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dĜc = f �7�K�X�U�V�G�D�\�� ��������������������g��t Ĝc = ( ����������; ����������)
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�Z�H�H�N��

�$�V �V�H�H�Q �L�Q �)�L�J�X�U�H�������� �L�Q �W�H�U�P�V �R�I �K�R�X�U�O�\ �0�(�7�5���/�$ �D�Y�H�U�D�J�H �V�S�H�H�G�V�� �W�K�H�U�H

�D�U�H �W�Z�R �Q�R�W�D�E�O�H �G�L�S�V �R�F�F�X�U�U�L�Q�J �G�X�U�L�Q�J �S�H�D�N �W�U�D�I�I�L�F �K�R�X�U�V �D�W �������� �D���P�� �D�Q�G ��������

�S���P���� �F�R�U�U�H�V�S�R�Q�G�L�Q�J �W�R �W�K�H �W�L�P�H�V �Z�K�H�Q �S�H�R�S�O�H �F�R�P�P�X�W�H �W�R �D�Q�G �I�U�R�P �Z�R�U�N��

�7�K�H�V�H �S�H�U�L�R�G�V �O�L�N�H�O�\ �H�[�S�H�U�L�H�Q�F�H �K�H�D�Y�L�H�U �W�U�D�I�I�L�F �I�O�R�Z�� �&�R�Q�Y�H�U�V�H�O�\�� �W�K�H �K�L�J�K�H�V�W

�V�S�H�H�G�V �D�U�H �X�Q�V�X�U�S�U�L�V�L�Q�J�O�\ �V�H�H�Q �G�X�U�L�Q�J �Q�L�J�K�W�W�L�P�H �K�R�X�U�V �Z�K�H�Q �W�U�D�I�I�L�F �I�O�R�Z �W�H�Q�G�V

�W�R �E�H �O�L�J�K�W�H�U�� �7�K�H �D�Y�H�U�D�J�H �V�S�H�H�G �W�\�S�L�F�D�O�O�\ �U�H�P�D�L�Q�V �K�L�J�K �W�K�U�R�X�J�K�R�X�W �W�K�H �Z�H�H�N��

�I�O�X�F�W�X�D�W�L�Q�J �E�H�W�Z�H�H�Q ���� �W�R ������ �N�P���K�� �:�H�H�N�G�D�\�V �J�H�Q�H�U�D�O�O�\ �H�[�K�L�E�L�W �W�K�H �O�R�Z�H�V�W

�D�Y�H�U�D�J�H �V�S�H�H�G�V�� �H�[�F�H�S�W �I�R�U �0�R�Q�G�D�\�V�� �&�R�Q�Y�H�U�V�H�O�\�� �K�L�J�K�H�U �D�Y�H�U�D�J�H �V�S�H�H�G�V �D�U�H

�Q�R�W�L�F�H�D�E�O�H �G�X�U�L�Q�J �W�K�H �Z�H�H�N�H�Q�G�V�� �V�X�J�J�H�V�W�L�Q�J �U�H�G�X�F�H�G �R�Y�H�U�D�O�O �W�U�D�I�I�L�F �F�R�Q�J�H�V�W�L�R�Q��
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���D�� �$�Y�H�U�D�J�H �V�S�H�H�G �S�H�U �K�R�X�U�����E�� �$�Y�H�U�D�J�H �V�S�H�H�G �S�H�U �Z�H�H�N

�)�L�J�X�U�H �������� �$�Q�D�O�\�V�L�V �R�I �W�K�H �D�Y�H�U�D�J�H �V�S�H�H�G �R�I �W�K�H �0�(�7�5���/�$ �Q�R�G�H�V �I�R�U �W�K�H
�F�R�O�O�H�F�W�H�G �S�H�U�L�R�G��

�)�R�U �Z�K�D�W �F�R�Q�F�H�U�Q�V �3�(�0�6���%�$�<�� �)�L�J�X�U�H�������G�H�S�L�F�W�V �W�K�D�W �G�X�U�L�Q�J �W�K�H �Z�H�H�N��

�G�D�\�V �R�I �W�K�H �I�L�U�V�W �Z�H�H�N�� �W�K�H �O�R�Z�H�V�W �V�S�H�H�G �Y�D�O�X�H�V �R�F�F�X�U �E�H�W�Z�H�H�Q �������� �S�P �D�Q�G ��������

�S�P�� �F�R�L�Q�F�L�G�L�Q�J �Z�L�W�K �Z�R�U�N�L�Q�J �K�R�X�U�V�� �6�D�W�X�U�G�D�\ �H�[�K�L�E�L�W�V �D �S�D�W�W�H�U�Q �Z�K�H�U�H �V�S�H�H�G�V

�D�U�H �K�L�J�K �L�Q �W�K�H �P�R�U�Q�L�Q�J �D�Q�G �G�H�F�U�H�D�V�H �W�R�Z�D�U�G�V �W�K�H �Q�L�J�K�W�� �3�H�D�N�V �L�Q �V�S�H�H�G �D�U�H

�S�D�U�W�L�F�X�O�D�U�O�\ �Q�R�W�L�F�H�D�E�O�H �D�W �������� �D�P�� �������� �S�P�� �D�Q�G �������� �S�P�� �2�Q �6�X�Q�G�D�\�� �V�S�H�H�G�V

�W�H�Q�G �W�R �U�H�P�D�L�Q �K�L�J�K�� �Z�L�W�K �G�H�F�U�H�D�V�H�V �E�H�W�Z�H�H�Q ���������� �D�P �D�Q�G �������� �S�P��

�)�L�J�X�U�H �������� �$�Q�D�O�\�V�L�V �R�I �W�K�H �V�S�H�H�G �R�I �S�L�Y�R�W�D�O �Q�R�G�H�V �R�I �3�(�0�6���%�$�< �R�Q �W�K�H �I�L�U�V�W
�Z�H�H�N��

�$�V �G�H�S�L�F�W�H�G �L�Q �)�L�J�X�U�H�������� �W�K�H �S�H�D�N �Y�H�O�R�F�L�W�L�H�V �L�Q �3�(�0�6���%�$�< �R�F�F�X�U �D�W
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�Q�L�J�K�W�� �Z�K�L�O�H �W�K�H �O�R�Z�H�V�W �S�R�L�Q�W�V �D�U�H �H�Y�L�G�H�Q�W �G�X�U�L�Q�J �U�X�V�K �K�R�X�U�V �D�W �������� �D�P �D�Q�G

�������� �S�P�� �$�V �D�Q�W�L�F�L�S�D�W�H�G�� �Z�H�H�N�G�D�\�V �H�[�K�L�E�L�W �O�R�Z�H�U �D�Y�H�U�D�J�H �V�S�H�H�G�V�� �W�\�S�L�F�D�O�O�\

�E�H�O�R�Z ������ �N�P���K�� �2�Q �Z�H�H�N�H�Q�G�V�� �W�K�H �D�Y�H�U�D�J�H �V�S�H�H�G �U�L�V�H�V �W�R �R�Y�H�U ������ �N�P���K��

�7�K�L�V �D�O�L�J�Q�V �Z�L�W�K �H�[�S�H�F�W�D�W�L�R�Q�V �D�V �W�U�D�I�I�L�F �I�O�R�Z �L�V �X�V�X�D�O�O�\ �K�H�D�Y�L�H�U �R�Q �Z�H�H�N�G�D�\�V��

�+�R�Z�H�Y�H�U�� �W�K�H �G�L�V�S�D�U�L�W�\ �L�Q �V�S�H�H�G �E�H�W�Z�H�H�Q �Z�H�H�N�G�D�\�V �D�Q�G �Z�H�H�N�H�Q�G�V �L�V�Q�¶�W �V�X�E��

�V�W�D�Q�W�L�D�O��

���D�� �$�Y�H�U�D�J�H �V�S�H�H�G �S�H�U �K�R�X�U�����E�� �$�Y�H�U�D�J�H �V�S�H�H�G �S�H�U �Z�H�H�N

�)�L�J�X�U�H �������� �$�Q�D�O�\�V�L�V �R�I �W�K�H �D�Y�H�U�D�J�H �V�S�H�H�G �R�I �W�K�H �3�(�0�6���%�$�< �Q�R�G�H�V �I�R�U �W�K�H
�F�R�O�O�H�F�W�H�G �S�H�U�L�R�G��

���������� �3�U�H���S�U�R�F�H�V�V�L�Q�J

�7�K�H �H�[�S�H�U�L�P�H�Q�W �L�Q�Y�R�O�Y�H�G �S�D�U�W�L�W�L�R�Q�L�Q�J �E�R�W�K �G�D�W�D�V�H�W�V �L�Q�W�R �W�K�U�H�H �V�X�E�V�H�W�V�� �D�W�U�D�L�Q��

�L�Q�J �V�H�WD�W�U�D�L�Q�� �D�Y�D�O�L�G�D�W�L�R�Q �V�H�WD�Y�D�O�� �D�Q�G �D�W�H�V�W �V�H�WD�W�H�V�W�� �*�L�Y�H�Q �W�K�H �W�L�P�H���V�H�U�L�H�V �Q�D��

�W�X�U�H �R�I �W�K�H �G�D�W�D�V�H�W�V�� �W�K�H �V�S�O�L�W �Z�D�V �S�H�U�I�R�U�P�H�G �V�H�T�X�H�Q�W�L�D�O�O�\ �L�Q �W�L�P�H�� �7�K�L�V �V�H�T�X�H�Q��

�W�L�D�O �V�S�O�L�W�W�L�Q�J �H�Q�V�X�U�H�G �W�K�H �S�U�H�V�H�U�Y�D�W�L�R�Q �R�I �W�H�P�S�R�U�D�O �F�R�Q�W�L�Q�X�L�W�\ �D�Q�G �S�U�H�Y�H�Q�W�H�G

�G�D�W�D �O�H�D�N�D�J�H �E�\ �P�D�L�Q�W�D�L�Q�L�Q�J �W�K�H �R�U�G�H�U �R�I �R�E�V�H�U�Y�D�W�L�R�Q�V �D�F�U�R�V�V �W�K�H �W�K�U�H�H �V�H�W�V��

