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Abstract

In this Master Degree Thesis we study the Curvaton Mechanism to generate cur-
vature perturbations in String Inflation. First of all, we introduce basic bosonic
string theory, which works in 26 dimensions, and then extend it to its 10D su-
persymmetric version in the RNS formalism. In doing so, we study the spectrum
of this theory and we focus in particular on Type IIB superstring theory and the
compactification of its 6 extra dimensions. After a brief Mathematical introduc-
tion, we focus on the moduli fields which arise from the extra dimensions. We
investigate how to stabilise them in order to get a correct and phenomenologically
viable inflationary scenario. In particular, we consider 2 models where the infla-
ton is a Kéahler modulus: Non-perturbative and Loop Blow-Up inflation. Finally,
we focus on the second model and check if the saxion associated to the inflaton
4-cycle volume can behave as a curvaton field. Its isocurvature perturbations get
converted into standard curvature fluctuations when the axion decays. We find
the conditions under which this contribution is subdominant with respect to the
one arising from inflaton fluctuations, hence guaranteeing compatibility with ob-

servational constraints from the Planck satellite.
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Abstract (Italian Version)

In questa tesi magistrale implementeremo il meccanismo di curvatone per generare
perturbazioni scalari in uno scenario di inflazione in teoria delle stringhe. All’inizio
introdurremo la basica teoria delle stringhe bosoniche che necessita di 26D, poi la
estenderemo alla sua controparte supersimmetrica in 10D nel formalismo RNS.
Nel frattempo studieremo lo spettro di questa teoria e ci concentreremo in parti-
colare nella teoria delle superstringhe Type IIB e nella compattificazione delle sue
6 dimensioni extra. Dopo una piccola introduzione Matematica, ci concentreremo
sui moduli, campi che provengono dalle dimensioni extra. Studieremo poi come
stabilizzarli in modo da ottenere un corretto scenario inflazionario fenomenologica-
mente valido. In particolare studieremo nel dettaglio 2 modelli nei quali I'inflatone
e un modulo di Kahler: Non-Perturbative e Loop Blow-Up inflation. Infine ci con-
centreremo sul secondo modello e verificheremo che 'assione partner del modulo
che misura il volume del 4-ciclo inflazionario puo comportarsi da curvatone. Le
sue perturbazioni di entropia vengono convertite nelle perturbazioni standard di
curvatura quando l'assione decade. Troveremo le condizioni per le quali il con-
tributo dell’assione alle perturbazioni scalari € non dominante rispetto a quello
dell’inflatone, garantendo quindi la compatibilita con i valori osservati dal satellite
Planck.
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Introduction

CMB Power Spectrum and Anisotropies are two of the most evident smoking guns
of the inflationary theory consistency. In the years a lot of models have been pro-
posed and succeeded to generate the right amplitude of the CMB power spectra
but a lot failed. Among the models that failed the phenomenological check some
have very interesting features so David H. Lyth and David Wands introduced in
[33] the curvaton mechanism, an alternative mechanism where the curvature per-
turbations can be generated converting isocurvature perturbations of a field called
curvaton at the decay of the field itself. This mechanism can reinstate ruled out
scenarios, release other bounds on it (for example, making the curvaton gener-
ate the whole curvature perturbations we are more free to fine tune parameters
on inflaton dynamics ) or even compromise the ones which satisfy observational
bounds. In fact, if the model features such a field and it already satisfied the
Planck satellite value for CMB amplitude, then the risk to generate extra curva-
ture perturbation can break the phenomenological viability of the scenario. In this
thesis we are going to implement such a mechanism in String Inflationary scenario.
The need of string theory in such scenarios arises from the fact that the ultraviolet
(UV) behaviour of gravity is not known and so even of inflation is not well known
from classical Quantum Field Theory. In fact, a Quantum Field Theory including
gravity will lead to a non-renormalisable UV divergencies, while string theory is a
frameworkfeaturing renormalisable finite theory which naturally includes General
Relativity and, in particular, graviton in its spectrum. Through the almost 60
years in which string theory has been developed, many versions of it grew up. The
first one, which is the bosonic string theory features the need of 26 dimensions,

a tachyon and even doesn’t include fermions in the spectrum which leads to a
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problematic nature of it. Including supersymmetry (in particular we are going to
study the Type IIB Superstring Theory) the problems of the fermions absence
and of the tachyon have been solved and the necessary and sufficient dimensions
fall down to 10. Since our spacetime features only 4D, a natural question can
be where the other 6D are. The main idea is that these additional dimensions
are compactified, through the Kaluza-Klein Compactification method, to a special
complex kind of manifold called Calabi-Yau threefold such that the 10D theory
becomes a 4D Effective Field Theory. From the additional degrees of freedom of
the 10D theory, in particular from the perturbations of the 6D Calabi-Yau metric,
a lot of fields, called moduli arise naturally with even a large amount of axions
from the string spectrum. Moduli are divided into 3 classes: Kahler moduli
which control the deformations of the metric changing Kéhler form, Complex
Structure moduli which control the deformations of the metric changing Com-
plex Structure and axio-dilaton which includes the dilaton and a form arising
from the string spectrum. These moduli, since their mathematic nature, have a
strong geometric meaning, in fact their vacuum expectation value controls the di-
mension of the Calabi-Yau and, in particular the Kahler ones, of the cycles which
are contained in it. However there is a problem, since in the 4D EFT (at tree level
and considering no fluxes in the Calabi-Yau) all these moduli are flat directions
in the scalar potential and so their vacuum expectation value is undefined leading
to a Calabi-Yau that can leave the compactification limit. In addition to this,
being these moduli massless and so not decaying, we should have noticed even
fifth forces arising from them. What stabilise these moduli are UV effects like
3-form fluxes, loop effects from strings or non-perturbative effects from instantons
or branes. Fluxes will stabilise the axio-dilaton and the complex structure moduli,
perturnative and non-perturbative effects can stabilise the Kahler moduli and the
axions. Given the string theoretical framework, there are different methods to
stabilise all these Kahler moduli which lead to different inflationary models. We
are going to consider the LVS scenario for Type IIB String Theory which features
an Anti-de-Sitter non-supersymmetric minimum, brought to Slightly de Sitter by
adding an uplift term. In particular, working in this scenario we are going to
study the Loop Blow-Up model which includes a big cycle modulus regulating the

overall volume and small cycles which solve singularities and which work as holes




in a Swiss-cheese. Here the Kahler moduli are stabilised by the work of both non-
perturbative and perturbative effects, both from (a’)? corrections and from string
loop ones and, in particular, the real part of these moduli will be our inflaton
which has the correct inflationary potential because of the string loop correction.
We finally implement the curvaton in this model by using as candidate the axion
which is the imaginary counterpart of the inflaton. At this point, given a choice of
parameters which is necessary for Loop Blow-Up consistency, the model already
satisfies the observational values for the CMB power spectrum amplitude, so we
need to check that the curvaton gives subleading values of curvature perturbation

in order to keep the model consistent.

The structure of the thesis is almost self consistent: in chapter [I| we are going to
study Bosonic String theory, highlighting its problems and how to solve them by
the introduction of supersymmetry in it and, in particular, analyzing the spectrum
and the different theories that arise from the possible choices in it. In [2] we are
going to introduce a little bit of Mathematical background needed for understand-
ing complex geometry and then we are going to study how to apply it on string
compactifications and, in the end, we will inspect the moduli space and how to
stabilise them in the 2 main different approaches (LVS and KKLT) using various
possible corrections. In |3| we are going to study the model in which we include
the curvaton both from the point of view of potential and from the one of observ-
ables trying to understand how it fits consistently the phenomenological bounds.
Finally, in [4| we are going to study the behaviour and the dynamics of the axion
which is the curvaton candidate during the inflation and, finally, we are going to
use it as a proper curvaton verifying for which values of the free parameters the

model keeps its consistency.
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Chapter 1

Bosonic String Theory and RNS

Superstrings

In this first chapter, following [6], [28] and, for the Supersymmetry part [36], we
are going to give some fundamental informations on Bosonic String Theory and
RNS formalism for Superstring Theory ending up with GSO Projection and the

closed string Bosonic Spectrum.

1.1 The string action

The string action is nothing more then a generalization of a point like particle
action, in this section we will start with the relativistic particle and reach finally

the Polyakov action.

1.1.1 Relativistic point particle and generalization to p-
branes
If we imagine a relativistic particle of mass m moving in a D-dimensional space-

time we can imagine the problem as a variational problem where we minimize the

action, clearly proportional to invariant length of particle’s trajectory since motion



CHAPTER 1. BOSONIC STRING THEORY AND RNS SUPERSTRINGS

-and so the worldline- is along geodesics.

So = —a/ds (1.1)

with a = const and h = c = 1.
We recall that Sy must be [Sy] = 0 = [@] = 1 = « = m the line element can
instead be written as:

ds® = — g, (X)dX"dX"; (1.2)

v ="0,...D—1 (1.3)

X*#(1) is usually called the world-line of the particle and it’s the particle’s trajec-
tory itself. Since the action is independent on the choice of parametrization we

can write it as:

So=—m — g (X) X1 Xvdr (1.4)
f

where X# = %. Since Sy in this form contains square root it’s difficult to quantize

and for m=0 particles is equal to 0 too. So we can introduce an auxiliary part

called einbein e(7):

So = §/d7(elX2 —mZe) (1.5)
where we have X2 = gH,,X #X¥. Since Sy is parametrization invariant, einbein
d(&e)

e
In addition to this by searching for the equation of motion for the einbein:

must transform as e — ¢ = e +

65,

= 22 4 X2 = 1.
Sorry = 0 e 0 (1.6)

so we get that on-shell (substituting the value of e(7) from equation of motion)
So = So.

We can generalize now the action Sy to the case of a string sweeping a two-
dimensional world sheet -in analogy of a particle on the world-line- and, more
generally, of a p-brane spanning a (p+1)-dimensional world volume where p must

be less than D dimension of spacetime.




1.1. THE STRING ACTION

The action in this case takes the form of:

Sp = _Tp/dﬂp (1.7)

where du, = \/—detG,sd?t o where Gop = 9,0, X"03X" «, 3 =0,...,p induced
metric, so, since the action is mass-dimensionless, [du,] = —P — 1= [1,] =p+1

in natural units. 7T}, is called p-brane tension.

1.1.2 Nambu-Goto and Polyakov actions

We now deal with a string so a 1-brane propagating in D-dimensional Minkowski
spacetime. String will sweep the 2-dimensional surface previously called world-
sheet which is parametrized, in analogy to world-line with 1 more dimension, by

0

2 coordinates: ¢° = 7 timelike and o! = o spacelike.

worldsheet  world volume

worldline

\

particle

Figure 1.1: Worldsheet spanning of strings and Worldvolume spanning of branes.

If o is periodic, string is said to be closed, if it covers just a finite interval
o € [—t,t] t € R string is said to be open. The string world-sheet is clearly

embedded inside spacetime, called target space, and this embetting is described
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by functions X#(o, 7). Using these latter, the action describing a string propa-
gating in a Minkowski spacetime is a generalization of p-brane action S, obtained

previously, which is called Nambu-Goto action:

Sne = T / dodr /(X - X7)2 — X2X7 (1.8)

where X# = 9 and X' = 2 and XX =, XrX".

c
‘ d'c X'(o,1)

/ )
0 P 2
c X

Figure 1.2: X* embedding map.

So the classical string motion minimizes (extremizes in a more general sense) the
world-sheet area in the same way the particle’s one minimizes length of world-line
while moving on a geodesic. Even though Nambu-Goto action can be interpreted
as the area of string world-sheet, due to square root, quantizing it is very difficult
so what is used to do as in [6] is to obtain another equivalent action called string
sigma model action or Polyakov action by introducing an auxiliary world-sheet

metric hog(o, 7) analogously to the einbein on the particle case:
h = det(has) and h*® = (h™)ap (1.9)

with this, we can rewrite the action, classically equivalent to Nambu-Goto as:

1
Sp=—5T / d*o/ —hh1,,0, X" 05 X7 (1.10)




1.1. THE STRING ACTION

1.1.3 Symmetries of Polyakov action
Polyakov action for bosonic string in Minkowski spacetime

1
Sp = —ET/de/—hh“ﬁaaXﬂaﬂX,, (1.11)

has 3 main symmetries+1 gauge redundancy:
e Poincare symmetry:

This symmetry is global, the action remains invariant while the world-sheet

embedding transforms as:

XM =al X" + b and §h*P =0 (1.12)
where the parameters a describe infinitesimal Lorentz transformations and
b* infinitesimal space-time translation

e Reparametrization on the world-sheet:
Changing 7 and o the action remains unaffected, in particular:

_ofaf

0% = o) =0 and has(o) = Boa o

(o) (1.13)

is a local symmetry called diffeomorphism (infinitely differentiable trans-
formations with infinitely differentiable inverse ones) which leaves Sp invari-

ant.
o Weyl Transformations:

These are local transformations of the form:
hap — €? O hog and SX* =0 (1.14)

since vV—h — e?@7)/—} transformation cancels with h®8 — e®(@7) B,

Last two local symmetries can be used to choose a gauge in order to fix the 4

components of h,g metric of the world-sheet (3 independent since this metric is
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a symmetric matrix). Using the reparametrization invariance of the action on we

can fix 2 components out of 3 of

hoo h
hag = [0 % (1.15)
th hll

This reparametrization invariance so leaves only one degree of freedom which is

analogous to have the metric as conformally flat:
hag = €45 (1.16)

but using Weyl rescaling invariance we can eliminate that exponential resulting in

a metric of the world-sheet looking like if we set ¢(o, 7) = 0:

-1 0
hap = Tag = ( 0 1) (1.17)

the action, since now on vV—h =1 and h.g = 1ap, takes the form:

Sp = g/d%()'@ - X" (1.18)
This procedure to obtain a flat world-sheet metric is possible only when x(X) =0
(Euler Characteristic of the world-sheet ¥ vanishes) so when topological obstruc-
tions like holes are not present. This can happen both in freely propagating closed
string case for which worldsheet is a cylinder and in freely propagating open string
when it is an infinite strip. However, this is not the end of the gauge freedom story,
there is a redundancy yet due to the fact that there is still a gauge transformations

class that preserves the choice of the metric, which is:

o — &(o) Coordinate Transformation (1.19)

has — €®haps Compensating Weyl Rescaling (1.20)
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as stated in [37], these coordinate reparametrizations change the world-sheet metric

in such a way:
Nas — 77/045 = 92(0)77615 (1'21>

compensated by the Weyl rescaling. How to fix all the gauge freedom will be seen
in light cone gauge chapter [1.4]

1.1.4 Equations of motion

Let us suppose that we have no topological obstruction so we can set our hog = 744

the action is then the already seen:

Sp = g / Po(X? - X2) = g / o (0, — ) X)? (1.22)

by varying this action with the respect to X* we obtain:

dxuSp = I / o (2X"0,6X,, — 2X"0,6X,) =T / dPo(02XH — 92XM)6 X ,+

2
(1.23)
+boundary terms = T/dQJ(af — 2)XH5X, (1.24)
since 60X, # 0 for arbitrarity of the variation (9% — 92)X* = 0 so
D.0°X" = 0 with a = 0,1 (1.25)

Which is nothing more than the 2D wave equation.

There are constraints for this equation of motion, they come from the non gauge
fixed Polyakov action. From that action in fact we could have derived the equation
of motion for our h,s and seen that this field can be eliminated, like the einbein in
the particle case. Since the world-sheet metric is just an auxiliary field that can be
eliminated, it is not physical and thus has no kinetic term so the energy momentum

tensor, which is then conserved under spacetime traslation of the action, is:

2 1 6Sp

Tp=————_°F
p T /—Fh 0heB

1
= 0o X - 05X — §ha5h7587X 05X =0 (1.26)

so the energy momentum tensor vanishes using the equation of motion for h,g.
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In the gauge h,pg = 144 called conformal gauge, this condition becomes a constraint

we have to impose since we gauge fixed the world-sheet metric:
Tos=0=Ton=Tio=X-X"=0 and Ty =T}, = %(X2 + X% =0 (1.27)
summing the components we get to the unique constraint:
0=2X X'+ (X’ +X?) = (X+X)?=0 (1.28)

from here we can even see that Tr(T,s) = T, = T11 — Too = 0 automatically,
so the traceless property of Energy Momentum Tensor is automatically guaranteed

in this gauge.

In order to simplify more the equation and so the solution it’s really convenient to

introduce light-cone coordinates on the world-sheet defined as:
cf=140 (1.29)

In these coordinates clearly we get:

1 N+ M- 1(0 1
0+ = —(0; £ 0, d Nap = = —= 1.30
oy min= (7 )20 D)

and clearly the equation of motion can be rewritten as:
0,0° X" =0,0_X"=0 (1.31)

The constraint which is the vanising of energy momentum tensor is now:

( T++ == 3+X . 8+X - %7]4_4_7}7687)( . a5X - 3+X#3+X“ =0

Tio =0.X-0_X —inyn?0,X - 0sX = 0, X, 0_X" — 0, X,0_X" =0
T . =0_X-0.X — émw”‘S&X 05X = 0_X,0, X" —0_X,0, X" =0

(| T =0_X-0_X— %77__777687)( c0; X =0_X,0-X"=0
(1.32)

While T', - =T, = 0 represent the vanishing of the trace automatically satisfied
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due to the Weyl Invariance, the other two represent the constraints:
T++ — 8+X“(9+XM - O (133)

T _=0_X,0_X"=0 (1.34)

Now that we found the contraints ([1.33]), (1.34) and the equation of motion
(1.31) the problem is setted almost entirely and so we can derive the general

solution:
XM(0,7) = XE(7 +0) + Xh(r —0) = Xi(oh) + Xp(oT)  (1.35)

which is sum of right moving part and left moving part. In order to find explicitly
both right and left moving parts we need to require the embedding function to
be real, impose suitable boundary conditions and the constraints on the energy

momentum tensor which now have become:

(0-Xr)* = (0+XL)* =0 (1.36)
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1.2 Boundary conditions and mode expansions

In order to define properly a full variational problem, boundary conditions of
course are needed so in this section we explore different possibilities for boundary

conditions and the mode expansion they lead to.

1.2.1 Boundary conditions

As we previously stated string can be both close or open. For convenience we

choose o € [0, 7] in order to follow [6].

Stationary points of the action as always are determined by demanding invariance

of Sp under embedding map shift:
XH— Xt 4+ 6XH (1.37)
obtaining, as seen before:

SxuSp = g / Lo (2X10,6X, — 2X"0,0X,,) = (1.38)

=T / d’c [(OEX“ — PXMIX, + 8T(X”5XM)] T / AT (X0 X" g—n— X6 X"]5—0)
(1.39)
the total derivative in 7 vanishes automatically at +=co but we need even to achieve

the non trivial vanishing of
—T/dT(X,;(SXﬂa:w — XL(SX“|U:0) (1.40)

This vanishing can be achieved in 3 ways:

e Closed string boundary condition:

In this case embedding functions are periodic in o:

X*o,17) = X" (0o +m,T) (1.41)

10
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e Open string with Neumann boundary conditions: In this case, component of

momentum normal to the world-sheet evaluated at boundary vanishes:
X lo=0x =0 (1.42)

Making this choice physically means that no momentum exits the ending
of the string and Vi boundary conditions respect Poincare invariance in D

dimensions.

e Open string with Dirichlet boundary conditions: In this case, extrema of
strings are fixed so 0. X* = 0 and:

XH o = X§ and XH*|,—p = XE

™

(1.43)

both constant and . = 1, ..., D—p—1 for the other p+1 coordinates Neumann
boundary conditions are imposed. Clearly, since some coordinates are treated
differently from others, Poincare invariance is broken, so in the past these
boundary conditions have been abandoned but now, in modern times, X/}
and X* represent position of Dp-branes which is a special kind of p-brane
where string endcaps are attached, this Dp-brane presence can be proved
to break Poincare invariance as previously stated except for p=D-1 so the

Dp-brane is spacetime filling (which is exactly our case).

1.2.2 Mode expansions

We start from the closed string mode expansion and then we derive by physical
motivations the mode expansion for open string with Neumann boundary condi-
tions. We recall that the Polyakov action can be rewritten, recalling just to add

the jacobian multiplication for a curved world-sheet metric (v/—h), as:

Sp = —%T / 200, X 0" X" (1.44)

11
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defining T in terms of o’ Regge slope parameter and in terms of string length scale

l, as:
y— dip_y (1.45)
= 5o an 5ls = «Q .
we can rewrite the action as:
1 2
Sp = — d°c0, X" 0" X (1.46)
4o’

Using the closed string boundary conditions ((1.41)) we recall that any function

satisfying such a boundary condition can be Fourier expanded in modes:
+oo

XH*(o,1) = Z e fH(T) (1.47)

n=—oo

Plugging inside the equation of motion (88722 - %)X“(J, 7) = 0 this Fourier mode
expansion we get the equation of motion for the Fourier modes which is nothing

more than the equation for a 1D harmonic oscillator:
Oz fi (1) +n® fii(r) = 0, (1.48)

92fo=0 (1.49)

The solution for n # 0 is, as always, a linear combination of imaginary exponen-
tial:

fH(T) = ale™ + alem T (1.50)
While for n = 0 is clearly a linear term with the respect to 7:

fo(r) =" +ph'r (1.51)

where x#* will be the center of mass position and p* which can be proven to
be the total string momentum via computing the conserved charges with the

respect to Poincare symmetry:

m:TAZwWw) (1.52)

12



1.2. BOUNDARY CONDITIONS AND MODE EXPANSIONS

MP = gtp” — a"pt + Z (o, v —a” o) + tilded for closed strings

n#0
(1.53)

where M* angular momentum. The exponential parts of (1.47]) are the string
excitation modes f*. Putting all this together and introducing convenient fac-

tors:

X* (o, 1) = o* + Ppht + il Z (atemin(T=o) L gremin(rHo)) (1.54)
n;é()

so that we get:

1 ) 1
Xp(o,7) = a + 213 P =)+ 5l Y ~(ake™ ) (155)
n#0
7 1 w Lo iz t 1 A1 o—in(T+0)
Xi(o,7) = 520 + §lsp (t4+0)+ §l8 E(ane ) (1.56)
n#0

Requiring X* to be real, we derive in the end that z#, p* are real too and positive
and negative modes are complex conjugate of each other because of the change of

sign of exponential’s argument.

1
o, = (o) and &, = (&M and off = af = élsp“ (1.57)

In order to obrain the open string mode expansion we note that the two modes
ok, o represent in closed modes kind of right and left moving waves propagat-
ing.For the open string left and right-moving modes must combine into standing

waves since the endcaps of the strings are not connected.

This is analogue to say that ot = & = o for open string and so we obtain,

imposing this condition in the closed string expansion:

XH(o,7) = ot + Ppir + —l Z e~ (e e(_im")) (1.58)
m;éO

13
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Using trigonometric identity on cos:

1 .
XH*(o,1) =" + lgp“T + 1l E —(ak e ") cos(mo) (1.59)
m
m#0

14
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1.3 Canonical quantization

In this section we try to canonically quantize the theory starting from Poisson
Brackets and jumping to commutators, finding out a big problem about negative

norm states and solving it by imposing the such called Virasoro Constraints.

1.3.1 Classical Poisson brackets and commutation relations

In order to quantize the theory and so using the Poisson Brackets before, we need

to define the canonical conjugate momentum:

o 98

= = X" (1.60)

so we get the classical Poisson brackets equal to:
[PM<0-7 T)? PV<OJ> 7->]PAB. = [XH(Uv 7-)7 XV(U/7 7-)]P.B. =0 (1'61>

[PM(O-’ T)7 XV(U,7 7_)]P.B. = 77W5(U - UI) (1'62)

or, analogously, writing the momentum in terms of Xr:

- 1
{X*(o,m), X¥ (0", )} pp. = n"6(0 = o) (1.63)
Plugging now inside the poisson brackets, using é(c —o’) = % 220:700 £2in(0-0") o

get the ones for the modes:
{Oélrjw alr/L}P.B. = {d/;na &Z}P.B. = 7;77””7!“/(5m_|-n,0 (164)

{af,.antps =0 (1.65)

Now, when we replace Poisson brackets with commutators with the canonical

prescription:

That gives :

[, oq] = A, an] = mn™ i (1.67)

m?
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[ak ar] =0 (1.68)

n

We can define analogue of raising and lowering operators by just calling:

1
a' = —a and a'l = ——a",, for n,m >0 (1.69)

o Vm
from the commutation relationships for the modes we can derive the one for the

ak and for the a# which respect the raising and lowering operator algebra:

[ak,alT] = [at,, al] = 0" 0mn for m,n >0 (1.70)

m?n

which lead to a big problem due to Minkowski -1 component:

[ah,,an] = —1 (1.71)

m? m

In fact, by defining the number operators N = >, a_ - a; and N = D ko Ok

g, by a construction a la Fock of the closed string states space
D—1 co oo ~
et = spancd T TT TL @)% ()% 0) N2, 5% > 0 but it} (172
pn=0 n=1m=1

(analogously for open string one), we get that a state a2l |0) has:
(0] a%,a’ 0) = —1 (1.73)

negative norm. Negative-norm states, if not decoupled from the dynamics, can
interact in processes with other physical ones generating violation of causality and

unitarity. We can remove them in 2 different ways:
- Imposing energy momentum constraints [1.3.2}

- Automatically removing them via light-cone gauge quantization

16



1.3. CANONICAL QUANTIZATION

1.3.2 Virasoro constraints

In order to impose the Energy Momentum constraints it is useful to plug the

closed (analogously open) string mode expansion ([1.54)) separated in (|1.56) and
(1.55) inside (1.33)) and ([1.34]) giving us the Laurent Expansion of the Energy

Momentum Tensor:

—+00 —+00
T_ =202 ) Lye ) and Ty =202 Y Lye >0+ (1.74)

with the coefficients given by:

T [T 1 <=
L =73 /0 e T _do = - > - an (1.75)

n=—oo

- T[T, 1 X
Ln=73 /O e Mo do = 5 > g (1.76)

n=—oo

while, for the open strings, we have just L,,. These L,, and L,, are called Virasoro

Generators since they satisfy the Classical Virasoro (or De Witt) Algebra:

{Lm, Ln}p.B. = ’L(m — n)LmM (177)

which can be computed by using the Poisson brackets ([1.64]) and (|1.65)) and which

is the algebra of the transformations corresponding to the residual gauge freedom

(1.19). The constraints ([1.33) and ([1.34])) become:

Ly =0 (1.78)
Ly =0 (1.79)

Up to now everything is classical, however, via passing from the Poisson Brackets
to the Commutation Relations ([1.66) we get slight complications:

1) The commutation relations for the modes (1.67) and (1.68]) imply that we

need to define the ill posed Virasoro generator L, as normal ordered to solve

17
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2)

the eventual ambiguities:

1 1
Lm:EZ:am,n-an :zézgm,n-an, m #0 (1.80)
ne”Z nel
. 1 . . 1 . -
L,, = 5 O+ G 1= Zam_n O, m#E0 (1.81)
ne’ neL
1 <% 1
Ly = 5@3 + Za,n Cy, = 5043 + N (1.82)
n=1
. 1, = ) 1, -
Ly = 5% + Za,n HOm = 50 +N (1.83)
n=1

These expression for the Virasoro generators satisfy the Virasoro Algebra

commutation relations:

D
[Lin, L) = (m —n)Lpn + Em(m2 — 1)0mn0 (1.84)

which is a central extension of the classical Virasoro Algebra with central

charge D spacetime dimension.

The classical constraints must have been replaced with Gupta-Bleuler like
conditions since the vanishing of all the Virasoro generators does not satisfy

the Virasoro Algebra:

(0] Lin |¢) = 0 ¥ |¢) € Hpnys (] Lim [6) =0 V[0) € Hpnys (1.85)

where Hpnys Fock space of Physical states. This condition by simple manip-
ulation and taking into account the normal ordering problem on Ly can be
rewritten as:

L, |¢) =0 Vm >0 and V|¢) € Hpnys (1.86)

(LO — a) ’¢> =0 V‘¢> < thys (187)

18
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with the additional conditions for closed strings:
Ly |¢) =0 ¥m >0 and V|¢) € Hpuys (1.88)

(Lo —a)|¢) =0 V[¢) € Hpuys (1.89)

where a is called normal ordering constant and remains the same both in

tilded and non-tilded case in order to avoid gravitational anomalies.

In addition to complications, the introduction of Virasoro generators leads to in-

teresting features:

e Since the 4-momentum p, can be rewritten by using ([1.52)) so as p* = O;()a,
then, using ([1.83]) the Mass Shell condition can be rewritten as:
1 X 1
M? = —p,pt = aZa_n-an—a: a(N—a) (1.90)
n=1

for open strings and

2 4 42 N 4 4 -
M= = oo —a= =% ddy—a= (N —a)= (N —a)
n=1 n=1
(1.91)

for closed strings, where N = ZZS& a_, -, and N = Z:ﬁ - Oy, are the

number operators.

This implies that in both open and closed string case, the ground state is
tachyonic if a > 0:
M?=——a (1.92)

e Quantising the expression ([1.53]) we get that:
(Lo, M| = 0 (1.93)

meaning that this quantisation method is manifestly covariant and that a

physical state, a state satisfying Virasoro constraints, remains physical after

19
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Lorentz transformations.

Taking the constraints and and subtracting them we get:
(Lo — Lo) ) = 0 ¥[¢) € Hpnys (1.94)
which, from the definition implies:
N=N (1.95)

this is the such called Level Matching condition and it has the strong

Physical meaning of having the same number of left and right moving modes.

The normal ordering constant a and the spacetime dimension D can be fixed
by demanding the absence of negative norm state. This can be achieved via
imposing Virasoro constraints and obtaining the absence of such a unitarity
violation states for a <1 1 < D < 26, however only the such called critical
string theory gives no problems on string interactions so we are going to
study this case, which is the one where a =1 and D = 26 and which then

contains a tachyonic ground state:

4
2 _
M= (1.96)
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1.4 Light cone gauge quantization

As stated in chapter [I.1.3] bosonic string has residual diffeomorphism symmetries,
so residual gauge freedom, after choosing h,z = 1,3 conformal gauge, this residual
symmetry is made, as we said, a reparametrization of the world-sheet parameter
o compensated by a Weyl rescaling. In this chapter we are going to exploit this
additional gauge freedom to quantise the theory in an alternative way manifestly

free of negative norm states but not manifestly covariant.

1.4.1 Removal of negative norm states

In order to remove this additional gauge freedom we introduce now light-cone

coordinates for space time:

1
X*= —(X°+ xP! 1.97
\/5( ) (1.97)
Where X* has now pu =+, —, 1, ..., D — 2 and the overall \/Lﬁ is due to the fact that
we removed the £ from the definition of o*.

Now the spacetime metric becomes in these new coordinates:
ds* = —2dXTdX~ +dX'dX; (1.98)

where ¢ = 1,...D—2. This choice of light-cone coordinates is clearly non manifestly
covariant since some coordinates are treated differently (higher + index becomes
a lower — under use of metric). In order to proceed to gauge fixing we need before
to study better this residual gauge freedom.

