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Introduction

This thesis investigates the use of Topological Data Analysis (TDA) [10] as a frame-
work for understanding time-varying data. There are many real world datasets
that evolve over time, from biology to dynamical systems, from social networks to
neuroscience. Here, we aim to analyze the shape of such evolving datasets through
topological methods.

TDA is a tool that analyzes datasets by encoding their topological features.
Data can be represented as points in R", which alone lack an intrinsic geometric
or topological structure. TDA uses algebraic topology to extract and characterize
the underlying shape of the data. One of the most widely used tools in TDA is
Persistent Homology (PH) [11], which extracts topological features of data across
multiple scales. When we talk about topological features, we are mostly referring
to homology classes. These are equivalence classes that represent topological fea-
tures, such as loops or voids, capturing essential topological properties of a space.
In practice, homology encodes n-dimensional holes, and it is invariant under ho-
motopy. As such, it provides an algebraic framework for classifying the shape and
structure of data.

The key innovation of PH is its capability to examine the data at di erent scales
through Itrations, which are nested sequences of spaces built from the data. For
each Itration step, we extract homology classes, and we look at the persistence
of them, assigning to each feature a birth and death radius across the Itration
sequence. The outcome of this process is visualized using barcodes or persistence
diagrams.

The success of PH relies on two fundamental reasons: the structure theorem
(Th. 2.2.8), and the stability of persistence diagrams (Th. 2.2.14). The struc-
ture theorem ensures a canonical representation of persistence features through
N-modules. This guarantees that persistence diagrams faithfully and completely
encode the essential information about persistent topological features. The sta-
bility of persistence diagrams assures that small perturbations in the data do not
cause drastic changes in their structure, making the extracted topological infor-
mation robust to noise.



This thesis rst introduces the necessary theoretical background and then ex-
tends the classical theory of persistence to time-varying datasets. To do so, we
focus on vineyards, which track the evolution of homological features over time.
Each feature traces a curve, allowing us to follow the dynamics of homology classes
as the dataset evolves.

The second tool considered is Topological Optimal Transport (TpOT). TpOT
addresses the computational limitations of vineyards, allowing analysis of datasets
with many points and time steps. It combines optimal transport with topological
and geometric features to minimize a cost function, producing correspondences
between topological features as the dataset evolves.

The structure of the thesis re ects these developments:

e Chapter 1 introduces simplicial homology, recalling the basic algebraic struc-
tures and computational tools for homology groups.

e Chapter 2 presents persistent homology, including Itrations, structure theo-
rem, stability results, and the algorithms used to compute persistence pairs.

e Chapter 3 addresses time-dependent data, formally introducing vineyards
and discussing their implementation.

e Chapter 4 introduces the Topological Optimal Transport framework.

e Chapter 5 compares vineyards and TpOT through case studies, highlighting
the strengths and limitations of each method in analyzing and interpreting
the dynamics of topological features.

In summary, this thesis aims to deepen into algebraic tools, as vineyards, to study
dynamic dataset. At the same time, it keeps in mind the computational constraints
of such method, and investigates an alternative and faster way to match topological
features across times, using TpOT.



Chapter 1

Simplicial Homology

Simplicial homology is a homotopy invariant from algebraic topology used to clas-
sify the shape and structure of topological spaces [13]. Informally speaking, sim-
plicial homology associates to a topological space homology groups that encode its
n-dimensional holes (homology classes).

Even if in pure mathematics coe cients are often chosen as integers in or
in a ring [13], here, we introduce simplicial homology for a simplicial complex
K of nite dimension with coe cients in Z, [20]. Finiteness of dimension and
coe cients in a eld F are chosen for computational convenience, as they allow us
to apply structure theorem (see Th. 2.2.8) in persistent homology.

Finally, the choice ofZ, gives us a good intuition of what homology means in
applications: the coe cient of a homology class is 1 if such class, that is generated
by a geometricn-cycle, is present in our data, whereas it is O when it is not
represented whatsoever.

Although we focus on simplicial homology for practical computations, in this
thesis we will also consider singular homology for topological spaces (see Ch. 2).
By the equivalence of simplicial and singular homology [13], in our framework we
can use the two viewpoints interchangeably.

De nition 1.0.1. A chain complexCis a sequence of vector spacks over a eld
F and homomorphismsy, 1V, ! V, 1 suchthatv, ; v, O foreveryp2 Z.

De nition 1.0.2.  Given a chain complexC = ( Vp; Vp)p2z, its p-th homology group
is de ned as:
Hp(C) = ker(vp)=Im(Vpi1): (1.1)

Remark. The quotient space ken(,)=Im(vp.1) is well de ned, since Im{p.1)
ker(vp) by de nition of chain complex.

If K is a simplicial complex [13], we can easily de ne a chain compl&K) =
(Co(K); @)p2z ON it.



De nition 1.0.3.  Given a simplicial complexK, for any pp2 Z, we consider the
vector spaceCy(K) of all formal nite linear combinations ;& ; of p-simplices
of K. We setCy(K) Oifp<Oorp dim(K).

De nition 1.0.4.  Given Cy(K) as described above, th@-th boundary mapis the
homeomorphism@ : C,(K) ! C, 1(K) sending thep-simplexhug;:::; upi to

i=0 i=0

Proposition 1.0.5. The sequence&(K) = ( C,(K); @),,, is a chain complex [21].

p2Z

Proof. SinceCy(K) is a vector space by construction, we just need to prove that
@ @1 Oforeveryp2 Z. The resultis trivial for p < 0 andp > dim(K), since
@ is just the null homomorphism. For 0 p dim(K), let = hug;:::;ui be a
p-simplex, and explicit the map composition as follows:

XP
= @ 1(hug;rrzily;iiiiupl)
i=0 |
X X! XP '
= huo; »::5 055205055t Upl + huo; 2250522205510 Upl
izg( j=0 j={31
- mo;...;ol;...;oj;...;upl + mo;...;aj;...;ol;...;upl
0 j<i p 0 igj p

Remark. In applications, data are often represented as point clouds RY, where
each point corresponds to a sample and each coordinate corresponds to a fea-
ture. This setting lacks a topological and geometrical organization, preventing a
meaningful computation of homology groups. As a matter of fact, computing the
homology of a point cloud results in only the number of connected components,
whereas our goal is to use (simplicial) homology to capture the intrinsic topological
structure of the data. To address this problem, we shape structures of point clouds
constructing simplicial complexes from them, taking the points as the vertices, and
building relations adding edges, triangles, and so on.

In this way, we endow point clouds with a geometrical and combinatorial struc-
ture, which allows us to compute homology.
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There are many ways to construct simplicial complexes given a point cloud,
perhaps using the distance matrix, and there is not an optimal choice to represent
the inner structure of the data with one simplicial complex [10]. That is one of
the reasons why, in Chapter 2, we introduce ltrations and persistent homology.

De nition 1.0.6.  Given a simplicial complexK, we de ne its homology groups
as:

Hp(C(K)) = ker( @)/ Im( @.1); for everyp 2 Z: 1.2)

De nition 1.0.7.  Given a simplicial complexK and its homology group H(C(K)),
we set the following notation:

~

np(K) := dim( C,(K)), that is the number of p-simplexes inK.
"~ Zp(K) = ker( @), with dimension z,,.
" Bp(K) :=Im( @:1), with dimension b,.

" Ha(K) = Hp (C(K)).

Namely, Z,(K) is the group ofp-cyclesand B,(K) is the group of (0 1)-boundaries
As schematically represented in Fig. 1.1, and following the de nition, in the quo-
tient space H,(K) two cycles inZ, are homologous if their di erence is a boundary
in Bp.

Figure 1.1: A chain complex [10].

De nition 1.0.8.  The p-th Betti number of a simplicial complexK is the rank of
its p-th homology group:
o(K) :==dim(H ,(K)): (1.3)
Note that H,(K) is isomorphic to Z,**
to computing homology groups.

, SO computing Betti numbers equals



Proposition 1.0.9. Let K be a simplicial complex, then (K) = z,(K) hby(K)
foranyp2 Z.