�W�K�X�V �D�Y�R�L�G�L�Q�J �W�K�H �V�K�X�I�I�O�L�Q�J �R�I �I�X�W�X�U�H �D�Q�G �S�D�V�W �G�D�W�D �Z�L�W�K�L�Q �W�K�H �V�X�E�V�H�W�V�� �7�K�H

�G�L�Y�L�V�L�R�Q �R�I �W�K�H �G�D�W�D�V�H�W�V �D�O�L�J�Q�V �Z�L�W�K �W�K�H �P�H�W�K�R�G�R�O�R�J�\ �G�H�W�D�L�O�H�G �L�Q �W�K�H �S�D�S�H�U �E�\

�>�����@�� �,�W �L�Q�Y�R�O�Y�H�V �D�O�O�R�F�D�W�L�Q�J �W�K�H �O�D�V�W20%�R�I �R�E�V�H�U�Y�D�W�L�R�Q�V �W�R �I�R�U�P �W�K�H �W�H�V�W �V�H�W�V

D�W�H�V�W�� �Z�K�L�O�H �W�K�H �W�U�D�L�Q �D�Q�G �Y�D�O�L�G�D�W�L�R�Q �V�H�W�V �D�U�H �H�[�W�U�D�F�W�H�G �I�U�R�P �W�K�H �L�Q�L�W�L�D�O80%�S�R�U��

�W�L�R�Q�V�� �0�R�U�H �S�U�H�F�L�V�H�O�\�� �Z�L�W�K�L�Q �W�K�H�V�H �L�Q�L�W�L�D�O �S�R�U�W�L�R�Q�V�� �W�K�H �I�L�Q�D�O10%�L�V �D�O�O�R�F�D�W�H�G

�W�R �F�R�Q�V�W�U�X�F�W �W�K�H �Y�D�O�L�G�D�W�L�R�Q �V�H�W�VD�Y�D�O�� �O�H�D�Y�L�Q�J �W�K�H �L�Q�L�W�L�D�O90%�I�R�U �W�K�H �W�U�D�L�Q�L�Q�J

�V�H�W�VD�W�U�D�L�Q��

�$�I�W�H�U �G�L�Y�L�G�L�Q�J �W�K�H �G�D�W�D�V�H�W �L�Q�W�R �W�K�H �W�K�U�H�H �V�H�J�P�H�Q�W�V�� �V�H�T�X�H�Q�F�H �V�D�P�S�O�H�V �D�U�H
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�J�H�Q�H�U�D�W�H�G �E�\ �V�O�L�G�L�Q�J �D �Z�L�Q�G�R�Z �R�I �Z�L�G�W�KT + T0�� �(�D�F�K �V�D�P�S�O�H �V�H�T�X�H�Q�F�H �V�S�D�Q�V

�W�L�P�H �V�W�H�S�V �Z�L�W�K �����P�L�Q�X�W�H �L�Q�W�H�U�Y�D�O�V�� �7�K�H �L�Q�L�W�L�D�OT �W�L�P�H �V�W�H�S�V �D�U�H �G�H�V�L�J�Q�D�W�H�G �D�V

�L�Q�S�X�W �G�D�W�D �I�R�U �S�U�H�G�L�F�W�L�R�Q�V�� �Z�K�L�O�H �W�K�H �V�X�E�V�H�T�X�H�Q�WT0 �V�W�H�S�V �U�H�S�U�H�V�H�Q�W �W�K�H �J�U�R�X�Q�G

�W�U�X�W�K�� �,�Q �W�K�L�V �H�[�S�H�U�L�P�H�Q�W�� �E�R�W�KT �D�Q�GT0 �D�U�H �V�H�W �W�R �������W�L�P�H �V�W�H�S�V�� �H�V�W�D�E�O�L�V�K�L�Q�J �D

�I�R�U�H�F�D�V�W�L�Q�J �D�S�S�U�R�D�F�K �W�K�D�W �X�W�L�O�L�]�H�V �R�Q�H �K�R�X�U �R�I �K�L�V�W�R�U�L�F�D�O �W�U�D�I�I�L�F �G�D�W�D �W�R �S�U�H�G�L�F�W

�W�K�H �V�W�D�W�H �R�I �W�K�H �W�U�D�I�I�L�F �Q�H�W�Z�R�U�N �L�Q �W�K�H �V�X�E�V�H�T�X�H�Q�W �K�R�X�U�� �7�K�H �U�H�V�X�O�W�L�Q�J �G�D�W�D�V�H�W�V

�D�U�H �W�K�X�V �E�X�L�O�W �D�V �D �V�H�W �R�I �L�Q�S�X�W �L�Q�V�W�D�Q�F�H�VX �D�Q�G �W�K�H �F�R�U�U�H�V�S�R�Q�G�L�Q�J �J�U�R�X�Q�G �W�U�X�W�K

Y�� �(�D�F�K �L�Q�S�X�W �L�Q�V�W�D�Q�F�HX i 2 RT � N � F �L�V �D �W�K�U�H�H���G�L�P�H�Q�V�L�R�Q�D�O �P�D�W�U�L�[ �G�H�V�F�U�L�E��

�L�Q�J �W�K�H �L�Q�S�X�W �W�U�D�I�I�L�F �Q�H�W�Z�R�U�N �Z�L�W�KT = 12 �W�K�H �Q�X�P�E�H�U �R�I �L�Q�S�X�W �W�L�P�H�V�W�H�S�V��N �W�K�H

�Q�X�P�E�H�U �R�I �W�U�D�I�I�L�F �Q�R�G�H�V �D�Q�GF �W�K�H �Q�X�P�E�H�U �R�I �I�H�D�W�X�U�H�V�� �7�K�H �I�H�D�W�X�U�H �V�H�W �R�I �H�D�F�K

�Q�R�G�H �D�W �H�D�F�K �W�L�P�H�V�W�H�SX vi
t 2 RF �� �Z�K�H�U�Ht 2 [0; :::; 11]�L�V �D�Q �L�Q�S�X�W �W�L�P�H�V�W�H�S �D�Q�G

vi �L�V �D �W�U�D�I�I�L�F �Q�R�G�H�� �L�V �D �Y�H�F�W�R�U �F�R�P�S�R�V�H�G �R�I �� �I�H�D�W�X�U�H�V�� �Z�K�H�U�H��

�‡�7�K�H �I�L�U�V�W �H�O�H�P�H�Q�W �R�I �W�K�H �Y�H�F�W�R�U �L�V �W�K�H �U�H�J�L�V�W�H�U�H�G �D�Y�H�U�D�J�H �V�S�H�H�Gsvi
t �R�I �W�K�H

�Q�R�G�Hvi �D�W �G�L�V�F�U�H�W�L�]�H�G �W�L�P�H�V�W�H�St��

�‡�7�K�H �V�H�F�R�Q�G �H�O�H�P�H�Q�W �L�V �W�K�H �H�Q�F�R�G�L�Q�J �R�I �W�K�H �W�L�P�H �R�I �W�K�H �G�D�\ �Q�R�U�P�D�O�L�]�H�G

�E�H�W�Z�H�H�Q �� �D�Q�G �� �Z�K�L�F�K �L�V �H�[�W�U�D�F�W�H�G �I�U�R�P �W�K�H �G�D�W�H �D�V�V�R�F�L�D�W�H�G �D�W �W�L�P�H�V�W�H�S

t�� �V�X�F�K �W�K�D�W��

X t
vi

[1] =
�K�R�X�U(t) � 60 + �P�L�Q�X�W�H(t)

23� 60 + 59
����������

�Z�L�W�K �K�R�X�U(t) �D �I�X�Q�F�W�L�R�Q �W�R �H�[�W�U�D�F�W �W�K�H �K�R�X�U �D�W �W�K�H �J�L�Y�H�Q �W�L�P�H�V�W�H�St �D�Q�G

�P�L�Q�X�W�H(t)�� �W�K�H �I�X�Q�F�W�L�R�Q �W�R �H�[�W�U�D�F�W �L�W�V �D�V�V�R�F�L�D�W�H�G �P�L�Q�X�W�H��

�‡�7�K�H �O�D�V�W �� �H�O�H�P�H�Q�W�V �D�U�H �W�K�H�R�Q�H���K�R�W���H�Q�F�R�G�L�Q�J�R�I �W�K�H �G�D�\ �R�I �W�K�H �Z�H�H�N

�D�V�V�R�F�L�D�W�H�G �Z�L�W�K �W�L�P�H�V�W�H�St�� �D�O�O�R�Z�L�Q�J �I�R�U �D �X�Q�L�T�X�H �E�L�Q�D�U�\ �V�H�T�X�H�Q�F�H �W�R �L�Q��

�G�L�F�D�W�H �Z�K�L�F�K �G�D�\ �L�V �D�V�V�R�F�L�D�W�H�G �Z�L�W�K �W�K�D�W �V�S�H�F�L�I�L�F �W�L�P�H �V�W�H�S�� �)�R�U �L�Q�V�W�D�Q�F�H��

�L�I �W�K�H �V�H�T�X�H�Q�F�H �L�V�(�y�- �y�- �y�- �y�- �y�- �y�- �R�)�� �L�W �V�L�J�Q�L�I�L�H�V �W�K�D�W �W�K�H �W�L�P�H

�V�W�H�St �F�R�U�U�H�V�S�R�Q�G�V �W�R �6�X�Q�G�D�\�� �(�D�F�K �G�D�\ �R�I �W�K�H �Z�H�H�N �L�V �P�D�S�S�H�G �W�R �D

�X�Q�L�T�X�H �E�L�Q�D�U�\ �S�D�W�W�H�U�Q�� �S�U�R�Y�L�G�L�Q�J �L�W�V �F�D�W�H�J�R�U�L�F�D�O �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q��

�1�R�W�H �W�K�D�W �Q�R �I�X�U�W�K�H�U �W�L�P�H �L�Q�I�R�U�P�D�W�L�R�Q�� �V�X�F�K �D�V �W�K�H �P�R�Q�W�K �R�U �W�K�H �\�H�D�U�� �K�D�V �E�H�H�Q