The reparametrization infinitesimally can be written as:

d(a" + ") 0(a” ++")

0% =& =04+ 79" = hop(§) = hyu (o) = (1.99)

d(0?) doB
= (Oap + 0a7") (030 + 957" )y (0) = hap(0) + Oays + Op7a = (1.100)
= (Shaﬁ = aa’}/ﬁ + 8/3’}@ (1.101)
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But in addition to this, considering the infinitesimal Weyl rescaling (with A pa-

rameter of this transformation) we have:
has(€) = (L4 Ahap = has(0) + Ahap(0) = Shos = Ahap(0) = Anay  (1.102)

after gauge fixing. So in the end, after comparing the two variation of world-sheet

metric, the parameters must satisfy:
0a¥8 + 08Ya = ANup (1.103)

Defining then the world-sheet light cone coordinates again as o& = 0% + o' the
metric becomes ds?> = —doTdo~ (so the equation works even with high indices
0°9P 4+ 9P~v* = An®#) and, analogally, the infinitesimal parameter y* = 7 & ~*

we get that the equation for the parameter becomes:

Oty 4077t =0 (1.104)

Iyt =079 =0 (1.105)
Specially focusing on:

Oy =0"7v"=0 (1.106)

we get that, in theend (T = ot +7T =¢F (o) and { =0~ +9~ =& (07). This
could have be seen even from the fact that as stated in the reparametrizations
connected to residual gauge symmetries are the one that modify the metric in such
a way:

Nag = Q(0)1as (1.107)

so the ones of the form o™ — £ (0") and 0= — £ (07). So the correct parametriza-
tion is, in the end:
ot =&Y (ot) and 07 = € (07) (1.108)

In order to come back to a time/space coordinate couple instead of double null

ones we can define:

P =S ) +E (o) (1.109)
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.1 P
5= 5 6 () (1110)
which means that 7 is a solution of free massless wave equation:

0? 0?
However, in the conformal gauge even X*(o,7) satisfy 2D wave equation so we

can write X (&, 7) as linearly dependent on 7:
X, 7)=at +12pt7 (1.112)
So all the excited modes are now set to 0 which means:
at =0 for n#£0 (1.113)

Since now on we will recall 7 = 7,0 = & for the sake of simplicity. We made now
a non covariant gauge choice since the coordinates make us rewrite the metric in a
non manifestly Lorentz invariant way. This non covariancy can lead to anomalies
breaking the Lorentz invariance, since a Lorentz anomaly in non covariant gauge
(light-cone in this case) is analogue to a conformal anomaly (we used conformal
gauge for world-sheet metric) in a covariant gauge preserving Lorentz invariance.
With this gauge fixing we removed the oscillator modes for X so, if we manage to
remove even the one for X~ we can write all the states acting with just transverse
creation operators on vacuum and so naturally removing the negative norm states.
We can do this by simply recalling that the components of X# must satisfy wave

equations+ energy momentum tensor constraints, so even X~ must:
0:0-X" =0 (1.114)
Leading to the usual solution X~ (o) = X; (6F) + Xy (0~) constrained by:
0, X9, X, = —20,XT0, X +0,X'0,X; =0= (1.115)

=20, X1 0, X" =0,X'0,.X; (1.116)
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Plugging inside X (0, 7) = ™ + [2p*7, in particular the shape of left and right
moving parts X (o1)) = 32t + $2pto", Xj(o7) = Lot + L2pTo~ this leads
to:

0. X7 = —0, X0, X, (1.117)

l2+

Analogously, for the other constraint in double partial derivative in o_ we get:

1 ,

S

Considering now for simplicity an open string and applying now these constraints
to the open string expansion for X~ (note that the arbitrary index of the mode is

now called n, but before m) which can be written as

1 .
X =0 +Ppr+il,y —a e ™ 1.119
x4+ UEpT T+ nz%nane cos(no) ( )

we can get the expression for the excited modes coefficient related to the cre-

ation/annihilation operator (classically):

D—-2 +oo

o= ( YD) al e m) (1.120)
i=1 m=—o0

In the quantum theory however we have normal ordering problems and so inserting

a constant appearing due to commutation and normal ordering (and =1 in critical

string theory as stated before):

= ( DZQ +ZOO —aan,o) (1.121)

i=1 m=—o00

So, in the light-cone gauge it’s possible even to remove X and X~ in the sense
that their modes vanish or can be expressed in terms of transverse modes, so in the
end, the time component of the embedding map and so of the creation/annihilation

0

operator a, is never present implying that unphysical negative norm states are

naturally removed in this light-cone gauge even if we lost Lorentz invariance.
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1.4.2 Computation of a and D

In order to check the consistency of this approach we are now going to briefly
compute the normal ordering constant and the spacetime dimension in this pic-

ture.

The starting point is, as always, the Mass shell condition which, in the light cone

gauge can be written for the open string as:

D—2
|
M? = —p,pt=2ptp — D= —(N — 1.122
pupt =2p*p ;lep (N —a) (1.122)

where
N=> > a (1.123)

Since the only independent modes are the transverse one, the first excited state is
given by:
a’y |05 p) (1.124)

which belongs to a D-2 component vector representation of SO(D-2) so it is mass-

less for Lorentz covariance, giving us the value of normal ordering constant:
M*=d(l-a)=0&a=1 (1.125)

Given this the computation of the spacetime dimension comes from heuristic
argument from the manual normal ordering of Ly as showed in [6] and, using
Riemann Zeta function we can see how consistently with the previous approach
D = 26.

1.4.3 Open and closed string spectra

One of the advantages of Light Cone Gauge is that it is pretty straightforward to
compute and check for Open and Closed String Spectra.
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Open string spectrum
The first 3 mass levels for the open strings are given by:

e N=0:
Tachyon |0; p) with mass M? = —5

e N=1:

Massless Vector Boson o', |0; p).

e N=2:
Two different possibilities= o’ , and o’ ;a’ | |0;p) with M? = é These two
possibilities represent respectively 24 and 300 states so in total 324 states
which is the dimension of the symmetric traceless rank-2 representation of

SO(25) = massive spin 2 state.

Closed string spectrum

The Closed String Spectrum construction is totally analogue to the Open String
one but with a big difference: the Level Matching condition ([1.95) must hold.
Taking again the mass shell condition then in critical case:

4

M? = %(N -1) = ;(N —1) (1.126)

~

the physical states are:

e N=0:
Tachyon |0; p) with mass M? = —%

e N=1:
A tensor |QY) = a',a', which represents 576 states. This |QY) can be

decomposed as follows:
Q) = 1QE)Y 1 1Qly 4 5,5 |01 (1.127)

where |Q()) is the symmetric traceless part transforming as a massless spin

2 particle under SO(24) = the Graviton (which gives an hint on how String
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1.5. D =26 TARGET SPACE ACTION

Theory naturally contains General Relativity), |Q2[¥]) transforms as antisym-
metric rank-2 tensor under SO(24) and it is called the Kalb-Ramond field
B,, = By and 6;; |Q7) is the trace of [2V) and transforms as a scalar under
SO(24); it is called the Dilaton.

1.5 D = 26 target space action

We now want to write an action not from the worldsheet prospective as we did
before, but from the 26 dimensional target space. In order to do so, we start
focusing on the closed string part. We straightforwardly write a quadratic action
starting from the closed bosonic spectrum we have seen before in [1.4.3] Inserting
vertices and using Path Integral formalism or checking heuristically that this action
gives the correct equation of motions for the closed string spectrum fields as in
[28], we can see how the non-linear 2-derivative action, excluding the tachyon, can

be rewritten as:

1 _ 1 ,
Sap = 13 d*xv/—Ge (R [G] — T o H'Y + 4(a¢)2) (1.128)

where k gravitational coupling, R [G] Ricci scalar, H,,, = H3 = dBy a 3-form
which is kind of the Field Strength tensor for Kalb-Ramond field, in total analogy
with F),, = F, = dA = dA,, where d external derivative. The expression ({1.128§))

contains several interesting features:

1) The Kinetic term for the dilaton ¢ is apparently sign mistaken, however this
is not a problem since it is due to the fact that this action is written in the
such called ”String Frame” which is the analogue of the Brans-Dicke frame
and just by reparametrizing the action via:

—¢
6

G = Gue (1.129)
we can rewrite (1.128)) as:

-9
1 = ~ 3
S26D = ﬁ d26$ _G (R |:G] - el_QHp,VpHqu - é(a¢)2> (1130)
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3)

which has the correct, well known sign and where the Planck Mass is man-
ifestly fixed since the absence of the overall e=2¢ while the mass of excited

states changes with the variation of background value of the dilaton.

Taking the action ((1.128]) and setting G, = 1w, By = 0 and ¢ = 0 we get:
1 26
SQGD = ﬁ d°zR [77“”] =0 (1131)

which gives us the background of our original 2D theory (1.10). However,
we can generalize (1.10]) in 3 ways:

- Changing 7,, — G, in the Polyakov action leading to:

Sp = —%T / d*o/—hh*’ G, 0, X" 05 X" (1.132)

expanding the metric close to X = 0 we get:
G = N + const ~(X1)277W + ... (1.133)

giving an additional quartic interaction term in the worldsheet action.

- By Setting B,, = B, # 0 as before we can expand it and obtain terms

that are no longer quadratic.

- By Setting ¢ # 0 something very interesting happens from the world-
sheet perspective and we will discuss it in the next point since it’s

strongly related with the importance of the dilaton.

Since the overall exponential e~2? The value of k? can be changed by the

value of the dilaton itself, which regulates then the value of the 26D Planck

Mass with the respect to the mass of first excited modes —= via defining

N /Oé/
/112

k? = ca/'?. Instead, from a worldsheet perspective, the dilaton enters the
game in a very peculiar way. In principle, in the worldsheet action the

Einstein Hilbert term

1
Spq = o / d*oVhRyp (1.134)
m
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appears naturally, however this, since the 2D nature of the worldsheet, it can
be rewritten as a total derivative by the use of Einstein equations. In general
its value then is a constant different from zero called Euler Characteristic x
which is depending on the genus g of a Riemann surface (number of Handles
ofit) x = Sg.n. = 2(1—g). This term then due to the fact that is a topological
invariant does not contribute to the dynamics of the Sigma model, so it is
possible to generalize this term straightforwardly by adding a mass dimension

0 element to the action, i.e. a scalar, the dilaton as done in [28§]:
1
Sror D g / d>ov'he)(X*)Rop (1.135)
m

In order to understand the final motivation behind the importance of the
dilaton we now follow [35] and we start by taking the Euclidean Polyakov
Path Integral:

Z = / dXdge™ (1.136)

where now g, is the Euclidean correspondent of hy,. Upon switching on only

¢ # 0 the euclidean action can be rewritten as:
S =Sp+Ax (1.137)

where A, using is A = ¢. The importance of passing into Euclidean
description stays in the fact that a nontrivial worldsheet can have a nonsin-
gular euclidean metric but has a singular Minkowskian one so this description
is better given. Now adding an handle from a topological point of view corre-
sponds to increasing the genus ¢ — g+ 1 = x — x — 2 and so, using ,
a factor €2? appears in Z, however, due to the fact that physically adding it
corresponds to emission and absorption of a closed string, the amplitude for
closed string emission gets a correction of e coming from the coupling, so

this term and in particular the dilaton value controls the string coupling:

gs = e’ (1.138)
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1.6 RNS superstring action

In the previous sections we have discussed bosonic string theory which is the most
immediate way to discuss a generalization of the classical particle but still has two

big problems:

1) Bosonic string spectrum both for closed and for open string contains tachyon
and tachyons are symbol of vacuum instability which leads our theory to live
in a Universe of false vacuum decaying into real one. Open string tachyon
elimination can be traced back to the decay of D-branes into closed-string

radiation, but for closed string tachyon the problem remains.

2) Bosonic string theory doesn’t take into account fermions which are funda-

mental constituents of matter in nature.

One can imagine that we can insert fermions by hand but this can be achieved
in a more elegant way requiring Supersymmetry in the action, a symmetry
that relates bosons and fermions. String theories with supersymmetry are called
superstring theories. In order to implement Supersymmetry inside string theory

we have 2 approaches:

-) Ramond-Neveu-Schwarz (RNS) formalism where we add supersymmetry on
the string world-sheet in sense that we include additional fermionic coordi-

nates of the world-sheet related to the generators of supersymmetry.

-) Green-Schwarz (GS) formalism is manifestly supersymmetric instead in 10D
Minkowski spacetime and here the ”fermionic coordinates” are just fermionic

additional embedding maps.

We will focus on RNS formalism.

1.6.1 Ramond-Neveu-Schwarz action

In RNS formalism embedding maps become bosonic fields X#(o,7) of the two-
dimensional world-sheet theory and they are paired with fermionic partner fields

Y*(o, ) which are 2 component spinors on world-sheet (since we are in 2D). As
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we see from index structure, they are vectors under Lorentz Transformations of
D-dimensional spacetime. These fields anticommute -being fermionic- and this is
consistent with spin statistics in D=10. Setting now I> =1 = o/ = % =T = % we

can rewrite the bosonic string action in the conformal gauge hos = 745 as:
1 2 «
Sp = o d“00, X, 0% X" (1.139)
™

recalling that, after fixing the gauge, we need to impose the vanishing of energy
momentum tensor as constraint in addition to the equation of motion. This is
clearly a free field theory in 2D but it’s still bosonic. In order to generalize it then
we add other degrees of freedom adding fermions on the world-sheet which are D
Majorana fermions 1* (o, 7) belonging to the SO(1, D — 1) vector representation.
For the sake of clarity we explicit that in the representation of 2D Dirac algebra a
Majorana spinor is equivalent to a real spinor in the sense that depends just on 2

real parameters.

The total action now is obtained by adding the standard Dirac action for D Ma-

jorana massless Spinors to the free theory of D massless bosons:
1 _
STOT - —% /d20(8aXM8aX“ —|— wupa Oﬂﬂu) = SB + SF (1140)

where « is a world-sheet component index, u is the spacetime component index.
Here we have that p® with a = 0,1 represents the two-dimensional version of ~*

Dirac matrices, which obey the Clifford algebra:

{007} = 2 (1.141)

In order to be totally explicit, choosing a convenient basis, we can write the ma-

0 —1 0 1
0 = d p' = 1.142
p (1 0) and p (1 0) ( )

Which clearly satisfy the algebra.

trices as:

Let us now talk about the fermionic field in order to rewrite the action in a more
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convenient way. Classically the world-sheet fermionic field ¥* is composed by

Grassmann variables which must anticommute:

{v", 97 =0 (1.143)

Of course after quantizing, this must change. This spinor ¥* has two components

Y! where A = =+ spinorial index, which now takes just 2 values since we are in 2D

w_ (V°
W <¢i) (1.144)

by following the procedure explicitly done in [A] we can rewrite the fermionic part

world-sheet:

of the action as: and Suppressing Lorentz indices that are just labels from the

point of view of world-sheet:

Sr= 2 [ ol + va0 ) (1.145)

From this action we can easily derive the equations of motion for ¢, and ¢_ as

done in [A}
0Sp

0Sr
o o (1147

These equations clearly represent left and right moving waves, for spinors in 2D
these are Weyl conditions, so such fields ¢ are called Majorana-Weyl spinors
which at a Group theoretical level, are inequivalent real 1D representations of 2D
Lorentz group SPIN(1,1) = GL(1,R) = SPIN(1,1)/Zs ~ SO(1,1) as stated in
[6].

1.6.2 Global world-sheet supersymmetry

The action

1 _
Sror = —5- / Lo (0, X, 0" X" + ¥ 0t (1.148)

enjoys another symmetry in addition to the ones discussed previously on bosonic

string section and preserved here, in fact action remains invariant under transfor-
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mation:

SXP = et (1.149)
IPH = p*0, X" e (1.150)

Where € is a constant infinitesimal 2D Majorana spinor which is made by anticom-

muting Grassmann numbers. This spinor in components can be written as:

€= (€> (1.151)

So now, rewriting the action in terms of light-cone coordinates on the world-sheet
and in component ¢, " e, e_, using the fact that, after gauge fixing, from the

definition of 9y = (9 + 1),:

0a X, 0° X" = 0,X,05X"n*? = —0p X, 00 X" + 0 X, 0. X" = —40, X,,0_ X"
(1.152)

we get:
Sror = 1 / d*0 (204 X, 0_ X" +ith_Oy1h_ + it 0 1)) (1.153)
s

And we can easily verify, as done in [A] that this action is clearly invariant under

the transformation written before.

This symmetry is very peculiar since mixes bosonic X* and fermionic )" degrees
of freedom, in fact a variation of the bosonic field depends on fermionic field and
viceversa, this is a symmetry that relates particles with different spin and it’s called
Supersymmetry. It has been discovered in 1971 by Gervais and Sakita and by
Golfand and Likhtman in Soviet Union from the point of view of Super-Poincare
algebra in the same year. A very important thing about this symmetry that can be
noted now is that the algebra of this transformation only closes on-shell as showed
explictly in[A] in the sense that commutation between two supersymmetry trans-
formations, which are world-sheet translation4-anticommuting coordinate transla-
tion as we will see later on, gives another world-sheet translation. We conclude

the section with a note: € in this case does not depend on ¢ nor 7 so the super-
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symmetry here is called global, in principle we can make it dependent from them

and we could have originated local supersymmetry called Supergravity.
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1.7 Superfield formalism for RNS action

What we have said until now can be expressed in a more compact and manifestly
supersymmetric way by using the such called superfield formulation and integration

over Grassmann fermionic coordinates.

1.7.1 Superspace formalism

Starting from standard Poincare group with generators M*?, P* where o = 0,1
we can add other generators to enlarge the group of symmetry to the such called
N=(1,1) SuperPoincare algebra. This generators we add are fermionic, so are
spinors, in particular, in 2D, Majorana-Weyl spinors ), Q). Adding these 2 gen-

erators leads to enlarge the spacetime itself by including anti-commuting Grass-

0,4 = (;) (1.154)

{04,605} = 0 forming a Majorana spinor where upper or lower index doesn’t give

mann coordinates

any difference. These new coordinates, in addition to ¢ = 7,01 = ¢ map the such

called superspace.

The superspace is defined as a coset which is, given two sets G and H, the set of
elements in G but not in H, G/H.

For us the superspace is the coset given by

Super Poinc. /Lorentz = {w*®,a®, Q1,Q_}/{w*®} = {a® = 6*,0,,0_} (1.155)
In this superspace we define superfields which are fields acting on it. The great
advantages of superspace are 3:

1) The algebra of supersymmetry transformations closes off-shell, in the sense
that the commutator between two supersymmetric transformations acting
on a superfield gives another supersymmetry transformation without using

equations of motion for the fields.

2) Since we will see that supersymmetry transformations correspond to transla-
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tions on the world-sheet+4translation on Grassmann coordinates this means
that the commutator between two translation on world-sheet gives a trasla-
tion on world-sheet and all this happens off-shell so without the use of equa-
tions of motion, just by inserting another auxiliary field necessary for the

consistence of the superfield itself.

3) In addition to this, using this superspace formulation the supersymmetry

will be manifest.

1.7.2 Superfields, supercharges and supersymmetry trans-

formations

We want now to start by building models and, as always, the most important brick
is the Lagrangian. The first ingredient to build up Lagrangians for our models is

the superfield whose most general form is:
_ 1-
OH (0, 0) = XH(0®) + 0yt (c®) + 5«991’“(0") (1.156)

(since now on we will suppress Lorentz index p on superfield since it’s just a label
for the world-sheet) where we need 6 in order to have a coloumn vector multiplying
a row one like 1" and where we didn’t add @ since, for Majorana spinors product,
Gip* = ¢"H. No other terms are allowed since, for the anticommuting nature of
0 we have that 00 = 00 = 0. Here we see that we have added an auxiliary field

F#(o®) that is very important for off-shell closure of the algebra.

We can derive then the expression of the supercharges following [A] getting in the

end:

Qa =05 — (p"0) 40 (1.157)
which is: 5

Qa = 5 (p%0) 40 (1.158)

We would like now to study how the transformation acts on the superfield. In
order to do that we repeat similar intuition of the one used for a general field

¢ as seen in [A] We let the supersymmetry transformation act on superfield as
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operator:

e RD(5,0)e ~ (1 — €Q + 0(62)D(,0)(1 + €Q + 0(62) = B(0,0) — eQD(0, )+
(1.159)
+®(0,0)eQ + o(€) = ®(0,0) + [@,€Q] + o(é*) (1.160)

Instead considering supersymmetry transformation acting on superfield as a field:
QD (0,0) = O'(0,0) = ®(0,0) + eQd(0,0) = 0 = €Q (1.161)

comparing the two parts:

50 = [®, Q] = eQd (1.162)

From this transformation:

5® = eQd (1.163)

we can derive, by the computations in [A] the expression for the transformation of
the fields contained in the superfield X*, ¢#*, F*:

IXH (o) = et (o) (1.164)
(o) = p 0, XH*(0)e + F*(0)e (1.165)
IF" = ép®O, " (o) (1.166)

First two formulas for the variation reduce to the one seen in non-superfield for-
malism if we use the equation of motion of F* that, since it is an auxiliary non
physical field, is F* = 0. From here we can immediately derive the first powerful
consequence of adding F'* field: the algebra of supersymmetry transformations now
closes off-shell, since equations of motion are F* = 0 and p*d,¥* = 0 so defining

Ft = p*0,* we get the closure even not using the equations of motion.

1.7.3 RNS action in superfield formalism

We have now almost all the ingredients to write the action we have seen before in

superfield formalism, the only problem now is that derivative of a superfield is not
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a superfield since:

5(0a5) = 6.5, €Q] # (€Q)0.S (1.167)

We need then to define a covariant derivative which compensate the extra terms on

commutator so which acting on a superfield gives raise to another superfield:

Dy = + (pQQ)A(?a (1.168)

064
Since the parts in the sum of D, are the same of Q4 generators except for the

plus sign in the middle and since they are made by anticommuting variables, of

course:

{D4,Qp} =0 (1.169)

which tells us, since {Dy, €} = 0 that [D4,eQ] = €% {D4,Qp} = 0 and so covariant

derivative of a field transforms as the superfield itself:
0DAP = [DsP,€Q] = D4 [P, Q] = D4eQP = eQD 4P (1.170)
In addition to this, covariant derivative has this anticommutators:
{Da, Di} = 2i(p*p°) 40 (1.171)

{Da, D5} = 2i(p*) a50a (1.172)

Finally, the product of 2 superfields is again a superfield as always, thanks to the
Leibnitz rule of the €Q. So the action now, written in terms of superfields is given
by: »

S = ﬁ / 20 d20D "D D, (1.173)

In this formulation action is manifestly supersymmetric since:

58 = ﬁ / Pod®0(D AP D D, + DyP D s0D,) = % / Lod*0eQD 4P DD,
(1.174)

if suitable boundary conditions are chosen in o world-sheet coordinate then:

55 =0 (1.175)
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since the integrand is a total derivative owing to the fact that QQ is made by 2 terms
which are derivatives, one in # and one in o. If not, supersymmetry is broken.

The integration in # follows Grassmann rules:
/de<a+9b) — (1.176)

and in our case, the only non zero integral is the one containing one 6 and one
0:
/d2999 =—2i (1.177)

since all the other give raise to vanishing term due to excessive number of 6, 8 or
to non sufficient number of them under this integral which works like derivation.
Applying the covariant derivative to superfield we can write the action [1.173] in

terms of the component fields following [A] leading us to the action:
1 _
Stor = “or /d20(3aXu8°‘X“ + 0, p 0" — F, F*) (1.178)

Varying this action with the respect to F), we get that the equation of motion for
F#is F* = (0. We can eliminate then the auxiliary field by this and obtain again
the action we found at the chapter of non-superfield formalism for RNS action.
However, in doing so, we understand the second motivation behind the importance
of this auxiliary field, in fact without it we lose the superfield formulation of the

action and the manifest supersymmetry of it.

1.7.4 Worldsheet supergravity

The Supersymmetry transformation that leads the action invariant, up to now
is parametrized by the spinor which is constant. However, if this spinor
depends on local coordinates of the worldsheet things change substantially. The
aim that pushes us to do so is to include Gravity on the theory precisely promoting
the metric to a field. Even if this seems very straightforward, since we are now
working with spinors in addition to bosons, we need to include a vielbein. The
need of a vielbein is due to the fact that spinors transform in a non-immediate

way under general coordinate transformations since there is no finite-dimensional
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spinor representation of diffeomorphism group GL(D,R). This vielbein is defined

as:
hap = (€")a(€”)gMu (1.179)

where «, 8 are curved indices and pu,v Lorentz frame indices. Since locally, even
if in curved background, due to equivalence principle we have Lorentz symmetry,
we need a spin connection w, € Lie(SO(1,1)) so we can define covariant deriva-
tives:

Vot = (04 + wa) " (1.180)

in such a way that the vielbain is covariantly constant:
0= Vaey = 0ucly + (wa)lef — I 5ef (1.181)

and from this last equation we can define the spin connection who lives in the
same SO(1,1) representation of the object which V, is acting on. Taking our
previously seen action ([1.140)) and adding vielbein and gravity through minimal

coupling d, — Va we get a quadratic action:

1 _

Sp=—5- Poe(h*?(0,X,,) (0sX") + V' p*Voby,) (1.182)
T

Demanding the invariance under local Supersymmetry (Supergravity) is demand-

ing the invariance under £(0) — £'(0). In order to do so we need transformations

rule of our gravitational field or analogously the vielbein at least at leading order

on perturbation theory around flat space, so we can postulate:
O¢eh = 260" Xa (1.183)

which is justified by the fact that x, is the gravitino and so the supersymmet-
ric partner of the metric. This action is clearly not invariant under Supergravity
transformation but, since before minimal coupling and vielbein inclusion was in-
variant under global supersymmetry, the variation of it must be controlled by the

derivative of £, so using the well known Noether trick we can compute the variation
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and the associated Noether current:

¢Sy = 2 /d%\/—h(vag)ﬁ (1.184)
m
with: .
Jo = —§pﬁpawaﬁxy (1.185)

So now we can make the action invariant by adding a piece of third order (in the
embedding fields) to the action itself:

2 1

introducing the transformation law d¢xo = Vo€, slightly modifying the variation

of " including in it the gravitino and adding a quartic term of the action:

1 _
Si=1— | @oV=h{{)(Xar’p"xs) (1.187)

the theory becomes a Supergravity one so invariant under local Supersymmetry.

This method to build Supergravity action is called Noether method.

1.7.5 Superstring boundary conditions and mode expan-

sions

In this section we are going to exactly repeat the same ideas of the previous bosonic
string chapter but now considering the superstring worldsheet action. Since the
total action can be split into bosonic and fermionic part, the boundary
conditions and the mode expansions for X* are exactly the same seen in section
Taking now:

Se2 [ Polv-0.- +:0.0) (1.188)

and taking the variation with the respect to the fields v_, ¢, we get their equations
of motion (|1.146|) and (1.147)) in addition to a boundary term:

35 = [ dr(u bt = 660 )ams = (b — V-0 )ora 20 (1189
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The ways on which we can achieve this equality depends on the nature of the

string.

Open string case

If the string is open, the two terms of (|1.189)) can’t cancel each other so they must
vanish separately leading us to the necessity of having " = £¢%. The overall
sign is conventional, so we can fix the sign in one endcap " |,—g = ¥/ |,—o and the

other relative sign becomes meaningful, giving us 2 possibilities:

e Ramond (R) boundary conditions: ¢"|,—; = ¥/ |,—x
This boundary condition give raise to spacetime fermions and leads to mode

expansion for the fermionic field in R sector:

"(r,0) dhe —in(r—0) )
W IZ (1.190)

nez

W (T, 0) Zd“ —in(r+o) (1.191)

nGZ
and since the fermions are Majorana, these expansions must be € R so we

need to have d* = d" '

e Neveu-Schwarz (NS) boundary conditions: ¢ |,_. = —¢}|,—,
This boundary condition give raise to spacetime bosons and leads to mode

expansion for the fermionic field in NS sector:

W' (1, 0) Z preir(r=o) (1.192)
ez+2
1 ,
Yh(ro)=— Y be " (1.193)

V2

and, again, since the fermions are Majorana, these expansions must be € R

so we need to have b = b* .

T€Z+%
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Closed string case

Closed string boundary conditions, as we saw before, give raise to two independent
set of modes, left and right moving and allow 2 possible boundary conditions
Wy (0) = £¢4 (0 + m) making the term ([1.189)) vanish. The plus/minus sign define

periodic/anti-periodic boundary conditions and we can impose periodicity (R) or
anti-periodicity (NS) independently to right and left moving parts. In the end we

can take as right movers:

(T, 0) \/_Zd“ —2n(r=9) Y (T, 0) Z ble —2ir(r—0) (1.194)

ne’ T€Z+2

and as left

1 ~ )
P (T, 0) \/_ Zd“ —2n(Te) or ok (1,0) = 7 Z Pre~2r(rto) (1.195)

neZ reZ—f—%

and all the four different combinations of fermions sign due to boundary conditions

are allowed:

R-R (0 +7) = +94(0) ; v-(0 +7) = +4_(0) (1.196)
R-NS (0 4+ 1) = +1:(0) 3 ¥-(0+7) = —¢_(0) (1.197)
NS-R (0 + 1) = —4(0) 5 Y- (0 +m) = +¢—(0) (1.198)
NSNS ¢, (0 +7) = (o) ; Y_(0+7) = —¢_(0) (1.199)

In the end, we want to point out that it can be easily seen how the open string case

is just a restriction to R-R and NS-NS closed string one as stated in [30].
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1.8 Canonical quantisation of superstrings

We already studied the canonical quantisation in the bosonic string case, what we

are going to do now is to repeat the same idea for the Superstrings.

1.8.1 Commutation and anti-commutation relations

Repeating now exactly the same steps as in Chapter we can obtain commu-
tation and anti-commutation rules for the modes promoted to operators for the

open strings:

[k o] = mopynn™ (1.200)

{w#u ¢Z} = 0pys"” = {bﬁf’ bg} = 77W5r+s,0 and {dumv dZ} = 77’“'5m+n,0 (1'201)
r,s € Z R

with (1.202)
r,s € Z+ % NS

where for the closed ones the tilded modes relations are exactly the same.

1.8.2 Super-Virasoro constraints

Due to the presence of Minkowski metric in ([1.201]), we have again the problem of
negative norm states arising in time components of fermionic modes. The solution

is again by applying the constraints derived from the non gauge fixed action.

Starting now from ([1.178)) and removing F), using its equation of motion, we can
gauge fix the metric to flat one and set the Gravitino x, to 0. Now, since this gauge
fixing procedure, the equation of motion for the metric and the Gravitino itself

become constraints on Energy Momentum Tensor and on the Supercurrent:
1- , 1 !
Top = (0aXu)(9sX") + Z@Z)upaaB@M + Z¢upﬂaawu — (trace) =0 (1.203)
« 1 £« w !
(J )A = —§(p 1Y @/JH)AagX =0 (1.204)

As in the Bosonic string case, the constraints can be rewritten in terms of opera-
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tors:

1 ™ . 2 ™ .
Lo = _/ doe™ T, | G, = ﬁ/ doe’™ J.. (1.205)
T J_x T J-x

plugging inside the expression of energy-momentum tensor and supercurrent in

terms of modes:

L = % (Z T <r + %) ber - b :) (1.206)

neZ reZ+N

0 R
G, = Z a_pbyn, where W= (1.207)
1 NS
nez 2
We can immediately note that first of all there is no normal ordering ambiguity
in the definition of G. Furthermore, these are exactly the generators of two copies
(one for r;s even in Ramond case and one for r,;s odd in Neveu-Schwarz case) of
the such called Super-Virasoro Algebra defined by the following commutation

relations:

(Lo, Ln] = (m — 1) Lgn + A(m) (1.208)
{Gra Gs} = 2Lr+s + B(T)ér-&-s (1209)
[Lm: Gr] = (% - T)Gerr (1'210)

where A and B are the such called anomaly terms that give the Quantum Mechan-

ical extension of the classical algebra

A(m) = g(m?’ —m) and B(r)= §(4T2 -1) (1.211)

Now that we have the commutation relations we can write the constraints a la

Gupta-Bleuler:
(Lm — aém) |gz5> =0 m >0, G, |¢> =0r>0 VQZ5 S %phys (1.212)

We are not going to repeat all steps, however from these constraints is easy to
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derive the anomaly factor needed for removing negative norm states:

ag =0 (1.213)
ans = 222 (1.214)

In order to derive its proper value we need the critical spacetime dimension that

can be obtained again by the string spectrum.