Proof. For any p in Z, take the boundary operator@ : C,(K) ! C, 1(K), then
by nullity rank theorem we know that n, = z, + I, 1. Next, consider the quotient
map ,:Zp(K) ! Hy(K), and note that by construction we havez, = b, + .
Combine these two results to prove ,(K) = z,(K) b,(K) as required. ]

1.1 How to compute Homology

To compute p-homology groups of a nite simplicial complexK, we need to get
the rank of Z,(K) and B,(K) (see Prop. 1.0.9). We can do that by reducing the
boundary matrix D, associated to the boundary operato@.

De nition 1.1.1.  Let K be a simplicial complex, itsp-th boundary matrixD, has
a row for each p 1)-simplex and a column for eaclp-simplex. The entry (;j ) is
equal to 1 if the simplex ; is in the image of j, and O otherwise. In other words:

... 1 if(p 1)-simplex ; is boundary of thep-simplex ;;
Dp[I,J ] - -
0 otherwise
In this setting, a non-zero column vector, or a linear combination of column
vectors, corresponds to g-chain. By reducing the boundary matrix, one can
extract bases for the cycle and boundary groups, which are then used to compute
homology groups.

De nition 1.1.2.  Consider a boundary matrixD, and a nonzero columr, then
call low(j ) := maxfi j Dp[i;j Jg6 0g.
A matrix is in Smith normal form (SNF) if low(j) 6 low(k) 8 j; k.

To reduce a matrix in SNF we can use the SNF algorithm [27], but when
coe cients are over a eld F, we can proceed similarly to Gaussian eliminations
for solving a system of linear equations. Here we present the algorithm:



Algorithm 1 Reduction of the matrix D, over Z,

Input: Matrix Dp,2 Z;° * ™, x=1
procedure Reduce (x)
if there existk x,| x such that Dplk;|] =1 then
swap rowx with row k
swap columnx with column |
for i=x+1to n, ; do
if Dp[i;x] =1 then
add row x to row i (mod 2)
end if
end for
for j = x+1to npdo
if Dp[x;j]=1 then
add columnx to columnj (mod 2)
end if
end for
Reduce (x +1)
end if
end procedure

Whenever two columns, sak and I, have the same low index, one is added to
the other. Informally speaking, thep-chains represented by these columns share a
common ( 1)-boundary, that is the low. By summing them, we obtain a new
p-chain whose boundary re ects the contribution of both original chains. This new
element replaces one of the previous columns.

As shown in Fig. 1.2, the sequence of such operations is equivalent to multiply

D, on the right with an upper-triangular matrix V that has 1 on the diagonal and
onV[k;l]; thatis R, = D,V.

Figure 1.2: Adding column as matrix multiplicationR, = D,V.

At the end of the algorithm, we get bases foZ, and B, 1, for everyp 2 Z.
Note that the choice of bases is not unique, but the map is. More precisely:
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1. z, equals the number of zero columns, which labels represent a baseZgr

2. b, 1 equals the number of non-zero rows, which labels represent a base for
Bp 1-

3. ReduceDy; Dy and use Prop. 1.0.9 to get j, i.e. the rank of the p-th
homology group.

Figure 1.3: Boundary matrix after the reduction algorithm [10].

We reduce the boundary matricx in time at most cubic and in memory at most
quadratic in the number of simplices inK [10].
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Chapter 2

Persistent Homology

Persistent homology (PH) is a tool in Topological Data Analysis (TDA) that builds
revealing shapes from data and extracts topological features persisting across mul-
tiple scales.

PH was introduced in 2002 [11]; in recent years it has grown exponentially both
from the theoretical and implementation point of view. This is due to its amenabil-
ity to applications in di erent elds [22], such as biology [16], medicine [24], net-
works [17] and neuroscience [12]. PH is particularly e ective with experimental
data also thanks to its stability to perturbations [8].

To de ne PH, we rstintroduce ltrations, that provide a way to study data at
multiple scales. Then, given a Itration, we de ne persistent homology accordingly.
We focus on PH over simplicial complexes, as they are the main combinatorial
objects used in applications, where input datasets are usually point clouds [10].

2.1 Filtrations

Following Rem. 1 in Ch. 1, there is no canonical choice to represent a point cloud
through a single simplicial complex. Therefore, a natural idea is to consider many
of them, and consequently analyze datasets within multiple scales. With this
in mind, we de ne ltrations, which are nested sequences of topological spaces
(e.g. simplicial complexes) that capture the structure of datasets. Later in the
chapter, we will see how to build a Itration starting from a point cloud, and
then we will use this framework to de ne PH in Sect. 2.2. The PH formalism can
be de ned in terms of simplicial complexes and simplicial maps, or of topological
spaces and continuous maps between them. Here we use both points of view, as
they are helpful to prove di erent properties. This does not lead to inconsistencies:
Itrations constructed from data are simplicial complexes, and more generally,
compact triangulable spaces are homotopy equivalent to simplicial complexes [13].
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Therefore, the two viewpoints can be used interchangeably in this thesis.

De nition 2.1.1.  Consider a topological spacX , andf : X ! R areal-valued
function. Let X, = f1(1 ;a] denote the sublevel set for the function valua. By
construction, we havef,(1 ;a] f;(1 ;bfora b

Now, consider a sequence of real valuas a, a,. Taking the sublevel
sets X, at these values and settinggp = 1 , we obtain a nested sequence of
subspacesi.e. a ltration X,, Xa, Xa, connected by inclusions, which

yields aspace lItration function:

Fiop = Xa ! Xag ! Xg, !t X,

n

De nition 2.1.2. Let X be a topological space andl a real function onX. A
homological critical valueof f is a real numbera for which there existsp 2 Z
such that, for all suciently small > 0, the function Hy (f (1 ;a ]) !
Ho(f *(1 ;a+ ])induced by the inclusion map is not an isomorphism.

We can say that the homology of the sublevel set changes at homological critical
values.

De nition 2.1.3. A function f istame if it has only nitely many critical values,
and every sublevel set has only nite rank homology groupse. Hp(f *(1 ;a])
is nite-dimensional forallp2 Z anda?2 R.

Consider a tame ltration function f on X. Let a; < a, < < an be the
critical values off and consider an interleaved sequens | < a; < s; for all i.
This gives a sequence of space§; X Xm = X, where we simplify this
notation by writing X; = Xg,, and a corresponding sequence of homology groups
connected by homomorphisms.

Analogously to the case of topological spaces, we de ne a ltration starting
from a simplicial complexK, taking a sequence of nested subcomplexeskaf

De nition 2.1.4. Let K be a simplicial complex. Asimplicial Itration on K is a
nested sequence of subcomplexiés such that; = Ko K ; K n=K. As
in Def. 2.1.1, we can consider the inclusion simplicial maps : K; ! Kjs; with
the induced homeomorphisms

Hp (fi(K)) : Ho(Ki) ! Hp(Kis1); p2 Z;
denoted asfF‘J.

Finally, we construct a nested sequence of simplicial complexes starting from
data. There are many ways to de ne simplicial complexes given a set of points
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Figure 2.1: A schematic of a lItration of a point cloud spanning a wedge sum of
two cycles with critical values at steps 13;4. The shades of blue (light and dark)
indicate whether a 2-simplicial complex (a triangle) overlaps other triangles in the
complex.

in a metric space, for istance we can take the pairwise distance of the points as a
parameter, their correlation, and so on. Some standard examples are Vietoris-Rips
complexes, Alpha complexes an@ech complexes [10].

Here, we focus on the ltration arising from a Vietoris-Rips complex.

De nition 2.1.5. Let S be a nite set of points in RY. The Vietoris-Rips complex
of S at radius consists of all subsets 0% of diameter at most 2:

VR()=f Sjdiam() 2g: (2.1)

A Vietoris-Rips Itration on S is a nested sequence of Vietoris-Rips complexes
with 0 increasing at every step.

In a Vietoris-Rips complex, the higher-dimensional simplices are added when-
ever all their lower-dimensional faces are already in the complex. For example, as
soon as the three edges of a triangle are present, the lled 2-simplex (the triangle)
is also included. This means that to get a 1-cycle we need at least four points
forming a loop without triangles.

Remark. In computations, we start from a nite set of points in a metric space,
we construct a ltration of simplicial complexes from it (such as a Vietoris{Rips),
and then we compute persistent homology.

