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Abstract

L’effetto Hawking ¢ un fenomeno riguardante i buchi neri secondo cui essi emettono una
radiazione termica composta da particelle che vengono prodotte a causa dell’interazione
tra il campo quantistico che le definisce e l'orizzonte degli eventi. In questa tesi ci
si propone di ricavare la temperatura della radiazione e ’entropia di un buco nero di
Schwarzschild utilizzando il principio di equivalenza tra un ipotetico osservatore staziona-
rio in prossimita dell’orizzonte degli eventi e un altro osservatore in moto uniformemente
accelerato nello spaziotempo piatto, che osserva una radiazione termica per effetto Unruh.
Infine si procede a studiare il fenomeno dell’evaporazione dei buchi neri e il paradosso
dell’informazione.

The Hawking effect is a phenomenon regarding black holes according to which they emit
thermal radiation composed of particles that are produced due to the interaction of the
quantum field defining them and the event horizon. In this dissertation, we propose to
derive the temperature of the radiation and the entropy of a Schwarzschild black hole
using the equivalence principle between a hypothetical stationary observer in proximity
of the event horizon and another observer in uniform accelerated motion in flat spacetime,
who observes a thermal radiation due to Unruh effect. Finally, we proceed to study the
phenomenon of black hole evaporation and the information loss paradox.
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Introduction

Black holes are one of the most exotic physical systems that exist in our universe. A
black hole is a region of spacetime where the curvature becomes so intense that all
possible paths of any physical object, including light, do not escape such region, but
instead all point towards the singularity, a point of infinite density which is located
at the center of the region. The border of a black hole is called the event horizon,
above which some photons can still escape the gravitational pull. The discovery of black
holes was led by theory, in fact, their existence was predicted for the first time in 1916
when Karl Schwarzshild solved Einstein’s equations of general relativity for a spherical
gravitational source. However, until the 1960s they were considered just a mathematical
curiosity, like many other exotic predictions that newborn theories make. In 1967 the
first neutron star was observed, and the possibility of a gravitational collapse so strong
to form a black hole became acceptable. In the following years, the observations of the
trajectories of astronomical objects hinted at the existence of black holes in order to
explain their motion. In 2017, scientists were able to reconstruct the image of M87,
the black hole at the center of the Virgo A galaxy, from data collected by the Event
Horizon Telescope, and that constituted the first direct observation of a black hole. Due
to their strong gravity and because the Schwarzschild radius increases with mass, until
1974 it was thought that black holes could only get larger by absorbing more and more
matter. In that year, however, Stephen Hawking elaborated a theory that opened the
possibility that quantum effects can make black holes radiate matter, shrink in dimension
and completely disappear (after an enormous amount of time). This goes by the name of
the Hawking effect, and it is the phenomenon that we want to study in this dissertation.

To derive the expression for the temperature of Hawking thermal radiation, we need
a quantity called surface gravity which characterizes Killing horizons, and in chapter 1
we are going to define both such concepts and understand what they represent in an
actual Schwarzschild black hole. After that, in chapter 2 we move to discussing quantum
field theory for a real scalar field, pointing out in particular how the concepts of vacuum
and particles arise from the quantization procedure, and how they behave in curved
spacetime. Then, in chapter 3 we are going to analyze the Unruh effect, which consists
in the production of particles in accelerated reference frames in flat spacetime, using the
theory from the previous chapter. Finally, in chapter 4 we will realize that stationary



observers just above the event horizon of a Schwarzschild black hole are analogous to
accelerated observers in flat spacetime, and use the quantities derived for the Unruh
effect to understand what Hawking radiation actually consists of and what some of its
consequences are.

The main reference that has been used to develop this dissertation is chapter 9 of
the book “Spacetime and Geometry: An Introduction to General Relativity” by Sean
Carrol [1], and the other references are cited throughout the discussion. Most of the
topics that we cover can also be found in [2]. A prerequisite to being able to understand
what follows, other than undergraduate Physics knowledge, is a familiarity with basic
concepts of differential geometry and general relativity such as differentiable manifolds,
metric and tensor fields, hypersurfaces, covariant derivatives, Killing vector fields, and
the Schwarzschild solution to Einstein field equations. In addition to Carrol’s book, these
topics are also extensively discussed in [3, 4, 5.

Let us now dive into the details and take our steps towards a basic understanding of
Hawking radiation.



Chapter 1

Killing horizons and surface gravity

In this chapter, we are going to derive some results regarding null hypersurfaces, Killing
vector fields, redshift factors, and Killing horizons which will be useful to understand
what follows.

1.1 Null hypersurfaces

Let us first recall what a hypersurface is.

Def. 1.1 (Hypersurface). Given a scalar function f defined on a differentiable manifold
M, a hypersurface ¥ C M s the set of all points P € M where the function has a fixed
value C' € R:

S ={PeM|f(P)=C}.

A way to define a hypersurface given a chart on a manifold is by constraining one of
the coordinates to be a fixed constant. We can define a vector field that is orthogonal
to a given hypersurface > at each point, in the sense that it is orthogonal to all vectors
in the tangent space of the hypersurface (which is a submanifold). If the hypersurface
is defined by a function f being constant, the orthogonal vector field 5 will have the
following expression for components:

¢H=g"V,f. (1.1)

Proof. Given an arbitrary point P € ¥ and a vector Ve Tp3:, their scalar product
18

9GSV =V 9,g"Vof =V )V f =VV,f =V f =0,
where the last equality comes from the fact that V ois tangent to X, therefore the



derivative of f along V is 0 because f stays constant by definition on the hypersurface.

Anﬁhypersurface > is said éimelike if its orthogonal vector field 5 is spacelike, spacelike
if ¢ is timelike and null if ¢ is null everywhere on X. In addition, the following identity
for the orthogonal vector field ¢ holds:

C[aVBC'y} = 07 (12)

where braces over the indices stand for anti-symmetrization.

Proof. By (1.1) we can write

GC[aVECﬂ = +Cavl3<w + Cﬁvvga + <’Yv0<<5
— GV = (sValy — (Vo
= AV fVaVof + VafVVaf + Vo fVaVsf
YV Vo Vsf = VafVaVof = Vo fVaVaf =0,

where we used the fact that coordinate covariant derivatives of scalar functions reduce
to partial derivatives, and therefore they commute.

Null hypersurfaces have several interesting properties which are necessary to under-

stand black hole event horizons. Given a null hypersurface ¥ with orthogonal vector
field C,

° 513 also tangent to X;

Proof. By definition of null hypersurface, 5 is a null vector, and therefore it
15 orthogonal to itself having zero norm, and vectors that are orthogonal to
necessarily are tangent to the hypersurface Y.

e all integral curves z#(a) of ¢ defined by

dz*

— (M 1.3
¢ (13)
stay inside ¥ and satisfy the geodesic equation (« not necessarily being an affine

parameter, and n(«) being a scalar function on the curve which vanishes for affine
parameters)

¢V = n(a)c; (1.4)



Proof. If f = const defines ¥ we have, by (1.1) and by the fact that coordinate
covariant derivatives of scalar functions commute,

OV = VT, f = OV, = VG = DY) (1)

Being 5 a vector field, the scalar quantity ¢*C,, which is zero on 3 being a null
hypersurface, can be viewed as its defining function. Therefore the vector de-
fined by n* = g"V,((?(,) is orthogonal to ¥ by (1.1). Now, because the vectors
that are orthogonal to X must be proportional (they live in a one-dimensional
space), we must have

Viul("G) = C(@)Vuf = Cla)(u,

where we used a proportionality constant C(a) which depends on the position
on the curve. Therefore, by (1.5),

VM(CVCV) = 2CVVZ/CM = C(O‘)CM
1

and setting n(a) = 5C(a) we get the geodesic equation (1.4).

e we can thus use vectors that are tangent to a geodesic on X as vectors orthogonal

to X

e since the vector field 5 is defined everywhere on X, by the existence and unicity of

the solution of the differential equation (1.3) given an initial point on ¥, the set
of all null geodesics on X covers all the hypersurface, and the geodesics are called
generators of the null hypersurface.

There is a particular class of vector fields called hypersurface-orthogonal, which are
useful in general relativity:

Def. 1.2 (Hypersurface-orthogonality). A vector field V is said to be hypersurface or-
thogonal if there exists a foliation of the manifold into hypersurfaces whose normal vectors
at each point are proportional to V.

In other words, if a vector field V s hypersurface-orthogonal, we can choose coordi-
nates that cover the entire manifold and that define hypersurfaces by constraining one
coordinate to be constant.

1.2 Killing vector fields and horizons

In spacetimes where Killing vector fields exist there are symmetries that can be exploited
to obtain interesting results. Let us recall what a Killing vector field is.

6



Def. 1.3 (Killing vector field). A wvector field K ona differentiable manifold is said to
be a Killing vector field if the Lie derivative of the metric tensor along K vanishes:

£1€9 =0. (16)

In other words, the metric tensor stays constant along integral curves of K. From this
definition, we can obtain a useful identity that characterizes Killing vector fields, often
referred to as Killing equation:

VK, +V,K, = VK" + V'K" = 0. (1.7)

Proof. For two arbitrary vector fields A and g, since g(ff, E) 15 a scalar, its Lie
deriwative coincides with its covariant derivative:

va

Applying Leibniz rule on both sides and because
wbility we have

= 0 because of metric compat-

- =

(£99)(A, B) + g(£5A, B) + g(4 £3B) = (VoA B) + g(Vy A B) + 9(A, Vy B).
Ezxpliciting the components and isolating £g:

(L9 = (Lpg)(€n 6) = 9(Vpeu, €,) + g(éy, Vpe,) — g(Lypey, e,) — g(eu, Lyey).
Ezxpanding V = V9, we can write

L5, = V8] = ~[0,, Vo0 = — (V"0 + V2007 — Vo0:0;) = —0,V ¢
Vié, = VOV,E, = VoI, @

pato:

If we substitute we get

(£59)w = g(V‘”‘FZaé’U’ ey) + 9(€u, VT7.8) — g(=0,V €, €,) — g(€u, =0, V€0)
= (V9w + VI 0900) + (0 V G + VI Gp0)
= (V7 + VT ) gov + (V7 + VT, gpo
= 0o V,V? + 9,6V, V7
=V,V, +V,V, =0,

where the last equality follows from (1.6), and because of metric compatibility we can
also raise both indices together.




Of course, a Killing vector field that encodes a symmetry of the spacetime (metric) is
defined up to a proportionality factor, since the parameterization of the integral curves
along which the metric stays constant does not matter physically.

If a spacetime admits a hypersurface-orthogonal timelike Killing vector field as in
definition 1.2 it is said static, and the following theorem holds.

Theorem 1.1. A spacetime admits a hypersurface-orthogonal timelike Killing vector
field K if and only fof 18 defined everywhere and, choosing the time coordinate along K
everywhere, the metric tensor is globally block-diagonal with time and space components
that do not mix.

