C). (2.43)

These relations leads then straightforwardly to the Hamiltonian

H = ϕ̇
t
Q− L(ϕ, ϕ̇) = 1

2
QtC−1Q+

1

2
ϕtL−1ϕ (2.44)

or, in its expanded version:

H =
(CB + Cg)Q

2
A

2C̄2
+

(CA + Cg)Q
2
B

2C̄2
+
Cg

C̄2
QAQB +

ϕ2
A

2LA

+
ϕ2
B

2LB

. (2.45)

From this form of the Hamiltonian we can identify the interaction term in the product
(Cg/C̄

2)QAQB and, most of all, if we impose an open circuit considering the limit Cg → 0
we obtain the non-interacting Hamiltonian as the sum of two LC resonator Hamiltonians.

2.3.2 LC-Transmon capacitive coupling

In quantum computing applications we are interested in how an LC resonator interacts
with a transmon qubit, hence we consider the schematic in Fig. 2.5. To obtain the
Hamiltonian of this schematic we can just substitute the term associated to the energy of
the magnetic field of the substituted inductor and obtain the following equation:

H =

(
(CA + Cg)Q

2
B

2C̄2
− Ej cos(φB)

)
+
Cg

C̄2
QAQB +

(
(CB + Cg)Q

2
A

2C̄2
+

ϕ2
A

2LA

)
. (2.46)
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Cg

CALACΣBJ

Figure 2.5: Schematic of a transmon-LC circuit with capacitive coupling

Now, assuming CΣB
, CA >> Cg, we can approximate the Hamiltonian in the following

way:

H ≈
(

Q2
B

2CΣB

− Ej cos(φB)

)
+

Cg

CΣB
CA

QAQB +

(
Q2

A

2CA

+
ϕ2
A

2LA

)
. (2.47)

This last equation is divided in three parts on purpose: in the first set of brackets there
is the non-interacting Hamiltonian of a Cooper pair box, in the second set of brackets
there is the non-interacting Hamiltonian of an LC resonator and in the middle there is
the interaction term between the two systems due to the presence of the capacitance Cg.
Assuming now to be in transmon regime and the validity of the RWA, using the definition
introduced for the transmon qubit and the LC resonator in the previous sections and
omitting the terms that do not contribute to the dynamics of the system, we can obtain
the following approximate form of the Hamiltonian:

H ≈
(
ℏωqBb

†b− ECB
b†b†
)
− ℏg(b† − b)(a† − a) +

(
ℏωRA

a†a
)

(2.48)

where b†, b and a†, a are respectively the creation and annihilation operators of the trans-
mon qubit, eq. 2.31, and of the quantum linear harmonic oscillator, eq. 2.9, while ωqB is
the transition frequency of the transmon, ωRA

is the transition frequency of the resonator
and ECB

is the energy needed to put an electron in the total capacitance in parallel to
the Josephson junction. Regarding the term g, its expression reads

g =
Cg√
CΣB

CA

√
ωRA

ωpB

2
(2.49)

where ωpB is the plasma frequency of the transmon qubit.
There is another expression that is quite used in literature and can be obtained by

applying the RWA to 2.48 such that:

H ≈
(
ℏωqBb

†b− ECB
b†b†
)
− ℏg(b†a− ba†) +

(
ℏωrAa

†a
)
. (2.50)

This last expression is a valid formula for |g| << ωRA
, ωqB . From this very last form of

the Hamiltonian it is possible to derive the so-called Jaynes-Cummings model which is
widely used in cQED. This model can be obtained from equation 2.50 considering our
transmon as a perfect 2-level system, hence doing the mappings b† → σ+ and b → σ−
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where σ+ = |1⟩ ⟨0| and σ− = |0⟩ ⟨1|. Following this procedure we obtain the so-called
Jaynes-Cummings Hamiltonian:

H =
ℏωqB

2
Z + ℏg(a†σ− + aσ+) + ℏωrAa

†a . (2.51)

The Jaynes-Cummings model can be solved quite straightforwardly if we construct the
solutions of the interacting system, called dressed states, from the solution of the non-
interacting model obtaining setting g = 0.

Consider now the non-interacting Hamiltonian:

HJC =
ℏωqB

2
Z + ℏωrAa

†a . (2.52)

This model contains the resonator Hamiltonian and the transmon Hamiltonian limited
to the two-dimensional Hilbert space of the first two energy levels; these two operators
commute and so the eigenstates of the total non-interacting Hamiltonian are |σ, n⟩ with
σ ∈ {0, 1} and n ∈ Z+ ∪{0}. The states |σ, n⟩ are named as bare states. If we apply now
the coupling term contained in the Jaynes-Cummings model to the bare states at equal
number of excitations, the result for n ≥ 1 excitations is:{

(a†σ− + aσ+) |0, n⟩ =
√
n |1, n− 1⟩

(a†σ− + aσ+) |1, n− 1⟩ =
√
n |0, n⟩

(2.53)

hence, the interaction only couples bare states with the same number of excitations in
the system. This leads to a block-diagonal Hamiltonian matrix that can be diagonalized
block by block. The generic block at constant number of interactions can be written in
the basis {|0, n⟩ , |1, n− 1⟩} as:

Hn =

 −ℏωqB

2
+ ℏ(a†a− 1

2
) ℏg

√
n

ℏg
√
n

ℏωqB

2
+ ℏ(a†a− 1

2
)

 (2.54)

The eigenvalues of this matrix are:

E±
n = ℏωrA ±

ℏ
2

√
4g2n+∆2 . (2.55)

Solving now back the eigenvalue equation to obtain the eigenvectors we obtain the dressed
states as: {

|0, n⟩ = cos
(
θn
2

)
|0, n⟩ − sin

(
θn
2

)
|1, n− 1⟩

|1, n− 1⟩ = sin
(
θn
2

)
|0, n⟩+ cos

(
θn
2

)
|1, n− 1⟩

(2.56)

where θn = arctan
(

2g
√
n

ωqB
−ωrA

)
.

For the case with n = 0 excitations, if we apply the interaction we obtain the null
vector, hence the ground state and the ground state energy remain the same such that

|0, 0⟩ = |0, 0⟩ and E0 = −
ℏωqB

2
+

ℏωrA

2
.
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2.4 Dispersive regime

We are interested to study the so-called dispersive regime, which is defined by | g
∆
| << 1

with ∆ = ωqB − ωra . In this regime the Jaynes-Cummings Hamiltonian can be approxi-
mated to

HJC ≈
ℏω′

qB

2
Z + ℏ(ωrA +

g2

∆
Z)a†a, ω′

qB
= ωqB +

g2

∆
. (2.57)

This expression tells us that the we can look at this equation as if it was the non-interacting
Hamiltonian 2.52 with a slightly modified qubit frequency, called Lamb-shifted qubit
frequency, and a qubit-state dependent resonator frequency. The only way this behaviour
is possible is thanks to the non-linearity introduced by the transmon qubit. The quantity
χ = g2

∆
is often referred to as dispersive shift and so we can write the Hamiltonian as

follows:

HJC ≈
ℏω′

qB

2
Z + ℏ(ωrA + χZ)a†a . (2.58)

This last result is an example of how the dispersive regime approximation can simplify the
expressions in cQED; from now on we will always assume this regime for our purposes.

2.4.1 Qubit-LC-qubit coupling in dispersive regime

In this section we will consider a structure made of two transmons connected to a resonator
in the middle like in the following figure:

Cc1 Cc2

CrLrCΣ1J1 CΣ2J2

Figure 2.6: This figure represents a capacitive coupled system of two transmons and an
LC resonator

Following now what is reported by Lalumière et al. in [24] if we approximate the transmons
to qubits and apply a measurement drive of frequency ωm and envelope ϵm(t) to the
resonator, we can write in the dispersive regime, hence ∆j = |ωqj − ωr| >> |gj| where gj
is the coupling strength of the j-th qubit with j ∈ {1, 2}, the following Hamiltonian:

H =

ωr +
∑

j∈{1,2}

χjZj

 a†a+
∑

j∈{1,2}

ω′
qj

2
Zj + Jq(σ

1
−σ

2
+ + σ2

−σ
1
+)+

+ϵm(t)(a
†e−iωmt + h.c.)

(2.59)

where Jq = g1g2(1/∆1 + 1/∆2) is the strength of the qubit-qubit coupling mediated by a
photon. The frequency of the drive applied to the cavity, ωm, must close to the resonator
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frequency to obtain a good readout. Dropping now the Jq dependent term in order to
focus only on the entanglement generated only by the measurement, and defining the
signed dispersive parameter λj = gj/∆j, it is possible to obtain the master equation
reported in [24] that reads

ρ̇ ≈ −i[
∑

j∈{1,2}

ω′
qj

2
Zj, ρ] +

∑
j∈{1,2}

γ1jD[σ
j
−]ρ+

∑
j∈{1,2}

γϕj

2
D[Zj]ρ

+κD[
∑

j∈{1,2}

λjσ
j
−]ρ+

∑
x,y∈F2

2

(Γxy
d − iA

xy
c )ΠxρΠy ≡ Lρ

(2.60)

where D[f ](·) = f(·)f †−{f †f, (·)} is the dissipator, Πx is the projector into the subspace
defined by the state |x⟩, κ is the photon decay rate and represents the coupling between
the resonator and the transmission line needed to perform the readout, γ1j is the relax-
ation rate of the j-th qubit and γϕj

is the pure dephasing rate of the j-th qubit. The
fourth term represents the Purcell damping at rate λ2jκ and the fifth term contains the
measurement induced dephasing Γxy

d and the ac-Stark shift Axy
c . Equation 2.60 is a good

approximation under the hypothesis κ/2 >> γ1j , which is easily satisfiable.

