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ABSTRACT

Elliptical galaxies are stellar systems whose intrinsic shape can be triaxial or axisymmetric,
with the latter including both oblate and prolate shapes. Among axisymmetric galaxies,
the internal dynamics of oblate galaxies has been extensively studied and is quite well
understood. In contrast, prolate galaxies have received much less attention and their
internal dynamics is still not as well understood as that of oblate galaxies. They are, in
fact, significantly more complicated from the dynamical point of view: it is sufficient to
recall that, while oblate stellar systems have a hydrodynamical analogue, thus they can, at
a very basic level, be imagined as rotating fluids, no such fluid analogue exists for prolate
systems.

This thesis aims to contribute to filling this gap by providing a theoretical analysis of
various dynamical properties of prolate systems through a comparison with their oblate
counterparts. We restrict the analysis to ellipsoidally stratified models, as they provide a
good description of elliptical galaxies, and we focus on two-integral systems (i.e., systems
described by a distribution function which depends on the classical two integrals of motion:
the energy E and the component Lz along the symmetry axis of the angular momentum).

Comparing systems with intrinsically different shapes is not as straightforward as it
might appear at first sight and some conditions must be specified. Therefore, to carry out a
physically meaningful comparison between oblate and prolate galaxies, we construct oblate-
prolate conjugate pairs with the same mass, the same intrinsic density profile and the same
edge-on surface brightness profile. The possibility of constructing such photometrically
indistinguishable systems is non-trivial and represents an important result of this work.
This degeneracy also makes the study of kinematical signatures that distinguish oblate
and prolate galaxies particularly relevant in the observational context. The first step of
this work is therefore to identify the conditions to construct such conjugate pairs.

We then explore more general differences between oblate and prolate galaxies. First,
we use the Tensor Virial Theorem to study their main energetic differences. Second, we
analyse some important properties of their gravitational field and introduce the Jeans
equations for two-integral systems. Third, we investigate the consistency of axisymmetric
models by studying the sign of the average squared azimuthal velocity v2φ. Finally, we
return to conjugate pairs and highlight kinematical differences between oblate and prolate
systems to derive constraints on their intrinsic shape.

The results of this thesis reveal the main peculiarities of prolate systems and show that
they are not simply oblate systems with “inverted” axial ratio. Furthermore, by providing
a clearer understanding of their dynamics, this work lays a solid foundation for future
studies aimed at further exploring prolate galaxies.
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CHAPTER 1

Introduction

After the first morphological classification of galaxies by Hubble (1926), the structure and
dynamics of galaxies have always been of great interest in astrophysical research, due to
their numerous fundamental implications, ranging from constraining the distribution of
dark matter to testing theories of galaxy formation and evolution. However, determining
the intrinsic shape and dynamical structure of galaxies is not a trivial challenge.

Hubble’s classification showed that galaxies fall in two broad categories: ellipticals,
which in projection have an elliptical shape, and spirals, characterised by a disk-like struc-
ture. Among these, elliptical galaxies are by far the most challenging when it comes to
determining their intrinsic shape. This is primarily due to the fact that, while for disks it
is immediate to identify their orientation with respect to the observer, for ellipsoids it is
instead much more complicated, making their deprojection particularly difficult.

Early studies assumed elliptical galaxies to be oblate spheroids with isotropic stellar
velocity dispersion and supported by rotation. In the ‘70s, however, the advent of long-slit
spectroscopy revealed that the low rotation of many elliptical galaxies could not account
for their observed flattening (Bertola and Capaccioli 1975; Illingworth 1977; Schechter and
Gunn 1979). This motivated alternative hypotheses, namely that galaxies could be prolate
(Miller 1978) or triaxial (Binney 1978). It is now well established that most elliptical
galaxies are triaxial. Nevertheless, all three intrinsic shapes, oblate, prolate and triaxial,
are physically possible and, in most cases, anisotropic stellar velocity dispersion, rather
than rotation, is responsible for their flattening.

Triaxial systems are difficult to handle analytically, since their dynamics at equilib-
rium involves non-classical integrals of motion, whose explicit expression is rarely known,
requiring numerical treatments (e.g., Schwarzschild 1979). For this reason, in this thesis
we analyse only axisymmetric systems, with particular focus on the prolate case.

Compared to the extensively studied oblate galaxies, prolate galaxies have received
much less attention, and their internal dynamics is not understood as well as that of oblate
systems. In addition to this, there are several other compelling reasons to investigate them
further.

First, the existence of prolate systems is not only predicted by theoretical models but
is proven by observations. Bertola and Galletta (1978) observed dust lanes aligned with
the projected minor axis in a few elliptical galaxies, a configuration stable only in prolate
systems. More recently, integral-field spectroscopy (IFS) has revealed several “prolate



Chapter 1. Introduction

rotators”, i.e., galaxies rotating around their projected major axis, indicative of triaxial or
prolate shapes. Such systems have been found in the ATLAS3D survey (Krajnović et al.
2011), in the CALIFA survey (Tsatsi et al. 2017) and in the MaNGA survey (Li, Mao,
Cappellari, et al. 2018). Simulations agree with these findings: Ebrová and Łokas (2017)
and Li, Mao, Emsellem, et al. (2018) identified several prolate rotators in the Illustris
simulation. These studies further suggest that prolate galaxies are more frequent among
most massive systems.

Second, statistical studies show that prolate galaxies should be quite common: Kimm
and Yi (2007) found that about 26% of ellipticals should be prolate in order to reproduce
the observed distribution of apparent flattenings.

Finally, although this analysis specifically addresses elliptical galaxies, a detailed study
of prolate systems could also be particularly relevant in the context of dark matter: halos
produced in cosmological simulations are on average prolate (Jing and Suto 2002), and
those resulting from binary mergers are typically prolate or triaxial (Novak et al. 2006).

Motivated by these considerations, this thesis provides an original and in-depth the-
oretical analysis of the dynamics of prolate galaxies, through a comparison with oblate
galaxies. Particular attention is devoted to showing that, from various points of view, pro-
late systems are fundamentally different from oblate ones, and cannot be regarded simply
as oblate systems with an “inverted” axial ratio.

Moreover, this thesis addresses a problem of direct observational relevance: first, it
demonstrates that it is possible to construct oblate and prolate systems that are photo-
metrically identical in projection, and then it answers the question of whether they can be
kinematically distinguished. This question is central to the interpretation of current and
future large IFS surveys.

We limit our analysis to ellipsoidally stratified systems, as they provide a good de-
scription of elliptical galaxies, and we focus particularly on classical two-integral systems
(i.e., systems described by a distribution function, hereafter DF, which depends on the two
classical integrals of motion: the energy E and the component Lz along the symmetry axis
of the angular momentum). While a fully accurate description of real galaxies generally
also requires a third, non-classical integral of motion (e.g., Binney, Davies, et al. 1990; van
der Marel 1991), whose form is in general not known analytically, and which may not even
exist for all orbits, adopting a two-integral DF allows for a relatively simple analytical
treatment and still provides a useful first-order approximation to better understand the
dynamics of axisymmetric systems.

This thesis is structured as follows. In Chapter 2, we explain how we aim to compare
oblate and prolate systems and illustrate the non-trivial procedure to construct conjugate
pairs, i.e., oblate and prolate models sharing the same mass, intrinsic (normalised) den-
sity profile and edge-on surface brightness profile. In Chapters 3, 4 and 5, we investigate
more general aspects of axisymmetric systems. In Chapter 3 we exploit the Tensor Virial
Theorem to study their global dynamical and energy-related properties. In Chapter 4,
we analyse general characteristics of the gravitational field of axisymmetric ellipsoids and
introduce the Jeans equations (JEs) for two-integral systems. In Chapter 5, we examine
the physical consistency of prolate systems by considering the sign of the mean squared
azimuthal velocity v2φ and determining the conditions under which the models become un-
physical (v2φ < 0). Finally, in Chapter 6, we numerically solve the JEs to obtain the intrinsic
and projected kinematical fields for conjugate systems and derive dynamical constraints
on their intrinsic shape. In Chapter 7, the main conclusions are briefly summarised.
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CHAPTER 2

Comparing Oblate and Prolate
Systems

In this chapter, we introduce the notation adopted throughout the thesis to describe ax-
isymmetric ellipsoidal systems and we address the problem of comparing oblate and pro-
late systems. In Section 2.1 we present the rules to be followed for a physically meaningful
comparison and in Sections 2.2 and 2.3 we illustrate the procedure to construct oblate and
prolate systems satisfying these rules.



Chapter 2. Comparing Oblate and Prolate Systems

2.1 How to compare oblate and prolate systems
As we will see in this chapter, the idea of comparing oblate and prolate systems, even
though it may look simple at first sight, is by no means an easy task. In fact, when
comparing systems with different intrinsic shapes, some constraints are of course needed.

To clarify the nature of this problem, suppose for example that we are interested in
answering a quite natural question, such as “is a prolate system more or less gravitationally
bound than an oblate system?”. It is immediate to realise that this question cannot be
answered. In fact, suppose we start with a spherical galaxy and we construct from it an
oblate and a prolate system. To produce the oblate system, one possibility is to expand the
equator without squeezing the poles; alternatively, we could maintain the same equatorial
size and squeeze the poles. Similarly, a prolate system can be obtained by reducing the
equatorial size with fixed poles or by stretching the poles farther apart with fixed equator.
Clearly, the gravitational energy of these systems can differ significantly: for instance, the
compact oblate system is much more bound than the extended prolate one.

This elementary exercise shows immediately that a well-defined procedure must be
determined in order to obtain a physically meaningful comparison between oblate and
prolate systems. In this work, we devised a set of rules to be followed, which we now list
and that will be discussed in depth in the following sections of this chapter.

• Request R1: same mass
This request is quite obvious: when considering differences between properties such
as gravitational energy, gravitational field strength, velocity dispersion and rotational
velocity values, it is natural to compare systems with the same mass, independently
of their size and shape. In Section 2.2 we illustrate a procedure that allows us to
build axisymmetric systems, oblate and prolate, with arbitrary size, maintaining
their mass fixed.

• Request R2: same intrinsic (normalised) density profile
This request is also quite natural. Clearly, systems with different density profiles are
characterised by different dynamics even at fixed flattening/elongation. Therefore,
when comparing oblate and prolate systems we have to limit the comparison to pairs
of systems sharing the same density profile, such as de Vaucouleur oblate and prolate
systems, or Hernquist oblate and prolate systems.

• Request R3: same surface brightness profile
The third request is the least obvious. It is related to the physical size and shape of
oblate and prolate systems and is motivated by observational reasons. In practice, we
ask what are the dynamical differences between an oblate and a prolate system that,
in projection, have the same surface brightness profile. The fact that this request
can be satisfied, simultaneously with R1 and R2, is far from obvious. As we will
see in Section 2.3, determining the conditions on the size and shape of oblate and
prolate systems under which this occurs is not straightforward and it is, in fact, an
important result of this thesis.

To summarise, in this chapter we present a rigorous procedure to construct pairs of
oblate and prolate galaxy models with arbitrary flattening/elongation, that share the same
mass, the same intrinsic density profile and the same surface brightness distribution once
projected on the sky. This step is fundamental for the remaining parts of the thesis because
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2.2. R1 and R2: same mass and intrinsic density profile

it provides the basis for a quantitative investigation of the differences between oblate and
prolate systems.

2.2 R1 and R2: same mass and intrinsic density profile

In this work, we will limit our study to axisymmetric stellar systems whose density distri-
bution ρ is constant on ellipsoidal surfaces defined by

R2

a2
+

z2

a2q2
= m2, m ≥ 0, (2.1)

where R =
√

x2 + y2 is the cylindrical radius, a > 0 is a generic scale length, q > 0 is the
axial ratio (i.e., the ratio between the z-semiaxis and the R-semiaxis of each ellipsoidal
surface, so that q = 1 corresponds to a sphere, q < 1 corresponds to an oblate system and
q > 1 corresponds to a prolate system). The z-axis is chosen to be the symmetry axis
of the system and m is a parameter mapping the ellipsoidal surfaces, so that varying m
generates a family of homothetic ellipsoids.

We now want to impose the constraints R1 and R2. We start by considering a generic
ellipsoid with density

ρ(m) = ρnρ̃(m), (2.2)

where ρn is a normalisation constant to be determined and ρ̃(m) is a generic dimensionless
function that we assume fixed in order to satisfy R2.

We then impose condition R1. The total mass M of the ellipsoid can be easily obtained
by a volume integration as:

M =

∫
V

ρdV = ρn4πa
3qM, M ≡

∫ ∞

0

m2ρ̃(m)dm. (2.3)

Equation (2.2) for the density can therefore be rewritten as

ρ(m) =
M

4πa3qM
ρ̃(m). (2.4)

The expression above allows us, for fixed ρ̃(m) and M , to arbitrarily vary a and q (i.e.,
size and shape), while ensuring that the total mass remains fixed.

2.3 R3: same two-dimensional surface brightness profile

We now consider the projection on the plane of the sky of a generic axisymmetric ellipsoid
ρ(m) as in (2.4), with arbitrary size and shape, but constant total mass M . We limit
ourselves to the edge-on case, assuming that the line of sight (los) is aligned, for example,
with the x-axis. We also assume that the observer is at infinite distance from the system
and that the latter is “transparent” (i.e., without overlap of stars along the los). Under
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these assumptions, the surface density profile is

Σ(l) = 2

∫ ∞

0

ρ(m)dx =
M

2πa2qM
Σ̃(l), (2.5)

where
Σ̃(l) ≡

∫ ∞

l

ρ̃(m)mdm√
m2 − l2

, l2 =
y2

a2
+

z2

a2q2
. (2.6)

Equation (2.6) describes the isophotes in the (y, z) projection plane, where l can be inter-
preted as an elliptical radius. This equation shows that the isophotes have the same axial
ratio q as the intrinsic density profile and Σ̃(l) remains the same function of l for every
scale length a and axial ratio q. In other words, Σ̃(l) depends only on ρ̃(m).

We now investigate the possibility of constructing oblate and prolate ellipsoids that
produce the same projected image and are, thus, indistinguishable through photometric
observations, i.e., they satisfy the request R3. Assessing whether such degeneracies exist is
crucial for understanding the limitations of photometry in constraining the intrinsic shape
of galaxies and to identify when complementary approaches may be necessary.

From equations (2.5) and (2.6), it is obvious that if we ask for the same Σ(l) in the two
systems, the shape of l must be the same. Therefore, we call qo the axial ratio of the oblate
system and qp that of the prolate system and, since for both cases z is the symmetry axis,
as shown in Figure 2.1, it is immediate that the following condition must hold:

qp =
1

qo
. (2.7)

Figure 2.1. Example of an isophote of the projected oblate system (left) and an isophote, with
the same shape, of the projected prolate system (right). The axial ratio of the oblate system is
the ratio between the magenta line and the cyan line. The axial ratio of the prolate system is the
ratio between the cyan line and the magenta line.

