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Abstract
Generalized symmetries have become a powerful tool for understanding quantum fieldtheory. In particular, two-dimensional conformal field theories provide an ideal settingfor exploring these ideas, thanks to their solvability and rich defect algebras. This the-sis precisely investigates non-invertible duality symmetries in compact boson models.After reviewing the c = 1 theory and the construction of duality symmetries via dis-crete gauging, we analyze their action on Dp-branes through their definition in termsof Ishibashi states. We then turn to the c = 2 compact boson, whose moduli spaceand O(2, 2;Z) duality group exhibit a significantly richer structure. The central resultof this work is the introduction of a systematic method for constructing non-invertibleduality symmetries at rational points by exploiting the crystallographic symmetries ofthe underlying lattice to the compactification torus. This approach reveals a clear geo-metric origin for these defects. Finally, we analyze the action of duality symmetries onDp-branes, showing that, unlike in the c = 1 case, they can induce genuinely non-trivialtransformations on boundary conditions.
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1 INTRODUCTION

1 Introduction
Symmetries as a guiding principle in physics
Symmetries have always played a central role in our understanding of the physical world.From the earliest formulations of classical mechanics to the modern framework of quan-tum field theory, the notion of symmetry has been fundamental in understanding thelaws of nature. In its most basic formulation, a symmetry expresses the invariance of aphysical system under a specific class of transformations; it corresponds to a change ofperspective that leaves the physical content of the theory unchanged. Mathematically,the set of all such transformations forms a group, encoding how successive symmetryoperations combine and how they can be undone. This interplay between symmetriesand group theory provides a powerful algebraic framework for classifying physical sys-tems and constraining their possible behaviors. Indeed, much of modern theoreticalphysics can be understood as the study of how the symmetries of a system, expressedthrough their underlying group structure, restrict its dynamics and observable quanti-ties. This relatively simple idea underlies some of the most fundamental developmentsin physics: it connects conservation laws to invariance principles, organizes the possibleinteractions between fundamental fields, and even constrains the geometry of space-time itself.The relation between continuous symmetries and conservation laws was first estab-lished by Emmy Noether in 1918 [1]. Noether’s theorem shows that every continuoussymmetry of the action of a physical system corresponds to a conserved current and anassociated conserved charge. This insight explains why, for example, the conservationof energy, momentum, and angular momentum in classical mechanics is not an em-pirical coincidence, but rather a direct consequence of the invariance of physical lawsunder time translations, spatial translations, and spatial rotations, respectively [2]. Thisconnection between symmetries and conservation laws is so fundamental and power-ful that it has become one of the conceptual bases of modern theoretical physics.During the 20th century, then, the concept of symmetry evolved from a usefulmathematical tool to a guiding principle in the formulation of physical theories. Oneof the most peculiar examples is given by Einstein’s special relativity [3, 4], which wasbuilt on the invariance of physical laws under Lorentz transformations, and its general-ization to general relativity, which elevated this principle to full local covariance underarbitrary coordinate transformations [5, 6]. Similarly, in quantum mechanics, symme-tries controlled the structure of the Hilbert space and the degeneracies in the energyspectrum [7]. With the subsequent development of quantum field theory, then, sym-metry principles became even more central [8, 9]; in this framework, they acquired astructural relevance, dictating the form of the interactions allowed by the theory. Gaugesymmetries, in particular, play a fundamental role. The requirement of invariance under
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1 INTRODUCTION

local, spacetime-dependent, transformations, necessitates the introduction of gaugefields that mediate interactions and fixes the allowed couplings between matter andinteraction mediators. The Standard Model of particle physics is the culmination of thissymmetry-based construction: an SU(3)C ×SU(2)L×U(1)Y gauge theory whose in-teraction structure is completely determined by the requirement of local gauge invari-ance [10]. In this sense, the dynamics of the fundamental interactions are not arbitrarilypostulated but emerge as a direct consequence of symmetry principles.Despite their central role, however, the traditional notion of symmetry as a groupof transformations acting on local fields eventually proved to be too restrictive. As the-oretical physics evolved, particularly in the study of strongly coupled gauge theories,topological phases of matter, and conformal field theories, new types of symmetriesbegan to appear that could not be described by the usual group theory formalism.
Beyond groups: higher-form and non-invertible symmetries
As we said, while ordinary symmetries have long provided a foundational organizingprinciple in theoretical physics, the last decade has revealed that they represent only asmall subset of a much richer class of transformations. An important step in this gener-alization came with the development of higher-form symmetries [11–13], which extendthe notion of symmetry from transformations acting on point-like operators to trans-formations acting on extended objects. In a theory with a p-form global symmetry, thecharged operators are p-dimensional: rather than local objects, the natural probes ofthe symmetry are extended operators supported on p-dimensional submanifolds.A simple and important illustration is provided by Wilson lines in gauge theories.Given a gauge field A valued in the Lie algebra of some gauge group G, a Wilson oper-ator is defined along a one-dimensional curve γ by

WR(γ) = TrR P exp

(
i

∫
γ

A

)
, (1.0.1)

whereR is a representation ofG andP denotes normal ordering. Such operators are in-trinsically extended, as their support is the one dimensional submanifold γ. In Maxwelltheory, these Wilson lines are charged under an electric 1-form symmetry whose sym-metry operators are topological codimension-two surfaces that can be linked with theWilson line. Likewise, ’t Hooft lines are charged under the magnetic 1-form symmetry,and the interplay between the two forms the familiar electric–magnetic duality struc-ture of abelian gauge theories [14–16].Pure Yang-Mills theory offers another example. When the gauge group is SU(N),the theory possesses aZN 1-form center symmetry. This symmetry acts on Wilson linesin representations that transform non-trivially under the center ofSU(N), and the waythese line operators transform under the center symmetry carries direct physical infor-mation about confinement.For instance, in the confining phase, the area law for Wilson
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1 INTRODUCTION

loops is precisely a consequence of the unbroken ZN 1-form symmetry, whereas in thedeconfined or Higgs phases this symmetry is explicitly or spontaneously broken. Thus,the phase structure of Yang–Mills theory can be reinterpreted in terms of symmetrybreaking of higher-form symmetries [11, 17–19].These examples illustrate a fundamental change in perspective. Higher-form sym-metries are still global symmetries, but their action is no longer on point-like operators.Instead, they determine how extended operators, such as lines, surfaces, and higher-dimensional defects, behave and transform. In practice, this means that they controlthe allowed correlation functions of such operators and often dictate the phase struc-ture of gauge theories, including whether a theory confines or supports topologicalorder. They therefore provide the natural language for situations in which the basicprobes of the theory are extended geometric objects.A second, possibly even more surprising, development was the discovery of non-invertible symmetries. These arise most naturally in two-dimensional conformal fieldtheories and in topological phases of matter, where one encounters topological line orsurface defects that can be freely deformed without modifying correlation functions,but whose composition laws fail to form a group structure. A paradigmatic exampleis the Kramers-Wannier (KW) duality [20–22] of the two-dimensional Ising model. TheKW transformation exchanges the high-temperature (disordered) and low-temperature(ordered) phases of the model and acts non-trivially on the spin and disorder operators.In the CFT description, this duality is implemented by a topological line defect [23, 24].The peculiarity is that this defect is non-invertible: fusing it with itself does not repro-duce the identity defect, but instead yields a direct sum of defects corresponding to theidentity and to the Z2 spin-flip symmetry. This is encoded in the fusion rule
DKW ×DKW = 1⊕ σ, (1.0.2)

where σ denotes the Z2 symmetry defect [25–28].More modern examples arise in four-dimensional gauge theories at strong cou-pling [29–32], where duality walls, which are codimension-one interfaces implementingelectric-magnetic duality, act as non-invertible symmetries mixing Wilson and ’t Hooftoperators in a manner incompatible with a group-like composition law [33–35]. In allthese cases, the transformations act consistently on the operator algebra and on theHilbert space, constrain the dynamics of the theory, and define selection rules, despitelacking inverses in the usual sense.The topological defects point of view also provides a unified framework for describ-ing ’t Hooft anomalies. In this language, anomalies are encoded in the categorical dataappearing in the fusion and associativity relations of symmetry defects. Since these fu-sion rules are part of the RG-invariant topological data of the theory, they persist alongthe RG flow, provided the symmetry is not broken in the infrared. In particular, thisperspective applies uniformly to ordinary, higher-form, and non-invertible symmetries,
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1 INTRODUCTION

for which, in all cases, the anomaly is captured by the categorical structure of the sym-metry defects fusion algebra.These developments made it clear that the traditional definition of symmetry, as aset of transformations forming a group structure and acting on local fields, is too re-strictive. The modern perspective, initiated in [11], describes symmetries as topologicaldefect operators of codimension (p+1), whose insertion in correlation functions canbe freely deformed without affecting physical observables. Ordinary symmetries cor-respond to the case p = 0, higher-form symmetries arise for p > 0, and non-invertiblesymmetries appear when the corresponding topological defects do not admit inversesunder fusion [36]. This unified framework, known as generalized global symmetries,is able to describe dualities, topological defects, extended operators, and higher-formtransformations in the same way. In this way, generalized symmetries extend ratherthan replace the conventional notion of symmetry, providing a deeper and more flexi-ble language for describing the global structure of quantum field theories [37, 12, 13].
Two-dimensional conformal field theories as a testing ground
To explore generalized symmetries concretely, two-dimensional conformal field theo-ries (2d CFTs) provide an ideal setting. Indeed, these theories are central in theoreticalphysics; they are simple enough to be exactly solvable, but at the same time rich enoughto exhibit highly non-trivial algebraic and geometric structures. In addition, in two di-mensions, the infinite-dimensional extension of the conformal group, that is to say, theVirasoro algebra, provides these theories with an exceptional degree of symmetry, al-lowing for exact calculations of correlation functions, partition functions, and operatorspectra [38–40].Moreover, 2-dimensional CFTs naturally admit a description in terms of extendedoperators and topological defects [22, 41], making them a perfect laboratory for study-ing generalized and non-invertible symmetries. The operator content of a 2d CFT canbe organized into representations of the chiral algebra, and its topological defects canbe classified by the modular properties of the theory. In particular, rational confor-mal field theories (RCFTs), which possess a finite number of primary operators andwell-defined modular S and T matrices, allow one to construct explicit examples ofnon-invertible topological lines satisfying categorical fusion rules, such as those of Tam-bara–Yamagami [42] or more general fusion categories. These same structures appearin condensed matter systems, topological quantum field theories, and string compact-ifications.
String theory and the role of non-linear sigma models
Beyond their intrinsic interest, two-dimensional conformal field theories play a centralrole in string theory. In this framework, the fundamental object is a one-dimensional
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1 INTRODUCTION

string whose worldsheet sweeps out a two-dimensional surface as it propagates throughspacetime. The dynamic of the string is governed by a two-dimensional quantum fieldtheory defined on the worldsheet, known as a non-linear sigma model. The fields
X i(σ, τ) of this theory describe maps from the worldsheet Σ into a target manifold
M, which represents the spacetime in which the string moves.The action of such a sigma model takes the general form

S =
1

4πα′

∫
Σ

Gij(X) ∂µX
i∂µXj +

i

4πα′

∫
Σ

Bij(X) ϵµν∂µX
i∂νX

j + · · · , (1.0.3)
where Gij is the target-space metric and Bij is the antisymmetric Kalb–Ramond two-form field [43, 44]. Consistency conditions of the worldsheet theory impose severeconstraints on the background fields Gij and Bij; in particular, the requirement of con-formal invariance translates into the Einstein equations in the target space [45]. In thisway, spacetime geometry emerges as a condition for the quantum consistency of thetwo-dimensional worldsheet theory.Non-linear sigma models thus serve as toy models for string theory, allowing thestudy of the interplay between geometry and quantum field theory. They encode thesymmetries of the target space as global or local symmetries of the worldsheet, andtheir dualities, such as T-duality or mirror symmetry, are encoded by transformationsacting on the worldsheet fields [46, 47]. An important example is T-duality: a sigmamodel describing strings propagating on a circle of radius R is equivalent, as a CFT, toone on a circle of radius 1/R, with momentum modes exchanged with winding modes.This duality acts non-trivially on worldsheet operators, mapping vertex operators toone another and exchanging Neumann and Dirichlet boundary conditions, thereby re-lating different D-brane configurations. Because of this structure, 2d CFT techniques al-low one to analyze D-branes, moduli spaces of string compactifications, orbifolds, andother phenomena in a mathematically precise way.In summary, two-dimensional CFTs, in particular sigma models, are the basis of per-turbative string theory: they encode the geometry and topology of the target space,determine which backgrounds are consistent, and capture the rich set of dualities andextended symmetries that characterize string dynamics.
Generalized symmetries in non-linear sigma models and string theory
The framework of non-linear sigma models provides, then, a natural setting for theappearance of generalized symmetries. Since the worldsheet fields X i(σ, τ) describemaps from the two-dimensional surface Σ into a target manifoldM, extended oper-ators arise very naturally. For instance, vertex operators create point-like excitationson the worldsheet, but their target-space counterparts can represent extended objectsand involve momentum and winding modes. These extended objects transform non-trivially under generalized global symmetries acting on the worldsheet theory. For ex-
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1 INTRODUCTION

ample, already in the simplest settings, such as strings propagating on a circle or torus,the momentum and winding sectors get exchanged under the action of T-duality, whichis implemented by a codimension-one topological defect on the worldsheet. Thesetopological defects act as higher-form or even non-invertible symmetries, dependingon the transformation implemented [48].This perspective highlights why non-linear sigma models and two-dimensional con-formal field theories are so useful in the study of generalized symmetries. On the onehand, they provide a fully controlled and exactly solvable framework in which gener-alized symmetries can be realized explicitly, allowing one to identify their symmetryoperators, fusion rules, and categorical structures. On the other hand, these theoriesunderlie perturbative string theory, so the generalized symmetries that appear on theworldsheet have a direct interpretation in spacetime. In particular, the topological de-fects of the worldsheet CFT encode target-space dualities and non-trivial transforma-tions of D-branes and string states. From this point of view, generalized symmetriesof two-dimensional sigma models, at the same time, offer insight into the mathemat-ical structure of fusion categories and defect algebras and allow the study of the richsymmetry structure of string theory itself.
Aim and structure of the thesis
The aim of this thesis is, then, to investigate the emergence, structure, and geomet-ric interpretation of generalized global symmetries, in particular non-invertible ones,in two-dimensional non-linear sigma models. These theories, especially the compactboson models, provide a powerful testing ground for studying generalized symmetries.At the same time, these models arise naturally as worldsheet non-linear sigma mod-els in perturbative string theory, meaning that the generalized symmetries emerging intwo dimensions have a direct interpretation in terms of string dualities, D-brane trans-formations, and target-space geometric symmetries. The goal of this work is, there-fore, to clarify the mathematical mechanisms through which non-invertible symmetriesemerge in 2d CFTs and to understand their connection with the geometric symmetriesof non-linear sigma model’s target spaces. The structure of the thesis is as follows.In chapter 2 we provide a broad introduction to generalized symmetries in quantumfield theory and string theory. We begin by reviewing the traditional notion of symme-try, the associated Noether currents and conserved charges, and the modern reformu-lation of 0-form symmetries in terms of codimension-one topological defect operators.We then introduce higher-form symmetries, explaining how their action on extendedoperators naturally arises from conserved p-form currents and how their topologicalnature constrains the operator content of a theory. After this, we proceed with theintroduction of the framework of fusion categories, which extends the mathematicalstructure of symmetry defects beyond the ordinary notion of groups and allows forthe emergence of non-invertible symmetries. The role of quantum dimensions and fu-
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1 INTRODUCTION

sion rules is discussed in detail, including explicit examples such as the gauging of finitegroups and the emergence of Rep(G) fusion categories. We then conclude with a briefphenomenological discussion. We show how generalized symmetries have concretephysical implications and are not merely a reformulation of ordinary symmetries, butinstead play an active role in constraining the dynamics, consistency conditions, andobservable features of quantum field theories, with direct consequences for physicalphenomena.In chapter 3, then, we turn to the c = 1 compact boson. We present the basic struc-ture of the theory, including its operator content, target space geometry, chiral algebra,and modular properties. The rationality condition is discussed in detail, identifying thepoints in moduli space where the theory becomes an RCFT with a finite number ofprimary fields. At these rational points, we analyze the emergence of non-invertiblesymmetries through gauging, self-duality, and half-space gauging constructions, withspecial emphasis on the emergence of the so-called Tambara–Yamagami fusion cate-gories. The chapter also examines the interplay between duality symmetries and Dp-branes: we review the construction of Cardy and Ishibashi boundary states, describehow T-duality acts on Neumann and Dirichlet branes, and show how non-invertible de-fects implement transformations between different brane configurations. The c = 1case thus serves as a testing ground to illustrate many of the categorical and geometricmechanisms that will be central in the study of the c = 2 theory.In chapter 4, finally, we present the main novel results of the thesis. In this sectionwe consider the c = 2 compact boson, realized as a non-linear sigma model with target-space a two dimensional torus. After reviewing its construction, the structure of themoduli space, and the action of the duality group O(2, 2;Z), we analyze the rationalitycondition and identify the RCFT points where the chiral algebra gets enhanced, provid-ing the natural setting in which non-invertible symmetries emerge. The main contribu-tion of this work is to show that worldsheet duality symmetries can be directly relatedto the geometry of the target space. In particular, we introduce a systematic procedureto construct duality defects by studying the geometric symmetries of the two dimen-sional non-degenerate lattice underlying the target space torus, which yields a clear andunified method for generating non-invertible duality symmetries in the c = 2 theory.Finally, we investigate the action of these duality symmetries on Dp-branes; unlike the
c = 1 case, where duality symmetries simply exchange D0- and D1-branes, here the ac-tion is significantly richer. Indeed, we find that the total number of Dp-branes need notbe preserved, revealing a more intricate action on the boundary states of the theory.
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2 GENERALIZED SYMMETRIES IN QUANTUM FIELD THEORY AND STRING THEORY

2 Generalized Symmetries in Quantum
Field Theory and String Theory

In this chapter, we explore the concept of generalized symmetries, which extends thetraditional notion of symmetry to include both higher-form and non-invertible cases.We first begin by reviewing the ordinary notion of symmetry and how the concepts ofconserved currents and charges naturally arise. We then introduce the modern defini-tion of symmetries in terms of topological defects, showing how this perspective nat-urally leads to the inclusion of higher-form and non-invertible symmetries. Finally, weconclude the chapter with the discussion of a phenomenological application that high-lights the physical relevance of generalized symmetries beyond the formal framework.
2.1 The concept of symmetry in physics
From classical mechanics to quantum field theory, symmetries have always played acentral role in physics, working as a guiding principle in formulating physical laws. Forexample, in QFT, and more specifically in gauge theories, symmetries themselves areresponsible for dictating the possible interactions between the fields and for the orga-nization of the spectrum of the theory. In this section, we will revise some of the funda-mental aspects of symmetries in QFT. For a comprehensive review, we refer to [8,49,10].A first, naive, definition of symmetry can be given by the following statement: asymmetry is a transformation of the system’s degrees of freedom such that the physi-cal observables of the theory are left invariant. To make this statement more precise,let us start by considering a field theory given by an actionS[ϕ], where ϕ denotes all thedynamical fields of the theory. Now, a transformation g : ϕ 7→ g ·ϕ is a symmetry of thetheory if the actionS[ϕ] is left invariant, that is to sayS[ϕ] 7→ S ′[ϕ] = S[g ·ϕ] = S[ϕ]. Inparticular, the set of all such transformations naturally forms a group, usually denotedby G. Indeed, given two symmetries of the system, g1 and g2, the composition of thetwo will naturally lead to a new symmetry, defined as g3 ≡ g2 · g1. Moreover, the set oftransformations contains also the identity element e which acts trivially on the fields,
e · ϕ = ϕ; finally, given a symmetry transformation g, there always exists an inverseelement g−1 such that g−1 · g = e. These properties naturally define a group structureover the set of such transformations.To give an example of such a symmetry group, let us consider the theory of a freecomplex scalar field ϕ with mass m in 4-dimensions. The action takes the form

S[ϕ] =

∫
d4xL(x) =

∫
d4x

(
∂µϕ̄∂

µϕ−m2ϕ̄ϕ
)
, (2.1.1)

13



2 GENERALIZED SYMMETRIES IN QUANTUM FIELD THEORY AND STRING THEORY

and it is easy to notice that it is invariant under the global field transformation given by{
ϕ 7→ eiθϕ

ϕ̄ 7→ e−iθϕ̄
for θ ∈ [0, 2π), (2.1.2)

which implies that the theory presents a U(1) global symmetry.Now, the existence of a continuous global symmetry has an important physical con-sequence, that is the existence of a conserved current. The latter can be obtained fol-lowing Noether’s theorem. To derive it, let us consider a field theory with LagrangiandensityL(x) = L(ϕ(x), ∂µϕ(x)), whereϕ(x) represents any dynamical field of the the-ory. Now, under the action of an infinitesimal symmetry transformation ϕ 7→ ϕ+α∆ϕ,where α is the parameter of the transformation, the Lagrangian will be invariant up toa total derivative:
L(x)→ L(x) + α∂µJ µ(x), (2.1.3)

for a givenJ µ(x). Similarly, we can also consider the explicit variation of the Lagrangianby varying the field:
α∆L =

∂L
∂ϕ

(α∆ϕ) +
∂L

∂(∂µϕ)
∂µ(α∆ϕ)

= α∂µ

(
∂L

∂(∂µϕ)
∆ϕ

)
+ α

[
∂L
∂ϕ
− ∂µ

(
∂L

∂(∂µϕ)

)]
∆ϕ. (2.1.4)

Comparing the two expressions (2.1.3) and (2.1.4) we get:
∂µ

[(
∂L

∂(∂µϕ)
∆ϕ

)
− J µ

]
= −

[
∂L
∂ϕ
− ∂µ

(
∂L

∂(∂µϕ)

)]
∆ϕ. (2.1.5)

From the classical Euler-Lagrange equations, we easily see that the right-hand side ofthe above expression vanishes when considering an extremal field configuration, thatis to say when the equations of motion are satisfied, which clearly implies the conser-vation of Noether’s current defined as:
jµ =

(
∂L

∂(∂µϕ)
∆ϕ

)
− J µ =⇒ ∂µj

µ = 0. (2.1.6)
The conservation law just derived can also be expressed in terms of a conserved charge,where Noether’s charge is defined as:

Q =

∫
dd−1x j0, (2.1.7)

14



2 GENERALIZED SYMMETRIES IN QUANTUM FIELD THEORY AND STRING THEORY

that is, the integral of the Noether current over a spatial slice of the d-dimensionalspacetime1. Indeed, if we assume that the fields vanish fast enough at infinity, we get:
dQ

dx0
=

∫
d3x∂0j

0 = −
∫

d3x∂ij
i = 0, i = 1, . . . , 3, (2.1.9)

implying that the charge Q is conserved in time.We can now consider again our previous example, and work out the Noether’s cur-rent and the conserved charge for this specific theory. In this case, the infinitesimaltransformation induced by the U(1) global symmetry over the fields ϕ and ϕ̄ is
∆ϕ = iαϕ, ∆ϕ̄ = −iαϕ̄, (2.1.10)

and from equation (2.1.6) we get:
jµ =

δL
δ(∂µϕ)

δϕ

δα
+

δL
δ(∂µϕ̄)

δϕ̄

δα

=− i[(∂µϕ̄)ϕ− ϕ̄∂µϕ]. (2.1.11)
This is the conserved current under the U(1) global symmetry, and it is possible tocheck that ∂µjµ = 0 when the field configuration satisfies the equations of motion.Moreover, we can also derive the conserved charge under this symmetry, that is:

Q = i

∫
d3x

(
∂ϕ̄

∂x0
ϕ− ϕ̄

∂ϕ

∂x0

)
. (2.1.12)

We will not show it here, but it is possible to check that this conserved charge is relatedto the number operators as Q = Na − Nb and it implies the conservation of the totalnumber of particles in the theory (with sign). For a more detailed discussion, we referto [49].So, why is it important to define Noether’s current and charge? Because the chargeoperator is needed in order to define the action of the symmetry on the Hilbert space.Indeed, the symmetry is represented in the Hilbert space by a unitary operator U(g) =
eiαQ, where α parametrizes the group element g ∈ G. In particular, the action of thesymmetry on a local operatorO(x) is given by the conjugation

U−1(g)O(x)U(g) = O′(x), (2.1.13)
1More in general, for a symmetry group G with elements g = eiα

aTa , where Ta are the genera-tors of the associated Lie algebra g, there will be a Noether’s current for each generator Ta, jµa , and acorresponding charge Qa, such that they satisfy:
[Qa, Qb] = if c

ab Qc, (2.1.8)
where f c

ab are the structure constants of g
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which, for an infinitesimal transformation, takes the form
δO(x) = −iϵ[Q,O(x)], (2.1.14)

showing that the conserved charge precisely acts as the generator of the symmetrytransformation on operators.
2.2 Symmetries as topological operators
In the previous section we reviewed the notion of symmetry in physics, how it is natu-rally associated to the concept of group, and how we can derive the conserved quanti-ties given a symmetry of a theory. In this section we will instead introduce the modernformulation of symmetry, which will naturally lead us to the concept of generalized sym-metry.As we saw above, given a continuous global symmetryG of a field theory, Noether’stheorem implies the existence of a conserved current jµ and a conserved charge Q.However, in modern physics, it is more convenient to recast these results in terms ofdifferential forms. Indeed, it is possible to notice that this current can be associated toa 1-form current defined as j = jµdx

µ for which the conservation of the current can beexpressed as the fact that the 1-form is co-closed:
∂µj

µ = 0 =⇒ d ⋆ j = 0, (2.2.1)
where ⋆ is the Hodge star operator2. In this framework, to obtain the conserved chargewe need to integrate ⋆j over a co-dimension 1 manifold (Md−1)

Q(Md−1) =

∫
Md−1

⋆j, (2.2.5)
2Let (M, g) be a d-dimensional pseudo-Riemannian manifold with metric g. Then, the Hodge staroperator is a map between the space of k-forms and the one of (d− k)-forms defined as:

⋆ : Ωk(M)→ Ω(d−k)(M)

ξ 7→ ⋆ξ s.t. ⟨η, ξ⟩ =
∫
M

η ∧ ⋆ξ, ∀η ∈ Ωk(M) (2.2.2)
where ⟨−,−⟩ is the Hodge inner product naturally induced by g on Ωk(M). In local coordinates, givena k-form

ξ =
1

p!
ξµ1,µ2,...,µk

dxµ1 ∧ dxµ1 ∧ · · · ∧ dxµk , (2.2.3)
the Hodge dual is defined as:

∗ξ =

√
|g|

k!(d− k)!
ξµ1...µkϵµ1...µkν1...νd−k

dxν1 ∧ . . . ∧ dxνd−k (2.2.4)
where ϵµ1,...,µd

is the Levi-Civita symbol.
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and the conservation of the charge is guaranteed by the Stokes-Cartan theorem.What we want to do now is to derive the action of symmetries on local operatorsin this new setting. To do so, let us recall that in QFT we can insert conserved currentsinto correlation functions in order to obtain Ward identities; in particular, for a singleoperatorO inserted at a point p we have:
δ(d)(x− p)⟨δaO(p)⟩ = ⟨d ⋆ ja(x)O(p)⟩, (2.2.6)

where δa is the infinitesimal transformation induced by the generator Ta of the symme-try. Now, let us consider a d-dimensional manifoldNd with boundaryMd−1 surroundingthe operatorO, and let us integrate the Ward identity over this manifold:∫
Nd

ddxδ(d)(x− p)⟨δaO(p)⟩ =
∫
Nd

⟨d ⋆ ja(x)O(p)⟩

=

∫
Md−1

⟨⋆ja(x)O(p)⟩ = ⟨Qa(Md−1)O(p)⟩. (2.2.7)
It is important to notice that this expression is non-zero only if the point p is insidethe volume enclosed in Md−1. This has a rigorous mathematical definition in terms ofthe linking number3, which is a topological property, and in the case of a point p and a
(d− 1)-dimensional manifold is defined as:

Link(Md−1,p) =

{
1, if p ∈ Nd\Md−1,

0, if p /∈ Nd\Md−1.
(2.2.9)

In this way, equation (2.2.7) becomes:
Link(Md−1,p)⟨δaO(p)⟩ = ⟨Qa(Md−1)O(p)⟩, (2.2.10)

and, thanks to the topological property of the linking number, the charge Q(Md−1) isindependent of Md−1 as long as p is contained in it.At this point, it is natural to define a symmetry generator in terms of a topological
3Let M be a d-dimensional manifold. Let Uq and Vr be two oriented submanifolds of dimensions qand r such that q + r = d− 1. Moreover, assume that the two manifolds do not intersect and that arehomotopically trivial, that is to say both Uq and Vr are boundaries of manifolds of one higher dimension.Let Wr+1 ⊂M be such that Vr = ∂Wr+1; then, in general, Wr+1 ∩Uq ̸= ∅, and they will intersect in afinite number of points pi (with sign). Then, the linking number of Uq and Vr is defined as:

Link(Uq, Vr) ≡
∑
i

sign(pi). (2.2.8)
Note that this is a topological property, independent of the choice of Wr+1 and invariant under homo-topic deformations of the two submanifolds Uq and Vr, as long as they do not intersect each other underdeformation. For a detailed discussion on linking numbers in QFT see [50].
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operator of dimension d−1 (co-dimension 1). Indeed, given a continuous symmetry G,with associated conserved currents and charges ja(x) and Qa, we can define a topo-logical operator that implements the action of the symmetry on the operators. To doso, let Md−1 be a (d − 1)-dimensional submanifold in spacetime, and g = eiα
aTa ∈ Gan element of the symmetry group; then, we can define the topological operator

D
(g)
d−1(Md−1) = exp [iαaQa(Md−1)] (2.2.11)

which acts on local operators as:
D

(g)
d−1(Md−1)O(x) = R(g)O(x), (2.2.12)

where R(g) is the group element g in the operatorO representation. For a visual rep-resentation of how topological defects act on local operators, see Fig. 1. Moreover,from equation (2.1.8), it is possible to check that the insertion of two such topologicaloperators associated with two elements of the symmetry group, g, h ∈ G, is equivalentto the insertion of a single topological operator associated with the product of the twoelements, gh ∈ G, leading to:
D

(g)
d−1 ⊗D

(h)
d−1 = D

(gh)
d−1 . (2.2.13)

The topological operator D(g)
d−1(Md−1) is called a symmetry defect operator (SDO).The fundamental aspect of this reformulation of symmetries is that the operatorswe construct are topological. This is due to the conservation of Noether’s current, whichimplies that any deformation of Md−1 on which the symmetry defect is supported, ifthe operator insertion is not crossed, has no physical effect. Moreover, because theaction of SDOs on operators is controlled by the linking number, any SDO supportedon a co-dimension 1 manifold will act on local operatorsO(x), that is to say operatorssupported on a point x ∈ Md, where Md is the manifold on which we define our QFT(the space-time). For this reason, co-dimension 1 operators D(g)

d−1(Md−1) are identifiedas generators of 0-form symmetries, that we call G(0). In particular, by reversing theprocess, and from the identification of 0-form symmetries with SDOs, it is also possibleto construct topological operators associated with finite symmetries, for which it is notpossible to define a conserved current.
2.3 Higher-form symmetries
In the previous section we saw how symmetry operators are naturally associated totopological operators of co-dimension 1 that act on local operators. In this sectionwe will instead see how it is possible to generalize this construction in order to ob-tain higher-form symmetries.
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D
(g)
d−1(Md−1)

O(x)

D
(g)
d−1(Md−1)

O(x)
R(g)O(x)

≃
top. deform.

