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Introduction

This master thesis deals with a geometric problem through the methods of Variational
Analysis: the central topic of it is the Birkhoff’s Theorem, an existence result for
geodesics. The statement of the theorem is the following:

“On any compact surface S in R3 which is C3-diffeomorphic to the unit sphere S?
there exists a mon-constant closed geodesic.”

Geodesics are largely studied in the calculus of variation, since the concept itself of
geodesic curve is closely linked to a variational problem. Particularly, Birkhoft’s Theorem
is an application to geometry of the variational non-direct methods, useful to show the
existence of stationary points, given a functional satisfying certain hypotheses. In detail,
the method used to show the existence of the critical point in the proof of the theorem is
the so called Minimazx principle, whose easiest version of the statement is the following:

“Let f be a C* real-valued function defined on a Banach space B. Let A be a family
of subsets of B that is invariant with respect to any semi-flow n : [0,+00) x B — B such
that:

1. n(0,z) = z,Vo € B,
2. f(n(t,x)) is non-increasing in t, Vx € B.

Put

= inf .
TR

If c € R and [ satisfies the Palais-Smale condition at level ¢, then there exists xy € B
such that f(xg) = c and dyy f =0 (i.e. ¢ is a critical value for f)”.
Thus, some topics we need from analysis are the differentiable calculus on an arbitrary

Banach space (in particular the Fréchet and Gateaux differentials) and the important



notion of Palais-Smale condition for a function f: we say that a function f € C'(B,R)

satisfies the Palais-Smale condition at level c if any sequence {x,}neny C B such that

n—oo

1. f(z,) — ¢,

n—oo

2' ||d$n-f| B* — O’

contains a strongly convergent subsequence. This is a compactness condition that yields
us to the Deformation lemma, on which the Minimax scheme is based. We will also see
a more general version of the Minimax principle for differentiable manifold modeled on
Banach spaces and endowed with a Finsler structure.

This latter is the variational part, that allows us to prove the existence of closed
geodesics, provided these are stationary points of some functional satisfying all the hy-
potheses of the Minimax principle.

However, before starting with the variational methods, the first chapter of the thesis
is more geometric and it is dedicated to the introduction of geodesics on Riemannian
manifolds. Indeed, in order to have a proper and general definition of geodesics, we need
to work on a differentiable manifold equipped with a Riemannian metric. Informally,
when one thinks at geodesics, generally one imagines a curve that minimizes the distance
between two nearby points (for example a geodesic in the euclidean plane is a straight
line, while a geodesic on a sphere is an arc of great circle). Here geodesics are defined as
curves with zero acceleration (then one can show that such curves are locally minimum
distance paths).

An important notion we need, towards geodesics, is the one of affine connection,
which is possible to give on a generic differentiable manifold. Then, provided we have
an affine connection V on a differentiable manifold M and a curve v : I — M, we can
define a unique correspondence that associates to each vector field V' along v another
vector field V;V along v satisfying certain properties in some way similar to those of
the derivative operator defined on functions of one real variable. The vector field VsV
is known as the covariant derivative of V. Working on a Riemannian manifold, it turns
out that there exists a “special” connection. Indeed, if we have a Riemannian manifold
M with metric (, ), we can require that a connection is compatible with the metric (, )

and that it is symmetric; the Levi-Civita Theorem, which is the fundamental theorem of



iii

Riemannian geometry, tells us: “If M is a Riemannian manifold, there exists a unique
affine connection V, called the Levi-Civita connection, which is either compatible with
the metric, either symmetric.”

Now, considering a Riemannian manifold M with its Levi-Civita connection V, we
can give a proper definition of geodesic: we say that a smooth curve v : [ — M is a
geodesic on M if V.7(t) = 0 for all ¢ € I. From this we can see some consequences: it
turns out that geodesics have some important minimizing properties. Indeed, given a
piecewise smooth curve v : [a,b] — M on a Riemannian manifold, we can consider the

lenght functional defined as:

()= [ 1i®lhodt = [ /G050,

Then a geodesic passing through two points P, () € M is locally a solution of the mini-

mizing problem:

min{¢(v) |7 : [a,0] — M, y(a) = P, 7(b) = Q}.

We can see that, if ¢ : [c,d] — [a, b] is a C'-diffeomorphism and (7) := v(¢(7)), then
0(5) = {(vy), meaning that ¢ is invariant under reparametrization. Another functional
we will introduce is the energy functional: given a curve ~ as before, it is defined by the

following integral:
IR
o) =5 [ i@ e

This second functional is not invariant under diffeomorphism, unlike the previous one;
however, it turns out that, if we choose a parametrization for which the velocity of the
curve has constant module, then we obtain the relation ¢(v) = \/m . Hence,
among these curves parameterized with constant velocity module, looking for a minimizer
of ¢ is equivalent to looking for a minimizer of E. Since the minimizer for E is unique
(due to the strict convexity of the functional), then it follows that the minimizer for ¢
is unique (up to reparametrization of the curve). It is more convenient to work with £,
instead of ¢, because E has certain properties of regularity that facilitate the proof of
the existence of critical points.

Finally, in the last chapter of this thesis, we will see that for a surface S the space

of closed curves on S with finite energy has a structure of Finsler manifold and we will



prove the Birkhoff’s Theorem; we can see here the most important steps in which the

proof is organized:

1. Definition of the energy on the space of closed curves u : St — S :

1 2 .
Bl =3 [ i)

and definition of the space of closed curves with finite energy:

H"Y2(SY58) = {u: R — R*: ulgan € H"?((0,27); R?),
u(t) = u(t+2m),u(t) € S a.e.t € R}.

2. Reduction of the problem to searching for critical points of FE.
3. Proving that the functional E satisfies the Palais-smale condition.

4. Construction of a flow-invariant family F as in the statement of the Minimax

principle.
5. Proving that the minimax value for E, defined by

B = inf sup E(u),

pE]-' ueEp

is strictly positive (hence the closed geodesic corresponding to it is not constant).

This result by Birkhoff dates back to 1917 and, with a later extension to sphere of
arbitrary dimensions, mark the beginning of the calculus of variations in the large. Later,
in 1929 Lusternik-Schnirelmann will prove the existence of three geometrically distinct
closed geodesics free of self-intersections on the 2-dimensional sphere, with an arbitrary

Riemannian metric.
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Chapter 1
Geodesics on Riemannian manifolds

In this chapter, we will introduce the notion of geodesic curves. In order to do
that, we need to work with differentiable manifolds equipped with Riemannian metrics.
We will start with some basic definitions and propositions of Riemannian geometry,
including the notion of affine connection and the Levi-Civita Theorem, which is known
as the Fundamental Theorem of Riemannian geometry and immediately precedes the
definition of geodesic. Then we will define the exponential map (on a subset of the
tangent bundle of a differentiable manifold) and see important minimizing properties of
geodesics. Finally, besides the length functional, we will introduce the energy functional

E and give a characterization of geodesics curves as critical points of this functional.

1.1 Riemannian manifolds and curves

Definition 1.1. Given a differentiable manifold M, a Riemannian metric (or Rie-
mannian structure) on M is a correspondence which associates to each point p €
M an inner product (, ), (symmetric, bilinear, positive-definite form) on the tangent

space of M at p T,M such that p — (, ), is differentiable in the following sense: if

X : U C R®™ — M is a system of coordinates around p, with x(z!,... 2") = ¢ € xX(U)
and %(Q) = qu(O,...,\l/,...,O), then (aii (q), %(q)),l = gij(x', ... 2") is a differ-
i—th

entiable function on U. The function g;;(= g;;) is called the local representation of the

Riemannian metric in the coordinate system X : U C R® — M.

1



2 1. Geodesics on Riemannian manifolds

Remark 1.2. The previous definition does not depend on the choice of the coordinate

system.

Notation 1.3. When we work with a system of coordinates X : U C R" — M, we

denote by (x',...,2") the local coordinates for X(U) (variables on U) and we define
2 (q) == dX,4(0,...,_1 ,...,0) for ¢ € X(U) as in Definition .
i—th

Definition 1.4. A Riemannian manifold is a differentiable manifold with a Rieman-

nian metric defined on it.

Example 1.5. The most trivial example of a Riemannian manifold is M = R" with (, ),

standard scalar product for all p € R".

Notation 1.6. If M is a Riemannian manifold, p € M and v € T,M, we denote the
norm of v by [|v|, := \/ (v, v),.

Definition 1.7. If M and N are two Riemannian manifolds and f : M — N is a

diffeomorphism, then we say that f is an isometry if the following condition is satisfied:
(u, v)p = (dfp(u), dfp(”»f(l’)v Vp € M,Vu,v € T,)M,

where df, : T,M — Ty, N is the differential map of f at p. If f: M — N is a
differentiable map, we say that it is a local isometry at p € M if there exists an open
neighborhood U C M of p such that f: U — f(U) is an isometry.

Now, we are interested in curves: we will focus on vector fields along curves, partic-

ularly the wvelocity field of a curve.

Definition 1.8. A wvector field X on a differentiable manifold M is a correspondence
X : M — TM such that X(p) € T,M for any p € M. The field is said to be
differentiable if the corresponding mapping is differentiable. If X : U C R" — M is a
system of coordinates around p € M, then we can write
noo P
X(p) =) _a' X' (p) 55 ). (1.1)

i=1

where ' : U — R.



1.1 Riemannian manifolds and curves 3

Remark 1.9. Another way to express the differentiability of the Riemannian metric is
to require that V' 3 p — (X (p), Y (p)), is a differentiable mapping for any open neigh-
borhood V' of M and for any couple of vector fields X and Y that are differentiable on
V.

Remark 1.10. If D is the set of all smooth functions on M and F is the set of all functions
on M, by (L.1), we can think at a vector field X as a mapping X : D — F given by

Xfp) =S a2 1)), vrep.

: ox’
=1
Hence, we can interpret vector fields as differential operators.

Lemma 1.11. Let X,Y be differentiable vector fields on a differentiable manifold M.
Then there exists a unique vector field Z on M such that Zf = (XY — Y X)f for any
f€D. Z is usually denoted by [X,Y] and it is called the commutator (or bracket) of X
and Y.

For a proof of the previous lemma see Lemma 5.2 on Chapter 0 of [2].

Definition 1.12. Let M be a differentiable manifold; a wvector field V along a curve
c: I — M is a smooth mapping V' : I — T'M such that V(t) € T,y M for any t € I.
If Xx:U CR" — M is a system of coordinates around ¢(¢), then we can write
.
V()= Y (< el) 5 (el))

=1

where a’ : U — R are smooth functions. As before, we can interpret V as a differential

operator:

Vi) = Y a () 222 (e ey).

=1

where f is a smooth function on M.

Remark 1.13. If V is a vector field along a curve ¢ : I — M, then the map t — V f(c(t))
is smooth on [ for any f € D.

The following one is the vector field we will work with from now on.



4 1. Geodesics on Riemannian manifolds

Definition 1.14. Let ¢ : I — M be a smooth curve in a differentiable manifold. For
to € I we can consider the differential map dc;, : Tj I — Tiu,) M. The velocity field of
¢ at to is defined by ¢(to) := deg, (S (to)) and it acts on any smooth function f on M in

the following way:

eftetr)) = W2,

Sometimes we may use the notation §(¢) for the velocity field of ¢ (it is a more prac-

tical notation especially when the curve c is given by the composition of a curve and a

mapping).

Remark 1.15. If X is a vector field on a differentiable manifold M, f : M — R is a
smooth function and p € M, then

Xf(p) = S o]

=0
where v : (—g,6) — M is an arbitrary smooth curve such that v(0) = p and 4(0) =
X(p).

The advantage of having a Riemannian structure is that we can measure the “length”

of a segment of a curve.

Definition 1.16. A segment is the restriction of a curve ¢ : I — M to a closed interval
la,b] C I. If M has a Riemannian structure and ¢ is smooth, then we can define the
length of the segment by:
b b
8@ = [ Iellade = [ te.cenk a
Sometimes we will omit the two endpoints of the interval of definition of the segment (or

curve), writing just ¢(c) in place of £2(c).

Remark 1.17. Let M be a Riemannian manifold and v : [a,b] — M a segment of a
smooth curve. Consider a reparametrization of y given by 7 : [¢,d] — M (i.e ¥ =vyop,

where ¢ : [¢,d] — [a,b] is a C*-diffeomorphism). Then () = (4(7).

Definition 1.18. ¢ : [a,b] — M is an admissible curve if it is a continuous mapping
and there exists a partition {a =ty < t; < ... < t,—1 < t, = b} of [a,b] such that

C|[ty_1 .4, 1s smooth for any £ =1,...,n.
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If M has a Riemannian structure, then we can define the length of c:

n n tr
HOEDINANC T ESY /t (é(t), é(t)ﬁ(f) dt.
k=1 k=1 k—1

We say that ¢ joins the points c¢(a) and c¢(b).

Definition 1.19. We say that ¢ : [a,b] — M is a unit speed admissible curve if it is an

admissible curve and [|¢(t)]|.) = 1 for all ¢ where é(t) exists.

Remark 1.20. Any admissible curve admits a unit speed parametrization.

We also have “piecewise smooth” vector fields along curves.

Definition 1.21. Let M be a differentiable manifold, ¢ : [a,b] — M an admissible
curve and V' : [a,b] — T'M a continuous mapping such that V(t) € T,y M for any
t € [a,b]. We say that V' is a piecewise smooth vector field along c if there exists a finite

subdivision {a = Gy < ... < Gy, = b} such that V|, | a,) is smooth for any k =1,...,m.

Remark 1.22. If M is a connected differentiable manifold, then for any couple of points

p and q there exists at least one admissible curve joining p and gq.

Definition 1.23. If M is a connected Riemannian manifold and p, ¢ is a couple of points

in M, then we can define the distance between p and q by
d(p,q) :=inf{l(c) : ¢ is an admissible curve joining pand ¢}.
By the previous remark, d(p,q) € R for any couple of points p and g.

Proposition 1.24. The quantity d introduced in the previous definition is actually a
distance and (M, d) is a metric space. Moreover, any Riemannian metric on M defines

a distance that induces on M the same topology as the manifold topology.

For a proof of Proposition see Lemma 6.2 on Chapter 6 of [0].

1.2 Affine and Riemannian connections

We denote by X'(M) the set of all smooth vector fields on M and by D(M) the ring

of all smooth real-valued functions defined on M.



6 1. Geodesics on Riemannian manifolds

Definition 1.25. An affine connection V on a differentiable manifold M is a map

Vo X(M) x X(M) — X(M)
(X,Y) — VyY

such that:
1. VixigvZ = fVxZ +gVy Z,
2. Vx(Y +2Z)=VxY +VyZ,
3. Vx(fY) = fVxY + X(f)Y,
for all X,Y,Z € X(M) and f,g € D(M).

Proposition 1.26. Let M be a differentiable manifold with an affine connection V.
Given a smooth curve ¢ : I — M, there exists a unique correspondence that associates

to each vector field V' along c¢ another vector field D,V along c such that:
1. D(V 4+ W) =DV + DWW for any vector fields V,W along c;

2. Di(fV) = %V—l—thV for any vector field V' along ¢ and for any smooth function
fonl;

3. if V is induced by a vector field Y € X (M) (i.e. V(t) =Y (c(t))), then
DV = V.Y,
where V.Y (t) := VxY(c(t)), with X € X(M) such that X (c(t)) = é(t).

Remark 1.27. We need to check that, if X, X,Y € X(M), p € M and X(p) = X(p),
then VxV (p) = VY (p) (from this the term V.Y in[4is meaningful).

Indeed, let X : U C R® — M be a system of coordinates about p and set X, := %.
Then we can write

X = Z(ai ox X, X= Z(di oXx NX;, Y= Z(bj o X1)Xj,

7 7 i
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where a’,a’, ¥/ : U — R are smooth functions. We have

VY =) (a'ox)Vy, (Z(bj o X—l)X]) _
= (@ox M ox )VxX;+ ) (a ox )X;(t) o x71)X;

i3 i,J

Setting Vx, X; = >, T, X}, then I'}; are smooth function on U and

VY =) (Z(ai ox N ox NIE + X (b o x—l)) X

Similarly

VeV =) (Z @ ox M) ox HIE + X (Vo x1)> X,
Since X (p) = X (p), then (a’ox~1)(p) = (@ox~)(p) and X (bFox~1)(p) = X (brox~1)(p)]]
Thus, VxY(p) = VY (p).

Proof. Let us assume there exists a correspondence that associates to each vector field
V along a curve ¢ : I — M another vector field D,V along the same curve satisfying
[ [dand [ Let x: U C R™ — M be a parametrization such that ¢(I) N x(U) # 0, let
(c(t),...,c*(t)) be the local expression of c(t), t € I, and set X, := -2-. Hence, we can

V=> X, j=1....n
J

where v/ = v/(t) and X; = X;(c(t)). By [{] and [4 we have

express locally

DV(t) = d”;t(t) X;(e(t) + 3 v (DX, 0 €)(b).

J J

Let X € X(M), locally X =} .(a' o X~)X;, such that X (c(t)) = é(t); by[4 we have

Di(X; 0 0)(t) = VeX;(t) = Vi X;(c(t)) = Z dc;f)vxixj(c(m, j=1,...,n.

X (0 o xTN)(p) = Li(a" o x ) (p) G (X)) = 2,(@ 0 X7H)(p) B (x 7 (p)) = X (BF o x 1) (p).
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All together, ’ .
dv’ dct
DtV = Ej EX] + Zéj EU]VXin’ (12)

therefore we have the uniqueness.

To show the existence, we define D,V in X(U) as in (1.2)); then it is quite obvious it
satisfies the desired properties. If Y(W) is another coordinate neighbourhood such that
X(U)NY(W) # () and we define D,V in Y(W) as for X(U), then the two definitions have
to agree in X(U) NY(W) by the uniqueness of D;V in X(U); therefore we can extend the
definition of D,V all over M. O

Ffj in the proof of the previous theorem are the so called Christoffel’s symbols. Since

we will use them several times, we fix the following notation.