2.2 Persistent Homology

In this section, we de ne persistent modules of a simplicial compléak, and then
persistent homology (PH). PH tracks topological features that persist over a given
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Itration. Intuitively, in applications, the longer a feature persists, the more rel-
evant it should be. For this reason, we want to encode the birth, death, and
persistence of homology classes along the ltration. To achieve this, we de ne PH
classes as classes that generate homology at some level in the lItration, whose
images in the successive levels are still generating. The key ingredient for inter-
pretability of PH is the structure theorem, which ensures that persistent modules
decompose into direct sums of interval modules. As a result, PH can be encoded
by barcodes or persistence diagrams. Such tools provide a visual summary of the
topological information across the ltration.

Below, we introduce the mathematical formalism underlying these concepts.

De nition 2.2.1. A N-persistence modulds a sequence oF-vector spaces and
linear maps (;; a)i.n such thatg 1V, ! Vi for everyi.

A persistence module is ofite type if dimV; < 1 for all i 2 N, and if there
existsM 2 N such that g is an isomorphism for alli M.

Takingi<j ,the mapa; : Vi ! V is the composition ofg; 1 & »
di+1 Q.

If we consider a simplicial compleX and its Itration, the persistence module
(Hp(Ki); fplian; P2 Z, is given by the homology groups of the ltered simplicial
complex and the mapd ;! induced in homology by the inclusionX; ! Kj, for
i<j.

De nition 2.2.2.  Given a persistent module (H(K;); Hp(fi(K))izn, With p 2 Z,
for eachi <j , the p-th persistent homology groujis the image off ;! : Hp(K;) !
Hp(Kj )Z B

Hi (K) = Zp(K)=(By(Kj) \ Zp(Ki)): (2.2)
Note that Hj = H ,(K;).

Classes in Iﬂ are homology classes,e. p-cycles inK; that persist in K;. A
class in Hy(K;) is born at stepi of the ltration if 2 Hj LI This means that
the cycle enters in the lItration at step i.

A class in Hp(K;) dies at step j if it becomes trivial under the inclusion-
induced map in H(K;), thatis fjl () 2 H, ¥ % but f( )2 H, 1. Infor-
mally speaking, this occurs when a cycle becomes a boundary at step of the
Itration.

The simplex ; whose addition to the lItration creates the class is called
positive, while the simplex ; whose addition kills the class by turning it into a
boundary is callednegative The persistenceof is deathj minus birth i, and the
couple (;j ) is called persistent pair.

14



If never dies, we denote its persistence couple &sl() and we say that the
persistence is in nite.

Figure 2.2: A schematic of the Itration of the point cloud spanning a wedge sum
of two cycles. At the rst step, two 1-homology classes are born, with the rst
closing at step 3 and the last closing at step 4. Persistent pairs are; 8); (1;4).
The shades of blue (light and dark) indicate whether a 2-simplicial complex (a
triangle) overlaps other triangles in the complex.

De nition 2.2.3.  The p-th persistent Betti numberis the rank of the p-th persis-

tent homology group,i.e. ' =dimH§' fork I

Lemma 2.2.4. Given a ltration ; = K, K ;:::K, = K, the p-th persistent
Betti number for every pair of indices0 k | niis:
a7y (2.3)
p p .
i<k j>I

where ;OJ is the number ofp-homological classes with birth and deathj.

De nition 2.2.5. A persistent module (;; G)i2n IS indecomposableaf does not
admit a non-trivial direct sum decomposition of persistence modules.

Following Def. 2.2.5, every time there is an isomorphismi(c) ' (Vi; &)
(Wi;h), i 2 N, one of the factors on the right side will be 0, and the other one
isomorphic to (Ii; G)izn-

Proposition 2.2.6. Let (I;;G)ion be a persistence module. If there exist indices
]k, with j(2 N; k2 N[flg so that

Ly _k ;and rank ¢ = Ly _k

0 otherwise 0 otherwise

then (Ii; G)i2n IS iIndecomposable.

d|m|| =
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Proof. In the following, we prove that for anyi such that | i k, we have
I, " Vi, where rankV; = 1.

Considerl; ' (Vj;&) (W;;h), and the relative isomorphism ;. Since
diml; = 1 and rank ¢ = 1, we know that ¢ is an isomorphism. Moreover,
1 =diml; = dimV; +dim W; and, without loss of generality, we can assume

dmV, =1 and dimW; =0.

In this case, the mapg : W; ! W, is the null map, therefore dimW;.; =0,
rank & =1 and a 0O is an isomorphism, as shown in the commuting diagram
below.

lj 5 r i
‘ l i j+1 l
Vi 0> Via Wi
0J 0
Going onwards by induction onj, we see that forj i Kk we have (;;q) "'
(Vi; &), while (W;; h) is trivial.
O
Thanks to Prop. 2.2.6, we can characterize indecomposable persistence mod-
ules, up to isomorphism, by the indiceg and k, which determine the interval over
which the module is indecomposable.
De nition 2.2.7.  For eachj k,(withj 2 N; k 2 N[flg ,the( N-indexed interval
Kij i Kk . idg¢ j 01 Kk
module(1/*; &%) overFis: I7¢ = bl % andgk = 9T
0 otherwise 0 otherwise

The following result allows us to split any persistence module as a direct sum
of nite indexed interval modules. For simplicity, we will indicate (Ii;G)ion as

(1 ;c).
Theorem 2.2.8 (Structure Theorem). For any nite N-persistence module\ ;a ),
there exists a set of intervals

Bar(V;a) f [jk]2N (N[flg )jO | kg;
and a function that keeps track of their multiplicities
:Bar(V;a)! Nso;
such that there is a direct sum decomposition
M B
(V:a)' (1 ik ;Cj;k) (J;k); (2.4)
[;k]2Bar(V ;a )
where each ¢ ; %) denotes an interval module. This decomposition is unique

up to isomorphism of persistence modules.
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Proof. Since (V ;a ) is a nite N-persistence module, there exisfd 2 N such that
foreveryj>N themapg :V, ! V4 is anisomorphism. For this reason, the
whole sequence ofF-vector spaces is characterized by just the rsiN + 1 initial
ones. Therefore, we consider the vector space

andwedenet:V ! V as

Doing that, we equip the vector spacé/ with the structure of a nitely gen-
erated F[t]-module. SinceF is a eld, F[t] is a principal ideal domain (PID), and
therefore we can use the structure theorem for nitely generated modules over a
PID [13] and decompos&/ as

V=F T;

where F is the free submodule andl the torsion submodule. By its de nition,

F is equal to a direct sum ofF[t] modules of the formt! F[t], with only a nite
number ofj, and each summand is isomorphic to an interval module of the form
(I Bl -gil ).

The torsion group is a direct sum of modules obtained as quotients of free
modules by an ideal, which have the fornt! F[t]=t, with 0 j < k , and the
ideals t*)  F[t]. Each summand is isomorphic to an interval modulel (¥ ; &).

Finally, the function counts the multiplicity of these interval modules.

O

Thanks to Th. 2.2.8 we fully characterize (up to isomorphism) persistence mod-
ules through a nite set of nite and in nite intervals.

Here, we work with F-vector spaces, and therefore we can apply the structure
theorem for nitely generated modules over a PID. Obviously, this result holds for
Z,-vector spaces, as we wish for data analysis.

However, the proof does not hold when we consider coe cients over a ring
like Z, or if we consider more parameters in constructing the lItration, getting

same submodule decomposition. This last case refers to multiparameter persistent
homology [4]. In Ch. 3 we point out that this gap cannot be recovered, preventing
us from using modules decomposition in multiparameter PH.

De nition 2.2.9.  The collection of intervals [; k) 2 Bar(V ;a ) and their multi-
plicities (j; k) is called thebarcodeof (V ;a ).
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Barcodes are useful tools to visualize persistence of homology classes in a |-
tration. Given an interval [j; k) in the barcode,] is the birth time, k the death
time, and the length of the barcode is the persistence of a homology class. The
multiplicity of the interval is the number of homology classes with the same death
and birth time.

Another equivalent way to visualize homology classes and their persistence over
a ltration, is through persistence diagrams.

De nition 2.2.10. Given a ltration function f over a topological spaceX, a

persistence diagranD (f ) is a multiset of points in the extended planeR? [flg

where each point {;j ) is a homology class with birthi, deathj and persistence
j 1. We denote with D,(f ) the multiset of points including only p-th homology
classes.

