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Abstract

La Supergravita pura N’ =1, D = 4 & una moderna teoria di campo di gauge della Supersimmetria, elaborata
da Daniel Z. Freedman, Peter van Nieuwenhuizen e Sergio Ferrara nel 1976. Nella sua versione massimale, ha
rappresentato una delle pitt promettenti proposte teoriche in termini di unificazione delle interazioni
fondamentali del secolo scorso, precorrendo la Teoria delle Stringhe.

Si vuole qui ricostruirne progressivamente il formalismo, introducendo per gradi le conoscenze teoriche
necessarie, quali gruppi di simmetria spazio-temporale, teoria quantistica di campi scalare e fermionico,
Supersimmetria, interpretazione della Relativitd Generale come teoria di gauge, formalismo tetrardico, teoria
di Rarita Schwinger e derivazione del Lagrangiano di Supergravita pura a partire dal modello supersimmetrico
di Wess-Zumino.
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Introduction

Supergravity (often abbreviated as SUGRA) represents the very first promising mirage of Unification Theory
of the four fundamental forces under a unique gauged symmetry group.

Originally formulated in 1976 by Daniel Zissel Freedman, Sergio Ferrara and Peter van Nieuwenhuizen, in
its pure form, it is the theory of gauged unbroken N = 1 Supersymmetry (SUSY).

Therefore, to approach SUGRA, it’s essential to comprehend SUSY, which is fundamentally a generalisation
of a continuous global symmetry group to both fermionic and bosonic generators in a super-Lie algebra.

Gauging a symmetry substantially means promoting its parameters to functions on the group domain; for
instance, the Standard Model is based on the SU(3) ® SU(2) ® U(1) gauged symmetry group, under which the
electroweak and strong forces are unified.

Supersimmetry attempts to connect internal and space-time symmetries whithin a non trivially factorisable
group, overcoming the limitations of the Coleman-Mandula theorem. Since an algebra has an irreducible
representation on particle states, bosons and fermions are grouped in multiplets.

Therefore, we will first need to achieve two preliminary goals: first comprehending some basic representation
theory of the Poincaré group and the Wigner classification, to then probe Quantum Field Theory and the Lorentz
invariant Lagrangian formalism of the Canonical Quantization, and apply it to spinors in Special Relativity,
deriving the renowned Dirac equation.

At this point, we will be ready to delve into Supersymmetry, its algebra representation on particle states,
and understand how superpartners arise.

Then we will be almost halfway there: indeed, SUGRA requires the spinorial parameter of a SUSY transfor-
mation to be graded to a space-time function, and we will see that a naive Minkowskian domain is not suitable
for such purpose: for this reason, the second part of the Supersymmetry chapter will be pinpointed on the
derivation of the Wess-Zumino model in the more fitting superfield formalism.

Next, we will introduce the gauge formulation of General Relativity, and its tetrads (or vierbein) formal-
ism, exploring how the graviton emerges as a first order perturbative tensorial field of the Minkowski metric,
and completing the SUGRA multiplet, by quantizing the vector-spinor Rarita-Schwinger field and identify the
gravitino.

At this point, we will be prepared enough to tackle the final boss: deriving the pure SUGRA Lagrangian as a
natural term arising when trying to achieve local SUSY invariance of the Wess-Zumino action, and covariantize
it in the vierbein formalism.

I know this may sound like a painful endeavour, and I cannot deny that during the last months I really had
to pledge myself to both gather it and to make this dissertation as flowing as possible.

The funniest part is that not only SUGRA has no direct experimental support (no graviton and gravitino
have ever been observed): most of its predictions are wrong. For instance, it foresees a ridicolously high value
of the cosmological constant.

So why should we care about SUGRA at all? First, a delightful answer for everyone: it represents the
low energy limit (< 101 eV) of Superstring Theory, which nowadays is one of the most accredited unification
theories in theoretical physics. Secondly, I will let someone much more qualified than me rejoin:

It is more important to have beauty in one’s equations than to have them fit experiment.

— Paul A. M. Dirac 2]



Chapter 1

Space-Time Symmetry Groups

In this chapter, we aim to get to grips with some representation formalism, by studying the Poincaré group
I150(1, 3), being the defining symmetry group of a relativistic theory.

First, we will infer the structure constants of its Lie algebra, on an abstract level, to then examine its particle
representation in the context of Wigner’s classification, and introduce the concept of spin.

Thereafter, we will focus on irreducible representations of the double cover of its Lorentz subgroup SO(1, 3),
algebraically deducing the Weyl spinor, to then construct the Dirac Spinor ¥, instead transforming in a reducible
one, by studying the Clifford algebra, and making sure to spell out the connection among these two structures
in the chiral basis.

All the statements will be properly demonstrated, but we want to reassure the reader that a more discursive
treatement will follow alongside, since the key purpose of this chapter is understanding the captivating power
of the representation theory of ISO(1,3) and its SO(1, 3) subgroup.

1.1 Poincaré group /50(1,3)

In its natural representation, 1.SO(1,3) is the group of isomorphisms on Minkowski space-time R13, defined as
the external semiproduct of the Lorentz group O(1,3) and the translations group R*:

150(1,3) = O(1,3) x R* <= 1SO(1,3) = {ga € GL(1,3) : g5 1ga =1} <=
(1.1)
<« {(A,a) € ISO(1,3) <= (A,a) - (A',d') = (AN, a+ Ad') ,VA€O(1,3), a e R}

where - is the I50O(1,3) group composition, 1 is the Minkowskian metric tensor and GL(1,3) is the group of
linear space-time transformations.

1.1.1 I1SO(1,3) algebra

I150(1,3) is a Lie group:

9o - gp € ISO(1,3)
Jg,t € 150(1,3) v {gal 9B are diffeomorphisms | V go, g3 € 150(1, 3) (1.2)
IT€ISO(1,3): g5t ga=1 Ja

of dimension d(IS0(1,3)) = d((O(1,3))) + d(R*) = 10.
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Therefore, there exists a basis of 10 generators for its tangent space (i.e. its Lie algebra iso(1,3)): since the
factors of a semiproduct forming a Lie group are also Lie groups, the resulting basis of generators will be given
by the union of those of the two subgroups.

The difference of a product and a semiproduct physically lies in the non commutativity of the generators of
the subgroups between each others, resulting in non trivial structure constants. We now want to compute the
commutation relations between the generators, directly from Equation 1.1.

Lorentz algebra o(1, 3)

Given A € SO(1,3), w € GL(1,3) and ¢ € RT, we can Taylor expand the Lorentz transformation near the
identity:
A=e“"v ~ 6 fewt +O(2) ex1 (1.3)

and, seeing as (A, 1) € ISO(1,3), A is an isomorphism, and consequently:

NNy = 1pe = (Mp + ew“p) Nuw (6% + €w',) = 1pe =

g

(1.4)

v
0, Mo ™ Mo + €Wy + EWgp = Npo == Wpo = —Wop

2
Npo T EWpe + €Wgp + €M

Ergo an element of o(1, 3) is a real antisymmetric 4 x4 matrix, which can be expressed as a linear combination
of six real antisymmetric generators M45:

v A B, uvel0,4nN 1.5
MBA

In this notation, A and B are the representation indices, expressing w on the basis of the algebra, and pu,v
are the usual space-time indices.

A possible set of generators is:
(MAPYE, = st —nPrss, (1.6)

since:
(MPAY, = pPrss, —ntish = — (nhs" —nPred) = —M AP (1.7)

which can be used to derive the representation-independent commutation relations of the Lorentz algebra:
[MABvMCD] = (MABY (MCPY — (MCEDPY (MABYR =
= (4 ) (1985 — P65 = (158, — ) (5% — ) =
=P (6", — nPrsl) — PP (n6S, — nCray) — 0t (nPrsh — nPret) + P (nPre, — nreh) =
= yBC(MADPYE _ pBD()fACYL _ yAC (agBDYr | pAD (afBCyu

from which we obtain the defining algebra of SO(1, 3):

Translations algebra %1%

A pure translation T'(a) in R'3 is defined as:

T(a) € GL(1,3) : 2" = 'V = 2 + a* (1.9)
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and it is naturally connected to the identity, given that, for small a*:

T(a)z" = z" + a# ~ zV 4 a”d,a" = (0%, + a” 8, )z ~ ¥ O ¥ (1.10)

We have just found the directional derivatives on the basis of the Minkowski space to generate the Lie
algebra of 2(1,3), so, since they form a coordinate basis at any point, they commute:

[Py, P,] =0 (1.11)

Poincaré algebra iso(1, 3)

All that remains is calculating the relations between the generators of the Lorentz transformations and the
translations.

If we tried to proceed directly we would reach a formal contradiction, lying in the incompatibility of the
representations we used in the previous demonstrations: although the structure constants of an algebra are
completely independent from its representation, we must be careful to be coherent when connecting the subal-
gebras.

Indeed, for the Lorentz transformations, we have operated on a tensor field on R"3, while for the translations
we’ve acted directly on space time, via differential operators, which is perfectly fine, up until we want to merge
the approaches.

Of course, we can choose either one of these representations and express all the generators accordingly. For
instance, we may decide to adopt the differential one:

MM = gh¥ — ¥ " (1.12)

and compute the commutation relations as follows:
[MH, PPl = (20" — 2V ") 0P — OF (a0 — ¥ O*) =
= aH9v 0P — ¥ OHP — VOt — atOPIY + OHOP LY + ¥ OPOH = (1.13)

= OHOPLY — OV O M = OFyPY — OVt = PlyP” — PryPt

We finally collected them all, and in the meantime, we got our hands dirty with some representation theory!
For a reason that will be clarified in chapter 2, since a generator is defined up to a multiplicative scalar, we can

rewrite them as:
[PIM PV} =0

(M, Po] = i(np Py = nup o) (1.14)
[M,uu» Mpcr] = i(ny,pMUU - nupM,uo' + nIJG‘M[Lp - nuaMz/p)
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1.1.2 Irreducible Particle Representation of /50(1,3)

I50(1,3) is the defining space-time symmetry group of any relativistic quantum field theory: therefore, we need
to find a suitable representation on particle states.

From the Quantum Mechanics course, we recall the Wigner Theorem:

Wigner’s Theorem:
Symmetries in Quantum Mechanics are implemented as (anti)unitary operators on a Hilbert space.

In Groups Theory, a Casimir is defined as an operator commuting with all the generators of the algebra,
and thus invariant under the action of the group, and it can be used to label a representation.

For I50(1,3), there are two of such transformations:

— “
{Cl bu.p (1.15)

Cy = Let09 P, My, po PY MP? = W, WH

From our backing knowledges of the covariant formalism of Special Relativity, we may be tempted to argue
that Cy and Cy are simply 4-scalars, and thus necessarily invariant: but this is not obvious at all! In general,
an operator being invariant in a certain representation doesn’t extend to any other: thus, to make sure that it
is actually a Casimir, one must verify its commutativity with the generators.

With a little algebra, this is rapidly achieved:
(4) [P“PH’PM] :PM[P;“PM] +[P“aPM]PM =0
[M",PPP,] = [M",P’] P, + P, [M"", P?] = i(n"’P* — n"?P")P, 4+ iP,(n"* P" — '’ P") =

=i (n"PP" — ' P") P, + P,(n" P* — " P")) = i (P*P* — P*P” + PYP* — PIP") =0
1
(i) 3 177 Py Moo €y PV M7, P 0 0% €0 [Py Mo PYMP7, P =

= P €ype (PYMP7 [Py Myo, P°] + [P, My, P%| P* M) =

po

= P Cppo (PYMP7 (By [Mpg, P] 4 [Myo, PO] P) + (P [Mygr, PO+ [Mpy, P Py) PYMP?) = 0
1

(4ii) 1 [GMUPUPVMPUG,MVPJPVMPU,Maﬁ] X Euupacﬂupa [PVMPUPVMPU»MOC'B] =

= " €upo (PYMP? [Py Mpo, M®P| + [P, Mo, M®P| P*M*7) =

= " €pppo (PYMP? (P, [Myg, M®?] + [Myg, M*®] P,) + (P, [Mpe, M*F] + [Mpy, M®P] P,) P*M*?7) =0

Now let’s try to understand the physical meaning of the Casimirs.

From QM, we know that a translation on a wave function on the coordinate space is implemented by
exponentiating the momentum operator p = —ihV, and in the previous section we demonstrated that the
partial derivatives are the generators of R3.

Similiarly, the time translations generator is the Hamiltonian H, which, via the correspondence principle,
is the observable associated to the energy of a system: therefore, it is logically straightforward to identify P*
with the 4-momentum of a particle. Now that we know what P* is, the physical meaning of W* (namely, the
Pauli-Lubanski vector) will soon be clarified.

