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Abstract

In questi ultimi decenni la computazione quantistica è stato uno dei settori maggior-
mente in via di sviluppo, nonostante ad oggi pochi siano stati i risultati ottenuti per
quanto riguarda la realizzazione di grandi computer quantistici in grado di risolvere
problemi complessi. Ad oggi l’azienda D-Wave è la prima ed unica che permette agli
utenti di interagire direttamente con un computer quantistico, così da rendere accessi-
bile la computazione quantistica a chiunque voglia risolvere determinati problemi. É da
questa possibilità che nasce l’idea di QUnfold, un software che si prefigge l’obiettivo di
implementare una nuova tecnica di Unfolding (un problema standard della fisica delle
particelle) utilizzando i vantaggi quantistici ottenuti grazie a D-Wave. Questa tesi si
prefigge l’obiettivo di testare ed analizzare i limiti ed i punti di forza di questo approc-
cio rispetto a quelli classici comunemente usati. Per fare ciò, sono stati utilizzati dati
ottenuti dal decadimento di quark t, e su questi sono stati girati i vari algoritmi di
Unfolding, così da poter comparare i risultati ottenuti.



Abstract

In recent years, quantum computing has emerged as a rapidly advancing field, though
practical achievements remain limited due to significant technical challenges in construct-
ing large-scale quantum computers. D-Wave currently stands as the only company offer-
ing a commercially accessible quantum annealer, enabling users to perform specific com-
putations more efficiently. Leveraging this technology, we introduce QUnfold, a software
designed to implement a novel unfolding technique (a key problem in particle physics)
by harnessing the advantages of quantum computing. This work aims to evaluate the
performance and limitations of this quantum-based approach compared to traditional
methods. The evaluation is based on data from t quark decays, with various unfolding
algorithms applied and the results compared.
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Introduction

Quantum Mechanics, together with Einstein's Theory of Relativity, is the most revolu-
tionary theory of the XX century. Despite it was developed over a century ago, at the
moment we have just started to explore all of its possibilities and consequences.

Among all of the new �elds born following quantum mechanics, Quantum Computa-
tion is the one that in recent years has evolved rapidly, o�ering computational advantages
that are still being uncovered. The concept of a quantum computer was �rst proposed
by Richard Feynman in 1982, when he observed that there seemed to be essential di�-
culties in simulating quantum mechanical systems on classical computers. He suggested
that building computers based on the principles of quantum mechanics would allow us to
avoid those problems. However, building such computers up to now has been a di�cult
challenge and today we have not still managed to fully exceed such problems. In fact at
the moment the only few quantum computers can be used freely by the user is the one
o�ered by D-Wave's company. Despite this clearly is a very important achievement, it
has to be understood that this does not represent Universal Computation, which means
that not every kind of problem can be solved by the quantum computer current available.
In particular this computer is called a Quantum Annealer and it is able to solve di�erent
kind of optimization problems. We will see that the only form of mathematical problems
that can be implemented is called the QUBO form. On the other hand Universal Com-
puters are being developed, as they represent the real goal of quantum computation, but
nowadays they are apparently not as powerful as D-Wave's quantum annealer.

In this thesis we will analyse the advantages given by this quantum computer in
the High Energy Physics �eld, in particular on the solution of the Unfolding problem.
The Unfolding is a very common procedure in particle physics, as it deals with the
distortions that arises when carrying out a measurement due to all the detector's e�ects.
Therefore what we measure can be distorted with respect to the the real phenomena,
implying we cannot compare the observed data with the theoretical ones. The unfolding
technique enables us to correct this distortions and to obtain the "real" data. The
starting point of this thesis is realizing that it is possible to see the unfolding as a quantum
annealing problem. This means that once having done this we could theoretically solve
the unfolding problem through D-Wave's quantum annealer. Unfortunately, this is not
as easy as it seams. There are a lot of problems and challenges in trying to implement
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an algorithm able to solve this kind of problem.
QUnfold is a Python package that implements this new method of solving the unfold-

ing. This package enables the user to directly send his unfolding problem to D-Wave and
to solve it via quantum annealing. However, this is still a work in progress project, and
the aim of this thesis is to test it analyzing its strengths and its critical points. To do so
we have taken data from an high energy physics experiment about quantum properties
of particles. In this work they present a great quantity of data and they need to unfold
them. We have therefore taken this data and have testedQUnfold methods comparing
them to the classical ones.

