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1.3 Nonlinear behaviour: Hysteresis

A disadvantage of piezoelectric materials is its highly nonlinear input/output

behavior. Speci�cally, a piezoelectric actuator shows hysteresis behavior,

which a�ect their performance. In simple terms, this means that for a cer-

tain input, there is no unique output. Instead, the output depends on the

input history. The term "hysteresis," derived from the Greek words meaning

"de�ciency" or "lagging behind," is de�ned as a dynamic lag phenomenon

between the input voltage and output displacement or force of the piezoelec-

tric actuator in the time domain operation. The lag size depends on the �eld

level, cycle time, and materials used. It is often speci�ed as a percentage

of the total de
ection achieved, ranging from 1% to 10%. The hysteresis

characteristic of the piezoelectric actuator becomes noticeable when oper-

ating in a large voltage range with slow or fast speed motion, leading to

signi�cant positioning errors. Hysteresis occurs in both static and dynamic

operations. Hysteresis behavior can be classi�ed into rate-independent and

rate-dependent hysteresis. Rate-independent hysteresis focuses on the re-

lationships between input voltage and output displacement at low frequen-

cies, while rate-dependent hysteresis considers the relationships between in-

put voltage, input frequency (or rate), and output displacement. In Figure

1.11a, the existence of a hysteresis loop is clear, showing that the input volt-

age is not linear with the output displacement. In Figure 1.11b, hysteresis

at di�erent frequencies is depicted, illustrating how the lag increases as the

frequency grows. Therefore, it is necessary to model the hysteresis behavior

(see Chapter 2) and compensate for the hysteresis nonlinearity using control

approaches (see Chapter 3) [25].
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(a) Rate-independent behaviour

(b) Rate-dependent behaviour

Figure 1.11: Hysteresis curve



Chapter 2

Modelling of Piezoelectric

Actuator

The objective of this chapter is to present which models are used in this thesis

to study the piezoelectric actuator behaviour and the parameters identi�ca-

tion.

Several models exist to represent the nonlinear behavior of the piezoelec-

tric actuator, particularly due to hysteresis. Examples include the Preisach,

Prandtl-Ishlinskii, Krasonsel'skii-Pokrovskii, Maxwell, Bouc-Wen, Duhem,

Dahl, Linear, and Hysteron models [25][26]. In this thesis, the models consid-

ered are the Bouc-Wen model and a Port-Hamiltonian System (PHS) model

based on hysterons. The piezoelectric actuator system model comprises two

subsystems: electrical and mechanical. The electrical subsystem represents

the hysteretic system, which is modeled di�erently based on the chosen model

method (Bouc-Wen or PH). However, the mechanical subsystem is modeled

as a mass-spring-damper system for both methods (Figure 2.1).

2.1 Bouc-Wen model

The Bouc{Wen model of hysteresis, introduced by Robert Bouc and extended

by Yi-Kwei Wen, is a hysteretic model commonly used to describe nonlinear

hysteretic systems [27]. This model, known for its simplicity and versatility, is

capable of representing a wide class of hysteretical systems in analytical form.

27
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Figure 2.1: Piezoelectric Actuator Model

It is based on a state variableh and the relationship between a mechanical

excitation F and the state h is given by the following di�erential equation:

_h = A _F � �
�
�
� _F

�
�
� h jhjn� 1 � 
 _F jhjn (2.1)

where A controls the restoring force amplitude,� and 
 control the shape

of the hysteresis loop andn controls the smoothness of the transition from

elastic to plastic response. For di�erent values of parameters� and 
 , the

hysteretic characteristics of the structure will change in di�erent forms (Fig-

ure 2.2). When � + 
 > 0 the structure presents soft characteristics, and

the hysteretic restoring force of the system decreases as the displacement

response increases. When� + 
 = 0, the structure is linear in the load-

ing stage. When� + 
 < 0, the structure shows hardening properties, and

the hysteretic restoring force of the system increases with the increase in

displacement response [28].