Proof. Suppose K isa hypersurface-orthogonal timelike Killing vector field and let
us pick a coordinate system z® = {t,x'} where & = K = 8,. We can do this
everywhere because, by definition 1.2, K is orthogonal to a spacelike foliation of the
spacetime. Since the metric tensor is symmetric, ., = gy, and there are n(n+1)/2
independent components, so we can consider only the upper triangular part of the
matriz g,, other than the diagonal elements. If we change coordinate system by
flipping the sign of the time component x® = {t,x'} < {—t,2'} = y* we have a
transformation matriz that looks like diag(—1,1,...,1) and since the metric tensor
is of type (0,2) its components transform like

,  Ox® oxP
G = Dyt Oy Gap-

Let us fix p =0 and see what happens forv=1i1=1,...,n:

0z® Oz 0z Ox'
b= oo bos = 25200 = (—1)(1)gos = o,
907, ayo aylg ﬂ ayo aylgo ( )( )90 gO
where there is no sum over i. Now, since K = 0; 1s a Killing vector, the metric
is tnvariant under the change of coordinates that we performed, because only the
temporal coordinate changes. Therefore we must have

Joi = 961' =—90i = 9goi=0,

which proves that the off-diagonal temporal components of the metric tensor vanish
globally.

Conversely, zfﬁ is defined on all the spacetime and the metric is globally block-
diagonal with K defining the time coordinate, it means that each tangent space can be
written as a direct sum of the one-dimensional subspace generated by K and a (n—1)-
dimensional spacelike hyperplane with induced metric given by the spacelike block of



the metric. This in turn defines a spacelike foliation, because the aforementioned
(n—1)-dimensional hyperplanes (one for each tangent space) can be viewed as tangent
spaces of spacelike hypersurfaces that are everywhere orthogonal to the Killing vector

field K.

Spacetimes can also have another interesting property, that is being asymptotically
flat. In order to define this notion rigorously we would need to delve into conformal
transformations, which exit the scope of this dissertation. We can however say that a
spacetime is said to be asymptotically flat if there exists a coordinate system in which
it is clear what spacial infinity means and the metric tensor is constant and equals the
Minkowski one at spacial infinity. An example is the Schwarzschild spacetime, where we
use spherical coordinates for the spacial position, and it is asymptotically flat because
the metric tends to Minkowski for r — oo.

If a spacetime is static and asymptotically flat it is always possible to normalize the
Killing vector field (since it is defined up to a constant multiplicative scalar factor):

K'K,(r — o0) = —1, (1.8)

so that it represents the direction of the proper time of some observer at spacial infinity
K = 5&.
Let us now introduce Killing horizons.

Def. 1.4 (Killing horizon). Let ¥ be a null hypersurface and X a Killing vector field
defined at least on a neighbourhood of ¥. If X is null everywhere on X then ¥ is said to
be a Killing horizon.

From this definition and the properties of null hypersurfaces discussed previously, we can
immediately say that the constraint x*x, = 0 defines the hypersurface. In addition, the
following theorem holds:

Theorem 1.2. The Killing vector field X that defines a Killing horizon ¥ is orthogonal
to ¥ (and also tangent).

Proof. By ¥ being a null hypersurface, the normal vector ¢* = g"'V,(x"Xo) given
by (1.1) is also tangent to 3. In addition, X and ( are orthogonal, in fact

XHC = X'Vu(X'X0) = 2X'X " Vuxe = XX (Vuxe + Vuxu) =0,

where we used the Killing equation (1.7) in the last step. Therefore, X is tangent to
> and by being null it is also orthogonal to itself, and hence to ¥ too.




1.3 Redshift factor

If we have a timelike Killing vector field K and a particle (even massless) with four-
momentum p(A\) moving along a geodesic affinely parameterized by A, the following
quantity, called Killing energy, is conserved:

EK = —p“Ku. (19)

Proof. The (covariant) derivative of Ex along the direction given by the geodesic is

D
—~FEx = —-Vy(K"p,) = —p"V,(K"p,) = —K" (p"V,p,) — "2’ K, =0,
d\ NG

=0

where the first term is zero due to the geodesic equation, and the second vanishes
because it is the product of a symmetric tensor and an antisymmetric tensor (due to
the Killing equation (1.7)).

Consider a photon travelling along a geodesic with four-momentum p in a local inertial
reference frame S. We know from special relativity that its energy measured locally
by an observer O with four-velocity U is (we use natural units, so h = 1 and w is the

frequency)
w=—p'U,. (1.10)

Proof. In the reference frame So where O is at rest, the first component of the
photon’s four-momentum is its energy in that frame, and taking the Minkowski scalar
product with the four-velocity of O (which is (1,0,0,0) since O is at rest) simply
gives that energy with a minus sign, and because the result is Lorentz-invariant, this
computation can be performed using four-vectors p and U in any frame of reference
S, as the one we used for (1.10).

Now, let us consider an asymptotically flat static spacetime. We then have a normalized
timelike Killing vector field K= 0, where t is the proper time of some stationary observer
at spatial infinity. In general, stationary observers (also called static) are defined as
travelling along orbits of K (not necessarily along geodesics), meaning that their four-
velocity U is proportional to K with a proportionality factor 1 /V(P) that depends on
the position in spacetime:

K* =V (P)U*. (1.11)
This yields a straightforward relation that can be used to compute V', which is also called
the redshift factor for reasons we will see in a moment:

V = \/—KrK,. (1.12)

10



Proof. Contracting both sides of (1.11) with K, we get
K"K, = VU'K, = V?U"U, = =V?,

where we used again (1.11) with lowered index p and the normalization of four-
velocity UMU, = —1. We can then explicit V' and obtain (1.12).

Consider a photon travelling along a null geodesic affinely parameterized by A with four-
momentum p(A) and two stationary observers O; and O, whose four-velocities are Up)

and (7(2) with redshift factors Vi(P;) and V,(P;) respectively. Their measurements w
and wy of the energy of the photon will then be related by the factors Vi and V5 as

wﬂ/l :CUQ‘/Q. (113)

Proof. Using (1.10), (1.11) and (1.9) we can express the energy of the photon as
measured by both observers in terms of the Killing energy and the redshift factor
(i=1,2):

K" K

Vi Vi

Since the Killing energy Ey is conserved, we can write

Erx = wi Vi = waVs.

In the case of Schwarzschild spacetime, whose metric gives the line element (in spherical
spacial coordinates {t¢,r,0, ¢} and with M being the mass of the spherically symmetric
gravitational source)

r r

2GM 2GM\
ds* = — (1 — > dt* + (1 — ) dr? + r?d6* + r* sin® 0dy?, (1.14)
we can compute the redshift factor directly, knowing that the Killing vector field is,
trivially, K = 0;, yielding
2GM
V=1/1- . (1.15)

r

Proof. Using (1.12) and expressing the Killing vector field using components K =
(1,0,0,0) in the coordinate basis {0y, 0., Oy, O, } we have

2GM
V=y-K'K, =gy =1]1— )

r

11



where we used the time diagonal component of the metric (1.14).

It is easy to see that in this case, V' varies continuously between 0 (at » = 2GM) and 1
(for r — o0). If a photon travelling on an outgoing radial geodesic has energy wy at a
certain radial coordinate ry (with redshift factor V4) according to a stationary observer
standing there, using (1.12) we can compute its energy when it reaches a stationary
observer at spacial infinity:

Woo = Vowp < Wo,

so we see that the energy decreases as the photon climbs up the gravitational field. This
is an example of gravitational redshift.
Since stationary observers do not travel along geodesics in general, they have a four-

acceleration defined by
a* =U’V,U", (1.16)

where U is their four-velocity. The following relation holds:
1

a, =V, InV = v

v,V (1.17)

Proof. By conservation of the modulus of four-velocity,
v.(u*v,)=0 = UNVU"=U"V,U,=0.

By using the above and the proportionality relation (1.11) for stationary observers,
we can manipulate the Killing equation (1.7):

V.(VU,)+V,(VU,) =0
(V,VU, +V(V,U,) + (V,V)U,+V(V,U,) =0
(V.V)U'U, +V U (V,U,)+(VV)U"U, +VU"(V,U,) =0

=0
- Vv,V +(VVU"U,+VU"(V,U,) =0 (1.18)
— UMY,V + U U*U,(V,V)+ VU UXV,U,) =0

=0

~ UMY,V —U"V,V =0
U"v,V =0, (1.19)

where we contracted with U in the third row and with U* in the fifth. The second
term of (1.18) cancels because of (1.19):

—V,V +VU*(V,U,) =0,

12



and therefore, by (1.16),

-V, V+Va, =0,
so finally, rearranging,
1
a, = VV#V =V,InV.

Before moving to surface gravity, we derive a useful identity for Killing vector fields
(the braces over the indices stand for anti-symmetrization):

B3OV (X1 Vaxa1) = X Xa(VIX)(Vaxy) = 20* VX)) (xsVaxy)-  (1.20)

Proof. Let us compute the left-hand side directly, using also the Killing equation
(1.7):

3V (X1a VX))
+XOVEXT = X VXN (+XaVaXy — XaVaXs
=35 XV = XPVXT | | x5V Xe — X8VaXy
X'V = X7V | \+x,Vaxs — X+ ViXa

(VO + XV +XTVX?) (Xa VX + X8V Xa + X4 VaXs)

— W

= 2 BY (X (Vixs) + 6x X (VX (V)]

= X" Xa (VX)) (V5x4) = 2x“X5(VX) (Vax),

where we have relabelled dummy indices multiple times in the multiplication in the
second-last step.

1.4 Surface gravity

Each Killing horizon has an associated quantity called surface gravity, often indicated
with k. From what we have learned so far, a Killing horizon is a null hypersurface X
which has a Killing vector field X" as the orthogonal and tangent vector at each point. In
addition, integral curves of ¥ on ¥ do not leave the hypersurface and are null geodesics,
therefore they satisfy the geodesic equation

X'V, x" = —kx", (1.21)

where the right-hand side is non-zero because the geodesic might not be affinely pa-
rameterized due to the arbitrariness of the norm of y, and we used —k as a scalar

13



proportionality constant, which is by definition the opposite of surface gravity. The
following relation for the computation of x holds:

¥ = =5V (7). (1.2)

Proof. Since the Killing vector field X is orthogonal to the hypersurface 3, we can
use (1.2), and by employing the Killing equation (1.7),

6X1aVaxy = tXaViaXy — X+ VXa
+x8VyXa — X8VaXy
+ X7 VaXs — XaVaXs
= +XaVaXy T Xy Vaxs
+ X8VaXa + X8V Xa
+ X+ VaXs + XaVisXy
=2 [Xav5X"/ + XsVaXa + vaaxﬂ} =0,

which becomes, again by using the Killing equation,
Xy VaXs = —XaVeXy + XsVaXy:
If we contract both sides with V°x” and reorder factors in each term we get
X (VX)) (Vaxs) = =(xa VX)) (Vaxs) + x5(VX7) (Vax,)-

Now, if we use the geodesic equation (1.21) and the Killing equation (1.7) repeatedly,

X+ (VX)) (Vaxs) = 6(X°Viax,) — (xs VX)) Vaxy
= —r*X" + k(X*VaX?)
= -7 = KX = =267\,

and, since the above holds for all X7, (1.22) follows.

The physical interpretation of surface gravity is possible in an asymptotically flat static
spacetime. In this case, k represents the acceleration of a stationary observer O just
above the event horizon, as measured by a stationary observer O at spatial infinity. In
other words it is the limit of the modulus a of proper acceleration of O multiplied by
the redshift factor V' (evaluated at the point where O is) as O approaches the Killing
horizon X::

k= lim Va. (1.23)
O0—X%

14



Proof. We need to compute the following derivative using (1.2):

VBV (X Viaxq))] = 6 (XVX) V,.(xa Vsxo)) = 0.
=0

In addition, we notice that, by using the Killing equation (1.7) and the geodesic
equation (1.21), the following derivative is non-zero (unless k= 0):

Vi(X*Xa) = 2X*ViXa = =2X"Vaxu = 26X, #0 & Kk #0.

