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Abstract

This work investigates the resolution of a well-known NP-complete problem, the maxi-
mum independent set (MIS) problem, in the setting of two-dimensional unit-disk graphs
(UDGs). MIS is a paradigmatic hard problem with applications ranging from network
design and resource allocation to coding theory, and serves as a standard benchmark for
both classical and quantum optimisation methods. In our approach, we first reformulate
MIS as a constrained quadratic unconstrained binary optimization (QUBQO) problem,
obtaining a three-dimensional interaction graph.

We then introduce a geometric embedding algorithm that maps this three-dimensional
instance to a two-dimensional UDG with only nearest-neighbour interactions, while being
topologically equivalent to the original interaction graph (i.e. preserving its connectivity),
thus making it compatible with neutral-atom quantum devices based on Rydberg arrays.
We analyse the performance of this embedding procedure in terms of its success probability
and of the scaling of the final graph size with the original system size and connectivity.

Finally, we tackle the MIS problem on the embedded graphs using a variational hy-
brid quantum-classical algorithm of the quantum approximate optimization algorithm’s
(QAOA) family, and compare its performance to a classical brute-force solver. This allows
us to characterise the regimes in which such quantum-inspired approaches can effectively
handle MIS instances arising from unit-disk graphs under realistic hardware constraints.



Sommario

Questo lavoro studia la risoluzione di un famoso problema NP-completo, il problema
dell'insieme indipendente massimale (MIS), nel contesto dei grafi a disco unitario bidi-
mensionali. I1 MIS & un problema paradigmatico di elevata complessita, con applicazioni
che spaziano dalla progettazione di reti e dall’allocazione di risorse alla teoria dei codici,
e rappresenta un banco di prova standard sia per metodi di ottimizzazione classici sia
quantistici. Nel nostro approccio, riformuliamo innanzitutto il MIS come un problema
QUBO (quadratic unconstrained binary optimization) vincolato, ottenendo cosi un grafo
di interazione tridimensionale.

Introduciamo quindi un algoritmo di integrazione geometrica che mappa questa istanza
tridimensionale in un UDG bidimensionale con sole interazioni tra primi vicini, man-
tenendo al contempo l'equivalenza topologica con il grafo di interazione originale (cioe
preservandone la connettivita), rendendola cosi compatibile con dispositivi quantistici a
atomi neutri basati su registri di stati di Rydberg. Analizziamo le prestazioni di questo
algoritmo in termini di probabilita di successo e di scalabilita della dimensione finale del
grafo rispetto alla dimensione e alla connettivita del sistema originale.

Infine, affrontiamo il problema MIS sui grafi finali utilizzando un algoritmo ibrido vari-
azionale quantistico-classico della famiglia QAOA (quantum approximate optimization
algorithm), e ne confrontiamo le prestazioni con quelle di un risolutore classico di forza
bruta. Cio ci permette di caratterizzare i regimi in cui tali approcci di ispirazione quan-
tistica possono trattare efficacemente istanze di MIS derivanti da grafi a disco unitario,
sotto vincoli hardware realistici.
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Introduction

Mathematical optimization (or mathematical programming) concerns the problem of
selecting the best element, according to some given criterion, from a set of admissible
alternatives. From a modern perspective, one usually distinguishes between continuous
optimization, where the variables range over real domains, and discrete optimization,
where the search space is combinatorial. Optimization problems appear in a variety of
different disciplines, from engineering and computer science to operations research and
economics, and the search for efficient solution methods has been a central theme in
applied mathematics for centuries.

Historically, the calculus-based foundations of optimization were laid by Fermat [1] and
Lagrange [2], who derived conditions for extrema of real-valued functions, while New-
ton [3] and Gauss [4] developed iterative procedures to approach optimal points numeri-
cally. However, the modern version of optimization problems came only with the emer-
gence of linear programming, in the 1940s, developed by Kantorovich [5] and Dantzig [6].
Together, these developments shaped modern optimization theory and established linear
and discrete optimization as core tools in both mathematics and the applied sciences.

Among the many classes of optimization problems, those whose difficulty grows combina-
torially with the system size have acquired particular prominence since the 1970s, with
the development of computational complexity theory. In this framework, a central role is
played by the class of NP-complete problems: decision problems for which a proposed
solution can be verified efficiently, but for which no efficient algorithm is known to find a
solution in the worst case. Seminal works by Cook [7], Karp [8] and others [9] showed that
a wide variety of seemingly unrelated combinatorial tasks can be reduced to one another
and are therefore equivalent in difficulty.

These NP-complete problems has grown a progressively increasing interest over the years,
since many real-world tasks, such as scheduling, routing, resource allocation, and network
design, can be formulated as NP-complete optimization problems, so progress on these
cases can translate directly into practical gains in efficiency and cost. At the same time,
they are difficult to solve because the naive search space typically grows exponentially
with the problem size, and no polynomial-time algorithms are known despite decades of
effort. As a result, even moderately sized instances can quickly exceed the capabilities of
brute-force or straightforward exact methods, prompting the development of sophisticated
heuristics, approximation algorithms, and alternative computational paradigms.

In light of this intrinsic hardness, a major line of research in the last decades has been to
explore quantum computation as a new paradigm for tackling this type of problems.
The hope is that genuinely quantum resources, e.g. superposition and entanglement,
might enable algorithms that outperform the best classical methods, at least for certain
structured instances or in approximate settings. Although there is strong evidence that
generic NP-complete problems cannot be solved efficiently even on a quantum computer,
the search for quantum speed-ups has led to a rich family of heuristic and variational
algorithms that are now routinely tested on combinatorial optimisation tasks.

A prominent example of this line of research is the quantum approximate optimiza-
tion algorithm (QAOA), introduced by Farhi, Goldstone and Gutmann in 2014 [10] as
a variational approach to combinatorial optimisation on near-term devices. In its original
formulation, QAOA alternates between the application of a “problem” Hamiltonian en-
coding the cost function and a “mixing” Hamiltonian, with a small number of variational

— v —



layers whose parameters are optimized classically to minimise the expected cost. Since
its proposal, QAOA has become a standard benchmark for noisy intermediate-scale
quantum (NISQ) [11] hardware and a central testbed for studying quantum advan-
tage in approximate optimisation, giving rise to numerous extensions and a large body of
analytical and numerical work on its performance for specific problem classes.

A particularly relevant example of an NP-complete optimization problem is finding the
maximum independent set (MIS) of a unit-disk graph (UDG). This problem can
be naturally encoded on Rydberg-atom quantum computers, thanks to the structure of
atomic interactions in the blockade regime (Sec. 2.1).

In the specific context of this work, the MIS problem is first mapped to a quadratic
unconstrained binary optimization (QUBO) problem, to which we then add addi-
tional constraints targeting particular graph structures. These constraints, implemented
as auxiliary nodes, render the corresponding interaction graph three-dimensional. How-
ever, most current Rydberg-atom quantum devices can only realize two-dimensional ar-
rays of atoms. To overcome this mismatch, we develop a geometric embedding algorithm
whose purpose is to map these three-dimensional instances to topologically equivalent
two-dimensional instances with strictly nearest-neighbor connectivity.

This work is organized as follows. In chapter 1 we introduce the basic notions of mathe-
matical optimization and the formalism of QUBO problems. In chapter 2 we review the
essential physics of Rydberg atoms and neutral-atom platforms for quantum computing.
In chapter 3 we formulate the MIS problem in the specific context considered in this the-
sis and discuss how it gives rise to a three-dimensional QUBO interaction graph; we also
propose a classical embedding algorithm to solve the geometric embedding problem that
naturally appears when recasting the original problem in QUBO form. In chapter 4 we
then introduce the QIRO algorithm [12] as the variational quantum approach used to solve
the embedded instances, and we analyse the performance of both QIRO (compared to a
classical brute-force solver) and the embedding algorithm, in terms of success probability
and of the scaling of the final graph size with the original system size and connectivity.
Finally, appendix A summarizes the density-operator formalism in quantum mechanics,
appendix B reviews the basic notions of complexity theory, and appendix C collects the
full set of embedding-simulation results discussed (but not fully reported) in chapter 4.



Optimization Problems

1.1 Introduction

In the 1940s, Kantorovich [5] and Dantzig [6] gave the first explicit modern definition
of an optimization problem: maximize or minimize a linear function subject to linear
constraints. This formulation, now known as linear programming, provided a general
mathematical framework that still underlies much of optimization theory today.

Among the multitude of optimization problems, one has achieved particular notoriety:
the Traveling Salesman Problem (TSP). As Cook emphasizes in his account [13],
the TSP quickly became the “popular face” of optimization: easy to state, notoriously
hard to solve, and deeply relevant to real world applications such as routing, logistics,
and network design. Decades of progress in mathematics, computer science, and even
physics have been driven by attempts to tackle the TSP, making it both a symbol of
computational intractability and a catalyst for methodological innovation.

An important property of optimization problems, emphasized by Papadimitriou [14], is
that any such problem can be reformulated as an essentially equivalent decision problem
(Def. B.5) by introducing a threshold value for the objective function and asking whether
there exists a feasible solution whose value meets or exceeds this threshold.

Optimization problems arise in both discrete and continuous forms, with applications
ranging from graph theory to physics and engineering. Their computational difficulty
varies widely: some are solvable efficiently, others are intractable without approximation.
This diversity of structure and complexity makes optimization a natural bridge between
abstract computational theory and real-world applications.

1.2 Classes of Optimization Problems

To study these problems systematically, it is useful to introduce a more formal framework,
and thus we start with the general definition of an optimization problem [15].

Def. 1.1. An optimization problem takes the form

minimize  fo(x)
subject to  fi(z) <b;, i=1,...,m

(1.1)

The vector x € R™ is the optimization variable, the function
fo : R" — R is the objective function or cost function, the
inequalities f;(x) < 0 are called inequality constraints, the func-
tions f; : R®™ — R are the inequality constraint functions, and the
constants by, ..., b, are the limits, or bounds, for the constraints.

Equivalently, each constraint can be written as f;(z) — b; < 0, so the canonical form uses
fi(z) <0, which is more convenient. We will adopt this convention in what follows.



Classes of Optimization Problems

While inequality constraints already cover many situations, in practice optimization prob-
lems often involve requirements that must hold exactly, such as balance equations or con-
servation laws. To account for these, it is convenient to extend the framework to include
equality constraints, leading to the following standard form [15].

Def. 1.2. An optimization problem has the form

minimize  fo(x)
subject to  fi(z) <0, i=1,...,m (1.2)
hij(z) =0, j=1,...,p

The equations h;(z) = 0 are the equality constraints and the functions
h; : R" — R are the equality constraint functions. If there are no
constraints (i.e., m = p = 0) we say the problem (1.2) is unconstrained.

To fully describe an optimization problem, we must specify what it means to solve it.
The domain is the set of points where all objective and constraint functions are defined.
A point is feasible if it satisfies all constraints, and the set of such points is the feasible
set (or constraint set). If this set is empty, the problem is infeasible; otherwise, it is
feasible. Feasible points that minimize the objective function are optimal solutions,
and the corresponding objective value is the optimal value:

fola*)=p =it {fo(z) | fi(z) <0, i=1,...,m, hy(x) =0, i=1,...,p}.  (1L.3)

We will then call a solution method for an optimization problem any algorithm that,
given a specific instance of the problem, computes a solution to within a prescribed
accuracy. By convention we focus on minimization problems, since any mazimization
problem can be written in this form by minimizing the function — fy(x) subject to the
same constraints. Thus, all notions above extend directly to maximization, where the
optimal value is defined as a supremum rather than an infimum.

We generally study families or classes of optimization problems, distinguished by the
specific forms of their objective and constraint functions. As a first example, we consider
linear programming, already introduced above. Formally, it is defined as follows [15]:

Def. 1.3. When objective and constraint functions are all affine, the
problem is called a linear program (LP), which has the form

minimize ¢’z +d
subject to Gz <h (1.4)
Az =10

where G € R™*™ and A € RP*". If the objective or some constraints are
not affine, the problem is called a nonlinear program. We recall that
a function f : R™ — R is affine if it can be written as f(z) = a2z + b
for some a € R, b € R. If b = 0, the function is (strictly) linear.

We also notice that, it is customary to omit the constant term d in the objective func-

tion (1.4), as it does not affect the feasible set. Furthermore, the inequality Gz < h is
understood componentwise, meaning that (Gzx); < h; for all 1.
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Classes of Optimization Problems

Linear programs are in fact a special case of a broader and particularly important class,
namely convex optimization problems, which we introduce next [15].

Def. 1.4. A convex optimization problem is one in which the objective and
constraint functions are conver!, which means they satisfy the inequality

filax + By) < afi(z) + Bfiy) (1.5)

for all z,y € R" and all a, B € Rwitha+ =1, a >0, > 0. In
particular, a convex optimization problem, has the form
minimize  fy(x)
subject to  f;(x) <0, i=1,....m (1.6)
=1

Comparing (1.6) with the general standard form problem (1.1), we immediately notice
that the convex problem has three additional requirements:

e The objective function must be convex.
e The inequality constraint functions must be convex.

e The equality constraint functions h;(x) must be affine.

Extending the concept, a function is called quasiconvex if all its sublevel sets {z | f(z) <
a} are convex. A function is instead concave if it satisfies the reversed inequality

filoax + By) > afi(x) + Bfi(y) (1.7)

and it is quasiconcave if all its superlevel sets {z | f(x) > a} are convex. Accord-
ingly, optimization problems are termed convex, quasiconvex, concave, or quasiconcave
depending on the nature of their objective and constraint functions.

Beyond convex optimization, an important class is given by integer programs (IP)
[16], where some or all of the variables are constrained to take integer values, leading to
fundamentally different, and generally much harder?, problems.

Def. 1.5. An integer program has the form

minimize ¢’z

1.8
subject to  Ax <0 (18)

where A € Z™*" and ¢, x € Z". If integrality constraints
are imposed only on a subset of the variables, the prob-
lem is called a mixed integer program (MIP).

! Convexity generalizes linearity: the equality is relaxed to an inequality, required only for convex com-
binations. Moreover, both the domain and the feasible set of a convex problem are convex.

2 The feasible set of an integer program is nonconvez, so the geometric methods of LP no longer apply.
Moreover, many NP-hard problems can be formulated as IPs, making efficient algorithms unlikely.
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Classes of Optimization Problems

While TP already captures a broad class of problems where the feasible region is restricted
to discrete sets, the scope of combinatorial optimization is even more general. In
this setting, one instead considers arbitrary finite sets of feasible solutions defined by
combinatorial structures (for example graphs). To formalize this idea, we introduce the
general notion of a NP-optimization problem [16]:

Def. 1.6. An NP-optimization problem has the form

minimize  ¢(z,y)
subject to x € X (1.9)
Yy €S,

Here, X is the set of problem instances, each encodable as a binary string
and decidable in polynomial time. S, is the set of feasible solutions
for instance x € X, with membership decidable in polynomial time.
c¢: (x,y) — Q is the cost function computable in polynomial time?.

As already noted, complexity classes are defined in terms of decision problems (Def. B.5).
For this reason, every optimization problem has an associated decision version, and its
computational complexity is usually analyzed through that version.

In the context of optimization problems, the notion of NP-hardness again indicates that
no polynomial-time algorithm is expected to exist, unless P = N P. To refine this picture,
three further classifications [16] are useful.

Def. 1.7. A problem that polynomially reduces to some problem
in NP is called NP-easy*. If a problem is both NP-hard and NP-
easy, it is called NP-equivalent. A problem is strongly NP-
hard if it remains NP-hard even when all numerical parameters
in the input are bounded by a polynomial in the input size.

Moreover, the following result can be established [16], showing that every NP-optimization
problem reduces in polynomial time to its associated NP decision problem.

Th. 1.1. Every NP-optimization problem is NP-easy.

Examples help to illustrate these classifications. Problems such as the optimization version
of the TSP are NP-easy, since they can be reduced to their decision counterpart in NP.
Many natural optimization problems, including TSP optimization and the MIS problem,
are in fact both NP-hard and NP-easy, and are therefore NP-equivalent. On the other
hand, problems like 3-Partition [9,17] are strongly NP-hard, as they remain intractable
even when numerical parameters are bounded by a polynomial in the input size. Within
this landscape, the Weighted MIS problem which will be treated in this work is a canonical
example of an NP-equivalent combinatorial optimization problem.

3 While many problems (e.g. integer programs) have integer costs, the standard definition uses Q for
generality, covering also objectives involving ratios or normalizations.

4 Note that NP-easy does not imply efficient (polynomial-time) solvability; it only means the problem is
no harder than some problem in NP.



Slack Variables

1.3 Slack Variables

In what follows, slack variables will play a central role. They serve as auxiliary variables
that transform inequalities into equalities, thereby simplifying the analysis and facilitating
the application of standard optimization methods. We now proceed to define them [15].

Def. 1.8. The inequality constraints f;(z) < 0 can be reformulated as equali-
ties by introducing additional (slack) variables s; > 0 such that f;(x)+s; = 0.
Since each f; is a scalar-valued function, a single scalar slack variable is suf-
ficient for each constraint. Using this transformation we obtain the problem

minimize  fo(z)

subject to s; >0, 1=1,...,m
, (1.10)

filx)+s=0, i=1,...,m

h]-(a:):(), jzl,,p

where the variables are z € R™ and s € R™.

The reformulated problem (1.10) involves n+m variables, m nonnegativity constraints on
the slack variables, and m-+p equality constraints. In other words, each original inequality
is replaced by an equality constraint together with a simple nonnegativity condition.

Moreover, the problem (1.10) is equivalent to the original problem (1.1). Indeed, if (z, s) is
feasible for (1.10), then s; = —fi(z) > 0 implies that x is feasible for the original problem.
Conversely, any feasible « for (1.1) yields a feasible pair (z, s) with s; = — f;(x). The same
correspondence clearly holds also for optimal solutions. Importantly, the introduction
of slack variables does not alter the structural properties of the problem (for instance,
convexity is preserved when applied to linear inequalities).

At an optimal solution, slack variables also indicate which constraints are active®: a zero
slack means the inequality is tight (i.e., the inequality holds with equality at the optimal
point), while a positive slack shows that the constraint is not binding [18].

Just as (1.2) provides a standard form for the general optimization problem (1.1), LPs 1.3
also admit a standard formulation, commonly referred to as the equational form [19].

Def. 1.9. A LP in equational form is given by

minimize ¢’
subject to Az =10 (1.11)
x>0

where x,c € R", b € R™ and A € R™*". Here, the zero
symbol denotes the vector 0 € R", so that the inequality
is understood componentwise, i.e., x; > 0 for all 7.

It can be shown that, by introducing slack variables, any linear program can be reduced to
the equational form (1.11). This representation is usually preferred because it expresses
all constraints in a uniform way (equalities with nonnegative variables) and serves as the
natural input format for algorithms such as the simplez method [18,19].

5 A constraint is active at a solution if it holds with equality, and inactive if it is satisfied strictly.

— 6 —



QUBO Problems

1.4 QUBO Problems

Studies on the quadratic unconstrained binary optimization problem (QUBO) can
be traced back to the 1960s, when there was much work on the class of pseudo-Boolean
optimization problems [20,21]; while the modern QUBO terminology was popularized in
the 2000s by Glover and Kochenberger [22,23] as a unifying framework for a wide class
of combinatorial optimization problems. We now give its formal definition [24].

Def. 1.10. QUBO is defined as the problem

minimize 2’ Qz + '«

1.12
subject to x € {0,1}" (1.12)

where () € R™™" is a symmetric matrix of quadratic
coefficients and ¢ € R™ is a vector of linear coeflicients.

More precisely, the QUBO problem (1.12) is often formulated as a maximization task.
However, as already said, since maximization and minimization are trivially equivalent
up to a global sign change of the objective function, we will stick with the minimization
form. Furthermore, the matrix @ can be assumed symmetric® without loss of generality,
since only its symmetric part contributes to the quadratic form [25]:

TQ+QTx

'Qr — x i (1.13)
Componentwise this corresponds to the substitution

2

Many classical graph-theoretic optimization problems, such as the maximum weight stable
set problem, the maximum weight clique problem, and the maximum cut problem, can be
reformulated as QUBO instances. This correspondence reveals a hidden QUBO structure
underlying a broad class of combinatorial problems, linking the history of QUBO to the
development of these graph-based formulations [24].

Although the natural QUBO form is unconstrained apart from the binary restriction on
variables, many practical optimization problems involve additional constraints. These can
often be incorporated directly into the quadratic objective through suitable penalty terms,
chosen to vanish for feasible solutions and to take positive values otherwise. In this way,
constrained problems can be reformulated as unconstrained QUBO instances [25].