In the context of the Wigner’s classification, we can construct irreducible representations on particle states,
viz multiplets, labeled by the eigenvalues of the casimirs.
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For this purpose, we can choose to a convenient frame, where the Casimirs are easily computed, expressing
the Lorentz transformation in the boosts and rotations Lie basis:

Ji = reiMIF jk=1,2,3
€k (1.16)
Ki:MOi 12071,2,3
and then discern the analysis in terms of the particle mass.
Massive case
If the mass m of a particle is not null we can always boost to a frame such that:
PH = (m,0,0,0) Ci =m?
N o= (1.17)
we = (0,-m.J) Cy = —m2J?

Since J? are spatial rotation generators, we can interpret j as the eigenvalue of the module of J2, i.e. the
spin of the particle, and j3 as its projection on the z axis.

From the angular momenta algebra, we deduce that a massive multiplet of the Poincaré group is composed
by (27 + 1) massive particle states, labeled as:

{Im,5,53)}  Js<lil (1.18)

Maseless case

If m = 0, we can opt for a frame such that:

{P“ = (E.0.0.B) _ {01 =0 1.19)

W“:M12P/"’ 02:0

Since both Casimirs are null for any maseless particle, how can we distinguish them?

Well, if we notice that in this coordinates the Pauli-Lubanski vector is just the phase shifted 4-momentum,
we can replace the second casimir with the parameter of such U(1) transformation, namely the helicity.

Before jumping to hasty conclusions, we have to remember that a maseless particle always carries two oppo-
site helicity states, and this aspect cannot be ignored, since it has fundamental implications on the predictions
of the Standard Model. Hence, the multiplet will be composed of:

{|E’h>7‘E>_h>} (1-20)

In this section we discussed the importance of the spin in the representation of a particle.

The next question we will attempt to answer is: what are the geometrical involvements telling whole from
halved spin particles? We will demonstrate that fermions naturally arise in a specific representation of the
Lorentz group.
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1.2 Spin(1,3) group

Noticeably, the Lorentz group has spinorial representations. What does this mean?

First, we note that there exists a bijection between a generic z# € RM3 and a 2 x 2 hermitian matrix

X € GL(2,0):

_ p_ [ Tot+x3 XY AT w_ i po
{x#—>X r,0 <x1+im2 xo—l‘s) , o (1,0)}:>x z, = det [X] (1.21)

where o? are the Pauli matrices. Then we consider the action of the group of unitary matrices SL (2,C) on X:

SL(2,C)
Rtk A

X X' = SXST = det [SXST| = det® [S] det [X] = det [X] (1.22)

meaning S is an isomorphism on GL(2,C), and thus a Lorentz transformation on R»? (indeed, it has 6
degrees of freedom): it directly follows that a representation of SL(2, C) is also a valid for SO(1,3) up to global
properties.

To be precise, defining Spin(1,3) such that:

SO(1,3) ~ Spin(1,3)/Z (1.23)

the spinorial representation of the Lorentz groups are those that are double valued representations, though
single valued as reps of SL(2,C), meaning that the actual isomorphism is:

SL(2,C) ~ Spin(1,3) (1.24)

In terms of representation, the lowest dimensional non trivial vector space which SL(2,C) acts upon, is
certainly C2.

A left hand Weyl spinor is a two component complex vector transforming in an irreducible representation of
Spin(1,3):

Yo € (;o) oy, =8P¢ys , SeSL(2C) (1.25)

From the group theoretical representation theory, we can borrow the following result:

Given a representation of a group, its complex conjugate, transforming by S*, is another representation,
independent from the other one if:

3cC : s*=cCsct (1.26)

In our case, this condition is satisfied, and we may hence construct another independent irreducible repre-
sentation of Spin(1,3), as its action on a right handed Weyl spinor:

) = s € (0.3) 0= (595 (1.27)
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1.2.1 Algebraic structures from spinors

Before moving on, it is suitable to acquaint ourselves with some spinorial algebra, and build systematic methods
to construct tensors from them.

Scalars

First, we define the following invariant tensors under SL (2, C):

i _p_ [0 1
-1 0 ' eaﬁeﬁ'yzlafy
0o -1\
B SR

A scalar, belonging to the (0,0) representation of the Spin(1,3) group, can be written as a product of left
or right spinors:

. . 1.28
6"‘5654/ = la,y ( )

+ o

{m € (3,0) = ¥x = e"Waxa = ¥pe e =dav2 — X1, (it go

1
2

U,x € (0,1) =vx= Gaﬂiﬁa)?g = X291 — X12

which is indeed a scalar under the action of SO(2,C), since:

1/))( — Sarysﬁéﬁaﬂdjtgx,y = SQ’YST(SB ETBO‘Qb(;XA/ = Sa’YSTéa@/J(;XV = %
gTo Tha _ Sip S\ (00 =1\ _ (Sa1 =S\ _ gT b
A Si2 S/ \1 0 S22 =512
Su Su\ [ S S 0 det|S]
_ oTy qas _(S11 Sa 21 22 _ B
* =578 wé)(’y = (512 522> <_Sll —512> X = (det [S] 0 ) Py =
= det [9] 676’(/)5)(7 =y

So, in analogy with the metric tensor, one can use the € matrices to rise and lower the indices of the spinor,
coherently with their anticommutation properties:

a _ capf & &b, .
pr=e wg yr=e ?g (1.29)
Yo = €ap¥p Vo = €450
Vectors
Vectors belong to the (3, 1) of Spin(1,3) and can be explicitly built from left and right Weyl spinors:
By — oy n Ve
Yoty = (Ui)aax (1.30)
(U#)O‘d‘ = (1’0. )ad

which transforms as a vector under a Lorentz transformation, which can be verified by contracting it with
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the transformed of a 4-vector x* under the isomorphism 1.21:
PXX = 6 XaaX® = €79 Xaae® 'ty — ¢ [870,] [80%,5(57).7] ¥ [(57) 1 x4 =
= [ (57,7 [8a0 555 (5705 [%* (571 7] = wxx

One may symmetrically proceed in the same way to construct a vector from another set of matrices:

3 1) aay
Xa (6%)7" tha = =% (07) 45 X°

which does not form an independent representation with respect to the first one, since in can be written as
a linear combination, as shown, and thus the condition in Equation 1.26 does not hold.

1.2.2 Generators of SO(1,3)

We now need to clarify the connection between the same Lorentz transformation A in the vectorial and in the
spinorial representations of SO(1,3). To do this, we may define the antisymmetric product of sigma matrices
as:

(")) = (0"5" —0"5") ] (1.32)

One can indeed demonstrate them to obey the Lorentz algebra, by computing their commutors:

[0, 0°7) = i 1P TG — o) (1.33)

The conjugate generators are given by:

(@)% = + (30" — 3" o) (1.34)

Therefore, the Weyl spinors transform accordingly as:
Spin(1,3) ; B
Yo ———— eap {—jwuo}, ¥s

~ Spin(1,3 : e -
P00, o (i} 08

Yo

(1.35)
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1.3 Dirac Spinors

A fundamental geometrical structure to describe massive fermions is the Dirac spinor ¥, which is a four
component complex vector transforming in a reducible representation of the Spin(1,3) group.

Before deriving it, it’s essential to introduce the Clifford Algebra CI(1,3) in four dimensions:

{7 =201 (1.36)

where y* are 4 x 4 matrices and n*” is the Minkowski metric.

In a general representation, we can construct a new set of matrices {S**}:

1 0 w=v
SH =~ [y, 4"] = (1.37)
4 VY p#Ev

and verify that they form a representation of the Lorentz algebra, by evaluating their commutation relations:
wy  Qpo 1 WY PO 1 P IQUY .0 wy Pl A0
(5%, 8°7) = 5 [8",977°] = 5 {0 IS, 271+ [*, 77177} = *

[S9,9%] = 5 (V" + ™ ="ty =ty =ity 4ty =

|~

=5 (" (A" =) = 5 (k) = 2007 = At =iy

N =
DN =

1
*= 5 17 (T =)+ (0 =) ) =

1 1 1 1
= SV = St 4 ST — oy =

1
(25%7 + ") =

(25PH 4 Py e p_ 5

1 1
(25 + 1) + 5 (257 )

1
2 2

= SPHprT _ GPYpTR | GRT P QYT Pl

The Dirac spinor transforms in the spinorial representation of SO(1,3) as:

U (x) — S [A]aﬁ UA (A1)
A =exp {3Q., M"} (1.38)
S[A] = exp {%QWS‘“’}

where M" are the generators of the Lorentz group acting on the coordinate space, while S#*” are those
acting on the spinor space. It’s important to notice that, albeit the basis of SO(1,3) is different, the same
choice of representation coordinates €2, assures to make the same Lorentz transformation in both spaces.

Now one may ask how are Weyl spinors related to Dirac spinors, and the answer lies in the question, since
there exists a particular basis of CI(1,3) where the link becomes explicit: the chiral (or Weyl) representation:

P = <00M JOM> , ot = (l,oi) , ot = (1,—oi) (1.39)
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It is straightforward to prove them to verify the defining commutation relation of the algebra:

wov_ (0 ot 0 o”\ _[(ota” 0 — [y} = oha” +o”at 0 .
Y=\ 0)\er o) o g ThYr= 0 ghoY + GV ot

21 0
0,0V — —921
%% (0 21)
—10' + o1 0
U)o s (P = 2
( 0 1JZ+011> AT =2

{v',7} =- <{Ji60j} {w‘iﬂ}) — _24ii1

= 1) =

In this representation, the S [A] matrices are block diagonal:

[ 1 l/]_ otog? —ag¥at 0 —
SN 0 oHoV — Vot
) —20%1 0
L1450 41 = ‘ boosts
g 1[ b 1% 0 201
=177 =
4 g g ko
S = — 1k (CI) k) rotations
g

and thus also finite Lorentz transformations are block diagonal:

e swijo" 0 )
ik rotations .
0 e~ 3Wijo o= hwuat 0
S[A] = 71‘0 _o_i = 71(.«)”1,5"“/ (1.40)
e~ zwoi 0 0 ez
0 phwoio® boosts

The diagonal terms are exactly the Lorentz transformations of the left and right Weyl spinors, proving that
the Dirac representation is indeed reducible, and decomposes into the chiral ones:

i v B
U — (wa> — {7/)04 — exp{_iwuual‘ }Qt 7/}/3 — P c (1,()) @ <0’ 1) (141)

e thg — exp {f%wwc_f“”}aﬂ' e 2 2

Before moving on to the next chapter, it’s appropriate to mention the Majorana spinor, as it will be adopted
when deriving SUGRA Lagrangian in chapter 6.

A Majorana spinor v is a real 4-component spinor, satisfying the following reality condition:

T =-C

B (1.42)
i =—CyCt

W =P =iCy Y =y, {

We shall not dive any further in it, for this is more than enough for our purposes.

Now, backed by the acquired knowledge, it’s time to move on and explore the foundations of Quantum Field
Theory.



Chapter 2

Essential Quantum Field Theory

Quantum Field Theory a modern theoretical framework describing the dynamics of relativistic particles, and
an inevitable step to gather the foundational formalism of the Standard Model.

There are two main formulations of QFT: the path integral and the canonical quantization one. While the
first one has the advantage of being manifestly Lorentz covariant, it requires additional mathematical tools to
be properly defined, and which would exceed the purposes of this dissertation.

Hence, we’ll opt for the canonical quantization, although this will require some cautions along the way:
the issue with such an Hamiltonian-based formalism is that it requires to compute a conjugate momentum, by
separating the previously on equal footing spacetime coordinates.

From our backing knowledges of Quantum Mechanics, we know that the canonical quantization is the
standard method to jump from the classical to a quantum theory, consisting in promoting dynamical variables
to operators, and imposing quantum conditions on their commutators.

Likewise, in QFT one defines a quantum field ¢ to be an operator-valued function of spacetime coordi-
nates, and the momentum field 7 its conjugate dynamical variable.

To consistently include QM, for the scalar field analogous commutation relations must hold:

(2.1)

The goal of this chapter is to understand how Lorentz invariant Lagrangian densities for the fields can be
constructed: not only this will allow us to derive the equations of motion, but, crucially, their Hamiltonian,
which will exhibit how particles actually emerge from a quantized field.

Especially, we will describe how to expand free fields in terms of creation and annihilation operators, and
highlighting the differences between bosonic and fermionic quantizations, to build particle states consistently
with the Spin-Statistics theorem.

17
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2.1 Scalar Field

Before getting to spinor fields, it’s a good idea to start from the basics and have a glimpse to the scalar one for,
although its algebraic properties might look kind of trivial, from a purely physical perspective its description
leads to decisive involvements.