Using these results we can compute the following limit by using L’Hopital’s rule (since
it is an indeterminate form due to (1.2) and the fact that X is null on the horizon):

o SOV Vaxy) _ Vi BOVIX) (G Vaxa)] _
0—x X*Xa 0% V. (X*Xa) '
Therefore, by (1.20) and (1.22),
3(xVAYN (v 1.V 2 vV By N
i SOV X Vaxa) _ (T (Vs — VEXD(Veds) | _
O0—% X*Xa O0—=% [~ ~ . X% Xo

72,{2

so we can write, by (1.16), (1.11) and (1.12),

2 VX)X Vaxy)
00— XUXO'
) V4(U5V5U”’)(U°‘VQUW)
= lim
0—=% V2
= lim VQCLVCL,Y = lim V242
O—X O—X

We can compute the surface gravity of a Schwarzschild black hole by first calculating the

modulus of four-acceleration of a stationary observer (Ry = 2G'M is the Schwarzschild
radius):

@=——. (1.24)

15



Proof. Using (1.17), the metric (1.14) and the Schwarzschild redshift factor (1.15),

RH RH

—1
1 1
e Y T O S | R—
R ( T) p i m T e (- Ay

r

Therefore, using the inverse metric to raise the inderz,

Ry Ry Ry

a=\/a,at =+/g"a, =\/]1 - — =

r 2T2(1_RTH) 212 1—R—H.

r

Therefore the surface gravity is

11
2Ry AGM’

(1.25)

Proof. Using (1.23), (1.15) and (1.24) we get

RH 1

k= lim Va= lim 1—-— =

r—Rp r—Rp T 2T2 / TA)RH 2T2 2RH '

These are all the general relativity tools that are necessary to study the analogy of
Hawking radiation with the Unruh effect for Schwarzschild black holes. What we need
now is to better understand how particles are described mathematically as excitation of
fields, and what the curved geometry of spacetime implies for the observation of particles.
In the next chapter, we are going to take a brief tour of quantum field theory, and we
will be able to answer these questions before applying them to the study of Hawking

radiation.
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Chapter 2

Quantum fields, particles and
vacuum

Quantum field theory is a complex subject, whose aim is to study field quantities (scalar,
spinor, and vector fields in particular are used in the standard model of particle physics)
and quantize them with various approaches. One of them is postulating an expression
for the lagrangian, promoting the field to a quantum operator, imposing canonical com-
mutation relations between the field and its conjugate momentum, and studying the
solutions of the equations of motion. From this procedure, we will see that there is a
natural way to define the concepts of vacuum and particle, and this approach does indeed
work since experiments that have been made in particle physics can be fully explained
by this framework. For our purposes, we are going to focus on the case of a real scalar
field. For a more detailed reference on quantum field theory see [6].

2.1 Klein-Gordon equation

Let us fix a coordinate system {¢,x} in R (in our universe of course n = 3) and
suppose we are given a real scalar field ¢ : R1*" — R subject to a harmonic potential

V(gp) = =m?¢*. (2.1)

Our task is now to derive the equations of motion for such a field. To do that we might
want to rely on the stationary action principle, where the action S is defined as usual in
terms of the integral over time of a lagrangian L yet to be defined:

S = / t L(¢, 9,0, t')dt'. (2.2)
0

17



In this case, it is useful to express the lagrangian L in terms of the lagrangian spacial
density L:

L- / (6, 0,0, )" (2.3)

Then, by requiring that the action stays stationary 65 = 0 under small variations of
the field and its derivatives

¢ — ¢+09
¢ — 0+ 6(0,9)

we obtain the Euler-Lagrange equation for our field:

Since the action is a scalar we need the lagrangian density to be Lorentz-invariant after
being multiplied by d"x and dt, so it must be written in tensorial form using the field ¢
(which is already a scalar) and its first derivatives d,¢.

By analogy with the case of an elastic string in two dimensions extending on one
spacial axis x and having each point constrained to move only along the y direction (fig.
2.1), we have three energy density contributions:

e kinetic energy, arising from the motion of a point through space (the y axis in
the string analogy) over time:

1 1
5(3#/5)2 — 5(3ty)2;

e gradient potential energy, which comes from the elastic interaction of a point
with its neighbors due to the elasticity of the string itself:

1 1
§(V¢)2 — 5(5xy)2;

e pure potential energy, which describes the interaction of the field with the
environment due to its setup and external conditions. In the analogy of the string,
we can think that in addition to the elasticity of the string itself, there is a spring

attached to each point of the string subjecting it to an elastic potential of the form
(2.1) (as depicted in fig. 2.1):
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Fig. 2.1: Elastic string of rest length L. Each infinitesimal element of the string is constrained
to move only along the y axis and feels a force that is proportional to the difference in height
between itself and its neighbor elements. Furthermore, there is an additional elastic force
represented by springs pulling each string element towards the equilibrium position y = 0.

Since the lagrangian can be written in this case as kinetic minus potential energy, we
would need to be able to write, using tensor formalism, some expression that resembles

the following:

L= S(00) ~ 5(Vo) — g’

We observe that this is easily castable in tensorial form, yielding the Klein-Gordon
lagrangian density in flat spacetime:

L= 21" (0,0)(0u0) — 5*” (2.5

In natural units, we set c =1, A= 1 and kg = 1, so dimensionally we have (by E = mc?,

E = hw and the equivalence of lengths and times due to the dimensionless velocity ¢ = 1)
[energy] = [mass| = [length™] = [time™].

The action (which is [energy - time]) becomes thus dimensionless. Since the lagrangian
density is integrated in d®z (in our universe) and then in d¢ (in natural units it is
overall d*z) to obtain the dimensionless action, and [d*z] = [length?], it follows that the
lagrangian density has the dimensions of [mass?]. To meet this requirement, the field ¢
and the constant m both need to have the dimension of [mass], and that is why m is
called the mass constant of the field, which will become the mass of the particles upon
quantization.

Now we are ready to use the Euler-Lagrange equation (2.4) to derive the equation of
motion, which turns out to be the Klein-Gordon equation:

O¢ — m?¢ = 0. (2.6)
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Proof. We need to compute the two terms in (2.4) from (2.5). The derivative of L
with respect to ¢ is easy to compute:

oc 9
8_¢ = —-m ¢7
whereas we treat the other term by steps:
oL )
= 0, 2L 029,
o) 0
oL 9
o0 ’

So the result is, by writing all the terms in the summation and using the signature

(_7 +7 +7 +>7
oL =
0 <—> =030 — Y 07¢=—0¢.
\ama) =B~ 2
By filling in the terms in the Fuler-Lagrange equation we get
~0¢ +m?¢ =0,

which yields (2.6) after a change of sign.

2.1.1 Solutions

By its form (2.6), we immediately notice that the Klein-Gordon equation is linear in ¢,
hence we can reduce to find a basis of solutions and then write the general solution as a
(possibly generalized, in case of an uncountable set of basic solutions) linear combination
of elements of the basis with the boundary condition that the field vanishes at spacial
infinity:

o(t,xe) =0 for |x| = co. (2.7)

The basic solutions are given by plane waves:
O(t, @) = poewtrike, (2.8)
where k € R™\ {0} and the following dispersion relation holds:

w? = k* +m* (2.9)
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Proof. Since there are no mized derivatives, we can search for solutions in a fac-
torized form

o(t,x) = a(t)f(x).
Substituting in (2.6) we get

—a"B 4 aV?8 —m?af =0, (2.10)

where o denotes the second total derivative of a. By keeping x fixed and letting t
vary we can multiply by —B~1 (with the implicit assumption that B(x) # 0, otherwise
the solution for ¢ would trivially be O in that point):

o + <m2 — %v%) a=0, (2.11)

N
w?2

where we have called the quantity inside the parentheses w? since it is constant. The
solutions of the above differential equation are given by linear combinations of positive
and negative imaginary exponentials, and since w has the freedom to be both positive
and negative once its square is fized we might as well choose one sign convention:

aft) = e ™t (2.12)

Substituting o' = —w?a (gwen by (2.11)) into (2.10), letting only x vary and t
staying fixed, we get
waB + aV?2B —m*ap = 0.

Dividing by o (again assuming o # 0 at that particular time, otherwise ¢ would
trivially be 0) we obtain

V23 + (W —m?) B =0,
k2

whose solutions are linear combinations of plane waves with wave vector k (provided
k # 0) such that k* = w* — m? (which is the dispersion relation (2.9)):

B(x) = e*=. (2.13)
If kK = 0, the form of the solution would be
flx)=a-x+0,

but the only way to meet the boundary condition (2.7) would be that both a and b
equal 0, thus yielding ¢ = 0, which we are not interested in because it would not be
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linearly independent from the other solutions in the basis. An analogous argument
holds for w = 0 (only possible if m = 0). By combining (2.12) and (2.13) we get
(2.8) with an arbitrary coefficient ¢y allowed by linearity and to be determined by
some normalization convention.

We notice that if we require w and k to be real and (restoring standard units) use £ = hw
and p = hk, the dispersion relation (2.9) becomes the energy-momentum relation of
special relativity, thus recovering a fundamental equation to describe the dynamics of
our system (the choice of the lagrangian is cooked such that this equation is recovered):

E? = m?c* + pc’. (2.14)

It is important to emphasize that the set of all the basic solutions of the Klein-Gordon
equation is given by (2.8) for every possible value of k € R™\ {0}, and yet for each k there
are two basic solutions distinguished by the sign of the temporal part in the exponential,
where w is bound to k by the dispersion relation (2.9) (where both w and k appear
squared, thus explaining the reason of the sign ambiguity). We can also write down the
basic solutions (2.8) in an alternative way using tensor notation with k* = (w, k):

o(x") = o™, (2.15)

where w is allowed to be both positive and negative once k is fixed (and so is w?). Fur-
thermore, we shall stress that the basic solutions do not satisfy the boundary condition
(2.7) although being bounded, and are complex-valued. This imposes constraints on the
complex coefficients of linear combinations when expressing a general solution so that it
is real and satisfies the boundary condition (2.7).

2.1.2 Positive and negative frequency modes

Let us define an indefinite inner product in the linear space of solutions of the Klein-
Gordon equation. Given two solutions ¢; and ¢, and a hypersurface 3; with constant ¢
in the currently used reference frame, we define their inner product as

(61, 62) = —i /E (610065 — $500n )", (2.16)

and it does not depend on the value of ¢ defining the hypersurface ;.