Considering that in this thesis we work with a bending piezoelectric actuator,

it is possible to considern = 1. Adding the mass-spring-damper dynamics

and replacing the mechanical inputF with the applied input voltage Vin we

obtain the following set of ordinary di�erential equations:

_h = A _Vin � �
�
�
� _Vin

�
�
� h � 
 _Vin jhj

_y = p
M

_p = � ky � b p
M + K vVin � K hh � Fext

(2.2)
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(a) � = 0 :15; 
 = 0 :85 (b) � = 0 :5; 
 = � 0:5 (c) � = 0 :15; 
 = � 0:5

Figure 2.2: Bouc-Wen Hysteresis

wherep is the mechanical momentum of PA,M is the mass of PA,k is the

elastic sti�ness of the model spring,b is the damping of the model damper

and Fext is the external force applied (considered equal to zero).

A simpler version of Bouc-Wen model exists, where the mechanical subsystem

is represented by a gaindp [29]. Now, the system equations is:

y(t) = dpVin (t) � h(t)
_h = A _Vin � �

�
�
� _Vin

�
�
� h � 
 _Vin jhj

(2.3)

wherey is the �nal displacement of the piezoelectric actuator.

2.2 PHS model

The PHS model, which is based on hysterons, is based on the port-Hamiltonian

system [9]. The considered Port-Hamiltonian system belongs to the class of

a�ne input mapping.

De�nition 2.2.1. An input a�ne PHS is de�ned in a state space x 2 Rn as

the following system:

� =

(
_x = [ J (x) � D(x)] @H

@x + g(x)u

y = g(x)T @H
@x

(2.4)

where H : Rn ! R is the Hamiltonian function, J (x) 2 Rn� n is a skew-

symmetric interconnection matrix, D(x) � 0; D(x) = D(x)T 2 Rn� n is a

positive semi-de�nite dissipation matrix, u 2 Rm is the input vector and

g(x) 2 Rn� m is the input mapping.
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The Hamiltonian function H , called also the energy function, represents the

total energy of a system.

The considered dynamic system equations represented by a PHS model, taken

from [4], are:

_q = p
M

_p = � �
P n

i =1
Q i
Ci

� kq � b p
M + �V in � Fext

_Qi = � h� 1
i ( Q i

Ci
) + � p

M i = 1:::n

(2.5)

where q is the displacement,p is the mechanical momentum andM the

mass of the piezoelectric actuator. Thek and b are respectively the elastic

sti�ness and the damping factor of the mechanical model. The� is the

model transducer ratio,Qi and Ci are the charge and the capacitance of the

i th hysteron. Vin is the input voltage and Fext is the external force applied

(that will be considered equal to zero).� h� 1
i is the nonlinear damping on

the i th hysteron (Figure 2.3), its equation is:

h� 1
i =

8
><

>:

� i (
Q i
Ci

+ di
2 ) if Q i

Ci
< � di

2

0 if � di
2 < = Q i

Ci
< = di

2

� i (
Q i
Ci

� di
2 ) if Q i

Ci
> di

2

(2.6)

Figure 2.3: Nonlinear damping example

Moreover the following proposition holds [4]:

Proposition 2.2.1. The system described by (2.5) is a PHS (2.4) with state

vector the energy variables of the systemx =
h
Qi : : : q p

i T
, Hamiltonian

function the electro-mechanical energy of the system

H (x) =
1
2

xT Hx (2.7)
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whereH = diag(
h
1=Ci : : : k 1=m

i
), the input vector isu =

h
Vin Fext

i T

and the system matrices are

J =

2

6
6
6
6
4

0 : : : 0 �
...

. . .
...

...

0 : : : 0 1

� � : : : � 1 0

3

7
7
7
7
5

D(x) =

2

6
6
6
6
4

h� 1
i ( Q i

Ci
) Ci

Q i
: : : 0 0

...
. . .

...
...

0 : : : 0 0

0 : : : 0 b

3

7
7
7
7
5

g =

2

6
6
6
6
4

0 0
...