2.1.1 Plausibility proof of the Klein Gordon Lagrangian

The dynamics of a scalar field is described by the Klein-Gordon Lagrangian:
1 1
Lxa = ia“qbaﬂqb - §m2¢2 =57 - — (V)% — —m?¢? (2.2)

We now want to justify its form.

In the first chapter, we began fiddling with some symmetries, by introducing the Wigner’s Theorem, which
essentially states that such a transformation must be implemented as a unitary, or antiunitary, operator on an
Hilbert space. Maybe it’s me, but this doesn’t sound like a first principle: first, it specifically refers to the
ket representation, and second, the Analitical Mechanics course oriented me to think to a symmetry as a pure
geometrical feature of a manifold.

Quantum Field Theory is built upon a Lagrangian formalism, which defines a symmetry of a field to be a
transformation leaving the action .S invariant, allowing to invoke the renowned Noether’s Theorem, stating that
any infinitesimal continuous symmetry of a field gives rise to a conserved current:

A S(@)=58(¢)) =3I =——=Auad'+ K4 : 0,J4=0 (2.3)
€

§¢i(x) = €Ay ¢i() ) L
' 5(0u9")

where A4 denote the generators of the symmetry group, and K is a total derivative.

Energy-momentum tensor

The conserved current associated to space-time translations is the energy-momentum tensor 7+

7 v 7\ 7 v AN 7 v o_ 8£ Vi v
L(¢" +€0,9") = L(¢') + €0, L = (j*)" =T" _78(6@1‘)8(? n* L (2.4)

What’s peculiar of this tensor is that its null 4-divergence manifests the energy-momentum conservation
laws, providing a rather simple plausibility argument of the Klein Gordon Lagrangian. Hence, let’s exhibit the
Sk¢ invariance under the action of R*:

Lra(d+ed,6) = %8“((}5 " 0,8)0(6 + € Dyd) — %mQ((b b ero,0)? =

— % (O p + €0,0" ) (0,0 + € 0,0, ¢) — %mQ (V2 + (€70, 9) + 2¢ (0, 0)0) =

- % (0*$0u + € 0,0" D, + +€¢7 0, 0" 30, + € 0,0" " D,,0,4) — %m2 (12 + (7 0,0)% + 267 (8,0)6) =

D (000,06 + 0,0 60,6 + D,000,0) — 5m? (67 +260,00) =

—~
~—

= L0"00,0 — g + € (,0°60,6 — 0,m*0?) = Lice + €Dy (9" 60,6 — m*6?)
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Since the Lagrangian varies by a total derivative, the action is invariant under translations, which implies
that we can derive the energy-momentum tensor from Equation 2.4.
Tie =0"¢0"¢ — " Lkc (2.5)

and exhibit the resulting conservation laws, by separating the components of 9, T""

e v =0 (Energy conservation):
To prove the consistency of the energy conservation law, we first write the Hamiltonian density as the

Legendre transform of the Lagrangian one:

(2.6)

1 1 1,=
H =" = 0,00"6 + om?¢" = or + - (Ve)* + Sm’¢’

to then focus on the first equation provided by the null divergence:
0T = 0T™ + 9T = *

T()():aod)aod)_%aid)aid)_%m2¢2 :80@580(25—%87;(2587;(25— %m2¢2 —

_1'2_1_'2_122
— 50— 5(Vo = Jmie

i :aOai¢_n0i£: ¢§¢

1. 1 = 1 -
=00 |50 - 5(Ve)* + 2m2q52] ~-V-

¢ v =i (Momentum conservation):

8HTM - 80T07; + @Tﬁ = %

T = 0°90'6 — 'L = & Vo — 0T = 0o [ V0| = d0' + 6076
ij i 1) ij |1 k I 59
0,060’ 9) = (8,00 $)0' ) + & 90,0’

OmIL = oL = —0'L

% = 00T 4+ 0,T7 = §V ¢ + ¢V + (0p)Vo + Vd;0'p — D' L =

The Lagrangian is indeed physically consistent, so we shall derive the dynamics of the field from the Euler-

Lagrange equations:
(2.7)

oL oL 9, _ 2,
#(5(%@)—%—8#3“(;5—%7)1 p=0p+m ¢p=0

which is the renowned Klein-Gordon equation.
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2.1.2 Scalar field quantization

To evaluate canonical quantization, we can show that Equation 2.7 could’ve been obtained by quantizing the
relativistic energy-momentum relation on an Hilbert space diagonalised with respect to the coordinate operator:

N = —020+ V2 +mPp=0p+mPp =0 (2.8)

p—p=—iV

Creation and annihilation operators

Directly inserting the Fourier transform of the scalar field in the Klein-Gordon equation, we find:

1‘3 - -
o7, 1) = / (dfe”"%(ﬁ, £) = [ + (5 + m?)] $(5.1) = 0 (2.9)

whose general solution to be is given by an infinite linear superposition of simple harmonic oscillators of
frequency w = /p? + m?2.

From the backing knowledges of non-relativistic QM, we know how to algebraically solve its associated
eigenvalue problem: in QFT this can be analogously achieved by introducing the creation and annihilation (or
ladder) operators of the fields:

0= V3o+gn _ [o=y/de+a) (2.10)
ol = /50— g ™= —iy/Fla—ah)

allowing us to rewrite the Fourier expansion 2.9 as:

7 d’p 1 ipE —ipF
qﬁ(x,t)/(%_)sm(aﬁep +a;6 P ) (2.11)

uniquely defining its dynamical conjugate:

30 L -
m(Z,t) = / ﬁ, /g <7iwaﬁe”"z + iwageﬂp'm) (2.12)

From commutation relations between the fields in Equation 2.1, we compute the creation and annihilation
operators’ ones:

(4) [6(2), 6(7)] = 0 <= ' Po+TD [az, ag] + P T9) {“ﬁa aH + cc.=0
(ii) [7(Z), 7(§)] = 0 <= i (P +3-F) lag, ag] — et (P F—79) [aﬁ, CLH + cc.=0
i) (8@, = —iw [ LpE1 A /T [(45¢ 7 + ape ), (ageTT + afemiTT)| =
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From the sum of (¢) and (i7), along with the summability condition, and from the last one, we obtain:

(2.13)

¥%<w=[2<ﬂ
[ap.at (@] = (27)*69) (5 - @

Hamiltonian operator

The last step is to rewrite the Hamiltonian in terms of the ladder operators, by integrating its density H over
the spacial domain !

1 1 [ dPBaxd®pd? NI o - I I
H= §/d3x (71'2 + (Vo) + m2¢2) = */ S el [ P (Llﬁelp'z — ateﬂp'x) (a,je“]'x — ateﬂq'“") -

2 (2m)8 2 P q
1 (ip”aﬂeiﬁ'”6 + ate*iﬁ'”ﬁ (i(j’aﬂeiqﬂ'“3 = iq"aie*ﬁi) m* ( Ty ate*iﬁ'5> ((L*ei‘j'”6 + ate*ﬁ'i)
2, /pwg v P ! a 2, /5wy [0 W P e d

1 [ dBxd®pd® W5 Wg o o o -
= 5/ 3227:')76 q |:_m (aﬁaqezl‘(P+® _ aﬁagewm(P—tT) _ a;a,;e_”‘(p_@ + a;age_’w‘(p+®) B

(a ag e ™D 4 gz al D 4 qlazem =D 4 gl gl e zi-(ﬁﬂ))} -

2, [0 Wz

L [ dpdq @) (7 t 503 (5 t 05 (5 t503)
=7 W[,/wﬁwg(aﬁaqﬁ (P + @) —ayazd™ (p—q) + ayagd (p—(j)—aaé (p+(j))

)
A /wﬁwq

2

(ﬁ-iaﬁaqé(3)(p+® P qagald® (- q) —p- qalazd® (@ —q) +p- q5(3)(p+d)>

(a ag0® (5 + q) + ay ag 160 (5 — (j)—a ag 6 (p (j)—ala(TZch)(p—&-(f))}

WpWq
1 d3p ip?
4/®WL@Ww@wpaﬂgapﬁ%@3 D (apa-p— apa— ahag-+ ajal ) +
m? T T Tt
+ﬁ (apa Ftagay;—azay—aza_ ﬁ)] =
VP p
L[ dp 1 2., .2 2 2, .2 2
L o) o el )+ o) o) -

L[ &% fpal d’p t 1 om35® 0
- 2/(277)3“13” (apaf+afas) —/(zﬂ)swﬁ agay + 5 (2m)769(0)

This divergence arises since we’re trying to compute the energy of a vacuum state in the whole space.

Neglecting further discussions about renormalization, for our purposes, we can simply redifine the Hamil-
tonian as the energy difference between the excited states and the vacuum, by imposing the zero energy to be

1We reassure that the following calculation is not necessary to understand the physical involvements of the canonical quantization,
although we suggest to go through it to anyone whose interested in developing some familiarity with the algebraic side.
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null, so that:

d3p

We can then easily compute the commutation relations of the ladder operators with the Hamiltonian, simply
noticing that, from Equation 2.13, if ¢ # p', the commutator between the latter vanishes, and hence we can
reduce to an integration of a Dirac delta:

o = (/ (gﬁ “ity > ) (/ (% “"f“ga‘f) v

= a5 [/ (;l:;gww}aﬁ(ﬁ—@} - U (;i?gwq*a}acﬂs(ﬁ—q')} ay =

1 1
= aﬁ —70.);,7@1@;5 — —7wﬁataﬁ aﬁ:
(27‘(’)3 p (277)3 P

1 1
- _WW;E [aﬁaﬁaﬁ_ aﬁaﬁaﬁ} o _Wwﬁ [aﬁ’ aﬁ} ap = —Wpap

with an analogous calculation for a;r? , leading to:

lap, H] = —wyag
az, H| = wy ay
We finally proved that particles in QFT arise as excitations of fields:
. H|p) = wp|P)
— 47 2
= Qa- 0 — 2.].6
17) = abl0) {wgzﬁqu (2.16)

2.1.3 Relativistic Normalization

We've stressed a lot the fact that canonical quantization is not manifestly Lorentz covariant, and all the previous
derivations are accomplished in the non-relativistic limit.

Can we directly extend this formalism to relativistic particles? Let’s figure this out.

The scalar product of two particles is given by:
(7]7) = 2m)°60 (5~ ) (2.17)

p and ¢ are 3-vectors, so the result is not a Lorentz scalar. Therefore, we need to define a Lorentz invariant
metric.

From the relativistic energy-momentum relation:

pup" =pg—p>=m®=E* - p® <= py = +VE (2.18)

The signed value of pg is Lorentz invariant, and so it is the following measure:

/d4p 5(pg —p* —m?) = / p (2.19)
0 2E;
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Therefore, this can be taken as the relativistic normalized measure in the momentum space, allowing to
derive the relativistically normalised state | p):

1p) = V2E;|F) = \/2Ezal| p) (2:20)

The scalar field is the simplest prototype we could’ve analyzed to understand the dynamics in QFT, yet it’s
effective to understand what’s required to approach the next step: the Dirac spinor field.
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2.2 The Dirac Field

As anticipated in section 1.3, a Dirac spinor is a 4 component complex object transforming in a reducible
representation of Spin(1,3):
1 1
vel-,0 0, = 2.21
(29)°(02) o2

Now it is time to connect its algebra with the QFT formalism, and we will by studying its dynamics.

2.2.1 Plausibility proof of the Dirac Lagrangian

The dynamics of a spinor field ¥ is ruled by the Dirac action:

Sp = / d*z U (iy"9, — m)¥ (2.22)

In the first place, as we did for the scalar field, since we don’t like to take result for granted?, we want to
give a plausibility argument for this Lagrangian, by proving that it is Lorentz invariant. If one wanted to push
further, another argument is proving the energy conservation consistency, by computing the energy-momentum
tensor as we did in section 2.1.1 for the scalar field; since the Lorentz invariance proof is already not prosaic,
we will omit this and encourage the reader to attemt it autonomously.

For our purposes, we will work in the chiral representation, and verify that each component of the Lagrangian
is indeed invariant under the action of Spin(1,3).

