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Abstract

After a brief introduction on the local/global well-posedness theory for the
nonlinear Schrédinger equation (NLS) on compact manifolds, we use avail-
able Strichartz estimates and suitable "modified energies” to investigate the
growth of higher-order Sobolev norms of solutions to the NLS with polyno-
mial nonlinearity (i.e. |u[P~"'u) on generic 2 and 3 dimensional closed Rie-
mannian manifolds. We provide polynomial in time bounds on the growth of
higher-order Sobolev norms of solutions to the 2d case with odd nonlinearity
p =2n+ 1, n € N, and exponential in time bounds in the cubic 3d case.
Moreover, we show that the H? norm of the solution to the sub-cubic NLS

on 3-dimensional manifolds grows at most polynomially in time.






Abstract

Dopo una breve introduzione alla teoria della buona posizione locale/globale
dell’equazione di Schrédinger nonlineare (NLS) su varieta compatte, andremo
ad utilizzare le stime di Strichartz e le "energie modificate” adeguatamente
definite per studiare la crescita delle norme Sobolev delle soluzioni di NLS
su varieta Riemanniane chiuse di dimensione 2 o 3, aventi nonlinearita di
tipo polinomiale (ovvero della forma |u|P~'u). Forniremo stime a priori sulla
crescita temporale di tali norme che risulta essere al pit polinomiale nel caso
2-dimensionale con nonlinearita dispari p = 2n+1, n € N, e al piu esponeziale
nel caso 3-dimensionale con nonlinearita cubica. Inoltre, mostreremo che
la norma Sobolev H? della soluzione di una NLS sub-cubica nel caso 3-

dimensionale ha crescita al pit polinomiale nel tempo.
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Introduction

In this thesis we will analyze a recent paper by F. Planchon, N. Tzvetkov
and N. Visciglia (see [7]) on the growth in time of higher-order Sobolev norms
of solutions of certain classes of nonlinear Schrodinger equations (NLS) on
closed Riemannian manifolds of dimension 2 and 3.

The NLS is one of the most studied nonlinear dispersive equations. It has
a crucial role in the description of many physical phenomena such as, for
instance, in Bose-Einstein condensates (BECs), nonlinear optics, solitons be-
havior, and many others. In recent years, the issue of the growth of higher-
order Sobolev norms of solutions to NLS equations has gained more attention
due to its implication in the weak wave turbulence theory, i.e. in low-to-high
frequency cascade (the energy shifts to increasingly higher frequencies as time
goes to infinity).

The aim of the following dissertation is to provide a priori bounds for the

H™ Sobolev norms of the solutions to the Cauchy problems

10+ Agu = |ulP~tu, (t,z) € R x M4,
u(0,) = ug € H™(M?),

where (M, g) is a generic d-dimensional closed Riemannian manifold, m > 2,

m € N and the parameters d, p satisfy one of the following two conditions:
e (d,p) =(2,2n+1) with n € N (2d-case with odd nonlinearity).

e (d,p) =(3,3) (cubic 3d-case).
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Moreover we shall investigate the behavior of the H? Sobolev norm of the

solution to the subcubic Cauchy problem

W0+ Agu = |ulP~tu,  (t,z) € R x M?,
u(0,+) = ug € H*(M?3),

where p € (2,3). From the global Cauchy theory in H'(M?) and H'*¢(M?),
these families of Cauchy problems are globally well posed, hence it makes
sense to study long-time qualitative properties of their solutions (since no
blow-up phenomena occurs). We emphasize that we do not to consider the
growth of the H' norm as the conservation laws for the NLS immediately
imply that the map ¢ — ||u(t,-)||g1(psqy is bounded by a constant in each
of the previous cases. Moreover, we do not deal the growth of higher-order
Sobolev norms in the sub-cubic case, since the nonlinearity is not smooth
enough to guarantee that the regularity is preserved along the evolution.

To make things clear, we decided to start our dissertation with a brief
introduction on the Schrodinger equation in the Euclidean setting. We state
homogeneous and nonhomogeneous Strichartz estimates for the linear prob-
lem, with the aim to compare these classical results with the ones available
on compact manifolds, and introduce local/global well-posedness results in
H?' for the nonlinear problem.

Later on, we shall observe that the dispersion estimate does not hold for
the linear Schrodinger equation on compact manifolds, therefore, by using
microlocal analysis and a semiclassical version of the aforementioned estimate
(that holds for a time interval depending on the spectral localization), we
are able to show ”classical” and ”endpoint” Strichartz estimates with loss
of derivatives. These type of estimates are used to implement a contraction
argument which provide local/global well posedness results for the NLS on
compact manifolds and represent a key element in the proof of qualitative
properties of solutions.

Subsequently we focus on the main topic of our dissertation. We shall

study the cases d = 2,3 with odd integer polynomial nonlinearity, that is
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(d,p) = (2,2n + 1) and (d,p) = (3,3) by studying the even (m = 2k) and
the odd (m = 2k + 1) cases independently. For each of them we introduce a
suitable "modified energy” and use "modified Strichartz estimates” (in the
2d-case) and "modified endpoint Strichartz estimates” (in the cubic 3d-case)
to find a priori bounds to a small time increment of the H™ Sobolev norms.

We shall consider different modified energies for the even and the odd cases

in order to use the identification of ||/u|| g+ with the Sobolev norm ||u)| g2+,
up to lower order terms. Then, by using a classical iteration argument and

the local Cauchy theory, we prove that:

e For every T > 0, if u solves the 2d problem, we have

sup |[|u(t, )| gm 2y < C(max{l,T})%“’
te(0,T)

where C' = C(||ug||gm) > 0 and sp € [0, 1].

e For every T' > 0, if u solves the cubic 3d problem, we have

sup ||u(t, )| gm sy < Crexp(CoT),
te(0,T)

where CLQ = CLQ(HUOHHm) > 0.

As a result, these bounds show the polynomial and the exponential growth
in time of the H™ norms of the solution to the 2d and the cubic 3d problem,
respectively, for any m > 2.

Finally, in a similar fashion we prove the polynomial growth in time of
the H? Sobolev norm of the solution to the sub-cubic 3d problem showing
that

sup ||u(t, )|z < C (maX{LT})ﬁ )
te(0,7)






Chapter 1

Preliminaries

1.1 Basics in Riemannian (Geometry

In this section we recall some basic notions in Riemannian geometry with
the aim to introduce the nonlinear Schrodinger equation (NLS) on compact

manifolds.

Definition 1.1.1. (Smooth Manifold) Let M? be a d-dimensional topological
manifold, a local chart for M? is a pair (U, k) where U C M% is an open

subset and
kU — rk(U) CR?

is a homeomorphism of U. A collection of local charts (U;, K;)ier such that
M = Ui, Ui is an atlas for M2 We say that an atlas (Us, K;)ieq is smooth

if any transition map

Kj 0 Iii_l : I{z(UZ N U]) — I{j(Ui N UJ)
is of class C*°. A d-dimensional smooth manifold is a connected topological
manifold M? of dimension d together with a mazimal smooth atlas.

Notation 1.1.2. Given a smooth manifol M¢, we denote by T,(M?) the
tangent space to M at x € M?, and by T(M¢?) the disjoint union of the
spaces T,(M?).
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Notation 1.1.3. Given a smooth manifold M?, we denote by T'(T(M?)) the

space of smooth vector fields on M.

Remark 1.1.4. Let M? be a smooth manifold. For some local chart (U, k)

at z with associated coordinates x*, we define

(aii>m<“) = (aii)n(x) (wok;) ueC®(M?)

We observe that the (a?ci)x s form a basis of T,(M?).

Definition 1.1.5. (Riemannian Manifold) Let M? be a d-dimensional smooth
manifold. Riemannian metric g on M? is given by an inner product on each
tangent space T,(M?) which depends smoothly on the base point .

A Riemannian manifold is a smooth manifold M? together with a Rieman-

nian metric g.
Notation 1.1.6. Below we shall use the Einstein summation convention.

Remark 1.1.7. Let (M? g) be a d-dimensional Riemannian manifold. In
any smooth local chart (U, k) with associated coordinates x*, the Riemannian

metric g can be written as
where (g;;)i; s a positive definite hermitian matriz of smooth functions.

Remark 1.1.8. From now on we shall assume any Riemannian manifold to

be equipped with the Levi-Civita connection.

Definition 1.1.9. Let (M?, g) be a d-dimensional Riemannian manifold and
u € C®°(M?). For a local chart (U, k) with associated coordinates x°, we
define

iy ou 9
I i O

T ou :
Agu = g¥ <8mi6xj - FZ@) c C*(M?  (Laplacian)

Vu = e I(T(M?Y)) (Gradient)
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where

g | Ogu Oy
Eo._ j _ 0Gi4
by = 29 (8:}01 T o ol

are the Christoffel symbols (related to the Levi-Civita connection) and g% is

the inverse of g;; i.e.
979k = 9rj 8" = 6}

Definition 1.1.10. Let (M? g) be a compact d-dimensional Riemannian
manifold and uw € C°(M?). Let (U;, k;)ier be a smooth atlas and (V;)icr a

partition of the unity subordinated to the atlas, we define

/Mdu dvol, Z/ ]gu) Ky dr,

el
where, in any smooth local coordinates x*, |g| is the determinant of the matriz
(9ij)i; and
dvol, :=+/|g| dz* A --- A dx?
is the volume form related to the Riemannian metric g.

Definition 1.1.11. (Closed Riemannian Manifold) A closed d-dimensional
Riemannian manifold (M9, g) is a compact Riemannian manifold of dimen-
sion d such that OM? = ().

Theorem 1.1.12. (Integration by Parts) Let (M, g) be a closed Riemannian
manifold of dimension d and u € C*(M?), then

/Md u At dvol, = — /Md IV gul? dvoly,

where | - |, is the norm associated to the Riemannian metric g.

Definition 1.1.13. (L? Spaces) Let (M?, g) be a d-dimensional compact Rie-

mannian manifold and u € C*(M?). We define the norms

1/p
lull ooy = (/ ru|Pdvozg) for p>1,
Md

HU||L°<>(Md) 1= sup |ul.
Md



1. Preliminaries

Moreover, for any 1 < p < oo, we define the vector space LP(M?) as the

completion of C*°(M?) with respect to the norm || - || Lo (ary -

Definition 1.1.14. Let (M? g) be a d-dimensional compact Riemannian
manifold and X € T'(T(M?)). We define the norm

1/p
|| X || Lo (aray := (/ , | X0 dvalg) for p>1.
M

1.2 Sobolev Spaces on Compact Manifolds

In this section we introduce equivalent notions of Sobolev spaces on com-
pact manifolds. Moreover, we shall state interpolation inequalities which we

will use repeadetly in the following dissertation.

Definition 1.2.1. (Sobolev Space)(1) Let (M?, g) be a d-dimensional com-
pact Riemannian manifold and u € C*(M?). For any k € NU{0}, we define
the norm

k 1/p
[[ullwrsqare =D (/ V7l dvolg> for p>1,
M

J=0

where VI is the j™ covariant derivative of u and the norm |Viu| is defined

i a local chart by
(Vo ul i= g™t e gl (VIu), e, (V)1

Then, for any p > 1, we define the vector space W*?(M?) as the completion
of C=(M?) with respect to the norm || - |lyrs(asa)-

Remark 1.2.2. If k > k', we have
WhP(MA) — WFP(M?).
Remark 1.2.3. For any u € C®(M?), we have

Hu’|€vl,p(Md) = ||u‘|ip(Md) + ||Vgu||§p(Md)'
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Theorem 1.2.4. (Sobolev Embedding I) Let (M9, g) be a d-dimensional com-
pact Riemannian manifold. For any k,s € NU {0} and p,q > 1 such that
k—d/p>s—d/q, we have

WHEP(MY) s W1 (M?).
Proof. See [4]. O

Theorem 1.2.5. (Sobolev Embedding II) Let (M, g) be a d-dimensional
compact Riemannian manifold. For any k € NU {0} and p > 1 such that
k > d/p, we have

WHEP(MT) — L®°(M?).
Proof. See [4]. O

In order to define the fractional Sobolev space H*(M?) with s > 0 we
recall the definition of the standard Sobolev space H*(R?).

Definition 1.2.6. (Sobolev Space H*(R?)) Let s > 0. We define the Sobolev
space H*(R?) as the set of all the tempered distributions u € S'(RY) such that

(1= A Pu=F 1+ ))*F(u)) € L*(R?).

Moreover, we define the norm

[l Hs(Rd) *= (T — A)S/QUHL?(Rd)-

Proposition 1.2.7. Let s; < s < s9 be such that s = 0s; + (1 — 0)sy for
some 0 <6 <1. Then

?151 (Rd) ||l |}{_S{Z(Rd)‘

[lull g+ gay < [lul

Proposition 1.2.8. Let s > 0, then
HUUHHS(Rd) N HUHHS(IRd)HUHLOO(Rd) + HUHLOO(Rd)HUHHs(Rd)-

Proof. See [9]. O
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Definition 1.2.9. (Sobolev Space)(2) Let (M?, g) be a d-dimensional com-
pact Riemannian manifold and uw € C*(M?). Let (U;, k;)ier be a smooth
atlas and (V;)ier a partition of unity subordinate to the atlas. For any s > 0,

we define the norm

lal s aray = Y (i) 0 7115 ay.

il

Remark 1.2.10. Let (M9, g) be a d-dimensional compact Riemannian man-
ifold and k € NU {0}, then

- s sy ~ |- llwezare).

Now, we take advantage of Definition 1.2.9 and of Propositions 1.2.7 and
1.2.8 to deduce the following results.

Proposition 1.2.11. Let (M? g) be a d-dimensional compact Riemannian
manifold and s; < s < sy such that s = 0sy + (1 — 0)sq for some 0 < 0 < 1.
Then

[lul

Hs(M?) 5 ||u| Hsl(Md)||u||H52 (Md) (1'1)

Corollary 1.2.12. Let (M?,g) be a 2-dimensional compact Riemannian
manifold. For all € > 0

[l oo a2y Se llulliiage) ullioare)- (1.2)
Proof. By using the Sobolev Embedding H't¢(M?) — L>*(M?), we have
[lullzee Se lullmse S Ml lullge,
where the last inequality is due to Proposition 1.2.11 O

Corollary 1.2.13. Let (M?,g) a 3-dimensional closed Riemannian mani-
fold. For all e > 0

1—e€)/2 (1+e)/2
ul o ey Se [l carm ullEarm- (1.3)
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Proof. By using the Sobolev Embedding H®*+9/2(M3) — L>(M?), we have
1-c Lte
ullzee Se llull ygvg S Mull g ol

where we used Proposition 1.2.11 at the last step. O

Proposition 1.2.14. Let (M%, g) be a d-dimensional compact Riemannian
manifold. Then

HWHHs(Md) N HUHHS(Md)HUHLoo(Md) + ||UHHS(Md)HuHL°°(Md)- (1.4)

Thanks to the functional calculus of the Laplace-Beltrami operator Ag,

it is possible to define a new norm which is equivalent to || - || s (asa).

We observe that the Laplace-Beltrami operator
A, H* (MY c L2(M?) — L*(M?)

is essentially self-adjoint on L?(M?). By an abuse of notation, keep denoting
by A4 the unique self-adjoint extension of the Laplace-Beltrami operator on
L*(M®). Since A, is a compact self-adjoint operator acting on L?(M?), the
Spectral Theorem gives

Ny =Y —NEj, (1.5)

jeN

where {—\;};en C R™ are the eigenvalues of A, and FE; : L2(M?) — L*(M?)
are the projection operators that project onto the eigenspace &; relative to

the eigenvalue —A\;.

Definition 1.2.15. Let (M? g) be a d-dimensional compact Riemannian
manifold and A, the unique self-adjoint extension of the Laplace-Beltrami

operator on L*(M?). For every o € C*(R), we define the operator
P(Ag) : LA(M7) — L*(M"),
P(8g) =Y p(=N)E;.

jEN
The proof of the following equivalences is based on the spectral decom-

position of the Laplace-Beltrami operator (1.5).
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Proposition 1.2.16. Let (M? g) be a d-dimensional compact Riemannian

manifold. For any s > 0, we have
-

Proof. See [8]. O

Hs(Md) ™ ||<1 - Ag)s/2 ’ HLQ(Md)-

Proposition 1.2.17. Let (M? g) be a d-dimensional compact Riemannian

manifold. For any s > 0 and p > 1, we have

1 Hwenqaeay ~ 1L = Ag)? - || o aray.

Proof. See [8]. O



Chapter 2

The Schrodinger Equation in
the Euclidean Space

This chapter is dedicated to a brief introduction to the Schrodinger equa-

tion in the Euclidean space RY. For a complete dissertation see [6].

2.1 The Linear Schrodinger Equation

In this section we introduce some classical results on the linear Schrédinger
equation in R?. In particular we shall state homogeneous and nonhomoge-
neous Strichartz estimates with the aim of comparing these results with the
ones given in Chapter 3.

Let us consider the Cauchy problem

0+ Au=0, (t,z)€RxRY
u(0,-) = up € S’(RY).

(2.1)

It is a well known fact that the unique solution to (2.1) is

e—|z\2/4it

itA
(47rit)d/? "o

€ Uy =

_ J,—_-—l (€_4W2it|£|2f(u0)).

In the following we state a few properties for the class of operators {e2};cg.

9
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Proposition 2.1.1. The family {e"®}icr is a unitary group of operators
acting on L*(RY).

Proof. See [6]. O

Proposition 2.1.2. (Dispersive Estimate)

itA 1

" ul [ poo(ray S MT/QHuHLl(Rd)-

Proof. See [6]. O

The proof of homogeneous and nonhomogeneous Strichartz estimates for
the linear Schrodinger equation in R? is mainly based on the dispersive esti-
mate and on the mass conservation. The following functional analytic result
by Markus Keel and Terence Tao is crucial to prove the estimates under

discussion.

Definition 2.1.3. Let 0 > 0, the pair (q,r) is Strichartz o-admissible if

2 2
q,r>2, (q,r,0)#(2,00,1) and —+—0=U.
q r

Theorem 2.1.4. (Keel-Tao) Let X be a measure space and H an Hilbert

space. Suppose that for every t € R there exist an operator
U(t): H— L*(X)
such that:

1. ForallteR and f € H
U@ fllr2cx) S Nl a-

2. For allt,s € R such that t # s and g € L*(X)

U@ (U ($)) gl S “%

s|ff||g||L1(X)’

for some o > 0.
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11

Then, for every (q,r), (4,7) Strichartz o-admissible pairs, the following es-
timates hold:

U @) ullza rrx)) S ullm, (2.2)

| [wen s i
|/ vwwere. ds(

where ¢’ denotes the Holder conjugate of q.

< || F| ‘Lq' (R,L™ (R4))>

La(R,L7(X)) SNl @z

Proof. See [5]. O

Theorem 2.1.5. (Homogeneous Strichartz Estimates) Let (q, 1) be Strichartz
d/2-admissible, then

HeitAuHLq(R,LT(Rd)) N ||UHL2(Rd)-

Theorem 2.1.6. (Nonhomogeneous Strichartz Estimates) Let (q,7), (q,D)
be Strichartz d/2-admissible, then

H/ (I2F(s,) ds

Theorem 2.1.4 will also be used in Chapter 3 to prove Strichartz estimates

SIF
La(R,L7 (RY))

| |Lé’ (R,L7 (R2))

on closed Riemannian manifolds.