Notation 1.28. Let M be a differentiable manifold with an affine connection V. When

we work in a system of coordinates X : U C R" — M, if X, := %, we denote by Ffj

the smooth functions on U such that
Vi X; =Y ThHX;.
k

Definition 1.29. If M is a differentiable manifold with an affine connection V, ¢ is a
smooth curve in M and V is a vector field along ¢, then the vector field V.V = D,V
introduced in the Proposition is called the covariant derivative of V along c.

We can give a notion of parallelism.

Definition 1.30. Let M be a differentiable manifold equipped with an affine connection
V and ¢: I — M a smooth curve in M. If V is a vector field along ¢, then V is said
to be parallel if V.V (t) =0 for any ¢ € I.

From now on, since we will have several sums, we will use the Einstein summation

convention.

Proposition 1.31. Let M be a differentiable manifold with an affine connection V,
c: I — M a smooth curve in M, to € I and Vy € Tou)M. Then there exists a unique
parallel vector field V' along ¢ such that V(ty) = Vi, this vector field V is called the
parallel transport of V (tg) along c.
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Proof. We first assume that ¢(I) is contained in a coordinate neighborhood X(U), where
X : U CR" — M is a system of coordinates. Let ( 1( ) ...,c"(t)) be the local
expression for ¢(t) and let Vo = >_. vo’! Xj(c(to)), where X; . We assume that there
exists a vector field V' along ¢ which is parallel and such that V(to) = Vp. We have that
V =30, v'X; (where v/ = v/(t) and X; = Xj(c(t))) satisfies

dv’ dci do’ de’

VIVx, X; = —X; + 0%, " X

0=VeV =37 &g dt dt

Replacing j with £ in the first sum, we obtain

V.V = Z( vﬂr’f)xkzo.

If we consider the following system of n differential first-order equations in v*
dvF  def
0=— 4+ —v'TF, k=1,...,n, 1.3
7 TVl (1.3)
with an initial condition v¥(ty) = vy for any k = 1,...,n, then it has a unique solution.

Hence, V exists, it is unique and it is defined for all ¢ € I, since the system is linear.
Finally, if ¢(/) is not contained in a local coordinate neighborhood, by compactness,
for any ¢, € I, the segment c([to, t1]) C M can be covered by a finite number of coordinate
neighborhoods, in each of which V' exists and it is unique, as we have seen before. By
the uniqueness, the definitions have to coincide when the intersections are not empty

and we can define V' along all of [to, t1] (therefore we can extend V' along all over I). [

Definition 1.32. Let M be a Riemannian manifold with the metric (, ). An affine
connection is said to be compatible with the metric (, ) if (P(-), P'(-)),, is constant for

any smooth curve ¢ in M and for any pair of parallel vector fields P and P’ along c.
We have the following characterization.

Proposition 1.33. Let M be a Riemannian manifold. A connection V on M s com-

patible with the metric if and only if
d

7 VO W)y = (VeV (1), W(t)) oy + (V(E), VW (£)) ) (1.4)

for any smooth curve ¢ : I — M and for any vector fields V' and W along c.
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Proof. Tt is obvious that if holds, then V is compatible with the metric (, ).

Let us prove the converse. Let us fix ¢y € I and let {Pi(ty),..., P.(to)} be an or-
thonormal basis for Ti,,) M. By Proposition we can extend each element P;(ty)
to a parallel vector field P; along c¢. Since V is compatible with the metric, then
{Pi(t),..., Py(t)} is an orthonormal basis for Ty M for any t € I. If V and W are

vector fields along ¢, then we can write
V=uP = W=uP,

where v, w' are smooth functions on /. Since V.P, = 0, we have

dv? dw’
V=P, VW=5P.
v dt v dt

Therefore

(VV (), W)y + (V(1), VeW (1)) oy =

i=1

which is exactly (1.4). O

An immediate consequence is the following corollary.

Corollary 1.34. A connection V on a Riemannian manifold M is compatible with the

metric if and only if
XY, Z)=(VxY,Z)+(Y,VxZ), XY, Z € X(M), (1.5)
meaning that

XY (), Z2()) ) =(VxY(p), Z(p)), + (Y(p). VxZ(p)),
forall X,Y,Z € X(M) andp € M.
Proof. Suppose that V is compatible with the metric. Let p € M and ¢ be a smooth
curve such that ¢(0) = p and ¢(0) = X (p). Then
d
XY(), 20 ) = 3 Y (e), Z(ct))ey | =

= (Ve(Y 0¢)(0), Z(p)), + (Y(p), Ve(Z 0 ¢)(0)), =
(VxY(p), Z(p)), + (Y (p), VxZ(p)), -
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The converse is quite obvious: if ¢ : I — M is a smooth curve and V, W are vector
fields along ¢, then ¢ acts on (V(-), W(:)),y by ¢ (V(-), W()) ., (t) = LV (), W) o)
which is the left hand side of (|1.4)) and, using the hypothesis, it coincides with the right

hand side of ([1.4)).
O

Definition 1.35. An affine connection V on a differentiable manifold M is said to be

symmetric if

VxY - VyX = [X,Y], VXY € X(M). (1.6)

Remark 1.36. In a coordinate system X : U C R" — M, if X; := %, then the fact that
V is symmetric implies that

Vx,X; = Vx,X; = [X;,X;] =0, foralld,j=1,...,n, (1.7)

which justifies the terminology. We note that ((1.7)) is equivalent to the fact that Ffj = F;?i
forall 4,5,k =1,...,n.

Now, we can state and prove the Fundamental Theorem of Riemannian geometry.
Theorem 1.37 (Levi-Civita). Given a Riemannian manifold M, there exists a unique

affine connection V on M such that it is either symmetric either compatible with the

Riemannian metric.

Proof. We assume that such V exists and we show that it is the unique connection

satisfying both properties. Since V is compatible with the metric, by Corollary [1.34] we

have
XY, Z)=(VxY,Z)+(Y,VxZ), (1.8)
Y{(Z,X)=(VyZ,X)+ (Z,Vy X), (1.9)
Z(X,)Y)=(VzX)Y)+ (X,VzY), (1.10)

for any X,Y,Z € X(M).
If we add (1.8]) and ((1.9) and subract (1.10)), using the fact that V is symmetric, we
get
X(Y,Z) +Y(Z,X) — Z(X,Y) =
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From this we obtain

1
(Z,VyX) = 5{X<Y, ZY+Y{Z,X)— Z(X,Y)+
The expression (1.11)) shows that V is uniquely determined by the metric. Hence, pro-
vided we have the existence, we have the uniqueness.

To show the existence, we define V as in ([1.11)). Then with an easy computation we

can see that
XY, Z)=(VxY,Z)+(Y,VxZ), VXY, ZeX(M),
whence the connection is compatible with the metric by Corollary [1.34], and
(VxY, Z) —(Vy X, Z) =(X,Y]|,Z), VX)Y,ZecX(M),
whence the connection is symmetric. O]

Definition 1.38. If M is a Riemannian manifold, the connection V whose existence and
uniqueness is guaranteed by the Theorem is called the Levi-Civita connection (or

the Riemannian connection) of M.

We can see an important example.

Remark 1.39. If S is a regular orientable surface in R® and N : S — R? is a differentiable
unit-normal vector field on S (i.e N(p)LTpS, ||N(p)|| = 1 for any P € S), then its Levi-

Civita connection is given by
VxY () ==Y () — V@), N(p)) N(p), VX,Y € X(S),Vpe S,

where Y7 ®)

and 4(0) = X (p) (Y, (p) does not depend on the choice of the curve v satisfying these

(p) = L (Y or(t)) |t:0, for a curve v : (—e,e) — S such that y(0) = p
properties).

1.3 Introduction to geodesics

In this section and in the following ones of this chapter, M will be a n-dimensional

Riemannian manifold together with its Levi-Civita connection V.
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Definition 1.40. Let v : [ — M be a smooth curve in M. We say that v is a geodesic
if Viy (t) =0forallt € I. If [a,b] C I and v : I — M is a geodesic, then the restriction
of v to [a, b] is called a geodesic segment joining vy(a) to vy(b). Sometimes, with an abuse
of language, if a curve v : I — M is a geodesic, we refer also to the imagine (/) as a

geodesic.

Remark 1.41. Let v : I — M be a geodesic. Then

d . . . .

dt (7(t), 7(t>>'y(t) = 2(V59(1), ’Y(t)>7(t) =0,
meaning that the module of the tangent vector 7 is constant. From now on, we will only
consider geodesics « such that [|¥(t)||,u) = ¢ # 0, i.e. geodesics which do not reduce to

points.

Definition 1.42. If v: I — M is a smooth curve in M, the arc length s of v starting
from a fixed tg € I (i.e. s(tp) =0) is

s(t) = / ()l 7

Remark 1.43. If v : I — M is a geodesic and [|¥(t)||,@) = ¢, then s(t) = c(t — to).
Therefore the parameter of ~y is proportional to arc length and we say that v is normalized
if c=1.

Now, we want to determine the local equation satisfied by a geodesic ~.

Proposition 1.44. Let~y : [ — M be a smooth curve in M, ty € I and consider X : U C
R" — M, a system of coordinates about the point v(ty). Let v(t) = (v'(t),...,7"(¢))
be the local expression of v in U. Then 7 is a geodesic in U if and only if

0=4"+T54'47, Vk=1,...,n (1.12)

2

Proof. Let X; := 6‘;. We have

’7 = fkakv
where Xj = Xj(v(t)), and

Vid = 5 X +47V5X; = X + 474 Vx, X = D (5 + ThA47) X,
k

Hence, 7 is a geodesic in U if and only if the system ((1.12]) holds. H
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Remark 1.45. If v : I — M is a smooth curve in M, then we can consider the curve
t — (7(t),54(t)) in the tangent bundle TM. Hence, if x : U C R" — M is a system
of coordinates and v(t) = (y'(t),...,7"(¢)) is the local expression of v in U, we have
that ~ is a geodesic in U if and only if the curve ¢ — (’yl(t), oYM (), A, ()

satisfies the system

ko
T (1.13)

)

ik = —Thnpin kE=1,...,n
Therefore the second order system ((1.12)) on U and the first order system (|1.13]) on TU

are equivalent.

The following one is an important result of existence and uniqueness.

Theorem 1.46 (Existence and Uniqueness of Geodesics). Let p € M, v € T,M
and ty € R. Then there exist an open interval I C R containing ty and a unique geodesic
v I — M satisfying y(to) = p and ¥(to) = v. Furthermore, if v is a geodesic defined
on an open interval I containing to and ¥ 1s a geodesic defined on another open interval

J containing ty, both satisfying the initial conditions, then v =+ on I N J.

Proof. Let p € M, v € T,M, t, € R and let X : U C R" — M be a system of

coordinates at p. We can consider the Cauchy problem given by

AR =P,
ﬁk

— Thyinl,  k=1,....n,

17

(V' (ta), -, 7" (ko)) = X7 (p),
(n'(to), -, " (o)) = (dXp) 7' (v).

\

Applying the existence and uniqueness theorem for first-order ODEs, we conclude that
there exist an € > 0 and a unique solution 6 : (ty — &,tg +¢) — U x R", let us denote
it by 0(t) = (v1(t),...,y"(t),n'(t),...,n"(t)), that is solution of our Cauchy problem.
Therefore (tg—e,to+e) 3t — X(v1(t),...,7"(t)) € X(U) is the unique geodesic defined
on this interval and satisfying the initial conditions.

Finally, let v : I — M and ¥ : J — M be two geodesics defined on two open
intervals containing to and satisfying v(to) = F(to), ¥(to) = 7(to). We have that v = 7
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in an open neighbourhood of #,. Defining § := sup{b € I NJ : v = 7 in[ty,b]}, it has
to be that § = sup I N J. Indeed, if 8 <supINJ, then § € I NJ and, by continuity,
v(B) = A(B), ¥(B) = 7(B). Hence, applying the local existence and uniqueness result
in a neighbourhood of 3, we conclude that v = 4 in an interval that is larger than
[to, B]; this is in contradiction with the definition of #. Similarly, we can show that

infle e INJ: yv=4ina,to]} =inf I N J. Therefore y =5 in I N J. O

Corollary 1.47. Let p € M and v € T,M. Then there exist a unique open interval I
containing 0 and a unique geodesic vy : I — M such that v(0) = p, 7(0) = v and that

is mazimal (it can’t be extended to a larger interval containing 0).

Proof. Let (1;)je; be the set of all open intervals containing 0 where geodesics satisfying
the initial conditions are defined. For all j, let v9) be the geodesic defined on I;; by
the previous theorem, we have that v0) = %) in I; N I;. Let I := Ujc;sI; and define
v : I — M by ~(t) :== v (t) if t € [;. Then  is well-defined and it is the geodesic we

are looking for. |

Definition 1.48. For any p € M and v € T,M we denote by ~, the geodesic of Corollary
and we refer to it as the (mazimal) geodesic with initial point p and initial velocity

V.
The following result will be useful in the next section.

Lemma 1.49 (Rescaling lemma). Let p € M and v € T,M. Then

Yeo(t) = Yo(ct),
for all ¢,t € R such that both sides are defined.

Proof. 1f ¢ = 0, then the proof is trivial. Indeed, 7,(0) = p by definition of v, and, since
J0(0) = 0 and [|4o() ||, is constant (because o is a geodesic), we have that 4o(t) =0
for all ¢, from which ~o(t) = p for all ¢.

So we can assume ¢ # 0. Let I C R be the interval of definition of the geodesic v,. We
define the curve 7,(t) := 7,(ct) on the interval I, := {t € R: ¢t € I}. We want to show
that 7, is a geodesic such that ,(0) = p and 4,(0) = cv. It is immediate that 7, (0) = p.
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Let X : U C R®™ — M be a system of coordinates at p and let 7, (t) = (v*(¢),...,v"(t))
and 7,(t) = (F1(t),...,3"(t)) = (y*(ct),...,¥"(ct)) be the local expression of v, and
7, respectively. By the chain rule, &(y%(ct)) = c—(ct) whence 7,(0) = cv. Setting

' dt
Xy = we have, as in the computation of Proposition m

V3 3l0) = 3 (0 + TG0 00) Xulul0) =

=Y (A5 (ct) + A5 (et ()T (v (ct) Xe((ct)) = Vs, 4u(ct) = 0.
k
Thus, 7, is a geodesic. 7, is a maximal [?| geodesic such that 7,(0) = p and 7,(0) = cv,
whence 5 = 7. [

Before studying minimizing properties of geodesics, we aim to give a geometric in-
terpretation of geodesics on a surface in R3. We first recall the following fact from

differential geometry of surfaces.

Remark 1.50. Let S be a regular orientable surface in R?* and v : (a,b) — S a smooth
curve on S, parameterized by arc length. If f(s) is the tangent unit vector to v at the
point y(s) and N is a unit-normal vector field on S, then {#(s), N(v(s)),#(s) A N(y(s))}
is an orthonormal basis for R? and 4(s) € span{N(y(s)),(s) A N(v(s))} for any s. If k
is the curvature of v (i.e. k(s) = ||7¥(s)||), then there exist two functions &, : (a,b) — R
and k, : (a,b) — R such that 5(s) = k,(s)N(7(s)) + ks(s) (£(s) AN(7(s))) and k(s)? =
k% (s) + k(s) for any s.

We can characterize geodesics on a surface as curves with acceleration orthogonal to

the surface itself at any point.

Lemma 1.51. Let 0 : U — R? be a parametrization of a regular orientable surface S
and let v : (a,b) — o(U) be a smooth curve parameterized by arc length. Then v is a
geodesic if and only if §(t) LTS for any t.

Proof. « is a geodesic if and only if 0 = V;4(¢t) = 4(t) — (3(¢), N(y(t))) N(v(t)) for any t.
Therefore v is a geodesic if and only if 4(¢) is parallel to N(v(t)) for any ¢, equivalently
H(t) LTS for any t (i.e. ky(t) =0 for any t € (a,b)). O

2The maximality of 7, follows immediately from the maximality of ~,



1.4 The exponential map 17

1.4 The exponential map

In this section, we introduce the exponential map on a subset of T'M.

Definition 1.52. Let
E:={(p,v) € TM : =, is defined on an open interval containing [0, 1]}.

We define the exponential map exp : E — M by
exp(p, v) := (1).
For all p € M, we denote by exp, the restriction of exp to &, := & NT,M:
exp,(v) := exp(p,v), Vv €&,

We recall some general results about vector fields, before studying the properties of

the exponential map.

Definition 1.53. Let X be a differentiable vector field on a differentiable manifold M.
We say that I 5t —— (t) € M is an integral curve of X if 4(t) = X (v(¢)) for all ¢.

Proposition 1.54. Let X be a C*° vector field on a differentiable manifold M and let
p € M. Then there exists a unique interval I(p) = [a(p), B(p)] containing t = 0 and

having the following properties:

1. 1 there exists a C™ integral curve of X, I(p) > t — 6,(t) =: 0(t,p), such that
0(0,p) = p;

2. given any other integral curve G(t) with G(0) = p, then the domain of G is con-
tained in I(p) and G(t) = 0(t,p) on the domain of G.

We say that 0, is the maximal integral curve of X starting at p.
For a proof of Proposition see Theorem IV.4.3 of [1].

Proposition 1.55. For any C*-vector field X the domain of 0(t,p) is open in R x M
and 0 is a C* map onto M.
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For a proof of Proposition see Theorem 1V.4.5 of [1].

Proposition 1.56 (Properties of the exponential map). The map exp : € — M

satisfies the following properties:

1. &€ is an open subset of TM containing the zero section M x {0} and each set &, is

star-shaped with respect to (ﬁ

2. For each (p,v) € TM the geodesic v, is given by

Yo(t) = exp,(tv),
for all t such that both sides are defined.
3. The exponential map is smooth.