We know from Equation 1.38 a spinor to transform in a general representation as:

U (z) = S[A% ¥F (A ) (2.23)

implying its conjugate to transform as:

()" (2) = ¥T (@) — TP (A1) S[A) (2.24)

Therefore their product, transforms as:

U (2)Wo(z) — U (A~2) SIA]T S AL 0s (A~12) (2.25)

But, unlike rotations, there’s no way that a boost is in general a unitary transformation, meaning that this
quantity is not a Lorentz scalar. Anyway, we can solve this issue rather easily, by leveraging the easily verifiable
relation 704#~0 = (y#)':

1

1 _
st =1 (", v = 1AM =08 = 8 (AT =108 [A] 70 (2.26)

and define the Dirac adjoint as:
U(z) = UH(2)y" — 010G [A] 711940 = ©T405 [A] ! (2.27)

2...and to start to get comfortable with some spinor algebra.
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Now we can perform the whole calculation, by expanding the transformations to linear order:

U(x) (170, — m) (z) 220D,

TS [A]T 40 (i A, D, — m) S [A] T =
TV = o170y (z) — WIS[A]TOS[A]T = Uin00 = Tw

(2.27)

« = —mUTS[A]IAO S[AJW + iU S[A]T09# A 0, SIA] ¥ —mWV + iWS[A] 7 A V9, SIA]T = *

1 1 1 1 1
S[A]71*S[A] ~ <1 + QQPUSP”> At (1 - 2ng50“) =H— 5WQMSP" + 59,)05“’7“ + ZQpaSP‘WHQ,,C,SP"
e 1 noQpo 1 PO A M po H 1 O fhn P PV O 1 PO A1 po
=7 _Qpa§[7 ;S ]"’_ZQ/JUS Y Qpas =7 = §Qp0 (77 Yony )"’_ZQpUS 0 QpO'S =
M L LSO ol SP v L PO A M po M L PO A M BV
="+ 58 (1787, = 07185, ) 0 4 L Qo SP7Y pe SPT =+ S Qe MY = Ay
x = —mUWU +iUS [A] 7" S[A]Y*S[A] 7 9,8 [A] ¥ = T (in"d, —m)

Varying the action with respect to U, one directly gets the renowned Dirac equation:

("0, —m) T =(@—-—m)T =0 (2.28)

2.2.2 Fermionic Quantization

To retrace what we did for the scalar case, we need to quantize the theory, meaning to expand the fields in
terms of the creation and annihilation operators and compute their quantum relations with the Hamiltonian
operator, to give rise to particle states.

This represents a fundamental passage: from the QM and the Statistical Mechanics course, we learnt that
bosons and fermions are diametrically different: the firsts obey the Bose-Einstein statistic, have an integer spin
and a composite system must be described by a symmetric wavefunction on an Hilbert space, while the seconds
are described by the Fermi-Dirac statistic, have half-integer spin and obey the Pauli exclusion principle.

We need to change something in the canonical quantization, something that may reflect the antisymmetry
of a fermionic wavefunction. Directly from 2.13 we observe that it is the ladder operators algebra to determine
the bosonic nature of the scalar fields:

alal]0) = alal0) <= |7.9) = |7.5) (2.29)

In this section we will show that, in order to achieve a fermionic binary system, one can directly substitute
the commutation with analogous anticommutation relations®:

(2.30)

3Note that the conjugate dynamical variable of ¥ is 10T,
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Monocromatic solutions of the Dirac equation

Before quantizing, we will show the free Dirac field to be a linear superposition of positive ad negative energy
states, by solving the Dirac equation using the plane wave ansatz:

U = uge P 4 ygpelPT (2.31)

Equation 2.28 then becomes: B o
(Ypu = m) (upe P +vpe”T) =0 (2.32)

which we can solve term by term, by leveraging the linearity:

— H ocPus = mu
(V'py —m) up = ( oo > (u1> =0 P ' =
puo —m U2 Puotur = mus

:>(p~a)(p~5)u1~u2:m2u1~uQ

A rapid calculation shows that (p- o) (p-&) = m?, meaning that these equations are not independent; we

can hence choose either one and try to impose a second ansatz u; = (p - 0) f, where § is a constant spinor:

puotuy = (p-3) (p- o) € = —mus = ug = muy = uy = (szzg) (2.33)

In a similiar fashion, one finds:
VP on
( \/ﬁn> (2.34)
where 7 is another constant spinor.

We proved U to be a linear superposition of two spinors oscillating with positive (uz) and negative (vj)
frequencies. As foreseeable in the maseless limit, these define positive and negative energy states®, corresponding
to two a particle-antiparticle couple.

Quantization of the Dirac field

Being a monocromatic Dirac spinor a linear superposition of two positive and negative energy states, a generic
one can be Fourier expanded as:

V@ =0 <27r>3 2E~ [bs““elm”m”ﬁe—w w} (2.35)
‘I’T = s 1f 271')3 ,/2E~ [bSTuSTe_wx +C&UST v ﬂ '

where:

e s labels the helicity states.

e by and ¢ are respectively the annihilation operators for a spinor and an antispinor.

. b; and c;r? are the creation operators for a spinor and an anti-spinor.

4This statement can be properly demonstrated from the energy-momentum tensor of the field.
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We now want to prove the fermionic algebra of the ladder operators:
{op05'} = {3} = @m0 (7 - @ (2.36)

to be equivalent to the fields’ ones in 2.30.

0 ip-(T—7 5.8 0 —ip(ZT—79)| _
—Z/ 27T32E~ uS® P @D | 5o 00— y)}_

dp 1 -
/(27T) 395, [(po?° + pv" +m) 7 + (p0° — pir' —m) 7°] P (E—T) _

:/(s ];36”’ @) — 53) (7 — )
Y
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Hamiltonian operator

As we did for the scalar field, the next step is writing the Hamiltonian operator in terms of the creation and
the annihilation operators, to then derive its quantum relations with the ladder operators.

() M= L= WO — Uiy, — m)¥ =T (~ir/, 4 m) 0

@ o s ]

ZZZ {

A3z (F )T = (5 =
:/(27r)3 [bgTu;QTb%u;»el(pﬂﬂ'z—bgTuchTsvf (p+q)'m+cg—v;be;uf;el(p+®'z crv”c;gsvie (pf‘f)'z] =

= 0Ll s ™ (5 — @) — bl el 036 ® (54 @) + ool bsuss® (5 + @) — el el o™ (5 - §) =

_br’rbs TT s brT TTCTS’UQ—&-C Uiﬁb%U%—C%U; ;r_f ,U%
dp 1 rtis r rt rf fs. s r‘[‘ s rt ts s| 2.33
Z b byu —b_ U 5Cy Vg +c J) Uy — ﬁv Cy vp} =

r,s=1

a3 a3

Analogously to the scalar case, we can neglect further discussions about renormalization and redifine the

Hamiltonian as: 5
H:/ d’p E~(bSTb§+cSTcS~) (2.37)
37 \"p ’p P D .

(2m)

With similiar calculations to 2.1.2, the commutation relations between the ladder operators and H are
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straightforwardly obtained:
[H, bg} — B
[H , cg = —E,;c[7
. (2.38)
[H, b } = Bzt
ril _ rt
[H ,C } = Eﬁcﬁ
As required a multiple fermionic state satisfies the spin-statistics theorem:
bR 1022 710) = [pr,ruipa,ra) = —b2 100 T10) = |, s 1) (2.39)



Chapter 3

Supersymmetry

3.1 A brief introduction

To start off, we shall recall the main differences between photons and fermions, which we discussed in the
previous chapters, to understand why Supersymmetry thinks, to say the least, out of the box, or, to be more
precise, doesn’t even perceive the box as a limitation:

1. Transformation properties: a generic fermion belongs to a spinorial representation of Spin(1,3), while

a boson to a tensorial one:
{f> (n,0) @ (0,n) n€N/2
)

b e (2.2 men -1

as a matter of fact, since the helicity of a particle is given by the sum of the left and the right hand
chirality components, its value is integral for bosons and semi-integral for fermions.

2. Spin-statistics theorem: multiple fermionic and bosonic systems are respectively described by anti-
symmetric and symmetric states on an Hilbert space, and are thus described by the Fermi-Dirac and the
Bose-Einstein statistics:

1 1

exp{ }—i—l 7 fBE(e):exp{kaT}—l

resulting in diametrically different properties, most of which are known from the Statistical Mechanics
course.

frp(e) = (3.2)

3. Quantization: fermions and bosons respectively emerge as excitations of spinorial and gauge tensorial
fields, and the quantum relations between creation and annihilation operators in the two cases are:

lag, ag] = [a;, aﬂ =

; 373 (1 for bosons
a5 al] = (2m)*s® (5 - @

for fermions

4. Physical role: In the Standard Model, bosons are force carriers: the photon v (s = 1) mediates the
electromagnetic interaction, the gluon g (s = 1) the strong force, and so on and so forth. On the other
hand, fermions, such as the electron (s = 1) and the quarks (s = 1) form matter, and interact through

2
bosons.

30
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And if this is not enough to discourage anyone to search for a symmetry in such context, we shall mention
that there exists a so called no-go theorem, namely the Coleman-Mandula Theorem, which apparently
definitely shuts down any attempt of unification: at the core, it states that space-time (1.SO(1, 3)) and internal
(U(1),SU(3),8U(2)L, ,-..) symmetry groups can combine only trivially, meaning as a direct factorisation,
essentially implies that the structure constant relating generators of different subgroups of the resulting Lie one
are necessarily null.

Such a group would simply be represented, on particle states, as its action on a multiplet formed by those
of the subgroups, meaning that no transformation could ever make ones turn into each others.

Supersymmetry is a brilliant stratagem to overcome this limitation: if a standard Lie group isn’t a possibility,
why not combining bosonic and fermionic generators to form a Lie supergroup? The resulting superalgebra would
hence be defined by commutation and anticommutation relations.

The free N = 1 SUSY algebra implements the Poincaré supergroup, and is formed by a spinor-antispinor
pair, namely the supercharges, and the generators of the Poincaré group, plus the generator of the U(1) internal
symmetry, that we will discuss in a bit.

The first part of this chapter will indeed be pinpointed on the representation theory of the SUSY algebra.

But, by the end of it, one may ask: if a Lie group is a differentiable manifold, what the heck is a Lie
supergroup? Unsurprisingly, a supermanifold, which will be the focus of the second half.
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3.2 N =1 SUSY algebra

We hereby introduce N = 1 SUSY algebra, in a generic representation. The Poincaré supergroup is implemented
by the ensuing generators:

Qou Qéz ) Pua MNV ) M (34)
——— N—_—— ~
supercharges 1SO(1,3) u()

and its defining superalgebra is formed by the following commutation and anticommutation relations:

e Poincaré algebra:

Recalling from Equation 1.14:

[P, P,] =0
,u,VaP

[ ] = (nup — Nup Py ) (35)
(M, ] = Z(nup —NupMpo + Mo My — np.a'Mup)

as proven in subsection 1.1.1.

e Lorentz transformations of supercharges:

Supercharges must equivalently transform under the action of the Lorentz group as spinors and as fermionic
operators acting on an Hilbert space.

Qo = exp {— w0 } oF spinor
Qo = exp { 2w,wM }Qa exp{ wWa“ } operator

B

= exp {—;wuya’“’} Qs = exp {;MWM‘“’} Q. exp {—;wwa‘“’} =

— (1 - ;w,wa“”> Qu = (1 + ;wWM’“’> Qa (1 - ;wWM’“’) —

- —50.);“,0'“ Qa =~ _§Qa W,LWMH + §wul/Mu ro - (O—M )Oé BQB = [Mp,ana]

e Supercharges translations:

[Qa, P*] =0 (3.6)

For the Lorentz covariance, the right hand side of this equation must be of type c(c#),4Q%, with ¢ € C.
Then, for the Jacobi identity:

[p#7 [PV’QG]] + [PV7 [QQ,P“]] + [QOH [P#7PV]] = [PH7 [PD,QQ]] + [Pyv [QQ,P#H =
= —c(0")aa [P*, Q%] + c(0")ac [P”,Q%] = || (c¥5" — 0“6”)f Qep=0=c¢c=0

e Supercharges anticommutation:

{Qa, Qs =0 (3.7)

With a similiar argument to the previous point, for the Lorentz covariance:

{Qa, Qp} = c(0")apMpu = [P, {Qa, Qs}] = ¢(0")ap [P, My = 0= ¢ =0
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since, for the Poincaré algebra [P*, M,,] # 0.

o (Anti)Supercharges anticommutation:

{Qa,Qa} =2(0") 4 Pu (3.8)
o R-symmetry:
[Ra Qa] = —Qa
{[Ra Qal = —Qa (3.9

Supercharges must equivalently transform under the action of U(1) as spinors and as fermionic operators
on an Hilbert space, so, similiarly to the second point:

Qo = e wEQ, spinor
Qo = Q. e~  operator

e—inQaeinQae—in

= (1 —iwR) Qs = (1+iwR) Q4 (1 —iwR) =

— RQu Y QuR + RQu = —Q0 = [R.Qu] = —Qa

3.2.1 Fermionic and Bosonic degrees of freedom
Before diving into the representation theory of the SUSY algebra on particle states, we shall point out a simple,
yet crucial, implication of the relations we derived in the previous section: since a fermionic generator carries a

semi-integral spin, the state obtained applying it to a s spin one will definitely have s + % spin, for the algebra
of SU(2).