�H�[�W�U�D�F�W�H�G �I�U�R�P �W�K�H �W�L�P�H�V�W�H�S �D�Q�G �D�G�G�H�G �W�R �W�K�H �L�Q�S�X�W �I�H�D�W�X�U�H �V�H�W�� �7�K�L�V �G�H�F�L�V�L�R�Q
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�Z�D�V �G�H�O�L�E�H�U�D�W�H�� �D�V �W�K�H �W�L�P�H �V�S�D�Q �F�R�Y�H�U�H�G �L�Q �E�R�W�K �G�D�W�D�V�H�W�V �Z�D�V �W�R�R �V�K�R�U�W �I�R�U �W�K�H

�P�R�G�H�O�V �W�R �E�H �W�U�D�L�Q�H�G �W�R �O�H�D�U�Q �I�U�R�P �V�X�F�K �S�D�W�W�H�U�Q�V��

�2�Q �W�K�H �R�W�K�H�U �K�D�Q�G�� �H�D�F�K �J�U�R�X�Q�G �W�U�X�W�K �R�I �D�Q �L�Q�V�W�D�Q�F�HYi 2 RT 0� N � 1 �L�V �D

�W�K�U�H�H���G�L�P�H�Q�V�L�R�Q�D�O �P�D�W�U�L�[ �G�H�V�F�U�L�E�L�Q�J �W�K�H �R�X�W�S�X�W �W�U�D�I�I�L�F �Q�H�W�Z�R�U�N �Z�L�W�KT0 = 12

�W�K�H �Q�X�P�E�H�U �R�I �R�X�W�S�X�W �W�L�P�H�V�W�H�S�V �D�Q�GN �W�K�H �Q�X�P�E�H�U �R�I �W�U�D�I�I�L�F �Q�R�G�H�V�� �,�Q �W�K�L�V

�P�D�W�U�L�[�� �W�K�H �O�D�V�W �G�L�P�H�Q�V�L�R�Q �U�H�F�R�U�G�V �W�K�H �U�H�J�L�V�W�H�U�H�G �V�S�H�H�Gsvi
t �R�I �H�D�F�K �Q�R�G�Hvi �D�W

�W�K�H �U�H�V�S�H�F�W�L�Y�H �W�L�P�H �V�W�H�St�� �1�R�W�H �W�K�D�W �W�K�H �H�Q�F�R�G�L�Q�J �R�I �W�K�H �W�L�P�H �L�Q�I�R�U�P�D�W�L�R�Q �L�V

�D�E�V�H�Q�W �L�Q �W�K�H �J�U�R�X�Q�G �W�U�X�W�K�� �D�V �W�K�H �I�R�F�X�V �R�I �W�K�H �6�7�*�1�1 �L�V �W�R �O�H�D�U�Q �I�X�W�X�U�H �V�S�H�H�G

�L�Q�I�R�U�P�D�W�L�R�Q �L�Q �W�K�H �W�U�D�I�I�L�F �Q�H�W�Z�R�U�N �D�Q�G �W�K�H �I�X�W�X�U�H �W�L�P�H�V�W�D�P�S�V �F�D�Q �E�H �G�H�G�X�F�H�G

�G�L�U�H�F�W�O�\ �I�U�R�P �W�K�H �L�Q�S�X�W �W�L�P�H �L�Q�I�R�U�P�D�W�L�R�Q��

�(�D�F�K �R�I �W�K�H �W�U�D�L�Q�� �Y�D�O�L�G�D�W�L�R�Q �D�Q�G �W�H�V�W �G�D�W�D�V�H�W�VD �L�V �W�K�X�V �I�L�Q�D�O�O�\ �G�H�I�L�Q�H�G �D�V �D

�V�H�W �R�I �L�Q�V�W�D�Q�F�H�V �F�R�Q�W�D�L�Q�L�Q�J �L�Q�S�X�W �G�D�W�DX i �W�K�D�W �G�H�V�F�U�L�E�H�V �W�K�H �L�Q�S�X�W �W�U�D�I�I�L�F �Q�H�W�Z�R�U�N

Gi �D�W �W�K�H �I�L�U�V�WT �W�L�P�H�V�W�H�S�V �D�Q�G �J�U�R�X�Q�G �W�U�X�W�K �G�D�W�DYi �G�H�I�L�Q�L�Q�J �W�K�H �W�U�D�I�I�L�F �Q�H�W�Z�R�U�N

G0
i �D�W �I�X�W�X�U�HT0 �W�L�P�H�V�W�H�S�V�� �V�X�F�K �W�K�D�W��

D = f (Gi ; G0
i )gi 2 [0;:::;N ] ����������

�Z�L�W�KN �E�H�L�Q�J �W�K�H �Q�X�P�E�H�U �R�I �L�Q�V�W�D�Q�F�H�V �L�QD��
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�,�Q �W�K�L�V �V�H�F�W�L�R�Q �W�K�H �K�\�S�H�U�S�D�U�D�P�H�W�H�U�V �R�I �W�K�H �X�V�H�G �6�7�*�1�1�V�� �D�O�R�Q�J �Z�L�W�K �W�K�H �W�U�D�L�Q��

�L�Q�J �D�S�S�U�R�D�F�K �D�U�H �G�H�V�F�U�L�E�H�G��

���������� �+�\�S�H�U�S�D�U�D�P�H�W�H�U�V

�,�Q �W�K�H �H�P�S�O�R�\�H�G �6�7�*�1�1� �W�K�H �K�L�G�G�H�Q �I�H�D�W�X�U�H�V �R�I �W�K�H �L�Q�L�W�L�D�O �O�L�Q�H�D�U �O�D�\�H�U�� �R�I

�W�K�H �6���*�1�1 �O�D�\�H�U�V �D�Q�G �R�I �W�K�H �*�5�8 �O�D�\�H�U�V �D�U�H �V�H�W �W�R ������ �0�R�U�H�R�Y�H�U�� �W�K�H �O�D�W�H�Q�W

�S�R�V�L�W�L�R�Q�D�O �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q �R�I �W�K�H �Q�R�G�H�V �R�E�W�D�L�Q�H�G �D�W �W�K�H �E�H�J�L�Q�Q�L�Q�J �R�I �W�K�H �6���*�1�1

�O�D�\�H�U�V �L�V �R�E�W�D�L�Q�H�G �E�\ �D �V�H�T�X�H�Q�W�L�D�O �I�H�H�G �I�R�U�Z�D�U�G �Q�H�W�Z�R�U�N �F�R�P�S�R�V�H�G �D�V �D�Q �L�Q�S�X�W

�O�L�Q�H�D�U �O�D�\�H�U �Z�L�W�K �W�K�H �V�D�P�H �Q�X�P�E�H�U �R�I �L�Q�S�X�W �D�Q�G �R�X�W�S�X�W �I�H�D�W�X�U�H�V �I�R�O�O�R�Z�H�G �E�\
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�D�Q�R�W�K�H�U �O�L�Q�H�D�U �O�D�\�H�U �Z�L�W�K �D�Q �R�X�W�S�X�W �G�L�P�H�Q�V�L�R�Q �K�D�O�I �R�I �W�K�H �L�Q�S�X�W �I�H�D�W�X�U�H�V�� �7�K�H

�Q�X�P�E�H�U �R�I �D�W�W�H�Q�W�L�R�Q �K�H�D�G�V �R�I �W�K�H �W�U�D�Q�V�I�R�U�P�H�U �O�D�\�H�U �L�V �V�H�W �W�R ���� �Z�K�L�O�H �W�K�H �Q�X�P�E�H�U

�R�I �K�L�G�G�H�Q �I�H�D�W�X�U�H�V �X�V�H�G �I�R�U �F�R�P�S�X�W�L�Q�J �W�K�H �T�X�H�U�L�H�VQvi
s �� �N�H�\�VK vi

s �D�Q�G �Y�D�O�X�H�V

V vi
s �R�I �H�D�F�K �Q�R�G�Hvi �I�R�U �H�D�F�K �D�W�W�H�Q�W�L�R�Q �K�H�D�G �R�I �W�K�H �W�U�D�Q�V�I�R�U�P�H�Us �L�V �V�H�W �D�V ������

�)�L�Q�D�O�O�\�� �W�K�H �R�X�W�S�X�W �O�D�\�H�U �R�X�W�S�X�W�L�Q�J �W�K�H �S�U�H�G�L�F�W�L�R�Q�V �L�V �D �I�H�H�G���I�R�U�Z�D�U�G �Q�H�X�U�D�O

�Q�H�W�Z�R�U�N �F�R�P�S�R�V�H�G �R�I �W�Z�R �O�D�\�H�U�V�� �7�K�H �I�R�U�P�H�U �O�D�\�H�U �K�D�V �D �K�L�G�G�H�Q �G�L�P�H�Q�V�L�R�Q �R�I

���� �D�Q�G �L�V �I�R�O�O�R�Z�H�G �E�\�5�H�/�8�Q�R�Q���O�L�Q�H�D�U �D�F�W�L�Y�D�W�L�R�Q �I�X�Q�F�W�L�R�Q�� �7�K�H �O�D�W�W�H�U �O�D�\�H�U �K�D�V

�R�X�W�S�X�W �G�L�P�H�Q�V�L�R�Q ���� �D�V �W�K�H �6�7�*�1�1 �S�U�H�G�L�F�W�V �D�Q �R�X�W�S�X�W �P�D�W�U�L�[Ŷ 2 RT 0� N � 1��

�F�R�Q�W�D�L�Q�L�Q�J �I�R�U �H�D�F�K �Q�R�G�H �R�I �W�K�H �W�U�D�I�I�L�F �Q�H�W�Z�R�U�N �D�W �H�D�F�K �I�X�W�X�U�H �W�L�P�H�V�W�H�S �W�K�H

�Y�D�O�X�H �R�I �L�W�V �S�U�H�G�L�F�W�H�G �D�Y�H�U�D�J�H �V�S�H�H�G��

���������� �7�U�D�L�Q�L�Q�J �3�U�R�F�H�G�X�U�H

�7�Z�R �G�L�I�I�H�U�H�Q�W �6�7�*�1�1�V �D�U�H �W�U�D�L�Q�H�G�� �R�Q�H �R�Q �W�K�H �0�(�7�5���/�$ �W�U�D�L�Q�L�Q�J �V�H�W �D�Q�G �W�K�H

�V�H�F�R�Q�G �R�Q �W�K�H �3�(�0�6���%�$�< �W�U�D�L�Q�L�Q�J �G�D�W�D ��D�W�U�D�L�Q���� �7�R �W�U�D�L�Q �E�R�W�K �P�R�G�H�O�V�$�G�D�P