Proof. For each (p,v) € TM, by definition, exp,(tv) = 7:,(1) and, applying Lemma m,
we conclude exp,(tv) = Y, (1) = 7 (t), whenever either side is defined. Therefore @ is
proved. Furthermore, if v € £, and ¢ € [0,1], again by Lemma [1.49]

exp,,(tv) = V(1) = 7o(?)

is defined. Thus, tv € &, and this shows that &, is star-shaped with respect to 0.

Given a system of coordinates for M, X : U C R — M, we also have a system
of coordinates for TM, dx : TU = U x R" — TM, where dX(z,&) = (X(z),dX.()).
Let (x',... 2" &Y ... &) be the local coordinates for 7' (x(U)) = dx(TU), where
7w : T'M — M is the canonical projection. We denote, as usual, X; := %, == a%v
Ffj the smooth functions on U such that Vx, X; = Fijk; then we consider the vector

field
G(p,v) = & (p,v) Xi(p, v) — & (p,v)& (p, )T} (p) En(p, v),

for (p,v) € 71 (x(U)). Let t — (4*(¢),...,7"(t),n (t),...,n"(t)) be the local expression

of a curve in 771(X(U)); then it is an integral curve of G if and only if it satisfies the

3If S is a subset of a vector space, then S is said to be star shaped with respect to « € S if for any
y € S the whole segment [z,y] := {(1 —t)z +ty: t € [0,1]} lies in S.
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system of ODEs

(1.14)
7*(t) = —n' O’ (O ((1), Yek=1,....n.
is exactly the first-order system equivalent to the geodesic equation, whence
t — I'(t) is an integral curve of G if and only if its projection y(t) := w(I'(¢)) is a
geodesic.
We want to show that GG extends to a global vector field on T'M which is called the
geodesic vector field. First, we see that G acts on any smooth function f : TM — R in

the following way:

Gfp,v) = — (F(r(t), (1))

Indeed, writing v,(t) = (y1(t),...,7"(t)) and ,(t) = (n*(¢),...,n"(t)) in local coordi-
nates, then

:[ (%m(t),%(t»m+§—§<%<m<t>mk<t>)] -

t=0

s 0 k 0 i j k
-y (8—;@, o)k (p,v) — a—é’;(p,v)g (0.9 (. U)pij(p)) i),

where we have used that (v,,",) satisfies system in the second line. Since the
formula that expresses the action of G on f is independent of coordinates, we can define
G on any coordinate neighbourhood of 7'M and the definitions have to agree when the
intersections are not empty. It follows that G extends to the whole tangent bundle T'M.

By Proposition and Proposition [1.55] there exist an open neighbourhood O
of {0} x TM in R x TM and a smooth map 6 : O — TM such that each curve
O(p,)(t) := 0(t, (p,v)) is the maximal integral curve of G starting at (p,v), defined on an
open interval I((p,v)) containing 0. We also note that the maximal geodesic starting at
p with initial velocity v is the projection of the maximal integral curve of G starting at
(p,v), ie. Yo =m0 Op.

Now, let (p,v) € &: this means that ~, is defined on an open interval containing [0, 1]

and so is 0(,.). Then (1, (p,v)) € O that is open in R x T'M, whence there exists an open
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M

Nt)

Figure 1.1: The exponential map exp, associates to a vector v € T, M the second extreme
7(1) of the geodesic starting at x with initial velocity v.
See https://it.wikipedia.org/wiki/Mappa_esponenziale.

neighbourhood of (1, (p,v)) in R x T'M on which 6 is defined. This implies that there
exists an open neighbourhood of (p,v) in TM, call it Z, ), such that 6., is defined
on [0,1] for all (¢,w) € Zy.; therefore v, is defined on [0,1] for any (¢, w) € Zp.),
meaning that Z,) C £. This show that £ is open. Moreover, for any p € M the
maximal geodesic with initial point p and initial velocity 0 is nothing less than the point
p itself and it is defined for all ¢ € [0,1]. Thus, M x {0} C £ and the proof of [1 is
completed.

Finally,

eXp(pv ’U) = Pyv(]') =Tmo e(p,v)(l) =To 9(17 (pa U))? V(p, U) 6 87
from which exp is smooth, being the composition of smooth maps. O

Lemma 1.57. For any p € M there exist an open neighborhood V of 0 € T,M and an
open neighbourhood U of p € M such that exp, : V — U 1is a diffeomorphism.

Proof. We have exp,, : £, C T,M — M and d(exp,)o : To(T,M) — T,M. There is a

natural identification To(7,M) = T,M (because T,M is a vector space whose dimension
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is the same as M), then we can consider d(exp,)o : T,M — T,M. For any v € T,M,

we have d(exp,)o(v) = <& (exp, 0y(t)) ‘ , where v : (—¢,¢) — T, M is a smooth curve
=0

satisfying v(0) = 0 and %(0) = v. Choosing () = tv, we get

- %(t)}tzo =Y
t=0

d(exp,),(v) = % (exp,(tv))

whence d(exp,)o is the identity map on 7,M and it is invertible. By the inverse function

theoremﬂ exp, is a local diffeomorphism at 0. [

Definition 1.58. Let p € M. A normal neighbourhood of p is an open neighbourhood U
of p that is the diffeomorphic image under exp,, of an open neighbourhood V of 0 € T, M.
If ¢ > 0 is small enough such that, given B.(0) := {v € T,M : ||v[|, < €}, exp, is a
diffeomorphism on B.(0), we say that exp,(B:(0)) is a geodesic ball of radius € in M. If
m is contained in an open set V C T, M such that exp, is a diffeomorphism on V,
then we say that expp(m) is a closed geodesic ball of radius € and exp,(0B.(0)) is a

geodesic sphere.
Definition 1.59. We define the injectivity radius of M at p € M by
inj, (M) := sup{r > 0 : exp, is a diffeomorphism on B, (0) C T,M},
and the njectivity radius of M by
inj(M) := inf{inj, (M) : p € M}.

Definition 1.60. Let {E;};—1, ., be an orthonormal basis for T, M. Consider the iso-
morphism E : R* — T,M given by E(a',...,z") = Y "  2'E;. Let U be a normal
neighbourhood of p, U := E~to exp,, L(U) and consider the system of coordinates about
p given by X := exp,ol : U C R* — M. We say that (xt,...,2") are normal

coordinates centered at p.

4As a consequence of the inverse function theorem in R™, there is a version for differentiable mapping
on differentiable manifolds: if ¢ : M; — M, is a differentiable mapping and p € M; such that
dpp : TyMy — Ty Mz is an isomorphism, then ¢ is a local diffeomorphism at p.
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If X : U — M is a system of normal coordinates centered at p, we can define the

radial distance function r by

"g) = (Z o) " exw.

and the unit radial vector field 0/0r by

0 "t 0
or '_Zl?axi‘

1=

The normal coordinates satisfies the following properties.

Proposition 1.61. Let X : U C R* — U C M be a system of normal coordinates

centered at p.

1. For anyv =73 v aii (p) € T,M the mazimal geodesic starting at p with initial

velocity v is represented in normal coordinates by
T(t) = (tvh, ... to™), (1.15)

for all t such that ~,(t) € U. Thus, radial paths in normal coordinates are exactly

the geodesics through p.

2. The coordinates of p are (0,...,0).
3. gij(p) = <%<p)7 %(p»p = 0ij

4. The partial derivatives of the map (z*, ..., 2") — gi;(z', ..., ™) and the Christof-

fel’s symbols vanish at p.

-----

where E is the isomorphism between R™ and T,M of Definition [I.60} First of all, we
note that

0
oxt

(p) = d(exp, oE)o(ei) = (d(exp,)oo dEy) (e:) = Eei) = B

from which [3 is immediate.
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The maximal geodesic starting at p with initial velocity v is given by 7, (t) := exp,(tv),
as long as v,(t) € U. If v =371 | v'E;, then E~' o exp, ™t (7,(t)) = (tv', ..., tv") for any
t such that 4, (t) € U and E~' o exp,*(p) = (0,...,0). Hence, || and @ are proved.

Letve T,M,v=>3" v a?ci (p) and let v,(t) = (tv', ..., tv") be the local expression

of the maximal geodesic starting at p with initial velocity v; by the geodesic equation

for 7, we have that 0 = v'o/T%

(7»(t)) and, in particular, for t = 0 we get
0= viijfj(p), Vk=1,...,n.
This implies that Ffj (p) = 0 for any 1, j, k. Finally, for any i, j, k

o (s a™) = X (40, X0, () =

+ <Xi(p)7 vXka(p>> = 07

p

where we have used Corollary and the fact that Vx, X;, Vx, X; vanish at p, since
the Christoffel’s symbols vanish at p. Thus, the proof of [/ is completed. O

Definition 1.62. Because of formula (1.15)), if p € M, then geodesics starting at p and

lying in a normal neighbourhood of p are called radial geodesics.

Remark 1.63. If p € M and q € exp,(B,(0)), where p < inj, (M), then there exists a
unique radial geodesic from p to ¢ lying in exp,(B,(0)) (up to reparametrization).

Indeed, if v € B,(0) C T,M such that ¢ = exp,(v), then ,(t) := exp,(tv), where
t € [0,1], is a radial geodesic from p to ¢ lying in exp,(B,(0)). Now, let ¥ : [a,b] —
exp,(B,(0)) be another radial geodesic from p to ¢ lying in the same geodesic ball; then
3:00,b—a)] — exp,(B,(0)) given by F(t) == A(t + a) is still a radial geodesic from p to
g and 7(t) = exp,(tz), where 2 is the initial velocity vector of 4. Furthermore, it has to
be exp, ((b —a)z) = q = exp,(v), whence (b — a)z = v. It follows that F(t) = (1)
and 5(t) = 7(t — a) = 7,(;% (t — a)), meaning that 7 is a reparametrization of -,.

Definition 1.64. Let p € M, p < inj,(M) and q € exp,(B,(0)). If v € B,(0) such that
q = exp,(v), by the previous remark, we refer to the curve [0,1] > ¢ = exp,(tv) as the

radial geodesic from p to q.
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Figure 1.2: Uniformly normal neighbourhood
See Figure 5.4 on [0].

Definition 1.65. An open set W C M is called uniformly normal if there exists a value

0 > 0 such that for any p € W there exists a geodesic ball of radius § containing W.

Lemma 1.66. Let p € M and let U be a neighbourhood of p. There exists a uniformly
normal neighbourhood VW of p such that W C U.

For a proof of Lemma see Lemma 5.12. on chapter 5 of [6].

1.5 Minimizing curves are geodesics

In this section, we aim to show that, if ¢ is an admissible curve minimizing the arc

length, then it is a geodesic. We need some preliminary definitions and lemmas.

Definition 1.67. Let

v — M be a segment of an admissible curve. We say that
v is minimizing if £(y) < £(

[a, 0]
¢) for any arbitrary admissible curve ¢ joining vy(a) to y(b).
Definition 1.68. An admissible family of curves is a continuous map I' : (—¢, &) X

[a,b] — M such that T" is smooth on any rectangle of the form (—e¢, ) X [a;_1, a;], where
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{ap = a < ... < ax = b} is a finite subdivision, and such that T's(t) := I'(s,t) is an
admissible curve for each s € (—¢,¢).

A wector field along T' is a continuous mapping V : (—¢,¢) X [a,b] — TM such
that V (s, t) € Tp(M for each (s,t) and such that V|(_. o x[a,_,,a] is smooth for a finite
subdivision {ay =a < ... < @, = b}.

Given ad admissible family of curves, the main curves are I's(t) := I'(s,t), defined
on [a, b], while the transverse curves are I'(s) := I'(s,t), defined on (—¢,¢). We note
that the transverse curves are smooth on (—¢,¢) for each ¢, while the main curves are,

in general, only admissible curves.

Notation 1.69. If I' is smooth, we denote by

O (s,t) == T(t),
the velocity field of the main curves and by

d,T(s,1) := T (s),

the velocity field of the transverse curves.
If V is a vector field along I', on any rectangle where I is smooth we can consider the
covariant derivatives of V' either along the main curves or along the transverse curves:

we denote them respectively by D,V and D,V.
We have the following result.

Lemma 1.70 (Symmetry Lemma). Let I' : (—¢,¢) x [a,b] — M be an admissible

family of curves. On any rectangle (—e,e) X (a;_1,a;) where ' is smooth we have
Dsﬁtr - Dtagl—‘.

Proof. We fix one of such rectangle where I' is smooth and consider a point (sg,ty) €
(—e,e) X (aj—1,a;). Let X : U C R" — M be a system of coordinates about I'(so, to).
Let ['(s,t) = (T''(s,t),...,T"(s,t)) be the local expression of I', then

ork ork

or = —X 0. = =X,
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Figure 1.3: Proper variation of a curve
See https://1link.springer.com/chapter/10.1007/978-3-031-39838-4_2.

where X, := ;% and X, = X;(I'(s,t)). By properties of covariant derivatives and

definition of Christoffel’s symbols, we have

o°Tk ork ~ [0’k orior
Dol = 5515k + 3 PsXe = ;(83815 T 5t 9s L >X’“

and similarly

ok orior
PoT = Z(@t@s o5 ot )X’“‘

By Remark m we know that I'j; = '), whence the expression of D,d,I" and D,d,I" do

Ji
coincide. 0

Definition 1.71. Let 7 : [a,b] — M be an admissible curve. A wvariation of v is an
admissible family I' : (—¢,¢) X [a,b] — M such that [y(¢) := ['(0,t) = ~(¢) for all
€ [a,b]. We say that I' is a proper variation if I'(a) = v(a) and Is(b) = ~(b) for all
s € (—e,¢). Furthermore, if " is a variation of 7, the variation field of T is the vector field
along v given by V(t) := 0,I'(s,t)|s=0 and we say that V is proper if V(a) = V (b) = 0.

Remark 1.72. The variation field of a proper variation is proper.

Lemma 1.73. Let v : [a,b] — M be an admissible curve and let V' be a vector field along
v. Then there exists a variation I' such that V' is the variation field of I'. Furthermore,

if V' is proper, then we can take I' to be proper as well.

Proof. Let us set I'(s,t) 1= exp, ) (sV(t)) = exp(y(t),sV(t)). Since [a,b] is compact

(and then v([a, b])) is compact), there exists a positive value € such that I' is defined on


https://link.springer.com/chapter/10.1007/978-3-031-39838-4_2
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(—¢g,e)x]a,b]. T'is smooth on any (—¢, £) x [a;_1, a;] for each subinterval [a;_1, a;] where V
is smooth and it is continuous on its whole domain. By the properties of the exponential
map, 851"(3,t)|s:0 = as(exp,y(t)(sV(t)))}S:O = V(t). Moreover, if V(a) = V(b) = 0, then
[s(a) :==T(s,a) = y(a) and T's(b) :=T'(s,b) = v(b), so I' is a proper variation. O

Proposition 1.74 (First variation formula for /). Let v : [a,b] — M be a unit
speed admissible curve. Let T : (—e,e) X [a,b] — M be a proper variation of v and V
its variation field. Let {ag = a < ... < a = b} be a subdivision of [a,b] such that ' is
smooth on any rectangle of the form (—e,¢) X [a;_1, a;] (as in the definition of admissible

family of curves). Then

d ko g . k1 '
$€Z(Fs) o - - Zl /a.l <V(t)7 VV’)/(t))»y(t) dt — Zl <V(a1)7 Az/7>7(al) ) (116)

where Ny = Y(a) — (a; ) = lim, , +¥(t) — lim, , - ¥(t) is the jump in the tangent
vector field v at a;.

Proof. We denote
T(s,t):=0(s,t), S(s,t) := 0sI'(s,t).

We have that

(o (T,

ai—1

o “ 1/2
fai—1.0i]) =/ 17 (5, 8)l|r(s,09 dt:/ (T(s.8), T(s, D)1y .
a;—1 5 —1

for all i = 1,..., k. On any subinterval [a; 1, a;] the integrand in £ (T4, ,.a;) i8
differentiable and the domain of integration is compact; hence, we can differentiate under

the integral sign:

d a; 0 1/2
&Eai_l(rs“ai—la a]) = /ai1 95 (T'(s,t),T(s,))p5, dt =

a; 1 _
= / 5 <T(87 t)a T(S7 t)>F(18/,t2) 2 <D5T(S’ t)’ T(S, t)>F(57t) dt =
ai—1

Qg 1
— ———— (D;S(s,t),T(s,t i de,
/%1 HT(Svt)HF(s,t) < ! ( ) ( >>F( t)

where we have used Proposition in the second line to differentiate (T'(s, t), T'(s, 1)) (4 4
and Lemma in the last line to say that D,0,I'(s,t) = D;0sI'(s,1).
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In particular, S(0,t) = V/(¢) and 7'(0,t) = #(¢), whence,

d i 1

g (Dyfagr, a :/ NV, A1) dE =

ds 171< |[ 1 ]) - - ny(t)H'y(t) < v ( ) ( >>7(t)
————

=1

_ /:1 (% V), 3700y — (V) VW(WW) ‘-

= <V(ai),"7(ai_)>7(ai) — <V(ai—1)’7(al—";1)>7(ai,1) - /al <V(t>a v"ﬂ/(t»'y(t) dt.

Summing all over ¢ = 1,...,k and using that V(ag) = V(a) =0, V(ax) = V(b) = 0, as
the variation I' is proper by hypothesis, we obtain ((1.16]). O]

Remark 1.75. We have seen that any admissible curve has a unit speed parametrization
and the length functional is independent of parametrization; therefore the requirement

that ~ is unit speed in the above proposition is not restrictive.

The following result is crucial.

Theorem 1.76. Let 7 : [a,b] — M be a unit speed admissible curve. Suppose that
U(y) < L(c) for any admissible curve ¢ joining y(a) and y(b), i.e v is a minimizing curve.

Then ~ is a geodesic.