Moreover, QUBO models can also be expressed as continuous optimization problems
through suitable reformulations, such as quadratic or semidefinite programs [26,27].

More precisely, the QUBO formulation first appeared in statistical mechanics under an
alternative representation [28] known as the Ising model [29]. In this model, the variables
take values in {—1,1}, and it was originally proposed in the 1920s by Wilhelm Lenz [30]
and Ernst Ising [31] to describe the behavior of magnetic materials.

6 Sometimes, @ is taken in upper-triangular form (i.e. all entries below the main diagonal are zero,
namely Q;; =0 Vi > j) to avoid duplicate terms, though the symmetric convention is more common.
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QUBO Problems

The model is mathematically described by the following Ising Hamiltonian [24]:

H(S) = Z JijSiSj + Z hij = STJS + hTS (115)

2 J
where s; € {—1,1} represents the spin variable of site i, J € R"™"™ encodes pairwise
interaction strengths, and h € R™ represents local external fields acting on each spin. The

goal is to find the spin configuration that minimizes the total energy, corresponding to
the ground state of the system. This leads to the following optimization problem [24]:

Def. 1.11. The Ising QUBO problem is defined as

min.imize sTJs+h's (1.16)
subject to s € {—1,1}"
A key property of QUBO is its equivalence to the Ising formulation, achieved through

the affine transformation s; = 1 — 2z;, which maps binary variables x; € {0,1} to spin
variables s; € {—1,1}. Under this this change, the parameters relate as

8121—2331

T=5 (1.17)

1 1
h; = ~1 Z(sz + Qi) — ¢

J

up to an additive constant that does not affect the minimizer. Minimizing the QUBO
objective (1.12) is thus mathematically equivalent to finding the ground state of the Ising
Hamiltonian (1.15). Indeed, the Ising model is a special case of the Ising QUBO. This
model has seen numerous extensions and generalizations, as discussed in [32-35].

The key advantage of this equivalence is that many NP-complete and NP-hard problems
can be reformulated in terms of an Ising (and thus also a QUBO) model, with at most a
cubic number of spins relative to the problem size [36].

In general, QUBO is strongly NP-hard (Def. 1.7), making the existence of a polynomial-
time algorithm unlikely. However, there are several special cases where the QUBO problem
can be solved in polynomial, pseudopolynomial, or subexponential” time [24].

Beyond these special cases, practical solution approaches often rely on approximation
methods, heuristics, and metaheuristics to find near-optimal solutions within a reasonable
computational time. A theoretical overview of these algorithms, including an analysis of
their performance and efficiency across different problem structures, can be found in [24].

The QUBO formulation thus offers a versatile framework for expressing combinatorial
problems; like the weighted MIS problem. Its equivalence to the Ising model also makes
it compatible with quantum optimization approaches. In this work, a variant of the
Quantum Approximate Optimization Algorithm (QAOA) will be introduced to
address the QUBO formulation related to our problem.

7 Pseudopolynomial means ” polynomial in the numeric value of the input”, whereas subexponential means
”faster than polynomial but slower than exponential”, typically 0(2”0) for 0 <9 < 1.
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Rydberg Atoms Platforms

2.1 Rydberg Atoms Basics

Among the various physical platforms available for the realization of quantum computers,
we focus on those based on Rydberg atoms. This choice is motivated by the nature of
the weighted MIS problem we aim to address, which naturally maps onto the interaction
patterns of Rydberg systems. In what follows, we introduce the main physical properties
of Rydberg atoms that make them suitable for quantum information processing.

The origin of Rydberg physics can be traced back to the study of the hydrogen spectrum in
the late nineteenth century. In 1885, Johann Balmer [37,38] discovered a simple empirical
relation describing the wavelengths of the visible lines of atomic hydrogen, known today
as the Balmer series. In particular, the wavelengths of the Balmer series of transitions
from the n = 2 states to higher lying levels are given by [39]

(2.1)

where b = 3.645 x 10~7 m is an empirical constant determined from the visible spectrum.
A few years later, in 1888, Johannes Rydberg [40] generalized Balmer’s formula to describe
the entire spectral series of hydrogen-like atoms in terms of the inverse wavelength

1 1 1
—=Ryll—-= > 2.2
=R (i) e 22
where Ry = 1.09678 x 10" m~! is the Rydberg constant!'. Rydberg further introduced
the idea that the observed regularities in other elements could be captured by replacing
the integer quantum numbers with fractional effective values, an empirical correction now
known as the quantum defect §. The generalized form of Eq. (2.2) thus reads

; — f {(”1 —151)2 (m —1 52)2] (23)

which reduces to Eq. (2.2) when 0,2 = 0, as is the case for hydrogen. This empirical
generalization laid the foundation for the modern concept of Rydberg atoms: atoms in
which one or more electrons are excited to very high principal quantum numbers n.

The main properties of Rydberg atoms [39,41,42] stem from how their physical charac-
teristics scale with the principal quantum number n. As n increases, the mean orbital
radius grows as (r) ~ n2ag, with ag &~ 5.29 x 107" m the Bohr radius, so that highly
excited atoms can reach micrometer sizes (thousands of times larger than ground-state
atoms). The binding energy, scaling as 1/n?, becomes correspondingly smaller, making
Rydberg states easily accessible with narrowband lasers.

! This is the value for hydrogen’s atom only.



Rydberg Atoms Basics

Since, the radiative lifetime scales approximately as n?, higher Rydberg levels exhibit
longer coherence times, which allows coherent manipulations over microsecond timescales
and results in more stable and controllable qubits. In addition, their polarizability
grows roughly as n”, making these atoms extremely sensitive to external electric fields
and easily tunable through the Stark effect [43].

Even more striking is how rapidly interatomic interactions grow with excitation level. Two
Rydberg atoms can couple through either resonant dipole-dipole interactions, which
dominate at short separations and scale as 1/r3, or through van der Waals forces, which
prevail at larger distances and scale as 1/r%. The corresponding interaction coefficients
C5 and Cg increases roughly respectively as n* and n'!, so that neighboring atoms spaced
several micrometers apart still experience energy shifts of several megahertz.

These strong interatomic interactions enables the so-called Rydberg blockade, whereby
the excitation of one atom shifts the energy levels of its neighbors by more than the
excitation linewidth, preventing multiple excitations within a certain radius

6 06

with Q the Rabi frequency of the excitation laser. This mechanism naturally realizes the
constraint structure of many combinatorial optimization problems (like the MIS), where
simultaneous excitations of nearby sites are forbidden.

The Rydberg blockade underlies the implementation of two-qubit entangling gates. When
a control and a target atom are both coupled to the same Rydberg state, excitation of
the control shifts the target’s energy, preventing its excitation and inducing a conditional
phase. This mechanism realizes a controlled-Z (CZ) gate [41], illustrated in Fig. 2.1.

a) b)
") oo B
1,3 2 T3 20\
™ 7T 271' n T ll27'(':
1) o
10) 5 leo
Control Target Control Target
Ap=m Ap=0

Figure 2.1: Rydberg blockade CZ gate operating on input states a) |01) and b)
|11). The gate sequence consists of three laser pulses: a w-pulse on the control
atom, a 2w-pulse on the target, and a final w-pulse on the control. a) When the
blockade is inactive, the control atom remains in the ground state and the target
acquires a 7 phase shift. b) Under blockade, the Rydberg level of the target is
shifted by B, suppressing its excitation so that no phase shift is accumulated.

Moreover, the strong tunability of Rydberg interactions, combined with long coherence
times and the capability of individual optical control in atom arrays, provides an ideal
setting for implementing both analog and digital quantum computation schemes.

— 10 —
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Regarding the digital approach, it is worth spending a few more words on single-qubit gates
and how they can be implemented using Rydberg atoms. We have already discussed an
example of a two-qubit gate (Fig. 2.1), where the meaning of the “7r” and “27” symbols
was taken for granted. These refer to pulses, whose physical realization and mathematical

interpretation we now turn to examine in more detail.

Formally, single-qubit gates are most intuitively understood within the Bloch sphere rep-
resentation (Sec. A.3), where each gate corresponds to one or more rotations on the sphere.
To be more precise, as discussed below, any single-qubit gate can be decomposed into at
most three rotations about two fixed axes, with the choice of axes not being unique.

As illustrated in Fig. 2.2, the Hadamard gate (A.54), for instance, can be viewed either as
two successive rotations, a rotation by 7/2 about the y-axis followed by one by 7 about
the z-axis, or equivalently as a single rotation about the axis (highlighted in light blue in
Fig. 2.2b) defined by

1
n=—(+2 2.5
5+2) 25)
From Fig. 2.2, it is evident that a more efficient way to implement the Hadamard gate
starting from the |0) state is by performing a single 7 /2 rotation about the y-axis.

Conversely, the Pauli gates (A.27) can each be interpreted as a rotation by 7 about their
respective axes, with the Y gate introducing a complex phase and the Z gate applying a
phase shift only to the |1) state. In Fig. 2.2, the Z gate is shown as a full 27 loop; this
representation is purely illustrative, emphasizing that the |0) , |1) states, being eigenstates
of the Z operator and aligned along the z-axis, remain unchanged under its action.

|0) b) |0)

Lo
B ) B

Figure 2.2: a)-b) Hadamard gate represented via its two equivalent rotation forms.
c)-e) Pauli X, Y and Z gates shown as single rotations about their respective azes.
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In general, any single-qubit unitary can be expressed, up to a global phase, as a product
of at most three rotations about two distinct axes (Euler decomposition) [44], e.g.

U = e“R.(B)Ry(7)R.(0), (2.6)

with
R;(0) = exp (—z’gaj> (2.7)

with j = x,y, 2. Having understood the mathematical interpretation of the single-qubit
gates, we not turn our attention in how these gates, together with two- or multi-qubit
gates, are physically performed within the Rydberg atoms’ platforms.

In the digital approach one typically encodes the |0) , |1) states in the two hyperfine ground
states of the atom, because they have very long lifetimes that prevent radiative coupling
to the electromagnetic environment. The quantum gates are then realized by shining fine-
tuned laser pulses onto a chosen subset of individual atoms in the register. In particular,
specific qubits can be addressed with high accuracy by strongly focusing the lasers [45].

The atom-laser interaction is characterized by the Rabi frequency € (proportional to the
amplitude of the laser field), the detuning 0 (i.e. the difference between the qubit reso-
nance frequency and the actual laser frequency) and their relative phase ¢. By carefully
tuning all these quantities, together with the duration 7 of the laser pulse, one can en-
tail a local single qubit rotation about the (z,y, z) axis of angles (27 cos ¢, Q7 sin ¢, I7),
allowing to realize every possible rotation on the Bloch sphere [46].

Moreover, neutral atom devices present the advan- Ir)

tage of natively implementing multi-qubit gates in- 1“ 4 5 2“ 5
volving more that 2 qubits, which are instrumental

for the efficient implementation of several quantum S P
algorithms, including for example Grover search [47] -

or the variational resolution of non-linear partial dif-

ferential equations [48]. For example, it is possible 1) u u
to realize a three-qubit Toffoli gate (Fig. A.6), with a 10)
sequence of only 7 pulses: 2 Hadamard gates on both
sides of a 5-pulse CCZ (Fig. 2.3), whose behaviour is Figure 2.3: Sequence of five pulses
analogous to the CZ gate discussed earlier [45]. used to realize a CCZ gate.

We conclude this section by briefly outlining the main future perspective of the digital
approach: implement gates with local addressing laser pulses. This requires a consider-
able hardware improvement, consisting mainly in the massive development of the current
capability to address single atoms with lasers.

Moreover, the correction of the main errors, which hinder a perfect implementation of
quantum gates, lowering their fidelity, has to be taken into account. We recall that the
fidelity F of a quantum operation is a number between 0 and 1 that measures the closeness
between the state actually created by the operation and the theoretically expected state.
For example, a fidelity F = 99.5 % corresponds to a probability of 0.5 % of measuring an
undesired outcome after the operation [45,46]. For a comprehensive overview of the latest
results on multi-qubit gate fidelities, as well as potential approaches to further improve
these fidelities, see [46].
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2.2 Rydberg Hamiltonian

In the previous section, we presented various examples of single- and multi-qubit gates
implemented with Rydberg atoms within the framework of digital quantum computing,
where discrete quantum gates are systematically applied to manipulate qubit states. Al-
though the digital approach is, in principle, universal and capable of solving a broader
class of problems, it is also considerably more susceptible to errors and therefore requires
the use of quantum error-correction protocols, as well as larger hardware resources.

In this work, we instead adopt the analog quantum computing framework, in which quan-
tum systems evolve continuously under the influence of carefully engineered Hamiltonians,
enabling direct simulation of quantum phenomena. This approach is generally less sensi-
tive to errors but also more limited in the class of problems it can efficiently address [49].

To describe the dynamics of such analog systems, we introduce the effective many-body
Rydberg Hamiltonian describing an ensemble of interacting Rydberg atoms [41,50,51]:

H(0) =570 3 (60 il + ¢ 1o
’ e (2.8)
— hA(2) Z |ra)ra] + Z T [ra)(ral |r; )|

For convenience, it is customary to express the Hamiltonian in dimensionless units by
setting A = 1 and choosing a reference phase ¢(t) = 0. Defining the Rydberg-state
projector n; = |r;)(r;|, the interatomic distance x;; = |z; — x;|, and the transverse spin
operator of = |g;Xr:| + |r:Xgi|, Eq. (2.8) can be written in the more compact form

H(t) = @ S o~ A() Z ni+ Gy (2.9)

€T-.
i<j Y

(2

Here, Q(t) is the Rabi frequency setting the coherent coupling between |g) and |r), and
A(t) is the laser detuning from resonance; both are routinely tuned via the laser’s intensity
and frequency. In Eq. (2.9), the first term drives Rabi oscillations [52], the second provides
the detuning bias that promotes or suppresses excitation to |r), and the third encodes
van der Waals interactions? between simultaneously excited atoms. The interplay of drive,
detuning, and interaction controls the many-body dynamics of Rydberg ensembles and
underpins their use in quantum simulation and optimization.

The Hamiltonian (2.9) can also be expressed in the Ising form via the transformation

1407
2

n; (2.10)
which transforms the interaction term oc n;n; into an Ising-type coupling oc o707 plus
local field terms. This allows the Rydberg Hamiltonian to be rewritten as an effective
Ising model [56], directly linking it to classical spin and optimization formulations.

2 In certain implementations, when two-atom pair states become nearly degenerate, the system enters the
Forster-resonant regime [53-55], where dipole-dipole interactions (Cs/r?;) replace the van der Waals
ones (Cg/ry;). This regime, tunable via external electric fields, is used for fast entangling gates, while
here we operate in the off-resonant blockade regime.
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2.3 Platforms for Quantum Computing

Given the nature of our problem, we shall represent qubits in the computational basis
{]0),]1)} using the two distinct atomic states [57]:

e We identify |0) with the ground state |g) of the atom (usually 55 )
o We identify |1) with a highly ezcited rydberg state |r) (e.g., nPss, with n > 1)?

The preparation of Rydberg-based qubits begins with a magneto-optical trap (MOT),
which combines counter-propagating, red-detuned laser beams with magnetic field gradi-
ents to simultaneously cool and confine neutral atoms at microkelvin temperatures. This
stage produces a dense and ultracold atomic cloud from which single atoms are subse-
quently transferred into tightly focused traps for individual control [58-60].

This transfer is achieved using optical tweezers [61,62], which use tightly focused laser
beams to create localized traps that hold atoms with high precision. These traps allow
individual control of each atom, enabling the formation of a quantum register, typically
a 2D* array of Rydberg atoms arranged in arbitrary geometries (Fig. 2.4) [63].

The register’s filling is typically verified through fluorescence imaging [65-67], where
resonant light reveals the presence or absence of atoms in each trap, ensuring full initial-
ization before any quantum protocol begins.

a Hyperboloid (90 sites) b Mébius strip (85 sites)

u . - - - = —— o
A . t :

e Torus (120 sites) f Eiffel tower (126 sites)
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T<\>“/c;3 \}‘0
L=103um 7

Figure 2.4: Ezamples of neutral atom arrays in 2D and 3D [63,68].

The atoms in the register are typically arranged with controlled nearest-neighbour spacing,
such that the Rydberg interaction range selectively couples adjacent sites. This geometry
enables the study of many-body dynamics and collective excitation phenomena, while
preserving a well-defined interaction topology [56,69,70].

3 These values refer to Rb®7 atoms, where the Rydberg states typically lie within the range n between 30
and 100. The |0) state is chosen to be one of the hyperfine ground states, such as 551 /5, F' = 2, mp = 2.

4 Quantum computers based on 3D arrays are also under investigation, though a major challenge remains
the individual addressing of atoms for single-qubit gates [64]. In this work, we focus on a 2D quantum
register and therefore do not discuss 3D architectures.
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Once the atomic register is assembled, laser fields provide full control over the internal
states and interactions [71]. Different laser configurations can be used to drive single-
photon [72,73] or two-photon transitions [74,75] between the ground and Rydberg states,
to coherently couple the |0) and |1) levels, or to induce collective excitations through
global pulses in the analog regime [76]. By carefully tuning the Rabi frequency, detuning,
and phase of these fields, one can thus manipulate individual qubits, engineer entangling
interactions or explore many-body dynamics within the Rydberg array.

Within the analog regime, the laser parameters are often made time-dependent to steer
the system’s evolution continuously. Adiabatic protocols, for instance, slowly vary
these parameters to keep the system in its instantaneous ground state, enabling robust
state preparation and optimization processes. Such time-dependent driving allows the
exploration of quantum phase transitions and the implementation of adiabatic quantum
algorithms directly within the Rydberg Hamiltonian [77-81].

At the end of the evolution, a state-selective fluorescence measurement distinguishes
atoms in the ground and Rydberg states, providing the final spin configuration of the
system and allowing direct readout of the computational or many-body outcome [82,83].

Among the dominant error mechanisms in neutral-atom quantum computing are leakage,
crosstalk and atom loss. Leakage errors occur when a qubit’s population leaves the
computational subspace and occupies different energy levels, typically induced by imper-
fect pulse shaping, off-resonant driving, or interactions with the environment [84,85].

Crosstalk errors arise when control operations on one qubit unintentionally perturb neigh-
boring sites, for example through residual laser illumination, electromagnetic coupling, or
shared optical fields [86,87].

Atom loss errors, on the other hand, result from heating, background gas collisions, or
anti-trapping effects during Rydberg excitation, leading to missing qubits and reduced
register fidelity [70,88,89)].

Additional, though less severe, error channels include decoherence from finite Rydberg
lifetimes, laser phase noise, magnetic or electric field fluctuations, and imperfect blockade
interactions, all of which can degrade coherence and gate fidelity.
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Figure 2.5: Schematic overview of a neutral-atom quantum computing platform, showing
the main experimental stages: atom cooling and loading, tweezer array formation, qubit
control through laser and microwave fields, and fluorescence-based state readout.
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The modular and reconfigurable nature of optical tweezer arrays makes neutral-atom
quantum computers inherently scalable architectures. By dynamically rearranging traps,
merging or splitting arrays, and integrating multiple tweezer planes, these systems can
host hundreds of individually addressable qubits while maintaining high connectivity and
flexible geometry. For a comprehensive overview of the current state of the art and recent
advances in scalability and control, see [90-92].

In the rapidly advancing field of neutral-atom quantum computing, Pasqal and QuEra
stand out as the leading companies in Europe and the United States, respectively. We
begin by briefly outlining Pasqal’s hardware and technological approachapter

Pasqal’s quantum processing units (QPUs) operate in both analog and digital modes,
enabling near-term problem-specific simulations and long-term universal quantum com-
putation. The systems run at room temperature with a power consumption of about 3
kW and feature up to 140 qubits arranged in configurable 2D arrays within a modular
architecture (optical core, laser and control units, vacuum and thermal subsystems, and
monitoring system). They can be deployed on-premise or accessed via the cloud. Com-
plementing its hardware, Pasqal offers a Python-based SDK and cloud platform that allow
users to design, simulate, and run circuits or analog pulse sequences on real QPUs.

Pasqal is advancing toward fault-tolerant quantum computing (FTQC') through hardware
progress and collaborations on quantum-error correction and logical-qubit encoding, aiming
for large-scale logical architectures beyond 2027, when the next-generation Vela QPU
(with more than 200 qubits, improved control and stability) is expected [45,93].