To sum up, this work is divided in four main chapters:

ˆ Chapter 1 : here Quantum Annealing is presented throughout its mathematical
description and how it has been implemented in D-Wave's quantum computers.

ˆ Chapter 2 : the Unfolding is described and some classical algorithms are presented.
In order to better understand this procedure, at the end of the chapter an example
is provided.

ˆ Chapter 3 : in order to be aware of the analysis used to test the unfolding via
quantum annealing, here is presented an introduction to the HEP detector (in
particular ATLAS) and to the Standard Model of particle physics, with a Section
concerning the process on which we are studying the problem.

ˆ Chapter 4 : this is the core of this work. It explains how the analysis has been
carried out presenting its results.



Chapter 1

Quantum Annealing

The aim of this �rst chapter is to present the central problem of this thesis: Quantum
Annealing (QA). This technique has been studied throughout these last years, as it is one
of the �rst quantum computational problems we are able today to solve very e�ciently.
This chapter is divided in two main Section. In the �rst we present a mathematical
description of the problem, analyzing the theorems that gave birth to quantum annealing
and all the mathematics behind it. In Section 1.2 we present the �rst quantum annealer
(i.e. a computer able to perform quantum annealing) of the world, that is the one
provided by D-Wave system. We give a brief description of the Annealer and then
we focus our attention in understanding the three main annealing method provided by
D-Wave.

1.1 Mathematical description

In the last decades, and in particular these last years, quantum computation has spread
across the industry with a lot of possibility of technological applications. In fact, following
the idea of R. Feynman proposed back in the 1980s [1], quantum computers are believed
to being able to solve certain problems more e�ciently than classical ones.

Today there are two di�erent kind of quantum computers: gate model and quan-
tum annealing. The �rst one implements the algorithm with quantum gates, and are
studied and implemented by IBM and PASQUAL. It represents the so called universal
computation, which means that these kind of quantum computers can ideally solve any
n-qubit operation. At the end of the process the system is measured and collapses in a
classical state. Quantum annealers work in a total di�erent way by taking advantage of
the Schrodinger equation evolution. The idea was �rstly introduced by Kadowasi and
Nishimori in 1998 [2]. They are based on thequantum adiabatic theorem(better ex-
plained in Sec. 1.1.1) which states that if the equation parameters evolve slowly enough
over time, the system will remain in the ground state. In contrast of the quantum gate
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1.1. MATHEMATICAL DESCRIPTION 4

based computers, quantum annealers are very e�cient in solving optimization problems,
but they are not universal, which means that there are some problems they cannot solve.

1.1.1 Quantum Adiabatic Theorem

The quantum adiabatic theorem, proposed by Max Born and Vladimir Fock in 1928,
states that:
A physical system remains in its instantaneous eigenstate if a given perturbation is acting
on it slowly enough and if there is a gap between the eigenvalue and the rest of the
Hamiltonian's spectrum[3].

Its implication in quantum mechanics are quite evident. Suppose we have a quantum
mechanical systemH starting at time t0, prepared in its ground state denoted byj 0(t0)i .
Suppose then that the spectrum is discrete, so that there is always a gap between the
eigenvalues. If we evolve the system under a slow perturbation according to the theorem
it will remain in the ground state. In particular, at t1 >> t 0, the system will be in
the ground state of the modi�ed Hamiltonian, denoted byh f (t1)j. Basically Quantum
Annealing uses this property to �nd the �nal state of the system which, as we will see
in Section 1.1.2, describes the optimal solution of the problem we want to solve.

To have an idea of what it means "slowly enough", the condition our evolution must
respect is [4]

max[h f (t)j dH (t)
dt j 0(t)i ]

min [E f (t) � E0(t)]
� 1 (1.1)

In this condition, E f and E0 are the eigenstates corresponding respectively to f and
 0, and the denominator is the so called minimum gap, which is the minimum di�erence
throughout time of the two eigenstates. Is it clear now why we need to change the
Hamiltonian as slowly as we can, so that we can decrease its derivative over time and
respect the condition.