Proof. If ' : (—e,¢e) x [a,b] —> M is a proper variation of «, then I'y(¢) := I'(s,?) is an
admissible curve joining v(a) and (b) for all s, whence ¢(I'y) < ¢(T's) for all s, because
~ minimizes the length functional among those curves joining «y(a) and ~(b): it follows
that (—e,e) 2 s — ((T,) is differentiabld’| and it has a minimum at s = 0, whence
dd_se(l—‘s)|s=0 =0.

If V is a proper vector field along 7, by Lemma [1.73] there exists a proper variation
I' such that V is the variation field of I'. From what we have seen at the beginning of
this proof and Proposition m, it follows that the left hand side in vanishes.

Let {ap = a < ... < ax = b} be a subdivision such that 7 is smooth on any

subinterval [a;_1,a;]: the first step is to show that V:% = 0 on any [a;_1,a;]. We

*Indeed, let {ap = a < ... < ax = b} be a subdivision such that I' is smooth on any rectangle
(—e,€) x lai—1,a;). Then ¢(I'y) = S0 [ ||9,T'(s,t)||r(s,) dt and the map s — £(I,) is given by

i=1Ja;_1

s 2 o N10:0(s,)|Ir(s ¢ dt, that is differentiable.
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consider a subinterval [a;_1,a;] and a bump function ¢ € C*°(R) such that ¢ > 0 on

(a;—1,a;) and ¢ = 0 elsewhere. If we choose V' = ¢V 7, it is a proper vector field along

v and ([1.16]) becomes
- [ eIV, dt=o.

The integrand is nonnegative, therefore V4 = 0 on [a;_1, a;].

Now, we need to show that A;y := 4(af) — 4(a;) = 0 for all i = 0,...,k. For
1 =0,...,k, by using a bump function, it is possible to construct a proper vector field
V' along v such that V'(a;) = Ay and V' (a;) = 0 for j # 7E| Then becomes

—[ 2 Al =0,

v(ai

meaning that ¥(a;) = 4(a;). We have that ¥|j, |4, and 7|6, are two geodesics
passing through the point v(a;) and having the same tangent vector. It follows by
Theorem that the geodesic 7|,

whence ~ is smooth all over [a, b] and it is a geodesic. O

a;11] 18 the continuation of the geodesic ¥|a, ;a,,

From this Theorem we can see a characterization of geodesics as “critical points” of

the functional /.

Definition 1.77. Let v : [a,b] — M be an admissible curve. We say that v is a

critical point of the length functional ¢ if for any proper variation I' of v we have that
d
Lory)|,_, =0

Theorem 1.78. Let v : [a,b] — M be a unit speed admissible curve. Then 7y is a

geodesic if and only if it is a critical point of the length functional.

Proof. 1f v is a critical point of the length functional, then, by the same proof of Theorem
[1.76] we can show that it is a geodesic.
Viceversa, assume that v is a geodesic. Let I' be a proper variation of ~, V its

variation field and {ap = @ < ...a, = b} a subdivision such that I" is smooth on any

6Let X : U C R® — M be a system of coordinates about vy(a;), then dXy(ay) : R" — Ty oM is
a diffeomorphism and we have an identification A;y = (AAM, ..., A™). For any j = 1,...,n, we
define a positive bump function ¢; € C*°(R) such that ¢; = ;%Y in an open neighbourhood of a;
and @;(a;) = 0 for | # i. Setting ¢ = (¢1,...,®n), then we can define V() = dx, ) o ¢(t).
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rectangle (—¢,¢) X [a;_1, a;]. By (1.16]), we have that

d e . — -
) =- Z/ (V). Vi (£)) 0y dE = D V(@) Ar)y oy =0,
s=0 i—=1 Y @i—1 =1

because V;3 = 0, being v a geodesic, and A;¥ = 0, being v smooth (so 4 has no
jumps). O

1.6 Geodesics are locally minimizing

Our aim in this section is to show that geodesics have important minimizing proper-

ties.

Lemma 1.79 (The Gauss Lemma). Let p € M and (p,v) € € (where & is the domain
of exp). Then for any w € T,M = T,(T,M) we have

<d(expp)v(v), d(expp)v(w)> = (v, w>p.

exp,, (v)

Proof. The proof is trivial if v = 0 or w = 0. Therefore we can assume v # 0 and w # 0.
We consider the decomposition w = wr + wy, where wr € span(v) := {lv : A € R}
and wy € vt :={z € T,M : (z, v), = 0}. Hence, by linearity, it is enough to prove the
thesis for w = v and w_lwv.

Let w = v and set 7,(t) := exp,(tv). To compute d(exp,),(v), we consider the curve
§(t) = tv such that 6(1) = v and 6(1) = v; then we have

dlexp,)(v) = (e, (t0)] =400

Since 7, is a geodesic, we have ||¥,(1)y,1) = ||7(0) ||+, o) and

<d(expp)v(v),d(expp)v(v)> = <"7v(1)7;yv(1)>%(1) = <’yv(0)7/yv(0)>%(0) = <U7U>p :

exp,, (v) -

This complete the proof in the case w = v.

Now, let wLv. In this case, we can find a smooth curve ~; in the sphere 0B, (0) C
T,M such that +;(0) = v and 4;(0) = w. Since (p,v) = (p,71(0)) € &, which is open,
and &, is star-shaped with respect to 0, there exists € > 0 such that (p,ty:(s)) € & for all
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O<t<land —e<s<e. Let A:={(t,s): 0 <t <1, —e <s < e} and consider the
smooth map f : A — M given by f(t,s) = exp,(t71(s)). We denote by f; and f, the
velocity field of the curves (0,1) 3t — f(¢,s) and (—¢,¢) > s —> f(t, s) respectively.
We have

FlL0) = e, (00)] = Gl )] = dexp,)(0)
R0 = (e, 00(s)| = dexp,)ofw
thus,
(D, )o(0), A(exp,)o(1)) 1) = (i1, 0), (1 )} -
Furthermore:

o t — f(t,s0) = exp,(t71(s0)) is the geodesic starting at p with initial velocity
71 (s0) and fi(t, so) is its velocity field. Therefore D, f; = 0.

e Being the connection symmetric, D, f; — Dy fs = [fs, fi] = (ﬂ, ie. Dyf; = Dy fs.

e f; is the velocity field of the geodesic t — exp,(t71(s)), whence || fi(t,5)| s 18

constant.

As a consequence of these facts:

%(fs(tv 5)7ft(ta S)>f(t75) = <ths(t7s)a ft(t73)>f(t75) + <fs(t7 s)atht(ta S)> =

=0 f(t,s)

0
= <Dsft(tas>7ft(t7 S)>f(t,s) = % <ft<t7 S)7ft<t7s)>f(t,s) = O’

DN | —

whence (f5(t,s), fi(t, 3)>f(t,s) does not depend on ¢ and

<ft<1’0)7f5(1’0>>expp(’u) = <f8(t70)7ft(t70>>expp(tv) ) Vit € (071) (117)

Since

) . d )
g .(1,0) = im - (exp, (h7s ()| = Jim d(exp, o) = 0,

“If g : M — R is a smooth function, then the action of f; on g at the point f(t,s) is given by
feg(f(t,9) = 5 (9(f(t,s)) and similarly fog(f(t,5)) = §(9(f(t,s)), whence f; and f, do commute.
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/

/
/

Figure 1.4: The exponential map as a radial isometry

See https://en.wikipedia.org/wiki/Gauss/%27s_lemma_(Riemannian_geometry).
taking the limit for ¢ — 0 in (1.17)), we get

<d(epr)v(U), d(epr)v(w)> <ft(17 0)7 f8(17 0)>expp(v) =

= 12% <fs(tv O)a ft<t7 0)>expp(tv) =0= <U7 w)p :

exp, (v) -

The Gauss Lemma has the following geometric interpretation.

Corollary 1.80. Let p € M and p < inj,(M). For any q € exp,(9B,(0)) the radial
geodesic from p to q is orthogonal to exp,(0B,(0)).

Proof. Let v € 0B,(0) C T,M such that ¢ = exp,(v). The radial geodesic from p to
q is y(t) := exp,(tv), where t € [0,1], and the tangent vector at ¢ is given by (1) =
d(exp,,)v(v) € Texp, ()M

Let z € Ty(exp,(0B,(0))); we aim to show that <z,d(expp)v(v)>expp(v) = 0. To see
this, we consider a smooth curve § : (—¢,6) — exp,(0B,(0)) such that 6(0) = ¢
and 6(0) = z. The curve n := exp,t0d : (—g,6) — 0B,(0) satisfies (0) = v
and 7(0) = d(exp,);'(2); this means that d(exp,);'(z) € T,(9B,(0)), from which
<d(expp);1(z), v>p = 0. Finally, applying Gauss Lemma, we get the conclusion:

0= <d(expp);1(z),v>p = <z, d(expp)v(v)>

exp,(v) ©


https://en.wikipedia.org/wiki/Gauss%27s_lemma_(Riemannian_geometry)
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The following result is crucial in order to show later that geodesics minimizes the arc

length, at least locally.

Theorem 1.81. Let p € M and p < inj,(M). Then for any q € exp,(B,(0)) the radial
geodesic from p to q is the only admissible curve connecting p and q with length d(p, q)

(up to reparametrization).

Proof. The radial geodesic from p to ¢ is [0, 1] > ¢ = (1) := exp,(tv), where v € B,(0)
such that ¢ = exp,(v). Let o : [0,1] — M be an admissible curve such that o(0) = p and
o(1) = g. Assume that o is parameterized with constant speed, whence £j(o) = ||o(t)||o )
for all ¢. By definition, we have £}(c) > d(p,q) and we aim to show that £}(c) = d(p, q)
if and only if 0 = . Without loss of generality, we may assume that p & o((0, 1])ﬂ

First, we assume that o((0,1]) C exp,(B,(0)). In this case, for ¢ € (0, 1] the curve o
can be written uniquely as o(t) = exp,(r(t)w(t)), where (0,1] >t — r(t) € (0,p) is a
piecewise smooth function and (0,1] 5 ¢ — w(t) € T,M is a smooth curve such that
| (t)]|wiy = 1 for all ¢ € (0,1]. For all but a finite quantity of ¢ € (0, 1] we have

6 (1) = d(exp, )r(eywn (' (H)w(t) + r(#)w(t)).

We note that w(t) € ToyyT,M = T,M and, since ||w(t)||, = 1, it follows

i.e. w(t)Lw(t) for all t € (0, 1]. By linearity and Gauss Lemma, we get

<d(epr)r(t)w(t) (T,<t)w(t))v d(epr>T(t)w(t) (T(t)w(t))>expp(T(t)w(t)) =

= T’/(t) <d(expp)r(t)w(t) (T(t)w(t))v d<expp)r(t)w(t)(w<t))>expp(r(t)w(t)) =

i.e d(exp,)r(yw() (' (t)w(t)) Ld(exp,)ryw (r(t)w(t)). Thus, again by linearity and Gauss

8If p € 0((0,1]), set to := sup{t| o(t) = p}, then p & o((to,1]) and we can consider ol 1.
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Lemma, we obtain:

61y > (AexPy )yt (7' (D (0), A, et (' OV o i =

_ ’r;((?)| (d(exp,)r@yw (r(t)w(t)), d(exp,)r@w( (w(t))>expp(r<t)w(t>) N

= |r'(t)* (d(exp,)rtyw(t) (W(t)),d(epr)r(t)w(t)(W(t))>expp(r(t)w(t)) = |r' ().

—(w(t)w(t)), =1

Note that, being exp,, continuous,

t—0

p=limo(t) = limexp,(r(t)w(t)) = exp,(limr(t)w(t)),
t—0 t—0
whence, being exp,, injective around 0,

limr(t) = 0.

t—0
Finally, if {t) =0 < ...ty = 1} is a subdivision such that ¢ and r are smooth on [t;_1, ;]

forallt =1,...,k, we have

Z/meﬁ>2/ ()] dt >

—1

N

zzéymaﬂm—mmpmuuw)

— t—0
We note that ¢ = (1) = exp,(r(1)w(1)), from which, being exp, a dlffeomorphlsm in
B,(0), it has to be r(1)w(1) = v and consequently |r(1)| = ||v||, = €(v). By (L.18), it
follows that £}(a) > £3(7). Furthermore, if £i(c) = €}(7), then in all 1nequaht1es
are actually equalities and, in particular, |r'(¢)| = [|6(¢)|s0) = ﬁ(l)(a) is constant and
w = 0. This implies that o is precisely the geodesic 7.
If o((0,1]) Z exp,(B,(0)), then let ¢; € (0, 1] be defined by
t1 :=inf{t € (0, 1] o(t) € exp,(05,(0))}.

Let z € 0B,(0) such that o(t;) = exp,(z) and consider 7(t) = exp,(tz) for t € [0, 1].

Then, by the previous step, we have the conclusion:

lo(0) = £ (o) = by(7) = p > £5(7).
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Definition 1.82. A curve vy : I — M is locally minimizing if for any tg € I there exists

U C I such that |y is minimizing between each pair of its points.
Theorem 1.83. Every Riemannian geodesic is locally minimizing.

Proof. Let v: I — M be a geodesic, where we may assume that I is open. Let W be a
uniformly normal neighbourhood of (%) (it exists by Lemmal[l.66)) and let U C I be the
connected component of y~!(W) containing ty. If t;,¢, € U and ¢; := ~(t;), there exists
a positive value § such that ¢ € exp,, (Bs(0)). Let v € B;s(0) such that g = exp,, (v);
then o(t) = exp,, (tv), t € [0, 1], is the unique minimizing curve joining ¢; and g (up to
reparametrization) by Theorem . The restriction 7|y, «,) is a radial geodesic from ¢
to @2 lying in the same geodesic ball: by remark , it has to coincide with o (up to

reparametrization). O

Remark 1.84. Geodesics are only locally minimizing, not globally. For example, if we
consider a sphere S in R3, a great circe v on S and two points p and ¢ belonging to
such that the segment in R?® with extremes p and ¢ is not a diameter, then there are two
arcs of great circle joining p and ¢: both of them are geodesics but only one of them has

a length equal to d(p, q).

1.7 The energy functional

So far, the only one functional we have seen is the energy functional ¢, defined on
the class of admissible curves. We have seen a characterization of unit speed geodesics
as critical points of the functional /. Now, we introduce the energy functional F; in this
section, we will see another characterization of geodesics as critical points of the energy
functional. The reason why we introduce this second functional is that E has more
properties of regularity than ¢, thanks to which we will be able to apply the variational

methods to show the existence of critical points, as we will see in the next chapters.

Definition 1.85. Let v : [a,b] — M be an admissible curve and let {ay =a < ... <

ar = b} be a subdivision such that v is smooth on [a;_1,a;] for any ¢ = 1,... k. We
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define the energy of v as

k )
1 i
B =53 [ I dr
i=1 v di-1

Remark 1.86. Unlike the length functional, the energy functional E is not invariant under

reparametrization.

Lemma 1.87. If v : [a,b] — M is an admissible curve, then

Proof. 1f v is a smooth curve, applying the Holder inequality,

b b 1/2
10) = [0l a < vi=a( [ 0Rya) = VEEDG-a.

from which

26(7) = 100

In the general case, let {ap = a < ... < ap = b} be a subdivision such that 7 is smooth

on any [a;_1,a;]; then

k
[ti—hti]) S Z 2E('7 [tifl,ti]> \V/ t’L - ti—l S
=1

< (é 2E(y

where we have applied the Cauchy-Schwartz inequality in R” in the step between the
first and the second line. O

l(y) = Zf(v

[ti—lzti])) " (i(ti - til)) 1/2 = V2E()Vb - a,

i=1

Remark 1.88. If v : [a,b] — M is an admissible curve with ||%(t)||,) constant, then

It follows that, among the class of admissible curves parameterized with constant speed
and joining two fixed points, a curve v is a minimizer for the length functional if and

only if it is a minimizer for the energy functional.
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Corollary 1.89. If v : [a,b] — M s an admissible curve such that E(v) < E(c) for

any unit speed admissible curve ¢ joining vy(a) and y(b), then 7y is a geodesic.

Proof. By the previous remark, we know that /() < ¢(c) for any unit speed admissible
curve ¢ joining y(a) and y(b). If § is an admissible curve joining v(a) and v(b), there exists
a reparametrization ¢ of ¢ such that ||¢||cq) = 1 for all £. Therefore () < l(c) = {(9)
and we can apply Theorem [1.76] O

Proposition 1.90 (First variation formula for FE). Let v : [a,b] — M be an
admissible curve, T' : (—¢,€) X [a,b] — M a proper variation of v and V its variation
field. Let {ag =a < ... < a, = b} be a subdivision such that T is smooth on any rectangle
of the form (—e,€) X |aj—1,a;]. Then

q k—1 k a;
FEC)| == ) Ay =X [ VO d (119)

Proof. We have the following computation:

k .

d 1 d [“

&E(Fs> - 5 ; & /(;i_l <(9tl—‘s(t), 3,5F8(t)>rs(t) dt -
k )

(o
[
I
S
| N

—~
-

V)
Q
—

w0
—
=
Q
—

w0
—~
=
5/
Q.
~

|

k )
1 0
- / — (1), OB,
i=1 v %1

3 (€0as(a), BT(@)y ) = (OTslat ), A ) ) +

=1

ko
— Z / (0,L4(t), Do, (t)>F5(t) dt,
i=1 v %1

where we have applied Lemma in the third line. Therefore for s = 0, being V' (ay) =
V(ar) = 0, we have

d
—E(T,
2T

- i<v<ai>7 AZ';Y>'y(ai) B Z /az <V(t)’ V7";>/<t)>’y(l‘/) dt.

s=0 ;
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]

Remark 1.91. The first variation formula for the energy functional E coincides with that

one for the length functional.

Therefore we have an analogous version of Theorem for the energy functional.

Theorem 1.92. Let 7 : [a,b] — M be an admissible curve and assume that E(y) <
E(c) for any admissible curve c joining v(a) and v(b). Then v is a geodesic.