Figure 2.3: Schematic of barcode and persistence diagram of PH of the point cloud
spanning a wedge sum of two cycles shown in Fig. 2.2. Im,Heach connected
component,i.e. each point in the dataset, gives rise to an interval, which persists
until components merge into a single connected component with persistence pair
(0;1 ). In H4, the two 1-homology classes correspond to cycles in the wedge sum
persisting over the lItration.

Now, we can de ne the bottleneck distance between persistence diagrams.

De nition 2.2.11.  Given a topological spac& , and two tame lItration functions
f;g : X | R, the p-bottleneck distanceof D(f ); D(Q) is

dg,(Dp(f); Dp(@) =inf sup ku (ks ;

u2Dp(f)

where inf is the in mum over all the bijections :Dy(f) ! Dp(g) .

lLet u = (b;d and v = (B d% be two points in the extended planeR [flg . Then the *;

18



The bottleneck distancas then:
X
ds (D(f);D(9)) =  (Dp(f):Dp(9)): (2.5)
p

To make the de nition well-posed, we add in nitely many points on the diag-
onal , with in nite multiplicity.

Figure 2.4: A schematic representation of homology classes of two persistence
diagrams (blue and red dots), with pairings realizing the bottleneck distance.

Example 2.2.12. Here, we present an example in Julia of a point cloud spanning
a wedge sum of two cycles, and the corresponding persistent homology features
arising from the Vietoris-Rips lItration. In particular, in Fig. 2.5 we plot its
persistence diagram and barcode using Ripserer.jl.

2.2.1 Stability of Persistent Homology

Here we present stability results for persistence diagrams. The rst result [8]
is restricted to the case of continuous functions over a triangulable topological
space. This notion was then generalized in [5], using the so callethterleaving
distance between persistent modules. We focus on the rst result, since continuity
of ltration functions is a necessary assumption to compute vineyards in the next
chapter.

Stability is crucial for applications, as it gives data a geometric robustness to
noise. Consider two datasets iflRY, with an appropriate Itration function. The
stability result states that if the dataset are \close", then the persistence diagrams

norm of their di erence is de ned as
ku vk; :=max jb Bj;jd dY ;

whereku vk; = 1 if at least one of the coordinates is in nite.
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Figure 2.5: Barcode and persistence diagram of the point cloud spanning a wedge
sum of two cycles.

will be \similar", up to certain conditions. The converse is false, indeed di erent
datasets can have identical persistence diagrams.

Theorem 2.2.13 (Stability Theorem for space lItration) . Let X be a triangulable

topological space. Iff;g : X ! R are two tame ltration functions, then for any
p 0 their bottleneck distance is bounded by theit.; distance’:

ds (Dp(f);Dp(@)) k f gk : (2.6)
Theorem 2.2.14 (Stability Theorem for simplicial Itration) . Let K be a simpli-
cial complex. Iff;g : K ! R are two ltration functions, then forany p 0
their bottleneck distance is bounded by theilL; distance:

ds (Dp(f);Dp(9)) k f  gke: (2.7)

Here, we report a stability result for Vietoris-Rips Itration [5].
Theorem 2.2.15. Given two metric spaces X;dx); (Y;d,) then
ds (D(VR(X));D(VR(Y))  2den (X;Y); (2.8)

wheredgy is the Gromov-Hausdor distance (5.1.2).
2The L1 distance between two functionsf; g is d; (f;g) =sup, jf (x) g(x)j.
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2.3 Computing Persistent Homology

We de ne an algorithm to compute persistent homology groups and persistent
pairs over a eld (Z, in our case) [7]. For e cient implementations, look at [9].
Note that PH can be computer with coe cients over a PID [27].

As seen in Sect. 1.1, we use SNF on a boundary matrix to compute homology
groups. Here, given a boundary matrixD, we want to retrieve persistent pairs
(see Def. 2.2.2).

Algorithm 2 PH algorithm

Input: Boundary matrix D
Output: Reduced matrixR
for j =1 to jcolpj do
while 9j°<j such that lowgr(j% =lowg(j) do
add columnjto column j
end while
end for

The algorithm reducesD by adding columns to other columns located to their
right, and as in Sect. 1.1, it is equivalent to computédR = DV, whereV is an
invertible upper-triangular matrix.

Take U = V 1, and rewrite D asD = RU. We state that low(j) = i is
independent of suchRU decomposition.

De nition 2.3.1. Letrp(i;j) be:
rp(i;j ) :=rank D! rank D/,, +rank D/,;' rankD! %;

whereD{ is the lower left minor obtained by deleting the rst (i 1) rows and the
last (dim(D) j) columns.

Lemma 2.3.2 (Pairing Uniqueness Lemma [7])Take D = RU as described above,
then lowg(j) = i ifand only if rp(i;j ) = 1.

Theorem 2.3.3 ([9]). Let D be a boundary matrix, and take its reductionR =
DV. Then, low( ) = i if and only if (i;j ) is a persistent pair.

Both R and V are not unique in algorithm reduction; however, from
Lemma 2.3.2, it follows that the pairing low({) = i is independent of the reduc-
tion. Moreover, Th. 2.3.3 states that the pair (;j ) is a persistent couplej.e. the
simplex ; creates a homology class that dies when enters the ltration (see
Def. 2.2.2).
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Remark. Given a pairing low( ) = i, note that dim( ;) =dim( ;) 1, and that
the point (i;j ) appears in thep-th persistence diagram.

We provide a brief overview that summarizes the information contained in the
reduced matrix R:

1. Given an indexi, if the i-th column is a null column inR, then ; gives birth
to a new homology class.

(a) If exists a columnj such thati = low(j), then the point (i;j ) is in the
persistence diagram.
(b) Otherwise, (i; 1 ) is in the persistence diagram.

2. Take] a non zero column oR. The simplex ; gives death to a homology
class when entering the Itration. The birth time of such class is = low(] ).

Figure 2.6: Schematic of a ltration of a triangle, showing the simplices entering
the ltration in order of their numbering, along with the corresponding boundary
matrix D and its reduced formR. Lows are colored in the reduced matrix.
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Chapter 3

Time-Varying Persistent
Homology

In Chapter 2 we introduced persistent homology (PH), focusing on its stability and
its computability. The PH framework is widely used in topological data analysis,
and in general it is applied to nite point clouds, or to distance matrices, that
e ciently represent static information. However, many phenomena change over
time, and one could be interested in focusing on their dynamics.

A natural question is then: can we use persistent homology to extract mean-
ingful features also in time-varying datasets?

Ideally, we would like time-varying persistent homologyto highlight homology
classes that persist in the dataset over time, without losing the information that
traditional persistent homology already gives usj.e. persistence over a spatial
parameter.

Before deepening in time-varying persistent homology, we characterize nite
dynamic sets, as they will be essential for the following developments.

tor fxg(t); xa(t); 0 xn (1) g (3.1)

From now on, we consider a nite time frame,.e. t 2 |, wherel is a nite
interval, and without loss of generality, we assumeé = [0; 1].

To extract meaningful features from a dynamic point cloud, we need to inte-
grate the time variable in the persistent homology framework.
There are two natural ways to do it:
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" Explicitly consider the time as a second parameter, where the rst parameter
is the distance between points to construct a Itration, and try to build a
new ltration accordingly.

" By computing and stacking persistence diagrams for each time frame and
studying how relevant features change step by step.

The rst method relies on the so calledmultiparameter persistent homology
(MPH) [4]. PH is de ned over 1-parameter €.g.radius of the Itration), whereas in
MPH one considers many parameters. In classic PH, we use the structure theorem
(Th. 2.2.8) to uniquely decompose persistent modules over a PKJt;], and to fully
depict persistence pairs through barcodes or persistence diagrams. However, the
structure theorem does not hold for MPH, since the persistent module associated
to a multi- Itration is a module over a polynomial ring K[ty; t5], that is not a PID.
Therefore, we cannot decompose the modules in unique indecomposable intervals.
For this reason, there are di erent invariants to barcodes, like the rank [4] and the
multiparameter persistent landscape [25].

An alternative way to still have a module decomposition in a bi Itration is to
integrate time into the standard Itration [18], and obtain a nested sequence that
depends on two parameters. At the best of our knowledge, no implementations
have been made in this regard.