2.2 The Nonlinear Schrodinger Equation

The aim of this section is to give a description of the nonlinear Schrédinger
equation (NLS) in R¢ with polynomial nonlinearity. We shall introduce the
notions of classical and strong solution to the NLS and state local and global

well-posedness results in the energy space H'(R?) for the Cauchy problem

i0u+ Au = |ulP~tu, (t,z) € R x RY,
u(0,-) =ug € H(RY), s>0.

(2.3)
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Assuming the initial datum wug to be smooth enough, broadly speaking we
refer to a ”classical solution” to the Cauchy problem (2.3) as a function u

that solves (at least locally) the equation
0+ Au = |ulP'u, (t,7) € R x R,

in a classical sense (i.e. without requiring the theory of weak derivatives),
have enough decay and, of course, satisfies the initial condition. The proof
of the uniqueness for classical solutions to (2.3) (whenever they exist) is
standard (see [9]). In order to study the Cauchy problem (2.3) with ”"rough”

initial data we introduce the notion of strong solution to the NLS.

Definition 2.2.1. (Strong Solution to the NLS) Let T' > 0, a function u €
C([=T,T], H*(R%) that solves the integral equation

t
u(t, z) = e ug(x) — z/ D8 (s, ) [P u(s, x) ds, Ve [-T,T)
0

is said to be a strong solution to (2.3).

Remark 2.2.2. Whenever a classical solution to (2.3) exists, it coincides

with the strong solution to the Cauchy problem.

Definition 2.2.3. (Local and Global Well-Posedness) We say that the Cauchy
problem (2.3) is locally well-posed in H*(R?) if, given any ug € H*(R?), there
exist T =T (ug) > 0, a Banach space Xy C C([=T,T], H*(R%)) and a unique
strong solution u € X to (2.3). Moreover, the map data solution iy — u
1s locally defined and continuous.

In case the time of existence T can be taken arbitrarily large, we say that
(2.3) is globally well-posed in H*(R?).

Remark 2.2.4. Let us assume that the Cauchy problem (2.3) is well-posed in
H*(RY). By performing a standard reqularization of the nonlinearity |uP~ u,
every strong solution to the regqularized version of (2.3) can be seen as the
strong limit (in the H® topology) of smooth classical solutions generated by

any sequence of smooth data converging to the "rough” initial datum ug.
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As a consequence to Remark 2.2.4, from now on we assume that any
strong solution to the Cauchy problem (2.3) has enough regularity to justify

the following computations.

Remark 2.2.5. The notions of solution and local/global well-posedness can
be easily adapted to the case of NLS on closed Riemannian manifolds (see
Chapter 3).

Theorem 2.2.6. (Local Well-Posedness in H') Let us assume
d+2
l<p< ——, ifd>2
p — d _ 27 Zf Y
l<p<oo, 1fd=1,2.

The Cauchy problem (2.3) is locally well-posed in H'(R?) and the unique
strong solution u € C([=T,T], H'(R?)) satisfies the following conservation

laws:

1. Mass Conservation Law
||U(t, ')”LQ(Rd) = ||U’0||L2(]Rd)7 Vt € [_Ta T]

2. Energy Conservation Law

||u(t’ )| i—:il(Rd)

1 2
SVt e + ]

| ’U0| |IZ/—;~1—1(Rd)7 Vi € [_T, T] .

1 2
= EHVUOHLQ(W) + bt 1

In particular, if the polynomial nonlinearity satisfies the condition

d+2
l<p<——, ifd>2,
d—2 (2.4)

l<p<oo, ifd=1,2,
the time of existence T' depends only on ||ug||gr Tather than on wy.

Remark 2.2.7. By using a standard iterative method based and the conser-
vation laws, it is possible to prove that the Cauchy problem (2.3) is globally

well posed whenever condition (2.4) holds.
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2. The Schrodinger Equation in the Euclidean Space




Chapter 3

The Schrodinger Equation on

Closed Riemannian Manifolds

This chapter is devoted to the description of the Schrodinger equation on

an arbitrary d-dimensional compact Riemannian Manifold M? with OM = ().

3.1 The Linear Schrodinger Equation

In this section we introduce some classical results on the linear Schrodinger
equation (LS) on a closed Riemannian manifold M?. In particular, we shall
prove homogeneous and nonhomogeneous Strichartz estimates with loss of
derivatives for the LS (that is, with a Sobolev norm on the r.h.s.) which are
a key tool in the subsequent dissertation on the nonlinear problem.

Let us consider the Cauchy problem
i+ Aju=0 (t,z) € R x M?

(3.1)
u(0,-) = up € LE(M).

The unique solution to (3.1) is e“9ug where, for every ¢t € R, the linear map
"B LA(MY) — L*(M)

is defined through the functional calculus of the Laplace-Beltrami operator

(see Chapter 1).

15
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3. The Schrodinger Equation on Closed Riemannian Manifolds

Proposition 3.1.1. The family {e?9},cr is a unitary group of operators
acting on L*(M?).

Remark 3.1.2. We recall that the proof of Strichartz estimates in the Eu-
clidean setting is a combination of functional analytic arguments and the

dispersive estimate

- 1
itA
" ul| oo ray S |t|—d/2||u||L1(Rd)a (3.2)
which fails in the case of compact Riemannian manifolds. In fact, any con-
stant function belongs to L?*(M®) (since M? is compact) and solves (3.1) but
fails to satisfy (3.2) with M? in place of R?

Since a standard dispersive estimate is not available in M? (see Remark
3.1.2), we shall need a semiclassical version of the latter (which holds on
time intervals that shrink as the frequency of the data is growing) in order
to prove Strichartz estimates with loss. To state this result we need some

tools from microlocal analysis.

Definition 3.1.3. A Littlewood-Paley partition of the identity is a pair (p, @)
such that

Id= (D) + Y @(=h’A,), @ €CFR), peCrR).

h—1lg2N

Proposition 3.1.4. Let (@, ¢) be a Littlewood-Paley partition of the identity.
For all r > 2, we have

1/2
|l rarey S N@(=Ag)ullr(may + (Z |lp(=hA U|IuMd>> - (33)

h—1g2N

Proof. See Corollary 2.3. in [3]. O

Proposition 3.1.5. Let ¢ € C5°(R*). For all r > 1, we have

(5 eamr)

h—1g2N

< r(Md)- 3.4
Lty ™ ||l prare) (3.4)
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Proof. See Theorem 0.2.10. in [§]. O

Proposition 3.1.6. Let ¢ € C5°(R*), we have

1/2
(Z h=|lp(=h*A )u||L2Md> S ful

h—1le2N

Proof. By using the Spectral Theorem and the functional calculus of A,, we

get

5 h28|\¢<—hmg>uu;(w)~z( S b, )uEuan

h—1e2N JEN \h—1e2N
For any A; fixed, since ¢ is compactly supported, we have
D TR S (L4 A)°
h—te2N
therefore, by using the Spectral Theorem and the functional calculus of A,

we have

Y Pl A ulFaay S D (14X I Esul 72 ~ |lull;

Hs
h—1g9oN JEN

which concludes the proof of the proposition. ]

Proposition 3.1.7. (Semiclassical Dispersive Estimate) Let ¢ € C§°(R).
There exist a > 0 such that, for all h €]0,1], we have

HeitAg(,O(—hQAg)UHLOO(Md) S ’t|—d/2HUHL1(Md)7
for allt € [—ah, ah).
Proof. See [3]. .

Proposition 3.1.8. Let ¢ € C°(R) and (q,r) Strichartz d/2-admissible.
There ezist a« > 0 such that, for every interval J C R of size < ah, h € ]0, 1],

we have

' 1/q
( / ||e“Aw<—h2Ag>u||%<Md)dt) < (=20 ull 2
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Proof. Let ¢ € C°(R), v@ = ¢. By Proposition 3.1.7 there exist a > 0 such
that, for every h €]0, 1], we have

a, 1
e @(=h*AgJullz S e e, (3.6)

for every t € [—ah, ah]. Let J C R be an interval of size < ah, h €]0, 1], for

every t € R we define the operator
U(t) := 15(t)e™ 1 @g(—h2A).

Due to (3.6), for every ¢ € R the operator U(t) satisfies the hypotheses of
Theorem 2.1.4 with X = M H = L*(M?) and o = d/2, so that, from (2.2),

we get
A 1/q
( [ 9¢<—h2Ag>u||%dt)
J

B (/R ’|1J<t>eimg@(_hQAgW(_hZAg)u’

S llp(=h*Ag)ullre.

1/q
ir dt>

O

With the previous results at our disposal we can now state the Strichartz

estimates with loss on closed Riemannian manifolds.

Theorem 3.1.9. (Homogeneous Strichartz Estimates) Let (q,r) Strichartz
d/2-admissible, for any finite interval I C R, we have

HeitAguHLq(I,L’“(Md)) S Nl gvaasay-

Proof. Let (¢, ) be a Littlewood-Paley partition of the identity, by using
(3.3) we get

1/2
lle"Saul| e < [le3(=Ag)ul |- + ( D e p(=hAg)ul %) :
h—1g2N
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Taking the L? norm for ¢t € I, by Minkowski inequality we get

‘ |eitA ’ |eitA

*P(=Ag)ullLaqLr+

1/2
+( Z "eitAgSD(_h2Ag)u"%Q(I,Lr)> .

h—le2N

9| \Lq(I,Lr) S

Now, we split the interval I into N sub-intervals J of size < ah (a given by

Proposition 3.1.8) with N < ~2~! and obtain
N
et G(—Agyulltyg iy = S / e203(— A )ul %,
k=1 k

N
||€ZtA990(_h2A9)U"%q(I,LT) - Z/J le™2so(=h*Ag)ul|
k=1 "k

so that, applying Proposition 3.1.8 to the right hand side of the previous

identities, we get

1% @(=Ag)ullFar 1y S NIG(=Ag)ullfz S lo(=Ag)ullfs,

0o (=h2Ag)ullfgr 1) S Nllp(=1*Ag)ullfs S B Io(=R*Ag)ull7,

We observe that

|G(—Ag)ullrz = (/Md B )u? dvolg) 1/2
(/ dvolg> 1/2_

Since ¢ is compactly supported, there exist finitely many A;s such that
@(Aj) # 0, then
1/2 , 1/2
dvolg> < (/ dvolg> = ||u|| 2
Ma

||€itAg¢(_Ag)u||Lq(LLr) S ||U||L2;

therefore
| ]eitAgcp(—hQAg)M lLarzry S h_l/q| [o(=h*Ag)ul|pz.

iU

U

jeN
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Finally, putting all together, we obtain

1/2
Hﬁ%wmumﬁﬂWMP%<§:h2@WPWAﬂw%> ,

h—1e2N
hence, due to (3.5), we get
el parry S Nlullpe + lull e S Nullgsa,

which concludes the proof. O

Notation 3.1.10. Let X be a Banach space and T > 0, we shall use L. X
to denote the space LP((0,T), X) and

T 1/p
|VH$XE(/)HW§d% .
0

Corollary 3.1.11. (Nonhomogeneous Strichartz Estimates) For any T > 0,

we have

¢
H/ et [(s5,.) ds
0

Proof. Defining Fi(t) := 1<(s)e’**)2 F(s, ), due to Minkowski’s inequality,

we get
T ~
H / F, ds
0

which is equivalent to

t
H/ =R (s, .) ds‘
0

Applying Theorem 3.1.9 to the RHS of the inequality above we obtain

t
H/ et (s, ) ds‘
0

. S NE L avaqarey-

T ~
S/meu@
0

L

T
5/'WWM%F@omwuw

Lirr 0

T
—isA
o TR e s

T
=/|W@NW~®=WMWW
0
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Remark 3.1.12. We remark that the previous estimates are not optimal, in
the sense that it might exist so = so(M?) € [0, %] such that

Hso(Md), (37)

S WE ey rreo ara)- (3.8)

HeitAguHLq(I,L*(Md)) S lul
t
H/ et (s, ) ds‘
0

A classical example to that "non-optimality” is given by Bourgain’s estimate

LLL (M)
on T? for which the two inequalities above hold for every so > 0 (see [2]).

3.2 The Nonlinear Schrodinger Equation

The aim of this section is to study the nonlinear Schrodinger equation
on closed Riemannian manifolds with polynomial nonlinearity; we shall state
local and global well-posedness results for the Cauchy problem

10+ Agu = |ulPtu, (t,z) € R x M4,

(3.9)
u(0,-) = ug € H*(M?), s>0,

and show qualitative properties for its solutions (whenever they exist).
By using a contraction argument built on the Strichartz estimates we get the

following local well-posedness result.

Theorem 3.2.1. (Local Well-Posedness in H*(M?)) Let (M? g) be a d-
dimensional closed Riemannian manifold and p > 1, the Cauchy problem
(3.9) is locally well-posed in H*(M?), provided

d 1 d 1
s>max{———, ———}.
2 p—1"2 2

In particular, assuming that

d 1 d 1
s>max{———, ———}, s>1
2 p—1 2 2

the unique strong solution uw € C([=T,T), H*(M?)) satisfies the following

conservation laws



22 3. The Schrodinger Equation on Closed Riemannian Manifolds
1. Mass Conservation Law
[t Mraqarsy = lolliaqarey, Ve € [=T,T].
2. Energy Conservation Law
S95u(t, M Eagase +p#||u< I s
= 195l + ol ¥t € ST
Proof. See [3]. O

In the following we take advantage of the previous local well-posedness
result in order to state a global well-posedness result in the 2-dimensional

case.

Theorem 3.2.2. (Global Well-Posedness in H*(M?)) Let (M?,g) be a 2-

dimensional closed Riemannian manifold and p > 1, the Cauchy problem

i+ Agu = |ulP~lu, (t,x) € R x M?,

By = [P, (1) 510,
u(0,) = ug € H'(M?),

is globally well posed in H'(M?). In particular, the unique strong solution

u € C(R, H(M?)) satisfies the mass and the energy conservation laws.
Proof. See [3]. O

Proposition 3.2.3. Let u € C(R, H'(M?)) be the unique global solution to
(3.10). There exist sy € [0, ] such that, for all T € (0,1) and j € NU {0},

we have

107 u| lLanaovey S 1167 u(0, -)|

H?*0(M?) +T||8g(’u|p_1u>||L$°H50(M2)'

Proof. At first we observe that if u solves (3.10), then & is a solution to
the Cauchy problem

0w + Agv =0 ([ulP~u), (t,x) € R x M?
v(0,-) = 8/u(0,-).
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From Duhamel’s formula we get

t
61?“ = eitAgggu(O’ ) - Z/ ei(t_S)AgagOu(sv ')|p_1u(8a '))dS,

0

therefore
N0 ul|pars S |]€00]u(0,)||Laza+

+H /Ot e =290 (|u(s, ) [P~ u(s, -))ds‘

LAr4
By applying (3.7) to the first term on the right hand side of the inequality
above and (3.8) to the second term, we get
167ul 12+ S 1107 (0, )]
S 11070, )]

oo + 1107 ([P~ )l a0

o+ 7110 (P~ )| oo o
which concludes the proof of the proposition. O]

To establish a global well-posedness result for the cubic NLS on a closed 3-
dimensional Riemannian manifolds, it is essential to use an available endpoint
Strichartz estimate for spectrally localized data (see Lemma 3.4. [3]) in order

to take advantage of the conservation laws.

Theorem 3.2.4. (Global Well-Posedness in H*(M?)) Let (M3, g) be a 3-

dimensional closed Riemannian manifold. Then, the Cauchy problem

i+ Agu = |u?u, (t,x) € R x M3,

(3.11)
u(0,-) = ug € H¢(M?).

is globally well-posed in H*(M?3) for any s > 1. In particular the unique
strong solution u € C(R, H*(M?)) satisfies the mass and the energy conser-

vation laws.
Proof. See [3]. O

Remark 3.2.5. A similar global well-posedness result holds for subcubic non-

linearities (i.e |u[P™ u with 2 < p < 3).
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Lemma 3.2.6. Let ¢ € C3°(R), h €]0,1] and assume that u is the unique
global solution to the Cauchy problem

10w + Agv = o(=h?A ) F, (t,z) € R x M?,

v(0,) = @(—=h2A,)vp.

Then, for every T > 0, we have

||U||L2TL6(M3) S ||U||L§9L2(M3) + h_1/2||v||L2TL2(M3) + ||90(_h2Ag)F||L%L6/5(M3)'

Proof. See [1]. O
Proposition 3.2.7. Let u € C(R, H5(M?)) be the unique strong solution to
the Cauchy problem (3.11). For all 7,e € (0,1) and j € NU {0}, we have

107 ullzz oy Se 1107l Lo meqary + 1107wl p2 a2 agsy + 1107 ([l ) 2 pors sy

Proof. We consider a Littlewood-Paley partition of the identity (@, ) so
that, by Lemma (3.3) and Minkowski inequality, we get

1/2
10/ ul[L2pe S [|P(=Ag)0ulL2rs + ( >, IISO(—hQAg)@iUll%zLﬁ) :
h—1e2N
Since u solves (3.11), then ¢(—A,)d/u is a solution to the Cauchy problem
100 + Agv = G(—=A) ([ulP~u), (t,z) € R x M3,
v(0,) = §(=Ay)]u(0, ),
therefore, due to Lemma 3.2.6, we have
1G(=29)0]ullizie S 1G(=29)]ul 15212 + ||E(=2g) O ul | 212
HP(=29)0] (P~ )| 3 o5
Arguing as in the proof of Theorem 3.1.9, we get
16(=2g)8ullree 2 < 11070l |pee 12,
16(=29)8]ull 1212 S [107ul| 212,

1G(=29)0] ([P~ )l 205 S 110] ([P~ )| 2 o5,
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therefore, putting all together, we get
13(=Ag)0ull 220 SN ul| Loz + | ul|r2r2 + (107 (JulP~ w)]] 12 ors.
Since u solves (3.11), then ¢(—h?A,)d}u is a solution to the Cauchy problem
10 + Agv = o(—=h2A) 0] (JulP~ ),  (t,z) € R x M?,
v(0,-) = p(=h*Ag)du(0, ),
therefore, due to Lemma 3.2.6, we have

lo(=h*Ag)Aull22 e S o (=h*Ag) AT 2 + B |lo(—h2 D) ul [ 12
Hlo(=h2Ag)d} (Jul~ )| 2 pors
By using Proposition 3.1.6, for every € € (0, 1) we have

Y llo(=n*Ag)dullze = Y R p(=h*A)d]ullf

h—le2N h—1le2N
SO mP Y hTlp(=hP A0l 7
m—1e2N h—1le2N
< S0 w0l e e 110]ul
m—1e2N
and
> b le(=RPA)dull7e S 10full3 e
h—1e2N
therefore
D lle(=h* D) ullf e 2 Se ll0ful |7 e (3.12)
h—1le2N
> M e(=h AN ull7a e S [10)ul[7 2 (3.13)
h—1le2N

Moreover we observe that

Y llo(=h*Ag)3] (jul~ w) s

h—1g2N

5/3
M3

h—lg2N
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5/3

3/5
S / <Z \w(—h%g)af(W!“wF) dvoly |,
M3

h—te2aN
hence, by using (3.4), we deduce that
Z ‘|‘P(_h2Ag)8g(|U|p_1U)||igL6/s S ||8f(\u|p_1u)H%ZL6/5. (3.14)
h—1e2N

Finally, from (3.12), (3.13), (3.14), we obtain

D lle(=h*Ag)ullFzre Se l187ullFoo e + 1107ull}2 g1 + 110X (ulP w132 10/5
h—1le2N

and we easily deduce the statement of the proposition. O]



Chapter 4

Growth of H2* Sobolev Norms
of Solutions to NLS on Closed

Riemannian Manifolds

In the previous chapter we saw that, given a generic d-dimensional closed

Riemannian manifold (M, g), the nonlinear Schrédinger equation

0+ Agu = |ulP~lu, (t,r) € R x M?
u(0,2) = ug € H™(M?)

is globally well-posed under certain conditions on d (dimension of the mani-
fold), p (nonlinearity) and m (regularity of the initial datum). In particular
the following families of Cauchy problems admit a unique global solution

which preserves the regularity along the evolution:
e 2-dimensional manifold and odd integer nonlinearity

10+ Agu = |ulP~tu, (t,z) € R x M?,
u(0,+) = ug € H™(M?),

where m > 2, meNand p=2n+1,n e N.
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e 3-dimensional manifold and cubic nonlinearity

0+ Agu = |ul?u, (t,z) € R x M3,

(4.2)
u(0,-) = uy € H™(M?),
where m > 2, m € N.
e 3-dimensional manifold and subcubic nonlinearity
i+ Agu = |ulP~lu, (t,2) € R x M3,
put Bgu = [a e, (t0) ",

u(0,-) = ug € H*(M?),
where p € (2, 3).