With this condition satisified, Σo(l) of the oblate system and Σp(l) of the prolate
system are not yet the same, due to the denominator in equation (2.5). Let us consider an
oblate system and let ao and qo its parameters appearing in equations (2.4) and (2.5). In

6



2.3. R3: same two-dimensional surface brightness profile

particular, we have

Σo(l) =
M

2πa2oqoM
Σ̃(l), l2 =

y2

a2o
+

z2

a2oq
2
o

. (2.8)

Let us now consider a prolate system with the same ρ̃(m) and total mass M as the oblate
one, but with length scale ap and axial ratio qp. Therefore,

Σp(l) =
M

2πa2pqpM
Σ̃(l), l2 =

y2

a2p
+

z2

a2pq
2
p

. (2.9)

Being M , M and Σ̃(l) the same in the two systems, the remaining request is that

a2pqp = a2oqo (2.10)

and, from the condition 2.7,

ap = aoqo. (2.11)

Summarising the main logical steps:

1. We considered a family of axisymmetric ellipsoidal models ρ(m) of fixed total mass
M and given (normalised) density profile ρ̃(m), with symmetry axis along z and with
arbitrary scale length a and axial ratio q.

2. We projected the system edge-on (e.g., along the x direction) and we obtained Σ(l)
given by equation (2.5), with isophotes in the (y, z) projection plane whose equation
is given in (2.6). By construction, the projection has the same Σ̃(l) and total mass
(i.e., total luminosity) for arbitrary values of a and q.

3. Finally, considering an oblate system with scale length ao and axial ratio qo and a
prolate system with scale length ap and axial ratio qp, we obtained that the two
ellipsoids have Σo(l) = Σp(l) provided qp = 1/qo, a2pqp = a2oqo and ap = aoqo (where
only two of these three conditions are independent, since any one can be derived from
the other two). With these constraints, all the requests R1, R2, R3 are satisfied,
allowing us to conduct our experiments. From now on we refer to pairs of systems
satisfying these requests as conjugate systems.

Note that the spatial density is not the same, as

ρo(m) =
M

4πa3oqoM
ρ̃(m), (2.12)

ρp(m) =
M

4πa3pqpM
ρ̃(m), (2.13)

thus

ρp(m) =
ρo(m)

qo
, (2.14)

7
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i.e., the conjugate prolate ellipsoid is denser than the oblate one by a factor 1/qo = qp.
This is consistent with the fact that, along the line of sight, the prolate system is more
compact and therefore requires a higher density to reproduce the same projection as the
oblate system.

To provide a visual representation of conditions (2.7), (2.10) and (2.11), Figure 2.2
shows an example of two ellipsoidal surfaces, one oblate and one prolate, obtained from
equation (2.1) for a fixed m, and satisfying the three conditions. The two systems are
oriented in the same way, to make the comparison clearer, and viewed close to edge-on.
The coloured segments indicate which axes are equal in length and the figure clearly shows
that the prolate system is shorter than the oblate one along the line of sight.

Figure 2.2. Example of two ellipsoidal surfaces, one oblate (left) and one prolate (right), satisfying
(2.1) for a fixed m and conditions (2.7), (2.10) and (2.11). They are viewed close to edge-on and
oriented in the same way, so that, in the oblate case y ≡ Y and z ≡ Z, and in the prolate case
y ≡ Z and z ≡ Y , where we have uniquely denoted the projection plane as (Y,Z).

To simplify the notation, from now on, when not strictly necessary, we will drop the
subscript “o” a and “p” and simply use the generic a and q.

We conclude this section with an example that aims to illustrate, even if only for a
simple case, the validity of the considerations done. We consider two conjugate systems
with a Gaussian density profile,

ρ(m) =
M

a3qπ3/2
e−m2

, (2.15)

whose surface density can be easily computed analytically, obtaining

Σ(l) =
M

a2qπ
e−l2 . (2.16)

Figure 2.3 shows the comparison of ρ and Σ for the oblate and the prolate system, with
axial ratio of the oblate (prolate) system qo = 1/2 (qp = 2). As expected, the two ellipsoids
have indistinguishable projection and the prolate system is denser than the oblate one.

8



2.3. R3: same two-dimensional surface brightness profile

Projection

Density

Figure 2.3. The upper panels show the surface density, in the (Y, Z) projection plane, of conjugate
oblate (left) and prolate (right) systems with the Gaussian profile in equation (2.15) and axial
ratio of the oblate ellipsoid qo = 1/2 (qp = 2). The surface density is in the common units M/a2o,
where M is the total mass and ao is the scale length of the oblate system. The lower panels
show the intrinsic density profile in the (R, z) plane for the same pair of conjugate systems, in
the common units M/a3o. In all plots, lengths are normalised to ao.

9



Chapter 2. Comparing Oblate and Prolate Systems

To summarise, we have shown that it is possible to construct oblate and prolate ellip-
soids which, when viewed edge-on, produce identical images. Consequently, it is impossible
to determine, only through photometry, whether an axisymmetric galaxy is intrinsically
oblate or prolate. In breaking this degeneracy the analysis of their dynamics and the iden-
tification of possible kinematical signatures that characterise the two shapes is essential.
This topic will be addressed in detail in the following chapters.

10



CHAPTER 3

The Tensor Virial Theorem for
Axisymmetric Ellipsoids

As discussed in Chapter 2, our final task is to understand what kind of dynamical dif-
ferences can characterise conjugate oblate and prolate systems. However, before focusing
on the specific case of conjugate pairs, we ask whether some general differences between
oblate and prolate systems exist. This broader question will reveal important results that
will also allow for a better understanding of conjugate pairs.

In this chapter, we introduce the Tensor Virial Theorem (Section 3.1) to investigate
their global dynamical and energetic properties, and apply it first to general axisymmetric
systems with density ρ(m) (Section 3.1.1), and then to conjugate pairs (Section 3.1.2).



Chapter 3. The Tensor Virial Theorem for Axisymmetric Ellipsoids

3.1 The Tensor Virial Theorem

A useful tool when studying self-gravitating systems in equilibrium is the Tensor Virial
Theorem (TVT). It is a generalisation of the scalar virial theorem and is derived by mul-
tiplying the JEs (see Chapter 4) by the spatial coordinates and integrating over the whole
configuration space (for further details see Binney and Tremaine 2008, Ciotti 2021).

In a general ellipsoidal system with density ρ(x), the second-order mass tensor is given
by

Iij ≡
∫
R3

ρxixjd
3x. (3.1)

Moreover, the streaming and velocity dispersion kinetic energy tensors are given, respec-
tively, by

Tij ≡
1

2

∫
R3

ρvi vjd
3x, Πij ≡

∫
R3

ρσ2
ijd

3x, (3.2)

where vi(x) is the mean velocity of stars along the i-th direction, obtained as a weighted
average over the DF, and σ2

ij(x) denotes the ij component of the velocity dispersion tensor
(see Appendix A). It is often convenient to also introduce the total kinetic energy tensor,
given by

Kij ≡ Tij +
1

2
Πij =

1

2

∫
R3

ρvivjd
3x. (3.3)

Finally, calling Φ the total (e.g., including both stellar and dark matter contributions)
potential, the potential energy tensor is given by

Wij ≡ −
∫
R3

ρxi
∂Φ

∂xj

d3x. (3.4)

For simplicity, in all this work, we limit ourselves to self-gravitating systems, where density
and potential are related by the Poisson equation

△Φ(x) = 4πGρ(x). (3.5)

With the definitions given above, the TVT takes the form:

1

2

∂2Iij
∂t2

= 2Tij +Πij +Wij. (3.6)

Under the assumption of stationary system (which is typically the case for galaxies), the
left-hand side vanishes, thus the TVT reduces to

Wij = −2Tij − Πij, (3.7)

or, equivalently,
Wij = −2Kij (3.8)

This relation highlights how the global dynamical properties of a system (right-hand side)
are linked to its inner structure (left-hand side).

12



3.1. The Tensor Virial Theorem

Let us consider a general triaxial ellipsoid with density ρ(m), with

m2 =
x2

a21
+

y2

a22
+

z2

a23
. (3.9)

It can be shown (see Roberts 1962) that Wij = 0 for i ̸= j and the diagonal terms Wii can
be computed from the following non-trivial identity:

Wii = −Gπ2a1a2a3a
2
iwiH, (3.10)

where no summing over repeated indices is intended. The quantity H is defined as

H ≡
∫ ∞

0

F (m)2dm, F (m) ≡ 2

∫ ∞

m

tρ(t)dt (3.11)

and the functions wi are given by

wi ≡ a1a2a3

∫ ∞

0

dτ

(a2i + τ)
√
∆(τ)

, ∆(τ) ≡ (a21 + τ)(a22 + τ)(a23 + τ). (3.12)

The definitions and relations above are entirely general and hold for any triaxial ellip-
soidal system with ρ = ρ(m). In the following, we will restrict our attention to axisym-
metric systems discussing first general oblate and prolate systems, and then turning to the
analysis of the more specific conjugate oblate-prolate pairs, defined in Chapter 2.

3.1.1 General axisymmetric ellipsoidal systems

Let us consider axisymmetric ellipsoidal systems with ρ = ρ(m), where m is given in
equation (2.1). In this case, a1 = a2 = a and a3 = aq, so that

Wii = −Gπ2a3qa2iwiH (3.13)

and
wi = a3q

∫ ∞

0

dτ

(a2i + τ)
√
∆(τ)

, ∆(τ) = (a2 + τ)2(a2q2 + τ). (3.14)

The explicit expression of wi for axisymmetric systems can be obtained in terms of ele-
mentary functions1 and it is given in Appendix B.

In equation (3.13), since H is the same for i = 1, 2, 3, it simplifies in ratios such as
Wii/Wjj which are, thus, independent of the density profile and depend only on the axial
ratio. This makes them particularly useful to gain insight into the self-gravity of ellipsoidal
systems, without requiring any specific assumption on the density profile. In particular,
we consider the ratio between the radial component of the potential energy tensor, given

1In the triaxial case the wi functions contain elliptic integrals (see equation (3.12) in Ciotti 2021).
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by
WRR = Wxx +Wyy =

= −
∫
R3

ρ

(
∂Φ

∂x
x+

∂Φ

∂y
y

)
d3x =

= −
∫
R3

ρ

(
∂Φ

∂R

x2

R
+

∂Φ

∂R

y2

R

)
d3x =

= −
∫
R3

ρ
∂Φ

∂R
Rd3x

(3.15)

and the z-component,

Wzz = −
∫
R3

ρ
∂Φ

∂z
zd3x. (3.16)

Note that, in axisymmetric systems,

w1 = w2, Wxx = Wyy, (3.17)

thus, from equation (3.13), we have that

WRR = −2Gπ2a5qw1H, Wzz = −Gπ2a5q3w3H. (3.18)

We can now write WRR/Wzz as a function of the axial ratio. In the oblate case, we have

WRR

Wzz

=
1

q2

(
arcsin

√
1− q2√

1− q2
− q

)(
1

q
− arcsin

√
1− q2√

1− q2

)−1

, q < 1, (3.19)

while, in the prolate case,

WRR

Wzz

=
1

q2

q −
arctanh

√
q2−1

q√
q2 − 1

arctanh

√
q2−1

q√
q2 − 1

− 1

q

−1

, q > 1. (3.20)

Figure 3.1 shows the behaviour of WRR/Wzz as a functions of q for oblate and prolate
systems. As expected, when the system is spherical (q = 1), Wxx = Wyy = Wzz, so that
WRR/Wzz = 2. As the shape departs from sphericity, the behaviour of WRR/Wzz differs
significantly between oblate and prolate systems.

In oblate systems, for any axial ratio q, WRR/Wzz > 2 and increases for increasing
flattening. Conversely, in prolate systems, as they become more elongated, the value of
WRR/Wzz monotonically decreases toward zero. Therefore, calling qcrit the axial ratio of
prolate systems for which WRR/Wzz = 1, for systems less elongated than qcrit (q < qcrit),
WRR > Wzz, while for systems more elongated than qcrit (q > qcrit), Wzz > WRR. For
sufficiently large q, Wzz can become arbitrarily larger than WRR. This is particularly sur-
prising, given that WRR is the sum of two contributions (x and y), yet it can be outweighed
by the single z-term. The value of qcrit, obtained by numerically solving equation (3.20)
for WRR/Wzz = 1, is qcrit ≈ 2.59. In the figure, for convenience, WRR/Wzz for prolate
systems is plotted as a function of 1/q. Therefore, in the plot, the critical value qcrit ≈ 2.59
corresponds to 1/qcrit ≈ 0.386.
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3.1. The Tensor Virial Theorem

Figure 3.1. Ratio WRR/Wzz for oblate (blue) and prolate (orange) systems. For oblate systems
(q < 1) the ratio is shown as a function of q, while for prolate systems (q > 1) it is shown as a
function of 1/q. Moving from right to left, oblate ellipsoids become more flattened and prolate
ellipsoids more elongated.

Being WRR the sum of two equal contributions, it is also instructive to isolate one
of the two and compare it directly with Wzz. For this reason, in Figure 3.2 we show
the behaviour of Wxx/Wzz as a function of the axial ratio. Clearly, this is just half of
the previously discussed ratio WRR/Wzz, and therefore it contains the same information.
However, its plot allows us to better understand and visualise the energy contribution
along the individual directions, which can help us making some further considerations.

In particular, we observe that, in oblate systems, for any value of q, Wxx > Wzz,
while the opposite holds in prolate systems. This raises a quite natural question which
is whether, for a given oblate system with axial ratio q, the ratio Wxx/Wzz is equal to
Wzz/Wxx in prolate systems with axial ratio 1/q; in other words, whether prolate systems
can, in this sense, be regarded simply as oblate systems with an “inverted” axial ratio.

A simple series expansion for q → 0 shows that this is not the case. However, in the
limit of nearly spherical systems this idea of reciprocity can be considered a good ap-
proximation. This behaviour is illustrated by the black dashed line in the figure, which
represents the product of the two curves. If the ratio Wxx/Wzz for oblate systems were
equal to Wzz/Wxx for prolate systems, the product of the ratios Wxx/Wzz would remain
identically equal to unity for all axial ratios. Instead, the plot reveals that this condition
is satisfied only in the regime of small flattenings/elongations. This indicates that, oblate
and prolate systems are not energetically “inverted” systems.
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Figure 3.2. Ratio Wxx/Wzz for oblate (blue) and prolate (orange) systems. For oblate systems
(q < 1) the ratio is shown as a function of q, while for prolate systems (q > 1) it is shown as a
function of 1/q. Moving from right to left, oblate ellipsoids become more flattened and prolate
ellipsoids more elongated. The dashed black lines represents the product of the two curves.

If now we turn to consider the kinetic energy term of the TVT additional interesting
information can be recovered. From equation (3.8), the ratio WRR/Wzz is equal to

WRR

Wzz

=
2Kxx + 2Kyy

2Kzz

=

∫
R3 ρ(v2x + v2y)d

3x∫
R3 ρv2zd

3x
. (3.21)

Since we are studying axisymmetric systems, it is convenient to re-write equation (3.21)
in cylindrical coordinates. One can easily verify that v2x + v2y = v2R + v2φ, thus we have

WRR

Wzz

=

∫
R3 ρ(v

2
R + v2φ)d

3x∫
R3 ρv2zd

3x
. (3.22)

Up to this point, no assumptions have been made regarding the dynamics of the systems.
Let us now restrict ourselves to classical two-integral systems, i.e., systems whose dis-

tribution function depends on the phase-space coordinates only through the classical two
integrals of motion: the total energy E and the component Lz of the angular momentum
along the symmetry axis (for a more detailed and extensive explanation, see Appendix A).
In such systems, the velocity dispersion tensor is diagonal in cylindrical coordinates. The
diagonal components σ2

R, σ2
z , σ2

φ are, respectively, the velocity dispersion of stars along the
R, z and φ directions and are such that σ2

R = σ2
z ≡ σ2. Moreover, in such systems, the
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first-order velocity moments vR and vz vanish. Equation (3.22) thus becomes

WRR

Wzz

=

∫
R3 ρ(σ

2 + v2φ)d
3x∫

R3 ρσ2d3x
= 1 +

∫
R3 ρv2φd

3x∫
R3 ρσ2d3x

. (3.23)

This expression shows that, in two-integral systems, WRR/Wzz ≥ 1.