Therefore, one may define the following operator:

VI (ST
S {(—1)F|f>=—|f> 10

and apply it to the supercharge operator Q:
(-1 Qa = —Qa(-1)" = {(-1)",Qa} = 0 = tr [(-1)" {Qa, Qa}] = t7 [(-1)"QaQs + (-1)"QaQu] =
tr [Qa(~1)"Qa + (-1)"QaQa] = 0= ol tr [(=1)" Pu] [ p) = otsputr [(=1)"] [pu) = 0 =
= tr[(-1)"] =np—np=0

This means that the number of bosons in a non interacting SUSY must always equalize that of the fermions.
The trace of the (—1) operator is called Witten indez.

This simplified derivation will be formally demonstrated in the next section.
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3.2.2 SUSY representation on particle states
In this section we want to achieve similiar results to those of subsection 1.1.2, where we used the eigenvalues of
the Casimirs of 150(1,3) to label particle states, both in the massive and the maseless cases.

Since the super-Poincaré group is, after all, an extension of a Lie group, one may naively think that they
share the same Casimirs:

= w
{Cl Bul (3.11)

Oy = Let09 P, My, pe PY MP7 = W, WH

which are bosonic, and thus, to verify that they do not mutate under SUSY transformations, we have to
compute the commutation relations with the generators, and verify if they nullify. We’ve already proven that
C; and C5 do commute with the generators of the Poincaré algebra in subsection 1.1.2, so what remains is to
check whether this holds with supercharges, as well.

(Z) [P/JP#aQOc} = ]D,u [P#aQoz} + [P#,Qa] P* 3:6 0

s 1 vpo 17 led vpo 17 lod
(i1) [WHW,,Qa] = 1 [P Py M por €1 po PP MP7 Qo) < €77 €1 p0 [Py Mo PV M7, Q) =

= e;wpoquo (PUMPU [PuMpoa Qa] + [PVMpm Qa] PVMPU) =

= euupae;wpo (PVMPU (Pu [Mpoa Qa] + [MpO'v Qa] Py) + (Py [Mpoa Qa] + [Mpaa Qa] Pu) PVMPJ) 7é 0

We’ve proven that only the 4-momentum is still a Casimir of the superalgebra, since supercharges are indeed
invariant under translation from 3.6. After all, this is exactly what we wanted to achieve: all the particles in a
supermultiplet share the same mass, but have different spin, breaking the Coleman-Mandula restrictions.

Thus, to build the multiplets, we will start from those of the Poincaré groups, and act with the supercharges.

Maseless multiplets

From the results of subsection 1.1.2, we know that a massless particle can be represented on an Hilbert space
as a ket of the type | p,,h ), where h is the helicity.

We derived this by boosting to a frame such that P* = (E,0,0, E):

{Qaa@d}sﬁsZ(o—H)adP#ZQE (1+03)ad¢:4E (é 8) =

~ 1 0
- <p,u7h| {QaaQa} ‘p/uh> =4F <p/uh| (0 0) |p/uh> =

<puyh'| {QQaQQ} ‘pu7h> = <pu7h‘ (QQQQ + QQQQ) |pﬂ7h’> =0~

<:>Q2|p;uh> :Q2|puah> =0

where we used the fact that the scalar product is a positive definite form.

Since @2 and its conjugate annihilate this state, we may simply cansider the action of the first components
of the spinor couple to construct the multiplet, for, after a suitable rescaling, they implement fermionic creation
and annihilation operators:

a= -9 a,afl =1
VoL = { }: t gty = (3.12)
al = J& {a,a} = {af,a'} =0
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As we already know, from the quantization of the Dirac field in subsection 2.2.2, the representation of this
algebra consists of:

afl0) =11)

al1) = [0) (3.13)

{Ipush)sal|pus k) } = {]0),11)} - {

It is now straightforward to evaluate the helicity of these particles, since it represents the eigenvalue of a
rotation around the, say, z axis:

@\@

002,0,] = () Qs 002,.Q1] = (7)) Qs -
[M12,Q¢] = (012)05 o} {Mu,Ql} = (12) 5Q;=

—
|
= Nl

,_.
Il
\
o=
Qi
Py

meaning that ; and Q; respectively raise and lower h by %, as qualitatively predicted in subsection 3.2.1.

Following the same cosiderations of subsection 1.1.2, we have to complete the multiplet, by add the opposite
helicity states, in order to preserve CPT conservation:

1, _ Qo L.
{|pu,h>,pu,h—2>—\/@|pu,h),|pu, h>7|plu h+2>_\/ﬁ‘p/ﬂ h>} (3'14)

To better grasp what we’ve just built, let’s analyze some examples:
1. If h= % the multiplet is composed of 4 maseless particles:

1 1
{10=50 0 1000 1) |

which represents a Weyl spinors and a complex scalar particle (double multiplicity).

2. If h =1, the multiplet is given by:

1 1
{pu’_1>’ |pu7_§>a |pua§>7 |pua1>}

which represets a Weyl spinor and a s = 1 maseless boson (such as the photon ) couple.

3. The h = 2 case happens to be crucial for our purposes:
3 3
{p#72>7|p#72>,|pﬂa2>7|pﬂﬂ2>}

This multiplets is composed by a s = % fermion and a s = 2 boson couple, which are respectively the
Rarita-Schwinger gravitino and the graviton. Much more on this later on.

3.2.3 Massive multiplets

Analogously to the derivation in subsection 1.1.2, we can boost the massive state |p,,j,j3) to the rest frame,
where Equation 3.8 becomes:

{Qa,Qs} =2(0"),4 Py =2m1

This time we cannot ignore the second components of the spinors couples: as before, we can define the
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creation and annihilation operators, by rescaling the supercharges:

P — Q(! T P .
T am {aa’aé‘}  Jea (3.15)
al, = \?ﬁ {aa,aa}:{a£7ad}:0

Considering | py, j, js) to be annihilated by a., this algebra is fundamentally represented by the following
multiplet:

{|p/t7j7.j3> ) a11-|pu,j7j3> ) a£|p/uj7j3> ) (111-(1;|p'u,j,j3>} (3]‘6)

As in the maseless case, we study the helicity, but this time, by simply considering the Spin(1,3) represen-
tation the states belong to:

» 1 allpujjsde(Nod)=G+He(G-2
i (§) = {oilpedn € @Oh =G+ hot-D
ajay|pu, j, j3) € (4)

where the last statement holds since a bosonic operator can’t mutate the spin of a particle. Finally the N=1
SUSY massive multiplet is given by:

.. R 1
{|pua.]7.]3>7 |pua.]_§7.]3>a |pu7.]+2a.]3>} (3]‘7)

where the first state has multiplicity 2, according to the null Witten index requirement.

For example, if j = 1 the multiplet is given by:

{10y 1130 91 .15)

Now that we derived the multiplets, it is time to switch viewpoint, viewing the Poincaré supergroup as a
differentiable supermanifold, and introduce a, to say the least, peculiar formalism.
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3.3 Superfields formalism

By the end of this section, we will be able to give a meaning to the Wess-Zumino Model Lagrangian:

Swz = / d*rd*0oTd = / d*z (0,9'0"¢ — ipa" 9,1 + F'F) (3.19)

representic the most basic non interacting supersymmetric theory, and being a crucial step towards Super-
gravity.

For such purpose, we need to introduce the concept of superfield, as a field defined on a (for our purposes)
6-dimensional manifold, extending R*3.

3.3.1 Superspace

Conceptually, superspace R*3* is a manifold extending the Minkowski space-time to include both commuting
and anticommuting dimensions, meaning that:

(2", 04, 0%) € RY31 (3.20)

where z# € R13, and 6, and 0% are Grassmann-valued spinors.

A Group theoretical point of view
Given a Lie group G, we can define the fundamental representation as its action on the vector space which most
naturally accomodates it. For instance, the Poincaré group naturally acts on the Minkowski space.

A less immediate choice is the coset space, which is a manifold defined as:

M=G/H @ < g-heM YheH,6geG (3.21)

For example, SU(2) is, as a manifold S®. Considering now the subgroup H = U(1) C SU(2), we get the
coset, space S3/U(1) ~ S2.

From this point of view, R3 is the coset of 1S0(3,1) over SO(3,1):

RY? =1580(3,1)/50(3,1) (3.22)

Indeed, the Poincaré group is generated by both M,,, and P,, while the Lorentz group is generated only by
M,,,,, implying that the coset can be parametrised by the coordinates with respect to the translation generators
P, (z#), defining z# € RM3,

We can proceed in a similiar fashion for the SUSY case: a general transformation of the super-Poincaré
group can be expressed as:

g(w,a,0,0) = exp (—;wWM‘“’ +ia, P* +i0°Qq + iede) (3.23)

Thus, if we consider the coset of the coset of the super-Poincaré group over the Lorentz group:

1SO(1,314)

RL3I4 —
S0(1,3)

(3.24)
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we get a parametrization of the manifold in terms of the coordinates z# and the Grassmann-valued spinor
coordinates 6, and 6.

SUSY transformations on Superspace

Now we can demonstrate how SUSY transformations act on R*314. We will work in the coset representation,
and make use of the Baker-Campbell-Hausdorff formula:

eAeB — AtB+3[ABl+.. vy A,Beg (3.25)

A generic element {g} of the super-Poincaré group in the coset representation can be factorised as:

g(w,r,0,0) = §(x,0,0)h(w) , h(w)ecSO1,3) , §(x,0,0)c R34 (3.26)

and thus a vector of the coset in this representation can be expressed in the form of §(z,6,0), up to a
bijection. This is why the BCH formula will be particularly useful in this case.

We thus study at the action of each generator in Equation 3.4 on g:
1. Translations:
U(a") = exp {ia, P"}

U(a)j(z,0,0) *2” exp {z (mupﬂ + 2, P 4 0,Q% +0°Qq + % [a, P, 2, P 4 0,Q + é%]) } —

20 exp {z (iauP” +z, P+ 0,Q% + éaQQ)} =g(z +a,0,0)

which is the familiar action of the translation operator on R%3,

2. Lorentz transformations:

K (Qu,) =exp {—;wWMW}

K(Qu)g (J:, 0, é) = exp {_;wwa} exp {ix(,P“ +10°Qq + i@de} = %
e M 20 P7) = [P, 20 P7) = iy (M, P 4 [P, 2] P) =
= Wy [wo (77 P* =" PY) + (atn", — an,) P7] =

= iwyy [¢VP" — 2 PY + PYa! — 2" P'] =0

(Wi MM, 0% Qo) = wpu [MM,0%Qa] = wyu, (0% [M™, Qo] + [M"™,0°] Qa) =

= wu [0°(0") Qs — (67)%0°Qu] =0

* = exp {—;wwMW t iz, P74 i0°Q, + wde} —5 (Ax, S[A]6, S [A]f é)
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3. Supercharges:

V(&6 = exp {i€aQ” + i Qq}

V(£,8)d(2,0,0) = exp {i£*Qq + i€aQ% } exp {iz, P" +i0,Q“ + i0:Q° } = x
[09Q4:6aQ%] = 0°QabaQ” — £aQ0% Qs = £aQQald® + £aQ Qab” =

£ {Qn, Qu} 0% F2(£704,0%) P

x = exp {i€*Qa +1£Qu + i, P* +10,Q% +i0,Q% + i (0%0h £ — £¥0!1,0%) P, } =
=g (z+i00f — 0,0 +&,0 + &)

Thanks to the coset representation, we were able to derived the SUSY transformations of superspacial
coordinates: o _
dat = a* + 0%’ EY — iE%ah 0%
00« =&~ (3.27)
66s = &4

Now that we formalised the concept of supermanifold, we can begin exploring some interesting algebraic
structures defined on it.

3.3.2 Superfields

For our purposes, a superfield Y (z, 0, ) is a complex-valued scalar function on R3/%,

Since 6, § are Grassmann variables, if we Taylor expand Y with respect to them, this truncates at quadratic
terms, allowing to obtain an explicit form of the superfield in terms of its components:

2

= Z 1 grtmy (ea)n (éd)"L

o0

_ 1 9vtmy
Y(.0,0) = Z n!'m! 9em96™ (6%) ( :

I

Q
SN—
3
3

= o=9=0 4~ nlml o6 oem 0=0=0
) oy . Y _ 1Y
=Y ‘ o | b ——— | 00— | 6°0°
@) (0,0) * 6o (0,0) i 004 1(0,0) N 06204, 0.0) * 2 99o000 (0,0) *

1 0%Y - 1 9%Y 1 9%Y -

— | 0l | 0°0%0, | 070,40,
" 208,00, 009 *+ 3 352507585 00 " 29006,00, 00 el

92 (3.28)

1 Y -

S| 0°0P0,:0, =
" 106700%00,00, oo #

. _ . _ 1 1. . _
= Y‘ + aaY] 6> + aaY’ O + aaaaY] 0°0, + faaagyl 0°0° + -9°0°Y|  Bab+
(0,0) (0,0) (0,0) (0,0) 2 (0,0) 2 (0,0)

1 _. _ 1 g _ 1 g _
~0,030%Y 0°6°0,, + ~9,0°0°Y 0900, + ~0,050°0°Y 0°0°0,,0, =
+ 2 A )(0,0) + 2 ‘(0,0) B + 4 A ‘(0,0) B
= ¢(x) + 0Po(x) + 04X (x) + 0> M (z) + 0N (x) + 0“0%Vos, + 0205 \% + 020 po () + 0262 D ()

Although this is a significant step forward, looking back at the SUSY representation theory, there are way
more fields than we would’ve expected; but this shouldn’t be surprising at all: after all, we saw the Dirac spinor
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to be built from a left hand and a right hand Weyl spinor.