Proof. The proof is exactly the same as Theorem [1.70] O

Definition 1.93. We say that an admissible curve v is a critical point for the functional

E if %E(FS)‘SZO = 0 for any proper variation I' of ~.
We also have an analogous version of Theorem [1.7§]

Theorem 1.94. Let vy : [a,b] — M be an admissible curve. Then v is a geodesic if and

only if it is a critical point for the energy functional E.
Proof. The proof is exactly the same as Theorem [1.78] O

Remark 1.95. The energy functional is strictly convex: given two points p,q € M, if a

minimizer exists in the class of admissible curve joining p and ¢, then it is unique.

In the next chapters, we will introduce some variational methods and then use them

to show the existence of critical points of the functional £ (hence geodesics).



Chapter 2

A topological variational method:

the Minimax Principle

In this chapter, we will introduce the differential calculus on Banach spaces, including
the Fréchet differential and Gateaux derivatives. We will also see the important notions
of Palais-Smale sequence and Palais-Smale condition for a function of class C'' defined
on a Banach space. Finally, we will see how the Palais-Smale condition yields to the
Deformation Lemma, whose one of the most important consequence is the Minimax

Principle.

2.1 The differential calculus on a Banach space

Remark 2.1. We recall that if X and Y are two Banach spaces, then
L(X,)Y) = {f : X — Y| fis linear and continuous} is a Banach space too, with

the operator norm given by

x
£l = sup P — o @l £ e L),
eex Nzllx  japx=t
#£0
Definition 2.2. Let X and Y be Banach spaces and f : X — Y. We say that f is
Fréchet differentiable at xo € X if there exists F' € L(X,Y’) such that

lim f(xo+h) — f(xo) — F(h)

= 0. 2.1
h—0 | Al x (2.1)

39
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In this case, we set d,,f := F and we say that F' is the Fréchet differential of f at x.
In particular, we say that f is Fréchet differentiable if it is Fréchet differentiable at x
for any o € X. Finally, if f is Fréchet differentiable and the map d)f : X — L(X,Y))
is continuous, we say that f € C'(X;Y).

Remark 2.3. Let f: X — Y and g € X such that there exists F' € L(X,Y") satisfying
(2.1). Then F is uniquely determined (hence d,,f is well defined). Indeed, for any

v € X, we have

0 — iy @0 T t0) = flwo) = F(tv) _ . flwo+tw) = flwo)  F(v)

=0 ]l =0 ]l Il

from which
F(v) = lim f (o + tv) = f(wo)

t—0 t
Remark 2.4. Let X and Y be Banach spaces and f : X — Y a Fréchet differentiable
function. If d¢yf : X — L(X,Y) is Fréchet differentiable at z € X, we can consider
its Fréchet differential at x and denote it by d2f € L(X,L(X,Y)): this is the second
order Fréchet differential of f at x. If d()f : X — L(X,Y) is Fréchet differentiable and
d%.)f : X — L(X,L(X,Y)) is continuous, we say that f € C*(X;Y). Inductively, we

can define differentiable functions of any orders and function of class C* for any k > 1.

Definition 2.5. Let X and Y be Banach spaces. A function f: X — Y is said to be
Gateaux differentiable at zo € X along h € X if there exists the following limit:

lim (zo + th) — f(z)

t—0 t

ey

In this case, the value of the previous limit is called the Gateaux derivative of f at xg
along h and we denote it by 0y, f(z).

Remark 2.6. Let X and Y be Banach spaces and f : X — Y a Fréchet differentiable
function at o € X. Then there exists the Gateaux derivative of f at zy along h for any

h € X and 0y, f(x0) = day f(h).

The following proposition gives a sufficient condition for a function to be Fréchet

differentiable.
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Proposition 2.7. Let f : X — Y be a Gateaux differentiable function at x along h for
any x,h € X. If 0y f(x) € L(X,Y) for any x € X and X > x — 0 f(x) € L(X,Y) is
continuous, then f is Fréchet differentiable and d,f(h) = Onf(z) for any x,h € X. In
particular, f € C1(X;Y).

For a proof of Proposition see for instance Proposition 4.1.7 on [3].

Lemma 2.8. Let X,Y,Z be Banach spaces, U C X open and V C Y open. Consider
two functions f : U — Y and g : V. — Z such that f(U) C V. If f is Fréchet
differentiable at x € U and g is Fréchet differentiable at f(x) € V, then go f is Fréchet
differentiable at © and dy(go f) = (dfwg) o (daf).

For a proof of Lemma see for instance Proposition 4.1.12 on [3].

Definition 2.9. Let X be a Banach space, I C R an open interval and ¢ : [ — X. If

there exists

€X,
h—0

lim p(to +h) — p(to)
h

for ty € I, we say that the value of this limit is the first derivative of ¢ at ty and we denote

it by ¢'(to). Similarly, if I C R is an open interval, Q C X is open, n: I x Q@ — X and

there exists .
t _
lim n(to + h, zo) — n(to, zo)
h—0 h

€ X,

for (to,zo) € I x Q, we say that the value of this limit is the first partial derivative of n

with respect to the variable ¢ at the point (to, z¢) and we denote it by %(to, Zo).
The following two theorems are classical results from Analysis.

Theorem 2.10 (Local existence and uniqueness). Let X be a Banach space, Q C X
open, I C R an open interval, to € I, xqg € Q and f : I X Q@ — X a function that is
continuous and locally Lipschitz in x € ), uniformly with respect tot € I. Consider the

Cauchy problem
a'(t) = f(t,2(t)),
x(ty) = wp.
Then there exists & > 0 such that the Cauchy problem has a unique solution in the open

interval (tg — d,to + 0).
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Notation 2.11. In the same hypotheses of Theorem we denote by z(-;xg) the

maximal solution of the Cauchy problem
() = f(t,2(1)),
I’(to) = Xyp-

Theorem 2.12 (Continuous dependence on initial data). Let X be a Banach space,
Q C X open, I CR an open interval and f : I x Q — X a function that is continuous
and locally Lipschitz in x € ), uniformly with respect tot € I. For any K C I x €}
compact there exist L,0 > 0 (depending only on K and f) such that

|2 (t; o) — x(t; Zo)|| < eXttol||mg — Zol|,  V(to, o), (to, Zo) € K, Yt € (tg — 6,19 + ).
Notation 2.13. We fix the following notation for this chapter:
e H will be a separable Hilbert space with inner product < , >;
e B will be a separable Banach space with norm |.||.

Remark 2.14. L(B,R) is nothing less than the topological dual space of B, which is
usually denoted by B*. It is not true, in general, that L(B, R) is separable: for example
L'(R") is separable, but its dual space L>(R™) is not separable. However, if B is a
reflexive space (i.e (B*)* = B), then L(B,R) is a separable space.

Definition 2.15. Let f : B — R be Fréchet differentiable. We say that zo € B is a
critical point for f if d, f = 0, i.e dgy f(h) = 0 for any h € B. In this case, we say that
f(zo) € R is a critical value for f. If ¢ € R is not a critical value for f, we say that it is

a reqular value.

Notation 2.16. Let f : B — R be a Fréchet differentiable function. We fix the

following notation:
e Crit(f) = {x € B|d,f = 0}, that is the set of critical points for f;

o Crit°(f) = {x € B|d,f =0, f(z) = ¢}, that is the set of critical points for f at

level c;
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e Verit(f) = f(Crit(f)), that is the set of critical values for f.

Definition 2.17. Let f : H — R be a Fréchet differentiable function. Applying
Riesz Representation theorem, for any x € H there exists a unique v € H such that
d.f(h) = (v, h) for any h € H. We say that v is the gradient of f at x and we denote it

by Vf(z).

Remark 2.18. In the situation of the previous proposition, we have ||V f(x)| = ||d.f]l-

2.2 The Palais-Smale condition

This section is focused on the notion of Palais-Smale sequence and Palais-Smale
condition for a function f € C'(B;R). We will see that this last one is a compactness

condition which will allow us to perform some kind of “deformation”.

Definition 2.19. Let f € C*(B;R). We say that a sequence {x}, }rey is a Palais-Smale
sequence for f at level ¢ € R if

f(zy) ooy ¢, inR, 22)

k—o0

dg f — 0, inB*.

Moreover, we say that a function f satisfies the Palais-Smale condition at level c if any

Palais-Smale sequence for f at level ¢ has a converging subsequence.

Notation 2.20. If a function f € C'(B;R) satisfies the Palais-Smale condition at level ¢,
we will write that f satisfies (PS).. If a function f € C''(B;R) satisfies the Palais-Smale
condition at level ¢ for any ¢ € R, we will write that f satisfies (PS).

Remark 2.21. If f € C'(H;R), the system (2.2)) is equivalent to

Remark 2.22. The Palais-Smale condition is somehow a compactness condition. Indeed,
if f € C'(B;R) satisfies the Palais-Smale condition at level ¢ € R, then Crit’(f) is a

compact set.
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Let us see some examples:

Ezample 2.23. Consider the function f(z) = cos(x) defined on the real line.

We have that f satisfies the Palais-Smale condition at level ¢ for any ¢ € R\ {—1,1}.
Indeed, for any ¢ € R\ {—1,1} there are no Palais-Smale sequences for f at level c,
whence (PS). is trivially satisfied.

Let ¢ = 1. In this case, the sequence {2k7}ren is a Palais-Smale sequence for f at
level 1, but it is a diverging sequence and then it has no converging subsequences. Thus,
the condition (PS); is not satisfied. Similarly, we can see that (PS)_; is not satisfied

too.

Example 2.24. Consider the function f(z) = e™* defined on the real line.

Let ¢ = 0. In this case, the sequence {k}cy is a Palais-Smale sequence for f, but it
has no converging subsequences. Thus, (PS), is not satisfied.

As in the previous example, for any ¢ € R\ 0 there are no Palais-Smale sequences for
f at level ¢, therefore (PS), is satisfied.

Ezample 2.25. Let f € C*(R™R) be a coercive function (i.e. limj,|c0 f(2) = +00).
Then f satisfies (PS). Indeed, if {z}}reny C R" is such that

k—o0

flxn) — ¢,

k—o0

Vf({l?k) — 0,

then {xy}ren has to be a bounded sequence (from which it is possibile to extract a con-
verging subsequence by Bolzano-Weierstrass theorem). To see that {zy }ren is bounded:
if it was not, then there would be a subsequence {zy, }jen such that ||z, || % 400 and,

by coercivity, f(wy,) % 4+ 50, which is not possible.

However, it is not true, in general, that a coercive function defined on an infinite-

dimensional Banach space satisfies the Palais-Smale condition.

Example 2.26. Let g : R — R:
0, te[-2,2],
(It —2)%, t¢[-2,2],

and define f : B — R by f(z) := g(||z]|), where dim(B) = +oo. We have that

limyjz| 400 f (%) = +00, i.e. fis a coercive function. If we consider the unit sphere in B
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{x € B; ||z| = 1}, then it is a subset of Crit’(f), but it is not compact] Thus, f does
not satisfy (PS)o.

Lemma 2.27. Let f € C'(B;R). If f satisfies (PS). and ¢ & Verit(f), then there exists
r > 0 such that ||d.f|l« > 7 for any x € f~([c —r,c+7]).

Proof. By contradiction, we assume that, fixed an arbitrary r > 0, there exists a value
x € fY[c—r c+r]) such that ||d,f||+ < r. In particular, for any n € N there exists
zn € [ ([c — %, ¢+ 2]) such that ||d,, f]l. < L. We have

n—oo

flz,) — ¢,
d, [ =30,

meaning that {x, }nen is a Palais-Smale sequence at level ¢. Thus, by (PS)., there exists

a subsequence {z,, }ren converging to some zg € B. It follows that
n— oo
f(@n,) = flzo) = ¢,
n—oo
dg, [ — 0,
and, in particular, ¢ € Verit(f), against the hypothesis. O

Ezample 2.28. Consider the function f(x) = e™* defined on the real line. In this case,
0 & Verit(f), but, since f/(z) “==5° 0, the thesis of Lemma [2.27| does not hold: in fact f
does not satisfy (P.S)o.

We recall the definition of compact map between Banach spaces.

Definition 2.29. Let K : B; — B be a continuous map between Banach spaces. We

say that K is a compact map if one of the following equivalent conditions is satisfied:

e for any bounded subset V' of By, then K (V') is relatively compact in By (i.e. the
closure of K (V') in B, is compact),

e for any bounded sequence {xy}ren in By, then {K(xy)}reny admits a converging

subsequence.

LAs a consequence of Riesz Lemma, if B is a Banach space, then the unit sphere in B is compact if

and only if dimB < oo.
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Remark 2.30. The composition of a continuous and a compact map is a compact map.

Example 2.31. A continuous map f : R" — R is always compact.

Lemma 2.32. Let f € C*(B;R) and suppose that d,f = L(z) + K(z) for any x € B,
where L : B — B* is a linear, continuous and invertible operator, and K : B — B*
1s a compact map. Then any bounded Palais-Smale sequence for f admits a converging

subsequence.

Proof. Let {xy}ren be a bounded Palais-Smale sequence for f at level ¢; this means that

fla) 2 e,

Ao f =5 0.

We have that d,, f := L(zy) + K(zx). Then zy = —L7 (K (xx)) + L7'(d,, f). Since
L7' o K is a compact map, there exists a converging subsequence {L~'(K(xy,))}jen to
some zo € B. In particular, xy, = —L™ (K (x,)) + L‘l(dxkjf) converges to —zg € B
(note that L™! is both linear and continuous, being the inverse of a linear and continuous
0

Jj—00
).

map, hence L™! <d$kj f> — 0in B

Corollary 2.33. Let f € CY(H;R) and suppose that V f(z) = x + K(x) for any x € H,
where K : H — H is a compact map. Then any bounded Palais-Smale sequence for f

admits a converging subsequence.

Proof. For any z,h € H we have that d,f(h) = (Vf(x),h) = <a:,h> + <K(x),h>. Let
L : H — H* be defined by L(z) := (z,-) and K : H — H* be defined by K(z) :=
(K(z),-); then d,f = L(z) + K(x) for any x € H.

L is linear, it is continuous (||L(z)[|+ < ||z|| for any x € H) and it is a bijective map
by Riesz representation theorem.

K is a compact map. Indeed, if {z)}ren C H is a bounded sequence, then { K (1) ren
admits a converging subsequence { K (zy,)}jen to some v € H. Let ¢ € H* be defined by
¢(-) =(v,-); we have

j—o0

Hk(ajkg) - QOH* = HS‘FP <K<$kg) - Uah> < HK(xkg) - UHH — 0,
ha=1

hence K (wg,) converges to ¢ in H*. Applying Lemma , we get the conclusion. [
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2.3 The Deformation Lemma

The main object of this section is the “Deformation Lemma”. First, we will see an

easier version and then we will generalize it.

Definition 2.34. Let X be a topological space. We say that ¢ is a deformation in X
if it is homotopic to the identity map in X, i.e. there exists n € C([0, 1] x X; X) such
that:

1. n(0,z) =z, Vx € X;
2. n(1,z) = p().

Definition 2.35. If X is a topological space and f : X — R, for any ¢ € R we define

the sublevel set for f relating to c:
foi={r e X | f(@) < o).

When c¢ varies, the number of the connected components and the topology of the

sublevel sets can vary too. Let’s see some examples.

05

Figure 2.1: Graph of the function f(x) =23 —x

Example 2.36. Consider the function f(r) = 2® — z: it has a minimum at x; = \/?g’ with

f(x1) = —%g, and a maximum at zo = _\/?37 with f(zy) = %3. We have that:

o f¢=(—00, 2, where z, satisfies f(z9) = ¢, for ¢ < %3;
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o f¢=(—00,2]U {—‘/Tg}, where zq satisfies f(z9) = ¢ and 2y # w3, for ¢ = _29‘/3;

o f¢ = (—00,z20 U |[21,20], where z; satisfies f(z;) = ¢ and 2y < 23 < 2z, for
=2 o< BB,

o ¢ = (—00, 2], where zq satisfies f(z9) = ¢ and zg # x1, for ¢ = %3;

o f¢=(—00, 2, where z, satisfies f(z9) = ¢, for ¢ > %‘3’.

In this case, if a variation in the number of the connected components of the sublevel

sets of f occurs, this means that we have crossed a critical value for f. We also note

that f satisfies (PS) (If {x,}nen is a Palais-Smale sequence for f at level ¢ € R, then
n—oo n—oo

f'(x,) — 0, ie. |z, — \/Lg, from which {z,}nen is bounded and it contains a

converging subsequence by Bolzano-Weierstrass theorem).

Ezample 2.37. Consider the function f(z,y) = x? — y* defined on R?: its unique critical
point is (zg,y0) = (0,0), with f(xq,yo) = 0.

e If ¢ > 0, then the sublevel set ¢ = {(z,y) € R? : 2> — 3? < ¢} has a unique
connected component: it is the region of R? in between the two branches of the

hyperbola 2% — y? = c.

e If ¢ = 0, then the sublevel set f¢ = {(z,y) € R* : 22 —y* < 0} has a unique
connected component: it is the region of R? in between the two straight lines

y =z and y = —x, containing the y-axes.

e If ¢ < 0, then the sublevel set f¢= {(z,y) € R? : 2* — y* < ¢} has two connected
components: they are the region of R? delimited from below by the upper branch
of the hyperbola 22 — y?> = ¢ and the region delimited from above by the lower
branch of the same hyperbola.
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Figure 2.2: Sublevel set for f(x,y) = 2* — y* with ¢ > 0

Figure 2.3: Sublevel set for f(x,y) = 2* — y* with ¢ =0

Figure 2.4: Sublevel set for f(x,y) = 2? — y* with ¢ < 0

As in the previous example, if a variation in the number of the connected components

of the sublevel sets of f occurs, this means that we have crossed a critical value for f.
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Also in this case, f satisfies (PS) (if {(zn, Yn)}nen is a Palais-Smale sequence for f at
level 0, then z,, =% 0 and y, —= 0, from which {(2,,,%n)}nen is bounded and it has a
converging subsequence by Bolzano-Weierstrass theorem: this means (PS), is satisfied.