NS sector of the open string spectrum

In the Neveu-Schwarz sector the ground state is defined by:
|0, k) such that o |0, k) = 02|0,k) =0 for m,r >0 (1.215)

By defining the number operator as:

Nys= > o m-am+ Y 71ho,p-b (1.216)

m:1727"' T‘:%,%...

we can rewrite the mass shell condition coming from the 0-th constraint as:
0= (Lo—a)l|0,k) = (a'p* + Nxs — axs) |0, k) (1.217)
which shows us that the ground state is a scalar with mass squared:

ans
M? = — " (1.218)

while the first excited level is a target space vector €,b", (where ¢, polarization
2

vector) with mass squared:

1 /1
M? = = (5 - aNS) (1.219)

and, since we want this vector to being massless like in bosonic case we expect,
from (|1.213) a = % = D = 10 so a much lower spacetime dimension than in the

previous bosonic case. In addition to this we get that the scalar ground state is

46



1.8. CANONICAL QUANTISATION OF SUPERSTRINGS

again a tachyon. In the end, let us note that since all the creation operators o,
and 0” . with n,m > 0 transform as spacetime vectors and act on the scalar ground

state, the Ramond Sector is made by spacetime bosons.

R sector of the open string spectrum

The R sector case looks similar but hides a non-trivial subtlety. In this case the
fermionic modes have integer indices d* so the number operator must be rewritten

as:

Nr = Z Oy O+ Z nd_,,-d, = Z Oy Oty Z nd_,-d, (1.220)

m=1,2,... n=0,1... m=1,2,... n=1,2...

since so, acting with dfj does not modify the mass of the state since it will commute
with the number operator, giving us the intuitive idea of a degenerate ground state.
In fact since the modes satisfy the D-dimensional Clifford algebra (apart a factor
of 2) {d,, dy} = n*” then the ground state must be a representation of this algebra

so a target space spinor:

D
2

la, k) with  a=1,2,3,4,...27 =32 (1.221)

which in realty is less degenerate due to the Majorana-Weyl condition and due
to the such called Dirac-Ramond equation coming from the constraints. This
spinorial ground state is massless since ag = 0 = M? = —éaR = 0, by deriving
higher order constraints and excited states we can derive again that the critical

dimension is D = 10. Finally, since again the excited states are obtained by acting
“w

—m>

with creation operators o, ,d”, with n,m > 0 which transform as Spacetime
vectors and the ground state is a spinor, than the excited states will be target

space spinors too.
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1.9 The GSO projection

In the previous section we expressed ideas on the spectrum of RNS open string
states which survive the Super-Virasoro constraints. Even if it we got rid of the

negative norm states, this spectrum has 2 problems:
e NS sector ground state has a tachyon, a scalar with imaginary mass.

e Spectrum is not manifestly spacetime Supersymmetric but the closed ones
contains a massless gravitino which is the Supersymmetric partner of the

graviton and so the quantum of gauge field for Supergravity.

1.9.1 Tachyon removal and manifest supersymmetry

In order to solve these issues the main way is to apply the such called GSO Pro-
jection introduced by Gliozzi, Scherk and Olive which projects the spectrum in a
very specific way based on criteria on the such called G-Parity. The definition of
this operator and its effect depends on the sector of the states it acts on and now
we will inspect its action on open string spectrum in order to generalise it to the

closed one later on.

NS sector

In the NS sector the definition of G-parity is:

o
S0 b

G= (-1 = (-1 +1 (1.222)
where F is the worldsheet fermion number since it’s the number operator restricted
to b-excitations and so it counts whether a state has odd or even worldsheet
fermionic quanta. The criterium in the NS sector is to keep only states which have
a positive G-parity:

Glo)xs = lo)ns = (1) = —1 (1.223)

so only the states with odd number of b-oscillator excitations are projected. This

implies immediately that the open-string tachyon is canceled out from the spec-
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trum since:

G0,k)yg = (=1)°F1]0, k) = — |0, k) (1.224)

while the first excited state which was the massless vector b’ , |0, k)yg survives the
2

projection and becomes the ground state of the NS sector. This thing is an hint

that we can have a Supersymmetric spectrum since the ground states of NS and

R sector are both massless.

R sector

The definition of G-parity in the R sector instead is a little bit more compli-
cated:
G =y (= 1)ZnSdindn (1.225)

where 711 = Y71 - - - Y9 is the 10D analogue of the Dirac matrix which in 4D defines
the chirality projector. In fact ~q:

Satisfies idempotency: 7% =1

Has anticommutation relations: {v1,7} =0

Can define the chirality of a spinor (positive or negative respectively): ~;119 =

F1p

Can define a chirality projection operator: Py = %(1 + v11)

Let us recall that a spinor with a definite chirality is called a Weyl spinor. The
criteria for the R sector, since the different definition of G-parity, are different too,
in fact we can project on states with positive or negative G-parity depending on
the chirality of the ground state (which is a spinor in R sector as we saw before),

so the choice is a pure convention.

As we said before closed string spectrum contains one or two massless gravitinos
and so the interacting theory will be inconsistent if we have no supersymmetry and
so not the same number of bosonic and fermionic degrees of freedom. However, as
we saw before, in the NS sector ground state bi% |0, k)ng, since @ = 2,...9 as we can

see in light cone gauge quantisation, we have just 8 propagating degrees of freedom.
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The R sector ground state |a, k) instead seems to have 2° = 32 complex compo-
nents, however the spinor must be Majorana, so it could have 32 real components.
In dimensions which are D =2 mod 8 as D = 10 a Majorana spinor can be even
Weyl, so a chiral ground state has 16 real components and, finally, by imposing
the Dirac equation we get an additional halving, leaving us with 8 real degrees of
freedom, and so a perfect matching with NS ground state. So the ground state
which is massless has the same number of bosonic and fermionic components which
are two inequivalent real representations in 8D of the group Spin(8). Despite this
is more an heuristic argument that a real proof of supersymmetry, which instead
is manifest only in a different formalism called Green-Schwarz (GS) formalism, it
can be proven, to be more certain of the result, that this correspondence still holds

excited level by excited level and not only at the ground state.

1.9.2 Closed string spectrum and allowed superstring the-

ories

In the previous subsection we analyzed the GSO projection acting on open string
spectrum giving us a 10D supersymmetric gauge theory. However this construction
must be coupled to a closed string sector and we are now going to study this Hilbert
space with the allowed theories on it focusing specially on the such called Type
IT string theories, the theories where we have 2 supersymmetries so 2 massless
gravitinos in 10D as we will see later on. Splitting the NS and R sector in sets with
different G-parity, we now have NS_ NS, ,R_ and R,. In closed string case we
have left and right moving parts so one can think that we can have all the possible
combinations between this sectors (NS_, NS_),(NS_,NS,),... however, since
the level matching condition (Lg + Lo) [¢) = 0, V|$) € Hpuys and since NS_ is
the only one containing a tachyon, NS_ can only be coupled to itself and the
possibilities for the pairing between left and right moving sectors are just 10. In
order to build a theory we can take in principle any subset from these 10 leading
every time to a different outcome. However we don’t want the tachyons in our
theory, in addition to this we want that the interacting theory is consistent too
leaving us with only 2 possibilities. Via GSO projection then we can exclude the

presence of NS_ in our choices, while for the R sector we can project into states
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with positive or negative G-parity depending on the chirality of the ground state of
the theory itself. We can then build up 2 different theories depending on if the G-
parity of left and right moving sector is the same or the opposite; these two theories

are called Type I1IB String Theory and Type ITA String Theory.

Type ITA string theory

Type ITA String Theory has left and right moving ground states for R sector which

are chosen to have opposite chirality. The massless states in each sector are:

o NS-NSsector: 0, [0, k)yg @V, [0, k)yg these states can be rearranged into
a scalar called dilaton ¢, an antisymmetric 2-form gauge field (28 states)
called Kalb-Ramond field B, and a symmetric traceless rank-2 tensor

field (35 states) called graviton g, .

e NS-R and R-NS sectors: b ; [0, k)yg @ |+)g and | =)y @V, |0, k) where
|—)g and |[+)y represent the opposite chirality ground states for left and
right moving parts. Each of these 2 set of states can be rearranged into a
spin 2 field (56 states) called the gravitino x, and a spin § fermion field
(8 states) called the dilatino ®,. The gravitinos in the NS-R sector has
opposite chirality with the respect to the one in R-NS sector.

e R-Rsector: |—) @ |[+)x these states are obtained tensoring a pair of Majorana-
Weyl spinors with opposite chirality (the left and right moving ground states)
and from this tensor product we can obtain a 1-form (vector) gauge field C
(8 states) and a 3-form gauge field C5 (56 states). So Type ITA String Theory

contains odd p-form gauge potentials.

Type IIB string theory

Even if Type ITA String Theory is very interesting we are going to work within the
setting of Type IIB String Theory which has left and right moving ground states
for R sector with the same chirality, choose positive for convention. In this case

massless states in each sector are:

o NS-NS sector: &, 0, k)ys @V 1 |0, k)yg these states are the same of Type
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ITA string case and can be rearranged into a scalar called dilaton ¢, an
antisymmetric 2-form gauge field (28 states) called Kalb-Ramond field

B,,, and a symmetric traceless rank-2 tensor field (35 states) called graviton

Guv-

e NS-R and R-NS sectors: 0 ; 0, k) g @ |+)g and |[+)z @V, [0, k) g where
|[+)g is the 8-component spiznorial ground state for Ramond sector. Each of
these 2 set of states can be rearranged into a spin % field (56 states) called
the gravitino y, and a spin % fermion field (8 states) called the dilatino
Y. The gravitinos in the NS-R sector has, differently from Type ITA String
theory, the same chirality with the respect to the one in R-NS sector.

e R-Rsector: [4+)g & |+)g these states are obtained tensoring a pair of Majorana-
Weyl spinors with the same chirality (the left and right moving ground states)
and from this tensor product we can obtain a 0-form (1 state), a scalar, Cj
2-form gauge field C5 (28 states) and a 4-form gauge field Cy (35 states) with
self-dual field strength F; = dCy = FZ. So, differently from the previous

case, Type IIB String Theory contains even p-form gauge potentials.

In order to conclude this section, let us point out that in all the 2 cases and in all

the sectors the total number of physical states is always 8 x 8 = 64.

52



Chapter 2

Type IIB String

Compactifications

All the Superstring Theories we have seen up to know need 10 dimensions in
order to get rid of negative norm states. One can ask then why are these theories
physical and phenomenologically viable given that the observational results we
have are obtained from our 4D point of view of the spacetime. The solution is
through the use of a technique called compactification. We now focus to apply
this technique in Type IIB String Theory in order to reduce a 10D non compact
manifold M, into our familiar 4D non-compact spacetime M, Cartesian product
a tiny 6D compact complex manifold Yg called Calabi-Yau Mg = M, x Yg. We

will follow mainly [30], [5], [34] and specific articles cited section by section.

2.1 10D action and Kaluza-Klein compactifica-
tion
2.1.1 10D action for Type IIB string theory

We already saw in section what is the shape and the principles to write a
target space action in the bosonic string theory context. In the Supersymmetric

case there are few variations but still some things are unchanged:
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CHAPTER 2. TYPE IIB STRING COMPACTIFICATIONS

e There is again the 10D graviton g,
e There is again the Kalb-Ramond field B, = By coupling to the worldsheet

e There is again the dilaton which governs the perturbation theory convergence

through its vacuum expectation value.

These three elements together form the NS-NS sector as we saw before, however,
in addition to these, we have to include inside the action even the C,; form fields
(with p = 0, 2,4 for Type IIB string theory) and the corresponding Dp-branes with
their action (called Dirac-Born-Infeld, or DBI, action) which are dynamical
objects like strings but with different dimensions and a larger tension at weak

coupling value.

However the real big difference between bosonic and superstring case is that in
superstring case, the 10D theories are unique at second order in derivative due
to Supergravity. This happens because realize Supergravity is very hard at high
dimension since, for example, the number of spinor components grow exponentially
as 27 and so finding a bosonic structure with the same degrees of freedom is very
hard. By going into details it turns out that there exist only 4 Supergravity theories
in 10D and all of them come from Type IIA, Type IIB, Type I and Heterotic
SO(32), Heterotic E8 (the last 3 are 3 String Theories with only 1 Supersymmetry
so we didn’t go in detail of their construction). As we said before in 10D a 16 real
component spinor exist, which is a spinor with 4 times the number of components
of a 4D one, so an N = 2 Supergravity theory in 10D can be seen from a 4D
point of view as an N = 8 one and this is the Supersymmetry case of Type II
String theories. The starting point for such theories is a stringy description of real
world through one of the models in the landscape which is the large set, maybe
infinite, of phenomenologically viable models. The most promising landscape has
been established in Type IIB String Theory so, as we said before, we are going to

focus on it.
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2.1. 10D ACTION AND KALUZA-KLEIN COMPACTIFICATION

We write now the bosonic part of the string-frame Type IIB Action as:

g d0% /7(2¢(R+4(8¢)2 H2>—1F12 1 =2 1

By — ——F?) +Scs+ 58
Qkfo 2.3l 2 2.3 4.5 >+CS+ foc

(2.1)
where we have 2k%, = (2m)"a/* and, recalling Hy = dBy, F3 = dCs, F5 = dCy:

- - 1 1
Fy=F;—-CyNH; F5:F5—§CZ/\H3+§BQ/\F3 (2.2)

Where F;, i = 3,5 RR-~forms field strength, and Hj3 are gauge invariant which
implies that we have a gauge symmetry of the action upon transformation of the

potential of the shape:
1
CQ — Cé = CQ + d)\l with 04 — Cfl = 04 + 5/\1 VAN H3 (23)

The Scg term we have in our action is a term not involving the metric called
Chern-Simons term which is needed in order to have the right amount of propa-
gating fermionic degrees of freedom as stated in [6] and can be written in this case
as:

1

Scg = 4]€ e C4/\H3/\F3 (2.4)

The last part Sy is called the localised part and contains actions of the various

branes, for a D3-brane for example the contribution will be:

1
SIOC D) DD3 = ﬂ/ 04 — / d40'\/ —gT3 (25)
2ma’* Jps D3

where the D3-brane tension is T5 = W, g is the determinant of the 10D metric
pullback and the integral is interpreted on the D3-brane worldsheet parametrised
by o with i = 0,1,2,3. Inside Sy, obviously other odd-dimensional Dp-brane
action have to be added which are analogous to the one seen before but with

e(P 3) vy

different string tension 7}, = PR After adding all these parts, the pullback
2m)Pa’
of B; to the brane and the brane- locahsed gauge fields+their fermionic partner we

get the localised action S, called Dirac-Born-Infeld action or DBI action which
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CHAPTER 2. TYPE IIB STRING COMPACTIFICATIONS

has the form:

Sppr = _Tp/dp“a\/—det(Gag + 210! Fop) (2.6)

where G, pullback of the 10D metric and F,3 = F,3 + bap where F,z usual
Field-Strength tensor and b,s 2-form needed to make F Supersymmetric.

2.1.2 Kaluza-Klein compactification

Up to now we have described then the fundamental Type IIB String Theory living
in 10D. In order to describe the 4D spacetime we live in, the main idea is to
use the compactification method, in particular the Kaluza-Klein Compatification
method where we can obtain lower-dimensional Effective Field theories (EFT) from
higher-dimensional theories by making compact the extra dimensions featured in
the latter.

In order to understand how the mechanism works we start from three simple toy
models, a 5D scalar field on a 5D manifold where one dimension is compactified
on a circumference and the historical Kaluza-Klein Theory from 2 different points

of view:

Scalar field in 5D

We take the scalar field ¢ in M = R x S', where S! has radius R with 2° €
(0,27 R):

1
5= [ da3ene)aVo) (27)

M 2
with M € {0,1,2,3,5} The equation of motion is clearly the 5D Klein Gor-
don equation and, Assuming the vacuum expectation value (¢) = 0 the fluc-

tuations around the vacuum can be parametrized, via renaming x° — y and

x = {20 2!, 2% 23} as Fourier expanded:
400 —+00

o(z,y) = Z o cos (%) + Z ¢ sin (%) (2.8)

n=0 n=1
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Plugging inside the action this expansion we get:

+o0
s=R [ dta [%(39258"5)2 7 D005+ O + (D0 + i (065
(2.9)

n=1
so our 5D model is equivalent to a 4D model with one massless field > and a tower

n
E.
The massless mode ¢f> is a flat direction in field space since has no potential and

of Kaluza-Klein modes which is degenerate and whose modes have mass m,, =

it’s called modulus. Such moduli usually govern mass and couplings of the rest
of 4D theory through their vacuum expectation value which can be an arbitrary

constant not having a potential for them.

Kaluza-Klein theory

We now consider a different example starting from 5D Einstein-Hilbert action:

3

M
S = %/ d*xdy~/—gs R (2.10)
M

where the subscript 5 means the correspondent 5D quantity to the well known 4D

ones. Given this we can now parametrise the 5D metric as:

gu + (i2) *4u, (32) A,

(95) N = <ﬁ’>> 52 e (2.11)
Mp v

with M, N € 0,1,2,3,5 and p,v € 0,1,2,3 and where M,, A, and ¢ are actually
just parameters in the 5D metric components. In order to simplify things again we
take y € (0,27 R) parametrising S* and we use ¢, = 1, A, = 0 and ¢* = gs5 = 1.
As in the scalar field example we can Fourier expand our field ¢ as function of y
and we get a tower of massive mode, plugging inside and we get that
the action can be rewritten as:

_ Mg, 1 M3 (99)°
S = /M d*z\/—go <TR — Z(bQFWF“ + T?) (2.12)
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in string frame (for going into Einstein frame just a substitution of g,, — g’(;”
is needed). The 5D metric degrees of freedom then can be seen turning into 4D
metric g, +abelian gauge field A, and a scalar ¢, leading us to the appearance of a
U(1) gauge theory. This presence is quite natural since M = R x S* enjoys clearly
a global U(1) symmetry and a diffeomorphism one (we are working in General
Relativity picture) so we can rotate S' < shift y at every point x of our 4D
submanifold so our theory must be a local U(1). In addition to this, VR fixed
radius we have a solution of 5D Einstein equation so we expect that ¢ <> R is a
scalar degree of freedom with flat potential= a modulus. In fact, parametrising
S' with dimensionless parameter y € (0,1) we can set (¢) = \/gs5 = 27 R and
so the scalar ¢ governs the size of extra dimension, which is a general feature of

the moduli. Finally we can see how, in the previous action (2.12)) we identified
2

3

M} =27RMy s = M3 = % leading us to the fact that if the extra dimensions
bl 2 3

are compactified in large volume than the 5D Planck Mass is much lower than the

4D one and so the effects of gravity will be larger.

10D Kaluza-Klein theory

In the previous example we have seen how moduli arise intuitively from a 5D
geometry, however now we would like to make contact with what we are going
to see soon after in the complex compactifications. We are going to repeat the

previous example with a slightly different point of view.

We consider now the ten-dimensional geometry (instead of 5D):
GundXMaxN = e %@ g, datdr” 4 2 g dy™dy" (2.13)
where §,,, is the metric of the 6 extra dimensions compactified at fixed vol-

/ dy\/Gg=V (2.14)

and ¢“(® is a breathing mode which parametrises variation of the compact space as

ume:

depending on the 4D non-compact spacetime coordinate. We immediately point
out instead that the e~ %®) in the first term is just for having the Einstein-Hilbert
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action in Einstein frame automatically.

Starting from the 10D Einstein-Hilbert action in the manifold M = M4 x Ys:

1
SE(IJ{D =579 leX V —G€72¢R10 (215)
2k10 Jm
we would like to express the 10D Ricci scalar Ry in terms of the 4D and compact
6D ones Ry, Rg. By using some Differential Geometry, following [5], we can derive

the expression of the 10D action as:

SP = % d'z/—g | dOy\/Ge (R, + e %R + 120,ud"u)  (2.16)
2klO My Ys

Considering now the string coupling g, = e? constant over Y then we can rewrite

the 4D Einstein Hilbert action:

M2
Sib = - / d*zv/—gR, (2.17)
2 My

with M3 = ﬁ. Recognizing the kinetic term for the scalar field u(z) we can see
how, if R = 0, for example when the compact 6D manifold is Ricci Flat, u(x) is
a modulus field and how it corresponds to a deformation in 10D metric as it will
be in the moduli we are going to use in the next chapters. In addition to this the
kinetic term for u can be originated via Kihler potential K = —31In(T +1T) calling
Re(T) = e*™ and setting Mp = 1. Again this will be very close to what we will do

in few sections.
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2.2 Complex geometry

Up to now we have analyzed the compactifications of an extra dimension into S?,
however, what is usually done in String Theoretical models which are Phenomeno-
logically viable is to compactify the 6 extra dimension in a complex manifold with
peculiar properties. In order to understand better then these kind of compact-
ifications we need before to give some highlights of Complex Geometry and of

Homology and Cohomology connected to it.

2.2.1 Complex manifolds

The starting point of our journey is to find a solution of 10D equations of motion
which physically correspond to 4D spacetime. If we set all the fields to 0, so we
consider just the Einstein-Hilbert action, we must have a metric satisfying R,y =
0 to have Einstein’s equation solved. This condition is called Ricci flatness and
its satisfied not only by real trivial geometries but even by a large class of compact
6D complex manifolds called Calabi Yau Manifolds Y.

In order to understand them completely it is necessary to start from the very
basic idea of complex manifold, which is simply the generalization of a real
differentiable manifold where the charts that give the local Euclidianity are now
defined as:

(Ui, 1), ¢i:U; = ¢;(U;) CC" (2.18)

with U; in the topology of Yy and with holomorphic transition functions ¢; o ¢, !
so the manifold locally is C* with the possibility of having such a holomorphic
change of coordinates:

=2 () (2.19)
As we do in real manifolds, we can define complexified tangent (7,(Y5)® = {X +

iY|X,Y € T,Ys}) and cotangent spaces and their tensor product with bases:

0o 0

9 9 i 4z 2.2
50 5 and dz',dz (2.20)
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and, using this bases, we can define the almost complex structure J as:

T TS T YpeYy (2.21)
.0 ;, 0

=1dz' ® — —1dZ' ® — 2.22

J =idz' ® 55 idz' ® o5 (2.22)

which can be written in an imaginary and in a real basis respectively as:

0 il 0 I
_ 4 J= 9.93
J <—2']I o> o (—]I o> (223)

and it satisfies J? = —I. By defining the action of the almost complex structure

on the elements of the basis of complexified tangent space we can divide TpYﬁ‘C

8 _ ;.9 3
0zt~ "0z 02"
J 8‘; = —1 8; spanned by {%}, the elements of these two eigenspaces are called

vectors, in particular holomorphic and antiholomorphic vectors. If we have a

into the positive eigenspace J spanned by {5} and the negative one

real manifold and it features the existence of this almost complex structure 7 then
the manifold is called almost complex. If J satisfies the vanishing of Nijenhuis
tensor (& d = 0 + ) then the manifold is called complex and J the complex

structure of such a manifold.

2.2.2 Complex differential forms

In analogy on what is well known in real manifolds, it is very useful to extend the
concept of differential forms to complex cases. We can in fact define, given two
real n-forms «,, £, a complex n-form ¢, = «,, + i, with a complex conjugate
0n = ayn — if3,. We call the vector space of the complexified n-forms as AZ(Yg).
We can even generalise more this concept by defining an (r,s)-form which is a
complex valued differential form with r holomorphic indices and s antiholomorphic

indices whose basis in local coordinates is:
dziy N+ Ndz, NdZz, N--- NdZ, = dzy N dZy (2.24)

using the multi-indices M = (iy,...,i,.) and N = (j1,...,js). We denote the vector

space of this special forms on Y5 as A™*(Ys). Whatever element of this vector space
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s € A7*(Ys) can be rewritten as linear combination in the basis (2.24):

1

. . N _ 1 -
@&1 ,,,,, o jsdz”m.-/\dz“/\dzﬂ/\m/\dzfs:ngNdzMAdzN (2.25)

rl

57’,8 =

Taking a complex k-form &, since A¥ = @ A™* we can rewrite it as sum of
r+s=k
(r,s)-forms as:

fk = Z gr,s (226)

It is well known, in the case of real forms that a fundamental operation of them
is the exterior derivative d : AR® — AL, We can define an analogous operation
with the respect to the complex structure via using the Dolbeault operators
which are maps 0 : A™ — A™1% and 0 : A™* — A™*t! such that:

9,5 = (%gw> dz' A dM A dzY (2.27)
98, = (%gm) dz' A dM A dzY (2.28)

In a complex Manifold we can define then the exterior derivative as d : A™* —
A™15 such that d = 0 + 0 with 02 = 0% = 90 + 00 = 0. Via these definitions we
can call a form holomorphic (antiholomorphic) < it is an (r,0)-form ((0,s)-
form) and if and only if 9¢,0 = 0 (9&.s = 0) with &o,0 holomorphic 0-form which

is a function.

Now that we introduced Dolbeault operators it appears natural to define Dol-
beault cohomology classes as the de Rham cohomology ones with the respect to
the exterior derivative d. Defining the set of d-closed (r,s)-forms as Z7°(Ys) and
as E5°(Ys) the set of (r,s)-forms which are exact under 0. The Dolbeault coho-
mology group is then the quotient:

Hy*(Ys,C) = Z5°(Ye)/ E° (Ye) (2.29)
Where the elements are equivalence classes such that:

W] = {p € A (Y5)|9p = 0,w — p = Dx,x € A" (Ye)} (2.30)
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A crucial point is now to extend Hodge Theory to Complex forms by defining an
extension of Hodge star operator to them, we can define it as an isomorphism
*x o A™5(Ys) — A5(Ys) (where t = dim(Ys) = 6 such that it acts on basis

element following the rule:

*(d2 A N ANAZHN - N dET) ~ (2.31)
€y g A2 A N dZEE N dET N N dE™ (2.32)

up to a factor proportional to W\/Es)! where g is the determinant of the metric on
the manifold and € is the antisymmetric Levi-Civita symbol. This operator gives
a generalisation of the well known isomorphism present in the real cohomology
classes giving:

H"™(Yg,C) ~ H""7%(Y;, C) (2.33)
At this point we can define through these 2 star operators 2 very important
things:
e An inner product of 2 (r,s) forms w and & via (w,§) == [w A

e Two adjoint operators starting from the operators 9 and 0:

o A™% — ATTLS (2.34)

o A — AT (2.35)

whose definitions are in an even dimensional manifold (as in our case where
t=6) [34]:

o' = — % 0 (2.36)

Ot = — %« 0 (2.37)

From these last 2 definition it is possible to define then 2 different kind of Lapla-

clans:

Ng=00"+00 |, NAz=00"+ 00 (2.38)

and through them we can define a 0-harmonic form as an (r,s)-form w such that
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Apw = 0 (analogously a d-harmonic form), it can be written that w € Hy*(Y5)
(w € H;°(Ys)). In addition to this we can state a complexified version of the

Hodge Theorem stating that
HE* (Y5, C) = H (Y3, C) (2.39)

so closed but not exact forms are in 1:1 correspondance with harmonic ones. In
particular Hodge Theorem states that a general (r,s)-form w can be epressed in an
unique decomposition as:

w=0a+0d'8+7 (2.40)

where a € A™71(Yg), € A7 (Ys) and v € HZ®(Y5), so an arbitrary form can

be written as sum of exact (), coexact (9'3) and harmonic (7) forms.

Finally it is very important to highlight that the dimensions of Dolbeault coho-

mology groups are known as Hodge numbers:
hP(Ys) = dim(HP?(Yg)) (2.41)

and they give very important information about the topological characteristics of
a manifold. These that can be rearranged in a efficient way in the such called

Hodge Diamond:

hO’O
hl,O ho,l
h2’0 hl,l h0’2
h30 h*! b2 ho3 (2.42)
h3,1 h2’2 h1,3
h3’2 h2’3
h3’3

and due to the Hodge duality (2.33) we can see how h"™* = h*~"'=% on a manifold

of dimension t (for us again t=6).
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2.2.3 Holonomy

The last step towards defining Kahler and Calabi-Yau manifolds is the holonomy.
The concept of holonomy comes from the evolution of tangent vectors under par-
allel transport, in fact if we want to parallel transport a vector around a triangle
on a sphere we will see how its direction changes by a rotation of a certain angle.
The same idea happens on a manifold M of dimension ¢ > 2 where the tangent
vectors can rotate in more than one plane and can both remain in a subspace of
tangent space T'Yg or not. This gives us an intuitive idea of the symmetry of the

manifold.

We can define the Holonomy Group Hol,(V) at a point p € Y of a certain
connection V the set of transformations induced by parallel transport of tangent

vectors around closed loops ¢ C Yj such that at the ends ¢(0) = ¢(1) = p:
Hol, (V) ={G.: T,Ys — T,Ys} C GL(t,R) (2.43)

Roughly speaking, the holonomy group is the group of transformation that sends a

parallel transported tangent vector to its pre-parallel transport configuration.
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Py (V)

v

Figure 2.1: Intuitive idea of Holonomy Group on S2.

It can be shown that holonomy groups at different points of a connected manifold
are equal up to a general linear conjugation Hol,(V) = gHol,(V)g™' , with g €
GL(t,R) so, the holonomy of a connected manifold does not depend on the base

point.

In the cases we are going to study the connection is the Levi-Civita one compatible
with a Riemmaninan metric so the parallel transport leaves the lengths invariant
and, given Yg an orientable manifold of dimension ¢t = 6, then the Holonomy group,
called Riemannian Holonomy Group Hol(Y;s) will be SO(n) or a subgroup of it. If
Y5 is a simply connected Riemmanian manifold of dimension t then or Yj is a coset
space G/ H of Lie group G on Lie subgroup H C G, or the Berger Classification
of Holonomy groups holds [I0]. We are not interested in the whole classification, in
fact what we care about are the manifolds with Hol(Ys) = SU(3) C SO(6).
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2.2.4 Kahler manifolds

In the previous subsections we have given some general features of complex man-
ifolds and forms on them, however their properties are too general and poor to
match the one necessary for a model in the String Landscape so we need to restric

the set of Complex manifolds to Kahler one before and Calabi-Yau next.

First of all it is necessary to embed a metric in our construction, in particular we
want the metric to be Hermitian so a Rimannian metric g : TYs — TYs which
satisfies g(JX,JY) = ¢g(X,Y) and so that can be written in local coordinates
as

gupdz" @ dz" + gp,dz" @ dz¥ (2.44)

which is real and Hermitian, then, in local coordinates, ¢, = gz, and g, =
gaz = 0. Every complex manifold admits an Hermitian metric g which can be
constructed from a Riemannian Metric gy as g(X,Y) = go(X,Y) 4+ 9o(T X, TY),
so via equipping the manifold with such an Hermitian metric we can call it an
Hermitian Manifold. The metric is a fundamental characteristic in this case
because, owing to it, we can define the such called Kéahler form of an Hermitian
manifold as a 2-form:

J =igupdzt N dz” (2.45)

and if this Kahler form is closed < dJ = 0 the manifold is called a Kahler
manifold. We can even say, in holonomy language, that a Kahler manifold is a
manifold Y5 with Hol(Ys) = U(tc) with t¢ now complex dimension of the manifold
itself. The metric of such a manifold, called Kéhler metric, can be written locally
in terms of the such called Kahler Potential K:

gi; = 0;:0;K and J=1i00K (2.46)

since these last 2 definitions are invariant under the such called Kahler trans-
formations K — K' = K + f(2%) + f(Z"), in two intersecting open sets on which
we can attach local coordinates the metric is then the same and even and on
their intersection, while the Kéahler potential, in general defined only locally, is the

same up to a Kéhler transformation. From the metric the first idea is to define

67



CHAPTER 2. TYPE IIB STRING COMPACTIFICATIONS

Christoffel symbols on it, which, on a Kahler manifold, due to Hermiticity, are
non-vanishing if and only if:
I, = 9" 0.9us (2.47)

or
%5 = 9% Ongoo (2.48)

Leading to the only non vanishing, independent, components of Riemann ten-
sor:

RS, = —0,I", (2.49)

uvp T

From which we can define the Ricci tensor via contraction of first and second index

and then the Ricci Form:
R = iR, dz" N dz” (2.50)

which can be rewritten, by using I', = 0, In(g9) = R,z = —0p1'], = —050,In(g)
with g = det(g,5) as:
R = i001n(g) (2.51)

which leads us to show that dR = d*(d — 9)%In(g) = 0 and so the Ricci form is
closed but not exact since the determinant of the metric g is not a scalar.