...

0 0

� � 1

3

7
7
7
7
5

(2.8)

Furthermore, the forced equilibrium point

x � =

2

6
6
6
6
4

Q�
1

...

Q�
n

�
k (Vin �

P n
i =1

Q �
i

Ci
) � 1

k Fext

3

7
7
7
7
5

(2.9)

whereh� 1
i (Q�

i =Ci ) = 0 , is globally asymptotically stable.

See [4] for the proof.

2.3 Model Identi�cation

The models identi�cations process is presented in [4]. For the PHS model

the massM is obtained by weighting the piezoelectric actuator used in the

experiments for this thesis and the others mechanical parametersk and b are

estimated from the step train response.

Subsequently, for the PHS model (2.5), the'tfest' function of MATLAB is

utilized to �nd the transfer function, and it is possible to notice that a min-

imum of 2 hysteron are needed to represent the step response (n = 2). The

electrical parameters are then estimated from that transfer function to serve

as the initial point for a linear grey-box estimation. This linear estimation is

carried out using the'greyest' function of MATLAB. The nonlinear param-

eters are obtained by employing the'nlgreyest' function with the 'lsqnonlin'
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Parameter Value Unit

M 1:0148� 10� 3 [kg]

k 24579 [N=m]

b 3:7356 [Ns=m]

C1 5:6425� 10� 7 [F ]

C2 5:2125� 10� 7 [F ]

� 0:046311 [C=m]

� � 1
1 0:6002 [
 � 1]

� � 1
2 1:1528� 10� 4 [
 � 1]

d1 14:5126 [V]

d2 8:6838 [V]

Table 2.1: PHS model parameters

method from the'Optimization Toolbox' in MATLAB. The parameter values

found are presented in Table 2.1.

For the Bouc-Wen model (2.2) parameters the'nlgreyest' function of MatLab

is used. The parameters values found are showed in Table 2.2.

In the model comparison reported in [4], it is demonstrated that for sinusoidal

inputs within a frequency range of 1-150 Hz, both models exhibit a good �t

percentage consistently exceeding 90%. Notably, for the Bouc-Wen model,

the �t percentage decreases as the frequency increases, while the PHS model's

�t percentage remains mostly constant, exceeding 96.5%. The step input was

not included in the comparison, as the vibration and creep were not modeled

in the two hysteron model and could compromise the sinusoidal response.

The plots (Figures 2.4, 2.5, and 2.6), as well as the table values (Table 2.3),

extracted from [4], illustrate the considerations outlined above.
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Parameter Value Unit

M 9:4023� 10� 4 [kg]

b 5:2 [Ns=m]

k 24579 [N=m]

A 0:008743 [V � 1]

� 0:00637 [V � 1]


 0:0144905 [V � 1]

K v 0:048676 [N=V]

K h 1:9767 [N ]

Table 2.2: Bouc-Wen model parameters

Experiments PHS Bouc-Wen

1Hz 97:11 96:35

10Hz 97:23 94:97

25Hz 97:41 94:02

50Hz 96:59 93:06

75Hz 96:69 91:75

100Hz 96:99 90:80

150Hz 96:98 90:14

Table 2.3: Models �t percentages (%)
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Figure 2.4: Sinusoidal input response

Figure 2.5: Hysteresis for sinusoidal input

Figure 2.6: Step input response



Chapter 3

PI Control

The objective of this chapter is to present a practical approach to �nding

the gains of the PI controller through model simpli�cation using the pole

placement method. Two designs for PI controllers are proposed: one consid-

ering the PHS model, with identi�cation based on sinusoidal response, and

the other considering a new identi�cation based on the step response. The

corresponding PHS parameters for the new identi�cation are determined.

Simulations on Simulink are conducted for both PI controllers. Finally, a

global stability analysis is carried out.