=

Figure 1: We present a visual representation of a co-dimension 1 topological operator
D

(g)
d−1(Md−1) surrounding a local operatorO(x). In particular, continuous deformations of thesymmetry defect that do not cross the local operator insertion have no physical effect, implying

that the SDO is topological, and the action onO(x) is obtained by shrinking D(g)
d−1(Md−1) up toa point.

In equation (2.2.11) we defined symmetry defect operators supported on submani-folds of co-dimension 1. What we can do now is to relax the requirement on the dimen-sion of the support and allow for defects supported on submanifolds of co-dimension
(p + 1). What we get is a so-called G(p)-form symmetry, which is generated by co-
dimension p + 1 topological defects D(g)

d−p−1(Md−p−1), g ∈ G(p), that satisfy the usualgroup law (2.2.13). As in the 0-form symmetry case, these topological operators can beconstructed starting from a conserved current (if there exists one, that is to say for con-tinuous symmetries), which corresponds to a (p+1)-form jp+1 satisfying the co-closurecondition:
∂µ1j

[µ1...µp+1](x) = 0 =⇒ d ⋆ jp+1(x) = 0. (2.3.1)
As we saw above, 0-form symmetries naturally act on local operators, which arethe charged objects under the symmetry; what are instead the corresponding chargedoperators in the case of a p-form symmetry? As discussed earlier (see Footnote 3), thelinking of an operator supported on a d−(p+1)-dimensional manifold can be non-trivialonly with an operator supported on a p-dimensional one. This clearly implies that theonly operators that can be charged under a p-form symmetry are p-dimensional opera-torsOp(Wp), where Wp is the world-volume submanifold, for which Link(Md−p−1,Wp)can be different from zero. See Fig. 2 for a visual representation of how p-form symme-tries act on p-dimensional operators.However, we have a substantial difference between 0-form symmetries and p-formones. Indeed, if we consider a non-abelian symmetry group, in order to have a well-defined action of the symmetry, we need a well-defined ordering of the symmetry ele-ments acting on the operators; indeed, if a symmetry G is non-abelian, given g, h ∈ Gwe have [g, h] ̸= 0 in general. This implies that the ordering of the defect insertions
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D
(g)
p (M−p−1)

Op

D
(g)
p (M−p−1)

Op qg(Op)×Op

≃
top. deform.

=

Figure 2: We show the action of a p-form symmetry operator D(g)
p (M−p−1), supported on aco-dimension p+ 1 submanifold, on a p-dimensional operatorOp. The charge of the enclosedoperator qg(Op) is obtained by shrinking the surrounding topological operator.

is important for the resulting action on the operators. Now, in the 0-form symmetriescase, since the topological defects are (d−1)-dimensional, we only have a single trans-verse direction to them, which implies that we have a well-defined ordering of thedefect insertions. This is clearly understandable in the 3-dimensional case, in which
0-form symmetries are supported on 2-dimensional submanifolds; in this setup, given
2 SDOs surrounding a point x (we can consider 2 concentric spheres), it is not possi-ble to continuously deform them in order to change their order (see Fig. 3 for a visualrepresentation).

D
(g2)
2

D
(g1)
2

O(x)
̸≃

top. deform.
D

(g1)
2

D
(g2)
2

O(x)

Figure 3: We show that, given two 0-form symmetry generators surrounding a local operator,their order cannot be exchanged by continuous deformations. In particular, in three dimensionstwo concentric spherical symmetry surfaces cannot be topologically deformed into each other,as the inner and outer spheres cannot be inverted continuously. This establishes that there is awell-defined notion of ordering for 0-form symmetry operators, and therefore 0-form symme-tries can be non-abelian.
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However, given a p-form symmetry, the topological operators implementing thesymmetry are now d − (p + 1)-dimensional, implying that the transverse space is a
p+1 dimensional plane. In particular, this higher dimensionality allows for continuoustransformations of the topological defects that reverse their order, and for this reason,there is no well-defined notion of ordering:

D
(g1)
d−(p+1) ·D

(g2)
d−(p+1)

top. deform.≃ D
(g2)
d−(p+1) ·D

(g1)
d−(p+1). (2.3.2)

This is easily understandable in the 3-dimensional case again, by considering a 1-formsymmetry supported on a 1-dimensional submanifold. In this case, given 2 SDOs sur-rounding a line γ (we can consider 2 concentric circles), we are always able to changetheir order via continuous transformations (see Fig. 4). The possibility of reversing theinsertion order of topological operators clearly implies that p-form symmetriesG(p), for
p ≥ 1, must be abelian.

D
(g1)
1 D

(g2)
1

γ
≃

top. deform.

D
(g1)
1 D

(g2)
1

γ

D
(g1)
1

D
(g2)
1

γ

D
(g2)
1 D

(g1)
1

γ

Figure 4: Given two p-form symmetry operators acting on a p-dimensional charged operator,their order can be continuously exchanged. Indeed, since p-form symmetry operators are sup-ported on submanifolds of co-dimension p+1, the transverse space has dimension greater thanone, allowing us to smoothly deform one defect around the other without intersecting them.As a result, the action of the two generators commutes.
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2.3.1 An example: the 4-dimensional Maxwell theory

We can now illustrate an example of a p-form symmetry. To do so, let us consider the
4d Maxwell theory, that is a U(1) gauge theory, with gauge field A and coupling g. Theaction takes the form

S =
1

2g2

∫
F ∧ ⋆F = − 1

4g2

∫
FµνF

µν , (2.3.3)
where F = dA is the 2-form field strength. It is easy to check that the equations ofmotion are

d ⋆ F = 0. (2.3.4)
In particular, this equation can be identified with the conservation of a 2-form current
je2 = 1

g2
F , where the prefactor 1

g2
comes from normalization conditions. The conserva-

tion of this current corresponds to a U(1) 1-form symmetry called electric (or central)
1-form symmetry (that we call U (1)

e (1)). To obtain the corresponding symmetry defectoperator, we can follow what we did around equation (2.2.11). We take the exponen-tial of the Hodge dual current integrated over a 2-cycle, which is the support of thetopological defect, since we are integrating a 2-current, and we get:
D(g)

e (M2) = exp

(
iα

∮
M2

⋆je2

)
, (2.3.5)

where g ∈ U
(1)
e such that g = eiα, α ∈ [0, 2π). In particular, ∮

M2
⋆je2 measures thecharge enclosed in the 2-dimensional manifold M2. Moreover, since F is a U(1) gaugefield strength, the symmetry defect operators will satisfy the U(1) group multiplicationlaw and, for this reason, we say that this corresponds to a U(1) 1-form symmetry.We can now look at the charged operators. From the above discussion, since we areconsidering a 1-form symmetry, the charged object will be line operators. In particular,the charged line operators are the Wilson lines Wqe(M1) defined as

Wqe(M1) = exp

(
iqe

∫
M1

A

)
, (2.3.6)

which couple with the symmetry defect operators as:
D

(g)
2 (M2)Wqe(M1) = eiαqeLink(M2,M1)Wqe(M1), (2.3.7)

where Link(M2,M1) is the linking number between the support of the defect M2 andthe support of the line operator M1.Let us now look more closely to the physical meaning of equation (2.3.7). A Wil-son line can be thought of as the world-line of a heavy probe particle carrying elec-tric charge, and, as we know from Maxwell’s equations, an electrically charged particle
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acts as a source of electromagnetic field. To see this, let us consider a Wilson line sup-ported on a 1-dimensional submanifold M1; the effect of this charged line operator onMaxwell’s equations can be obtained by inserting the Wilson line in the path integralas: ∫
[dA] e

iqe
∫
M1

A
e

1
2g2

∫
M4

F∧⋆F
=

∫
[dA] e

∫
M4

(
iqeδ3(M1)∧A+ 1

2g2
F∧⋆F

)
, (2.3.8)

Where δ3(M1) is a 3-form delta function such that∫
ΣT

3

δ3(M1) = 1 (2.3.9)
where ΣT

3 is a 3d submanifold transverse to M1 and intersecting it exactly once. Inthis way, it is easy to see that the Wilson line acts as an electric source and Maxwell’sequations are modified as:
d ⋆ F = qeg

2δ3(M1). (2.3.10)
At this point, integrating this equation over a 3-manifold Σ3 with boundary ∂Σ3, weget: ∫

Σ3

d ⋆ F =

∫
∂Σ3

⋆F = qeg
2Link(∂Σ3,M1) (2.3.11)

which can be identified with the electric flux generated by the Wilson line insertion atthe boundary ∂Σ3. This clearly implies that the charge probed by the symmetry defectoperator insertion around a Wilson line precisely measures the electrical charge carriedby the Wilson line itself.Moreover, d ⋆F = 0 is only one of the two differential form equations that controlthe dynamics of the electromagnetic field. The second one comes instead from theBianchi identity and takes the form:
dF = 0. (2.3.12)

It is easy to see that this is a conservation equation for a 2-form current too, namely
jm2 = 1

2π
⋆ F , and is associated to the U(1) 1-form magnetic symmetry, the dual sym-metry of the electric 1-form symmetry. Again, we can define the 2-dimensional sym-metry defect operators, D(g)

m (M2), as before, but this time the charged operator underthis symmetry are the so-called ’t Hooft lines, defined as
Tqm(M1) = eim

∫
eM1

AD

, (2.3.13)
where AD is defined as the 1-form such that ⋆F = dAD, that is to say the dual field ofthe 1-form field A. We will not go into details in this case, since the resulting symmetryis equivalent to the previous one, simply associated with magnetic charges.For a more detailed discussion on higher-form symmetries and on the 4d Maxwell’stheory we refer to [13, 12].
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2.4 Non-invertible symmetries
In the previous section, we showed how the notion of symmetry can be extended to abroader class of transformations acting on higher-dimensional operators. This general-ization was made possible by reformulating the action of symmetry groups in terms oftopological operators that act on the physical, charged operators of the theory. Withinthis framework, the emergence of higher-form symmetries appeared as a natural, ge-ometrically motivated extension of ordinary global symmetries. In the present sec-tion, instead, we turn to a second class of generalized symmetries, the so-called non-invertible symmetries.
2.4.1 An introduction to fusion categories

In order to make this generalization, as we did with the introduction of symmetry defectoperators to allow for the definition of higher-form symmetries, we need to introduce anew framework in which non-invertible symmetries are possible, the one of the fusioncategories. To do so, let us start by recasting the well-known case of a 0-form symmetry
G(0) in 2d within this new framework (we refer to [12] for a more detailed discussion);the category is defined in terms of a set of objects, morphisms and a fusion product:

• The simple objects of the category are the topological defect lines (TDLs) D(g)
1 ,

g ∈ G(0), representing distinct isomorphism classes. Moreover, topological de-fect lines have a natural direct sum structure (we denote it by ⊕) that is definedas:
⟨
(
D

(g)
1 ⊕D

(h)
1

)
· · · ⟩ = ⟨D(g)

1 · · · ⟩+ ⟨D
(h)
1 · · · ⟩, (2.4.1)

and we can define the semisimple objects of the category (that we denote with
L) as a finite direct sum of simple objects.

• The morphisms are topological local operators D0, called topological junctions,that act as homomorphism between two TDLs and form a vector space over C,Hom (Li,Lj). In particular, given two simple objects, we have:
Hom(D(g)

1 , D
(h)
1

)
=

{Id if h = g,

∅ if h ̸= g,
(2.4.2)

where Id is the identity morphism.
• The fusion of the 0-form symmetry TDLs is:

D
(g)
1 ⊗D

(h)
1 = D

(gh)
1 , (2.4.3)

where g, h ∈ G(0). The fusion of two TDLs can also be written in terms of a localoperator D(g,h)
0 ∈ Hom(D

(g)
1 ⊗D

(h)
1 , D

(gh)
1 ) as:
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D
(gh)
1

D
(g)
1 D

(h)
1

D
(g,h)
0

In particular, the fusion category we just defined is characterized by the fact that TDLsfuse according to a group multiplication; this is the fusion category of a G-graded vec-tor space VecG.What we just showed is simply a reformulation of a standard 0-form symmetry interms of a fusion category characterized by a group-like fusion rule; so, why is thisnew framework useful in order to introduce non-invertible symmetries? This is dueto the fact that, in general, fusion categories are characterized by more involved fusionrules. Indeed, let C be a fusion category and let the set of simple objects be denotedby {Li}i∈I , where I = {i, j, k, . . . }; then, given two TDLs, the fusion rule takes thegeneral form:
Li ⊗ Lj =

⊕
k∈I

Nk
ijLk, (2.4.4)

where Nk
ij ∈ Z≥0 are non-negative integers and are called fusion coefficients. Theseare defined as the dimension of the trivalent junction vector space

Nk
ij = dimCHom(Li ⊗ Lj,Lk). (2.4.5)

Indeed, as we said above, Hom(Li ⊗ Lj,Lk) is a vector space, and we can denote thebasis vectors of this vector space as vk;δij , where δ = 1, . . . , Nk
ij , and these representthe local operators responsible for the trivalent junction. Moreover, in a generic fusioncategory, the tensor product⊗ is associative up to an isomorphism, called the associa-tor. Indeed, given X, Y, Z objects in C (not necessarily simple), the associator αXY Z isan isomorphism:

αXY Z ∈ Hom((X ⊗ Y )⊗ Z, X ⊗ (Y ⊗ Z)), (2.4.6)
and, given three simple objects, we denote it by αijk, with i, j, k ∈ I. In particular,given a fixed basis of the trivalent junctions, the matrix element of the associators arecalled F -symbols, and are defined in such a way that:
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Lp

vℓ;δip

vp;λjk

Li Lj Lk

Lℓ

=
∑
q∈I

Nq
ij∑

ρ=1

Nℓ
qk∑

σ=1

[
F ℓ

ijk

]
(p,λ,δ) (q,ρ,σ)

vq;ρij Lq

vℓ;σqk

Li Lj Lk

Lℓ

TheF -symbols can be regarded as the basis transformation matrix elements of Hom(Li⊗
Lj ⊗ Lk,Lℓ) which relate two inequivalent ways of decomposing the four-point junc-tion into two trivalent junctions, and such a basis transformation is called an F -move.The F -symbols must also satisfy an algebraic constraint, called the pentagon identity,coming from the consistency condition under consecutive changes of basis in the five-point junction vector space. This algebraic constraint guarantees that different ways ofperforming F -moves give rise to the same correlation function. The pentagon identitycan be represented as

F F

F

F

F
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and the algebraic consistency condition can be written as:
Np

qm∑
ρ=1

[
F p
ijm

]
(n,δ,λ)(q,η,ρ)

[
F p
qkl

]
(m,ρ,σ)(r,π,ξ)

=
∑
s∈I

Ns
jk∑

ν=1

Nn
sl∑

τ=1

Nr
is∑

ω=1

[
F n
jkl

]
(m,λ,σ)(s,ν,τ)

[F p
isl](n,δ,τ)(r,ω,ξ)

[
F r
ijk

]
(s,ω,ν)(q,η,π)

. (2.4.7)
In particular, the data ({L}i∈I , Nk

ij,
[
F p
ijm

]
(n,δ,λ)(q,η,ρ)

), namely the set of simple objects,
the fusion coefficients and the F -symbols are what define a fusion category C (For amore detailed discussion on fusion categories we refer to [23, 51–53]).
2.4.2 Non-invertibility from the fusion rules

In the previous section we introduced the framework of fusion categories, which allowsfor the description of non-invertible symmetries. In this section, we explain what wemean by a non-invertible symmetry and how to determine whether a symmetry is non-invertible, given the associated fusion category.In order to discuss invertibility, we first need to introduce the notion of quantumdimension, which is defined in terms of the Perron–Frobenius eigenvalue of the fusionmatrices of the category. Indeed, for every simple object Li, we can define the fusionmatrix
(Ni)jk = Nk

ij, such that Li ⊗ Lj =
⊕
k

Nk
ij Lk, (2.4.8)

where the entries Nk
ij ∈ Z≥0 are the fusion coefficients. Each Ni is therefore a non-negative integer matrix that encodes the action of fusingLi with any other object of thecategory. By the Perron–Frobenius theorem, any non-negative, irreducible matrix Niadmits a unique largest real positive eigenvalue di, called the Perron–Frobenius eigen-value, whose associated eigenvector d⃗ = (dj)j∈I has strictly positive entries:

Ni d⃗ = di d⃗, di > 0. (2.4.9)
In the context of fusion categories, this eigenvalue di is called the quantum dimensionof the simple objectLi. It provides a measure of the “size” of an object, or equivalently,of the number of fusion channels it generates when fused with other lines. In particular,the quantum dimension satisfies a multiplicative property:

d(Li ⊗ Lj) = di dj, (2.4.10)
and d1 = 1 for the trivial object 1. We refer to [54] for a comprehensive exposition onthe quantum dimension of fusion categories.
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With the notion of quantum dimension, we are finally able to define invertibility fora TDL. A simple object Li is said to be invertible if there exists another simple object
Li−1 such that

Li ⊗ Li−1 = 1, Li−1 ⊗ Li = 1, (2.4.11)
where 1 is the identity SDO that acts trivially on the charged operators. In terms offusion coefficients, this means

N1
i i−1 = 1, Nk ̸=1

i i−1 = 0, (2.4.12)
so that the fusion of Li with the inverse defect line yields exactly one object, the iden-tity 1. However, this condition has an important consequence; this is the fact that,since there exists an inverse defect line that gives the identity operator when fusedwith Li, then the fusion of Li with any other simple object must yield exactly one sim-ple object, in such a way that it can be uniquely undone. In particular, this impliesthat the corresponding fusion matrix Ni is thus a permutation matrix, since each of itscolumns contains exactly one nonzero entry, which, moreover, must be equal to one.For a permutation matrix, all eigenvalues have unit modulus, and the Perron–Frobeniuseigenvalue is

di = 1. (2.4.13)
Hence, invertibility implies that the quantum dimension equals one.Conversely, suppose that di > 1. Then Ni cannot be a permutation matrix: theremust exist at least one object Lj such that

Li ⊗ Lj =
⊕
k

Nk
ij Lk, (2.4.14)

with at least two nonzero fusion coefficientsNk
ij (or at least one fusion coefficientNk

ij >
1). Fusion with Li therefore produces a direct sum of multiple simple objects ratherthan a single one. Now assume, for contradiction, that Li−1 exists and satisfies Li ⊗
Li−1 = 1. Applying the multiplicativity of the quantum dimension gives

d(Li ⊗ Li−1) = di di−1 = d1 = 1, (2.4.15)
which immediately implies di = di−1 = 1 (since di ≥ 1 for any fusion category; werefer to [55] for the proof). This contradicts the assumption di > 1, and therefore noinverse can exist.To summarize, a simple object with di > 1 cannot be invertible, and, for this reason,if a fusion category associated to a symmetry of the theory contains such an object, wesay that the symmetry is non-invertible. Indeed, intuitively, the quantum dimension
di measures how the number of fusion channels grows when repeatedly fusing with
Li. If di = 1, fusion acts as a one-to-one relabeling of simple lines, correspondingto an ordinary (invertible) symmetry. If instead di > 1, fusion with Li increases thedimension of the space of topological lines, and the operation cannot be inverted: Lithen represents a non-invertible symmetry generator.
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2.4.3 An example of non-invertible symmetry: Rep(G)

In this section we want to show an example of non-invertible symmetry. In particular,one of the simplest ways in order to construct new symmetries, that, in general, turnout to be non-invertible, is by gauging an invertible symmetry. In this example, we willfocus on a 2d theory T with a 0-form global symmetry G.To gauge a 0-form symmetry G means to promote the global symmetry transfor-mations of G to local gauge redundancies by coupling the theory to a G gauge fieldand summing over all possible configurations of that field. Concretely, one introducesa background G-bundle for the global symmetry, couples it to the fields of the theory
T , and then integrates over all gauge-inequivalent G-bundles with appropriate topo-logical weights. The resulting path integral defines a new theory, denoted T /G.Before gauging, the theory T admits a set of invertible topological defect lines
{D(g)}g∈G implementing the symmetry transformations of the group G and generat-ing the fusion category VecG, as was shown in (2.4.1). Since all symmetry lines fuseaccording to the group multiplication law, they are invertible, each having quantum di-mension dg = 1.After gauging the symmetry, the resulting theory T /G no longer possesses the in-vertible group symmetry VecG, but instead exhibits a new symmetry. The topologicaldefect lines of this new symmetry are the resulting Wilson lines in the irreducible rep-resentations R of G, given by

D
(R)
1 (M1) = Tr(R)e

∫
M1

b
, (2.4.16)

where b is the G gauge field introduced in order to gauge the theory. In particular, thefusion rules of the Wilson lines take the form
D

(R1)
1 ⊗D

(R2)
1 =

⊕
R3

NR1R2
R3

D
(R3)
1 , (2.4.17)

where NR1R2
R3

are the Clebsch-Gordan coefficients of the tensor product of the repre-sentations:
R1 ⊗R2 =

⊕
R3

NR1R2
R3

R3, (2.4.18)
and, in this case, the identity1 is the trivial representation. In particular, these topologi-cal defect lines define a new fusion categoryRep(G), the category of finite-dimensionalrepresentations ofG (see [12,54] for a more detailed explanation on the emergence anddefinition of the Rep(G) fusion category).The crucial difference between the pre-gauged and post-gauged theories lies in theinvertibility of the symmetry lines. In VecG, every object D(g) has a unique inverse
D(g−1), following from the group-like fusion rule. In Rep(G), by contrast, only theone-dimensional representations remain invertible. Instead, any representation Ri of
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higher dimension dimRi > 1 gives rise to a non-invertible line, since its fusion decom-poses into a direct sum of several simple objects rather than a single one. Indeed, thecorresponding fusion matrix Ni has Perron-Frobenius eigenvalue
di = dimRi > 1, (2.4.19)

and hence violates the invertibility condition di = 1. In particular, from the reletion ofthe quantum dimension of the TDLs and the well-known fact from group theory that
G abelian ⇐⇒ dim(R) = 1 ∀R irreducible representation (2.4.20)

(we refer to [56] for a proof of this statement), we get that the gauging of a non-abelian
0-form symmetry results in a non-invertible fusion category Rep(G).To give an explicit example of non-invertible symmetry arising from the gauging of anon-abelian 0-form symmetry, we can consider the gauging of the simplest non-abelianfinite group, the symmetric group S3. This is generated by 3 generators as

S3 = ⟨id, a, b|a3 = b2 = id, bab = a2⟩. (2.4.21)
The irreducible representations of this group are the trivial one, 1+, the sign represen-tation (depending on the sign of the permutation), 1−, and the 2d representation 2(which is the representation of the group acting as the symmetry group of the equilat-eral triangle). The tensor product rules of these representations are:

1+ ⊗ 1± = 1±

1− ⊗ 1− = 1+

2⊗ 1± = 2 (2.4.22)
2⊗ 2 = 1+ ⊕ 1− ⊕ 2.