�L�V �X�V�H�G �D�V �D�Q �R�S�W�L�P�L�]�H�U �Z�L�W�K �O�H�D�U�Q�L�Q�J �U�D�W�H1e � 3 �D�Q�G �Z�H�L�J�K�W �G�H�F�D�\2e � 6��

�7�K�H �W�U�D�L�Q�L�Q�J �H�S�R�F�K�V �D�U�H �V�H�W �W�R200�I�R�U �E�R�W�K �P�R�G�H�O�V �D�Q�G �W�K�H �W�U�D�L�Q�L�Q�J �L�Q�V�W�D�Q�F�H�V

�D�U�H �V�K�X�I�I�O�H�G �D�W �H�D�F�K �H�S�R�F�K �W�R �L�Q�G�X�F�H �D �P�R�U�H �J�H�Q�H�U�D�O�L�]�H�G �W�U�D�L�Q�L�Q�J �D�S�S�U�R�D�F�K �D�Q�G

�U�H�G�X�F�H �R�Y�H�U�I�L�W�W�L�Q�J�� �)�R�U �0�(�7�5���/�$ �D �E�D�W�F�K �V�L�]�H �R�I ���� �L�V �X�V�H�G �G�X�U�L�Q�J �W�U�D�L�Q�L�Q�J��

�Z�K�L�O�H �I�R�U �3�(�0�6���%�$�< �W�K�L�V �S�D�U�D�P�H�W�H�U �L�V �V�H�W �D�V ������ �7�K�H �H�P�S�O�R�\�H�G �O�R�V�V �I�X�Q�F�W�L�R�Q

L �L�V �W�K�H�0�H�D�Q �$�E�V�R�O�X�W�H �(�U�U�R�U ���0�$�(���� �7�K�H �I�X�Q�F�W�L�R�Q �F�R�P�S�X�W�H�V �W�K�H �D�Y�H�U�D�J�H �R�I

�W�K�H �D�E�V�R�O�X�W�H �H�U�U�R�U �L�Q �H�D�F�K �E�D�W�F�K �E�H�W�Z�H�H�Q �W�K�H �V�S�H�H�G �S�U�H�G�L�F�W�L�R�Q�V �R�I �W�K�H �P�R�G�H�O

Ŷi 2 Ŷ�� �G�H�V�F�U�L�E�L�Q�J �W�K�H �S�U�H�G�L�F�W�H�G �R�X�W�S�X�W �W�U�D�I�I�L�F �Q�H�W�Z�R�U�N��Ĝi �D�Q�G �W�K�H �J�U�R�X�Q�G

�W�U�X�W�K �V�S�H�H�G�VYi 2 Y �� �G�H�V�F�U�L�E�L�Q�J �W�K�H �D�F�W�X�D�O �R�X�W�S�X�W �W�U�D�I�I�L�F �Q�H�W�Z�R�U�N��G0
i �� �,�Q �W�K�H

�F�R�P�S�X�W�D�W�L�R�Q �W�K�H �Q�R�G�H�V �K�D�Y�L�Q�J �P�L�V�V�L�Q�J �J�U�R�X�Q�G �W�U�X�W�K �V�S�H�H�G�V �D�U�H �H�[�F�O�X�G�H�G ��Yi =

f svj
t j svj

t 2 Y i 6= 0g �D�Q�ĜYi = f ŝvj
t j ŝvj

t 2 Ŷi ^ svj
t 2 Y 6= 0g���� �V�X�F�K �W�K�D�W��

�0�$�((Ŷ; Y) =
1
N

NX

i =1

jY i � Ŷi j ����������

�Z�L�W�KN �E�H�L�Q�J �W�K�H �Q�X�P�E�H�U �R�I �E�D�W�F�K �V�D�P�S�O�H�V��
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�9�D�O�L�G�D�W�L�R�Q �P�H�W�U�L�F�V �D�U�H �F�R�P�S�X�W�H�G �R�Q �W�K�H �U�H�V�S�H�F�W�L�Y�H �Y�D�O�L�G�D�W�L�R�Q �V�H�W�VD�Y�D�O�D�I��

�W�H�U �H�D�F�K �W�U�D�L�Q�L�Q�J �H�S�R�F�K �L�V �F�R�P�S�O�H�W�H�G �W�R �P�H�D�V�X�U�H �W�K�H �S�U�H�G�L�F�W�L�R�Q �D�F�F�X�U�D�F�\ �R�I �W�K�H

�P�R�G�H�O �R�Q �G�D�W�D �Q�R�Q �X�V�H�G �I�R�U �W�U�D�L�Q�L�Q�J �D�Q�G�� �W�K�X�V�� �D�Y�R�L�G �R�Y�H�U�I�L�W�W�L�Q�J�� �9�D�O�L�G�D�W�L�R�Q

�L�V �R�E�W�D�L�Q�H�G �D�V �W�K�H �D�Y�H�U�D�J�H �H�U�U�R�U �E�H�W�Z�H�H�Q �W�K�H �V�S�H�H�G �S�U�H�G�L�F�W�L�R�Q�V �R�I �W�K�H �P�R�G�H�O

Ŷi 2 Ŷ �D�Q�G �W�K�H �J�U�R�X�Q�G �W�U�X�W�K �V�S�H�H�G�VYi 2 Y �R�I �D�O�O �W�K�H �L�Q�V�W�D�Q�F�H�V �R�I �W�K�H �Y�D�O��

�L�G�D�W�L�R�Q �G�D�W�D�V�H�W�V�� �1�R�G�H�V �K�D�Y�L�Q�J �P�L�V�V�L�Q�J �J�U�R�X�Q�G �W�U�X�W�K �V�S�H�H�G�V �D�U�H �H�[�F�O�X�G�H�G �L�Q

�W�K�H �F�R�P�S�X�W�D�W�L�R�Q �D�V �L�W �L�V �G�R�Q�H �I�R�U �F�R�P�S�X�W�L�Q�J �W�K�H �O�R�V�V�� �)�R�U �D�O�O �P�H�W�U�L�F�V�� �V�P�D�O�O�H�U

�Y�D�O�X�H�V �L�Q�G�L�F�D�W�H �E�H�W�W�H�U �S�U�H�G�L�F�W�L�R�Q �S�H�U�I�R�U�P�D�Q�F�H�V�� �,�Q �S�D�U�W�L�F�X�O�D�U �W�K�H �I�R�O�O�R�Z�L�Q�J

�Y�D�O�L�G�D�W�L�R�Q �P�H�W�U�L�F�V �D�U�H �X�V�H�G��

�‡�7�K�H�0�H�D�Q �$�E�V�R�O�X�W�H �(�U�U�R�U ���0�$�(���F�R�P�S�X�W�H�G �D�V �L�Q �W�K�H �O�R�V�V �I�X�Q�F�W�L�R�Q �D�V �S�H�U

�(�T�X�D�W�L�R�Q�������� �7�K�L�V �P�H�W�U�L�F �L�V �P�R�U�H �S�X�Q�L�W�L�Y�H �R�Q �V�D�P�S�O�H�V �W�K�D�W �D�U�H �H�D�V�L�H�U �W�R

�S�U�H�G�L�F�W �D�Q�G �L�W �L�V �P�R�U�H �V�X�L�W�D�E�O�H �W�R �P�H�D�V�X�U�H �W�K�H �R�Y�H�U�I�L�W�W�L�Q�J �R�Q �W�K�R�V�H��

�‡�7�K�H�5�R�R�W �0�H�D�Q �6�T�X�D�U�H�G �(�U�U�R�U ���5�0�6�(���� �G�H�I�L�Q�H�G �D�V �W�K�H �U�R�R�W�H�G �D�Y�H�U�D�J�H

�V�T�X�D�U�H�G �G�L�I�I�H�U�H�Q�F�H �E�H�W�Z�H�H�Q �W�K�H �S�U�H�G�L�F�W�H�G �Y�D�O�X�H�V �D�Q�G �W�K�H �J�U�R�X�Q�G �W�U�X�W�K��

�5�0�6�((Ŷ; Y) =
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u
t 1

N

NX

i =1

(Yi � Ŷi )2 ����������

�7�K�L�V �P�H�W�U�L�F �S�X�Q�L�V�K�H�V �P�R�U�H �X�Q�S�U�H�G�L�F�W�D�E�O�H �V�D�P�S�O�H�V �D�Q�G �L�W�V �H�U�U�R�U �P�H�D�V�X�U�H�V

�R�Y�H�U�I�L�W�W�L�Q�J �P�D�L�Q�O�\ �R�Q �W�K�R�V�H��

�‡�0�H�D�Q �D�E�V�R�O�X�W�H �S�H�U�F�H�Q�W�D�J�H �H�U�U�R�U ���0�$�3�(���� �Z�K�L�F�K �F�R�Q�V�L�G�H�U�V �W�K�H �S�H�U�F�H�Q�W��

�D�J�H �R�I �H�U�U�R�U�V �W�R �J�U�R�X�Q�G �W�U�X�W�K �D�V��

�0�$�3�((Ŷ; Y) =
100
N

NX

i =1

j
Yi � Ŷi
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j ����������

�$ �F�K�H�F�N�S�R�L�Q�W �P�R�Q�L�W�R�U �L�V �X�W�L�O�L�]�H�G �W�R �V�W�R�U�H �W�K�H �E�H�V�W �S�H�U�I�R�U�P�D�Q�F�H�V �R�I �W�K�H �P�R�G�H�O�V

�G�X�U�L�Q�J �Y�D�O�L�G�D�W�L�R�Q�� �,�W �V�D�Y�H�V �W�K�H �Z�H�L�J�K�W�V �R�I �W�K�H �6�7�*�1�1�V� �D�W �W�K�H �H�S�R�F�K �L�Q �Z�K�L�F�K

�W�K�H �P�L�Q�L�P�D�O �V�X�P �R�I �Y�D�O�L�G�D�W�L�R�Q �P�H�W�U�L�F�V �L�V �R�E�W�D�L�Q�H�G��

�D�U�J�P�L�Q� i j i 2 �H�S�R�F�K�V�0�$�(� i (D�Y�D�O) + �5�0�6�(� i (D�Y�D�O) + �0�$�3�(� i (D�Y�D�O) ����������
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�Z�K�H�U�H �0�$�(� i �� �5�0�6�(� i �D�Q�G �0�$�3�(� i �D�U�H �W�K�H �P�H�W�U�L�F�V �F�R�P�S�X�W�H�G �I�U�R�P� �D�W