We previously discussed that, in prolate ellipsoids, WRR/Wzz takes values between 0
(infinitely elongated systems) and 2 (spherical systems). This result was obtained without
making any assumptions on the dynamics of the system. Here, the condition WRR/Wzz ≥ 1
for the specific case of two-integral systems, implies that two-integral prolate systems
cannot reach arbitrarily high elongations: their maximum possible axial ratio is qcrit ≈ 2.59
found before. We stress that this result holds regardless of the specific density profile.

It should be noted, however, that the existence of two-integral prolate systems with
q ≤ qcrit is not guaranteed and, unlike the general limit derived above, it depends sensitively
on the density profile. This aspect cannot be treated with the TVT alone and requires a
dedicated analysis, which will be the focus of Chapter 5.

Interestingly, unlike prolate systems, this issue does not arise in two-integral oblate
systems, which have WRR/Wzz ≥ 2 increasing for increasing flattening. This implies that
two-integral oblate systems can achieve arbitrary flattening, provided that the ratio∫

R3 ρv2φd
3x∫

R3 ρσ2d3x

is sufficiently large.

Another important consideration concerns isotropic systems, where σ2
R = σ2

z = σ2
φ. In

this case, recalling that (see Appendix A)

v2φ = σ2
φ + vφ

2, (3.24)

equation (3.22) becomes
WRR

Wzz

= 2 +

∫
R3 ρvφ

2d3x∫
R3 ρσ2d3x

. (3.25)

Therefore, this ratio is greater than 2 in isotropic systems. Since in prolate systems
WRR/Wzz < 2 for any axial ratio, isotropic prolate systems cannot exist. This, again,
does not happen in oblate systems, which in principle can be isotropic and reach arbitrary
flattenings.

These results highlight, once again, that oblate and prolate systems are not “two sides
of the same coin”: oblate systems seem to behave in a more predictable and “well-behaved”
way, whereas prolate systems reveal unexpected and less intuitive properties.

Lastly, note that, since the specific scale length a simplifies in the ratio WRR/Wzz,
all the results of this section apply to general axisymmetric systems with arbitrary size.
In particular, they remain valid in the specific case of conjugate systems. However, for
conjugate pairs further aspects can be investigated. This will be the focus of the following
section.
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3.1.2 Conjugate systems

Having compared Wzz with WRR within the same system and highlighted the main general
differences between oblate and prolate systems, we next compare the same quantities across
conjugate pairs. Specifically, we consider the ratios W o

zz/W
p
zz and W o

RR/W
p
RR, where “o”

and “p” refer to the oblate and the prolate components of conjugate pairs, respectively. We
point out that, when performing this computation, particular care is required: the scale
lengths and the axial ratios of conjugate ellipsoids have to satisfy the conditions (2.7),
(2.10) and (2.11), thus, differently from the previous case, a does not simplify. Moreover,
note that, in this case, in equation (3.18), the value of H is not the same for the two
configurations, since it depends not only on ρ̃ (which is the same), but also on the scaling
coefficient of ρ which, as explained in Section 2.3, is different in oblate and prolate conjugate
models in order to preserve the same surface brightness profile. Exploiting equation (2.4)
and the condition (2.10), it is convenient to rewrite H in the following way:

H =
M2

4π2a6q2M2

∫ ∞

0

(∫ ∞

m

tρ̃(t)dt

)2

dm =
H̃

a2
. (3.26)

H̃ has now the same value in oblate and prolate conjugate systems and can therefore
be simplified when computing W o

zz/W
p
zz and W o

RR/W
p
RR. The explicit expression of these

ratios, expressed as a function of the axial ratio qo of the oblate system, are the following:

W o
zz

W p
zz

= q3o

(
1

qo
−

arcsin
√

1− q2o√
1− q2o

)(
qo
arctanh

√
1− q2o√

1− q2o
− qo

)−1

, (3.27)

W o
RR

W p
RR

=
1

qo

(
qo −

arcsin
√

1− q2o√
1− q2o

)(
qo
arctanh

√
1− q2o√

1− q2o
− 1

qo

)−1

. (3.28)

Figure 3.3 illustrates the behaviour of these ratios for different axial ratios qo. We
observe that, W o

RR > W p
RR for any qo and increases for increasing flattening/elongations

of the conjugate pair. For qo → 0, the ratio W o
RR/W

p
RR → π/2. Conversely, W o

zz < W p
zz

for any qo and the ratio W o
zz/W

p
zz → 0 as qo → 0. This outcome is not trivial, since

the relative behaviour of Wzz and WRR depends sensitively on the definition of conjugate
systems, which is based on the relation between their scale lengths.

18



3.1. The Tensor Virial Theorem

Figure 3.3. W o
RR/W

p
RR (in purple) and W o

zz/W
p
zz (in cyan), as a function of the axial ratio qo

of the oblate system. Going from right to left the oblate ellipsoid flattens and the prolate one
becomes more elongated.
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CHAPTER 4

Force Fields and Jeans Equations

The results of the previous chapter have been obtained by inspection of global properties
of axisymmetric systems, i.e., the virial quantities, an approach that has proved to be
particularly useful. Among the results that can be proved with this method, two stand out
for being especially surprising: classical two-integral prolate systems cannot have arbitrary
elongation and isotropic prolate systems cannot exist. The Virial Theorem involves, by
construction, “averages” over the whole system, and so it is not immediately clear why
prolate systems are subject to such constraints, while oblate systems are not.

Furthermore, in this context, a question may arise. As discussed in the previous chapter,
two-integral systems have the same velocity dispersion along the two principal directions of
the meridional plane. How, then, can the system sustain a flattened or elongated shape?
For oblate systems an intuitive explanation is that they are flattened by rotation. For
prolate systems, however, rotation does not provide a viable explanation. This is precisely
what makes the physics of prolate systems difficult to grasp already at a very basic level.

To address these questions, it is necessary to reconsider the problem from a more fun-
damental perspective, examining local properties of axisymmetric ellipsoids. This chapter
is devoted to this goal. In Section 4.1, we will recall the expression for the potential of
axisymmetric ellipsoidal systems. Then, we will revisit an argument originally due to New-
ton in his study of the shape of the Earth (e.g. Chandrasekhar 1969), which provides a
simple yet powerful interpretative tool for understanding equilibrium in fluid homogeneous
axisymmetric systems. In Section 4.1.2, we will then extend this reasoning to systems with
general density distributions ρ(m). Finally, in Section 4.2, we will introduce the JEs and
explain the role of dynamics in the equilibrium of axisymmetric systems.



Chapter 4. Force Fields and Jeans Equations

4.1 The gravitational field of axisymmetric ellipsoids

Consider a generic two-integral axisymmetric system in equilibrium with density ρ(m),
where m is given in (2.1). What is it that allows it to be flattened or elongated in the
meridional plane? A (tempting) intuitive idea is that at each isodensity surface m, the
gravitational field g, in the direction of the elongation, is weaker than that in the direction
along which the system is more compact, as shown in Figure 4.1, and so maybe σ2

R = σ2
z

elongates the system in the direction of the weaker field. As we will see in this chapter, the
gravitational field actually behaves as expected, but the origin of the prolate vs. oblate
shape is more complicated.

Figure 4.1. Qualitative representation of the intensity of the gravitational field g in axisymmetric
systems. In the prolate ellipsoid (left), g is weaker along z and stronger along R. In the oblate
ellipsoid (right), g is weaker along R and stronger along z.

Before proceeding with the description of Newton’s approach, let us recall the expres-
sion for the potential produced by systems with density ρ(m) (see Chandrasekhar 1969,
see also Binney and Tremaine 2008 and Ciotti 2021). This is given by

Φ(R, z) = −Gπa3q

∫ ∞

0

F (mτ )√
∆(τ)

dτ, (4.1)

where the function F is defined as in (3.11), and

m2
τ =

R2

a2 + τ
+

z2

a2q2 + τ
. (4.2)

At each point (R, z) of the system, the gravitational field is

g(R, z) = −gRêR − gzêz (4.3)

where êR and êz are the unit vectors along the R and z directions, respectively, and the
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components gR and gz are:
gR(R, z) =

∂Φ

∂R
= 2πGa3qR

∫ ∞

0

ρτdτ

(a2 + τ)
√

∆(τ)
,

gz(R, z) =
∂Φ

∂z
= 2πGa3qz

∫ ∞

0

ρτdτ

(a2q2 + τ)
√

∆(τ)
,

(4.4)

where ρτ = ρ(mτ ).
In the special case of constant-density ellipsoids with density ρ0, gR and gz become

gR(R, z) =
∂Φ

∂R
= 2πGa3qRρ0

∫ ∞

0

dτ

(a2 + τ)
√

∆(τ)
= 2πGRρ0w1,

gz(R, z) =
∂Φ

∂z
= 2πGa3qzρ0

∫ ∞

0

dτ

(a2q2 + τ)
√

∆(τ)
= 2πGzρ0w3,

(4.5)

where w1 and w3 are defined in (3.12). The reference to constant-density ellipsoids is more
important than what appears at first sight. In fact, Newton’s argument, which we intend
to adopt and which will be described in the next section, concerns fluid homogeneous
ellipsoids.

4.1.1 A fluid analogue: Newton’s homogeneous axisymmetric el-
lipsoid

When investigating the shape of the Earth, Newton proposed the following argument. He
assumes that the Earth is a homogeneous oblate ellipsoid with density ρ0 and with rigid-
body rotation. Then, he imagines drilling a hole from a point of the equator to the centre
of the Earth and a similar hole from the pole to the centre, as shown in Figure 4.2. He

Figure 4.2. Illustration of an oblate ellipsoid, inspired by Newton’s depiction in the Philosophiæ
Naturalis Principia Mathematica when discussing the rotational flattening of the Earth.
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then assumes that the holes are filled with a fluid of density ρ0. Since the system is in
equilibrium, the weight of the vertical and horizontal columns of fluid must be equal. We
call a the length of the radial column and b the length of the vertical one. The weight of
the vertical column is ∫ b

0

ρ0gzdz = ρ0
b

2
gpole, (4.6)

where the equality follows from equation (4.5) and gpole is the intensity of the gravita-
tional field at the pole. Along the radial direction, considering only the density and the
gravitational field, the weight of the column is∫ a

0

ρ0gzdz = ρ0
a

2
geq, (4.7)

where geq is the gravitational field at the equator. However, we must also take into account
the centrifugal support. Its effect is that of reducing the radial weight and, since both the
gravitational field and the centripetal acceleration scale linearly with R, the effective weight
of the radial column is

ρ0
a

2
geq(1− f), (4.8)

where f > 0 is a “reduction” factor defined as the ratio between the centripetal accelera-
tion at the equator and the gravitational field at the equator. From (4.6) and (4.8), the
equilibrium of the fluid implies

ρ0
b

2
gpole = ρ0

a

2
geq(1− f), (4.9)

which gives

1− f = q
gpole
geq

, q ≡ b

a
< 1 (4.10)

From equation (4.5) we have
gpole
geq

= q
w3

w1

, (4.11)

and substituting w1 and w3 with their expansion for small flattening, given in equation
(3.13) of Ciotti (2021), we find

gpole
geq

≈ 1 +
η

5
, η ≡ 1− q. (4.12)

We then substitute this result in equation (4.10), finding

1− f ≈ 1− 4η

5
. (4.13)

We conclude that some rotation is needed in order to keep the system in equilibrium. The
amount of rotation is related to the flattening of the system through the relation

f ≈ 4η

5
. (4.14)

Now, in analogy with the oblate case, let us consider a prolate homogeneous ellipsoid
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as in Figure 4.3 with density ρ0. As we did for the oblate case, we imagine drilling a hole
from the pole to the centre and another hole from the equator to the centre. In this case,
we call a the length of the vertical column and b the length of the radial one. The two
columns are filled with a fluid of density ρ0.

Figure 4.3. Illustration of a prolate ellipsoid, inspired by Newton’s depiction in the Philosophiæ
Naturalis Principia Mathematica when discussing the rotational flattening of the Earth.

Now, the weight of the vertical column of fluid is

ρ0
a

2
gpole, (4.15)

while the effective weight of the horizontal column is

ρ0
b

2
geq(1− f). (4.16)

Since the fluid is in equilibrium, we have again

1− f = q
gpole
geq

, (4.17)

but this time,
q ≡ a

b
> 1. (4.18)

so that η < 0. Expanding for small elongations, we have

gpole
geq

≈ 1− |η|
5
, (4.19)
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and
1− f = 1 +

4|η|
5

. (4.20)

Being f > 0, equation (4.20) is never satisfied. Consequently, no homogeneous, fluid
prolate system can be in equilibrium.
The main conclusion that one draws from this approach is that, at variance with what
intuition might suggest, comparing the gravitational field at the pole and at the equator
is not sufficient to assess the system’s equilibrium. In the oblate case, although equation
(4.12) shows that gpole > geq, when we consider the weights of the vertical and radial
columns, which depend on both gravitational field and length of the column, we find that
the longer radial column actually dominates. Some degree of rotation is thus required
to reduce its weight. In the prolate case, the situation is reversed: despite gpole < geq,
the vertical column outweighs the radial one. However, in this case, rotation cannot
compensate for this effect; on the contrary, it makes it worse. It is, therefore, this inability
to balance the two columns through rotation that ultimately makes fluid prolate systems
unfeasible.

4.1.2 General axisymmetric systems with ρ(m)

The usefulness of Newton’s approach lies in translating the problem of equilibrium into
a very simple yet enlightening balance-of-weights argument. Even though it was origi-
nally devised for homogeneous rotating fluids with small flattening/elongation, we now
ask whether the same intuition extends to more general ellipsoidal systems with arbitrary
axial ratio and a stratified density ρ(m). If such an extension were possible, it could help
us, as in the constant-density ellipsoid, to visualise in a simple way the intrinsic difference
between oblate and prolate systems. To this end, in the following, we present a set of
results that show in a rigorous way how Newton’s intuitive reasoning can be generalised
to arbitrary density profiles ρ(m).

Theorem 1. Let
m2 = R2 +

z2

q2
, q > 0, (4.21)

and let the density of an axisymmetric ellipsoidal system be ρ = ρ(m), with

dρ

dm
≤ 0. (4.22)

Let gR(R, z) and gz(R, z) be the magnitude of the gravitational field of the ellipsoid
along R and z, respectively, at the point (R, z). Then, ∀m,

gR(m, 0) < gz(0,mq) if q < 1 (oblate),
gR(m, 0) > gz(0,mq) if q > 1 (prolate).

(4.23)

Proof. See Appendix C.

This first result confirms, for both constant and decreasing density profiles ρ(m), the
intuitive picture of Figure 4.1: at a fixed m, gravity is stronger along the shortest axis
and weaker along the longest axis. As we discussed, however, this alone does not explain

26



4.1. The gravitational field of axisymmetric ellipsoids

equilibrium in axisymmetric systems. Therefore, we also extend the analogy of the two
columns of fluid to general ellipsoids with stratified density ρ(m). We begin by presenting,
in Theorem 2, an expression for the difference between the “weight” of the vertical column
and that of the radial column, for truncated ellipsoids. This expression can be easily
extended to the case of untruncated ellipsoids by taking the truncation radius to infinity. In
addition to what done by Newton, our expression compares the vertical and the horizontal
column not only at the centre of the system, but at every point (R, z). For illustrative
purposes, Figure 4.4 shows an example of the radial and vertical columns at a generic point
(R, z).