By these, we can �nally introduce a brief description of adiabatic quantum computa-
tion, which is the technique quantum annealing uses. In optimization problems, one has
an Hamiltonian where its ground state represents the solution. More speci�cally, this is
often referred to as the�nal Hamiltonian. A simpler Hamiltonian, known as theinitial
Hamiltonian, is prepared on a quantum system with its initial con�guration being the
ground state. The quantum system adiabatically evolves this Hamiltonian towards the
con�guration of the �nal Hamiltonian. Following the theorem, at the end the system will
be in the modi�ed ground state, corresponding to the solution to the initial problem.

1.1.2 Ising and QUBO formulation

Despite in adiabatic quantum computation there are a lot of possible Hamiltonians that
can be used, the Ising Hamiltonian is the most common Hamiltonian supported and
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studied in this �eld. The Ising model is a mathematical representation commonly used
in statistical mechanics. It is based on variables that describe moments of magnetic
dipoles called "spin up"(j"i ) and "spin down"(j#i ), corresponding respectively to +1
and -1 values. In the spin basis we therefore have this computational basis:

j"i =
�

1
0

�
� j 0i j#i =

�
0
1

�
� j 1i (1.2)

According to the Ising model, the possible relationship between the spins, which are
represented bycouplings, are clearly only correlation or anti-correlation. We can then
write the function expressed by the Ising model as:

H ising =
NX

i =1

hi si +
X

i<j

Jij si sj (1.3)

wheresi are the spin of of thei -th qubit (having therefore si = � 1), hi are thebiasesof
each qubit (i.e. the magnetic �eld applied on the qubit) andJij represent the couplings.
We now need to understand why this kind of Hamiltonian is very useful in Quantum
Annealing.

In order to translate the input problem we want to solve in a form that the quantum
computer is able to read, we need the so-calledQUBO form (Quadratic Unconstrained
Binary Optimization form). That is the only type of problem a quantum annealer can
solve. In this QUBO formulation of the problem, the purpose is to minimize a quadratic
function of binary variables (i.e. only 0 for False and 1 for True), that can be expressed
as:

f (x) = xT Qx (1.4)

where Q is aN � N square matrix which de�nes the function, andx is a vector of binary
variables. We can therefore express:

f (x) =
NX

i =1

Qii x i x i +
X

i<j

Qij x i x j (1.5)

We have in this way separated the diagonal term with the o�-diagonal terms. It is
important to underline that QUBO problems are not constrained, meaning that there
are no constraints on the variables other than those expressed in Q.

It is slightly evident that there is a similarity between these two models, in particular
between eq. 1.3 and 1.5. It can be in fact shown that these two formulations are
equivalent, meaning we can translate one into the other [5].

To sum up what we have discussed so far, we can say that if we are able to formulate
our problem through an Hamiltonian which follows the Ising model, we are sure that we
can translate it into the QUBO form, meaning we can solve the starting problem via
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Quantum Annealing. Despite that, as we will see later in Section 4.1.1, this is one of the
main di�culties faced when trying to solve optimization problems. In fact, as it seems
quite immediate the correlation between the Ising model and the QUBO one, doing it in
practice may create some issues.

1.1.3 Quantum Annealing process

Now that we have seen the main features of Quantum Annealing, it is time to understand
how it e�ectively operates.

Following what we have said before, we consider an Ising model with its Hamiltonian
HP , whereP denotes the "problem Hamiltonian". The aim of annealing is to �nd the
ground state ofHP , which expresses the solution of the starting problem. Following the
Ising model presented in Section 1.1.2, each element can be in two di�erent states called
spin up and spin down.

We assume thatHP is a classical many-body Ising Hamiltonian, that can be de-
scribed in terms of thez components of the Pauli operator� z

j . In particular, in quantum
annealing we have

HP =
X

i

hi � z
i +

X

i<j

Jij � z
i � z

j (1.6)

where� z
i are Pauli-z matrices associated with the i-th spin,hi represents the interaction

between the local magnetic �eld and the i-th spin andJij de�nes the strength of the
interactions between the two spins. This Hamiltonian clearly follows the one in eq. 1.3.