2.5 Resonator states during the readout

Another important aspect to keep in mind for our study is that if we apply a drive at
frequency ωm to a resonator then under the RWA it will always stay in a coherent state,
which is defined by the displacement operator D̂ and a complex number α applied to the
vacuum state of the resonator |0⟩ as follows:

|α⟩ = D̂(α) |0⟩ = e−|α|2
+∞∑
n=0

αn

√
n!
|n⟩ , D̂(α) = eαa

†−α∗a . (2.61)

If we connect some qubits, in our case two, to the resonator satisfying the hypothesis
of the dispersive regime, then α will be a quantity dependent from the qubit states, hence
the general final state |Φ⟩ will be something of the following form:

|Φ⟩ =
∑
i,j∈F2

xij |ij, αij⟩ . (2.62)

Following Lalumière et al.[24] the coherent state parameter αx relative to the qubit state
|x⟩ can be computed solving the following differential equation:

α̇x = −i(ωr + χx)αx − iϵm(t)e−iωmt − κ

2
αx, x ∈ F2

2 (2.63)

where χx = ⟨x|
∑

j χ
jZj|x⟩ will be named qubit-state-dependent dispersive shift. The

coherent state parameter is very important for our purposes because it appears in the
formula for the computation of the measurement induced dephasing and in the ac-Stark
shift according to the following relations

Γxy
d = (χx − χy)ℑ[αxα

∗
y] (2.64)

Axy
c = (χx − χy)ℜ[αxα

∗
y] (2.65)

where ℑ and ℜ are respectively the imaginary part and the real part of their argument.





Chapter 3

Error models for direct dispersive
measurements

In every physical realization of quantum computers the biggest problems are always
stochastic and/or systematic errors. There are plenty of error mechanism that could
be considered; in our compact error model we are going to include single-qubit amplitude
damping, single qubit pure dephasing and the two-qubit dephasing within the zero par-
ity subspace of the two-qubit system defined by span{|00⟩ , |11⟩}. We will show in the
following chapter the methods used and implemented.

3.1 Pauli transfer matrix formalism

The Pauli transfer matrix (PTM) formalism [12] consists in a bijection between generic
(bounded) operators acting on an n-qubits Hilbert space H and a set of coefficients. Es-
sentially it is just a decomposition on a (normalized) basis of operators. It is very useful
because it can map equations into linear algebra problems, leading to easier methods to
solve the equations of motion for the density matrices of a quantum system.

We now remind the symplectic definition of the n-qubit Pauli operators:

P (r) = ix
tzX(x)Z(z), r =

(
x
z

)
∈ F2n

2 (3.1)

and their normalized version: P(r) = P (r)/
√
2n. The set {P(r)}r∈F2n

2
is an orthonor-

mal basis for the (bounded) n-qubit operators under the Hilbert-Schmidt inner product
⟨A,B⟩HS = Tr[A†B], hence ∀A : H → H we can write:

A =
∑
r∈F2n

2

χA(r)P(r), χA(r) = ⟨P(r), A⟩HS . (3.2)

This decomposition induces a bijection between the space of (bounded) n-qubit oper-
ators and the χA(r). The vector of the χA(r) is often denoted in the literature with the
notation |A⟩⟩.

Consider now a generic linear mapM that maps (bounded) operators to (bounded)
operators (what in physics we usually call as superoperator). ApplyingM to a (bounded)

37
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operator A we can apply the Pauli decomposition in the codomain to get the following
result:

M(A) =
∑
r∈F2n

2

χM(A)(r)P(r)

and then use the same transformation into the definition of χA to obtain the following
equation:

χM(A)(r) =
∑

r′∈F2n
2

Tr[P(r)M(P(r′)]χA(r
′) .

From this result it is clear we obtained a matrix equation that connects the Pauli basis
representation of the operator A with the Pauli basis representation of the operatorM(A)
such that:

|M(A)⟩⟩ = M̂|A⟩⟩, M̂r,r′ = ⟨P(r)M(P(r′))⟩HS . (3.3)

The matrix M̂ is often referred to as Pauli Transfer Matrix of the operatorM(·). In our
framework it will be very useful to consider |M(ρ)⟩⟩ = |ρ̇⟩⟩ as the time evolution of the
density matrix of the system and associate the PTM to the Lindbladian operator such
that M̂ = L̂.

3.2 Pauli Twirling

Pauli twirling [12] is a method to obtain a PTM− diagonal representation of a (bounded)
superoperator acting on an n-qubits Hilbert space. From a mathematical point of view
it can be seen as a consequence of Shur’s lemma [5][34]. For further readings we also
recommend the appendix of [30].

Consider now the single-qubit case and let E be a completely positive trace preserving
(CPTP) map acting on single-qubit (bounded) operators with associated PTM Ê . It can
be proven that, applying the elements of the Pauli basis before and after the channel E ,
we obtain a new map Etwirl whose PTM representation Êtwirl is a diagonal matrix and can
be obtained as follows:

Êtwirl =
1

4

(
1̂Ê1̂+ X̂ÊX̂ + ẐÊẐ + Ŷ Ê Ŷ

)
(3.4)

where Ê is the PTM of the channel and 1̂, X̂, Ẑ and Ŷ are the PTMs associated to the
four Kraus operators defined by the errors 1, X, Z and Y respectively:

1̂ =


+1 0 0 0
0 +1 0 0
0 0 +1 0
0 0 0 +1

 , Ẑ =


+1 0 0 0
0 +1 0 0
0 0 −1 0
0 0 0 −1

 ,

X̂ =


+1 0 0 0
0 −1 0 0
0 0 +1 0
0 0 0 −1

 , Ŷ =


+1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 +1


(3.5)
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The same holds for the n-qubits case where, considering E as a CPTP map acting on
n-qubits (bounded) operators and representing the Paulis with the symplectic notation
the following equation holds:

Êtwirl =
1

22n

∑
r∈F2n

2

P̂ (r)ÊP̂ (r) . (3.6)

This technique from a theoretical perspective is actually very powerful but once we
connect it to real applications it is an approximation because we are not able to realize
perfect elements of the Pauli basis. In this project we are going to use the Pauli Twirling
which is a de-facto standard in modern QEC papers.

3.2.1 Why do we need a diagonal PTM?

To appreciate the power of having a diagonal PTM, consider now a generic stochastic
Pauli channel (SPC), or stochastic Pauli noise, [12] applied to an operator A:

EPauli(A) =

1−
∑

r∈F2n
2 \0

pr

A+
∑

r∈F2n
2 \0

prP (r)AP (r) . (3.7)

The PTM of this channel is diagonal and so we can obtain an SPC from a generic diagonal
PTM. To prove this property we just have to compute straightforwardly the PTM of the
SPC using the Pauli basis definition and obtain the following result:

ÊPauli [ri, rj] =

1−
∑

r∈F2n
2 \0

(
1− (−1)⟨ri,r⟩Ω

)
pr

 δri,rj (3.8)

where ⟨ri, r⟩Ω is the symplectic inner product defined in Appendix C. Equation 3.8 proves
the claim and leads to the single qubit case:

Ên=1
Pauli =


1 0 0 0
0 1− 2(p1|0 + p1|1) 0 0
0 0 1− 2(p0|1 + p1|1) 0
0 0 0 1− 2(p0|1 + p1|0)

 . (3.9)

It is important to state that the previous matrix have been written within the Pauli
basis ordered by counting the decimal value associated to the symplectic vector r, hence
the order is the following 1, Z,X, Y . From now on the all the PTM will be written in the
Pauli basis ordered with this procedure that can be generalized to n-qubits; for example
for n = 2 it will start the following way: 1⊗ 1,1⊗ Z,Z ⊗ 1, Z ⊗ Z,1⊗X,1⊗XZ etc.
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For completeness, we report also the diagonal elements of the 2-qubit case. For sim-
plicity the symplectic representation of Pauli operators x2x1|z2z1 has been converted to
their corresponding decimal representation.