�H�S�R�F�Ki �� �7�K�H �W�U�D�L�Q�H�G �P�R�G�H�O�V �D�U�H �X�O�W�L�P�D�W�H�O�\ �H�Y�D�O�X�D�W�H�G �R�Q �W�K�H �V�D�P�H �P�H�W�U�L�F�V �X�V�H�G

�I�R�U �Y�D�O�L�G�D�W�L�R�Q �R�Q �W�K�H �U�H�V�S�H�F�W�L�Y�H �W�H�V�W �G�D�W�D�V�H�W�V �W�R �D�F�T�X�L�U�H �P�R�U�H �G�H�S�H�Q�G�D�E�O�H �H�U�U�R�U

�U�H�V�X�O�W�V �R�Q �G�D�W�D �W�K�D�W �K�D�V �Q�R�W �E�H�H�Q �H�Q�F�R�X�Q�W�H�U�H�G �G�X�U�L�Q�J �W�K�H �W�U�D�L�Q�L�Q�J �S�U�R�F�H�G�X�U�H��

�$�G�G�L�W�L�R�Q�D�O�O�\�� �W�K�H �V�S�H�H�G �I�H�D�W�X�U�H �L�Q �W�K�H �L�Q�S�X�W �G�D�W�D �L�V �V�F�D�O�H�G �W�K�U�R�X�J�K�V�W�D�Q�G�D�U�G

�V�F�D�O�L�Q�J�E�H�I�R�U�H �E�H�L�Q�J �I�H�G �W�R �W�K�H �6�7�*�1�1�� �7�K�H �U�H�P�D�L�Q�L�Q�J �L�Q�S�X�W �I�H�D�W�X�U�H�V�� �Q�D�P�H�O�\

�W�L�P�H �R�I �W�K�H �G�D�\ �D�Q�G �R�Q�H���K�R�W���H�Q�F�R�G�H�G �G�D�\ �R�I �W�K�H �Z�H�H�N�� �D�U�H �Q�R�W �I�X�U�W�K�H�U�O�\ �S�U�R��

�F�H�V�V�H�G �D�V �W�K�H�\ �D�O�U�H�D�G�\ �O�D�\ �L�Q �D �V�S�D�F�H �E�H�W�Z�H�H�Q �� �D�Q�G ���� �6�W�D�Q�G�D�U�G�L�]�D�W�L�R�Q �D�L�G�V

�L�Q �V�W�D�E�L�O�L�]�L�Q�J �W�K�H �W�U�D�L�Q�L�Q�J �S�U�R�F�H�G�X�U�H �E�\ �P�L�W�L�J�D�W�L�Q�J �W�K�H �F�K�D�O�O�H�Q�J�H �S�R�V�H�G �Z�K�H�Q

�G�D�W�D�V�H�W �I�H�D�W�X�U�H�V �H�[�L�V�W �R�Q �Y�D�U�\�L�Q�J �V�F�D�O�H�V�� �1�H�X�U�D�O �Q�H�W�Z�R�U�N�V �I�L�Q�G �L�W �F�K�D�O�O�H�Q�J�L�Q�J

�W�R �O�H�D�U�Q �Z�K�H�Q �D�G�M�X�V�W�P�H�Q�W�V �W�R �Z�H�L�J�K�W�V �D�U�H �U�H�T�X�L�U�H�G �W�R �F�D�W�H�U �W�R �H�D�F�K �I�H�D�W�X�U�H �G�L�I��

�I�H�U�H�Q�W�O�\�� �F�D�X�V�L�Q�J �L�Q�V�W�D�E�L�O�L�W�\ �L�Q �W�K�H �W�U�D�L�Q�L�Q�J �S�U�R�F�H�V�V�� �6�W�D�Q�G�D�U�G �V�F�D�O�L�Q�J �R�Q �H�D�F�K

�V�S�H�H�G �L�Q�S�X�W �I�H�D�W�X�U�Hs �L�V �F�R�P�S�X�W�H�G �D�V��

s0 =
s � ~�

~�
����������

�Z�K�H�U�H~� �L�V �W�K�H �P�H�D�Q �Y�D�O�X�H �R�I �W�K�H �V�S�H�H�G �G�L�V�W�U�L�E�X�W�L�R�Q �H�V�W�L�P�D�W�H�G �E�\ �D�Y�H�U�D�J�L�Q�J �W�K�H

�V�S�H�H�G �Y�D�O�X�H�V �L�Q �W�K�H �Z�K�R�O�H �U�H�V�S�H�F�W�L�Y�H �W�U�D�L�Q�L�Q�J �G�D�W�D�V�H�WD�W�U�D�L�Q�� �Z�K�L�O�H~� �L�V �W�K�H �H�V��

�W�L�P�D�W�H�G �V�W�D�Q�G�D�U�G �G�H�Y�L�D�W�L�R�Q �R�I �W�K�H �V�S�H�H�G �G�L�V�W�U�L�E�X�W�L�R�Q �F�R�P�S�X�W�H�G �D�V �W�K�H �V�W�D�Q�G�D�U�G

�G�H�Y�L�D�W�L�R�Q �R�I �W�K�H �V�S�H�H�G �Y�D�O�X�H�V �L�QD�W�U�D�L�Q�� �$�I�W�H�U �W�K�H �P�R�G�H�O�V �L�Q�I�H�U�H�Q�F�H �W�K�H �V�S�H�H�G

�Y�D�O�X�H�V �R�I �W�K�H �S�U�H�G�L�F�W�L�R�Q�Vŝ0 �D�U�H �E�U�R�X�J�K�W �E�D�F�N �W�R �W�K�H�L�U �R�U�L�J�L�Q�D�O �V�F�D�O�H �Z�L�W�K��

ŝ = ŝ0 � ~� + ~� ����������

�7�K�L�V �J�X�D�U�D�Q�W�H�H�V �W�K�D�W �W�K�H �S�U�H�G�L�F�W�L�R�Q�V �D�U�H �H�[�S�U�H�V�V�H�G �L�Q �P�L�O�H�V �S�H�U �K�R�X�U �D�Q�G �W�K�D�W

�W�K�H �O�R�V�V �I�X�Q�F�W�L�R�Q �D�Q�G �W�K�H �Y�D�O�L�G�D�W�L�R�Q �P�H�W�U�L�F�V �D�U�H �F�R�P�S�X�W�H�G �E�H�W�Z�H�H�Q �L�Q�V�W�D�Q�F�H�V

�Z�L�W�K �I�H�D�W�X�U�H�V �D�W �W�K�H �V�D�P�H �V�F�D�O�H��



������ �(�[�S�O�D�L�Q�H�U ����

������ �(�[�S�O�D�L�Q�H�U

�7�K�L�V �V�H�F�W�L�R�Q �G�H�W�D�L�O�V �W�K�H �V�H�O�H�F�W�L�R�Q �R�I �W�K�H �K�\�S�H�U�S�D�U�D�P�H�W�H�U�V �X�V�H�G �L�Q �W�K�H �'�%�6�&�$�1

�D�O�J�R�U�L�W�K�P �L�Q �R�U�G�H�U �W�R �H�[�W�U�D�F�W �W�K�H �R�X�W�S�X�W �H�Y�H�Q�W�VĜ� �L�Q �W�K�H �S�U�H�G�L�F�W�H�G �W�U�D�I�I�L�F �Q�H�W��

�Z�R�U�N�VĜ�� �Z�K�L�O�H �L�O�O�X�V�W�U�D�W�L�Q�J �W�K�H �H�P�S�O�R�\�H�G �H�Y�D�O�X�D�W�L�R�Q �P�H�W�U�L�F�V �W�R �H�Y�D�O�X�D�W�H �W�K�H

�F�O�X�V�W�H�U�L�Q�J �U�H�V�X�O�W�V�� �7�K�H�Q �L�W �Z�L�O�O �G�H�O�L�Q�H�D�W�H �W�K�H �K�\�S�H�U�S�D�U�D�P�H�W�H�U �V�H�O�H�F�W�L�R�Q �D�S��

�S�U�R�D�F�K �I�R�U �W�K�H �H�[�S�O�D�L�Q�H�U �D�O�R�Q�J �Z�L�W�K �W�K�H �P�H�W�U�L�F�V �X�V�H�G �W�R �H�Y�D�O�X�D�W�H �W�K�H �L�P�S�R�U��

�W�D�Q�W �V�X�E�J�U�D�S�K �R�I �W�K�H �L�Q�S�X�W �Q�H�W�Z�R�U�N~G�W�K�D�W �R�X�W�S�X�W�V �D�V �D�Q �H�[�S�O�D�Q�D�W�L�R�Q�� �)�L�Q�D�O�O�\

�L�W �Z�L�O�O �L�O�O�X�V�W�U�D�W�H �W�K�H �S�D�U�D�P�H�W�H�U�V �X�V�H�G �L�Q �W�K�H �$�J�J�O�R�P�H�U�D�W�L�Y�H �&�O�X�V�W�H�U�L�Q�J �I�R�U �W�K�H

�F�R�Q�W�H�Q�W �H�[�W�U�D�F�W�L�R�Q �R�I �W�K�H �H�Y�H�Q�W�V �R�I �W�K�H �L�P�S�R�U�W�D�Q�W �V�X�E�J�U�D�S�K~G �D�O�R�Q�J �Z�L�W�K �W�K�H

�H�Y�D�O�X�D�W�L�R�Q �D�S�S�U�R�D�F�K �X�V�H�G��

���������� �2�X�W�S�X�W �(�Y�H�Q�W�V �6�H�O�H�F�W�L�R�Q �6�H�W�X�S

�(�Y�H�Q�W�V �V�H�O�H�F�W�L�R�Q �L�V �S�H�U�I�R�U�P�H�G �E�\ �G�L�Y�L�G�L�Q�J �W�K�H �W�U�D�I�I�L�F �Q�H�W�Z�R�U�NĜ �S�U�H�G�L�F�W�H�G �E�\