We now introduce a driver HamiltonianHD which does not commute withHP and
has the trivial ground state. This represents the starting hamiltionian of the process.
Usually a common choice forHD is the transverse �eldHD = �

P
j � x

j , so that the non
commutativity is satis�ed. We can de�ne the total Hamiltonian as:

H (t) = A(t)HD + B(t)HP (1.7)

A(t) and B(t) are some time-dependent functions satisfying at the initial timeA(t i ) �
B (t i ) and at the �nal time A(t f ) � B (t f ). By substituting HP and HD we can obtain:

H (t) = �
A(t)

2
(
X

i

� x
i ) +

B(t)
2

(
X

i

hi � z
i +

X

i<j

Jij � z
i � z

j ) (1.8)

At t i we only have the driver HamiltonianHD .The initial state is set at the ground
state ofHD , which is known a priori. In fact, the lowest energy state of this term is when
all the qubits are in a superposition of the statesj0i and j1i ; in particular as we will
see in Section 1.2 in a D-Wave quantum computer we will always have that the starting
situation is with all the qubits in the j+ i state, which corresponds to:

j+ i =
1

p
2

j0i +
1

p
2

j1i
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Instead, at t f we will have just the problem Hamiltonian HP . This term is the
Hamiltonian that contains our problem, encoded through the values of the biaseshi

and the coupling strengthsJij . The lowest energy state of this term is the answer to
the problem we are trying to solve. Note that the �nal state of our system is always a
classical state and depending in which classical state the system ends we have a di�erent
solution for our problem.

The idea of QA is that according to the quantum adiabatic theorem ifH (t) changes
"su�ciently" slowly with t, the spin state evolves adiabatically and it remains in the
ground state of the instantaneous Hamiltonian, passing form the ground state ofHD to
the one ofHP . In this way at the end of the process it will arrive at the ground state of
HP , giving us the result we were seeking.

Unfortunately in practice it is impossible to have a perfect adiabatic evolution, which
means that the �nal result may be slightly di�erent from the ground state. This implies
that it is very important in QA to repeat the process several times.

1.2 D-Wave samplers

A Quantum Annealer is a quantum computer designed to solve optimization prob-
lems through QA. As explained before, it operates through the slow evolution of the
Schrodinger equation of the quantum system.

The D-Wave system, founded in 1999, is a pioneering company in quantum com-
puting, focusing on developing e�cient techniques to realize Quantum Annealing [6].
D-Wave system implements this technique using a single quantum algorithm, being able
to realize QPU (quantum processing units) with more than 5000 physical qubits (quan-
tum bits), much more than the ones that gate-based quantum computers have reached
so far.

As said before, in order to satisfy the conditions of the adiabatic theorem, one of the
key points in D-Wave's QPU is that it must be kept in an environment isolated from the
outside, with a temperature below 20°mK. This is because it is the only way to ensure
that the system behaves quantum mechanically. In Fig. 1.1 we can see the D-Wave
quantum computer.

Another important aspect of D-Wave is that users interact directly with the D-Wave
quantum computer through a web user interface (UI), and through open-source tools
that communicate with the Solver API (SAPI). In this way users are able to submit
their problems to D-Wave, having three di�erent solving methods:

ˆ Simulated Annealing : that is the classsical counterpart of Quantum Annealing,
and so does not uese D-Wave's QPU.

ˆ Hybrid solver : it is an annealing methods that divides the problem in two
subproblem. One will be solved by the QPU and the other one by a classical CPU.
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Figure 1.1: This picture shows the D-Wave Quantum Computer

ˆ Quantum Annealing : that is the method we have discussed so far. The main
problem with this approach is that at this moment total quantum machines are
not able to solve very complex problems.

1.2.1 Simulated Annealing

Simulated Annealing (SA) is the classical counterpart of Quantum Annealing. It was
�rstly introduced by Kirkpatrick et al [7] to solve optimization problems and now it has
become a very used and studied technique. In mathematical optimization, simulated
annealing is used to �nd an approximate global minimum of a function E(x). It is
therefore evident the �rst main di�erence with quantum annealing. In the latter, indeed,
the optimal solution represented by the ground state is precise, as it is an eigenstate
of the Hamiltonian. In SA we can obtain only an approximation of that, which can be
more or less accurate. It becomes more e�cient if it is used in a solution space that has
discrete solutions, so that these intrinsic uncertainties are reduced.