On the other hand, QuEra Computing’s flagship system, Aquila, is a 256-qubit field-
programmable qubit array (FPQA) operating as an analog Hamiltonian simulator. Using
reconfigurable 2D arrays of rubidium atoms and Rydberg-mediated interactions, Aquila
performs programmable coherent dynamics for applications ranging from quantum simu-
lation to combinatorial optimization, including Maximum Independent Set problems. The
platform is accessible via Amazon Braket, allowing users to design and execute pulse-level
analog programs through QuEra’s open-source Blogade Python SDK.

Building on this foundation, Gemini, QuEra’s next-generation processor, is designed for
dual analog-digital operation and integrates mid-circuit measurement, error mitigation,
and feedback control, marking key steps toward fault-tolerant architectures. QuEra ulti-
mately aims to combine digital gate control with scalable logical qubit encoding, enabling
the transition from today’s NISQ devices to large-scale, universal quantum computers [51].
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3.1 The Problem

In emergency scenarios, establishing a reliable communication network is critical to en-
sure effective coordination among rescuers and control centers. To achieve this, we aim
to deploy and optimise a network of antennas that can provide signal coverage to devices
distributed across a target region. However, due to limited available resources, only a spe-
cific number of antennas can be activated simultaneously. For efficient communication,
the active antennas should collectively maximise coverage while minimising overlap be-
tween neighbouring signals, thereby reducing overall power consumption and operational
costs. Determining the optimal configuration of active antennas under these constraints
constitutes a discrete optimisation problem, which is typically NP-hard (Def. B.12).

To formulate the problem, consider N possible sites, labeled ¢ = 0,...,N — 1, each
associated with a binary variable z; € {0, 1} indicating the presence (1) or absence (0) of
an antenna. The antennas are to be placed within a region populated by devices, with N,
antennas available in total. Each antenna ¢ covers a region B; containing Ny(B;) devices.
Our goal is to place the antennas so as to maximize the total number of covered devices
while avoiding overcounting in overlapping regions. The cost function thus reads:

i<j i<j<k

where terms up to third-order overlaps are included. The total number of available an-
tennas is limited by the following inequality constraint!:

in <N (3.2)

In this work, we consider a simpler yet analogous version of the problem. Instead of
maximizing the number of covered devices, we maximize the total area covered by omni-
directional antennas, following [94]. Given N sites labeled i = 1,2,..., each antenna
covers a circular region B; with area A; = area(B;), pairwise overlaps A;; = area(B;NB;),
and triple overlaps A;;; = area(B; N B; N By). The cost function becomes:

Hc(l') = — Z .AZZL‘Z + Z AijZL‘iZL'j - Z Aijkxixjxk (33)

i<j i<j<k

where the overall negative sign converts the task into a minimization problem. This
formulation corresponds to the limiting case of a homogeneous and densely distributed
set of devices. The binary variables x; now indicate whether each antenna is active, and
the goal is to maximize coverage while minimizing overlap.

1 As previously discussed, such constraints can be addressed through the introduction of slack variables.
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For example, Fig. 3.1 shows the map of Sicily with possible antenna locations (black dots)
of arbitrary coverage radius?. Active and inactive antennas are marked in green and blue,
respectively. In the corresponding graph, each node represents an antenna ¢ with a weight,
and each edge corresponds to a non-zero entry of the connectivity matrix .J;; [94].

S — \
® Active \ /
® Inactive

Figure 3.1: Optimal solution of a selected antenna problem with N = 30 sites (left) and
corresponding graph describing the connectivity of the considered problem (right) [94].

We can enforce the number constraint (3.2) by introducing a Lagrange multiplier [95],
denoted by p,, into the cost function (3.3). The value of this multiplier can be adjusted
to control the relative strength of the constraint term.

H(x) = He(z) + pntn(z) (3.4)
H,(z) = (Z z; — Nt> (3.5)

To tackle this problem, we reformulate Eq. (3.4) into the QUBO form (1.12) by converting
the cubic terms in Eq. (3.3) into quadratic ones. This is done using the pairwise degree
reduction technique [96], which replaces each cubic term z;x;z; with a slack variable
z;jk- For each non-zero triplet (i, j, k), the substitution is:

TiTjT — .711(1 — Zijk) + /\ijkM<=Tj7'Tk7 Zz‘jk) (36)

where \;;i, is a Lagrange multiplier, and M is a penalty function that is negative semi-
definite and vanishes if and only if 2;;, = 1—xz;2" (i.e the slack variable is the complement
of the product z;x;). This penalty term is added to the total cost function as

M(x;,zj,2) = —xix; +2(1 — 2)(z; + ;) — 3(1 — 2) (3.7)

With this choice, the resulting QUBO matrix @) is real, symmetric, and has negative
diagonal entries (linear terms 4;) and positive off-diagonal ones (quadratic terms). Its
size is N + Ngack, With Nga.ac the number of introduced slack variables, and it depends
parametrically on the Lagrange multipliers \;;, and p,.

2 In this work, we will consider antennas with identical radii. This simplification eases representation and
encoding, while remaining equivalent since the antenna weights account for differences in coverage.

3 We work with the z in this form so that the coefficients of all quadratic terms are positive.
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3.2 The Embedding Problem

As mentioned earlier, our goal is to model the cost function using a 2D array of Rydberg
atoms driven by external laser pulses in the analog regime. We therefore reconsider the
Rydberg Hamiltonian (2.9) and decompose it into two parts: the mixing Hamiltonian
and the cost Hamiltonian, respectively given by

() = 23 o (3.5)

He(z) = AWM Y i+ Ce Y "x? (3.9)
i i<j v

To implement the QUBO cost function using Rydberg atoms, we must map it onto the
Hamiltonian He. This involves two main steps. First, we set the detunings such that
A; ~ —Q;;, which can be done directly by adjusting them experimentally.

Second, we arrange the atoms so that their interaction strengths satisfy Vi; = @;; for
t < j. In other words, realizing the QUBO with Rydberg atoms requires finding the
optimal atomic positions on a two-dimensional plane so that the Rydberg interactions
reproduce as closely as possible the matrix @Q*, an optimization problem in itself.

The latter task is more challenging; to tackle it, we use a principal component anal-
ysis (PCA) technique [97] to determine the optimal planar embedding of the @) matrix
elements. Obtaining the principal components requires a few algebraic steps. First, we
invert the elements of ();; to construct a corresponding distance matriz, shifting the zero
entries of () by a small offset to avoid singularities:

606

Rij = Q.
ij

(3.10)

In particular, in this context

R;j = \/(yl ~v;) - (vi—vi) (3.11)

where y; denote the atomic coordinates. We set yo = (0,0) as the origin, and from the
distance matrix (3.11) we can extract the Gram matrix [98] as follows:

Mij=yi y;= (Ri21 + R%j - RiZj) (3.12)

| —

To retrieve the point coordinates from M;;, we compute its SVD (A.44):
M=UdV"* (3.13)

Up to an arbitrary rotation, the coordinates corresponding to the distance matrix R;; are
obtained as Y = U4/, where the square root acts on the eigenvalues of the matrix.

4 We will denote with this symbol the off-diagonal part of the QUBO matrix.
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For atoms confined to a 2D plane, both M and Y are rank 2, so only the first two columns
of Y contain non-zero coordinates. In the general case, M has rank > 2, yielding points
in an n-dimensional space. We then apply dimensionality reduction by retaining only
the two largest singular values in the SVD of M. The resulting coordinates provide the
planar configuration that best approximates the target matrix @), as follows from the
Eckart-Young-Mirsky theorem [99, 100].

This approach performs well for small problem sizes (N = 3 or N = 4) but quickly de-
grades for larger QUBO matrices, as the projection quality deteriorates. To understand
the issue that arises when embedding the slack variables introduced during degree re-
duction, let us consider a simple toy model, illustrated in Fig. 3.2, consisting of three
antennas placed at the vertices of an equilateral triangle with unit side length.

.30

Figure 3.2: Initial spatial configuration of antennas (purple) and resulting
two-dimensional atomic register projection obtained through PCA (light
blue), with the additional fourth atom representing the slack variable.

Ideally, in the final QUBO matrix, the slack qubit should be equally and strongly coupled
to the three original qubits, while remaining uncoupled from all other variables. By
properly tuning® the Lagrange multiplier A, the resulting register acquires a diamond-
shaped configuration®, as shown in Fig. 3.2.

From this simple example, a great limitation already emerges. In a more realistic setting,
involving more than three antennas and a denser interaction graph, this approach can only
succeed if the overlapping triangle lies along the edge of the larger structure. When the
triangle is located within the interior, the slack qubit inevitably falls in proximity to other
atoms, leading to unintended couplings and breaking the intended QUBO connectivity.

A natural way to address this issue is to lift the slack variables into a higher plane,
effectively extending the problem to three dimensions. The additional degree of freedom
introduced by the third axis allows us to embed the required couplings by tuning the
“height” h at which each slack qubit is placed. The main drawback of this strategy,
however, is that, as already mentioned, most Rydberg-atom quantum processors support
only planar (2D) geometries. We therefore need a method to project the 3D configuration
back onto a 2D plane while preserving the interaction topology, as will be discussed next.

5If X\ is too small, the slack variable lies far from the plane, resulting in a poor projection.

6 No Rydberg blockade is applied here (no hard constraints), with the classical optimizer determining the
configuration. If atoms get too close, 2 must be tuned to adjust the blockade radius (2.4).
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3.3 Baseline Embedding Model

Before detailing the algorithm used to solve the embedding problem, we outline its core
idea, following [101]. In Rydberg-atom arrays, interatomic distances are bounded below by
the Rayleigh range and above by the Rydberg blockade distance, which strongly constrain
the geometry and topology of qubit couplings [68]. Consequently, when such arrays are
used to solve combinatorial problems, such as finding the MIS of a given graph, a key
limitation arises from the mismatch between distance-dependent atomic interactions and
the distance-independent edges of the target graph, as already discussed.

One of the latest advances in Rydberg-atom technology to overcome this limit is quantum
wiring, the use of auxiliary atoms to mediate interactions between otherwise distant
atoms. This technique enables the realization of complex structures, including nonplanar
and high-degree graphs’, that would otherwise be unattainable [102,103]. Quantum wires
can thus be exploited to perform topology-preserving transformations, effectively mapping
a three-dimensional Rydberg-atom configuration onto a planar geometry.

We thus show here how three Platonic graphs® (tetrahedron, cube, and octahedron) can be
experimentally implemented, and how their many-body ground states, corresponding to
the MISs of these graphs, are probed through quantum adiabatic control techniques [81].

As shown in Fig. 3.3 (where the yellow edges are to be replaced by quantum wires),
the Platonic solids are three-dimensional, yet their corresponding graphs are planar and
can, in principle, be implemented on a plane. However, realizing these planar graphs
with atoms arranged in two dimensions requires coupling atoms that are not physically
adjacent. We also note that the employed quantum wires, are always composed of an
even number of atoms, ensuring that the excitation alternation along the wire preserves
the effective adjacency of the original atoms within the blockade regime.
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Figure 3.3: The Platonic graphs and their two-dimensional arrangements [101].

7 A nonplanar graph cannot be drawn in such a way that no edges cross each other, while a high-degree
graph is one in which the average number of edges per node (the degree) is large.

8 Platonic graphs are the vertex-edge graphs of the five Platonic solids (tetrahedron, cube, octahedron,
dodecahedron and icosahedron), i.e. convex and regular polyhedrons whose faces are congruent.
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Formally, we model the atom array as a graph G(V, E), where vertices V' represent atoms
and edges F represent pairwise interactions. In the Rydberg blockade regime, the system
Hamiltonian H is given by Eq. (2.9). Selected edges of G' can be replaced by quantum
wires, either to reproduce the full Hamiltonian H using local addressing fields, or to
reproduce only its ground-state spin configurations via nonlocal addressing fields and
postselective compilation. Since the former remains experimentally challenging, in this
work we adopt the latter version of quantum wires, with nonlocal addressing.

In the MIS phase, defined by 2 = 0 and 0 < A < U (with U = C4/2%) in Eq. (2.9),
no adjacent atoms are simultaneously excited to the Rydberg state. Each edge of G can
therefore be replaced by a quantum wire, whose antiferromagnetic (AF) configuration
preserves the blockade condition without adding energy, if the wire’s state is either |00),,,,
|01)y, or [10)y;, [103]. The phase diagrams of H(U, A,Q = 0) for the Platonic graphs are
shown in Fig. 3.4. Here, the detuning term favors Rydberg excitations (up spins), while
the interaction term favors nonadjacent ones, giving rise to two paramagnetic phases,
PM, for A < 0 and PM; for A > 4U, and intermediate, graph-dependent AF-like phases,
among which the MIS phase is of primary interest.
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Figure 3.4: Phase diagrams of the Platonic graphs. The diagrams show the ground-
state spin configurations of H(U, A, Q = 0), highlighting the MIS phases (blue) and the
shifts of phase boundaries due to neglected long-range interactions in FEq. (2.9) [101].

This property is crucial for our purpose, as it enables (at least, in principle) the mapping
of any three-dimensional graph onto a two-dimensional Rydberg array without changing
its ground state. Consequently, the MIS of the original 3D graph can be faithfully obtained
from its 2D embedding, providing a viable strategy for solving the target problem.

Moreover, as shown in [101], by tuning the wire and graph edge distances to d’' = d < dz’,
the system preserves equal coupling strengths while remaining in the blockade regime.
Adiabatic driving from the paramagnetic to the antiferromagnetic phase reliably yields
the MIS ground states of the Platonic graphs, with measured spin configurations matching
theoretical and numerical predictions, when the AF wire condition holds. The results val-
idate quantum wiring as a topology-preserving, scalable method for embedding nonplanar
graphs and solving combinatorial problems using Rydberg-atom platforms.

9 Here, d’ denotes the interatomic distance between atoms within the wire, d the distance between con-
nected nodes in the original (unwired) graph, and dg the Rydberg blockade radius defined in Eq. (2.4).
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In Fig. 3.5, we see the relation between N and N’ for the three Platonic graphs discussed
so far, together with additional examples including the remaining Platonic graphs (the
icosahedron and dodecahedron) and two fullerene graphs, Coq and Cgy. The data reveal
an approximately linear scaling between N and N’.

Although this indicates a favorable scaling of atom number in the 3D-to-2D transforma-
tion, the achievable N’ is in practice constrained by factors such as the rearrangement
probability, which can be improved under cryogenic trapping conditions [104], and bit-flip
errors, significantly reduced in alkaline-earth atomic systems [105]. More importantly,
the scalability also depends on the regularity of the target graph: for more general, non-
Platonic, or irregular 3D graphs, the scaling may deviate from linearity.

Finally, the expected fidelity with a specific MIS solution decreases as O(1/N), since
roughly N equivalent AF ground-state configurations exist when quantum wires operate
independently [101].
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Figure 3.5: Left: Scaling of the atom
number N’ in the quantum-wired graph

G’ as a function of the number of ver-
tices N in the target graph G [101].
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Furthermore, a very recent advancement in the quantum-wire technique is the implemen-
tation of tunable weights directly in the wire atoms [106,107]. This capability is achieved
by introducing programmable local light shifts generated via spatial light modulators
(SLMs) [108], which enable precise, site-dependent control of the atomic detunings.

The system is driven toward the ground state encoding the solution of the weighted graph
through a dual-stage adiabatic protocol (Fig. 3.5). In this scheme, the local detunings are
set as A; = A 4+ w;0ac, where A is the global detuning and dac the unit light-shift scale,
constrained by max;(d4) < U(a) to preserve the Rydberg blockade at spacing a. The
combination of global laser control and locally programmed light shifts enables smooth
annealing into the target ground state [106].

In [107] this approach is shown to offer several major advantages. Since the wires mediate
long-range interactions rather than acting as physical qubits, the required resources are
significantly reduced.
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The spectral gap'® scales polynomially with system size, and the encoding remains ro-
bust to fluctuations in local detunings, allowing for faster adiabatic evolution and better-
isolated ground states, which in turn enhance reliability and mitigate decoherence.

The architecture also withstands random variations in local light shifts with only a modest
fidelity loss that increases with wire length; this can be further improved by fine-tuning the
internal wire weights. Embedding the wires within larger graphs is additionally expected
to enhance robustness through the extra energy gaps introduced by the logical structure
and residual long-range van der Waals interactions.

The robustness of the quantum wiring technique, its capability to implement QUBO
problems; and the ability to map 3D graphs onto topologically equivalent 2D graphs form
the key motivations for the embedding algorithm, which we now analyze in detail.

3.4 The Embedding Algorithm

At the core of our algorithm lies the strategy illustrated in Fig. 3.3(a) and (d): each
pyramid (while our graphs will not feature tetrahedra, they will include pyramids with
triangular bases sufficiently regular to be compatible with this method) is remapped into
a bow-tie-like structure. However, depending on how the instance parameters are chosen,
more complex configurations than isolated pyramids may emerge, as we will discuss now.

To begin with, we must specify the class of instances that the algorithm is meant to
address. First, the generated points are required to be generated within a fixed convex
region, namely a regular but asymmetric hexagon. Then, in order not to impose too
many constraints on our instances, we require them to satisfy only two main properties:
randomness (with the possibility of reproducibility via seeds) and, more importantly,
uniformity, so that even when the number of nodes is not sufficient to fully cover the
region, they are still distributed evenly across it.

Once the points are generated, we construct the instance as follows: each point is assigned
the same fixed radius, and an edge between two points is added when their Euclidean dis-
tance is at most this radius. In the special case where the radius is set to one, this yields
a unit disk graph (UDG) [109]. In practice, we will vary the radius to study how the
resulting instances, and consequently the performance of our algorithm, change. Nonethe-
less, the defining property of the UDG model effectively persists as long as all nodes share
the same radius, since different choices correspond simply to rescaling distances.

The defining property of UDGs is precisely what motivates the requirement that points be
uniformly distributed over the region: if the generated points start forming dense clusters,
then even for small disk radii the resulting graph becomes highly connected, which makes
it very difficult, and in practice almost impossible, to embed efficiently.

A first natural option for point’s generation, widely used in simulation codes, is Pois-
son disk sampling (PDS), proposed by Cook in 1986 [110]. In PDS, points are placed
randomly but subject to the constraint that no two points lie closer than a prescribed min-
mmum distance, yielding a distribution that is both random and well-spaced. In particular,
Bridson’s 2007 algorithm [111] is one of the most widely used implementations of PDS,
thanks to its high efficiency, good scaling properties, and simple, robust implementation.

10 The spectral gap is the energy difference between the ground state and the first excited state of the
system’s Hamiltonian; a larger gap facilitates faster adiabatic evolution and more reliable solutions.
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However, this approach has two main drawbacks. First, it introduces an additional sim-
ulation parameter: the minimum allowed distance between points. Second, Bridson’s
algorithm grows locally from its initial seed via an active front, so if sampling is stopped
early (e.g. after a fixed small number of points), the resulting configuration may occupy
only a local region around the seed, instead of covering uniformly the full area.

To avoid introducing additional simulation parameters, an alternative would be to start
from a purely random sampling within the desired region and then apply Lloyd’s algo-
rithm, also known as Voronoi iteration or relaxation, which iteratively redistributes
points to obtain evenly spaced configurations and partitions the domain into well-shaped,
uniformly sized convex cells [112].

However, tests with a python implementation of the algorithm [113] revealed two issues.
First, for some "unlucky” initial configurations, the relaxation only partially separated
nearby points, still allowing highly clustered components. Second, and more importantly,
the relaxation often pushed one or more points outside the target region, thereby violating
the constraint on the required number of points inside the domain.

At this point, we would like to avoid introducing new parameters or moving points af-
ter their generation, so the sampling procedure itself should already produce a uniform
distribution. In this context, the Halton [114] and Sobol sequences [115] are natural
candidates. Both are deterministic quasi-random sequences, designed to mimic random-
ness while providing much more uniform coverage than purely random sampling. More
precisely, they are low-discrepancy sequences, where the discrepancy quantifies how far
the point distribution deviates from a perfectly uniform one; lower discrepancy therefore
means that the points are spread more evenly across the domain [116].

Both Halton and Sobol sequences generate points in [0, 1] by mapping successive integers
to coordinates via specially structured number systems. In the Halton sequence, each
coordinate is obtained by writing the index in a different prime base (e.g., base 2, 3, 5,
... ), then reflecting its digits after the radix point (the so-called radical-inverse function).
In the Sobol sequence, coordinates are built in base 2 using precomputed direction numbers
(binary fractions with carefully chosen bit patterns) and combining them with the binary
representation of the index through simple bitwise operations (such as XOR and shifts),
which spread the points more uniformly across the domain.