The importance of Ricci form R comes from the fact that we can use it to define
the first Chern Class:

! [R] € H*(Ys,R) (2.52)

"o

which is a topological invariant and will give a necessary condition for defining a

C1

Calabi-Yau manifold in the next chapter.

We end up this chapter with a very important insight on Hodge theory in Kahler
manifolds: since we can check that the exterior derivative Laplacian satisfies
A = 2Ay5 = 2A4, we can see how given an (r,s)-form w which is Harmonic,
its complex conjugate is Harmonic too, so via isomorphism of Cohomology classes

and Harmonic forms we can see how:

TS = o (2.53)
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leading to an Hodge diamond which is vertically symmetric (this is for the case of

a 6 dimensional manifold):

h0,0
hl,O hl,O
h2,0 hl’l h?,()
K30 h2! h2! h30 (2.54)
h3,1 h2’2 h3,1
h3’2 h3’2
h3’3

and, in the end, just through these Hodge numbers we can define the Euler Char-

acteristic as:

(¥e) = S (1) e (2.55)

8

2.2.5 Calabi-Yau manifolds

The last Mathematical Step to understand the compactified manifolds in our mod-
els is now to define a special class of Kéhler manifolds: the Calabi-Yau k-folds.
We define a Calabi-Yau k-fold as a compact Kahler manifold Y of complex dimen-

sion k which satisfies the conditions:
e Admits a Kéhler metric with SU (k) holonomy;
e [t’s Ricci flat, so Admits a Kéhler metric with vanishing Ricci curvature;
e Has vanishing first Chern class ¢;(Y);

e Admits on it the existence a nowhere vanishing (k,0)-form €23 holomorphic

and harmonic.

In particular, we are interested in the case of Calabi-Yau 3-folds, so complex
Kéhler manifolds with SU(3) holonomy. The first two conditions are very in-
teresting since both of them give strong consequences when the model we build
features such a Calabi-Yau 3-folds, so it is worth to briefly review the consequences

of such 2 points.
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SU(3) holonomy

Following the idea of section where the gravitino’s transformation under
SUGRA is proportional to the covariant derivative of SUSY spinorial parameter
deXa = Vo€ then, to identify such a transformation which preserves the vacuum
invariance we need a covariantly constant 4D SUSY spinorial parameter which is a
non trivial requirement on a curved manifold but can be show to hold if and only
if SU(3) holonomy is present. As a consequence We expect that starting from a
4D N=1 Supersymmetric theory, generalising it to 10D and compactifying to a
4D Supersymmetric Effective Field Theory (E.F.T.) which has a compactification
manifold with SU(3) holonomy, we still have N=1 SUSY

N=1 SUSY IN 4D % N=4 SUSY IN 4D “"&™ N=1 SUSY in 4D (2.56)

Ricci flatness

Ricci Flatness appear to be fundamental since first of all is equivalent to SU (k)
holonomy, but, most importantly implies that einstein equations are solved without
sources Ryyy =0 VM, N =0,...,9. It has been shown by Yau’s Theorem [3§]
that if the first Chern class of a Kdhler manifold with J Kéhler form vanishes (in
the sense that is a trivial class, ¢; = [0]) than exist a Ricci flat metric on the
manifold with different Kahler form J’ but still in the same cohomology class of
J: J —J = da with « arbitrary form. This is called Calabi-Yau metric and its
unique but hard to find explicitly.

Given all these conditions it’s now useful to check how they simplify the Hodge
diamond shape. In fact, taking as an example a C.Y. 3-fold, from the last condition
we have a unique (3,0) form Q3 so h*? = h%? = 1. Tt can be shown that for n < 3
hOm = pmO = 0, that for a C.Y. 3-fold horizontal symmetry h'!' = h?? and
vertical symmetry (K&hler manifold condition) h™* = h®" hold. Finally, recalling
the Hodge duality condition h™® = h=""Swe get h®° = h33 = 1 and h'? = p2!
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giving us such a diamond depending only on A! and on hl?:

1
0 0
0 it 0
1 p2! S| (2.57)
0 ! 0
0 0
1

and giving us the expression for the Euler characteristics using ([2.55)):

x(CY3) = 2(h*' — 1) (2.58)

2.2.6 Moduli space of Calabi-Yau manifolds

Given a Calabi-Yau 3-fold, which is the manifold we will compactify the 6 extra
dimensions of our 10D Superstring theory, Yau’s theorem states that exist a unique
Ricci flat metric g;; such that Ris(g;;) = 0 given a certain Kéhler form J and
Complex Structure J. One can ask now if the metric can be deformed mantaining
its Ricci-Flatness (since this will lead to the presence of moduli) in the following
way:

Giyd2'dZ7 — gizd2'dZ + 89,32 A7 + §g;;d2 d2? (2.59)

we can show, through the Lichnerowicz equation, which is the Ricci Flatness equa-
tion R;; = 0 in a particular gauge, and using the Calabi-Yau conditions, that
the equations for the deformations dg;; and dg;; are decoupled and so indepen-
dent.

One can think that, due to the possibility of this deformation we have a contradic-
tion to the uniqueness of the metric proved in Yau’s theorem on our Calabi-Yau,
however this means in realty that this kind of deformation must be accom-
panied by a modification of the harmonic representative of the Kéahler form J and
of complex structure 7. They lead to two different kind of deformations and of

moduli:

71



CHAPTER 2. TYPE IIB STRING COMPACTIFICATIONS

e A deformation of the metric of the kind dg;; can be seen as a change of the

Kahler form representative:

where §J = idg;;dz' A dZ7 is an harmonic (1,1)-form and so a representative
of cohomology class 0J € Hé’l(Yﬁ, C).

Since the possibilities to choose this representative are one for each coho-
mology class then we have h'! independent deformations called Kihler
deformations which at least are h''' > 1 since we can always rescale the
metric making the Calabi-Yau smaller or larger without changing the shape
of it.

A deformation of the metric of the kind dg;; # 0 seems violate the Hermiticity
assumption but the concept of Hermitian metric depends strongly on the
initial complex structure J and so, pairing the deformation of the metric
with a change of the complex structure J — J + 0.7 we get the Hermiticity
again satisfied.

Using the (3,0)-form 3 we can define a (2,1)-form:

5X = QijodT2dz AN dz? N dZ™ = Qijobgpmg®tdzt AdZ? AdZT = (2.61)
= Qb 0gpmdz Ad A dZ™ € H* (Y5, C) (2.62)

which is associated with a deformation of the metric of kind dg;; and by
inverting we can write the deformation of the metric in terms of the (2,1)-
form’s one: dg; = —WQ?&XW with 603 = dx and with ||Qs]]*> =
36275 We can show that this kind of deformation is a bijection be-
tween linearly independent Dolbeault (2,1)-form cohomology classes and
independent (not related by reparametrizations) complex structure de-
formations. The number of these complex structure deformations can be
counted by the complexified vector space of 3-cycles dimension which is
dim H? = h30 4+ 12 4 2 4 p93 = 2h12 + 2. Two directions are the one of
Q3 and Q3 and since the change of one of these 2 is coupled with a change of

complex structure, we have h'? +1 — 1 = h'? possible changes (rotations)
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of Qg.

dim H?= % h*% h "3 h O3
vl
1

2,1
1 2h

Figure 2.2: A 3D Picture (in general much more dimension are present) from [30] of how
the moduli deformation is connected with a motion of J and Q3 in the spaces H2(Y,C)
and H3(Y,C) determining the metric on a Calabi-Yau.

In total then the geometric transformations of a Calabi-Yau 3-fold that preserve
the Calabi-Yau condition of Ricci flatness can be parametrised by hb! + 2h12
degrees of freedom which are our moduli. In addition to these geometric moduli
we can add moduli parametrised by p-forms which are, exactly as the geometric
ones, scalar fields in 4D. We will see that at tree level and at classical level, without
sources, background fields or fluxes all these fields are massless and this can bring

to some problems we can solve through their stabilisation.
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2.3 Orientifold projection

Before studying the properties of the moduli in full detail and how they enter our
String Landscape models, we need a brief study of how to include gauge group
and so Standard Model in String Compactifications and the strongly connected

concepts of Orientifold Projections and of Orientifold Planes.

We recall that Type IIB 10D Supergravity contains naturally k-forms with k even
and Dp-branes with p odd. Their presence gives a new way of constructing Stan-
dard Model as an Effective Field Theory and so even Spontaneous Symmetry
Breaking, since a Dp-brane stack represents a dynamical object with a certain
tension on which a Super Yang Mills (SYM) theory of dimension p+1 can live.
Since the total number of dimension is 10, we can have at maximum D9-branes
with 10D gauge fields and gauginos and we have the same number of supercharges
for all p. If instead p < 9 we will have one (p+1)D gauge field and 9-p scalars com-
pensating the missing bosonic degrees of freedom while the fermionic ones are filled
by lower dimensional spinors. One in principle can think that we can compactify
a Type IIB theory on a Calabi-Yau to obtain a 4D EFT and, after that, wrap any
desired number of D-brane stacks necessary to build the correct Standard Model
content. This is too easy to be true and in fact by implementing simply branes
wrapping cycles of our manifold, since the RR-charge and the tension the branes
carry, we get a non zero charge in compact space which is inconsistant and leads
to charge tadpoles (while the non-zero tension to gravitational ones).

The first idea to solve this problem is clearly through including an object with op-
posite charge like an antibrane however this will attract the D-brane and annhi-

late it, bringing an unstable and temporarily existance of the matter content.

The solution comes by implementing the such called orientifold planes or O-
planes which are objects with opposite RR-charge and tension with the respect to
D-branes but they don’t annihilate them and in addition to this they don’t break
additional Supersymmetry with the respect to the half broke by D-branes

N=2 SUSY in 10D = N=8 SUSY in 4D V-5 N=2 SUSY in 4D PPrenes and O-Planes N1 q{5qy in 4D

(2.63)
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In order to understand better how these O-planes appear it is necessary to study
the orientifold projection O which includes the worldsheet orientation reversal

Qus- The orientifold projections we are interested in are of the shape:
O = (-1)"Qu0 (2.64)

where F, left moving sector fermion number and ¢ involution changing the sign
of the €3 harmonic, holomorphic (3,0)-form as 023 = +23 since this will let us
preserve the correct amount of Supersymmetry and the involution in this case is

called holomorphic involution.

Then the o-planes sit at the singularities on fixed points, or loci, of the orientifold
projections which are points of 4-cycles in our 6D Calabi-Yau Ys. These configu-
rations of our Calabi-Yau, called orbifolds, in principle can have all the O-planes
with odd space dimension [ > 4 since on the other 4 dimensions O acts trivially;
however, depending on the eigenvalue of holomorphic involution we have different

o-planes:
o [f 023 = 423 we have O5-planes and O9-planes;
o [f 0Q)3 = —(23 we have O3-planes and O7-planes.

If we wish to preserve N=1 SUSY only one of the two must be chosen and we are
going to use O3/O7-planes since more interesting Phenomenologically as stated in
[30]. Finally, let us cite, without giving further details, that in principle orientifold
projection decomposes cohomology groups H'! = Hi’l @ H>' with the signs 7+
and 7-”7 determining the "parity” of the two-forms under orientifold projection.
Since the Hodge duality, we can identify a basis for the cohomology groups as a
basis of harmonic form which under orientifold projection separates into even and
odd eigenspace with dimension hil and h' respectively. However we will take,
without loss of generality A" = 0 = hL' = AL and T will refer A as h'? since

now on.
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2.4 Calabi-Yau moduli

In the following section we start to study the moduli of a Calabi-Yau Manifold
introducing their different kinds, which problem can lead their tree level massless

nature and, finally, discussing mechanisms to stabilise them.

2.4.1 Kahler and complex structure moduli

In order to start defining the fields arising now from the compactification we would
like to start a treatment of the moduli. We are going to rewrite everything in term
of the basis for the cohomology groups (harmonic forms).

For the sake of clarity we can divide the moduli in 2 classes:

e Rewriting in terms of the harmonic basis of the cohomology group
we obtain dg;; = —it'w;, by rewriting the Kahler form in terms of the basis
J = t'w;, w; such that i =1,..., k1. The coefficients t*(z) are scalar fields
called the Kahler moduli which are orientifold invariant and measure the

volume of the C.Y. 2-cycles;

e Rewriting instead (2.61)) in terms of H?(Yy, C) basis element we get 0gy =
— o5 2%(2) (Xa )iz 2FL. In this case the h1? scalar fields are called the Com-
[1$23]] o

plex Structure Moduli.

So the total geometric moduli space, as stated in previous subsection, can be
separated into the two independent parts correspondant to Kéhler moduli (K&hler
deformations) and Complex Structure Moduli (Complex Structure Deformations)
Myioduli = Mix X Mcs.. In addition to this geometric moduli we have to include
another modulus built up by the dilaton and the O-form Cj: the Axio-dilaton
S:Co+z'e_¢’:Co+gis

Moduli however are not the end of the story in String Compactifications, in fact,
the integration of p-forms which come from the closed string spectra over i =
dim(H,(Ys)) p-cycles Z; of the compact space naturally gives axions, pseudoscalar
fields enjoying shift symmetry. In our Type IIB case there are 3 forms suitable to

build such a shift symmetric fields:
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e NS-NS Sector Kalb-Ramond Field Bs: it will give raise to the axion

=5
e R-R Sector 2-form field C5: it will give raise to the axion

1
G=— [ Cy (2.66)

Oé/ Zé

e R-R Sector 4-form Field Cy: it will give raise to the axion

0; = /E Cy (2.67)

(@) Js;

which will be fundamental later on.

2.4.2 General 4D supergravity Kahler potential

We have now all the bricks to start building up models. In order to describe
a general model in 4D Supergravity language we need of course to write a La-
grangian:

L = K;3(9,X")(0"X7) + other fields (2.68)

where K;; = 0,0;K is the Kahler metric coming from the Kahler potential and X ‘
are the moduli, both Kahler, complex structure and axiodilaton ones. In order
to have the explicit Lagrangian then it is necessary to write the Kahler potential
and so we need to build it up from scratch with a term for each kind of modulus,

working as always in Planck units M, = 1.
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Kahler potential for Kahler moduli

Recalling the J = tiw; with ¢ = 1,...,h%! we can rewrite the volume of the

Calabi-Yau manifold as:
1 1 .
V= —/ JNJTNT = =kttt (2.69)
6 Jy, 6

where k;j; = er w; ANw;j A ws is called triple intersection number since naively
counts the points of intersection of the 4-Cycles which are Poincare dual to the
harmonic forms w; in the 6D manifold. Instead of using #* it is more useful to

change the Kahler moduli basis and use

_1/
=3 g

From a mathematical point of view choosing ¢’ or 7; has the deep meaning of choos-
ing an N=1 sub-algebra of the N=2 SUSY on the C.Y. Type IIB compactification
and we can in principle find a relation between the two: t* = t'(7y,...,741.1). We
are going to use the 7; moduli and we complexify them by adding :

1 :

%
4

1
E:Tj+i0j:>7j:§(7}+7}) (271)

so that the volume can be expressed in terms of a real function depending on this
new complexified moduli T; and T; as V = V(T},T;) so that we can finally write
the Type IIB Kéahler potential for the Kahler moduli as:

Ki = —2In(V) (2.72)

Kahler potential for complex structure moduli

In order to describe the complex structure moduli space Mg we start from an

easier example, the basis of H;(Rs) the homology group of Riemann Surface with

cycles Al, By, A%, B,.
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€=

iz
Y \

a

N

Figure 2.3: Picture of the representative of the 4 linearly independent homology classes
in Hy(Ry) witha~a = A',b= By,c= A?,d = Bs.

with intersection structure:

A AP =0 (2.73)
B, By =0 (2.74)
A% By =62 (2.75)

An analogous basis, called symplectic basis can be chosen for H; with such

intersection structure in the form wedge product formalism:

/ng/\w% =0 = —/w%/\w;4 (2.76)

In particular, in our case of complex Calabi-Yau 3-folds we choose a symplectic

basis and we define the periods, integrals of the 3-form €2 over 1-cycles, as:

za:/aQ (2.77)
Gy — /B Q (2.78)

The complex periods 2%, a = 0,...,h"? parametrize the position of the 3-form
Q) in the space H?(Ys) since one parameter can be set to z° = 1 by rescaling via
complex coefficients €2, which is then not a geometrical, and so physical, change.

Then h'? parameters only are left over.
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The remaining periods G, are z* dependent:
Gy =Gy(2",....2"") (2.79)

and their explicit form can be obtained by solving the Pichard-Fuchs equations

formulated from topological features of the Calabi-Yau.

We can combine these periods on a total period vector:
=2 ..,2"" Go(2),...,Gne(2)) (2.80)

and, by recalling the symplectic metric form:

0 T
Y= (-]1 0) (2.81)

we get the Kéahler potential for the complex structure moduli [30]:

Kcs = —ln(i/y QAQ) = —In(—ilI'SI) = —In(—i2%G,(2) + i2°Ga(2)) (2.82)

Kahler potential for the axio-dilaton

The non-geometric axio-dilaton modulus S = Cy+ie ¥ = Cy+ gis have a straight-

forward Kéhler potential instead given by:

Ks = —1In(—i(S - 3)) (2.83)

WIth all these 3 parts we have finally a full Type IIB Kahler Potential which is

quite general and so, for such a 4D Supergravity model:

K = Ki(T", T7) + Kcs.(2%, 2%) — In(—i(S — 5)) (2.84)
K = —2In(V) — In(i / Q5 A $Ty) — In(—i(S — 5)) (2.85)
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2.5 Moduli stabilisation

Moduli are crucial elements of Calabi-Yaus both because they appear naturally
as we saw before and because the dynamics of the moduli is crucial from a Cos-
mological point of view, in fact we can use them as inflaton to drive inflation.
Before doing so however, it is clear that a problem arises immediately: up to now,
just with a Kahler potential, moduli are flat direction of field space, they have
no potential at all. This can lead us to fifth forces which we do not experience
today, so to phenomenological inconsistencies. In order to have a proper model
which is consistent and viable for phenomenology we then need to find a ”source”
for the potential of them. The challenge of finding a potential for them such that
we can find vacua with all moduli having positive mass squared is called moduli

stabilisation.

2.5.1 Complex structure and axio-dilaton stabilisation

The idea is to consider now compactifications with non zero components of RR
and NS gauge field strength F; = dC5 and H; = dB,, with metric which is
a warped solution. These kind of compactifications feature a 3-form defined as
G5 = Fy — SHj3 which is imaginary self-dual (ISD) x¢G3 = iG3 and, since this,
they are called ISD Compactifications. The presence of such field strengths
different from zero induces us to turn on fluxes which means to choose 2 integers

n € Z and m € Z such that a flux quantisation like the one in Electromagnetism

1 1
/F3 =2mn /H3 = 2mm (2.86)

2ma! 2o

takes place:

The importance of these fluxes is fundamental, in fact we can easily see even from
a basic example as in [30] how the fluxes prevent cycles from shrinking and in
particular, with various fluxes on various cycles, their presence tends to stabilise
the shape of the manifold. It can be now intuitively appear in our mind that,
since the complex structure moduli govern the ratios of 3-cycle volumes and the
3-form fluxes stabilise these volumes, the fluxes will stabilise our complex structure
moduli giving them mass. Since there is no possibility to generate a scalar potential

through Kahler one, this means that fluxes induce a non-zero superpotential W)
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depending on SUGRA models moduli which lead the number of possible models

suitable for the landscape to grow exponentially.

This Superpotential is called Gukov-Vafa-Witten Superpotential [29] and it
has been postulated and Mathematically justified for M-Theory on CY 4-folds,
but in our Type IIB case it has been derived from 4D N=1 SUGRA and from 10D
theory too, with the shape [27]:

WGVW = W() = / G3 N Qg (287)

Ys

Through the usual formula for the scalar potential:
V = K (KT(DW)(D;W) + K®(D,W)(DyW) — 3|W[?) (2.88)

where D; = 0;,+ K; covariant derivative and the index i goes through all the Kahler
moduli i = 1,..., Y while the index a =0, ..., h"? goes through complex struc-
ture moduli and axio-dilaton, in fact we call since now on 2% = {S, 2!, ... ,th’l}.
In addition to this we reabsorb the axio-dilaton term of Kahler potential into the

complex structure part of it Kqs = Kcs + Kg. Since W, is dependent on 2z
(with S included) Wy = Wy(S, 2°), by using the F-term conditions for SUSY

b
D,W =0 for a:1,...,§3 (2.89)
with b3 = dim(Hs(Ys)) = dim(H?(Yg)) = >, 5 h"° = 2+ 2h"? Betti Number,
we get that both the h'? complex structure moduli and the Axio-dilaton are

stabilised and so we can integrate them out the Potential at the price of an

K
€c.s.9s

-== which for now we are going to set S = 1.

overall factor § =

2.5.2 Kahler moduli stabilisation

One now can ask if Gukov-Vafa-Witten Potential is enough to stabilise even Kahler
moduli, the answer unluckily appears to be no. One in principle can think that,

once integrating out z%, the remaining potential, depending only on 7', T can be
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different from 0 since
V =" (KYD;WD;W — |W|?) (2.90)

however a strange but fundamental phenomenon appears due to the shape of the
Kihler potential for the Kahler moduli Kx = —In(V?). In fact, since V? is usually
an homogeneous function of degree 3 of T;, it appears the such called no-scale
structure. As shown by computation in [B] the no-scale structure means that
the Kihler Moduli have no potential at all V = V(T,T) = 0 if the V? is an
homogeneous function of degree 3. This name comes from the fact that SUSY is

broken at an unknown scale, in fact:

. n T +T)> -3 _
DW= KRy — (¢ — | Wo=—(T+T)W#0 (291
T 5 ) 0 (T+T)W # (2.91)
but Agpsy = ms = eX W, is not fixed since Kahler potential is depending on T
which is not stabilised. In order to resume, giving the 10D geometry of a C.Y.
we can see how Complex Structure Moduli and Axio-Dilaton are stabilised, while
Kéhler Moduli, axions (and brane position moduli we have not discussed here) are

flat directions in field space.

Given these unstabilised Kahler moduli, a legit doubt is how to avoid the problem
of having unobserved fifth forces due to them. Luckily, the presence of quantum
corrections is well known and breaks the no-scale structure. These effects are
of 2 kinds: perturbative and non-perturbative, the perturbative ones can’t affect
Superpotential for the Renormalisation theorem so, calling the previously written
Kahler potential as K — Kj:

{ o (2.92)

W =Wy + W,

Perturbative corrections

Perturbative corrections arise in 2 different way both from o’® expansion of the

action and from the g, expansion, called string loop expansion: K, = 0K +
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0K,4s. We are going to analyze both of them since these are included in our model

in the next chapter.

e (a/)® correction: These corrections descend from the 10D action as the

quartic invariant part, which is part of the classical 10D SUGRA theory and
appear as four-loop correction to the worldsheet o-model S-function, not as

loop correction in the 10D spacetime:

M? ¢(3) 1
SGrav = [ dXV-G |—R — R+ 2.93
¢ / { SN VT (2.93)
with R* quartic invariant computed from the Riemann tensor, {(3) = 1.202
Apéry’s constant and M is the mass of Type IIB String First Excited Level.
In the 4D theory this correction appears in the Kahler potential as:

v+i] R IAE) (294

K=-2In
293/2

with x(Ys) Euler Characteristic of the C.Y. 3-fold Ys. By the computations
present in [Bl we can easily see how this kind of perturbative correction spoils
the no scale structure of the potential giving a contribute (by recalling é =
gg%) of:

3¢ Wo
5‘/(0/)3 ~ ZW

A very important features of such corrections is that they break Supersym-

£0& 40 (2.95)

metry of vacuum when implemented.

gs correction: these are perturbative corrections from loop effects in space-
time so from higher genus worldsheets and again, as the previous ones, they
will spoil the no-scale structure. These corrections have been explicitly com-
puted in toroidal orientifolds only [7]/[8], like T°(Zy x Z5) while conjectured
in Calabi-Yau ones [9]. In both the cases the Kéhler potential correction

takes the composite form:

0Ky = 0K 5" + 0K,Y (2.96)
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where the two kinds of correction come from different sources, in fact 6 K gIEK
comes from the exchange of Kaluza-Klein modes (closed strings with K.K.
momentum) between D7-branes and D3-branes or their correspondent O3/07-
planes needed for tadpole cancellation. On the other hand 5Kg\§ originates
by the exchange of winding strings (closed strings with winding number)
between intersecting stacks of D7-branes (and even OT7-planes). These two

terms assume the form:

1 < EXK(2, )

SKRE = — 2.
8 1287% < Re(S)T; (2.97)
3 _
1 EV(2,2)
SKY = — LT 2.98
8" 12872 Z TiTh |k ( )

=1

where 7; are the Kihler moduli wrapped by i-th D7-brane and EX¥(z, 2)
and EV(z,z) are general functions of the complex structure moduli with
complicated form. However, as we can easily notice, the dependence on

Kéahler moduli is almost trivial.

If we would like to generalise the results to a general Calabi-Yau we need to

take the conjectured results:

Pt

SKEK ~ ZqKKgS%) (2.99)
1

SKN ~Y ¢V I (2.100)

where CEE CW functions of complex structure moduli and axio-dilaton while
functions P*(¢#/) and G*(#’) are linear in 2-cycle volume moduli # (in general
that could be even homogeneous function of degree 1 in #7).

It can be proven that, since 6 K" homogeneous function of degree -2 in #/
then we can see an extended no-scale structure on the correction of the
scalar potential 5Vg§K. This means that, even if in SUGRA approximation
t; >> 1 where 5Kg§K ~ ZZ% > 0K (a3 ~ ‘% so it seems that string loop
correction can change strongly the vacuum structure, these terms remain
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subdominant in comparison with the (a/)? corrections due to the cancellation
of some terms as showed in [Bl By using the linearity of the two functions
Pi(t7) and G'(#) we can find that these kind of corrections to scalar potential

0Vgs can be written as:

. |WO|20100p 1 Vl/g T; ~ |W0|26100p 1
5Vgs o V3 V1i/3 \/7?2 +0 Vl/s + O<1) - V3 \/;z
(2.101)

where cjop = O or (gsCF¥)? depending on where does these loop correction

come from. This conjecture seems a little bit like a random guess, instead
[T7] showed how this result for the potential can match the field theoretical

one-loop Coleman-Weinberg potential

pew o ! A%STr(M?) (2.102)

1—loop — 1672

with STr(M?) = Y ,(—=1)%i(2j; + 1)m? supertrace in terms of particle with
spin j; and mass eigenvalues m; and A EFT Cutoff which can be seen as the
mass of K.K. replicas of open string modes on D7-branes wrapped around
different 4-cycles so it depends on the C.Y. structure. For the Calabi Yau
we are going to use into Loop Blow-Up Inflation STr(M?) ~ m3 , ~ Vg—;? and

1 s 1
A; ~ 17i 5 B1VING US Cloop ~ g
1

Non-perturbative corrections

As previously stated, due to the non renormalisation theorem, the superpoten-
tial receives no (a’)® (due to axionic shift symmetry on imaginary part of Kahler
moduli) nor gy corrections [I3] but it can receive Non-perturbative ones and we
are going to consider only the one on Superpotential: W = W, + W,,. These
non-perturbative contributions usually arise because of 2 phenomena: Gaugino
Condensation and E3-Brane Instantons and we are going to give a phenomenolog-

ical description and the explicit expression for both of the corrections.

¢ Gaugino condensation: We now consider a compactification with a stack
of N spacetime filling D7-Branes wrapping a 4-cycle ¥4. Writing down the
action of the D7-branes we get a theory including a Yang-Mills piece with a
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4D gauge field A,,. Given some topological conditions on the 4-cycles, in par-
ticular >4 has to be rigid such that no deformations can exists so no charged
matter fields, we get that the 4D EFT obtained upon dimensional reduction
is a pure N = 1 Super Yang-Mills with a non-perturbative potential at low

energy of:
Wop = Ae™ (2.103)

where a = 3%, A = A(2%, p*) ~ M} with p® = brane position and 7' Kéahler
modulus whose real part measures the volume of >4. In general, if more than

one brane stack is present or some of these wraps more than one cycle then:
1nst ZA € il (2104)

with 4 labelling the wrapped cycles = i < hb!.

e ED3-brane instantons: If ¥, instead is wrapped by Euclidean D3-
branes, called ED3-brane instantons, which are instantonic contributions
to the path integral with an action which is Euclidean and with Re(Sinst) o
Vs

Chern-Simons action. In this case the Superpotential can be written as (in

where ¥, 1 (p+1)-cycle wrapped by the E3-brane and Im(Sinst) o< Sc.s.

p+1

the general case with more than one cycle wrapped):

np - WE3 Z A € ~ati (2105>

Where a; = 27 and, again, A = A(2¢, p%) ~ M} with p® = brane position.
Again in this case, a rigid cycle guarantees a non-vanishing superpotential
contribution and, when fluxes are added, such a sufficient condition can be

even relaxed a little bit.

In Principle there can exist even non-perturbative corrections to the Kéahler po-
tential but these corrections are negligible with the respect to perturbative ones,

so we will not study them.
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2.5.3 The KKLT proposal

The KKLT proposal (from Shamit Kachru, Renata Kallosh, Andrei Linde, Sandip
P. Trivedi) is a method we can use to stabilise Kédhler moduli through non pertur-
bative corrections.

We start focusing on the simplest case of h'"! = 1 so of a single Kahler modulus.
Considering the complex structure moduli and the Axio-dilaton as integrated out

using Gukov-Vafa-Witten Superpotential if the model features
K=-3n(T+T) and W =W, = const (2.106)

then we have the no-scale cancellation V' = 0 and SUSY at energy scale mgz/, =
K
ez Wy.

As previously stated, there are different Quantum corrections that can lift the flat
direction of the potential V and so breaking the no-scale structure, in our case we
will use the non-perturbative corrections to the Superpotential, leaving us with

the following quantities:
K=-3n(T+T) and W =W+ Ae " (2.107)

where we will not specify a since we want to mantain a general case instead of
chosing just or gaugino condensation or instanton corrections. The scalar potential,
after stabilising and so integrating out 6; as done in [C] reads as:

V=V(r) (2.108)

_ gseffes. W2 8a?|APPr%e™"  da|A|Te
8 ° 3| W |2V Wy V2
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» T

*— AdS minimum

Figure 2.4: Qualitative Picture of The Scalar Potential with an Anti-de Sitter Minimum.

As shown in the minimum is at negative values of the potential and it can
be proven that this minimum is at a SUSY point where F-term vanishes and so
DW = 0:

i(WO + AT =0&
T
(2.109)

2
S Wy=—(1+ gm)Ae*“T (2.110)

leading us to the fact that W, € R<° which is a simple consequence that, deriving

DW = 0r(Ae ") + Kp(Wy + Ae™ ") = —aAe™ T —

th potential we assumed the axion 6; to be stabilised at #; = 0. If instead we
considered during the stabilisation process of the axion Wy = |[Wy|e®? € C as well
as A = |Ale”” € C with ¢ = arg(W),0 = arg(A) phases, than the minimum of
¢ would have been in 0|, = 0 — ¢ + (2k + 1)m, k € Z. However this is not
crucial for us, instead, what is really crucial is the fact that W, is exponentially
small such that 7 ~ R4Y6 >> 1 and this can be done easily just by fine tuning the

fluxes in the landscape.