�W�K�H �6�7�*�1�1� �L�Q�W�R �V�H�S�D�U�D�W�H �F�O�X�V�W�H�U�VĜ� �Z�K�L�F�K �G�H�V�F�U�L�E�H �L�P�S�R�U�W�D�Q�W �H�Y�H�Q�W�V�� �V�X�F�K

�D�V �F�R�Q�J�H�V�W�L�R�Q�V �R�U �I�U�H�H���I�O�R�Z�V�� �7�K�H�V�H �F�O�X�V�W�H�U�V �V�K�R�X�O�G �H�D�F�K �F�R�Q�W�D�L�Q �W�U�D�I�I�L�F �Q�R�G�H�V

�F�O�R�V�H �L�Q �W�L�P�H �D�Q�G �V�S�D�F�H �D�Q�G �Z�L�W�K �O�R�Z �Y�D�U�L�D�Q�F�H�V �R�I �V�S�H�H�G�� �0�R�U�H�R�Y�H�U�� �H�D�F�K

�R�I �W�K�H�P �V�K�R�X�O�G �E�H �D�V �G�L�V�V�L�P�L�O�D�U �D�V �S�R�V�V�L�E�O�H �W�R �W�K�H �R�W�K�H�U�V�� �7�K�H �F�O�X�V�W�H�U�L�Q�J �L�V

�S�H�U�I�R�U�P�H�G �E�\ �D�S�S�O�\�L�Q�J �W�K�H �'�%�6�&�$�1 �D�O�J�R�U�L�W�K�P �R�Q �W�K�H �S�U�H�G�L�F�W�L�R�Q�VĜ �X�V�L�Q�J �D

�G�L�V�W�D�Q�F�H �P�D�W�U�L�[M �D�P�R�Q�J �D�O�O �Q�R�G�H�V �R�IĜ �D�V �D �P�H�D�V�X�U�H �R�I �G�L�V�V�L�P�L�O�D�U�L�W�\��

�7�K�H �K�\�S�H�U�S�D�U�D�P�H�W�H�U�V �R�I �'�%�6�&�$�1 �D�U�H�2�T�b�� �P�H�D�V�X�U�L�Q�J �W�K�H �P�D�[�L�P�X�P �G�L�V��

�W�D�Q�F�H �E�H�W�Z�H�H�Q �W�Z�R �V�D�P�S�O�H�V �I�R�U �R�Q�H �W�R �E�H �F�R�Q�V�L�G�H�U�H�G �D�V �L�Q �W�K�H �Q�H�L�J�K�E�R�X�U�K�R�R�G

�R�I �W�K�H �R�W�K�H�U�� �D�Q�G�K�B�M �b���K�T�H�2�b�� �Q�D�P�H�O�\ �W�K�H �Q�X�P�E�H�U �R�I �V�D�P�S�O�H�V �L�Q �D �Q�H�L�J�K��

�E�R�X�U�K�R�R�G �I�R�U �D �S�R�L�Q�W �W�R �E�H �F�R�Q�V�L�G�H�U�H�G �D�V �D �F�R�U�H �S�R�L�Q�W�� �)�R�U �Z�K�D�W �F�R�Q�F�H�U�Q�V �W�K�H

�F�O�X�V�W�H�U�L�Q�J �R�I �W�K�H �S�U�H�G�L�F�W�H�G �W�U�D�I�I�L�F �Q�H�W�Z�R�U�N�VĜ �E�\� �R�I �E�R�W�K �0�(�7�5���/�$ �D�Q�G

�3�(�0�6���%�$�<�� �W�K�H �V�H�O�H�F�W�H�G �Y�D�O�X�H�V �I�R�U�2�T�b�L�V0:35�� �Z�K�L�O�H �W�K�H �Q�X�P�E�H�U �R�I�K�B�M

�b���K�T�H�2�b�L�V �V�H�W �D�V5�� �0�R�U�H�R�Y�H�U�� �W�K�H �V�S�H�H�G �G�L�V�W�D�Q�F�H �P�D�W�U�L�[ �F�R�P�S�R�Q�H�Q�W �R�I �W�K�H

�G�L�V�W�D�Q�F�H �P�D�W�U�L�[M �L�V �R�Y�H�U�Z�H�L�J�K�W�H�G �E�\ �D �I�D�F�W�R�UW �R�I �� �I�R�U �E�R�W�K �0�(�7�5���/�$ �D�Q�G

�3�(�0�6���%�$�<��W���2�T�b�D�Q�G�K�B�M �b���K�T�H�2�b�D�U�H �W�X�Q�H�G �E�\ �S�H�U�I�R�U�P�L�Q�J �J�U�L�G �V�H�D�U�F�K

�R�Q �W�K�H �S�U�H�G�L�F�W�L�R�Q�VĜ �R�E�W�D�L�Q�H�G �E�\� �R�Q �W�K�H �W�U�D�L�Q�L�Q�J �G�D�W�D�V�H�W�VD�W�U�D�L�Q��
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i �� �R�E�W�D�L�Q�H�G �E�\ �I�H�H�G�L�Q�J �W�K�H �6�7�*�1�1� �Z�L�W�K �W�K�H

�Z�K�R�O�H �L�Q�S�X�W �Q�H�W�Z�R�U�NG�� �D�Q�G �W�K�H �U�H���S�U�H�G�L�F�W�H�G �H�Y�H�Q�W �V�S�H�H�G�V~Y �
i �� �R�E�W�D�L�Q�H�G



������ �(�[�S�O�D�L�Q�H�U ����

�E�\ �I�H�H�G�L�Q�J �W�R� �M�X�V�W �W�K�H �L�P�S�R�U�W�D�Q�W �V�X�E�J�U�D�S�K~G�� �7�K�H �P�H�W�U�L�F �L�V �W�K�X�V �H�T�X�L�Y��

�D�O�H�Q�W �W�R �W�K�H �F�R�P�S�X�W�D�W�L�R�Q �R�I �W�K�H �0�$�( �E�H�W�Z�H�H�Q �H�D�F�KŶ �
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leads the Agglomerative Clustering results of ~G to the highest ratio between

Cluster Dissimilarity (Equation 4.10) and Within Cluster Variance (Equation

4.9):

argmaxc = CDc

WCVc
(4.22)

Where CDc andWCVc are the Cluster Dissimilarity and Within Cluster Vari-

ance scores on Agglomerative Clustering computed using c clusters. This

scoring function selects c that balances a high dissimilarity between clusters,

while their within variance is low.

4.5 Verbal Explanations

This section details the specifics of the content selection functions applied to

the subgraphs ~Gc of the important subgraph ~G and to the event to explain Ĝ�.

Then it defines the adopted ruleset to fill the placeholders of the templates

used to translate into narratives the extracted content, along with additional

enrichments applied to the verbal narratives to enhance their natural flow and

expression.

4.5.1 Content Extraction Setup

For what concerns extracting the average speed sGc from an event Gc, in order

to conform to the International System of Units the speed measurements sGc

are translated from miles per-hour to kilometers per hour by multiplying it by

the constant 1:609344. Precisely, 1 mile is equivalent to 1:609344 kms.

The speed thresholds used to define the event kind kGc of the event Gc as

per Equation 3.30 are the same as the ones used in section 4.4.1. In particular:

ssc, the threshold for severe congestions, is set as 35 miles per hour or � 56

kms per hour, while sc, the one for congestions, is set as 60 miles per hour,

meaning � 96 kms per hour.
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In the dictionary describing the location of event Gc, lGc , The set of kilo-

metrage of each street l 2 lGc is computed by rounding the kilometrage of

each node to the nearest integer. This is applied in order to have a more con-

cise and descriptive set of kilometrages for the streets in the dictionary. The

kilometrage for each node vi is pre-calculated using the Haversine formula,

determining the kilometers between the latitude and longitude of vi and the

starting point of the street in which vi is situated, which is the north-westmost

point. The starting point of each street has been manually fetched using Ar-

cGIS World Street Map [59], while the street each node is part of has been

extracted using the GeoPy [53] Python library.

4.5.2 Verbal Translation Setup

The placeholder of the various templates is filled using a specific ruleset, such

that given a placeholder pwithin the templates and a specific piece of extracted

content c, the placeholder is filled through a function:

rule(p; c) (4.23)

Following, the ruleset for each placeholder given the content used to complete

it is defined:

• The placeholder<speed> is simply directly filledwith the average speed

extracted content sGc of the related event Gc such that:

rule(<speed>; sGc) = “sGc” (4.24)

As an example, the <speed> placeholder of the template ñA <label>

was predicted<locationmain><day>, with an average speed of <speed>

km/h <time>.ò given sGc = 42:47 is filled as ñA <label> was pre-

dicted <location main> <day>, with an average speed of ����������km/h

<time>.ò
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• The placeholder <label>, similarly for what concerns <speed> is di-

rectly filled with the kind of event kGc of the related event Gc such that:

rule(<label>; kGc) = “kGc” (4.25)

For instance, the <label> placeholder of the template ñA <label> was

predicted <location main> <day>, with an average speed of <speed>

km/h <time>.ò given kGc = severe congestion is filled as ñA �V�H�Y�H�U�H

�F�R�Q�J�H�V�W�L�R�Qwas predicted <location main> <day>, with an average

speed of <speed> km/h <time>.ò

• The placeholder<location main> is filled by firstly extracting the street

lmain 2 lGc with the largest list of kilometrages for event Gc. Afterwards,

the set of kilometrages fkm1; km2; :::g is sorted in ascending order. If

the set of kilometrages contains just one element km1, the placeholder

is filled as follows:

rule(<location main>; lGc) = “lmain at km km1” (4.26)

On the other hand, If the set of kilometrages is composed ofm elements

fkm1; km2; :::; kmmg, the placeholder is filled by separating the sorted

kms by a comma while “AND-ing” the second last and the last as fol-

lows:

rule(<location main>; lGc) = “lmain at kms km1, km2, [...] and kmm”

(4.27)

Furthermore, if the context of the template requires it, the preposition

“on” is added at the beginning of the filled placeholder. For instance,

the <location main> placeholder of the template ñA <label> was pre-

dicted <location main> <day>, with an average speed of <speed>

km/h <time>.ò given main street lmain = Golden State Freeway with
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kilometrages f10; 11g is filled as ñA <label> was predicted �R�Q �*�R�O�G�H�Q

�6�W�D�W�H �)�U�H�H�Z�D�\ �D�W �N�P�V ���� �D�Q�G ����<day>, with an average speed of

<speed> km/h <time>.ò

• Placeholders<location secondary> are completed by getting a sentence

for each street in lGc n lmain excluding the main one lmain as per Equations

4.26 or 4.27. Afterwards, each obtained sentence fs1; :::smg is filled by

separating them by a commawhile “AND-ing” the second last sm�1 and

the last sm as follows:

rule(<location secondary>; lGc) = “s1, s2, [...] and sm” (4.28)

As an example, the <location secondary> placeholder of the template

ñThe <label> also affected <location secondary>.ò given secondary

street information lsecondary = fGolden State Freewayg with kilome-

trages f10g is filled as ñThe <label> also affected �*�R�O�G�H�Q �6�W�D�W�H �)�U�H�H��

�Z�D�\ �D�W �N�P ����.ò.