Ên=2
Pauli(0) = 1

Ên=2
Pauli(1) = 1− 2(p4 + p5 + p6 + p7 + p12 + p13 + p14 + p15)

Ên=2
Pauli(2) = 1− 2(p8 + p9 + p10 + p11 + p12 + p13 + p14 + p15)

Ên=2
Pauli(3) = 1− 2(p4 + p5 + p6 + p7 + p8 + p9 + p10 + p11)

Ên=2
Pauli(4) = 1− 2(p1 + p3 + p5 + p7 + p9 + p11 + p13 + p15)

Ên=2
Pauli(5) = 1− 2(p1 + p3 + p4 + p6 + p9 + p11 + p12 + p14)

Ên=2
Pauli(6) = 1− 2(p1 + p3 + p5 + p7 + p8 + p10 + p12 + p14)

Ên=2
Pauli(7) = 1− 2(p1 + p3 + p4 + p6 + p8 + p10 + p13 + p15)

Ên=2
Pauli(8) = 1− 2(p2 + p3 + p6 + p7 + p10 + p11 + p14 + p15)

Ên=2
Pauli(9) = 1− 2(p2 + p3 + p4 + p5 + p10 + p11 + p12 + p13)

Ên=2
Pauli(10) = 1− 2(p2 + p3 + p6 + p7 + p8 + p9 + p12 + p13)

Ên=2
Pauli(11) = 1− 2(p2 + p3 + p4 + p5 + p8 + p9 + p14 + p15)

Ên=2
Pauli(12) = 1− 2(p1 + p2 + p5 + p6 + p9 + p10 + p13 + p14)

Ên=2
Pauli(13) = 1− 2(p1 + p2 + p4 + p7 + p9 + p10 + p12 + p15)

Ên=2
Pauli(14) = 1− 2(p1 + p2 + p5 + p6 + p8 + p11 + p12 + p15)

Ên=2
Pauli(15) = 1− 2(p1 + p2 + p4 + p7 + p8 + p11 + p13 + p14)

(3.10)

3.3 Solutions of the Lindblad master equation via

PTM

The quantum systems we study constantly interact with the environment and the total
Hilbert space of the universe can be described as H = HS ⊗ HE. The evolution of the
complete density operator ρ is completely described by the total Hamiltonian H and the
Liouville-Von Neumann equation:

ρ̇ = −i [H, ρ] . (3.11)

This equation can be derived straightforwardly from the Schrödinger equation like in [4].
Tracing out the environment via partial trace and assuming Markovian evolution one can
obtain the Lindblad master equation:

ρ̇ = −i[Heff , ρ] +
∑
k

D[Lk](ρ), D[Lk](ρ) = LkL
†
k −

1

2

{
L†
kLk, ρ

}
. (3.12)

where D is usually referred to as the dissipator, the {Lk} are the jump operators and Heff

is an effective Hamiltonian.
In the literature it is usually expressed in a more compact way defining the Lindbladian
operator such that

ρ̇ = L(ρ). (3.13)

We are interested in studying amplitude damping and pure dephasing processes, so we do
not care about the coherent evolution given by the commutator. For this reason we are
going to study the following master equation:

ρ̇ =
∑
k

D[Lk](ρ). (3.14)

If we assume time independent jump operators, equation 3.14 can be seen as equation
3.12 in a reference frame that is rotating coherently with the dynamics associated to Heff .
Other possibilities could be a special case where the commutator is zero or simply an
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approximation.

Thanks to the PTM formalism we can map this equation to linear algebra problems
and so it is possible to obtain a simpler method to solve the equation of motion. To
achieve this mapping we can apply expansion 3.2 to the density matrix and thanks to the
linearity of Lindblad’s equation we get the following equality:∑

r∈F2n
2

P(r)χ̇ρ(r) =
∑
r∈F2n

2

(
LkP(r)L†

k −
1

2

{
L†
kLk,P(r)

})
χρ(r) .

Once we obtained this form of the master equation we can project it on P(r) via the
Hilbert-Schmidt inner product, hence we get the PTM version of the Lindblad master
equation:

χ̇ρ(ri) =
∑

rj∈F2n
2

{∑
k

(
Tr
[
P(ri)LkP(rj)L

†
k

]
− 1

2
Tr
[
P(ri)

{
L†
kLk,P(rj)

}])
χρ(rj)

}
.

(3.15)
Defining the PTM matrix associated to the Lindbladian as

Lij =
∑
k

(
Tr
[
P(ri)LkP(rj)L

†
k

]
− 1

2
Tr
[
P(ri)

{
L†
kLk,P(rj)

}])
(3.16)

we can write the general result that will be useful in all our calculations: the Lindblad
master equation written in the PTM formalism:

|ρ⟩⟩ = L|ρ⟩⟩ . (3.17)

This equation can then be integrated to obtain the following formal solution

|ρ(t)⟩⟩ = eL(t−t0)|ρ(t0)⟩⟩ (3.18)

where eL(t−t0) is the evolution operator associated to the quantum channel. Now we have
all the tools to solve the Lindblad equation using the PTM representation.

3.3.1 Single-qubit amplitude damping

Consider now a single qubit whose Markovian dynamics is fully described by a single
jump operator L =

√
γ1σ−, where γ1 = 1/T1 is the inverse of the relaxation time and

σ− = |0⟩ ⟨1|. This choice for the definition fixes the ground state to |0⟩ and the excited
state to |1⟩ but it is a completely arbitrary choice. We invite the reader to consult [26]
for a non-PTM approach to obtain the solution.

With the highlighted definitions, the master equation for the qubit reads:

ρ̇ = γ1

(
σ−ρσ+ −

1

2
{σ+σ−, ρ}

)
. (3.19)

From equation 3.16 the PTM matrix of the Lindbladian takes the form:

Lij = γ1

(
Tr
[
P(ri)σ−P(rj)σ+

]
−1

2
Tr
[
P(ri){σ+σ−,P(rj)}

])
=

=
γ1i

xizi+xjzj

2

(
Tr [XxiZziσ−X

xjZzjσ+]−
1

2
Tr [XxiZzi {σ+σ−, XxjZzj}]

) (3.20)
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We can now observe that σ± = 1
2
(X ∓ iY ) and using the algebra of the Pauli matrices,

after some tedious calculations, we can obtain the following general form:

Lij =
γ1i

xizi+xjzj

8
δxi,xj

{2(−1)xjziδzi,zj ((−1)zj(1 + (−1)xj)− 2)+

+2δzi,z̄j
(
(−1)zj+xjzi − (−1)zi+xizj + (−1)xj(1+zi) (1 + (−1)xj)

)
} .

(3.21)

If the basis is ordered counting in binary arithmetic the symplectic vector, then 3.21
corresponds to the following 4× 4 matrix:

L =


0 0 0 0
γ1 −γ1 0 0
0 0 −γ1/2 0
0 0 0 −γ1/2

 (3.22)

and we obtain the following four equations:
χ̇ρ(0|0, t) = 0

χ̇ρ(0|1, t) = γ1χρ(0|0, t)− γ1χρ(0|1, t)
χ̇ρ(1|0, t) = −γ1

2
χρ(1|0, t)

χ̇ρ(1|1, t) = −γ1
2
χρ(1|1, t)

(3.23)

Assuming to know χρ at t = 0, this set of equations can be easily solved by separating
variable and integrating. With this procedure the solutions are:

χρ(0|0, t) = χρ(0|0, 0)
χρ(0|1, t) = χρ(0|0, 0) (1− e−γ1t) + χρ(0|1, 0)e−γ1t

χρ(1|0, t) = χρ(1|0, 0)e−
γ1
2
t

χρ(1|1, t) = χρ(1|1, 0)e−
γ1
2
t

(3.24)

At this point we can build the evolution matrix for the PTM-represented density operator.
Its expression reads as follows:

eLt =


1 0 0 0

Γ(t) 1− Γ(t) 0 0

0 0
√
1− Γ(t) 0

0 0 0
√

1− Γ(t)

 , Γ(t) = 1− e−γ1t (3.25)

It is clear that there is no SPC associated to this matrix since it is not in diagonal form.
To obtain a compact model our goal is to obtain an SPC, so the next step is to twirl the
channel according to equation 3.4 with Ê = eLt obtaining the following twirled channel:

Êtwirl =


1 0 0 0
0 1− Γ(t) 0 0

0 0
√

1− Γ(t) 0

0 0 0
√
1− Γ(t)

 (3.26)

Comparing equation 3.26 with equation 3.9 we can obtain the values of the probabilities
associated to the Pauli errors solving the linear system and obtain the following mapping
rules: {

p0|1 =
1
2

(
1−

√
1− Γ(t)− Γ(t)

2

)
p1|0 = p1|1 =

Γ(t)
4

(3.27)
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This last result contains a very straightforward physical hint: the x-axis and the y-axis
are identical by simmetry with respect to a process whose only possible event is a σ−
transformation. Another observation is that if t goes to ∞, then Γ(t → ∞) = 1 and so
pr = 1/4 ∀r ∈ F2

2.

3.3.2 Single-qubit pure dephasing

Consider now a single qubit whose Markovian dynamics is fully described by the jump
operator L =

√
γϕ/2Z, where γϕ is the dephasing rate. With this definition of the

Lindbladian, the master equation for the qubit reads:

ρ̇ =
γϕ
2
(ZρZ − ρ) . (3.28)

As for the amplitude damping case, we want the PTM representation of the Lindbladian.
To get it we use equation 3.16 applying the Pauli matrices’ properties to obtain:

Lij =
γϕ
2

(
Tr
[
P(ri)Z P(rj)Z

]
−Tr

[
P(ri)P(rj)

])
=
γϕ
2

(
(−1)xi − 1

)
δxi,xj

δzi,zj (3.29)

or, in matrix form using the Pauli basis ordered by increasing binary digits:

L = −


0 0 0 0
0 0 0 0
0 0 γϕ 0
0 0 0 γϕ

 (3.30)

This time we are lucky because the PTM Lindbladian is diagonal. This implies that the
evolution operator eLt can be trivially computed via Taylor expansion as:

eLt =
+∞∑
n=0

(Lt)n

n!
=

+∞∑
n=0

3∑
k=0

(Lkk |rk⟩ ⟨rk| t)n

n!
=

=
3∑

k=0

eLkkt |rk⟩ ⟨rk| =


1 0 0 0
0 1 0 0
0 0 e−γϕt 0
0 0 0 e−γϕt


(3.31)

where |rk⟩ are the elements of the canonical basis of F2
2 written in symplectic notation.