2.5.4 The Large Volume Scenario

An alternative mechanism to the previously studied KKLT proposal is the Large
Volume Scenario or LVS, in which we stabilise the Kahler Moduli not only via

Superpotential non-perturbative corrections but also balancing them through the
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(/)3 Kahler Potential ones (leading then to a non-supersymmetric vacuum). Through
them we can stabilise the overall volume V at large values such that all the per-

turbative corrections are subleading in ) to the non-perturbative ones.

The combination of perturbative and non-perturbative effects give a contribution

for the scalar potential of:

V = Vip + Viarys = e (K7 (a;Aja; e Tt T — g, Ae” T Wa T+ (2.111)

- 7 3 W¢
+ a; e WO K) + ~62) (2.112)

4>y
where i # 1, since we changed the moduli basis substituting one modulus with
the volume {1,..., 71} = {V,..., 71}, When volume is large, perturbative
(a’)? term (2.95) dominates over all the other terms and this can happen if one
or more cycles are smaller than the largest one. The main idea is to use one
small cycle, stabilised by non-perturbative corrections and with that stabilise the
volume. In order to do so we take the limit, denoting the small 4-cycle volume as

Ts = %(TS + Ty):

YV — o0, with as7s =In(V) (2.113)

—asTs ~

and along this ray then e % so we have all the terms of the scalar potential
at the same order. To be complete, in order to do so and contemporarily drive
inflation, it is clearly necessary, for an inflationary model, to take a class of Calabi-
Yaus with A% > 3, one which parametrises the volume, one small cycle needed to
stabilise the first modulus and one inflationary cycle volume as we will see soon.
The effect of the (a/)® correction on the scalar potential, as seen from is
then strongly dependent on the sign of é and so on the Euler Characteristic of the
Calabi-Yau. In our tractation we are going to take x(Ys) < 0 = € > 0 giving
us a potential which approaches zero from below in large volume limit and along
the direction . Clearly before assuming that this configuration is suitable
for inflationary scenarios, we need to argue the existance of a minimum. We need

then 2 things:

e The potential at small V is positive such that V on the ray of field space

(2.113]) is minimised to a certain point Vpy,;
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e The potential at V,,;, must not decrease on the hi’l — 1 directions normal to

E13).

Intuitively we can give a non-rigorous set of conditions for having a AdS SU-SY

minimum at exponentially large values for V:

e At small volume the (o’)® perturbative term (B.16]) in V is dominant at small

volume so makes the potential positive for small V;

e If the non-perturbative V-leading terms in V are positive and W = W (T?),
a € H"(Y;)/V then, in all the other h'' —1 directions orthogonal to (2.113)),

potential increases.

These conditions can be made more rigorous by the use of Topology arguments.
We can state then that a general Calabi-Yau Yy manifold respecting such necessary

and sufficient conditions:

1) x(Ys) <0=£€>0o0r A% > hb! > 1 (for driving inflation > 2) so potential

goes to zero from below at infinity;

2) It has hy1 = N, + N, 4-Cycles where Ny, N represent the number of ”big”
(ij jgucs oo) and "small” cycles, at least one of the N cycles 3; must be
a rigid exceptional divisorﬂ which arises from the Blow-Up of a Point-Like
Singularity in the sense that it arises by replacing (and so smoothing) such a
singularity in the Calabi-Yau with the previously cited divisor. Such a cycle
must be necessarily wrapped by a sector undergoing gaugino condensation

or wrapped by instanton in 0-flux case;

3) The 4-cycle volume corresponding to such a del Pezzo divisor and the other
Ny — 1 blow-up modes are stabilised small (M < 77 <V with j =1,..., Ng
both by non-perturbative and (a')? corrections stabilising even V ~ e~k
Vkel,...,Ng;

'Rigid means h%1(%;) = h%2(%;) = h%3(%;) = 0, Exceptional Divisor means ¥; = P? = dP,
or in general ¥; = dP, del Pezzo Divisor with degree d = 9 — n and h*!'(dP,) = 1 +n which
is a divisor defined from blowing up (making smooth) 0 < n < 8 singularities in dPy = P? and
satisfying er Y2 = K > 0, er D?D0 Vk # i.
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4) All the other 4-cycles N, — 1 which are fibrations can’t be stabilised small
even if they have non-perturbative corrections since they are large. They can
be stabilised neglecting these kind of non-perturbative effects and by taking

into account string loop corrections.

can feature a scalar potential V admitting a set L of AdS Non-Supersymmetric

minima at exponentially large volume, in particular:
e If hy; =h" = Ny+ 1 then L ={p € F | punique point in field space F}

o If hl,l =hpbt > NS + 1 then
L={o; i=1,...,h1(Ys) — Ny — 1 | o, flat directions of field space F}

The proof of this statement can be found at [16]. We conclude this subsection
by explicitly express another difference with KKLT approach (in addition to the
non-supersymmetric vacuum owing to the (a/)? corrections): we have no need to

set Wy exponentially small for the model consistency.

2.5.5 Anti-D3 brane uplift

In the previous subsections we have discovered a landscape of SUSY and Non-
SUSY vacua which have negative vacuum energy, so negative cosmological con-
stant, this landscape is called SUSY /SEFSY AdS vacua landscape. However,
in order to obtain phenomenological matching with the known universe we need
models that have a Minkowski or slightly De Sitter vacuum and this can be obtain
via various uplifting techniques. In this subsection we are going to inspect one of

the possible approaches which is the Anti-D3 brane uplift.

Let us now inspect the case of SUSY vacua (KKLT like) for simplicity. In the
previous subchapter we saw how the need of a Orientifold projection like the
O3-plane one is fundamental in order to cancel charge and gravitational tadpoles
and breaks SUSY to N = 1 one. Given now this configuration on a Calabi-Yau
we can substitute some of the D3-branes with 3-form fluxes since the latter has
a Chern-Simons term which reproduce the same tadpole of D3-brane. In doing
so we jumped to the world of flux compactifications in N = 1 SUSY setting
with O3-Planes, D3-branes and fluxes which coherently break the previous N = 2
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SUSY of the Compactified Type IIB String Theory. However, our actual Standard
Model features no SUSY so we need to break the remnant SUSY in order to get
a phenomenologically viable model. One can think that a solution is by adding
an anti-D3-brane to the previous configuration, however this element will attract
a D3-brane and annihilate it releasing energy.

An alternative could be to completely replace D3-branes by fluxes and after this
add anti-D3-branes in order to have an uplifting of the potential which lasts long
enough; this seems a nice solution but the uplift will be too strong and it will
destroy completely the shape of the potential, in such a way that even if the
minimum is dS, it will be unstable.

The solution in the end has been given by [27] and it consist of using a CY
orientifold which is equipped with 3-form fluxes modeling it with a throat, making

the metric warped:

ds® = QO (y)ndatda” + gomn(y)dy™dy" (2.114)
where z#, p = 0,...,3 4D spacetime coordinates, 7,,, flat metric for the 4D
spacetime, y™, m = 1,...,6 coordinates of the 6D Calabi-Yau manifold and,

finally g, (y) metric for the 6D Calabi-Yau manifold. Even if the topological
characteristics of this space are product type R* x Y; we have that the metric
has not, as we saw, a product structure, even if this holds however, the prefactor
of 6D compact part of the manifold we have contains no dependence on the 4D
coordinates, so we can easily understand how Poincare invariance is not broken.

We call the prefactor Q(y) as the warp factor.

As we previously anticipated the 6D compact manifold features a strongly warped
region, very usual in the Calabi-Yaus, which is called Klebanov-Strassler throat
and we can find that these compact throated 6D manifolds are not properly a
Calabi-Yau, instead are conformally Calabi-Yaus, in the sense that a change by
the conformal factor (which is the warp factor) of the metric does not change the

Physical outcome of the theory:

G (Y) = Q2 Gonn () (2.115)
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The warping, which seems just a Geometrial feature, in realty hides crucial physical
consequencies like the energy effect of the anti-D3-brane (D3 —brane) in the C.Y.
In fact, since this geometrical shape, the brane is pulled to the throat where (2 << 1
and so the warping is strong and from the point of view of the unwarped part of
the C.Y. its energy content is strongly "redshifted”, leading to an uplift (in string
units) of:

Qy x O(1) (2.116)
where, from [27]:

27n

Qap ~ e 3mys (2117)

with n,m € Z coming from (2.86|) for the 3-fluxes in the throat.

NS Fluxes

Wrapped D7 Brane

RR Fluxes

Anti D3 Branes

Figure 2.5: Klebanov-Strassler Throat with anti-D3-brane sitting on its tip.

We can prove that the metastability of the uplifted configuration is plausible in the
case of no flux backreaction, so we will assume it as a starting point for the SUSY
breaking and we want to estimate the magnitude of this latter. Using arguments

of dimensional analysis and of physical quantities ratios in different frames [30] it

94



2.5. MODULI STABILISATION

can be proven that naively, the warping suppression is of the order of {2y;7 which
leads to a potential term (where we need to multiply by eX) of:

Q4 Q4
Vip(T) = cupT—y ~ cupVT“/g (2.118)

with ¢, = const ~ O(1) and 7 =~ V?/3 in the case of single modulus, with such
a scaling the local AdS minimum present in a configuration like KKLT (or LVS)
one can become Minkowski or de Sitter (dS) remaining metastable.

In order to conclude in a complete way, every general uplift mechanism, as stated

in [23] gives a scalar potential term scaling as:
Vip ~ o2 (2.119)

but in general % <a<2.
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Chapter 3
Loop Blow-Up Inflation

In this chapter we are going to use all the background we studied in the previous
pages in order to finally build some explicit models of inflation working with a
peculiar classes of Calabi-Yaus called Swiss-Cheese Calabi-Yau Manifolds.

Such manifolds are manifolds where the overall volume can be written in the

form:

V=an"? — pam () (3.1)
where o > 0 and p(3/2)(7;7) is an homogeneous polynomial of degree % in
72, r=1,..., N,. In particular we are going to work with subset of such mani-

folds in which divisors X! are not only del Pezzo but diagonal del PezzoE]. These

subclass of models feature a volume Mathematically written then as:

Ns
V=« <T§/2 — Z )\,«(TTS>3/2> (3.2)
r=1

with o and A, topological parameters (in particular they represents ratios of in-

tersection numbers [2]).

!Their intersection numbers satisfy kuikyi; = kusky; so that it is possible to find a basis of
coordinate divisors such that the volume of each 4-cycle is a complete square: 7; = %kijﬂ'] o
f’fm kjtith = é(kiijtjf and so the 4-cycle which is a diagonal del Pezzo ddP, has a volume
Taqp entering the overall one V just as a pure power, without any mixing with other 4-cycle

volumes.
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Now we can easily understand why these manifolds have such a name, in fact their
volume shape is made in such a way that 7, is like the overall ”full” cheese volume

and 7, like small holes on this Swiss-cheese.

QQ
. O

Figure 3.1: Pictorial Representation of a Swiss-Cheese Model Calabi-Yau with 1 big
cycle 7, and 3 small cycles.

First, we give some insights of the baseline model developed by J. Conlon and F.
Quevedo which we shall call Non-perturbative Blow-Up Inflation [23]. Then
we enrich it with string loop (gs) corrections to develop the model in which we are

going to work during the last chapter: Loop Blow-Up inflation [2].

3.1 Non-perturbative blow-up inflation

The first Kahler moduli inflationary model is called Blow-Up Inflation and it needs
a Calabi-Yau with h%! > h! > 2 and features a structure of the scalar potential
with exponentially large volume compactifications. At least one Kahler Modulus
will be stabilised non-perturbatively and it is a diagonal del Pezzo. Such a model
evades even the n problem and matches, upon right fine tuning of the volume,
PLANCK measurements on density perturbations. We are going to analize it

before in a simple case with the minimum of h'! = 3, then in the general case of
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n > 3 Kahler moduli.

3.1.1 Ab! =3 case

We start by considering 3 Kahler moduli case, with one big cycle whose volume is
fixed by the vacuum expectation value of 7, and 2 small ones whose volume will

work as inflationary 7, and small overall volume-fixing cycle 7.

stabilized
volume cycle

B inflationary
blow-up cycle

e =

stabilized
blow-up cycle

Figure 3.2: Pictorial Representation of a Swiss-Cheese Model Calabi-Yau with 1 big
cycle 7, and 2 small blow ups, with one inflationary cycle 74.

We will wrap the two small cycles with brane stacks going under gaugino conden-
sation or by instantons so the model features, after fixing the complex structure
moduli and the axio-dilaton at their vacuum expectation value, a Kahler potential

and a Superpotential of the shape:

K=-2In (V + g) (3.3)

W =W, + A¢6_“¢T4’ + Age%Ts (3.4)
The overall volume is of the Swiss-Cheese form as:
Y = Ts/z — )\¢7'¢3:/2 — )\57'53/2 (3.5)

where A\, \; topological constants depending on intersection numbers of the cor-
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respondent cycles. Starting from This, the inverse Kahler Metric looks like:

,7_2
4Tb 47’[,7’;@2 4’7’1,)\S
—1\i7 8. /ToT
(K7~ | dnry 2550 4l | (3.6)
3/2
dmp s ATpAs 8@?

and then we can compute the scalar potential (after neglecting subleading term
and after substituting in the moduli base the big cycle volume with the overall

volume {7, 7y, s} — {V, Ty, 75 }):

K 242 —2a.T. _
_ gse CSW2 8aiAZ \/Tse “%™  AdagAg T

V(V, 7, Ts, 04, 05) = . 0<W02)\ v + We )2 cos(asbs)

8a2 A? \/7'_6*2“@5“15 da. A —agTy 3€
6% /o agAy Toe 3
+ W, Y + W 2 cos(agby) + e

(3.7)

and, after stabilising the axions 4 and 6;:

Kes 2 A2 —2asTs —QasTs
gs€ o [ 8asAZ \/Tse 4a A 1€
VIV,7o,7) =5 —Wo (W&As v W, 2

Bag A Tge "™ dagAgToe T 3¢
Wiks Y Wo V2 43

(3.8)

+

Now, if we would like to stabilise the volume we need to find the minimum of
the potential via partial derivatives. This minimum is clearly non-Supersymmetric

since we are working in LVS scenario and in particular with (a/)? corrections:

1%
5 =0 (3.9)
1%

_ 1
5. =0 (3.10)

Leading us to the stabilisation of V:

_ 3aA Wy (1 — auTy)

Y 2 AsTs
asAs (1 — 4(1375)\/Fe

(3.11)
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which, by plugging it in (3.9)), gives us:

é 2/3 ¢ 2/3
<Ts>2<2—AS> 2(?) (3.12)

(V) ~ e(gzs) (3.13)

and so:

which means that in the perturbative regime of the theory the overall Calabi-Yau
volume is fixed at exponentially large value g < 1 = V > 1. By plugging the
vacuum expectation values of the volume and of 75 in the potential, by minimising

it with the respect to 74 and plugging again this other value, it is possible to show

that [23]:
_-3W2 ARV I s &
(V) = o) <<a§/2 + az/g) (In(V)) 2) <0 (3.14)

so the minumum is AdS for exponentially large values of the volume.

In order to go to the inflationary regime we need to set the value of 7, > 1 so
that we are in the plateu of the potential. In such a regime, after stabilising all
the other moduli, the double exponential is suppressed and so the only remaining
part is:

16a,A
1 (1 10 e

0

with Vp = 33/82 ¢ — const.
Next step is clearly to write the potential in the canonically normalised version
and, in order to do this we first need to compute the canonical normalisation. We

can do so in 2 different ways, by solving the differential equation:
0,00" ¢ = K 450, 750" 74 (3.16)

or finding the mass matrix eigenvectors (which is completely equivalent) as done in
[D] with the difference that what has been computed in [D]is a pure linear-algebraic
result, so in the case of the inflaton its power scale is different due to the need

of integration owing to the 74 dependence of K4,. The canonical normalisation
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which comes out from this equation (|3.16]) is:

4)\ 3/4

3.17
O=1\3y7 (3.17)
with mass Woln(V)
oin

~—— 3.18
Mg v (3.18)

and which leads to a canonically normalised potential of the shape:

16a,A 3V 2/3 _a¢(ﬂ)2/3¢4/3
‘/can.inf, = ‘/0 1—- —d)A(;ﬁ (_> ¢4/3V€ Do (319)
Wos  \4Xs

close to textbook potential V' = V(1 —e™7).

Vinf

0.03 0.04 ?

~1.x10710

—2.x10710 |

—3.x10710 |

—4.x10710 |

5.x10710 |

-10 [

-6.x10

Figure 3.3: Picture of canonically normalised inflaton potential setting agy = Ay = Ay =
Wy = é =1 and V = 10° with AdS minimum.

3.1.2 General case

We now give some details on the general case of Blow-Up inflation where Al =
n > 3 following the original paper [23]. We will notice how physics doesn’t change
so much from the h''' = 3 case. The Calabi-Yau Swiss-Cheese model volume reads

as:

n

3/2 Z)\ 3/2 \/_ (Tb+Tb)3/2 Z)\l(ﬂ—i_i)g/Q (320)

=2
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with 7, big cycle volume controlling the overall volume, 7, ..., 7, n-1 small blow-
up cycles (diagonal del Pezzo divisors) volumes and \; = const > 0 topological
constant. Again the dilaton and the complex structure moduli are stabilised via
Gukov-Vafa-Witten Potential due to fluxes and the blow-up cycles through non-
perturbative corrections so the superpotential and the Kéhler potential (featuring
(a/)® corrections) are written as a generalisation of (3.3)), as:

K =Kcg —2In (T;”/Q = AT+ g) (3.21)
=2

Working in LVS scenario we need £ > 0 = x(Yg) < 0 = A%' > kY. The

scalar potential will read then as:

N _ a _ 3EW2
V = eK(K”&-W(?]—W + KY((K;)W)o;W + h.e.) + EV?’O (3.22)
where: g
Kij ~ \/7726” + O(Tﬂ'j) S R(hl’l_b(hl’l_l) (323)

3\
The inverse Kahler metric satisfies, up to subleading terms in V KYK; = 27;, by
plugging so in ((3.22)) we get at leading order:

hl’l hl,l ~
S(GZAZ)g\/?Z QT 4CL7;AZ‘WOTZ' L 3€W02
= — Y T — e 4T 24
1% 22 T 22 e T (3.24)

Such that at large 7; the exponentials get suppressed and so potential for such a
modulus features a plateau. By extremising in a generalisation of what done in

we can get, at fixed V:

3)\1W0 (1 — Clﬂ'l')

A)e T — : 2
(a’l ’L)e v 1 _ 40[@'7—1' \/Fl (3 5)
Taking large volume limit then a;7; ~ In(V) > 1 then
3AW
(aid)e ™ = =252 VR (3.26)

103



CHAPTER 3. LOOP BLOW-UP INFLATION

which, plugged inside ([3.24)), after stabilised all the Fields, it gives:

3WE ([ A\ ¢
(5 (3) )

=2 [

whose vacuum expectation value can be in general, after stabilising even the overall
volume, negative, so an uplift term like the anti-D3-brane one is needed again like

shown in At = 3 case.

Now, to obtain inflation we pick one of the blow-up cycle volumes 7,, and displace

far from its minimum. Doing so, considering the potential for the overall volume

(13.27) it becomes:
_ 3R nz_l M) €Y Ly, (3.28)
- 2y3 2?2 u '

=2 [

Doing so we neglected the inflaton contribute in order to have the volume modulus
stable during inflation, in the sense that the evolution of the volume modulus must

not depend on the inflaton roll-down, so we clearly need:

An
3/2

pim = 1 (3.29)
2 im af?)\}z

So, at least there are needed 3 moduli = h'' > 3 so the conditions for a stable
volume at exponentially large values and for having a minimum can be resumed

in the previously seen h'? > hbl > 2.

When we drag the inflaton far from its minimum we get that, considering only
the terms of the potential depending on it, the second order exponential term is
negligible leading to a Scalar Potential which is exactly (and if inflaton
canonically normalised) just with 7,, = 7,. From such a potential, reinstating

M, # 1, calling 6 = 3?5 we can derive the slow-roll parameters as in [23] (where
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Vo ="3)
Mz? Vo : 3217 2 12 2 -2
€= 5" (V) = 352—‘/{/02%14“\/7'_”(1 — a,T,) e ™ (3.30)
n = MQM _ oAV (1= 9anT, + 4(anTn)?)e ] (3.31)

PV 2 /T0W

which for 7,, > 1 = €, < 1 as it correctly should be. Reinstating M, = 1, in the

slow-roll approximation the spectral index n; is given by:
ns — 1 2~ 2n — 6e (3.32)

the tensor-to-scalar ratio is r ~ 12.4¢ and the Numer of E-foldings is given by:

¢V —368WoA, [T ean

Ne = —dp = —————
bend v‘b ¢ 16V2anAn Tt \/T_n(l — anTn>

dr, (3.33)

Requiring the amplitude of power spectrum for scalar perturbations to match

COBE, reinstating again M, # 1 we require:

V3/2
M3V,

=52-107"= (K) =6.6-10"GeV (3.34)

€

N.=50/60

We can solve this last COBE normalisation condition numerically, fixing proper

parametrical values, in order to get a range of values for the volume:
10°18 <y <1078 (3.35)

with I, = (27)v/o/, which can be easily obtained in LVS since exponentially big

values of the volume. By using instead all the previous equations, with a range of
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e-foldings 50-60 we get:

0.960 < n < 0.967 (3.36)
0<|r] <1071 (3.37)
10" <e<107? (3.38)
Vint ~ 10°°GeV (3.39)

Giving us unobservable gravitational waves in this model. Another important
feature of this model is that, since the exponential flatness of the inflaton po-
tential we can get a very large number of e-foldings since A¢ small < AN, big
50 Netotal => 60 without a practical upper limit. Moreover, as stated in [25] the

lightest (excluding axions) modulus has a mass going as:

M ~ % ~ 10" GeV (3.40)
which leads us to understand that the cosmological moduli problemf] is avoided
in this case. In addition to this, since we assume that the inflaton is a Kéhler
modulus rolling down to minimum while the other moduli sit at their vacuum
expectation value we have no interference of the latter during inflation, leading
to a single field model in this case. In the end the model gives no hints on the

cosmological overshoot problemﬂ

2The Cosmological Moduli problem holds when very light moduli with masses of order O(10)
TeV are present since they will not decay before Big Bang Nucleosynthesis and during it they
can decay or in photons which, through photo-dissociation, destroy light nuclei giving the wrong
abundance we observe today, or in gravitini which decay in particles destroying light elements.
In addition to this, these decays lead to an entropy increase that can destroy baryon-antibaryon
asymmetry.

3The Cosmological Overshoot Problem is a problem, strongly dependent on initial conditions
given by the Universe, which appears if, after the inflaton falls in the well of its potential, it
has enough energy to escape it instead of starting oscillating, giving rise to a runaway to the
decompactification limit.
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3.2 Loop blow-up inflation

Now we study the proper model in which we are going to work in the last chapter.
This model starts from the base of previously inspected Blow-Up Inflation, adding
however String Loop Correction of the shape (2.101). These corrections in [23]
where thought to be negligible, however it appears that they will offer us another
inflationary regime even if they are subleading in volume. Discarding the small
4-cycle volumes and treating the overall volume as fixed at exponentially large

values a general potential including loop corrections can be written as:

|VVO|2 Cloop V2/3
~ e (oW - 5E o (3.41)

with f generic function of % and cioep as in ([2.101)). The constant term |Wv%|2(’)(1)

is the value of the potential of the inflationary plateau. In addition to this, it is

1/ V() Cloop df \°

> (viar) = (572) a2
V”(¢) N Cloop d2f
"= Vi) T VR

v

possible to show that:

€

(3.43)

where again V'(¢), V" (¢) are derivatives with the respect to ¢. When LVS infla-
tion condition 74 < V?/3 is satisfied then f” ~ f' ~ O(1) and so we have slow-roll
condition satisfied for V > 1. Even adding perturbative corrections depending on
the other small moduli we get the inflationary plateau no spoiled by this contri-
butions even if, in order to study the single field dynamics as we will do in this
chapter, once again we need to stabilise all the moduli at their minimum except

the inflaton.

In order to check that our model is truly single field and so that the volume
remains fixed during inflation we need that the corrections that stabilise 7, stay
subdominant with the respect to the leading order potential even if 74 ~ (7,) and
in the 2 cases of non-perturbative and string loop stabilisation can happen for 4

reasons:
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e In the case of non-perturbative stabilisation of 74:
-) Leading order instanton contribution vanish due to chiral intersection;

-) Gaugino condensation contribution are suppressed because of N, rank
of gauge group on branes wrapping inflaton cycle is much smaller than
the ranks of the other sectors that wrap other blow-up cycles N, < N,

so that the exponential suppression in the 74 term is much bigger.

-) The Calabi Yau in which we are working on features lots of small cycles

Ts 7 To.

e In the case of string loop stabilisation of 7, the negligibility of the 74 terms

in the potential is due to the extended no-scale cancellation shown in [B]

3.2.1 Inflationary potential

We are now going to introduce a practical easy example of what we have stated
in the introduction of this section. This will lead us to the first explicit model of
Loop induced Inflation. The general idea is to add loop corrections to [23] and
move to large values of 7, such that the inflationary regime still holds even if the

loop corrections could have broken it.

We are going to take a very simple class of Calabi-Yau manifolds where the overall

volume can be written as Swiss-Cheese shape with 3 moduli:
V=1 = A2 = AT (3.44)

with \;, © = s,¢ topological constants representing, as always, ratios of triple
intersection numbers. We assume to include in the Kahler potential of the model
both (a/)3 corrections and string loop corrections in addition to the non-perturbative

corrections to the superpotential, leading us to the quantities:

~

K = KC.S. —2In (V + g) + (SKloop (345)

W = WO + AseiasTS + A¢€7a¢T¢ (346)
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2m
N

sector undergoing gaugino condensation wrapping the respective cycle.

with a; = 27 or a; = 1 = ¢, s depending on if wee have E3-branes or hidden

The scalar potential for this model will be then:

Kes 2 A2 —2asTs —QsTs
gse o [ 8aZAZ \/Tse 4a A €
V(v 5, 04, 05) = W, <O
( Y T¢7 T, [ ) 87T 0 ( WOQAS V W(] V2 COS(CL )
Baj AL \fToe 2™ dagAyThe 00T 3¢
o) ¢ Agp g Tyl 0 - Cloop 174
7 A R R R R e S I

(3.47)
where we have assumed that 74 is smaller than other nearby cycles in order to have
a loop correction depending only on the overall volume and on it. In addition to
this, Vip = gseg%cuﬁ’;—vﬁ is such that at minimum the vacuum is Minkowski and

can come from whatever uplift mechanism. In order to be complete, the correct
QSCKC-S- moz Cloop (V2/3>

general form of the loop correction should be dVipop ~ — ek VERVIVE

T
with f unknown function which we can took as well approximated, in the limit of
. ~ V1/3
not too big 74, as f ~ Vot

The factor ¢jo0p includes then every O(1) factor in this function f and it is as seen

in the previous chapter of string loop corrections [2.5.2| of the order of cjoop = ﬁ

as computed in [7] for toroidal orbifolds or cjpep = Tlﬂg identifying the cutoff as
Kaluza-Klein scale Ay >~ T;/MTTN'

Another very important thing is that, in [23] it was thought that loop corrections
were avoidable however, upon a deeper study, these appear to be necessary. In fact,
in order to have a minimum in the potential for stabilising 74 after the inflation
superpotential non-perturbative corrections are needed. These non-perturbative
loop corrections come from E3-branes or brane stacks under gaugino condensation
as we know well, so, in order to cancel tadpoles, we need an O-plane close to the
inflationary cycle which breaks SUSY to N = 1. Such a configuration, as stated
in [20] necessarily features loop corrections, howerver, if the inflaton cycle is not
wrapped by any D7-brane we have no open string correction but closed ones are
unavoidable. Choosing as in Blow-Up case, the C.Y. data such that the inflaton
potential is so negligible to make the dynamics of the overall volume and of the

small cycle decouple ()\¢a;3/ > &« \a,—3/2) we can make 7, roll while V, 7, are

109



CHAPTER 3. LOOP BLOW-UP INFLATION

stabilised at minimum. After stabilising even the axions then we can write the

potential, depending only on the inflaton value as:

8a2 A2 1?2 dayAyV C
V(T Vi o — —2a4T, ¢4 —aaT loo
( ¢) N 0<1 3”02/\¢ 5 o e ”0 5 #° ” = (3.48)

Kes 242 —2a57s —asTs 3
[ gse o 8aZAzZ \/Tse dasAg Ts€ ] 3¢
Vo = < We ( . v + Wo Ve cos(asl,) + I + Vip

V=(V),1s=(Ts)
gsefes Wi - gsefes W3
= e W T gt )
(3.49)
3 _3/2 3/2
B~ 2% As(In(V)) (3.50)

Since the Kahler potential is the same, it can be proven that the canonical normal-
isation is the same, at leading order at least, that the one in Blow-Up inflationary
regime as shown in [2]. Using then the canonical normalisation we can
rewrite the potential in terms of the canonically normalised inflaton and we can
easily see that it has 3 inflationary regimes where slow-roll conditions are satisfied.
We will see later on that for ¢joep = 107% the inflationary regime is at much larger
¢, in particular in a regime where 7, < 7, < 7, such that we can neglect the
exponentials in the inflaton potential and obtain:

1 4)\¢ 1/3 Cloop bcloop
vo=n(i-5 (%) 3)-n(-5r) o

1 /40,3
3(3_3) (3.52)

since now on, we assume that this potential can be used for inflation.

with:
b

3.2.2 Parameters and observational constraints
Inflationary parameters

Given the potential (3.51]), we can assume the regime we got if and only if:
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® Cioop DOt too small;
° T¢5v2/3@¢§1

such that the exponentials are negligible and inflation happens inside the Kahler
cone. In addition to this the fact that 7,4 is far from the walls of Kahler cone during
the N, ~ 52 e-folding of inflation implies even that cjocp is constrained from above.
We can compute from the slow-roll parameters and the spectral index ny,

the tensor-to-scalar ratio r and the number of e-foldings V.:

=3 (%) = g(b;"o‘}%y e (3.53)

“VEgar £ (3:549)

ng—1=2n—6e~1— %b;;gp (3.55)

r = 16¢ ~ % (b;:{‘)o"/‘;y (3.56)

N [* Va8 8 (3.57)
a7 16 beioop

with ¢, is the value of inflaton field at horizon exit and ¢enqg < ¢4 at the end of

inflation when slow-roll regime is broken € ~ O(1).

Observational constraints

What we would like to do now is to try to match all the cosmological bounds we
have ensuring to get the right amount of e-foldings and the scalar perturbations
amplitude while keeping ¢, < 1 and while getting a volume big enough to get
the LVS regime. We recall that the spectrum of the scalar density perturbation is

) k ns—1
AT=P (- (3.58)

given by [4]:

and where the amplitude bound given by Planck is [1]:

P, =2.105 £ 0.030 - 107° (3.59)

111



CHAPTER 3. LOOP BLOW-UP INFLATION

Recalling € expression in slow roll regime we can rewrite the scalar perturbations

power spectrum as:

e LV o=, 1 V3

_ 1V I _p 3.60
5 2472 ¢ 2472 V¢2 ( )

where the last equality holds since the power spectrum at k = k, is exactly the

amplitude. Now using our canonically normalised potential (3.51]) and using the

Cloopb ~

approximation 1 — el 1 we get:

Wy ®

87 e Py =2.10540.030-107" ~2.1-107° (3.61)
m Cloop

Which is a relation between the overall volume value V and the canonically nor-
malised inflaton value at horizon exit ¢,. Another equation to find numerical values
for these 2 unknowns is the one for e-foldings, in fact, from post-inflationary his-
tory specifically depending on the brane setup of the model we get N, = 51.5/53

and so we get the constraint:

"V L

N, = —d¢ ~ =51.5/53 3.62
bona Vb 16 beioop / ( )

By solving this latter constraint in terms of )V we get:

(16Ne)3 4/\¢Cloop
Ve (3.63)
1/3
Plugging this value inside (3.61)) and calling J, = (%) we get:
217\ M 11272 PNT (84 lo0p) | 2
6. = =3 N30 (3.64)

where Ng = 27rgseKCAS~W02 arises from Vj and contains all the g,, W, and complex

structure moduli dependence of the inflaton at horizon exit. Now, by plugging it
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inside ([3.63]) we finally obtain:

574 08 1/11
v (1 NeNgh (3.65)
14478 (1272 P,)4(4Clo0p )

One in principle can think we can choose N arbitrarily allowing us to increase
the overall volume and decrease the inflaton at horizon exit arbitrarily however

this is not true since the bound we have from the orientifold tadpole:

since at maximum, in the Kreuzer-Skarke database Q3 = —252.