The second idea suggests focusing on the so-called vineyards [7]. The idea
behind it is pretty straightforward.

Consider a dynamic point cloud, then at each time framé we associate a
ltration f; to the point cloud. Consequently, we build persistence diagrams for
every step. Each persistence diagram provides us with valuable information about
the homology classes present at each tinte

Besides, we would like to precisely match the same homology classes that ap-
pear in adjacent persistence diagrams. In this way, we could study the overall
behavior of such homology classes over time, and extract meaningful features from
the time-varying dataset. We present vineyards outline in the following section.

Note. A generalization of a vineyard for many parameters is called persistent
bundle [14].
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3.1 Vineyards

Vineyards were rst introduced by Cohen-Steiner, Edelsbrunner and Morozov in
2006 [7]. They provide an algebraic tool to analyze how persistence diagrams
change over time with respect to the time-varying ltration function, allowing one
to track how homology classes appear, disappear, and shift over time.

In this section, we introduce vineyards, discussing necessary assumptions on
the ltration functions to ensure their stability, and then focusing on their com-
putation [19].

De nition 3.1.1.  Given a dynamic point cloud X over |, a continuous time-
dependent lItration function on X is a homotopyF : X | I R such that
F(;t)= f¢() is a tame Itration function (see Def. 2.1.3) for the snapshoiX(t),
for everyt 2 I.

We assume that dynamic point clouds move continuously on an interval
since the continuous motion of its labelled points naturally induces a continuous
family of Itration functions ff.g,,. Therefore, for everyto;t; 2 I, there exists a
homotopy between the ltration functions f, and f, .

Consequently, the dynamic point cloudX induces a homotopy of Itrations F
as in Def. 3.1.1.

Given suchF = ffig,, we consider the collection of the respective persistence
diagramsf D (X(t)) 21 := fD(f) 0z -

De nition 3.1.2.  Given a dynamic point cloudX, a vineyard is a collection of
persistence diagram® associated to every time step in X.

V(X)= fFD(X() jt2 Ig: (3.2)

When considering a dynamic point cloud, the continuous time-dependent |-
tration F derived from it describes how the Itration changes as the underlying
points rearrange over time.

Here, we assume thaF is a homotopy, because we want to continuously transi-
tion from one lItration function to another. In this way, the resultant L, distance
between ltration functions adjacent in time is bounded, and thanks to the sta-
bility theorem (see 2.2.14) we can state that the relative persistence diagrams
are similar. Having smooth passages from a ltration to another forbids sudden
topological changes that would mislead data analysis.

The tameness of such functions allows us to actually compute vineyards, as we
will see in Sect. 3.2.

Under these assumptions, and knowing that every point in each persistence
diagram represents a homology class, we can successfully match representatives
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of same homology classes across persistence diagrams. Given such matchings,
we analyze their overall behavior over time to have meaningful insights of the
underlying dynamic in X.

De nition 3.1.3. A vine is a continuous trajectory of a homology class across
the family of persistence diagrams:

vi[0a]! R% O v(t) = (B(t); d(t): (3.3)

Each vine can be open (starting and ending on the diagonal plane= vy),
half-open, or closed (starting and ending at an o -diagonal point), see Fig. 3.1.

Let F be a continuous time-dependent ltration function, the relative vines are
smooth, except when the pairing of critical values changes (see Def. 2.1.2). Such
points are calledknees

Figure 3.1: Schematic of a vineyard. Vines (in blue, green and orange) track the
evolution of homology classes (red dots) over time.

3.2 Computing Vineyards

Consider a dynamic point cloudX and the relative time-dependent lItration func-
tion F = ff g, de ned overK, whereK is a simplicial complex built from subsets
of points in X.
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Figure 3.2: Filtration function values of simplices in a simplicial complexK. In
blue, the interpolation values due to a gap between di erent time frames.

In real datasets, we will have gaps (even small) from one time frame to an-
other. In this case, we interpolate between the two Itration functions to retrieve
a homotopy.

The ltration function f; changes when in the simulation simplices i change
their order of entering the lItration, i.e. there is a cross between ltration values
of di erent simplices. Since every change in homology classes depends on such
swaps, we want to study how they appear, which ones are relevant, and then
update persistence diagrams without recomputing them form scratch.

3.2.1 Updating the pairing

Consider a dynamic point cloudX, a time framet, the ltration function f; and

its boundary matrix D. As seen in Sect. 2.3, we can reduce the matix = RV
and retrieve persistent pairs. Moreover, we can writ® as D = RU. In the
sequent time frames, lItration values may change. Here, we settatal order in
the lItration, i.e. at each time step only one change can occur. In this way, for
every time step there can be an adjacent simplices swap, without loss of generality
in position i and i + 1. These swaps correspond to an exchange of th¢h and

(i +1)-th columns and rows.

That is equivalent to considering a new incidence matrif DP, whereP is the
permutation matrix that swapsi andi + 1. To update the pairing, we need to
recover theRU decomposition, that isPDP = P(RU)P = (PRP)(PUP).

The matrix PRP is not reduced if and only if, given two columnk and I, we
havelowg (k) = i1, lowr(l) = i +1 and R[i;|1] = 1. The matrix PUP is not upper
triangular if and only if U[i;i +1] = 1. Note that these two event can occur only
when ; and j;; have the same dimension. We further analyze these two cases,
and we retrieve aRU-decomposition from a time frame to the next one. Recalling
Sect. 2.3, note that a simplex cannot be both positive and negative: by de nition,
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Figure 3.3: The two cases wherB RP and PUP are not reduced.

a reduced column is either zero (positive) or has a pivot (negative), but never
both. Therefore, given two simplexesi; i+1, the possible cases are either both
positive, both negative, or one positive and one negative.

1. The simplices i; i+1 are positive,i.e. the respective columns irR are zero

(recall Sect. 2.3). ThereforeP UP is upper triangular, and we need to check
only PRP.

(@) There existk;!, such that lowg(k) = i, lowg(l) = 1 +1, and R[i;I] = 1.

i. If k<I,we add columnk to column| to reduce the matrix. Take V
be the upper triangular matrix for this operation, we getPDP =
(PRPV)(VPUP) (note that VV = 1). In this way, we have a
reduced matrix on the left, wheread/ PUP is upper triangular by
construction.

ii. If 1 <k, we add columnl to column k. Similarly as the precedent

case, takeV the matrix that performs this operation, and check
the new matrices to be reduced and upper triangular.

(b) There are no columnk;| such that lowg(k) = i, lowg(l) = i +1 and
R[i;1]1=1, and RJi;1] = 1. Then PRP is already reduced.

2. Both ;; 41 are negative simplices, therefore their correspondent rows are
not lows of any columns. Their swap keepB RP reduced, we just need to
checkPUP.

(@) The entry U[i;i + 1] is equal to 1. Add the rowi + 1 of U to the row
I, and let W be the matrix that performs the column addition. We get
PDP =(PRWP)(PWUP).

I. if lowgr(i) <lowg(i+1) the matrices RW and PRWP are reduced.

. if lowg(i +1) <lowg(i) the matrix RW is not reduced, therefore
we add columni + 1 to column i, i.e. we multiply again for W,
getting the RU decompositionPDP = (PRWPW)(WPWUP).
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(b) The entry U[i;i +1] is equal to 0, the decomposition is already done.
3. The simplex ; is negative, and i.; Is positive.

(@ U[i;i +1] =1, we add row i +1 to row i, analogous to 2a.
(b) Ul[i;i +1] =0 and we have aRU-decomposition.

4. The simplex ; is positive, and i.; is negative. In this casdJ[i;i + 1] =0,
therefore, we have theRU-decomposition.

3.2.2 Code and implementation

To update the pairings and compute the vineyards, we adapt and generalize
Hickok's Python code https://bitbucket.org/ahickok/vineyard/src/main/ ,
which is specialized for the analysis of spatio-temporal COVID-19 data in the
USA [15]. To the best of our knowledge, our implementation (available on the
GitHub page https://github.com/frabertoglio/ TDAdynamicdata ) is the only
available Python source that computes vineyards for a general dynamic point cloud
using a given ltration.