Equation 3.31 leads to the solution for the four components of the PTM representation
of the density matrix: 

χρ(0|0, t) = χρ(0|0, 0)
χρ(0|1, t) = χρ(0|1, 0)
χρ(1|0, t) = χρ(1|0, 0)e−γϕt

χρ(1|1, t) = χρ(1|1, 0)e−γϕt

(3.32)

From 3.31 we see the PTM associated to the evolution of the state in this channel is
diagonal; hence a bijection between it and a SPC exists and it can be checked it is defined
by the following probabilities to plug in 3.7:{

p0|1 = (1− e−γϕt) /2

p1|0 = p1|1 = 0
(3.33)



CHAPTER 3. ERROR MODELS FOR DIRECT DISPERSIVE MEASUREMENTS 44

3.3.3 Two-qubits even-parity subspace pure dephasing

Considering now cQED platforms for quantum computing, in the dispersive parity mea-
surement of weight-2 parity check operators there is a measurement induced dephasing
within the even-parity subspace Heven = span (|00⟩ , |11⟩) as can be deduced from [24].
The Markovian dynamics of this system can be described by a Lindblad equation defined
by the jump operator:

L =

√
γeven
2

Zeven, Zeven = |00⟩ ⟨00| − |11⟩ ⟨11| . (3.34)

For the sake of simplicity in the following calculation we are going to shorten the notation
in the following way even→ e.
We can now write the master equation as:

ρ̇ =
γe
2

(
ZeρZe −

1

2
{Πe, ρ}

)
, Πe = Z2

e = |00⟩ ⟨00|+ |11⟩ ⟨11| . (3.35)

Note that Πe is the projector onto the even-parity subspace.
Using now equation 3.16 and Pauli matrices’ properties we can get the following equations
for the elements of the PTM of the Lindladian:

Lij =
γe
2

(
Tr

[
P(ri)ZeP(rj)Ze

]
−1

2
Tr

[
P(ri) {Πe,P(rj)}

])
=

γe
8
ix

t
izi+xt

jzj

(
Tr

[
X(xi)Z(zi)ZeX(xj)Z(zj)Ze

]
−1

2
Tr

[
X(xi)Z(zi) {Πe, X(xj)Z(zj)}

])
.

(3.36)
Now we can obtain the matrix elements of the Lindbladian PTM matrix and, via a
Python-sympy code, we discovered that L matrix is the following block-diagonal matrix:

L =
γe
4



0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 −1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 −1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 −1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 −1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 −1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 −1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 −1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 −1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 −2 0 0 2
0 0 0 0 0 0 0 0 0 0 0 0 0 −2 −2 0
0 0 0 0 0 0 0 0 0 0 0 0 0 −2 −2 0
0 0 0 0 0 0 0 0 0 0 0 0 2 0 0 −2



(3.37)

To obtain now the channel matrix eLt, we need to solve all the sixteen differential equa-
tions defined by the Lindblad equation in PTM form: |ρ̇⟩⟩ = L|ρ⟩⟩. Luckily, the matrix is
block-diagonal. The first 12× 12 block – from equation 0 to equation 11 – can be solved
just like in the single qubit pure dephasing case writing the exponential with its Taylor
expansion; from this procedure we get a constant solution for the first four equations and
a decaying exponential for the following eight equations. The last 4×4 block can be solved
summing and subtracting the coupled equations; here below the method for equation 12
and equation 15 is explained.
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Consider the coupled equations:{
χ̇ρ(r, t) =

γe
2
χρ(r̃, t)− γe

2
χρ(r, t)

χ̇ρ(r̃, t) =
γe
2
χρ(r, t)− γe

2
χρ(r̃, t)

(3.38)

Now sum and subtract the two equations to obtain the following equivalent system of
equations: {

χ̇ρ(r, t) + χ̇ρ(r̃, t) = 0

χ̇ρ(r, t)− χ̇ρ(r̃, t) = γeχρ(r̃, t)− γeχρ(r, t)
(3.39)

Integrating in dt the first equation and applying the conditions at t = 0, we obtain the
equation:

χρ(r, t) + χρ(r̃, t) = c+, c+ = χρ(r, 0) + χρ(r̃, 0) .

Regarding the second equation, it is practical to define the following auxiliary function
χ∆(t) = χρ(r, t)− χρ(r̃, t), such that the equation to solve can be written as:

χ̇∆(t) = γeχ∆(t)

hence, the solution is just a decaying exponential:

χ∆ = c∆e
−γet, c∆ = χρ(r, 0)− χρ(r̃, 0) .

From these simple steps we obtained the following algebraic system to solve:{
χρ(r, t) + χρ(r̃, t) = χρ(r, 0) + χρ(r̃, 0)

χρ(r, t)− χρ(r̃, t) = (χρ(r, 0)− χρ(r̃, 0))e
−γet

(3.40)

Now summing and subtracting again the two equations we can straightforwardly get the
solution of the problem:{

χρ(r, t) =
χρ(r,0)+χρ(r̃,0)

2
+ (χρ(r,0)−χρ(r̃,0))

2
e−γet

χρ(r̃, t) =
χρ(r,0)+χρ(r̃,0)

2
− (χρ(r,0)−χρ(r̃,0))

2
e−γet

(3.41)

For equation 13 and 14, the method used is exactly the same; the only difference is a
sign to carry along the calculations. We will just report the starting system of equations:{

χ̇ρ(r̆, t) = −γe
2
χρ(r̂, t)− γe

2
χρ(r̆, t)

χ̇ρ(r̂, t) = −γe
2
χρ(r̆, t)− γe

2
χρ(r̂, t)

(3.42)

and the final solution:{
χρ(r̆, t) =

χρ(r̆,0)−χρ(r̂,0)

2
+ (χρ(r̆,0)+χρ(r̂,0))

2
e−γet

χρ(r̂, t) = −χρ(r̆,0)−χρ(r̂,0)

2
+ (χρ(r̆,0)+χρ(r̂,0))

2
e−γet

(3.43)

From these results we can appreciate that both systems are stable and they converge to
the mean of the starting conditions or to the signed semi-difference between them.

To insert these results in the channel evolution matrix eLt we need to properly order
the terms; isolating the terms in χρ(r, t) and χρ(r̃, t) we obtain, for equations 12 and 15:{

χρ(r, t) = χρ(r, 0)
(
1
2
(1 + e−γet)

)
+ χρ(r̃, 0)

(
1
2
(1− e−γet)

)
χρ(r̃, t) = χρ(r, 0)

(
1
2
(1− e−γet)

)
+ χρ(r̃, 0)

(
1
2
(1 + e−γet)

) (3.44)
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while for equations 13 and 14:{
χρ(r̆, t) = χρ(r̆, 0)

(
1
2
(1 + e−γet)

)
− χρ(r̂, 0)

(
1
2
(1− e−γet)

)
χρ(r̂, t) = −χρ(r̆, 0)

(
1
2
(1− e−γet)

)
+ χρ(r̂, 0)

(
1
2
(1 + e−γet)

) (3.45)

Defining now the quantities

Γe = e−
γet
4 , Γ+

e =
1 + e−γet

2
, Γ−

e =
1− e−γet

2
(3.46)

we can finally write the channel matrix made of the four constant solutions, the eight
decaying solutions and the two couples of coupled equations to satisfy |ρ(t)⟩⟩ = eLt|ρ(0)⟩⟩
as:

eLt =



1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 Γe 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 Γe 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 Γe 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 Γe 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 Γe 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 Γe 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 Γe 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 Γe 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 Γ+

e 0 0 Γ−
e

0 0 0 0 0 0 0 0 0 0 0 0 0 Γ+
e −Γ−

e 0
0 0 0 0 0 0 0 0 0 0 0 0 0 −Γ−

e Γ+
e 0

0 0 0 0 0 0 0 0 0 0 0 0 Γ−
e 0 0 Γ+

e



(3.47)

In our compact model, as we did for the amplitude damping, we assume the validity of
Pauli twirling to remove the off-diagonal terms and obtain the final SPC of the compact
model as:

eLttwirl =



1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 Γe 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 Γe 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 Γe 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 Γe 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 Γe 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 Γe 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 Γe 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 Γe 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 Γ+

e 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 Γ+

e 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 Γ+

e 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 Γ+

e



(3.48)

This matrix has also been checked thanks to a Python-sympy code.
Comparing now the generic expression for a 2-qubit SPC 3.10 with the twirled channel

matrix 3.48 and solving the linear system for the fifteen probabilities via Python-sympy
we obtain the following result:

p(1) = 1
8
(1− e−γet)

p(2) = 1
8
(1− e−γet)

p(3) = 1
8
(3 + e−γet − 4e−

γet
4 )

p(i ∈ {4, 5, ..., 14, 15}) = 0

(3.49)



Chapter 4

Study of the compact model

The goal of the thesis is to set the basics for the development of a compact model to
be implemented in error correcting cycles simulations or to be a starting point to study
new error-aware error correcting codes. For this purpose, the model has to be simple
yet somehow realistic catching a sweet spot between complexity and precision. In this
chapter most of the ideas developed will be highlighted and explained referencing to results
obtained or reported in previous chapters. Some hints on future developments will be also
highlighted during the discussion.

4.1 Study of the coherent state parameter

As explained in section 2.5, to obtain the coherent state parameter αx for the two-qubit
direct readout we need to solve equation 2.63 which we also report here:

α̇x = −i(ωr + χx)αx − iϵm(t)e−iωmt − κ

2
αx

This equation can be analysed both analytically 4.1.1 and numerically 4.1.2. It is possible
to obtain an analytical solution of the equation for a resonator drive envelope defined
by a boxcar function. The solution will then be verified numerically and, thanks to the
generality of the Python code written, the equation will also be solved for an envelope
defined by a flat-top Gaussian function. This type of envelope is more similar to the
ones used for real readout experiments and it is enhancing the slope to get to its regime
condition. It will be also interesting to observe the difference in the dynamics between
the ideal envelope and the more realistic one.