In our case, since we require perturbative control and so g5 < 0.2 we choose the

parameters:
Ap =1 (3.67)
1
Cloop — W (368)
B =W, = gefes =2 = Ny =167 (3.69)
N, ~ 51.5 — 53 (3.70)
giving us:
¢, = 0.06N7/?2 ~ 0(0.2) (3.71)
V = 1743N>M ~ 0(10%) (3.72)

Leading us to a smaller V with the respect to Blow-Up inflationary case (3.35]).

Kahler cone constraint

We now want to check if we can drive inflation remaining inside the Kahler cone
and satisfying the observational constraints. In order to do so it is necessary to
take an explicit Calabi-Yau and we are going to take the second one in the table

of [21] where the overall volume can be written, after shrinking an exceptional

113



CHAPTER 3. LOOP BLOW-UP INFLATION

divisor to 0 size, as:

1 /2
V= 5 5(7'5/2 — /3732 — \/57';/2) (3.73)

where the divisors are such that we can write the 4-cycles as:

27

Ty = gti (3.75)
2
9

The canonical normalisation than reads as:

2/3
\/g 1 2/3
— V2/3 4/3 ~ <—) 4/3 377

since V ~ %\/gﬂf’ /2. From [21] we can read the Kéhler cone conditions as:

ty+t,>0 (3.78)
ty+1ty >0 (3.79)
ts <0 (3.80)
ty <0 (3.81)

using the 2 cycle definition (3.74)) in (3.77) we get:

ol (LN T gngn_ (L) gpnospr s
ty 18v/2 2v/6 o '

which, evaluated at horizon exit gives:

t
’:4' ~ 0.6¢2/ ~ 0.2 for ¢, ~ 0.2 (3.83)
b
so, using the previous observational constraints, the whole inflation let the moduli

remain well inside the Kéahler cone with |t4] < ¢, = ¢, +t, > 0. For V ~
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O(10%) = t, ~ O(19) > |ty | ~ O(3.8). In order to be complete, even if will not
go into details, it is necessary to cite that, as stated in [2], if we use the anti-D3-
brane uplift mechanism another constraint for the volume appears depending on

the fluxes contribution in the warped throat.

3.2.3 Standard Model realisation and decay rates

In this section we are going to study the Location of the Standard Model in the
extra-dimensions by computing all the moduli couplings and decay rates into S.M.
itself and hidden sector particles. This will help us in the future study of the axion

decay in the last chapter of this thesis.

As it is showed in [22], the cycle that supports Standard Model is very hard
to stabilise through non-perturbative effect since instanton-matter fields chiral
intersection will give raise to a null contribution to the superpotential. Since that
and since we need non-perturbative effects to generate a minimum when reheating
happens at the end of the inflation, it is impossible to realise Standard Model on
D7-Branes wrapped around 74. We need then another cycle with volume called

7y which like 74 is stabilised perturbatively. 2 constructions are possible:

¢ Geometric regime = S.M. lives on D7-branes wrapping the divisor X,;

Hidden D7 Visible D7

Hidden D7

Visible D7

©_ O

Hidden D7

O

Figure 3.4: Image of our Calabi- Figure 3.5: Image of our Calabi-
Yau with 7 = 7, 2 = 74 non- Yau with 71 = 73, 72 = 74 wrapped
wrapped, 73 = T neglected now by an hidden sector, 73 = 75 ne-
and, finally, 7y = 73;. glected now and, finally, 74 = 734.
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e Quiver Locus regime = the S.M. wrapped cycle shrinks and so 7, — 0.

Hidden D7

Hidden D7

Hidden D7

T4 0

Visible D3
Visible D3
Figure 3.7: Image of our Calabi-
Figure 3.6: Image of our Calabi- Yau with 71 = 7, 72 = 74 wrapped
Yau with 7 = 7,, 2 = 74 non- by an hidden sector, 73 = 75 ne-
wrapped, T3 = T, neglected now glected now and, finally, 74 = Ty
and, finally, 74 = 7as shrunk. shrunk.

The overall Calabi-Yau volume can be written then as:
V= 7_5’/2 - ASTS/Q - )‘¢T§/2 - )\MT]%/[/Q - )\int(Tint - )\]\/[7’]\4)3/2 (384)

where we included an additional cycle 7, intersecting with the standard model

one. The Standard Model cycle volume is then stabilised by loop contributions of

the shape:
Wo?
sVM = (A o o . 3.85
oop ) (\/W VT —ps) VP (3.85)

where ps = +/(75) and where p; and ps loop corrections coefficients. It can be

shown that this additional part of the potential admits a minimum at:

(1s) = (1 + \/%)2 (Tar) ~ (Tm1) (3.86)

which means that 7, is fixed by loops at the non-perturbatively stabilised value

(15) which mean that the SM gauge coupling is gsgq ~ T ~ 75 ~ O(10) as it

116



3.2. LOOP BLOW-UP INFLATION

should be.

3.2.4 Kahler moduli decay rates

The only relevant moduli from an energy density point of view are the inflaton
and the volume moduli since all the other never dominate the energy density. The
mass of canonically normalised inflaton ¢ doesn’t change from the one of Blow-Up
case and so it is (reinstating Mp ~ 2.4 - 10" GeV):

WolnV
meg ~ Ovn M, (3.87)
while for the volume the mass is:
W,
0 (3.88)

m, ~ —— M
XToyse /in(y) P
The main Decay rates then are given by:

¢ Volume modulus .

The leading channels are 3:

1) Volume into its string axions a, (as in [I8], where 75, Tiy¢ are neglected

since small):

1 md wg M,
Ty gy, = ——2 ~ 0 P :
X A8y M2 (487r(1n(V))3/2) V9/2 (3.89)

2) Volume into Standard Model Higgs Bosons [20]:

po oo (M) L (G VoVINV) ) M, (3.90)
32w \my ) M2 32m V5/2

with Cioop >~ 16% a 1-loop factor and mq soft SHSY mass.
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3) Volume two Higgs bosons H, and Hy [1§]:

(3.91)

FX—>Hde =

7 my Z2Wp M,
24m M2 \ 24n(InV)3/2 ) V9/2

with Z coefficient.

Which one is the relevant decay rates depend strongly on where the standard

model is located:

-) Geometric Regime=- Standard Model on D7-branes wrapping cycle

of volume 7y;:

WoM,
We can see how mg =~ mgp >~ =52 > m, so:

T
M (ppep V) > 1 (3.92)

Fx—mbab

so the dominant decay rate is ((3.90)).

-) Quiver Locus=- Standard Model on D3-branes at the tip of shrinked
divisor with volume 73, — 0:
We can see how mg < m,, so:

r
x—hh Séloop <1 (3'93)

Fx—mbab
so the dominant decay rate is (3.91]) because of the Z coefficient which
enhances it with the respect to (3.89)).

e Inflaton ¢:
In this case the dominance of one decay rate with the respect to the other is

strongly dependent on how the inflaton 4-cycle is wrapped:

-) When the Inflaton 4-cycle wrapped by an hidden D7-brane stack then
the main decay rate of the inflaton is on hidden sector gauge bosons
[24]:

Vo (M) M, (3.94)

r Y —— '
¢_>'7hld'yh1d 647T Mp2 647'{' V2
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-) When the inflaton is not wrapped by any D7-brane we have that the
main decay channels are 2, the one into volume modulus and the one

into volume axions [20]:

~

F<75—>XX = F¢—>abab —

(In(V))*2 m§ (Wé‘(ln(V))g/ 2) M,

~ — 3.95
647V M2 647 % ( )

where, after its production, volume modulus x will decay as stated in
the previous case.

In addition to them, when the Standard Model is realised in D7-branes
there are even 3 more decay channels scaling as which are [20]:

1
11¢>—>XX = F¢—>abab = F¢>—>¢IMGM = F¢_>7'MTJVI = Wraf—ins%is (396>
g

where ay will be the QCD axion and N, > the number of gauge bosons

species which is at least 12, the Standard Model one.

3.2.5 Post-inflationary dynamics

The post-inflationary situation then strongly depends on how the Standard Model

is built and we have 4 cases:

1) If the Standard Model lives on D7-branes and Inflaton is not wrapped by
any D7-branes stack then one can ask which dominates at the end of the
inflation. Recalling that the inflaton produces even volume moduli x with
rate [y, 2 8NyT'y_,\, and that, from ([3.90), the volume modulus decays

into Standard Model Higgses h, we can see how:

Loyy  4N,(In V)

Y 3/2
Px—)hh Cloopv /

~ 10 (3.97)

by using the values V ~ 10%, éjg0p ~ 157, Ny = 12. This results show us that
the volume modulus decays after the inflaton even if, as showed by [2] it will
never dominate energy density. What happens then is that, since I'y 5, ~

; V>1
Cl‘{j;’/]y" > 4y after ¢ decays into volume moduli they immediately decay
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in Higgses never leading to an epoch where volume equates radiation.

In addition to this, studying the Inflaton decay the leading contributes are

V1
(3.96) and, since I';,, vy ~ I'rysanan ™~ % > T4y and all the other

decay rates (3.96)), then after the decay of the inflaton into the Standard
Model modulus 7, this latter decays almost instantaneously in photons and
QCD axions with the rate computed in [20]:

I
F”ﬂ =8N, > 96> 1 (3.98)

TM —AMaM

The reheating is then set up by the inflaton. This setup leads to a number
of e-foldings N, ~ 52, an overall volume of V =~ 10525, a spectral index of
ns ~ 0.9761 and a tensor to scalar ratio r ~ 1.7 - 10~° which leads again to

Gravitational waves that are non observable by short-term measurements.

2) If the Standard Model lives on D7-branes and Inflaton is wrapped by a D7-
branes stackﬁ then the inflaton as we saw decays into hidden sector gauge
photons and these hidden gauge bosons will be diluited by the decay
of the volume into Higgs bosons which leads the reheating. What happens is
that, after the inflation, both inflaton and volume modulus start oscillating
and since, as stated in [2], energy density of the inflaton is larger then the
volume one, the inflaton oscillations drive an era of matter domination until
its decay. Then the hidden photon radiation dominates the energy density
until the volume oscillations, redshifting as matter and so slower then hidden
radiation one, equates it. Then the volume starts dominating the energy
density of the universe until its decay which leads to a second, and last,
radiation domination epoch and to the reheating. This setup leads to a
number of e-foldings N, ~ 53, an overall volume of V ~ 10616, a spectral
index of n, ~ 0.9765 and a tensor to scalar ratio r ~ 1.7-10~° which leads to

Gravitational waves that are non observable by short-term measurements.

3) If the Standard Model Lives on D3-branes and Inflaton is wrapped by a D7-

4We assume now as stated in [2] not to be a pure Super-Yang-Mills theory with mass gap
AAgym > my because if so, from [22] the decay would have been kinematically forbidden and
this case would have been the same as if the inflaton was not wrapped by D7-branes stack.
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brane stack then the case is the same of 2) but with the fact that, since the
dominant decay rate of the volume is and that I'y g, a0, V<>21 | PR
the volume axion decays much later and diluites the inflaton decay product.
This setup leads to a number of e-foldings N, ~ 51.5, an overall volume
of V =~ 10447, a spectral index of ng ~ 0.9757 and a tensor to scalar ratio
r ~ 1.7-107° which leads to Gravitational waves that are non observable by

short-term measurements.

If the Standard Model Lives on D3-branes and Inflaton is not wrapped by
any D7-brane stack then the inflaton dominant decay channels are into a
pair of volume moduli and into a pair of volume axions while for the
volume again the dominant decay rate is . Their ratio is given by:

r
s, 3 (In V)5V ~ 107 (3.99)

FX—)Hqu N 822

for
Z~2V~10* (3.100)

so that the inflaton decays before the volume. Since the inflaton decay
products are relativistic they can be considered as radiation and so they
redshift quickly and, at a certain equality point they become non-relativistic
while, in the meantime, their energy density becomes comparable to the x
particles produced by volume mode. It can be proven than the x particles
produced by the inflaton decay are relativistic, redshifting then as radiation,
while the y particles produced by the volume modulus oscillation are not [2]
and this means that after the inflaton domination period we get a radiation
domination one, a volume dominated one and, finally, after volume decays,
to another radiation dominated period. Again, since I'y_,x, m, V<>21 | RPN
as in 3), the volume decays much later the inflaton leading to a dilution of
inflaton decay products. This setup leads to the same inflationary parameter
as 3), so to a number of e-foldings N, ~ 51.5, an overall volume of V ~ 10447,
a spectral index of ng ~ 0.9757 and a tensor to scalar ratio r ~ 1.7 -107°
which leads to Gravitational waves that are non observable by short-term

measurements.
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As stated in [2] it is possible to note how both the tensor to scalar ratio r and the
scalar spectral index n, are in good agreement with the Planck observations in all

cases even if n, is just slightly more blue than expected.

3.2.6 Dark radiation

We have just studied the decays of the inflaton and the volume modulus and we
have seen that, in addition to Standard Model particles, even light axions like
ap and ay; are produced. Such particles are relativistic and they can contribute
to Dark Radiation which can push the effective number of neutrino-like species
AN out of Standard Model observational bound. It can happen that the axions
arising from the heavies modulus do not contribute to the Dark radiation since
they are dilute by lightest modulus decay and in this case AN.g is determined
by the lightest modulus decay. We will call the lightest modulus €2 and we will
call I'g_ g\ its decay width into Standard Model particles and, finally, I'q_.giq into
hidden sector particles like closed string axions. The axionic contribution to extra

dark radiation is then:

ANz =

43Tgmq [ 10.75 \ /3
oofid ( >> (3.101)

7 FQ—>SM 9« (Trh

where ¢,(7},) is the number of relativistic degrees of freedom at reheating temper-
ature T,,. This has to match observational bounds AN < 0.1 — 0.5 at 95% of
confidence level. The computation of AN.g depends again on the Standard model

Realisation and so we have 4 cases:

1) Standard Model on D7-branes and inflaton wrapped by D7 branes:

In this case Q = x and I'o_pmia = [0, (3-89) and Fosm = I'y—pn (3.90))
since their ratio appearing in (3.101f) is much small than one:

ANy ~ 0 (3.102)

Perfectly matching the bound.

2) Standard Model on D7-branes and inflaton not wrapped by D7 branes:
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In this case instead €2 := ¢ and the relevant decay rates are:

FQ*)SM = FQ&‘)XX‘)hhhh + Fqs‘)'}/vis’}’vis + FQS‘H-MT]W‘VYViS'Yvis'Yvis’Yvis (3103>

Lomia = F(b‘)abab + F¢‘>aMaM + F¢‘>TMTM‘>‘1MQMCLMCLM (3'1O4>

in [20] we can find a deep analysis of this case with ANeg ~ 0.14 with
N, =12 and ¢.(T},) = 106.75 which again matches the observational bound.

Standard Model on D3-branes:
When the Standard Model is located at the point where the cycle ¥, is
shrunk, x is the last modulus to decay so I'omia = ['yoaye, (3-89) while
Fossm = I'vsm,my , doing again the ratios between these two decay
rates we get:

1.43

ANeff ~ ? (3105)

for g.(Tin) = 106.75 since T}y, > Agw and so here all Standard Model degrees
of freedom are relativistic. Imposing the less strict observational constraint

ANy < 0.5 we get the constraint on Z: Z 2 1.7 which is respected by our
previous choice Z ~ 2 (|3.100)).
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Chapter 4

The Curvaton in Loop Blow-Up

Inflation

The curvaton mechanism [33] is an alternative mechanism for producing scalar
perturbations. In fact, instead of using the inflaton for generating the correct
Planck measured scalar power spectrum, we can use a field which is orthogonal
to it called curvaton. This curvaton is usually a light field, compared to inflation
scale, who is a spectator during inflation since its mass does not exceed Hj,s and
whose quantum fluctuations produce isocurvature perturbations which, upon its
decay, are converted into curvature ones. This curvaton field can be used, as
stated in [31], both to save models who do not respect Planck bounds on scalar
perturbations amplitude (savior curvaton) and to check consistency of models
which already satisfy this bound thanks to the fluctuations of the inflaton since
here the curvaton must generate a subleading amount of scalar perturbations not

to exit the bounds (stealth curvaton).

In this chapter we are going to implement the curvaton mechanism in the previ-
ously reviewed Loop Blow-Up inflationary scenario using as curvaton candidate the
inflaton saxion 6, in its canonically normalised version o4. Imposing that for the
choice of model parameter made in [2] we get the entire CMB power spectrum from

inflaton perturbations, we constraint the remaining free parameters by imposing
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that the curvaton contribute to the CMB observed amplitude is negligible.

4.1 Axion dynamics

Before Starting with the concrete implementation of the curvaton mechanism, it
is necessary to study axion dynamics in Loop Blow-Up inflation which comes out
to be the similar of the axion dynamics in Blow-Up inflation case since in the
potential the curvaton dependence is on the non-perturbative terms. This study
is necessary since we always implicitly stabilised the axion in the previous sections
obtaining Potential and all the quantities depending only on the Kahler moduli.
We are going now to start by computing the canonical normalisation of the axion
both from the classical differential equation and then, in the appendix, via linear-
algebraic method to check consistency of the obtained result, then we compute
the curvaton potential and its value at minimum, its mass and, finally, the decay

details on different scenarios.

4.1.1 Axion canonical normalisation

In order to rewrite the potential and all the other quantities in terms of canonically
normalised fields we need to compute this canonical normalisation and we can do
it analogously of what we have done for obtaining (D.32). The kinetic Lagrangian

is analogous to the inflaton case:
1
Liin = 5(0409)* + -+ = Koo ((0u05) (9u65)) + - (4.1)

by using the Kahler metric, which for Loop Blow-Up inflation is at leading order
the same of Blow-Up inflation case (D.12), we can derive (just using the term

which is dominant in the overall volume):

3N
2V

L = 50,00 + -+ (8,6)(9,05)) + .. (12)
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however now 74 and 60, are independent so the integration on differential equation
gives:

33X 0 9¢,
n

0,04 = (4.3)
¢>
which is much simpler and we can consider all the factors in front of 04 as inde-

pendent from the axion itself, giving us the result:

3 0

=/ (75)0 (4.4)

O'¢I
¢>

The canonically normalised fields are then:

[4Xs 3/ 3V 4
4.
e T e (4)\¢> (4.5)
|32 9<z> / i
4V = 9¢ Ty O 04 (46)

which are coherent with the Appendix B of reference [11] and with the results we

¢

found through linear algebra in [E]

4.1.2 Axion potential

We would like now to compute the potential for the Axion which will be our
Curvaton candidate keeping only the leading terms of its potential.
In the Large Volume Scenario stabilisation scheme, as we saw, we usually include

the (’)? corrections in Kéahler potential which can be rewritten as:

K = KTREE +Ka’3 = —2111 (V + g) = —2 hl(V) — 2111 (1 —I— %) +5K100p (47)
where £ = % Recalling that we are in Large Volume Scenario V > 1 this
leads us to: -

K~ KTREE + Ka’3 + 6Kloop =—-2Iny — % + 5K100p (48)
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The superpotential in our case of Loop Blow-Up inflation receives non-perturbative
corrections due to gaugino condensation on D7 branes or instantonic Euclidean D3

branes:

W = W() + Wnp = Wg + Z €_aiTi = WO + Z G_aine_iaigi (49)
1€{p,s} i€{p,s}

where W is the Gukov-Vafa-Witten superpotential upon fixing all complex struc-
ture moduli to their minima, and a; = ]2\,—” if we are in the case of gaugino conden-
sation or a; = 27 in the case of ED3 instantons.

The F-term scalar potential is written as always as:
Vi = 5 (K9D;W D;W — 3|W|?) (4.10)

where as always D;2W = 0;W + K;W and the same for its Hermitian conjugate
DW =oW + K;,W .

Because of this split structure of Kéhler potential, we can rewrite, following [30],
all the terms with derivatives of K as:

KIVKWEGW = K KNP WKW+ K7

a’3

KCWESW  (4.11)

which gives the result:

., — W
KIK;WEKW = 3|W|* + ?)i—vo (4.12)
leading us to:
T 3

We can imagine then to have this potential, without including loop corrections
yet, after changing moduli basis from {7, 7, 75} to {V, 7, 7:} and after stabiliz-

ing complex structure moduli, axio-dilaton and the axion 6y (assuming Wy, A; €
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R, i={s,o}:
Kes 2 A2 —2asTs —QsTs
gs€ o [ 8azA; \/Tse dagAg g€
1% ) = W, _
ror(V, 76, 70) == =W (ngs Vv Wo V2
8a2 A2\ /Toe 2% dayu A TeeTe 3¢
i ¢ (gig Tp€
— h(6 — Moo
Twa, v wy e )T gy | Ve

(4.14)

where h(6,) is a function only of the axion. Notice we have no function of 6 in the
doubly exponentially suppressed term, because in 8iW(np)8]—W(np) the imaginary

exponentials cancel each other.
In principle, one now can should care about 2 things:

1) Mixed terms of 6, and other axions, arising in (4.10) from terms of the form
K?9,WsW. These terms do appear in the scalar potential in the form:

asAsapAge (4T Fa6Ts)

Vror D 2 (K#3eiasbomasds) 4 1 )
AyayAge(asTstasts)
_ 9lslsto ¢;2 (K% cos(aghy — asbs)) (4.15)
~ ie_(‘lsTﬂL‘”‘W’) cos(aglys — asbs)
V2 ¢V sYs

where we used K% as stated in [22]. This term is doubly exponentially

suppressed in the two 7’s, so it is subleading.

2) String Loop Corrections to the Ké&hler potential. However, as stated in
[2] and as saw in the previous chapter about loop corrections, the Kahler

potential features a scaling in term of the volume of:

1
6 Kioop = 3; (4.16)

so in the potential the terms containing at least one derivative of loop correc-

tions are (terms in the potential containing ((5K100p)¢§ (0K)00p)s are doubly
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suppressed):

11
Vror D terms ~ Vﬁe_(“”ﬁ%%)cos(%% — asbs) (4.17)

giving us an highly suppressed term:

1
Vror D terms ~ —36_(“5T5+“¢9¢)cos(a¢9¢ — as0s) (4.18)

K

where % comes from e™. Giving us again an highly subleading negligible

term in the overall volume.

We can now finally derive the explicit shape of the potential for the axion 0, at
order O (#)
Kcs
<€
_ 4 o

Vax =
8

+ K0, Wap K5 Wo + K05 W KW + K95 Wop K,Wo) + Vor(1s)
(4.19)

(K505 Whp KsWo+

where all the other terms cancel out for no-scale or are included in Vor(7s) con-

taining all the potential parts not depending on 6,. From now on, we will set

S — gSeKCS

5 We can then rewrite Vj , as:

Vax = —= (2&¢A¢T¢Wg€ia¢(wiw¢) + 2&¢A¢T¢W0€ia¢(7-¢+i0¢)> + VOT
v (4.20)
=1 (2a¢A¢T¢Woe_a¢T¢ (ea‘f’e"’ + e_%w‘ﬁ)) + Vor
leading us to the final result:
sefes 4Whags A

Vax = J ZW O?}q; 279 o=asts cos(agby) + Vor(7s) (4.21)

we will rewrite it, for the sake of shortening, as:
Vax = A(7p) cos(agbs) + Vor(y) (4.22)
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where the function A(7y) depends only on 74 and on volume V:

4W0(I¢A¢T¢ e

A(ry) =S8 V2

a7 (4.23)
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Figure 4.1: Curvaton Potential including Figure 4.2: Top view of Curvaton
Vor forag = Ay =1,V = 104 Potential.

4.1.3 Axion mass

It is of crucial importance to compute the mass of our fields in order to understand
which of them are active during inflation. In fact if a certain field ¢ has a mass
greater than the Hubble scale during inflation m, > Hj., it will be classically
moving during inflation.

In Loop Blow-Up inflation the inflationary potential is:

V2 % C)
V(1s) = Vo |1+ Ap—+/Toe 297 — By—Tee %™ — 22| 4.24)
(76) = Vo s G VT 65T B (
From here, [2] derived the mass, as stated in (3.87)), of the inflaton at the end of

inflation, when it sits at its non-perturbative minimum.

Now we want to the same for the axion of the inflaton 6,. We recall that the mass

term of the axion in the Lagrangian is:

2
Lo Do (4.25)
9 9
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If we expand the potential for curvaton around the minimum we get:

692 ‘/ax 2 3 692 ‘/ax 9
hence, we deduce that mj, = 35, Vax| . -
We start then by computing the minimum of the potential:
Vax(0) = A(14) cos(aybys) + Vor (4.27)
just by deriving it twice:
0o, Vax = —A(74)ag sin(agty) (4.28)
83¢Vax = —A(74)a3 cos(ayby) (4.29)
the conditions to have a minimum are:
0, Vax|o,=9,y =0
2 ‘9¢> (05) (4.30)
6g¢vax|9¢=<9¢> >0
These are realized when:
ap (0y) = 2k+1)r  with k € Z (4.31)
obtaining the vacuum expectation value of 0,:
2k +1
(0g) = + m  where k € Z (4.32)
g

Now we have to compute the derivatives of the potential with respect to the

canonically normalised axion field o, in order to retrieve its mass.

In order to do so, let us express the potential in terms of the canonically normalised
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inflaton and curvaton fields. Renaming now V(0y) = Vax(0s) — Vor:

Vax(0g) = A(9) cos (%%) .
where now A(¢), f(¢) are written in function of canonical inflaton:
Ag) = 2o (3 gqs?ew(&?)% (4.34)
1% A, .
_ (3 g Ao 3 1
o= <4) <V> ¢ (4.35)

In an explicit form then:

(4.36)
Its derivatives are then, denoting (Vix)os, = 0o, (Vax):
(oo, = =01 5in (550) 437
2
(Vax)oyo, = —A(9) (%) cos (%%) (4.38)
The minimum again is located where:
(Vax)%‘mm =0 and cos (%%) =-1 (4.39)
so where: L
(og) = PEEVT ) with ke z (4.40)

Qg
Notice that, unsurprisingly, the two minima (4.32)) and (4.40) coincide, since f(¢)

is precisely the function appearing in the canonical normalisation of the axion.
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In order to compute the masq| it is necessary to evaluate the second derivative

of the potential at (oy):

Mg, = (Vax)oyor, o —A(9) ( ¢ )QCOS((zm 1)r) = A(¢) ( O¢ )2

f(9) f(9)
(4.41)
Using (4.34)),(4.35) we get the final value:
2
9 48&2A¢W0 9 _%5(%)3(#%
m% = )\—2¢ (& ¢ (442)
¢
We now plug back 7, inverting (4.6 and get:
168WyAya?
M, ==y AZV¢ @ 732 gasms (4.43)

Clearly, since the leading potential for both the inflaton and the curvaton is gen-
erated by the same non-perturbative effect, we expect the masses to be exactly

equal when all the fields are set to their minima such that:

WO ID(V)

v =M (4.44)

Mg,

This appears to be true as we can easily show by using (D.27)) and (D.25) inside
@3).

4.1.4 Axion decay rates

In computing the decay rates, through the couplings in [F], we are going to follow

[20] where the decay rates are splitted in two families:

1) Products of decay are identical and so the Lagrangian reads, in Planck units,

as:
LaD gadati (4.45)

! This is an effective mass during inflation, the physical mass of particles coming out from the
axion field is the one at the global minimum of the potential.
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and the decay rate as:

2
g
F¢A—>¢A¢A = 871‘771;1(75 (4'46)
A

2) Products of decay are different and so the Lagrangian reads, in Planck units,

as:
Lp D gpdat¥pxs (4.47)
and the decay rate as:
2
g
FX_>¢BXB - 167{?’)’)/)( (448)

Case 1: no D7s wrapped on the inflaton cycle
We have three non negligible decay channels for the axions:

1) The dominant one for o, in this scenario is the one towards SM gauge fields,
which is the same as its saxion’s and can be computed following the formula
in [20]

9%
I, = vis 4.49
¢ YvisVvis 167ng¢ ( )

\/6)\¢73/4TM . 2Woa ..
where gyis = —vl—ﬁ,m2¢ as in (F.24) and m,, = == giving us the

g b

decay rate:
3)\¢Wg’a§$Ng 72/2
FJ¢_>'Yvis’Yvis = 87T V4 Mp (450)

This decay rate is clearly the dominant one since an higher order of mag-
nitude given by N, = 12 since we have to consider all species of Gauge

Bosons.

2) A subdominant by one order of magnitude decay channel is the one of cur-

vaton candidate into volume modulus and volume axion with decay rate:

g1
167m,g,

(4.51)

F0¢—>XU5 -
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A/ 3A W()|2(127'11/4 . ..
where g ~ — d = as in (F.§), giving us the final result
T,

b

9/2

. N 3| Wol*al 7 1 . (4.52)
Op—>X0p — - O ¢ —VvisVvis :
e 32r VAN, T

coherently with [20].

3) Another subdominant by one order of magnitude decay channel is the one of
curvaton candidate into standard model modulus and standard model axion

with decay rate:
g2

16mm,

I (4.53)

Op—=bdMOoNM T

2«/3>\¢|W0|2a357';1/4 . .. . .
where gy ~ 57 asin (F.19), giving us the final result, reinstating
Ty
Mp:

3| WolPad 7/ 1
Co—rdmon = ST P4 Mp = 4FU¢—>XUb = FFUcb—ins%is (454)

g

r

coherently again with [20].

Which finally let us compute the total decay width of the axion summing (4.50)),
F52), @)

F% = FUqﬁ‘“/vis’Yvis + F%%X% + FU¢>‘)¢MUM = (4Ng + 5)FU¢%X% (4'55)
and for IV, = 12 number of Gauge Bosons species we get:
[y, =53[7¢7X7 =T, (4.56)

coherently with table 2 page 30 of [20]. We can then notice how the axion and the

inflaton decay exactly at the same moment.

Case 2: D7s wrapped on the inflaton cycle
While the decay rates (4.52)) and (4.54)), (4.50]) of course still hold, another domi-

nant decay rate appear in this case and it will be the one for o4 — Yhiqyhia Which
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1S:

r — Ghid (4.57)

¢ —"Yhid Yhid 16mm.
9¢

5/4
4|W0\2a3> T(P/

where gpiq = o as in (F.27)), giving us the decay rate:
b

g
O¢—>YhidThid — 67T)\¢ V2 P — § )‘35 7__(% Op—rPMOM

id -5/2 i
F WRANE Ny

(4.58)

coherently, again, with the one of the inflaton in [22] (so even now inflaton and ax-
ion decay together) and where N, ghid is the number of hidden gauge bosons species.
We now compute the total decay width as the one in scenario 1) (4.55]) plus this

last decay:

4 N2
r,, = 4Ng+5+§ % T_i Loy on (4.59)
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4.2 The axion o4 as a curvaton candidate

In our model, given the choice of parameters:

B =Wy = gelos =2 (4.60)
Ao =1 (4.61)
¢. ~ 0(0.2) = 74 = 44.81 (4.62)
Y ~ 10* (4.63)

we get, as seen in the previous chapter, both the Kéahler cone constraints satisfied
and the correct amplitude of curvature perturbations given by Planck. It is strictly
fundamental then to check that the slice of parameter space we choose for our
model is geometrically and phenomenologically consistent, in the sense that we
don’t exit the Kéahler cone and that the curvature perturbations generated by our
candidate curvaton oy are negligible and so our axion will be a stealth curvaton. If

not, the parameter subspace we took or the model itself has to be corrected.