We use Gudhi to compute homology classes and ltration values, which are es-
sential features for vineyards' implementationltttps://gudhi.inria.fr/python/
latest/ ). At the same time, in Chapter 4 we use Ripserer.jl in Julialttps://
mtsch.github.io/Ripserer.jl/dev/ to display representative cycles (see 4.3.2),
as well as persistence diagrams in Fig. 3.4. We opted for the Julia output of per-
sistence diagrams because its visualizations are more aesthetically appealing. The
underlying Itration used is Vietoris{Rips in both Gudhi and Julia, and thus the
persistence pairs displayed in the diagrams are identical across the two packages.

The Vietoris{Rips Itration induces a partial order on simplices, given by their
appearance value in the Itration. However, this is not su cient to uniquely order
all simplices, since di erent simplices may appear simultaneously, for example,
when edges have equal lengths. To handle this, we extend the partial order to
a total order by assigning labels to the vertices, and then we use these labels to
decide which simplex enters rst (the one with lower label) whenever simplices
appear simultaneously in the Vietoris{Rips Itration.

Example 3.2.1. Recall Ex. 2.2.12. Here, as shown in Fig. 3.4, we extend it by
considering a 3D dynamic point cloud with initial con guration a wedge sum of
two cycles, which progressively unfolds until it forms just a loop. We compute
vines in Fig. 3.5 to track the evolution of its 1-homology classes. The unfolding
was generated using KnotPlot Ilgttps://knotplot.com/ ).

From the persistence diagrams in Fig. 3.4 we can see that initially there are
just two 1-homology classes, then at step 5 a third one appears. By the end of the
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simulation, two of them die and only one survives. By only looking at persistence
diagrams, it is not possible to determine how classes evolve.

Using vineyards, as shown in Figs. 3.5 and 3.6, we can follow the evolution of
such classes. In particular, we observe that the two classes with lower initial birth
values (shown in red and green) disappear earlier in the simulation (around times
5 and 10, respectively), whereas the class that persists until the end (shown in
blue) corresponds to the one with the highest initial birth value.

In Fig. 3.6 we see that the red and blue vines are getting progressively closer to
the diagonal plane (leath = birth) until they vanish, while the blue one is getting
further from such plane, indicating that its persistence is increasing over time in the
simulation. Since vines are represented as curves, we can extract di erent useful
features, such as their length, trajectory and overall distance from the diagonal.

An interesting integration to such tool is to visualize directly on the datasets
representatives of these 1-homology classes, and track their evolution from there.
In Ch. 4 we de ne generators, which enable this visualization.

3.2.3 Computational constraints

While vineyards provide valuable insights into the evolution of homology classes,
their computation can be challenging and expensive. Here, we present the main
reasons:

" Sparsity of time frame data leads to ambiguities that a ect precisely match-
ing of homological classes, even with linear interpolation between time frames.

Vineyard's computational cost is sensitive to the number of points, since the
number of simplices exponentially grows when considering many points. In
our computations, we bound the construction of the Vietoris-Rips complex to
two-dimensional simplices (triangles), since we are interested in 1-homology
classes. Moreover, many points lead to potentially more critical points and
switching pairs in the ltration.

Due to these challenges, alternative methods have been developed to track the
evolution of homology classes over time. Although these approaches are computa-
tionally less expensive, their class matching is not as algebraically precise as the
one provided by vineyards. In Chapter 4, we see one of these methods in detail.
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Figure 3.4: Five snapshots of dynamic of the unfolding eight, with the correspond-
ing persistence diagrams.

Figure 3.5: Vineyard for 1-homology classes of an unfolding eight in Fig. 3.4. Each
vine (red, green and blu) tracks the evolution of a 1-homology class.
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Figure 3.6: 3D plot of the vineyard of the unfolding eight with two di erent angles.
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Chapter 4

Topological Optimal Transport

In the previous chapter, we introduced vineyards as an algebraic tool to study
homology classes in dynamic point clouds.

Here, we address the same problem from a di erent point of view, using Topo-
logical Optimal Transport (TpOT) [26].

TpOT uses Optimal Transport (OT) with the aim of matching homology
classes, integrating topological and geometric information from point clouds, per-
sistence diagrams, and representative cycles.

Informally speaking, given a measurable metric spac;(d) and two probabil-
ity distributions, OT seeks the most e ective way to nd a match between them,
minimizing a certain cost function.

When two probability distributions are de ned over two di erent metric spaces,
the matching problem can be addressed through the Gromov-Wasserstein distance.
To e ectively apply this framework to time-varying persistent homology, we
introduce measure persistence diagrams, gauged metric spaces, measure hypernet-

works, and nally topological networks.

TpOT nds a matching between cycles of di erent spaces by comparing in-
formation extracted from their geometry and the corresponding homology classes.
It does that by using Wasserstein, Gromov{Wasserstein, and co-optimal trans-
port distances. It can be used to compare di erent datasets or to investigate the
evolution of dynamical ones.

Note that adding probability measures to standard objects in PH results in a
shifting from a discrete and combinatorial setting to a continuous one. Doing so,
we exploit insights coming from optimal transport. Besides, this approach enables
numerical approximations, that improve stability. In this thesis, we will not dig
into the theory of numerical approximation, we will directly take them from [26]
and use them in Ch. 5.

Remark. Unlike the previous chapters, the goal here is not to provide a full theo-
retical framework, but to introduce the key notions that are needed for the com-
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putations. For this reason, not all terms will be rigorously de ned, and we refer
the reader to the original paper [26] for the complete theoretical background.

Figure 4.1: Sketch of TpOT [26].

4.1 Measure persistence diagram

Here, we rstintroduce Wasserstein distance between two persistence diagrams [23].
This distance, alongside the bottleneck distance, is a standard tool used in TDA.
Then, we de ne measure persistence diagrams and we rede ne the Wasserstein
distance accordingly.

De nition 4.1.1. Consider a topological spac&, two ltration functions f;g :
X 1 R and the relative persistence diagramB (f ); D (g).
A matching m betweenD (f ); D(g) is a subset of

M=fD(f)[ g f DI g;

such that the number of elementsx; ) is equal to the multiplicity of x in D(f),
and the number of elements (y) is equal to the multiplicity of y in D(g). The
abstract diagonal element may appear in many pairs.

In this setting, for 0 < p < 1 , we take the distance from a point inR? to
as the distance , to its orthogonal projection onto , that is:

Kah  kp=inf k@b (GOk= (B BHEL =21 5jp & (4.1)
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We also set:
k ko=0; k(a;1) (b;1)k,=ja b; and k(a;l1) xk,=1 forx2 R?[

De nition 4.1.2.  Given two persistence diagramB (f ) and D, (g), the p-Wasserstein
distanceis:

O 1 ]_:p

X
W,(Dk(f);D(g) = inf @ ka HEA
m2M
(a;b)2m
whereM is the set of all matchings betweem(f ); Dk(Q).
The total p-Wasserstein distances

X
Wo(D(f);D(@) =  (Wp(Dk(f); Dk(@)")*™: (4.2)
k

Remark. Bottleneck distance andl -Wasserstein distance are equivalent for per-
sistence diagrams [10].

Theorem 4.1.3 (Cellular Wasserstein Stability Theorem [23]) ConsiderK a sim-
plicial complex, andf;g : K ! R monotone functions. Then:

Wo(D(f);D(@) Kk f gk (4.3)
1

De nition 4.1.4.  Given a persistence diagrand = f(h;d)g>! , a measure per-
sistence diagram(MPD) is:
YOI
D = Xi; (4.4)
i=1

where ,, is the Dirac delta atx; = (hy; d)).

De nition 4.1.5. The p-Wasserstein distancebetween two measure persistence
diagrams is:
z 1=p
difP(; 9= _inf  kx x%d (xxy (4.5)

2 adm(v 0)

where = f(x;y)2R?jy x Ogand .m is de ned later in Def. 4.4.3.

'Here, the Lp-norm betweenf and g is equivalent to the discrete *,-norm, sincef and g are
de ned on a nite simplicial complex K. Therefore kf  gkp = x JTC) 9C )P =,
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4.2 Gauged metric space

We introduce gauged metric spaces to compare the internal structure of dier-
ent point clouds without requiring full metric properties. Then, we de ne the
Gromov-Wasserstein (GW) distance, that measure similarities between the inter-
nal geometries of two di erent spaces through co-optimal transport.