A known drawback of the Halton sequence is that its prime-base construction can intro-
duce visible correlation patterns and structured artefacts in the point set, so that the cov-
erage of the domain is less isotropic than one would like. Various scrambled or permuted
variants alleviate this, but the plain Halton sequence is often regarded as less robust than
Sobol in practice. For this reason, we adopt the Sobol sequence, which typically yields a
more uniform and visually pattern-free distribution in our setting.

Our overall construction is motivated by two considerations. First, the Sobol sequence
combines deterministic low discrepancy with an easy randomisation scheme: by varying
the scrambling seed we can generate diverse yet reproducible instances, and its regularity
avoids point clustering while providing a uniform coverage of the domain, assuming the
domain itself is sufficiently regular, as in our case. Second, UDGs arise naturally in
neutral-atom quantum computing, where each node’s radius corresponds directly to the
physical blockade radius (2.4), making this geometric model an appropriate abstraction
of the underlying hardware.
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After the two-dimensional UDG is built, we impose constraints on possible third-order
overlaps, i.e., configurations in which three disks of equal radius have a common intersec-
tion region. These constraints are encoded by introducing slack variables into the UDG,
represented as additional nodes on a higher plane, each connected only to the three base
nodes involved in the overlap. An example of such a 3D instance is shown in Fig. 3.6.
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Figure 3.6: 3D UDG instance example visualised using the plotly [117]
Python library. Red nodes represent 3™-order overlap’s constraints.

We introduce constraints on third-order overlaps for both graph-theoretical and physical
reasons. From a combinatorial perspective, pairwise UDG edges cannot distinguish be-
tween three separate pairwise intersections and a genuine triple-overlap region. By adding
slack variables, we explicitly encode this higher-order geometric feature and prevent de-
generacies in the underlying structure.

From a physical standpoint, regions simultaneously covered by three blockade spheres
give rise to complex and unintended three-body interactions that are not captured by
pairwise proximity alone. Incorporating this constraint ensures that the resulting graph
remains consistent with the actual geometry and operational limitations of the neutral-
atom hardware, as well as with the structure of the MIS problem itself.

Having discussed how the instances are generated, we now turn to the local structures that
can arise and that the algorithm must handle during the embedding process. In all the
following figures (unless explicitly stated otherwise), the panel on the left shows the three-
dimensional structures viewed from above: red nodes represent the apexr nodes (i.e., the
slack variables), while light-blue nodes represent the base nodes (i.e., the original points
extracted from the Sobol sequence). The panel on the right shows the corresponding two-
dimensional embedding of the same structure, now including the wire nodes in yellow.

The first natural extension of an isolated pyramid is a pair of pyramids sharing a single
base node, as illustrated in Fig. 3.7. The embedding of this configuration is shown on
the right of the same figure: the two bow-tie gadgets are attached at the shared base
node, thereby preserving the minimal number of additional nodes (two wire nodes per
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pyramid) while ensuring that no spurious edges are introduced. Here, with “spurious
edges” we specifically mean effective connections generated by an even number of wire
nodes between vertices that were not adjacent in the original graph.

<

Figure 3.7: Double-pyramid configuration with a shared base
node and its embedding into two connected bow-tie structures.

The next structure we consider is what we call a star node, arising when a single node is
shared by three or more pyramids. In this section we distinguish between two types of
star nodes. The first, simpler case is when the pyramids share only this one node and no
other nodes, as shown in Fig. 3.8, where three pyramids meet at a single shared node.

P
< P>

Figure 3.8: Star-node configuration with three pyramids meeting
at one base node and its corresponding 2D embedding.

In the figure we explicitly show only the three-pyramid case, since configurations in which
four or more pyramids share exactly one common node are quite rare in our instances.
Nevertheless, the embedding algorithm can handle such higher-order star nodes in essen-
tially the same way as the configuration depicted in Fig. 3.8.

_

Figure 3.9: Tree-like configuration of single-sharing pyramids and its 2D embedding.
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Combining the embedding rules illustrated in Fig. 3.7 and Fig. 3.8, we can also embed
arbitrarily large configurations of pyramids, which we refer to as trees. Inside these tree-
like structures, any two neighbouring pyramids share exactly one base node, and every
pyramid is connected either directly through such a shared node or indirectly via a branch
of pairwise single-sharing pyramids.

The embedding of this single-sharing tree configuration is shown in Fig. 3.9, where we
also see that some pyramids are rotated with respect to the basic pattern in Fig. 3.7. This
controlled rotation is introduced to prevent unwanted overlaps between pyramids that are
not connected in the original configuration.

With these three embedding strategies, we can embed any structure composed exclusively
of single-sharing pyramids. We now turn our attention to more complex configurations,
formed by pyramids that share two base nodes or, equivalently, share a common edge.

The first and simplest structure of this kind is the natural extension of Fig. 3.7, corre-
sponding to a pair of pyramids that share a single edge. As shown in Fig. 3.10, this
configuration is embedded by placing the two shared nodes on the same side of the bow-
tie, so that the endpoint of the first bow-tie coincides with the starting point of the second.
This yields a compact embedding that uses the minimal number of additional wire nodes.

A= PP

Figure 3.10: Edge-sharing double-pyramid configuration and its bow-tie embedding.

Now, the case in which three pyramids share the same edge pairwise is more interesting.
As shown in Fig. 3.11, the first two pyramids are embedded exactly as in Fig. 3.10.
However, the third bow-tie cannot be placed directly on top of the one with which it
shares the edge: doing so would create unwanted connections between the upper pair of
wire nodes and the lower pair, forming a square of wire nodes.

Such a configuration must always be avoided, as it would effectively introduce new edges
and thus alter the original graph connectivity. For this reason, the third bow-tie is shifted
further away, at the cost of four additional wire nodes.

Figure 3.11: FEdge-sharing three-pyramid configuration and its cor-
responding triple bow-tie embedding avoiding wire squares.
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Things become interesting when we consider structures with more than three edge-sharing
pyramids. We distinguish three types of such configurations: clusters, the second type
of star nodes, and chains. Starting with the latter, an edge-sharing chain is defined as a
sequence of pyramids where consecutive pyramids share exactly one edge pairwise, each
pyramid shares at most two edges, and every base node belongs to at most three pyramids.

The embedding of such a chain proceeds by choosing one of the eztremal pyramids (i.e.,
one that shares only a single edge) as the starting point and then iterating the pattern of
Fig. 3.11: we alternately attach each new bow-tie on the right/left side of the previous
one and then on its top/bottom side, thereby iteratively extending the chain arbitrarly
while preserving the desired connectivity.

Figure 3.12: Edge-sharing pyramid chain and its bow-tie embedding.

Moving on to the edge-sharing cluster, we define it as the specific configuration shown in
Fig. 3.13: a central pyramid shares each of its three base edges with a distinct neighbouring
pyramid, and these three outer pyramids do not share edges among themselves. Any
additional edge-sharing pyramid attached to this configuration would break the cluster
structure and is therefore treated as a different type of configuration.

Figure 3.13: Edge-sharing cluster with a central pyramid and three neigh-
bouring pyramaids, and its corresponding bow-tie embedding.
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The last structure we consider is the edge-sharing variant of the star node. This configu-
ration is similar in spirit to the chain: we again have a sequence of pyramids, each sharing
at most two edges. The key difference is that now every pyramid must include a common
central star node, highlighted in purple in Fig. 3.14, while all other base nodes can be
shared by at most two pyramids.

As shown in Fig. 3.14, after an initial bow-tie embedding analogous to Fig. 3.11, the
construction proceeds “vertically”: each new bow-tie is placed above the previous one.
At each step, a specific wire pattern is added on the left to reconnect the star node back
to the previous bow-tie, ensuring that this node remains connected to every pyramid as
in in the original three-dimensional configuration.

/\‘ O e

Figure 3.14: Edge-sharing star-node configuration and its bow-tie embedding.

Before describing the operation of the algorithm, it is useful to briefly explain how loops
are handled. Intuitively, we call a loop any configuration of pyramids (either single-
sharing or edge-sharing) in which, starting from a given pyramid and following shared
nodes or edges, one eventually returns to the same pyramid. In our instances this may
occur mainly in two situations: within a single-sharing tree (Fig. 3.9) and in the “closed”
version of the edge-sharing star node, where all pyramids share two edges (Fig. 3.14).

In both cases loops are treated in the same way. During the embedding process, the
algorithm keeps track of any node whose position changes as a consequence of placing a
new bow-tie. Whenever a node is displaced, a path-finding routine is invoked to reconnect
its new position to its original one through a quantum wire. This wire is constructed so
that the distance between consecutive wire nodes is constant, the total number of wire
nodes is even, and no wire node becomes connected to external nodes other than the
designated start and end nodes.
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We can now finally explain how the embedding algorithm operates:

1. First, an instance is generated from scratch, either using a provided seed or a random
one. Points are sampled from the Sobol sequence under two constraints: they must
lie inside the target region, and sampling continues until the desired number of
nodes has been placed. Next, a two-dimensional UDG is built using the chosen
radius, and third-order overlaps are then detected to add the slack nodes, yielding
the three-dimensional starting instance.

2. Then, in its first phase, the algorithm iteratively searches for structures to embed,
alternating between detection routines and the corresponding embedding functions.
This loop terminates either when all pyramids have been successfully embedded
or when a preset iteration threshold is reached. In the latter case, the algorithm
returns a False flag to indicate that some pyramids, typically belonging to highly
connected or particularly complex configurations not covered by our rules, have
not been embedded. During this phase, the algorithm also builds a list of position
dictionaries, each corresponding to the embedding of a specific structure.

3. If all pyramids are embedded successfully, the algorithm identifies the largest con-
nected component and selects it as the starting point for the final layout. Since
each component is initially constructed around the origin, rigid translations are
then applied to position the components in the plane without overlaps.

4. Then, once the first component has been selected and the final layout is ready to be
assembled, the algorithm enters a loop in which it performs the following checks:

(a) At the beginning of each iteration, the algorithm checks whether any edges
are missing in the current layout and, if so, restores them using the same
path-finding routine employed for handling loops.

(b) Then, it checks whether the new component shares a node with the current
layout. If so, a shift function (Fig. 3.15) is used to “pull out” this node from the
existing layout, and the new component is attached to it via a rigid translation.
If this translation creates undesired edges, the algorithm then tries a sequence
of rotations and reflections around the shared node, until it finds a placement
that fits into the final layout without introducing spurious connections.

O O O

Figure 3.15: FExample usage of the shift function. Given a target node and
a cardinal direction as input, the function displaces the node in that di-
rection and restores its original connections by inserting two wire nodes.
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(c¢) Next, the algorithm checks whether the new component has any node that is
adjacent (in the original graph) to a node already present in the layout. If this
is the case, the same procedure is applied: the relevant node is shifted, the
new component is translated to realise the desired connection, and, if needed,
rotations and reflections are attempted until a valid placement is found.

(d) If no new components can be directly attached and no edges need to be restored,
the algorithm then checks whether any non-pyramid node can be added to the
layout. These nodes are not attached via the shift helper: instead, they are
placed directly around their target node. If this direct placement fails, the
algorithm connects the new node to a wire incident on the target node, ensuring
that the number of intermediate wire nodes is even. After these placements,
the routine again checks for missing edges.

(e) Finally, any remaining disconnected nodes or components, if present, are placed
into the layout as well, positioned sufficiently far from the rest of the graph.

5. The loop terminates either when there are no remaining components or nodes to
place, or when an error is raised because some of them cannot be placed.

6. At the end of the procedure, a dedicated topology check is performed to verify that
all nodes and edges of the original 3D graph are correctly reproduced in the 2D
configuration. If this check is passed, the function returns a dictionary containing
all the new 2D positions, ready to be used for plotting.

Below, we give a schematic summary of the embedding algorithm, whose Python imple-
mentation can be found at [118].

Embedding Algorithm

Input: Seed, Number of Nodes
Output: 2D Positions of Nodes

1. Generate 3D instance

2. Detect and embed pyramids

3. Find largest component & prepare layout

4. Assemble final layout iterating over component and nodes:
4a. Restore missing edges if present
4b. Attach components sharing a node with the current layout

4c. Attach components containing a node adjacent
to a one present in the current layout

4d. If no edges need restoring, attach non-pyramid
nodes adjacent to nodes in current layout

4e. Place disconnected nodes/components far from the main layout
5. Loop ends when all is placed
6. Run a topology check and return 2D positions if passed
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4.1 The QAOA

Within the noisy intermediate-scale quantum (NISQ) era [119], variational quan-
tum algorithms (VQAs) [120] have emerged as a promising approach to exploit the
capabilities of current quantum hardware through a hybrid quantum-classical optimization
scheme. In such algorithms, a parameterized quantum circuit is executed on a quantum
processor, while a classical optimizer iteratively updates the circuit parameters by min-
imizing a cost function defined from the measurement outcomes of the quantum circuit.
This hybrid structure enables VQAs to operate with relatively shallow circuits, thereby
mitigating the detrimental effects of noise inherent in NISQ devices.

In particular, the quantum approximate optimization algorithm (QAOA) [10] is
one of the most promising VQAs that has attracted great interest in recent years. QAOA
is designed to find approximate solutions to hard combinatorial optimization problems on
quantum computers: it encodes the Hamiltonian related to the problem into a quantum
circuit and leverages adiabatic time evolution and layering to optimize the variational
parameters of the circuit, such that the approximate solution to the problem can be
constructed by measuring the QAOA circuit with the optimal set of parameters.

The fundamental building block, a single layer of the QAOA circuit (Fig. 4.1), consists
of a cost layer associated with the problem Hamiltonian Ho and a mixer layer whose
corresponding Hamiltonian Hy; does not commute with the problem Hamiltonian.

The performance of QAOA is typically measured by the approximation ratio Cqaoa/Cmax
i.e., the ratio of the cost associated with the solution output by QAOA to that of the true
optimal solution. Theoretically, such an approximation ratio increases with increasing
layers p, as QAOA recovers the adiabatic evolution in the p — oo limit [121].

Level i =1 Level ¢ = p

e—mHe e~ P HM e~ wHc e~ BrHu L= L=
(7,8l Hc 17, B)

1
- ,
| |
' T ] Optimize
! .
|
1
Ey
1
1

.

( Update Variational Angles (¥, 3) j

Figure 4.1: Schematic representation of a QAOA circuit.

! This property is fundamental for enabling the QAOA to explore the Hilbert space of the solution. If the
cost Hamiltonian Ho and the mixing Hamiltonian Hj; commuted, the evolution would be restricted to
the initial subspace, preventing exploration of the broader solution space.
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As already noted, QAOA is part of the broader class of VQAs, named after the vari-
ational principle [122]. This principle is used to find the lowest expectation value,
typically the ground state energy, for a given observable. It relies on a trial wave function
parameterized by a set of values that can be adjusted to fit the system’s wave function and
minimize the expectation value. Mathematically?, this is expressed with a Hamiltonian
H and trial wave function |¢) to find the ground state energy Ej, bounded by:

5 < WLH ) o

(@l

The goal of variational algorithms is to find a parametrization of |¢)) that minimizes the
Hamiltonian’s expectation value. This is done by iteratively updating the parameters of
a fixed ansatz, an initial trial wave function whose functional form is chosen in advance
based on the system’s context. The choice of ansatz is tailored to the specific problem
and to the structure of the system’s Hamiltonian.

This principle is highly relevant in quantum computing because it directly applies to
quantum systems. Qubits, as fundamental and versatile representations of wave functions,
are measured to obtain the system’s expectation value and energy. This process occurs
at the end of the quantum circuit, after a series of parameterized quantum gates have
modified the system and its wave function [121].

The first version of the QAOA [10], was inspired by the Trotterized version of the quan-
tum adiabatic algorithm (QAA) [78,124], namely the evolution operator U(t) describ-
ing the evolution of the QAA, is decomposed into a sequence of small steps® through the
Trotter-Suzuki formula [125,126], which in this context can be recasted as follows [121]:

U(t) ~ H1 exp | — i (kAT)Ar]
F=0 (4.2)

r—1

= Lexp [ if (kA7) Hotsr] exp | — ig (kA7) Hy At

k=0

where f and g are two (slowly varying) predefined control functions, A7 = t/r, with
t € [0,7] and T is the total evolution time. In the QAOA, the predetermined functions
f and g are replaced by variational parameters 7, and [, which are optimized during
training. Specifically, the original QAOA* proceeds through the following steps [121]:

e Define a cost Hamiltonian H¢ such that its lowest energy state encodes the solution
to the optimization problem. Define also a mixer Hamiltonian H),; that does not
commute with He.

e Initialize the circuit in the state |s) = [4+)®", where n is the number of qubits and

|+) is the superposition state defined in Eq. (A.61).

2 This form of the variational principle is known as the Rayleigh-Ritz method [123)].

3 In principle, the QAA involves a continuous evolution of the quantum state. To emulate this process
on a gate-based quantum computer, the evolution must therefore be discretized.

41In the original formulation, QAOA is defined as a maximization problem; however, here we express it
in the minimization form for consistency.
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e Construct the circuit ansatz by defining and applying the unitaries:

Uc(y) = e "He

Uni(8) = e~ "PHu -

where the parameters v and 3 serve as the variational parameters of the circuit. We
denote Ucx(7y) and Uy () as the cost and mixer layers, respectively. A single QAOA
layer consists of one cost layer followed by one mixer layer, and multiple such layers
can be stacked to construct a deeper circuit.

e Define the total number of QAOA layers, p > 1. Initialize the 2p variational pa-

rameters ¥ = (71,%,...,7) and § = (b1, Ba,...,[3,) such that v, € [0,27) and
Br € [0,7) for k =1,...,p. The final state output by the circuit is given by

Yy (7, g)> — oot ginpHe | o=ifiHu p—imHo | o) (4.4)

e The expectation value of Hg with respect to the ansatz state (4.4), representing the
cost evaluated by the quantum algorithm for the given problem, is obtained through
repeated measurements of the final state in the computational basis:

Fo(3,8) = (v(7. 5)| e

Un(7.6)) (15)

e A classical optimization algorithm is employed to iteratively update the parameters
~ and (. The goal of the aforementioned routine is to find the optimal set of
parameters (7%, 5*) such that the expectation value (4.5) is minimized.

This procedure is illustrated in Fig. 4.1. For a comprehensive overview of QAOA and its
extensions, including alternative ansatz designs, classical optimization strategies, compu-
tational efficiency across problem classes, solution quality, noise sources and mitigation
techniques, hardware-specific implementations, performance enhancements, experimental
results, and prospective research directions, see [121].

4.2 The QIRO Algorithm

With the current state of the art, classical simulation of QAOA is severely limited by the
2V scaling of the state-vector dimension. For generic random graphs without particular
symmetry, state-of-the-art simulators typically reach at most N ~ 30 qubits. This repre-
sents a serious bottleneck for our problem, since after the embedding step, instances with
larger N and higher interaction radii can easily reach sizes of order N ~ 100. Moreover,
as the system size grows, the number of layers p required for QAOA to converge to a good
solution generally increases, further increasing the cost of classical simulation.

For this reason, we choose to address the MIS problem on the final 2D graph using the
Quantum-Informed Recursive Optimization Algorithm (QIRO) [12]. In QIRO,
information generated by quantum resources is exploited to recursively shrink the op-
timization problem, guided by problem-specific classical optimization routines, as illus-
trated schematically in Fig. 4.2.
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Another reason for this choice is the strong structural similarity between our graphs after
the embedding algorithm and the instances QIRO was designed for. In both cases, the
graphs are tailored for implementation on neutral-atom quantum computers, featuring
short-range connectivity with only nearest-neighbour interactions.

Simplified problem

Quantum resources Update rules

R 1,

U (8,7)

(ZNNZ:Z), . ..

Figure 4.2: Scheme of the QIRO algorithm’s core principles. Quantum
resources (QAQOA) are used to obtain information which is then used to
simplify the problem through problem-specific classical update rules. [12]

The motivation for augmenting QAOA with classical post-processing stems from its in-
herently local behavior, particularly at low depth and for small parameter values. In a
depth-p circuit, each QAOA layer acts only on qubits connected by edges of the interac-
tion graph, implying that the state of any qubit can depend only on qubits within graph
distance O(p). Consequently, correlations cannot propagate far across the system: they
remain confined within a finite correlation length determined by the circuit depth. This
restricted locality limits the ability of shallow QAOA to capture global structure and can
significantly hinder its performance on large problem instances [127,128].

Since implementing genuinely non-local updates is hardware-expensive at the quantum
level, recursive QAOA (RQAOA) [129, 130] introduces them classically: variable values
are iteratively fixed by rounding QAOA-estimated correlations, reducing the problem size
and effectively shortening distances in the interaction graph. This both mitigates QAOA’s
intrinsic locality and enables efficient classical simulation, as low-depth QAOA is relatively
cheap to simulate. A Python implementation of QIRO is available at [131].