In the following exposition we want to provide a priori bounds on the growth
in time of the Sobolev norms of the solutions to these families of NLS. We
shall focus on the Cauchy problems (4.1) and (4.2) by studying independently
the two different cases "m odd” (Chapter 4) and "m even” (Chapter 5), then
we shall examine the subcubic problem (4.3) (Chapter 6). Let us say right
away that the growth in time of these Sobolev norms is only of interest for
m > 2. In fact, given u € C(R, H™(M?)) the unique global solution to either
(4.1), (4.2) or (4.3), for every t € R, the conservation laws give

2 1
IV gult, 2o arey < 1Vguolzaaray + Sl Dot (g

[u(t, M2 ara) = 1wl Z2(ara),

therefore, by using the Sobolev embedding H'(M?) < LPT(M?), we get

sup [|u(t, )| a1y Sijuolly 1 (4.4)
teR

proving that the map R > ¢ —— [|u(t, -)||g1(asa) is bounded from above by
a constant. Since we deal with positive integers, the meaningful cases are
m > 2.



4.1 Comparable Norms

Remark 4.0.1. Let u € C(R, H™(M%)) be the unique global solution to
either (4.1), (4.2) or (4.3) and 7 € (0,1). For any s > 1 and vy < ¢, we have

||u||ZgoHs(Md) SHUOHHI ||u||igoHS(Md)' (4.5)
Indeed, due to the Sobolev embedding H*(M?) — H'(M?), we have

5—
ull e = llullfe e

5— 5—
el Foo grs ol [ S 1l Foo gre [l " < (1wl oo e

We shall use (4.5) in the following computations without further notice.

4.1 Comparable Norms

In this section we prove fundamental comparisons between Sobolev norms

that we will repeatedly use both in this chapter and in the following one.

Lemma 4.1.1. Letu € C(R, H™(M?)) be the unique global solution to either
(4.1) or (4.2). For every j € N, we have
Hu =i Nu+ Z Ch 8?Ag_h_1(]u\p_lu), (4.6)

h=0

where ¢, are suitable complex coefficients.

Proof. We argue by induction on j:
(Base Case) Trivial.
(Induction Step) By assuming (4.6) holds for j, we have that

j—1
8g+lu _ 8t(8,fu) _ ijatAgu + Zch agl+1Agfhfl(’u‘pflu)

h=0

Since u solves (4.1) or (4.2) and &/ and AJ commute, we get

dA(Opu) = 7N — A (JufP ),
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therefore
j—1
8g+lu _ Z-jJrlAnglu . Z’j+1Ag(’u‘p71u> + Z ch a£1+1Ag7h71(|u‘p71u)
h=0
= z’JHAZ]Hu - Z'J+1A;(|u|p_1u) + Z ch 8£‘A‘;_h(|u|p_1u)
h=1
J
S AAYARTES Z cn OF A" (|ufP~ ),
h=0
where ¢y = —¢/1. O

Proposition 4.1.2. Let u € C(R, H™(M?)) be the unique global solution to
(4.1). For every j € N and s € NU {0}, we have

1070~ # A

H(M2) Slluollgr |[ullz2i-1012) (4.7)

Proof. We argue by induction on j € N.
(Base Case) Since u solves (4.1), due to Remark 1.2.10 and the Holder in-

equality, we have

e~ (P ) llee S 3 <H||u||WSi,gp>. (4.8)

S1+...+sp=s =1

|0 — iA yul

By using the Sobolev embedding H**(M?) — W*?(M?) and (1.1), we
get

(48) s Y (ﬁHUI

S1+...+sp=s =1

p s; 1-5%
wer | S0 >0 | T el llulli™ )
1=1

S1+...+sp=s

Finally, due to (4.4), we have

b si
10vu — iAgul| g Slhuoll 1 Z ( H ]| s > S [lul
i=1

S1+...+8p=s

Hs+1,

(Induction Step) From Lemma 4.1.1, we have

j
e S NOPATT (fufP )|

h=0

J
< ST (ulP~ ) | gzs-ones (4.9)
h=0

107 — 7+ Al

s
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By expanding the time derivative, due to Remark 1.2.10, we get

J
DFSD DD DI S § (23 I N ) R .

h=0 hi+...+hp=h i:l,---,p—;l i:pT_lJrl’...’p
. ) (4.10)

Further to this, the Sobolev embedding H**1(M?) — W*:?P(M?) gives

(4.10) < Z > ( ﬁ |00 ul
=1

h=0 hyi+-+hp=h
Si+-+sp=2j—2h+s

therefore, by using the Holder inequality, we obtain

P
167 ww“uuwz > (Huai“u
=1

hi+-+hp=h
s1+-+sp=2j—2h+s

e ) . (4.11)

Note that, for every i € {1,---,p}, we have that h; < j then, by using the

inductive hypothesis, we obtain

Qi — z'hiAZ’"u

SHUOHHI Hu‘ Hsit2hi,

therefore

O || gpovsr < )00 u — ihiAgiu

Hsi+1 + ‘ |ZhZAZhU/

Hsi+1

Sjlluon [l grsiven + |[ul] groivenier S [|ul|goironier. (4.12)

By using (1.1) and (4.4), we get

2h2:+si _ 2h,7;+s7; 2’7‘2:“’32'
(4.12) S flull iz llull g ™ Siuol el 50,

hence

J p 2h;+s;

(411) Sjuollys > | NI |

h=0 hi+-+hp=h i=1
s1+-+sp=2j—2h+s

Hs+2i+1,

which concludes the induction step. 0]
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Corollary 4.1.3. Let u € C(R, H™(M?)) be the unique global solution to
(4.1). For every j € N and s € NU {0}, we have

1]l

o (02) Sluoll 1 1[0 5423 (ar2)- (4.13)
Proof. By using (4.7), we get

107ullar S 110w — i Ajul | = + |17 Agul |

Stuoll [[tllmes2s=r + 11 Afullrre < [[ullesas,

proving the statement. O]

Proposition 4.1.4. Let u € C(R, H™(M?)) be the unique global solution to
(4.2). For every j € N and s € NU {0}, we have

||8§u — 1]A§u| Hs(M3) SHUOHHl |]u| Hs+2i—1(M3) (414)
Proof. See Proposition 4.1.2. m

Corollary 4.1.5. Let u € C(R, H™(M?3)) be the unique global solution to
(4.2). For every j € N and s € NU {0}, we have

107l

Hs(M3) SHUOHHl Hu] Hs+23 (M3) (4.15)

Proof. See Corollary 4.1.3. O]

4.2 Modified Energies

In this section we introduce suitable "modified energy” for the Cauchy
problems (4.1) and (4.2) with m = 2k, k € N (even-integer Sobolev regularity
of the initial datum). These energies will be crucial to establish a priori

bounds on the growth of higher order Sobolev norms || - || g2x.

Definition 4.2.1. Let u € C(R, H*(M%)) be the unique global solution to
either (4.1) or (4.2) with m = 2k, k € N. We define the modified energy

Exe(u) = 1|0F ullF2(aga) + Ran(w)
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where

p—1 _ _ _ _
Ras(w)i= =2 [ 10V ) Bl dvot, = [ 108 (u )P,

Proposition 4.2.2. Let u € C(R, H*(M?)) be the unique global solution to
either (4.1) or (4.2) with m = 2k, k € N. We have

d

—1
@ ) = —P—1 / Oy ()2 By(Jul~?) dvol,+
dt 4 Md

2 [ o (ulr ) 0 (9l dooly+
Ma

k=1
#3000 ), 0 () ool
j=0 M1

k—1

+Re ) ¢ / & (JulP™Y) 0F Tu 0F Y (|uP\a) dvol,+
j=0 M1

+Re) ¢ / O (Ju[P=Y) dl(Agm) O u dvoly+
j=0 M1

k-1
+ Ichj/ A (|lulPY) 0F Tu 8k dvol, (4.16)
j=1 M

where c; denote real constants that may change from line to line.

Proof. We observe that

d
Enafuniz = 2Re ( oF ™y oFu dvolg) : (4.17)
Md

and that, since u solves (4.1) or (4.2), we have
(4.17) = 2Re </ iOF (A u) OFu dvolg) +
Ma
+ 2Re (/ —i0F (|ulP~ ) OFu dvolg)
Ma
= 2Re </ —i0F (|ulP~'u) OFu dvolg> .
Ma
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Indeed, integration by parts gives

2Re (/ iOF (A u) OFu dvolg) = —2Re <z/ |Vgafu|3 dvolg) = 0.
Md Md

Since
O (JulP~'u) = OF ([l u + [ufP ' Ofu+ ) " e; A (Juf™) o Tu,  (4.18)
j=1

where ¢; denote suitable real constants that may change in the following

computations, we get
d ok 12 ok, [p—1\ gk
%H(?tuHLg =2Re . —iu ) (|ulP™") 0w dvol, | +

k-1
—I—Ichj/ A (luP~Y) 0F 7w dFa dvol,.
=1 /M

By using that u solves (4.1) or (4.2), we have

2Re </ —iu OF (lulP~") OFa dvolg)
Ma
= —2Re (/ w OF ([ulP™') A, (0F 1) dvolg> +
Ma

+ 2Re (/ w OF (JulP™) OF(|ulP~'a) dvolg) :
Mad

Now, using (4.18) again, we obtain

2Re </ —iu OF([ulP™") oFu dvolg)
Ma
= —2Re (/ u O (|[ulP™) A,(0F '7) dvolg) +
Ma

+ 2Re (/ OF (|u|P~ ) OF*(|ulP~'a) dvolg> +
Ma
k—1

+Re ) ¢ /M d A (luP~Y) 0F Tu OFH(JulP~1a) dvol,.
j=0
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Putting all together, we get
d
%Hﬁqu%z = —2Re (/Mdu OF ([ulP™) Ay(0F ') dvol )
+ 2Re (/ ) OF (JulP~ ) OF(|ulP~'a) dvolg) +

k-1
—l—Ich]/ & (JulP™Y) OF Tu dFu dvol -+

+ RGZCj /Md A (|ulP=Y) 9 7w OF(|uP~1a) dvol,.
=0

We observe that

%|af_1(|u|p_lu)|2 = 2Re (07 (Jul"~"w) OF " (Jul"~"7)) ,

therefore
d
%H@fUH%Q = — 2Re (/Mdu OF (|ulP™) Ay (0F ') dvol )
d
o 1 Gl ) dvol, +
d

k—1
+Im) ¢ / & (JulP™Y) OF Tu dFu dvol -+
1 Md

k—1
+Re) ¢ / & (|luP™Y) aF Tu oF(JulP~a) dvol,.
—0 Ma
To prove the result we just have to focus on the term

(I) = —2Re (/Mduaf(|u|p—1) NG )dvol)

Note that
A, (u?) = 2Re(uld ) + 2/Vul?,

hence, by expanding the time derivative, we have
O A (Jul?) = 2Re (uA, (07 ') + ReZc] & (AT) 0

+ 2 af—l(|vguyg) (4.19)
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where ¢; denote suitable real constants that may change in the following

computations. Using (4.19) and the integration by parts Theorem, we get
(D Z/Md(af(vg(!u\pl))ﬁf1(Vg(\UI2)))g dvoly+
+ 2/ OF (JuP=) 35_1(\Vgu]3) dvol,+
s
FReY ¢ /M OF (™) 9](AT) 0w dvol,  (4:20)
=0
therefore, the identity
V() = 2L, ()
gives
(4:20) = B [ @FQul 9, (). 07 (V1)) ol +
+ Q/Md OF (|ulP™) Gf_l(Wgu\ﬁ) dvol ,+

k—2
+Re) ¢ / O (JulP=1) & (Aym) 9 u dvol,.
j=0 JM?

By expanding the time derivative we obtain

(=29, () = al? 0T, () + 3 ey BH(T, () 3 (fup=)
therefore
p—1 k 2 k—1 2 p—3
0 =25 [ (T, ). 06 (T, (P ™ ol +

k—1
+Xo /M DAV 1uf)), DTy () O (™) ol +

2 [ o (ul ) o (V) dool+
Md

k—2

FReY ¢ / O (™) 8 (A, ) 3w dvol,, (4.21)
j=0 M
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Finally

—1
(4-21)=p—4 /at|af—1(vg(|u|2))|§ lu|P~3 dvol ,+
Ma
k—1 ‘ A
P /MJ8g (Vy([af). 08 (Vo(Jul’))y 01 (|ul~?) dvoly+
§=0
w2 [ O(ulr ) O (1) duol
Md

k—2
+Re) ¢ / O (lulP~Y) &) (Aga) 8F T dvol,
j=0 M

since

2008 (Vg (lu*), 0~ (Vg([ul*)))g = 0610, (V(|ul*))]5-

Putting all together we obtain
d _ _
Ikl =2 [ o) 9 (9 ) dvol,+

-1
+pT/ DOF (Vo (Jul?) 2 [uf?~? dvol,+
Md
k—1 A ‘
#3010 (V) 06 () dvoly+
j=0

k—2
+Re) ¢ / O (JulP=1) & (Ay) OF " Tu dvol -+
j=0 JM?

Ld
dt Md

k—1
+Ichj/ & (JulP~t) oF 7w dFu dvol,
=1 M

k—1

+ Rech /Md A (|JuP™t) aF Tu OF (JulP~a) dvol,. (4.22)
=0

|8f_1(|u|p_1u)|2 dvol,+

By taking the time derivative of the modified energy &£y (u) and replacing
(4.22) in it we have the statement. O

Remark 4.2.3. Let u be as in Proposition 4.2.2. If p = 3, we have

1

Rop(u) = — /M Ok (a2 dvol, — /M ok (juu) P dvol,,
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d
Gia) =2 [ OF(uP) 0 (1V,uf) dvoly+
Md

k-2
$ReY o [ ob(IuP) Gi(A,m) 3 duoly
j=0 /M
k-1 . ‘
+ Rech/ ¥ (|[ul?) 0F 7w 0F Y (|u*T) dvoly+
j=0 M
k—1 ‘ ‘
+ Ichj/ O (|ul?) 0F 7w oFa dvol,. (4.23)
R

4.3 The 2-Dimensional Case (m = 2k)

The aim of this section is to provide a bound on the growth of the con-

tinuous function

where k£ € N and u is the unique global solution to the Cauchy problem (4.1)
with m = 2k . As a first step we shall prove "modified” Strichartz estimates
that we use to establish a priori bounds to small-time increments for (4.24).

Finally, we take advantage of an iterative argument to show the polynomial
growth of (4.24).

Notation 4.3.1. In the following computations we call € a positive quantity
that may change from line to line. We shall assume € to be small enough at

each step.

Proposition 4.3.2. Let u € C(R, H*(M?)) be the unique global solution to
(4.1) with m = 2k, k € N. For every 7 € (0,1) and j < k, we have

||agu||L;1WS»4(M2) fJe, [luol| 1 ||U‘|2;o8212j+s(M2)Hu||j;03oH2j+s+1(M2)||U‘|EL$°H2J+2(M2)=

(4.25)

where s¢ € |0, ;11] is given by Proposition 3.2.3.

Proof. From Proposition 3.2.3 we have

187ull Lawss S 11070, )| gsrso + T10] ([ulP~ ) || o prssso- (4.26)
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By using (1.1) and (4.13), we get

1070, lrs+e0 S 110700, )| (1070, )| 9.
SHUOHHI ||u||};;o8%2j+s UHLOOH21+3+1

We now focus on the nonlinear term of (4.26). Due to (1.1), we have

107 (™ )l se oo S NOF ([ul?™ ) [ 55501107 (lual? ™ ) [ e o

By expanding the time derivative, due to (1.4), we deduce that

p
10/ (P )l S D (H 107 u| ) 10/ ullms,  (4.27)

Jittip=i \ i=2

therefore, by using (1.2) and (4.13), we get

p . .
ums Y (Hnagm ol )
Jit.+Jp=J =2
Stuollr D (Huu||wl||uu;w ) [ull gz s (4:28)
rbetip=i \ i=2

Due to (1.1), we have

s 5— (176) €
1295 Y (H||u||;;;+: g (775 ) ||u||H2ji+2)><

Jit+..+jp=J =2
2j1+s—1 2j— 2]1
1 2
Xl | gayis " HullF

, (4.29)

therefore, (4.4) gives

6 2J1+s:1
(429) Sjoll D (HHuH;eti: )II ul | B ] |G-

Ji+.AJp=J =2

By taking the supremum over ¢ € (0,7) we obtain

. _ (1—e¢)
18] (lulP~ ) Lo s Se, ol D (HH Hz@}pﬂﬁ )

Jitetip=i \ i=2

2j1+s—1
X || s Ul |70 prasee, (4.30)
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hence

2j1 +s—1
(430) S ) (H!IUI|,§§LzE+S > [l 5 frases [l Lo g

Jitetip=i \ i=2

5 |’u‘|L;€°H21+5+1|’uH2$_oH2j+2.
Similarly, we get
Hag<|u|p_1u)HL$°H5+1 Se, [luo || g1 ||UHL$°H2J'+S+1||UH€L;-_<>H23‘+2,

therefore

1107 (el )| oo reteo Se, tuotln Nl a1l oo [l | e s

Finally, putting all together

||agu||L;1Ws4 <€ [Juo| Hu||LooH2J+s ul‘zogo[pﬂsﬂ||UHEL;>OH2J'+27

which concludes the proof of the proposition. n

Lemma 4.3.3. Letu € C(R, H* (M%) be the unique global solution to either
(4.1) or (4.2) with m = 2k, k € N. For every s € [1,2k], we have

s—1

||u||L$°HS(Md) SJHuollfn HUHE%(]\/N)' (4'31>

Proof. Due to (1.1) and (4.4), for every s € [1,2k], we have

s—1 2k—s s—1

lllzrs S Ml Null 7 Spaoln Nl
We conclude by taking the supremum over ¢ € (0, 7). O

Proposition 4.3.4. Let u € C(R, H*(M?)) be the unique global solution to
(4.1) with m = 2k, k € N. For every 7 € (0,1), we have

4k21§+12$0 te 2112 ;1+€
/ rhes. of (416)1ds S ol VTl oy + Il 22 g
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Proof. We shall estimate each term of (4.16) by assuming p > 3; for p = 3
the estimate of the first and the third term is trivial.