4.2.1 Axion isocurvature perturbations

As we said in the introduction of this chapter the curvaton mechanism is divided

into 2 parts:
e Generation of isocurvature perturbations;
e Conversion to curvature perturbations because of curvaton decay.

We are going now to study the first point by deriving the isocurvature power

spectrum amplitude.

The candidate curvaton field o, (non-canonically normalised 6,) during inflation
has practically 0 effective mass since the exponential suppression on it in (4.43)).
The Hubble scale during inflation is:

L . WoVTS

Hin = = nf —  —_.3
f \/g f \/gvg

(4.64)
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since: S
T >1
Vig = Vo (1= Soor ) ™27y — 0/ (4.65)
BVTs Vs
This show us clearly how:
m¢27¢ ~ ‘(Vaz)o¢o¢| < Hi2nf (4.66)

and so, as stated in [32] and as computed in [14], at super-horizon scales the
fluctuations of the axion induce a Gaussian Perturbation with scale independent

power spectrum amplitude:
H;
Py (k) o S 4.67
where H; = Hj,s is the Hubble scale at horizon exit but for us, during whole
inflation the Hubble parameter will be Hi,;. This spectrum can be shown to be

practically scale dependent by computing its spectral index:

n . dln(P5U¢> _ 2(Vax>o'¢a¢
0 T T dInk 3H2

inf

— 2 (4.68)

but € <« 1 and even ](Vax)%%] < 1 50 ngy, = 1. When all the cosmological
scales have left the horizon, and so they are stretched out, the curvaton candidate
starts oscillating leading to an evolution for our axion which is on an unperturbed
regime. This means that our inflaton-orthogonal axion evolves under the Klein-

Gordon equation on an expanding FLRW metric:
oy +3Hoy +V,, =0 (4.69)

and using the first order approximation (0Vix)s, =~ (Vax)oye,004 We can find that

the perturbations of our axion follow the equation:
004+ 3H60 5+ (Vax)oyo,006 = 0 (4.70)

which is the same as (4.69) if the potential is quadratic or is sufficiently flat. As
we saw, the exponential suppression during inflation makes the potential almost

exactly flat so, in our case the field and the inhomogeneous perturbation satisfy
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CHAPTER 4. THE CURVATON IN LOOP BLOW-UP INFLATION

the same equation:

N+ 3HR ~0 (4.71)

where X = ¢, or X = do,. Since they both satisfy the same equation, then their

(5)-(5),

Then, as stated in [32] the isocurvature power spectrum is given by:

ratio will be constant:

H?2 W23S8 WeB\/7; 6.03-107°
P(SU¢/O’¢ = -PiSO = H:fl 2 = 0/3 ) == 0 ¢ 2 >~ -9 (473)
(2mog)?  1272V3010°  Or2A, V260 o

4.2.2 Initial conditions and stochastic behaviour

In the classical curvaton mechanism applications like [12] the value aéﬁn is computed
by solving the classical motion value neglecting only the second derivative term of
the inhomogeneous perturbations Klein-Gordon equation ([4.69):

AO’¢ ~ (-‘/;,X)U¢

= ~ 4.74
N 3 Hin (4.74)
which for one Hubble time At = 1 gives:
. (Vax)o

= Aoy~ ——22 4.75
0y = Aoy SH.. (4.75)

In the same time, quantum fluctuations make the field move of an amount:

Hinf

0oy 4.76
0y (4.76)

so, equating these two movements, Ao, =~ dos; we can find kind of a point of

equilibrium between classical and quantum motion. However, in our case, this

can’t be done at CMB scale since the fact that at this point the potential is too

flat for the axion to make the classical value equate the quantum one, in fact:
(Vax)a¢ T¢f\>_’>1

Gp = Aoy =~ =0 (4.77)
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4.2. THE AXION o4 AS A CURVATON CANDIDATE

due to the usual exponential suppression in the potential. This means that Ao, <
do, and so we can’t solve this inequality as an equation finding aéﬁn, which instead
should be fixed a priori by hand since “chosen by Nature”, owing to the fact that
the motion is totally dominated by the quantum fluctuations. This happens until
the curvaton starts to move classically, so when:

my, = H (4.78)

[

which it is possible to check it happens close to the end of inflation. It is now
interesting to study how these quantum fluctuations make the axion move and in
order to do so we need to study the stochastic behaviour of the candidate curvaton

Brownian motion in field space.

As just said since Hjy,y = const and since, reinstating M, momentarily, Vo, <
HZ¢M? at large 7, then the axion is frozen during inflation and its behaviour can

be described, like in [19], by the Langevin equation:

60'¢ _ (V;«X)o'd) Hinf
ON,  3H? 2T

inf

¢ (4.79)

with £ is a stochastic variable with variance (£(Ne);&(Ne)y) = 0((Ne); — (Ne)y)
and zero mean (£(N.)) = 0. The last term of the Langevin equation describes the
stochastic quantum ”kick” the field is sbuject to during its dynamics. Since this
stochastic nature of the process the system can be described by the Fokker-Planck
equation for the probability density function P(oy, Jé", N,):

P I((Vax),, P) 1 H?
o :_(<)¢> +—tp (4.80)
ON, dos  3HE,  8m2 %%

where aé’” is fixed during the inflation. Once we know the solution of the Fokker-
Planck equation we can compute all the statistical quantities of the distribution

like the mean and the variance via the general formula:

(0g) (Ne) = /daqgagP(a(ﬁ,Jé”,Ne) (4.81)
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In particular for n = 1 we will obtain the mean E(oy) = (04) and by the value
Var(oy) = (04)° — (07) the variance. Since the axion is a spectator during inflation
it undergoes Brownian motion described by the Langevin equation and so the
equation is now reduced to:

60'¢ . Hinf
ON, 27

3 (4.82)

or, from a distribution point of view, the Fokker-Planck equation has no second
term becoming the 1D heat equation:
oP  H?

inf
N = ud P (4.83)

whose solution is a gaussian:

. or - (%_;Z;P
P(og, 05, N,) = T Ne w7, (4.84)
et4inf

so we can easily see that E(oy) = (04) = o} initial condition since the field is

classically frozen in the initial value given by Nature. It is possible to show even

that since the distribution is a Gaussian:

2 Hinf 2 in2
(03) = o Ne + oy (4.85)
implying that:
2 Hinf
Std(oy) = \/Vaf(%) = \/(@i) —{o)” = 5=V Ne (4.86)

so that in NN, e-foldings the axion is kicked by quantum perturbations in average
of %\/Ne from its initial value.
At this point it’s fundamental to check the order of this standard deviation in

order to see if the quantum kick makes the axion go far away from its initial value
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4.2. THE AXION o4 AS A CURVATON CANDIDATE

or if it stays in a neighborhood of the field space point O'(ii)n. Recalling:

Vo W/BS

Hig = = 4.87
NV SN ST 457
we got that for the parameter choice (4.60)):

Hiy ~1.63-107° (4.88)

So now we just need to compute the maximum number of possible e-foldings for
the inflationary regime and see how much is the quantum kick. This can be done
by computing the possible values of ¢ where at least one of these two conditions
hold:

1) The slow roll approximation breaks (e = 1 for large ¢);
2) We exit the Kéahler cone.

The maximum value of ¢ from where one of these two conditions are not satisfied
anymore is the last value where the physics of our model still holds and so the
value where the axion stochastic motion starts. Beyond this value the physics is

not understandable from our model.
Let us analyze in detail the two conditions:

1) Slow roll breaking:
Since the potential features an infinite plateau going at bigger and bigger
values in ¢, then the slow-roll condition breaks only for (after setting cjoop =

16% as in the field theoretic interpretation):

1V 2 (bewop)® 1 B s
€—§V_§W—1@¢end—34lo (489)
differently from Fibre Inflation where the inflationary plateau is followed by
a steep growth for large ¢. Note how the value of ¢enq does not depend
on the case of wrapped or non-wrapped inflaton cycle and that we are not

anymore in slow-roll inflationary regime V¢ < 3.4 - 1073,
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2) Kéahler cone exit:
The second condition instead is not general, in fact, it is needed to take an
explicit particular Calabi-Yau to check it is satisfied. Again, we are going to
take, the second one in the table in [21], where the Kéhler cone constraint

ty +1tg > 0 is given by:

t
|;L;| =0.60%% < 1 (4.90)

So we are at the boundary of the Kéhler cone if 0. 6gb2/ fole Oy = Pmax =

2.15. It is possible then to compute the maximum number of e-foldings
available for inflation and this can be done starting from the standard e-

folding formula and solving it numericallyf}

N.|

max

d)max V
= / 7¢d¢: 26798.6 (4.91)

end

Plugging this latter result inside (4.86]) we get:

Std( cr¢ =4/ Var(o, | 0¢ (04) 2 inf\/Ne‘ ~4.25-107*
7T max

(4.92)
which tells us that during the 26798.6 possible e-foldings we have very small dis-

placement from the initial condition via quantum kick, so we will consider the
curvaton as still in the mean value a;’“ of the distribution even at the end of the
inflation since the point where (4.78)) holds, and so the axion starts moving, is very

close to the slow-roll breaking point as stated before.

4.2.3 From axion isocurvature to curvature perturbations

In this subsection we will explore the last part of curvaton mechanism, the con-
version of isocurvature entropy perturbations generated by field o, into curvature
ones at the time of its decay. While the curvaton is still frozen by Hubble fric-

tion m,, = Hiyt, since the inflaton dominates the energy density of the universe

2This is in realty an overkill, in fact the Number of e-foldings should be computed until the
curvaton starts moving which is a little bit before the end of inflation, however we exceeded in
order to have a larger estimate.
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then: 5
e p

where ( is the overall curvature perturbation and ¢; for ¢ € {¢, 04} the curvature

(=G = (4.93)

perturbation generated from inflaton or curvaton. When the curvaton mass falls
under the Hubble scale m, . K Hi,; then the curvaton starts to oscillate until
it decays. At this point Hi,s = ['5,, then the isocurvature perturbation of the
candidate curvaton fluid is converted into curvature perturbation. The global
curvature perturbation is then sourced both by the inflaton and by the curvaton

and reads as [32]:
20y
C=0+ TS +O(S2,) (4.94)
where Sjy, isocurvature perturbations of the curvaton and where €., is the linear
convertion factor between isocurvature and curvature perturbations of the curvaton

field and reads as [32]:

3 dec
Oy = —ed__ (4.95)
4 — plee
where rdsc = % . By plugging inside ([4.95]) the definition of rd¢ we get,
Hinf:Fa¢

considering only first order [32]:

() o)
ptOt Hinf:F0'¢ p¢

where the last equality holds if we have the inflaton dominating while the curvaton

(4.96)

Hinf:Fo'¢

decays.

Computing the correlation function ((x(x) we get the power spectrum:

Piso (4.97)

4 4 { po, \ 2
P<=P<¢+Pco=P<¢+—Q§VRso=Pg¢+—(p¢)
Hil)f:FO'¢

9 9 Ptot

Since the field content, at the end of inflation, is given by just the inflaton and the

(%)
Ptot

axion:

<1 (4.98)
Hinf:F0'¢
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Leading us to a power spectrum:

P, < gPiso (4.99)
The final step to perform is now to compute the conversion ratio and plugging
inside our numerical values to check if the curvaton contribute to scalar perturba-
tions is negligible with the respect to the one of inflaton for our choice of
parameters or if we need additional fine tuning on the free ones.
We start recalling that, in general, since both the curvaton and the inflaton behave
as matter they redshift as:

pi|dec = pi|end€_3N(ZS (4100)

where i € {¢,04}, pilacc = pil Hint=T, Pilena 18 the value of the energy density
at the end of the inflation and N, is the number of e-foldings of the inflaton
domination which coincides in all scenarios with the number of e-foldings between
the end of inflation and the decay time since inflaton and axion always decay
together in geometric regime. Given this, it is evident that the ratio between the
two energy densities is not dependent on the number of e-foldings, instead the one
at decay time is exactly equal to the ratio of the energy densities at the end of

inflation:
po¢|dec . pa¢|end‘V_% . po¢’end

qu’dec B pzi)‘endk_%_ qu’end

(4.101)

Now, at the end of inflation, two cases appear depending on the initial conditions

of the axion:

1) The axion is set initially in a value I + 2k < ayly < 37 + 2km, k € Z
where the boundary terms of this interval 7, %ﬂ' are terms where the second
derivative of the axion potential changes sign. Then the curvaton is close to
its minimum in the potential and, since we are at the end of the inflaton,
the curvaton and the inflaton potentials are strongly dominated by non-
perturbative corrections, so we expect the case to be very similar to [3]
where the axion energy density is much less than the one for the inflaton due

to preheating effects, justifying a posteriori (4.96]) and so giving us:

Quy = 0 (4.102)
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and so:

Pe=F, (4.103)
saving the consistency of the model in our slice of parameter space.
If instead the axion is such that: 2k7 < a¢9$ <st2or %W—l—?kﬂr < ad,@g‘ <

2km, k € 7Z we need a full estimation of preheating effects which is beyond

the scope of this thesis. However we can estimate the conversion factor by
considering then (4.95) with:

3P
=t (4.104)
4,0¢ + 3pg¢ end
However, at the end of inflation we have:
Polend = V(Pena) = Vo (4.105)
and, for the curvaton:
Poylend = Vaxlend = Vax(05™) (4.106)

The problem then reduces to find a(‘;“d. Again, since the axion is frozen

almost until the end of the inflation, without loss of generality, we can set

this value to:

end

o =0l (4.107)

An interesting choice of J(ib“ could be exactly the one which is given at the
boundary between the two cases [3] like ag0}' = 5 but in this case Vi (o)) =
0 so again:

Qe =0 (4.108)

We will take instead:
T % if inflaton cycle not-wrapped

: T i
oy tagly = — =00 = — = (4.109)
¢ 4 ¢ day { % if inflaton cycle wrapped

We get then 2 subcases:
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— If inflaton cycle is not wrapped by a D7-brane stack then we have in-
stanton non-perturbative corrections and so a4 = 27 leading us to an
isocurvature perturbation (4.73) of:

~6.03-1077

Pyo=—5—=6.03-10""-8=13.6-10"" (4.110)
o

instead obtaining}

2 2 8WymA,rend en
Vax (%) lend = gA(rgnd) = §8—° V2¢ e (4.111)
—1
4
Qo= |1+ Vo - (4.112)
3\/7587TA¢VTd‘jnde_2”¢

With T(‘;“d = 0.19 such that ¢ = 0.0034. At this point, in order to keep
consistency with Planck measurement, so to have the curvaton with

subleading contribution of the CMB spectrum, we need the condition:

4
P, = §Q§VPiSO < 10710 (4.113)
P(G
Pty
171x107 |
1.705x1077 |
17x107 |
1605x 107 | 5105 0000010  0.000015 0.000020"
L L L L L Ad’
0.2 0.4 06 0.8 1.0 . .
Figure 4.4: Plot of the region where
Figure 4.3: Plot of the curvature perturba- curvature perturbation power spec-
tion power spectrum amplitude P, gener- trum amplitude P, generated by
ated by the curvaton-axion o4 with the re- the axion becomes of an order lower
spect to Ag. than O(10719).

d

3We write everything depending on 7o' in order to have a more compact notation, if gend ~

0.0034 = 75" = 0.19.
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which, plugging inside all the values (4.60|) translates into a constraint

for the free parameter Ay:

0<Ay<1.31-107° (4.114)
The inflaton cycle is wrapped instead by a D7-brane stack: ay = ]2\,—7;

where Ny is the number of D7-branes wrapped around the cycle. We
want now to have a theoretical bound for the value of N, and so for the
number of D7-branes wrapped around the inflaton cycle. The isocurva-

ture perturbations are given in this case by:

3.86- 1077
o = ———5—— 4.115)
iso 2 (
Ng
While the conversion factor, with the choice Ay = lﬁ, since the axion
potential is the same as before reads as:

6784.6
Qv = 1.27932 (4116>

e Yo N+ 6784.6

P(d
P;U
4.x107% | -10
25x10
31070 - 2.x1071°
15x10710
2.x107% 1.x10-10
1.x10° | B \\
20 40 60 80 100 No
0 . - Ng
10 20 30 40 50 ) .
Figure 4.6: Plot of the region where
Figure 4.5: Plot of the curvature perturba- curvature perturbation power spec-
tion power spectrum amplitude P gener- trum amplitude P generated by
ated by the curvaton-axion o4 with the re- the axion becomes of an order lower
spect to Ng. than O(10719).

4The previous constraint on it does not apply, the brane setting is different.

149



CHAPTER 4. THE CURVATON IN LOOP BLOW-UP INFLATION

which leads to a constraint:

P, = 7.89407 <10

g 1.27932

N2 (e % N, + 67846)

holding for:
Ny > 41 & a4 < 0.15

(4.117)

(4.118)
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Chapter 5
Conclusions

In this Master Degree Thesis we studied the dynamics of the axion associated to
the inflaton modulus in Loop Blow-Up inflation and how it can be seen a curvaton
in such an inflationary scenario. We showed how the entire behaviour of the axion,

which is totally non-trivial, can be splitted into two parts:

e At the starting point of the inflation the axion is ultralight, m,, < Hi,s and
so it’s classically frozen, however, since its potential depends on the value of
the inflaton with a negative exponential, it’s an almost flat direction. The
inflaton then moves due to the stochastic quantum fluctuations even though
the deviation in field space is of the order of O(10™*) from the initial value.

During this period then the isocurvature perturbations are produced.

e Slightly before the end of the inflation, the axion unfreezes, m,, > Hiut, and
it starts oscillating in its potential which now is not flat anymore. After some
e-folds it decays with the same couplings and so exactly at the same time of
the inflaton. This decay converts the whole isocurvature perturbation into

curvature one with a conversion factor €1, .

We then computed the amount of curvature perturbations in the 2 possible cases

depending on the initial conditions and the results can be resumed as:

o [f the axion initial condition is close enough to the minimum of its potential
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(5 < aghly < 3m) the case is the same of [3] where the curvaton energy
density is so small because of preheating effects that the conversion ratio is
Q. = 0 and so the axion does not contribute to the curvature perturbations
leading to a safe model for each choice of the remaining free parameters A,

and ag.

e If the axion initial condition is far from the minimum (0 < a¢9§; < g or %7? <
a¢9$ < 27), a detailed, more general analysis of preheating effects is needed
and goes beyond the scope of this thesis, however, we made a rough estimate
of the results for a¢9;§1 = 7. These can be divided in 2 subcases depending

on the brane:

— If the inflaton cycle is wrapped by an E3-Brane then we know that
as = 27 and, imposing that the curvature perturbations generated by
the axion are subleading, we obtained the constraint for the only free
parameter 0 < Ay < 1.31- 10~°. However we must take it even not
too small in order to have non-perturbative corrections big enough to

mantain the existence of the minimum.

— If the inflaton cycle is wrapped by a D7-Brane stack then we don’t know
ag, which depends on the number of branes on the stack Ny, however,
picking A, ~ O(1) as done in some numerical evaluation and plots in
[2], imposing that the curvature perturbations generated by the axion
are subleading, we obtained the constraint: Ny > 41 < 0 < ay < 0.15,
again, always recalling not to pick even a4 too small to have suppressed
non-perturbative corrections to V and so the spoil of its minimum. As
a matter of completeness, if we would like to pick A, < O(107°) even
in this case, it is possible to find that there is no constraint on N, and

so on a,: the curvature perturbation of the axion is always subleading.

There are very interesting further developments of this work which can be analyzed.
First of all a detailed study of the preheating case similarly to [3] will be very
intriguing in order to reckon precisely the computation of the conversion factor in
the second case. In addition to this, a possible and interesting further development

can be to implement this mechanism in other Kahler moduli String Inflationary
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scenarios like Fibre Inflation [15], since they feature naturally the presence of axions

with similar characteristics to the one we used here as curvaton candidate.
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Appendix A

RNS formalism computations

Fermionic part of the RNS action

We can start by defining the Dirac conjugate of a spinor as:
Pt =g = rtip? = T g (A1)

where the last equality is true since ¢* Majorana spinor so " = ¢ and """ =
o

SO:

=i (ot vt) ((1) _01> = (v ") (A.2)

in this notation, pointing out that that:

0 —1 0 1 0 0, —d 0 —o.
9, = iy - - A3
P 0 (1 0 ) ! (1 0) (61 19, 0 ) <a+ 0 ) (4.3)

we can rewrite the fermionic action as:

Se= [Pl ou) = £ [ Poto, o) (A
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Equations of motion for fermionic field

The computation of equations of motion is as always obtained by variation of the

action:
35 =L / Po(B_0stb_ + b 0s00 + S dhy +s000s) = (A5)

integrating by parts and removing boundary terms that vanish:
i

=L [ o000~ Db 4 U0~ D) = (AS)

due to the fact that ¢y A = 1,2 are fermionic variables, they anticommute with

their variation:

2

= — | @000 )50 + (0-1: )50, =0 (A7)

giving us the result we saw in [I}

Global Supersymmetry of action

The transformation on which the action is invariant can be rewritten in component

as:
OXH =i(eppt —e_yh) (A.8)

S — —20_ Xte, (A.9)

St = 20, X"e_ (A.10)

We can see that this is a symmetry, in fact, suppressing again Lorentz indices:

1
(55 = ; /d20(2(9+5X(9_X —+ 28+X8_6X + i5z/1_8+¢_ -+ Z.lp_a_;_éw_ + 26¢+8_w++
| (A11)
+ih 069, ) = &/d%(@aﬂﬂax —€e 040X +€,0, X0, (A12)
m
—€,8+X3J7D+ — 87X€+a+w7 — w,a+a,X€+ + 8+X€787w+ + w+a,3+X€,) =
(A.13)

paying attention to the sixth and last term, moving ey at first place of the term
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getting there 2 minuses:

2

2| Poe, (0,40-0-K + 0, X0t — 0_XO:T- +9_0,0_X)+  (A.14)

™

te (=0 0_X — 0, XA, + 0, X0y —1h,0_0,X) = (A.15)
=2 [ e (0-(4-0,X)) — e (0, (40_X)) =0 (A.16)

since it’s a sum of 2 total derivatives, so it’s boundary term that vanishes.

On-Shell Closure of Global Supersymmetry

We start by recalling the transformation:
OXH = eyt (A.17)

M = p*0, X" e (A.18)

and by computing the commutator of two supersymmetry transformations acting
on X* and ¥

[6617 562] 2/)# = 561 (562wu) - 562 (561wu) = (A19>
Oe, (P00 X €2)—0cy (pX 00 X e1) = pU€2000e, XH—p€1000e, X = p* (€261 —€162) DM =
(A.20)

Now using the spinor identity exé; — €165 = —e’lpﬁegpﬁand {po‘, ,05} = 277“5:
= —e1ppeap® p’0u" = —Erppes {p°p"} Out + E1ppeap”p0uy” = (A21)

= —€10p€220a0p0at" + €1 ppeap’ p O = —26 p€20,0" + E ppeap’ p Oath =

(A.22)
=a” awu + ElP,BGQPB,OaaawM (A23>
Where a® = —2€; p“e5 can be interpreted as a parameter of the translation —2¢; p%€20,, =

a0, and the second term vanishes on-shell which means using the equation of mo-
tion of ¥ which is p*0d,* = 0.

So on-shell the commutator of 2 supersymmetry transformations lead to a trans-

lation on the world-sheet which is another supersymmetry transformation.
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For the other field X*:

[0eys 0y ] XH = 0, (06, XH) = 0ey (0, X*) = €30, 0" — €10, 0" = Ep“ 00 X1 —1 > 2 =

(A.24)
using the spinor identity é;p%; = —é1p%es:
= _2€1p0¢€28aXH = aaaaX“ (A25)
which is again a translation of the amount a® = —2€;p%€,.

So, in the end, the algebra of this transformation is closed on-shell.
Supercharges Explicit Expression

In order to have an explicit expression for the representation of the supercharges we
start from the trivial case of transformation of a field under translations. We have
that a field, scalar in order to simplify notation, ¢ transforms under a spacetime

translation o® — ¢'* = 0® + a“ as an operator as:
@ — ¢ = e e et P 1 —a, PYpl +ia,PY = ¢ +i[p,anPY]  (A.26)
As a field of Hilbert space instead as:
(o) = ¢ =" p = p(a® + a®) (A.27)

where P is the infinite dimensional representation of momentum operator P =

—1i0,. Equating the two expressions we get:
i [, a0 PY] = iaaPYp = a“Opp = ¢ (A.28)

In a similar manner we can derive the expression of supersymmetry transformation
for field, of supercharges and even the meaning of supersymmetry as world-sheet
transformation.

Let us start with computing the effect of a supersymmetry transformation gener-

ated by €@ (which is a sum of a transformation generated by —e, @Q_ and one by
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—€_(Q. so written in the form ef4r"@4 = Q).

B(0400,0,4+00,,0_ +50_) = e +Q="C)P (5,0, 0_ )+ = (A.29)

= e—i(wa—67Q+)e—i(U“Pa+9+Q7+97Q+)(I)(O’ 0, O)Gi(U“Pa-H%er+97Q+)6i(6+Q7—67Q+) —

(A.30)
where we get that transformations on fermionic coordinate are made by a barred
parameter € 60 and a generator because of the multiplication that needs a row
and a coloumn vector. We now consider just the last two exponentials and use

Becker-Campbell-Hausdorff formula which is:

eAeB — €A+B+%[A7B}+%(%[AV[AvB]])_%(%[Bv[BrA”) (A?)]_)

at just first order in commutator:

(0 Pat01.Q-+0-Q4) pile+Q-—€-Q1) _ Li(0%Pat(er+01)Q-—(e-+0-)Q1)+5[e+ Q- 0-Q1]+5[e-Q1.04Q-] _

(A.32)
remembering that since e_, e, ,0_, 0, are anticommuting variables: [e4Qp, epQa] =
{€aQpB,05Qa} = 2€405p" P, (1—094 ) where the expression of the anticommutator
is obtained just because is the only one coherent with the index structure and that
makes {Q4,Q4} =0 as in 4D case we get:

1|0YPy+(er+0 _—(e_+0_ — e O_FpPy+ie 6 *P.,
6[ e H0)Q (e H0-)Q4 e Zp 5 2o }: (A.33)

ei[ao‘Pa+(e++9+)Q_7(e_+9_)Q++i(76+9_+e_0+)paPa] _ e(E—l—é)Q—&-(UO‘—&—éepo‘)Pa <A34>

Which leads us to the fact that a supersymmetry transformation is nothing more
than a world-sheet translation, so a geometrical superspace transformation,

of the amount:
{ 0% = 0" =0+ 0p% = 0" +i(—e p0_ +e_p0,) = 60% = Op*e = —&p™0

64 — 04 = 04 + e = 604 = €4
(A.35)
Now we want to derive the expression for the supercharges. In doing so we will

compare the expression given by both transformations and the infinitesimal effect
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they have starting with Q_ (which is the representation of the generator ()_):

0 (0,0) = (1 +ie,Q_)D(0,0) = B(0,0) +ic,Q_D(0,0) = (0 —ie, p®0_,04 +¢y)
(A.36)
by expanding infinitesimally according to the law ¢(t 4+ 0t,x + dz) = é(t, z) +
top(t, x) + 020, ¢(t, x):

Qo —ie p®0_,0L +ey) = P(0,0) — e p0_0,P(0,0) + €40y, P(0,0) (A.37)
Comparing this result with the previous one at all orders in €, :
Q- = —p*0_0y +1i0p, = 05 — p*0_0, (A.38)

Repeating the same idea for Q (which is the representation of the generator

Qy):

e U D (0,0) = (1 —ie, Q) P(0,0) = B(0,0) — ie,Q . P(0,0) = B0 +ic_pO,0_ +¢€_)

(A.39)
by expanding infinitesimally according to the law ¢(t + dt,x + dx) = ¢(t,z) +
top(t, x) + 0x0.¢(t, x):

Do +ie_p*0.,0_+¢ ) =P(0,0)+ic_p*0,0,P(0,0) +e_ 0y P(0,0) (A.40)
Comparing this result with the previous one at all orders in €, :

Qy = —p0,00 + iy = D5, — p*0, 04 (A.41)

Supersymmetric transformations on Superfield components

We start from the transformation on superfield:

§0(0,0) = 6X"(0) + G5y (o) + %99517“(0—) = 2QP(0,0) = EQ(X"(0)) + EQ(F* (o)) +
(A.42)
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_ 5 DU (o _ O(L00FH (o
+€Q(%99F“(o)) = a;(é — (p"0) A0 X" + a(ezge_( D (50 a0 (007 (o)) + (2%;;_ ),
) (A.43)
—(pae)Aaa(iéeF“(a)) = EAwﬁ(a) — &p20) 40 X" (0) + E0AF" (o) — & (p™0) 4070, (o)
(A.44)

since 9p0 = —i(p®)~' and all the other terms get higher power of 6 or # and so
vanish.
We can continue the computation rewriting in component the term (or simply

using the Fierz relation in 2D @405 = —%5AB§CQC):
e (p0) a0 0uti(0) = —(e10- — € 0, )p" (0, 0a0" — 0_0u0Y) = (A45)

owing to the anticommutating nature of the e_,6_,¢,,0, and so no more than 1

copy can be in each term:
1-
= —(e40_01p"0ut)— +€_0,0_p* 0,0 ) = 599@‘1 L VH (o) (A.46)

Using this and the identity €p®0 = —Ap®e we can rewrite finally the variation of

the superfield as:
50(0,0) = @ (o) + Op B, X" (0) + Be (o) + %Q_QEpa (o) (AAT)
comparing with the previously obtained:
50(0,0) = 5X" () + G50 () + %9_9517“(0) (A.48)

at each order of f we get the searched result.

Action in component fields

so we need to compute the effect of covariant derivatives Dy = ae% + (p*0) 40, on
superfield ®*(c,0) = X"(c®) + Gy (c®) + 100 F*(c*):
0 - 1
Do* = 50 + (p“0)0, | (XH(o%) + 0" (o) + 5991’“(0‘“)) = (A.49)
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APPENDIX A. RNS FORMALISM COMPUTATIONS

) 10 _ 1
S A 6’F”+——F“+( )00 X" + (6°0) A0 Datly + (005000 F" =

00 210pq (A50)

where we cancelled first term because X* does not depend on 6,8 and last term

since contains 2 6. Using 2D Fierz transformation 6 405 = —%5 489c0c:
1=
DO* = + OF" 4 p*00, X" — 588#" L H (A.51)

and analogally, just by multiplying by ip° correctly and switching according to

anticommutation rules:
_ _ o 1. -
DO* = + BH0 — 00, X" p* + 5«998aw“p°‘ (A.52)

Plugging this inside the action and keeping just terms containing 6 since the other

ones vanish upon integration on d?0:

. B ' 1- _
S = 4i / Pod*0D AP D 4P, = 4L / od* (! +OF"+p" 006 X" =2 000" Dath™) (V" +
T T

(A.53)
L 1.
FB1G - 00, X" + S000.0" ) = (A.54)
integrating by parts = [ d?0d®05000,0"p", = —i= [ d2od*05000" p" 01, we

get:

2 2 (e} a
47T dod?0(—000" p° Do — 00 F, F* + F* 2890, X, — 09 F,p>0- X"+ (A.55)

—000° %0, X ,,05X") (A.56)

recalling that for o # 3 = p*p?9,X,05 X" = 0 since derivatives commute while,
for a # B Dirac matrices not we get that p®p®0,X,0sX" = (p°)206 X, 00 X" +
(P20 X O X = =00 X, 00 X" + 01 X,0' XH = 0, X,0° X" so0, applying this to the
calculations and using [ d?000 = —2i we get:

™
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Appendix B

No-scale structure

Single Kahler modulus

We start from the simplest case of a single Kahler modulus in a model with Kéahler

potential K = —In(T + T)" and W = W, Gukov-Vafa-Witten Superpotential
@.87). Having K = —nIn(T +7T) = Ky = K; = o = Kop = (T—ff)—Q =

KTT _ (T+7)?