• The placeholder <day> for event Gc is filled through a series of pro-

cesses. Firstly, the extracted days dGc = fd1; :::; dmg of event Gc are

sorted chronologically. Then the date datedi
and day of theweekweek-daydi

are extracted for each day di 2 dGc . Lastly, if dGc contains just one day

d1, the placeholder is filled as follows:

rule(<day>; dGc) = “on weekdayd1
, dated1” (4.29)

Otherwise, if dGc contains more days, where the first day is d1 and the

last is dm, the placeholder is filled as:

rule(<day>; dGc) = “from weekdayd1
, dated1 to weekdaydm

, datedm”

(4.30)

As an example, the <day> placeholder of the template ñA <label> was
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predicted <location main> <day>, with an average speed of <speed>

km/h<time>.ò given a days content dGc = ffweekday : Thursday; date :

05/06/2012gg is filled as ñA <label> was predicted <location main>

�R�Q �7�K�X�U�V�G�D�\�� ��������������������, with an average speed of <speed> km/h

<time>.ò

• The placeholder <time> of event Gc is filled by the times denoting the

beginning tstart and the end tend of the event tĜc , but it also considers the

information of the days of the event dGc . In particular, if dGc contains

just one day and tstart = tend, meaning that the event started and ended

at the same discretized timestep, the placeholder is filled as:

rule(<time>; tGc ; dGc) = “at tstart” (4.31)

Contrarily, if dGc contains more days or tstart 6= tend, the event has taken

place across multiple timesteps and the placeholder is filled as:

rule(<time>; tGc ; dGc) = “from tstart to tend” (4.32)

For instance, the <time> placeholder of the template ñA <label> was

predicted <location main> <day>, with an average speed of <speed>

km/h <time>.ò given a time content tGc = (09:45; 10:35) and a days

content dGc = ffweekday : Thursday; date : 05/06/2012gg is filled as

ñA <label> was predicted <location main> <day>, with an average

speed of <speed> km/h �I�U�R�P ���������� �W�R ����������.ò

• Placeholders <causes> given the events ~G1; :::; ~GC that explain the pre-

dicted event Ĝ� are filled by extracting firstly the list of labels k ~Gc of each

input event ~Gc, defined as K. For simplicity in the verbal translation,

severe congestions in the extracted list K are renamed as congestions.

Then the translation of the placeholder in the template is applied with
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the following rule:

rule(<causes>; K) =

=

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

ñan unknown reasonò; if jKcj = 0 ^ jK fj = 0

ña free flowò; if jKcj = 0 ^ jK fj = 1

ña congestionò; if jKcj = 1 ^ jK fj = 0

ña congestion and

a free flowò; if jKcj = 1 ^ jK fj = 1

ña series of free flowsò; if jKcj = 0 ^ jK fj > 1

ña series of congestionsò; if jKcj > 1 ^ jK fj > 0

ña series of free flows

and a congestionò; if jKcj = 1 ^ jK fj > 1

ña series of congestions

and a free flowò; if jKcj > 1 ^ jK fj = 1

ña series of congestions

and free flowsò; otherwise

(4.33)

where K f is the sublist of K containing just free flows labels and Kc

is the sublist containing just congestion labels. For instance, the place-

holder<causes> in the template ñThis was caused by <causes>.ò given

K = [congestion; free flow] is filled as ñThis was caused by �D �F�R�Q�J�H�V��

�W�L�R�Q �D�Q�G �D �I�U�H�H �I�O�R�Z.ò.

Note, that an extreme scenario, in which no input contributing events

are present is considered, by setting the cause of the prediction as ñan

unknown reasonò. This may happen in the case that the input data from

which the important subgraph is extracted presents a traffic-network

composed solely of missing speed information. In this case, the im-

portant subgraph is empty ~G = ;, thus, no reason behind the prediction
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can be extracted.

The final verbal translation is finally enriched with additional information in

order to make the narrative more fluent and coherent:

• If the event to explain is explained by a single input event ~G, the para-

graph that explains ~G is edited by substituting the first preposition “a”

with “the” to reflect the fact that just one event led to the prediction.

As an example, the paragraph ñ�$contributing free flow manifested on

Ventura Freeway [...]ò is modified with ñ�7�K�Hcontributing free flow

manifested on Ventura Freeway [...]ò

• If more than one input event ~G1; ::: ~Gc; contributed to the predicted event,

additional connectors are placed at the beginning of each paragraph de-

scribing each ~Gc. If ~Gc is the first described input event, the paragraph

will start with a connector such as ñFirstly,ò or ñInitially,ò, while if it

is the last described event connectors such as ñFinally,ò or ñLastly,ò

are added at the beginning. For the other in-between events other con-

nectors are integrated at the beginning of the paragraph such as ñNext,ò

or ñSubsequently,ò. For instance, if the paragraph A contributing free

flow manifested on Ventura Freeway [...]ò provides a description of the

first contributing event, it is modified as ñ�,�Q�L�W�L�D�O�O�\��a contributing free

flow manifested on Ventura Freeway [...]ò.

• If a paragraph describes an input event ~Gc which label k ~Gc has already

been seen on previously described input events, a connector such as

ñanotherò or ña furtherò will be added before the description of the

event k ~Gc in the paragraph. This is applied to reinforce the fact that there

are more than one occurring events of the same kind. For example, if

the paragraph A contributing free flow manifested on Ventura Freeway

[...]ò is given and in previous paragraph free flows have already been

described, it is modified as ñ�$ �I�X�U�W�K�H�Ucontributing free flowmanifested

on Ventura Freeway [...]ò.
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• Similarly to the previous point, if a paragraph describes an event ~Gc that

occurred in the same location of a previously described input event, a

connector such as ñagainò or ñonce moreò will be added before the

description of the location in the paragraph. If the paragraph A con-

tributing free flow manifested on Ventura Freeway [...]ò is given and

previous paragraph describes an event occurring again on Ventura Free-

way, it is modified as ñA contributing free flow manifested on�� �D�J�D�L�Q��

Ventura Freeway [...]ò.

• The translation of the days information d ~Gc of an event ~Gc is omitted or

modified according to the day information dĜ� of the event to explain

Ĝ�. If the day information in d ~Gc is equivalent to dĜ� , meaning that the

input event ~Gc occurred in the same days as ~G�, then the description of

the day in the paragraph illustrating ~Gc is completely omitted, as it is re-

dundant and implicit. As an example, if the paragraph ñA contributing

free flow manifested [...] occurring from 08:45 to 09:40 on Thursday,

05/06/2012 with an average speed [...]ò is given and the day informa-

tion is the same as the one of the event to explain, it is modified as ñA

contributing free flow manifested [...] occurring from 08:45 to 09:40

with an average speed [...]ò. If the day information in d ~Gc is composed

of more days the following considerations are applied:

– If dĜ� has just one day and the last day of d ~Gc is the day of dĜ� and

the first day of d ~Gc is the day before the day of dĜ� , the day infor-

mation in the paragraph describing ~Gc is substituted with: ñfrom

the previous to the same dayò

– If dĜ� has more days and the last day of d ~Gc is the first day of dĜ�

and the first day of d ~Gc is the day before the first day of dĜ� , the

day information in the paragraph describing ~Gc is substituted with:

ñfrom the previous to the first dayò

– If dĜ� has just one day and the last day of d ~Gc is the day of dĜ�
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and the first day of d ~Gc , d1 is not the day before the day of dĜ� ,

the day information in the paragraph describing ~Gc is substituted

with: ñfrom d1 to the same dayò

– If dĜ� has more days and the last day of d ~Gc is the first day of dĜ�

and the first day of d ~Gc , d1 is not the day before the first day of dĜ� ,

the day information in the paragraph describing ~Gc is substituted

with: ñfrom d1 to the first dayò

– If the last day of d ~Gc is the day d1 before the first day of dĜ� , the

day information in the paragraph describing ~Gc is substituted with:

ñfrom d1 to the previous dayò

If d ~Gc is composed of one day and dĜ� 6= d ~Gc:

– If the day of d ~Gc is the day before the first day of dĜ� , the day

information in the paragraph describing ~Gc is substitutedwith: ñon

the previous dayò.

– If dĜ� has more days and the day of d ~Gc is the same as the first

one of dĜ� , the day information in the paragraph describing ~Gc is

substituted with: ñon the first dayò.





Chapter 5

Results

5.1 STGNN Results

In this section, the training and evaluation outcomes of the STGNNs � on the

METR-LA and PEMS-BAY datasets are explored. The analysis first focuses

on the training progression, showing the prediction results of the models dur-

ing the various epochs. Then, the models’ performance results on the test set

are illustrated, focusing on their forecasting power considering different hori-

zons of time in the future and considering different events separately. Finally,

a qualitative analysis of the predictions is illustrated for both datasets.

5.1.1 Training Results

For what concerns the training outcomes for METR-LA and PEMS-BAY, as

it can be seen in Figures 5.1 and 5.2, in both cases no clear signs of overfitting

are observed during the whole process for both MAE, RMSE and MAPE. It

is interesting to point out how the validation results on METR-LA exceed the

performances of the training.
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Figure 5.1: Training process outcome on the METR-LA dataset.

Figure 5.2: Training process outcome on the PEMS-BAY dataset.