Proof. First, let us prove that the properties of indefinite inner products are satisfied.
We need to show conjugate symmetry and linearity in the first argument. Indeed,
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linearity is proven by

W%ﬂl@m@>=—{éhﬂ%&ﬁ§—¢¥%%)+M%&@?—%&@9M%
= a(Pa, P2) + b{Ps, P2),

while conjugate symmetry follows from
(P1,02)" = Z/ (10002 — ¢280¢’1‘)d3x
3t
i [ (02001 - 10002 = (02, 61)
3¢

We now need to prove independence from t. Let us define the quantity

Ju(dr, ¢2) = —i(910,03 — $30,61). (2.17)

By using the Leibniz rule, we can compute the four-divergence of J* (changing the
sign to the temporal component since we are raising the indez):

0" (p1, §2) = —i(=0oe10505 — 010505 +0ed50601 + $505 01
+b101F, + 0107 95 — 0450101 — ¢307
+0o155; + 010505 —Doe50501 — $30561
+0361030; + ¢10505 —03650501 — $303¢1),

which turns out to be vanishing:

Ou " (1, 62) = —i(010¢3 — ¢3061) = —i(d1m*d; — Pym’é1) = 0

since both ¢1 and ¢} solve the Klein-Gordon equation (2.6). This means by definition
that J* is a conserved quantity. Now let us define the following hypersurfaces using
spacial spherical coordinates and t, < to:

Yor={t1,10,p))0<r<R0<60<m0<p<2n}
Yipr = {(t2,7,0,0)0<r <R0<<7,0< < 27}
Ve ={(t,R,0,0)|t € [t1,12],0 <0 < 7,0 < p < 27}

OUp = %4, g U Sy, g U Vg
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We notice that OU is a closed hypersurface which is the border of a hypercylinder
from ty to ty. We can use Stokes’ theorem which states that, being n* the unit vector
normal to the hypersurface at each point,

jf Jntdir = / O, J d z,
ou U

the right-hand side of which equals 0 because J" is a conserved quantity. The left-
hand side can instead be written as (being n* = (1,0,0,0) and m* orthogonal to

Vr)
X4 R Yty.R Vr

but in the limit R — oo the integral over Vg wvanishes because the fields ¢ and
¢y vanish at spacial infinity due to the boundary condition (2.7). By the fact that
Junt = Jy in the coordinates we have chosen, and since it is a scalar quantity, we
have proven the following equality in the limit R — 0:

/ J0d3$ = / J()dSZL',
Etl,R Et2,R

and this equivalence holds for any values of t; and ts.

We can now compute the inner product of two arbitrary basic solutions (2.15) and

obtain » 4
<¢0€Zk1x”, ¢0€Zk2x“> = ‘¢0|2<(JJ1 + WQ)(27T)n5n(k1 — kz) (218)

Proof. If we choose t =0 in the integral of (2.16),
<€ik§tm‘u7 eikg.’ﬂy‘> — _Z/ [eik1~m(iw2)€7ik2-m _ e*ikzﬂt(_iwl)eikl'm] dna: —
Y¢=0
_ (Wl +w2>/ ei(klsz)'a:dnx,
Y¢=0

and the last integral is a Dirac delta multiplied by a factor of (2m)™.

By the dispersion relation (2.9) we see that even if k; = ky = k, we might have w; =
—ws, in which case the two elements of the basis are orthogonal. On the other hand if
w; = wy = w we simply get the square norm of the basic solution, which turns out to be
2u(2m)" 6o .

Now let us restrict only to the positive frequencies w > 0. Such basic solutions are
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parameterized by k € R"\ {0} and have the following normalized form:

Ju(@") = meik”x#. (2.19)

Therefore the following orthonormality relation holds (since w > 0):

<fk17 fk:2> = 5n(k1 - k2) (220)

The set of all fi constitute all the possible positive frequency basic solutions, which are
also called positive frequency modes. In order to recover the negative frequency ones,
we would just need to switch the sign of the iwt part from — to + in the exponential of
(2.19) and keep w > 0. However, it is more convenient to take the complex conjugate so
that we have ]
() —ikyxH
fr(zh) —2w(27r)”e : (2.21)

In this way, both the iwt and ik -  parts of the exponential change their sign, so that
while the positive frequency mode has (—w, +k) signs in the exponential, the negative
frequency one has (+w, —k), with the same w and k. Therefore the negative frequency
equivalent of fi having the same k is not f;; but rather f*,. This is an important fact
to keep in mind in order to avoid confusion.

Another way to discern between positive and negative frequency modes is by taking
the time derivative and checking whether it pulls out a negative imaginary factor or a
positive one, respectively:

O fre = 1w [, (2.22a)
{at fi = —iwf;. (2.22D)

Since the frequency of f; is —w, the orthonormality relation reads, in light of (2.18),

(firs frg) = —0° (k1 — Ka). (2.23)

The minus sign is somewhat expected because of the indefiniteness of the inner product
(2.16). Lastly, since their frequencies are necessarily different, the inner product between
a positive frequency mode and a negative frequency one is zero by (2.18):

(fors fre) = 0. (2.24)

We have thus constructed a generalized orthonormal basis of solutions for the Klein-
Gordon equation. Together, the set of all f and f; with k € R™\ {0} span all the linear
space of solutions which is a generalized Hilbert space H representing the state space of

the field ¢.
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One might worry about the inner product being non-positive-definite, but it turns out
that most of the properties of Hilbert spaces still hold, except for considering the inner
product between two negative frequency modes as redefined with a sign flip. For example,
whenever we need to find a Fourier coefficient of a general solution ¢ corresponding to
a negative frequency mode f; we need to take their inner product as in (2.16) and flip
the sign (see [7]):

6= /<z>,fk — (6 FV D). (2.25)

2.2 Quantum fields in flat spacetime

In the previous section, we have derived a generalized orthonormal set of modes for the
Klein-Gordon equation. In order to quantize our real scalar field, we will impose the
canonical commutation relations between the quantum operator-promoted versions of
the field ¢ and its conjugate momentum 7 given by the derivative of the lagrangian
density (2.5) with respect to Jy¢:

oL
9(0o)

Upon quantization, ¢ and 7 become respectively é and 7@ which are operatorial fields
that satisfy the canonical commutation relations (in natural units i = 1)

w(t, @) = = 0. (2.26)

[6(t, @), o(t, @) = 0, (2.27a)
[7(t, ), 7 (¢, z')] = 0, (2.27h)
[b(t, ), 7 (t, 2")] = i6" (x — 2')1. (2.27¢)
The Klein-Gordon equation becomes an operatorial equation:
0¢ —m?$ = 0. (2.28)

The general solution to this equation can be expanded as
¢ = / (dkfk + &Lﬁ;) d"k, (2.29)

where a, and &L constitute a pair of annihilation-creation operators satisfying the fol-
lowing commutation relations:

lag, agr] = 0, (2.30a)
[af,al,] =0, (2.30b)
lag, al,] = 0™ (k — k1. (2.30¢)
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Proof. By (2.25), we can write a general solution <;A5 as expansion over the basic
modes with operatorial coefficients ay and by:

¢ = / <dkfk + l;kflz> d"k.
Since the scalar field ¢ is real, its corresponding operator is hermitian ngST = gg, S0
o = / (alfi +Blfe)

gives by, = d;. Now we can express the Fourier coefficients ag and &L using the inner
product (2.16) as in (2.25):

= (6. fu) =i [ (G0ufi ~ i)',
il = (6 f) =i [Gous - )
where we used (2.26) to cast Ao = 7. Let us now compute the commutator:

(G, 6] = —° / & / ! ([(t, @), Bt &) fi (1) fo (1,2

- [QE(t, m)? 7AT<t7 w’)]@of}; (t7 w)fk:' (tv wl> - [ﬁ-(tv 1}), Qg(ta m/)]f; (ta m)aofk’ <t7 CU’)
+ [ﬁ-@? .’E), ﬁ-<t7 m/)]flz<t7 w)fk’ (tv 13/))

Using the commutation relations (2.27) we see that the first and last terms vanish,
and the other two terms become i0"(x — ')l with a plus sign and a minus sign
respectively due to the antisymmetric property of the commutator. We thus get

lag, a,] = il / A"z / A"z’ (=00 fi(t, @) fur (t, )
+ fut, @) fue (8, 2)) 0" (@ — ')
— =il [ @a(fult.2)00fi(t,2) ~ filt )b (t,2)
= (furs )1 = 0"(k — k)1,
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where we used (2.20). Analogous steps using (2.24) lead us to

[, awe] = (firs fio) = 0
[}, ak] = (fir, fi) = 0.

2.2.1 Vacuum and particles

The state labelled by |0) with the property of being annihilated by all annihilation
operators is called the vacuum state:

ar|0) =0 VkeR"\ {0}

From basic quantum theory, we know that repeating n, times the action of a creation
operator corresponding to a given k on the vacuum state gives

A\ R
(k)™ 10) = Ina) v/,
where |ng) is the eigenstate of the number operator ny, = &L&k with eigenvalue ng € Ny:

We can obtain a state with different number eigenvalues for different values of k. Let us

illustrate this by choosing a set {kq, k2, ..., k,} of p different values of the wave number
k. By applying n; times the creation operator ag, for ¢ € {1,...,p} on the vacuum state
|0) we get

S\ (a1 )" S\
(%1) (ak2> "'(%,,) 0) = |n1,n9,...,np) V/ralne! - -0yl

and the excited states behave as expected under creation and annihilation operators, as
well as number operators:

Ak, N1, Moy ey My ooy M) = g, Moy — 1o ) /N,
&Li N1, Ny My M) = N1, Ng, L, + 1 ) Vi 4 1
Ty M1, My e ey My ooy M) = M1, M2y ey My ey M) M

The set of all eigenstates of all possible number operators 7 Vk € R™ \ {0} constitutes
a basis for the Hilbert space H of the states of our scalar field, which is called Fock
space. We are now going to identify such eigenstates as states with a definite number of
particles with various momenta given by the wave number k. To do that, we need to
obtain the hamiltonian operator and check that its eigenstates are indeed precisely the
elements of the Fock basis.
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The classical hamiltonian is given by performing a Legendre transformation on the
lagrangian, which in the simple case we are considering just means taking kinetic plus
potential energy. By recalling the three forms of energy involved in the development of
our real scalar field classical theory, and by noticing that we used energy densities we
want the hamiltonian to be the quantized version of

H= /d” { (D0)? (ng)2 - %m%ﬂ : (2.31)

F[:/dnk

Proof. To quantize (2.31) we employ the operatorial version of ¢, and then we can
express it in terms of the modes and creation and annihilation operators. Let us
evaluate the hamiltonian term by term. The term with ¢, by using (2.25), becomes

1 ,5- 1
/d”x§m2gb2 = §m2/dnx/d”k/dnk' (dkfk+&;rcf1:) (dk'fk' +dL/f1:'>
1
= §m2/d”x/d"k/d"k/(dkdk'fkfk' + by fiofrr+

&L&k’fl:fk' + akak’fk,fk’) .

which turns out to be

1
i + 50" (0) (2.32)

Considering the first term and ignoring for a moment the integral over k, we can
expand the expression of the modes (2.19) and get

—i(wtw’)t
A"z / A"k akak’fk:fk:’ / d"r / A"k akak’ l(k+k:')':1:
/ e

e—z wtw’) 1 it
d"K'a /—5 k+ k)= —ara_re "
= [ e e k) = i

If we evaluate the other terms using (2.21) also, we get that the last one has the
same coefficient for the operators except for a sign flip in the exponential, while in
the other two terms, the exponential becomes 1 because of the discordant signs. In
addition, the subscripts of the operators are not discordant, so the potential enerqgy is

1 ~ 1 1 ‘ |
/dnx§m2¢2 = §m2/dnl{;$ (&kd_ke—%wt + &Ldk + &de + &Ldikemwt) .

The kinetic and gradient energy terms contain the derivatives of ¢, so, when we
compute the kinetic energy term, a factor of w? gets pulled down, while in the gradient
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energy, we get a k*. In addition, the kinetic energy terms that contain the time
exponential get a minus sign due to the double time derivation which pulls down an
imaginary unit squared. We then get

1, - 1 w ' |
/dnx§(30¢)2 == /dnk— <—dkd,ke*2mt + d}tdk + dkd;fc — &L&T_kemt> ’

2 2
n 1 N2 1 n k? PN —2iwt | AT A ~oaf AT AT 21wt
d xQ(ng) =3 d k—2 Qp0_pe + ayax + aray, + aga’ e )
w

Putting all together and using the dispersion relation k? = w? — m?, the potential
energy simplifies with the —m? term of the gradient energy and the remaining terms
with the exponentials simplify, so the result is

= /d”kg (a;ak + akéﬁ) .