3.1 Controller Design

The chosen control type is a Proportional-Integral (PI) controller (Figure

3.1), which aids in reducing both the rise time and the steady-state errors of

the system [7].

u(t) = K pe(t) + K i

Z
e(t) (3.1)

wheree(t) is the error, de�ned as the di�erence between the reference signal

and the output signal. In our case, the reference is considered as the desired

position, and the output signal is the actual displacement of the piezoelectric

actuator.

The proposed strategy for designing the PI controller involves using a pole

placement approach to �nd the values forK p and K i that meet the require-

ments of no overshoot and no oscillations. Since we are dealing with the

35
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Figure 3.1: PI controller block diagram

PHS model, a nonlinear model (3.2), the idea is to obtain a simpli�ed model

through linearization and order reduction from 4th to 2nd order. This allows

us to leverage the extensive literature available for 2nd order systems.

_q = p
M

_p = � � ( Q1
C1

+ Q2
C2

) � kq � b p
M + �V in

_Q1 = � h� 1
1 ( Q1

C1
) + � p

M
_Q2 = � h� 1

2 ( Q2
C2

) + � p
M

(3.2)

The analyses is made through the following steps:

{ step 1) Choose the dynamic model, we use the PHS model showed

above, as demostrated in Chapter 2.3, it performs better than Bouc-

Wen model;

{ step 2) Linearize the model, we still have a 4th order model;

{ step 3) Reduce the order model from 4th to 2nd. Assuming that the

main contribution to the dynamics is given by the mechanical subsys-

tem, we can neglect the electrical subsystem dynamics;

{ step 4) Apply the pole placement method.

Since we have already chosen the model, we move on to the second step: the

linearization of the model. The model is nonlinear due toh� 1
1 and h� 1

2 that

are a not linear functions (Figure 2.3):

h� 1
i =

8
><

>:

� i (
Q i
Ci

+ di
2 ) if Q i

Ci
< � di

2

0 if � di
2 < = Q i

Ci
< = di

2 ; i = 1; 2

� i (
Q i
Ci

� di
2 ) if Q i

Ci
> di

2

(3.3)
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The linearization is performed by neglecting the dead zone. Therefore, the

linearized expression forh� 1
i is:

~h� 1
i = � i

Q i
Ci

; i = 1; 2 (3.4)

Consequently, the linearized dynamic system equations is:

_~q = p
M

_~p = � � ( Q1
C1

+ Q2
C2

) � kq � b p
M + �V in

_~Q1 = � � 1
Q1
C1

+ � p
M

_~Q2 = � � � 1
2

Q2
C2

+ � p
M

(3.5)

This results in a 4th-order linear system, where the mechanical subsystem

is represented by the 1st and 2nd equations, and the electrical subsystem

is represented by the 3rd and 4th equations. The third step is to reduce

the model. Since the electrical part is faster than the mechanical one, the

dynamics are mainly a�ected by the mechanical subsystem. It is allowed to

consider the electrical contribution as instantaneous changes, which means

that _~Q1 and _~Q2 are equal to zero:

_~q = p
M

_~p = � � ( Q1
C1

+ Q2
C2

) � kq � b p
M + �V in

0 = � � 1
Q1
C1

+ � p
M

0 = � � � 1
2

Q2
C2

+ � p
M

(3.6)

Now, it is possible to obtainQ1 and Q2 from the 3th and 4th equations:

Q1 = � p
M

C1
� 1

Q2 = � p
M

C2
� 2

(3.7)

substituting in the 2nd equation, the resultant �nal dynamic system equation

is:
_~q = p

M
_~p = � [ � 2

M ( 1
� 1

+ 1
� 2

) + b p
M ] � kq + �V in

(3.8)

Now let's proceed with the fourth step, applying the pole placement method.
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Following are presented the two PI controller designs. The �rst one is a

continuation of the above analysis, where the PI controller is based on the

2nd order simpli�ed system derived from the PHS model, which was identi�ed

by sinusoidal response. The second one is also based on a 2nd order system,

with identi�cation based on the step response.