In particular, since the fusion rules of the TDLs follow from the above coefficients, weget
D2

1 ⊗D2
1 = D

1+

1 ⊕D
1−
1 ⊕D2

1 (2.4.23)
which is the fusion rule of a non-invertible topological defect line.
2.4.4 Non-invertibility from non-genuine operators

As we saw in the previous section, the non-invertibility property of a topological defectcan be defined in terms of its quantum dimension. In particular, let L be a topologicaldefect, then if its quantum dimension dL > 1 the defect is not invertible. However,this is just one of the possible definitions. Indeed, the non-invertibility property of atopological defect can also be defined in terms of its action on the operators of thetheory.
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2 GENERALIZED SYMMETRIES IN QUANTUM FIELD THEORY AND STRING THEORY

To do so, we first need to introduce the notion of non-genuine operator. A non-genuine p-dimensional operator is an operator that, in order to be well-defined, needsto be attached to the end of a p + 1-dimensional operator. To better understand thisdefinition, we illustrate an example. Consider a d-dimensional U(1)-gauge theory, andlet A be the gauge field (as in the example in Section 2.3.1). Let ϕ(x) be a matter fieldwith charge q ∈ Z under the U(1)-gauge symmetry. Now, the insertion of the field
ϕ(x) cannot define a local operator of the theory, since it is not gauge invariant. Indeed,under the gauge transformation

A(x)→ A(x)− dθ(x) (2.4.24)
ϕ(x) would transform as:

ϕ(x)→ eiqθ(x)ϕ(x). (2.4.25)
In order to make the insertion gauge invariant, we need to attach this local operator to acharge q Wilson line defined on the 1-dimensional submanifoldM1 such that ∂M1 = x,that is to say the Wilson line must end on the local operator ϕ(x). Indeed, in this way,the Wilson line transforms as

Wq(M1) = exp

(
iq

∫
M1

A

)
→ exp

(
−iq

∫
M1

dθ

)
Wq(M1) = e−iqθ(x)Wq(M1)

(2.4.26)and the combination of the two ϕ(x)Wq(M1) is gauge invariant. This implies that ϕ(x)is a non-genuine operator and it must be defined as the ending point of a Wilson line(see [57] for a more detailed discussion). This is illustrated in Fig. 5.
Wq ϕ(x)

Figure 5: The matter field operator ϕ(x) of charge q is not gauge invariant, and for this reasonit lives at the end of a Wilson line of charge q, defining a non-genuine operator.
We are now able to define a non-invertible defect in terms of its action on theoperators of the theory. In particular, a symmetry defect D(Mp) is said to be non-invertible if, given some genuine operatorO(Mq), the action ofD(Mp)onO(Mq) yieldsa non-genuine operator, meaning that the resulting operator must be attached to somehigher-dimensional operatorO′(Nq+1), whose boundary satisfies Mq = ∂Nq+1. This isdue to the fact that the action of a non-invertible defect on genuine operators is not anautomorphism, and, for this reason, it acts non-invertibly.To understand this better, let us consider the 2d Ising model, which is characterizedby the existence of a non-invertible defect line D, called the Kramers-Wannier dualitydefect. This comes from the fact that the Ising model is isomorphic to its Z2 orbifold,and this gives rise to the non-invertible defect D with fusion rule:

D ×D = Id + η, (2.4.27)
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where η is the topological defect line implementing the Z2 invertible symmetry, sat-isfying η × η = Id (in our discussion below we will only need the fusion rule of thenon-invertible TDL D; for a complete discussion on the 2d Ising model we refer to [37]).Now, let us consider the insertion of this TDL in the 2d theory, together with a genuineoperator O(x), as depicted in Fig. 6.(a). Since the defect D is topological, we can de-

D

O(x)

(a)

O(x)

D(b)

O(x)

D(c) D

η
O′(x)

(d)
Figure 6: The action of the non-invertible Kramers-Wannier topological defect D in the 2d Isingmodel on a genuine operatorO(x).
form it (as long as it doesn’t cross the local operatorO(x)) in order that it surrounds thelocal operator insertion. At this point, using the fusion rule for D on the two horizontalsegments, we get that the genuine local operator O(x) is mapped to a non-genuineoperatorO′(x), which, in order to be well-defined, needs to be attached at the end ofthe η-line (for a more complete discussion, we refer to [12]).
2.5 Generalized symmetries and phenomenology
Before moving to the main section of this thesis, namely the emergence of non-invertiblesymmetries in the 2d compact boson, we want to make the connection between thelandscape of generalized symmetries and the possible phenomenological implicationsthat these can have. Indeed, throughout this chapter, we have presented the mathe-matical framework in which the construction of generalized symmetries is possible; tomake this generalization clearer, we have also presented some examples of higher formand non-invertible symmetries. However, the examples we presented in the previoussections were created ad hoc in order to show some peculiar properties of generalizedsymmetries, without the ambition of deriving any realistic phenomenological implica-tion. The goal of this final section is instead to present a phenomenologically relevantexample of generalized symmetry application, and how these broader types of symme-tries can be helpful in order to construct a realistic physical model.The application of generalized symmetries we want to discuss here has been firstpresented in [58] and is an axion-less generalized symmetry-driven attempt to solve thestrong CP problem.
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The strong CP problem derives from the fact that quantum chromodynamics (QCD)Lagrangian admits a CP-violating term
Lθ =

θg2s
32π2

Ga
µνG̃

aµν , (2.5.1)
where Ga

µν is the gluon field strength, G̃aµν its dual, gs is the strong coupling constantand θ ∈ [0, 2π) is a parameter. This term violates the combination of parity (P) andcharge-conjugation (C) symmetries, hence CP, leading to observable effects such as anonzero neutron electric dipole moment. In addition to this term, CP violation can alsobe originated by the complex phases in the quark mass matrices, and it is proportionalto arg[det(MuMd)], where Mu and Md are the up and down-type quark mass matrices.In particular, the observable CP-violating parameter in strong interactions is the sum ofthese two effects, resulting in:
θ̄ = θ + arg[det(MuMd)]. (2.5.2)

The experimental measure of θ̄, however, puts an upper bound to its value at |θ̄| ≲
10−10. Since CP symmetry is violated in the weak interactions (as was already exper-imentally proven by Cronin and Fitch in 1964, see [59] for the original paper), such afine-tuned value in the strong sector appears unnatural. For this reason, explainingwhy QCD preserves CP constitutes the so-called strong CP problem.One of the possible solutions, and the most popular one, is via the Peccei-Quinnmechanism, which was introduced by R. D. Peccei and H. R. Quinn in 1977 (see [60] forthe original work). This mechanism relies on the introduction of a global chiral sym-metry U(1)PQ which is spontaneously broken. This spontaneous symmetry breaking(SSB) gives rise to a pseudo-Goldstone boson known as the axion a which dynamicallyensures the vanishing of θ̄ at the minimum of its potential. The problem in the Peccei-Quinn mechanism, however, is that it gives rise to a new particle, the axion, whoseexistence has long been ruled out by experiments. For this reason, the exploration ofaxion-less mechanisms that are able to impose the θ̄ = 0 condition has been an activeresearch field in the last decades. In the following, we will present such a mechanismdriven by generalized symmetries arguments.As we said above, there are two possible sources of CP violation in QCD, namely θand arg[det(MuMd)]. Regarding the first term, there are strong theoretical reasons toimpose the vanishing of θ. Indeed, in most UV-complete frameworks (such as string the-ory, higher-dimensional gauge theories, supersymmetric grand unification theories), CPis an exact symmetry of the action before compactification or spontaneous breaking,implying the vanishing of θ at the tree level. In addition to this, if the quark mass matri-ces are real, arg[det(MuMd)] = 0, there will be no radiative corrections that can gen-erate θ, and so, in this case, θ = 0 remains valid also at higher loop orders. This impliesthat, in order to address the strong CP problem, we need a theoretical motivation to
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impose the vanishing of arg[det(MuMd)], or, at least, to guarantee arg[det(MuMd)] ≲
10−10.In the cited article [58], the authors propose a GUT-motivated model for the axion-less solution of the strong CP problem, following from the SU(5) GUT-inspired SM(see [61] for a consistent formulation of this model). In particular, the central pointof this paper is the gauging of a finite symmetry, which gives rise to a non-invertiblesymmetry, imposing new constraints on the mass matrices resulting from the theory.More precisely, this method relies on the gauging of the Z2 automorphism of the Z5symmetry of the theory, giving rise to the new symmetry Z̃5. This new symmetry isdescribed by a fusion category, whose objects are the invariant conjugacy classes of
D5 = Z5 ⋊ Z2 under the Z2 automorphism; these are {[g0], [g1], [g2]}, with fusionrules:

[g0]⊗ [g0] = [g0],

[g0]⊗ [g2] = [g2]⊗ [g0] = [g2],

[g1]⊗ [g2] = [g2]⊗ [g1] = [g1] + [g2],

[g0]⊗ [g1] = [g1]⊗ [g0] = [g1],

[g1]⊗ [g1] = [g0] + [g2],

[g2]⊗ [g2] = [g0] + [g1],

(2.5.3)

and we can clearly see the non-invertibility property. More importantly, this general-ized (non-invertible) symmetry constrains the possible quark mass matrices that can beobtained in the theory, that turn out to be of the form:✓ 0 0
0 ✓ 0
0 0 ✓

 ,

 0 ✓ 0
✓ 0 ✓
0 ✓ ✓

 ,

0 0 0
0 ✓ 0
0 0 0

 , (2.5.4)

where the ✓ denotes the allowed entries, as was shown in [62]. Following the chargeassignment proposed in [58], the quark mass matrices turn out to be of the form:

M0
u,d =

 0 au,d 0
a′u,d 0 cu,d
0 c′u,d du,d

 , (2.5.5)

where au,d, a
′
u,d, cu,d, c

′
u,d, du,d ∈ R. These constraints on the quark mass matricesclearly imply arg[det(MuMd)] = 0, which, together with the assumption that the un-derlying fundamental theory is CP invariant, that is to say θ = 0, gives θ̄ = 0, withoutintroducing any new field and, consequently, giving rise to an axion-free CP invarianttheory. Moreover, in this framework, the authors show that it is also possible to intro-duce a new complex scalar field, η, charged under the non-invertible symmetry, whosevacuum expectation value ⟨η⟩ allows for an imaginary term beϕu,d in the quark massmatrices. Surprisingly, the two phases are such that arg[det(MuMd)] = 0, and so theCP symmetry is not violated while giving a natural explanation of the correct sign of thebaryon-number asymmetry in the present universe.
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Conceptually, this model shows how generalized (non-invertible) symmetries, ini-tially formulated in the context of topological defect operators, can play a direct phe-nomenological role. By constraining quark mass matrices through non-invertible fusionrules, they realize an axion-less solution to the strong CP problem that is UV-motivatedand consistent with experimental data.
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3 The c = 1 Compact Boson: Rational-
ity and Symmetries

In the previous chapter, we presented the notion of generalized symmetry. We startedby reviewing the classical concept of symmetry in QFT; then, by reformulating symme-tries in terms of topological operators and fusion categories, we have been able to de-fine higher-form and non-invertible symmetries. Finally, we presented a phenomeno-logical application of generalized symmetries.With this new framework, we are now able to move to the study of the c = 1 com-pact boson and how non-invertible symmetries can arise in this type of theory. We willstart with a general introduction to the c = 1 compact boson, presenting its action, theoperator content, the partition function and its main characteristics (for a complete re-view of the c=1 compact boson, we refer to [38,63,43,47,64]); we will then move to theconcept of rational CFT and we will present the rationality condition for the c = 1 com-pact boson. Finally, we will show how to construct non-invertible symmetries at theserational points, their categorical formulation, and how these act on the Dp-branes ofthe theory.This section will serve as a testing ground for some of the techniques that will beused in the next section, in which we will apply the same analysis to the constructionof non-invertible symmetries for the c = 2 compact boson.
3.1 The c = 1 compact boson
The c = 1 compact boson is one of the simplest two-dimensional conformal field the-ories (CFT). This is a 2-dimensional QFT that describes a single real scalar field ϕ(σ, τ)compactified on a circle of radius R, S1

R. It can be interpreted as a non-linear sigmamodel with a one-dimensional target space S1
R. In general, a non-linear sigma modelis a quantum field theory whose fundamental field X : Σ → M represents a mapfrom the two-dimensional worldsheet Σ to a target manifoldM, and whose dynamicsis governed by the pullback of the target-space metric Gij . The compact boson thuscorresponds to the special case in which the target manifold is a circle,M = S1

R, withmetric ds2 = R2dϕ2, where R is the radius of the circle. The worldsheet action can bewritten in terms of the compact scalar field ϕ ∼ ϕ+ 2π as:
S =

R2

4π

∫
dϕ ∧ ⋆dϕ =

R2

4π

∫
dσdτ ∂µϕ∂

µϕ =
1

4π

∫
dσdτ ∂µX∂µX, (3.1.1)

where we introduced the new compact scalar field X , defined as X = Rϕ, whichsatisfies X ∼ X + 2πR; we do this for simplicity in the control of the scale factor R in
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the following. The equations of motion are those of a free massless field,
∂2
τX − ∂2

σX = 0, (3.1.2)
whose general solution is the sum of a left and a right moving component,

X(σ, τ) =
1√
2
(XL(τ + σ) +XR(τ − σ)) . (3.1.3)

The 1√
2

is a normalization factor; this is the standard normalization used in the CFT andstring theory literature and it is needed in order to guarantee that the 2-point func-tion ⟨XL(z)XL(w)⟩ has the standard operator product expansion with leading term
⟨XL(z)XL(w)⟩ ∼ −ln(z −w) (here z and w are complex coordinates on the 2d planeon which the CFT is defined; these can be obtained by Wick rotating the time coordi-nate τ ).Because the target space is compact, the field configurations can wind around thecircle as one moves along the spatial direction of the worldsheet. This leads to topolog-ically non-trivial field configurations in the theory. If we consider the worldsheet to bea cylinder with coordinates (σ, τ), such that σ ∼ σ+2π, the boundary condition takesthe form

X(σ + 2π, τ) = X(σ, τ) + 2πRw, w ∈ Z, (3.1.4)
where w is the winding number. The field can also carry momentum along the compactdirection, and the requirement for the vertex operator eipX to be single-valued under
X → X + 2πR quantizes the momentum as

p =
n

R
, n ∈ Z. (3.1.5)

Each sector of the theory is therefore labeled by a pair of integers (n,w), which corre-spond respectively to the momentum and winding numbers.The general solution to the above equations of motion (3.1.2) is
X(σ, τ) = X0 + p τ + wRσ + i

∑
m̸=0

1

m

(
αme

−im(τ+σ) + α̃me
−im(τ−σ)

)
, (3.1.6)

where the first term is an integration constant, the second and third ones describe thezero-mode sector (with p = n
R

) while the oscillatory part describes the excitations ofthe field. By introducing the new coordinates ξ± = τ ± σ, the left and right movingcomponents can be written as
XL(ξ

+) = X0L + pL ξ
+ + i

√
2
∑
m ̸=0

1

m
αme

−imξ+ ,

XR(ξ
−) = X0R + pR ξ− + i

√
2
∑
m̸=0

1

m
α̃me

−imξ− , (3.1.7)
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with
pL =

1√
2

( n
R

+ wR
)
, pR =

1√
2

( n
R
− wR

)
. (3.1.8)

It is also possible to introduce a second scalar field X̃ , called the dual field, definedlocally as
∂µX̃ = ϵµν ∂

νX, (3.1.9)
or equivalently dX̃ = ⋆dX . This relation exchanges the roles of space and time deriva-tives. Both X and X̃ satisfy the same equation of motion and are compact fields, with
X̃ ∼ X̃ + 2π

R
.In particular, the compact boson presents two independent global shift symmetries:

X → X +Rϵ, (3.1.10)
X̃ → X̃ +

1

R
ϵ̃. (3.1.11)

The first, acting on X , generates the Noether current
jµX =

1

2π
∂µX, QX =

∫ 2π

0

dσ jτX =
n

R
, (3.1.12)

while the second, acting on X̃ , arises from the Bianchi identity ϵµν∂µ∂νX = 0 and hasa conserved current
jµ
X̃
=

1

2π
ϵµν∂νX, QX̃ =

∫ 2π

0

dσ jτ
X̃
= wR. (3.1.13)

These shift symmetries give rise to two U(1) symmetries whose conserved charges are
n
R

and Rw, labeled by the two integers (n,w), and the global symmetry of the theoryis denoted by U(1)n × U(1)w. In terms of chiral components,
X =

1√
2
(XL +XR), X̃ =

1√
2
(XL −XR), (3.1.14)

so that the left and right moving fields can be regarded as linear combinations of theoriginal and dual field.The two global U(1) symmetries just described can also be rewritten in terms oftwo conserved chiral currents,
JL(ξ

+) = ∂+XL(ξ
+), JR(ξ

−) = ∂−XR(ξ
−), (3.1.15)

(where ∂± = 1
2
(∂τ ± ∂σ)) which generate the two independent shift symmetries ofthe left and right moving sectors. In particular, these correspond to chiral operatorsof conformal dimension (hL, hR) = (1, 0) and (hL, hR) = (0, 1) respectively, which
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define the global U(1)L × U(1)R chiral algebra of the compact boson (this is simply aredefinition of the global symmetry U(1)n × U(1)w introduced above in terms of leftand right momenta).The spectrum of primary operators can be written in terms of pL and pR, and thevertex operators take the form
Vn,w = ei

n
R
XeiwRX̃ = eipLXLeipRXR . (3.1.16)

The conformal dimension ∆ and spin s of each operator can be written in terms of
hL = 1

2
p2L and hR = 1

2
p2R as:

∆ = hL + hR =
1

2

(
n2

R2
+ w2R2

)
, s = hL − hR = nw, (3.1.17)

and the Dirac quantization condition, which in this case takes the form nw ∈ Z, is triv-ially satisfied. Moreover, the primary operators of the theory are in one-to-one corre-spondence with the sites of the even, self-dual integer momentum lattice Γ1,1, in whichthe left and right momentum take value
Γ1,1 ∋

(
pL
pR

)
= L

(
n
w

)
=

1√
2

(
1
R

R
1
R
−R

)(
n
w

)
, (3.1.18)

whereL is the lattice generating matrix. An important thing to notice is that it is possibleto use the Γ1,1 lattice in order to compute the conformal dimension ∆ and the spin sof a primary operator. Indeed, these can be computed as
∆ = hL + hR =

1

2

(
pL pR

)(pL
pR

)
=

1

2

(
n w

)
LTL

(
n
w

)
, (3.1.19)

s = hL − hR =
1

2

(
pL pR

)(1 0
0 −1

)(
pL
pR

)
=

1

2

(
n w

)
LT

(
1 0
0 −1

)
L

(
n
w

)
,

(3.1.20)
and so 1

2
LTL and 1

2
LT

(
1 0
0 −1

)
L can be regarded as the ∆ and s pairing over the

(n,w) space.The partition function of the compact boson encodes the full spectrum of momen-tum and winding excitations. By taking the worldsheet to be the Euclidean torus withmodular parameter τ = τ1 + iτ2, the partition function is defined as
Z(R; τ, τ̄) = TrH

(
qL0− c

24 q̄ L̄0− c
24

)
, q = e2πiτ , (3.1.21)

where the trace runs over all states of the Hilbert space labeled by integer momentumand winding numbers (n,w); L0 and L̄0 are the 0-mode of the left and right Virasoro
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algebras, that is to say the holomorphic and anti-holomorphic ones. The total partitionfunction can then be written as
Z(R; τ1, τ2) =

1

|η(τ)|2
∑

(n,w)∈Z2

e
−πτ2

(
n2

R2+w2R2
)
e 2πiτ1 nw, (3.1.22)

where η(τ) is the Dedekind eta-function defined as
η(τ) = q1/24

∞∏
n=1

(1− qn) (3.1.23)
and it accounts for the contribution of the oscillator modes. Now, each sector con-tributes according to the left and right moving momentum (3.1.8) in such a way thatthe sum over (n,w) can also be rewritten in terms of the momentum lattice Γ1,1. Inparticular, in this way the partition function takes the much more familiar and easierform

Z(τ, τ̄ ;R) =
1

|η(τ)|2
∑

(pL,pR)∈Γ1,1

q
p2L
2 q̄

p2R
2 . (3.1.24)

A fundamental property of the partition function (3.1.24) is its invariance under modu-lar transformations of the torus, which reflect redundancies in the parametrization ofthe worldsheet geometry. The modular group SL(2,Z) acts on the complex structureparameter as (
a b
c d

)
∈ SL(2,Z) : τ −→ aτ + b

cτ + d
(3.1.25)

and the physical consistency of the theory requires the partition function to satisfy
Z
(
aτ+b
cτ+d

, aτ̄+b
cτ̄+d

;R
)
= Z(τ, τ̄ ;R),

(
a b
c d

)
∈ SL(2,Z). (3.1.26)

In particular, the group SL(2,Z) is generated by T and S, which are defined as
T : τ → τ + 1, S : τ → −1

τ
, (3.1.27)

The invariance under the T transformation follows from the quantization of spin, s =
hL − hR = nw ∈ Z, which ensures qhL q̄hR acquires only an integer phase under
τ → τ + 1. The S transformation, τ → − 1

τ
, can be regarded as the exchange ofthe temporal and spatial cycles of the torus. In the c = 1 compact boson, this op-eration interchanges momentum and winding modes, acting on the lattice labels as

(n,w) 7→ (w,−n). Since the partition function (3.1.24) includes a symmetric sum overall integer pairs (n,w) (that is, over the self-dual integer momentum lattice), it is man-ifestly invariant under this exchange. This modular invariance guarantees the consis-tency of the compact boson CFT.
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3 THE c = 1 COMPACT BOSON: RATIONALITY AND SYMMETRIES

Another important feature of the compact boson is its invariance under T-duality,a discrete symmetry that exchanges momentum and winding modes. In terms of thecompact scalar X and its dual field X̃ , the theory depends on the compactificationradius R through the left and right moving momentum (3.1.8) spanned by n,w ∈ Z.However, the conformal dimension and spin of a state depend only on p2L and p2R, andthe same is true for the partition function, implying that the theory remains invariantunder the transformation
R −→ 1

R
, n←→ w, (3.1.28)

which exchanges the roles of momentum and winding. This is the T-duality symmetryof the compact boson.From a geometric point of view, T-duality maps the theory on a circle of radius R toa dual theory on a circle of radius 1/R. In terms of the fields, it acts as
X ←→ X̃, (3.1.29)

interchanging the two U(1) symmetries of the model. This can be easily seen from themode expansion of the fields XL and XR, resulting in the overall map
XL → XL and XR → −XR. (3.1.30)

At the self-dual point R = 1 (where both X and X̃ are maps to the unit circle),the left and right moving momenta become pL = 1√
2
(n + w) and pR = 1√

2
(n − w),

and the global symmetry U(1)L × U(1)R is enhanced to SU(2)L × SU(2)R. Indeed,the spectrum contains additional dimension-one operators that define new conservedcurrents. In particular, from the conformal weights hL = 1
2
p2L and hR = 1

2
p2R, one finds

that for R = 1 the vertex operators with momenta (pL, pR) = (±
√
2, 0) and (0,±

√
2)have hL = 1 and hR = 1, respectively. These can therefore be identified with new leftand right moving currents,

J±
L (ξ

+) =:e±i
√
2XL(ξ

+) :, J±
R (ξ

−) =:e±i
√
2XR(ξ−) :, (3.1.31)

which, together with JL(ξ
+) and JR(ξ

−), enlarge the left and right chiral algebras to
SU(2)L and SU(2)R respectively. This enhancement reflects the fact that, at R = 1, T-duality acts as an automorphism of the chiral current algebra, rotating theU(1) currentsinto each other.As we saw above, the c = 1 compact boson is characterized by the radius R of thecircle S1

R on which the field X is compactified. In particular, the value of the radiusspans a continuous set of theories, defined by R ∈ R+; however, we also have toaccount for T-duality, which states that two theories defined by the radius R and 1/Rare equivalent up to T-duality. This implies that the fundamental domain in which R
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3 THE c = 1 COMPACT BOSON: RATIONALITY AND SYMMETRIES

takes value is given by the quotient of R+ by the T-duality identification, resulting in
R≥1, and it is called the circle branch of the moduli space. However, in addition to thecircle compactification on S1

R, the c = 1 compact boson admits a second continuousfamily of modular-invariant theories, obtained by quotienting the circle by the discretereflection symmetry X → −X . This construction defines the so-called orbifold branchof the moduli space, corresponding to the target space S1
R/Z2; the circle and orbifoldbranches are connected at the point R = 2, and they are the only two branches in the

c = 1 moduli space. Geometrically, this orbifold can be viewed as a line segment oflength πR, with two fixed points under the Z2 action located at X = 0 and X = πR(see Fig. 7). The orbifold theory is defined by projecting the Hilbert space of the circle
×

×

X

×

×

Figure 7: The action of Z2 orbifold on S1
R. On the left we show the circle of radius R, on theright we show the resulting line segment S1

R/Z2 with the two fixed points.
model onto Z2-invariant states and by including new twisted sectors associated withfield configurations that are periodic up to the reflection symmetry. More explicitly,the untwisted sector consists of the Z2-even subset of the original Hilbert space, wherethe field satisfies X(σ + 2π, τ) = X(σ, τ), while the twisted sector is generated byconfigurations obeying the boundary condition

X(σ + 2π, τ) = −X(σ, τ), (3.1.32)
which implies a mode expansion in terms of half-integer oscillators and no momentumor winding zero modes. The twisted sector therefore contains two degenerate vacua
|0⟩1,2, localized at the orbifold fixed points. The full Hilbert space of the orbifold theoryis the sum of the projected untwisted sector and the twisted sector,

Horb = Huntw ⊕Htw, (3.1.33)
and the torus partition function can be obtained by summing over all sectors weightedby their corresponding Z2 boundary conditions along the two cycles of the torus. Theresult can be expressed as

Zorb(R) =
1

2

(
Z00 + Z01 + Z10 + Z11

)
, (3.1.34)
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where Z00 is the untwisted contribution of the original circle theory, Z01 and Z10 cor-respond to the twisted insertions along the spatial and temporal cycles, and Z11 repre-sents the double twisted sector. We will not go into the details of theZ2 orbifold Hilbertspace and partition function here. We refer to [63, 39] for a more detailed discussionand for the explicit form of the partition function.The fact that the Z2 orbifold represents the only additional branch of the c = 1moduli space is not accidental but has a clear geometric origin. Indeed, the circle S1
Rcan be viewed as the quotient of the real line by a one-dimensional lattice of period

2πR, that is
S1
R = R/(2πRZ). (3.1.35)

The geometry of this lattice completely determines the possible discrete symmetriesthat can act on the target space. In one dimension, the only non-trivial automorphismof the lattice Λ = 2πRZ is the reflection x 7→ −x (where x represents the coordi-nate on the real axis), which generates the group Z2. Therefore, within this geometricrealization of the compact boson, the only admissible orbifold is the Z2 orbifold. Thisexplains why the Z2 orbifold is the unique non-trivial extension of the circle branch andwhy the c = 1 moduli space consists precisely of these two connected components:the circle branch and the Z2 orbifold branch4 (see Fig. 8).

R

Rorb.

R = 1
SU(2)L × SU(2)R

T O I

R = 2

Figure 8: The c = 1 compact boson moduli space. It presents 2 connected components, namelythe circle and the Z2 orbifold branches, that join at the R = 2 point. In addition, the modulispace features the enhanced symmetry point atR = 1, corresponding toSU(2)×SU(2) chiralsymmetry, as well as the three exceptional isolated components T , O and I .
4In addition to the 2 connected components, the c = 1 moduli space presents 3 isolated exceptionalcomponent, denoted by T , O and I . These come from the gauging of the three special symmetry sub-groups of SU(2). For a detailed discussion we refer to [39, 26].
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3.2 The rationality condition
In the previous section, we discussed the c = 1 compact boson, which is one of the sim-plest 2-dimensional CFTs and which will serve as a testing ground for the next chapter,in which we will discuss the emergence of generalized symmetries in the c = 2 compactboson. In this section, we want instead to introduce the concept of rational conformalfield theory (RCFT), which will be central in the construction of non-invertible symme-tries, as we will see later.We can start by giving the definition of RCFT: a two-dimensional conformal field the-ory is said to be rational if its chiral algebraA admits only a finite number of inequivalentirreducible representations. In such a theory, the Hilbert space of states decomposesinto a finite direct sum of tensor products of left and right moving representations ofthe chiral algebras,

H =
N⊕

i,j̄=1

Mij̄ VL
i ⊗ VR

j̄ , (3.2.1)
where VL

i and VR
j̄ denote the irreducible representations of AL and AR, respectivelythe left and right chiral algebras, and Mij̄ ∈ Z≥0 are non-negative integers specifyingthe multiplicity of each sector. The number N of distinct primary operators is thereforefinite, and the operator product expansion closes among this finite set of primaries.The characters of these representations,

χi(τ) = TrVi

(
qL0− c

24

)
, q = e2πiτ , (3.2.2)

form a finite-dimensional representation of the modular group SL(2,Z). Indeed, un-der a generic modular transformation of the form (3.1.25), the characters transform intoeach other; in particular, by looking at the transformation rules under the two genera-tors of SL(2,Z) S and T , we can construct two matrices Sij and Tij such that
χi(−1/τ) =

∑
j

Sijχj(τ), χi(τ + 1) =
∑
j

Tijχj(τ). (3.2.3)
The full torus partition function can then be written as

Z(τ, τ̄) =
∑
i,j̄

Mij̄ χi(τ) χ̄j̄(τ̄), (3.2.4)
and the modular invariance condition imposes strong algebraic constraints on the al-lowed combinations of left and right representations; these are given by

[M,T ] = 0, [M,S] = 0 (3.2.5)
and, together with the requirement of the uniqueness of the vacuum M00 = 1, theseconditions constrain the form of the matrix M .
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Moreover, in rational conformal field theories, the primary fields of the chiral alge-bra A obey discrete fusion rules that describe how the finite set of representations isclosed under operator product. These rules take the form
Vi × Vj =

∑
k

N k
ij ,Vk, N k

ij ∈ Z≥0, (3.2.6)
where the non-negative integers N k

ij are known as fusion coefficients. They definean associative and commutative algebra, called the fusion algebra, or Verlinde algebra,whose structure is entirely determined by the modular S-matrix, defined in equation(3.2.3), through the Verlinde formula
N k

ij =
∑
m

SimSjmS
∗
km

S0m

. (3.2.7)
This algebra encodes how inequivalent representations of the enhanced chiral algebracombine under fusion.An important subclass of rational conformal field theories is given by the so-calleddiagonal RCFTs, in which the left and right chiral sectors are paired one-to-one. In thiscase, the multiplicity matrix takes the form Mij̄ = δij̄ , and the partition function re-duces to

Zdiag(τ, τ̄) =
∑
i

|χi(τ)|2. (3.2.8)
Diagonal RCFTs correspond to theories whose spectrum is built from the tensor prod-uct of each chiral representation with its right-moving counterpart, ensuring that allprimary operators have integer spin.RCFTs play a central role in conformal field theory and string theory because theyare exactly solvable models. For a complete exposition on rational conformal field the-ories, we refer to [65, 66].With the general definition of rational CFT, we are now able to study the specificcase of the c = 1 compact boson. As we saw in the previous section, for genericvalues of R, the left and right momenta are given by equation (3.1.8) and they are inone-to-one correspondence with the sites of the infinite lattice (3.1.18). For generic
R, the left and right chiral algebras are generated by the primary chiral operators JLand JR defined in (3.1.15), which are the only two chiral primary operators of the the-ory, in general. However, we saw that, at the self-dual radius, the chiral algebra is en-hanced to SU(2)L×SU(2)R thanks to the existence of a larger set of chiral operators,which includes J±

L and J±
R ; this enhanced chiral symmetry is due to the fact that, at

R = 1, the primary operators obtained with (n,w) = (1,±1) have conformal weights
(hL, hR) = (1, 0) and (hL, hR) = (0, 1). We can now ask ourselves if R = 1 is the onlypoint in the moduli space with enhanced chiral algebra, and the answer to this question
is no. Indeed, there exists an infinite set of radii R =

√
N
M

, for N,M ∈ Z coprime, at
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which the theory presents an enhanced chiral algebra. This is due to the fact that, if
R2 is rational, we can construct a larger set of chiral operators, besides JL and JR. Toconstruct them, we have to impose the chirality (anti-chirality) condition, that is pR = 0(pL = 0). This takes the form

pR =
1√
2

( n
R
− wR

)
= 0 =⇒ n = wR2 = w

N

M
, (3.2.9)

from which we clearly see the importance of the rationality condition for R2, sinceboth n and w need to be integers. The smallest non-trivial couple of (n,w) satisfyingthis condition is given by w = M , which imposes n = N . The resulting chiral operatorsare
J+
L = ei

√
2KXL and J−

L = e−i
√
2KXL , (3.2.10)

where K = NM , and which have conformal dimension (hL, hR) = (K, 0). In thesame way, by imposing the anti-chirality condition pL = 0, we obtain the constraint
n = −w N

M
, which leads to two anti-chiral operators J±

R with conformal dimension
(hL, hR) = (0, K). In particular, including this new set of chiral operators enhancesthe chiral algebra to U(1)2K , generated by (JL, J

±
L ) (the same thing is valid for theanti-chiral one, the right-moving one); this is an affine U(1) Kac-Moody algebra at level

2K, and it is an extension of the chiral algebra U(1) (we will not go into the details ofthis type of algebras; for a complete exposition of the subject, see [38, 63]).We can now show explicitly that, when the compactification radius satisfies the ra-tionality condition above, the number of primary operators of the theory becomes fi-nite, corresponding to a rational CFT. As we have seen, at these points the chiral algebrais enhanced to U(1)2K , with K = NM , due to the existence of additional chiral fields
J±
L = e±i

√
2KXL (and their right-moving counterparts). The action of these chiral oper-ators on the Hilbert space results in a shifting of the momentum and winding numbersas (n,w) → (n + N,w + M). This implies that states related by this transformationare identified within the same representation of the extended chiral algebra, defining afinite set of equivalence classes under the identification pL ∼ pL+

√
2K. In particular,it is possible to define an invariant combination of n and w under this identification,

m ≡ nM + wN (mod 2K), (3.2.11)
which labels distinct representations of the extended algebra. The allowed values of mthen take value in Z/(2KZ), resulting in precisely 2K inequivalent chiral sectors. Thesame analysis can be applied to the right moving sector, yielding another finite set of
2K anti-chiral representations. In this way, the full Hilbert space decomposes into afinite sum of tensor products of left and right modules,

H =
2K−1⊕
m,m̄=0

Mmm̄ VL
m ⊗ VR

m̄, (3.2.12)
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implying that the RCFTs in the c = 1 compact boson model correspond to those theo-ries that satisfy R2 ∈ Q. Moreover, the fusion ring of the c = 1 compact boson RCFTis given by Z2K in general. This means that theories with the same chiral and fusionalgebras, but different modular invariants, correspond to different ways in which wecan decompose K into the product of two coprime integer numbers, leading to differ-ent compactification radii. Finally, the theory is diagonal, Mmm̄ = δmm̄, if the radiussatisfies R2 ∈ N (or, equivalently, R2 = 1/N, N ∈ N, because of T-duality).
3.3 Non-invertible symmetries at RCFT points
In the previous section, we introduced the notion of rational conformal field theoryand discussed its realization in the c = 1 compact boson. In particular, we showed thatwhen the compactification radius satisfies R2 ∈ Q, the theory exhibits an enhancedchiral algebra of the form U(1)2K , with K = NM and R =

√
N/M , which leadsto a finite number of primary operators. This precisely corresponds to the conditionthat a CFT must satisfy in order to be rational. In this section, instead, we will showhow non-invertible symmetries emerge at these rational points of the moduli space.We will begin by explaining why rationality is a necessary condition for the existenceof such generalized symmetries, and then describe how topological defects arise andwhat type of fusion category they generate.