On the other hand, (PS). is trivially satisfied for any ¢ # 0).

Ezample 2.38. Consider the function f(z) = —e™* — x%gfl + 2. In this case:

o f¢ = (—00, x|, where z is the unique value satisfying f(xy) = ¢, for ¢ < 0;

o f¢=(—00, x| U[z1,+00), where xy and x; satisfy f(zo) = f(z1) = c and xy < 27,

for 0 < ¢ < maxger f;
o f°=R for ¢ > max,cg f.

We have a variation in the number of the connected components of the sublevel sets of
f when we cross the value ¢ = 0; however, 0 ¢ Vcrit(f). Note that f does not satisfy
(PS)o.

4

Figure 2.5: Graph of the function f(z) =e™* — x%xfl +2

2.3.1 The Deformation Lemma for Banach spaces

The easiest version of the Deformation Lemma is for Hilbert spaces and functions of

class C?.

Theorem 2.39 (Deformation Lemma for Hilbert spaces). Let f € C*(H;R) and
ceR. If c & Verit(f) and f satisfies (PS)., then there exist ¢ > 0 and a deformation
p € C(H; H) such that:
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1. p(x) =z, Vo & fc— 2¢,c+ 2]);

2. p(f=) C foe

Proof. Since f € C?(H;H), then Vf € C'(H;H) and, in particular, Vf € Lip,.(H; H).
By hypothesis, ¢ ¢ Verit(f) and f satisfies (PS),, therefore, by Lemma|[2.27| there exists
€ > 0 such that

IVf(z)]| >2e, Vo fc—2ec+2]) (%)

We define A := f~([c — 2¢,¢+ 2¢]), B:= f}([c—¢,c+¢]) and ¢ : H — R by

o dist(xz, H \ A)
V(@) = G EN A) 1 dist(@ B

¥ is well-defined (at least one between dist(x, B) and dist(z,H \ A) is not 0 for any
x € H) and ¢ € Lip,.(H; R). Moreover:

o 0 <9(x)<1, Vxe;
o Y(x)=0, VreH\A4
e Y(z)=1 VxeB.
We define another function ¥ : H — H by

Vi)
() = | VO T €A

0, zeH\A

U is well-defined by (%) and ¥ € Lip,.(H; H). We consider the following Cauchy problem

(2.3)

where we have denote 71(t, x) := %(t, x). By the local existence and uniqueness theorem,
the Cauchy problem (2.3 admits a unique solution 7(-, z) € C*(R; H) for any = € H (the
local solution extends to the whole real line, being the system autonomous). Moreover,

n € C([0,1] x H;H) by the continuous dependence on initial data theorem. We set
p=mn(1,-).
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We have that ¢ € C(H; H) and ¢(z) = 2 for any z € H\ AP| So[1]is proved.

We have the following computation:

(Pt ) = (V5 (nt, ), (1)) =
ol DIVt o), e € A
0, n(t,z) e H\ A.

Thus,

%(f(n(t,x))) <0, Ve € H, vt € [0, 1],

ie. [0,1] 3¢t — f(n(t,z)) is non-increasing for any = € H.

Now, let z € fe*<. We claim there exists ¢t € [0,1] such that f(n(t,z)) < ¢ —e.
Indeed, if f(n(t,z)) € (¢ —e,c+ €] for any ¢t € [0,1] (implying that n(t,z) € B for any
t €0, 1]), then

Flpla)) = £t ) = Fn0,2) + [ 5 (Fnte.a)) e =

1
f(a) / IV F(n(t2)| dt < cte—2e=c—e,

>2¢

which is in contradiction with our assumption.

So let t € [0,1] such that f(n(t,z)) < ¢ — ¢; then

flo(x) = f(n(L,z)) < f(n(t,z) < c—e,
i.e p(z) € fe=°. This completes the proof of [ O

The next step is a generalization of the Deformation Lemma to Banach spaces and
functions of class C'. We need the notion of “pseudo-gradient”, which replaces the role

of the gradient in a Banach space.

Notation 2.40. If B is a Banach space and f € C'(B;R), we denote the set of regular
points of f by B" := {z € B|d, f # 0}.

2If z € H\ A, then, being ¥(x) = 0, the function given by [0,1] 3 t = u(t,z) := z is a solution of
. The solution of is unique, whence 7n(t,z) = u(t,x) = x for any ¢ € [0, 1] and, in particular,
p(x) =n(l,z) = .
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Definition 2.41. Let f € C'(B;R). A function V € Lip;.(B";B) is said to be a
pseudo-gradient (PQ) for f if

L [V(2)[| < 2min{[|d, f[l., 1},
2. o f(V(2)) = min{||da fll+, 1}|de f1]+,
for any x € B".
We recall the following definition from topology.

Definition 2.42. A topological space X is said to be paracompact if for any open
covering A := {A;, j € J} (i.e A; is open for any j € J and X C U,c A4,) there exists
B :={B;, i € I} such that:

e for any ¢ € I there exists j € J such that B, C A;, B; is open and X C U;e1B;;

e for any x € X there exists an open neighbourhood U, of x such that

card({i e I : BiNU, #0}) < .

The following theorem is a well-known topological result. For more details see [g].
Theorem 2.43 (Stone). Any metric space is paracompact.

Going back to the pseudo-gradient, we have the following result.
Lemma 2.44. Let f € C'(B;R). Then there exists a pseudo-gradient for f.

Proof. Let xy € B"; there exists w = w(zy) € B such that

[[w]| < 2min{]|da, fl, 1},
day f (w) > min{]|du, fl«, T} dao £l

(2.4)

To see that such w exists:

o If ||dy fll« < 1, then let v € B, [jv]| = 1, such that da,f(v) > 2||da, f]|« and set

w = 5[1day s
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o If ||dy fll« > 1, there must exist w € B, ||w|| < 2, such that |d,, f(w)| > [|dz f]|+-
To see this: if |dy, f(w)| < [|dg, f||« for any |Jw|| < 2, then

| e f(w)] _ 2
ldeo flle = sup |daf(w)] = sup == 7= < Sllday fll.,

Jeoll= =2 |l
which is not possible.

By continuity of d.) f, for any z, € B" there exists an open neighbourhood W (zy) of
such that (2.4 holds with w = w(xg) for any z € W(xy). Hence, {W(zo)}spep- is an
open covering of B” and by Stone’s theorem there exists B = {B;, i € I} as in Definition

[2.42] Hence, for any i € I there exists v; € B such that

[oil] < 2min{|[dzf]., 1},
da f(vi) > min{|[dz f[[+, 1} [[dz £,

(2.5)

for any x € B;. Now let
ri: B — R, ri(x):=dist(z,B"\ B;),

and set
()

2jerri(®)

n; is well-defined because for any x € B” we have that © € B; for only a positive finite

ni:B"— R, mni(x):=

number of j's, whence 7;(z) # 0 for only a positive finite number of j's. For any i € I

we have that n; € Lip;,.(B"; R) and

Finally, let
V:B"— R, V(z):= vaz(x)
iel
V is well-defined: indeed, for any « € B", if I(z) := {i € I'|n;(x) # 0}, then I(z) is finite
and V' (z) is a convex combination of {v;}ici(x). Let € B"; then, by triangle inequality

and linearity of d, f, we have:
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IV (@)l =l Z o)l < Y foillni(e 2 2 min{|d, fl.. 1},

i€l(z i€l(x)

which is|1]in the deﬁmtlon of pseudo-gradient for f;

[ ]
-
def(V(@)) = Y mi(@)def (i) > min{|ldafll, 1}l f.
€l(x)
which is [J in the definition of pseudo-gradient for f. m

Remark 2.45. We have actually proved that, given a function f € C'(B;R), there exists

a pseudo-gradient for f satisfying the strict version of the inequalities of Definition [2.41]

Before seeing a more general version of the Deformation Lemma, with Banach spaces

and functions of class C!, we fix some notations and see a preliminary result.

Notation 2.46. If f : B — R is a function of class C*, 3 € R, 6 > 0 and p > 0, we

denote:
o Npgs:={zeB: |f(x) - Bl <4 ||dufl« <},

® Ugp:= UxECritB(f){y €B : |ly —zl < p}.
Lemma 2.47. Let f € C'(B,R) and suppose that f satisfies (PS). For any 8 € R we
have:

1. Crit?(f) is compact;

2. {Us )} p>0 is a fundamental system of neighbourhoods of Crit?(f);

3. {Nssts=0 is a fundamental system of neighbourhoods of Crit®(f).

Proof. 1t {x,}nen 18 a sequence in Crit? (f), then it is a Palais-Smale sequence for f at
level 8 and, by (PS)g, it has a converging subsequence to some xy, € B. Since f and
d(yf are continuous maps, then f(z¢) = 8 and d,, f = 0, meaning that x, € Crit’(f).
Hence, Crit”(f) is compact and |1|is proved.

If p > 0, then Ug, is a neighbourhood of Crit’(f). Let N be a neighbourhood of
Crit?(f). By contradiction, we assume that Us, ¢ N for any p > 0. Thus, we can find
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a sequence p,, — 0 and a sequence of points {x,,}men such that z,, € Ug,, \ N for
any m. For any m € N there exists y,, € Crit’(f) such that ||, — ym| < pm. By the
compactness of Crit?(f), up to subsequence, we may assume that ,, — 3o € Crit’(f).
It follows that x,, — yo € Crit’(f) C N, whence for m >> 1 we have 2, € N, which is
not possible. This means that, given a neighbourhood N of Crit?(f), there exists p > 0
such that Uz, C N. Therefore[dis proved.

If 6 > 0, then Ngs is a neighbourhood of Critﬂ(f). Let N be a neighbourhood of
Crit’(f). By contradiction, we assume that Ngs ¢ N for any § > 0. As before, there
exist a sequence 0,, — 0 and a sequence of points {z,, }men such that z,, € Ngs, \ N

for any m. It follows that

flam) =35,

e, f[l =0,
i.e {Z;,}tmen is a Palais-Smale sequence for f at level 8. By (PS)g, up to subsequence,
{&m }men converges to some zy € Crit?(f) € N, whence for m >> 1 we have z,, € N,

which is not possible. Therefore for any neighbourhood N of Crit? (f) there exists § > 0
such that Ngs C N and the proof of [3is completed. O

Remark 2.48. In the previous lemma, if 5 € R is fixed, we need only that f satisfies
(PS)g to show that [1] [ and [§ hold.

Theorem 2.49 (Deformation lemma for Banach spaces). Let f € C'(B;R) such
that f satisfies (PS). Let € R, € > 0 and let N be a neighbourhood of Crit?(f). Then
there ezists € €]0,2] and a continuous 1-parameter family of homeomorphisms ®(t,-) of

B, 0 <t < oo, with the properties:
1. (t,z) =z, if t =0, ord,f =0, or |f(x) — 5| > &
2. f(®(t,x)) is non-increasing in t for any x € B;

3. ®(1, fAre\ N) C f7=° and ®(1, f) Cc fS=UN.

Moreover, ® : [0,00[xB — B has the semi-group property, i.e ®(t, ®(s,-)) = ®(t+s,)
for any t,s > 0.
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Proof. By Lemma there exist 9, p > 0 such that:
N D U,(g’gp D) Uﬁ’p D) Nﬁﬁv

where we may suppose d,p < 1. Let n € Lipjo(B;R) such that 0 < n < 1,7 =11in
B\ Ngsand n = 0in Ngs/2. Also let ¢ € Lipi,.(R;R) such that 0 < ¢ <1, ¢(s) = 0 if
| — s| > min{g, §/4}, p(s) = 1if |f — s| < min{é/2,/8}. Finally, let V : B" — B be
a pseudo-gradient for f (it exists by Lemma . We define

—n(x)e(f(@)V(x), ifreB,

0, elsewhere.

U(x) =

By definition of ¢ and 7, it follows that W vanishes (and therefore is Lipschitz) near
critical points of fﬂ, hence W € Lip,.(B;B). Moreover, since ||[V||z@ ) < 2, then
|V||z@m < 2. We consider the Cauchy problem:

2P(t,2) = U(D(t,2)),
®(0,z) =x.

(2.6)

By the local existence and uniqueness theorem, the Cauchy problem has a unique
solution @ (-, z) € C'(R;B) for any z € B (the system is autonomous, whence the solution
extends to R) and & is continuous in the variable € B by the continuous dependence
on initial data theorem. Moreover, ®(¢, ®(s,-)) = ®(t + s,-) for any ¢, s € R. From this,
O(t,) o (—t,-) = Idp = ®(—t,-) o P(¢,-), whence P(t,-) is a homeomorphism of B for
any t € R.

If t = 0, then ®(t,x) = z for any x € B by definition. If d,f = 0 or x € B" but
|f(z) — B| > & (in this second case ¢(f(z)) = 0), then ¥(x) = 0 and the function

3 = 0 in Npg 52 because 1 = 0 in Ng /9. If zg € Crit(f), by continuity of d(.)f, we have that
||dz ||« < & for any z in an open neighbourhood of zg Vi,. Let z € Vs if 2 € Crit(f), then it is
immediate that ¥(x) = 0, otherwise:

o if n(z) =0, then ¥(x) = 0;

e if 7(z) # 0, then x & Nj 5/. This implies that |f(z) — 8| > § > min{z, §/4}, whence ¢(f(z)) = 0
and ¥(z) = 0.
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t — ®(t,z) := z is a solution of (2.6), whence, by uniqueness, ®(t, z) = ®(t, ) = x for
all t € R. Thus[1is proved.
We see [Z

%(f((b(t,x))) = d¢(t,x)f(%(q)<t’x))) = do(t,0) f (¥ (P(t, 2))) =

{n@(t,x))go(f(@(t, )o@ f(V(®(t,2)), if(t,z) € B,

0, else,

_n(q)(t7x))90(f(q)(tv l’))) min{qu’(tw)f“*’ 1}Hd<1>(t,x)f||*, if(b(tv I) S BT?

0, else,

whence

9

ot

Let us prove [ Let ¢ < min{g/2,6/8} and = € 7. If f(®(1,x)) > B — &, then
from |4 it follows that

(f(®(t,2))) <0, VaeB.

Btez flz) = f(®(0,2) = f(®(tx) = f(®(L,2)) > -, VE€[0,1],

whence |f(®(t,x)) — | < € and consequently o(f(®(t,x))) = 1 for all ¢t € [0,1]. We
note that, if ®(¢,z) € Ng s, then ®(¢,z) € B"[]

We have the following computation:

F@(1,2) = f(@0.0) + [ Z(7(B(t))dt <
<pre- [ D) el (V(R(2)  dr<
{t€[0,1]: ®(¢t,2)ENg 5} ~~ ~ -

=1 >min{||de 2y fll«,1}Hde ¢, z) f 1+ >62

<B+e—L{te[0,1] : ®(t,z) € Nas})o (2.7)

We note that:

If ®(t,z) is a critical point for f, then ||de, . fll« = 0 < 6 and |[f(®(t,2)) — 8] < e < §, whence
fD(t,a:) S N575.
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o If v ¢ N, then ®(t,z) ¢ N5 for any 0 <t < £. Indeed, B\ N and Nj; are separated
by the “annulus” Ugs, \ Ug, of width p, from which dist(B \ N, Ns) > p and

t t
1D (t, 2)—(0, ) ||:‘/ (B (s,)) ds g/ 19 (0(s,2))|| ds < p, VO<t<P.
—— 0 0 ———— 2
- <9

This means that

0,p/2[C {t € [0,1] : O(t,z) & Nas};
e similarly, if ®(1,z) & N, then ®(¢,z) & Ns for any t €](2 — p)/2, 1], because
1 2 p
¢

Thus, we have

2= p)/2,1] C {t € 0,1] : D(t,2) & Ny},
Therefore, if either x ¢ N or ®(1,z) ¢ N, we have that

LY{te[0,1] : ®(t,2) & Ngs}) > = (2.8)

[N\ et

Summarizing, let ¢ < min{g/2,§/8, (6%p)/4}. We have that, if € f#*¢ and x € N or
O(1,z) ¢ N, then f(P(1,2)) < S —e. Indeed, if it was that f(P(1,z)) >  — ¢, then,
combining and (2.8), we would have that f(®(1,z)) < 8 — e, which is not possible.
This means that ®(1, f#+\ N) C f#~¢ and ®(1, f°+¢) C f#~°U N, completing the proof
of [4 O

Remark 2.50. As in Lemma [2.47] if 5 € R is fixed, we need only that f satisfies (PS)g

to show that the conclusion holds for that value of .

2.3.2 The Deformation Lemma for Finsler manifold

We aim to generalize the Deformation Lemma to manifolds modeled on Banach

spaces.
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Definition 2.51. Let M be a Banach manifold of class C?, p > qf], called the base
space; let E be a topological space, called the total space; let 7 : F — M be a
surjective continuous map. Suppose that for any x € M, the fiber E, := 7~ !(z) has a
structure of Banach space. Let {U; |7 € I} be an open cover of M and suppose that for

each i € [ there exist a Banach space X; and a map 7;
T & 7T_1(Ui) — Uz X Xz
satisfying the following properties:

e 7; is a homeomorphism such that p; o 7; = w, where p; : U; x X; — U, is the

projection on U;, and such that

Tiy - Ex — Xi, Ti

s — T

Eq

is an isomorphism for any z € U;.

e if U; and U; are two members of the open cover, then the map

Ui N Uj — L(XZ, X]>

-1
IP—>zj OTiw

is a differentiable map of class CP, where L(X;, X;) is the space of all continuous

linear maps from X; to Xj.

The collection {(U;,7;)|i € I} is said to be a trivializing covering for m : E — M
and the maps 7; are called trivializing maps. Two trivializing coverings are said to be
equivalent if their union satisfies again the two conditions above. An equivalence class
of such trivializing coverings is said to determine the structure of a Banach bundle on
m: E — M. If all the spaces X; are isomorphic as topological spaces, then they can be
assumed all to be equal to the same space X. In this case, we say that 7 : E — M is
a Banach bundle with fibre X.