Analogously, Y transforms in a reducible representation of the SUSY algebra, and we need some criteria to
constraint it, and evaluate the multiplets.

SUSY transformations on Superfields

While in section 3.3.1 we considered U as belonging to the coset representation of ISO(1,3]4), we are now
studying the algebra representation on particle states, and thus we have to switch the point of view, viewing
both Y and U as operators acting on an Hilbert space.

Hence, we leverage the transformations properties of operators on the Hilbert space to derive the superfields’
ones:

1. Translations:
U =exp {ia"P,}
Y(z+a,0,0) =UY(2,0,0)U" = Y(2) + adY (z) + O(a®) = [1 + iaP + O(a®)] Y [1 — iaP + (9(@2)]T =
=Y —iYaP +iaPY + O(a®) = 0Y = iPY —iYP <= [P,,Y] = —id,Y
2. Lorentz transformations:
K (Q,,) =exp {—;‘wWM’“’}
KY (2,0,0)KT = Y(Az,S[A]6,S[A]T 0) =
oY oy 9y

_3' pv 0 3 (2220 il il -z
(1 2wl“,M )Y(x,9,9)<1+2w,“,M ) Y+8x5x+806+86‘6:>

i v Z v Z vy o
:>Y+§YwWM“ — inM“ Y=Y - iﬁﬂY (W M* )p To+
400 (=L (@™, 05 ) + 857 (2 (o) P85 ) —
(] 9 W0 ), U 0 2 Wuv0 ) Y5
Y 1717 Ve uvy o o pvy B 3 =y B g
— YM™ — MMY = 8,Y (M"™) xc,+agy( (o), og)+aey( ), oﬁ)é

= [V, M) = 0,Y (M™),] 55+ 05 (= () 0 05) + Y (= (@) 0)
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3. Supercharges:
V(e €) = exp {ieo‘Qa + iEdQé‘}
VY (2,0,0)VT =Y (x4 i00"e — ica”0,0 + ¢,0 + €) =

o _ =a o o Aay ay oy oY _ 5 L
(14" Qq +i€aQ%) Y (1 — i Qa — i€aQ) =Y + 3x5x+ 896+ 8§6+O(6 )+ O(€) =
=Y —iYeQ — iYeQ +ieQY +ieQY =Y +0,,Y (i0o"e — icc"0) + edpY + €0pY <=
= [eQ,Y] + [EQ, Y] = —00"€0,Y + €"00,Y + iedpY +i€dgY —>

. {[QvY] = (UZaédau +i%) Y

QY] = (0% + i) ¥

Now we can define the following set of operators:

P, = —id,
Qa = _Zaa - Ugdéda# (329)
Q4 = i + 0“0k 0,

which we can check to form another representation of the SUSY algebra, now acting on superfields:
{Qm Qa} = (_iaa - Ugaédau) (igd + H“Ugo.ﬁu) + (igd + Haagozau) (_iaa - Ugaéda#) =
= 0005 — 1050%0" .0, — ic" 00,04 — 0" ,090,0%c" 0, +
+ 0400 — 1050 ,0%0, — 10%0". 0,00 — 0“0" ,0,,0%,090,, =
= 0,04 — ok 0, +ich. 0, — ggdédaﬂe%gda”—
— 0n04 + ioh 0, +ich . 0, + Ugdé‘j‘au@aagd@# =
= 2ic! .0, =20".P,
{QWQM:(4%70$W@J(%%—U&W@J+(ﬂ%fU%W@J(4%70@W@J:
= 040 + 020" 070, + 0}, 0°0,0 + 04,070, 0" 070, +
— 000 +105014,0% 0, + 10" 070,00 + 0% 070,04, 070, =
= 040 + 020" 070, + 0}, 0%0,0 + ot 0%0" 0°0,0,+

+%%—w@@@%—mﬂ%W@—ﬁﬁ%&W@@:o:%@@ﬁ
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The infinitesimal variation of Y is defined to be:

Y =i[eQ+eQ, Y] =i(cQ+eQ)Y (3.30)

By expanding this variation, one can get the full set of variations under global SUSY, for all the fields. Since
this is as huge as straightforward, we will omit the full calculation. In the following, we will not need to know
the variations of all the fields appearing in a superfield: sure enough, looking back at 3.19, those who matter
for our purposes are the scalar and the Weyl spinor fields’ ones:

0 = erp + €x
0t = 2eM + (c€) (10,0 + V,,) (3.31)
dx = 2éN — (ea*) (i0,¢ — V)

3.3.3 Chiral Superfields

As we’ve seen by Taylor expanding Y with respect to the Grassman variables, since it transforms in a reducible
representation of the super-Poincaré group, there appear to be way too many fields, compared to those forming
a multiplet.

In analogy with the Dirac spinor, we can imagine to construct some sort of chiral representation, to reveal
more fundamental structures.

The canonical way to proceed is to introduce the covariant derivatives of the SUSY algebra:

{Da =0, +i0h 040, (3.32)

'Dd _50'4 - ieaagdau

If we think about the basics of differential geometry on a manifold M in General Relativity, a covariant
derivative is constructed in order to parallelly transport geometrical structures with respect to the diffeomor-
phisms group Dif f (M) along a given curve.

In a similiar fashion, we hereby want to define differentiation operations which can parallelly transport a
superfield by preserving its supersymmetric transformation properties.

In fact, we can easily chack these operators to anticommute with the supercharges:
{D.,Qs} = {Da, Qﬁ} ={Ds,Qs} = {@m Qﬁ} =0 (3.33)
and thus with an infinitesimal SUSY transformation:

{51/ =i(eQ+eQ)Y (3.34)

[GQ + EQ,Da] = [EQ + g@abd] =0

Importantly, this implies that both D,Y and DsY are also superfields, and we can therefore consider to set
some conditions on Y thanks to this property.

Specifically, we can impose the following chirality constraints:

(3.35)

Ds® =0 chiral
D,V =0 anti-chiral

The multiplet structure can finally be mirrored on a superfield.
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To simplify the calculation, we will switch to an appropriate coordinate system:

Da® (a7 + i05"0,0,8) = De® (4,0,0) = 0

Dayt = (=04 — i0%0%,40,) (x“ + igﬁagﬂg/%) _
= — 0t —id, (95025§B> — %" 0yt + 6% 40, (eﬁagﬁ_gﬁ) _

= —ids (070%,07) — 00ty = 070" 6%0° — i0°0y = 0

Ddaﬂ = (_5d - ie"agdau) 95 = —adeg =0

[

Dsb? = (4 — i0°0%,0,) 6° = —0,6° = 5,0

Thus the chirality constraint reduces to requesting the superfield to depend only on y* and 6, meaning that
in this frame, we can literally drop all terms in the expansion 3.28 which do not obey such condition, obtaining;:

Da®(2,0,0) =0 < & = d(y",0) = ¢(y) + V200 (y) + > F(y) (3.36)

where /2 is a convention.

By then expanding Y in the originary frame, we finally get:

i

_ 1 .-
\/5923“1/;(:5)0“9 - Z9292D¢(z) (3.37)

®(x,0,0) = ¢(x) + V200 (x) + 02 F(x) + 0500, () —

This looks much more similiar to what we’ve found studying the multiplets, except for an additional field,
often referred to as an auziliary field, and we will deal with it very soon.

Of course, a symmetrical analysis can be carried out for the anti-chirality constraint.

3.3.4 Actions over superspace

If we have a superfield K (x,6,0) which is functions of other superfields, we can construct an action of the form:

S = /d4xd40 K(z,0,0) (3.38)

which is real if K is real, meaning K = Kt.

This must be invariant under SUSY transformations, and we want to check wheter it is or not:

3S = / ded9 K *2° / d'ad 0 [¢ (0, K — i000,K) + (—0sK +i6%c"9,K) €]
- / it / 00 / @20 [6° (0. K — 000, K) + (~DaK + i0°0",K) &

But, for the Taylor expansion of a superfield in 3.28, K is at most second order in @, 8, so, since an integration
over superspace with respect to a Grassmann variable is equivalent to a differentiation, the terms containing
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0o K or 04K vanish, while the terms differentiated with respect to z* give at most boundary terms, which are
assumed to vanish, as usual.

This derivation demonstrates that any action of the form 3.38 is necessarily SUSY invariant.

3.3.5 The free Wess-Zumino model

We reached a point where we are more than able to derive the action in Equation 3.19: since we necessarily
have to obtain a real lagrangians, and it must involve both chiral and antichiral superfields, as proposed in the
ansatz 3.38.

The simplest possible will be suitable for us:

Schiral = /d4l’ d40 (I)TQ) =

/ dudo {(bT(x) +V200(2) + B F () — 160780, (z) + \%é?eam(x)aﬂe _ i9292D¢T(ﬂc)} -

1

: {(b(x) +V204(x) + 02 F () + i05"00,¢(x) — 7

620,(2) 0" — iOQGQqu(x)}

This calculation can be straightforwardly carried out thanks to the mathematical tools that we’ve introduced
in the previous sections. Due to its remarkable length, we will directly discuss the important result:

Swz = / d*rd*0oTd = / d*z (0,9'0"¢ — ipa" 9, + F'F) (3.39)

The Lagrangian includes the standard kinetic terms for a real scalar ¢ and a Weyl spinor 1 fields, plus an
additional term in the auxiliary field F', which is not kinetic, meaning that, when quantised, it doesn’t give rise
to any particle state.

This is the action of the Wess-Zumino model, and represents the achievement we promised at the beginning
of this section. For now, we can shelve it in our backpack, and come back to it in the last chapter, where we’ll
exhibit the necessity of gravity when gauging SUSY.



Chapter 4

General Relativity as a GGauge Theory

After a long and intense digression on Supersymmetry, it is time to start thinking about overtaking an important
step that we’ve disregarded up to now: locality.

It is well known that General Relativity is built upon the tensorial formalism of differential geometry, and
describes the effect of gravity as a matter of geometry of a curved Lorentzian manifold.

So the first question to ask ourselves is wheter the formalism we’ve developed is compatible with General
Relativity, and, if not, if we shall we dismantle the entire apparatus to build a suitable one.

If there is something that dealing with other people taught me, beside ..., is that most of the times a
compromise is the way to go: locality in Quantum Field Theory is achieved thanks to gauge transformations,
essentially consisting in promoting symmetry parameters to function of space time, in the framework of Yang
Mills theories, while in General Relativity with the tensiorial formalism of differential geometry.

Thus. . ., why not reinterpreting gravity as a gauge theory? Simple as that. ..
Allow me to add other ...to remark the disconcerting immediacy of this solution.
Reinterpreting gravity as a gauge theory will keep us busy during the first portion of this chapter.

If we proceed along this way, we will most likely bump upon the existance of a gauge field, transforming in
some kind of tensorial representation of the Lorentz group: this way we will discover the graviton.

But Supersymmetry taught us that the graviton multiplet is complemented by the gravitino, which is a
spinor. Thus, we need a formalism apt to describe spinors subjected to gravity: this is the tetrads formalism of
General Relativity, and it will have us engaged throughout the whole second part of the chapter.

4.1 Gravity as a gauge theory

Gauging gravity might seem a considerable endeavor, so we want to start from the very basis, by recalling the
General Relativity postulates:
1. Principle of General Covariance: Laws of physics are valid in any reference frame.

2. Equivalence Principle: In any point of the space time, it is possible to define an inertial frame, which
is that of a free falling observer.

In the canonical formalism of GR, these can be redrafted under a more geometrical viewpoint:

1. Principle of General Covariance: Physical equations are covariant with respect to the diffeomorphism
group on the space-time manifold.

2. Equivalence Principle: There exists a gaussian reference frame of the tangent space at any point of the
manifold.
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But we can push even further and, rather bravely, unify them under a unique postulate:

Gravity is the gauge theory of the group:
SO(1,3) x Dif f(3,1) (4.1)

on the fiber bundle Tp M @ M VP € M.