3.3.1 Gauging and self-duality

As we saw in the previous chapter, one of the simplest ways to construct non-invertiblesymmetries is by gauging an (invertible) symmetry. This is the technique that we aregoing to apply in the following, together with the concept of self-duality. So, let us startby presenting the procedure of gauging a global symmetry in the case of the c = 1compact boson. We will consider the gauging of a finite subgroup ZN ×ZM of U(1)n×
U(1)w

5, that we will denote by σN,M . The action of this subgroup on the field X andthe dual one X̃ is:
σN,M ∋ (a, b) :

(
X, X̃

)
7→
(
X +

2πR

N
a, X̃ +

2πR

M
b

)
. (3.3.1)

What we want to do now is to gauge this subgroup of the global symmetry, and, in orderto do so, let us review the procedure of gauging a global symmetry of a CFT (this is thesame procedure that is used to construct the Z2 orbifold that we introduced abovearound equation (3.1.32); we refer to [63] for a detailed discussion). The starting pointis the standard partition function of a CFT defined in (3.1.21)
Z(τ, τ̄) = TrH

(
qL0− c

24 q̄ L̄0− c
24

)
, q = e2πiτ . (3.3.2)

5We consider only diagonal subgroups of the global symmetry, that is to say with ZN ⊂ U(1)n and
ZM ⊂ U(1)w. Moreover, we require that gcd(N,M) = 1 in order for the symmetry to be anomaly free.
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Now, let us consider a global symmetry H of the theory; then, the gauged partitionfunction will take the form:
Zgauged(τ, τ̄) =

∑
g,h∈H s.t. [g,h]=0

TrHh

(
gqL0− c

24 q̄ L̄0− c
24

)
, q = e2πiτ , (3.3.3)

where we sum over the elements of the symmetry group H . In particular,Hh refers tothe invariant subspace of the Hilbert space under the action of h and, for non-trivial g,
TrHh

(
gqL0− c

24 q̄ L̄0− c
24

) are called g-twisted sectors. So, the gauging procedure consists
in identifying the subspace of the Hilbert space invariant under the action of h ∈ H ,which, since the primary operators are in one-to-one correspondence with the sites ofthe lattice Γ1,1, is equivalent to determining the invariant sublattice; the following stepis then to introduce the so-called g-twisted states, with g ∈ H such that [g, h] = 0, inorder to guarantee modular invariance of the gauged theory.We can now apply this construction to the case of the subgroup (3.3.1). Let us startby considering the gauging of the subgroup ZN ⊂ U(1)n; to do so, we need to identifythe invariant subspace of the Hilbert space under the action of the symmetry generator,which is given by

Vn,w = ei
n
R
XeiwRX̃ 7→ ei

n
R(X+ 2πR

N )eiwRX̃ . (3.3.4)
It is clear that the invariant operators will be those with a momentum number of theform n = n′N , with n′ ∈ Z. Indeed, for this subset of operators, the action of ZN willbe the introduction of a phase e2πi, which leaves the operator unchanged. Followingthe procedure described above, we have now to construct the twisted states; the statesin this sector are characterized by an additional phase e

2πi
N coming from the periodicshift X̃ 7→ X̃ + 2π

R
, implying that the winding number must be fractional and of the

form w = w′

N
, with w′ ∈ Z.Let us now analyze more carefully the structure of the twisted sector introducedby the gauging procedure. When we gauge a finite subgroup ZN ⊂ U(1)n, the origi-nal Hilbert space of the theoryH is decomposed into sectors labeled by the boundaryconditions of the field X . The untwisted sector corresponds to the set of configura-tions that are invariant under the action of the gauged symmetry. However, modularinvariance of the full partition function requires the inclusion of additional sectors, thetwisted sectors, whose field configurations are periodic only up to the action of a groupelement g ∈ ZN . In the present case, this corresponds to imposing the boundary con-dition

X(σ + 2π, τ) = X(σ, τ) +
2πR

N
k, k = 0, 1, . . . , N − 1, (3.3.5)

where k labels the element of the group ZN . The case k = 0 corresponds to the un-twisted sector, while the N−1 remaining values of k define the distinct twisted sectors
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of the theory.Each twisted sector can be interpreted as describing strings that close only up toa discrete shift by 2πR
N

k in the target space. Equivalently, these configurations carryfractional winding numbers, of the form
w =

k

N
, k = 1, . . . , N − 1, (3.3.6)

as we said above. As a consequence, the twisted Hilbert spaces Hk are generated bystates whose left- and right-moving momenta are given by
(pL, pR) =

1√
2

(
nN

R
+

(
w +

k

N

)
R,

nN

R
−
(
w +

k

N

)
R

)
, n, w ∈ Z.

(3.3.7)These fractional shifts modify the structure of the momentum lattice Γ1,1, producing
N distinct sectors (one untwisted and N − 1 twisted) that together form a modular-invariant completion of the gauged theory.Overall, the action of the gauging can be written in terms of left and right movingmomentum as:

(pL, pR) =
1√
2

(
n′N

R
+

w′R

N
, n′NR− w′R

N

)
, n′, w′ ∈ Z. (3.3.8)

From this expression, we see that these states can be identified with the sites of themomentum lattice of a compact boson with target space a circle of radius R
N

. In thesame way, it is also possible to apply the same analysis to the subgroup ZM ⊂ U(1)w,leading to a theory compactified on a circle of radius RM . This clearly implies that,after gauging the diagonal subgroup ZN × ZM ⊂ U(1)n × U(1)w, the untwisted andtwisted sectors rearrange in such a way that they correspond to a theory of a compactboson compactified on a circle of radius M
N
R (we refer to [26, 67] for a more detaileddiscussion).Now, we just saw that the gauging of a finite subgroup ZN ×ZM ⊂ U(1)n×U(1)whas the overall effect of rescaling the radius as M

N
R; this result, together with the notionof rational CFT, is central for the construction of non-invertible symmetries. Indeed, if

we consider the RCFT with radiusR =
√

N
M

, by gauging the finite subgroupZN×ZM ⊂
U(1)n×U(1)w, we end up with a c = 1 compact boson compactified on a circle of radius
R′ = M

N

√
N
M

=
√

M
N

; the important thing to notice here is that the resulting radius is
simply the inverse of the original one, that is R′ =

√
M
N

= R−1. This is central because,
as we saw in the previous section, the c = 1 compact boson enjoys another discretesymmetry, T-duality. This symmetry states that the theory at R and the one at 1

R
areequivalent, up to a redefinition of the momentum and winding numbers (indeed, this
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identification implies the exchange of the field X with its dual X̃). This implies that, ifwe combine the gauging σN,M of the ZN × ZM subgroup of the chiral symmetry withthe action of T-duality, that we denote with T , we get that the overall action of T ◦σN,Mleaves the theory invariant; the combination of gauging and T-duality becomes then asymmetry of the theory and is called a duality symmetry.
3.3.2 Half-space gauging and Tambara-Yamagami categories

In the previous section we just saw that, given a c = 1 compact boson RCFT, by com-bining the gauging of a finite subgroup of the global chiral symmetry with T-duality, it ispossible to construct a duality symmetry of the theory. We want now to show how it ispossible to define a non-invertible symmetry starting from this property of the theory.In order to obtain the non-invertible topological defect, we implement the half-space gauging method. To understand this construction, consider a CFT T on a 2dspacetime with a global symmetry G. Let us now divide the spacetime in 2 halves andgauge the symmetry on only one side of the co-dimension one submanifold (which,since we are considering a 2d spacetime, is a line). If the gauged theory T /G is isomor-phic to the original one, T /G ∼= T , then we can impose Dirichlet boundary conditionsfor the gauge field associated to G, and the interface will define a topological defect
D in the theory (see Fig. 9 for a visual representation; for a complete exposition ofhalf-space gauging in arbitrary dimensions, we refer to [37]).

T T /G ∼= T

D

Figure 9: Visual representation of half-space gauging. The spacetime is divided in two halves bya co-dimension 1 submanifold. After gauging the global symmetry on one side, the submanifoldbecomes the support of a topological defect operator that we denote byD.
Now, from the half-space gauging prescription, we get a new topological defect line

D. However, we need to figure out the fusion rules that govern the resulting fusioncategory. It turns out that, for any 2d theory self-dual under the gauging of a non-anomalous abelian group A, the half-space gauging procedure gives rise to a Tambara-Yamagami fusion category TY(A,χ, ϵ) (we will denote this type of fusion category withTY). A TY category can be considered as a minimal extension of the fusion category ofthe abelian group A, VecA, by the inclusion of an additional non-invertible object Dthat encodes the duality symmetry operation. The simple objects of the category arethus the TDLs g corresponding to the simple objects of the fusion category VecA (which
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3 THE c = 1 COMPACT BOSON: RATIONALITY AND SYMMETRIES

are in one-to-one correspondence with the elements of the abelian group A), togetherwith a non-invertible lineD. The fusion rules are given by
g × h = gh, g ×D = D × g = D, D ×D =

⊕
g∈A

g. (3.3.9)
From the fusion rules of the duality defect D, it is easy to compute its quantum di-mension dD =

√
|A|, which is given in terms of the order of the group, implying thenon-invertibility of the defect. The only non-trivial F -symbols of the theory are[

F gDh
D

]
D,D

=
[
FDgD
h

]
D,D

= χ(g, h),
[
FDDD
D

]
g,h

=
ϵ√
|A|

χ(g, h)−1, (3.3.10)
which are defined in terms of:

• ϵ = ±1, the Frobenius-Schur indicator forD, which is a class ϵ ∈ H3(Z2, U(1)) =
Z2. The Frobenius–Schur indicator is a Z2-valued invariant that characterizeswhetherD behaves as a real or pseudo-real object under fusion. The Frobenius-Schur indicator will not play a central role in our discussion and for this reason wewill not go into details. For a detailed introduction to this object, we refer to [68];

• a symmetric, non-degenerate bilinear characterχ : A×A→ U(1), that satisfies:
χ(g, h) = χ(h, g), χ(gh, k) = χ(g, k)χ(h, k), χ(g, hk) = χ(g, h)χ(g, k).(3.3.11)

To summarize, from the set of simple objects, the form of the fusion rules and the F -symbols, we clearly see that a Tambara-Yamagami category is fully determined in termsof the gauged abelian group A, the bicharacter χ and the Frobenius-Schur indicator ϵ,justifying the usual notation TY(A,χ, ϵ). For a detailed discussion of Tambara-Yamagamicategories, we refer to the original paper [42]; for a more recent introduction to thetopic, we refer instead to [55, 69, 70].
3.3.3 The non-invertible lineD in the c = 1 compact boson

Now that we know how to obtain the non-invertible topological defect line implement-ing a duality symmetry, we can apply this construction to the rational c = 1 compact
boson. Let us consider an RCFT point in the circle branch at radius R =

√
N
M

. As we
saw above, we can gauge the finite diagonal subgroup ZN × ZM ⊂ U(1)n × U(1)w,and the resulting theory will be isomorphic to the original one up to T-duality. We de-note by η the TDL generating the ZN ⊂ U(1)n subgroup, such that ηN = Id (and thesimple objects of VecZN

are defined as ηk for k ∈ {0, 1, . . . , N − 1}), and by η̃ the linegenerating the fusion category associated with ZM ⊂ U(1)M , such that η̃M = Id. If
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we apply the half-space gauging procedure to this theory, we obtain a new topologicaldefect line, that we denote byD, implementing the duality symmetry. The fusion rulesof the resulting Tambara-Yamagami category (following equation (3.3.9)) take the form
D ⊗ η = η ⊗D = D ⊗ η̃ = η̃ ⊗D = D, D ⊗D =

N−1∑
n=0

M−1∑
m=0

ηnη̃m. (3.3.12)
At this point, we are able to study the action of the non-invertible topological de-fect on the primary operators of the theory. From equation (3.3.8), we know that theoverall action of gauging a subgroup of the chiral symmetry is rescaling the compactifi-cation radius as R 7→ M

N
R, which implies a redefinition of the momentum and windingnumbers as (n,w) 7→ (
M
N
n, N

M
w
). In addition to this, the duality symmetry requiresalso the implementation of T-duality, which maps the compactification radius R to itsinverse R−1 and which accounts instead for an exchange of the momentum and wind-ing numbers, as we showed in (3.1.28). The action of D on a primary operator Vn,w isthen the combination of these two operations, with an overall map of the charges givenby

(n,w) 7→
(
N

M
w,

M

N
n

)
. (3.3.13)

However, we need to distinguish two cases:
• n = ñN and w = w̃M , with ñ, w̃ ∈ N: these are the primary operators char-acterized by momentum and winding numbers which are integer multiples of Nand M , respectively. This subset of primary operators, after the gauging, will bemapped to a new set of genuine operators with integer momentum and windingnumbers

Vn,w 7→ Vn′,w′ = Vw̃N,ñM . (3.3.14)
• n = ñN + k and w = w̃M + k′, for k ∈ {0, . . . , N − 1}, k′ ∈ {0, . . . ,M − 1}and (k, k′) ̸= (0, 0): these operators are characterized by the fact that (at leastone between) the momentum and winding numbers are not integer multiples of
N and M , respectively. This implies that, when we drag the topological defect
D trough the operator insertion, we end up with an operator characterized byfractional values of momentum and/or winding number; that is to say, we endup with a non-genuine operator. This happens because this set of operators isnot gauge invariant. If we consider, for example, the operator Vk,0 = eikX/R

for k ∈ {1, . . . , N − 1}, under the gauging of ZN ⊂ U(1)n we get the non-genuine operator Vk/N,0; this is non-genuine because, under the 2πR translationof the X field, the transformed operator is no more single valued and acquiresa phase e2iπk/N . Indeed, the primary operators with these values of (n,w) areelements of the twisted sectors. This means that, as we saw in Section 2.4.4,
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after passing trough the defect line D, these operators must be placed at theend point of a line operator, which is itself attached to D (see Fig. 10 for a visualrepresentation). In particular, in order to guarantee gauge invariance, the lineoperator must be a combination of the gauged symmetry generators η and η̃; theprecise combination is ηuη̃v, where u = n mod N and v = w mod M , and, since
ηN = Id and η̃M = Id, this is equivalent to ηnη̃w (we refer to [48] for the proof).From the form of the line operators that must be introduce in order to guaranteegauge invariance, we also understand why the operators in the untwisted sectorend up to be genuine operators after the action of D; indeed, if we apply thesame analysis in that case, the required line operators would be just some powerof the identity operator, which can be omitted (since both n and w are integermultiples of N and M , respectively).

D

Vn,w =

D

ηnη̃w
V N

M
w,M

N
n

Figure 10: Action of the non-invertible lineD on the vertex operator Vm,w. If the operator Vn,wis not in the untwisted sector, then ηn ̸= Id and/or η̃w ̸= Id and the introduction of the lineoperator ηnη̃w is necessary for gauge invariance.
Finally, the action of the duality symmetry on the primary operators can also be inter-preted in terms of the momentum lattice Γ1,1. Indeed, as we saw in equation (3.1.18),the primary operators in the c = 1 compact boson theory are in one-to-one corre-spondence with the sites of the integer, self-dual momentum lattice. The action on themomentum and winding numbers can be written in matrix form as:(

n
w

)
7→
(
n′

w′

)
=

(
0 N

M
M
N

0

)(
n
w

)
≡ D

(
n
w

)
. (3.3.15)

Now, from the definition of the momentum lattice Γ1,1 in equation (3.1.18), the dualitysymmetry can then be seen acting on the lattice generating matrix L, instead of actingon the quantum numbers. This results in the overall matrix transformation (for the
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c = 1 compact boson with radius R =
√

N
M

for which T ◦ σN,M is a duality symmetry)

L =
1√
2

√M
N

√
N
M√

M
N
−
√

N
M

 7→ L′ = LD = L

(
0 N

M
M
N

0

)
=

1√
2

 √
M
N

√
N
M

−
√

M
N

√
N
M

 ,

(3.3.16)which can be clearly rewritten as
L′ = RL =

(
1 0
0 −1

)
L. (3.3.17)

This way of rewriting the action of the duality symmetry on the lattice generator interms of a new matrix R will be important in the next section and, mostly, in the c = 2compact boson, as we will see in the next chapter. For the moment, there are twoimportant things to notice. First of all, the matrix D belongs to O(1, 1,Q), which guar-antees that the spin s of the primary operators, defined as s = hL − hR = LTηLwith η = diag(1,−1), is preserved under the action of the duality symmetry; thisis equivalent to the fact that R is in O(1, 1,Q) too (notice that the two matrices areboth in O(1, 1,Q), but in two different representations; indeed, D preserves the ma-
trix

(
0 1
1 0

)
, while R leaves invariant the diagonal form diag(1,−1)). Secondly, the

fact that RTR = Id guarantees instead that the conformal dimension of the primaryoperators, defined as ∆ = hL + hR = LTL, is preserved too.
3.3.4 An example of duality symmetry in the c = 1 compact boson

At this point, we want to give an example of duality symmetry for the c = 1 compactboson. As we saw, in order to be able to construct such a non-invertible symmetry,we need the theory to be a rational CFT, which is equivalent to the requirement that
R2 ∈ Q. For this reason, let’s consider the theory of a boson compactified on a circleof radius R =

√
3; the action then takes the form:

S =
3

4π

∫
dσdτ ∂µϕ∂

µϕ. (3.3.18)
The left and right-moving momentum, instead, are given by

pL =
1√
2

(
n√
3
+ w
√
3

)
, pR =

1√
2

(
n√
3
− w
√
3

)
, (3.3.19)

which can be rewritten in terms of the self-dual integer momentum lattice Γ1,1 gener-ated by the matrix
L =

1√
2

(
1√
3

√
3

1√
3
−
√
3

)
. (3.3.20)
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From the rationality property, we know that the chiral algebra gets enhanced toU(1)6,L×
U(1)6,R thanks to the existence of the additional chiral operators

J±
L = e±i

√
2KXL and J±

R = e±i
√
2KXR , (3.3.21)

which gives rise to a finite number of primary operators associated with the irreduciblerepresentations of the chiral symmetry. The irreducible representations are then la-beled by m ∈ Z/6Z = {0, . . . , 5}, corresponding to the left-moving momentum
pL =

m√
6

(3.3.22)
and similarly for the right-moving one.Now that we have constructed an example of RCFT, we are able to apply the pro-cedure described above in order to construct the non-invertible symmetry. From thegeneral discussion, it is easy to notice that the gauging of the diagonal subgroup Z3 ⊂
U(1)n maps the theory to R′ = 1√

3
, which is T-dual to the original one. In particular,the gauging procedure gives rise to one untwisted sector, which corresponds to thosestates with winding number w = 3w′ for w′ ∈ Z, and 2 twisted sectors, characterizedby fractional values of the winding number coming from those states with w = 3w′+kfor w′ ∈ Z and k = {1, 2}. From the fact that the resulting theory can be consideredas the compactification on a circle of radius R′ = 1√

3
, denoting the gauging of Z3 by

σ3,1, the combination of this with T-duality T ◦ σ3,1 defines a duality symmetry of thetheory denoted byD. This is described by the fusion category with set of simple objects
{η,D} and fusion rules

η3 = Id, D ⊗ η = η ⊗D = D, D ⊗D =
2∑

n=0

ηn, (3.3.23)
where η is the generator of theZ3 symmetry. The duality symmetry can be representedby the O(1, 1,Q) matrix

D =

(
0 3
1
3

0

)
, (3.3.24)

which acts on Γ1,1 as
L 7→ L′ =

1√
2

(
1√
3

√
3

− 1√
3

√
3

)
. (3.3.25)

In Fig. 11 we give a visual representation of the two lattices L and L′. It is interestingto notice that from the plot of the two lattices we can infer the non-invertibility of theduality symmetry. Indeed, by looking at Fig. 11, we can distinguish two cases. The firstone corresponds to those states that, after the action ofD, are mapped to genuine op-erators. These are those sites of the lattice L′ that overlap with the sites of the original
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Figure 11: Plot of the self-dual integer momentum lattice Γ1,1 before and after the action of theduality symmetryD. With blue dots we represented the original lattice spanned by L, with thered crosses the transformed one L′ = LD.

lattice L, implying that the transformed operator can be identified with an operator ofthe original theory. As a result, the new operator is gauge invariant and belongs to theuntwisted sector. The second case, instead, are those lattice points of L′ that do notoverlap with any site of lattice L. These correspond instead to the non-genuine oper-ators arising from the non-invertibility of the duality symmetry D. Indeed, these sitescome from the twisted sectors of the theory, which must be included in the spectrumof the gauged theory in order to guarantee modular invariance, but that are not gaugeinvariant and for this reason must be placed at the end of a line operator, implying thatthey are non-genuine.
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3.4 Dp-branes and non-invertible symmetries
Before moving to the main section of the thesis, namely the emergence of duality sym-metries in the c = 2 compact boson, we first want to study how such symmetriesact on the boundary states of the theory. In rational conformal field theories, bound-ary states are special conformally invariant states that encode the possible consistentboundary conditions preserving the bulk symmetry. These states are in one-to-one cor-respondence with Dp-branes, which in string theory are extended objects on whichopen strings can end. In the worldsheet formulation, Dp-branes are realized throughspecific boundary conditions on the embedding fields of the string: Dirichlet boundaryconditions fix the string endpoints along directions transverse to the brane, while Neu-mann boundary conditions allow free motion along directions parallel to it.Boundary states in RCFTs therefore provide the conformal field theory realization ofDp-branes. In this section, we will introduce how these states are defined in the RCFTframework, beginning with the construction of Ishibashi and Cardy states. This will al-low us to understand how duality defects act on boundary conditions and how theytransform Dp-brane configurations within the theory.
3.4.1 Dp-branes in RCFTs

In rational CFTs, the boundary states, which are the field theory realization of the Dp-branes, can be constructed in terms of the so-called Ishibashi states (we refer to [71]for the original work); we will denote these states by |B⟩⟩. These are states that mustsatisfy specific boundary conditions imposed by the preservation of the CFT’s symme-try. First of all, in order to preserve conformal invariance, we need to guarantee thatno energy-momentum flows through the boundary, which is equivalent to the require-ment that T (ξ+) = T̄ (ξ−), where T and T̄ are the holomorphic and anti-holomorphiccomponents of the stress energy tensor, while ξ+ and ξ− take values on the boundary.Now, by considering the mode expansion of the energy-momentum tensor in terms ofthe Virasoro generators Ln, L̄n, we get the condition(
Ln − L̄−n

)
|B⟩⟩ = 0. (3.4.1)

However, in general, a consistent boundary condition must preserve not only the Vi-rasoro algebra, but also a larger chiral algebra A containing additional left and right-moving currents WL(ξ+) and WR(ξ−) with modes WL
n and WR

n . The preservation ofthis extended symmetry requires identifying the left and right chiral sectors along theboundary through a linear map Ω acting as an automorphism of the chiral algebra:(
WL

n − (−1)hW Ω(WR
−n)
)
|B⟩⟩ = 0. (3.4.2)

This is the so-called gluing condition, which generalizes (3.4.1). Here hW denotes theconformal weight of the chiral field WL(ξ+), and the sign factor (−1)hW arises from
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the reflection of the worldsheet coordinate ξ− 7→ ξ+ at the boundary (see [72] for aexhaustive review on Dp-branes in rational CFTs). The automorphismΩ is what specifiesthe type of boundary condition. In particular, we can consider the mode expansion ofthis condition; to do so, let’s consider W to be the spin 1 current generating the chiralalgebra, that is to say JL (and, in the same way, JR for WR). By considering the explicitexpression of the algebra generators in terms of left and right moving fields given in(3.1.15), equation (3.4.2) can be written as:(
αµ
n +Rµ

ν α̃
ν
−n

)
|B⟩⟩ = 0, (3.4.3)

where µ, ν = 1, . . . , d are the spacetime indices and R ∈ O(d) is an automorphismof the chiral algebra (here we are considering the general expression of the Ishibashistates condition valid for an arbitrary target space; in the c = 1 compact boson casethat we are considering, in which the target space is a circle, we will drop the spacetimeindices). In particular, focusing on the zero mode gluing condition, we get
(pµL +Rµ

νp
ν
R) |B⟩⟩ = 0, (3.4.4)

which is a relation between the left and the right-moving momentum of the state. ThematrixR, then, encodes the geometric reflection properties of the boundary, which aregiven by the eigenvalues of the matrix. In particular:
• Eigenvalues +1 correspond to Neumann directions, for which the derivative nor-mal to the boundary vanishes, ∂σXµ = 0. These are directions along which theendpoints of the open string are free to move, that is to say, parallel to the Dp-brane.
• Eigenvalues −1 correspond to Dirichlet directions, for which ∂τX

µ = 0, i.e. thecoordinate Xµ is fixed at the boundary. These are the directions transverse tothe Dp-brane, where the endpoints of the string are fixed.
Hence, R specifies the orientation and dimensionality of the branes. In particular, givena gluing condition Ω represented by a matrix R with p eigenvalues +1 and d− p eigen-values−1, this will correspond to a Dp-brane in target space.Now, in a rational conformal field theory, the chiral algebra A admits only a finitenumber of inequivalent irreducible representations {Vi}. For each representation i,one can construct an Ishibashi state |i⟩⟩ that satisfies (3.4.2) within the sectorVL

i ⊗VR
Ω(i).These Ishibashi states form a complete basis of solutions to the gluing equations. How-ever, since we are considering a rational CFT, the chiral algebra is enhanced; in orderfor the Dp-branes to preserve the full chiral algebra, it is not enough to consider theIshibashi states satisfying the gluing conditions (3.4.3). Instead, the physical boundarystates, called Cardy states, will correspond to linear combinations of the Ishibashi onesof the form:

|Ba⟩ =
∑
j

βaj |j⟩⟩, (3.4.5)
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where βai are complex coefficients that must satisfy some precise consistency condi-tions, called Cardy consistency conditions (such as modular invariance on the world-sheet; we refer to [72] for a complete exposition). In particular, the combinations ofthe Ishibashi states with these specific coefficients give rise to the physical boundarystates of the theory. Now, if we restrict ourselves to the case of the diagonal modularinvariant theories, it was shown by Cardy in [73] that the coefficients can be rewrittenin terms of the entries of the S-matrix defined in (3.2.3) as:
|i⟩ =

∑
j

Sij√
S0j

|j⟩⟩. (3.4.6)
It is important to notice that, in the case of diagonal RCFTs, the number of Ishibashistates is precisely the same as the number of the Cardy ones, that is to say, the numberof physical boundary states corresponding to the Dp-branes.
3.4.2 Dp-branes in the c = 1 compact boson

Now that we have introduced the notion of Dp-brane for RCFTs, we are able to analyzethem in the c = 1 compact boson case. The first thing to notice is that, since the targetspace is a circle S1, we can drop the space-time indexes from equations (3.4.3) and(3.4.4), and the latter will take the form:
(pL +RpR) |B⟩⟩ = 0, R = ±1. (3.4.7)

In particular, in the 1-dimensional spacetime case, we clearly see that we will only havetwo types of boundary conditions, due to the fact that R ∈ O(d) =⇒ R = ±1, andthey correspond to either Neumann or Dirichlet boundary conditions, respectively. Wecan now look at the specific solutions of the gluing conditions, and we will get the twosets of Ishibashi states given by:
• R = −1: for the gluing condition represented by the matrix R with eigenvalue
−1 we get the condition on the momentum

pL = pR =⇒ 1√
2

( n
R

+ wR
)
=

1√
2

( n
R
− wR

)
=⇒ wR = 0. (3.4.8)

As we said, these Ishibashi states will be related to the Cardy states representingD0-branes. In particular, we see that the gluing condition gives pL = pR = n
R

and, since we are considering an RCFT withR =
√

N
M

, these correspond to 2K =

2NM different Ishibashi states, one for each distinct representation of the chiralalgebra labeled by n ∈ {0, . . . , 2K−1}. By solving the gluing condition for every
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level in the mode expansion (3.4.3), we get that the explicit expression for theseIshibashi states is:
|n⟩⟩ = exp

[
+

∞∑
n=1

1

n
α−nα̃−n

]
×
∑
m

∣∣∣ r
R

+mR,
r

R
+mR

〉
, (3.4.9)

for r ∈ {0, . . . , 2K − 1}.
• R = 1: for the gluing condition represented by the matrix R with eigenvalue +1we get instead the condition

pL = −pR =⇒ 1√
2

( n
R

+ wR
)
= − 1√

2

( n
R
− wR

)
=⇒ n

R
= 0, (3.4.10)

and these Ishibashi states will be related instead to the Cardy states representingD1-branes. In the same way as above, we see that the gluing condition gives
pL = −pR = wR and this time it will correspond to only two different Ishibashistates, given by w ∈ {0, K}. By solving the gluing condition for every level in themode expansion (3.4.3), we get:

|w⟩⟩ = exp

[
−

∞∑
n=1

1

n
α−nα̃−n

]
×
∑
m

∣∣∣ r
R

+mR,− r

R
−mR

〉
, (3.4.11)

for r ∈ {0, K}.
Now, the solutions we just obtained are the Ishibashi states of the theory, which donot correspond to physical states, but are related to the physical boundary states ofthe theory, that is to say the Dp-branes, via the Cardy’s formula (3.4.5). However, aswe pointed out in the previous section, in the diagonal RCFT case, the Cardy’s formulatakes the easier form given in (3.4.6), and, most importantly, the number of Ishibashistates will correspond to the number of Cardy states. So, if we restrict our analysis tothe diagonal RCFT cases of the c = 1 compact boson, which are characterized by thecondition R =

√
N, N ∈ Z, we will get a total number of Dp-branes equal to 2(N+1),which are precisely 2N D0-branes, located at equidistant points on the circle, and 2 D1-branes, wrapping the whole circle and characterized by different values of the Wilsonline. In Fig. 12 we give a visual representation of the Ishibashi states (and, consequently,of the Dp-branes) in the c = 1 compact boson case at radius R =

√
3.