3.1.1 PI based on sinusoidal response identi�ed model

The �rst proposed PI controller is designed considering the system analyzed

above, where its identi�cation is based on the sinusoidal response (see Chap-

ter 2.3). Substituting the parameters from Table 2.1 into the system 3.8, the

corresponding transfer function is:

45:64
s2 + 22017s + 2:422� 107

(3.9)

Figure 3.2: Control System Designer

As show in Figure 3.2 the poles of the open loop system are:

p1 = � 2:0716� 104

p2 = � 0:1169� 104
(3.10)
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As a last step, once a simpli�ed 2nd-order system is obtained, it becomes

easier to �nd the gain values for the PI controller,K p and K i , by applying

the pole placement approach. Using the'Control System Designer Tool' in

MatLab, it is possible to analyze the closed-loop system with Output Step

Response, Rootlocus, etc., and choose the desired type of control. This tool

requires the transfer function of the system. To obtain a PI controller, we

add an integrator and a real zero.

Figure 3.3: Control System Designer - PI controller

Once the PI controller is added (Figure 3.3), the new system is of order three,

providing an additional degree of freedom (DOF) that allows us to choose

the desired pole position. Considering:

u(t) = K pe(t) + K i
R

e(t) = K p(r � q) + v

_v = K i e(t) = K i (r � q)
(3.11)

whereu(t) = Vin , r is the reference signal andq is the output signal. Substi-

tuting, the controlled dynamics becomes:

_~q = p
M

_~p = � [ � 2

M ( 1
� 1

+ 1
� 2

) + b p
M ]p � (k + �K p)q+ �K pr + �v

_v = K i (r � q)

(3.12)
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We would like to obtain a faster response time, but we have to be careful to

avoid overshooting, which is mainly caused by conjugate poles. Having poles

with negative real parts guarantees asymptotic stability. Consequently, the

idea is to still have negative real poles and ensure a robust system, therefore

working with a more reliable system.

Remember that if K p increases the rise time decreases, and ifK i increases

the steady state error decreases [7]. Moving pole 3 further away from real

axis and making poles 1 and 2 closer helps to achieve the goal. Be careful

to not move poles 1 and 2 too close; otherwise, we have overshooting. After

some trials, we get a satisfying system behaviour with the following poles

(Figure 3.4):
p1 = � 1:8612� 104

p2 = � 0:2195� 104

p3 = � 0:1078� 104

(3.13)

In Figure (3.5), the root locus of the simpli�ed system before and after PI

controller is shown,sys2 is the simpli�ed system of 2nd order andsys2C is

the same system with PI controller.

Figure 3.4: Control System Designer - Final system with PI controller
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Figure 3.5: Root Locus comparison

The gain values founded are:

K p = 8:5811� 105

K i = 9:6755� 108
(3.14)

3.1.2 PI based on step response identi�ed model

Another PI controller design is proposed, it is based on a new identi�cation

model. The new model identi�cation is carried out considering the step

response, while the previous one was based on sinusoidal response. The

model identi�ed, through 'tfest' Matlab function, is of 2nd order. In this

way, we can apply the same procedure to design the PI controller. The

transfer function obtained is:

16:78
s2 + 2555s + 9:539� 106

(3.15)

The �t percentage is of 78.25%.

Once the new transfer function is obtained,it is possible to proceed with the

design of the PI controller. Similar to the other model, we apply the pole

placement method using the'Control System Designer' tool of MatLAb. In

Figure 3.6 the poles of the open loop system are showed. Again, we create

a PI controller by adding an integrator and a real zero. The consideration

made previously to �nd K p and K i are still valid. However, in this case,

we obtain the 2nd order transfer function directly from the identi�cation of

the real plant behaviour, not trough a linearization and a simpli�cation of
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Figure 3.6: Control System Designer - Open loop system

another system. Therefore, we have a better representation of the real plant

oscillations and we have to deal with complex conjugates poles to reduced

the overshot. Adjusting the new pole and zero, added due to the controller,

it is possible to obtained an overdamped system.