In [12] the authors present an implementation of QIRO for two NP-hard combinatorial
optimization problems: MIS and Mazimum Satisfiability (MaxSAT) [7], the optimization
counterpart of SAT, the first problem proven to be NP-complete (Def. B.12). Since our
application targets MIS, we will restrict the following discussion to this case.

Since QIRO relies on problem-specific update rules, the relevant optimization problems
are first formally mapped to quantum Hamiltonians. For a binary vector x € 0, 1%, finding
a MIS is equivalent to finding the ground state of the following classical Hamiltonian:

H(x)=— Z T+ A Za:lxj (4.6)

where A > 1 is a penalty factor to enforce the independence constraint [36].
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The Hamiltonian (4.6) is completely general: it does not rely on any particular structure of
the interaction graph beyond minimal assumptions, namely, that the graph is undirected
(edges have no orientation; interactions are symmetric) and contains no self-loops (no
node interacts with itself). These minimal constraints suffice for the Hamiltonian to
correctly encode the MIS problem for arbitrary graphs.

To go then from the classical Hamiltonian (4.6) to the quantum one one performs the
mapping s; = 2x; — 1 to Ising variables s; = £1, and then promoting the spin variables
to quantum operators s; — o7 we obtain the quantum version of (1.15).

The first step of QIRO is quantum state preparation. At each iteration, the goal is to
prepare a state with low expectation value with respect to the cost Hamiltonian H¢, so
that the classical reduction is guided by (superpositions of) configurations corresponding
to good candidate solutions. To generate such low-energy states, QAOA is run at low
depth (p < 3) using the following mixing and cost Hamiltonians:

HC = Zhlaf + Z JijO'izO'j (47)
% i
Hy =-)Y of (4.8)

The 2p parameters (3,4) are then determined by a classical optimization routine such
that (4.5) is minimized, as already described in Sec. 4.1.

After this step, one- and two-point correlators, (¢| o7 |¢) and (i o707 |tb), are computed
and stored in a matrix M. In an ideal numerical simulation, only entries M;; corresponding
to edges of the original interaction graph are nonzero, so the update rules are designed to
use correlations only between such connected variables.

Next, the update step selects® the largest entry of M in terms of its absolute value;
if several entries share this maximal value, one of them is chosen at random. It then
checks whether the selected entry is diagonal (corresponding to a one-point correlation)
or off-diagonal (corresponding to a two-point correlation)

This step yields four possible update actions (Fig. 4.3):

a) If M;; > 0 was selected, the i-th vertex is set to be in the independent set (IS). Then,
all vertices connected to the i-th node are removed from the graph, as including them
would violate the independence constraint.

b) If M;; < 0 is selected, the i-th vertex is removed from the graph.

c¢) If M;; > 0is selected, both nodes are removed from the graph, because the only pos-
itively correlated assignment of connected vertices consistent with the independence
constraint is not to include either node in the IS.

d) If M;; <0 is selected, all vertices adjacent to both ¢ and j are removed. Intuitively,
a negative correlation suggests that either ¢ or j will be in the IS, so any vertex
connected to both simultaneously cannot be included.

5 Intuitively, the largest correlation identifies a variable (or pair) that appears with high probability in
the low-energy state |¢), making it a natural candidate to guide the update step.
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If no nodes were removed from the graph using these simplifications, the procedure is
repeated using the next largest correlation in terms of its absolute value. In addition, if
any connected component with n. < 15 vertices is found, it is solved exactly by brute-
force search, i.e. by enumerating all possible spin configurations and selecting the one with
lowest energy, for its MIS and then removed from the main graph. This step is mainly
intended to save resources when running the algorithm on real quantum hardware.

The whole procedure is repeated until the size of the problem is reduced sufficiently, to
be able to solve it exactly by a brute-force search or other means if the reduction does
not yield problem sizes amenable to exact solvers.

The update rules are tailored to the MIS problem and explicitly enforce the independence
constraint. Unlike the RQAOA rules, the QIRO MIS updates are local in the previously
defined sense, as they never create new couplings between variables. However, in RQAOA,
the intermediate Hamiltonians generically leave the MIS form, whereas in QIRO each
reduced instance remains a valid MIS problem. Consequently, any analog encoding of the
original MIS instance can be reused for all intermediate, simplified problems.

As mentioned, one of the main reasons for selecting QIRO for our tests is the strong
similarity between the QIRO instances and the final graphs obtained after applying the
embedding algorithm. Specifically, QIRO has been benchmarked UDGs on square lattices
with sizes in the range n € [40,200], using 50 randomly generated UDGs for each n. An
example of a graph instance with n = 137 nodes is shown in Fig. 4.4, where the teal
nodes indicate those belonging to the MIS, which contains 45 nodes in this instance. For
comparison, one configuration obtained through the algorithm is shown in Fig. C.3.

Among the results reported in [12], it is worth mentioning that QIRO produces high-
quality feasible solutions even for suboptimal parameter choices, highlighting the robust-
ness of the algorithm against lower-quality quantum information.

Moreover, experiments on the Aquila quantum device [51] show that stronger quantum
correlations enhance QIRO’s performance (Fig. 4.5). This is because analog quantum
devices naturally generate non-local quantum correlations through many-body dynamics,
which are classically hard to simulate, especially for p > 1.

In Fig. 4.5, the approzimation ratio is defined as the ratio between the cardinality (i.e.,
the number of nodes) of the independent set found by QIRO and the size of the MIS
obtained via the tensor network algorithm from [132], used as classical benchmark to test
QIRO’s performance, due to its high efficiency in tackling this type of problems.
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Figure 4.4: FExample QIRO instance,
where teal nodes belong to the MIS [12].

Moreover, all instances of Fig. 4.5 are randomly generated with n = 137. Each label’s
instance denotes its hardness, with higher labels implying greater hardness, defined as

Npvs|—
|MIS|—1 (4.9)
IMIS| - N

where Ny, denotes the number of independent sets of size M [12]. Such parameter has be
shown to be related to the performance of both classical and quantum algorithms [133].

HP =

[ QIRO-QuEra QIRO QAOA I Min. greedy
1.000 FFF——— I --------------- I -------
— 0.975
2]
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Figure 4.5: Approzimation ratio comparing the size of the independent set |15
found by QIRO with correlations from Aquila, and correlations from numerical
simulations of low-depth QAOA. [12]

As shown in the plot, quantum correlations from the QuEra machine guide the QIRO
procedure more effectively than the QAOA simulations. The higher approximation ratio
implies that the cardinality of the independent set found is closer to that of the true MIS.
The error bars represent the best and worst solutions obtained over multiple runs for each
graph instance; hence, shorter bars also indicate greater stability in the performance.
Both are compared to a minimal degree greedy algorithm, which iteratively assigns a node
with the minimal degree to the independent set and likewise removes adjacent nodes to
ensure the validity of the final solution [134].
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4.3 Results: Embedding Algorithm

We conclude our work by analysing the results of both the QIRO simulations and the
embedding algorithm, starting with the latter. To test the embedding algorithm, we
performed 1000 simulations with different seeds for each pair (N, r), with the disk radius
r ranging from 0.6 to 1.4 and the system size N ranging from 8 to 24 nodes.

The choice of these parameter ranges can be better understood from Fig. 4.6, which shows
a randomly generated instance with N = 24 nodes for three coverage radii (r = 0.6 on
the left, » = 1.0 in the middle, and r = 1.4 on the right). As r increases, the graph
connectivity quickly evolves from an almost edgeless structure to a highly connected one.

This choice is also motivated by geometric considerations. Our hexagonal shape in Python
is defined with fixed coordinates, so its overall size remains constant. To prevent excessive
filling of the region and the formation of clusters, we limit the system size to N < 24.
Similarly, the disk radius is kept below 1.4 to avoid overly large coverage for each node.

Figure 4.6: Ezample of a single UDG instance (fized seed) for three different coverage
radii r: 0.6 on the left, 1.0 in the middle and 1.4 on the right.

In our simulations, small radii are particularly useful for larger system sizes, where they
prevent the graph from becoming excessively dense, whereas larger radii are mainly ex-
ploited at low NN to ensure that the graph is connected and exhibits at least some non-
trivial structure. The drawback of using small radii is that, if too few points are generated,
even a uniform distribution may only partially cover the region. Most of the interesting
behaviour, therefore occurs in the intermediate regime, where neither the graph is almost
empty nor it is close to being complete.

With this intuitive picture in mind, we now turn to the numerical results. For clarity,
Table 4.1 reports the data for the case N = 12 only, while the corresponding results for
all other system sizes are collected in Appendix C.

The relevant parameters in the table are the following:
e 1 is the disk radius.

e p the success probability, i.e. the ratio between the successfully embedded instances
and the total number of runs. Here, “successfully embedded” means that the algo-
rithm was able to find a 2D configuration that preserves the original connectivity
and satisfies all constraints. Conversely, “unsuccessful” means that the algorithm
failed at some point during the embedding process.
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e d5,, is the average degree of the 2D starting instances (like the ones showed in
Fig. 4.6) which have been succesfully embedded.

e d’, is the average degree of the 2D instances for which the embedding failed.
e N’ is the average number of total nodes in the new 2D embedded configuration.
e Ny is the average number of wire nodes added during the embedding process.

e N, is the average number of apez nodes (and thus of pyramids) found and embedded
in each instance.

t is the average time for the algorithm to complete the embedding.

r p | d5p | db, | N Nw | Na | £(s)
0.6 | 0.997 | 0.34 | 0.89 | 12.084 | 0.060 | 0.024 | 0.0021
0.7 10996 | 0.48 | 0.96 | 12.301 | 0.225 | 0.076 | 0.0016
0.8 10983 |0.85| 1.34 | 12.805 | 0.588 | 0.218 | 0.0016
0910961 | 1.16 | 1.66 | 13.988 | 1.473 | 0.514 | 0.0019
1.0 | 0.886 | 1.48 | 2.07 | 15.872 | 2.914 | 0.958 | 0.0028
1.1 0.688 | 1.80 | 2.34 | 18.584 | 5.014 | 1.570 | 0.0038
1.2 1 0.460 | 2.09 | 2.69 | 22.872 | 8.500 | 2.372 | 0.0076
1.3 10214 | 2.32 | 3.03 | 27.509 | 12.229 | 3.280 | 0.0100
1.4 1 0.068 | 2.55 | 3.43 | 32.897 | 16.706 | 4.191 | 0.0148

Table 4.1: Results of the embedding algorithm for N = 12.

The global performance of the embedding algorithm is summarised in the success proba-
bility heat map of Fig. 4.7, where the colour encodes the fraction of successful runs as a
function of the system size N and of the disk radius r.

The plot clearly shows a high-success region for small instances and relatively small radii:
for N < 14 and r < 0.9 the algorithm succeeds with high probability, while the success
probability rapidly decreases as either N or r increase.

Moreover, by looking at the data from the simulations, we found that there are two major
problems stopping the algorithm, causing a failure of the considered instance. The first
is the presence of highly clusterized structures, too complex for the algorithm to handle.
The second is the failure of the path-finding function for edge-restoring, mostly due to
nodes with high degree in the original instance.

This behaviour is consistent with the intuition that larger graphs and larger radii lead to
much denser UDGs, and hence to more complex geometric structures for the algorithm
to deal with. In particular, the almost diagonal transition from high to low success
probability indicates that there is a trade-off between system size and interaction radius:
for a given r there is a maximal N beyond which the embedding typically fails, and this
threshold shifts to smaller N as r grows.

The same pattern emerges from the simulation data in Table 4.1 and Appendix C. In
particular, the average degree of the instances for which the algorithm fails is systemati-
cally higher than that of the successfully embedded instances, most likely because highly
clustered components give rise to more constrained and complex geometries.

— 41 —



Results: Embedding Algorithm

1.0

o
o
Success probability

o
N)

0.0

06 07 08 09 10 11 12 13 1.4
r

Figure 4.7: Success probability of the embedding algo-
rithm for each (N,r) pair. Colors show the fraction
of successful runs out of 1000 seeds.

Moreover, we notice how the algorithm starts to lose efficiency (in terms of instances’
solvability) when 2 < d < 2.5. This behaviour is clearly illustrated in Fig. 4.8, where we
plot the success probability as a function of the average 2D degree dyp for all radii. All data
points show a collective behaviour: for dyp < 2 the algorithm finds a valid embedding with
high probability, while the success probability drops rapidly in the window 2 < dyp < 2.5
and becomes essentially zero for dap 2 3.
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Figure 4.8: Success probability of the embedding algorithm as a function
of the average 2D degree daop. Colours denote different disk radii r.
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The fact that points corresponding to different radii almost overlap indicates that the
relevant control parameter for the solvability of the instances is the average degree, rather
than the specific value of 7 or N. Dense graphs (large dap) thus appear to generate geo-
metric constraints that the current embedding algorithm can no longer handle. Moreover,
in the following, our selection of instances for QIRO will be guided by the average degree
of the graphs, rather than solely by N or r.

The last quantity we examine is the scaling of the embedding overhead, quantified by
the total number of nodes in the final configuration. Figure 4.9 shows the average final
size N’ as a function of the original system size N for all coverage radii r € [0.6,1.4].
In Appendix C we report also two additional, more detailed plots, separating the cases
r €[0.6,0.9] and r € [1.0,1.4].
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Figure 4.9: Awverage system size N’ of the final configuration as a function
of the original system size N for all coverage radii r € [0.6,1.4]. The line
connecting the markers is not a fit, just a line joining the data points,
shown only to guide the eye.

By inspecting the continuous curves connecting the data points (which are not fits, but
simple lines drawn to guide the eye), we observe a much slower growth for small radii
and a much faster increase for larger radii. A more detailed quantitative analysis is not
possible with the limited number of available data points, and a reliable global fit would
in any case require a more complex functional form. Nonetheless, the behaviour can be
approzimately regarded as linear for » = 0.6 and 0.7, gradually becoming polynomial for
r € [0.7,0.9], and eventually approaching an exponential-like growth for » > 1.0. Simple
x? tests are consistent with this qualitative picture.
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4.4 Results: Simulations with QIRO

We are now ready to assess the efficiency of QIRO on the instances produced by the
embedding algorithm. In all subsequent analyses, for each system size N we select the
20 instances with the largest final size N’ and average over this subset. This yields a
total of 180 embedded instances for each plot. This choice is motivated by the fact that
the largest embedded instances (in terms of final size N') also correspond to the highest
average degrees that the algorithm can handle, placing us in the most challenging and
thus most informative regime to analyse.

In addition, the choice of these particular instances is motivated by the working assump-
tion, discussed in Sec. 3.3, that adding quantum wires does not alter the system’s ground
state. Focusing on the largest instances provides a stringent test: if the original solu-
tion remains correctly encoded even after introducing a very large number of auxiliary
nodes, then smaller instances, which require fewer wires, are expected to behave at least
as reliably.

Furthermore, focusing on these larger instances captures precisely the regime in which the
classical brute-force search we use could require prohibitively long runtimes, and where
quantum computers could provide a genuine advantage. In this paragraph, we analyse
and compare the performance of both approaches.

Before delving into the details, we emphasize that the Hamiltonian used by QIRO is
uniform: the algorithm effectively solves an unweighted version of the MIS, with all node
weights, i.e. the h; in Eq. (4.7), set to 1 by default. Moreover all the J;; are set equal
to the penalty factor A, provided as input of the algorithm, thus giving the same penalty
to all indepnendence constraints. In other words, the cost function only distinguishes
configurations by the number of selected vertices, and not by heterogeneous weights.

To have a classical benchmark as comparison, we compute the MIS on the original 2D
instance via a brute-force function, which exploits the well-known duality between in-
dependent sets and cliques (subset of vertices of an undirected graph where every two
distinct vertices are adjacent): an independent set in a graph G is exactly a clique in its
complement G, where two vertices are adjacent if and only if they are non-adjacent in G.

To enumerate all maximal independent sets of G, we therefore build G and apply the
Bron-Kerbosch algorithm [135], a classic recursive backtracking procedure that efficiently
lists all maximal cliques of a graph by growing candidate cliques and pruning via neigh-
borhood intersections (with pivoting heuristics in its optimized form). FEach maximal
clique returned by Bron-Kerbosch on G corresponds to a maximal independent set in G;
selecting those of largest cardinality then yields all MISs of the original graph.

To assess QIRO’s efficiency we consider three parameters: the convergence time, the
approximation ratio [136] and the binary fidelity, which we now introduce starting
from the first. The convergence time, which is simply defined as the wall-clock runtime
(in seconds) required to obtain a solution. We measure it both for QIRO, run on the final
embedded instances, and for the classical brute-force search on the original UDGs.

Fig. 4.10 shows the average convergence time of the brute-force search (left) and the
average convergence time of QIRO on the same instances, evaluated on the final embed-
ded graphs after adding slack and wire nodes (right). Error bars indicate one standard
deviation over the sample of 20 largest embedded instances for each N.
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As expected, the brute-force search is extremely fast for small instances and quickly ex-
hibits the characteristic exponential growth of the runtime. By contrast, QIRO maintains
a high efficiency even for the largest instances we consider. We note that the z-axis shows
only the number of physical nodes as a common reference for the same set of instances
before and after embedding, while the embedded graphs can contain up to ~ 100 atoms.
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Figure 4.10: Average convergence time as a function of the number of physical nodes N
for the classical brute-force MIS search on the original graphs (left) and for QIRO on the
corresponding embedded instances (right). n. denotes the maximum size of any connected
component in the graph that is to be solved by brute force.

In our simulations we used two parameter sets for QIRO: A = 1.1 and n. = 3, matching
the example Jupyter notebook provided with the original GitHub code, and A = 1.5 and
n. = 15, as in [12]. The latter choice, which slightly increases the penalty parameter A
of Eq. (4.6) and allows larger connected components to be solved classically, leads to a
substantial speed-up and to more uniform performance across instances, as reflected by
the smaller standard deviations.

Although the brute-force search is very fast on the small graphs we benchmark, it only
works at that scale. For the much larger embedded instances that QIRO solves in a
few seconds, the same exponential brute-force search would require astronomically long
runtimes, effectively making it unusable.

Indeed, the worst-case running time of the Bron-Kerbosch algorithm scales as O(3"/3), in
terms of the number of recursive calls. We can therefore use this bound to estimate the
runtime at larger N as follows. For N = 24, the upper bound is 3**/3 = 3% ~ 6.5 x 10°
recursive calls. Since in this case the function finds the MIS in about 0.0020 s, the
algorithm performs roughly 6.5 x 10%/0.0020 = 3.25 x 10° calls per second.

For N = 50, the bound becomes 3°%/% a2 9 x 107 calls, corresponding to a runtime of about
28 s, which is still acceptable. However, for N = 60 the estimated runtime already grows
to ~ 18 minutes, and for N = 100 it reaches an astonishing ~ 78 years.

A final note on the running times is that, on the plots shown in Fig. 4.10, the classical
brute-force search is clearly faster, with values that are up to three orders of magnitude
smaller than those of QIRO. However, the key result is that, unlike brute force, QIRO
does not exhibit exponential scaling: in our simulations its efficiency remains remarkably
regular and uniform across the tested system sizes.
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Moving to the second parameter, we define the approximation ratio as

o = Laro (4.10)

B EExact
where Fgyac is the energy of the bitstring corresponding to the exact solution, obtained
by brute-force search, and Eqiro is the energy of the bitstring returned by QIRO. In both
cases the energy is computed as

E==) Si+) S, (4.11)
i (i)

with S; € {0,1} and where (ij) denotes pairs of nearest-neighbour nodes, which in our
case are nodes connected by an edge of the underlying UDG. We choose to define a in this
way so that a = 1 corresponds to optimal performance and a < 1 quantifies the relative
energy overhead of QIRO with respect to the exact optimum.

Fig. 4.11 shows the average energies Epyact and Eqmro as a function of N (left), and the
corresponding approximation ratio (4.10) (right). Error bars indicate again one standard
deviation over the 20 embedded instances used for each system size.
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Figure 4.11: Awverage energies obtained with brute-force and QIRO (left) and corresponding
approximation ratio Egro/Egract (Tight) as a function of the system size N.

In the right panel of Fig. 4.11, the error bars are not explicitly shown. The uncertainties
were nonetheless computed by standard error propagation, treating the errors on the
numerator and denominator as independent. In all cases, the relative errors on the ratio
lie in the 15-25 % range. We also observe a peculiar drop in the approximation ratio at
system sizes that are multiples of N = 8. The precise origin of this effect is unknown and
would require a more detailed analysis, but it may simply be due to statistical fluctuations.