3.4.3 Duality symmetries and Dp-branes

In this final section, we will focus on the diagonal RCFT case of the c = 1 compact boson.Now that we have seen how to construct the Ishibashi states, and, consequently, theDp-branes, we want to study how the duality symmetries we defined above act on these

60



3 THE c = 1 COMPACT BOSON: RATIONALITY AND SYMMETRIES

Figure 12: Plot of the self-dual integer momentum lattice Γ1,1 of the c = 1 compact bosonat radius R =
√
3. With blue dots we represented the lattice sites spanned by L defined in(3.3.20). With the red crosses, instead, we highlighted the points corresponding to the Ishibashistates, which are related to the Dp-branes. In particular, the points lying on the pL = pR,the black line in the plot, correspond to the D0-branes, while those on the pL = −pR line,represented in green, are associated to the D1-branes. It is important to notice that the point

(pL, pR) = (0, 0) is associated to both a D0 and a D1-branes, and the distinction between thetwo different states is given by the oscillatory modes prefactor shown in (3.4.9) and (3.4.11).

states. As we saw, the action of a duality symmetry on the primary operators of thetheory can be represented by a matrix D ∈ O(1, 1,Q) acting on the lattice generatingmatrix L as L 7→ L′ = LD. Now, from the generic expression of D, we have been ableto write the explicit action of this matrix on L in (3.3.16). Interestingly, as we observed

61



3 THE c = 1 COMPACT BOSON: RATIONALITY AND SYMMETRIES

in (3.3.17), the transformed lattice generating matrix L′ can equivalently be written as
L′ = LD = RL, R =

(
1 0
0 −1

)
, (3.4.12)

and this expression holds for every duality symmetry of the c = 1 compact boson.From this rewriting of the duality symmetry in terms of a left multiplying matrix R, it isthen easier to understand the action of duality symmetries on the Ishibashi states. In-deed, we can clearly notice that the duality symmetry acts on the left and right-movingmomentum of the theory in an asymmetric way, leaving the left momentum invariantwhile changing the sign of the right-moving one
D : pL 7→ pL, pR 7→ −pR. (3.4.13)

This asymmetric action on the left and right-moving momentum then clearly affects theIshibashi states condition, in particular by mapping the Ishibashi states correspondingto D0-branes to those corresponding to D1-branes, and those associated with D1-branesto D0 ones. Indeed, given a state |B⟩⟩ solving equation (3.4.7) with R = ±1, then theaction of the duality symmetry on the state transforms it in such a way that the newstate will now satisfy the same Ishibashi state condition but with R = ∓1:
D : (pL ± pR) |B⟩⟩ = 0 7→ (pL ∓ pR) |B⟩⟩ = 0. (3.4.14)

From this overall action on the Ishibashi states, we clearly see that we get an exchangebetween D0 and D1-branes under the action of the duality symmetry, with the totalnumber of branes preserved. Going back to the example of the c = 1 compact bosonwith target space a circle of radius R =
√
3, we immediately observe that the resultingtheory will contain 2 D0-branes and 6 D1-branes.The overall exchange between the Ishibashi states solving the Ishibashi conditionfor R = +1 with those solving the gluing condition given by R = −1 is clearly a con-sequence of the possibility to rewrite any duality symmetry of the form discussed in

Section 3.3.3 in terms of the same matrix R =

(
1 0
0 −1

)
left-multiplying the lattice

generating matrix L. This is peculiar of the c = 1 compact boson and the simple actionof T-duality on the parameters of the theory. In the next section, instead, in which wewill apply this analysis to the c = 2 compact boson, we will see how more intricaterelations between Ishibashi states can emerge.
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4 The c = 2Compact Boson, RCFTPoints
and Non-Invertible Symmetries

In the previous chapter, we analyzed the c = 1 compact boson, focusing in particular onthe rational conformal field theory (RCFT) points of its moduli space and on how non-invertible symmetries can arise at these special loci. We saw that, at rational points,the theory can become self-dual under the gauging of a finite subgroup of the chiralalgebra, leading to the emergence of the so-called duality symmetries. These symme-tries are in general non-invertible and are described by a Tambara-Yamagami fusioncategory. In addition, we examined how Dp-branes transform under the action of suchduality defects.In this chapter, we extend this analysis to the case of the c = 2 compact boson.The presence of an enlarged duality group in this theory allows for a richer and moreintricate realization of non-invertible symmetries. We will begin by introducing the gen-eral framework of the c = 2 compact boson theory and describing the structure of itsmoduli space. We will then discuss the rationality condition and show how duality sym-metries emerge at these enhanced symmetry points. Finally, we will study the behaviorof Dp-branes under the action of these non-invertible symmetry transformations.
4.1 The c = 2 compact boson
The c = 2 compact boson represents the natural generalization of the c = 1 com-pact boson to a two-dimensional target space. It is one of the simplest examples of anon-linear sigma model with multiple compact directions and provides an ideal settingfor studying the interplay between geometry, duality, and generalized symmetries intwo-dimensional conformal field theories. This theory describes two real scalar fields
ϕ1(σ, τ) and ϕ2(σ, τ) compactified on a two-dimensional torus T 2, and it can be inter-preted as the worldsheet theory of a string propagating on a flat toroidal target space.Let us now introduce the non-linear sigma model more precisely; for a comprehensivereview we refer to [74,75]. Consider a two-dimensional non-degenerate lattice Λ ⊂ R2

generated by λ1, λ2 ∈ R2. This can be defined in terms of a matrix Λ given by:
Λ = R

(
1 τ1
0 τ2

)
, R ∈ R>0 and τ2 ̸= 0 (4.1.1)

where we require τ2 to be different from zero in order to have a non-degenerate lattice.
The simple form of the first column, namely

(
1
0

)
, is due to the fact that we always

have the freedom to rotate the lattice in R2 in such a way that one generator lies onthe x-axis; this implies that Λ ∈ O(2)\GL(2), where the O(2) group identifies lattices
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generating the same torus up to rotations and reflections. A two-dimensional toruscan then be defined in terms of the non-degenerate lattice Λ as T 2 = R2/Λ; its metricis given by Gµν = ⟨λµ, λν⟩ = ΛTΛ, which is a constant symmetric two-tensor. Thesigma model, instead, is defined on a two-dimensional worldsheet Σ with coordinates
(τ, σ), as in the c = 1 compact boson, by two compact scalar fields ϕµ(τ, σ), µ, ν ∈
{1, 2}, ϕµ ∼ ϕµ +2π. These represent the embedding of the worldsheet in the targetspace and define a map ϕ : Σ → T 2. The action that describes their dynamics takesthe form:

S =
1

4π

∫
dσdτδµνGij∂µϕ

i∂νϕ
j +

i

4π

∫
dσdτϵµνBij∂µϕ

i∂νϕ
j, (4.1.2)

where Bµν is an antisymmetric tensor known as the B-field, which can be interpretedas the analog of the Kalb-Ramond field from String Theory. From the action writtenabove, the parameters of the theory are (Λ, B) ∈ O(2)\GL(2) × Skew(2) and theirexplicit expression is given by:
G = R2

(
1 τ1
τ1 τ 21 + τ 22

)
and B =

(
0 b
−b 0

)
. (4.1.3)

For toroidal sigma models, it is customary and useful to recast the metric Gij and theantisymmetric tensor Bij in terms of two complex parameters τ and ρ defined as
τ =

G12

G11

+ i

√
G

G11

= τ1 + iτ2, ρ = ρ1 + iρ2 = b+ i
√
G, G = det(G). (4.1.4)

These are the so-called complex structure and complexified Kähler modulus, respec-tively; the former encodes the information regarding the shape of the torus, while thelatter combines the antisymmetric B field with the area of the torus T 2. These 2 com-plex parameters parametrize the 4-dimensional toroidal branch of the c = 2 modulispace. It is also possible to notice that, given τ and ρ such that τ1 = ρ1 = 0, the theoryfactorizes in the tensor product of two c = 1 compact bosons, with radii R and Rτ2respectively.Analogously to the c = 1 compact boson, the c = 2 compact boson admits anequivalent description of the theory in terms of dual fields ϕ̃i ∼ ϕ̃i + 2π, i = 1, 2(see [76,77] for the general definition of dual fields in non-linear sigma models). Again,both the dual fields and the original ones admit a decomposition in terms of left and
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right-moving fields, which this time takes the more intricate form:
ϕ1 =

1√
2τ2ρ2

[
τ2(X

1 +X
1
)− τ1(X

2 +X
2
)
]

ϕ2 =
1√
2τ2ρ2

(
X2 +X

2
)

ϕ̃1 =
1√
2τ2ρ2

[
ρ2(X

1 −X
1
)− ρ1(X

2 +X
2
)
]

ϕ̃2 =
1√
2τ2ρ2

[
(ρ1τ2 + ρ2τ1)X

1 + (ρ1τ2 − ρ2τ1)X
1

+ (ρ2τ2 − ρ1τ1)X
2 − (ρ1τ1 + ρ2τ2)X

2
]
.

(4.1.5)

This apparently involved combination is due to the fact that the 2-torus has non-trivialcomplex structure and Kähler modulus and, in order to obtain a well-defined decom-position of the fields in terms of the chiral components, we need to keep track of thegeometry. For future purposes, it is convenient to rewrite this in matrix form as
ϕ1

ϕ2

ϕ̃1

ϕ̃2

 = LT


X1

X2

X̄1

X̄2

 , (4.1.6)

where we defined the matrix L as the transpose of the transformation matrix betweenthe fields ϕi, ϕ̃i and the left and right-moving fields X i, X̄ i, which can be written interms of the complex structure and the complexified Kähler modulus as

L =
1√
2τ2ρ2


τ2 0 ρ2 ρ1τ2 + ρ2τ1

−τ1 1 −ρ1 −ρ1τ1 + ρ2τ2

τ2 0 −ρ2 ρ1τ2 − ρ2τ1

−τ1 1 −ρ1 −ρ1τ1 − ρ2τ2

 (4.1.7)

As in the c = 1 compact boson, at generic values of τ and ρ, this theory is invariantunder the four global shifts of the fields ϕi 7→ ϕi+αi and ϕ̃i 7→ ϕ̃i+ α̃i. This invariancegives rise to four global symmetries, which result in
U(1)2n × U(1)2w = U(1)n1 × U(1)n2 × U(1)w1 × U(1)w2 , (4.1.8)

and the charges under these symmetries are the momentum and the winding num-bers n = (n1, n2)
T and w = (w1, w2)

T , respectively. The primary operators are thencharacterized by these four integer charges and take the form:
Vn,w = ein

Tϕ+iwT ϕ̃, (4.1.9)
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where ϕ = (ϕ1, ϕ2)T and ϕ̃ = (ϕ̃1, ϕ̃2)T . However, as we saw above, the fields andtheir duals can be written in terms of the chiral fields X i and X̄ i, with the explicit rela-tion (4.1.6). In this way, we can rewrite the primary operators in terms of the chiral fieldsby defining the left and right moving momenta pL = (pL,1, pL,2) and pR = (pR,1, pR,2)as: (
n w

)(ϕ
ϕ̃

)
=
(
n w

)
LT

(
X
X̄

)
=
(
pL pR

)(X
X̄

)
, (4.1.10)

where
(
X
X̄

)
= (X1, X2, X̄1, X̄2)T is the vector of chiral fields. In particular, we see

that pL,R are given in terms of the matrix L, and they take values in the even, self-dual,integer momentum lattice Γ2,2 defined as:
Γ(2,2) ∋

(
pL

pR

)
= L

(
n
w

)
. (4.1.11)

In this way, the primary operators, as in the c = 1 compact boson, are in one-to-onecorrespondence with the sites of this lattice.As we saw in the previous section, the c = 1 compact boson is characterized by itsinvariance under T-duality, which acts by exchanging momentum and winding numbers,together with the exchange of the defining field X with its dual X̃ . In particular, T-duality implies the identification of a theory at radius R with the one at radius 1/R.In the c = 2 compact boson case, we have a similar property; however, since thetarget space of this class of sigma models is 2-dimensional, namely a torus, this typeof theory will be characterized by a larger set of duality transformations. As discussedabove, the torus is specified by two complex parameters, τ and ρ, representing thecomplex structure and the complexified Kähler modulus, respectively. Each of themtakes values in the complex upper half-plane H = {z ∈ C | Im(z) > 0}, such that thecontinuous moduli space is Hτ × Hρ. If we consider the discrete group SL(2,Z)τ ×
SL(2,Z)ρ acting on these parameters as

(τ, ρ) 7−→
(
aτ + b

cτ + d
,
a′ρ+ b′

c′ρ+ d′

)
, (4.1.12)(

a b
c d

)
∈ SL(2,Z)τ ,

(
a′ b′

c′ d′

)
∈ SL(2,Z)ρ,

this leaves the conformal field theory invariant, as it preserves the even, self-dual mo-mentum lattice Γ(2,2). In addition to this, the theory also admits two additional discretesymmetries: mirror symmetry and spatial inversion. Mirror symmetry corresponds tothe exchange of the two complex parameters, τ ↔ ρ, which geometrically relates acompactification on a torus to its mirror dual, interchanging complex and Kähler struc-tures; this will be denoted by ZM
2 and it acts as (τ, ρ) 7→ (ρ, τ). Spatial inversion,
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instead, acts by reversing the torus orientation and corresponds to the ZI
2 operation

(τ, ρ) 7→ (−τ̄ ,−ρ̄).Taken together, these transformations generate the full discrete duality group of the
c = 2 compact boson, given by

O(2, 2;Z) ≃ P (SL(2,Z)τ × SL(2,Z)ρ)⋊ (ZM
2 × ZI

2), (4.1.13)
which, overall, is equivalent to O(2, 2,Z). This group acts discretely on the continuousparameter space (τ, ρ) ∈ Hτ ×Hρ, preserving the conformal spectrum. Consequently,the moduli space of inequivalent c = 2 compact boson toroidal CFTs is obtained byquotienting the continuous moduli space by the full duality group, leading to

T 2 = (Hτ/PSL(2,Z)τ ×Hρ/PSL(2,Z)ρ)/(ZM
2 × ZI

2). (4.1.14)
The resulting moduli space identifies all backgrounds related by the action of the dis-crete duality group and represents the higher-dimensional generalization of the R ↔
1/R T-duality of the c = 1 compact boson, where both the shape and the size of thetorus now participate in the duality transformations.Now, given a primary operator of the form Vn,w = ein

Tϕ+iwT ϕ̃ = eip
T
LX+ipT

RX̄ , wecan define hL = 1
2
(p2L,1 + p2L,2) and hR = 1

2
(p2R,1 + p2R,2), and its conformal dimensionand spin are given by

∆ = hL + hR, s = hL − hR. (4.1.15)
These two numbers that characterize a primary operator, can also be obtained fromthe momentum lattice Γ2,2. Indeed, let us consider a primary operator characterizedby momentum and winding numbers (n,w), which correspond to left and right-movingmomentum (pL,pR). The spin can then be written as

s = hL − hR = (pL pR) η

(
pL

pR

)
= (n w) LTηL

(
n
w

)
=
∑
i

niwi, (4.1.16)
where

η =


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

 and LTηL =


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

 , (4.1.17)

and the latter represents the inner product of the momentum lattice. For the conformaldimension, instead, we can write it in terms of the quadratic form
∆ = hL + hR = (pL pR)

(
pL

pR

)
= (n w) LTL

(
n
w

)
≡ (n w) E

(
n
w

)
(4.1.18)
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where we defined the matrix E in terms of the lattice generating matrix L. This matrixcan be written in terms of the torus metric G and the antisymmetric tensor B as
E =

(
G−1 G−1B

−BG−1 G−BG−1B

)
(4.1.19)

and it is called the generalized metric. This will be important in the following to defineduality symmetries in the c = 2 compact boson theory. Its definition comes from thedouble field theory formalism, which is a useful approach to describe theories invariantunder a duality group (we refer to [78] for a detailed discussion of the double fieldtheory formalism). In particular, as we saw in (4.1.13), the duality group of the c = 2compact boson is given by the discrete group O(2, 2,Z), which has a natural action onthe generalized metric given by
O(2, 2,Z) ∋ O : E 7→ E ′ = OTEO. (4.1.20)

This action mixes the metric and the B-field while preserving the conformal spectrum,as it corresponds to an automorphism of the even, self-dual, integer momentum lattice
Γ(2,2). The elements of O(2, 2;Z) exchange and mix momentum and winding excita-tions in a way that leaves the worldsheet CFT invariant, equivalently to the action ofthe duality group on (τ, ρ). In particular, the 4-dimensional representations of the ele-ments of the duality group is given by:

a −c 0 0
−b d 0 0
0 0 d b
0 0 c a

 for
(
a b
c d

)
∈ SL(2,Z)τ


d′ 0 0 b′

0 d′ −b′ 0
0 −c′ a′ 0
c′ 0 0 a′

 for
(
a′ b′

c′ d′

)
∈ SL(2,Z)ρ (4.1.21)

M =


0 0 1 0
0 1 0 0
1 0 0 0
0 0 0 1

 ∈ ZM
2 , I =


−1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1

 ∈ ZI
2

Finally, we can present the partition function of the theory. The lattice Γ2,2 definedabove encodes all physical states of the theory. As we obtained for the c = 1 compactboson, the corresponding partition function takes the standard form
Z(σ, σ̄;G,B) =

1

|η(σ)|4
∑

(pL,pR)∈Γ2,2

q
1
2
p2L q̄

1
2
p2R , (4.1.22)
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where q = e2πiσ, σ is the complex structure of the worldsheet torus on which we de-fine the partition function, and η(σ) is the Dedekind function defined in (3.1.23). Thispartition function depends only on the background moduli (G,B) through the lattice
Γ(2,2) and is manifestly invariant under the modular group of the worldsheet torus aswell as the target-space duality group O(2, 2;Z), reflecting the exact equivalence of alltori related by these transformations.
4.2 The c = 2moduli space
As we saw in Section 3.1, the conformal manifold of the c = 1 compact boson consists oftwo continuous branches, namely the circle branch and the orbifold branch, which meetat the point R = 2 (we recall that, in our conventions, the self-dual radius correspondsto R = 1). The latter is obtained by orbifolding the Z2 symmetry acting as X 7→ −Xon the embedding field. This reflection is a symmetry of the theory for any point onthe circle branch. This originates from the fact that the target space S1 is defined interms of a one-dimensional lattice as the quotient R/(2πRZ), and the only nontrivialautomorphism of a one-dimensional lattice is the Z2 reflection symmetry, which actsby x 7→ −x, where x is the coordinate on R, and whose orbifolding generates the onlyadditional continuous branch of the moduli space, namely the orbifold one. In additionto these connected components, the moduli space also contains three isolated excep-tional orbifold points, obtained by gauging the remaining finite subgroups of SU(2) atthe self-dual radius: the tetrahedral, octahedral, and icosahedral groups. The gaugingof the cyclic subgroupsZk and of the dihedral subgroupsDk ofSU(2) instead producespoints at R = k lying, respectively, on the circle branch and on the orbifold branch.In this section, we want to present an equivalent analysis for the c = 2 compactboson moduli space; for the original work, we refer to [74]. In this article, the authorsshow that the moduli space C2 of unitary conformal field theories with central charge
c = 2 is composed of 29 non-exceptional, non-isolated components, meeting at differ-ent multicritical points and lines, leading to a much more involved moduli space thanthe c = 1 compact boson one.In the previous section, we focused on the c = 2 compact boson theories de-fined on the toroidal branch; these correspond to the set of non-linear sigma mod-els with target space a two-dimensional torus T 2 endowed with a flat metric G anda constant antisymmetric tensor B. As explained above, this branch is parametrizedby two complex moduli: the complex structure τ = τ1 + iτ2 and the complexifiedKähler modulus ρ = ρ1 + iρ2, each taking values in the upper half-plane H = {z ∈
C | Im(z) > 0}. Before identifying physically equivalent points, the continuous pa-rameter space is thus Hτ × Hρ, which, however, is quotiented by the duality group
O(2, 2;Z) ≃ P (SL(2,Z)τ × SL(2,Z)ρ)⋊ (ZM

2 × ZI
2). The theories obtained by vary-ing (τ, ρ) within this quotient space constitute the continuous toroidal branch T 2 ⊂ C2defined in (4.1.14).
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However, as in the c = 1 case, where an additional component arises from theorbifold procedure of the discrete lattice symmetry Z2, the c = 2 moduli space alsocontains further branches obtained by orbifolding the possible symmetries of the un-derlying lattice defining the 2-torus. Indeed, as we saw in the previous section, a two-torus T 2 can be defined as the quotient T 2 = R2/Λ, where Λ is a non-degeneratetwo-dimensional lattice. Now, if we consider a discrete symmetry of Λ, that is to say,an automorphism of the lattice, the orbifolding procedure will lead to a new conformalfield theory while keeping the central charge c = 2 invariant. However, the resultingtheory will no longer be associated with a point on the toroidal branch but will takevalue on a different branch of the moduli space. This implies that, as in the c = 1 case,the orbifolding procedure of the discrete symmetries of the underlying lattice gener-ates all the possible branches in the moduli space.In particular, the possible symmetries of a two-dimensional lattice are classified andcorrespond to the 17 inequivalent crystallographic plane groups, also known as the wall-paper groups. Each of them is characterized by a finite point group P ⊂ O(2) and atranslational subgroup ∆ ⊂ R2, which together describe all possible combinations ofrotational, reflectional, and translational symmetries compatible with lattice periodic-ity. Consequently, only a finite number of orbifold constructions are possible, leadingto a finite number of additional branches in the c = 2 moduli space C2 (just as in theone-dimensional case, where the single reflection symmetry gives rise to one extra orb-ifold branch).A crucial difference, however, is that while the Z2 inversion of the one-dimensionallattice is a symmetry for every value of the compactification radius R, each crystallo-graphic plane group is a symmetry of a given lattice Λ(τ, ρ) only for special values ofthe moduli τ and ρ. For example, a subset of the possible lattice symmetries is givenby the rotations R(θ) acting as (x1, x2) 7→ R(θ)(x1, x2) on the R2 coordinates, with
R(θ) ∈ SO(2). In order for R(θ) to be a symmetry of a given lattice Λ, it must satisfythe condition RθΛ = Λ.Now, the possible rotation angles are constrained by the two-dimensional crystal-lographic restriction theorem, allowing only for θ = π, 2π/3, π/2, and π/3 (we referto [79] for the original work on the classification of the crystallographic plane groups).Consequently, the admissible rotational symmetry groups of a two-dimensional lat-tice are Z2, Z3, Z4, and Z6. Among these, the Z2 group generated by the inversion
(x1, x2) 7→ (−x1,−x2) always represents a symmetry of a two-dimensional lattice(equivalently to the one-dimensional case), as it leaves any 2d lattice invariant, and thusthe corresponding Z2 orbifold exists everywhere on the toroidal branch. The Z3 sym-metry, corresponding to rotations by 2π/3, instead, is compatible only with the equi-lateral (hexagonal) lattice defined by τ = exp(2πi/3). This implies that the toroidalcompactifications characterized by (τ, ρ) = (exp(2πi/3), ρ) will enjoy an additionalsymmetry that, after applying the orbifold procedure, leads to a new, well-defined con-
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formal field theory. Similarly, the Z4 symmetry, which acts as a π/2 rotation, exists onlyfor the square lattice, realized at τ = i, while the Z6 symmetry acts on the same hexag-onal lattice at τ = exp(πi/3).Each of these cases corresponds to fixed loci of enhanced symmetry in the toroidalbranch, where an additional orbifold construction is possible. In particular, the orbifold-ing procedure of such crystallographic symmetries yields new families of conformal fieldtheories, which form separate connected components of the full moduli space. Eachcomponent is a continuous branch parameterized by the remaining modulus (for ex-ample, by ρ when τ is fixed to one of the symmetric values) and is connected to otherbranches at multicritical points where multiple lattice symmetries coexist. For exam-ple, the intersection between the Z2 and Z4 orbifold branches occurs at (τ, ρ) = (i, ρ),corresponding to the square lattice, where both the π and π/2 rotations act as symme-tries.It is important to notice that the rotations are not the only possible crystallographicsymmetries; indeed, as we mentioned above, there are 17 wallpaper groups. These,in addition to the aforementioned rotations, account for spatial reflections, which acton the coordinates as (x1, x2) 7→ (−x1, x2) or (x1, x2) 7→ (x1,−x2) and represent asymmetry of the lattices with τ1 = {0,−1/2}, dihedral groups and translations. More-over, one can consider more intricate constructions, such as combinations of rotationaland translational symmetries, corresponding to nontrivial elements of the wallpapergroups. These produce additional continuous families, and the network of all suchbranches, together with their intersections, accounts for the 29 non-exceptional com-ponents identified in [74].The intersection loci, where several components meet, correspond to theories withextended chiral algebras and enhanced non-abelian symmetry, generalizing the self-dual and exceptional point of the c = 1 moduli space. In summary, the moduli spaceof c = 2 compact bosons can be described as the union of the toroidal branch, givenby the quotient (Hτ ×Hρ)/O(2, 2;Z), together with its orbifold descendants obtainedby gauging the crystallographic plane groups acting at special values of (τ, ρ). Thesevarious components are connected through multicritical lines and points of enhancedsymmetry, generating a highly non-trivial and interconnected conformal manifold forthe c = 2 compact boson, denoted by C2.
4.3 The rationality condition
In the previous chapter, we analyzed the emergence of duality symmetries in the c = 1compact boson. To construct these topological defects, we focused on special loci ofthe moduli space, namely the non-linear sigma models satisfying the rationality con-dition R2 ∈ Q. These points correspond to rational conformal field theories (RCFTs),characterized by an enhanced chiral algebra and, consequently, a finite number of pri-mary operators. The rationality condition is essential for the definition of duality sym-
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metries; indeed, although a finite subgroup of the chiral algebra can, in principle, begauged at any point in the moduli space, only at RCFT points does this gauging producea new theory that is dual to the original one, and, therefore, we can construct the cor-responding duality symmetry (as discussed in Section 3.3.1). In this chapter, we extendthe construction of duality symmetries to the c = 2 compact boson. Once again, therationality condition plays a crucial role in this type of symmetry, and we will presentits explicit form in this section.Let us now focus on the c = 2 compact boson; as we saw in the previous sec-tion, due to the higher dimensional target space, this type of non-linear sigma modelpresents a richer moduli space. In particular, the toroidal compactifications are spec-ified by the value of the complex structure τ and the complexified Kähler modulus
ρ. These two parameters specify a point on the toroidal branch in the moduli space
Hτ × Hρ/O(2, 2;Z), and the conformal spectrum is determined by the self-dual inte-ger momentum lattice Γ(2,2)(τ, ρ) defined as