The new K p and K i found are:

K p = 2:3164� 104

K i = 1:8384� 108
(3.16)

3.1.3 Parameters comparison

To identify the parameters of the new model, we proceed with a comparison

between the obtained transfer function (TF) and the one derived trough the

PHS model simpli�cation, expressed with parameters. Starting from system

3.8 we obtain the state space (SS) matricesA; B; C and D. Remember that
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Figure 3.7: Control System Designer - Closed loop system

the output y is the displacementq.

A =

"
0 1

M

� k � �

#

B =

"
0

�

#

C =
h
1 0

i
D = [0]

(3.17)

where � is � 2

M ( 1
� 1

+ 1
� 2

) + b
M . Now, we express the transfer function with

parameters. From SS to TF the equation is:

TF =
CAdj (sI � A)B + D

det(sI � A)
(3.18)

(sI � A) =

"
s � 1

M

k s + �

#

Adj (sI � A) =

"
s + � 1

M

� k s

#

det(sI � A) = s2 + �s + k
M

CAdj (sI � A)B + D = �
M

(3.19)

Following the parameterized TF is:

TF =
�
M

s2 + �s + k
M

(3.20)
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Let's found now the parametersM; �; k; b; � 1 and � 2 for the new model iden-

ti�cation (3.15). We have to much parameters and some assumptions are

needed:

{ the mass M is the same for both models,M = 1:0148� 10� 3;

{ � is considered only equal tob
M ;

{ the parameters � 1 and � 2 are supposed equal.

To �nd � we consider the numerator�
M and the solution is streetforward

� = 16:78� M = 0:017028 (3.21)

The same procedure is done to �ndk considering the constant term of the

denominator k
M , consequently

k = 9:539� 106 � M = 9680:2 (3.22)

For b, same approach considering the second assumption,

b= 2555 � M = 2:5928 (3.23)

While, to �nd � (= � 1 = � 2) we consider the total� where � and b are the

new values �nd above

� � 1 =
M� � b

2� 2
= 0:024 (3.24)

In Table 3.1 it is possible to compare the previous parameters (for 2nd order

PHS model) and the ones obtained above. The parameters are not too dif-

ferent, they have the same order of magnitude, so we have two comparable

system. Onlyk di�er of one order of magnitude, and since it is smaller, this

just tell us that the new model is less elastic.

Let's analyse also the damping factor� , which depends on� = � 2

M ( 1
� 1

+ 1
� 2

) +
b

M . Considering the denominator of the TFs and knowing that we can be

represented it in function of the damping factor� and the natural frequency

! n [30]:

s2 + �s +
k
M

= s2 + 2�! ns + ! 2
n ; (3.25)

consequently we can calculate� = �

2
p

k=M
.
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Parameter Value OLD Value NEW Unit

M 1:0148� 10� 3 1:0148� 10� 3 [kg]

k 24579 9680:2 [N=m]

b 3:7356 2:5928 [Ns=m]

� 0:046311 0:017028 [C=m]

� � 1
1 0:6002 0:024 [
 � 1]

� � 1
2 1:1528� 10� 4 0:024 [
 � 1]

Table 3.1: Model parameters comparison

For PHS simpli�ed model (3.9), the damping factor is:

� P HS =
22017

2
p

24579=1:0148� 10� 3
= 2:24 (3.26)

For the new identi�ed model (3.15), the damping factor is:

� =
2555

2
p

9680:2=1:0148� 10� 3
= 0:41 (3.27)

As found in the open loop analysis, in the PI controllers design, the �rst

system results over-damped (� > 1) and the second one is under-damped

(� < 1) [30].

3.2 Simulations

In this section we want to simulate the controlled system. Firstly considering

the 2nd order PHS simpli�ed model (3.8) and the nonlinear PHS model

(3.2), with the �rst PI controller found (3.14). Consequently, considering the

new identi�cation model (3.15), with the second PI controller (3.16). The

simulations are made using the Simulink software of MatLab.