4.1.1 An analytical solution for the αx equation

Consider now the coherent state parameter equation 2.63, and let ϵm(t) be defined by the
boxcar function

ϵm(t) = Aχℓ

(
t− ℓ

2

)
=


0, t < 0

A, t ∈ [0, ℓ]

0, t > ℓ

(4.1)

47
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or, graphically

t

ϵm(t)

0 ℓ

A

To have cleaner calculations we now define the variable ηx = k
2
+ i(ωr + χx), hence the

coherent state equation becomes

α̇x(t) = −ηx αx(t)− iϵm(t)e−iωmt .

We now impose the boundary condition αx(t = 0) = 0. This last condition is set because
we suppose that at the beginning of the process there are no photons in the resonator,
hence we are doing a small approximation compared to the real case. It can be noticed
that, even if we had an initially non-zero number of photons in the cavity, the solution
would be the same up to a translation due to the coherent state parameter at t = 0.
To solve the equation the Laplace transform can be used so we remind the reader its
definition and the inversion formula:

Y (s) = L{y}(s) =
ˆ +∞

0

y(t)e−stdt

y(t) = L−1{Y }(t) = 1

2πi
lim

T→+∞

ˆ γ+iT

γ−iT

Y (s)estdt

where the straight line that defines the integration domain of the inversion formula must
be in the region of convergence of the Laplace transform.

Now we can apply the Laplace transform to the coherent state parameter equation and,
reminding that L{ẏ}(s) = sY (s) − y(t = 0), we obtain the following algebraic equation
in the Laplace domain:

sα̃x(s) + ηx α̃x(s) = −iL{ϵm(t)e−iωmt}(s) . (4.2)

The Laplace transform of the drive impulse can be computed applying the definition of
the box car function and standard integration rules for exponentials; the result obtained
is the following:

L{ϵm(t)e−iωmt}(s) = A(1− e−(iωm+s)ℓ)

iωm + s

hence we can write the expression for α̃x(s) as follows

α̃x(s) =
−iA(1− e−(iωm+s)ℓ)

(iωm + s)(ηx + s)
. (4.3)

Looking at the poles of this equation one could think that there is some kind of metasta-
bility for the pole at ℜ = 0, but we can see that this pole gets cancelled by the numerator
that goes to zero in that exact point, hence our system is stable and we will see it in the



CHAPTER 4. STUDY OF THE COMPACT MODEL 49

plots of the solution. To proceed with the solution we now want to write the denominator
in its partial fraction decomposition:

1

(iωm + s)(ηx + s)
=

Ā

(iωm + s)
+

B̄

(ηx + s)
.

The values of Ā and B̄ can be computed with Heaviside’s cover-up method:

Ā = (iωm + s)
1

(iωm + s)(ηx + s)

∣∣∣∣
s=−iωm

=
1

ηx − iωm

B̄ = (ηx + s)
1

(iωm + s)(ηx + s)

∣∣∣∣
s=−ηx

=
−1

ηx − iωm

hence the solution for the coherent state parameter in the Laplace domain takes the form:

α̃x(s) =
−iA

ηx − iωm

[
1− e−(iωm+s)ℓ

iωm + s
+
e−(iωm+s)ℓ − 1

ηx + s

]
. (4.4)

Now we have to anti-transform this expression to obtain the time-domain representation.
This can be easily done by using the linearity of the anti-transform into four easier func-
tions to anti-transform. Defining now u(t) as the Heaviside step function, its Laplace
transform is L{u}(s) = 1/s and we can apply the following properties:

eβtf(t)
L←−→ F (s− β)⇒ L−1

{
1

s− β

}
= e−βtu(t)

f(t−β)u(t−β) L←−→ e−βsF (s)⇒ L−1

{
e−ℓs 1

γ + s

}
= e−γ(t−ℓ)u(t−ℓ)u(t−ℓ) = e−γ(t−ℓ)u(t−ℓ)

and then obtain the final solution for the differential equation

αx(t) =
−iA

ηx − iωm

{
u(t)

[
e−iωmt − e−ηxt

]
+ u(t− ℓ)

[
e−iωmt − e−iωmℓe−ηx(t−ℓ)

]}
. (4.5)

It is interesting to observe the physical drift of this equation because

lim
t→+∞

αx(t)→ 0

hence after dropping down the driving signal the resonator state tends to its vacuum
state.

To check the validity of equation 4.5 it has been plugged in 2.63 and it has been
verified that, in the sense of distributions, the solution is valid. In the next chapter we
will also show a numerical double check for the solution with the boxcar function.

4.1.2 Numerical solutions for the αx equation

To double check the analytical solution and obtain a solution for the coherent state param-
eter for an arbitrary envelope, a numerical simulation code has been developed. The code
solves the equation in a rotating frame which is synchronized with the drive frequency
ωm, hence we defined the rotating frame ᾰx as follows

ᾰx(t) = αx(t)e
iωmt (4.6)
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hence the coherent state equation in this rotating frame becomes:

˙̆αx(t) = (iωm − ηx)ᾰx(t)− iϵm(t) (4.7)

Discretizing now the equation we obtain the following update formula:

ᾰx[n+ 1] = ᾰx[n] + ∆t {(iωm − ηx)ᾰx[n]− iϵm[n]} (4.8)

where ᾰx[n] = ᾰx(n∆t).

To report an example of a solution for this equation we set the following parameters:
κ = 2π · 1.5MHz, g2 = g1 = 15κ, χ1 = χ2 = 3κ and ωr = 2π · 6GHz. Considering now
the envelopes ϵm(t) with amplitude A = κ/2 reported in the next figure

we obtain the following plots for the coherent state parameters in the rotating frame ᾰx(t)

Figure 4.1: Real and imaginary part of αx with x ∈ {00, 11}
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Figure 4.2: Real and imaginary part of αx with x ∈ {10, 01}

From these pictures we can see that our solutions are compatible with what is reported
by Lalumière et al. in [24]: states |00⟩ and |11⟩ have the same imaginary part and opposite
real part while |01⟩ and |10⟩ have the same coherent state parameter. We can clearly
observe that the solution of the equation with a flat top Gaussian impulse has a way
slower slope compared to the boxcar solution and this introduces a sort of delay when the
envelope is turned on together with a lead when the envelope is turned off. The difference
in the starting slope was easily predictable considering that the differential equation is
linear and the flat top Gaussian has a much more localized Fourier spectrum compared to
the cardinal sine of the boxcar function. The delay and the lead were predictable because
at the beginning of the measurement and when the envelope is turned off the FTG is
weaker than the boxcar and so it is like if there was an equivalent effect of delay at the
beginning and lead in the end of the process.

4.2 Analysis of the master equation

The master equation reported by Lalumière et al. in [24] that represents the effective
evolution of the density matrix of the system we are analysing during the readout process
is

ρ̇ ≈ −i[
∑

j∈{1,2}

ω′
qj

2
Zj, ρ] +

∑
j∈{1,2}

γ1jD[σ
j
−]ρ+

∑
j∈{1,2}

γϕj

2
D[Zj]ρ

+κD[
∑

j∈{1,2}

λjσ
j
−]ρ+

∑
x,y∈F2

2

(Γxy
d − iA

xy
c )ΠxρΠy ≡ Lρ

and considering that this is the starting point of the study we decided to simplify a lot
the equation and consider a simpler model that can be refined in future developments.
The methods presented here can be generalized to more complicated models and we will
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explain in the end how to do it. First we decided to fix the single qubit pure dephasing
and single qubit amplitude damping to constant reference values of their rates γ1j and
γϕj

, then we decided to avoid to consider the Purcell damping and the ac-Stark shift.
After these considerations we considered the following dissipative master equation

ρ̇ ≡
∑

x,y∈F2
2

Γxy
d ΠxρΠy . (4.9)

From equation 4.9 we decided to simplify even more to test the workflow on a simpler case.
A more rigorous justification that can lead to 4.13 can be found in Appendix E, while
here we will explain a more intuitive explanation that requires a stronger assumption.