Now, since &de = 5"(0)1 + dLELk due to the creation-annihilation commutation rela-
tion and d;fcdk = Nk, we immediately obtain the expression (2.32) of the hamiltonian.

By looking at the expression of the hamiltonian (2.32), we notice that its eigenstates are
the same as the number operators, and a state having a certain number of excitations for
different values of k is interpreted as describing particles with definite momenta being
present in the field in the form of plane waves (thus not localized). One might worry
about the zero-point energy being a delta, but it can be shown that it is not a problem
as long as we only care about the differences in the energy of different states, which is
the case if we do not consider this energy acting as a gravitational source, that is an
assumption we shall use henceforth. The technique of getting rid of infinities like this
one is called renormalization, and it goes beyond the purpose of this discussion.

2.2.2 Lorentz invariance of the Fock basis

In our discussion, we always used the same coordinate system {t,x}, but since we are
dealing with relativity, we need to check how our system behaves under Lorentz trans-
formations, in particular a Lorentz boost by velocity v. The new coordinates are given
by

' =~t—v-x, ' =y — yot,

and the inverse transformation is given by
t=~t'+~yv -z, x = yx' + ot

To reveal the frequency of a mode in the new frame of reference, we can just take the
time derivative with respect to the new frame and inspect the factor that is pulled down
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according to (2.22):

ox

00 fi = SO fie = (=) i+ 70 (k)

If we define w’ = yw — yv - k we have
O fr = —iw' f,

with w > 0 since we are considering positive-frequency modes fr. This means that a
particle that had momentum k in the old reference frame will have a boosted energy
w" in the new one. By doing the same with the spacial derivative we can obtain the
momentum in the new frame, which will be boosted to k’. Therefore a Fock eigenstate
|n1,ng, ..., ny;a) describing ny particles with momentum kq, no particles with momen-
tum ko and so on, will transform into another eigenstate |n, no, ..., ny;b) describing n;
particles with momentum kj, ny particles with momentum k% and so on. This was to be
expected because the four-momentum of a particle p* = (w, k) transforms in the same
way as coordinates into p* = (', k).

One key aspect is that the total number of particles, given by the eigenvalue of the
total number operator

N = / fd™k,

stays the same, since all the particles have just been boosted in energy and momentum,
and no particles have been produced nor destroyed. Since the definition of the Fock
space is built upon a specific coordinate system, the new reference frame will have a
distinct Fock space H' and there will be a one-to-one correspondence between the states
of H and ‘H’, which can thus be identified with one another. The only thing that changes
in different inertial reference frames is the four-momentum of each particle, which will
result in another Fock state with the same eigenvalue of the total number operator N.
We conclude that the Fock space is invariant under Lorentz transformations and, in
flat spacetime, the concepts of vacuum and particles are absolute according to inertial
observers. We are now going to discover that in curved spacetime this is no longer the
case since inertial frames are no longer defined in general.

2.3 Quantum fields in curved spacetime

We will now retrace the steps of quantization in curved spacetime. First, we need the
lagrangian density in curved spacetime:

1 1 1
L=+—g (—;}‘“’qubvygb — §m2q§2 — §§Rd)2> . (2.33)
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By comparing this expression with its flat-spacetime counterpart (2.5), we notice that
there is a factor \/—g, where g is the determinant of the matrix of components of the
metric tensor because when we multiply £ by d"x we need to obtain the volume element
(that is invariant under changes of coordinates) so that the action keeps its scalar nature.
Furthermore, we suppose that there is an additional form of elastic potential energy given
by the curvature of spacetime. Since we need to obtain a scalar, the simplest quantity
that can couple the field with the curvature is the Ricci curvature scalar R and the field
¢ appears at the second power because of the elasticity hypothesis. The factor ¢ is an
unspecified fixed constant representing the intensity of the coupling between the field and
the curvature. The rest of the differences between flat and curved spacetime lagrangian
density are due to the substitutions 9, <+ V, and n*” <« ¢"”, which are simply the
application of the general covariance principle.

By the principle of least action, we have the Euler-Lagrange equation in curved

spacetime:
oL oL
Vil =) -5 =0, 2.34
(o) ~ 5 (239
which is the covariant version of (2.4). The conjugate momentum is
oL
™= =/—gVo, 2.35

where we used locally inertial coordinates (¢"” = n*” and I'},, = 0) for the computation,
and since the result is expressed in covariant form it holds for all coordinate systems. By
a computation analogous to the flat-spacetime case, we see that the equation of motion
becomes

O¢p — m?¢ — ERG = 0, (2.36)

where the d’Alembertian is defined as
O=g¢"V,V,. (2.37)

The curved-spacetime version of the Klein-Gordon equation (2.5) is indeed linear (as
its flat-spacetime analog (2.6)), so we can introduce the generalized version of the inner
product (2.16) in the space of solutions of this equation too. In fact, given a spacelike
hypersurface ¥ with induced metric v, and two solutions ¢, > we define

(o) = —i / (619,65 — 63V,61) n JFd", (2.38)

where n* is the normal vector to the hypersurface > at each point and the result is
independent from the choice of the spacelike hypersurface > on which the integral is per-
formed, as one can check just by retracing the same steps of the proof for the Minkowski
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case (2.16) using covariant derivatives, the generalized Stokes’ theorem and two arbitrary
hypersurfaces of a spacelike foliation of the spacetime manifold.

We can now proceed to quantize the fields ¢ and 7, which become qg and 7 respectively
and satisfy the following commutation relations (in an arbitrary reference frame {¢,x}):

[(/B(t,w),é(t,w')] = 07 (239&)
#(t,x), 7 (t,x")] =0, (2.39b)
[b(t, ), #(t, )] = ——0"(z — &), (2.39¢)

where the factor /—g appears because, in the integral defining the Dirac delta, it cancels
with the measure, which is \/—g as well. Equation (2.36) then becomes an operatorial
equation:

O¢ — m?p — ERp = 0. (2.40)

2.3.1 Bogoljubov transformations

The solution of (2.36) cannot be expressed in terms of plane waves in general. However
we can pick an orthonormal basis in the Hilbert space of solutions, say {fx, fy}, where
A is an arbitrary multi-index:

(Fasfa) = 0(A = X)), (2.41a)
(fX: fa) = —0(A = X), (2.41D)
(fx, [x) = 0. (2.41c)

We can then expand an arbitrary solution ngS as
o= [ duv (i +al53) (2.2

where [ du()) is a general expression indicating the linear combination for all possible
values of A, which reduces to a summation ), in the discrete case. The reason why the
coefficients are creation-annihilation operator pairs is the same as in the flat-spacetime
case, where we used the quantization prescription and the inner product defined in the
space of solutions, without ever expliciting the expression of the basis elements. Since
the choice of the basis is arbitrary, we can choose another one {gy, g3} such that

6= [ au (bags +b) (2.43)
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and the following orthonormality relations hold:

(gr, gv) = 0(A = X), (2.44a)
(9%, 93) = —0(A =), (2.44b)
(9r,95) = 0. (2.44¢)

The two bases are related by a linear transformation, which is called Bogoljubov trans-
formation:

o = / A1(0) (o fo + Bro f2) (2.45)

whose inverse results to be

fr = / 0i(0) (@ongo — Bordl) (2.46)

Proof. As we said for (2.25), we can view the coefficients of the expansion (2.45)
as:

U)o = <g>\afa>7
5)\0' = _<g/\af:>'

By expliciting the coefficients in (2.46) we get

fr = / dp1(0) (9020 — (i 95042

Now we notice that
<f)\7.ga> = <gU7.f)\>* = Oé:.)\,

which is the first coefficient of the inverse transformation (2.46). Then we can explicit
the second coefficient using (2.38):

_<f)\, g;) - Z/E (f)xv,uga - gavuf/\) n“ﬁdnx

= _Z/ (gavuf)\ - f/\vuga) nﬂﬁdnz
b
= <goaf)>\k> = _60)\‘

The Bogoljubov coefficients can be used to transform between creation-annihilation op-
erators of the two different expansions (2.42) and (2.43):

iy = / dy(o) <aoAI;(, n @;BL) , (2.47a)

by = / dp(o) (a0 — Biyal) - (2.47h)
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Proof. Since we are dealing with coefficients of the expansions (2.42) and (2.43)
respectively, we can express a, as

ax = (0, f)
= /d,u(a) (Oéo,\<¢3790> - 5;,\@799)

= /dﬂ(f’) (aa)\éa + 5;@2) 5

where we used (2.46), (2.43) and conjugate-linearity in the second argument of (-, -).
On the other hand, by can be written as

)

??,\ G
A1) (03,6, fo) + 550 (6, 1))

I
—

dﬂ(O’) (OZ;U&U - ;adi) )

where we used (2.45), (2.42
of the inner product.

~—

, and again conjugate-linearity in the second argument

The Bogoljubov transformation works also for transforming between different bases of
modes in the flat spacetime case, and we will use this fact in the next chapter, where we
will use two different sets of modes in Minkowski spacetime.

2.3.2 Relativity of vacuum and particles

Although we can always find a basis in the generalized Hilbert space the field states, there
is no plane-wave basis, because the metric is in general not in diagonal form globally, so
the d’Alembertian (2.37) contains mixed second-derivative terms and the factorization
o(t,x) = a(t)f(x) that we used to find the plane wave solutions in the flat-spacetime
case cannot be performed. In flat spacetime, we expanded the field ngS as in (2.29) using
the basis composed of positive (2.19) and negative (2.21) frequency modes. Then we
showed that the quantization prescriptions implied that the coefficients of the expansion
were creation-annihilation operator pairs, whose associated number operators appeared
linearly combined in the hamiltonian (2.32). We then interpreted the eigenstates of the
hamiltonian (shared with the number operators) as quantum states with a definite whole
number of energy quanta w, which we used as our notion of “particle”. In curved space-
time, however, since in general it is not possible to factorize the field in time-dependent
and space-dependent factors, there does not exist a global definition of “frequency” that
appears to be the same in every point in spacetime, so there not exists a global notion of
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“particle” either. This is because we cannot reproduce the steps that we took to derive
the hamiltonian (2.32) where we used the explicit form of the modes f and f;, which
happened to be plane waves, that we do not have now. Although we could have chosen
a different basis in the flat-spacetime case, the one consisting of plane waves is special
in some sense, since it is the only one which leads to the hamiltonian being expressed
in terms of number operators. This reflects the fact that in special relativity there ex-
ists a family of privileged reference frames, that are the inertial ones, while in general
relativity this is no longer the case. In curved spacetime, the particular choice of basis
that we make in the linear space of solutions of (2.36) does not matter and therefore the
notions of “vacuum” and “particles” are not absolute. However, if a global hypersurface-
orthogonal timelike Killing vector field exists, we will see that there is a way to define
such concepts globally, exploiting the temporal symmetry and restoring the definiteness
of frequencies in the modes we expand the field on.

We can now explore in more detail what we just said by using the two bases f) and
g which appeared in (2.42) and (2.43) respectively. Let us denote the vacuum states
as |0f) and |0,) corresponding to the two different bases so that each vacuum state has
eigenvalue 0 with respect to their corresponding number operators n¢y and fx:

npa|0p) =0 VA,
ﬁ(g)A |0g) =0 V.

If we calculate the expectation value of the number operator n,, for a fixed value of A
in the f-vacuum state |0f), we get

Ol 105) = [ du@)|Bral’ (249

where (), is the Bogoljubov coefficient.