Theorem 2. Let
m2 = R2 +

z2

q2
, q > 0, (4.24)

and let the density of an axisymmetric ellipsoidal system be

ρ =

{
ρ(m) m ≤ mt,

0 m > mt.
(4.25)

where mt > 0 is a truncation radius. Then, defining

Rt(z) =

√
m2

t −
z2

q2
, zt(R) = q

√
m2

t −R2, (4.26)

the following relation holds ∀(R, z):∫ Rt

R

ρ
∂Φ

∂R′dR
′ −
∫ zt

z

ρ
∂Φ

∂z′
dz′ =

∫ Rt

R

∫ zt

z

(
∂ρ

∂R′
∂Φ

∂z′
− ∂ρ

∂z′
∂Φ

∂R′

)
dz′dR′

+

∫ Rt

R

ρ(R′, z′t)
dΦ(R′, z′t)

dR′ dR′.

(4.27)

Proof. See Appendix C.

Note that ∫ Rt

R

ρ
∂Φ

∂R′dR
′ ≡ WR,

∫ zt

z

ρ
∂Φ

∂z′
dz′ ≡ Wz

are, respectively, the weights of the radial and the vertical density column at each point
(R, z). From now on, we will refer to their difference as δW .

Finally, let us study the sign of δW . For simplicity of notation, we set a = 1, since here
we are not interested in considering a specific scale length. The derivatives with respect
to R and z of a generic decreasing density profile ρ(m) are

∂ρ

∂R
=

R

m

dρ

dm
= −R

m

∣∣∣∣ dρdm
∣∣∣∣ ,

∂ρ

∂z
=

z

q2m

dρ

dm
= − z

q2m

∣∣∣∣ dρdm
∣∣∣∣ ,

(4.28)
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Figure 4.4. Illustration of the radial and vertical column at a generic point (R, z), for an oblate
(left) and a prolate (right) ellipsoid.

and the derivatives of the potential are given in equation (4.4). Therefore, after some
algebra, we can rewrite equation (4.27) as

δW ≡
∫ Rt

R

ρ
∂Φ

∂R′dR
′ −
∫ zt

z

ρ
∂Φ

∂z′
dz′ = (1− q2)

∫ Rt

R

∫ zt

z

F(R′, z′)dz′dR′

+ (1− q2)

∫ Rt

R

G(R′, z′t)dR
′,

(4.29)

where
F(R, z) ≡ 2πG

q

Rz

m

∣∣∣∣ dρdm
∣∣∣∣ ∫ ∞

0

dτ
ρττ

(1 + τ)(q2 + τ)
√

∆(τ)
. (4.30)

and
G(R, z) ≡ 2πGqRρ(R, z)

∫ ∞

0

dτ
ρττ

(1 + τ)(q2 + τ)
√
∆(τ)

, (4.31)

Note that the functions F and G are nowhere negative. Therefore, the sign of δW is
determined by the sign of 1− q2.

For spatially untruncated ellipsoids, whose density is a decreasing function of m, so
that ρ = 0 for m → ∞, equation (4.29) simply becomes

δW = (1− q2)

∫ ∞

R

∫ ∞

z

F(R′, z′)dz′dR′. (4.32)

We conclude that, at each point (R, z) of an axisymmetric ellipsoid (truncated or
untruncated) with constant or decreasing density ρ(m), δW ≥ 0 in oblate systems and
δW ≤ 0 in prolate systems. In other words, at each point of oblate systems, the radial
column is always heavier than the vertical one, while in prolate systems, the opposite
occurs. Note that this result is obtained by considering only the density of the system and
the corresponding gravitational field.

We now ask what are the conditions on dynamics that can compensate for this imbal-
ance, allowing the system to be in equilibrium. We already showed that, in fluid ellipsoidal
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4.2. The Jeans equations for axisymmetric two-integral systems

systems, which have isotropic velocity dispersion, the balance can be reached only in the
oblate case, thanks to rotation. However, stellar systems, at variance with normal fluids,
can be characterised by quite complicated orbital structures. This part of the problem is
described by the Jeans Equations (JEs), which are introduced in the next section.

4.2 The Jeans equations for axisymmetric two-integral
systems

When studying the dynamics of galaxies, the comparison between theoretical models and
observations primarily relies on the velocity moments of the DF, which contains all the
information about the density distribution and the mean kinematics of the stars in the
system (see Appendix A for a more extended explanation). Although velocity moments
are straightforward to compute when the DF is known, the DF itself is generally not
obtainable in practice. Therefore, alternative methods are needed to infer velocity moments
from the macroscopic properties of the system. In this context, the JEs play a crucial role.
They relate the velocity moments to the density and gravitational potential of the system.
Specifically, in this thesis, we focus on stationary, axisymmetric, two-integral systems.
Under these assumptions the JEs, in cylindrical coordinates, are (Binney and Tremaine
2008; Ciotti 2021) 

∂ρσ2

∂z
= −ρ

∂Φ

∂z
,

∂ρσ2

∂R
− ρ∆

R
= −ρ

∂Φ

∂R
, ∆ ≡ v2φ − σ2.

(4.33)

Note that the system of equation (4.33) is closed1, allowing us to determine the two
unknowns v2φ and σ2. The quantity v2φ can then be further decomposed into its dispersion
(σ2

φ) and ordered (vφ2) components. This point will be addressed later, in Chapter 6.

4.2.1 Solving the Jeans equations

In the following, we outline the procedure to solve the JEs. The first equation in (4.33),
gives

ρσ2 =

∫ zt

z

ρ
∂Φ

∂z′
dz′, (4.34)

where ρσ2(R, zt) = 0 necessarily. By comparison with the equation of hydrodynamics, ρσ2

can be interpreted as a “pressure” exerted by stars. On the right-hand side, we note the
expression for the “weight” Wz of the vertical column above each point (R, z). The term
ρσ2 can then be substituted in the radial equation of (4.33) to find

v2φ = R
∂Φ

∂R
+

R

ρ

∂ρσ2

∂R
+ σ2. (4.35)

1For generic axisymmetric systems the JEs involve more unknowns than equations and require addi-
tional closure relations. The assumption of a two-integral DF is one of the simplest. It ensures σ2

R = σ2
z

and that all mixed velocity moments vivj vanish, thus providing the extra conditions needed to close the
system.

29



Chapter 4. Force Fields and Jeans Equations

This represents the most immediate way to solve the JEs. However, we now introduce
another equivalent approach to find v2φ, as it highlights some important properties of the
solution and allows us to link the JEs to the argument of the two columns discussed in the
previous section. Integrating the radial equation of (4.33) at fixed z, one finds

ρσ2 =

∫ Rt

R

ρ
∂Φ

∂R′dR
′ −
∫ Rt

R

ρ∆

R′ dR
′. (4.36)

This shows that the same pressure exerted by stars in the z-direction to sustain the vertical
column, is the one exerted in R-direction to sustain the effective weight of the radial
column, which is WR plus the additional term

−
∫ Rt

R

ρ∆

R′ dR
′. (4.37)

This term must then correspond to the difference −δW between the two weights, thus by
comparison with equation (4.27), we have

ρ∆

R
=

∫ zt

z

(
∂ρ

∂R

∂Φ

∂z′
− ∂ρ

∂z′
∂Φ

∂R

)
dz′ + ρ(R, zt)

dΦ(R, zt)

dR
, (4.38)

from which v2φ is recovered as v2φ = ∆+ σ2 (see also equation (13.103) in Ciotti 2021).

4.2.2 Sign of ∆ and its role in the equilibrium of two-integral
systems

We focus now on the sign of ∆ and what it implies in the dynamics of stellar systems.
Using the same procedure of Section 4.1.2, one finds

ρ∆

R
= (1− q2)

[∫ zt

z

F(R, z′)dz′ + G(R, zt)

]
, (4.39)

with F and G given in equations (4.30) and (4.31). Therefore, the sign of ∆ corresponds
to the sign of 1− q2 and we have immediately

Theorem 3.

Oblate ∆ ≥ 0,

Spherical ∆ = 0,

Prolate ∆ ≤ 0,

(4.40)

where in oblate and prolate systems ∆ = 0 is verified only on the z-axis. From the definition
of ∆, this implies v2φ = σ2 on the z-axis in both oblate and prolate models and, everywhere
else, v2φ < σ2 in prolate systems and v2φ > σ2 in oblate systems. Being v2φ = σ2

φ + vφ
2 this

means that prolate systems have σ2
φ < σ2, except on the z-axis, where σ2

φ = σ2. This,
again, confirms that isotropic prolate systems do not exist. Conversely, in oblate systems,
both σ2

φ ≤ σ2 and σ2
φ ≥ σ2 are possible depending on the value and decomposition of

v2φ, thus isotropy is a valid possibility for oblate ellipsoids. Isotropic oblate systems are
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4.2. The Jeans equations for axisymmetric two-integral systems

typically referred to as “isotropic rotators” and they have been observed and widely studied
in the literature (e.g., Binney and Tremaine 2008; Cappellari 2016).

It should be noted that the sign of ∆ as a function of the axial ratio q is not a new
result in the literature (see e.g., Ex. 13.29 in Ciotti 2021). Similar results regarding the
sign of ∆ and the impossibility of constructing isotropic prolate systems have also been
found, with a different method, in non-stratified ellipsoids, by Jiang and Moss (2002).

In this context, the contribution of this thesis is to provide a simple physical interpreta-
tion of why ∆ must have this sign: it reflects the imbalance between the radial and vertical
density columns at each point. In particular, if we look at equation (4.36) we see that, if
∆ ≥ 0, the effective weight of the radial column is lower than WR, whereas if ∆ ≤ 0, the
effective weight is higher than WR. Since in prolate systems the vertical column is heavier
than the radial one, additional support is required, and a negative ∆ naturally plays this
role. Conversely, in oblate systems, where the radial column is heavier, a positive ∆ is
required. In isotropic systems (σ2

R = σ2
z = σ2

φ), we have ∆ = v2φ − σ2
φ = vφ

2, and equation
(4.36) becomes

ρσ2 =

∫ Rt

R

ρ
∂Φ

∂R′dR
′ −
∫ Rt

R

ρ
vφ

2

R′ dR
′, (4.41)

which shows that, in these systems, the weight of the radial column can only be reduced
by the centrifugal support given by rotation, analogously to what we discussed in the
hydrodynamic case (Section 4.1.1).

In summary, ∆ plays a fundamental role in the equilibrium of two-integral systems, act-
ing as a “balancing” term of the effective radial weight. This explains why two-integral pro-
late systems with anisotropic velocity dispersions can be in equilibrium, whereas isotropic
prolate systems cannot.
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CHAPTER 5

Consistency of Two-Integral
Prolate Systems

In the previous chapter we introduced the JEs, which now allow us to recover the velocity
fields of our models and to compare the internal dynamics of conjugate systems. Such
a comparison, however, is meaningful only if the models are physically consistent. A
necessary (though not sufficient) condition for physical consistency is v2φ ≥ 0 everywhere.
If this condition fails, the model is immediately unphysical. Therefore, in this chapter, we
address the possibility of the average azimuthal squared velocity v2φ becoming negative.
While this issue never occurs in oblate systems, it is common in the prolate case. As a
result, particular care must be taken when constructing two-integral prolate models.

We focus our analysis on three representative density profiles: Gaussian, power-law,
and deprojected Sérsic profile. In Section 5.1, we determine whether models characterized
by these profiles can be physically viable and we identify, when possible, conditions on the
model parameters that guarantee v2φ ≥ 0. In Section 5.2, for the Gaussian and power-law
cases, we further provide a detailed characterisation of the unphysical regions, analysing
their shape, location, and dependence on model parameters to gain deeper insight into the
nature and extent of the inconsistency. Finally, in Section 5.3, we discuss the limitations
of relying solely on the sign of v2φ as a consistency criterion and clarify its relation to the
more fundamental requirement of a positive distribution function.



Chapter 5. Consistency of Two-Integral Prolate Systems

5.1 Sign of v2
φ in prolate systems

By definition, as an average of squared velocities, v2φ must be positive. Therefore, if the
integration of the JEs leads to a negative value, the model is not physically acceptable and
must be discarded. The need to examine this issue arises naturally from some of the results
obtained in the previous chapters. In Chapter 3, for example, we saw that, in two-integral
systems, the ratio WRR/Wzz, which depends only on q, can be written as

WRR

Wzz

= 1 +

∫
R3 ρv2φd

3x∫
R3 ρσ2d3x

. (5.1)

The necessary condition v2φ ≥ 0 implies WRR/Wzz ≥ 1. However, the inverse is not
guaranteed: having WRR/Wzz ≥ 1 does not ensure that v2φ ≥ 0 everywhere in the system.
In fact, v2φ can still become negative in some regions of space while keeping

∫
R3 ρv2φd

3x ≥ 0.
In other words, for a given q, the ratio WRR/Wzz is fixed, but the local values of σ2 and
v2φ are not fixed and depend on the adopted density profile.

Another indication that v2φ may become negative comes from the considerations in
Chapter 4, where we saw that in prolate systems ∆ ≤ 0 everywhere. Since v2φ = ∆ + σ2,
one may ask whether, for some density profiles and axial ratios q, even after adding σ2 to
the negative ∆, v2φ remains negative.

Let us consider, for example, a two-integral, truncated constant-density ellipsoid. The
values of ∆ and σ2 are given in equation (13.177) of Ciotti (2021). By summing these
two expressions, one can easily see that, in the prolate case, there exist regions inside the
truncation radius where v2φ < 0, whereas in the oblate case v2φ ≥ 0 everywhere. Therefore,
two-integral truncated prolate systems with constant density cannot exist. This simple
example demonstrates that v2φ can indeed become negative in some systems, emphasising
the importance of checking its sign to rule out inconsistencies.

In the following, we limit our treatment to untruncated systems, as this simplifies
the calculations and provides a reasonable approximation for real galaxies. Nevertheless,
one could extend the analysis to include truncated systems with non-constant density1 to
explore the role of the truncation radius in the consistency of these models.

We begin our analysis of the sign of v2φ by recovering a general expression for ρv2φ.
Summing ρσ2 given in equation (4.34) with ρ∆ in (4.38) yields

ρv2φ = ρ∆+ ρσ2 =
2πGa2

q2

∫ ∞

z/a

∫ ∞

0

ρρτ z̃

(1 + τ̃
q2
)3/2(1 + τ̃)

[
1− τ̃(q2 − 1)R̃2

(1 + τ̃)q2m

|ρ′|
ρ

]
dz̃dτ̃ , (5.2)

where τ̃ ≡ τ/a2, R̃ ≡ R/a, z̃ ≡ z/a, ρτ ≡ ρ(mτ ), with mτ defined as in (4.2), and ρ′ = dρ
dm

.
We note immediately that, in the case of oblate ellipsoids (q < 1), as expected, v2φ is
positive everywhere, independently of the axial ratio and of the adopted density profile. In
prolate ellipsoids (q > 1), instead, while on the z-axis (R̃ = 0) v2φ is positive, as one moves
away from the z-axis, determining the sign of v2φ is not straightforward and it depends on
the specific density profile. In the following, we analyse three particular density profiles:
Gaussian profile, power-law profile and deprojected Sérsic profile.