Consider the elements of the master equation 4.9 arising only from the dephsing rate
Γ
00|11
d = Γ

11|00
d . Observing now that {

Π00 =
Πe+Ze

2

Π11 =
Πe−Ze

2

(4.10)

we can rewrite equation 4.9 as

ρ̇ = −Γ
00|11
d

2
(ZeρZe − ΠeρΠe) . (4.11)

Assuming now our state to be in the subspace span{|00⟩ , |11⟩}, the application of Πe is
like an identity, hence we get the following equation

ρ̇ = −Γ
00|11
d

2
(ZeρZe − ρ) . (4.12)

This last equation cannot be cast into a standard Lindblad equation defined by jump
operators, hence we decided to stick to a similar model defined by the jump operator Ze

obtaining the following master equation

ρ̇ =
γe
2

(
ZeρZe −

1

2
{Πe, ρ}

)
(4.13)

which is the equation we studied in 3.3.3. This equation represents only an even-parity
subspace dephasing; the reason why we are not considering an odd-parity subspace de-
phasing is that we are assuming that χ1 = χ2 and this leads to Γ

01|10
d = 0. Applying now

the Pauli twirling method, the equivalent SPC of the model results to be defined by the
following three mutually exclusive errors: Z ⊗ 1, 1⊗Z and Z ⊗Z with the probabilities
we derived in equation 3.49 that we remark:{

p(1) = p(Z ⊗ 1) = p(2) = p(1⊗ Z) = 1
8
(1− e−γet)

p(3) = p(Z ⊗ Z) = 1
8
(3 + e−γet − 4e−

γet
4 )

(4.14)

To compute these probabilities we assumed γe = −Γ00|11
d to have a first order estimation of

the parameter. The sign is due to the fact that the master equation written in Lalumière’s
paper [24] is not written in Lindblad form (defined by a set of jump operators) and

expanding the terms it can be seen that Γ
00|11
d is negative, hence must be taken positive.
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Estimation of the even-parity dephasing rate

From the solution of equation 2.63 it is clear that Γxy
d is time-dependent during the

measurement. To obtain a first model we can just assume the measurement time is
sufficiently large that for most of the time the coherent state parameter is in its regime
value, hence from equation 4.5 we can approximate αx to its steady value:

αsteady
x =

−iA
ηx − iωm

eiξ (4.15)

where ξ is a time dependent phase. This implies that we can express γe as follows

γe ≈ −(χ00 − χ11) ℑ
[

A2

(η00 − iωm)(η∗11 + iωm)

]
. (4.16)

From the last equation we observe that

ℑ
[

A2

(η00 − iωm)(η∗11 + iωm)

]
= − A2∆χκ/2

((k/2)2 +∆2
ω +∆ωχΣ + χΠ)2 + (∆χκ/2)2

with ∆ω = ωr − ωm, ∆χ = χ00 − χ11, χΣ = χ00 + χ11, χΠ = χ00χ11; this implies that:

γe =
A2∆2

χκ/2

((κ/2)2 +∆2
ω +∆ωχΣ + χΠ)2 + (∆χκ/2)2

. (4.17)

In our specific case, we set ωr = ωm and χ00 = −χ11 ≡ χ̃ = χ1 + χ2 = 2χ holds, hence:

γe =
A22χ̃2κ

((κ/2)2 − χ̃2)2 + (χ̃κ)2
=

8A2χ2κ

(κ2/4− 4χ2)2 + (2χκ)2
. (4.18)

Another slightly more precise estimation could be done considering the average value of
αx during the whole measurement process, but from the plots we can see that the value
will be more or less consistent with the steady state value. Hence we decided to proceed
with the analytical result to help us to formulate closed form expressions.

We report the plot of γe setting κ = χ = 2π · 3MHz sweeping A from zero to 1.4κ.

Figure 4.3: γe plots as a function of drive amplitude A normalized to κ.
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Hints on how to generalize the result in future studies

A possible approach to go beyond the constant rate approximation could be to consider
the PTM expression of the right-hand side of one equation between 3.35,4.9 or even 2.60
and then solve numerically the sixteen differential equations starting from the numerical
or analytical solution of the coherent state equation. Once these equations are solved
we could obtain the matrix elements of the channel matrix in PTM form as numerical
functions, then we must trace out all the off-diagonal elements of the channel matrix
via Pauli Twirling and obtain the desired SPC that defines the error model. For time
constraints this analysis has not been done, but could be a possible way to obtain a more
accurate model.

4.2.1 An estimation of the equivalent error model

To propose a first model we decided to fix the single qubit errors to reference rates that
are common in cQED platforms. To do so we fixed the relaxation time T1 = 250µs and
the pure dephasing rate γϕ = 2π · 3 kHz. Setting now the measurement time to 300ns
and the time interval between one measurement and the next one to 100ns we obtain the
following probabilities associated to single qubit error mechanisms for each measurement
cycle: 

p
γϕ
Z ≈ 0.0038

pγ1Z ≈ 6.28 · 10−6

pγ1X = pγ1Y ≈ 0.0025

(4.19)

Regarding the measurement induced errors, we stick to the constant coherent state pa-
rameter approximation we explained in the previous paragraph and we set χj = κ and
gj = 15κ. Fixing then κ = 2π · 3MHz like we did for the γe plot in Fig. 4.3 we report in
Fig. 4.4 the measurement induced probabilities plots as a function of the drive amplitude
normalized to the photon decay rate κ following equations 4.14:

Figure 4.4: Measurement induced ZZ – the purple line – and Z – the green line – error
probabilities as a function of the drive envelope amplitude normalized to κ.
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From Fig. 4.4 we can clearly see that the higher the amplitude of the envelope the
higher is the error rate. This was predictable because we are interacting a lot more with
the system, hence we are contributing to error mechanisms. Another interesting thing
to observe is that for low amplitudes the dominant error type is the Z error, while for
A ≥ 0.5κ it saturates and the ZZ error takes the lead.

For completeness we also report the plot of the coherent state parameters α00 and α11

that would be needed to compute γe without assuming the steady state approximation.

Figure 4.5: The plots on the left side represent the real and imaginary part of the coherent
state parameter α00 while the plots on the right side represent the real and imaginary part
of the coherent state parameter α11. To obtain the plots we set ωr = 2π · 6GHz.

4.2.2 Threshold simulations for the honeycomb code with the
simplified compact model

To study how the honeycomb code can perform with the previously developed error mod-
els, we used a Python code obtained by introducing some modifications to the script by
Craig Gidney and available on GitHub Gist [9]. This code is based on the library devel-
oped by the same author called Stim [10] and the decoding library developed by Oscar
Higgott [15] and then by Craig Gidney too [16] called Pymatching. Pymatching imple-
ments the Minimum Weight Perfect Matching (MWPM) decoder, which is the stardard
decoder used for surface-like codes. From this implementation we modified the decoding
section, the error model applied to the circuit and the plots section. Regarding the decod-
ing section we decided to stick with the same MWPM decoder used in Gidney’s script and
compared to his solution we changed the graph construction using an automatic method
implemented in Pymatching and we enabled the decoding of correlated errors like the ZZ
errors contained in the compact model of measurement induced errors.

https://gist.github.com/Strilanc/a4a5f2f9410f84212f6b2c26d9e46e24
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In these threshold simulations we decided to set on the x-axis the drive amplitude
normalized to κ because both the ZZ and Z type error probabilities increase with the
envelope amplitude A. The results are obtained simulating eighteen noisy rounds with
perfect measurements and collecting the statistics comparing the predicted result with
the measured result of the vertical outer logical operator O0 1.8 of the honeycomb code
over the results of 104 executions of the error correcting cycles for four different scaling
factors of the square honeycomb tessellation. In the threshold plot in Fig. 4.6 we report
the results obtained with an error model containing both the single-qubit dissipative
processes not associated to the measurement with probabilities fixed and highlighted in
4.19 together with the signal amplitude dependent SPC with probabilities plotted in 4.4
associated to the measurement.

Figure 4.6: Results of the threshold simulation of the honeycomb code decoded with
correlated MWPM with measurement induced even parity subspace dephasing and non-
measurement related single qubit errors.

As we can in the previous figure from the crossing of the curves, the threshold is around
A = 0.095κ and above this value it is no more useful to increase the tessellation of qubits.

We also studied how the noise floor introduced by the single qubit non-measurement
dependent errors impacted on the threshold and the result is Fig. 4.7.
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Figure 4.7: Results of the threshold simulation of the honeycomb code decoded with
correlated MWPM with measurement induced even parity subspace dephasing.

It is clear from the previous figure that the noise we removed had somehow an impact
because the threshold is around A ≈ 0.13κ.





Conclusions

In this thesis we studied how to build error models to be implementable in error correcting
cycles. The methods have been applied to a simplified measurement induced error in
direct weight-2 parity measurements – an even-parity subspace dephasing mechanism –
to extract an equivalent model that has been implemented in an error correcting cycle
simulation of the honeycomb code obtaining a threshold plot that pairs the logical error
rate with the drive amplitude. The expressions of the model for the even-parity subspace
dephasing considered showed that the lower the drive amplitude the more dominant are
the Z-type errors compared to the ZZ-type ones and the opposite for high values of the
amplitude. From the simulation results we can see that the threshold is in the region
where the single qubit Z errors dominate because the crossing of the logical error rates
is at A ≈ 0.095κ. An analysis on the various approximations has been made and some
hints on how to continue the study have been given, for example how to consider time
varying dephasing rates. The workflow we used is quite general and can be applied to a
more general master equation to obtain an equivalent stochastic Pauli channel. Clearly
the study can also be upgraded from the point of view of the Python implementation
considering that the same models can be tested using other type of decoders like BPOSD
or considering also measurement fidelity errors, i.e. when you measure a |1⟩ instead of a
|0⟩ or vice versa. Another very interesting future development could also be to apply this
workflow to a complete master equation to obtain an equivalent error model that captures
the majority of the errors that happen in the system and then propose an error-aware error
correcting code that can surpass the standard error correcting codes for this specific type of
errors. Last but not least, it would be very interesting to do a proper comparison between
the direct dispersive parity measurements we analysed with the standard measurement
done with ancilla qubits.
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Appendix A

Classical linear codes

The goal of this appendix is to compress all the needed knowledge about classical linear
codes used chapter 1 and its contents are based on [26]. All the arithmetic done in this
appendix will be mod2.