5 A Banach manifold M is a manifold modeled on Banach spaces; this means that M is a topological

space in which each point has a neighbourhood that is homeomorphic to an open set in a Banach space.
The manifold is of class CP if the transition maps between open sets of an atlas of M are of class CP.
As for the Euclidean case, if M has a differential structure, we have an analogous construction of the
tangent bundle TM and, given a differentiable map between Banach Manifolds f : M — N, we can
consider the differential map df, : T,M — Ty,)N, p € M.
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Definition 2.52. Let 7 : FF — M be a Banach bundle over M. Let
Il : F—R

be a continuous map such that the restriction ||.||, of ||.|| to each fiber F, := 7 !(u)
is an admissible norm for F),. Let us also assume that we have a trivializing covering

A = {(U;, 7;) }ier satisfying the following properties:
1. for any fixed ug € M there exists a trivialization in A
. Y U) — U X F,,,

such that [|.||, is a norm on F,, for any u € U;

2. for any k > 1
1
ol < vllug < Klfvllu, Vo € Fup \ {0},

if u is in a small neighbourhood of wug contained in U and depending on k.
Then we say that ||.|| is a Finsler structure for the bundle 7 : F¥ — M.

Remark 2.53. Let M be a differentiable (Banach or Euclidan) manifold equipped with

a Riemannian metric < , > Then

1€ll7e) = 1/ (& E)nie), VEETM,

defines a natural Finsler structure for the bundle 7 : TM — M.

Definition 2.54. A Finsler manifold of class C", v > 1, is a regulail’] C"-Banach manifold
M, together with a Finsler structure |.|| on the tangent bundle T'M. Also the cotangent

bundle T*M carries a natural Finsler structure by defining

|v*]| = sup{|v*(v)|; v € T,M, ||v|l. <1}, Yue M, Vo* €T, M.

SWe recall that a topological space X is said to be regular if for any point * € X and for any
neighbourhood U of x there exists a closed neighbourhood F' of x such that F C U.
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Remark 2.55. Let M be a connected Finsler manifold M of class C", r > 1, and denote

by ||.|| the Finsler structure on T'M. Then ||.|| induces a metric on M:

1
) = inf [ Ol . (2.9

where the infimum is taken all over C' paths p : [0,1] — M such that p(0) = u and
p(1) = v. We say that M is complete if (M, d) is a complete metric space. Moreover, the
topology on M induced by the distance (2.9)) do coincide with the manifold topology.

The proof of Remark is not trivial: for more details see p.201 — 202 on [7].
We can generalize the notion of pseudo-gradient to functions defined on Finsler man-
ifolds.

Definition 2.56. Let M be a C*-Finsler manifold and f € C*(M). Let us denote
M = {u € M|d,f # 0}, the set of regular points of f. A pseudo-gradient vector field
for f is a Lipschitz continuous vector field v : M — T'M such that v(u) € T, M and

L lv(w)lle < 2[ldufl2,

2. dyf(v(u)) > || dufl3,

for all w € M, where ||.||, is the norm in the tangent space T, M.

Lemma 2.57. If M is a C*-Finsler manifold and f € C'(M), then there exists a
pseudo-gradient vector field v: M —s TM for f.

For a proof of Lemma see Lemma 3.2 and Lemma 3.3 on [7].
Remark 2.58. As for Banach spaces, by using the Finsler structure and the distance (2.9)

on M, we can define:
f7={ue M| f(u) <8},
Crit(f) :=={u e M |d,f = 0},
Crit’(f) = {u € M| f(u) = B, duf = 0},
N :={ue M : [f(u) = B| <4, |[duf[lu <6},

U@P = UueCritﬁ(f){U eM | d(uv 'U) < p}>

where € R and 9, p > 0.



2.3 The Deformation Lemma 63

We can extend the notion of Palais-Smale sequence and Palais-Smale condition to

functions defined on Finsler manifolds.

Definition 2.59. If M is a connected C*-Finsler manifold, f € C'(M) and ¢ € R, we

say that {x, }neny C M is a Palais-Smale sequence for f at level c if

n—o0

flz,) — ¢,

Ids, £l = 0.

We say that f satisfies the Palais-Smale condition at level ¢ and write (PS). if any
Palais-Smale sequence for f at level ¢ admits a converging subsequence (with respect to
the metric (2.9)). We write that f satisfies (PS) if it satisfies (PS). for any ¢ € R.

Now, we give the statement of the Deformation Lemma for function on Finsler man-
ifolds. We will omit the proof of this theorem, since it is a very technical generalization
to that one seen for Banach spaces. However, it turns out we need to strengthen the

hypotheses on the function in the statement of the theorem.

Theorem 2.60 (Deformation Lemma for Finsler manifold). Let M be a connected
C?—Finsler manifold and f € CY(M) such that f satisfies (PS). Let us also assume
that f satisfies the following hypotheses:

o f is bounded from below, i.e inf,cp f(u) € R;

o the sublevel sets of f are all complete in M, with respect to the metric given by

29).

Let B & Verit(f). Then there exist an € > 0 and a flow ® : R x M — M (i.e. ® is
continuous and ®(t,-) o ®(s,-) = ®(t + s,-) for any t,s € R) such that:

1. ®(t,-) is a homeomorphism of M for any t;
3.t — f(P(t,u)) is non-increasing for any u € M;

4. O(L, fore) C foe.
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See Theorem 4.6 on [7] for the proof of Theorem [2.60]

Remark 2.61. For a fixed § € R it suffices that f satisfies (PS)s so that the conclusion
of Theorem [2.60] holds.

2.4 The Minimax Principle

In this section, we will state and prove the variational method we will use in the next
chapter to show the existence of closed geodesics on the sphere. As for the Deformation

Lemma, we will see two versions: one for Banach spaces and one for Finsler Manifolds.

Definition 2.62. Consider a Finsler manifold M (or equivalently a Banach space B)
and let @ : [0, +00[xM — M be a semi-flow (i.e ® is continuous and ®(t,-) o P(s,-) =
O(t+s,-) for all t,s > 0). A family F of subsets of M is called (positively) ®-invariant
if ®(t,F') € F for any F € F and t > 0.

Theorem 2.63 (Minimax Principle for Banach spaces). Let f € C'(B;R) such
that f satisfies (PS). Let F be a family of subsets of B which is invariant with respect to
any semi-flow ® : [0, +o0[xB — B such that ®(0,-) = idg, P(t,-) is a homeomorphism
of B for anyt > 0 and t — f(P(t,u)) is non-increasing for any u € B. If
= inf R
8 %Iéfiléfif(u) €R,

then B is a critical value for f.

Proof. By contradiction, we assume that [ is not a critical value for f. We fix
g =1and N = §, which is a neighbourhood of Crit?(f) = . Then let ¢ > 0 and
® : [0, +oo[xB — B as in Theorem . By definition of 8, there exists F' € F such
that

sup f(u) < B +e,
uck

i.e FF'C ff*e. Fis ®-invariant (by@ in Theorem m, t — f(®(t,x)) is non-increasing
for any = € B), hence, Fy := ®(1,F) € F and, by [@in Theorem being N = (), it
follows that Fy C f#~¢. Therefore we have

= inf sup f(u) < su u) < f—e¢,
B Fefuegf( )_uebl?lf( )< B
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which is not possible. O

Remark 2.64. As in Theorem we only need that f satisfies (PS)g.

We can see two easy applications of the the previous theorem.
Ezample 2.65. Let f € C'(B;R) and let F = {B}, which is positively ®-invariant with
respect to any semi-flow ® satisfying the hypotheses of Theorem If

B := inf sup f(u) = sup f(u)

FeF yer ueB

is finite and f satisfies (P.S)g, then [ is a critical value for f. Thus, f is actually the
maximum of f on B: there exists ug € B such that f(ug) = 8 and d,, f = 0.

Ezample 2.66. Let f € C'(B;R) and let F = {{u}|u € B}, which is positively ®-
invariant with respect to any semi-flow & satisfying the hypotheses of Theorem [2.63|
If

g := inf sup f(u) = inf f(u)

FeF ueF ueB
is finite and f satisfies (PS)g, then [ is a critical value for f. Thus, f is actually the
minimum of f on B: there exists uy € B such that f(uy) = 5 and d,, f = 0.

Theorem 2.67 (Minimax Principle for Finsler manifold). Let M be a connected
C?— Finsler manifold and let f € CY(M) such that f satisfies (PS). Let us also assume
that f is bounded from below and that the sublevel sets of f are all complete in M (with
respect to the Finsler distance on M ). Let F be a family of subsets of M that is invariant
with respect to any semi-flow ® : [0, 400[x M — M such that ®(0,-) = idy, D(t,-) is
a homeomorphism of M for any t > 0 and t — f(P®(t,u)) is non-increasing for any
ue M. If
B := inf sup f(u) € R,

FeF uelF

then (B is a critical value for f.

Proof. By contradiction, we assume that [ is not a critical value for f. Then there exist
an € > 0 and flow ¢ : R x M — M as in Theorem [2.60] By definition of 3, there exists
F € F such that

sup f(u) < B +e.
uck



66 2. A topological variational method: the Minimax Principle

Then Fy == (1, F) € F and Fy C f%¢, whence

= inf < <pB—e¢,
5 ;gfiggf(U)_sggf(U)_ﬁ £

which is not possible. O

In the next chapter, we will see the Birkhoff’s theorem which is a very interesting

application of the Minimax Principle.



Chapter 3

Closed geodesics on the

2-dimensional sphere in R?

In this chapter, we will apply the Minimax Principle to solve a geometric problem:
the existence of non costant closed geodesics on a surface S diffeomorphic to the 2-
dimensional sphere. In the first section, we will recall some preliminary notions about
Sobolev spaces. Then in the second section, we will introduce the space of closed curves
with finite energy on a compact Riemannian manifold M and we will see a sketch of the
proof that it has a structure of Hilbert manifold. Finally, we will state and prove the
central theorem of this thesis: the Birkhoft’s theorem. The scheme of its proof will be

the following:

1. Introduction to the energy functional £ and the manifold of closed curves on S

with finite energy;

2. Proof of the fact that the closed geodesics on S correspond exactly to the critical

points of E in the manifold previously introduced;
3. Proof of the fact that the functional E satisfies the Palais-Smale condition;

4. Construction of a flow invariant family F as in the statement of the Minimax

Principle;
5. Proof of the fact that the Minimax value is not 0.

67
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3.1 Some preliminary notions about Sobolev spaces

Definition 3.1. Let n € N and Q2 C R” open. For k e Nand p € R, 1 < p < +o0, we
define

WEP(Q;R) := {u € LP(;R) : 0°u € LP(Q;R), |a| < k},

where « is a multi-index and 0%u is the weak derivative of u, of order a.. Defining

1/p
e = (3 1ol ) s w e WhiR)

| <k

then WHP(Q;R) becomes a separable Banach space and, in particular, W*2(Q;R) is

endowed with a structure of Hilbert space.

Definition 3.2. Let n,k € N, Q C R" open and p € R, 1 < p < +00. We define

H*"(Q;R) = O(S5 R) N WE(Q; R) W
When p is omitted, it is implied that p = 2.
The following results hold.

Theorem 3.3 (Meyers-Serrin). Letn,k € N, Q C R™ open, p € R, with 1 < p < 400.
Then we have that
WkP(Q;R) = H"P(Q; R).

For a proof of Theorem [3.3] see Theorem 7.9 on [4].

Theorem 3.4 (Sobolev-Rellich-Kondrakov embedding). Let n € N, 2 C R" open,
bounded and such that OS) is Lipschitz. Letk € N, p e R, 1 < p < +00. We have three

cases:

1. If kp < n, we set p* = nﬁ’;p; then

i HPP(Q;R) — LY(Q;R)

1s continuous for any 1 < q < p*. Moreover, i is compact if 1 < q < p*;
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2. If kp = n, then
i HP(Q;R) — LY(Q;R)

15 compact for any 1 < q < +00;

3. If kp > n, then
i: H"P(Q;R) — C™*(Q; R)

18 continuous, where r =k — L%J —1 and
Bl+1-2  if2gN,

any value in (0, 1), if % e N.

Moreover, if a < L%J +1-— %, then i 1s compact.

For a proof of Theorem (3.4 see Theorem 7.26 on [4].

Definition 3.5. Let n,k,m e N, pe R, 1 < p < 400 and 2 C R” open. We define
WEP(Q;R™) := {u € LP(Q;R™) : 0%u = (0%uy, ..., 0%,) € LP(Q;R™), |a| < k},

and
1/p i
e = (S horall,) e W),
|| <k
Also in this case, WkP(Q; R™) is a Banach space and, in particular, W*2(Q; R™) is a
Hilbert space.

Moreover, we define

Hk,P<Q7 Rm) = Wk’p(Q7 Rm) N COO(Q, Rm)H”Wk,p '

Remark 3.6. The thesis of Theorem still holds under the assumption of Definition
(3.5

We also have Sobolev spaces of periodic one-variable functions.
Definition 3.7. Let m € N. We define the following spaces:
e for any 1 < g < +o0,

LYSHR™) = {u: R — R™: ulgan € LU(0,27); R™), u(t) = u(t+27) Vt € R};
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o forany k € Nand 1 <p < 400,

H*(SYR™) i= {u: R — R™ : u|(gan € H*P((0,27); R™), u(t) = u(t+27) Vt € R};

e for any r > 0 and « € [0, 1],

Cr(SHR™) = {u: R — R : ulgan € C™((0,27);R™), u(t) = u(t+2m) vVt € R}.

Remark 3.8. If k,m € N, p € R, 1 < p < +oo, then H*P(S!; R™) is a Banach space with

norm given by

[ull e = [l o.2m) | 1 ((0,20)5Rm)
and, in particular, it is a Hilbert space if p = 2.

Remark 3.9. There is an analogous version of Theorem with the spaces introduced
in Definition 3.7

3.2 The Manifold of closed curves on a compact Rie-

mannian manifold

Definition 3.10. A Hilbert Manifold M is a differentiable manifold with a countable
atlas such that each chart has its image in a Hilbert space; this means that M is a
separable Hausdorff space in which each point has a neighbourhood that is homeomorphic
to an open set in a Hilbert space. As for Euclidean manifold, there is associated to M the
tangent bundle of M and a projection 7 = 7y : TM — M. Given an atlas (¢q, Us)acr
of M, we obtain an atlas (T'¢q, TUy,)aecr of TM, proceeding exactly as in the Euclidean

case.

Remark 3.11. If H is a Hilbert space, then it is a Hilbert manifold with a single global
chart given by (H,idy). Moreover, if (, )y is the inner product on H, then H can be

endowed with a natural Riemannian metric (, ) given by

(u,v), == (u,v)g, Vpe H,Vu,ve T,H=H.
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Remark 3.12. If E is a topological space and M is a Hilbert manifold, we can consider
Banach bundles 7 : E — M over M as in Definition 2.5l Then there is an atlas such

that for any chart (U, ¢) we have a commutative diagram of morphisms

U— ¢(U)

T

Y U) —2= ¢(U) x E
@

with the following properties:

1. E is a Banach space, ® is a homeomorphism and ®, := ®|g,, where E, := 7~ '(p)

for any p € U, is a topological linear isomorphism;

2. if
U U) =2 (U)X E

| |

U ()

is a commutative diagram satisfying |1| for another chart (U’, ¢'), then the map
UNnU —s L(E,E)
pr— CID;) 0P !
is differentiable.

We say that (®,¢,U) is a local representation for the bundle 7 : E — M.

Remark 3.13. If m : E — M is a bundle as in Remark |3.12, where E has a differentiable
structure, and (®, ¢, U) is a local representation of 7 : E — M, then we have a local

representation (T'®, ®, 7~ 1(U)) for the tangent bundle 7 : TE — E:

Tr Y (U) 25 ¢(U) x ExH x E

TEl lprlg

N U) —2— ¢(U) x E.

We consider the following special induced bundle.
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Remark 3.14. Let 7 : E — M be a bundle. We denote S! := [0,2n]/{0, 27} (that
is the interval [0, 27] where the two extremes are identified, i.e the 1—dimensional unit
sphere) and let ¢ : S — M be a differentiable map. We have an induced bundle

c'm: c*E — S, with a commutative diagram

cE ——5 FE

l‘z*” lﬂ (3.1)

St — 5 M

where ¢*F := {(t,e) € S' x E : ¢(t) = n(e)}, ¢*7 is the projection on S' and 7*c is the

projection on E.

From now on, when not specified, M will be a compact Euclidean Riemannian man-

ifold with a metric (, ) and V will be its Levi-Civita connection.

Definition 3.15. We define the space of closed curve on M with finite energy:

H*(S'; M) := {c: S* — M| cis absolute continuous and /027r<c'(t), (t)) ey dt < oo}
Remark 3.16. We have the following inclusion
C>(Sh M) c HY(S'; M) c C°(St; M),
where we can endow C°(S!; M) with the compact-open topology.

Definition 3.17. As in (3.1)), if c € C*°(S'; M), we can consider the following commu-
tative diagram:
cTM 2% TM

lc* ™™ lﬂ'M

St —=— M
We define HO(¢*T'M) as the set of square-integrable sections & : S! — ¢*T'M in the

bundle ¢*my;; setting

(6,60 = / (e o €)(1), (R0 £)(B) e dt < o0,

we endow H°(c*T'M) with a structure of Hilbert space.
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Then we define H'(¢*T'M) as the set of those sections & € H°(¢*T'M) such that

Ve(mh e o &)(t) exists for almost every t € S! and

€= [ Um0 0 (rise 0 (1) de

27
+ / (Ve(mye o §)(t), Ve(mye 0 §)(t)) p dt < oo
0
Also H'(¢*T'M) has a structure of Hilbert space with inner product given by (, );.

We recall the following lemma from Riemannian geometry.