The energies obtained with QIRO are systematically slightly higher than the exact ground-
state energies found by the brute-force solver, but the discrepancy remains small in all
instances. This confirms that the introduction of auxiliary nodes in our construction does
not alter the optimal solution or the structure of the ground state in any substantial way:
the enlarged graph still encodes the original problem with high fidelity.

In particular, the approximation ratio between the QIRO solution and the brute-force
optimum (as defined above) takes values in the range from ~ 0.89 to ~ 0.96, i.e., very close
to unity. Such high ratios indicate that QIRO recovers most of the optimal objective value,
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so that the combined effect of the auxiliary-node mapping and the low-depth variational
ansatz only leads to a moderate loss in performance. Overall, within the regime of system
sizes and connectivities considered here, QIRO thus behaves as a high-quality heuristic
rather than a crude approximation.

As third parameter, we introduce the binary fidelity Fg, which quantifies how well the
bitstring returned by QIRO matches any of the brute-force exact MIS solutions.

Let S denote the bitstring produced by QIRO, and let {SBv(a)}Z(le) be the set of all

optimal MIS bitstrings of common cardinality C'(S”). Each bitstring S?® has length
N, and each entry S; € 0,1 indicates whether node i is included in the MIS.

Since multiple MIS configurations typically exist, comparing S€ with any particular rep-
resentative may underestimate the actual performance of QIRO. We therefore define the
fidelity with respect to the closest MIS configuration, i.e. we consider the maximal overlap
between S¢ and any optimal MIS bitstring:

N

. B

e Ses v
5= C(sP) a:lr,.rfi}?sB); o -

where the quantity

N
POEAC (4.13)

i=1

counts the number of nodes set to 1 both in the QIRO solution and in the a-th exact MIS
configuration, i.e. the MIS nodes correctly identified by QIRO in that optimum. Dividing
by the MIS cardinality C'(S?) ensures that Fp € [0, 1].

Thus, Fg measures the fraction of MIS nodes correctly found by QIRO, maximised over
all degenerate MIS configurations. By construction, Fig = 1 if and only if QIRO returns at
least one exact MIS configuration, so degeneracy does not artificially reduce the fidelity.

The binary fidelity Fg is the analogue of the spin-overlap order parameter [137]
1
_ (4) o(B)
i=~ E IR (4.14)

used to quantify the similarity between two spin configurations; the only difference is
that here we explicitly account for the degeneracy of the ground state by maximising the
overlap over all optimal MIS configurations.

Fig. 4.12 shows the behaviour of the average binary fidelity Fp as a function of N (as
usual, error bars denote one standard deviation). Across all system sizes, Fp remains in
the range from ~ 0.7 to ~ 0.85, denoting that QIRO typically identifies a large fraction
of the MIS nodes in at least one optimal configuration.

This confirms that, beyond achieving near-optimal energies, the algorithm also recon-
structs the combinatorial structure of the solution with reasonably high accuracy: only
about 15-30 % of MIS nodes are, on average, misplaced or missed. Since Fp is maximised
over all degenerate MIS configurations, these values provide a stringent node-by-node

measure of performance that is consistent with the high approximation ratios reported in
Fig. 4.11.
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Results: Simulations with QIRO
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Figure 4.12: Average Binary fidelity Fig between the QIRO solution
and an exact MIS configuration as a function of the system size N.
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Conclusions

In this work we have proposed a method for solving three-dimensional constrained QUBO
instances arising from the MIS problem on unit disk graphs (UDGs). At the core of our
approach lies a geometric embedding algorithm that maps three-dimensional instances into
two-dimensional, topologically equivalent UDGs with only nearest-neighbour interactions,
making them compatible with neutral-atom quantum devices based on Rydberg-atom
arrays.

The embedding algorithm is built upon the core idea that a sufficiently regular three-
dimensional pyramid with triangular base can be mapped to a two-dimensional, bow-tie-
like structure. It is built on a systematic analysis of the possible multi-pyramid configu-
rations and of how to preserve the original connectivity while introducing as few auxiliary
nodes as possible.

We analysed the performance of this embedding procedure in terms of its success probabil-
ity and of the scaling of the final graph size with the original system size and connectivity.
We found that the algorithm has a high success probability when the starting instance
has an average degree dyp < 2, whereas in the range 2 < dyp < 3 the success probability
rapidly drops to zero. This indicates that the algorithm can be scaled to larger system
sizes N, provided that the average degree remains within this threshold.

We then analysed how the size of the embedded graph scales with the original system size
as a function of the disk radius r. A qualitative comparison of different trial fits indicates
that, for relatively small radii, the scaling is approximately linear or at most low-order
polynomial. For larger radii, the stronger clustering of the initial instances instead leads
to quadratic or nearly exponential growth.

The MIS problem on the embedded graphs was tackled using QIRO, a variational hybrid
quantum-classical algorithm of the QAOA family. By comparing its performance to a
classical brute-force solver, we showed that QIRO can handle relatively large system sizes
(N ~ 100) with high efficiency in terms of both convergence time and approximation ratio.
The near-optimal energies and high approximation ratios confirm that the embedding
process does not alter the ground state of the original Hamiltonian and that the enlarged
graph still encodes the correct solution with high fidelity.

Finally, the analysis of the binary fidelity shows that QIRO typically returns a solution
bitstring that reconstructs the exact MIS configuration with good accuracy, missing or
misplacing at most about 30 % of the MIS nodes. Overall, our results indicate that the
combination of geometric embedding and QIRO provides a viable route towards solving
three-dimensional constrained QUBO instances on Rydberg-atom quantum devices.

Looking ahead, several directions emerge quite naturally from this work. On the classical
side, the embedding algorithm could first be stress-tested on larger three-dimensional
instances at fixed average degree, in order to better characterise its scalability in realistic
regimes. Beyond this, one may extend its capabilities by enriching the library of geometric
gadgets used to embed more complex local structures, thereby pushing the maximum
average degree for which the algorithm remains successful. In parallel, the path-finding
routine used to reconstruct edges could be optimised to reduce the number of wire nodes,
for example by systematically favouring shorter or less congested routes, thus limiting the
overhead in the final embedded graph.
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On the quantum side, QIRO could be refined in at least two complementary ways. A
natural extension is to implement the weighted version of MIS and test whether the cor-
rect solution is still encoded with high probability in the presence of non-uniform costs.
In addition, exploring deeper QAOA-style circuits, while keeping classical simulation or
hardware execution efficient, may further improve approximation ratios and binary fi-
delities, thereby enhancing the overall performance of the combined embedding-QIRO
pipeline.



Quantum Mechanics

A.1 Postulates of Quantum Mechanics

Quantum algorithms are formulated within the rigorous mathematical framework of quan-
tum mechanics (QM). First, it’s necessary to establish the fundamental mathematical and
physical concepts underlying the theory. This chapter provides a concise overview of the
formalism of quantum mechanics, expressed in the language of Dirac notation (also
called bra-ket notation), which we briefly recall here. The exposition of this chapter
follows the treatment of [44]. In Dirac notation, every column vector of the Hilbert space
H! that represents a physical quantum state is denoted by a ket vector:

U1
V2
vy =1 .|€H (A1)

Un

To each ket vector, one can associate an element of the dual space H*, called a bra, which
corresponds to the conjugate transpose (Hermitian adjoint) of the ket:

T * * * *
(W= (ly)" = (v} v - v;)eH (A.2)
The scalar product between two vectors |v) and |w) is then expressed as

(w,v) = (wlv) = (Wi wi - wi) (V1) = Zw:vn eC (A.3)
(%) n

/U’fl
With these foundations in place, we can now state the first postulate of QM:

Postulate 1: Associated to any isolated physical system is a complex
vector space with inner product (that is, a Hilbert space H) known as
the state space of the system. The system is completely described by
its state vector |¢), which is a unit vector in H, namely (¢[)) = 1.

The simplest quantum system we can describe is the qubit, a two-dimensional quantum
system whose basis vectors are conventionally denoted by |0) and |1). These states satisfy

H = span{ 0) \1>}
(0]0) = (1]1) =1 (A.4)
(Ol1) = (1/0) = 0

! For simplicity, we will focus on finite-dimensional Hilbert spaces, i.e. those with dim(H) < oo.
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Postulates of Quantum Mechanics

In the most general case a qubit state will be a linear superposition of the form

) = al0) +b[1)
lal* + |b)* =1 (A.5)
a,beC

where a and b are called the amplitudes of the states |0) and |1) respectively.

The next natural question concerns the time evolution of a quantum state: how does
the state [1)) of a system change with time? This is precisely addressed by the second
postulate, which prescribes the law governing state evolution.

Postulate 2: The evolution of a closed? quantum system is described by
the Schrodinger equation

L d
in e 0(0) = HIw (1) (A.0)

where H is the (Hermitian) Hamiltonian operator. The evolution of the
system is unitary, that is

(1)) = U(t) [4(0))

U(t) = exp (— iHt/h) (A7)

U ut) =1
This unitary evolution is the theoretical basis for the notion of quantum gates, which
implement such transformations in the circuit model of quantum computation as we shall

see. Having established how quantum states evolve in time, we now turn to the question
of how information is extracted from it, which is addressed by the third postulate.

Postulate 3: Quantum measurements are described by a collection {M,,}
of measurement operators, which act on the state space of the system being
measured. The index m refers to the measurement outcomes that may occur
in the experiment. If the quantum system’s state is |¢)) immediately before
the measurement then the probability that result m occurs is given by

p(m) = (] M, My [ ) (A.8)
and the state of the system after the measurement is

_ M |¥)
p(m)

[¥') (A.9)

with the measurement operators satisfying the completeness equation

> MM, =T (A.10)

2 A system that doesn’t interact with any other system. Strictly speaking, no physical system is perfectly
closed, but many can be approximated as such, with their dynamics well described by unitary evolution.
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Postulates of Quantum Mechanics

An important special case of quantum measurements is given by projective measure-
ments, which are directly associated with observables. These are represented by Her-
mitian (self-adjoint) operators A = AT acting on the Hilbert space H.

The Hermiticity of observables is crucial: by the spectral theorem, such operators possess
real eigenvalues a; and a complete orthonormal set of eigenvectors {|a;)} that form a basis
of H. Consequently, the operator admits the spectral decomposition

A= Z a; |a;)a] (A.11)

Performing a projective measurement of an observable A is described by the set of projec-
tors { P, = |a;) (a;|}, which constitute a special case of the general measurement operators
M,,, introduced above in Postulate 3. If the system is in the state |¢), the probability of
obtaining the outcome a; is then given by

plai) = (Y| P [) = [ {a;lv) (A.12)
while the post-measurement state reads
%
Y') = W) _ |a;) (A.13)
p(a;)

This construction highlights the role of the outer product |a;) (a;| as the projector onto the
eigenspace corresponding to the eigenvalue a;. More generally, outer products of the form
|¢) (1| define linear operators that map states to states, and they play a fundamental role
in the operator formalism of quantum mechanics.

Having examined the formulation of measurements in quantum mechanics, we now turn
to the fourth postulate, which specifies how composite systems are represented.

Postulate 4: The state space of a composite physical system Hiy is
the tensor product of the state spaces of the component physical systems,
namely Hiot = H1QHo®- - -QH,,. Moreover, if we have systems numbered 1
through n, and system number 7 is prepared in the state [¢;), then the joint

state of the total system is |tVyr) = [11) @ [1h2) @ -+ - @ [1hy) = [012)g . .. y).

This postulate not only defines how to construct the state space of multi-partite systems,
but also introduces the possibility of entanglement.

Def. A.1. Let |¢pap) € Ha® Hp. We say that |¢ap) is a
product state if 3 |¢p4) € Ha and |xg) € Hp such that

[YaB) = |Pa) @ [¥B) (A.14)
We say that [14p) is entangled otherwise

Entanglement is a genuinely non-classical feature of quantum mechanics and constitutes
a key resource for quantum information processing, underpinning tasks such as quantum
teleportation, Bell inequality violations, and the advantage of many quantum algorithms.

Up to this point, we have presented the standard formulation of the postulates of QM. In
the next section, we introduce a more general framework based on density operators.



Density Operators

A.2 Density Operators

The formulation in terms of density operators is mathematically equivalent to the
standard approach, yet often provides a more versatile tool. This framework becomes
particularly valuable when dealing with systems whose state is not completely specified.

More precisely, suppose a quantum system can be found in one of several pure states
|1;), each occurring with probability p;. The collection {p;, [1);)} is called an ensemble of
pure states. The corresponding density operator of the system is defined as

p=D_pilwiui (A.15)

The density operator is also commonly referred to as the density matrix; we will there-
fore use the two terms interchangeably. In particular, for p to qualify as a density operator
associated with some ensemble {p;, |1;)}, it must satisfy two properties:

e p must have unit trace, namely Tr[p] = 1.

e p must be positive semidefinite, i.e. p > 0, meaning that all its eigenvalues are
non-negative, or equivalently that (| p|¢) > 0V [¢).

Before reformulating QM’s postulates in this formalism, it is helpful to introduce some
terminology and a useful property of density operators. First, if a quantum system is in
a pure state® |1, the corresponding density operator takes the simple form

p = V)| (A.16)

More generally, the system may be in a mixed state?, representing a statistical ensemble
of possible pure states p;, each occurring with probability p;. In this case,

p = Zpi |¢z><l/)z| = Zpipi (A-17)

A pure state is the special case where all p; = 0 except one, which equals 1, meaning
that the system’s quantum state |¢) is completely determined. In contrast, a mixed state
reflects probabilistic uncertainty over a set of possible pure states.

The mathematical distinction between pure and mixed states can be captured by a simple
criterion, summarized in the following proposition.

Prop. A.1l. Given a state p € S(H) (the set

of all quantum states in H) it is Tr[p?] < 1.
Moreover Tr[p?] = 1 if and only if p is pure.

The quantity P(p) = Tr[p?] is therefore called the purity of the state p.

3 In the literature, the term ”pure state” is often used to refer only to the state vector |1)) itself, in order
to distinguish it from the corresponding density operator p.

4 Sometimes p is referred to as the (statistical) mizture of the states p; with probabilities p;.
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Density Operators

At this point, we can reformulate QM’s postulates within this framework.

Postulate 1: Associated to any physical system is a complex vector
space with inner product (that is, a Hilbert space H), known as the
state space of the system. The system is completely described by its
density operator, which is a positive operator p with trace one, acting
on the state space of the system. If a quantum system is in the state
p; with probability p;, then the density operator for the system is

p= ZPiPi (A.18)

Having established the description of states, we can turn to their evolution.

Postulate 2: The evolution of a closed quantumm system is described
by a unitary transformation. That is, the state p of the system at time ¢,
is related to the state p’ of the system aat time ¢y by a unitary operator
U, which depends only on the times ¢; and t,. More formally

PL”/{PUT =Zpiulwi><wilw=Zm|¢§>(¢£| =/ (A.19)

In the same spirit, we now restate the third postulate.

Postulate 3: Quantum measurements are described by a collection
{M,,} of measurement operators. These are operators acting on
the state space of the system being measured. The index m refers
to the measurement outcomes that may occur in the experiment.
If the state of the quantum system is p immediately before the
measurement then the probability that result m occurs is given by

p(m) = Tr[M] M,,p] (A.20)

and the state of the system after the measurement is

M,,pM?
g = P m (A.21)
p(m)
The measurement operators satisfy the completeness equation
> MM, =T (A.22)

Finally, we turn to the fourth postulate.

Postulate 4: The state space of a composite physical system is the
tensor product of the state spaces of the component physical systems,
namely Hiot = Hi1 ® Ho ® --- ® H,. Moreover, if we have systems
numbered 1 through n, and system number ¢ is prepared in the state
pi, then the joint state of the total system is p; ® po ® - -+ ® py,.

As anticipated, this reformulation of the fundamental postulates in terms of density op-
erators is mathematically equivalent to the usual description with state vectors.



Density Operators

We can also reformulate the definition of entangled states within this formalism.

Def. A.2. Let p € S(Ha ® Hp). Then we say that
e pis a product state if 30 € S(H4) and w € S(H ) such that p = o @ w.
e pis a separable state if 3{pi'}, {p2} and p, > 0 with

> =1 (A.23)
k
such that

p=> pupi ®pf (A.24)
k

e p is entangled otherwise.
An important property of S(H) is that it is convex, that is, taken p1, ps € S(H)
pA) =Ap1 + (1 —XN)p2 € S(H) (A.25)

for all 0 < A < 1. This property is illustrated schematically in Fig. A.1.

Figure A.1: Given p1, p2 € S(H), any point on the line con-
necting them is a valid density operator and can be written as
in (A.25). The same density operator p(\) can also be ex-
pressed in different ways (non-uniqueness of representation),
e.g. p(A) = Ap1+(1=N)p2 = ppl+(1—p)ps. If instead p(N) is
pure (points on the boundary of S(H), where no interpolation is
possible), its representation is unique, namely p; = pa = |[Y)X|.



The Bloch Representation

A.3 The Bloch Representation

The general qubit state (A.5) can be expressed in the form (up to an overall phase®)

) = cos (g) 10) + expl(ie) sin (g) 1) (A.26)

With 0 <6 <7mand 0 < ¢ < 27. The parameters 6 and ¢ specify a point on the surface of
the unit three-dimensional sphere, depicted in Fig. A.2. This sphere, known as the Bloch
sphere, provides a convenient way to visualize the state of a single qubit. Moreover, many
single-qubit operations are naturally described within this framework. Nonetheless, one
must keep in mind that this intuition has limitations, as no straightforward generalization
of the Bloch sphere exists for systems of multiple qubits.

<< J

x
Figure A.2: Bloch sphere representation of a qubit.

Pure states are represented on the surface of the Bloch sphere, while mixed states are
depicted as points inside it. To provide a unified notation for visualizing both pure and
mixed states on the sphere, we introduce the well-known Bloch representation. Before
delving into it, we first need to introduce the Pauli matrices

(0 e (0F) (30 )

These will be grouped into the following vector:

G = (0g,04,0:) (A.28)

5 This global phase is always omitted, as it has no observable physical effects.
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The Bloch Representation

Since the Pauli matrices, along with the identity matrix I, form a basis for the space of
2 x 2 Hermitian matrices over the real numbers, it follows that any single-qubit state can
be expressed as a linear combination of the form:
p = aol + a0, + azoy, + azo, (A.29)
If we now introduce the so-called Bloch vector®
r= (2&1, 2&2, 2@3) <A30)

Then we can write the famous Bloch representation as

(I+7-d) (A.31)

B
P=3

where ||7]] < 1, with equality holding for pure states. For two distinct pure states p; and

po with corresponding Bloch vectors 77 and 75, a mixed state can be written using an
expression analogous to the convez representation (A.25):

1 — —
PA) = Ao+ (1= Np2 = 5 (]I +7(A) - a) (A.32)
where 7(A) lies in the interior of the sphere and reads
FA) = A+ (1= M) (A.33)

This situation is shown in Fig. A.3.

Q@> Vv

z

Figure A.3: Mized state’s Bloch vector.

6 The value of ag can be proven to be 1/2, that’s why it is not included in the Bloch vector.



Reduced Density Operators

A.4 Reduced Density Operators

The most profound use of the density operator lies in its role as a descriptive tool for
subsystems of a composite quantum system. This role is fulfilled by the reduced den-
sity operator. Consider two physical systems, A and B, jointly described by a density
operator pAB. The reduced density operator of system A is then defined by

pt = Trp [p*7] (A.34)
where Trp is a map of operators known as the partial trace over system B, defined by

Trp = [|a1><a2| ® [b1)(ba| | = |a1Xaq| Tr |:|b1><b2|:| = |a1 Y as| (ba|b1) (A.35)

where |a1) and |ay) are any two vectors in the state space of A, and |b;) and |by) are any
two vectors in the state space of B. To fully define the partial trace, in addition to (A.35)
one must also require that it acts linearly on its input.

Remark It is not immediately clear in what sense the reduced density operator of system
A can be regarded as a description of the state of A. The physical justification lies in the
fact that the reduced density operator reproduces the correct measurement statistics for
all measurements performed solely on system A, as discussed in detail in [44].

A first property of reduced density operators follows directly from (A.35). Indeed,

Prop. A.2. If a quantum system is in the product state p*? = p® o, where p is
a density operator for system A, and o is a density operator for system B; then

pa = Trglp @ o] = pTr[o]

P (A.36)

pp = Tralp ® o] = o Tr[p]

A less trivial, yet particularly important property (since it constitutes a key hallmark of
quantum entanglement) is the following:

Prop. A.3. p*? is entangled if and only if p* is in a mixed state.