A linear code space C encodes k information bits in an n-bit code space; these codes
are also referred as [n, k] linear codes. A common formalism for this type of code is the
so-called Parity check matrix H formalism that can be defined as follows

Let H ∈ F(n−k)×n
2 be the Parity check matrix. The [n, k] code space is defined as

the kernel of H. To ensure the total representation of the 2k codewords the condition
rank(H) = n− k must be verified. This condition is imposed by the rank-nullity theorem
because it states that nullity(H) = dim(Fn

2 ) − rank(H). Hence, to get nullity(H) = k,
rank(H) must be equal to n− k.
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Appendix B

Kraus representation of operators

In this appendix we will derive the formula to obtain the Kraus operator sum represen-
tation of operators, or simply Kraus representation, from a generic Hamiltonian. The
contents of this appendix are completely based on [25] and you can find there more de-
tails on the matter.

Consider the total Hilbert space of a quantum system HSB = HS ⊗ HB where HS

is the Hilbert space associated to the quantum system we are interested in and HB is
the Hilbert space associated to the environment, usually referred to as bath. Suppose
now that the dynamics of the whole system is described by the Hamiltonian HSB. This
Hamiltonian can be decomposed as a sum of three terms such that

HSB = HS ⊗ 1B + 1S ⊗HB +HI (B.1)

where HS and HB are the non interacting Hamiltonians of the system and the bath and
HI is the interaction Hamiltonian. The interaction term can always be written as

HI =
∑
α

Sα ⊗Bα (B.2)

in which Sα and Bα are operators acting respectively on HS and HB. From Hamiltonian
B.1 it is possible to obtain the unitary time evolution operator, often referred to as the
propagator, that we indicate with U such that we can express the evolution of the system-
bath density operator from time t = 0 to a generic time t as follows:

ρSB(t) = U(t)ρSB(0)U
†(t) . (B.3)

To isolate from the total evolution the informations about the system S we are interested
in and obtain the so-called reduced density operator ρS we need to apply the partial trace
operator. Choosing now, for example, a basis of HB denoted as {µB}µ we define the
partial trace operator with respect to HB as

TrB[·] =
∑
µ

⟨µB| · |µB⟩ (B.4)

hence the reduced density operator of the system S reads:

ρS(t) = TrB[U(t)ρSB(0)U
†(t)] . (B.5)
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Assuming now that for t = 0 the system is completely decoupled from the bath such that:

ρSB(0) = ρS(0)⊗ ρB(0) (B.6)

where ρS and ρB are the reduced density operators obtained applying respectively the
partial trace operators respect to HB and HS to ρSB, we can compute the reduced density
operator of the system S at time t as follows:

ρS(t) =
∑
µ

⟨µB|U(t) (ρS(0)⊗ ρB(0))U †(t) |µB⟩ =

∑
µ

⟨µB|U(t)

(
ρS(0)⊗

∑
ν

λν |νB⟩ ⟨νB|

)
U †(t) |µB⟩ =

∑
a=(µ,ν)

Ea ρS(0)E
†
a

(B.7)

where the reduced density matrix of the bath at t = 0 has been expanded via spectral
decomposition as ρB(0) =

∑
ν λν |νB⟩ ⟨νB| and the operators Ea which are defined by

Ea =
√
λν ⟨µB|U |νB⟩ are denoted as Kraus operators. After these consideration we can

state that once we know the Kraus operators Ea associated to a system-bath Hamiltonian,
the associated quantum channel E is completely characterized.



Appendix C

Symplectic representation

In this appendix we will introduce the symplectic representation: this particular way of
expressing Pauli operators is very useful because it maps the study of non-commutative
matrices to simple operations between binary vectors. The contents of this chapter are
inspired from [26], but we also suggest to the reader to check the appendix A in the recent
work from Jin Ming Koh et al. [22].

Consider now the single qubit Pauli operators:

1 =

(
+1 0
0 +1

)
, Z =

(
+1 0
0 −1

)
,

X =

(
0 +1
+1 0

)
, Y =

(
0 −i
+i 0

)
.

(C.1)

We define the single-qubit Pauli group G1 [26] as:

G1 = {±1,±i1,±X,±iX,±Z,±iZ,±Y,±iY } = ⟨X,Z, Y ⟩ . (C.2)

Observing now that the relations XY Z = i1 and X2 = Z2 = Y 2 = 1 hold, we can
think about representing a Pauli operator with only two of the Four Pauli operators as
a product of two independent Paulis multiplied by a phase. It turns out that, defining
r = (x, z)t ∈ F2

2, we can express a single qubit Pauli operator as:

P (r) = P (x|z) = ixzXxZz (C.3)

this last equation maps the single qubit Pauli operators in a binary vector r ∈ F2
2 which is

called symplectic vector or symplectic representation of the single-qubit Pauli operators.
This concept can be simply generalized to the n-qubit Pauli operators such that:

P (r) = P (x|z) = ix
tzX(x)Z(z), r =

(
x
z

)
∈ F2n

2 . (C.4)

In this last definition X(x) and Z(z) are constructed by the following expressions:

X(x) =
⊗

j∈{1,...,n}

Xxj , Z(z) =
⊗

j∈{1,...,n}

Zzj (C.5)

where xj and zj represent the j-th component of the x-part and the z-part of the n-qubit
symplectic vector r.
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The n-qubit Pauli group can then be cast in a symplectic fashion as follows:

Gn = {ikP (r) : r ∈ F2n
2 , k ∈ {0, 1, 2, 3}} . (C.6)

Within the symplectic representation we can also map the study of the commutativity
of Pauli operators to a particular binary inner product called symplectic inner product.
First of all we need to define the so-called symplectic matrix associated to the n-qubit
Pauli group Ωn as follows:

Ωn =

(
0n×n 1n×n

1n×n 0n×n

)
(C.7)

where 0n×n is an n× n matrix full of zeros and 1n×n is the n× n identity matrix.
Let now r and s be elements of F2n

2 , we can define the symplectic inner product
between them as follows:

⟨r, s⟩Ω = rt Ωn s mod 2 . (C.8)

Now suppose that r and s are the symplectic representations of two n-qubit Pauli opera-
tors; it is easy to verify that if ⟨r, s⟩Ω = 0 then [P (r), P (s)] = 0 while if ⟨r, s⟩Ω = 1 then
{P (r), P (s)} = 0.



Appendix D

Useful notions for quantum error
correction

The goal of this appendix is simply to report some important results used in chapter 1
for the derivation of other theorems or for doing some considerations regarding quantum
error correcting codes. The concepts are based on [26], [25] and [17]; we suggest the reader
to consult them for more details.

Definition D.0.1 ([17], [25]). Consider a group A and a set B such that B ⊆ A, we
define the centralizer of B in A the set:

CA(B) = {a ∈ A : ∀b ∈ B, ab = ba} . (D.1)

If A = B, then the centralizer CA(A) is called center and is denoted as C(A).

Definition D.0.2 ([17], [25]). Consider a group A and a set B such that B ⊆ A, we
define the normalizer of B in A the set:

NA(B) = {a ∈ A : a−1B a = a} . (D.2)

If A = U(2n), with U(2n) being the unitary group on n qubits, and B = Gn then the
normalizer NU(2n)(Gn) is called the Clifford group and his elements are referred to as
Clifford operators.

Theorem D.0.1 (Unitary freedom in Kraus representation [26]). Let E and F
be quantum operations that can be written in Kraus representation respectively with the
error operators {Ej}j∈{1,...,m} and {Fk}k∈{1,...,n} and to ensure m = n append zeros to the
shorter list. Then we can state that E = F if and only if exists a unitary matrix U made
of ujk ∈ C such that Ej =

∑
k ujkFk.

Theorem D.0.2 (Polar decomposition [26]). Consider A to be a linear operator acting
on a vector space H, then it is possible to decompose it in the product of a unitary operator
U and one of the unique operators R =

√
A†A or L =

√
AA† such that:

A = UR = LU . (D.3)

We can also state that if A is an invertible operator then the unitary operator U is unique.

Lemma D.0.3 ([26]). Let S = ⟨s1, ..., sm⟩ be a subgroup of the Pauli group Gn generated by
the set of independent elements {sj}j∈{1,...,m} such that −1 /∈ S. Then ∀i ∈ {1, ...,m}∃g ∈
Gn such that:

gsig
† = −si, ∧ gsjg

† = sj ∀j ̸= i (D.4)

72



APPENDIX D. USEFUL NOTIONS FOR QUANTUM ERROR CORRECTION 73

Theorem D.0.4 (Code dimension of a stabilizer code [26]s). Let S = ⟨s1, ..., sn−k⟩
be a stabilizer group generated the the set of n− k independent generators {sj}j∈{1,...,n−k}.
The dimension of the code space L(S) is 2k, hence we can represent k logical qubits.

Proof. Let x ∈ Fn−k
2 and define an associated projector:

Px
S =

1

2n−k

n−k∏
j=1

(1+ (−1)xjsj)

where xj is the j-th element of x and it is immediate to observe that setting x = 0 we
obtain the projector on the code space defined by the +1 eigenspaces of the generators of
S. Applying now lemma D.0.3 we can choose proper elements gx ∈ Gn to construct the
projector associated to a particular element of Fn−k

2 with the following expression:

Px
S = gxP0

Sg
†
x

hence the dimension of the vector space where the Px
S project the state is the same

∀x. We can now state that these projectors are always orthogonal with the following
consideration. Consider the expression

Px
SPx’

S =
1

22(n−k)

n−k∏
j=1

n−k∏
ℓ=1

(1+ (−1)xjsj)(1+ (−1)x′
ℓsℓ),

setting j = ℓ we can observe that if xj ̸= x′j then the product is zero, hence the projectors
are orthogonal. To finally end the proof of the theorem consider the product of the already
defined 2n−k projectors such that:

∑
x∈Fn−k

2

Px
S =

1

2n−k

∑
x∈Fn−k

2

n−k∏
j=1

(1+ (−1)xjsj) = 1

hence we got 2n−k projectors that project on a vector space with the same number of
dimensions of the code space L(S) and that form a resolution of the identity, hence
dim(L(S)) = 2n

2n−k = 2k.