1To this end, one possibility could be to consider Ferrers ellipsoids (see e.g., Ciotti 2021, Ferrers 1877).
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5.1. Sign of v2φ in prolate systems

5.1.1 Gaussian density profile

Let us consider a Gaussian density profile, defined as

ρ(m) = ρ0e
−m2

, m2 = R̃2 +
z̃2

q2
, q > 1, (5.3)

where ρ0 is an arbitrary normalisation constant.
Despite not being a representative density profile for galaxies its simple analytical form

makes the Gaussian profile a useful starting point for simple calculations and some first-
order considerations.
With this density profile, equation (5.2) becomes

ρv2φ =
2πGa2

q2

∫ ∞

z/a

∫ ∞

0

ρρτ z̃

(1 + τ̃
q2
)3/2(1 + τ̃)

[
1− 2τ̃(q2 − 1)R̃2

(1 + τ̃)q2

]
dz̃dτ̃ , (5.4)

which can be easily integrated over z̃, allowing us to write v2φ as a one-dimensional integral
in τ̃ ,

v2φ = πGa2
∫ ∞

0

ρτ
(1 + τ̃)q2 − 2τ̃(q2 − 1)R̃2

(2q2 + τ̃)(1 + τ̃
q2
)1/2(1 + τ̃)2

dτ̃ . (5.5)

This more compact expression for v2φ simplifies the study of its sign. It is straightforward
to show that the integrand is positive when

R̃2 ≤ q2

2(q2 − 1)

1 + τ̃

τ̃
, (5.6)

and since 1 < (1+ τ̃)/τ̃ < ∞, if R̃2 ≤ q2

2(q2−1)
, the integrand is positive for every value of τ̃ ,

which leads to v2φ ≥ 0. Conversely, where R̃2 > q2

2(q2−1)
the integrand becomes negative for

high enough values of τ̃ , opening the possibility that the integral itself may be negative.
In other words, v2φ could be negative for some values of R̃ sufficiently large.

Let us prove now that for any given axial ratio q > 1, there always exists a value of
R̃ where v2φ becomes negative. Since it is sufficient to find at least one point where this
occurs, let us fix, for simplicity, z = 0. We saw that, in order for this hypothesis to be
verified, the condition R̃2 > q2

2(q2−1)
is necessary. Therefore, let us choose, for example,

R̃ = R̃0 =
q√
q2−1

. With these choices, equation (5.5) becomes

v2φ (R0, 0) = Gρ0a
2π

∫ ∞

0

e
− q2

(q2−1)(1+τ̃)
1− τ̃ q2

(2q2 + τ̃)(1 + τ̃
q2
)1/2(1 + τ̃)2

dτ̃ . (5.7)

We can numerically evaluate this expression for any values of q > 1, but we limit the
computation to 1 < q < 3 since, as shown in Chapter 3, two-integral prolate systems with
q ≳ 2.59 do not exist. The resulting values of v2φ are shown in Figure 5.1, where we see
that v2φ(R0, 0) < 0. This proves our hypothesis. Consequently, two-integral prolate models
with a Gaussian density profile are inconsistent.

The arbitrary choice of R̃ = R̃0 was particularly convenient for this proof. However,
since R̃0 tends to infinity as q → 1, one may question whether the inconsistency, although
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Chapter 5. Consistency of Two-Integral Prolate Systems

formally present, typically arises only at very large radii, where the stellar density is
negligible and the galaxy is, in practice, no longer physically present. To address this
point, in Figure 5.2 we present some examples of numerical integration of equation (5.5),
on the equatorial plane, for different values of q. These examples show that smaller q
enlarge the positive region. Nevertheless, even in almost spherical systems v2φ < 0 at
relatively small R̃.

Figure 5.1. Values of v2φ, in units of Ga2ρ0, on the equatorial plane (z = 0) for Gaussian, two-
integral prolate systems, at R̃ = q/

√
q2 − 1. The values are obtained from numerical integration

of equation (5.7), for 1 < q < 3.

Figure 5.2. Values of v2φ, in units of Ga2ρ0, on the equatorial plane (z = 0) for Gaussian, two-
integral prolate systems. The values are obtained from numerical integration of equation (5.5),
for three different axial ratios q = 1.1, 1.5, 2.
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5.1.2 Power-law density profile

We now study the sign of v2φ in two-integral prolate systems, with a power-law density
profile defined as

ρ(m) = ρ0m
−α, m2 = R̃2 +

z̃2

q2
, α > 0, q > 1, (5.8)

where ρ0 is an arbitrary normalisation constant. This profile is particularly relevant when
modelling galaxies, as several commonly adopted density profiles asymptotically behave
like power-laws at large radii.

Substituting this density profile into equation (5.2), we obtain

ρv2φ =
2πGa2

q2

∫ ∞

z/a

∫ ∞

0

ρρτ z̃

(1 + τ̃
q2
)3/2(1 + τ̃)

[
1− τ̃(q2 − 1)R̃2α

(1 + τ̃)q2m2

]
dz̃ dτ̃

=
2πGa2

q2

∫ ∞

z/a

∫ ∞

0

ρρτ z̃

(1 + τ̃
q2
)3/2(1 + τ̃)

[
1 +

(q2 − 1)R̃2α

(1 + τ̃)q2m2
− (q2 − 1)R̃2α

q2m2

]
dz̃ dτ̃ .

(5.9)

Since ρ is always non-negative, the sign of v2φ is determined by the sign of the double integral
in z̃ and τ̃ . The potentially negative contribution arises from the term in parentheses:[

1 +
(q2 − 1)R̃2α

(1 + τ̃)q2m2
− (q2 − 1)R̃2α

q2m2

]
. (5.10)

In the limit τ̃ → ∞, the second term, which contributes to making the parenthesis positive,
vanishes, and the expression in (5.10) tends to

1− (q2 − 1)R̃2α

q2m2
.

Therefore, a sufficient condition to ensure that the integral remains positive is

(q2 − 1)R̃2α

q2m2
≤ 1. (5.11)

Since R̃2/m2 ≤ 1, if α ≤ 1 the inequality (5.11) is satisfied for any axial ratio q. If, instead,
α > 1 it is satified if

q ≤
√

α

α− 1
. (5.12)

This condition ensures that v2φ ≥ 0 everywhere in the system. If it is not fulfilled, the
integrand in (5.9) becomes negative for some values of τ̃ . Nevertheless, the model may
still have positive v2φ as long as the overall integral remains positive. In fact, condition
(5.12) is only a sufficient condition for the positivity of v2φ. However, we performed some
numerical experiments and saw that this condition is very close to the necessary condition,
even though we have not been able to determine it analytically. Therefore, condition (5.12)

37



Chapter 5. Consistency of Two-Integral Prolate Systems

provides a very good estimate of the maximum possible value of q for a given power-law
density profile with slope α. Moreover, it suggests a noteworthy general trend: in two-
integral prolate ellipsoids, the flatter the density profile, the more elongated the system
can be.

5.1.3 Sérsic density profile

Finally, we analyse the sign of v2φ in two-integral prolate systems with a Sérsic surface
brightness profile, widely regarded as the most accurate for early-type galaxies. It is
defined, in the spherical case, as

I(R) = I0e
−bη1/n , η ≡ R/Re, (5.13)

where n is the Sérsic index, I0 is the central surface brightness, R is the radius in the
projection plane, Re is the effective radius (i.e. the radius in the projection plane enclosing
half of the total luminosity of the profile) and b is a dimensionless parameter depending
on n. The brightness profile of many elliptical galaxies is well approximated by the Sérsic
profile with n = 4 which is referred to as the de Vaucouleurs (1948) profile. However, more
detailed studies have shown that ellipticals span a wide range of Sérsic indices (Caon et al.
1993; Graham and Guzmán 2003). Hence, in this section, we consider 2 ≤ n ≤ 6.

The Sérsic law describes a projected quantity, but throughout this section we refer to its
corresponding deprojected density profile, which can be recovered with various methods,
both analytical and numerical and can be generalised to ellipsoidal systems (Ciotti, De
Deo, et al. 2025; Ciotti 2021).

Beyond its observational relevance, the need to investigate this density profile arises
from its asymptotic behaviour at large radii:

ρ(m) ∼ e−bm1/n

m1−1/2n
, m → ∞. (5.14)

In this regime, the density is expressed as a combination of an exponential term and a
power-law term. As a result, it is not straightforward to determine whether two-integral
prolate models with a Sérsic profile can be physically consistent. A dedicated analysis is
therefore required to clarify this point.

Substituting (5.14) in equation (5.2), we obtain

ρv2φ =
2πGa2

q2

∫ ∞

z/a

∫ ∞

0

ρρτ z̃

(1 + τ̃
q2
)3/2(1 + τ̃)

[
1− τ̃(q2 − 1)R̃2

(1 + τ̃)q2m2

(
1− 1

2n
+

b

n
m1/n

)]
dz̃dτ̃ ,

(5.15)
We numerically integrate this equation for n = 2, 4, 6 and for different values of q, to
gain insight into the typical behaviour of v2φ for different Sérsic indices and different axial
ratios. Note that the potentially negative term[

1− τ̃(q2 − 1)R̃2

(1 + τ̃)q2m2

(
1− 1

2n
+

b

n
m1/n

)]

increases with increasing z, making the condition v2φ ≥ 0 easier to satisfy away from
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the equatorial plane (z = 0). To ensure that our analysis is conservative and captures
the most restrictive case, we perform the numerical integration at z = 0. An additional
consideration concerns determining the value of the parameter b, which depends on n
through the transcendental equation Γ(2n) = γ(2n, b), where Γ(x) and γ(a, x) are the
complete and lower incomplete gamma functions, respectively. Since b cannot be expressed
in closed form, for our computations we adopt the asymptotic expansion of b(n) derived
by Ciotti and Bertin (1999), truncated at the third term:

b = 2n− 1

3
+

4

405n
. (5.16)

The results of the numerical integration are shown in Figure 5.3. We find that, in all
cases considered, v2φ always becomes negative beyond a sufficiently large value of R̃2. For
a fixed value of the Sérsic index n, increasing the axial ratio q narrows the region with
positive v2φ. Conversely, for a fixed q, increasing n tends to enlarge the positive region. In
the Gaussian case, we observed that v2φ turns negative already at relatively small R̃, even
in nearly spherical systems. With Sérsic profiles, however, we note that the region where
v2φ ≥ 0 can be significantly extended by choosing smaller values of q and higher values of
n. For instance, in the case n = 4 and q = 1.16, v2φ becomes negative beyond R̃ ≈ 44,
a region where the stellar density is essentially negligible. This is not surprising: the
exponential decay in the Sérsic profile is shallower than in the Gaussian, and, as discussed
in the previous section, a flatter density profile generally favours consistency. Therefore,
unlike the Gaussian case, two-integral prolate galaxies with a Sérsic surface brightness
distribution can be physically viable.

In particular, a reasonable approximation for the radius beyond which the stellar den-
sity of galaxies becomes negligible is ≈ 10Re. In the context of elliptical galaxies, Re

corresponds to the scale length a, hence, on the equatorial plane, 10Re correspond to
R̃ = 10. Therefore, we determine, for different values of the Sérsic index n, the maximum
value q10 of the axial ratio for which v2φ remains positive within R̃ = 10. The approximate
values of q10, obtained numerically from equation (5.15), for n = 2, 3, 4, 5, 6, are presented
in Table 5.1, where we observe that models with higher Sérsic indices (characterised by
a shallower density slope in the outer regions) can be more elongated. This, again, is
in agreement with the conclusion that flatter density profiles allow for more elongated
systems.

n 2 3 4 5 6
q10 1.11 1.17 1.21 1.25 1.27

Table 5.1: Maximum axial ratio q10 for which a two-integral prolate system with Sérsic index
n = 2, 3, 4, 5, 6 satisfies v2φ ≥ 0 on the equatorial plane (z = 0) within 10Re which correspond to
R̃ = 10.

2The plots are obtained considering only the asymptotic behaviour of ρ for large m, as this simplifies
the computations and since the previous density profiles considered suggest that consistency problems
arise at large radii. However, some numerical experiments with the complete deprojected Sérsic profile
given in Ciotti, De Deo, et al. (2025) have been performed, and the positivity of v2φ in the central regions
has been checked.
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Figure 5.3. Values of ρv2φ in units of Ga2ρ20, on the equatorial plane (z = 0), in two-integral
prolate systems with Sérsic profile with index n = 2 (top), n = 4 (middle), n = 6 (bottom). The
three curves refer to three values of the axial ratio q = 1.16, 1.18, 1.2.
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5.2 Regions with v2
φ < 0 in prolate systems

Having established that two-integral prolate models can have regions where v2φ becomes
negative, we now turn to a more detailed characterisation of these inconsistent regions,
determining their shape and location for different model parameters to better understand
the nature and extent of the inconsistency.

To carry out this analysis we write again ρv2φ as the sum of ρ∆ and ρσ2, but this time
we adopt the simplifying assumption of a spherical potential, i.e., Φ = Φ(r), where r =√

R̃2 + z̃2. This approximation is motivated by the fact that the gravitational potential is
in general rounder than the underlying density distribution and, as discussed, inconsistency
arises already in almost spherical systems. This assumption is particularly useful, as it
allows us to eliminate the integral over τ . To simplify the notation, in what follows we
work entirely in dimensionless variables: R̃ → R, z̃ → z, so that r =

√
R2 + z2 and

m2 = R2 + z2/q2.
From equation (4.38), we thus have

ρ∆ = R

∫ ∞

z

(
ρ′R

m

Φ′ẑ

r
− ρ′ẑ

q2m

Φ′R

r

)
dẑ

= R

(
1− 1

q2

)∫ ∞

z

ρ′Φ′Rẑ

mr
dẑ,

(5.17)

where ρ′ ≡ ∂ρ
∂m

and Φ′ ≡ ∂Φ
∂r

. From equation (4.34),

ρσ2 =

∫ ∞

z

ρΦ′ẑ

r
dẑ. (5.18)

Hence we obtain
ρv2φ =

∫ ∞

z

Φ′ẑ

r

[
ρ+

ρ′R2

m

(
1− 1

q2

)]
dẑ. (5.19)

Using this equation, we now study separately the Gaussian profile and the power-law
density profiles.

5.2.1 Gaussian density profile

Let us substitute into equation (5.19)

ρ = ρ0e
−m2

, Φ = −Φ0

r
, (5.20)

where ρ0 and Φ0 are arbitrary normalisation constants. We obtain

ρv2φ = ρ0Φ0

[
1− 2(q2 − 1)R2

q2

]
e−R2

∫ ∞

z

ẑ

r3
e
− ẑ2

q2 dẑ. (5.21)

As already discussed in Section 5.1.1, for any value of q > 1 there exist a region where
v2φ < 0. This becomes evident under the assumption of spherical potential. Moreover, this
simple calculation shows that the extent of the inconsistent region depends only on the
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cylindrical radius R. In particular, the following condition holds:

v2φ < 0 where R >

√
q2

2(q2 − 1)
(5.22)

This represents a simple estimate of the boundary beyond which Gaussian models have
v2φ < 0. In Figure 5.4 we provide a visual representation of the positive region (in green)
and negative region (in red) and how they vary with different q.

Figure 5.4. Regions in the (R, z)-plane where v2φ > 0 (green) and v2φ < 0 (red), for a Gaussian
density profile, with three different values of the axial ratio q = 1.1, 1.2, 1.3. R and z are normalised
to the scale length a.