This is a remarkable result: even if the joint state of two qubits is pure (i.e., known ex-
actly), each individual qubit is in a mixed state, about which we lack maximal knowledge.
Property A.3 is difficult to prove in full generality, but a simple illustration comes from
one of the four famous Bell states (which are all pure).

1

V2

Computing the reduced density operator for the subsystem A one finds

) (|00> + |11>) (A.37)

I
pt == (A.38)
2
which is a mixed state according to Prop. A.1, indeed
1 1 1
Tr[p4] =-Tr[=--2=-<1 A.
v 4] 1 (1] 1 5 < (A.39)



States Decompositions

A.5 States Decompositions

Density operators and the partial trace are only the starting point in the toolbox for
analyzing composite quantum systems, which lie at the core of quantum computation
and quantum information. Three further tools of central importance are the Schmidt
decomposition, the polar decomposition and the singular value decomposition,
which we introduce in this section, beginning with the Schmidt decomposition’.

Th. A.1. Suppose [¢) is a pure state of a composite system,
AB. Then there exist orthonormal states |i4) for system A,
and orthonormal states |ig) of system B such that

) = Z Ailia) lip) (A.40)
where \; are non-negative real numbers satisfying
d =1 (A1)

known as Schmidt coefficients.

This is a very useful result since, for pure states, one will have
pt = A lia)ial
PP =" N ip)is|

Thus, the eigenvalues of p# and p? coincide and are given by A? for both reduced density
operators. Many important characteristics of quantum systems are determined entirely by
these eigenvalues, so for a pure state of a composite system such properties will necessarily
be identical for both subsystems. In particular, this brings us to the following definition,
directly associated with the Schmidt decomposition:

(A.42)

Def. A.3. The bases |i4) and |ig) are called the Schmidt bases for
A and B, respectively, and the number of non-zero values \; is called
the Schmidt number (or Schmidt rank) r for the state |¢).

The Schmidt number is a key property of a composite quantum system, as it provides a
direct indicator of entanglement between subsystems A and B. In fact, the only states
with » = 1 are pure product states, which by Def. A.1 are not entangled. Conversely,
any entangled state necessarily has r» > 1. Thus, the value of r already gives us a clear
criterion for distinguishing separable from entangled states.

We now turn to two further decompositions: the polar decomposition and the singular
value decomposition®(SVD). Both provide powerful ways of expressing linear operators in
simpler terms, in particular as products of unitary and positive operators. Since the SVD
is defined in terms of the polar decomposition, we begin by introducing the latter.

" Proofs of all these decompositions can be found in [44].

8 Unlike eigenvalue decompositions, the singular value decomposition exists for every real or complex
matrix, making it a universally applicable tool.



States Decompositions

Th. A.2. Let A be a linear operator on a vector space V. Then
there exists unitary U and positive operators JJ and K such that

A=UJ = KU° (A.43)

where the unique positive operators J and K satisfying these
equations are defined by J = vV ATA and K = vV AAf. Moreover,
if A is invertible then U is unique.

The SVD combines the polar decomposition and the spectral theorem.

Th. A.3. Let A be amxn complex matrix. Then there exist unitary matrices
U and V', and a diagonal matrix D with non-negative entries such that

A=UDVT (A.44)

The diagonal elements of D are called the singular values of A.

Moreover, the singular values are uniquely determined by A. The number of non-zero
singular values equals the rank of A, and in general they are given by the square roots of
the eigenvalues of ATA. In the special case where A is Hermitian and positive semidefinite,
such as a density matrix, the singular values coincide with the eigenvalues.

We conclude this section with a useful method for relating pure and mixed states, called
purification. Given a state p? of a quantum system A, one can introduce an auxiliary
system R and construct a pure state |AR) of the joint system such that

P =Tr [|AR>(AR|] (A.45)

That is, the pure state |[AR) reduces to p** when restricted to system A. Since this is a
purely mathematical construction, the auxiliary system R is called a reference system: it
is fictitious and has no direct physical meaning.

As shown in [44], any mixed state can be purified using the Schmidt decomposition by
defining a pure state whose Schmidt basis on A is the eigenbasis of p4, with Schmidt
coefficients given by the square roots of its eigenvalues.

For any given state, the purification is not unique; different purifications are related by
the Schrédinger-HJW theorem (also known as the purification theorem) [138,139].

Th. A.4. Let p? be a mixed quantum state, and let [p4z) and | 4r/) be two
purifications of p# on (possibly different but equally dimensional) reference
systems R and R'. Then these purifications differ by a unitary acting only
on the reference systems: there exists a unitary operator Urg such that

[Yar) = (Ta © Urr') [par) ™ (A.46)

9A =UJ and A = KU are called left and right polar decomposition, respectively. In practice, the
qualifiers “left” and “right” are often omitted, with the context making clear which form is intended.

10 The notation I4 ® Urr emphasizes that no transformation occurs on system A, while I/ acts solely on
the reference systems.
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A.6 Quantum Channels and Circuits

By QM'’s second postulate, closed systems evolve unitarily. Realistic systems, however,
are rarely isolated: interactions with an external environment lead to non-unitary dynam-
ics. Such open-system dynamics are described by quantum channels, which generalize
unitary transformations to the most general physically admissible state evolutions. To
formalize this notion, one adopts an aziomatic approach: a quantum channel £(-) must
satisfy two properties ensuring physical consistency, the first being trace preservation:

Tr [E(p)] = Tr[p] (A.A47)

The second property that quantum channels must satisfy is complete positivity:

Def. A.4. A linear map £ from operators on a Hilbert space H 4
to operators on H g is completely positive if, for every auxiliary
Hilbert space Hpr of arbitrary dimension, the extended map

I[r®E& :E(HR(X)HA) —)ﬁ(HR(X)HB) (A.48)
maps positive operators to positive operators. In particular,
A>0 = (Izr®&)(A) >0 (A.49)

forall A€ L(Hr® Ha)'.

Together, these two properties guarantee physical consistency. Complete positivity is
stronger than positivity alone, since every completely positive map is positive, but not
vice versa. Physically, it ensures that a channel remains valid even when the system is
entangled with an arbitrary ancilla: the extended map I ® & must still yield valid density
operators. With these requirements in place, we can now define a quantum channel:

Def. A.5. A quantum channel is a linear map on density opera-
tors that is both trace preserving and completely positive (CPTP).

The equivalence between this axiomatic definition of quantum channels their characteri-
zation through the operator-sum representation is established by Choi’s theorem!?:

Th. A.5. The map £ is a quantum channel if and only if
E(p) =) KipK® (A.50)
for some set of operators {K;} : Hi, — Houe which

Y KKl =1 (A.51)

11'We denote with £(H) the set of all linear operators acting on the Hilbert space H.
12 The proof can be found in [44].

13Eq. (A.50) is known as Kraus representation and the K; are called Kraus operators.
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Although quantum channels are not necessarily unitary, there is a fundamental result,
proven in [44], showing that any such map can always be realized physically as a unitary
transformation on an enlarged Hilbert space.

Th. A.6. Let £: L(Ha) = L(Ha) be a quantum channel. Then there exist
an auxiliary Hilbert space Hg'?, a state |eg) € Hp, and a unitary operator

Usp : HAa®@Hp — Ha @ Hpg (A.52)

such that

£(p) = Tru [uAE (04 ® |eo)eol )ULE] . (A.53)
This construction is known as the Stinespring representation of £.

Unitary quantum channels are commonly referred to as quantum gates, and, apart
from measurements, they are the only operations allowed in the standard quantum circuit
model. More general quantum channels are frequently employed to describe noise pro-
cesses, such as the bit-flip, phase-flip, ampltude-damping or depolarizing channels, which
capture the effects of decoherence and errors in realistic devices.

A quantum circuit is then defined as a sequence of unitary operations applied to an
initial set of qubits; these gates can act on single qubits or on pairs of qubits.

\

(.
|21) U |01)

{ li2) 02) p

input

|i3)
\

Figure A.4: Schematic representation of a quantum circuit: input qubits are,
unless otherwise specified, initialized in the |0) state and evolve through a se-
quence of unitary operations into output states. In this notation, time always
flows from left to right. The output qubits are eventually measured, although
the measurement symbol is not shown here and will be introduced later.

14 The subscript E denotes the environment associated with system A.
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We now introduce the most commonly used quantum gates, beginning with single-qubit
gates, which are easy to visualize as rotations on the Bloch sphere (A.26). The first set is
given by the Pauli gates, which directly implement the Pauli matrices (A.27). Each Pauli
gate corresponds to a rotation by 7 around its associated axis on the Bloch sphere: X
around the z-axis, Y around the y-axis, and Z around the z-axis.

Beyond the Pauli gates, other fundamental single-qubit gates are the Hadamard gate
H, which performs a rotation of 7 around the axis (x + z)/v/2 and plays the key role
of creating superposition states, the phase gate S, corresponding to a rotation of /2
around the z-axis, and the T gate, corresponding to a rotation of m/4 around the z-axis.
Their action is fully specified by the following matrix representations:

H= % G _11) (A.54)
N A.55
X s

r— (b ta (A.56)
o )

Moving on to two-qubit gates, the most important examples are the SWAP gate, which
exchanges the states of two qubits, the controlled-NOT (CNOT) gate, which flips the
target qubit conditional on the control and, crucially, enables the creation of entanglement
between qubits, and the controlled-Z (CZ) gate, which applies a phase flip to the target
when the control is in |1). Their action is given by the following matrices:

1000
0010

SWAP=| 0 1 o ¢ (A.57)
000 1
1000
010 0

CNOT= [, o o 1 (A.58)
0010
100 0O
010 0

Z=10 01 o (A.59)
000 —1

Any unitary matrix acting on qubits defines a valid quantum gate. However, multi-
qubit unitaries are often difficult or impractical to implement directly. Fortunately, any
quantum computation can be constructed from a finite universal gate set, since every
n-qubit unitary can be decomposed into one- and two-qubit gates. A widely used (though
not unique) choice of universal set is

{CNOT, H, S, T} (A.60)
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It can be shown that any unitary operator U € U(N) can be expressed ezactly as a finite
sequence of single-qubit operations and CNOT gates. This result assumes access to an
ideal, continuous set of single-qubit rotations, allowing arbitrary parameters.

In practice, however, physical implementations rely on a discrete set of gates. Remarkably,
it can be proven that any single-qubit operation can be approximated to arbitrary accuracy
e using only gates from the universal set (A.60).

In summary, ezact universality is achieved when arbitrary continuous single-qubit rota-
tions are available, while approrimate universality arises when one restricts to a finite,
discrete set of gates that densely generates U(V).

For clarity, the main circuit symbols are collected in the following figure.

qubit — X — H — s — — 7T =
classical bit Hadamard gate  Phase gate /8 gate
u— Y I
ﬁ& n qubits }C T
= —b— 7z
— /7< measurement - SWAP CNOT CZ
Pauli gates

Figure A.5: Clircuit symbols for common quantum operations: single-qubit
gates (X,Y,Z, H,S,T), two-qubit gates (SWAP, CNOT, CZ), measurement,
and notations for qubits, classical bits, and multi-qubit registers.

We close this section by reporting an important result: any classical logic circuit can
be simulated using a quantum circuit. The equivalence is not straightforward though,
since quantum logic gates are inherently reversible (since they are unitary by definition),
whereas many classical logic gates such as the NAND gate are inherently irreversible.

Another major difference between classical and quantum computation is the impossibility
of cloning an arbitrary quantum state, known as the no-cloning theorem [140]. While
a classical bit can be copied using a simple CNOT gate, an unknown quantum state
cannot be duplicated. Intuitively, this reflects the fact that a qubit contains information
that is not directly accessible through measurement. For instance, in the entangled state
a]00) + b|11), measuring one qubit yields 0 or 1 with probabilities |a|* and |b|?, and
simultaneously determines the state of the other qubit. The coefficients a and b, the
“hidden” information of the original state |¢)), are lost upon measurement and cannot be
recovered. If perfect copying were possible, that information would persist in the clone,
contradicting quantum mechanics [44].

Fortunately, any classical circuit can be transformed into an equivalent one built entirely
from reversible elements, using the Toffoli gate as a fundamental building block. Its
circuit symbol and matrix representation are shown in Fig. A.6. Since the Toffoli gate
admits a direct quantum implementation, it follows that, in principle, every classical
circuit can be simulated by a quantum circuit.

We conclude this section by noting that quantum computers can also efficiently simulate
non-deterministic classical computers, i.e., machines capable of generating random bits.
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To achieve this, it suffices to produce fair coin tosses, which can be realized by preparing a
qubit in |0) (or |1)), applying a Hadamard gate (A.54) to obtain the superposition states

_ 0y £11)
|£) = 75 (A.61)

and then measuring the state. The outcome will be |0) or |1), with equal probability.

OO O OO OO+
OO O OO OO
OO o OO OO
[eNeNoNell oo No)
SO OO OO
OO r OO O OO
HO OO OoOOoOOoOo
O O OO O oo

c D c D ab

Figure A.6: Clircuit symbol and matrixz representation of the Tof-
foli (CCNOT) gate. The target qubit is flipped when both control
qubits are in |1). Here, @ denotes addition modulo 2.
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B.1 General Overview

Computational complezity theory (or simply complezity theory) is the study of the minimal
resources required to solve computational problems. In particular, it aims to distinguish
between problems that admit efficient algorithms (the “easy” problems) and those that
are inherently intractable (the “hard” problems). Computational complexity also provides
the foundations for most of modern cryptography, whose goal is to design cryptosystems
that are “easy to use” but “hard to break” [141].

In the most general terms, a computational problem can be defined as in [9]: a problem
is a general question to be answered, typically involving several parameters (or free vari-
ables) whose values are left unspecified. A problem is described by providing a general
description of all its parameters and a statement of the properties that the answer, or
solution, is required to satisfy. An instance of a problem is obtained by assigning specific
values to all the problem’s parameters. Within this general framework, algorithms can
be defined as general, step-by-step procedures for solving problems. An algorithm is said
to solve a given problem II if it can be applied to any instance I of II and is guaranteed
always to produce a solution for that instance.

Once an algorithm is found, how do we “quantify” its efficiency in solving II? The most
basic resource studied in computational complexity is the running time, defined as the
number of “elementary operations” performed by an algorithm. However, providing a
formal definition of an elementary operation can be tricky; therefore, to make it precise,
one must fix a model of computation (such as the Turing machine [142]). Typically, the
running time is measured as a function of the input length. For the vast majority of
computational problems, the input is expressed as a finite sequence of bits, i.e., a finite
sequence of zeroes and ones. The set of all strings (see Def. B.2 below) of length n is
denoted by {0, 1}", while the set of all strings is denoted by {0,1}* = U,,>0{0, 1}".

To express more formally the concept of an algorithm’s “efficiency,” we introduce the so-
called Big-Oh notation (or simply O-notation) [136,143], which is useful for expressing
asymptotic upper bounds of functions.

Def. B.1. If f and g are two functions from N to N, we say that f = O(g) if
there exist positive constants ¢ and ng such that 0 < f(n) < cg(n), ¥n > ny.

In this way, we can express the efficiency of an algorithm using a function f from the set of
natural numbers N to itself, where f(n) denotes the maximum number of basic operations
the algorithm performs on inputs of length n. If the algorithm runs in polynomial time,
namely f(n) = O(n®) for some constant ¢, we say that it is efficient.

Now, to distinguish among different computational problems, we need the concept of
complexity classes; however, to define them, we must first fix a computational model.
Since, historically, they were first defined in terms of Turing machines, we will proceed in
the same way and introduce this model in the following section.
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n

Figure B.1: Graphic example of the O-notation B.1, where we
have two positive constants ¢ and ng such that at and to the
right of ng, the value of f(n) always lies on or below c g(n).

B.2 Turing Machines

Before introducing the Turing machines’ model, it’s useful to formalize the basic objects
they manipulate, that is alphabets and strings [144].

Def. B.2. An alphabet ¥ is a finite non-empty set, whose elements are called
letters or symbols. A string over ¥ is a finite sequence of symbols in 3.

Turing machines are a class of ” automatic machines” introduced by Turing In 1936, with
the aim of providing a rigorous formulation of the notion of an algorithm for executing a
computational task. A Turing machine constitutes a mathematical model of computation,
representing an abstract device that processes symbols on an infinite tape according to a
finite set of deterministic transition rules. In particular, following [44]:

Def. B.3. A Turing machine (TM) is a mathematical model of computation
describing an abstract machine that manipulates symbols from an alphabet
> on a strip of tape according to a table of rules with the goal to compute the
value of a function on a given input. A TM is made of four main elements:

e A finite-state-control
e A memory tape

o A read-write tape-head

A program
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We now examine each of these elements in detail to clarify their roles:

e The finite-state-control consists of a finite set of internal states qq,...q,, plus two
special internal states, labelled g (starting state) and g, (halting state).

e The tape is a one-dimensional object, which stretches off to infinity in one direction,
consisting of an infinite sequence of tape squares each containing one symbol drawn
from some alphabet ¥ which, for simplicity, we assume to contain just four symbols:
0, 1, b (the "blank” symbol) and > (to mark the left hand edge of the tape).

e The read-write tape-head identifies a single square on the tape as the square that
is currently being accessed by the machine.

e A program for a Turing machine is a finite, ordered list of instruction lines of the
form (q,z,q,2,s) where ¢ and ¢ are internal states, z,2’ € ¥, and s € {0, £1}.
If the current internal state is ¢ and the symbol under the head is x, the machine
searches for an instruction with matching ¢ and . When such an instruction is
found, it is ezecuted: the state changes to ¢/, the symbol z is overwritten by 2/, and
the head moves left, right, or remains stationary depending on whether s equals —1,
+1, or 0, respectively. If no matching instruction exists, the internal state of the
machine is changed to gp,.

Summarizing, the machine starts its operation with the finite state control in the state ¢,
and with the read-write head at the leftmost tape square. The computation then proceeds
in a step by step manner according to the program. If the current state is g, then the
computation has halted, and the output of the computation is the current (non-blank)
contents of the tape. Fig. B.2 gives a schematic representation of a TM.

Program Finite State
. Control
Read-Write
Tape-Head

Tape
(O(1(1]1]0|1]0jO|1[{1[{O|b|b|bL|®®@®—>

Figure B.2: Main elements of a Turing machine.

Simultaneously with Turing’s work, Alonzo Church introduced a method for defining
functions known as the A-calculus [145], and called A-computable any function on the
natural numbers that can be represented by a A-calculus term. What both Turing [146]
and Church [147] later proved is that the notions of A-computable and Turing-computable
functions (where a function is Turing-computable if it can be computed by a TM) are
equivalent. Moreover, they also showed that these classes coincide with the class of u-
recursive (or general recursive) functions, originally proposed by Godel and Herbrand in
1934 [148] and later formalized and published by Kleene in 1936 [149].
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All these equivalences are encapsulated in the well-known Church-Turing thesis:

The class of functions computable by a TM corresponds exactly to the class of
functions which we would naturally regard as being computable by an algorithm.

Equivalently, it can be stated more informally as follows [150].

A function is effectively computable, that is, computable by means
of a finite, well-defined procedure such as calculations performed
with paper and pencil, if and only if it is Turing-computable.

It may appear obvious that every function can be computed given enough time. Yet some
functions cannot be computed in any finite number of steps. Formally, this is captured
by the following theorem, whose proof is given in [143].

Th. B.1. 3 f:{0,1}* — {0, 1} that isn’t computable by any TM.

There are many examples of uncomputable (also called undecidable) functions, the most
famous being the so-called HALT function. This function takes as input a pair (o, )
and outputs 1 if and only if the TM represented by the Turing number, hat is, a natural
number encoding the machine in a standard enumeration of all Turing machines, uniquely
identifying it up to the choice of encoding, M, halts on input = within a finite number of
steps. It turns out that this function is not Turing-computable, as stated in the following
theorem, whose proof can again be found in [143].

Th. B.2. HALT is not computable by any TM.

A priori, it is not evident that every function we would intuitively regard as computable by
an algorithm can, in fact, be computed by a TM. Church, Turing, and many others have
devoted substantial effort to collecting evidence in support of the Church-Turing thesis,
and to date no counterexamples have been found. Nevertheless, the possibility remains
that a function violating the thesis could exist. The discovery of such a function would
force a radical revision of whole areas of logic and theoretical computer science, most
notably complexity theory, requiring a reformulation from the ground up and revealing
the incompleteness of Turing’s model as encapsulated in the Church-Turing thesis.