Lemma 3.18. Let M be a compact Euclidean Riemannian manifold and 1y, : TM —

M the canonical projection. For e > 0 let
O :={§ € TM; [|€]|ry ) <}
Then there exists € > 0 such that
(Tar,exp) : O — M x M
& — (mar(§), exp())
s a diffeomorphism onto an open neighbourhood of M x M.
For a proof of Lemma see the first part of the proof of Lemma 5.12. on [6].

Lemma 3.19. Let M be a compact Euclidean Riemannian manifold, wp : TM — M
and O = O, as in Lemma([3.18 Let c € C*(S'; M) and O, := 7}, (O) C ¢*TM, that

s an open neighbourhood of the 0—section of c*my. We define
HYO.) :={¢ € H(TM); £(t) € O, for allt € S'}.
Then HY(O,) is open in HY(c*T'M).
The previous lemma is a consequence of Proposition 1.2.3 on [5].

Definition 3.20. Under the same assumptions of Lemma [3.19, we can consider the

following map:
exp, : H(O.) — H*(S'; M)

(t = &(t) — (t = exp((my,c 0 §)(1))).
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This is an injective map and
exp.(H'(O.)) = {e € H'(S'; M); e(t) € exp(O N T,;yM)}.
We put U(c) = exp (H'(O,)).

Lemma 3.21. Let M be a compact Fuclidean Riemannian manifold, = : TM — M
and O = O, as in Lemma . If c,d € C*°(S, M), then

exp, ' oexp, : exp, (U(c) NU(d)) — exp; ' (U(c) NU(d))
1s a diffeomorphism.

For a proof of Lemma see Lemma 1.2.8 on [5].
Now, assuming the previous results, we can see that H'(S!; M) can be endowed with

a structure of Hilbert manifold.

Theorem 3.22. If M is a compact connected Fuclidean Riemannian manifold, then
HY(SY; M) is a Hilbert manifold. The differentiable structure is given by the natural

atlas
(eXP217 U(c))eec (S1;M)-

Proof. 1. For any ¢ € C*(S'; M) the corresponding chart has its image in the Hilbert
space H'(¢*TM).

2. If d € HY(SY; M), then we can approximate it by ¢ € C°°(S*; M) in the metric
given by
duoo(c, ) :=supdy(c(t), (1)),

test
(where dj/ is the Riemannian distance on M of Definition [1.23)) so that d € U(c).
This shows that (U(c))eeco(st;u) is an open covering of H'(S'; M).

3. Tt follows from Lemma [3.21] that the natural atlas is of class C*°. We want to show

that the natural atlas has a countable subatlas.

To do this, for each integer [ > 0 we define

HY(S': MY = {c € HY(S\: M) /027r<c'(t),c'(t)>c(t) dt < 21} |
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Let € > 0 as in Lemma and let m = m(l, &) be an integer for which 47l < mTEQ.
Let e € H'(S'; M)! and set e; := e(2rL) for any j = 1,...,m; then we have

27rl 2 27 2
mo 21 . Al €

da(ejo1,¢5)? < (/ 1€t |y dt) < —/ le()2 dt < — < —.
9 0 m 9

=l m
m

It follows that e\[% Q=1 gnd lies entirely in a ball or radius % contained in M. If
B(p,5) =1{q¢ € M : du(p,q) < 5}, then {B(p, 5)}pen is an open covering of
M and it admits a finite sub-covering: there exists a finite set P of points in
M such that {B(p, 5)}pep covers M. In particular, there exists a finite sequence
{p1,...,pm} C P such that e; € B(p;,3) for any j = 1,...,m. For each such
sequence of m elements (there exists a finite number of these sequences, since P
is finite) we can find ¢ € C=(S'; M) N H'(S'; M) such that ¢(2rL) = p;; then

e € U(c) for one of these ¢'s.

Summarizing, for any integer [ > 0 we can find a finite covering of H*(S'; M)': the
union of all these coverings is a countable covering for H'(S'; M).
O

3.3 The Birkhoff’s Theorem

Theorem 3.23 (Birkhoff). On any compact surface S C R® which is C3-diffeomorphic

to the 2-dimensional unit sphere there exists a non-constant closed geodesic.

Proof. Step 1: Introduction to the energy functional and the space of closed curve on S
with finite energy.
Let

H"Y2(SY48) == {u: R — R*: ulgan € H"?((0,27); R?),
u(t) = u(t + 2m), u(t) € S for almost every t € R}

be the space of closed curves on S with finite energy

27
E(u) = 5/0 |a|? dt.
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For any t,s € [0, 2] we have

max{s,t}

max{s,t} 1/2
| dr < (|t—s|/ |u|2dr) < @t —s|E@)2, (3.2)

min{s,t}

[u(s) —u(t)] < /

min{s,t}

where we have applied the Holder’s inequality, whence

[u(s) — u(t)]
sup ————— < /2E(u). 3.3
steo2n), |t —s]1/? (W) (3.3)
st

By (3.3)), it follows that, if u € H“?(S';S) with E(u) < v, then u € C%/2(S'; S) with
|u]|co.12 < 4/2y. By Theorem HY2(SY; S) is a connectedl] C2—complete Hilbert
submanifold of the Hilbert space H'?(S'; R?) and the tangent space is

T.H"Y*(S";9) = {p € H*(SLR?); o(t) € TS = R*},

for any u € H%*(S'; S) P Moreover, H“2(S*; S) has a structure of Finsler manifold [f] We
also have, by (3.2)), that, if E(u) is small enough, then the image of u is covered by a

single coordinate chart of S and
T, H"*(S"; S) = H"*(S'; R?).

Step 2: E is a C' functional on H'*(S';S) and its critical points are exactly the
closed geodesics on S.

E is a C! functional on the Hilbert space H"?(S!;R3): indeed, we can see that for
any u, p € HY2(S1; R?) there exists the Gateaux derivative

0,50 = | (i g)dt,

1S is simply connected; in particular, if p € S is fixed, we can contract each closed curve u €
HY2(S'; ) to the constant curve u.(t) = p via a map H, : R x [0,1] — S such that H(-,0) = u,
H(-,1) = u. and H(-,s) € HY2(S'; S) for any s € [0, 1].

2The elements of T, H2(S'; S) are given by ¢ = d%l—“s:o’ where I' : (—g,6) — HV2(S%;S) is a
differentiable map such that I'(0) = u. We can consider I': (—e,e) x R — S given by I'(s,t) = T'(s)(¢):
then we have that T'(0,t) = u(t) and %(f(s,tms:o = (t), meaning that ¢(t) € T,y S for any .

SHY2(SY; S) inherits a Riemannian structure from H2?(S!;R3) (see Remark . Then the Rie-
mannian structure on H?(S!; S) defines a natural Finsler structure on TH?(S'; S) by Remark m
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the map 0 E(u) € L(H“*(S%;R?*),R) and the map u — 9(yE(u) is continuous on
HY2(S';IR3), therefore we can apply Proposition 2.7} It follows that the restriction of F
to the submanifold H2(S'; S) is still of class C'.

We want to show that, if u € H?(S!; S) is a critical point for E, then it is a geodesic.
If u € C?(S';S) is a critical point for £, upon integrating by parts, we have

27 2
0— / (i, ) dt = — / i o) dt, Vo € TLHY(S': S). (3.4)
0 0
Since
L*(SLR) = T,HY*(SY; 8) @ (TLH'*(S; )

by (3.4), we have that i € (T, H"*(S'; S))*, whence ii(t) L TS for all ¢, meaning that
u is a geodesic on S, parameterized by arc length. Now, let u € H"?(S'; S) be a critical
point for F and let n : S — R? be one of the two (C?—)unit normal vector fields on S.
For any p € H?(S'; R?) we have

p(t) = n(u(t) (n(u(t)), ¢ (t)) € TuwpS, VteR,

meaning that ¢, := ¢ — n(u) (n(u), p) € T,H"*(S'; S), and

/02” (i, ¢) dt = /02” <“’%> dt*/:w (1, (n(w), ) Dn(u) 0) dt+

n / (i, (D) i, @) + (n(u), ¢)) n(u)) df = / " (i, Dnu) iy n(u), 0} dt. (3.5)

-~

=0

By (3.5)), we obtain
i = — (u, Dn(u) @) n(u). (3.6)

By and (3.4), we get that u € H*?*(S'; §) — C*(S%; S). Thus, by (3.6), we conclude
that u € C*(S'; 9) and it is a geodesic for the previous discussion.

Step 3: The functional E is bounded from below, its sublevel sets are all complete and
it satisfies the Palais-Smale condition on HY?(S';S).

Clearly E > 0 and E¢ := E~!((—o0,c]) = E~1([0, ¢]) is complete for any ¢ > 0, since
HY2(S!; S) is complete.
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Let {ty fmen € HY2(SY; S) be a Palais-Smale sequence for E at level c:

m—00

E(un,) — ¢,

2T . . (37)
Idu,, E|| = Sup,er, maes) ‘fo Ui dt’ 50
llell g1,2<1

we aim to show that it contains a strongly convergent subsequence.

Clearly there exists v > 0 such that F(u,,) < v for any m, therefore by
we have that {um,}men is equi-continuous. Moreover, for any m € N we have that
supsest ||um (t)]] < sup,eg ||z|| € R, being S compact, whence {um, }men is equi-bounded.
By Ascoli-Arzela theorem, we know there exists u € C(S'; S) such that u,, — u uni-
formly (up to subsequence). In addition, {u, }men is bounded in H**(S'; R*f1] therefore,
up to subsequence, u,, — v weakly in HY?(S*; R?) to some v € H"?(S';R3). Tt follows
that v = w and v € H“(S';S). Via the unit normal vector field n we define the

projection
™« HY*(SY R?) — T,HY*(S"; 9)
p — ¢ —n(v)(n(v),¢).

Let @ = T, (U — u) € T, HY?(S';S): since {up tmen € HY*(SY;R3) is bounded
and n is of class C?, then {©,, }men is bounded in H'2. Thus, by the second equation of
, we have that d,,, F'(¢m) 2% 0. Moreover, since u,, —s3 w uniformly and w, — u
weakly in H2, then ¢,, =3 0 uniformly and ¢,, — 0 weakly in H"2. Denoting by o(1)

a quantity that goes to 0 when m — oo, we have the following computation:

o(1) = d,, E(p) = /027r (i, Py At = /027r (it — i, D) dt+/02” (i p) dt =
TR
_ /:W (||um —af? — <um — 14, %[n(um) () U, — u>]>) dt + o(1) =

2m 2m
= / ||ty — 0|2t — / (T, — Uy DU ) U ) (1 (W) Uy — ) dE+
0 0

7

=o(1)

41f it is not bounded, there exists {t,, }ren such that |[um,, || g2 = \/||umk 125 + ||, |22 2% oo,

from which ||, |2, "=3 -0, meaning that E(uy, ) =3 +oco, which is not possible.
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_ /0 i — i 1(t)) (D1t Vit iy — 1)l — /0 "l — 1, () (i), iy — 1) i

N J/
-~

=o(1)
+o(l) = /0 "l — ]2 = (i — i, ()P dt) +0(1). (3.8)

Since
(ntm), tm) =0 = (n(u), %),

it follows that

/0 i — ity ()| dt = / i () df = / (e ) — () dt <

S/0ﬂHHIIQHn(um)—n(u)Hthéz sup [[n(um (1)) — n(u(®)|PE(u) =5 0.

te[0,27]

Thus, (3.8) becomes
2
/ [, — 1||* dt = o(1),
0

whence u,, — u strongly in HY2(S!; 9).

Step 4: Construction of a family F of subsets of H"*(S'; S) that is ®—invariant with
respect to any semi-flow ® satisfying the hypotheses of Theorem[2.67.

By hypothesis, there exists a C3—diffeomorphism ¥ : S — S%2.  Let us con-
sider p : [-5,%] — H"“2(S';S), a 1-parameter family of closed curves u = p(f) €
H2(S'; S) such that p(+Z) are constant curves. We have an identification between S?

2
and ((—%,%) x [0,27]) U{(—%;0),(%;0)}, via the continuous map

- ((55) x e o{ (39) (59} o

cos(0) cos(¢)
(0,0) — | cos(#) sin(¢)
sin(0)
We set p(0, ¢) := ¥(p(0)(¢)) and define
po— {p c 0 ([_g) g} ;H1’2(81;5)> :p (j:%) = const € S} ,

F = {{p(@)}ge[_g%}, p € P, poT''is homotopic to id|gz} .
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Figure 3.1: An element of F is as a collection of closed curves on S {p(0)}ge—z z; in

particular, the two curves corresponding to the values § = &7 reduces to points.
See Fig. 4.1 on [9).

F is not emptyﬂ. We also note that P 3 p — p € C°([—5,5] x [0,27[;S?) is a
continuous map.

Moreover, if {p(#)}ge[-=z =) € F and ® is a homeomorphism of H"*(S'; S) homotopic
to the identity and mapping constant maps to constant maps, then {®(p(0))}oe|-z =) €
Al

Now, if ®(s,-), s > 0, is a family of homeomorphisms of H%?(S!;S) such that
®(0,-) = id|prests) and s — E(P(s,u)) is non-increasing for any u € H“*(S';9),

then each ®(s,-) maps constant maps to constant maps. Indeed, if u € HY2(S'; S) is a

cos(0) cos(¢)
] let v : R — S? given by v4(¢) := (cos(9)su)1(¢)> and p(0)(¢) =

sin(0

°For any 0 € [-%,%
U (y9()); then p € CO([—%, 5]; HV2(S"; 5)), p(+£3) are constant curves and po "' = id|s2, whence

2]
{p(0)}oe—z,z) € F.
6Consider a continuous map § : [0,1] x HY2(S%;S) — HY2(SY;S) such that §(0,u) = u and
6(1,u) = ®(u) for any u € H"*(S;5). Clearly ®op € CO([-%,5]; H2(S";S)) and (® o p)(+3) is a
constant map; moreover, if I ~(v) = (T';*(v), T3 (v)) for v € S?, then

7:[0,1] x §? — S,

given by
i(t,v) = (8t p(I7 () (T3 (v))),

is a continuous map such that 7(0,) = pol'~! and 7j(1,-) = (Pop)ol' ! ie. (P op)ol'~! is homotopic
to poI'"! that is homotopic to id|g:.
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constant map, then for any s > 0
0 < E(®(s,u) < E(P0,u)) = E(u) =0,

from which ®(s,u) is a constant curve on S, being its energy 0. It follows that F is
®—invariant with respect to any semi-flow ® as in Theorem [2.67]

Step 5: Application to the Minimax Principle and proof of the fact that the Minimax
value is not 0.

Let

b= inf sup FE(p(0)),
PO)}oe- 5,567 9e[- T, 7] (#(®))

then 5 € R (since F is not empty and sup, F(p(f)) is actually maxy E(p(#)) for any
{p(6)}y € F). By Theorem [2.67, we know that 3 is a critical value for E, i.e. there
exists u € HY*(S'; S) such that F(u) = 8 and d,F = 0, meaning that u is a closed
geodesic. We need to check that § > 0 to rule out the possibility that u is a constant
curve.

There exists § > 0 such that for any z € Fs := {z € R?; dist(x, S) < §} there is a
unique 7(z) € S satisfying

— 2l = inf |z —
() — 2l = inf flz — yll,

and 7 : Fs — S is of class C? (because the unit-normal vector field to S is of class C?).
We have

diam(u) == sup |lu(¢) —u(¢)| < sup (2o — ¢'|E(w))/* <4, (3.9)
0<¢,¢' <27 0<¢,¢' <27

for any u € H"*(S%; S) such that E(u) <~ := &. We aim to show that 5 > .

By contradiction, we assume 8 < 7. We can choose an element {p(0)}sc[-z =) € F
such that E(p(#)) < v for any 6 € [-7, %ﬂ Let ¢o € [0,27] be fixed and define
po :0,1] x [0,27] — Fj by

po(s, @) := (1= s)p(0)(¢) + sp(0)(¢o)-
I {p(0) }oe|- % =) € F such that E(p (8)) > ~ for some 6 € [—
oe[-

Then {/75p(0)

phism of H 2( ;.S) homotopic to the identity and which maps constant maps to constant maps)
and E ( %p(@)) 7 for any 6 € [-5, T].

let M := supge[_z =1 E(p(f)).

235}

zz) € F (because the multiplication for a positive constant is a homeomor-
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We note that the image of pg is actually contained in Fy: for any (s, ¢) € [0, 1] x [0, 27]

we have

dist(ps(s, ¢), 5) < llpa(s, @) — p(0)(9) || = |s] [p(0)(¢) — p(0)(do)[| < 6.

es

Since pp(0, ) = p(0)(-) and py(1,-) = p(#)(¢o), we have an homotopy between the curve
p(6)(+) and the constant curve p(0)(¢o). If we compose it with 7 and consider

1(s,0,8) == m(ps(s,0)),  s€0,1],0€[-=,2] ¢ €027,

272
we have an homotopy between the map [—5,%] > 6 — p(0,60,-) = p(f) and the map
[—Z.2] 20 — u(1,6,-) =: p1(0), where p1(0)(¢) := p(0)(¢o) for any ¢ € [0, 27]. Hence,

T 202
p,p1 € P are homotopic. Furthermore, considering the composition

T

27 2]7 ¢ 6 [0727T]7

0(5,0,0) ==U(u(s,0,0)) = U(m(po(s, 0))),  s€[0,1],0€]

we have an homotopy between the map p = (0, -, -) and p; = o(1, -, ). Therefore p;ol' !
is homotopic to p o I'"! that is homotopic to id|s:. Finally, defining

7(r,0.0) = pi(rf, 8) = U(pi(r0)()) = V(p(ro)(60), € [0.1), 0 €55

], ¢ €10,2n],
we have an homotopy between p; = 7(1,-,+) and the constant map 7(0,-,-). It follows
that p; o I'"! is homotopic to a constant map, whence id|s: is homotopic to a constant

map, which is not possible. O
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