Appendix E

A more rigorous error model

Throughout this appendix we will expose a rigorous calculation starting from equation 4.9
for the case of identical qubits with identical coupling capacitances with the redonator,
hence the dispersive shifts are identical as well. The result of this appendix will justify
why we are doing this preliminary study on the simpler model highlighted in 3.35. The
final error probabilities of the SPC associated to this rigorous model have the same form
of the ones obtained starting 3.35 and reported in 3.49. The workflow we are going to use
now is the same used in chapter 3.

Consider equation 4.9 obtained isolating the two-body part of equation 2.60 neglecting
the ac-Stark shift

ρ̇ =
∑

x,y∈F2
2

Γxy
d ΠxρΠy ≡ L̃ρ

where L̃ will be referred to as pseudo-Lindbladian because it is a truncation of the com-
plete Lindbladian operator. We can write the element of the PTM form of the pseudo-
Lindbladian as

L̃ij =
ix

t
izi+xt

jzj

4

∑
x,y∈F2

2

Γxy
d Tr[X(xi)Z(zi)ΠxX(xj)Z(zj)Πy] (E.1)

From 2.64 Γxy
d = (χx − χy)ℑ[αxα

∗
y] = Γyx

d , hence if x = y then Γxx
d = 0. With this

consideration we can recast equation E.1 into

L̃ij =
ix

t
izi+xt

jzj

4

∑
x∈{0,1,2}, y∈{x+1,...,3}

Γxy
d {Tr[X(xi)Z(zi)ΠxX(xj)Z(zj)Πy]+

Tr[X(xi)Z(zi)ΠyX(xj)Z(zj)Πx]}

(E.2)

where we moved from indexing the states with elements of F2
2 to their associated binary

value to simplify the notation. This last equation has been analysed via symbolic calcu-
lations via a Python sympy script and the whole pseudo-Lindbladian matrix came out as
a block-diagonal matrix

L̃ = diag{L̃0, L̃1, L̃2, L̃3} (E.3)
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where the blocks are 4× 4 matrices given by

L̃0 = 04×4,

L̃1 =
1

2


Γ
0|1
d + Γ

2|3
d 0 Γ

0|1
d − Γ

2|3
d 0

0 Γ
0|1
d + Γ

2|3
d 0 Γ

0|1
d − Γ

2|3
d

Γ
0|1
d − Γ

2|3
d 0 Γ

0|1
d + Γ

2|3
d 0

0 Γ
0|1
d − Γ

2|3
d 0 Γ

0|1
d + Γ

2|3
d

 ,

L̃2 =
1

2


Γ
0|2
d + Γ

1|3
d Γ

0|2
d − Γ

1|3
d 0 0

Γ
0|2
d − Γ

1|3
d Γ

0|2
d + Γ

1|3
d 0 0

0 0 Γ
0|2
d + Γ

1|3
d Γ

0|2
d − Γ

1|3
d

0 0 Γ
0|2
d − Γ

1|3
d Γ

0|2
d + Γ

1|3
d

 ,

L̃3 =
1

2


Γ
0|3
d + Γ

1|2
d 0 0 −Γ0|3

d + Γ
1|2
d

0 Γ
0|3
d + Γ

1|2
d Γ

0|3
d − Γ

1|2
d 0

0 Γ
0|3
d − Γ

1|2
d Γ

0|3
d + Γ

1|2
d 0

−Γ0|3
d + Γ

1|2
d 0 0 Γ

0|3
d + Γ

1|2
d



(E.4)

If we now focus on our case study we know that χ1 = χ2 = χ, hence χ0 = −χ3 = 2χ and
χ1 = χ2 = 0. This implies straightforwardly that Γ

1|2
d = 0 and it is possible to find some

conditions on the other dephasing rates. To obtain these conditions we start from the
following identities that can be deduced from the solution of the coherent state parameter
equation obtained in 4.1

α0 = ℜ[α0] + iℑ[α0]

α1 = ℜ[α1] + iℑ[α1] = iℑ[α1]

α2 = ℜ[α2] + iℑ[α2] = iℑ[α1]

α3 = ℜ[α3] + iℑ[α3] = −ℜ[α0] + iℑ[α0]

(E.5)

Combining these equations with the already highlighted observations on the dephasing
rates for our case study, we obtain

Γ
i|i
d = 0 ∀i ∈ {0, 1, 2, 3}

Γ
1|2
d = 0

Γ
1|3
d = Γ

2|3
d = Γ

0|2
d = Γ

0|1
d = −χ00ℜ[α0]ℑ[α1] = −2χℜ[α0]ℑ[α1] ≡ Γ

e|o
d

Γ
0|3
d = −4χ00ℜ[α0]ℑ[α0] = −8χℜ[α0]ℑ[α0]

(E.6)

This result is important for our purposes because it tells us that the dephasing rates be-
tween mixed elements of the even parity and odd parity subspace is the same and there
is no dephasing in the odd parity subspace. The blocks of L̃ become then
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L̃0 = 04×4,

L̃1 =


Γ
e|o
d

0 0 0

0 Γ
e|o
d

0 0

0 0 Γ
e|o
d

0

0 0 Γ
e|o
d

 ,

L̃2 =


Γ
e|o
d

0 0 0

0 Γ
e|o
d

0 0

0 0 Γ
e|o
d

0

0 0 Γ
e|o
d

 ,

L̃3 =
1

2


Γ
0|3
d

0 0 −Γ0|3
d

0 Γ
0|3
d Γ

0|3
d

0

0 Γ
0|3
d Γ

0|3
d

0

−Γ0|3
d

0 0 Γ
0|3
d



(E.7)

Solving now the differential equations with the same methods exposed in subsection
3.3.3 assuming constant dephasing rates, we obtain the block-diagonal channel matrix
eL̃t = diag{eL̃0t, eL̃1t, eL̃2t, eL̃3t} where the blocks are constructed as follows

eL̃0t = 14×4,

eL̃1t =


eΓ

e|o
d t 0 0 0

0 eΓ
e|o
d t 0 0

0 0 eΓ
e|o
d t 0

0 0 eΓ
e|o
d t

 ,

eL̃2t =


eΓ

e|o
d t 0 0 0

0 eΓ
e|o
d t 0 0

0 0 eΓ
e|o
d t 0

0 0 eΓ
e|o
d t

 ,

eL̃3t =


(1 + eΓ

0|3
d t)/2 0 0 (1− eΓ

0|3
d t)/2

0 (1 + eΓ
0|3
d t)/2 −(1− eΓ

0|3
d t)/2 0

0 −(1− eΓ
0|3
d t)/2 (1 + eΓ

0|3t
d )/2 0

(1− eΓ
0|3
d t)/2 0 0 (1 + eΓ

0|3
d t)/2



(E.8)
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At this point applying the Pauli twirling we get eL̃ttwirl = diag{eL̃0t
twirl, e

L̃1t
twirl, e

L̃2t
twirl, e

L̃3t
twirl}

where the blocks are defined as

eL̃0t
twirl = 14×4,

eL̃1t
twirl =


eΓ

e|o
d t 0 0 0

0 eΓ
e|o
d t 0 0

0 0 eΓ
e|o
d t 0

0 0 eΓ
e|o
d t

 ,

eL̃2t
twirl =


eΓ

e|o
d t 0 0 0

0 eΓ
e|o
d t 0 0

0 0 eΓ
e|o
d t 0

0 0 eΓ
e|o
d t

 ,

eL̃3t
twirl =


(1 + eΓ

0|3
d t)/2 0 0 0

0 (1 + eΓ
0|3
d t)/2 0 0

0 0 (1 + eΓ
0|3
d t)/2 0

0 0 0 (1 + eΓ
0|3
d t)/2



(E.9)

Comparing now this channel matrix with the SPC PTM we obtain probabilities sim-
ilar to equations 3.49 but with different exponential coeffients. The probabilities of the
associated SPC then read: 

p(1) = 1
8
(1− eΓ

0|3
d t)

p(2) = 1
8
(1− eΓ

0|3
d t)

p(3) = 1
8
(3 + eΓ

0|3
d t − 4eΓ

e|o
d t)

p(i ∈ {4, 5, ..., 14, 15}) = 0

(E.10)

As we can see the only difference between the probabilities E.10 and 3.49 is the second
exponential in the Z⊗Z probability. This justifies why we decided to do this preliminary
study with a simpler model defined by a single dephasing rate and a single jump operator
Ze = |00⟩ ⟨00| − |11⟩ ⟨11| as reported in 4.13.

A last observation on this master equation is that, within the χ1 = χ2 hypothesis, we
can write the master equation in an even parity subspace part that defines the block L̃3

which is contained in the first brackets and another part that contains the interactions
between even parity states and odd parity states and defines the blocks L̃1 and L̃2 which
is contained in the second brackets

ρ̇ = Γ03
d (Π0ρΠ3 +Π3ρΠ0) + Γ

e|o
d {(Π0 +Π3)ρ(Π1 +Π2) + (Π1 +Π2)ρ(Π0 +Π3)} (E.11)
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