Therefore, as for QA, our goal is to �nd the minimum of a given function expressing
the problem, which plays the role of the energy of the system. SA algorithm starts with
an initial solution x0 and a starting temperature ofT0. At each iteration, the simulated
annealing considers some neighboring statex0 of the current state x, and evaluates the
� E = E(x0) � E(x). If � E � 0 the new solution is accepted, because it means that
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the new state has a minor energy. Otherwise, if� E > 0, x0 is accepted only with the
probability of

P(x; x0; T) = exp
�

�
� E
T

�
(1.9)

whereT is the current temperature. This probability is necessary to escape from a local
minimum by accepting worst solutions. In fact otherwise the algorithm would get stuck
in a local minimum being enable to get out. Obviously sometimes this problem persists,
as for high energy barrier it is still di�cult to escape from a non global minimum.

Another important aspect of SA, is that at each iteration the temperature is reduced.
According to this probability starting from high temperatures means accepting all the
solutions, as the exponential will be big. In this way at the beginning of the process, the
system has the same probability to stay in any possible solution state. At each step,T is
therefore reduced following theannealing schedule. The choice of the cooling schedule is
critical for the performance of the algorithm. As it turns out, under certain conditions it
can be shown that the algorithm converges to the global minimum with probability 1 as
the number of iterations approaches in�nity, provided the cooling schedule is su�ciently
slow [8].

To compare this method to the quantum annealing, we can identify from eq. 1.9
the escape rate of SA beinge� h

k B T , with kB and T respectively the Boltzmann constant
and the temperature, whileh is the height of the barrier. We assume thath is propor-
tional to the system sizeN , which means that to reach the global minimum we need an
exponentially long time in N . (h � O(N ))

The advantage given by QA is that according to Quantum Theory the tunneling

probability is e�
p

hw
g , [9] whit w the width of the barrier and g the strength of quantum

�uctuations.
Consequently, as we know thath � O(N ) and w � O(N

1
2 ), the time necessary to

escape from a local minimum is subexponential in N. This is schematically shown in Fig.
1.2. Several numerical and experimental studies have provided evidences for such an
advantage of QA over SA in some speci�c models [4].

It is important to underline the fact that despite QA advantages, SA nowadays is
much more useful. That is because though D-Wave quantum annealers are improving
both in the number of qubits and in topology1, they are still not able to solve complex
problems. SA is then a very useful tool to solve them. That is why D-Wave gives the
user the possibility to also run Simulated Annealing.

1The topology of a QPU is the scheme by which the qubits are realted to each other. Currently
D-Wave is working at the Zephyr topology, but we are still very far to being able to have all qubits
connected to each other. [6]
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Figure 1.2: Schematic picture of the thermal �uctuation and quantum tunneling in a
system with local energy minima separated by an energy barrier with the heighth and
the width w.

1.2.2 Hybrid sampler

Due to the problems expressed in the last part of Section 1.2.1, an immediate way to
overtake them is to use both QA and SA simultaneously. The hybrid solver of D-Wave
Systems integrates classical and quantum annealing techniques to solve very complex
problems. In this way the advantage of quantum annealing, provided by D-Wave's
quantum processing unit (QPU), and of classical algorithms are combined to �nd very
precise solutions. The hybrid solver can therefore studies problems that purely quantum
or simulated annealing fail to solve [10].

D-Wave's Hybrid Solver divides therefore the problem in many parts. The QPU
analyze the parts of the problem where quantum annealing can give a great advantage,
while the CPU studies the rest. This dynamic allocation is managed by a complex
system that decides which parts of the problem are best solved by QA and which ones
are best for SA. In this way, the solver can resolve larger and more complex problems
than a purely quantum or classical approach could solve. It also improves the quality of
the solution, as the classical annealing can re�ne the results obtained from the quantum
annealer.

To sum up, D-Wave's hybrid solver uses the advantages given by quantum computing
and combined them with the possibilty of solve big problems given by classical algorithms.
In this way it is able to give superior results in solving real-world optimization problems.
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