5.2.2 Power-law density profile

For the power-law density profile, we substitute into equation (5.19)

ρ = ρ0m
−α, Φ = −Φ0

r
, (5.23)

which gives

ρv2φ = ρ0Φ0

∫ ∞

z

ẑ

r3

[
1

mα
− αR2

mα+2

(
1− 1

q2

)]
dẑ

= ρ0Φ0
1

R1+α

∫ ∞

s

t

(1 + t2)3/2(1 + t2/q2)α/2

(
1− α(1− 1/q2)

1 + t2/q2

)
dt,

(5.24)

where we defined t ≡ ẑ/R and s ≡ z/R. As expected, if the condition (5.12) is satisfied,
v2φ ≥ 0. If this condition is not satisfied, the integrand is negative for small values of t
and becomes positive for sufficiently large t. Therefore there exist s0 high enough so that
v2φ ≥ 0 for s > s0. This means that the positive region is inside a conical surface defined
by the equation z2 = s0R

2.
Figure 5.5 shows some examples of the shape of the positive and negative regions3,

3The value of s0 corresponding to the boundary between consistent and inconsistent region is
computed from (5.24) by numerically solving the equation ρv2φ = 0, using the Python routines
scipy.integrate.quad for the integral and scipy.optimize.root_scalar for the root finding.
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for different values of α and q. We note that, for a given q, s0 increases as α increases,
narrowing the positive conical region. The same trend is obtained increasing q for a fixed
value of α.

Figure 5.5. Regions in the (R, z)-plane where v2φ > 0 (green) and v2φ < 0 (red) in two-integral
prolate models with a power-law density profile. R and z are normalised to the scale length a.
Top panel: the axial ratio q = 1.4 is fixed and the power-law exponent is, from left to right,
α = 3, 4, 5. Bottom panel: the power-law exponent α = 4 is fixed and the axial ratio is, from left
to right, q = 1.3, 1.4, 1.5.

5.3 Consistency and distribution function
We conclude this chapter with an important remark. So far, we have focused on the
condition v2φ ≥ 0. However, satisfying this condition does not necessarily imply that the
model is physically consistent. In the context of stellar dynamics, the term “consistency”
refers specifically to the positivity of the distribution function (DF) f everywhere in phase
space. By definition, v2φ is the average of the squared azimuthal velocity over the velocity
space, weighted by the DF (see Appendix A). Therefore, if v2φ < 0, f is necessarily negative
in some regions of phase space, and the model is inconsistent. On the other hand, if
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Chapter 5. Consistency of Two-Integral Prolate Systems

f ≥ 0 everywhere in phase space, then, necessarily v2φ ≥ 0. However, the inverse is not
true: v2φ could be positive even if f < 0 in some regions of phase space. To summarise
the requirements for consistency, including also the constraint derived in Chapter 3, we
schematically illustrate them as follows.

f ≥ 0 =⇒ v2φ ≥ 0 =⇒ WRR

Wzz

≥ 1
���⇐= ���⇐=

WRR

Wzz

< 1 =⇒ v2φ < 0 =⇒ f < 0
���⇐= ���⇐=

To address the consistency of our models, we should, in principle, derive the corre-
sponding DF and check its sign. For two-integral systems, i.e., f = f(E,Lz), there exist
some techniques to recover the DF once the density profile is chosen and, for completeness,
we list some of them below. However, recovering the DF of our models is beyond the scope
of this thesis and we will not discuss it further.

In axisymmetric systems where the density can be expressed as ρ(R,Φ), some inversion
methods can be applied. These techniques require the analytic continuation of ρ in the
complex plane and include:

1. methods based on integral transforms, such as the Lynden-Bell (1962) method, the
Hunter (1975) method and the Dejonghe (1986) method;

2. the method proposed by Hunter and Qian (1993) based on the theorem of residues
for functions of complex variables.

The latter was used, for example, to derive the DF in elliptically stratified power-law
models, by Qian et al. (1995). In Figure 5.6, we report one of their figures, which illustrates,
for each power-law exponent α (which corresponds to −α of this thesis) the values of the
axial ratio q allowed for a positive DF. We note that oblate systems have a positive DF for
any q. Conversely, in prolate systems, the maximum axial ratio for a positive DF decreases
for steeper density profiles. Similar results were found by Evans (1994).

In general, even though we will not derive the DF of our models, one could reasonably
expect that, when v2φ starts becoming negative in some region, the DF is already negative
in a substantial portion of phase space. Consequently, the conditions for consistency could
be much more stringent than those derived for the positivity of v2φ, which already limit
prolate models to be almost spherical.
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5.3. Consistency and distribution function

Figure 5.6. Figure reported from Qian et al. (1995), illustrating, with the horizontally hatched
area, the region in the (q, α) parameter space where two-integral power-law ellipsoidal systems
are consistent (i.e., they have non-negative distribution function everywhere in phase space). The
diagonally hatched area indicates the region corresponding to model consistency in the presence
of a central black hole (not discussed in this thesis).
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CHAPTER 6

Intrinsic and Projected
Kinematical Fields in Conjugate

Systems

Building upon the general results found in the previous chapters, we now turn to the
comparison of the internal dynamics of conjugate systems. In Section 6.1, we compute
their intrinsic kinematical fields, i.e., σ2 and v2φ, by numerically solving the JEs, and
we analyse the differences between oblate and prolate models. In Section 6.2, we then
derive their projected kinematical fields, which are more directly linked to observations.
We first recall the edge-on projection equations for the line-of-sight rotational velocity
vlos and the line-of-sight velocity dispersion σlos in axisymmetric systems. Solving these
equations requires choosing a decomposition of v2φ into its dispersion (σ2

φ) and ordered
(vφ2) components. Since the often used Satoh (1980) k-decomposition cannot be used for
prolate systems, in Section 6.2.2, we introduce the λ-decomposition, valid for both oblate
and prolate models. Finally we discuss the analogies and differences between oblate and
prolate conjugate systems, both in the non-rotating and rotating case.



Chapter 6. Intrinsic and Projected Kinematical Fields in Conjugate Systems

6.1 Intrinsic kinematical fields

In the previous chapters, we explored global differences between oblate and prolate systems.
These differences are independent of the specific scale-length considered. Therefore, they
are still present in conjugate oblate-prolate pairs. With this in mind, we now compute
σ2 and v2φ in conjugate systems, with the aim of identifying possible distinct kinematical
trends between oblate and prolate models. As an illustrative case, we adopt the widely
used Hernquist (1990) profile in its ellipsoidal form

ρ(m) =
M

2πa3q

1

m(1 +m)3
, (6.1)

as it is sufficiently simple to treat analytically and it reproduces quite well the density
profile of elliptical galaxies. As additional illustrative examples, the intrinsic fields obtained
for the Jaffe (1983) and Gaussian density profiles are presented in Appendix D.

6.1.1 Numerical integration of the Jeans equations

The numerical integration of the JEs is carried out by using a specifically developed code in
the Mathematica1 software. The code takes the density ρ as input and then computes its
derivatives analytically as in equation (4.28). The velocity dispersion σ2 and the azimuthal
velocity squared v2φ are then obtained by solving equations (4.34) and (4.38), respectively,
through the NIntegrate numerical routine. Finally, contour plots are generated using the
function ContourPlot, with the default option PlotPoints = 15, which corresponds to
an initial grid of 15 sample points per direction. The software then automatically refines
this grid adaptively to provide a sufficiently fine sampling to describe the variations across
the (R, z)-plane. For symmetry reasons we restrict the computation to the first quadrant
of the (R, z)-plane.

6.1.2 Results

We consider conjugate models with an axial ratio chosen to ensure that the prolate system
satisfies v2φ ≥ 0 everywhere. From condition (5.12), noting that the maximum slope of the
Hernquist profile is ρ ∝ m−4 as m → ∞, the limiting axial ratio that ensures the positivity
of v2φ in the prolate system is qp = 2/

√
3, which corresponds to qo =

√
3/2 ≈ 0.866. The

resulting σ2 and v2φ for the oblate and prolate models are shown in Figure 6.1 and a zoom
on the central region is shown in Figure 6.2.

We find that the two quantities have comparable values in both systems, although
σ2 is globally higher in the prolate model, whereas v2φ is globally higher in the oblate
model. Both σ2 and v2φ vanish at the centre, a well-known property of density profiles
with asymptotic behaviour ρ ∝ r−1 at small radii, such as the Hernquist profile (e.g.,
Appendix C in Bertin et al. 2002). Moreover, in the oblate case, contours of equal value
of σ2 are elongated along the z-axis, while in the prolate case, they are elongated along
the R-axis. The opposite occurs for v2φ. However, since the two models are compared with
the same projected orientation, the oblate z-axis is oriented as the prolate R-axis. As a

1Wolfram Research, Inc., Mathematica, Version 14.1, Champaign, IL (2024)

48



6.1. Intrinsic kinematical fields

result, no qualitative difference between the two systems is observed in the way σ2 and v2φ
are spatially distributed.

Although the results in Chapter 5 restrict physically possible prolate models to nearly
spherical shapes, we plot σ2 and v2φ for another pair of conjugate models with qp = 2 i.e.,
qo = 1/2, to illustrate the general trend for increasing flattening/elongation. Compared to
the previous case, the difference between the oblate and the prolate model increases, with
the maximum value of σ2 in the prolate system being approximately double the one in
the oblate system. As far as v2φ is concerned, as expected, the prolate system develops an
inconsistent region whose shape closely resembles the analytical prediction for power-law
profiles in Section 5.1.2. The small deviation from the analytical prediction is simply due
to the fact that the Hernquist profile is not a pure power-law.

In addition to these results, we can exploit the numerical code to better understand
and visualise the properties of axisymmetric systems discussed Chapter 4. We begin by
computing the “pressures” ρσ2 and ρv2φ, shown in Figure 6.4. We find that both ρσ2 and ρv2φ
are almost perfectly stratified on the density profile. The small deviations from isodensity
contours explain why, when we divide by the density, the contours of equal value of σ2 and
v2φ elongate along z or R. Additionally, we recall that ρσ2 can be interpreted both as the
pressure exerted in the R- and z-directions, and as the weight of the vertical density column
above each point. This figure thus allows us to visualise how the weight of the vertical
density column varies across the (R, z)-plane. We then compute the weight difference δW
between the radial and vertical density columns at each point. We already know that
this difference is positive in oblate systems and negative in prolate ones, hence we plot its
absolute value in Figure 6.5. We observe that δW is not constant, but decreases at larger
distance from the centre of the system. Moreover, it is approximately stratified on the
density and its absolute value is very similar in the conjugate oblate and prolate systems.
In Figure 6.5 the absolute value of ∆ is also showed. We observe that its maximum value in
the prolate system is higher than its maximum value in the oblate system. Moreover, the
maxima are located along the R-direction in both oblate and prolate systems. A simple
explanation for this fact is that, as we showed in Chapter 4,

δW =

∫ ∞

R

ρ∆

R′ dR
′, (6.2)

thus
ρ∆

R
= −∂δW

∂R
. (6.3)

Since δW is approximately stratified on the density, its radial variation is maximum on
the equatorial plane (z = 0).
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Intrinsic Velocity Fields in Conjugate Hernquist Models with
qo =

√
3/2

Figure 6.1. Maps in the (R,z)-plane of σ2 (upper panels) and v2φ (lower panels) for oblate
(left panels) and prolate (right panels) conjugate Hernquist models with axial ratio of the oblate
system qo =

√
3/2, in common units of GM/ao. R and z are in units of the oblate scale length

ao, and z denotes the symmetry axis. Black solid lines represent isodensity contours of the stellar
distribution. The colour scale is the same for σ2 and v2φ.
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Intrinsic Velocity Fields in Conjugate Hernquist Models with
qo =

√
3/2

Figure 6.2. Zoomed maps in the (R,z)-plane of σ2 (upper panels) and v2φ (lower panels) for
oblate (left panels) and prolate (right panels) conjugate Hernquist models with axial ratio of the
oblate system qo =

√
3/2, in common units of GM/ao. R and z are in units of the oblate scale

length ao, and z denotes the symmetry axis. Black solid lines represent isodensity contours of the
stellar distribution. The colour scale is the same for σ2 and v2φ.
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Intrinsic Velocity Fields in Conjugate Hernquist Models with
qo = 1/2

Figure 6.3. Maps in the (R,z)-planeof σ2 (upper panels) and v2φ (lower panels) for oblate (left
panels) and prolate (right panels) conjugate Hernquist models with axial ratio of the oblate system
qo = 1/2, in common units of GM/ao. R and z are in units of the oblate scale length ao, and z
denotes the symmetry axis. Black solid lines show isodensity contours of the stellar distribution.
The white region in the bottom right panel corresponds to negative values of v2φ. The colour scale
is the same for σ2 and v2φ.
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“Pressures” in Conjugate Hernquist Models with qo =
√
3/2

Figure 6.4. Maps in the (R,z)-plane of ρσ2 (upper panels) and ρv2φ (lower panels) for oblate
(left panels) and prolate (right panels) conjugate Hernquist models, with axial ratio of the oblate
system qo =

√
3/2, in common units of GM2/a4o. R and z are in units of the oblate scale length

ao, and z denotes the symmetry axis. Black solid lines represent isodensity contours of the stellar
distribution. The logarithmic colour scale is the same for ρσ2 and ρv2φ.
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δW and ∆ in Conjugate Hernquist Models with qo =
√
3/2

Figure 6.5. Upper panels: maps in the (R,z)-plane of |δW| for oblate (left) and prolate (right)
conjugate Hernquist models, with axial ratio of the oblate system qo =

√
3/2, in common units

of GM2/a4o. Bottom panels: maps in the (R,z)-plane of |∆| for oblate (left) and prolate (right)
conjugate Hernquist models, with axial ratio of the oblate system qo =

√
3/2, in common units of

GM/ao. In all panels, R and z are in units of the oblate scale length ao, z denotes the symmetry
axis and black solid lines represent isodensity contours of the stellar distribution.
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6.2 Projected kinematical fields

In Section 6.1, we considered the intrinsic dynamical quantities σ2 and v2φ for conjugate
oblate-prolate systems. However, the quantities that are actually accessible through obser-
vations are the projection of the intrinsic velocity fields on the plane of the sky. Therefore,
to allow our models to be compared with observational data, we must compute the line-
of-sight (los) velocity dispersion σlos and line-of-sight rotational velocity vlos. Moreover,
since no qualitative differences emerged in the intrinsic fields between oblate and prolate
models, it is natural to ask whether significant differences arise once they are projected.