For the sake of simplicity the 2nd order simpli�ed PHS linear system with

PI controller will indicated as PHS2, the original 4th order PHS nonlinear

system with PI controller asPHSNL and the new identi�ed 2nd order model

with PI controller as NewId2.

Following it is possible to see the plots, where the color legend is:

{ yellow is the reference signal;
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{ blue is referred toPHSNL ;

{ green is referred toPHS2;

{ orange is referred toNewId2.

The reference signals taking into account are a square wave signal and sine

wave signal with frequencies of 1; 50; 100 and 150Hz, the amplitude for both

signals is 120�m .

How we expected, due to the controller design, the step response forPHS2

is over-damped (Figure 3.9). ForPHSNL we have a similar behaviour but,

of course, it is visible the nonlinear component and how �rstly acts theK p,

that can't reach the position reference, and after there is theK i contribution

to arrive at steady state conditions (Figure 3.9). The idea to avoid overshot

is due to ensure that a too abruptly change not occurs when working near

the maximum displacement for the piezoelectric actuator (120�m ), otherwise

it could brake. Considering that thePHSNL behaviour follows this concept

and it can be considered a good result.

Looking now to the sinusoidal response forPHS2 it is clear how the PI

controller works better at lower frequencies (Figure 3.10). From the hysteresis

plots it is possible to notice that as well, increasing the frequencies increases

the gap and it slowly turns clockwise (Figure 3.10). The sine wave plots and

its hysteresis forPHSNL (Figure 3.10) are very similar to the one ofPHS2,

this is good, it means that the PI controller found trough simpli�cations it

is valid for the nonlinear system.

About NewId2, the step response (Figure 3.9) is slower compared to PHS

models, but this is the compromise to have no overshot and no oscillations.

The sinusoidal response forNewId2 (Figure 3.10) is taking into account

a feedforward action. Without adding a feedforward control the response

wasn't enough good to have comparable results.

Feedforward control is typically added to feedback control and it is a strat-

egy to reject persistent disturbances that cannot adequately be rejected with

only feedback [7]. We test, now, the new PI controller with sine wave input

adding a feedforward action to better tracking the reference. Considering

equation 3.28, withV �
in = k

� r (t) (Figure 3.8).
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Figure 3.8: Feedforward action

As for the PHS models, theNewId2 sinusoidal response is behaving better

a lower frequencies, clearly visible in the hysteresis plots (Figure 3.10). At

higher frequencies the displacement overpass the reference, actually this is

not physically possible since 120�m is the maximum displacement. However,

NewId2 is identi�ed based on step response with considering the sinusoidal

response, therefore we don't expect a correct behaviour.

Figure 3.9: Step response
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(a) 1Hz (b) Hysteresis, 1 Hz

(c) 50Hz (d) Hysteresis, 50 Hz

(e) 100Hz (f) Hysteresis, 100 Hz

(g) 150Hz (h) Hysteresis, 150 Hz

Figure 3.10: Sinusoidal response and Hysteresis

3.3 Global Stability

Since we choose the pole with a negative real part, the local stability is

ensured, otherwise the control wouldn't be possible. Let's now analyse the

global stability.

We consider the following proposition [4]:
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Proposition 3.3.1. The unperturbed piezoelectric actuator model given by

Proposition (2.2.1), by takingFext = 0, when controlled by the control action

uin = V �
in + k1e(t) + k2

Z
e(� )d� (3.28)

wheree(t) = r (t) � q(t) is the tracking error, V �
in = k

� r (t) is the equilibrium

point voltage value whenq� = r (t) assumingQ�
i = 0, and the pair (k1,k2)

is the gain of the proportional-integral controller; is asymptotically stable to

the equilibrium positionq� = r (t) if maxi (� � 1
i ) < � min (Q)=2� max (PG) where

� � 1
i is the linear admittance of the hysteron, G = diag(1,...,0,0,0), P and Q

ful�lls PA + A T P = � Q with

A =

"
A � BK1 � BK2

M 0

#

A =

2

6
6
6
6
4

� � � 1
i
Ci

: : : 0 �
m

...
. . .