(First Term) By expanding time and space derivative, we get

OF TV ([uPls S Y 10 uPlofV gul;.

k1+ko=k—1

Moreover, since |0¢|u|| < |0yul, we have
10 ([ulP )] S Jul?Orul,

therefore
.
J

N Z / / |0 u)? |8l€2v U|2 [u[P~* |Opul| dvol, ds.
M2

ki1+ko=

/ |8k 'y o(ul )|2 O(|ulP~?) dvoly| ds

By using Holder’s inequality, we have

/ |OF u)? |8f2vgu|3 [u[P~* |0 dvol,
M2

1/2 1/2
< (/ |05 u) |9}V gul} dvolg) (/ 2P | 9,ul? dvolg>
M?2 M?2
1/2 1/2
<ot ulllull= ([ 1wy avat) ([ 0wl deo, )

S0 ul e [l (L1108l 1.4l | By 2. (4.32)

Moreover, due to (1.2), (4.13) and (4.4), we get

2(1— 1 4 4
(4.32) S 105l 20108 a2 el | 5 |l 1551|082 By, | D] | 2
2(1
Stuollys Nl Pam e [l Py e [l |55 0820 2y ] 122,
therefore

[

2(1 —4
Se, ol Z / el 2 el [Zeany e | [l |5 082 Byl | 22 ds.

ki1+ko=

/ 105 Vo (Jul®)[2 Ou(|ulP~*) dvoly| ds
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Due to Holder’s inequality, we have

1 —4
/ e P8, ] P ][ 0822 By ] 12 s
k1+ko=
1/2
1 2 4
( / 10, el ] 22l o ds) x
k1+k2 k—1
r 1/2
X (/ ||852u||év1,4 dS)
1
< S VO sl P e el
k1+ko=k—1

(4.33)

Due to (4.25), we get

(1
(433) Se ol D VIl s a1 oy o 1l s X

ki+ko=k—1
—4
o [0S Y £ e | e P (4.34)
By applying (4.31) to each factor we obtain
4k—3+29Q 4k— 3+QsQ+
(434) Spuolln >, Vllull e S VIl T

k1+ko=k—1

therefore
L1090 o) avol,
(Second Term) By expanding the time derivative, we get
p—1
s ¥ (e )
=1

j1+-~~+jp—1:k
Ji=max{j1,....jp—1}

4k—3+2s

ds <e [luoll 1 \/_HUHLOgI]C'{;’c

Moreover, due to the Cauchy-Schwarz inequality, we have

|8f_1(’vgu|3>’ S Z |aflvgu|g|af2vgu‘gv

k] +k2—k‘71
/
0

then

O (Jul"=) 0y~ (IVgulg) dvoly| ds

M2
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p—1
< Z / / < |67 ) 081V | ,|OF? V 4ul, dvol,, ds.

k1+ko=
Ji+.. +Jp 1= k
Ji=max{j1,....jp—1}

By using Holder’s inequality, we get

p—1
/ ( H |07 u| > |0V gul|0F2 V gul 4 dvol,
M2

=1

p—1 A 1/2 1/4
< (/ ( Nk ) dvolg> (/ |8§1Vgu|3 dvolg) X
M2\ M2
1/4
X (/ 1012V gul; dvolg>
Al2

p—1
< (HH@ZWIIW ) 107 ul 2107 ul w0 2| [w.a. (4.35)
=2

Moreover, due to (1.2) and (4.13), we get

(4.35) ( LT 107 ul 10l |52 ) 107 ul | 121108 ullw1. 105>l 1.

k k
Sliuoll ( LT el ol ) [|ull g2 [0 vl w0 ul [wr.a,

therefore
|

Se, luoll g Z / (H [l 5y ][22 ) X

k1+ko=
Ji+.. +]p 1= k
jl:ma‘x{jlv"'vjp—l}

st g2 1|08 2 [yra.e || 0820 e . (4.36)

[ kP ok (V) dvol,| ds
M2

Due to Holder’s inequality, we have
9 1/2

(4.36) < > / (H el 5o | el g2 2 ) lul[fpzn ds | x

k1+ko=k—1
]1++]p—1:k'
Jr=max{j1,...,jp—1}

T 1/4 T 1/4
« (/ [CE ds> </ 02|t 1 ds)
0 0
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S Z \/_ ( HHuHLooH2]l+lHUHZ$OH2]'Z+2 > X
k1+ko=
Jit.. +Jp 1= k

Jr=max{j1,..,jp—1}

Xl o e 108l sy |02l vy (4.37)

Due to (4.25), we get

(4-37) Se. fuoll g > VT ( ) L > x

ki+ko=k—1
Ji+.. +]p 1=k
Jr=max{j1,...jp—1}

X el e o |l o ppany s 1112 prony s 10| prav 2 X

Xl ooy 1 Ul oy 2 ] e o - (4.38)

By applying (4.31) to each factor we obtain

& 4k I;H-QSO te
2 1 2 1
NHuoHHl E \/_||u||LooH2k < \/_||u||LooH2k )
k1+ko=k—1
j1+-u+jp—1:k
si=max{ji,....jp—1}

(4.38) <

therefore
J
(Third Term) By expanding the time derivative, we get

0: 7 ([ul~*)] < > ( 11 !32%) :

m1+...+mp,3:k—j =1
mi=max{mi,...,mp_3}

4k—3+2sq

ds Se, ffuolln VTl 252

_ _ +e€
O (lu["=*) O (IVgul?) dvol,

M2

Moreover, due to the Cauchy-Schwarz inequality, we have

@)V, (ul?), 05 Vg ([ul))g| S D 10 ulloulldf Vgul|0F V gul,,
kb ka1

then

[

k—
Z / (Vo ([ul*), 05V g (Jul?))g 877 (Jul"™*) dvoly | ds
=0
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k—1 p 3
M
<> > / / |8 l
Jj=0 J1tje=j
ki1+ko=k—1
m1+...+mp,3:k—j

mi=max{mi,...,mp_3}

X |02V yul,|0F*V yul, dvol, ds.

) |8’1uH8k1u\

By using Holder’s inequality, we get

p—3
/M2 ( H lalmu> 107 ul[0F ul |07V gul |02V guly dvol,
i=1

p—3 1/2
< </ ( H 0" u 2) |8glu|2|3fllL|2 dvolg> %
M2\ 5
; 1/4 1/4
X (/ 02V yul, dvolg) (/ 1012V u! dvolg)
M2 e

p—3
< (Hllf?[’”u ILoo) 107 ul | oo [|0F oo 1|07 ]| 2 10 1.0 O .

=2

(4.39)

Moreover, due to (1.2) and (4.13), we get
(4.39) ( | AT
< 1107 ul 10 ul g2 107 ul | 221107 wl w4 |07 .0

ST ( LT Hullim, +1||u\|§12mi+2> [l 7a5 0 el gz ol ok, 40 %

< |l g2y |l o 107l 107 s,

1107

!312) 107 ul 72107 ul 72

then

k—1
ZCj /MQ(8§V9(|u\2),8f1vg(|u|2))g 8ffj(|u]p73) dvol, | ds

[

Ne [luol| ;1 Z Z / ( H ||U||H2m +1||U||;12m1;+2) X

Jitje=jJ
ki1+ko=k—1
mi+..4+my_3=k—j
mi=max{mzi,...,mp_3}
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< el gagy 0 el v [l g o [l ey e ] vz |07 v |0 ul l i dis.

(4.40)

Due to Holder’s inequality, we have

p—3
(4.40) Z 3 ﬁ(H\ruH;;HWHuuzgomw)><

J1tje=j =2
ki1i+ko=k—1
m1+...+mp,3:k—j
mi=max{mi,...,mp_3}

] | e | L e ]

% lull oo rrem 107 ull w105l | Ly, (4.41)

Due to (4.25), we get

(441 S z 5 ( Tl Hnuu;?omw)

Ji+j2=jJ
k1+ko=k—1
m1+.‘.+mp_3:kfj
mi=max{mi,...,mp_3}

Xl o sy Wl e g ] o8 o 1l oo prow o [l e proma

sl [ |l g e s

o 7] e | 1] RN | 1] (4.42)

By applying (4.31) to each factor we obtain

4k—3+2s( 4k—3+2s9 Te
(4.42) Sjjuoll 12 > Vrllull s S VAl T

Jit+j2=j
k1+ko=k—1
mi+..+mp_3=k—j
mi=max{mzi,...,mp_3}

therefore

[

k—
Z [ @) 0679 (), 0 () dvol, | ds
=0

4k—3+2s
VT|lull e
NE, [luoll 1 Loo H2k

+e€
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(Fourth Term) By expanding the time derivative, we get
p—1
s 3 ( T,
Jitetip-1=j i=1
ji=max{ji,....jp—1}
p
e SN 0 ]
kit Akp=k—1 \ i=1
ki1=max{k1,....kp}
then
T k-1 . .
/ Re) ¢ / A (JulP™) 8F Tu OF(julP~ @) dvoly| ds
0 = I
< Y / / ( I 105 ) P 19| dvol, ds+
k14 . 4kp=k— 1
k1= rnax{lﬁ7 Sk
p .
—i—Z Z / / <H|3ﬁ ) <H|af’u ) 10F 7wl dvol, ds.
J=1  jit..+jp—1=j i=1
Ji=max{j1,....jp—1}
k14 4kp=k—1
ki=max{ky,....kp}
We consider at first the case j = 0. By using Hélder’s inequality, we get
p
/ H 08| | [ulP~ |0Ful dvol,
M2\ o
P 1/2 1/2
< / H 0Ful* | [ul*P=Y dvol, (/ |OFul? dvolg)
M2\ i M?2
p
< (HHaf UHLoo> 107 ul 2 |ful [} |0F ul 2. (4.43)
=2
Moreover, due to (1.2), (4.13) and (4.4), we get
; € (1—e 1) e(p—1
(4.43) ( [T 165 ullfs HaflunHQ) 198 ull e el 5707l 557719 ul 2

-1
Slluolln (Hnunﬂ% el |42, ) ] i [l 55 e g,
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> L (T

ki+...+kp=k—1
k1= Ina,x{lcl7 kp}

56, [[uoll g1 Z / < HHUHH% +1Hu||H2k +2> X

ki+...+kp=k—-1
k1= max{kl ..... kp}

therefore

) [uP~ |0 u| dvol, ds

] g ][5 | a] | v ds

1
< Z ( H ||u||(Loo;{2k +1HUI|€L$OH%¢+2) X

kit A+ kp=k—1
ki=max{k1,....kp}

X ull e groms [l [ 255721l o (4.44)

By applying (4.31) to each factor, we get

ghodie L

(4.44) Sjjuol 1 Yo Tl e S Tlull} e
kit +hp=k—1
ki=max{k1,....kp}

> (1

ki+...+kp=k—1
k1= max{kl, wkp}

therefore

> [u[P~ |0Fu| dvol, ds
o1 te

,Se [|uoll 1 Hu||LO<>H2’C

Let us now consider the case j € {1, ...,k — 1}. By using Holder’s inequality,

/ ( H i ) < H Ol ) |0F | dvol,
M2\ iy i=1

o1 1/2
< (Tt ) ettt
M2\ G2
» 1/2
X (/ ( H |OF ) O u? dvolg)
M2\ =g

we get
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p—1 p
< <HI ) (HH@fiuHLw ) 108~ ul| oo |10 ul | 2| 0F ] 2.
i=2 i=2

(4.45)
(4.45) (HIIEV’UII ||<'>’”U||Hz> (Hlla’“

) .
k— k—
x 110l :1; jUIIHzII@’IUIIL2II5’k1U|IL2

Slhuoll 1 ( ) L e ) ( [ LR e ) X

X el gz [l lgn—asio [t g2 ]| o

Moreover, due to (1.2) and (4.13), we get

1107w

therefore

> [ (T

j=1  ji+.+jp—1=j =1
ji=max{j1,....jp—1}

P
> ( H |0 > |05 ul dvol, ds
i=1

Kyt A kp=k—1
k1=max{k1,....k }

SRS SIS > /(HHuHHWHuHHM)x

=1 jit+..+jp—1=J
Ji=max{j1,...,jp—1}
kit +hp=k—1
ki1=max{k1,....kp}

(H!IUIIsz\IuH?mw ) eyl oo [l o [l 2 ds

k
> ( LT el el o e ) [l | oo pr2w X

=1 ji+..+jp—1=73
Ji=max{j1,...,jp—1}

ki+.. +kp=k—1
ki1=max{k1,....kp}

1
<

( H ||u||L00H211+1||u||2$°H2ji+2 ) ||u||L°°H231||U||LooH2k 2y+1||u||EL$°H2k*2d+2'

(4.46)



4. Growth of H?* Sobolev Norms of Solutions to NLS on Closed
50 Riemannian Manifolds

By applying (4.31) to each factor, we get

. »
(446) Sijuoll ) > THUIIE’;}I% S 7llu Hi’;}{m

j=1  ji+..+jp-1=j
Jr=max{j1,...,jp—1}

kit Akp=k—1
ki=max{k1,....kp }

therefore

S L) (e

Jj=1  ji+..+jp-1=J =1
jl max{]l: 7]17 1
ki+...+kp=k—1
ki1=max{k1,....kp}

) 08| dvol,, ds

+e
Se [|luol| 1 HUHLOOH?’C

(Fifth Term) By expanding the time derivative, we get

p—1
o (et )
k1+...+/€p71:/€ =1
kir=max{ky,....kp—1}

then

k—2
Rech/ OF (JulP=Y) & (Agu) 0F " Tu dvol,| ds
=0 M2

[
sy [ (e

J=0  ki+..tkp—
k1= max{kl, kp— 1}

) 107 (A7) |07 | dvol,, ds.

By using Holder’s inequality, we get

p—1
/. (H|afiu ) 04 (A 0 u] dvol,

i=1

p—1 1/2 ’ 1/4
< (/ ( H |OFiul? ) dvolg> (/ 07 (Au)|* dvolg) X
M2\ =1 M2
‘ 1/4
X (/ 0F Tt dvolg)
M2

p—1
< (HH&MHW ) 107 ull= 1107 Agul el |0, Full e (4.47)
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Moreover, due to (1.2) and (4.13), we have
(4.47) ( LT 08wl 1108 ul 57 ) 108 4l 2 18]l w2 107 | 1
¢ j k—1—j
Slhwoll 1 < LT el el o oo ) [lull gz [107 ullw2 [0, | s,
then
T k-2 . .
/ Rech O (JulP=) d(Aya) OF " u dvol,| ds
SV SR / ( | P e ) x
.7 =0 k1+ +kp 1= k
ki=max{ky,....kp—1}
x| |ul| 2o |0l [vwr2a ||0F ™" ]| o ds. (4.48)
Due to Holder’s inequality, we have
1/2

k—2

2
(4.48) <>~ > / ( ) QI e ) |lul|Har, ds

7=0 k1+...+kp,1:k
ki=max{k1,....kp—1}

T 1/4 T 1/4
(/ o ds) (/ 1851 ds)
0

k—2
Y v ( Tl ) el %

JZO kl"l_ +k:p 1 k
k1= max{kh 7p 1}

||l Lawa] |0F ™l | pa o (4.49)

Moreover, due to (4.25), we get

(149) <. Mlz 5 f(HHuHLoonk+1HUHZgon+z)><

= k14 Akp— 1 =k
kl =max{ki,....kp—1}

Xl e o [l | o yasa 1l o roes [l e prasee

x| |ul ‘LooH% 2j—2] ’uHSLOgoH%—%—l ‘ |uH6L$°H2’f*2J" (4.50)
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By applying (4.31) to each factor, we get

k-2 4k—3+2sq 4k—3+2sg +e

(4.50) Sjjuolln > > Vllull s S VAl T

j:O k1+ +kp 1= =k
ki=max{k1,....kp—1}

therefore

ds

[

k—2
ReS e [ ot uP™) oA, ot duo,
j=0 M

4k—3+2sq
2k—1
Se, uollyn VIl 2o

+€

(Sixth Term) By expanding the time derivative, we get

PG ED'S ( [

j1+---+jp71:j
Ji=max{j1,....Jp—1}

)

Ich] 8] (Ju[P=Y) 8F 7u 857 dvol,

then

ds

|

k1 pe1
S Z Z / / ( |0f'u ) 05wl |0Fu| dvoly, ds.
M2 N

j=1  ji+.+jp_1=j i=
ji=max{j1,....jp—1}

By using Holder’s inequality, we get

p—1
/ ( H |07 > 0F Tl |0Fu| dvol, ds
M2

i=1
p—1 1/4 . 1/4
< / * ) dvol,, (/ 0 dvolg) X
M2\ =1 M2
1/2
X </ |OFul? dvolg>
M2

p—1
< ( [T 1107l > 107wl o]0l | |9 ul | 2. (4.51)
=2
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Moreover, due to (1.2) and (4.13), we get

(4.51) <H||aﬁ

, o
Shuoll 1 (HHUHH%ﬁlHuHH?Jﬁ? ) 107 w4110 ul| s |ul | r2x,

) 17 ul 4107 ul | 2 ||0F ull 2

then

ds

|

<e. uuou,ﬂz > /(H||unmﬂuu||;w)x

j=1  ji+..+jp_1=j
Ji=max{j1,....Jp—1}

107 ull 210y ul | ol s ds. (4.52)

Ichj/ Y (JulP~) 0w 9 dvol,

Due to Holder’s inequality, we have

1

— 1/4 r ' 1/4
(4.52) < Z (/ 1107 ul|} 4 ds> </O ||OF T ul|3, ds) X

Jj=1 ji+. +Jp 1=J
Jr=max{j1,...,jp—1}

2
-
/ <H||u||H2h+l||uH§{2ji+2 > ||UH§I21€ ds
< Z \/_ < H HUHLOOH2JZ+1Hu’|2$oH2ji+2 ) X

Jj=1 j+..+jp—1=j
Jji=max{j1,....Jjp—1}

el oo e 107 | ] 107 | s (4.53)

1/2

T
L

Moreover, due to (4.25), we have

(4 53 Ne lluoll g1 Z Z \/_ ( H ||u||LooH2h+1||u||€LgoH2ji+2 ) X

j=1  ji+..+jp—1=J
Ji=max{j1,....jp—1}

X el e prze [l [ oo 110l e oy [l e o +2 %

x| |ul ’LooH% 25 [u] ’zOgOH%—Qj+1 1 ‘220H2k72j+2'
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By applying (4.31) to each factor, we get

k-1 4k—3+2sq 4k—3+2sq

0 e
(4 3) ol 1 Z Z \/_||UHL<>§I;{21IC M2 < \/_||UHL031;{2119(M2)7
J=1  jit..+jp—1=j
Ji=max{j1,....Jp—1}

therefore

[

k-1
[chj/ O (JulP~) 0w oFu dvol,| ds
j=1 M

4k—3+2sq
2k—1
Se, ol VTl 25

+e€

Putting all together, we finally get

A Tim1te
/ ‘7’ h.s. of (4 16)| ds < e, [uoll 1 \/—||uHL0QH2;c M2) + HUHLOOH% (M2)
which concludes the proof of the proposition. n