—— we can compute the potential, after stabilising complex structure

moduli and axio-dilaton and after noticing that since Wy = Wy(2*) = orWy =
0TW0 =0:

=\ K (7-TT 2 2\ _ K (T+T)? —n , 2 2
VD) = Tl = 3Pt = e (L 22wl - s
(B1)

V(T,T) = e |Wo|*(n — 3) (B.2)

In our case, the volume squared V? = (T +T)3 so n = 3 which leads to V(T,T) =
0.

Multiple Kahler moduli

Even if the case of multiple Kahler Moduli seems so much difficult, Mathematics

comes in our help. In fact given:
K=—In(f(T"+T',..., TV +T) (B.3)
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we can use the Homogeinity of the function f to get:
fla(T*+TY, ..., a(T! +T)) =" f(T '+ T, ..., T7 +T7) (B.4)
and by using Euler’s theorem for the homogeneous functions:
(T"+ T ) = (T"+ T))Kie X =ne ™™ = (I'+ T)K;, = —n  (B.5)

which gives, upon differentiating in 77 and recalling K; = K;: K; + (T + T) K.
Finally, multiplying by the inverse Kéhler metric we get the fundamental rela-
tion:

KIK;+(T+T) =0 (B.6)

and, using (B.5) after multiplying (B.6)):

K,K'K;=n (B.7)
From this last equation we can finally obtain the generalisation of the single Kahler
modulus result:

n=3

V = " (K7 (K;Wo) (K;Wo) — 3[Wol?) = e [Wol*(n — 3) "= 0 (B.8)

(a’)® No-Scale Breakdown

Starting from the (a’)? corrected Kihler potential K = —21In(V + y) where y = g

we can repeat the idea of the previous section:

1% 1

~ (Ko (1-3) (B.9)

—_
_I_
<l

by taking (B.5) (note that since now on what we find in (B.5)) named K; is now

(Kp);) and by substituting (Ky); = (lKiy) in it we get:
v

(T + THKi = —3 (1 - %) (B.10)
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by repeating exactly the same steps as before, differentiating with the respect to

T;, multiplying by the inverse metric and neglecting the subleading terms in V we

get:
- Y —( 3y 3y
KKK, — 3 (1 _ —) kK7 (YY) = krTR2Y B.11
7 v < v ) ] 79y (B-11)
reshuffling:
. £
KKTK- =314 > B.12

Giving us the final expression for 6V(ys:

3¢ Wyl

Ty A0 EA0 (B.13)

Viarys == ™ (K;K7K; — 3)|[Wo|* =

Extended no-scale structure

In the following part we are going to study the extended no-scale structure follow-
ing the line of [I7]. First of all it is preferable to give a rigorous definition of the
extended no-scale structure following a Mathematical pattern.

Let Ys to be a Calabi-Yau 3-fold and considering our usual Type IIB String com-
paactification leading to an N=1 4D SUGRA where we have such a model:

K = Ko+ 0K (B.14)
W =W, (B.15)

then we have that 6V, = 0 if and only if the general correction JK is an homoge-

neous function of degree -2 in t* 2-cycle volumes.

It’s not easy to prove this statement, but we caqn do this rigorously using pertur-
bative tools. Since we would like to focus only on the corrections of scalar potential
we have to keep the focus on the part:

_ WP

Vs = Y (K99, KO; K — 3) (B.16)

We clearly consider K = —2In(V) + 0K, and, in order to get the Kéhler metric

with quantum corrections we introducing an expansion parameter e. We have
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than:

ij 4 ij
K — K, n 6825Kgs J _ 92K, . 9* K, 626Kgs
aTiaTj aTiaTj aTiaTj 87-2‘67—]‘ 87}8@

(B.17)

il :
0Ky \ ! 9%0K, 9K \”
— (1 g B.18
( e ((anaTj) s (87}073-) (B.18)
And by using the Neumann series to compute the inverse matrix we get:

il
2K, \ ' 02K, . . .
(1 +€ (( O Ko ) o gs)) = 0] — €K 0K + €K 0K, K§'0 Ky + O(€%)

877(97']- 87107']-
(B.19)
plugging this expansion, recalling 0 Ky = 0K in (B.17) we are going to find:

K = K — e KKy K7 + KK, KPS K K + O(e®) (B.20)
and by using this last expression in (B.16)) we finally get:
Vs = Vo + €0V + €25Va + O(€*) = e6V) + €20Va + O(€%) (B.21)

since Vp = ‘WV—%P(Kéj(KO)Z-(KO)j) = 0 due to no-scale structure we prove in the

previous part (B.8)) and where we have:

Vi = (2KJ (Ko)i0K; — Ki"o Ky K (Ko)i(Ko);) (B.22)
Vo = (KJOK 0K, — 2K 6K,y K (Ko)id(Ko); + K0 K, KMOK 3 K (Ko)i(Ko);)
(B.23)

By using we get that V] can be rewritten in simpler way as:

oVi = —w (—27‘-8(6[() + 7, 71—82(5[()) (B.24)

n
V2 J oT; OTn T

ot
homogeneous function of degree 1 Vi, j (so the elements of the inverse A% of degree

and by changing basis of the field space, defining 4;j = 9% = Jy, DinDiNT = kijit!
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-1), using the relations t'r; = 3V, At/ = 27; and A;;t't! = 6V we can go into 2-

cycle volumes’ one:

o 0
i — o — B.2
ch%'j tlatl ( 5>
21 2 1. oA 9
e S Aytit e L B.2
e e T T S L TS (B:26)
D(AP)

Using Euler’s theorem for homogeneous functions ¢ = (—1) A we get Tnnaf—: =

lyg 02 1y 0 .
Tlitk 51,00, 4tpatp and so:

atr

Vi=—-18 +tit, (B.27)

LW [, 90K 92(5K)
ot Ot;0ts

and by reusing Euler’s theorem, with m degree of homogeneity in 2-cycle vol-

umes:

21 1 2
m]j2| Z(Sm-l—m(m— 1))0K = LWl

== R

(m(m+2)6K  (B.28)

Since we know that conjectured String Loop corrections to Kahler form are homo-

geneous of degree

m = —2 for §Kg§K
(B.29)
m = —4 for 5Kgsv
then: ( KK)
O(Vet ) =
{ gKK Wol? ¢ 7-W (B.30)
5(‘/gs )1 = -2 V2 5Kgs

by computing the second order term in € in ({B.16]) we can get the first non-vanishing
contribute given by the exchange of strings with Kaluza Klein momentum giving
the final potential of:
gV LLoop _ [Wol* Z ((gsCi)* " (Ko)is — 20 K,Y) (B.31)
gs - V2 gsUi 0/t gs .

)
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Appendix C

KKLT computations

We start from our Kéahler potential and Superpotential with a single Kahler mod-
ulus T

K=-2mnV)=-3Wn(T+T)=-3In(r) and W =Wy+Ae " (C.1)
The consequent Scalar Potential reads as:

V = eX(KI9,Wo,W + K7 (O,WK;W + O,WEK,W)) = (C.2)
_— (KTTE)TWE)TW + KTTKa((9p W)W + (8TW)W)>

—~
@)
w

~

by neglecting the suppressed terms in the second part of the sum containing 2 non-

perturbative corrections since subleading, recalling K'TKy = —2r, KTT = %

and using (C.1)) we get:

472 _ -
V=l (%cﬂAPeQaT —27|Wo|(—ade T W, — aAeaTWO)) (C4)
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by rewriting Wy = |Wy|e?2&W0) A = | Ale?ars(4)

2
V= eK <4;)—a2|A|26—2aT + 2T(L’A||Wo|€_aT(e_i(e_arg(A)+arg(WO)) + e+z(9 arg(A)+arg(Wo )>

(C.5)
K. 2
L o 4T o 42 —2aT alAl _,,
s A or 22 - a
ol |Wo| <3‘W0|2a |Al%e + Tz |e cos(f — arg(A) + arg(Why))
(C.6)
Recalling e®x = &5
gs Ar? 2 al Al
V= \Wo|2 <WG2‘A’2€ 2 T+27-V2’WO‘ “Tcos(0 — arg(A) + arg(Wy))
(C.7)
minimising it in 0 = 22 =0 & cos(f — arg(A4) + arg(Wp)) = —1
0 = arg(A) — arg(Wo) (2k+ 1)m, k€ Z we get:
Kcs. 2
gs€ 2 4t 2| A(2,—2aT a|A|
V=" W | =50a%|A — 27 C.8
g 1ol (3v2ywo\2“| e Vo (C8)
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Appendix D

Non-perturbative blow-up

inflation: computations for

Rl = 3 case

Kahler metric

We start by assuming the Kahler potential of the form:

K=-2nVY (D.1)

In order to compute the Kéahler metric need the second derivatives of K with

respect to the T;. We start

from first derivatives:

o o 3 Ty
Ky = —20,ny = -2 (D.2)
3o /T
Ky=-20,lny = 2V (D.3)
2y
Ao/Te
K, = —20,Inp = 22V (D.4)

2V
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hll =3 CASE

where 0; = 07, = 30,,. The second order derivatives instead, read:

3 97 3
K;=— ~ — D.5
B TRV s 8VE T 8V (D-5)
TRV T, 8V T 8V T, ‘
3 ON2T, 3
ng — — s ~ D7
+8V,/Ts % 8V \/Ts (D7)
9)\(15, /Tb7'¢
Kyg = Kgp = —— (D.8)
IO/ T Ts
Kps = Ky, = _—8V2b (D.9)
9)‘¢/\sw /T¢TS
Kgs = K5 = 2 (D.10)

where we neglected terms suppressed by higher powers of V. These computations

lead then, with the crossing terms, to the Kahler metric:

Ky Ky Kis
Kg=| Ko Ky Kgs (D.11)
K Ks&) Kgs
—_3_ 4 I _NoyTo7g _ s y/ToTs
SV | 2V2 8V2 8V2
o 9)\(;5‘/’7'4)7'[, 3)\¢ 9)\357—(1; 9)\(;5)\31/7'457'3
Ky = T8y i e 2V2 812 (D.12)
_9)\51/7'371, INpAs\/TeTs 3As IN27,
gV2 8V2 Vs 2V2
Whose leading inverse terms are:
472

—b ATy T4 47 g
. 3/2
(K9~ | dmry S0 ar,

3/2
4Tb/\s 47—¢)\s 8\/§Tb

: (D.13)
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Minimum of the Scalar Potential

Now what we can easily do, before computing the canonical normalisation, is to

find the minimum conditions via setting all the partial derivatives to zero:

oV

— = D.14
5y = ° (D.14)
oV

— = D1
8T¢ 0 ( 5>
oV

o =0 (D.16)

First of all it’s important to rewrite the scalar potential after fixing the ax-

10ns:

gsefes 9 8a§A§ Toe 20T Aq Ay Teem %
Ve ) = e WA V. W,V
. (D.17)
8%1435 \/_6_2%’7<25 4a¢A¢ Tpe 079 n 3¢
WEA, Y Wy V2 4y3

At this point, setting & = 1 the second and third equations (D.15)),(D.16|) give

us:

16@5’14? Toe20sTs 4a§A§ g~ 2asTs 4@?143 T,e~ % 4g A, e T
—— + — =— + (D.18)
Wi As % WiAs TV Wo V2 Wy V2

and (here we show the right simplification for proceeding):

a;‘f{ A2 o \/Toe —fayTy + /‘ZA/”! —ZagTy B Aa?fl/ M 4%%%
W§A¢ Y W5A¢ N 2 W, V!

(D.19)
Leading us to:
asAge s 1
z —da,7s) = —(1 — asTs D.2
T (1= ) = (1~ aum) (D.20)
CL¢A¢€ aeTe 1
—(1—-14 =—(1—- D.21
Wo>x¢\/ﬁ< as7y) = (1 = ag7y) (D.21)
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hll =3 CASE

Which can be rewritten as:
WO)\S\/FS (]- - asTs)
Vo (1 —4dagTs)

A e—6Te — WO)‘¢\/T—¢ (1 - a¢T¢) (D 23)
i V (1 — 4CL¢T¢) )

asAse” T = (D.22)

And, finally, recalling to evaluate them in the minimum, to:

<V> _ Woi\;){/lm ((11__461(;1(;—71—3;) eai(ﬂ') Vi = ¢, S (D24)

Since during inflation the inflaton value 74 is big this can be even approximated
by [30]:

W >\S V <TZ> a;(T;

Instead, the first equation (D.14)), leads us to:

B 8a2 A2 \/Tse 20T N Sa,As T, _ +8aiA% [ Tge 2T B T 9¢
Wer, OV Wy V3 Wers V2 We V5 4
(D.26)

Solving in V and plugging its vacuum expectation value depending on (7y), ()

into ([D.24]) we finally get:

AN 2/3 2/3
(r) = (1) = <2§> - (#) (D.27)

By substituting all these values inside the potential (D.17]) we get, following [23]

in h! = 3 case:

—3We Ao As 39 &) V1
(V) = 51 <(a3/2 + a3/2> In((V))3/? — 5] <0 (D.28)
¢ S
However, adding the uplift term Vi, ~ C\Ifgo and fine tuning the coefficient c,, we

can get a Minkowski or slightly De Sitter vacuum.
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Canonical Normalisation: Differential Equation Approach

As we previously stated, the inflaton for us will be the modulus 7, and we want
now to derive their canonical normalisation. In order to rewrite the potential and
all the other quantities we are going to compute in terms of canonically normalised
fields.

The Kinetic Lagrangian for the canonically normalised inflaton ¢ can be written

£kin = %(8M¢)2 + = K¢¢(((‘9MT¢)(E)“T¢)) —+ ... (D29)

where dots indicate kinetic terms of other moduli. Substituting in:

3
VT

so, in order to find the expression for ¢ in terms of 7, we need to solve this

Liin = 300+ (@)@ )+ (D30)

differential equation:
3>\¢ auT o)

0 b = D.31
h® 4V i ( )
¢
which gives:
4)\¢ 3/4
With such a canonical normalisation the inflaton scalar Potential
16a4,A
Vi = Vo (1 — e A¢r¢v6aw> (D.33)
Woé
can be written, just by easily substituting 7, using (D.32) as:
2/3
16a54, ( 3V \** —ap( L) e
V;:an.inf. = ‘/O 1- . ~ (_V) ¢4/3V€ ¢(4>\¢) ¢ <D34)
Wof 4)‘¢>
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hll =3 CASE

Canonical Normalisation: Linear-Algebraic Approach close to Mini-

muin

As we said before, the canonical normalisation can be computed, around the min-
imum, even through the mass matrix eigenvalues, let us do so, following [22],

starting expanding each modulus around its vacuum expectation value:
7, = (1) + 61, Yi=0b,0,s. (D.35)
Plugging it inside the Lagrangian we gefT}
£ = K0, (57) 0% (575) — (V) — SVibridmy + OGF),  (D.36)

using the Kéhler metric (D.12)) we can rewrite the original moduli d7; in terms of
the canonically normalised fields around the minimum d¢; as:

1

o7 = = Pdo; (D.37)

=

or, explicitly, as:

5Tb
L | ox 0¢ Lo | 9¢s
5 = 0 — + " , D.38
To %5 % | % |5 (D.38)
0T
the Lagrangian takes the canonical form:
1 1z 1z mi 2
L =50 (0x) 9" (0x) + 0. (9) 9" (09) + 9y (065) 0" (095)) — (V) — | ~0x"+
2 2
My o9 Mg 9
+ 5 0p” + 5 (5¢5),
(D.39)

with 0} eigenvectors and m? eigenvalues of the mass-squared matrix (M Q)Z.j =

1Since now on, in this appendix, in order to make the notation easier, we are recalling K 7=
K;; and the same for V;;, M;; since, even if derivatives are on T;, T; we are working with quantities
dependent on 7; which is a real field.
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T Gl (1) =

(K1), Vij. These eigenvectors v; have to be normalised as (7, IT.. T,

1
2
;.

Using instead the inverse Kéhler metric at leading order (D.13]) we can compute

the Hessian of the scalar potential evaluated at the global minimum (D.24]), (D.27)),
which, at leading order, looks like:

3/2 3/2 dagey(mp) (1432 dagcs(my)(Ts)3/?
o <T¢> /2 cs (T5) /2 4ag ¢<2b7>< ¢>>/ _ <2b;< )
= dagey (Tp) (14)3/? 8a2 ¢y (1) (14)3/2
‘/1.7 - < >13/2 — = ¢<2b'?< ¢> Caad gl ¢ 0 )
T” _ dases(n)(r) 0 SaZe (r)? ()
27 81
(D.40)
where:
99v 81(4a¢A¢WO)2 81(4asASW0)2

= — = = ————————. D.41
“=Ty @ 166 16, (D-41)

As we said before multiplying (D.13)) by (D.40) we can get the leading order mass

(setting without loss of generality 74 =75 = Ay = As = Wy = 1):

1 (- <a¢ (rs)*? + a, <Ts>5/2) (1-175) 6a2(m) (r)*2 (1= 55)  6a? (m) ()" (1 — 53)
2
M= —5 | a2 (=50 4ad(m) () (1-30) a2 (m) (r)?
() —6a+/ (1) ()% (1 — 56) 6a3 (1) (r4)°* 4a2 (n,)*? (1,2 (1 — 36)
(D.42)
where 0 = 4%1<T¢> = 4a51<TS> ~ 41n1(V) < 1. The two small blow-up modes 74 and

Ts are both stabilised non perturbatively so their dynamic behaviour is the same,
then they will have the same mass which will be heavier that the large overall
volume mode 7,: my ~ mg > m,. Therefore we can work out the leading order
volume scaling of the moduli mass spectrum, reinstating M, # 1 for a better point

of view:

2

a2 T A (T, n
M~ m? s TAMP] = m2 3+ m? ~ 2 B (182)2 2 (D 43)

b) (m3)°
2 DetM2]  mamEmd  ((r) () ()P )
T e ’Zi’iz - ai<T¢><Tb>9/2 N e~ vy (D-44)

Let us now derive the corresponding eigenvectors from the classical eigenvector

equation MW = miv; Vi = b,¢,s. For the eigenvalue m3 we have (for o, =
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(@b, Y, 2)):
Ty = as (7o) (Yo + 2)
MG, = miﬁb & Uy = 2 , (D.45)

2b

where without loss of generality we have set a, = a, and (7,) = (7).

Next, for the eigenvalue m¢ we get the eigenvector (for vy = (24, Yg, 24)):

(7s)
Ty ™~
2 25 ’ m%
M Vg = m¢v¢ = Yo . <D46)
(r5)3/2
2=y Yo < Yo

In the end the eigenvector correspondent to the eigenvalue m? is (for v3 = (s, ys, 25)):

(7s) >
3\/2<n ’
2 < a (D.47)

M?G, = m?v, &

/\
o

Ys =

/\

b>
Zs

The non fixed remaning components z;, Yy, zs can be worked out via eigenvectors

. . . _ oK .
normalisation as (recalling K = 57-57):

U - K-h=1& 2~ L

Uy - K-Ty=1 e yy~ (1 ) >3/4 (D.48)
Ty K-ty=1 & 2z~ (1) (7)3*.

Therefore the general form ([D.38)) for the canonical normalisation takes the form:

o7, (7) CORARCANS CORARCANE
or, | = L 001 + | @)y 02 + (rs) /1 993
¢ s \/§ < >7/4S \/§ <Tb>3/4 \/5’
oT 1 Ts 3/4 1/4
s as <Tb>3/4 <T <T3

(D.49)
3/4
which, since we have <<T5>> = <ﬁ> < 1 in terms of factors of the overall
gs
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volumd? scales as:

fT_sz; ~O(1)ox + 0 (%) 0o+ 0 <g3/4;\/)7) 06, ~ O(1) by, (D.50)

T oL —1/4 1 oYW

) = O (lnm) ox+0O (95 \/17> 5+ O (gZ/“\/V) 6ps ~ O (gi/“) 09,
(D.51)

0Ts 1 oy N 1

=0 () o <gZ/4m7) o0 o) =0 ( Y ) -
(D.52)

Giving the right volume scaling found in (D.32]).

These expressions are not only useful in the context of canonical normalisation
per se, in fact they have a very interesting geometric and physical meaning. From
(ID.50]), we see that the overall volume mode is mostly given by dy and then
it mixes at subleading order with d¢ and d¢s in the same way; this have the
meaning that the volume is bigger than both the blow-up modes in the same
way (excluding the evolution during the inflation). From the other point of view,
from and , we realise that each blow-up mode is mostly given by
0, or d¢4 respectively, then it mixes with the overall volume, with an even more
suppressed mixing with the other blow-up mode, which let us understand better the
geometric separation between the two blow-up modes smoothing two singularities
in different points of the Calabi-Yau three-fold. In addition to this, as stated in [22],
since 074 is our non-canonically normalised inflaton, when inflation ends, reached
its minimum, after some oscillations, the field 74 stops oscillating producing 07,
particles. However the canonical normalisation let us show how, at this
point, since the enhanced coupling, the universe is filled by d¢ particles and much
fewer §y and ¢, such that the field d¢ (and not the volume or small modulus)

starts dominating the energy density to the universe.

2For 1, ~ g7' ~ O(10) and 7, ~ (V)%/3.
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Appendix E
Axion canonical normalisation

We would like now to check the consistency of the result with the linear
algebra method. Differently from the inflaton case, in this case the two methods
will perfectly give the same result since K4 does not depend on inflaton axion
and so the differential equation solution is trivial as we saw before and matches
the eigenvector solution.

We start from the potential which is the curvaton potential and we compute

his Hessian matrix with the respect to the axions at leading order given byﬂ:

0 0 0
0*V 3\, | Wo|2a2 7%/ 2
VhN=( —— ) = 22elT0l Y979 E.1
W)= g ) = |0 22 o, ®1)
0 0 0

where we have, again, used the relations (D.25)) and (D.27) after applying the
second derivatives. The transformation to canonical fields is given by

20y 5 5 5

- Op - 0¢ - oM
60y | = — + —= + — E.2
59¢ Il VR I VTR Il B (E2)
M

'We are going to neglect the small cycle axion 6, since we are interested, in the end, in the
canonical normalisation of 0.
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This can be rewritten shortly as

1

where () is the matrix that contains the vectors w; as columns. They are the

eigenvectors of the mass matrix (M72);; = 3 (K1) V) whose eigenvalues are

the axion masses. The eigenvectors fulfill the normalization condition
@ (K) -0 = Qui (Ki) Qij = 045 (E4)

The mass matrix at leading order is given by

5/2
6/\¢|W0|2a357'¢/

0 73 0
Tb2 2.2
2 -~ 4{Wo ayTy
(M)~ |0 —==2  0f. (E.5)
O 6)\¢|W0‘2a3)7'g/27']\4 0
7

The corresponding eigenvalues and eigenvectors are

1
mg, = 0, W= {0], (E.6)
0
Tv/ T™M
4‘W0|2CL35T£ . 2/3/2
2 _ ____ _? ¢ Wy = | se—— (E.7)
945 7_173 ) ¢ 3>\¢>\/ﬂ7—M 5 .
1
0
mgnf — 0’ 'U_]‘M — 0 (E 8)
1
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After imposing the normalisation condition (E.4)), the normalized eigenvectors read

as:
27
. (03 27 \65
Wy = N —=Wy =
Wl (K) -, V3 . ’
3/4_1/4
» \/6)\¢T¢ T,
T K) -0 - 73/ Yo = > 3§,\¢4
w(z) . < > * Wy b /6)\¢T¢/ ™
34
Ty
- 1/4_3/4 0
o Wy N 2\/§TM 7, i 0
M = — End ~ M -
\/wL ’ <K> " WM v 3/\M 2\/57'1}/1/475’/4
V3Anm

Giving us in particular:

60y ~  OV¥3)éay, + O(VY6) by ~ O(V3)s0y,
1/2
50, = (%) 504,
59M ~ O(V1/2)50'M + O(V_1/2)50'¢ ~ O(V1/2)6O'M

which is coherent with the normalisation we computed (|4.6)).

(E.9)

(E.10)

(B.11)

(E.12)

(E.13)
(E.14)
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Appendix F
Axion couplings

The decay possibilities for the axion and so the couplings, depend on the brane set-
ting so, again, since we consider only the geometric regime, we have 2 possibilities

which we have to inspect[}

No D7-Branes Wrapped Around The Inflaton

Using the previosuly defined Kéahler metric (D.12)), the matrices P;; in appendix
D.2 of [20], Qw(E.3) and following the notation in [20] where indices on these
3 elements have the meaning of derivatives, the kinetic and potential trilinear

coupling terms we need to explicitly compute are given by:

'Cint,kin = <a*rm Knp> 5Tmau59n8“59p

1
= WKmnpPmi@anpkdgﬁiau(SO'jau(SO'k, (Fl)
1 PV
Eint,pot - _5 <m> 5Tm59n56p
1 PV
- _25/2 <a7.maen80p> Pmianka5¢i50j50k . (FQ)

Note that we are going to neglect the small cycle axion since, as stated in [20], this choice
will not impact the couplings values.
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Let us first argue that the potential couplings to the volume and SM axions vanish:
since V' does not depend on 6, or #); but only on 6,, the indices n and p in
must both take on the value “¢”. However, the components Q) and (4as vanish,
so that there are no potential couplings ~ d¢do,doy, or ~ dpdoydoy. However
we don’t care too much about it since we want terms with dog inside so the only
important note is that the curvaton do, can’t decay, since it has equal mass, in
the inflaton ¢-+something or in itself+something, so no terms can contain o4 or ¢.

We now compute the third derivatives of the Kahler potential now:

3 45>\¢\/T_¢ 45)\]\/[\/% 9/\¢
Ko = 98 bbo = 73 M = Bigy = ———— 55,

To 167, 167, 16,/74T,

Kb¢M _ _2'7)%,)\]\/[1 /ToTM i = — 9)\M K¢¢¢ _ 3)\¢
87y 16/ 16757
(F.3)
9>\¢)\M\/TM 9/\¢)\M\/7—_¢ 3)\M
ooM — T~ — 3 OMM — T~ — 3 MMM — — 7373 3/3
16\/757; 16/ TnT; 167']\} Tb/

The trilinear couplings of the inflaton axion always involve exactly one other axion
and one modulus field. The relevant coupling terms are given in and . In
analogy to the argument above, the potential coupling terms vanish because
the indices n and p must be “¢” for having a non vanishing potential derivative,
while on of the indices j and k must either take on the value “0” or “M” for not
having a decay of the inflaton axion in itself. This gives rise to either a factor

“Qup” or “Qunr”, both of which are zero.

From the kinetic coupling terms of the inflaton axion are induced from .
There are always two possibilities how 6¢;0,00;0"d0), can contribute to a decay
of o, corresponding to j = ¢ or k = ¢. Before doing so we must eliminate
the derivatives through a very easy procedure, using Klein Gordon equation and
integration by parts in fact we can rewrite:

(5@(8“(5@)(8“50;6) = (7717,2 — 7I’LJ2 — mi) 5¢i(50'j50'k, (F4)

N | —

The individual coupling terms are given as follows:
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e Decay doy — dx00y:

Here we have, since the masses m,,m,, < m,,:

(0p—Xx0b) 1
‘Cint%kin%(cb) = _WKmnppmen¢Qpbm§¢(5X5U¢5O’b. <F5>

Since Qarp = Qpp = 0, the index p is forced to take on the value “b” so that

we obtain
E(Uqb—)XO'b)__LK Py OnosQ 2 Sy (F.6)
intkin,(c) T 93/2 mnbLmb&neLob1, 0X 00400y .
1

S eys) (Een PovQup + Koy PonQgs) Quvmy, 0x00 400, (F.7)
\/3)\ |W0|2a¢7';1/4

L15/4
Ty

Ix60 400 . (F.8)

22

e Decay doy — dx00oum:
This decay is given by (neglecting all the subleading masses):

(o o) 1
‘Clnt¢l:11><(c];4 - 23/2 Kminmen¢QpMm9 5X50¢50’M (Fg)

Since Qymr = Qpmr = 0, the index p is forced to take on the value “M” so

that we have

(G6—x0n1) 1
‘Cint%l:é(c];[ - 23/2 Kmnppmen¢QMMm9 5X50'¢50'M (FlO)

T, 9/ Ix0T400 s . (F.11)

e Decay doy — 6prdoy:

The coupling terms, neglecting all the subleading masses again, read as:

(05—r0) 1
‘Cintfl:n,éi) b 23/2 KminmMQn¢Qpbm9 5¢M50¢5Ub (F12)
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Here the index p is again forced to take on the value “0” and we obtain

Op—dMTp) 1
Ei(ﬂél:n’évc[) LR 23/2 KminmMQn¢Qpbm9 5¢M50'¢50'b (F13)
Tl; 9/2 5¢M50'¢50'b . (F14)

e Decay doy — dpndon:

For this decay we have (neglecting all the subleading masses):

(co—ér1onr) 1
ﬁintqi;nfcI)M — 23/2KminmMQn¢QpMm9 5¢M60_¢>50—M (F15)

The index p must take on the value “M” and the coupling terms are given

by:

(cp—Pnonr) 1
[’int,kin,(c) - 23/2 KminmMQn¢QMMmg 5¢M(50'¢(50’M (Flﬁ)

1
~ o (KMbMPMMQb¢ + Knpom Prni Qoo+ (F.17)
+ KMMMPMMQM¢) QMMm3¢5¢M50¢50M ~ (F.18)

2V WoPa M

15/ e 0PMOTE00 N - (F.19)

Ty

So the dominant decays are the first and the last ones.
However an allowed decay is still missing from the list, which will be the one seen in

(4.50). This decay is the one arising from the Gauge Kinetic function term:
(fWaW*|,) + h.c. (F.20)

Where W, Supersymmetric generalisation of Field Strength tensor (now in the
abelian case for simplicity, in the non-abelian is needed just to add a trace on the

contraction of the tensors) and f = Ty gauge kinetic function.
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Expanding the expression we get:

(fwgwmhj+hcs:—QMEWFWC%%U5—fWEwFW::—QMEWFW“+&WEWFW
(F.21)
From here we can rewrite the Canonically Normalised Field Strength Tensor as

G = /2 (1m) F giving us:

™ O -
W Wwe hec.=————F,F" +—-F,F" F.22
(f ‘F)—i_ ¢ 2 (rar) " +2<7_M> I ( )
Where we kept the name F),, even for the canonically normalised field strength
tensor G, — F),,. Expanding now around the minimum 7, = (7as) + 07 and

Orr = (Opr) 4+ 60y and using the non-dominant canonical normalisation component

of 7ps in terms of o4 in (E.10]) we get:

\/@Tj/ 47'M
Z

LD - 004 F 1 (F.23)

Eliminating derivatives of the gauge field A, in F},, = 9,4, — 0,4, and in Fr =
7 F,, using (F.4) and so adding the only mass different from zero m,, we get

the coupling:
\/ 6)\4)7';/47']\4 9

Gvis = Vi/2 mg, (F24)

D7-Branes Wrapped Around Inflaton Cycle

In the following scenario we instead have the inflaton wrapped by an hidden sector.
Even though this change, we will obtain the same results for every coupling but we
have even an additional one coming from the gauge kinetic function term where
the inflaton 7,4 couples with hidden sector gauge bosons 7. In this case then we

get a term:
LD —14F,, F" — 04F,, F" (F.25)

Proceeding in analogy with the steps done to obtain ([F.24)) and using the canonical
normalisation of the curvaton in (E.10]) we get (again after removing the derivatives
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and inserting the mass):

~3/4_3/4
Lo le T2 s 5A AR
[P ¢ M

V3

where the coupling is then:

—3/4_3/4 5/4 5/4
To Ty g AWolPad 7" AWo|?al 7,

9hid = Wm% \/m 7_1?/4 - \/m V3/2

(F.26)

(F.27)
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