De nition 4.2.1. A Polish spaceis a separable topological space whose topology
is induced by a complete metric.

De nition 4.2.2.  Consider a Polish spac&, with P(X) the set of probability

measures supported on it. Acoupling between two distributions ; °2 P (X)is a

probability measure 2P (X X) whose marginals are and ° respectively.
The set of all such couplings is denoted by (¢ 9.

De nition 4.2.3. A gauged metric spacd = ( X;k; ) is a triplet where X is a
Polish space, is a probability measure orX, andk : X X ! Risasymmetric,
measurable and bounded function.

The standard de nition of a gauged metric space requireX to be a metric
space, not Polish. We add this constraint to de ne the Gromov-Wasserstein dis-
tance. Given two point cloudsX , and X © we want to measure their distance using
the GW distance, that generalizes the Gromov-Hausdor distance (see 5.1.2), in-
corporating measures and relaxing the metric structure.

De nition 4.2.4.  Given two gauged metric space®l = (X;k; ), M °=(X%k% 9:
acoupling 2 (; 9,and 0<p < 1, the p-th Gromov-Wasserstein distance
betweenM and M 9is:

Z 1=p

dowp(M ;M )= inf jkey)  KIx%y9Pd (x;x9d (y;y9
L (4.6)

De nition 4.2.5. Let (X; ) be a probability measure space.
The Gaussian kernelk : X X ! R is a positive, symmetric, and bounded
function de ned as:

kx  x%3

k(x;x% = exp Sh2 ;

(4.7)

whereh > 0 is a scale parameter.
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Example 4.2.6. Here, we present an example of how to compute an a nity ma-
trix given a point cloud. An a nity matrix is a symmetric matrix whose entries
quantify the similarity between pairs of points, typically with larger values indi-
cating that the points are closer or more strongly related.

Let X = fxy;:::;Xng be a nite point cloud in RY, the uniform measure and
C the distance matrix, whereC[i;j ] = kx;  x; k3.

Then, the a nity,matrix A is de ned asAl[i;j ] = exp(—$51), and we choose

h such thath®N 2~ . kx;  x;k5 =

4.3 Measure hypernetwork

Following the framework in [3], we de ne PH-hypergraphs, and once again we en-
dow them with a measurable structure, obtaining measure hypernetworks. Finally,

we introduce the hypernetwork co-optimal transport distance [6] to compare such
structures.

De nition 4.3.1. A hypergraph is a triple (X;Y;!) where X;Y are sets, and
' : X Y ! 10;1g is an indicator function encoding containment of a point
x2X iny2Yhby!(xy)=1

De nition 4.3.2. Consider a point cloudX, a ltration function f : X ! R
and its relative persistence diagran (f ). A point in D(f) corresponds to a cycle
in X, whose vertices are represented by a collection of pointsincalled generator,
or representative cycle.

Remark. In general, generators are not unique, and di erent representatives could
lead to di erent results [3]. In our computations, we use representatives computed
with the software Ripserer.jl.

Figure 4.2: Di erent generators (in red) of the upper cycle at step 2 in the wedge
sum lItration of Fig. 2.2.
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Example 4.3.3. Recalling Ex. 3.2.1, we use representative cycles to highlight in
the data the representatives of 1-homology classes and their evolution over time.
The visual results are in Fig. 4.3

De nition 4.3.4  ([3]). Consider a point cloudX, a lItration function f : X !

R, its persistence diagranD (f ) and a choice of representative cyclelsygi. The
PH-hypergraphis a triple (V; E;P), with V = X, and hyperedges the generators
E = fgg. Then, we assign a weighp; to each hyperedge, that is, the persistence
of the corresponding homology class iD (f ).

We generalize the de nition of hypergraph through measure hypernetwork,
which adds probability measures in the hypergraph framework.

De nition 4.3.5. A measure hypernetworkis a quintuple H = (X; ;Y; ;! ),
where (X; )and (Y; ) are Polish spaces endowed with Borel probability measures,
and! : X Y ! R a measurable, bounded function. Take and fully
supported, and assume that takes non-negative values.

Example 4.3.6. We show an example of a measure hypernetwork given a point
cloud, and its relative persistence diagram.

Let (X; ) be a measurable space, witlX a point cloud. Choose a ltration
on X, and let (D; ) be the relative measurable persistence diagram, with the
counting measure. For every point inl§; d;) in D, take a representative cycles;.
The function! : X D ! f0;1gis! (x;(b;d)) =1 if and only if X is a vertex
of g, the representative cycle oflf; d;).

The quintuple (X; ;D; ;! ) is a measure hypernetwork

Given measure hypernetworks, we want to compare their inner structure, using
once again co-optimal transport strategies. Consequently, we introduce the hyper-
network p-co-optimal transport distance. This distance has been used to compare
hypergraph structures in [6], and is based on co-optimal transport problems and
Gromov-Wasserstein distance.

De nition 4.3.7. Let H = (X;;Y;;! )and H°= (X% %YC% %10 pe two
measure hypernetworks. Given a pair of couplings of vertices and hyperedges
(vi 02 (3 9 (; 9;the p-co-optimal distorsionis:

Z 1=p
disCOOTy( v; o) = tocy)  POEYIPd WX d e(y;y)

X X0y Yo

The hypernetworkp-co-optimal transport distanceis:

deoot p(H;HY = ir(lf. O)diSCOOTp( v o) (4.8)

e2( 9
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Figure 4.3: Following Fig. 3.4 and 3.5, we use representative cycles in red, green
and blue, to highlight 1-homology classes and their evolutions in the time-varying
dataset. For a better visualization of the cycles, the gure has been rotated.
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Figure 4.4: PH-hypergraph of a point cloud spanning a wedge sum of two cycles.

The function dcoor p(H; H9 de nes a pseudometric for measure hypernetwork
spaces, and a metric on the space of equivalence classes of measure hypernetworks
up to isomorphisms.

4.4 Topological Optimal Transport

We are ready to merge the three frameworks introduced in the previous sections
into a uni ed one: the measure topological network.

In this new setting, we de ne the topological optimal transport distance, a
geometric and topological matching between point clouds that takes advantage
of both the intrinsic geometry of the data and the representatives of homology
classes.

De nition 4.4.1. A (measure) topological networks a triple P = (( X;k; );(Y;; );!)
such that:
" (X;k; ) is a gauged, metric space,
Y is a locally compact Polish space,

iIs a Radon measure [2] supported ov,
4+ IS a measure persistence diagram,

" I is ameasurable and bounded functioh: X Y ! R,and (X;;Y; ;! )
is a measure hypernetwork.

Example 4.4.2. In the following example, we describe the measure topological
network we use in Ch. 5. Given a point clou, take (X;k; ) a gauged metric
space, withk Gaussian kernel and uniform.
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After choosing a ltration, compute the relative persistence diagranD, and
take Y a set of cardinality jDj, with i : Y ! the inclusion map, and the
counting probability. Note that iy = p, see Def. 4.1.4. Dene as the set
f(x;y) 2 R2jy>x> 0g, and! as in Example 4.3.6.

De nition 4.4.3. Let (Y; );(Y% 9 be locally compact Polish spaces, with ~ °©
Radon measures, andd = Y [f @g, Y°= Y°[f @g. A Radon measure on
Y YOisadmissibleif ; Care its marginals, and ((@; @o)) = 0. The set of all
possible couplings is agm(; 9.

De nition 4.4.4.  LetP = ((X;k; );(Y;; );!)andP®=((XGKS 9;(YS S 919
be two measure topological networks. The&pological optimal transport pseudo-
distance is:

z
drpor p(P;PY = inf k() WOKRd c(y:y) (4.9)
v2 (59 Y YO
e2 a?(; O)
+ " xo jkeoy)  KXX%Y9Pd Y(xx9d v(y;y9  (4.10)
X X092
Z - - ! %
+ Ctesy)  TGY9Pd v x9d ey y9)
X XO0Y Yo

(4.11)
This pseudo-distance consolidates all the distances discussed in this chapter:
" The rst term (4.9) is the Wasserstein distance for MPDs,

~ the second term (4.10) is the Gromov-Wasserstein distance between the in-
ternal structures of the two point cloudsX; X ©

~

the third term (4.11) uses co-optimal transport distance to compare PH-
hypergraphs.