There are many variants of the basic TM model. For example, one may consider machines
with different types of tapes, such as two-way infinite tapes or multidimensional tapes.
As far as is currently known, no modification of the Turing model that is physically
reasonable leads to a strictly larger class of computable functions.

This invariance of computational power under reasonable changes to the definition is
usually referred to as robustness. In particular, it can be shown that all such variants
of Turing machines are equivalent, meaning that each model can simulate the other. For
instance, the equivalence between the multitape and the single-tape models is established
by the following theorem, whose proof is given in [151].

Th. B.3. Every multitape TM has an equivalent single-tape TM.
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Another important variant of Turing’s model is the nondeterministic Turing machine
(NTM), which, at any point in the computation, may proceed according to several possible
transitions. Formally, such machines are governed by transition functions of the form

0:QxY—QxXx{L,R} (B.1)

where () is the set of internal states, > the tape alphabet, and {L, R} specifies the
head movement (Left or Right). In other words, for each pair of current state and tape
symbol, the transition function returns a set of possible instructions rather than a single
one. The computation of an NTM can thus be visualized as a tree whose branches
represent the different possible choices at each step. An input is accepted if at least
one computation branch leads to an accepting state. Despite this apparent additional
flexibility, nondeterminism does not affect the power of the Turing machine model, as
established by the following theorem, whose proof is again in [151].

Th. B.4. Every nondeterministic TM has an equivalent deterministic TM.
Among the different NTMs, the most significant is the probabilistic TM [143,151].

Def. B.4. A probabilistic Turing machine (PTM) M is a nondeterministic TM
in which each nondeterministic step is interpreted as a coin-flip step. At such a
step, the machine has exactly two possible successor configurations, correspond-
ing to applying one of two transition functions, d; or d2, both of the form given
in (B.1). Each computation of M on input x can be represented as a branch in
the computation tree. We assign a probability to each branch b by defining

Pr[b) = 27, (B.2)

where k£ denotes the number of coin-flip steps along branch b. The probability
that M accepts z is then defined as

Pr[M accepts =] = »  Prb], (B.3)
bEBacc
where B,.. denotes the set of all accepting branches of the computation tree.

It is important to emphasize that each coin-flip step corresponds to an independent ran-
dom choice, with probability 1/2 of applying §; and probability 1/2 of applying ds; more-
over, the machine does not retain any information about previous outcomes beyond what
is already encoded in its current configuration [143].

PTMs are of particular importance in light of the Strong Church-Turing thesis [44],
since they capture the idea that allowing randomness may yield more efficient algorithms
than those obtainable with purely deterministic Turing machines.

Any model of computation can be simulated on a PTM with at most a
polynomial increase in the number of elementary operations required.

The Strong Church-Turing thesis essentially states that the entire theory of computational
complexity can be framed in terms of PTMs: if a problem admits a polynomial-time
algorithm on some model of computation, then it also admits one on a PTM; conversely,
if no such algorithm exists on a PTM, then no efficient algorithm exists at all.
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B.3 Complexity Classes

One of the central goals of complexity theory is to classify computational problems ac-
cording to their intrinsic difficulty: given a problem, how much computing power and how
many resources are needed to solve it? Although precise answers to such questions remain
out of reach, substantial progress has been made in grouping problems into complexity
classes, which capture, at least approximately, their inherent computational difficulty.
In what follows, we introduce the main classes, explain how problems can be catego-
rized according to the time required to solve them, and discuss what is known about the
relationships between these classes. Before proceeding, we introduce some preliminary
notions. The most fundamental of these is the concept of a decision problem [152],
since most computational problems can be formulated in this way.

Def. B.5. A decision problem is a computational problem whose an-
swer is restricted to either " yes” or "no”. Formally, it can be represented
as a Boolean function f : {0,1}* — {0, 1} where the input is a binary
string of arbitrary length and the output is 1 (for ”yes”) or 0 (for "no”).

Equivalently, decision problems are often described in terms of languages [44]

Def. B.6. A language L over the alphabet ¥ is a subset
of the set X* of all (finite) strings of symbols from X!

Thus, every decision problem can be equivalently expressed as the task of deciding whether
a given string is an element of the language L. With these preliminaries in place, we can
now formally introduce the concept of a complexity class [152]

Def. B.7. A complexity class is a set of decision problems (i.e.,
languages) that all have similar computational complexity

As anticipated, the most commonly used resource for quantifying the complexity of an
algorithm is its running time (corresponding to the number of basic operations performed).
It is therefore natural to introduce the notion of a time complexity class [151].

Def. B.8. Let t : N — N be a function. Define the time
complezity class, TIME(t(n)), to be the collection of all lan-
guages that are decidable by an O(¢(n)) running-time TM.

Having established the necessary preliminaries, we can now proceed to the definition of
the major complexity classes, starting with the class P [151].

Def. B.9. P is the class of languages that are decidable
in polynomial time on a deterministic TM. In other words,

P = JTIME(n") (B.4)

1 Tn most practical cases ¥ = {0,1} and thus a language will just be any subset of {0, 1}* [153].
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Next, we move to the class NP [152,153], which plays a central role in complexity theory
since a vast number of fundamental computational problems lie within it.

Def. B.10. NP is the class of languages L for which membership (that is,
inputs for which the correct answer is "yes”) can be verified in polynomial time
by a deterministic TM, given an appropriate certificate. Equivalently, NP is
the class of languages decidable in polynomial time on a nondeterministic TM.

Not all problems within the same complexity class are equally difficult. To compare their
relative difficulty and establish a hierarchy among them, we first introduce the notions of
reducible languages and reductions [151].

Def. B.11. Language A is said to be (mapping) reducible to language
B if there is a computable function f : ¥* — 3*, where for every =z,

reA < f(x)eB (B.5)

The function f is called the reduction from A to B. If f can be computed
in polynomial time, the reduction is called a polynomaial-time reduction.

It is important to note that if a language A is reducible to a language B, this implies
that A is no harder than B: an efficient algorithm for B immediately yields an efficient
algorithm for A. However, this does not mean that A and B are equally difficult. Only
when reductions exist in both directions (A <, B and B <, A) the two problems can be
regarded as equivalent in complexity. Having introduced the notion of reductions, we can
now formally define the concept of complete languages [151].

Def. B.12. Let C be a complexity class. A language A is said to be
C-complete if it satisfies the two following conditions:

e AcC

e Every B € C is polynomial-time reducible to A (i.e., A is C-hard)

It is worth stressing that the definition of C-hardness does not require the problem itself
to lie within the class C (for instance, the Halting Problem is NP-hard but not in NP).
By contrast, a C-complete problem is both in C and C-hard, and thus represents the
“hardest” problems of the class. Consequently, if an efficient algorithm were found for
any C-complete problem, every problem in C could be solved efficiently as well.

Having given the definition of C-completeness, we can now introduce the well-known P
vs NP problem. This question was first formulated in the early 1970s, when Cook [7]
and Levin [154,155] independently proved that the Boolean satisfiability problem (SAT)
is NP-complete, a result that has since become known as the Cook-Levin Theorem.

By definition it is clear that P C NP, since every problem that can be solved in polyno-
mial time can also have its solutions verified in polynomial time. What remains unknown,
however, is whether the converse inclusion holds: does NP C P? In other words, is every
efficiently verifiable problem also efficiently solvable? Resolving this question, whether
P = NP or P # NP, still remains one of the deepest open problems in theoretical com-
puter science [156,157], whose resolution would fundamentally reshape our understanding
of computer science and computational complexity.
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In addition to running time, another fundamental computational resource is the space used
by a TM, that is, the number of tape cells it scans during the computation. Considering
space as the complexity measure leads to the definition of the class PSPACE [151].

Def. B.13. PSPACE is the class of languages that are
decidable in polynomial space on a deterministic TM.

By their very definitions, we immediately obtain the chain of inclusions P € NP C
PSPACE. Indeed, every nondeterministic polynomial-time computation uses at most
a polynomial number of tape cells, so NP C PSPACE. While these containments are
straightforward, what remains unknown is whether they are strict. In particular, the
question of whether NP = PSPACE or NP C PSPACE is still an open problem [158].

The last notable classical complexity class to be introduced is the widely studied BPP,
which stands for Bounded-Error Probabilistic Polynomial time [151].

Def. B.14. BPP is the class of languages that are decidable
in polynomial time on a PTM with an error probability of 1/3.

Again, by the definitions, we have the inclusions P C BPP C PSPACE, where the first
containment holds because every deterministic polynomial-time algorithm is a special case
of a probabilistic one, while the second follows from the fact that a PSPACE machine
can simulate all possible random choices using only polynomial space.

It is widely conjectured that randomness does not increase computational power asymp-
totically, leading to the belief that P = BPP. However, the precise relationship between
the BPP and NP classes remains unknown: it is still not established whether BPP C NP,
NP C BPP, or neither [159].

The only quantum complexity class we (informally) introduce is the analogue of BPP,
namely BQP, which stands for Bounded-Error Quantum Polynomial time [44].

Def. B.15. BQP is the class of computational problems that can be solved
efficiently on a quantum computer, with an error probability of 1/3.

It is important to note that the error bound of 1/3 which appears in the definitions of
both BPP (Def. B.14) and BQP (Def. B.15) is arbitrary, though it is the most common
convention. In fact, any constant error probability strictly between 0 and 1/2 leads to an
equivalent definition of the class, as shown in [151]. As an example, a less common choice
for € is 1/4, as adopted in [160, 161].

From the definitions we obtain the inclusions P C BPP C BQP C PSPACE, where the
first two follow because every deterministic or probabilistic polynomial-time algorithm
can be simulated by a quantum computer, while the last inclusion holds since a PSPACE
machine can simulate the evolution of a polynomial-size quantum circuit using only poly-

nomial space. The precise relation between BQP and NP, remains unknown: it is not
established whether BQP C NP, NP C BQP, or neither? [162,163].

2 Tt is known that BQP contains problems outside P, such as integer factoring, but to date no NP-complete
problem has been proven to be in BQP.
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Summarizing, the following chain of inclusions represents the only relations between these
complexity classes that are formally established:

P C NP C PSPACE (B.6)
P C BPP C PSPACE (B.7)
P C BPP C BQP C PSPACE

Fig. B.3 illustrates schematically the possible relations between the complexity classes.

PSPACE

Figure B.3: Schematic representation of the main possible relations between the com-
plezity classes discussed. The inclusions in egqs. (B.6) to (B.8) are known, while the
relations between NP and BPP/BQP remain unresolved. The classes NP-Complete
and NP-Hard are shown relative to NP only.

B.4 NP-Complete Problems

As already noted, the Boolean satisfiability problem (SAT) was the first to be shown
NP-complete, a result obtained by Cook in 1971 and, independently, by Levin in 1973.
Building on this foundation, in 1972 Richard Karp [8] identified 21 additional problems
as NP-complete by constructing polynomial-time reductions from SAT.

The rapid development of the field culminated in 1979 with the publication of Garey and
Johnson’s monograph [9], which systematically presented hundreds of NP-complete prob-
lems, introduced a standardized reduction methodology, and provided a comprehensive
catalog that remains a standard reference to this day.
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Since then, the study of NP-complete problems has become a central theme in theoretical
computer science, not only because of its foundational role in the P versus NP question?,
but also because of its practical implications: it shows that many natural problems in
optimization, scheduling, graph theory, and beyond share a common barrier to efficient
exact solution. For this reason, before turning to the specific problem studied in this
work, it is useful to recall the general framework of NP-completeness.

As mentioned, NP-complete problems represent the most difficult problems within NP.
Thus, if a single NP-complete problem were shown to admit a polynomial-time algorithm,
then all problems in NP would, yielding the P = NP collapse. Conversely, once a problem
is established as NP-complete, this serves as evidence that no efficient exact algorithm is
likely to exist, and the focus shifts toward approximation schemes, parameterized meth-
ods, or heuristic strategies, an approach that will also be adopted in this work.

In light of this intrinsic hardness, research has focused on alternative strategies rather
than seeking general polynomial-time algorithms. For example, exact exponential-time
algorithms [164] have been refined with advanced techniques to achieve running times
much faster than naive enumeration. Parameterized approaches [165] on the other hand
exploit structural properties of the input to obtain fixed-parameter tractability in re-
stricted cases. Approzimation algorithms [166] provide performance guarantees for some
optimization variants, while heuristics and metaheuristics® [167] deliver effective solutions
in practice without worst-case guarantees. Thus, although NP-complete problems are un-
likely to admit efficient exact algorithms, a broad algorithmic toolbox has emerged to
tackle them from both theoretical and practical perspectives.

In summary, NP-complete problems provide a unifying framework for understanding com-
putational intractability and motivate the wide range of algorithmic techniques developed
to cope with them. The problem considered in this work fall precisely within this con-
text: while the decision version of the Mazimum Independent Set problem (MIS) is NP-
complete, we focus on the optimization version, which is NP-hard. This observation
justifies the discussion above and clarifies why efficient exact algorithms are unlikely to
exist.

3 An efficient algorithm for any NP-complete problem would imply P = NP

4 By heuristics we mean problem-specific strategies such as greedy methods or local search, while meta-
heuristics refer to more general optimization frameworks like simulated annealing.
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0.6 | 1.000 | 0.17 | - 8.009 | 0.006 | 0.003 | 0.0015
0.7 | 1.000 | 0.30 | - 8.041 | 0.030 | 0.011 | 0.0009
0.8 10998 | 0.45 | 0.75 | 8.108 | 0.076 | 0.032 | 0.0009
0.9 10998 | 0.64 | 1.38 | 8.282 | 0.198 | 0.083 | 0.0009
1.0 1 0.995 | 0.84 | 1.60 | 8.574 | 0.406 | 0.168 | 0.0010
1.1 1 0.984 | 1.08 | 1.86 | 9.201 | 0.898 | 0.303 | 0.0012
1.2 10960 | 1.36 | 2.21 | 10.356 | 1.765 | 0.592 | 0.0013
1.3 10893 | 1.60 | 2.43 | 11.582 | 2.658 | 0.924 | 0.0016
1.4 10.758 | 1.81 | 2.61 | 13.231 | 3.992 | 1.239 | 0.0027

Table C.1: Results of the embedding algorithm for N = 8.

0.6 | 1.000 | 0.24 | - 10.012 | 0.008 | 0.004 | 0.0019
0.7 10998 | 0.42 | 0.80 | 10.110 | 0.090 | 0.020 | 0.0019
0.8 10991 | 0.63 | 0.98 | 10.311 | 0.230 | 0.082 | 0.0014
0.9 | 0.986 | 0.87 | 1.46 | 10.755 | 0.542 | 0.213 | 0.0020
1.0 | 0.967 | 1.15 | 1.67 | 11.525 | 1.113 | 0.413 | 0.0023
1.1 1 0918 | 1.46 | 2.10 | 12.963 | 2.227 | 0.736 | 0.0024
1.2 1 0.805 | 1.76 | 2.38 | 15.805 | 4.489 | 1.316 | 0.0038
1.3 1 0.608 | 2.02 | 2.66 | 18.765 | 6.806 | 1.959 | 0.0060
1.4 1 0.375 | 2.23 | 2.94 | 21.464 | 8.912 | 2.552 | 0.0059

Table C.2: Results of the embedding algorithm for N = 10.
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r

p

JgF
d2D

N/

Ny

N4

t(s)

0.6
0.7
0.8
0.9
1.0
1.1
1.2
1.3
1.4

0.996
0.991
0.967
0.876
0.672
0.338
0.111
0.020
0.002

0.82
1.19
1.54
1.96
2.30
2.67
3.09
3.56
4.11

14.221
14.771
16.055
18.386
22.321
27.476
32.811
38.850
52.000

0.167
0.579
1.510
3.272
6.330
10.586
15.027
19.900
31.000

0.054
0.192
0.545
1.114
1.991
2.891
3.784
4.950
7.000

0.0024
0.0019
0.0023
0.0032
0.0053
0.0095
0.0180
0.0192
0.0446

Table C.3: Results of the embedding algorithm for N = 14.

r

p

JgF
dQD

N/

Ny

N4

0.6
0.7
0.8
0.9
1.0
1.1
1.2
1.3
1.4

0.995
0.973
0.913
0.679
0.364
0.089
0.008
0.000
0.000

1.05
1.31
1.76
2.14
2.57
3.03
3.58
4.18
4.82

16.399
17.447
19.760
23.680
30.063
38.213
40.625

0.297
1.091
2.796
5.806
10.984
17.820
19.750

0.102
0.356
0.965
1.875
3.080
4.293
4.875

Table C.4: Results of the embedding algorithm for N = 16.

r p dsp | db, N’ Ny Ny | £ (s)
0.6 1 0.991 | 0.70 | 0.93 | 18.662 | 0.492 | 0.170 | 0.0035
0.710.953 | 1.11 | 1.41 | 20.318 | 1.752 | 0.566 | 0.0035
0.8 1 0.801 | 1.55 | 1.88 | 24.084 | 4.674 | 1.410 | 0.0056
0.9 0416 | 1.93 | 2.35 | 29.742 | 9.188 | 2.555 | 0.0102
1.0 | 0.105 | 2.30 | 2.85 | 38.724 | 16.324 | 4.400 | 0.0130
1.1 1 0.008 | 2.58 | 3.44 | 52.875 | 28.500 | 6.375 | 0.0577
1.2 | 0.000 - 4.12 - - - -
1.3 10.000 | - |4.81 - - - -
1.4 | 0.000 - 9.52 - - - -

Table C.5: Results of the embedding algorithm for N = 18.
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r p | d3p | db, | N’ Nw Ny | t(s)
0.6 | 0.987 | 0.80 | 1.10 | 21.033 | 0.782 | 0.251 | 0.0045
0.7 10925 | 1.26 | 1.67 | 23.247 | 2.463 | 0.786 | 0.0049
0.8 10.636 | 1.72 | 2.06 | 28.436 | 6.585 | 1.850 | 0.0089
0.9 | 0.188 | 2.11 | 2.57 | 36.303 | 12.979 | 3.324 | 0.0173
1.0 | 0.012 | 2.37 | 3.19 | 51.083 | 26.000 | 5.083 | 0.0594
1.1 | 0.000 - 3.91 - - - -
1.2 | 0.000 - 4.67 - - - -
1.3 | 0.000 - 5.44 - - - -
1.4 | 0.000 - 6.24 - - - -

Table C.6: Results of the embedding algorithm for N = 20.

r P dsy | db, N’ Ny Ny | £(s)
0.6 | 0.968 | 0.92 | 1.25 | 23.640 | 1.233 | 0.407 | 0.0051
0.710.839 | 1.41 | 1.78 | 27.012 | 3.812 | 1.200 | 0.0067
0.8 0425 | 1.88 | 2.25 | 34.200 | 9.553 | 2.647 | 0.0138
0.9 | 0.055 | 2.31 | 2.83 | 47.382 | 20.982 | 4.400 | 0.0404
1.0 | 0.000 | - | 3.57 - - - _
1.1 | 0.000 - 4.38 - - - -
1.2 | 0.000 - 5.22 - - - -
1.3 ] 0.000 | - 6.07 - - - -
1.4 10000 | - |[6.97 - - - ,

Table C.7: Results of the embedding algorithm for N = 22.

r p d3p | dip N’ Ny Ny | t(s)
0.6 | 0.937 | 1.09 | 1.35 | 27.179 | 2.399 | 0.780 | 0.0068
0.710.689 | 1.62 | 1.92 | 33.139 | 7.001 | 2.138 | 0.0106
0.8 10.194 | 2.06 | 2.48 | 43.335 | 15.485 | 3.851 | 0.0255
0.9 | 0.011 | 2.50 | 3.18 | 62.000 | 32.182 | 5.818 | 0.0735
1.0 | 0.000 | - 4.00 - - - ,
1.1 | 0.000 - 4.88 - - - -
1.2 | 0.000 - 5.78 - - - -
1.3 1 0.000 | - 6.73 - - - ,
1.4 | 0.000 - 7.70 - - - -

Table C.8: Results of the embedding algorithm for N = 24.
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Figure C.1: Awerage system size N' of the final configuration as a
function of the original system size N for coverage radii r € [0.6,0.9].

The line connecting the markers is not a fit, just a line joining the
data points, shown only to guide the eye.

8 10 12 14 16 18 20

Figure C.2: Awerage system size N’ of the final configuration as a
function of the original system size N for coverage radii r € [1.0,1.4].
The line connecting the markers is not a fit, just a line joining the
data points, shown only to guide the eye.



Figure C.3: Largest embedded instance with N = 24, r = 0.9 and
d ~ 3. The final configuration contains 12 slack nodes and 72 wire
nodes, for a total of 108 nodes.
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