Proof. Since ng)) = biby, by (2.47b) we have
(0f] ()2 105) = (07 B3Dx [0)

— 1| [ o) [ o) (@sot, = Brot) (a3, — 53,00) | 10)

If we use the fact that the bra (0| gets annihilated by creation operators and the ket
|0f) gets annihilated by annihilation operators, and employ the commutation relation
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(2.30¢) (where we substitute k <> o and k' < p), we get
(Of] gr[0f) =
= /du(o)/du(/)) (W—W
~ Bra, Oty 07) + B, (5110
_ / dy(o) / dpi(p) o 55, (0] (8(0, )1 + ) [0)
~ [ duto) [ aup)51a8, (5(020) 05105) + (0abasT07))
~ [duto)pats, = [ auto)lpsal?

where we also used the fact that the ket |0f) is normalized.

In general, there is no guarantee that (2.48) vanishes, even though one expects such
behaviour from the vacuum state. This shows that there is no unique way to identify
“vacuum” and “particles” because they depend on which particular basis we choose for
the expansion of the field.

2.3.3 Particle detection

At this point, one may ask how would a particle detector behave in general, since the
presence or absence of particles seems to depend on the basis we choose for the expansion
of the field. A particle detector, for our purposes, is just a localized apparatus that can
detect the presence of a plane wave in the field and determine its frequency w. Such an
instrument, however, does not care about the modes we choose, because they are just a
mathematical way to talk about the solutions of the equation of motion of the field, and
do not have a physical significance in general.

Let us consider the flat spacetime case first, and suppose we have two particle detec-
tors D and D', the former fixed at the origin of a reference frame {¢,z} and the latter
fixed at the origin of another reference frame {¢’, 2’} moving with velocity v with respect
to the former. As we discussed in section 2.2.2, changing inertial reference frame results
in detecting a different frequency for the same particle. When we talk about frequency,
we simply mean the w factor that is pulled down by the corresponding definite-frequency
mode when we take the time derivative with respect to the proper time of the detector,
as in (2.22):

atfk:,w(t: x) = —iwfrw(t, T),
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so in the reference frame of D', we have
/ 4 -] / ’
@t’fk’,w’(t , L ) = W fk:’,w’(t , L )

as we expected.

The behaviour of particle detectors in curved spacetime is non-trivial because one
would need to express the set of definite-frequency modes corresponding to the local
inertial reference frame of the detector (which are the Minkowski ones due to local
flatness) in terms of the coordinate system used as the domain of the field, then expand
the field using those modes, take the creation and annihilation operators that appear in
the expansion, construct the respective number operators and apply them to the state of
the field to obtain number eigenvalues representing the particles. However, if a timelike
Kllhng vector field K exists, there is an easy way to do this as long as the four-velocity
U of the detector is proportional to K (it may not be following a geodesic path).

In this case, by choosing the local inertial reference frame where the detector is at
the origin, we can perform the factorization

fut,z) = e ™ f,(x), (2.49)

and the frequency is defined on the entire domain of the Killing vector field K.

Proof. By theorem 1.1 we know that if we choose the temporal coordinate along the
timelike Killing vector field K = O, the metric will be globally in block-diagonal form
with no mized time and space terms. Therefore, we can express the d’Alembertian
(2.37) globally as

O=¢"VoVo + ¢”V.V;,

where we notice that the temporal and spatial derivatives do not miz, so we are now
able to search for a basis of the solution space of (2.36) in a globally factorized form.
In fact, if we rewrite equation (2.36), we get (knowing that, for a scalar, V¢ = 0,¢)

9" %0 + (970:0; — m* — {R)p =
If we factorize ¢(t,x) = a(t)B(x) we obtain
00 ”6 + Oé( ijaiaj — m2 — fR)ﬁ =0

/ 1 i
Oé/—i‘ﬁ <Bg]8@-8jﬁ—m2—§R> OéZO,

~\~
w2

where the factor that multiplies « is constant in time for a fixed point in space and
the double-primed superscript denotes the second total derivative. The basic solutions
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are

at) = apeTt,

and therefore we can write ¢(t,x) in factorized form:
o(t, ) = age™ By (x).

As we did in flat spacetime, we can require w to be real and turn it into a parameter
for the basic solutions, so we write them in the general form

fW(ta m) = e_imfw(w>7

with w € R\ {0}. The considerations about the case when w = 0 are the same as
those we made when we found the solutions (2.8) in the flat spacetime case.

In this scenario, we can always find a basis with definite frequencies { f,,, f}. If we apply
to them the covariant (directional) derivative with respect to U, by doing calculations in
the reference frame {t, x} that we have introduced, where the detector is locally inertial
with four-velocity U = 0, we get

Vifo =U"'Vyfo = Vifo = 0ifo = —iwfo,

where we used (2.49). We have thus defined the frequency for each mode in a coordinate-
independent way since the left-hand side is a covariant derivative with respect to a vector
of the spacetime manifold and the right-hand side is a scalar. This means that a detector
whose four-velocity is proportional to the Killing vector field will measure a particle
having energy w if the scalar field has an excitation in the mode f,,.

We have shown that, if the spacetime is static, there is a natural way to define
“vacuum” and “particles” because there exists a natural operational procedure that
tells an observer how to detect particles at each point in spacetime, that is preparing a
detector in a way that it has four-velocity proportional to the Killing vector field (e.g.
in Schwarzschild spacetime it means remaining at constant spacial coordinates, even if
it means to overcome gravity). We are now ready to apply the notions we have learned
so far to analyze the Unruh effect, in the next chapter.
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Chapter 3

Unruh effect

To get rid of unnecessary complications, we are going to consider a massless real scalar
quantum field in two-dimensional flat spacetime, so the theory of the previous chap-
ter reduces to the n = 1 case with {t,x} coordinates, and the Klein-Gordon equation

becomes
Co = 0. (3.1)

We are now going to study accelerated observers in Minkowski spacetime and see that
they expand the field ¢ on a different basis of modes than inertial observers, and using
Bogoljubov transformations (2.47) we will realize that the number of particles detected
by the two observers is not the same.

3.1 Rindler observers

A Rindler observer is one whose worldline is described by

Hr) = ésinh(om'), (3.2a)
x(1) = écosh(ow), (3.2b)

where 7 is the proper time and «a # 0. We can show that such an observer is accelerated,
with |a| being the modulus of proper acceleration.

Proof. By definition of four-acceleration, we need to compute the second total deriva-
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tives of (3.2):

d*t

2= asinh(ar),
-

d2

d—f = acosh(art).
-

Therefore the modulus is

a=./ata, = \/—a2 sinh®*(ar) + a2 cosh®(at) = Va2 = |a,

which is Lorentz-invariant, hence it corresponds to the modulus of proper acceleration.

The trajectory describes a hyperbola on the t-x Minkowski diagram as can be viewed

in fig. 3.1, with equation
-2 1
==

(3.3)

Proof. Using (3.2), it is a straightforward computation:

1 1 1
=12 = 2 COShz(CY’T) = sinhQ(cw) =

We now introduce new coordinates {n, £} with range —oo < 1,£ < +oo (represented in
fig 3.1) and such that they satisfy the following transformation relations (with a > 0):

1

t = —e* sinh(an), (3.4a)
a
1

x = —e® cosh(an). (3.4b)
a

We shall notice that since we require a > 0, these new coordinates cover only the region
x > |t| where a > 0, and we need to overload the definition of {n,£} in order to make
them work also in the region x < —|¢t|:

1
t = —=e%sinh(an), (3.5a)
a
1
r = —=e" cosh(an). (3.5b)
a
In these coordinates, the trajectory of the Rindler observer becomes
n(r) =, (3.6a)
a
1 a
=1 (—) . 3.6b
€)=~ In (% (3.6)
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Fig. 3.1: Accelerated trajectories in Minkowski spacetime corresponding to fixed £ and follow-
ing 1 curves. The spacetime is divided by the light cone at the origin into four regions labelled

A, B,C,D.

Proof. Using (3.3),
2_t2_l2a§< h2( )—h2( ))__2af_i
x = e (cosh™(an) —sinh“(an)) = 2™ = —,
which gives

1
e =2 = fz—ln(
o a  \«

“) , (3.7)

that is (3.6b). If we notice that %eaﬁ = é, which immediately follows from the above
(3.7), and substitute in (3.4), we get
{t = Lsinh(an) = 1 sinh(a7),

x = < cosh(an) = 1 cosh(ar).

where the second equalities come from (3.2) since we are interested in the Rindler
observer’s trajectory. These give (3.6a) by comparison of the arguments of hyperbolic

trigonometric functions,

an = aT = n=—T.
a

We notice that these coordinates simplify the description of the accelerated path,
since n is proportional to the proper time and £ is just constant. In particular, if a = «
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we immediately obtain

{77 =T, (3.8a)
£E=0. (3.8b)

This also tells us that 7 is a timelike coordinate, while £ is spacelike.
The metric in Rindler coordinates gives the following line element:

ds® = **(—dn* + d&?). (3.9)

Proof. We can compute dt and dx using the chain rule with (3.4) and then substitute
in ds? = —dt? + dx?, which is the well-known line element for Minkowski metric in
{t,z} coordinates. We have

ot ot

dt = on dn + ¢ d¢ = e cosh(an)dn + €™ sinh(an)d¢
ox ox
= — R = a{ 1 h aé_ h
dx an dn + o€ d¢ = e sinh(an)dn + e* cosh(an)dg,

and therefore

ds* = —dt* + da* = €** [ — cosh®(an)dn® — sinh®(an)de® — 2 cosh(an)sintrtan)dndE
+ sinh?(an)dn* + cosh®(an)d&* + 2sinh(a an)dnd¢],

which gives (3.9) by using the identity cosh?(an) — sinh®(an) = 1 twice.

Since the metric does not depend on 7 and it is in diagonal form everywhere, as we
can realize by inspecting (3.9) and invoking theorem 1.1, we can say that K = Oy is a
hypersurface-orthogonal timelike Killing vector field, and we see that it relates to the
coordinates {t,z} as follows:

K =8, = a(zd; + 18,). (3.10)

Proof. Using the chain rule:

o oxd oo

o~ onor ' anor
which leads to, using (3.4),

9, = e* sinh(an)d, + e* cosh(an)o;,
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and by employing again (3.4) we can cast e® sinh(an) = at and ¢ cosh(an) = ax,
which gives (3.10).

The (hyper-) surfaces defined by t = x and t = —x (which are the asymptotes of Rindler
trajectories, i.e. the light cone of the origin of the reference frame, as depicted in fig.
3.1) are Killing horizons for K.

Proof. By the definition 1.4 of Killing horizons, it is sufficient to show that K has
zero norm on such surfaces. Let us use {t,x} coordinates with the Minkowski metric
diag(—1,1) to compute the square norm, and check that it is indeed zero:

K"K, = —(K°)? + (K')? = —a®2® + a*1* = 0

where we used (3.10) to explicit the components of[? and t = +x wn the last step to
compute the result on the horizon.

Since every Killing horizon has a surface gravity by definition, we can go on and compute
it, obtaining
K= a. (3.11)

Proof. We can use (1.22) evaluated at t = +x. Let us do the calculation explicitly,
starting from (3.10) and lowering the indez:

K" = (az,at) K, = (—ax,at).

o

Then we compute the derivatives:
VOKO =0 VOKl =a VIKO = —Q V1K1 = 0,
VK? =0 VK = —a VIK'=a VK =0,

where we used the fact that VO = —Vq and V' = V.. If we multiply same-index
terms and sum we get —2a? which, multiplied by —1/2 and square rooted, gives exactly
a.