Proposition 4.3.5. Let u € C(R, H?**(M?)) be the unique global solution to
(4.1) with m = 2k, k € N. For every T € (0,1), we have

[l o a2y — HU(O Mt a2
4k—3+42s

4ye
NE l[uoll g1 \/_HUHLofl;plk Mz + HUHEIZO;J%(M%
Proof. Let Rai(u) be as in Definition 4.2.1. We have already seen that

OF V()3 S Y0 10 uPofE Vgl

ki+ko=k—1

therefore
[ 10Ol vl

< Z /M2 |OF ul? |0F2V u|2 |u[P~? dvol,

k1+ko=

< Z 108wl 7o 1OF> ] | 72l [ (4.54)

k1+ko=k—1
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Due to (1.2), (4.13) and (4.4), we have

2(1—e 1 e 3 € 3
(@54) Sc > loFul 10 ul B 108 ul 3yl @ ® ) |l 55
ki1+ko=k—1

3
Sl D llae Dl o] Bpovgn [[ul 522, (4.55)
k1+ko=k—1

therefore, by applying (4.31) to each factor we, obtain
d4c 41e
(4.55) Sjuoll D ||u!|i}°zk1 S H;;%l :
k1+ko=k—1
We have already seen that

P
PRSP ( G ) |
=1

key b A kp=k—1
ki1=max{k1,....kp}

therefore

|0l o dvoly 5 Y /( [T 1o

oy ...+ kp=k— 1
ki1=max{ku,....k

< > (]_[H@é“u2

kitotkp=k—1 \ i=2
k1=max{k1,....kp}

> dvol,

) ||OF 1|2, (4.56)

Due to (1.2) and (4.13), we have

(4.56) < > ( [T 105wl ok ) [10F ul[72
=2

kit Akp=k—1
ki=max{ki,....kp}

1 € €
Siuoll 1 > [l F2n, (HH Ul [ 21 2] 2o - ) (4.57)

keyt. Ak =k—1
ki=max{ki,....kp}

therefore, by applying (4.31) to each factor, we obtain

e+ =
(4.57) S ~lluol g Z ||u||12jzk1 ‘ S ||u||12qkzkl "
ket +hp=k—1
ki1=max{k1,....kp}
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Putting all together, we deduce that

+5
Ror ()] Se, ol [l + 1 ||§;2;

From Proposition 4.3.4, we have

/ ié’gk(u) ds §/ |r.h.s. of (4.16)| ds
o ds

4k—3+2sq

+e
NE [luol| ;1 \/_||u||Lo§};q21k + || ||ilzx>]1{2k

(4.58)

(4.59)

By applying the Fundamental Theorem of Calculus on the Lh.s. of (4.59),

we get
10Fu(r, )72 = 107 u(0, )72 + Rar(u)(T) — Rar(u)(0)|
4k—3+2s0 | 4.,
Se, luolln VTl iz + llu Hi’;gzk,
therefore

107 u(T, )72 — 107u(0, )[|72 — 2 sup [Rox(u)(t)]
te(0,1)
4k—342sg

+e 1e
Se, lwollyn VTl e+ [u Hz’;}m

By using (4.58), we get

4k—3+2sq

+e€

+e
10 u(r, )22 = 10Fu(0, )72 S Vrllull Lhm — + llu IIE’;},%.

Finally, due to (4.7), (4.13) and (4.31), we have
[, o = N107u(T, )17
< (|10Fu(r,-) = *Abu(r, I + 110Fu(r, i) +
Hlu(r, )z = [107u(r, )17
Sthuoll g 6T i + [,

and

[10Fu(0, )12 = 1u(0, )| [
. . 2 .
< (Ilal“U(Ow)—@]“AISU(Q')IIB+||Z’“A’c 0, -)Hm) —||ZkAEU(0

Sthuoll g 14(0; )H;;;H\U( )||§}“2k1,

(4.60)

I
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therefore, from (4.60), we get

[|u(T, ~)H?qzk — |[w(0, )| 372+
4k—3+42s —4
Se, Mol g1 \/_HUHLon;k o HE’Z@LMHU( )qu’“zk”r

Fllulr, YR+ (0, ) [ + [0, )]

4k— 3+290+ "
SVlull i ||2’Zo}qz§7
which concludes the proof of the proposition. [

Now we take advantage of the previous estimate to show the polynomial

growth in time of the Sobolev norm || - || z2x

Theorem 4.3.6. Let u € C(R, H*(M?)) be the unique global solution to
(4.1) with m = 2k, k € N. For every T > 0, we have the following bound:

2k1
sup ||u(t, )| gm 2y < C’(max{l,T})“So+ ,
te(0,T)

where C = C(e, k, |uo||g2r) and sq € [0, 1] is given by Proposition 3.2.3.

Proof. Let us consider 7 € (0,1) given by the local Cauchy theory. From

Proposition 4.3.5, Remark 4.5 and elementary computations, we get

(T, e < N0y + Ol rons

where v := 2% 4 ¢ and C = C(e, k,||uo||y2+) > 0 may change in the

following computations. By iteration, for every n € NU {0}, we obtain

lu(nT + 7, )3 < |lu(n7, )l +C ( P )I\U(t’ -)Hifzﬁ”> :
te(nT,nt+1

therefore, since the map data solution is continuous (see 2.2.3), we have

[lu(nr + 7, e < MJunr, ) + Ollulnr, )| [0
Now, for every n € NU {0}, we claim that

lu(nT, -)||%2 < C (max{1,n})"". (4.61)
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For n = 0 the claim is trivially satisfied; we prove it in case n > 1. Let us

define o, = |Ju(n, -)||32, by summing up we obtain
-1 n—1 1=y
—ap = Z (ajr1 —aj) <C a;‘” <Cn sup  « ,
therefore

1—y 1—y
sup o; | <Cn sup o +ay < Cn sup .
J€{0,+n} j€{0,+,n} §€{0,+ n}

By elementary computations, we get
[|u(nT, ) [Fae < ( sup Oéj) < Cn'/,
]6{07 ,TL}
which proves the claim.

Now, from the continuity of the map data solution and due to (4.61), we

have

sup  |Ju(t, )2z < Cllu(nt, )| < C (max{1,n})"”

te(nT,nt+7)

Finally, given N € N such that N7 <T < N7+ 7, we have

sup |fu(t, )|z < max sup [[ult, )| | < Cmax{1, N}/
te(0,T) ne{0,,N} te(nt,nt+7)

< C (max{r, TH"" < C (max{1, TH""
since 7 < 1, therefore

1—-2s
sup ||u(t,)||gor < C (max{l,T})l/z'y = C' (max{1, T})Tfloﬁ7
te(0,T)

which concludes the proof of the Theorem. O

4.4 The Cubic 3-Dimensional Case (m = 2k)

The aim of this section is to provide a bound on the growth of the con-

tinuous function

R St [Jult, )] s are) (4.62)
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where k£ € N and w is the unique global solution to the Cauchy problem (4.2)

with m = 2k. As a first step we shall prove "modified” endpoint Strichartz

estimates that we use to establish a priori bounds to small time increments

for (4.62). Finally, we take advantage of an iterative argument to show the

exponential growth of (4.62).

Notation 4.4.1. In the following computations we call € a positive quantity

that may change from line to line. We shall assume € to be small enough at

each step.

Proposition 4.4.2. Let u € C(R, H*(M?)) be the unique global solution to

(4.2) with m = 2k, k € N. For every T € (0,1) and j < k, we have

107ullz2zocars) Se. ol 1l pprs ooy [l o arsy+

+V/7] |ul |LooH2J M3) ||l |L<><>H2J+1(M3)+

VT Z ||UHL;>OH2J'1 (M3)|’U||LgoH2jz+1(M3)||UHL;>°H2J'3+1(M3);

Ji1+j2+7s=j
Ji=mazx{j1,j2,53}

and

107l 2009y Se, nolln Ill55grancaroy 1l 5o sy +
VT2 s gy 1 32 s +

VT Z [l |L$°H2j1+1(M3) |[u] |L$°H2j2+1(M3) ||ul |L$<>H2f3+1(M3)-
J1+je+iz=j

Proof. From Proposition 3.2.7, we have

10/ullzzze Se l107ul s e + 10l 2 sz + 110 ([ul*u)]| 2 1o/,

10 ull 2w Se [10]ull e rrrve + 110]ull 2 sz + 110F (JulPw)l] 2w

We prove (4.63) first. By using (1.1) and (4.15), we get
107ull e Se 1107l Iz N0l Sipaolypn el 55|l
therefore

107l e Se, thuollgn 1l pras 1l | oo prosn

(4.63)

(4.64)
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From (1.1) and (4.15), we get

1 ] 1/2 1 1/2 1/2 1/2
0l 72 S 107l Ul 113 Sitwoln Nl [l e

therefore

. T 1/2
107 ul| 2172 Sjuoll (/O ||w|| s ||| gzt ds)
1/2 1/2
< VTl g [l g

Now we focus on the nonlinear term of (4.65). By expanding the time deriva-

tive, we get

) . 5/6
10} (20| 75 = ( /M 10 ) dwzg)

. , . 5/6
S X ([ leraerorariopus dv,) . (wo)
Jiti2+iz=j M?
Ji=max{j1,j2,j3}

Moreover, by using the Holder inequality, we obtain
wen< 3 [l ol (468)

tiatie=i
Ji=max{j1,j2,j3}

so that, by the Sobolev embedding H'(M3) — L%(M?) and (4.15), we have

(4.68) < > 1107 ul| 21072 ul | 12 |08 w110
J1+j2+jz=j
Jj1=max{j1,52,J3}
Siuoll 1 > [l s | [l oo | ]| gr2os+1.

~ Jitjetis=i
Ji=maz{j1,j2,J3}

Hence

167 (lul*w)l| 2 ovs

T 1/2
ST DI (F AT A SR/ Ty
Jitj2+js=j 0
ji=max{j1,j2,j3}
<VT Z HuHL$°H2j1Hu"L$°H2j2+1HUHL$°H273+1
J1+j2+iz=j
ji=max{j1,j2,j3}
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and putting all together we get (4.63).
Now we prove (4.64). Arguing as before, we get

107 ull o e e, thuolln 1l oo 1l e proge
j 1/2 1/2
107ull 2 r3r2. St VTN o |1l 122 oo
We focus then on the nonlinear term of (4.66). We observe that
107 ([l lwrsrs ~ 1107 (ful*w)l[ 1o/ + [1V40] ()] s

By expanding the time derivative and using the Holder inequality, we get

. . . . 5/6
IVt ols s 3 ([ 0o v,
M3

Ji1+j2+js=j

< > IV ulleallofulls]18ul s (4.69)

Jit+i2+jz=j

Due to the Sobolev embedding H*(M?3) < LS(M?3) and (4.15), we have

(469) S > 100 ullg |07 ul [ |08 ul |
J1+j2+js=j
Stwollyr D eellgrzse [l gz |l 2o
J1t+ie+iz=j

Moreover, by previous computations, we deduce that

10/ (lulPu)llpors Sty > ullgzne [[ull s [Jul | s,
Ji+je+jz=j
therefore
10 ([ulPW)lwrers Sl > el rzaee |l o [l 2o,
Jit+je+i3=j
and we conclude as before. O]

Proposition 4.4.3. Let u € C(R, H?**(M?)) be the unique global solution to
(4.2) with m = 2k, k € N. For every T € (0,1) we have

/0 rhs. of (428)] ds Sl 7lulEe s + 1l o

for some v € (0,2).
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Proof. By applying (4.31) to each term of (4.63) and (4.64), we get
, 4j-1 2j-1
18/ ullL2s Se, fuoll IIU|I,§’;},% + \/_||U||2'15fqzk + VTl oo gy, (4.70)
, i e 2
10/ ullL2wre Se, ffuoll ||u||2’;}{2k + \/_IIU|I,§’ZO}‘}% + VIl e (4.71)
We shall use (4.70) and (4.71) in order to estimate each term of (4.23).
(First Term) By expanding the time derivative and using the Cauchy-Schwarz

/
S Z / / |08 w082 |0 V yul 4|07V yul, dvol, ds.

mi+mo=
k1+ko= k
ki=max{k1,k2}

inequality we get

/ O (|uf?)3E (1Y yul?) dvol,| ds
M3

By using Holder’s inequality we obtain
/ 105 |02 |9V gl |07Vl dwol,
M3
< 108 ull 2 10F>ul | o107 V gl | o] |07 V g | s

S 108 ul |2 1107l 16107l w6 |07l .o (4.72)

Moreover, due to the Sobolev embedding H*(M?) < L5(M?3) and (4.15), we

have

(4.72) S 1108 ul 2108wl | 1107 wl .o 107wl [

Stuollgrr |6l e [[ul[ prava [0 wllwroo] |0l [wros,

/T
SR S (e P e A

mi+mo=k—
ki1+ko= k’
k1=max{k1,k2}

therefore

AR AR AR

(4.73)
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By using Holder’s inequality and (4.31), we have

@73) < Y Nl mn ] oo oo r |07 ul | 2w |07l L2 wre
mi+mo=k—1
k1+ko=k
ki1=max{k1,k2}
Sl Y, Nl 107wl 2wro 1072l | zwrs. (4.74)
mi+mo=k—1

k1+ko=k
ki=max{k1,k2}

From (4.71) we have
||8m1u|\L2W1,6||8m2u\|L2W16
4mq+1
< ol (||u||z';;m vl + f||u||;';,;2k)

+
x (Huuz@og; N T T z@o;,%)

2mq+2mo+1
S rllull it + e

X

where o < %, since
2my 2m, dmy +1
d—1 “o%—1° a—2°
2ms 2mo dme + 1
-1 2% -1 k-2
Therefore

(4.74) < ~lluoll g1 Z <T||u||%$°H2k + ||u||z$°H2k> )
mi1+ma=k—1
k1+ko=k
k1=max{k1,k2}

where v := 14 a < 2. Since 7y depends only on k, we finally get
J

(Second Term) By expanding the time derivative we get

|

k—2
S Z [ etalotlog ot dool, ds

7=0 ki+ko=
ko= max{kl,kz}

ds Sjjuollyn TIullFee e + [1]]] o gron-

/ O (Jul)o 1V yuf?) duol,
M3

Re cj/ O (Jul?) 9l (Ayu) ' 7a dvoly| ds
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By using Holder’s inequality, we obtain
[ 1ol ol s wliot "l deo,
M3
<1108 ul | p210¢2ul 1] | 0] (Agw) [ 6110 ™ ]| s. (4.75)

Moreover, due to the Sobolev embedding H*(M?) — L5(M?3) and (4.15), we

have
(4.75) < 110 ull 21082 ul | o |10 (Agu) || 2 ||0F )| 1o
i
Sttuollyys wllgrze [10F2ul | o] prasa] |0 7wl | o

therefore

k—2
Rech /M3 O (Ju?) ) (Agu) 7T dvoly| ds

[

k—1—
~||uo\|le > / [l 2w 1108l s [l | 23410~ ul 1o ds.

7=0 k1+ko=k
ko=max{k1,k2}

(4.76)

By using Holder’s inequality and (4.31), we have

k—2

W) <SS el o |0l |95 g
7=0 k1+ko=k
kg—max{k1,k2}

2k1 42541

— k—1—j
Sluoll 2 Z Z [|ul] Lo 1072wl 12261107 " ul|p2ps. (4.77)

j=0 k1+ko=
ko=max{k1 ,kg}

From (4.70) we have

1105l r2 16 ||0F ™ Pl 2 1o
2k =1 4kg—1 2kg—1

<. el (HuH el el H)
o e = =
o AT T o Y 2 P

2ko+2k—2j—3
STllull oo’ el v
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2y +2k—2j—3

where a < S since

2ky — 1 2k — 1 4ky —1

<
%1 21 - dk-_2’
2k —2j —3 2k—2j—3<4k—4j—5
€
2k — 1 T2k —1 4k — 2
Therefore
0D Sty 3 3 (Pl B e e+ el o)
7=0 ki+ko=
ko=max{k1, kg}

where v := 2’“;{3‘# + a < 2. Since v depends only on k, we finally get

ReZc] 8k (|u?) & (Agu) 05T dvol,| ds

r

Strucllpr Tl Fe e + ][] s gror-

(Third Term) By expanding the time derivative, we get

r

Z // |07 ) |07 u]|0F T u||0F ul | 0F2u| |05 u| dvol,, ds.

Jj=0 Jitj2=j
k1+ko+ks=k—1

ds

k-1
Rech/ O (|ul?) 0F 7w OF(|ul*a) dvol,
j=0 /M

k—1

By using Holder’s inequality we obtain
[ 1ot aliaiadiot uliot oot dvol,
M3
<107 oo |07 ul | oo ||0F ™ | 21 0F ul | 6052 ]| OFul | s, (4.78)

hence, due to the Sobolev embeddings H'(M?3) — LS(M?), H*(M?) —
L>®(M3) and (4.15), we have

(4.78) S 1107 ull 2107wl 22110 ul 12107 wl o 108wl [ 1] 107 o

Stuoll o el przise ull praseee ] -2 107l | 6108wl o [ul | r2vasa
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Therefore

T
I

S

Re Cj/ O (Jul?) o u OF(|ul*@) dvol,| ds
, M3

3 / el ] s ] g2

Jitj2=j
k1+ko+ks=k—1

<105 ull ol 10> ul | o [ul v 41 ds.

N
ko
L
1
)

Il
=)

J

(4.79)
By using Holder’s inequality and (4.31), we have

k—
(4.79) Z Z < [ul| oo mran+2|[ul | pgo rosave||ul | poo pran—25 X
=0 Jitje=j
ki1+kot+ks=k—1

X HUHLocH%sH|!ak1UHL3L6\|af2UHL3L6

2k+2kg—1 ) N
Slluoll 1 Z Yo Ml Nof ullizrsl[0full2rs  (4.80)
Ji+je=j
k1+k2+k3 k—1

From (4.70) we have

105 || 2 26]|0F2ul| L2 6

2k —1 4Ky —1 2k —1
< (||u||5;z;% Al R + VAl 2 )

LooH2k
2ky—1 | dkg—1 2kg—1
[l | 2+ VAl s + V7l 2
LeH LeH LeH
2k +2kg—1
S rllully it + el
where a < 221 gince
2k — 1 2k —1 4k —1
€, < )
2k —1 2k —1 4k — 2
2ky — 1 2/{72—1<4k2—1
€ .
2k —1 "2k —1 4k — 2
Therefore
(4.80) Sfjuol, Z S (Tlltol s + Nl o)
Jitje=j

k‘l +ko+ks=k—1
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where v := % + a < 2. Since v depends only on k, we finally get

/
(Fourth Term) By expanding the time derivative we get
I

<Z Z // 107 u| |07 w|0F T u||0Fu| dvol, ds.

J=1 jit+j2=j

ds

k—1
Rech/ & (|uf?) 85w 9F(jul?a) dvol,
=0 JM?

§||’uo\|H1 T||u0||%$"H2k + ||u||z_?_oH2k

k-1
Ichj/Msaf(\uD O u 95 dvoly| ds

By using Holder’s inequality we obtain
[ iataloulolulobul duol,
M3

< 1107 | o 10| o 1105 ul [ 151105 w2, (4.81)

hence, due to the Sobolev embedding H'(M?3) — L°(M?3) and (4.15), we

have

(4.81) < 110 ull o 10wl o 10F s 10wl 2

Shuoll 107 ull o107 ull o Jul | pr2e-2is1 [ ul 2.