Let’s see what this implies by studying the small perturbations of the metric around the minkowskian one
n.

4.1.1 Linearised theory

The SO(1,3) symmetry of Tp (M) at any point allows us to continuously perturb the metric g around a
gaussian frame:
Guv = My + huu s ‘h;w| <1 (4.2)

From this, we can expand the other fundamental metrical structures to linear order:

e Metric connection:

1
s = 59” (0agrp + Opgar — Oxgap) =
(1" + W) (D (Mg + hag) + 95 (Nax + har) — Ox (Nap + hap)) =~
1 A
~ 50 (Oahirg + Oghax — Orxhag)

Riemann tensor:

1
Roppv = 5 (990190 + 0u06Gpu — 00ugop — 0pOsgpuv) =

~

(0p0u oy + 0,05y — 00, hep — 0p0shy)

N | =

Ricer tensor:

R2,, = Ry = = (00, + 0,0 hpy, — 0,017, — 0,07h,,) =

[N

= ~ (0704 py + 0,07 Ny — 0,0,

', — Ohy)

DN | =

Ricet scalar:

R*, =R= % (090" iy, + 8,0°R" — 8,0"h — Oh) = 39" h,y, — Oh

FEinstein tensor:

1 1 .
G = Ry = 59 R = 5 (970l + 0,0 hyy — 0,010, — Oy, — 9°0% by + 1, 0h)
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Being T}, the energy-momentum tensor, from the Field Equations in the presence of matter:

G = 167GN T, (4.3)

we can insert the linearised form of the right-hand side to obtain:

020, hup + 020y by — Oy — 8,00k — 1, (9707 hypo — Oh) = 167G N T, (4.4)

They are way too hefty to be actually fully evaluating the symmetry, and the reason is that we still haven’t
fixed the gauge.

As always, to exhibit a symmetry, it’s appropriate to study the invariance of the action: in this case, the
action is given by the Fiertz-Pauli one, which is the Einstein-Hilbert one, Sgg, to quadrtic order in h.

Let’s derive it:

1
1671’GN

SEH = /d4x\/—gRo<*
1
V=9 = \/—det(nu, + hyu) = \/—det(n) - exp {2Tr {In(1 + nlh)}} =
= Lpp Lpe — Ly pr 1 o8 g ipg dpz s Ly o(n®
=P T M O pp = L b ghT = g e+ O
1 1o 1 04 P P A 1 P HH 1
* X 1+§h+§h —Zh hyw | (0P0%h,, —Oh) = aahPMth+§h€)8hW7§hDh+
Lo P HH Lo 1 ing p HH 1 124 3

+§h 00" hpy — §h Oh — Zh hyu 070 h,,/LJrZh hwOh+0(h?) ) =

lpu 1 Iz 1pu 1# 1Wp H lzwp
= —5(8 h)o hw+§auha h — Zha ho h“erZh@ hdo,h + §h 0P hy 0" hyy — §h 0°hyO0ph | =

1 o AH 1 Iz 1 o1 GH 1 Iz 1 o I 1 p 7%
= —58 ho"hpy, + §8Mh8 h+ 18 ho'hy,, — 18 ho,h — 58 hyw 0" by, + 58 hyuwOph =

1 1 1 1
_ / <—489h8“h,m - 0hOh = 0ROy + 28PhW6ph"”)

Integrating by parts and rearranging the indeces, we finally obtain the Fierz-Pauli action:

1
87TGN

1 1 1 1
Spp = / diz [—48ph,w8ph’“’ + 30phu W 4 10,10 h 28,,11“"8”11} (4.5)

Varying it with respect to hy,, it’s straightforward to obtain the linearised Einstein equations in the vacuum:

1 1 1 L1 1 . ,
3Srp = g / d'z (Qapaphw = 0Oy hy — 50°0 0" + 50,0l + 50,0517 W) ShH =
(4.6)
_ 1 4 nry _
- SWGN/dx( Gu0h) =0 = G, =0

To couple the theory to matter, we can simply add a matter term to the Fierz-Pauli action, and extrapolate
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the energy-momentum tensor directly from its definition, but we do not really need this for our aims.
We can now exhibit the gauge symmetry of the theory with respect to Dif f(1,3) as well: given a local

diffeomorphism a# — z# — £#(x), we know the linearised metric to vary as

09y = (Le@) v = V& + Vil = hyw = by + (£eh) e = by + 0,60 + 0.€, (4.7)
and Sgp is invariant under such transformation:

5Spp / d*zG, (0"E" + 07EH) = / d*x2G,,,0"¢" = / d*x2(0"Gu) € =0 (4.8)

where in the second equality we’ve neglected the total derivative and in the third one we used the linearised
Bianchi identity:
0,G"" =0 (4.9)

proving the statement.

Happily, we proved the existance of a very interesting gauge symmetry, which is kindly suggesting to fix the
gauge, by pitilessly fobbing us with the horribly looking Field Equations in Equation 4.4.

4.1.2 De Donder Gauge fixing

Fixing the gauge not only will provide us better looking field equation, but, most importantly, will facilitate
the count of the physical degrees of freedom of the gauge field associated to the symmetry group.

The most commonly used condition in this framework is the traceless de Donder gauge, which is the
analogous of the Lorentz gauge for a boson tensor field:

- 1
D AP =0 — 9,h" =0, (W - hrﬂ“’) —0 (4.10)
——— 2

Lorentz

de Donder
which is always legitimate since, for the covariance:

"Ry — %&/h =1, M O* (hyw + 0,80 + 0.€,) — %EL (h+20%¢,) =

= 9By + 06, + 00,6, — 30,0~ 0,0°6, = fu + 6,

Meaning that choosing the de Donder Gauge is equivalent to apply a diffeomorphism such that f, = [J¢,,.

We can now simplify the linearised Field Equations in 4.4:

0,0° hyy + 0,0y — Oy — 00h — 1y (9707 hes — D) = 167G N Ty =

— 9, (;(Lh) 10, (;8“}1) Ol — 8,00k — 10 <ap <;a,,h> - Dh) _

1 3
= 0,0,h — Ohyy = 0,0,k — SmuOh — 0, Oh = 20k, — S0 0h

Upon inserting the h definition, the equations become:

Ohy = —167GNT (4.11)
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4.1.3 The Graviton Field

Looking at the linearised theory under the gauge symmetry perspective interestingly suggests us to interpret
the first order perturbative field h,, of the minkowskian metric 7,, as a maseless tensorial particle field: the
graviton.

Let’ count its degrees of freedom: it is a symmetric tensor (h,, € Sym™ (1,3)) and the de Donder gauge is
a set of 4 independent constraints:

4-(4-1
PP Clut) R (4.12)
2 ~~~
~——~~—— d.D.y.
heSymt

Since h,,, € Sym™(1,3) C GL(1,3), it transforms in a tensorial representation of Spin(1,3):

(1,1) = (1,0) ® (0,1) of Spin(1,3) (4.13)

and thus has an helicity of 2.

Awesome: we just discovered a boson of a SUSY multiplet: therefore, there must exist a complementary
h= % fermion: we will discover this missing piece in the next chapter.

Before this, it’s essential to to acquire the necessary formalism to deal with spinors on a curved manifold.
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4.2 The Vierbein

Since M is a Lorentzian manifold, it locally "resembles" R meaning that Tp (M) ~ RY3, where we know
the spinor formalism to hold.

In order to extend the covariance of the Dirac Lagrangian from Spin(1,3) to Spin(1,3) x Dif f(1,3), we now
introduce the vierbein (or frame field) as a linear transformation "bridging" between global frames (intrinsic
coordinate systems on M) to local ones (on the tangent space Tp(M) to a non singular point P € M):

eq € TM : gog = €4 Nab e% (4.14)

where a, b, c... denote the local indices.

Strictly speaking, a vierbein belongs to the equivalence class of all the possible vierbeins related by a local
Lorentz transformation:

’

b —la _b —1c _d b ’ —la _b
efnave, =N e, nacA” e euNabey, = guw = €4, ~ A" e, (4.15)

v =

since A € I50O(1,3), and thus preserves 7.

The inverse vielbein is defined as:

an—1 eley =6
() : { o Z—(SZ‘; (4.16)
€ap = %8
which directly implies:
€0 gapel, = €oetnaelel = Nay (4.17)

The role of the vierbein in the tetrads formalism is analogous to that of ¢g"” in the canonical one.

Therefore, to complete the picture, our next tasks will be:

1. Express the main metrical structures in terms of the vierbein.
2. Write a Dif f(1,3) invariant Dirac action.

3. Reinterpret the perturbative graviton field h,, in this framework, which will be much more apt to perform
SUSY transformations on M.

4.2.1 Metrical structures in the tetrads formalism

Volume forms and integration

The first requirement to satisfy to write a Dif f(1,3) invariant action is of course a volume form.

In the classical formalism the usual choice is the metric-compatible canonical volume form dV = /—gd*z,
which we also used in the first sections of this chapter to compute the Fiertz-Pauli action.

It is immediate to write it in terms of the vierbein:

g = det (elin™e}) = det(el)det(n™)det(ey) = —det(el)? = —e* => /—gd'z = ed*x (4.18)

The Spin Connection

We now need to evaluate the metric compatible parallel transport "translating" the Cristoffel symbol I'}, in

the vierbein formalism: this way, we will be able to define the covariant derivative with respect to Dif f(1,3).
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We can hence write a covariant derivative of a local vector, according to the usual ansatz, to then impose
the compatibility with that of a global one:

D VP = el DV = el (0.V +w,* V) =€l [0 (e V) + w, V] =

[“8‘/ —|—(8e)V +wyl be]—(? VP 4 b (66)V7+w bCry by

Do VP + e, (3 e ) V7 —&—waabef/V’Y =0,VP + Fﬁavvv —

(8 e VT +w, el byT =15, SV = e =eé (0ael) +waabe£ef’y =

— w s =T" e el (Oqe Sepes = r? Lepes —e B (04 65(5’3) s
= e ((%6%)55636% = Ffmege% - eg(aae%)efe% =

=14 ebeﬁ—eﬁéb(a 5) = r? ebeﬁ—eb(a €3)

Since in this formalism, the affine connection is tortionless, it is also symmetric, so we can finally define the

spin connection as:
Wy = ehe] T, — e (Daeh) (4.19)

Thus, if the Cristoffel symbol defines a metric compatible parallel transport under the action of Dif f(1,3),
w,, defines the same operation with respect to the local SO(1,3) symmetry.

This way, we can evaluate the Minimal Coupling principle with respect to the local Lorentz group, defining
the covariant derivative of a spinor as:

D, = (8M — iwﬂbcobc> (4.20)

4.3 The generalised Dirac action

We now have finally covered all the necessary steps to describe spinors on a curved manifold, thanks to the
power of the reinterpretation of gravity as a gauge theory.

First, we shall recall the Dirac action on Minkowski space-time:

S = / d*azap(iy* 0, — m)ap (4.21)

To obtain the invariance under the symmetry group in 4.1, we have to:
1. Replace the measure with the canonical volume form, to integrate over the manifold:

d*c — /—gd*z = ed*x (4.22)

2. Express the gamma matrices in the local frame:

= = eyt (4.23)
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Which can be checked to satisfy a generalised Clifford algebra:
{77} = {eln" epn"} = el ey’ +eprtein = e {77} ey = 29" (4.24)

3. Evaluate the Minimal Coupling Principle, by substituting the partial derivative with the covariant one
4.20:

aa — Da = aa - iwzcabc (425)

where o5, = £[",~¢] are the generators of the Lorentz group.

The resulting action is therefore:

S = /d4x ey (iv"' D,, — m)y (4.26)

and the generalised Dirac equation is:

08

5= 0= (in"Dy —m)1h =0 (4.27)



Chapter 5

Rarita-Schwinger Theory

In the previous chapter we found the graviton h,, to emerge as a first order perturbation of the metric of
the space-time manifold M, and, by counting its degrees of freedom, we discovered it to belong to the h = 2
maseless multiplet of the SUSY algebra representation on particle states, and we anticipated that we would’ve
had to complete it with a h = % fermion, namely the gravitino.

Although the necessity of such a particle for Supergravity will be fully clearified in the final chapter, we
can already begin to foresee the reason: many times throughout this dissertation we’ve recalled SUGRA to
be the gauge theory of SUSY, and this essentially means that the spinorial parameter of a Supersymmetry
transformation is promoted to a space-time function.

Both from our backing knowledges of gauge theories, and from the observations of the last chapter, we know
a gauge symmetry to require the existence of one or more tensor fields for the action to be invariant under such
transformations: if such parameter is a supercharge, then its variation will unavoidably carry both a spinor and
a vector index.

Although this will be demonstrated in the following chapter, these considerations are apt to lay the ground
to approach the present analysis.