5.1.2 Test Results

Table 5.1 presents the average prediction performance across the test sets for

both METR-LA and PEMS-BAY datasets, measured in terms of Mean Ab-

solute Error (MAE), Root Mean Squared Error (RMSE), and Mean Absolute

Percentage Error (MAPE) for forecasting at intervals of 15 minutes, 30 min-

utes, and 60 minutes ahead.
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Next 15 minutes Next 30 minutes Next 60 minutes

MAE RMSE MAPE MAE RMSE MAPE MAE RMSE MAPE

METR-LA 2:92 5:55 7:8% 3:27 6:4 9:05% 3:86 7:74 11:5%

PEMS-BAY 1:18 2:48 2:43% 1:49 3:36 3:26% 1:92 4:43 4:54%

Table 5.1: STGNNs prediction results considering different time horizons.

As anticipated, the prediction accuracy tends to decrease with the increase

in the forecasting horizon for both datasets. However, the errors remain within

reasonable limits and affect only a small portion of the predictions as ex-

pressed by MAPE. Notably, the prediction outcomes for METR-LA display a

notably inferior performance compared to PEMS-BAY. This discrepancy can

be attributed to two primary factors. Firstly, METR-LA involves a notably

smaller number of instances in its dataset compared to PEMS-BAY, leading

to a training process with fewer observations. Secondly, and more signifi-

cantly, METR-LA exhibits a substantially higher rate of missing information

compared to PEMS-BAY. This higher degree of missing data contributes to

increased uncertainty in the predictions, consequently impacting their accu-

racy.

Table 5.2 showcases the average prediction performance on the test sets

for METR-LA and PEMS-BAY datasets, evaluating the MAE, RMSE, and

MAPE across different speed predictions, categorized into severe congestions,

congestions, and free-flow events. These event distinctions are established

using the thresholds outlined in section 4.4.1.

Severe congestions Congestions Free flows

MAE RMSE MAPE MAE RMSE MAPE MAE RMSE MAPE

METR-LA 12:2 17:9 65:1% 5:21 7:73 10:6% 1:96 4:16 3:02%

PEMS-BAY 10:6 15:8 49:1% 4:46 7:05 9:23% 1:07 1:95 1:64%

Table 5.2: STGNNs prediction results considering different event kinds.

The STGNNperformance reveals considerable difficulty in accurately pre-

dicting severe congestion for both datasets, outputting unreliable predictions
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in these instances. Predictions for congestion demonstrate acceptable out-

comes, whereas themodel shows notably successful performance in predicting

free-flow events. This trend aligns with the data distribution noted in section

4.2.1, where the dataset exhibits an imbalance, featuring more instances of

free-flow scenarios compared to congestion. The model’s training methodol-

ogy remains consistent with the approach detailed in the original paper [42],

without specific handling of the imbalance in node speeds during the training

process. Consequently, the model demonstrates inferior performance in pre-

dicting instances associated with lower speeds, describing instances of severe

congestion.

5.1.3 Qualitative Analysis

Figure 5.3 displays a comparison between the ground truth speeds and the pre-

dicted speeds in the test dataset for 3 randomly selected nodes, each having 100

randomly chosen observations. The visualization highlights the challenges

encountered in predicting severe congestion, consistent with the observations

from Table 5.2. Despite these challenges, the model exhibits commendable

performance. However, it struggles with certain speed peaks and troughs, in-

dicating difficulty in accurate predictions for these specific instances.

(a) METR-LA predictions. (b) PEMS-BAY predictions.

Figure 5.3: Visualization of the speed predictions by the STGNNswith respect
to ground truths for randomly selected observations.
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5.2 Explainer Results

In this section, the outcomes of the Explainer  are quantified and analysed

on the test sets D�
test of both METR-LA and PEMS-BAY in terms of Fidelity-,

Fidelity+, Sparsity and average prediction time. Moreover, a visual example

of an extracted important subgraph ~G by  divided in the event it is composed

of concerning an output event Ĝ� is shown for both datasets.

5.2.1 Test Results

Table 5.3 expresses the Fidelity- results on the explanations of both datasets

using the MAE error (MAE-), the RMSE error (RMSE-) and the MAPE error

(MAPE-). It illustrates the result averaged for the different kinds of predicted

events and as their total average value across the whole dataset.

Severe congestions Congestions Free flows

MAE- RMSE- MAPE- MAE- RMSE- MAPE- MAE- RMSE- MAPE-

METR-LA 3:21 3:82 14:1% 1:65 2:06 3:45% 0:713 0:881 1:09%

PEMS-BAY 12:5 12:9 59:3% 2:65 3:13 5:24% 1:97 2:15 2:93%

Total Average

MAE- RMSE- MAPE-

METR-LA 1:84 2:24 6:14%

PEMS-BAY 5:67 6:02 22:4%

Table 5.3: Fidelity� explanation results considering different event kinds.

The explanations provided by  reveal the challenges the STGNNs � face

in accurately predicting severe instances of congestion as the Fidelity� results,

where higher values indicate poorer performance, are notably higher for these

events in both datasets. While the Fidelity� results in METR-LA for severe

congestions are still acceptable, they are significantly high for what concerns

this kind of predicted event in PEMS-BAY. This implies that the explainer

struggles to assemble a subgraph comprehensive enough to justify the pre-

dictions of severe congestions by � in this latter dataset. The results also

suggest that � is not ideally trained to forecast severe congestion, potentially
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indicating its lack of internal consideration of traffic laws and patterns spe-

cific to these events. Conversely, the results of Fidelity� for other events and

considered as average are generally low, indicating that the explanations are

sufficient as they are enough for � to correctly predict the outcome event.

Table 5.4 showcases the Fidelity+ outcomes for both datasets, encompass-

ing as error metrics theMAE (MAE+), RMSE (RMSE+) andMAPE (MAPE+).

Thesemetrics are shown as their average value for the distinct predicted events

and their collective average across the entire dataset.

Severe congestions Congestions Free flows

MAE+ RMSE+ MAPE+ MAE+ RMSE+ MAPE+ MAE+ RMSE+ MAPE+

METR-LA 19:1 20:9 86:2% 9:68 10:6 20:4% 2:96 3:5 4:54%

PEMS-BAY 17:2 19:1 73:1% 9:6 10:7 19:2% 41:8 46 63:2%

Total Average

MAE+ RMSE+ MAPE+

METR-LA 10:6 11:7 37:1%

PEMS-BAY 22:8 25:3 51:8%

Table 5.4: Fidelity+ explanation results considering different event kinds.

For both datasets, the Fidelity+ scores are consistently higher than Fidelity�

across all event types. This indicates that the extracted important subgraphs

play a necessary role in explaining the predictions made by the STGNNs (�).

In the case of METR-LA, Fidelity+ echoes the observations from Fidelity�:

predicting severe congestions poses a greater challenge, suggesting that the

STGNNs are better attuned to predicting free-flows or moderate congestions

than severe congestions. Consequently, the subgraphs associated with severe

congestions achieve higher Fidelity+ scores, underscoring their necessity for

the model to accurately predict these events. However, these subgraphs ap-

pear to be less critical when predicting congestions or free-flows, potentially

due to the model’s inherent bias toward these events.

Regarding PEMS-BAY, two notable observations emerge. Firstly, Fidelity+

closely aligns with Fidelity� in explaining instances of severe congestion.

This indicates that the explanations for these events might not be significantly
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more necessary than sufficient, lacking a comprehensive representation of the

model’s predictions. Secondly, the explanations seem crucial for predicting

free-flow events, reflected in their highest Fidelity+ among all event types.

This could be attributed to the dataset’s larger spatial node representation than

METR-LA, potentially leading to confusion in predictions if the essential in-

formation provided by the important subgraph is excluded from the explana-

tion set generated by  .

Table 5.5 illustrates consistently high sparsity average results for both

METR-LA and PEMS-BAY, indicating that the explanations derived by  are

concise. This conciseness is anticipated given that, in both datasets, the size
~N of the important subgraphs used for explanations is relatively small, be-

ing respectively twice the size of the predicted events in METR-LA and three

times the predicted events in PEMS-BAY.

Sparsity

METR-LA 0:985

PEMS-BAY 0:985

Table 5.5: Sparsity of the explanations.

Finally, the average time taken to compute the explanations is relatively

low for both datasets: 8.88 seconds forMETR-LA and 11.6 seconds for PEMS-

BAY. The increased time in PEMS-BAY is attributed to the larger subgraph

used for the localized search conducted by  . However, despite this variation,

the processing time remains within acceptable limits, ensuring that users can

obtain explanations within a reasonable timeframe.

5.2.2 Visual Examples of the Results

In Figure 5.4, an illustrative example showcases the extracted important sub-

graph, segmented into its cluster events, explaining a severe congestion oc-

currence near the intersection of two streets in METR-LA. The visualization

highlights the succinct nature of the explanation, as it involves only a small
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subset of nodes compared to the entire spatial network. The explanation aligns

with the notion of localized spatial correlation introduced in section 3.3.3, as

the nodes considered in the explanation are visually spatially close to the ones

of the event to explain.

(a) Important subgraph. (b) Event to explain.

Nodes excluded
in the explanation

Nodes of Clusters of
the important subgraph

Node of the
event to explain

Figure 5.4: Overall visualization of an explanation of a prediction in METR-
LA.

Moreover, Figure 5.5 provides a detailed depiction of the clusters within

the important subgraph across time, specifically focused on explaining the

event highlighted in Figure 5.4. This visualization significantly reinforces the

concept of localized spatial correlation. As time progresses, there’s a notice-

able reduction in spatial distance between nodes influencing the explanation

and those representing the output event being explained. This is expected,

since as time approaches the event to be explained, the relevance of nearby

input nodes in influencing the prediction increases. Conversely, nodes located

farther away gradually contribute less to the explanation of the event.

The graphical representation also illustrates the evolving nature of clus-

ters associated with the event. Two primary clusters, namely a congestion

( ) and a severe congestion ( ), consistently contribute across the entire ob-

served period within the central region of the important subgraph. Conversely,

a smaller cluster denoting a free-flow in the northern zone ( ) contributes to

explaining the prediction just in the first three timesteps. Similarly, another

congestion in the northernmost area ( ), evolving within the first 6 timesteps,
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