Γ(2,2) ∋
(
pL

pR

)
= L

(
n
w

)
, n,w ∈ Z2, (4.3.1)

where L = L(τ, ρ) is the lattice generating matrix introduced in (4.1.6). For generic
(τ, ρ) the theory possesses a chiral algebra of the form U(1)2L × U(1)2R, generated bythe two left and right currents J i

L = ∂+X
i and J i

R = ∂−X̄
i (we did not discuss thechiral currents explicitly for the c = 2 compact boson, but they can be defined anal-ogously to (3.1.15) of the c = 1 case). However, at special points in the moduli space,the lattice Γ(2,2) acquires additional automorphisms that generate new chiral fields andhence enlarge the chiral algebra, leading to rational theories.The condition for rationality in the c = 2 compact boson can be stated in severalequivalent ways. Similarly to the c = 1 case, this is given by the requirement that boththe metric G and the antisymmetric tensor B are characterized by rational entries, thatis to say, G ∈ GL(2,Q) and B ∈ Skew(2,Q). However, as we saw in the previous sec-tion, the moduli space of the c = 2 compact boson can be better expressed in termsof the two complex moduli τ and ρ; for this reason, we can rewrite the rationality con-dition in terms of these parameters. As was shown in [80], the rationality conditionthen corresponds to the requirement that both the complex structure τ and the com-plexified Kähler modulus ρ take values in the same imaginary quadratic number field,namely

τ, ρ ∈ Q(
√
D), D < 0, (4.3.2)

where
x ∈ Q(

√
D) ⇐⇒ x = x1 + x2

√
D, x1, x2 ∈ Q. (4.3.3)

In particular, τ can be written in terms of a quadratic equation with integer coefficients
aτ 2 + bτ + c = 0, a, b, c ∈ Z, gcd(a, b, c) = 1, (4.3.4)
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such that
τ =
−b
2a

+
i

2a

√
−D, D = b2 − 4ac; (4.3.5)

a similar equation then holds for ρ too, which can be characterized by different integercoefficients a′, b′, c′ under the condition that b′2−4a′c′ = D, in such a way that the twocomplex parameters belong to the same number field. This number-theoretic conditionadmits a natural geometric interpretation in terms of the complex multiplication (CM)property of the torus. To see this, notice that the complex structure τ determines a two-dimensional lattice Λτ = Z⊕ τZ, which defines the complex torus Eτ = C/Λτ . This isa one-dimensional complex torus, that is to say, a flat elliptic curve. Any holomorphicendomorphism ofEτ is then induced by multiplication by some complex numberα ∈ Con C, that is to say, z 7→ αz, where z is the complex coordinate over the complex plane
C; in order for this linear map to be an endomorphism of the complex torus, it mustpreserve the underlying lattice Λτ :

αΛτ ⊆ Λτ . (4.3.6)
For a generic value of τ this is only possible when α ∈ Z, implying that the endomor-phism ring corresponds to

End(Eτ ) ∼= Z. (4.3.7)
However, if τ satisfies a quadratic equation with integer coefficients of the form (4.3.4),then the lattice Λτ is preserved under multiplication by the complex number

α = aτ, (4.3.8)
which is proportional to the complex structure itself. More generally, the lattice Λτ ispreserved under the multiplication by all the elements of the order

OD = Z+ Z
b+
√
D

2
= Z+ Zaτ. (4.3.9)

In this case the ring of endomorphisms of the torus is strictly larger than Z, namely
End(Eτ ) ∼= OD ⊋ Z. (4.3.10)

A complex torus with this property is said to have complex multiplication. From thelattice perspective, this means that multiplication by any α ∈ OD acts on the basis
(1, τ) by an integral 2× 2 matrix

α

(
1

τ

)
=

(
1

τ

)
Aα, Aα ∈ GL(2,Z), (4.3.11)

and thus produces a genuine lattice automorphism. This enhancement of the endomor-phism ring of the torus is precisely what distinguishes CM points from generic ones.
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The rationality condition (4.3.2) now simply asserts that both complex parametersof the T 2 sigma model lie in the same imaginary quadratic field:
τ, ρ ∈ Q(

√
D), D < 0. (4.3.12)

Geometrically, this means that not only the complex structure torus Eτ , but also theKähler torus Eρ, which can be defined in terms of the lattice Λρ = Z⊕ρZ, admits com-plex multiplication by the same orderOD. The non-linear sigma models characterizedby these values of τ and ρ are precisely the RCFT points in the moduli space.To make the connection between complex multiplication and rationality more pre-cise, let us now describe how the momentum lattice reorganizes at CM points. Recallthat the spectrum of primary operators of the theory is in one-to-one correspondencewith the even, self-dual integer momentum lattice Γ(2,2) ⊂ R2,2, generated by the vec-tors (pL,pR) with (
pL

pR

)
= L(τ, ρ)

(
n
w

)
, n,w ∈ Z2. (4.3.13)

This is a rank-four lattice equipped with the bilinear form of signature (2, 2). From this,it is possible to define the left and right-moving set of charges as the projections
ΓL = {pL |

(
pL

pR

)
∈ Γ(2,2)}, ΓR = {pR |

(
pL

pR

)
∈ Γ(2,2)}. (4.3.14)

At generic points in moduli space, these lattices contain infinitely many inequivalentorbits under the chiral algebra U(1)2L × U(1)2R.In addition to these two sets of states, it is possible to introduce the sublattice ofpurely left-moving states,
Γ0 = {pL |

(
pL

0

)
∈ Γ(2,2)}, (4.3.15)

that is, the set of momentum–winding pairs for which the right-moving component van-ishes (equivalently, it is possible to define the sublattice of purely right-moving states,that we denote by Γ̃0, which contains the states in Γ2,2 that satisfy pL = 0). At genericvalues of (τ, ρ), the only solution to pR = 0 is given by momentum and winding num-bers n = w = 0, and therefore Γ0 = {0}, that is to say, a rank zero sublattice of thefull momentum lattice Γ2,2. Consequently, the only chiral fields of the theory are thecurrents J i
L = ∂+X

i, generating an abelian chiral algebra U(1)2L.However, at complex multiplication points, the set of states satisfying the definingproperty of Γ0 is enhanced. Indeed, the condition pR(n,w) = 0 now gives rise to twodiophantine equations characterized by an infinite number of solutions. In particular,the lattice Γ0 becomes a non-trivial rank-two sublattice of Γ2,2. The emergence of a

74



4 THE c = 2 COMPACT BOSON, RCFT POINTS AND NON-INVERTIBLE SYMMETRIES

non-trivial sublattice Γ0 of purely left-moving charges has an immediate consequencefor the chiral algebra of the theory. Each non-zero vector pL ∈ Γ0 corresponds to achiral primary operator of the form
VpL

(z) = exp(ipL ·XL(z)) , (4.3.16)
with conformal weights (hL, hR) =

(
1
2
p2
L, 0
). At generic points in the moduli space theonly solutions to pR = 0 are trivial, and thus the only chiral primaries are the conservedcurrents ∂+X i

L, generating the abelian chiral algebra U(1)2L. At CM points, instead, thepresence of a rank-two lattice of non-trivial solutions to pR = 0 implies the existence ofadditional chiral fields of non-zero conformal weight. These operators extend the chiralalgebra beyond U(1)2L, producing a genuinely larger Kac–Moody algebra generated bythe elements of Γ0 (in the same way as in the c = 1 compact boson, in which thesolutions to the chirality condition generated the enhanced chiral algebra U(1)2K ×
U(1)2K ; see the discussion around (3.2.10)).The crucial point is that the sublattice Γ0 becomes a finite index sublattice in ΓL,and the number of distinct primary representations of the extended chiral algebra isgiven by the index [ΓL : Γ0]. More precisely, the quotient

ΓL/Γ0 (4.3.17)
is a finite abelian group, whose elements label the distinct representations of the en-hanced chiral algebra. This finiteness property is exactly the defining feature of a ra-tional conformal field theory: the left-moving spectrum decomposes into finitely manyirreducible representations of the enhanced chiral algebra, and the operator productexpansion closes among this finite set of primaries. A completely analogous construc-tion applies to the right-moving sector, where the sublattice Γ̃0 controls the enhance-ment of the right-moving chiral algebra. An explicit example of the structure of ΓL and
Γ0 at the CM point (τ, ρ) = (i, 2i) is shown in Fig. 13. We also represent the identifica-tion of lattice points under the action of the extended chiral algebra, which we denotewith the black arrows, where ζ indicates an element of the enhanced chiral algebra thataccounts for the specific identification.From the perspective of the full momentum lattice Γ(2,2), the rationality conditionis therefore equivalent to the statement that ΓL (and similarly ΓR) contains a rank-twosublattice of purely chiral states of finite index. Consequently, the full Hilbert space ofthe theory decomposes into a finite direct sum of tensor products of left and right chiralrepresentations,

H =
⊕

µ,µ̄∈ΓL/Γ0

Mµµ̄ VL
µ ⊗ VR

µ̄ , (4.3.18)
implying that the toroidal sigma model has become an RCFT.Finally, let us briefly discuss the special subclass of diagonal RCFTs within the c = 2
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pL

pR

ζ

ζ
ζ

ΓL

Γ0

Figure 13: Example of the momentum lattice projections ΓL (blue points) and its purely left-moving sublattice Γ0 (red crosses) for the rational CFT point (τ, ρ) = (i, 2i). In this case Γ0 is arank-two sublattice of finite index inside ΓL; as we said, the index of Γ0 ⊂ ΓL is associated thenumber of primary operators, which, in the current example, are is [ΓL : Γ0] = 4. The dashedred square highlights one choice of fundamental domain for the quotient ΓL/Γ0. The blackarrows represent the action of generators of the enhanced chiral algebra on ΓL, showing howdifferent lattice points are identified into a finite number of orbits. This finiteness is preciselywhat ensures that only a finite number of left-moving primaries appear at this rational point ofthe moduli space.

compact boson. By definition, a rational conformal field theory is diagonal when theleft and right-moving chiral algebras coincide and every left-moving representation ispaired with the corresponding right-moving counterpart. The multiplicity matrix thenreduces to
Mµµ̄ = δµµ̄, (4.3.19)

and the full torus partition function factorizes as
Zdiag(τ, ρ) =

∑
µ∈ΓL/Γ0

∣∣χµ(σ)
∣∣2, (4.3.20)

where χµ are the characters of the irreducible representations of the extended chiralalgebra. In particular, in the c = 2 compact boson, the diagonal RCFT points in themoduli space correspond to the toroidal compactifications characterized by
(τ, ρ) = (τ, faτ), τ =

−b+
√
D

2a
, (4.3.21)
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where f ∈ N is a positive integer. These are characterized by the value of the complex-ified Kähler structure, which is proportional to the complex structure; in particular, theproportionality constant is an integer.Diagonal RCFTs essentially implies the identification of left and right momentumsublattices, namely ΓL and ΓR. In particular, this implies that the full momentum lat-tice Γ2,2 can then be written as
Γ2,2 = (ΓL,Γ

′
L), (4.3.22)

with the relation
Γ′
L − ΓL = Γ0. (4.3.23)

That is to say, the left and right-moving sublattices can differ at most by elements of thechiral sublattice Γ0, which implies that the left and right-moving representations mustbe identified one-to-one.
4.4 The emergence of non-invertible symmetries
In the previous section, we introduced the notion of rational conformal field theory forthe c = 2 compact boson, showing that the theory becomes rational precisely when thecomplex structure τ and the complexified Kähler modulus ρ both lie in the same imagi-nary quadratic number field Q(

√
D) with D < 0. As discussed, this algebraic conditionon the complex parameters admits a natural geometric interpretation in terms of themomentum lattice and the structure of its left and right-moving projections.Having presented the rationality condition for the c = 2 model, we are now ableto construct the duality defects that arise in this class of non-linear sigma models. Wewill begin by reviewing the role of gauging and the notion of self-duality, and then pro-ceed to the explicit construction of the non-invertible symmetries that appear at thesepoints. We will then continue with a concrete example of such a duality symmetry andwill provide a geometric interpretation of its action on the torus. In particular, we willbe able to connect the geometric symmetries of the target space torus with the emer-gence of duality symmetries on the worldsheet, leading to a lattice-based constructionof such duality defects.

4.4.1 Gauging and self-duality in the c = 2 compact boson

As we saw in Section 3.3, the construction of duality symmetries is based on the gaugingof a finite subgroup of the chiral algebra and the notion of self-duality. In this section,we will present these two concepts in the c = 2 case.Let us start by recalling that, at a generic point (τ, ρ) on the toroidal branch, the
c = 2 compact boson enjoys the chiral global symmetry

U(1)2n × U(1)2w = U(1)n1 × U(1)n2 × U(1)w1 × U(1)w2 , (4.4.1)
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whose conserved charges are the momentum and winding numbers n = (n1, n2)
T and

w = (w1, w2)
T , respectively. These charges label the primary operators, which take theform
Vn,w = exp

(
inTϕ+ iwT ϕ̃

)
= exp

(
ipT

LX + ipT
RX̄

)
. (4.4.2)

The left and right-moving momenta (pL,pR) are related to (n,w) by(
pL

pR

)
= L(τ, ρ)

(
n

w

)
, n,w ∈ Z2, (4.4.3)

where L(τ, ρ) is defined in (4.1.7), and they take values in the even self-dual momen-tum lattice Γ(2,2).At this point, we can consider the gauging of a finite subgroup of the chiral sym-metry. As in the c = 1 compact boson case, we will consider the gauging of non-anomalous, diagonal subgroups of the chiral algebra of the form:
ZN1 × ZN2 × ZM1 × ZM2 ⊂ U(1)2n × U(1)2w, (4.4.4)

where ZNi
⊂ U(1)ni

, ZMi
⊂ U(1)wi

. Similarly to what we obtained in Section 3.3.1,in which the gauging of the chiral subgroup ZN × ZM ⊂ U(1)n × U(1)w led to themapping of the original target space radius R to R′ = M
N
R, also in this case the actionof the gauging will act non trivially on the parameters of the theory. In particular, theoverall action of (4.4.4) on τ and ρ is given by the maps

τ 7→ τ ′ =
N1M2

N2M1

τ, ρ 7→ ρ′ =
M1M2

N1N2

ρ. (4.4.5)
These can be derived analogously to the c = 1 case by analyzing the action of gaugingon the fields ϕi, ϕ̃i; we refer to [67] for the explicit derivation. Equivalently, we candescribe the action of the gauging (4.4.4) on the momentum and winding numbers.Indeed, as in the c = 1 case, the effect of gauging a finite subgroup of the chiral algebra
can be encoded in a linear action on the charge vector

(
n

w

)
. Following the general

formalism of [70], any discrete gauging of a subgroup of U(1)2n×U(1)2w is representedby a rational matrix
σ ∈ O(2, 2;Q), (4.4.6)

acting on the charges as (
n

w

)
7−→

(
n′

w′

)
= σ

(
n

w

)
. (4.4.7)

The appearance of a rational matrix, rather than an integral one, is expected after the
c = 1 analysis; indeed, the gauging procedure produces fractional momentum and
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winding numbers corresponding to the twisted sectors of the orbifold theory, which arerequired for modular invariance. The matrix σ corresponding to the diagonal gauging(4.4.4), then, is given by

σ =


N1

M1
0 0 0

0 N2

M2
0 0

0 0 M1

N1
0

0 0 0 M2

N2

 . (4.4.8)

As we saw in the c = 1 compact boson, in order to construct a duality symmetry,the gauging of the chiral algebra subgroup must be combined with T-duality. Indeed,the overall action on the radius R 7→ M
N
R, for specific values of M,N and R, canbe undone by performing a T-duality transformation that maps the compactificationradius to its original value. In the same way, the effect of the gauging just describedin the c = 2 case is, in general, to map the original theory, defined by (τ, ρ), to adifferent toroidal conformal field theory, that is to say, to a different point in the toroidalbranch (τ ′, ρ′). Now, for a generic choice of the chiral algebra subgroup and values ofthe moduli parameters, the orbifold theory obtained after applying σ is not related tothe original one by any duality transformation. However, the gauging of specific finitesubgroups of the chiral algebra, performed at special points on the toroidal branch,leads to a set of target space parameters that can be mapped back to the original theoryby means of a duality transformation.A duality symmetry is then obtained precisely in this situation, that is to say, bycombining the gauging with an element of the duality group,

T ∈ O(2, 2;Z), (4.4.9)
and by requiring that the composite transformation

D = σ ◦ T (4.4.10)
maps the theory back to its original moduli parameters. However, unlike the c = 1case, in which the moduli space contains only T-duality that acts simply as R ↔ 1/R,the c = 2 compact boson duality group O(2, 2;Z) is significantly richer in structure.This implies that finding a duality transformation T that restores the original parame-ters after gauging is a much subtler problem. As a consequence, explicitly constructingduality symmetries in the c = 2 case requires solving more involved algebraic con-straints and is only possible at special loci in moduli space.The requirement that D ∈ O(2, 2,Q) defines a duality symmetry of the originaltheory can be expressed compactly in terms of the generalized metric E introduced in(4.1.19). Indeed, recall that E encodes both the target-space metric and B-field, andtransforms as

E 7−→ OT E O for O ∈ O(2, 2;Z). (4.4.11)

79



4 THE c = 2 COMPACT BOSON, RCFT POINTS AND NON-INVERTIBLE SYMMETRIES

This implies that the theory is left invariant by D if and only if the generalized metric ispreserved under conjugation:
DT E D = E . (4.4.12)

This is the defining condition for a matrixD ∈ O(2, 2,Q) to represent a duality symme-try of the theory. Indeed, similarly to what we had in the c = 1 case, the requirementforD to take value inO(2, 2,Q) guarantees the invariance of the spin of primary opera-tors; instead, the invariance of the generalized metric under conjugation by this matrixguarantees that the conformal dimension of the primaries is preserved too.From the worldsheet perspective, the operator D has a natural interpretation asthe matrix representation of a topological duality defect D. Such a defect implementsthe action ofD on physical states, mapping local operators to genuine and non-genuineones. In particular, the fact that D belongs to O(2, 2;Q) but is not, in general, an ele-ment of O(2, 2;Z) reflects the non-invertibility of D and, thus, that it does not admita proper inverse. This should be regarded as the direct generalization of the c = 1compact boson analysis discussed in Section 3.3.3. There, duality symmetries were en-coded by matrices D ∈ O(1, 1;Q) acting on the charge lattice Γ1,1, or equivalently byleft multiplication of the lattice generator L by a matrix R; see equations (3.3.16) and(3.3.17). The same matrices D were identified as the matrix representations of the non-invertible duality defect D. In the present c = 2 setting, the matrix D ∈ O(2, 2;Q)plays exactly the same role, now acting on the higher-rank lattice Γ2,2 and implement-ing the duality defect D that, similarly to the c = 1 compact boson, is described by aTambara-Yamagami category, as defined in Section 3.3.2.Moreover, using the decomposition of the generalized metric in terms of the latticegenerating matrix, E = LTL, we can equivalently regard the duality symmetry as actingdirectly on L. Under the action of D, the lattice generating matrix L transforms as
D : L 7−→ L′ = LD. (4.4.13)

In other words, the duality symmetry maps the original lattice generated by L to a newlattice generated by L′, and the condition
(L′)TL′ = LTL = E (4.4.14)

ensures that both lattices encode the same generalized metric and, therefore, describethe same target-space torus.Finally, in close analogy to what we found in (3.3.17) for the c = 1 case, the ac-tion of the duality symmetry on the lattice generator can be rewritten in terms of a
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left–multiplying matrix R ∈ O(2, 2)6, so that
D : L 7−→ L′ = LD = RL. (4.4.16)

Thus, as in the c = 1 compact boson, the duality symmetry can be viewed either as aright action on the charge lattice, viaD, or as a left action on the lattice generator, viaR.However, we have an important difference with the c = 1 compact boson. Indeed, inthe one-dimensional case, we were able to explicitly compute the left–multiplying ma-trix R appearing in (3.3.17), and this matrix was universal, in the sense that it applied toany duality defect arising from the composition of gauging and T-duality. By contrast,in the c = 2 case, the structure of O(2, 2;Z) is sufficiently rich that the correspond-ing matrix R is no longer universal; in this case, it depends on the specific gauging andduality transformation required to construct the duality symmetry. In particular, theidentification of R requires solving the condition LD = RL for each individual dualitydefect, and the solution may vary from case to case. This emphasizes once more thatthe construction of duality symmetries in the c = 2 compact boson is much more intri-cate than in the c = 1 case, reflecting both the enlarged duality group and the richerstructure of the underlying momentum lattice. In the next section, we will present afew example of duality symmetries and we will be able to compute the left multiplyingmatrixR explicitly. In particular, we will examine how these matrices are related to geo-metric symmetries of the target-space torus, and how this connection can be exploitedto construct new duality symmetries in the c = 2 compact boson.
4.4.2 Examples of duality symmetries in the c = 2 compact boson

In the previous section, we presented the general construction of duality symmetriesin the c = 2 compact boson, highlighting their emergence as combination of discretegauging and elements of the duality groupO(2, 2;Z). We now turn to explicit examplesof such symmetries. In what follows, we will focus on two concrete cases, in order topresent different peculiarities of such symmetries. For each example, we will computethe corresponding duality matrix D and determine the associated left–multiplying ma-trix R, making manifest the action of the duality symmetry on the momentum lattice.
6Both matricesD andR belong toO(2, 2) in general. However, they are two different representationsof the same group: D preserves the off–diagonal metric

ηoff =


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

 , (4.4.15)

while R preserves the diagonal form ηdiag = diag(1, 1,−1,−1). These two metrics are related by achange of basis, so that D and R describe the same O(2, 2) transformation in different frames.
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The orthogonal torus case: (τ, ρ) = (i, 3i)

In this first example, we focus on the toroidal compactification characterized by moduliparameters (τ, ρ) = (i, 3i). Using the definitions of τ and ρ in terms of the metric andthe antisymmetric tensor B given in (4.1.4), these take the form:
G = 9

(
1 0
0 1

)
, B =

(
0 0
0 0

)
. (4.4.17)

This corresponds to an orthogonal torus, obtained as the product of two circles, T 2 =
S1
R × S1

R′ , of radii R = 1 and R′ =
√
3, respectively. Since the metric is diagonal andtheB-field vanishes, the compactification factorizes into two decoupled c = 1 compactbosons. This simple structure makes it a convenient starting point for studying dualitysymmetries before moving to more general non-factorized compactifications. From theexplicit form of the lattice generating matrix L given in (4.1.7), we get

L =
1√
6


1 0 3 0
0 1 0 3
1 0 −3 0
0 1 0 −3

 , (4.4.18)

while the generalized metric is given by

E =


1
3

0 0 0
0 1

3
0 0

0 0 3 0
0 0 0 3

 . (4.4.19)

Note that the structure of the lattice generating matrix L simplifies significantly in thisorthogonal case. In particular, if we restrict ourselves to the sublattice generated by thefirst and third columns ofL, spanned by the chargesn1 andw1, we recover precisely thecharge lattice of a single compact boson at radius R =
√
3, as discussed in the exampleof Section 3.3.4. This property corresponds to the fact that the theory factorizes intotwo decoupled c = 1 compact bosons. This identifies the first circle S1

R=1 with a trivialfactor, while the second circle S1
R′=

√
3

realizes a non-trivial radius where non-invertibleduality symmetries can arise. This observation implies that a possible duality symmetryof the full (2, 2)-dimensional lattice can be built by appropriately embedding the dualitysymmetry of the c = 1 compact boson at radius R =
√
3 into the higher-rank lattice. Inother words, the factorization of the torus allows us to exploit the structure of dualitydefects previously identified in the c = 1 case and extend them to the full c = 2 setting.As we saw in Section 3.3.4, the duality symmetry in the c = 1 case was constructedby taking the combination of gauging the Z3 ⊂ U(1)n subgroup of the chiral symmetryand T-duality. Let us now translate this construction into the c = 2 compact boson
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formalism. As we said, the Γ2,2 sublattice generated by (n1, w1)
T is equivalent to themomentum lattice Γ1,1 of the R =

√
3 compact boson; this implies that the requiredgauging in this case is given by Z3 ⊂ U(1)n1 , which we denote by σ3,1. The T-dualitytransformation, instead, is implemented by mirror symmetry, which acts by exchangingthe Kähler and complex structure moduli:

(τ, ρ) ←→ (ρ, τ); (4.4.20)
in matrix form, this is given by M presented in (4.1.21). Indeed, when restricted to thedecoupled factors of the torus, this is equivalent to the familiar R↔ 1/R transforma-tion of the c = 1 compact boson. At this point, combining the gauging σ3,1 with mirrorsymmetry allows us to construct a duality symmetry of the full c = 2 compact boson at
(τ, ρ) = (i, 3i). Explicitly, this duality symmetry is given by

D1 = σ3,1 ◦M, (4.4.21)
acting on the charge lattice via right-multiplication and preserving the generalized met-ric according to the constraint (4.4.12). Indeed, from (4.4.8) and (4.1.21), we can easilyobtain the matrix form of the duality defect, which is given by

D1 =


0 0 3 0
0 1 0 0
1
3

0 0 0
0 0 0 1

 , (4.4.22)

and it is possible to explicitly check that E 7−→ DT
1 ED1 = E .As we pointed out above, from the decomposition of the generalized metric in termsof the lattice generating matrix L, we can compute the action of the duality symmetryon the momentum lattice Γ2,2. This is given by:

L 7−→ L1 = LD1 =
1√
6


1 0 3 0
0 1 0 3
−1 0 3 0
0 1 0 −3

 . (4.4.23)

As before, let us focus on the sublattice generated by the first and third columns of Land spanned by (n1, w1)
T , that is to say, the c = 1 factor characterized by R =

√
3.In this setting, the transformation introduced by D1 has the overall action of flippingthe sign of the third row, which is precisely the same mapping observed in the c = 1compact boson example at radiusR =

√
3. In fact, if we project onto this sublattice andignore the trivial S1

R=1 factor, the lattice transformation is given by the same matrix D1as in (3.3.24). In particular, if we restrict ourselves to the 2-dimensional sublattice, thetransformation L 7→ L1 can be equivalently represented by Fig. 11, where the blue and
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red lattices correspond to L and L1, respectively. From the explicit expression (4.1.11),we clearly see that the overall action of the duality symmetry is to flip the sign of theright-moving momentum pR,1, associated with the S1
R=

√
3

factor. More precisely, as inthe c = 1 case, we can rephrase the transformation of the lattice generating matrix interms of a left-multiplying matrix R1 ∈ O(2, 2), satisfying L1 = R1L. For this orthogo-nal torus example, we easily find

R1 =


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1

 . (4.4.24)

As we highlighted above, due to the higher-dimensionality of the target space, this ex-plicit form of the left-multiplying matrix R1 is not universal but rather depends on thespecific duality symmetry we consider. However, as we will see in the next section, theform of these matrices is not completely arbitrary but is dictated by the geometric sym-metries of the target-space torus.While the above duality symmetry arises naturally from the factorization of the tar-get space into two circles, it is important to emphasize that the orthogonal torus admitsadditional duality symmetries that cannot be simply reduced to the composition of du-ality symmetries of the individual S1 factors. Indeed, even though T 2 = S1
R × S1

R′ isgeometrically a product of two circles, the full duality group O(2, 2;Z) is strictly largerthan the product of the c = 1 duality groups associated with each circle. In particular,the circle with R = 1 does not admit a non-invertible duality symmetry at all, and evenfor the circle with R′ =
√
3, we found a single duality symmetry, while in the c = 2compact boson case we can have multiple ones at a single point in the moduli space.More intricate duality symmetries can arise from the interplay of both momentumand winding modes in the two directions, and generically involve nontrivial mixing be-tween the two c = 1 sectors. These symmetries are connected to the structure of the

O(2, 2;Z) duality group and cannot be decomposed into separate duality transforma-tions on each circle. In this orthogonal torus example, one can explicitly compute anadditional duality symmetry of this type. However, rather than presenting its full con-struction, we focus on its implications for the structure of the lattice generating matrix.For the complete derivation, we refer the reader to [70], where the full duality group ofthe orthogonal torus is extracted from the graded fusion category associated with themodel. The duality symmetry we want to consider is given by the composition
D2 = σ̃3,1σ3,1SρSτ , (4.4.25)

where σ3,1 is the Z3 ⊂ U(1)n1 gauging considered above, σ̃3,1 is, equivalently, the
Z3 ⊂ U(1)n2 gauging, while Sτ and Sρ are the S-duality transformations presented in(3.1.27), which act as τ 7→ − 1

τ
and ρ 7→ −1

ρ
respectively. In matrix form, this duality
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symmetry is given by
D2 =