Therefore

Ich] 8] (Jul) 0F 7w OFu dvoly| ds

|

SISO | 10t sl ulluslalle el s, (452

J=1 ji1+j2=j

By using Holder’s inequality and (4.31), we have

k—1
(482) <> > Nullpge s |[ul] g pox |07 ul | 12 1610 ul | 2 6

Jj=1 j1+j2=j

Siuoll 1 Z Z |U||LfokH§k 107 ul| 210|107 ul 2.5 (4.83)

J=1 ji+j2=j
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From (4.70), we have
107 ul| L2 Lo 107wl L2 o
2]’171_’_ 4j1—1 2j1—1
Se. Iluoll (HUHESOP}% +\/_Hu|\£fo§2k +\/_HUHL2501§M)
jo— +e 4jo—1 2jo9—1
(HUHEQQ% +\/_||u|\f§o,§2k +\/_HUHL2§0£1%)
2j=1
S vl 2+ 0 e

where a < m, since

271 —1 2j1—1<4j1—1
€

2k — 1 "2k —1 4k — 2’

2jp — 1 2p—1 4jp—1
€, < .

2k — 1 2k —1 4k — 2

Therefore
k-1
(4.83) Sjuolin 2 2 TlullFeepon + [[l]] e ran
Jj=1 ji+j2=j
where v := 4k 23 L + o < 2. Since v depends only on k, we finally get

[

k—1
Ichj/ O (|ul) o u oFa dvol,| ds
j=1 M

SHUOHHI T||u||%$°H2k + ||u||’[y,70_oH2k

Putting all together we get

/ r s of (4.23)] ds Sl 70l g + 1l g
for some v € (0, 2), which concludes the proof of the proposition. O

Proposition 4.4.4. Let u € C(R, H*(M?3)) be the unique global solution to
(4.2) with m = 2k, k € N. For every T € (0,1), we have

[|u(r, ')||?{2’€(M3) — [[u(0, ')||12LI?k(M3) 5Huo|\H1 T||u|’i$°H2k(M3) + ||u|’ZgoH2k(M3)

for some v € (0, 2).
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Proof. Let Rai(u) be as in 4.2.3. By expanding the time derivative, we get

/ 05y (Jul)[2 dvol, < Z / 0?02V ul? duvol,

k1+ko=

S D> H@fl"tLHLooH@fQUHHl- (4.84)

ki1+ko=k—1

Due to (1.3) and (4.15), we have

(484) S Y 10F a0 ul | N or=ul [
ki+ko=k—1

5”“0” Z ||UHH2k1+1Hu|’11q—221+2Hu||12r{2’92+17 (485)

k1+ko=k—1

hence, by applying (4.31) to each term, we obtain
L:z”+e 4’“%3+6
(485) Se ol D ullpsd ™ Sllullps
k1+ko=k—1
By expanding the time derivative, we get

/|af—1<|u|2u>|2dvozg< > / O |0 ?
M3

k1+ko+ksz=

S D ||8flu|’L°°||852u||L°°||afguHL2' (4.86)

k1+ko+kz=k—1

Due to (1.3) and (4.15), we have

(486) Sc D 0wl or [0 ul e o=l 5 of ul 72
k1+ko+ks=k—1
Shollgs > Nl el g ol kg el e 1l e
ki1+ko+ks=k—1
(4.87)
hence, by applying (4.31) to each term, we obtain
dh—d ak—a
(487) Se fuollyr O Ml Sl

k1+ko+kz=k—1

therefore
— 4k—4
k=1 1€

SE—1 € =
[ Rok(W)] Se, uollyn Nullfae 4l (4.88)
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From Proposition 4.4.3 we have

" d
/0 ££2k<u) ds

for some v € (0,2). By applying the Fundamental Theorem of Calculus on
the Lh.s. of (4.89), we get

< /O s, of (4.23)] ds (4.89)

’SHUOHHI TH“H%gOH% + HUHZg)H%

[10Fu(r, )72 = [107u(0, )72 + Rar(u)(7) — Raw(u)(0)

Stiuollr Tl T e+ 1ul]] s prov

therefore

108 u(r, 22 = 1070, )7 — 2 sup |[Row(u)(t)]

te(0,7)

Stwolln Tl e prov + [l o

By using (4.88), we get

[10Fu(r, MIZe = 11070, )72 Se. uollr TIul T o + [l pron - (4.90)
for some v € (0,2). Finally, due to (4.14), (4.15) and (4.31), we have
[lu(r, e — Oy u(r,-)l[72
: 2
< (lloFu(r, ) = i*Agu(r, )2 + 107 u(r, )llz2) " +
Hlu(r, s — [107u(r, )17

Siuollr |[u(T, )HZBJH\U( )Hifzkl,

and

[10Fu(0, )22 = 1u(0, )|
. . 2 .
< (Ilan(Ow)—@kAISU(Oa')Ilm+||Z’“A’“ 0, -)Hm) —||Z’“AEU(07')|Iiz

Sthuoll g 14(0; )H;;;H\U( )||§}“2k1,
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therefore, from (4.90), we get

[, o = (0, ) [z

Se. ol Tl Fge s + Hu!lkH% F llutr, Y12+
4k—4

llulr, YR+ (0, ) [ + [0, )]

S Tllullzee gon + [l o an

for some v € (0, 2), which concludes the proof of the proposition. O

Theorem 4.4.5. Let u € C(R, H*(M?)) be the unique global solution to
(4.2) with m = 2k, k € N. For every T > 0, we have the following bound:

sup ||u(t, )||gox < Cpexp(CyT)
te(0,7)

where 01,2 = Cl,g(k), HUOHH%) > 0.

Proof. Let us consider 7 € (0,1) given by the local Cauchy theory. From
Proposition 4.4.4 and Remark 4.5 we get

[l )l < (100, ) [re + Cllul Lo gran

where C' = C(k, ||uo||g2+) > 0 may change in the following computations.

By iteration, for every n € NU {0}, we obtain

te(nt,nt+1

lu(nt +7,)[3gs < llu(nr, )[Fe + C < sup )IIU(tw)H?Izk) ,
therefore, since the map data solution is continuous (see 2.2.3), we have
lu(n + 7, )72 < Cllu(ns,-)[[72x- (4.91)
Now, for every n € NU {0}, we claim that
[lu(nT, )[[32x < Crexp(Can),

where C15 = Cia(k, ||uo||2+) may change in the following computations.
For n = 0 the claim is trivially satisfied; we prove it in case n > 1. By using
(4.91) we obtain

[lu(n, )[3gx < lluol[fgzx C = [|uo] 32 exp(In(C)n) = Cyexp(Can)
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which proves the claim.

Now, from the continuity of the map data solution an due to 4.4, we have

sup  [[u(t, )l[Fre < Cllu(nr, )| [F2n < Crexp(Can).
te(nt,nT+7)

Finally, given N € N such that N7 <T < N7+ 7, we have

sup [[u(t,)|[fze < max sup |[u(t, )| [
te(0,T) ne{0,,N} \ te(nrnr+r7)

< Crexp(CeN) < Chexp(CyT),
therefore

sup |[|u(t, -)|[g2e < Crexp(CoT),
te(0,T)

which concludes the proof of the Theorem. O



Chapter 5

Growth of H2%**1 Sobolev
Norms of Solutions to NLS on

Closed Riemannian Manifolds

In this chapter we use an approach similar to the one used in Chapter
4 to provide a priori bounds on the growth in time of higher order Sobolev
norms of the solutions to the families of Cauchy problems (4.1) and (4.2)
withm=2k+1, ke N.

5.1 Modified Energies

In this section we introduce new suitable "modified energy” (different
from the modified energies introduced in the case m = 2k) for the Cauchy
problems (4.1) and (4.2) with m = 2k + 1, £ € N (odd-integer Sobolev
regularity of the initial datum). These energies, as before for m = 2k, will be
crucial to establish a priori bounds on the growth of the higher-order Sobolev

norms || - || gaw+1.

Definition 5.1.1. Let u € C(R, H*T1(M?)), be the unique global solution
to either (4.1) or (4.2) where m = 2k + 1, k € N. We define the modified

73
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enerqy as

1
Extr () 1= 51108 gl 3y + R (1)

where
_ 1 =19k, |2 p—1 =319k (1,,12}|2
Rokr(u) =5 [ fufP|0Ful” dvoly +=—— [ [u[""[0; (|u]")[]" dvoly+
2 Ma 8 Md
k—1 . A
- Rech/ Hu 9 (JuP~Y) dFa dvol,+
j=1 JM
k—1 A ‘
- ch/ 0y (Jul?) 8] (luf?) 7 (Jul?) dvol,
j=1 M
and cj, for all j = 1,---  k — 1, are suitable real constants that may change

from line to line (the values of the c;s are given by the following proposition).

Proposition 5.1.2. Let u € C(R, H**1(M?)) be the unique global solution
to either (4.1) or (4.2). Then

d 1

G =5 [ ou(luP ) ioful duol,+
dt 2 Md

-1
R P AR
Ma

k—1
- Rezcj/ M OF I (|ufPt) OFu dvol,+
j=1 /M
— Rez Cj/ o u 3ffj+1(|u]p’1) oru dvol ,+
j=1 JM?
k—1 ' ‘
£300 [ Ol ) GAuP) O (uf?) ool +
j=1 JMe
k—1 ' ‘
#3000 ul?) 9 ) dvol,
j=1 JMe

k
Y / o (JulP~") 0w 0/ dvol, (5.1)
=1 /M

where the cs denote real constants that may change from line to line.
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Proof. Since u solves (4.1) or (4.2), using integration by parts, we have

Re (z OF ™ 0Fa dvol ) = ||0FV Jul|22+
Ma

+Re (/ OF (JulP~ u) oFu dvolg) )
Md

which gives

—Re (/ OF (|u|P~ u) 0%a dvol ) t||8f”Vgu||iz
d

= —Re (z/ OFttu ofu dvol ) = Re (z/ OF 2y oFu dvol ) (5.2)
dt Mad Md

Moreover, since u solves (4.1) or (4.2), using again integration by parts, we

have
1d
(5.2) =Re (/ OF Y (JuP~ u) oFa dvolg) —||OFV yul 2.
Md 2 dt

Putting all together we obtain

1d d _ _
2dt||a’“v ul[3. = — ERG (/Md OF (JulP~u) oFu dvolg) +

+ Re (/ OF Y (JulP~ u) ofu dvolg) :
Ma

and since
d
ERG ( . OF (JulP~u) oFu dvolg) = Re </Md P (JulP~ u) oFu dvolg> +
+Re ( OF (|u[P~ u) OF ™ dvol )
Ma

we get

Ld, 2 k ~1 ket 1—
——||0;V4ul|72 = —Re Oy (Ju|P~ u) 07 u dvoly, | .
2 dt Md
By using the identity

k-1
OF (lulu) = O (JulP ™ yu + [ulP ' Ofu+ Y~ ¢; 0w OF 7 (Jul"™),

J=1
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where ¢; denote suitable real constants that may change in the following

computations, we have
1d

I0E0 e =~ e ([ oF(up ) o duo, ) +
2 dt Md

— Re (/ lu[P~10Fu OF T dvolg> +
Ma

k-1
+ Rech /Md N 7 (Julp~t) oF T dwol,,.
=1

Elementary computations yield

1d
Re / [u[P~LOFu OF ' dvol, :——/ lu[P~OFul? dvol ,+
Md 2 dt Md

1
=5 | ol et dvl,
2 Md

which lead to

1d
§%H3Z“VQUH%Q = —Re (/Md OF(JuP~"Yu 0F dvolg) +
1d
_ p—119k, |2
27t /. |ulP~ |0 ul” dvol ,+

1
+ —/ O (JulP~H)|0Ful? dvol ,+
2 Md

k—1
+ Rech/ A O (|luP~Y) aF T dwol,.
j=1 M
Moreover, by expanding the time derivative, we get

(0w ok (=) ofw) = 07 u 0 up ) okt

+0fu O () Ol + Dfu o (™) DT,

therefore
ld k 2 k -1 k41—
—— ul|52 = — Re (| u 0w dvo
5OVl = = Re ([ ob(up=u o+ duol, ) +
1d
- iﬁ/m P9k u|? dvol,+
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1
+ —/ Dr([ulP)|Oul? dvol,+
2 Md

k—1
d o
+%Re;cj /M & 0F 7 (JulP~t) aFa dvol,+
— Rech/ Ol OF 7 (JulP~t) oFu dvol ,+
j=1 JM?

k—1
“ReY ¢, / i OF 7 (|ufr1) Ok (5.3)
j=1 M1
Now, we focus on the first term of (5.3)

(I) := —Re (/ OF(|ufP~Hu 0F d’uolg) :
Ma

By expanding the time derivative we get
1 k . .
SO (ul’) = Re(u 07 1a) + ) c; 0ju 0 7H1a,
j=1

therefore

W == [ OH(ul™) 0 (uP) deoly+
2 Md
k
+ ch/ O (JulP™) u 0T dvol,. (5.4)
j=1 M

We notice that

_ p—1__ _
Of (JulP~) = T@’“ YO () ulP?)

k—1

p—1 ; i _
= T\UI” Bop(ul®) + e o (Jul?) o (Jul~),

j=1
therefore

p—1 _
) == 2 [l 9 ul) 9 () ol +

k—1
2.6 /Mdﬁi(luf) 0y (Jul=?) 9 ([uf?) dvoly+
j=1

k

+ ZCJ/ OF (|ulP™) du Of“_jﬂ dvol,,.
j=1 M
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From elementary computations we get

_ 1d _ 1 3
ulP= OF (|ul®) OF (Jul?) = 5@(\@4” Slaf(WIZ)IQ) = 50Jul” NOF(ul?)?,
therefore
R 11 P=31 9k (1,,]2)|2
O =P | o) duol,+

-1
+ 22 [ ol 9ok ()P dvol+
Md

k—1
S50 [ el uP) ol ) ok () ooty +
j=1

k
+ Z c; /Md O (JulP=Y) &u 0F T dvol,, (5.5)
j=1

By expanding the time derivative we get

% (07 1u®) D (Jul=2) OF (ul®)) = 0 (jul®) 0F 7 (Jul) 0 (luf?)+

07 (Jul®) 0, (=) 0 (Jul®) + O (Jul®) 0 (JulP~*) 87 (Jul?)

which yields

p—1d _
(5:5) == Fg= g [ 70k () dvoly+

—1
B2 [ a0t (PP duol,+
8 Md
d k—1 A A
g 2 /M 0} ([ul?) 7 (Jul™®) D (ful?) dvol+
7=1
k—1 A ‘
+ ch/ & (Jul?) OF 7 (JulP~%) OF(Jul?) dvol,+
j=1 JM
k—1 A ‘
+ ch/ O (Jul?) 95 (JulP=2) 9F(|ul?) dvoly+
j=1 JM

k
+ Z cj /Md OF (JulP=Y) &u 05T dvol, (5.6)
j=1
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1d
Replacing (5.6) in (5.3) we find an explicit expression for §£||0fvgu||i2 and

we conclude as in the proof of Proposition 4.2.2. ]

Remark 5.1.3. Let u be as in Proposition 5.1.2, if p = 3 we have

1 1
Roea(u) =3 /Md\umaw dvolg—l—Z/Mde(]u\z)]Q dvol, +

k-1
— Rech/ Hu 9y ([u?) dFa dvol,
j=1 M

and

d 1
() =3 [ auP)iofuP dvoly+
t 2 Md

k-1
- Rech/ O 0F 7 (|ul?) 0k dvoly+

=1 JM

k-1 | |
- Rech/ Hu 07 (|ul?) 0k dvoly+

j=1 M

k . .
#3000 [ o) ot el (5)
j=1 M

5.2 The 2-Dimensional case (m = 2k + 1)

The aim of this section is to provide a bound on the growth of the con-

tinuous function
R >t — ||u(t, ')||H2k+1(M2) (5.8)

where k € N and u is the unique global solution to the Cauchy problem (4.1)
with m = 2k + 1. As a first step we shall prove a finer version of Proposi-
tion 4.3.2 that we use to establish a priori bounds to small-time increments
for (5.8). Finally we take advantage of an iterative argument to show the

polynomial growth of (5.8).

Notation 5.2.1. In the following computations we call € a positive quantity
that may change from line to line. We shall assume € to be small enough at

each step.
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Proposition 5.2.2. Let u € C(R, H**1(M?)) be the unique global solution
to (4.1) with m =2k + 1, k € N. For every 7 € (0,1), we have

(1
HajUHL“L4 r2) Se, llwoll g1 HUHLOOE)Q)J M?2) H“HSLOO:Z%H(M%-

where sq € [0, 1] is given by Proposition 3.2.3.

Proof. From Proposition 3.2.3, we have
187ull 224 S 07 (0, ) rrso + 71107 ([ul”~ )| o (5.9)
By using (1.1) and (4.13), we get

1070, )| z120 < 1107u(0, )] 121107 u(0, ) [[35:

N ||U||1L;08§123||U||LooH2a+1

We now focus on the nonlinear term (5.9). Due to (1.1), we have
107 (fulP~ w)l | e oo S 1107 (fulP~ ) | 125521107 (ulP ™ ) [ g

By expanding the time derivative, we get

p
10/ (julP )l S Y (H 107" u

dibetdp=i \i=2
]1:max{j17"'7jp}

therefore, due to (1.2) and (4.13), we have

(5.10) Se, fuollys D (H [l 75,0 el g 2 ) [lullg2n- (5.11)

Jit.+ip=J i=2
Ji=max{j1,....jp}

By using (1.1) and (4.4), we get

p 235,
527 (1—€) (I—577)e €
Giy< D, (H lallzzellull g ER ) X

Jit.+ip=J i=2
Ji=max{j1,....jp}

= ) 107 ull2,  (5.10)

2j1 -1 2j1—1
><||u||,?,2f full ™

2]’.171
Siuoll > H HUI|12}271 |UHH2]Z+2 ull 72"

1t tgp=j =2
lemaX{jlv“wjp}
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hence, by taking the supremum over ¢ € (0,7) and using Remark 4.0.1, we

obtain

1107 (|u|P ) || poo 2

2j1:1
Sholn D (Huunzz@;ﬂ])||u||;;o,;2j||u||zw

j1+~--+jp:j
J1=max{j1,....jp}
S Do el S Ml -
Jit.Ajp=7

Ji=max{j1,....jp}

Now, we observe that

107 (fulP~ w)l | e ~ 110 ([l )| 2ge 12 + 1V 0] (Jul?~ )| 2o e

Se ol 525 + V407 (JulP~ 0| o e

By expanding the time derivative, we get

p
IV 0 (uP ol S D ( II |I3§"UHL°°> V90 ul| 2+

it tip=i i=2

lemaX{jl 7~~~,jp}

p

2 (1

httdp=i  \ i=3
jlzmax{jlv"'ajp}

and denote by (I) and (II) the first and the second term on the r.h.s.