The Rarita-Schwinger theory describes the dynamics of such fermions on a minkoskian manifold.

5.1 Maseless Rarita-Schwinger Field

5.1.1 The Action

As always, in order to show the symmetries of a theory, it’s suitable to start from an action. The dynamics of
the maseless gravitino is described by the Rarita-Schwinger action:

Srs = — / d*z 0,40, 0, (5.1)

where: 1
,yul/p — g Z Sign(U)’YU(M)’YU(U)’YU(p) (52)

perm

representing the antisymmetrized product of gamma matrices.
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We now want to show and/or demonstrate its main properties:

1. First order in space-time derivatives.
2. Lorentz invariance: the Lagrangian is manifestly a Lorentz scalar.

3. Local SUSY invariance: if we promote the spinor parameter € to a function on space-time ¢(x), the
gravitino variation under such transformation becomes:

5V o (&) = Due(x) (5.3)
and, crucially, we can show it to be a symmetry of the Rarita-Schwinger theory:
Lrs =V, "P0,¥, — (Vs + 60 ,5) ¥P0, (¥po +6V,,) =
= (‘iji + 8HE‘5¢) Y0, (Vpa + Opea(z)) =
= U, 7"P0,V po + U6V P0,0p€0 + (0u€a) VPOV po + (0u€a) VP00 €0 () =
= Lrs + (0u€:) Y""P0u ¥ pa + [V pua + 0pea] ¥7P0,0p€a(z) =
= Lrs + (0u€) V"0, ¥ po = Lrs + Ou (€770, Y po)

where in the last two lines we used the fact that the contraction of a symmetric with an antisymmetric
tensor is always null. Since the Lagrangian varies to a boundary term, local SUSY is an invariance of the
action.

4. Hermitian, so that equation of motion for ¥ is the Dirac conjugate of that of .

We can directly derive the equation of motion from the Euler-Lagrangian equations:

0LRs 0LRs
0 = ———===0=y"""9,¥, =0 5.4
3 ((5 (8N\IJ)> 5T 0 p (5.4)

with a conjugate equation for V.

5.1.2 Degrees of Freedom
Just as we did for the graviton, we want to count the number of degrees of freedom of the gravitino: the presence

of the gauge symmetry in Equation 5.3 suggests us to impose some kind of constraint to isolate the physical
ones.

A possible constraint is given by an analogous of the Coulomb gauge:

YU, =0 , i=1,2,3 (5.5)

By introducing the gravitino strength, in analogy with Yang-Mills theories:

\Ilp,u = 8M\I/l, — 8,,\IIM = 28[#\111,] (56)

the equations of motion can be rewritten by separating in components:

70, ¥o — Bpy'W; =0

5.7
Y000 — i7"y =0 (5.7

A/“\IJM:O<:>{
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From the gauge condition in Equation 5.5, we see that:

V0T — 07 T = 70Ty = 0 = (7'0;) Vg = 0 = VT =0 = Ty =0

By contracting with +* the spacial components of the equation of motions we can derive another constraint:

o'W, =0 (5.8)

Hence, we obtained a set of (4 — 1)2% = 12 constraints. The remaining 4 - 22 — 12 = 4 are halved by the
equation of motions.

The total number of degrees of freedom before imposing the equations of motion and the gauge is called
off-shell degrees of freedom, while the resulting number is called on-shell degrees of freedom.

5.2 Quantization of the Rarita-Schwinger field

As we mentioned in the introduction, the maseless Rarita-Schwinger field belongs to the

oe[(E)e o)) ()

representation of Spin(1,3), meaning that it carries both a vector and a spinor indices.

Since we are dealing with the free limit, the spatial components of the field can be expanded as a superposition
of plane waves:

Vi(z) = exp {ip - x} v; (p) u(p) (5.10)

where u(p) = uy is four component spinor, hence given by the sum of positive and negative energy states,
since ¥; satisfies the Dirac equation, whereas the vector v;; can be expanded in the basis of the transverse
polarization vectors and the momentum:

iy = ap; + be; (P, +) + cei (7, —) (5.11)

where € (4) are the polarization vectors of a quantized vector field, satisfying that p’e; = 0. For the last
constraint in Equation 5.7, we see that a = 0, and thus:

U, (x) = exp{ip-z} b*egu;}—&— c*e;ﬁu; + bfegu; + cfe;u;} (5.12)

Moreover, the constraint v'¥; = 0 ultimately determines ¢ = b~ = 0, and thus the quantized maseless
gravitino field can be written as:

d*p ighx h , h h —ip-x * h, h gxh
\IJAL(I)_/W;[BP Eﬁuuﬁcﬁ+6 P eﬁuvﬁdﬁ ] (513)

where the sum is extended over the :I:% helicity states, cg is the annihilation operator for particles and d;; is
that of the antiparticle.



Chapter 6

Supergravity

After an arduous, but extremely rewarding journey, everything is ready to approach Supergravity.

As anticipated in the introduction to chapter 5, we will hereby craft the SUGRA Lagrangian as a necessary
additional term to sum to the Wess-Zumino Model to achieve local SUSY invariance for the one chiral multiplet

{¢,¢}: we will evaluate the h = % multiplet by showing superpartners to naturally arise. Ultimately, this will

permit us to isolate the SUGRA term, and identify it as the Lagrangian of the pure theory.

The following and last aim of this analysis will be to covariantize Lsygra under the action of Dif f(1,3)
on a curved space-time manifold M, by exploiting the vierbein formalism.

Hopefully, we will appreciate how all the knowledges we acquired throughout the previous chapters will
condense in a harmonious theory.

6.1 Gauging SUSY in the WZ model

To begin, we rewrite the Wess-Zumino Lagrangian, eliminating the ghost field term, and in terms of Majorana
spinors (end of section 2.2):

Lwz = 0,00 p — iha"8,1) = *
_ (v o (0! W (0 o
() o) (2 7)
oo+ xwr o = (0:0) (1 7)o (3)+ 0.0 (0 %) (3) -
— 060, + Yo" O, = Va9, + (P 0,0) " = 8, (bary) — Oba b+
+ (0, (B ) — D, ) ' = —2ih5# 0,0 + t.d.

* 1 - " = L
x = —0,00"p -5 (XY Ouxr + XLV Ouxr) +t.d.
————

L
scalar Lepinor
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In section 3.3.4 we’ve proven it to be invariant under global SUSY transformations up to boundary terms,
leveraging the superfields formalism and neglecting an explicit calculation, since an action of the type in Equa-
tion 3.38 is necessarily endowed with such property:

SLwz = 0,K" (6.2)

Here we will instead need to develop an explicit calculation, to show how the Noether supercurrent differs
in local from the global variations.

From the variations of the required components of a superfield, from in section 3.3.2, it is straightforward
to rewrite the spinorial ones in the Majorana basis:

0 = ey + €x 0¢ = €L XL ; 09" = €rXR
0 = iot€d ¢ = (0xL = %v“aud) €R SxXRr = 710,90 €, (6.3)
ox = —ied” 0, ¢ 6XL = —1ery" 0.0 . OXR = —1€v"0,0"

With these, we may compute the variation of the action:
55 = [t (60) = [ 0 (Lucutar + 5Lepiner) =
Lspinor = =X£Y*Ouxr — XRY*OuxL = —XrY"'OuXL + Op (XR) VXL
‘= / d'x (~0,(56)0" 6" — 5Ky s + O (5XR)Y" XL + hec)) =
Lb.P. /d%j (56006 + 20, (3% R) VXL + Oy (—600" 6" — 5XrY"X1) + hec.) =
/d4 (ErxrO¢" — 0y (€L 0,0™) Y'xL + 0 K" + h.c.) =
- /d% [eLxrB¢" — 0y (€1) V' 0ud™ XL — €00,0,0" Y VXL + 0K + h.c ] =
% [t -0, (1) 170,61 x1 + 0K+ h] =0 Dyern =0

which shows that, if the spinorial parameter is constant, the action is invariant, as expected, since the
Lagrangian varies by a total derivative:

0L =0, (K' + K') =0,k (6.4)
where IC* is the Noether supercurrent:

1
Kt =[(=dpd" " — dxry"xL) + h.c] = |:<€LXL6M¢* + QELV“aMQS*W”XL) + h.c} (6.5)
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On the other hand, if we were to gauge SUSY, the spinorial parameter would be promoted to a function of
space-time, € — €(x), restricting to a so called Kahler manifold in the superspace, and the Lagrangian would
no longer be invariant up to a boundary term:

0L = (0,€)j" = (0"eL)jf + (Ou€r)ig
I = =00 " xL (6.6)
Jr = =" 0ud VxR

where j# = ji' + jis is the super-Noether current, which is conserved, as it can be proven by showing that
it has null divergence, by leveraging the equation of motions of the fields.

6.1.1 Adding the SUGRA multiplet

In order to compensate the variations and achieve the invariance of the action, in a similiar fashion to Yang-Mills
theories, we can associate a gauge field ¥ to the supercurrent, which, as forseen in chapter 5, necessarily carries
both a spinorial and a vectorial index, resulting in an additional term L, , to L z:

(5\I/L’R#:Mpa#6L’R (6 7)

P 1
Wz = ~ (UL i + Yruin) = _FPWMQJH : {

(S\TJL,RM = MpaHEL’R

where is the Mp is the reduced Planck mass, necessary to equate the mass dimensions.

Now we can prove that the variations we intended to compensate actually vanishes, but a new piece, generated
by 0j% ; generates:

1 L .
6Ly, = 0Lwz + 6Ly 5 = (0,4€) j* + 9, KH — s (5\I/udj’w‘ + \Il#d(;j“a) =
P
1 _ _ .
= (@E)j“ + @JC" — Mi ((5\IJML]Z + (5\:[/#1:3]7? + \I;#déjlwf) =
P

) 1 . . _ G
= (9u€) j" + 0, K" — i ((Mpoyer) jf + (Mpoyuer) ji + W ,adj") =

1 - . 1 -
= (QLE) JH+ 0. — (Bﬂgj“) + V00" = K" + — 0, (JZ +j1lfc) =
Mp Mp

1 _ _

U655 = Uund (=" 0,0 v x1)

1
* 3NIC“ - Mipg’yﬂ\]}yT“y

In order to cancel the non boundary term, we introduce a symmetric tensor g,,,,, obeying the transformation
rule: ]

B _ 1
69;“/ ~ M (€7M¢u + G’Yun) = Mipe)/(#wu) (69)

and insert a respective term in the Lagrangian:

Ly z ~ =guT" (6.10)
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Since the only bilinear form which can enter the Lagrangian coupled with the energy-momentum tensor
is the space-time metric, we demonstrated that local SUSY invariance requires to complete the Wess-Zumino
multiplet with the graviton g,, and the gravitino V¥, which are indeed superpartners.

The resulting Wess-Zumino Lagrangian is:

£ - ‘CWZ + Elv[/z + EgVZ +£kin(guu) + Ekzn(wp) (611)
—_———

L1mt(¢7X7gv\Il)
From the analysis of SUSY algebra representation, we see that the resulting multiplet is reducible to the

sum of the h = 2 and h = % multiplets, respectively corresponding to {V¥, g} and {¢, x}.

This suggests to identify the Lagrangian of pure SUGRA on Minkowski spacetime as:

Lsvara = Lrin(Guw) + Liin (V) (6.12)

To complete the analysis, we need to covariantize it under Dif f(M) on a generalised spacetime manifold.

6.2 Pure SUGRA Lagrangian

In order to achieve the covariance under the diffeomorphisms group, we can leverage our knowledges of the
tetrads formalism and the Rarita-Schwinger theory and retrace the same steps we followed in section 4.3, to
covariantize the pure SUGRA action:

1. Replace the measure d*z with the canonical volume form:

dz —ed'z : e= det(e,) = v/—g (6.13)

2. Express the gamma matrices in the vierbein basis:

V=t = e (6.14)
3. Evaluate the Minimal Coupling Principle, by leveraging Equation 4.20:
Oy — D, =0, — %wzbaab (6.15)
This way, we find the free SUGRA action in the hypothesis of maseless multiplet:

M3 1-
Ssugra = /d4$ Lsucgra = /d4£€ (Len + Lprs) = /d4xe <2PR - 2¢u7MVpDV¢p) (6.16)

which is invariant under the covariantized version of the variations of the fields in Equation 6.7 and Equa-
tion 6.91.

1For a complete demonstration of the invariance of Sgygra under SUGRA variations of the fields lies outside the purposes of
this thesis, and we refer to excellent textbooks such as [1] and [4] for anyone interested in a complete proof.
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The action of pure Supergravity represents the final aim of this dissertation: under its charm, it encapsulates
the amazingly broad formalism we explored throughout this work.

No conclusion paragraph would ever manage to offer such a pleasing farewell.
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