Finding the distance consists on nding a couple (Y; €), where V induces a
transport plan between points inX;X °. The coupling ¢ induces a matching
between homology classes in the persistence diagrabiD © associated toY; Y°
One can add tuning parameters to set up a priori the importance of each member
of the equation.

It can be shown thatdry,or induces a metric on the space of equivalence classes
of topological networks up to weak isomorphisms (see 5.1.3) [26].

Remark. Once we x the representative cycles on a point cloud , the matching
of homology classes induces a matching of such generators over time.
Thus, matching of visual cycles depends on the homology class matching.
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Example 4.4.5. Asin Ex. 3.2.1, we consider the dynamic of a wedge sum of two
cycles unfolding in a loop. This time, instead of looking at the algebraic cycles
matching through vineyards, we use TpOT; matchings are shown in Fig. 4.5. To
compute and display the matching, we slightly modify the code available in the
GitHub repository https://github.com/zsteve/TPOT

As in Ex. 4.3.6, we display the representative cycles directly on the plot, and,
similarly, only one cycle remains at the end. However, we observe that their
dynamics di er from those computed using vineyards. Since the matching is based
on optimal transport, we notice that at steps 45; 6 the green cycle moves from the
right loop of the eight to the left, and then back to the right. This behavior would
not occur with vineyards, because the cycles there are computed algebraically.
In TpOT, where the matching relies on optimal transport, such transitions are
expected when the geometry of di erent loops are su ciently similar.

Figure 4.5: Display of TpOT cycle matchings. From top to bottom, the three
representative cycles (red, green, and blue) are shown on the unfolding eight at
timesteps 04; 5;6; 10, and 20.
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Chapter 5

Vineyard and Topological
Optimal Transport Comparison

In this chapter, we convey vineyard and TpOT to analyze dynamic chains of
polymers, with a particular focus on crossing changes.

We rst analyze simple cases, including unfoldings (gradual openings of a con-
guration) and crossing changes (alterations of chain intersections), then we extend
the procedure to more complex datasets such as polymer chains. The time-varying
datasets considered, shown in Fig. 5.1, are the following:

1. Unfolding of an eight in a unique cycle, already used in Ex. 3.2.1 and 4.4.5.

2. A straight segment starting in the center of a circle and then translating
towards the exterior, intersecting the circumference as it moves outward.

3. Two linked ellipses, translating outward while gradually separating from each
other.

4. Three polymer chains with varying crossing dynamics: KnotOut50 (a nearly
unknotted con guration with 50 points), KnotOutl (a more entangled but
non-canonical con guration), and trefoil (the simplest non-trivial knot).

The rst three datasets consist of synthetic data generated with KnotPlot or
with Python; each point is slightly perturbed by adding independent uniform noise
in all three coordinates, sampled from the interval [0:1; 0:1].

The last three simulations correspond to datasets of entangled polymer chains
provided by Alex Klotz, a physicist specializing in the dynamics of knotted DNA
and polymer systemslttps://www.csulb.edu/physics-astronomy/klotz-lab ).
The models are knot entanglements with crossing changes.

1KnotPlot ( https://knotplot.com/ ) is a software for visualizing, creating, and analyzing
knots, including their deformation and relaxation dynamics.
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Figure 5.1: In order from top to bottom, dynamic simulations of: unfolding
eight, segment transpassing a circumference, two ellipses intersecting, KnotOut50,
KnotOutl and trefoil.
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For each time-varying dataset, we consider a di erent number of point®
and time stepsT, comparing the result and focusing on the computability of the
vineyards. Once we set the number of time steps and the number of points, we
proceed as follows:

1. Using Gudhi (see Sect. 3.2.2), we determine the Vietoris-Rips Itration for
each time step. As we are mainly interested in 1-homology classes, we limit
the ltrations to 2-simplexes. Then, we store persistent pairs, and, for each
simplex in the ltration, we evaluate all its ltration values for each time
step. Therefore, for every simplex , we haveT lItration values ordered
according to time.

2. We display the representative cycles of the 1-homology classes on the datasets.
3. We compute vineyards to track the evolution of homology classes over time.
4. We use TpOT to determine topological matchings of homology classes.

TpOT performs matchings very e ciently, with little dependence on the num-
ber of points or time steps, whereas vineyard computations are signi cantly slower.
To give a general sense of the computational cost, Table 5.1 reports the time re-
quired to compute vines as the number of points and time steps vary.

5.1 Case Studies

In this section, we visualize the vineyards of a segment moving outward from a
circle and of two linked ellipses moving apart (shown in the second and third
rows of Fig. 5.1). Due to the increasing computational cost associated with larger
numbers of points and time steps, we limit our analysis with vines to simple
simulations, where homology classes can be easily tracked, and where we can
intuitively understand the dynamic. The results are shown in Fig. 5.2.

In the top vineyard, we observe a 1-homology class (blue vine) whose birth
value remains constant over time, while its death value, and thus its persistence,
increases. This occurs because the loop is smaller when the segment is in the
middle of the circle, and it gradually enlarges as the segment moves outward from
the circumference.

The bottom vineyard depicts the vines of the linked ellipses dynamic. Here,
there are two 1-homology classes (blue and orange) that behave similarly to the one
in the previous vineyard, for the same reason. Additionally, since the simulation is
slightly more complex, the entanglement of the two ellipses gives rise to two other
homology classes closer to the diagonal plane, which correspond to smaller loops
formed when the boundaries of the ellipses intersect.
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Computational cost of two linked ellipses dynamics (see Fig. 5.1).
N points Time steps Time Vin0 [s] Time Vinl [s]

20 20 21723 24137
20 30 40545 37885
20 40 51710 36714
30 20 252526 283317
30 30 411858 421352
30 40 390280 331192
40 20 1550086 1723979
40 30 11901198 2074103
40 40 42077132 218562
50 20 2473411 7277959
50 30 10529193 7880365
50 40 26 2716499 8307536

Table 5.1: Computational times (in seconds) for 0-dimensional vines (connected
components) and 1-dimensional vines (cycles) depending on the number of points
and timesteps of the simulation.

In Fig. 5.3, we show the same dynamics analyzed through topological optimal
transport. As expected, there is one main cycle for the segment{circle case, and
two main cycles for the two linked ellipses. However, in the latter, the two rep-
resentatives chosen by TpOT are not the canonical ones one might expect, since
they correspond to half of each ellipse, respectively.

Finally, in Fig. 5.4, we display the topological optimal transport matching for
the polymer simulations, which involve a larger number of points, more time steps,
and, in general, higher dynamical complexity. For each dynamic, we plot the most
signi cant cycles across the simulations, with one cycle shown in each row.
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Figure 5.2: Vineyard of a segment moving outward from a circle (top) and of two
linked ellipses moving apart (bottom). Both vineyards are displayed from two
di erent angles for clarity.

This thesis examined the application of vineyards and TpOT to the study
of dynamic chains, emphasizing elementary cases such as unfoldings and cross-
ing changes. Future research will aim to generalize these methods to more intri-
cate polymer datasets, address computational challenges, and compare vineyard-
derived representative cycles with those obtained via TpOT. These e orts will
contribute to a deeper understanding of the topological behavior of dynamic poly-
mers and to a critical assessment of the ability of these computational frameworks
to capture their essential structural features.
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Figure 5.3: TpOT cycles matching of a segment moving outward from a circle
(top) and of two linked ellipses moving apart (bottom). For both simulations, we
depict di erent time steps and the main representative cycles.
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Figure 5.4: From top to bottom: visualization of the most relevant TpOT matching
cycles for KnotOut50, KnotOutl, and the trefoil.

49



	Introduction
	Simplicial Homology
	How to compute Homology

	Persistent Homology
	Filtrations
	Persistent Homology
	Stability of Persistent Homology

	Computing Persistent Homology

	Time-Varying Persistent Homology
	Vineyards
	Computing Vineyards
	Updating the pairing
	Code and implementation
	Computational constraints


	Topological Optimal Transport
	Measure persistence diagram
	Gauged metric space
	Measure hypernetwork
	Topological Optimal Transport

	Vineyard and Topological Optimal Transport Comparison
	Case Studies

	Appendix A