0 0 3 0
0 0 0 3
1
3

0 0 0
0 1

3
0 0

 , (4.4.26)

which acts on the lattice generating matrix L as

L 7−→ L2 = LD2 =
1√
6


1 0 3 0
0 1 0 3
−1 0 3 0
0 −1 0 3

 . (4.4.27)

From the explicit form of D2 and its action on L, we clearly see that this duality sym-metry acts non-trivially on both c = 1 factors of the decomposition, mixing left andright-moving momenta in both orthogonal directions. In particular, when we write theassociated left-multiplying matrix R2, defined by L2 = R2L, we find

R2 =


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

 . (4.4.28)

Unlike the matrixR1 obtained above, which flipped only the third row corresponding tothe right-moving momentum pR,1 of theR =
√
3 circle, the duality symmetry describedby R2 flips the signs of both the third and fourth rows. Physically, this corresponds toa simultaneous sign reversal of both right-moving momenta, pR,1 and pR,2, associatedwith the two orthogonal directions. This duality symmetry, D2, involves both chirali-ties and both directions at once and cannot be decomposed into independent dualitiesacting on each circle. This demonstrates in a concrete way the more subtle interplay of

O(2, 2;Z) transformations in two-dimensions. Such dualities reflect deeper geomet-ric symmetries of the target torus, going beyond the simple composition of the c = 1dualities.
The hexagonal torus case: (τ, ρ) = (e2πi/3,−1/2 + i3

√
3/2)

Let us now consider a more intricate example of a toroidal compactification, character-ized by moduli parameters corresponding to the so-called hexagonal torus:
(τ, ρ) =

(
e

2πi
3 ,−1

2
+ i

3
√
3

2

)
, (4.4.29)
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where ρ = 3τ up to a duality transformation. We can explicitly compute the latticegenerating matrix L, which takes the form

L =



√
6
6

0
√
6
2

−
√
6
3√

2
6

√
2
3

√
2
6

2
√
2

3√
6
6

0 −
√
6
2

√
6
6√

2
6

√
2
3

√
2
6
−5

√
2

6

 . (4.4.30)

In contrast to the orthogonal case discussed previously, this toroidal CFT does not fac-torize into the product of two decoupled c = 1 compact bosons. Instead, the geometryexhibits a non-trivial coupling between the two directions, which makes the analysis ofduality symmetries significantly more subtle. This structure is typical for generic pointsin the moduli space of the c = 2 compact boson, where such non-factorized tori exhibitmore intricate duality symmetries. Because of this coupling, the lattice does not decom-pose into simpler sublattices associated with independent c = 1 sectors, and dualitysymmetries cannot be straightforwardly inherited from the c = 1 case. Non-invertibleduality defects in such setups often rely on a more intricate interplay between momen-tum and winding modes in both directions, and their construction generally requiressolving (4.4.12) explicitly.In what follows, we will present a specific example of a duality symmetry for thehexagonal torus, and we will explicitly compute its action on the momentum lattice
Γ2,2. The explicit derivation of such a non-invertible symmetry can be found in [70].The duality defect is represented by the matrix

D =


1 2

3
4
3
−2

0 0 −2 3
0 0 1 0
0 1

3
2
3

0

 , (4.4.31)

which belongs to O(2, 2;Q) and satisfies the duality condition (4.4.12), consequentlydefining a non-invertible symmetry of the theory. Unlike the orthogonal torus exam-ple, however, the nontrivial structure of the lattice generating matrix L and the dualitysymmetry itself make it difficult to explicitly identify the decomposition of the latter interms of gauging and duality transformations. Nevertheless, a general result provedin [81] ensures that any matrix D ∈ O(2, 2;Q) satisfying (4.4.12) can always be ex-pressed as a finite combination of gaugings of finite subgroups of the chiral symmetryand duality transformations of O(2, 2;Z). This guarantees that D indeed correspondsto a legitimate duality defect, even when its explicit decomposition, such as the onein (4.4.31), is not immediately derivable.As in the previous example, we can also consider the explicit action of the duality
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symmetry on the lattice generating matrix. This is encoded in the transformation

L′ = LD =



√
6
6

0
√
6
2

−
√
6
3√

2
6

√
2
3

√
2
6

2
√
2

3√
6
6

√
6
6

−
√
6
6
−

√
6
3√

2
6
−

√
2
6
−5

√
2

6
2
√
2

3

 . (4.4.32)

Once again, we can reinterpret the action of the duality symmetry in terms of a leftmultiplying matrix R ∈ O(2, 2) such that L′ = RL. For this specific duality symmetry,this matrix takes the form

R =


1 0 0 0
0 1 0 0
0 0 cos

(
π
3

)
sin
(
π
3

)
0 0 sin

(
π
3

)
− cos

(
π
3

)
 , (4.4.33)

which admits the decomposition

R =


1 0 0 0
0 1 0 0
0 0 cos

(
π
3

)
− sin

(
π
3

)
0 0 sin

(
π
3

)
cos
(
π
3

)


︸ ︷︷ ︸
rotation by π/3


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1


︸ ︷︷ ︸sign flip of pR,2

. (4.4.34)

This expression highlights a crucial distinction from the orthogonal torus case, that is tosay, the left–multiplying matrix is no longer a simple sign flip. Instead, R is the combi-nation of a flip of the right-moving momentum component pR,2, followed by a genuinegeometric rotation by an angle π/3 in the right-moving momentum plane. This reflectsthe enhanced symmetry of the hexagonal torus and the fact that, in non-factorized com-pactifications, duality symmetries act non-trivially by mixing momentum and windingdata across both directions.As in the orthogonal case, the hexagonal torus admits additional duality symmetriesbesides the one presented here. These further non-invertible defects arise from otherelaborate combinations of gauging operations and O(2, 2;Z) duality transformationsand typically involve similar intricate mixing between momentum and winding modesin both directions. However, we will not discuss them in detail here. Instead, we referthe reader to [70], where a subset of the duality symmetries associated with this ratio-nal point in moduli space is derived from the underlying graded fusion category.In the next section, we will examine more closely the structure and interpretationof the left–multiplying matrices R associated with these duality symmetries. In partic-ular, we will explore how their form encodes geometric symmetries of the target-spacetorus and how this perspective can be used as a guiding principle for constructing newduality defects in more general compactifications.
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4.4.3 The interplay between duality symmetries and lattice symmetries

As we already emphasized above, in contrast to the c = 1 compact boson, the c = 2theories do not admit a universal form for the left–multiplying matrix R. Instead, theexplicit form of R depends explicitly on the particular duality symmetry under consid-eration and on the geometry of the target-space torus. Now that we have worked out afew concrete examples, we are able to analyze these matrices more systematically andprovide a clearer geometric interpretation of their action.In Section 4.2, we reviewed the structure of the moduli space of the c = 2 com-pact boson, emphasizing that, in addition to the toroidal branch, it contains a finite setof additional components. These are the so–called orbifold branches, which arise fromorbifolding the theory by discrete geometric symmetries of the two–dimensional latticeunderlying the target–space torus. The classification of such symmetries is highly con-strained; indeed, in two dimensions, there exist only seventeen inequivalent crystallo-graphic symmetry groups. Each of these may admit one or more consistent orbifoldingprocedures, and they give rise to the twenty–eight distinct branches that compose thefull moduli space of the c = 2 compact boson.In particular, the discrete symmetries of a two–dimensional torus depend on thevalues of its moduli. While certain symmetries are present for every choice of (τ, ρ),such as the Z2 inversion symmetry, which flips the signs of both torus coordinates inthe R2 plane as
Z2 :

(
x1

x2

)
7−→

(
−x1

−x2

)
=

(
−1 0
0 −1

)(
x1

x2

)
, ∀ (τ, ρ) ∈ T 2, (4.4.35)

that is to say, acting as a rotation by π, other discrete symmetries appear only at special,highly symmetric points of the moduli space. For example, theZ4 rotation is a symmetryof the underlying lattice only in the square torus case, which is characterized by thecomplex structure value τ = i, and acts on (x1, x2) ∈ R2 as a π/2 rotation of the form
Z4 :

(
x1

x2

)
7−→

(
0 −1
1 0

)(
x1

x2

)
=

(
−x2

x1

)
, for τ = i. (4.4.36)

Similarly, the Z3 symmetry appears only for the hexagonal torus, characterized by τ =
e2πi/3; in the same way, this acts as a 2π

3
rotation of the coordinates

Z3 :

(
x1

x2

)
7−→

(
cos 2π

3
− sin 2π

3

sin 2π
3

cos 2π
3

)(
x1

x2

)
, for τ = e2πi/3. (4.4.37)

The appearance of these discrete geometric symmetries is not only relevant for theclassification of orbifold branches of the moduli space, but it also provides a geometricinterpretation of the analysis of duality symmetries carried out in the previous section.There, we reinterpreted the duality symmetries in terms of left–multiplying matrices
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R ∈ O(2, 2), which encode the action on the momentum lattice. Unlike the c = 1case, where the left-multiplying matrix was universal and always reduced to a sign flipof the right–moving momentum, the c = 2 compact boson exhibits a richer structure.Indeed, depending on the specific duality symmetry we consider, the matrices R canrepresent simple sign reversals, as in the c = 1 case, but can also mix momenta in dif-ferent directions implemented by geometric rotations, such as the π/3 rotation foundin the hexagonal torus example.These transformations, however, are not arbitrary. Indeed, from the previous ex-amples, the structure of the left–multiplying matrices R appears to be strictly relatedto the same crystallographic symmetries of the underlying lattices of the target spacetori. The key point emerging from the explicit examples presented above, and in mostof the duality symmetries we analyzed while carrying out our research, is that theleft–multiplying matrices R are not arbitrary elements of O(2, 2). In fact, they sharea universal block structure of the form
R =

(Id2 0
0 G

)
, (4.4.38)

where Id2 is the identity matrix acting on the left–moving momenta (pL,1, pL,2), whilethe lower block G acts on the right–moving momenta (pR,1, pR,2). In particular, thecrucial point here is that the matrix G is not an arbitrary element of GL(2,R). Rather,in most of the examples we studied7, G is precisely a generator of one of the crystal-lographic symmetry groups of the underlying torus lattice, which, in addition, implies
G ∈ O(2). To understand the connection between duality symmetries and the geo-metric symmetries of the underlying lattice, let us re-examine the previous examplesmore carefully.In the first example we considered above, we discussed the orthogonal torus (τ, ρ) =
(i, 3i). For this RCFT, we presented two of the possible duality symmetries. For sim-plicity, let us start from the duality defect D2 defined in (4.4.26). In this case, theleft–multiplying matrix was found to be

R2 =

(Id2 0

0 −Id2

)
, (4.4.39)

7We would like to emphasize that, in this thesis, we have presented only a few examples of dualitysymmetries, selected for their clarity and specific properties. However, during our research, we analyzeda substantially larger set of duality symmetries arising at various rational points of the moduli space.In most of these cases, the corresponding left–multiplying matrices exhibited precisely the same blockstructure discussed here, with the lower block G being a crystallographic symmetry of the underlyingtorus lattice.However, this pattern is not universal; there exist specific constructions in which the overall action ofthe duality symmetry maps the original theory to a different point on the toroidal branch, characterizedby the same generalized metric. These more subtle examples will not be discussed in this thesis, but theywill be analyzed in more detail in future works.
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so that the lower block is given by G = −Id2, corresponding to a rotation of angle πin the right–moving momentum plane. As discussed above, this transformation gen-erates the universal Z2 crystallographic symmetry of any two–dimensional lattice. Inthis example, the duality symmetry D2 is therefore geometrically associated with the
Z2 inversion symmetry of the target torus.Let us now consider the second duality symmetry,D1. In this case, the left–multiplyingmatrix was shown to be

R1 =


1 0 0 0

0 1 0 0

0 0 −1 0

0 0 0 1

 , (4.4.40)

so that the lower block G = diag(−1, 1) acts as a reflection of one of the right–movingmomentum components. This corresponds to a generator of the Z4 symmetry, whichis present precisely for the subset of theories satisfying τ = i. This Z4 manifests itselfin the duality symmetry D1.We clearly see that, even within a single RCFT such as the orthogonal torus, differ-ent duality symmetries are associated with different crystallographic symmetries and,therefore, different blocks G. The universal Z2 inversion symmetry appears through
D2, while the enhanced Z4 symmetry specific to τ = i manifests itself in D1. Thisalready illustrates the general principle stated above; that is to say, the form of theleft–multiplying matrices R is determined by the crystallographic symmetry groups ofthe underlying torus lattice, and different generators of these groups correspond to dif-ferent non-invertible duality defects.Let us now turn to the second example discussed above, namely the hexagonal
torus with (τ, ρ) =

(
e2πi/3,−1

2
+ i3

√
3

2

). In this case, we presented a duality symmetry
whose left–multiplying matrix takes the form

R =


1 0 0 0

0 1 0 0

0 0 cos(π
3
) sin(π

3
)

0 0 sin(π
3
) − cos(π

3
)

 , (4.4.41)

which in (4.4.34) we interpreted as the composition of a sign flip of pR,2 followed bya genuine rotation of angle π/3 in the right–moving momentum plane. Then, in thiscase, the matrix G clearly takes the form
G =

(
cos
(
π
3

)
− sin

(
π
3

)
sin
(
π
3

)
cos
(
π
3

) )︸ ︷︷ ︸
rotation by π/3

(
1 0
0 −1

)
︸ ︷︷ ︸sign flip of pR,2

. (4.4.42)

and, again, this represents a discrete symmetry of the corresponding lattice underlyingthe target-space torus.
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Indeed, as reviewed in Section 4.2, the hexagonal torus admits the non trivial rota-tional symmetries Z3 and Z6. Moreover, since the real part of τ is τ1 = Re(exp(2πi
3
)) =

−1
2

, the hexagonal lattice also exhibits the reflection symmetries R1 and R2. As shownin [74], the rotation group Z6 along with the reflections R1 and R2, together generatethe full dihedral group D6; the matrix G above, then, corresponds precisely to a gener-ator of a crystallographic symmetry group of the theory, in perfect agreement with thegeneral block structure (4.4.38).These three examples make clear that the matrices R encoding the left-action ofduality symmetries on the momentum lattice are directly connected to the crystallo-graphic symmetries of the target-space torus. This observation is particularly importantbecause the crystallographic symmetries of two–dimensional lattices are completelyclassified, and only a finite number of them can occur. This implies that the lower block
G appearing in the left–multiplying matrices R is not an arbitrary element of O(2),but must belong to this finite list of admissible lattice symmetries. This reveals thatthe structure of the duality symmetries is ultimately controlled by the geometry of thetarget-space torus.In the next section, we will take advantage of this connection to construct the dual-ity defects. Instead of considering a duality matrix D and extracting the correspondingleft–multiplying matrix R, we will reverse the logic: starting from the classified crystal-lographic symmetries of the torus lattice, we will show how to use them as a guidingprinciple to construct duality symmetries of the theory.
4.4.4 Towards a systematic construction of duality defects via lattice symmetries

In the previous section, we observed that duality symmetries and crystallographic sym-metries of the torus lattice are deeply connected, and this relationship can be madeexplicit through the reformulation of the former in terms of left–multiplying matrices
R acting on the lattice generating matrix L. However, the construction of duality sym-metries is not straightforward. Indeed, given a c = 2 compact boson, determining aduality symmetry is a highly non-trivial procedure. Except for special situations, suchas orthogonal lattices, where certain duality symmetries can be constructed directly bylooking at the c = 1 sublattice and by embedding the corresponding duality symme-tries in the full c = 2 theory, as we did around (4.4.21), the general problem requiressolving the duality condition on the generalized metric presented in (4.4.12). However,this constraint equation is quadratic in the defect matrix D, and solving it explicitly is,in general, very difficult.For this reason, a common strategy in the literature is to look for specific trans-formations that map a given point in the moduli space to another point describing asimpler toroidal compactification, where the duality symmetries are easier to identify.In general, the idea is to look for specific combinations of gaugings and duality transfor-mations that map the original theory to an orthogonal point in the moduli space. Once
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the duality defects are constructed at that simpler point, one then maps them back tothe original theory. However, even this procedure is highly non-trivial.Following the observations of the previous section, we are now able to developa more systematic and conceptually clear approach that exploits the connection withgeometric lattice symmetries. The idea behind this method is that, instead of directlysearching for solutions to (4.4.12), we will take advantage of the finite classification ofcrystallographic symmetries of two–dimensional lattices to construct the duality sym-metries themselves.Let us now present a systematic procedure to construct these duality symmetries.Consider a generic toroidal compactification on a two–torus T 2 defined in terms of anon-degenerate two dimensional lattice Λ ⊂ R2, where T 2 = R2/Λ, characterizedby a choice of complex structure and complexified Kähler modulus (τ, ρ). Given theclassification of two–dimensional crystallographic lattices presented in [74], we can im-mediately determine all possible discrete symmetries of Λ for that specific choice ofmodular parameters. In other words, the crystallographic symmetries associated with
Λ are completely fixed once τ and ρ are given. In particular, as we saw above, thesegeometric symmetries admit a natural representation as O(2) matrices acting on thecoordinates of the torus as(

x1

x2

)
7−→ G

(
x1

x2

)
, G ∈ O(2) a crystallographic symmetry of Λ. (4.4.43)

Now, as we reviewed in Section 4.1, once a toroidal compactification is specifiedby its moduli (τ, ρ), all the geometric and conformal data of the theory are fully de-termined. In particular, the choice of (τ, ρ) uniquely fixes the momentum lattice Γ2,2

together with its lattice generating matrix, in such a way that the left and right-movingmomentum can be defined as
Γ2,2 ∋

(
pL

pR

)
= L(τ, ρ)

(
n
w

)
, n, w ∈ Z2, (4.4.44)

whose explicit form is completely dictated by the target-space torus metric andB-field.From L(τ, ρ), then, we can also construct the generalized metric defined in (4.1.19) as
E(τ, ρ) = L(τ, ρ)T L(τ, ρ), (4.4.45)

which encodes the kinetic terms and fully characterizes the CFT data of the c = 2 com-pact boson. Therefore, the entire structure of the model (that is to say, the momentumlattice, the spectrum of primary operators and the operator algebra) is fixed once thetwo complex parameters (τ, ρ) are chosen.At this point, since the crystallographic symmetries of the target–space lattice arecompletely determined by the modular parameters (τ, ρ), we can now take any suchsymmetry generator
G ∈ O(2) (4.4.46)
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and use it as the starting point for constructing a duality symmetry of the full c = 2compact boson. The key observation, motivated by the examples from the previoussection, is that each crystallographic symmetry G can be extended to a matrix
R(G) =

(
Id2 0
0 G

)
∈ O(2, 2), (4.4.47)

acting on the left– and right–moving momenta of Γ2,2.In particular, because G ∈ O(2), it satisfies GTG = Id2, and the full matrix R(G)automatically obeys
R(G)TR(G) = Id4, (4.4.48)

and, more importantly,
R(G)T ηdiag R(G) = ηdiag, (4.4.49)

where ηdiag = diag(1, 1,−1,−1) is the O(2, 2) metric in the diagonal form. Conse-quently, the transformation
L 7−→ L′ = R(G)L (4.4.50)

preserves both the inner product on the momentum lattice Γ2,2 and the generalizedmetric:
LTηdiagL = ηoff 7−→ L′ TηdiagL′ = LTR(G)TηdiagR(G)L = LTηdiagL = ηoff

E 7−→ E ′ = L′TL′ = LTR(G)TR(G)L = LTL = E . (4.4.51)
where ηoff is the the off-diagonal representation of η defined in Footnote 6. In otherwords, every crystallographic symmetry G of the underlying torus automatically in-duces an O(2, 2) transformation R(G) that preserves the full CFT data encoded in Eand the momentum lattice Γ2,2 inner product.As we just saw, given a crystallographic symmetry G ∈ O(2), this naturally inducesan O(2, 2) transformation R(G) that preserves both the inner product on Γ2,2 and thegeneralized metric E . We can now use this observation to construct the correspondingright–multiplying matrix D. Indeed, from the defining relation between the left andright–actions of duality symmetries presented in (4.4.16), we can invert that equationto obtain

D ≡ L−1L′ = L−1R(G)L. (4.4.52)
This expression immediately provides a natural candidate for the defect matrix actingon the lattice generating matrix L.However, in general, the matrixD produced by this construction belongs toO(2, 2;R).
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Instead, as emphasized in Section 4.4.1, a matrix defines a genuine duality symmetry ofthe c = 2 compact boson only if
D ∈ O(2, 2,Q), (4.4.53)

in such a way that it can be interpreted as a finite combination of discrete gauging op-erations and elements of the duality group O(2, 2,Z). Thus, unless the conjugation in(4.4.52) yields a O(2, 2,Q) matrix, the transformation R(G) does not lead to a dualitydefect of the CFT. In other words, the crystallographic symmetries of the target torusgenerate candidate O(2, 2) transformations; however, only in special cases, that is tosay, when D happens to be rational, do they correspond to actual duality symmetriesof the theory.When the matrix obtained from (4.4.52) happens to lie in O(2, 2;Q), the situation,instead, is different. In this case, thanks to the general result proved in [81], we knowthat any rational O(2, 2) transformation satisfying the duality condition can always bedecomposed into a finite sequence of discrete gaugings of finite subgroups of the chi-ral algebra together with elements of the duality group O(2, 2,Z). In other words,whenever the matrix D = L−1R(G)L is rational, this corresponds to a genuine dualitysymmetry of the c = 2 compact boson. Indeed, because R(G) automatically satisfiesthe defining invariance conditions for a duality symmetry given in (4.4.51), the corre-sponding matrix D automatically satisfies the duality symmetry defining properties byconstruction. Thus, whenever D ∈ O(2, 2;Q), the induced transformation preservesthe generalized metric and the momentum lattice inner product, and therefore defines,in general, a genuine non-invertible duality defect of the theory of the form introducedin Section 4.4.1.As a final remark, let us emphasize that the matrix obtained from (4.4.52) may alsolie in the integral group
D ∈ O(2, 2;Z). (4.4.54)

When this occurs, the corresponding transformation does not represent a non-invertibleduality defect, but simply an ordinary duality transformation that happens to be a gen-uine symmetry of the theory at the given point in moduli space. In this case, D imple-ments an invertible duality identification and it does not involve any gauging.Therefore, only when the matrix belongs to the rational group but is not integral,that is,
D ∈ O(2, 2,Q) \O(2, 2,Z), (4.4.55)

does it represent a truly non-invertible duality symmetry. In this situation, the transfor-mation necessarily involves discrete gauging, together with ordinary dualities, defininga proper non-invertible symmetry of the c = 2 compact boson theory.
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4.4.5 An example of duality defect generated by a lattice symmetry

As a last step in this section, we now want to apply the general construction presentedabove in order to explicitly generate a duality symmetry starting from the crystallo-graphic symmetries of the target–space lattice. The idea is to begin with a toroidalcompactification specified by its moduli (τ, ρ), determine the corresponding symmetrygroup of the lattice Λ, and then use the symmetry generator G ∈ O(2) to constructthe associated O(2, 2) matrix R(G) of the form (4.4.38). Once R(G) is known, the as-sociated right–multiplying matrix D is obtained following equation (4.4.52), which, asdiscussed above, automatically satisfies the defining conditions for a duality symmetryof the c = 2 compact boson. The only remaining question is whether D belongs to
O(2, 2,R) or in O(2, 2,Q), and, in the second case, the matrix represents precisely aduality symmetry of the theory.Let us now consider again the hexagonal torus example presented in (4.4.29). In(4.4.31), we introduced a duality symmetry of the theory associated with a genera-tor of the crystallographic symmetry group D6 of the underlying lattice, for which theleft–multiplying matrix R takes the form (4.4.33). This duality defect was originally ob-tained in [70]8 and its derivation required a rather intricate procedure. Indeed, in orderto construct this duality symmetry, the authors first mapped the hexagonal point to asimpler orthogonal toroidal compactification, namely (τ, ρ) = (i

√
3, i 3

√
3), where theanalysis of duality symmetries is easier. After determining the non-invertible defect atthat orthogonal point, they then mapped it back to the original hexagonal theory. Thisconstruction, however, is highly non-trivial and involves multiple steps.Here, instead, we will exploit the crystallographic symmetries of the underlying lat-tice which, as already emphasized, are fully classified. This allows us to construct aduality symmetry of the theory directly, without the need to move to a different pointin the moduli space. As we reviewed in Section 4.2, the hexagonal torus enjoys severalnon-trivial wallpaper symmetries, including the rotational symmetries Z3 and Z6.In what follows, we will focus on the Z3 rotational symmetry. According to the gen-eral prescription described above, the first step is to identify the matrix representationof the crystallographic symmetry acting on the coordinates of the hexagonal lattice. Forthe Z3 symmetry, the generator is a rotation by an angle 2π

3
, whose matrix form is

G =

(
cos
(
2π
3

)
− sin

(
2π
3

)
sin
(
2π
3

)
cos
(
2π
3

) ) . (4.4.56)
8The explicit matrix expression of the defect given in [70] differs from our representation. However,the two forms are related by elements of the duality group O(2, 2,Z) and therefore describe the samephysical duality symmetry.
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Given this generator, we can now construct the associated left–multiplying matrixR(G)using the block structure introduced in (4.4.47). Explicitly, we find

R(G) =


1 0 0 0
0 1 0 0
0 0 cos

(
2π
3

)
− sin

(
2π
3

)
0 0 sin

(
2π
3

)
cos
(
2π
3

)
 . (4.4.57)

This is precisely the left–multiplying matrix R(G) that implements the action of the Z3crystallographic symmetry on the momentum lattice.Now that the left–multiplying matrix R(G) has been constructed, we can act with iton the lattice generating matrix of the hexagonal torus, whose explicit form was givenin (4.4.30). The transformed lattice is obtained by the action
L′ = R(G)L, (4.4.58)

and the straightforward computation gives us

L′ =


√
6
6

0
√
6
2

−
√
6
3√

2
6

√
2
3

√
2
6

2
√
2

3

−
√
6
6
−

√
6
6

√
6
6

√
6
3√

2
6
−

√
2
6
−5

√
2

6
2
√
2

3

 . (4.4.59)

This matrix describes the transformed momentum lattice obtained by acting with the
Z3 rotational symmetry on the right–moving momentum subspace while leaving theleft–moving momentum invariant.Now that we haveL′, the next step is to determine the corresponding right–multiplyingmatrix D that implements the same transformation on the charge lattice. As we saidabove in (4.4.52), this is obtained by inverting (4.4.16). The explicit computation givesus:

D =


0 −1

3
7
3

0
1
3

1
3
−7

3
7
3

1
3

1
3

2
3
−2

3

0 1
3

2
3

0

 (4.4.60)

In particular, the matrix D we just obtained is an element of O(2, 2,Q), and, mostimportantly, it contains non-integer rational entries. This immediately implies that Dcannot correspond to an ordinary duality transformation. Instead, the presence of ra-tional coefficients implies that the defect necessarily involves a gauging operation. Infact, by the general result proved in [81], every matrix
D ∈ O(2, 2,Q) \O(2, 2,Z) (4.4.61)
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that satisfies the defining invariance condition of the generalized metric can always bedecomposed into a finite sequence of discrete gaugings of subgroups of the chiral alge-bra, combined with ordinary duality transformations in O(2, 2,Z). As a consequence,the matrix D constructed above represents a genuine non-invertible duality symmetryof the c = 2 compact boson at the hexagonal point.This result is particularly impressive when compared with the standard approachfor constructing duality symmetries used in the literature. As we recalled above, theexplicit construction of non-invertible duality symmetries at the hexagonal point in [70]required a long and intricate procedure; the authors first mapped the theory to a specialorthogonal point in the moduli space, determined the duality defect there, and thenmapped it back to the hexagonal torus. Instead, the procedure developed in this sectionallows us to obtain a duality symmetry in only a few systematic steps and it completelyrelies on the classified crystallographic symmetries of the underlying target-space lat-tice.
4.5 Dp-branes in the c = 2 compact boson
In the previous section, we analyzed the structure of duality symmetries in the c = 2compact boson, showing how they can be systematically constructed starting from thecrystallographic symmetries of the torus and how the corresponding left–multiplyingmatrices encode the geometric transformations of the underlying lattice. In this lastsection of the chapter, instead, we turn to the study of the Dp-branes and how the du-ality symmetries act on these boundary states.Let us start by briefly recalling the definition of Dp-branes in rational conformal fieldtheories. As reviewed in Section 3.4.1, Dp-branes are described by boundary states thatsolve the gluing conditions relating the left and right-moving chiral algebras. These con-ditions are solved by the Ishibashi states, which represent a complete set of solutionsbut do not correspond to physical boundary states directly. Instead, they serve as thebuilding blocks for the Cardy states, which satisfy the required consistency conditionsand are in one-to-one correspondence with the physical Dp-branes of the theory. More-over, in the diagonal RCFT case the number of Ishibashi states coincides with the num-ber of Cardy states, allowing one to determine the total number of Dp-branes directlyfrom the solutions to the gluing equations.In the c = 1 compact boson, as we have seen, the situation is particularly simple;because this type of theories describe a one-dimensional target space, the gluing condi-tion is represented by a single number R = ±1. This yields only two possible boundaryconditions, corresponding to D0 and D1-branes.In the c = 2 compact boson, however, the structure becomes considerably richer.The target space is now two-dimensional, and the gluing condition is represented notby a sign but by a real matrix R ∈ O(2) acting on the left and right-moving oscillators,as shown in (3.4.3). To analyze the Ishibashi states explicitly, it is convenient to focus
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on the zero-mode gluing condition,(
pL,i +R j

i pR,j

)
|B⟩⟩ = 0, (4.5.1)

where i, j ∈ {1, 2} label the two target-space directions. This relation specifies a linearconstraint on the momentum lattice Γ2,2 of the theory and determines which latticesites are compatible with a given boundary condition9. Solving this constraint is thefirst step in determining the Ishibashi states; each solution of the zero-mode conditioncorresponds to a sector in which an Ishibashi state can be constructed by imposing thefull gluing condition on all oscillator modes.As we saw around (3.4.4), the eigenvalues of the matrix R, which represents thegluing condition, determine the type of boundary state that solves it. In particular,each +1 eigenvalue corresponds to a Neumann direction, while each −1 eigenvaluecorresponds to a Dirichlet direction; therefore, a matrixRwith p eigenvalues+1definesa Dp-brane. Since R is now a 2× 2 orthogonal matrix, its spectrum can contain eithertwo +1 eigenvalues, two −1 eigenvalues, or one eigenvalue of each sign. These threepossibilities give rise to three distinct classes of branes in the c = 2 compact boson10.When both eigenvalues are +1, the only admissible matrix in O(2) is the identity, R =Id = diag(+1,+1), corresponding to Neumann boundary conditions in both directionsand hence to D2-branes. This gluing condition leads to the relation between left andright-moving momentum
pL =