Despite the name, there is no actual gravity in this case, since the spacetime is flat.
However, an accelerated observer feels like being in a gravitational field, as the equiv-
alence principle states, and this is the reason why we will be able to apply the results
obtained in this chapter to the case where an actual black hole with a physical Killing
event horizon is present. Recall that the redshift factor is the modulus of the Killing
vector field as in (1.12), which can easily be computed using K= 0, = 10, + 00 and
the metric (3.9):

V = e®. (3.12)

We can now proceed to analyze the solutions of equation (3.1).
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3.2 Modes and frequencies for Rindler observers
Equation (3.1) in Rindler coordinates becomes

e (=07 + 02)p = 0. (3.13)

Proof. We already know 0, in terms of 0; and 0, through (3.10). We need a similar
relation for O¢c. By using (3.10) and (3.4) we get

0 ot ox

=—=— — 0, = e sinh % cosh = .
O¢ o 8§8t+8§ax e® sinh(an)o; + €* cosh(an)0, = a(td; + x0,)

Now we can substitute, and by employing (3.10) we obtain

—02 + 0F = a®|— (20, 4 10,) (20 + t0;) + (t0; 4 x0,) (£, + 2:0,)]
:aQ[—xQé?f—g;@;—g:té?{@;—;@{—Mg—tQ@ﬁ
+ 18] + °0; + 1290, + xtd:0; + x07 + 2°0]
=a? [(t2 — %) — (1* — xQ)éﬁ]
=a?(2* — t*)(—0? + 9%)
= 26— 9? + 0?)
= 2%,

where we also used (3.4). By the chain of equalities,
0= 672“5(—82 + 852),

which proves (3.13) from (3.1).

Since the exponential in (3.13) is always positive because a > 0, the equation is formally
identical to (—9? + 0%)¢ = 0, which we solved in section 2.1.2, with t <3 1, z <> £, m =0
and n = 1, and therefore the basic positive frequency modes are given by (2.19):

1 ) )
= ———¢ Wwntiks 3.14
with the trivial dispersion relation w = |k|. Of course, to get the negative frequency

modes we just take the complex conjugate of positive frequency ones. We shall notice,
however, that these modes are positive frequency only in the region x > || (labelled by
Ain fig. 3.1). In fact, in this region, @ > 0, and by (3.6a), n has the same direction of
the proper time 7. In the region defined by z < —|t| (labeled D in fig. 3.1), we have
a < 0 and therefore i has a direction opposite to the proper time 7, so the modes (3.14)
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are negative-frequency. The right way to think about this is by invoking the definition
(2.22) of positive and negative frequency modes, where we have to use the proper time
7 of the Rindler observer as the quantity with respect to which partial derivatives are
computed. By the chain rule and (3.6a), we have

«

0r = —0,, 3.15
0, (3.15)
and applying it to a mode (3.14),
L«
Orgr = —1W—gp.
a

We notice that other than w, an additional factor of «/a appears, and its sign is de-
termined by a because a > 0 by definition, so if a > 0 the factor is negative and the
mode is positive-frequency, while if & < 0 the factor is positive and the mode is negative
frequency. In order to organize our modes based on the positiveness or negativeness of
frequency, we need to redefine the modes g in different ways in the two regions where
«v is positive or negative respectively:

1L —iwntike iy A
) _ ) Vare® mn 3.16a
0 n A
(2) _
I = { 417M6+zwn+zk§ inD’ (3.16b)

In this way, we have made explicit the fact that {n, £} are defined differently on the two
distinct regions, by actually splitting the modes into two sets. Therefore the natural
orthonormal basis that Rindler observers use for expanding ¢ is g,(cl), g,iz), g,(cl)*, g,(f)*,
whose domain is the union of the regions A and D, corresponding to the constraint
|z| > |t|. We are soon going to construct an analytic extension of these modes to all the
Minkowski spacetime.

We thus have two sets of modes on which we can expand our field:

e Minkowski modes {f;, fi}, defined by (2.19), on which the field expands as in
(2.29):

~ +00
¢:/ dk(anfy + alf?), (3.17)

o0

and whose vacuum state is [0y/);

e Rindler modes {gk . (2) g,gl)*, ar } on which the fields expands as

gﬂ:/ dk b(l)gk +bk gk +bk gk +bk Tgl(f )7 (3.18)

and whose vacuum state is |0g), which is annihilated by all 13,9) and lA),(f).
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We could now employ Bogoljubov transformations (2.47) to compute the expectation
value of Rindler number operators in the Minkowski vacuum. However, there is a trick
due to Unruh that is more instructive, which consists in analytically extending the modes
(3.16), defining an auxiliary set of modes that share the same vacuum state of Minkowski
modes, and then employing the Bogoljubov transformation between Rindler modes and
these new ones to compute the expectation value of number operators in the Minkowski
vacuum.

3.3 Analytic extension of Rindler modes

We have seen that the domain of the modes g,(:) and g,(f) defined in (3.16) is not the
whole Minkowski spacetime. To get their analytic extension we will make use of the
following identities:

—a(m=§) _ ,(_
in region A e a(—t + x) (3.19a)
e — q(t + ) (3.19b)
—a(n—=§) _ _ 1
in region D ‘ alt —x) (3.19¢)
et — q(—t — ). (3.19d)

Proof. In region A, by using (3.4) we get

4= leag (ean 4+ e~ B e _ e—aﬂ) _ lea(f_") = eman=€ — a(—t+z),
a 2 2 a

t4+x= leag ed + 7 n e — e—an _ lea(&") = ea(n—E) — a(t + x),
a 2 2 a

while in region D, by using (3.5) we have

t—p = _leag (ean —e M _ e 4 e—aﬁ) _ lea(ffﬁ) = efa(nfi) — a(t _ x),

a 2 2 a

—an _ pan —an an
1 <€ ¢ € te ) - lea(ﬁw) = ante) — a(—t — ).

a

2 2

—t—x=——e%
a

We are now going to consider right-moving modes £ > 0 and left-moving ones £ < 0
separately, starting with £ > 0. In this case, the dispersion relation becomes w = k, and
the modes g,gl) become, in region A,

1 .
gV = [a(—t + z)]™/*, (3.20)




(a) —t+x = const contour plot (b) Non-analytical union of (¢) Union of g’(cl) and g(jz* con-
of g](:) and analytical extension g](cl) (continuous line) and g,(f) tour plots with analytical ex-
(dashed). (dashed line) contour plots. tensions (dashed).

Fig. 3.2: Analytical extension process for the Rindler modes.

while the modes g,(f), in region D become

g = [a(—t + z)]™/*. (3.21)

QH
&

Proof. By substituting k = w in (3.16a) and using (3.19a) we get, in region A,
/_47mg](€1) — o~ w(n=8) — [e—a(n—ﬁ)]iw/a = [a(—t + x)]iw/a’
whereas by (3.19d), in region D,

(2) _ piw(n+e)

drwg, = [ea(n+5)]iw/a = [a(—t — x)]iw/a'

We can make g,(;) cover the C' region just by extending the range of ¢ and x allowing

x >t (regions A and ('), and the resulting mode will be automatically analytical, as
depicted in the contour plot —t + & = const in fig. 3.2a. It is important to notice that
it does not make sense to extend g,(;) to region D because it is already defined there as
identically vanishing. We could also extend to the region B, but we are going to cover
this region using g,(f), which is non-trivial only in the region D. However, if we inspect
(3.21), we see that its expression is not compatible with (3.20) because there would be
a discontinuity at the surface ¢ = x for < 0, which can be thought as contour plots
—t + o = const and —t — x = const forming cusps there (fig. 3.2b). To solve this
problem, we are going to consider the complex conjugate of g,(f) with a flipped sign in
the subscript, which results in a compatible expression whose contour plot consists of
—t + x = const curves as desired (fig. 3.2c) and is easily extended on the B region by
allowing = < t:

@-_ 1

g

——[e7"™a(—t + x)]“/. )
% = =l (-t + ) (3:22)
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Proof. By complex conjugating (3.21), using w = k > 0 and by (3.19¢), we have

47ng(_2]3* _ efiw(nff) — [efa(nfﬁ)]iw/a — [a(t i x)]iw/a _ [eiiﬂCL(—t + x)]iw/a.

The reason why we chose —1 = ¢~ will be clear in a moment.

We therefore have a way to define a new mode that represents right-moving (k > 0)
plane waves (as in fig. 3.2c) in all Minkowski spacetime:

W = Nla(—t + z)]*/*, (3.23)

with NV being a normalization factor. This yields

1 W
O % gtV 4 5 g2 3.24

Proof. From (3.23) and using (3.20) and (3.22), we get
h](j) _ N[CL(_t_{_x)]zw/a _ N(g]il) + e—'/rw/ag(f]z*)’

where N 1s a normalization factor that also absorbed v/Amw. We can multiply by
e™/2¢ and absorb its inverse into the normalization factor, obtaining

w

B = N(eF gl + e g),
and then use the inner product (2.16) to compute the normalization factor:

(hiy 1)) = (N (e gy) + €75 gB0) N (3 gjy) + 73 g 10))

w1 Fw wi+tw 2)*
— ‘Nl (62‘1( 1+ 2)<gl(€1)’gl(€2)> + e~ 7 (w1t 2)<g(_121’g(_£2>)

TW

= |NP25(ky — ko) (e™a —e™ ™)
2 _ . mw
= |N|*0(ky kQ)QSlIlh( - ) ,

where we set w = w; = wy when the delta is present and we used orthonormality of
(1)

the g,’ modes and their conjugate modes as in (2.41). Since we require normalization
to be §(ky — ko), we can choose N real such that
9 s W 1
N2sinh (Z) =1 = N = .
“ sinh (22)

49



If we retrace the same steps for k < 0, we get the same result (3.24).

Proof. For k= —w <0, by (3.16) and (3.19) we have

4 g w(n+€) — [ a(n+£)}7iw/a _ [a(t + x)]fiw/a’
Vag®) = 7140 — [t isle — (ot — )]0 = [ a(t + )],
where again we chose —1 = e~ for a reason that we are going to clarify in a

moment. Combining the two expressions, we get (because they vanish in each other’s
non-vanishing region)

—w/a 1 W Tw (1 _mw ()%
la(t + )]~/ :N(g,g)+e g(,z) N(e?ag,(q)—i-e 2&9(_,3,),
where in the last step we multiplied by e2a and absorbed its inverse into the normal-
ization factor N. The term in the parentheses turns out to be the same as the one
in (3.24) and therefore after normalization, the full expression is identical to it and
analytical everywhere.

To get a complete orthonormal basis for the Hilbert state space of the field, we also need
to extend g,(f) analytically, and if we retrace analogous steps as those we took for glil) we

get a new mode:
1

W=
2sinh (%)

(e 2a g( )+ e_%g(j,z*). (3.25)

Now we have that h,(:) and h,(f), along with their complex conjugates h,(cl)* and h,(f)*, form
together an orthonormal basis of modes, called Unruh modes.