6.2.1 Projections formulae

We present here the projection formulae in the edge-on case. We choose the line to sight
to be aligned with the x-axis. The line-of-sight rotational velocity vlos, which indicates
ordered motion along the line of sight, is obtained as

Σvlos =

∫ ∞

−∞
ρvφ⟨êφ, êx⟩dx, (6.4)

where Σ is the surface mass density, êφ = (− sinφ, cosφ, 0) is the unit vector in the
azimuthal direction, êx = (1, 0, 0) is unit vector along the x-axis and with ⟨ · , · ⟩ we indicate
the standard inner product. Since sinφ = y/R and recalling that R =

√
x2 + y2, a simple

change of variables yields

Σvlos = 2y

∫ ∞

y

ρvφ√
R2 − y2

dR. (6.5)

The line-of-sight velocity dispersion σlos can be written as (Ciotti and Pellegrini 1996;
Posacki et al. 2013)

σ2
los = σ2

P + V 2
P − v2los, (6.6)

where
Σσ2

P =

∫ ∞

−∞
ρ⟨σ2êx, êx⟩dx, ΣV 2

P =

∫ ∞

−∞
ρvφ

2⟨êφ, êx⟩2dx. (6.7)

We thus have, after some algebra,

Σσ2
los = 2

∫ ∞

y

R2σ2 + y2∆

R
√
R2 − y2

ρdR− Σv2los. (6.8)

6.2.2 The λ-decomposition for v2
φ

When computing vlos and σlos, knowing the ordered velocity vφ along the azimuthal direc-
tion is necessary, as it enters the projection formulae. However from the JEs we can only
derive v2φ = σ2

φ + vφ
2. Therefore, we need to choose a decomposition of v2φ in its streaming

and dispersion components. The most commonly used one for axisymmetric models is the
Satoh (1980) k-decomposition:

vφ = k
√
∆, σ2

φ = σ2 + (1− k2)∆, (6.9)
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where k is a constant parameter with 0 ≤ k2 ≤ 1. However, this decomposition can be
used only when ∆ ≥ 0 everywhere in the model and we saw in Chapter 4 that this is true
only for oblate systems. Since we want to compare oblate and prolate models, we need a
different decomposition, valid for both systems. A general one, which can be applied to
both oblate and prolate models is the following, which we refer to as the λ-decomposition:

vφ = λ
√
v2φ, σ2

φ = (1− λ2)v2φ, (6.10)

where λ is a constant parameter with 0 ≤ λ2 ≤ 1. λ = 0 corresponds to no net rotation in
the azimuthal direction, and λ2 = 1 corresponds to a maximally rotating system.

6.2.3 Results

We compute σlos and vlos in Hernquist non-rotating and rotating conjugate models, adopt-
ing the λ-decomposition described above. To ensure v2φ ≥ 0 in the prolate model, we
compare, as in the intrinsic case, an oblate system with axial ratio qo =

√
3/2 and its

conjugate prolate system with qp = 2/
√
3. The values of σlos and vlos are derived numer-

ically using a specifically developed code in the Mathematica software, with a procedure
analogous to that explained in Section 6.1.1.

Non-rotating systems

We start by considering the simplest case, in which both the oblate and prolate ellipsoids
are non-rotating (λ = 0), i.e., vlos = 0, so that σlos = σP, from equation (6.6). The
corresponding maps are shown in Figure 6.6.

We observe that the spatial distribution of σlos is qualitatively similar in both models:
the maximum value is located near the centre of the projection plane and the values
decrease outward. In the prolate model, σlos reaches a higher central value compared to
the oblate case and decreases more steeply with distance from the centre. However, despite
the different intrinsic shape of the two ellipsoids, the overall range of σlos values remains
remarkably close in both models. This similarity is likely a consequence of the fact that,
in order to ensure consistency, the axial ratio must remain close to unity, restricting the
models to nearly spherical configurations.

To quantify the relative variation between the two models, Figure 6.7 shows their
percentage difference, computed as

δ = 100× σo
los − σp

los

σo
los

. (6.11)

Within the considered region, which for the Hernquist profile corresponds to approximately
two effective radii, that is the typical region probed by observations, the two models differ
by ≈ 10% in the central region and up to ≈ 20% in the outer regions.

Such small deviations, combined with the similar spatial distribution of σlos in the two
systems, suggest that, in absence of rotation, distinguishing between oblate and prolate
galaxies only through the line-of-sight velocity dispersion may be challenging in practice.
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Projected Non-Rotating (λ = 0) Conjugate Hernquist Models
with qo =

√
3/2

Figure 6.6. Maps in the (Y ,Z) projection plane of σlos for non-rotating (λ = 0) oblate (left) and
prolate (right) conjugate Hernquist models, with axial ratio of the oblate system qo =

√
3/2, in

common units of
√

GM/ao. Y and Z are in units of the oblate scale-length ao. Black solid lines
represent isodensity contours of the stellar distribution.

Figure 6.7. Percentage relative difference, computed as in equation (6.11), of σlos, in non-
rotating conjugate Hernquist models with axial ratio of the oblate system qo =

√
3/2. (Y,Z) is

the projection plane. Y and Z are in units of the oblate scale length ao. Black solid lines indicate
isodensity contours of the stellar distribution.
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Rotating systems

We now compare rotating conjugate Hernquist systems, adopting different values of the
parameter λ. Clearly, if rotation is present, oblate and prolate ellipsoids rotate around
their symmetry axes which correspond to the projected semi-minor axis (oblate) and semi-
major axis (prolate). As a result, we expect to be able to easily distinguish the two intrinsic
shapes.

In Figure 6.8 we show σlos and vlos, in the projection plane, for λ = 1/
√
2, so that v2φ

is equally divided between mean streaming motion and velocity dispersion. As expected,
vlos is different in the two models: we observe a gradient along the projected major axis
in the oblate case, and a gradient along the projected minor axis in the prolate case. As
far as σlos is concerned, the two maps start to differ significantly, which is to be expected,
since σlos depends on vlos.

In Figure 6.9 we present vlos and σlos for λ = 1, corresponding to purely rotating
systems. We can see that vlos and σlos reach higher values compared to the previous case,
but the general behaviour is analogous to that discussed before. Additionally, we note
that, for a fixed λ, the oblate system rotates faster than its conjugate prolate.

We conclude that, when ordered rotation is present, oblate and prolate shapes can be
clearly distinguished.
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6.2. Projected kinematical fields

Projected Rotating (λ = 1/
√
2) Conjugate Hernquist Models

with qo =
√
3/2

Figure 6.8. Maps in the (Y ,Z) projection plane of σlos for rotating (λ = 1/
√
2) oblate (left) and

prolate (right) conjugate Hernquist models, with axial ratio of the oblate system qo =
√
3/2, in

common units of
√

GM/ao. Y and Z are in units of the oblate scale-length ao. Black solid lines
represent isodensity contours of the stellar distribution.
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Projected Rotating (λ = 1) Conjugate Hernquist Models with
qo =

√
3/2

Figure 6.9. Maps in the (Y ,Z) projection plane of σlos for rotating (λ = 1) oblate (left) and
prolate (right) conjugate Hernquist models, with axial ratio of the oblate system qo =

√
3/2, in

common units of
√

GM/ao. Y and Z are in units of the oblate scale-length ao. Black solid lines
represent isodensity contours of the stellar distribution.
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CHAPTER 7

Discussion and Conclusions

Elliptical galaxies are stellar systems that can be described fairly well as ellipsoidally strat-
ified systems. Observations show that they can be triaxial or axisymmetric, and in the last
case both oblate and prolate. The internal dynamics of oblate systems is understood quite
well (mainly because they can be imagined in a qualitative sense as rotating fluid systems),
while prolate galaxies present some additional difficulties for a satisfactory understanding
(for example, no self-gravitation prolate fluid systems at equilibrium can exist).

In this thesis we carried out a theoretical analysis of various aspects of the structure and
dynamics of prolate systems. We found it particularly useful to introduce and compare
conjugate pairs of oblate and prolate galaxies, defined as pair of oblate-prolate models
with the same total mass, the same intrinsic density profile, and the same edge-on surface
brightness distribution.

The main results obtained in this work can be summarised as follows.

• In Chapter 2, we first discussed in depth why the comparison of oblate and prolate
systems, even though trivial at first sight, is not so. In fact, it is immediate to
realise that, given a spherical galaxy of fixed mass, one could construct from it
either a very small or very large prolate model, and likewise a very small or very
large oblate one. Clearly, comparing the dynamical properties of a large prolate
model with those of a small, denser oblate model would lead to different results
than comparing the opposite pair. It follows that additional constraints must be
applied for such a comparison. In this chapter we showed how, remarkably and
non-trivially, the following three conditions are necessary and sufficient to establish
a physically meaningful comparison: same total mass, same intrinsic (normalised)
density profile, same surface brightness profile. We proved that, considering systems
with density stratified on ellipsoids, i.e., ρ = ρ(m), it is indeed possible to construct
oblate–prolate pairs satisfying simultaneously all these requirements, provided that
two specific relations between their scale-lengths and axial ratios hold. We referred
to such pairs as conjugate systems. Models in the same conjugate pair, despite having
the same surface brightness profile, do not have the same density. The prolate system
is, in fact, uniformly denser than its conjugate oblate counterpart.

• Chapter 3 is entirely based on the use of the Tensor Virial Theorem to determine the
main “global” energetic differences between oblate and prolate systems with density
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ρ(m), first for generic systems, and then for the specific case of conjugate pairs.
In particular, we focused on ratios between diagonal components of the potential
energy tensor Wij. We computed WRR/Wzz (where WRR = Wxx + Wyy = 2Wxx)
and found that, in oblate systems, this ratio is > 2 and increases for increasing
flattenings. In contrast, in prolate systems the value of this ratio decreases for
increasing elongations (starting from 2 in the spherical limit) and falls below 1 for q ≈
2.59. We further discussed this point considering the ratio Wxx/Wzz = WRR/2Wzz.
We found that, given an oblate system of flattening q, its Wxx/Wzz value is not
the inverse of Wxx/Wzz in the corresponding prolate system with axial ratio 1/q.
Therefore, in this sense, oblate and prolate systems are not energetically “inverted”
systems. Restricting our analysis to classical two-integral systems, two further results
emerged: isotropic prolate systems cannot exist (being mathematically equivalent
to fluid systems), and two-integral prolate systems cannot exceed an axial ratio of
approximately q ≈ 2.59. In the subsequent comparison of conjugate systems, we
computed W o

RR/W
p
RR and found that this ratio is always greater than unity and

converges to π/2 for qo → 0, while W o
zz/W

p
zz is lower than unity and tends to 0 for

qo → 0. All these results are completely independent of the adopted density profile,
due to Roberts (1962)’s theorem.

• In Chapter 4 we moved from the study of the virial properties, to the analysis of the
internal dynamics, starting from its most basic ingredient i.e., the gravitational field.
We revisited an argument originally proposed by Newton and provided a simple and
intuitive way to understand the conditions for equilibrium in axisymmetric ellipsoidal
systems. We first proved that, for ellipsoidally stratified systems with dρ

dm
≤ 0,

at any given isodensity surface m, the gravitational field along the symmetry axis
gz(0,mq) is weaker than that in the radial direction gR(m, 0) for prolate ellipsoids,
while the opposite occurs in oblate ones. We also showed that, if instead of the
gravitational field we fix a point in the ellipsoid and look at the “weights” of the
vertical and radial density columns outside that point, the vertical one is heavier in
prolate systems, while the radial one dominates in oblate systems. It is the balance of
these columns point by point which ultimately enables equilibrium. We then showed
how the JEs for two-integral systems can be interpreted within this framework. We
found that, in prolate systems, the condition on weights, that are now interpreted
in terms of “pressure”, physically explains the known analytical result of ∆ ≡ v2φ −
σ2 ≤ 0 everywhere, a condition possible only with anisotropic velocity dispersion. In
contrast, oblate systems have ∆ ≥ 0 everywhere, hence, they can, in principle, be in
equilibrium also in the fully isotropic case.

• In Chapter 5, we continued the study of the JEs and investigated the sign of v2φ in
two-integral systems to discard inconsistent models. Of course, in oblate systems,
v2φ ≥ 0 everywhere, regardless of the axial ratio and density profile. For prolate
systems, we analysed three representative density profiles: Gaussian, power-law and
Sérsic. We found that Gaussian models are always inconsistent, while for power-
law profiles, we derived a sufficient condition for the positivity of v2φ, showing that
shallower profiles can support more elongated systems. For Sérsic models, we found
that they are inevitably inconsistent at large radii, although the critical radius at
which this occurs can be extended beyond ≈ 10Re for nearly spherical systems.
Finally, we provided a more detailed analysis of the inconsistent regions for Gaussian
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and power-law profiles. In Gaussian models v2φ < 0 outside a cylinder centred on
the symmetry axis, with radius decreasing as q increases. In power-law models,
v2φ < 0 outside a conical surface, whose opening angle decreases for increasing q and
increasing steepness of the density profile.

• In Chapter 6, we finally focused on analogies and differences between oblate and
prolate systems in conjugate pairs, comparing their kinematical fields. We numeri-
cally recovered σ2 and v2φ and then derived the projected kinematical quantities vlos

and σlos adopting the λ-decomposition vφ = λ
√
v2φ, which enables the introduction

of rotational support also in systems with ∆ < 0, as far as v2φ ≥ 0. In non-rotating
systems, σlos is strikingly similar between oblate and prolate conjugate pairs, with
relative variations up to 20% in the typical regions probed by observations. In ro-
tating systems, instead, the fact that oblate and prolate ellipsoids can have ordered
rotation only around their symmetry axis allows for an immediate distinction be-
tween the two shapes. We noticed also that, for equal value of λ, the oblate system
rotates faster than the prolate one. We conclude that conjugate systems are more
likely to be kinematically distinguished only in presence of ordered rotation.

With this thesis, we have therefore provided convincing evidence that oblate and prolate
galaxies are not simply “inverse” systems obtained by just “compressing” or elongating a
sphere along a given direction, but they are intrinsically different objects with the only
common properties of being ellipsoids and axisymmetric.

All the results regarding consistency obtained and presented in this thesis concern
collisionless axisymmetric systems described by a two-integral phase-space distribution
function. The natural follow-up to this work will therefore be the study of the effects of
breaking the rigid constraints imposed by two-integral distribution functions, to investigate
how the consistency region in parameter space expands when a third integral of motion is
included and what are the intrinsic limitations of prolate geometry on the model existence,
even in the three-integral case.
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APPENDIX A

Concepts of Stellar Dynamics

A.1 The distribution function

At any given time t, the dynamical state of a collisionless stellar system is fully described by
its distribution function (DF), f(x,v, t), where x and v denote the position in configuration
space and the velocity, respectively. The DF is such that f(x,v, t)d3xd3v is the mass of
stars in the phase-space volume d3xd3v centred in (x,v). Thus f represents the mass
density of stars in the phase space at time t, and when integrated over the entire phase
space, it gives the total mass of the system.

As f evolves in time, imposing that the total mass of the system is conserved leads to
the continuity equation:

∂f

∂t
+

∂f

∂wi

ẇi = 0, (A.1)

where the Einstein convention is adopted, implying a summation over repeated indices. In
equation (A.1), wi, with i = 1, ..., 6, are the components of the vector w, which denotes
a point in phase-space. In Cartesian coordinates, it has components w = (x,v), and its
time derivative is ẇ = (v,−∇Φ), where Φ is the total gravitational potential in which the
system is embedded.

Substituting these expressions into equation (A.1), we obtain the collisionless Boltz-
mann equation (CBE) in Cartesian coordinates:

∂f

∂t
+ vi

∂f

∂xi

− ∂Φ

∂xi

∂f

∂vi
= 0. (A.2)

A.2 The Jeans’s theorems

We now introduce two theorems concerning the DF which are extremely useful in stellar
dynamics. Under specific assumptions, they constrain the functional dependence of the
DF to integrals of motion.

An integral of motion I(x,v) is defined as a function of the phase-space coordinates
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alone that is constant along an orbit. Therefore we can write

∂I

∂xi

vi −
∂I

∂vi

∂Φ

∂xi

= 0. (A.3)

Comparing this equation with the CBE in the stationary case, we notice that the condition
for being an integral of motion is identical to that for being a steady state solution of
the CBE. We can thus introduce the Jeans’s theorem which states that any steady-
state solution of the CBE depends on the phase-space coordinates only through integrals of
motions and any integral of motion is a steady-state solution of the CBE.