...
...

0 : : : 0 1
m

� �
Ci

: : : � k � b
m

3

7
7
7
7
5

B =
h
0 : : : 0 �

i T

(3.29)

where� � 1
i is the linear slope of the nonlinear hysteron admittanceh� 1

i , K1 =h
0 : : : k1 0

i
and K2 = [ k2], M =

h
0 : : : 1 0

i
.

See [4] for the proof.

We can prove it only with the �rst PI controller, since for the second one

we don't have all the parameters needed. In our casek1 and k2 are equal to

K p and K i found with pole placement method, respectively, and substituting

with the values of the table (2.1), the matrices are:

A =

2

6
6
6
4

� 0:6002
5:6425�10� 7 0 0 0:046311

1:0148�10� 3

0 � 1:1528�10� 4

5:2125�10� 7 0 0:046311
1:0148�10� 3

0 0 0 1
1:0148�10� 3

� 0:046311
5:6425�10� 7

� 0:046311
5:2125�10� 7 � 24579 � 3:7356

1:0148�10� 3

3

7
7
7
5

B =

2

6
6
6
4

0

0

0

0:046311

3

7
7
7
5

K 1 =
h
0 0 8:5811� 105 0

i
K 2 = [9:6755� 108]

(3.30)

The matrix Q = QT > 0, of the Lyapunov matrix equation, is arbitrary

and we choose it as an 5x5 identity matrix. HavingA and Q, the matrix
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P = PT > 0 is found using the MatLab function'lyap' .

The eigenvalues ofPG are (0, 0, 0, 0.022653084227172, 0.000001458464736)

and the eigenvalues ofQ are all 1s, since it is an identity matrix. Now, it is

easy to prove that the inequality maxi (� � 1
i ) < � min (Q)=2� max (PG) holds:

0:6002< 1=(2 � 0:022653084227172) =) 0:6002< 22:072 (3.31)

The controlled system with PI gainsK p = 8:5811� 105 and K i = 9:6755� 108

is globally asymptotically stable.



Chapter 4

Experimental Validation

The objective of this chapter is to present the hardware and software setup

used for the tests on the real plant. The tests made considering the PI

controllers designed in Chapter 3.1. The results show di�erent behaviour of

the piezoelectric actuator in response to sinusoidal and step signals for each

PI controller. When using the PI controller designed considering the PHS

model identi�ed based on sinusoidal response (equation 3.9), the results with

sinusoidal inputs outperforms the step input response. Vice versa, when using

the PI controller designed considering the model identi�ed on step response

(equation 3.15).

4.1 Experimental Setup

The con�guration diagram is showed in Figure 4.1 and the experimental

setup is showed in Figure 4.2.

The dSpace MicroLabBox (MLB) is the system where input and output sig-

nals are processed. Programming is accomplished using the Simulink software

from MatLab, combined with dSpace software. The essential components

from dSpace software are the ADC Class 1 and DAC Class 1, representing

the input and output blocks of the MLB, respectively. The MLB is directly

linked to the host PC. Utilizing the Control Desk software provided by MLB,

allows real-line monitoring of desired parameters and modi�cation of some

parameters during runtime. For this purpose, a Human-Machine Interface

51




	Abstract
	Introduction
	From piezoelectric material to piezoelectric actuators
	Piezoelectric Material
	Piezoelectric Actuators
	Types of piezoelectric actuators
	Applications for piezoelectric actuators

	Nonlinear behaviour: Hysteresis

	Modelling of Piezoelectric Actuator
	Bouc-Wen model
	PHS model
	Model Identification

	PI Control
	Controller Design
	PI based on sinusoidal response identified model
	PI based on step response identified model
	Parameters comparison

	Simulations
	Global Stability

	Experimental Validation
	Experimental Setup
	Experimental Tests
	Step response
	Trajectory tracking


	Conclusions
	Bibliography