(5.12). Due to (1.2), (4.13), (1.1) and (4.4), we have

D Selwollys D ( | Q= e ) [l |20

J1=max{j1,...jp}

Zh(1-e) 2
S ) (HHUHHW [ully >||U|IH2]+1><

Gitetie=d
Ji=max{j1,....jp}

72
><||U||H1 g ||U||H2a+1

251
Sluoll 1 Z ( H ||u||sz+1 ) ||u||H23+1||u||§—I2j+1'

itetip=i
Ji=max{j1,....jp}

) 107 ul 22|V 40 ul | =, (5.12)

of
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Due to (1.2), (4.13), (1.1) and (4.4), we obtain

D) Se ol D (H\|UI!H2]Z+1IIUII§{%+2> X

itetin=i
Ji=max{j1,....jp}

X[l g2 [l 7252 Iipms

—1

2j; (p—2)c 2j1 -1
S D HH HH2J+1 lul e [l ol 30

it +gp=j
Ji=max{j1,....jp}
2j1—1 2jo +1(1 o (1_2] +1)(1 o 2jo+2 (1— 2]2+2)e
<ull g ™ Mullgare Ml [l 371 |l
(1—¢) 251 —1 2jo +1(1 o
5|IU0HH1 Z (HH HH2;+1 )H“HH?JH||U||H21+1||UHH2J+1 )
j1+..~+jp:j

Ji=max{j1,....Jp}
therefore, taking the supremum over ¢t € (0,7) and using Remark 4.0.1, we

get

|V, aj(|u|p_1u)]|L;._oL2

S lolln D ( 11 IIUHLOOHW ) \IUHLOOHWHUI!ZMQHIJr

) j1+~~+‘jp:j
Jr=max{j1,...jp}

2j1.—1 2j2-.‘—1
+ Z ( H Hu||LOOH2J+1> HUHEgOH%‘HHUHL;JH%H||UHL;JH2J+1

~tetip=g
Jji=max{j1,....jp}

Gitetin=i
Jji=max{j1,....5p}

Finally, putting all together, we get

j — (1 1- (1
107 (JulP )|z mreo S [ull5asgss ™ ullSa g

S all sl 3

hence

18 ullans e uatn Mall3ao el oo + [l [l

S ||u||1L;9?12j||U||SLO;;{2j+1v
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which concludes the proof of the proposition. ]

Lemma 5.2.3. Let u € C(R, H**1(M?)), be the unique global solution to
either (4.1) or (4.2) with m = 2k + 1, k € N. For every s € [1,2k + 1], we

have
s—1
||u||L$°HS(Md) S.,HuoHHl ||u||L2;7H2k+l(Md)'
Proof. See Lemma 4.3.3. [

Proposition 5.2.4. Let u € C(R, H**1(M?)) be the unique global solution
to (4.1) withm =2k +1, k € N. For every 7 € (0,1), we have

4k— 1+250+6
/ |7’h$ Of (5 1)|d$ e, ||uoll g1 \/_HUHLOOH%-H (M?2)*

Proof. (Sketch) We shall estimate each term of (5.1) by assuming p > 3. For
p = 3 the proof is similar.

(First Term) By expanding the time derivative, we get

[

therefore, due to Holder’s inequality, we have
A

By using Proposition 5.2.2 and Lemma 5.2.3 together with the same tech-

Ou(Juf*~)| 0 ul® dvol,

M2

ds SJ/ / P2 |Opu| |OFu|? dvoly, ds,
o Jm2

at(|u]p H|0Fu|? dvol,

ds < / [l 22 By 2|0l 2 dis

S Vllullf e lOvull e 2|07 ul |7 o

niques used in the proof of Proposition 4.3.4, we get

r

(Second Term) By expanding the time derivative, we get

Ak—142s0 |

8t(|u|p_1)|8fu|2 dvoly| ds <E [luol| ;1 \/_Hu||LooH2k+1

M2

ds

N[ atr oot ul ) dual
S Z / / [P~ [Ou] |0 u)? |07 ul? dvol, ds,

k1+ko=
ki1=max{k1, kz}
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therefore, due to Holder’s inequality, we have

L[ aur=s)iotQup ) duoty| as
0 M2

i
'S /0HU|!’iofl\atul\ml\@Z“U\|i4\|3§“QUHZLm

k1+ko=k
ki=max{k1,ka}

S D VTl Ol oo 121108 ul 74 pa 107wl Feo o
ki1+ko=k
ki=max{k1,k2}

By using Proposition 5.2.2 and Lemma 5.2.3 together with the same tech-

niques used in the proof of Proposition 4.3.4, we get
J
(Third Term) By expanding the time derivative, we get
/

Jj=1 mi+..4+mp_1=k—j
mi=max{mi,...,mp—1}

ak=1d2sg |
ds Se. ol VTl o frann

/ Bu(ul=)[0k ()P duol,
MQ

ds

k-1
Rech/ O OF 7 (JulP~t) oFu dvol,
j=1 /M

) 107 ) |0Fu| dvol, ds,

therefore, due to Holder’s inequality, we have

[

k—1

DS /(Huamu

Jj=1 mi+.4+mp_1=k—j
mi=max{mi,...,mp_1}

x[|07ul |10 ul| 2 ds

k—1 p—1
S ﬁ(nuazmuuw)uaz“uuwx

=1 mi+..+mp_1=k—j =2
mi=max{mi,...,mp_1}

ds

k—1
Rech/ O OF 7 (JulP™t) oFa dvol,
j=1 M

N

|Loo> 1107 ]| 14 x

|07 ullara 10" ul [ oo e
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By using Proposition 5.2.2 and Lemma 5.2.3 together with the same tech-

niques used in the proof of Proposition 4.3.4 we get

r

ds

k1
Rech/ O OF T (JulP~t) oFa dwol,
=1 JM?

4k—142sq

+
Se, [luoll g1 \/FHuHLgo;{chJrl "

(Fourth Term) By expanding the time derivative, we get

r

k—1 T p—1

s [ (e

2

J=1 mi+..4mp_1=k—j+1 70 /M i=2
mi=max{maq,....,mp_1}

ds

k—1
Rech/ Hu 07 (JulP~) oFa dwol,
j=1 M

> 00| |0Fu| [0 u| dvol,, ds,

therefore, due to Holder’s inequality, we have
T
/
k—1
‘]:

r [ p-1
m;
s Y [ (e
i=1 mi+...4my 1=k—j+1 70 i=2
mi=max{mi,...,mp—1}

ds

k-1
Rech/ Hu F T (JulP™) ok dvol,
j=1 JM?

| ) 107l 2107 ul | 4 |07 ul 14 ds

SIS ﬁ([!uaz%

j 1 my +...+mp,1:k7j+1
mi=max{mi,...,mp_1}

| Loo oo > 18] uf| oo 12 %

||0ful| paza] |07 ul | para.

By using Proposition 5.2.2 and Lemma 5.2.3 together with the same tech-

niques used in the proof of Proposition 4.3.4, we get

r

ds

k-1
Rech/ Hu T (JulP™) ok dvol,
j=1 M7

4k—1+42sq
< a [17]
~€, ||uoll g1 L H2k+1
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(Fifth Term) By expanding the time derivative, we get

/T

0

k—1 T p—3

s x [ (T
2 .

J=1 mi+..4mp_s=k—j+1 70 M\ =

mi=max{mzi,...,mp_3}
k1+ko=k

ki=max{k1,k2}
Jitj2=J

x|072u| |0F u| |0F*u| dvol, ds,

ds

k—1
S / OE= 1 (Juf2) 03 (Jul?) O (juf?) dvol,
j=1 M2

oM |07 u| x
t t

therefore, due to Holder’s inequality, we have

T

/
k—1

T p—3
S22 /o(HHGZMUHW)||3Z"IUHL4H<9?1U||L2><
1=2

J=1 mi+..4+mp_3=k—j+1
mi=max{mi,...,mp_3}
ki1+ko=k
k1=max{k1,k2}
Ji+j2=j

<107 ull oo 107" ul |4 |0F>ul | o= ds

p—3
m; m
S > VT ( [T 16wl o ) 107" ul | pal|0F ]| o p2 X
J=1 mi+..4myp_3=k—j+1 =2
mi=max{mi,...,mp_3}
k1+ko=k
ki1=max{k1,k2}
Jitj2=j

k—1

s [ O ) 9l O ) dvol,| ds
j=1

107l e oo 107 | a1 |0F2ul | 5o o

By using Proposition 5.2.2 and Lemma 5.2.3 together with the same tech-
niques used in the proof of Proposition 4.3.4, we get

[

k—1

s [ A ) 9l O () dvol,| ds
j=1

dh—142sg
SE’ [luoll 1 \/Fl‘uHLgozf2k+1 .
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(Sixth Term) By expanding the time derivative, we get

[

J=1 mi+..4+my_3=k—j

ds

k—1
Ses [ o) o (uP) o () dool,
j=1

) 0l

Jit+j2=j+1
Ji=max{j1,j2}
k1+ko=k
ki=max{k1,k2}

x|072u| [0F u| |0f?u| dvol, ds,

therefore, due to Holder’s inequality, we have

[

k}—l T p_3
.
s Y [ (D
G=1 mi+...4my_s=k—j V0 =2

J1tje=j+1

ji=max{j1,j2}

1+ko=

ki=max{k1,ka}

107 ull oo 107 ull a0yl |- ds

p—3
S >, VT ( [T1107 ull oo e > 107" ul| oo 2] |07 wl | La s X
=2

k—1

S / OE~7 ([u[P2) B (JuP) B8 (Jul?) dvol,| ds
j=1 /M

| ) 107wl 2107 | o

T
L

J

1 m1+---+mp73:k_j
Jitje=j+1
Ji=max{j1,j2}
k1+ko=k
k1=max{k1,k2}

<107 | o oo |0F | 1] |07l | 5o e

By using Proposition 5.2.2 and Lemma 5.2.3 together with the same tech-
niques used in the proof of Proposition 4.3.4, we get

[

k—1

s [ Al 01 (P O () dvol,| ds
j=1

4k—142sq te
567 HuOHHl \/FHuHLgozzk-o—l .
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(Seventh Term) By expanding the time derivative, we get
sk
>

k
S Z Z / / (H|ak ul > |05 | 107wl |07 | dvol,, ds,

=1  ki+..+kp 71 k
k1= max{k1, . p 1}

cj/ O (JulP=™?) & 8F 7T dvol,| ds
M2

therefore, due to Holder’s inequality, we have

s>y [ (e
] 1 kl+ +kp 1 k
ki1=max{k1,....kp—1}

|10 ul| g2 ]|0F T | s ds

S AN (R

: kl"l‘ "ka 1 =k
ki=max{ki,....kp—1}

k
Z / OF (JulP=*) &u 0 dvol,| ds

) ||0k1u||L4 X

) 105 | pa g

><!!@?U\!Lgomllaf“*jUHLaLzl-

By using Proposition 5.2.2 and Lemma 5.2.3 together with the same tech-

niques used in the proof of Proposition 4.3.4, we get

k
ch /M2 OF (JulP=r) &u 057 dvol,| ds

ak— 1+2$0+5
Ne l|uwol| g1 \/_HUHLOOH%H

Finally, putting all together, we get

ak—142sq
/ |T’h$ of (5 1)|d8 e, [luoll 1 \/_"U||Loonk+1(M2)
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Proposition 5.2.5. Let u € C(R, H***Y(M?)) be the unique global solution
to (4.1) with m =2k + 1, k € N. For every T € (0,1), we have

[, ) porsr ) — (0, .>||§,2k+l(M2)

4k—142s
2k e

N€7HU0||H1 \/_HuHLoonk+1(M2) + HUHLOOH%H(MQ)-
Proof. (Sketch) We prove the proposition assuming that p > 3; if p = 3 the
proof is similar. Let Ror.1 be defined as in 5.1.1, we claim that

+
|R2k+1‘ ~€, ||uoll g1 HUHH%HE-

(5.13)

In order to prove (5.13), we shall estimate each term of Rox 1 independently.
(First Term) We observe that

‘/ luP~0Fu|* dvol,
M2

therefore, by using (1.2), (4.4), (4.13) and Lemma 5.2.3, we get

'/ lu[P~H0Ful? dvol,| <

(Second Term) By expanding the time derivative, we get

‘/MZ [ulP=3|OF (Jul?)|? dvol,| < Z / lulP=2 |0F ul? |0F2ul? dvol,

k1+ko=k
k1= max{kl,kg}

S B0 70 ul 7
k1+ko=k
ki1=max{k1,k2}

therefore, by using (1.2), (4.4), (4.13) and Lemma 5.2.3, we get

[ et qup ) deo,

< [lullf= 10Ful 7,

24e
~S¢€; ||uoll g ||UHH2I¢+1 .

2k
S, [[uoll 1 HUHH%H .

(Third Term) By expanding the time derivative, we get

k—1
Rech /M2 Hu 0 (|ulP~) dFa dwol,,

s> [ (e

Jj=1 mi+..4+mp_1=k—j

> 00| |0Fu| dvol,.
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Due to Holder’s inequality, we have

k—1
Rech/ FHu 08 (JulP~) oFa dvol,,
j=1 M

k—1 -1
S 2 ( I1 H@Z”iuHLoo> 10| 2|0 | 2,

=1

J=1 mi+..4+myp_1=k—j

therefore, by using (1.2), (4.13) and Lemma 5.2.3, we get

4k—2
< ul| 2
~€, ||uoll g1 H2k+1 -

k-1
Rech/ Fu OF I (JuP™) ok dvol,,
j=1 M

(Fourth Term) By expanding the time derivative, we get

k—1
ch/ O (JulP=*) 0l (Jul?) OF (|u]?) dvol,
j=1 M

k-1

p—3
SN < [T 1o ) 07l 107l (0] [0,
j i=1

Jj=1 mi+..+mp_1=k—j
Jitj2=j
k1+ko=k

ki=max{k1,ka2}

Due to Holder’s inequality, we have

k—1
S / OE=3([ufP*) Bi([uf?) Ok (jul) dvol,
j=1 M

k—1 p—3 .
S Z Z ( H |07 u |Loo) |07 u|| 2 %

7j=1 m1+...+mp,1:k7j =1
Ji+j2=j
k1+ko=k
ki=max{k1,k2}

<107l | oo 1107 ul |2 |0l |

therefore, by using (1.2), (4.13) and Lemma 5.2.3, we get

4k —2
< ul|
e ol HUl gres -

k—1
ch/ OF 7 (|ulP=2) & (|ul?) OF(Jul?) dvol,
j=1 JM?
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Now, we observe that Proposition (5.2.4) gives

/ —52k+1 dS

therefore, due to the Fundamental Theorem of Calculus,

4k—142sg

+e€
L/“yrfzs of (5] ds S, fuollyr VIl o™

1 1
0T s = SO0 + ot (10(7) = Rasea(0)0)
4k—1+42s( Te

S/E [luoll 1 \/—| |U" |LO0H2k+1

Due to (5.13), we have

108V gu(r, )72 = 107V 4(0, )17

414250 |
Ne [luol| ;1 \/_||UHL°°H2’9+1 + 2 sup ’R2k+1(u)(t)|
te(0,7)
< 20 SR te
\/_||U||LooH2k+1 + || ||LooH2k+1
Moreover, since || - |3 = || - |32 + [|Vg - [|32, we have

[10Fu(r, )7 — 11070, )3

250
+
Ne [luol| 1 \/_HUHLOOH%H + || ||Lg§H2l:+1 + Hafu(T’ )||%2
Lk +
N||UOHH1 ||uHLooH2k+1 + || ||L<2>§H2kg+l7

where we used (4.13) and Lemma 5.2.3 at the last step. We conclude by
arguing as in the proof of Proposition 4.3.5. ]

Theorem 5.2.6. Let u € C(R, H**™(M?)) be the unique global solution to
(4.1) with m = 2k+1, k € N. For every T > 0, we have the following bound:

k
sup Hu(t, -)Hsz-;-l(Mz) < C(max{l’T})lziso-i—e
te(0,7)

where C' = C(e, k, |[ug|| gr2r+1) and sq € [0, 1] is given by Proposition 3.2.3.

Proof. See Theorem 4.3.6. ]
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5.3 The 3-Dimensional Case (m =2k + 1)

The aim of this section is to provide a bound on the growth of the con-

tinuous function
Rt >t +—s ||u(t, ')HH2’“+1(M3) (514)

where £ € N and u is the unique global solution to the Cauchy problem
(4.2) with m = 2k + 1. As a first step we use the same "modified” endpoint
Strichartz estimates used in Chapter 4 to provide a priori bounds to small-
time increments for (5.14). Then, we take advantage of an iterative argument

to show the exponential growth of (5.14).

Notation 5.3.1. In the following computations we call € a positive quantity
that may change from line to line. We shall assume € to be small enough at

each step.

Proposition 5.3.2. Let u € C(R, H**1(M3)) be the unique global solution
to (4.2) with m =2k + 1, k € N. For every 7 € (0,1), we have

/0 |7’.h,.8. Of (57)| ds 5 |[uol| 1 T||u’|%$_cH2k+1(M2) + “U|’230H2k+1(M2)
for some v € (0, 2).
Proof. (Sketch) By applying Lemma 5.2.3 to each term of (4.63), we have
i 2-1, 4-1 2j-1
||atu||LZL6 S l[uwoll g1 ||u||L§’§H2k+1 + \/?HUHL;H%H + \/;HUHL?H%H- (5.15)

In the following computations we use (5.15) to estimate each term of (5.7).

(First Term) By expanding the time derivative, we get

r

Due to Holder’s inequality, we have

[

/ O (Jul?) |0Ful? dvolg‘ ds ,S/ / lu| |0¢u| |OFu|?* dvol, ds.
M3 0 M3

Oe([ul?) |0Ful* dvol,

M3

]
ds < / L2810yl | O 2o dis
0

S Vllull e s 10l | Lo 2 10F ul 72 16,
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therefore, by using the Sobolev embedding H'(M?) — L5(M?3), (4.4), (4.15),
(5.15) and Lemma 5.2.3, we get

[

for some v € (0,2).

[ oty ot doo,
M3

ds SJHUOHHl T||u|li$@H2k+1 + ||u||zgoH2k+1

(Second Term) By expanding the time derivative, we get
/

k—1 -
S22 / / 07 ] |05l |97 |0Fu] dvol, ds.
.JO M3

J=1 mi+mo=k—j

ds

k-1
Rech/ O 0F 7 (Ju)?) oFa dvol,,
=1 JM?