This means that we can write

f(x,v) = f(I1, . . . , IN), (A.4)

where I1, . . . , IN are N integrals of motion.
Additionally, if the potential of a steady-state galaxy is such that almost all orbits are

regular, the Strong Jeans’s theorem ensures that the DF is a function only of three
isolating integrals of motion.

The models that we are interested in studying in this thesis are stationary and ax-
isymmetric systems. Their classical two integrals of motion are the energy E and the
component Lz of the angular momentum along the symmetry axis z. As a consequence,
for such systems we can have f = f(E,Lz) or f = f(E,Lz, I3), where the explicit form of
I3 is, in general, unknown.

A.3 Velocity moments of the distribution function

All observable properties of stellar systems can be expressed in terms of the moments of
the DF, which are defined as follows.

The zero-order moment of the DF corresponds to the mass density:

ρ(x, t) =

∫
R3

fd3v. (A.5)

The first-order moments are the mean velocity components:

vi =
1

ρ

∫
R3

fvid
3v, i = 1, 2, 3 (A.6)

The second-order moments are defined by considering products of two velocity components.
For example, we define, for i, j = 1, 2, 3,

vivj =
1

ρ

∫
R3

fvivjd
3v, (A.7)

σ2
ij =

1

ρ

∫
R3

f(vi − vi)(vj − vj)d
3v. (A.8)

The values σ2
ij are the components of the velocity dispersion tensor and, developing
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the product in equation (A.8), we can write them as

σ2
ij = vivj − vi vj, (A.9)

which clearly shows that the velocity dispersion tensor is symmetric with positive diagonal
components.

Higher-order velocity moments are obtained analogously by considering the product of
more velocity components.

A.3.1 Second-order velocity moments in axisymmetric stationary
systems

We now discuss some properties of the velocity moments defined above in the case of
axisymmetric stationary systems.

As explained in Section A.2, for these systems the Jeans’s theorem holds and for the
majority of them, the strong Jeans’s theorem is also valid. Hence we can assume f(E,Lz)
or f(E,Lz, I3).

• Case f(E,Lz):

In cylindrical coordinates E and Lz are

E =
1

2
(v2R + v2z + v2φ) + Φ, Lz = Rvφ, (A.10)

where R =
√
x2 + y2 is the cylindrical radius. Therefore, the first-order velocity

moments vR and vz are null as they involve an integral of an odd function. For the
same reason, vRvz = vRvφ = vzvφ = 0

From equation (A.7), with i = j, we have that v2R = v2z ̸= v2φ.

With these conditions, the velocity dispersion tensor is diagonal with components
σ2
R ≡ σ2

RR = v2R, σ2
z ≡ σ2

zz = v2z and σ2
φ ≡ σ2

φφ, where σ2
R = σ2

z .

• Case f(E,Lz, I3):

In this case, we cannot say anything on the velocity moments without knowing the
explicit form of I3. A common assumption in dynamical model is that I3 is such that
all mixed velocity moments vanish, so that the velocity dispersion tensor is diagonal.
Furthermore, one may impose a prescribed relation between σ2

z and σ2
R. A common

example is the Cappellari (2008) b-anisotropy, where σ2
R = b(R, z)σ2

z .
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APPENDIX B

Virial Coefficients

We present here the coefficient wi entering the second order TVT, introduced in Section
3.1. In the case of axisymmetric systems, they can be expressed in terms of elementary
functions (Binney and Tremaine 2008; Ciotti 2021).
They are, in the oblate case (q < 1),



w1 = w2 = a3q

∫ ∞

0

dτ

(a2 + τ)2
√

a2q2 + τ
=

q

1− q2

(
arcsin

√
1− q2√

1− q2
− q

)
,

w3 = a3q

∫ ∞

0

dτ

(a2 + τ)(a2q2 + τ)3/2
=

2q

1− q2

(
1

q
− arcsin

√
1− q2√

1− q2

)
,

(B.1)

and, in the prolate case (q > 1),



w1 = w2 = a3q

∫ ∞

0

dτ

(a2 + τ)2
√
a2q2 + τ

=
q

q2 − 1

q −
arctanh

√
q2−1

q√
q2 − 1

 ,

w3 = a3q

∫ ∞

0

dτ

(a2 + τ)(a2q2 + τ)3/2
=

2q

q2 − 1

arctanh

√
q2−1

q√
q2 − 1

− 1

q

 .

(B.2)

Note that, in the spherical limit, w1 = w2 = w3 = 2/3.
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APPENDIX C

Useful Proofs

We report here the full proofs of the theorems stated in Chapter 4.

Theorem 1. Let
m2 = R2 +

z2

q2
, q > 0, (4.21)

and let the density of an axisymmetric ellipsoidal system be ρ = ρ(m), with

dρ

dm
≤ 0. (4.22)

Let gR(R, z) and gz(R, z) be the magnitude of the gravitational field of the ellipsoid along
R and z, respectively, at the point (R, z). Then, ∀m,

gR(m, 0) < gz(0,mq) if q < 1 (oblate),
gR(m, 0) > gz(0,mq) if q > 1 (prolate).

(4.23)

Proof. The proof is organised in two steps: we first prove the theorem for constant density
ellipsoids, then we exploit this result to prove the theorem for general decreasing density
profiles.

For simplicity, let us define ∆g ≡ gz(0,mq)− gR(m, 0), so that the theorem is verified
if

∆g > 0 if q < 1 (oblate),
∆g < 0 if q > 1 (prolate).

(C.1)

Let us consider a constant-density ellipsoid with density ρ0. From equation (4.5),

∆g = 2πGρ0m(qw3 − w1). (C.2)

If q < 1, substituting the corresponding values of w3 and w1, given in Appendix B,

∆g =
2πGρ0mq(1 + 2q)

(1− q2)3/2

(
(2 + q)

√
1− q2

1 + 2q
− arcsin

√
1− q2

)

=
2πGρ0mq(1 + 2q)

(1− q2)3/2
F(q).

(C.3)
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We have that
dF
dq

= − 2(1− q2)2(1 + q)

(1 + 2q)2
√

1− q2
, (C.4)

so that F is monotonically decreasing, and since F(1) = 0, then F > 0 ∀q < 1. It follows
that ∆g > 0 ∀q < 1.

Analogously, if q > 1

∆g =
2πGρ0mq(1 + 2q)

(q2 − 1)3/2

[
−(2 + q)

√
q2 − 1

1 + 2q
+ arctanh

(√
q2 − 1

q

)]

=
2πGρ0mq(1 + 2q)

(q2 − 1)3/2
G(q).

(C.5)

We have that
dG
dq

= − 2(q2 − 1)2(1 + q)

(1 + 2q)2
√
q2 − 1

, (C.6)

G is monotonically decreasing, and since G(1) = 0, then G < 0 ∀q < 1. It follows that
∆g < 0 ∀q > 1. The theorem is thus verified for constant-density ellipsoids.

Let us now consider a generic ellipsoidal system with ρ(m). Then,

∆g = 2πGm(1− q2)

∫ ∞

0

ρ

(
m√
1 + τ

)
H(q, τ)dτ, (C.7)

where
H(q, τ) =

(1 + q2)τ 2 + τ − 1

(1 + τ)2(1 + q2τ)(
√
(1 + τ)(q2 + τ) + 1 + q2τ)

√
q2 + τ

. (C.8)

One can easily verify that ∀q, H has a positive root τ+ and H(q, τ) < 0 for τ < τ+ and
H(q, τ) > 0 for τ > τ+. Therefore, equation (C.7) can be rewritten as

∆g = 2πGm(1− q2) (I− + I+) , (C.9)

where
I− ≡

∫ τ+

0

ρ

(
m√
1 + τ

)
H(q, τ)dτ < 0, (C.10)

I+ ≡
∫ ∞

τ+

ρ

(
m√
1 + τ

)
H(q, τ)dτ > 0. (C.11)

If (I− + I+) > 0 the sign of ∆g is determined by the sign of 1 − q2 and the proof is
complete. To establish this inequality for any decreasing density profile, we use the fact
that the theorem has already been proven for constant-density ellipsoids. Let us define

ρ0 ≡ ρ

(
m√

1 + τ+

)
. (C.12)

Since, by hypothesis, the density is a monotonically decreasing function of m, we have

ρ

(
m√
1 + τ

)
≤ ρ0 (τ < τ+), ρ

(
m√
1 + τ

)
≥ ρ0 (τ > τ+). (C.13)
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Therefore ∫ τ+

0

ρ

(
m√
1 + τ

)
H(q, τ)dτ ≥

∫ τ+

0

ρ0H(q, τ)dτ, (C.14)∫ ∞

τ+

ρ

(
m√
1 + τ

)
H(q, τ)dτ ≥

∫ ∞

τ+

ρ0H(q, τ)dτ. (C.15)

Summing the two yields

I− + I+ ≥
∫ ∞

0

ρ0H(q, τ)dτ ≥ 0, (C.16)

where the last inequality follows from the fact that the theorem is verified for constant-
density ellipsoids. Finally, the arbitrariness of ρ0 ensures that the inequality holds for any
monotonic density distribution, which completes the proof.

Theorem 2. Let
m2 = R2 +

z2

q2
, q > 0, (4.24)

and let the density of an axisymmetric ellipsoidal system be

ρ =

{
ρ(m) m ≤ mt,

0 m > mt.
(4.25)

where mt > 0 is a truncation radius. Then, defining

Rt(z) =

√
m2

t −
z2

q2
, zt(R) = q

√
m2

t −R2, (4.26)

the following relation holds ∀(R, z):∫ Rt

R

ρ
∂Φ

∂R′dR
′ −
∫ zt

z

ρ
∂Φ

∂z′
dz′ =

∫ Rt

R

∫ zt

z

(
∂ρ

∂R′
∂Φ

∂z′
− ∂ρ

∂z′
∂Φ

∂R′

)
dz′dR′

+

∫ Rt

R

ρ(R′, z′t)
dΦ(R′, z′t)

dR′ dR′.

(4.27)

Proof. Let us compute

∂

∂R

∫ zt

z

ρ
∂Φ

∂z′
dz′ =

∫ zt

z

(
∂ρ

∂R

∂Φ

∂z′
+ ρ

∂2Φ

∂R∂z′

)
dz′ + ρ(R, zt)

∂Φ

∂z

∣∣∣∣
(R,zt)

dzt
dR

=

∫ zt

z

[
∂ρ

∂R

∂Φ

∂z′
+

∂

∂z′

(
ρ
∂Φ

∂R

)
− ∂ρ

∂z′
∂Φ

∂R

]
dz′ + ρ(R, zt)

∂Φ

∂z

∣∣∣∣
(R,zt)

dzt
dR

=

∫ zt

z

(
∂ρ

∂R

∂Φ

∂z′
− ∂ρ

∂z′
∂Φ

∂R

)
dz′ − ρ

∂Φ

∂R
+ ρ(R, zt)

dΦ(R, zt)

dR
(C.17)

Since

−ρ
∂Φ

∂R
=

∂

∂R

∫ Rt

R

ρ
∂Φ

∂R′dR
′, (C.18)
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integrating with respect to R yields the desired conclusion.
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APPENDIX D

Jaffe and Gaussian Density
Profiles

In Chapter 6, we computed σ2 and v2φ for Hernquist conjugate models. Here we present
the intrinsic velocity fields for two additional profiles: the Jaffe (1983) profile, defined as

ρ =
M

4πa3q

1

m2(1 +m)2
, m2 =

R2

a2
+

z2

a2q2
, (D.1)

and the Gaussian profile, defined in equation (2.15). For both models, the σ2 and v2φ are
computed following the procedure described in Section 6.1.1.

Like the Hernquist profile, the Jaffe profile goes asymptotically as ρ ∝ m−4 as m → ∞
and is flatter towards the centre of the system. Thus, from the condition (5.12), the
limiting axial ratio that ensures v2φ ≥ 0 everywhere in the prolate system is qp = 2/

√
3,

which corresponds to qo =
√
3/2 ≈ 0.866. The resulting maps of σ2 and v2φ are shown

in Figure D.1. We note that the two quantities have similar values in the oblate and the
prolate system and their spatial distribution is such that, when the two models have the
same projected orientation, no qualitative differences are observed. Note also that, unlike
the Hernquist profile, the Jaffe profile has an inner slope ρ ∝ r−2, resulting in velocity
fields that approach a finite, non-zero central value.

In Figure D.2, we then consider conjugate Jaffe models with axial ratio of the oblate sys-
tem qo = 1/2 to illustrate the behaviour of σ2 and v2φ with increasing flattening/elongation.
We note that, the maximum values of σ2 and v2φ increase with respect to the previous case,
and the prolate system has, on average, higher velocity dispersion. Moreover, the maps
of v2φ show that, as expected, the prolate system is inconsistent outside a conical region,
symmetric around the z-axis. This result is in agreement with the analytic prediction of
Section 5.2.2.

For the Gaussian profile, we compute σ2 and v2φ in conjugate pairs with qo =
√
3/2

and qo = 1/2. The results are shown in Figure D.3 and Figure D.4. As expected, in both
cases the prolate model is inconsistent. Moreover, as shown analytically in Section 5.1.1,
the region with v2φ ≥ 0 is confined to a cylinder around the z-axis, which narrows down
for increasing elongation of the model.
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Intrinsic Velocity Fields in Conjugate Jaffe Models with
qo =

√
3/2

Figure D.1. Maps in the (R,z)-plane of σ2 (upper panels) and v2φ (lower panels) for oblate (left
panels) and prolate (right panels) conjugate Jaffe models with axial ratio of the oblate system
qo =

√
3/2, in common units of GM/ao. R and z are in units of the oblate scale length ao,

and z denotes the symmetry axis. Black solid lines represent isodensity contours of the stellar
distribution. The colour scale is the same for σ2 and v2φ.
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Intrinsic Velocity Fields in Conjugate Jaffe Models with qo = 1/2

Figure D.2. Maps in the (R,z)-plane of σ2 (upper panels) and v2φ (lower panels) for oblate (left
panels) and prolate (right panels) conjugate Jaffe models with axial ratio of the oblate system
qo = 1/2, in common units of GM/ao. R and z are in units of the oblate scale length ao, and z
denotes the symmetry axis. Black solid lines show isodensity contours of the stellar distribution.
The white region in the bottom right panel corresponds to negative values of v2φ. The colour scale
is the same for σ2 and v2φ.
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Appendix D. Jaffe and Gaussian Density Profiles

Intrinsic Velocity Fields in Conjugate Gaussian Models with
qo =

√
3/2

Figure D.3. Maps in the (R,z)-plane of σ2 (upper panels) and v2φ (lower panels) for oblate
(left panels) and prolate (right panels) conjugate Gaussian models with axial ratio of the oblate
system qo =

√
3/2, in common units of GM/ao. R and z are in units of the oblate scale length

ao, and z denotes the symmetry axis. Black solid lines represent isodensity contours of the stellar
distribution. The colour scale is the same for σ2 and v2φ.
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Intrinsic Velocity Fields in Conjugate Gaussian Models with
qo = 1/2

Figure D.4. Maps in the (R,z)-plane of σ2 (upper panels) and v2φ (lower panels) for oblate (left
panels) and prolate (right panels) conjugate Gaussian models with axial ratio of the oblate system
qo = 1/2, in common units of GM/ao. R and z are in units of the oblate scale length ao, and z
denotes the symmetry axis. Black solid lines show isodensity contours of the stellar distribution.
The white region in the bottom right panel corresponds to negative values of v2φ. The colour scale
is the same for σ2 and v2φ.
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Appendix D. Jaffe and Gaussian Density Profiles
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