(
pL,1
pL,2

)
=

(
−1 0
0 −1

)
pR =

(
−1 0
0 −1

)(
pR,1

pR,2

)
= −pR. (4.5.2)

Similarly, when both eigenvalues are −1, the only gluing matrix R ∈ O(2) is givenby R = −Id, yielding Dirichlet boundary conditions in both directions and, therefore,D0-branes; the condition on the left and right-momentum is given by:
pL =

(
pL,1
pL,2

)
=

(
1 0
0 1

)
pR =

(
1 0
0 1

)(
pR,1

pR,2

)
= pR. (4.5.3)

9As we already saw in Section 3.4.2, the left and right momentum do not uniquely characterize theboundary state, but we need the full combination of momentum and higher-oscillatory modes to be sat-isfied. However, this zero-mode condition already determines which momentum–winding combinationsare compatible with the boundary condition; only those lattice points of Γ2,2 that satisfy the relationabove can appear in the corresponding Ishibashi state.10Being more precise, the matrix R determines the gluing condition satisfied by the Ishibashi states,not the Dp-branes themselves. The Ishibashi states provide formal solutions to the boundary conditions,while the physical Dp-branes correspond to the Cardy states, obtained as specific linear combinations ofIshibashi states. However, since the eigenvalue structure ofR fixes the number of Neumann and Dirichletdirections, it is customary to refer toR as defining a Dp-brane configuration. Moreover, in diagonal RCFTsthe number of Ishibashi and Cardy states coincides, so this terminology is fully consistent in the settingsconsidered here, since we will focus on this type of theories.
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Finally, when the spectrum contains one +1 and one−1 eigenvalue, the gluing matrixtakes the more general form
R = Q(α) ≡ −M(α) diag(+1,−1), M(α) ∈ SO(2), (4.5.4)

which represents a reflection along one axis of the target space composed with a ro-tation by an angle α. In contrast to the previous two cases, this construction yieldsan infinite family of matrices R ∈ O(2) with mixed eigenvalues: each choice of rota-tion angle corresponds to a different orientation of the D1-brane within the torus. Thezero-mode equation takes the form:
pL =

(
pL,1
pL,2

)
=

(
cos(α) − sin(α)
sin(α) cos(α)

)(
1 0
0 −1

)
pR

=

(
cos(α) sin(α)
sin(α) − cos(α)

)(
pR,1

pR,2

)
(4.5.5)

However, despite the continuous parameter θ, only a finite subset of angles admits non-trivial solutions to the full gluing equations, when including also the higher oscillatorymodes. As we will see explicitly in the example below, the zero-mode constraints re-strict the allowed momenta and windings in such a way that only finitely many Ishibashistates appear at a given rational point in moduli space.Summarizing the discussion above, the c = 2 compact boson admits three distincttypes of Dp-branes: D0-branes corresponding to R = −Id, D2-branes arising from
R = Id, and a continuous family of D1-branes associated with gluing matrices of theform R = −M(α) diag(+1,−1), each value of θ defining a different orientation of thebrane inside the torus. However, only finitely many of these orientations lead to con-sistent Ishibashi states, and this is due to the fact that D1-branes wrap the torus alongdifferent allowed angles determined by the structure of the momentum lattice.At this point, we can turn to the action of the duality symmetries constructed inthe previous section on these boundary states. As we emphasized earlier, each dual-ity symmetry is associated with a crystallographic symmetry G ∈ O(2) of the target-space lattice, which is implemented by a left-multiplying matrix that acts asymmetri-cally on the left and right-moving sectors. In particular, since the gluing condition fora Dp-brane identifies left and right-moving momenta through the matrix R, the corre-sponding transformation on branes is determined by how the duality symmetry mod-ifies this relation. In particular, if the duality symmetry is associated with a crystallo-graphic symmetry generated by G, and it is represented by a left-multiplying matrix
R(G), as defined in (4.4.47), acting on the momentum lattice, then its action maps aboundary condition encoded by R to a new one encoded by

R 7−→ R′ = RG, (4.5.6)
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which determines the resulting transformed Dp-brane. In this way, the effect of a dual-ity symmetry on the space of Dp-branes is completely fixed by the corresponding crys-tallographic symmetry of the torus lattice.As we clearly see, the behavior of Dp-branes in the c = 2 compact boson can bemuch more involved than the c = 1 case, where the action of duality symmetries onboundary states was particularly simple. Indeed, in that case, every duality transfor-mation could be represented by the same left–multiplying matrix R = diag(1,−1),leading to a universal exchange between Neumann and Dirichlet conditions and henceto the overall action D0-branes←→ D1-branes.In the c = 2 theory, instead, the situation is much more complicated. Since thegluing matrix R may correspond to D0-, D1-, or D2-branes, and since D1-branes them-selves appear in different classes, parametrized by the possible angles determined bythe lattice geometry, a duality symmetry can act in more involved ways. Depending onthe crystallographic generator G underlying the defect, it may rotate the Dp-branes orexchange different types of boundary conditions. Moreover, while in the c = 1 case thetotal number of Dp-branes was always preserved, since we only had an exchange of thetwo types, in this case we can have that the total number of D0, D1 and D2-branescan change under the action of a duality symmetry.As an explicit example, let us consider the Z2 rotational symmetry discussed abovein (4.4.35). Its action on the coordinates was implemented by the crystallographic gen-erator G = −Id, corresponding to a rotation by π on the target torus. When translatedinto the action on boundary states through the gluing condition, this transformationproduces a simple pattern. First of all, D0-branes and D2-branes get exchanged: thecondition pL = pR characterizing D0-branes is mapped to the condition pL = −pR ofD2-branes, and conversely. Instead, the D1-branes remain D1-branes, but their orienta-tion is rotated. Indeed, for a D1-brane specified by a gluing matrix of the formR = Q(α)as defined in (4.5.4), the action of the Z2 symmetry sends
Z2 : Q(α) 7−→ Q(α + π), (4.5.7)

reflecting the fact that a rotation by π flips the different Neumann and Dirichlet direc-tions of the brane. Thus, while D1-branes preserve their nature, their angular classesget mixed in non-trivial ways. In this sense, the Z2 rotation may be viewed as the nat-ural c = 2 analogue of the duality symmetry of the c = 1 compact boson. In theone–dimensional case, it exchanged D0- and D1-branes, leaving no room for more in-tricate transformations. Here, however, even this simple crystallographic symmetry al-ready exhibits a more involved action. Indeed, in addition to exchanging D0- and D2-branes, it also permutes the classes of D1-branes among themselves by rotating theirorientation α 7→ α + π. This provides a first indication of the more elaborate inter-play between duality symmetries and Dp-brane configurations that emerge in higher-dimensional compactifications.
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4.5.1 An explicit example of duality symmetry acting on Dp-branes

To see how even more intricate behaviors can arise, we now turn to an explicit exam-ple. In particular, we will focus on the hexagonal torus introduced in (4.4.29), whoselattice enjoys the dihedral symmetry group D6 as a crystallographic symmetry; in par-ticular, this leads to the duality symmetry presented in (4.4.31), whose correspondingleft-multiply matrix is given by (4.4.33). Below, we will analyze the action of this dualitysymmetry on the Dp-branes of the theory.Before proceeding, let us note that the hexagonal torus corresponds to a diagonalRCFT. Indeed, since ρ = 3τ (up to a T–transformation of ρ, as defined in (3.1.27)), thetheory represents a rational point in moduli space where the partition function is di-agonal. As a consequence, the number of Ishibashi states equals the number of Cardystates, and therefore matches the number of physical Dp-branes. This allows us to clas-sify the branes by directly counting the solutions to the gluing conditions.We will start by constructing the Ishibashi states of the original theory at the hexag-onal point, identifying the corresponding D0, D1 and D2-branes; for this analysis, wewill follow the discussion in [80]. We will then apply the duality symmetry (4.4.31) tothese states and analyze how the various branes are transformed under this action.
Dp-branes in the original hexagonal theory

To determine the Dp-branes of the compact boson at the hexagonal point
(τ, ρ) =

(
e2πi/3, −1

2
+ i 3

√
3

2

)
, (4.5.8)

we start from the momentum lattice generated by the matrix L introduced in (4.4.30).A generic state of the theory is characterized by four integers (a, b, c, d) ∈ Z4 speci-fying the momentum and winding numbers along the two cycles of the torus, which
are respectively n =

(
a
b

)
and w =

(
c
d

)
. The corresponding left and right-moving

momenta are explicitly given by
pL,1
pL,2
pR,1

pR,2

 =


√
6
6
a+

√
6
2
c−

√
6
3
d

√
2
6
a+

√
2
3
b+

√
2
6
c+ 2

√
2

3
d

√
6
6
a−

√
6
2
c+

√
6
6
d

√
2
6
a+

√
2
3
b+

√
2
6
c− 5

√
2

6
d

 , (4.5.9)

which follows directly from the definition
(
pL

pR

)
= L

(
n
w

)
. The classification of the

Dp-branes is then obtained by imposing the zero-mode gluing condition
pL,i +R j

i pR,j = 0 (4.5.10)
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presented in (4.5.1), which is obtained from the general condition (3.4.4). For eachchoice of gluing matrix R ∈ O(2), this equation imposes linear relations among theintegers (a, b, c, d); every allowed solution identifies a set of momentum and windingnumbers that allows for an Ishibashi state. Since the hexagonal point is a diagonal RCFT(because ρ = 3τ up to a T -transformation), the number of Ishibashi and Cardy statescoincides, so each solution directly corresponds to a physical Dp-brane. We can nowanalyze the three types of gluing matrices, following the classification of the eigenval-ues discussed above.As we just saw, the D0-branes are related to the Ishibashi states satisfying the glu-ing condition with R = −Id, as shown in (4.5.3). In this case, the zero-mode equa-tion (4.5.10) reduces to pL,i = pR,i for i = 1, 2, and substituting the explicit expressionsfor the left- and right-moving momenta given in (4.5.9) immediately yields the linearconstraints
c = 0, d = 0, (4.5.11)

while the integers a, b ∈ Z are free. At this point, it is useful to recall the results of Sec-tion 4.3, in which we analyzed the structure of rational points of the moduli space andthe decomposition of the momentum lattice Γ(2,2) into its left and right-moving projec-tions. In particular, we saw that at RCFT points the left-moving lattice ΓL becomes afinite-index sublattice of R2, and its elements correspond precisely to the left-movingcomponents of the momentum vectors inΓ2,2. Since diagonal RCFTs obey the additionalidentification ΓL ≃ ΓR, the condition pL = pR ensures that the admissible momen-tum–winding numbers give rise exactly to the two-dimensional sublattice ΓL. In ourpresent case, the relations (4.5.11) imply that the allowed Ishibashi states are labeledby vectors of the form (a, b, 0, 0) and hence the D0-branes correspond exactly to thesites of this two-dimensional sublattice. In particular, this yield a total of 27 distinct D0-branes at the hexagonal point.Let us now turn to the D2-branes, which correspond to the Ishibashi states solvingthe gluing condition with R = Id. In this case the zero-mode equation (4.5.10) reducesto pL,i = −pR,i, as given in (4.5.2), and substituting the explicit expression for the mo-menta given in (4.5.9) yields the linear relations
c = −2b, d = 2a. (4.5.12)

These constraints define the two-dimensional sublattice of Γ(2,2) denoted by Γ0, thatwe defined in (4.3.15), consisting of the purely left-moving states of the theory. As dis-cussed in Section 4.3, at diagonal RCFT points this sublattice has rank two and finiteindex in ΓL, and each of its sites corresponds to a chiral primary. In the present casethe relations (4.5.12) uniquely fix c and d in terms of a and b, and only a single indepen-dent Ishibashi state is compatible with the gluing condition, given by a = b = 0. Thus,the hexagonal compactification contains exactly one D2-brane.Finally, let us turn to the D1-branes. In this case, the gluing matrix has one +1 and
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one −1 eigenvalue and can be written as R = Q(α) = −M(α) diag(+1,−1), withthe corresponding zero-mode constraint given in (4.5.5). The parameter appearing inthis equation, however, does not coincide with the physical orientation of the braneon the torus. We will not derive this fact here, but it can be shown that the geometricangle of the wrapped one-cycle is actually given by α/2, rather than by α itself enter-ing the gluing condition. Consequently, only those values of α/2 that align with thecrystallographic directions of the hexagonal lattice lead to non-trivial integer solutionsof (4.5.5).Solving the zero-mode equation (4.5.5) for the hexagonal compactification there-fore reduces to determining the integer solutions of the corresponding linear constraintsamong (a, b, c, d). In particular, only six orientations are compatible with the momen-tum lattice Γ(2,2), and each yields a distinct class of D1-branes. These arise at the angles
α ∈ {0, π

3
,
2π

3
, π,

4π

3
,
5π

3
} (4.5.13)

for which the corresponding geometric orientations given by α/2 correspond to the sixcrystallographic directions of the hexagonal torus. For each of these orientations, thezero-mode constraint fixes a two-dimensional sublattice of allowed momentum vec-tors, leading to the following relations:
• α = 0:

a = −2b, d = 2c,

yielding 3 D1-branes at the physical angle α/2 = 0.
• α = π

3
:

b = 0, c = 0,

yielding 9 D1-branes at the physical angle α/2 = π
6

.
• α = 2π

3
:

a = b, d = −c,

yielding 3 D1-branes at the physical angle α/2 = π
3

.
• α = π:

a = 0, d = 0,

yielding 9 D1-branes at the physical angle α/2 = π
2

.
• α = 4π

3
:

b = −2a, c = 2d,

yielding 3 D1-branes at the physical angle α/2 = 2π
3

.
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• α = 5π
3

:
b = −a, c = d,

yielding 9 D1-branes at the physical angle α/2 = 5π
6

.
These six cases represent all the possible consistent D1-branes for the given torus de-fined by (4.4.29). Each admissible orientation corresponds to a distinct crystallographicdirection of the torus, and the number of branes in each class matches the index of thecorresponding solution sublattice inside Γ(2,2). In total, the theory contains 3+9+3+
9+3+9 = 36 D1-branes. We give a visual representation of the Dp-branes in Figure 14.

Figure 14: Representation of the Dp-branes for the hexagonal torus defined in (4.4.29). The bluedots denote the left-moving momentum sublatticeΓL associated with the D0-branes, while thered crosses indicate the purely left-moving sublattice Γ0 associated with the unique D2-brane.The colored line segments represent the six classes of D1-branes obtained from the integer solu-tions of the zero-mode gluing condition (4.5.5); each color corresponds to one of the admissibleorientations, which align with the crystallographic directions of the hexagonal lattice. The an-gles formed by the different D1-branes are thus directly visible in the plot. Since the theoryrepresents a point of enhanced chiral symmetry, lattice sites related by the action of the chiralalgebra generators, as showed in Figure 13, are identified, and each line of solutions gives a fi-nite number of D1-branes under this identification.
Summarizing the discussion above, the hexagonal compactification admits threetypes of Dp-branes: 27 D0-branes associated with the sublattice ΓL, a single D2-branecorresponding to the chiral sublattice Γ0 and 36 D1-branes organized into six differentorientations. The total number of branes is therefore

ND0 +ND1 +ND2 = 27 + 36 + 1 = 64, (4.5.14)
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A summary of the complete set of Dp-branes is given by the table below.
Dp-branes Number of branes

D0s 27
D2s 1

D1s(α = 0) 3
D1s(α = π/6) 9
D1s(α = π/3) 3
D1s(α = π/2) 9
D1s(α = 2π/3) 3
D1s(α = 5π/6) 9

Tot 64

Dp-branes under the action of the duality symmetry

Now that we have computed all Dp-branes of the original theory, we can proceed toanalyze the action of the duality symmetry introduced in (4.4.31) on these boundarystates. As discussed in Section 4.4.2, this duality transformation is implemented onthe momentum lattice by the left–multiplying matrix defined in (4.4.33). This rewritingin terms of the matrix R(G) allows us to determine the induced action on the gluingconditions characterizing each class of Dp-branes.As we explained above, the action of the matrix R(G) on the left and right-movingmomentum is asymmetric and is given by
pL 7−→ pL and pR 7−→ GpR, (4.5.15)

where G is a generator of a crystallographic symmetry of the corresponding torus. Inthis particular case, the corresponding matrix G, given in (4.4.42), admits a natural de-composition into two factors; these represent a sign flip of the second right-movingmomentum component, pR,2 7→ −pR,2, followed by a rotation of the right-moving mo-mentum pR by an angle π/3. This asymmetric action of the duality symmetry on theleft and right-moving momentum implies that its overall effect on the boundary statesis entirely determined by how the transformation modifies the gluing condition. As weexplained in (4.5.6), this is equivalent to replacing the original gluing matrix R with anew one given by
R 7−→ R′ = RG, (4.5.16)

which encodes the transformed boundary condition.This formula allows us to determine explicitly how each type of Dp-brane is mappedunder the duality symmetry. SinceG is the composition of a sign flip with a rotation, theresulting transformation R 7→ RG modifies the Neumann and Dirichlet directions in

105



4 THE c = 2 COMPACT BOSON, RCFT POINTS AND NON-INVERTIBLE SYMMETRIES

a non-trivial way, and consequently induces a non-trivial permutation of the Dp-braneconfigurations.We now examine this transformation explicitly, beginning by analyzing the D0-branesthat we obtain after the action of the duality symmetry. After the duality symmetrytransformation, the left- and right-moving momenta are given by
p′
L = pL, p′

R = GpR, (4.5.17)
so the defining condition for a D0-brane in the transformed theory becomes

p′
L = p′

R ⇐⇒ pL = GpR. (4.5.18)
Using the explicit form of the crystallographic generator G introduced in (4.4.42), weimmediately recognize that (4.5.18) coincides precisely with the original D1-branes con-dition at physical angle π/6, that is to say, it satisfies the gluing condition (4.5.5) for
α = π/3. In other words, the resulting D0-branes in the transformed symmetry, afterthe action of the duality symmetry, satisfy the same relations that defined the D1(π/6)class in the original theory.It is also straightforward to verify that, in the same way, the D1-branes at the physi-cal angle π/6 in the transformed theory correspond precisely to the original D0-branes.Indeed, recall that the D1-branes at physical angle π/6 are defined by the gluing matrix
R = Q(α) given in (4.5.4) with α = π/3. To determine the original correspondingbranes, we must therefore examine how the relation

p′
L = Q

(π
3

)
p′
R = M

(π
3

)(1 0
0 −1

)
p′
R (4.5.19)

looks like in terms of the untransformed momenta. Using p′
L = pL and p′

R = GpR,this becomes
pL = Q

(π
3

)
GpR. (4.5.20)

Now, using the explicit form of Q(α) and the decomposition of G given in (4.4.42), onefinds
Q
(π
3

)
G = M

(π
3

)(1 0

0 −1

)
M
(π
3

)(1 0

0 −1

)
= Id. (4.5.21)

Inserting this result into the gluing condition, we obtain
pL = pR, (4.5.22)

which is precisely the defining equation of the original D0-branes in (4.5.3). There-fore, the D1-branes at the geometric angle π/6 appearing in the transformed theoryare precisely the image of the original D0-branes under the duality symmetry action.In summary, the duality symmetry acts by exchanging the two classes
D0←→ D1(π

6

)
, (4.5.23)
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implying that the transformed theory is characterized by 9 D0-branes and 27 D1-branesat the physical angle π/6.Equivalently, let us now examine the transformation of the D2-branes. Recall thatthe original D2-branes equation is characterized by the gluing condition pL = −pR,that is to say by the matrix R = Id yielding (4.5.2). After the action of the dualitysymmetry, this condition becomes
p′
L = −p′

R ⇐⇒ pL = −GpR. (4.5.24)
Using the explicit expression for G given in (4.4.42), one verifies that the matrix −Gcoincides precisely with the D1-branes gluing matrix Q(α) for α = 4π

3
, that is to say,

−G = Q
(
4π
3

). Therefore, the condition (4.5.24) is exactly equivalent to the D1 gluingequation at the physical angle 2π
3

. In other words, the original D1-brane class at 2π
3

ismapped to the D2-brane one.In the same way, after applying the duality transformation, the D1-branes with α =
4π
3

are given by
p′
L = Q

(
4π

3

)
p′
R ⇐⇒ pL = Q

(
4π

3

)
GpR = −pR, (4.5.25)

which is precisely the defining relation of the original D2-brane. Thus, we obtain thesecond exchange:
D2←→ D1

(
2π

3

)
, (4.5.26)

and the counting gives 3 D2-branes and 1 D1-brane at 2π/3 in the transformed theory.For the remaining D1-brane classes, namely those at physical angles 0, 2π
3

, π
2

and
5π
6

, it is not possible to perform an analysis equivalent to the one above. The reason isthat, after the action of the duality symmetry, the corresponding gluing conditions donot correspond to any of the original Dp-brane equations. Indeed, the matrices Q(α)obtained in the transformed theory do not coincide with any of the admissible gluingmatrices of the original model; these transformed D1-branes are not the image of anyof the original D0, D1 or D2-brane classes.Anyway, it is still possible to determine the number of resulting D1-branes by solvingthe transformed gluing conditions explicitly. This calculation is equivalent to the com-putation performed around (4.5.13), by solving the corresponding constraints among
(a, b, c, d). This is done by using the resulting lattice generating matrix L′ after the du-ality symmetry transformation given in (4.4.32). With this analysis, we find that theresulting theory contains exactly

1 D1-brane at the geometric angle 0, 1 D1-brane at the geometric angle 2π

3
,

1 D1-brane at the geometric angle π

2
, 3 D1-branes at the geometric angle 5π

6
.
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These classes represent all the remaining D1-branes in the transformed theory.We can now summarize the action of the duality symmetry on the Dp-branes of thehexagonal torus. The table below shows, for each Dp-brane class, the total number ofbranes present in the resulting theory after the action of the duality symmetry and,where possible, their relation with the Dp-branes of the original theory.
Resulting Dp-branes Number of branes Original Dp-branes

D0s 9 D1s(α = π/6)
D2s 3 D1s(α = 2π/3)

D1s(α = 0) 1
D1s(α = π/6) 27 D0s
D1s(α = π/3) 1
D1s(α = π) 3

D1s(α = 2π/3) 1 D2s
D1s(α = 5π/6) 3

Total 48
It is important to notice that, in addition to a mixing between different Dp-braneclasses, the total number of Ishibashi states is not preserved by the duality symmetry.Indeed, the original theory contained 64 Ishibashi states, while the transformed onecontains only 48 of them.However, as we stated above, the Ishibashi states are not the physical boundarystates of the theory; instead, these are given by the so-called Cardy states, which areobtained via the relation (3.4.5), and are in one-to-one correspondence with the Dp-branes. However, the number of Ishibashi states and Cardy states does not have tocoincide in general; indeed, this is true only in the diagonal RCFT case. Thus, eventhough the number of Ishibashi states is not preserved under the action of the dual-ity symmetry, it is still possible that the number of physical boundary states, that is tosay, the number of Dp-branes, remains unchanged after the transformation due to thenon-trivial mapping between Ishibashi and Cardy states. Indeed, the duality transfor-mation could act in such a way that the diagonal RCFT relation between Ishibashi andCardy states (3.4.6) no longer applies, thereby preserving the number of Dp-branes,even though the number of Ishibashi states is not preserved.In this thesis, we have not performed a detailed analysis of the counting of Dp-branes after the duality transformation; our discussion is restricted to the behaviorof the Ishibashi states. Nevertheless, our expectation is that the relation betweenIshibashi and Cardy states reorganizes in such a way that the total number of Dp-branesis preserved. In particular, we intend to address this question in detail in future work.
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5 Conclusions and Outlooks
In this thesis, we explored the structure of non-invertible duality symmetries in two-dimensional conformal field theories, with a particular focus on compact boson mod-els. In Chapter 2, we set the mathematical basis by reviewing the concept of generalizedsymmetry in quantum field theory and string theory, emphasizing the notion of higher-form and non-invertible symmetries, and by presenting their formulation in terms oftopological defects and fusion categories.In Chapter 3, we then examined the concept of duality symmetries in the c = 1 com-pact boson, reviewing how non-invertible duality defects arise from discrete gaugingand how their action on Dp-branes can be understood through their action on Ishibashistates.Finally, in Chapter 4, we presented the main conceptual results of this thesis. In-deed, we extended the previous analysis to the c = 2 compact boson, whose modulispace and duality group give rise to a much richer structure of rational points and du-ality symmetries. We observed that non-invertible duality symmetries of the c = 2compact boson admit a clear geometric interpretation in terms of the crystallographicsymmetries of the two dimensional lattice underlying the target-space torus. This ledus to the introduction of a systematic approach for constructing duality symmetries.Instead of solving the non-linear constraint on the generalized metric, we showed how,starting from a lattice symmetry generator and extending it to a transformation on theinteger self-dual momentum lattice, we are able to construct the matrix representationof the corresponding duality symmetry. Finally, following the discussion in the c = 1compact boson case, we have been able to analyze the behavior of the Dp -branes inthe c = 2 compact boson as well. In particular, we showed that, in this higher dimen-sional case, the action of the duality symmetries on boundary states can be much moreinvolved and that, in some cases, the total number of Dp-branes is not preserved.The results of this work open several future perspectives for further investigation. Afirst, natural direction is to refine and complete the understanding and classification ofduality symmetries in toroidal theories. While our geometrically driven interpretationand construction provides a systematic way to generate a large class of non-invertibleduality symmetries at rational points, a complete classification remains to be devel-oped. In particular, as already noted above, not all duality symmetries arise from thecrystallographic symmetries of the torus and, therefore, cannot be understood usingthe method introduced in this thesis. Understanding precisely which symmetries areexcluded by this construction, and how to characterize them, is an open problem.In this context, it would be especially interesting to clarify the relation between du-ality symmetries and the complex multiplication (CM) property of the tori appearing atRCFT points in moduli space. Since CM points are precisely those with enhanced endo-
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morphism rings, and since our construction is based on the crystallographic symmetriesof the torus lattice, one may expect a deep connection between duality symmetries andthe geometric and algebraic features associated with complex multiplication.A second natural direction is the extension of these ideas beyond toroidal com-pactifications to higher–dimensional Calabi-Yau target spaces, such as K3 surfaces orCalabi-Yau threefolds. Indeed, these models are more relevant from the point of view ofstring phenomenology, as they provide realistic compactifications with rich geometricand physical structures. However, unlike the torus case, the RCFT points in these mod-uli spaces do not appear to be dense, which makes the explicit analysis significantlymore difficult [80]. In practice, much of the worldsheet control for these non-linearsigma models relies on special, exactly solvable points, in particular, Gepner models,which are directly related to the RCFT points of Calabi-Yau manifolds [82]. Determiningwhether non-invertible duality symmetries can be systematically constructed or clas-sified in these settings would, therefore, represent a conceptual step forward in ourunderstanding of string compactification.Finally, it would be interesting to explore the potential implications for the Swamp-land program [83, 84]. Since duality defects encode non-invertible structures, mon-odromies, and degenerations in moduli space, they may provide new insights into as-pects such as the distance conjecture [85] and the behavior of mixed Hodge structuresnear infinite-distance limits [86].Taken together, the results of this thesis indicate that non-invertible duality sym-metries occupy an important, but still only partially understood, position in two dimen-sional conformal field theories and string compactifications. Although the geometricconstruction developed here clarifies several aspects of duality symmetries in toroidalmodels, many questions remain open. A complete classification of these symmetries,a deeper understanding of their relation to complex multiplication and the extensionof these ideas to higher-dimensional Calabi-Yau manifolds all represent important di-rections for future research. Addressing these problems may lead to a more systematicpicture of symmetries in non-linear sigma models and could also provide us with newinsights into broader issues, such as quantum-gravity constraints and swampland con-jectures. For these reasons, non-invertible duality symmetries represent a promisingdirection for future developments in high-energy physics.
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