Due to Holder’s inequality, we have

/T
0
k—1

i
S > / 107l | o107 ul | 221107 o] |07 ul | o dis
- J0

ds

k-1
RGZCj/ O 0F 7 (Ju)?) oFu dvol,,
j=1 M

1 mi+mo=k—j

S Do N0 ullneno |07 ul e 121107 ul e 1] |0f ul |2 s,

J=1 m1+mao=k—j

therefore, by using the Sobolev embedding H*(M?) — LS(M?3), (4.15), (5.15)

and Lemma 5.2.3, we get

- k-1
/ Rezcj/ O 0F 7 (Ju)?) oFu dvol,| ds
0 =
SJHuOHHl T||u||i$°H2k+1 + ||U||230H2k+1
for some v € (0, 2).
(Third Term) By expanding the time derivative, we get
ds

k—1
Rech/ Hu 0F 7 (|u)?) oFa dvol,
=1 M
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SSOX [ el e ioral ot dvot, ds

k—1
=1 mi1+mo=k—j+1

J

Due to Holder’s inequality, we have

k—1
Rech/ Hu 0F 7 (Ju)?) oFa dvol,| ds
j=1 M

.
DD /O 107wl |2 110)" s |07 ul | o ]|0F wl | o ds

1 m1+m2:kfj+1
S Y o ulliere 107 ul |2 oo ]107"ul | 2 06 ]0F ul | e 1,
j=1 m1+m2:kfj+1
therefore, by using the Sobolev embedding H'(M?3) < Lé(M3), (4.15), (5.15)

and Lemma 5.2.3, we get

k—1
Rech/ Ou 0F 7 (Jul?) oFu dvol,| ds
=1 M
Sl\uollm THUHQLgoH%H + ||u||Z$oH2k+1
for some v € (0, 2).
(Fourth Term) By expanding the time derivative, we get
| k A '
/ ch/ OF (lul?) du GfH_Jﬂ dvol,| ds
o |5 T Jme

k T
S Z Z /0 /M3 08| [0F2ul |0u| |0, ul dvol, ds.
k

J=1 k1+ko=

Due to Holder’s inequality, we have

[

k T
S S [ ulleliotallelioiullel ot e ds
k 0

J=1 k1+ko=

k T
<2 /|IaflulngmlIat’”ulngmllaiulngom||8f+1‘Ju|ILgOLz,
0

J=1 k1+ko=k

ds

k
ch/ O (Ju)?) dlu O T dvol,
j=1 M
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therefore, by using the Sobolev embedding H'(M?3) < LS(M?3), (4.15), (5.15)
and Lemma 5.2.3, we get
/)

Cj

O (Jul?) dJu 0y a dvol,| ds
3

NHUOHHl 7—||u||L<><>[-]2k+1 + ||u||LooH2k+1

for some v € (0,2). Finally putting all together we obtain

/ [rhes. of (5.7)|ds S Jjuollyn THUllZee pranss gy + 1l gronis g
for some v € (0, 2). O

Proposition 5.3.3. Let u € C(R, H*T1(M?)) be the unique global solution
to (4.2) with m =2k + 1, k € N. For every T € (0,1), we have:

||U(T, ‘)l|%]2k+1(M3) - ||U(Oa ')||§{2k+1(M3)

Sttuollr THullZee rrowenarsy 1l prarss agoy
for some v € (0,2).
Proof. (Sketch) Let Roxy1 be defined as in 5.1.3, we claim that
Rarr1(u)] S Mullzze4 (5.16)

for some vy € (0,2). In order to prove (5.16), we shall estimate each term of
Rok+1 independently.
(First Term) We observe that

’/ lu?|0Ful® dvol,
M3

therefore, by using (1.3), (4.4), (4.15) and Lemma 5.2.3, we have

‘/ [ul?|0Ful* dvol,| <

S |l Zee [10F ul 72,

Lie
~e, |[ull g1 ||U’||H2k+1 .
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(Second Term) By expanding the time derivative, we get

S Y [ ek e du,
koM

k1+ko=
k1=max{k1,k2}

k k
S > lerullzallorullf.,

k1+ko=k
ki=max{k1,k2}

[ ot vl
M3

therefore, by using (1.3), (4.15) and Lemma 5.2.3, we have

4k—1
[ ot duol <

(Third Term) By expanding the time derivative, we get

k-1
Rech/ O 0F 7 (|ul?) oFa dvol,,
=1 JM

k—1

S Z -/]\/[3 IaiU\ |0, u| |0l yafu‘ dvol,.

=1 mi+mo=k—j

Due to Hélder’s inequality and the Sobolev embedding H'(M?3) < L5(M?3),

we have

k-1
Rech/ & 0F 7 (Jul?) oFa dvol,
=1 JM

k-1
SO > Notullusllor all sl |0 ull sl 10f ull 2

J=1 mi+mao=k—j
k—1 '

SN o ullm 107 ul [ 107 ul | | 0Ful | 2,
J=1 mi+mao=k—j

therefore, by using (4.15) and Lemma 5.2.3, we obtain

k—1 . A et
ReY ¢, / Bl 07 (Juf?) 95 dvoly| ot I[ull i
j=1 M7

Putting all together we have

|R2k+1(u)’ 557 [luoll g1 ||UHH21€+1 + HUHH%H < Hu||H2k+1
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for some v € (0,2), which proves the claim. Now, Proposition 5.3.2 gives

Td
/0 %52k+1(u) ds

5/ |r.h.s. of (5.7)] ds
0

Suollr Tl T prawss + [[ul]] s o
Due to the Fundamental Theorem of Calculus we have
[y 2 Lok 2
ST N = SO0 + ot (10(7) = Rasea(w)0)
SJHUOIIHl T||u|’i$°H2k+1 + Hu||’£$0]—]2k+17
therefore, (5.16) gives

108V gu(r, )72 = 107V 4(0, )17

SHUOHHI TH“H%%’H%H + Hu||z$oH2k+l +2 Szép) |R2k+1(u)(t>|
te(0,7

N T”“H%g@H?kH + ||u||ZgoH2k+1

for some v € (0,2). We conclude by arguing as in the proof of Proposition
5.2.5. 0

Theorem 5.3.4. Let u € C(R, H**1(M?3)) be the unique global solution to
(4.2) with m = 2k+1, k € N. For every T > 0, we have the following bound:

sup ||u(t, )| gm @z < Crexp(CoT)
te(0,T)

where CLQ = Cl,g(k', ||U,0||H2k+1) > 0.

Proof. See Theorem 4.4.5. [
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Chapter 6

Growth of the H? Sobolev
Norm of the Solution to the
subcubic NLS on Closed

Riemannian Manifolds

The aim of this chapter is to provide a priori bounds on the growth in time
of the Sobolev norm ||-||g2 of the solutions to the family of Cauchy problems
(4.3). At first, we prove a fundamental comparison between Sobolev norms

that we will use throughout this chapter

Proposition 6.0.1. Let u € C(R, H*(M?)) be the unique global solution to
(4.3). We have

H@tu — Z'AguHLz(Mfs) SHUOHHl HuHH1(M3). (61)
Proof. Since u solves (4.3), we have
10 — iAgullze = |[(Jul"~ w)l|z2 = [[ull72,

therefore, due to the Sobolev embedding H'(M?3) < L?’(M?3) and (4.4), we

have

100w — iAqullze S Tullfn = [l ullarr Sjuop el

99
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which concludes the proof of the proposition. n

Corollary 6.0.2. Let u € C(R, H*(M?)) be the unique global solution to
(4.3). We have

10kl L2 (ar3y Spuoll,pn |10l 2 013y (6.2)
Proof. Due to (6.1), we have
1Orul|z> < [|0pu — iAgul[r2 + [[AgullL> Sjuoliy [[ullar + [lullae S llullm2,

proving the statement of the corollary. O]

6.1 Modified Energy

In this section we introduce suitable "modified energy” for the Cauchy
problem (4.3). We shall use this modified energy in order to provide a priori

bounds on the growth of the Sobolev norm || - || 2.

Definition 6.1.1. Let u € C(R, H*(M?)) be the unique global solution to
(4.3). We define the modified energy as

FQ(U) = HatUH%Q(M‘S) + g2(u),

—1
Ga(w)i= ~(p=1) [ |l Wl dvoly ~ =% [ jup? doo,
M3 p M3
Proposition 6.1.2. Let u € C(R, H*(M?)) be the unique global solution to
(4.3). We have

d

GF0) = 0= =3) [ (a0l 9, ful|? duol,+
t M3 g

+2(p — 1)/ |u|p_28t|u|}vgu}j dvol,,. (6.3)
M3
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Proof. We observe that

d
EH&UH%Q = 2Re (/M3 02u Ou dvolg) . (6.4)

Moreover, since u solves (4.3), we have

(6.4) = 2Re (1/ Ay(Owu) O dvolg) — 2Re (z/ O(|ulP~tu) O dvolg)
M3 M3
= —2Re (z O(|ulP~tu) O dvolg)
M3
since
2Re (z Ay (Opu) O dvolg> = —2Re <z/ |0:V gul? dvolg> = 0.
M3 M3
By expanding the time derivative we get
O(|ulP~ u) = 0,(JulP~Hu + |ulPou,

therefore

d
—||0wul[3: = —2Re (z Or(JulP~Hu O dvolg) :
dt i

Now, using that u solves (4.3), we have
—2Re (z/ Oi(|ulP~Yu dyu dvolg) = —2Re (/ Or(JulP~Hu Aju dvolg>
M3 M3

+ 2Re ( Or(|ulP~ 1) |ulPt? dvolg> :

M3

By elementary computations

2Re (/ Ou([uf~1) [+ dng> :2@-1)/ P Byu| dvol,,
M3 M3

d
— [ul* dvol, = 2p/ |u|*~10y|u| dvoly,
dt M3 M3
therefore
—-1d
2Re < O (JulP~ 1) |ulPt? dvolg) . [u|? dvol,.
M3 p dt M3
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Moreover, due to the identity
A (Jul?) = 2Re(uly@) + 2V, ul?,
we have

—2Re( Ou([ulyu A, dvolg> _ / (lulP) A, (ul?) dvol,+
M3 M3

+2/ O(JulP™") [Vgul? dvol,.
M3

Putting all together and using integration by parts we get

d p—1d _
e I AL +2/M3 Au(jul™) |V gul? dvol,+

= [ oultu ™) Ayu?) dvol,
M3
1d

p _ —
= —p % . |U‘2p dvolg +2/M3 at(|u‘p 1) |Vgu|§ dUOlg—|—

[ Ol 1), dvol,
M3

p—1d B
= —p d_t s |U|2p dvolg +2/MS 8t(|u|p 1) |Vgu|§ dUOlg'f‘

#2p=1) [ @Vl [l V), dooly. (65)
where in the last line we used the identities
VolulP™' = (p— DulP2V,|ul, V,|ul* = 2[u|V,|ul.
By expanding the time derivative and from elementary computations we get

d _ _
([l IV lul2) = (@Y, ), [u] 7, ul),, +

Hul" 20|l [Vglul |§ + [u" ™ (Vglul, Vg Oilul),
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therefore
p—1d 2 -1 2
(6.5) = ——— lu|* dvol, + 2 Or(|u|P~) |V guls dvol,+
P dt M3 M3 g
d
L op— 1)—/ P |, ful | dvol,+
dt M3 9

—2p—1) [ [ulP20,ul|V,|ul|* dvoly+
M3 g

_o(p— 1)/ Nl (. VD), dvol, (6.6)
M
Finally, the identity

d _ 2 _ 2 _
L (= V) = 0P~V [} + 2 (Tl V),

gives
—1d
(6.6) = b—_° [u* dvol, + 2/ O(|ulP™h) |Vgu|fJ dvol,+
p dt M3 M3
d _ 2
+(p— 1)%/MS [ul" = [V lul 2 dvol,+

—2p—1) [ (w20 ul|Vlul|? dvol,+
M3 g

+0=1) [ a9l deo,
M3

—1d
== [ul* dvol, + 2(p — 1)/ |u|P~20,|ul ]Vgu|§ dvol,+
p dt M3 M3
d - >
+(p—1)£/M3 |Vl dvol,+
+(p—-1(p— 3)/ . |u]p_28t|u|{vg|u|}z dvol,,. (6.7)
M

Now, taking the time derivative of the modified energy F»(u), and replacing
(6.7) in it, we have the statement. O

6.2 The Subcubic Case

The aim of this section is to provide a bound on the growth of the con-
tinuous function
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where u is the unique global solution to the Cauchy problem (4.3). We argue

similarly to the previous cases.

Notation 6.2.1. In the following computations we call € a positive quantity
that may change from line to line. We shall assume € to be small enough at

each step.

Proposition 6.2.2. Let u € C(R, H*(M?3)) be the unique global solution to
(4.3). For every T € (0,1), we have

1/2
ullzwrears) S molln VTIUllE2 g2ars) + 1ellsmmzarsy (6:8)
Proof. Since u is a solution to (4.3), from Proposition 3.2.7, we deduce that
lullzzwre Se llullpge e + [|ull 2 s + | ([P~ )| L2 ywrsrs.
Arguing as in the proof of Proposition 4.4.2, we get
[l o e Se llull o |l oo g2,
1/2 1/2
lallzzmsre S VIl o
therefore, by using (4.4), we obtain
1/2
ul e S ol Nalliomzs Mullzaore Suoltyn Vllulle e
By using the Sobolev embedding H'(M?3) — L5/5(M3) and (4.4), we get
(P~ )l zors = Tl s < ullfn =l Tullin Siuoli ullze-
Since |V, |ul| < |V u|, we get

5/6
IV (ul? ™0 | s = ( 9l dvolg>

5/6
< (/ |Vgu|g/5|u\(6p_6)/5 dvolg> ,
M3

therefore, due to the Holder inequality, the Sobolev embedding H'(M?3) <
L3P~V (M3) and (4.4), we have

IV (lulP~ )] oss S Nl Il sy S Hullfn Sl ulle,
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so that

(P~ ) fwrers ~ (el )l ors + [V gl )| Lo Sjuollpn Nl
Putting all together we obtain the statement of the proposition. ]
Proposition 6.2.3. Let u € C(R, H*(M?)) be the unique global solution to
(4.3). For every T € (0,1), we have

/ [r.h.s. of (6.3)] ds < ~Sluoll g1 7-HuHLgojﬂ(z\/[ii) + HuHLgo[ﬂ(MB)

for some y € (0,2£2).

Proof. We shall estimate the first term of (6.3), the second one is identical.
Since |V |ul| < |V u|, we get

[

By using Holder’s inequality, the Sobolev embedding H'(M?) — LS(M?3),
(6.2) and (4.4) we get

/MS (P20, u| [Vl > dvol,

ds S/ / lulP~2|0pu| |V yul? dvol, ds.
o Js I
(6.9)

/M 100 [Vl dvol,

(p—2)/6 1/2
< </ |ul® dvolg) (/ |Ou? dvolg) X
M3 M3
(5-p)/6
X (/ |V yu|'¥/G=P) dvolg>
M3

S Ml N0l zellul 2, s Sl [ull=llul 2,z

therefore
5—p

(6:9) S unl / ezl s ds < Il e / [l , 2 ds. (6.10)
0 wemp

By using Holder’s inequality, we get

+1

[, s < ([l ) e
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Now we claim that

ptl
ull gz Shuolin ullyne- (6.12)

Due to the Holder inequality and (4.4), we have

(5-p)/12
l|lul| 12 = (/ || 12/(5=P) dvolg)
L5-p M3

(5-p)/12
= (/ |u|3(3—p)/(5—p)|u|3(p+1)/(5—p) dvolg)
MS

(3—p)/8 (p+1)/24
< (/ |u|? dUOlg) (/ |u|® dvolg>
M3 M3

< Hullgz lulls < lullgh Tellgs Siolip Hullzs -
Similarly, we get

1Vgull, g2, < lullA 1950l Saoln 1Vl

therefore

lull oo ~ Nl e + 1Vl e
ptl ptl pil

SJHUOHHl HUHLé —l—vauHLé ~ ||UHW1,67
which proves the claim. By using (6.12) and (6.8), since 7 < 1 we get

3—p ptl ptl

(6-11) Sjjuolijn 7 ||u||L§W1’6 Se. luoll1 T||U’HL§OH2 + Hu||€L$OH2v
therefore
pts
(6.10) <, lluoll g1 T||u||L;H2 + ||u||ZgoH2

for some v € (0, ’%5), which concludes the proof of the proposition. O

Proposition 6.2.4. Let u € C(R, H*(M?)) be the unique global solution to
(4.3). For every T € (0,1), we have the following bound:

p+5
(T, ')||?{2(M3) — (0, ')||12'{2(M3) Sliuoll 1 7_||u||L§oH2(1\J3) + ||u||z§3°H2(M3)

for some ~y € (0, 7%5).
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Proof. Let Go(u) be as in Definition 6.1.1. Due to the Sobolev embedding
H?*(M?) < L>*(M?) and (4.4), since |V,|u||, < |V ul,, we have

_ 2 —1 2
[ 9l dvoty < el |9l duo,
S Nl el St Nl

Moreover, due to the Sobolev embedding H'(M?) — L*(M3) and (4.4), we

have

1
[ul* dvoly = [[ul [, < Il = llul i el St [l
M3

so that
1Go ()] Saoll,n [l + ullbnt < [ullbs". (6.13)

From Proposition 6.2.3, we have

T d
/o Eé’gk(u) ds

< /OT [r.h.s. of (6.3)| ds

SHUOHHI THuHLgoHQ + HuHLgoHZ

for some v € (0, 1%5). By applying the Fundamental Theorem of Calculus,

we get
[10u(7, )72 = [0:(0,-)[|72 + Ga(u)(T) — Ga(u)(0)
pt5
SHU«OHHl 7-||7~L||L§OH2 + ||u||ZgoH27

hence

[10ru(r, )72 — [19ru(0, )72 — 2 sup |Ga(u)(t)]

te(0,7)

=N v
r€||u0\|H1 7-||u||[,;>_OH2 + ||u||LE;°H2‘

Due to (6.13), since p — 1 < 22, we have

pts
[10ru(r, )72 = 11000, )Lz Sipuolign THull % e + 1|7 g
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for some v € (0, 2£2). Finally, due to (6.1) and (4.4), we have
[lu( )l = 0wl )72
< (9vu(r, ) — il gu(r, )|z + [|0pu(r, )||22)* +
Hlu(r, )i — N10eu(r, )72
Stuollyr (T )2,
and
[10¢u(0, )72 = [1u(0, )|[72
< (10pu(0, ) = i8gu(0, )12 + [|A5u(0, )[]22)* = [|Agu(0, )72
Sthuollgr 1[40, )] |z2,

therefore

(7, )72 = 1w(0, ) [[32
Stoll Tl g2+l e g + 107 o + 10, )l
< rllull e + 1l e
for some v € (0, ’%5), proving the statement of the proposition. ]

Theorem 6.2.5. Let u € C(R, H*(M?)) be the unique global solution to
(4.3). For any T > 0, we have the following bound:

sup |u(t,)||m2usy < C (max{1,T})57,

te(0,T)

where C' = C(||ug||g2) > 0.

Proof. Let us consider 7 € (0,1) given by the local Cauchy theory. From

Proposition 6.2.4, Remark 4.0.1 and elementary computations, we get

[u(r, NI < [[u(0, )7 + Cllull 725

where v := 22 and C' = C(||uo||2) > 0 may change in the following com-

putations. By iteration, for every n € NU {0}, we obtain

lu(nt + 7,72 < [lu(nT, )32 + C ( sup IIU(tw)H?{E%) 7

te(nt,nt+7)
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hence, since the map data solution is continuous (see 2.2.3), we have

lu(nr + 7,7 < [lu(nT, )52 + Cllu(nT, )"

Now, arguing as in the proof of Theorem 4.3.6, for every n € N U {0}, we

obtain
[u(n, )32 < € (max{1,n})"/",
therefore, due to the continuity of the map data solution we have

P )Hu<t, N3 < Cllulnt, |42 < C (max{1,n})"".
te(nt,nt+1

Finally, given N € N such that N7 <T < N7+ 7, we have

te(0,T) n€f{0,+ ,N} te(nt,nt+7)

sup ||u(t, )2 < max ( sup |u(?, ')II?p) < C (max{1, N})'/?
< C (max{r,TH"" < C (max{1,T})""
since 7 < 1, therefore

sup {lu(t, )| < € (max{1, TH"* = C (max{1,T})7
te(0,T)

which concludes the proof of the theorem. ]
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