3.4 Particle number expectation value

The Unruh modes allow for an expansion of the field with coefficients given by creation-
annihilation operators, again because of the commutation relations of the field and the
orthonormality relations of the modes:

b= / dke (B R + &R 4 eP D+ P Th. (3.26)

We can now use the Bogoljubov transformation (2.47a) between Rindler and Unruh
modes to relate their creation-annihilation operators, obtaining

~ 1 TW

b — = (3% 4o 5e gt 3.27a
F 2sinh (%) ( g = ( )
~ 1 TW W

0D — (5 ® B, 3.27b
k 2sinh(%)( ¢ ) 3210



where we used the fact that in this case the Bogoljubov transformation should have four
terms because the basis is {g,gl), g,(cl)*, g,(f), g,(f)*}, but two of them are vanishing in each
of the expressions (3.24) and (3.25), and the remaining coefficients are real.

We are now going to show that the Unruh vacuum state is the same as Minkowski

(although excited states will not coincide in general):

0a) = 00} - (3.28)

Proof. Let us consider positive-frequency Minkowski modes (2.19)
1 —iwt+ikx
= ——e¢ :
i dTw

If we restrict to right-moving modes, by k = w > 0 we get

—iw(t—x) __ e—iwz
- 9

dnwfr =e
where we have introduced the complex variable z. It is easy to realize that this expres-
sion 15 analytic everywhere and bounded in the region IJmz < 0, while it s unbounded
for Jmz > 0. Now, consider that the Unruh mode h,(cl) with k > 0 is composed of
Rindler modes g,(gl) and g(jz* These latter are multivalued complex functions, in fact,
if we use (3.16), (3.19) and complezify (t — x) — z = pe?? we get

1 iw iw iw w e _fw
Virogl = [a(—t +2)]% = a% (—2)% = (ap) T,
4wwg£2,i* = [e7™a(—t + m)]% = a%e%(—z) o = (ap)aeae a,
which are clearly not uniquely specified for 6 — 6 + 2mm. As complex-valued func-
tions, there needs to be a branch cut, and we choose it to be on the upper half plane
Jmz > 0. This justifies the choice —1 = e~ we made earlier. If we set the range
of 0, the two expressions above are bounded and since the branch cut is on the upper
half plane they are analytical for Jmz < 0.

Now, since the overall mode hl(cl) 1s therefore analytic and bounded in the lower
half plane and not above, it can only be expressed through Minkowski modes that are
analytic and bounded in the same region, which turn out to be fr with k > 0. The
same holds for k = —w < 0, in fact for the complezification (t + x) — 2z = pe? (and
employing as usual (3.16) and (3.19)):

47wak _ e—iw(t—i—m) _ e—iwz’

iw iw iw  fw

\/47rwg,(€1) =[alt+2) @ =a "z = (ap) wer,
\/47rwg(jz* =[ea(t+2)] % =a ve Wz = (ap)_%we_%e%w,
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and we can see that the Minkowski mode fk is analytic and bounded for Jmz < 0,
and so we can choose the branch cut for h wn the upper half plane so that it can be
expanded in terms of positive-frequency Mmkowski modes only.

The same happens for h,f) modes. In fact, for the left-moving h,(f) modes we have
(k=-w<0)

\/m](;k _ efiw(tfx) _ efiwz’
\/Mg,(f) = [a(t — x)]’% —q wrw = (ap)’%e%w,
( )* . iw iw Tw iw w _mw fw

drwg) = [e7ma(t —x)] T =a T Ce e = (ap)Twe v e,

and for the right moving ones (k =w > 0)

\% 47wa,k = eiiw(tJrz) — efiwz,
Virwg? = [ Talt+2))¥ = ¥ T2 = (ap) T,

Varag®)' = [at — o)) = a%2¥ = (ap) e,

We have thus shown that the Unruh modes {h,(:), h(l h ) 2)*} are fully expressable
in terms of positive-frequency Minkowski modes fk because of analytical considera-
tions, so b(z/ the Bogoljubov transformation, it means that the Unruh annihilation
operators ¢, and ¢ ck, are expressed in terms of Minkowski annihilation operators ay
only. Therefore the Minkowski vacuum |0ys) is annihilated by all Unruh annihilation
operators, so it matches the definition of Unruh vacuum |Oy).

We are now able to compute the expectation value of the Rindler number operator ﬁg) (k)

corresponding to an accelerated observer in region A, which results

(Oaa] 2 (k) [031) =~ 5(0). (3.29)

ea —1

Proof. By the definition of number operator and upon using the Bogoljubouv trans-
formation (3.27), we have

(0ne 2D () [0n) = (One | BTHD 0,) = Sl—)((()M\ ) (@2 |0ar)).

N e e e e
(O 506 103} = 5 s 0) = o 000)
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which proves (3.29) after multiplying both numerator and denominator by e’a .

The delta function in (3.29) is not something to worry about, because we have been using
non-square-integrable plane waves as a generalized orthonormal basis for our Hilbert
space, and that divergence is a consequence of this. Had we used square-integrable wave
packets as basis modes, we would have obtained the same result.

We notice that the expectation value is a Bose-Einstein statistical distribution with

temperature (we are using kg = 1)
a

T = o (3.30)
so there is a thermal spectrum of non-interacting particles detected by the Rindler accel-
erated observer: this is the Unruh effect. However, the frequency w does not represent
the energy that the Rindler observer measures using its proper time 7, but rather the
frequency with respect to the coordinate 7, so it has to be corrected by a factor of a/«

according to (3.15), where « represents the modulus of proper acceleration:

wy = ng. (3.31)

If we substitute in (3.29), we get a temperature of

a
= 3.32
o (3.32)
By (3.7), we have the relation between « and a:
o =ae”®, (3.33)

which is compatible with the redshift factor (3.12), meaning that a Rindler observer
characterized by & = 0 detects a temperature of Ty = a/27, while another Rindler
observer with & = & detects a temperature of Ty = efafa/27r = «a/2m because T} V) =
T,V; (by (1.13) and the fact that temperature represents energy if kg = 1) and V; = 1,
Vo = e%. We notice that if & — oo the redshift factor goes to infinity, therefore the
thermal radiation vanishes. This is to be expected, since & — oo represents inertial
observers (because the modulus of proper acceleration a@ = e~%a goes to zero), whose
vacuum is exactly the Minkowski one.

We have thus proved that the observer with proper acceleration a in Minkowski
vacuum detects thermal radiation with temperature 7' = /27, which in standard units
can be written as

ho
T = ) 34
2rkge (3.3)

Before proceeding to derive the temperature of Hawking radiation, we shall stress the
fact that our argument implicitly relied on the existence of the Killing horizon ¢ = =,
because that is where Rindler coordinates start not working anymore. This led us to
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look for the analytic extension of Rindler modes, combine them into Unruh modes, and
obtain a vacuum state that is regular on the Killing horizon due to the analyticity of
Unruh modes. Without a Killing horizon, our argument fails, so in some sense, we can
think that it is the horizon itself that radiates. This is crucial for the understanding of
Hawking radiation, which we are going to study in the last chapter.
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Chapter 4

Hawking radiation

4.1 Temperature and entropy

Let us consider a Schwarzschild black hole with mass M in spherical spacial coordinates
{t,r,0,p}. Since the Schwarzschild metric is static and asymptotically flat, there exists
a timelike surface-orthogonal Killing vector field that is proportional to the direction of
proper time 7 = t of stationary observers at infinity and can be normalized such that
K =9,. Fora stationary observer O; just outside the black hole, in the proximity of the
event horizon r ~ Ry = 2G M, the proper acceleration has modulus a; > R;{l and the
local flatness requirement can be given a magnitude order, that is time and length scales
(measured by proper time 7, which is the distance in spacetime) being much lower than
the ones needed for the acceleration to become non-negligible, thus AT < Ry.

Proof. By manipulating the expression of the modulus of four-acceleration for a
stationary observer (1.24) and using r1 — Ry < Ry (thus r ~ Ry ),

RH vV RH 1 1

a = = = A > =~ .
or2, /1 — B 23 T}RH 1 2By Ry
T H

To have local flatness, the variation of components of four-velocity must be negligible
(i.e. the observer must be inertial), Au* < |u| = 1:

Aut S aAT < 1,

which implies

1
AT L -~ RH
a

Since local flatness means that the spacetime can locally be approximated by Minkowski
spacetime, it means that the vacuum state is the Minkowski one locally. However, since
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the observer has a proper acceleration with modulus a, the Unruh effect comes into play,
and the observer detects thermal radiation with temperature 7' = a;/27 according to
(3.30). In order to compute what temperature a distant stationary observer Oy detects
(ro > Ry and the redshift factor is Vo = 1 by plugging » — oo in (1.15)) we cannot
rely on any concrete concept of local flatness because we do not have a hypothesis like
ry — Ry < Ry which allowed us to assign an order of magnitude for that. We are able,
however, to exploit the fact that stationary observers follow orbits of the Killing vector
field K = 0, so the temperature detected by the observer O, at infinity is

T = — 4.1
o (4.1)

where k is the surface gravity of the black hole.

Proof. Using the redshift factor as in (1.13) with Vo = 1, and the fact that temper-
atures are energies for kg = 1, we have
Via, K

V;
Ty= lim —7y = lim =
Tl—)RJI_} ‘/2 Tl—)RJI_} 27T 27T

where we take the limit because at the event horizon Vi — 0 and a1 — oo, and their
product is finite and defined as the surface gravity (1.23).

If we substitute the surface gravity of a Schwarzschild black hole (1.25) and restore
standard units, we get the famous formula for the temperature of a Schwarzschild black

hole:
he3

I'= ——F—.
87T]€BGM

Notice that in this case, the temperature does not vanish at spacial infinity as it did in
the Unruh effect case. This is due to the particular form of the Schwarzschild metric
and can be boiled down to the very existence of the black hole, which is not present in
flat spacetime.

We should stress that our arguments rely on the existence of an event horizon, which
allowed us to compute the order of magnitude of local flatness, which in turn was needed
to make the analogy with the Unruh effect. Without the horizon, no such argument
is possible since there is nothing that gives us a spacetime scale in which the Unruh
effect can be applied. In some sense, the fictitious Killing horizon that we had in
Minkowski spacetime for accelerated observers corresponds to the actual event horizon
in Schwarzschild spacetime, and the vacuum state seen by free-falling observers near the
horizon corresponds to the Minkowski vacuum seen by inertial observers in flat spacetime
so that a stationary observer near the horizon corresponds to an accelerated observer
in (locally) flat spacetime. This is nothing else than Einstein’s equivalence principle at

(4.2)
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play. In addition, it is required that the field is regular on the event horizon, just as
we did in the Unruh case when we extended the Rindler modes analytically over the
Killing horizons. In this case, the field vacuum state can be shown to be regular on the
Schwarzschild event horizon, because a free-falling observer can follow a geodesic path
that crosses the horizon with continuity, and he detects local flatness everywhere, which
is exactly what the field needs to be regular.

Another important consideration regards the validity of our approximation ry — Ry <
Rpy. This breaks down if we consider wavelengths comparable to Ry, since local flatness
would not extend to such a scale and the Unruh formula for the temperature would not
be valid anymore. However, the energy contributions of these wavelengths are negligible
in the case of black holes characterized by a mass of the order of the sun’s M.

Now, we can define the entropy of the black hole just by employing the thermody-
namical definition dS = 0Q,.,/T and considering a quasi-static process of formation of
a black hole from zero mass to mass M (it is just an approximation since we will see in
a few moments that if the black hole is small it radiates away an enormous amount of
energy in short periods of time, as can be viewed from the fact that the temperature is
inversely proportional to the mass). The result is:

S=— (4.3)

where A = 47 R?%, = 167G?M? is the area of the event horizon.

Proof. In natural units, dQQ = dM, so we have dM = TdS. By using the formula
for the temperature (4.1) with surface gravity k = 1/AGM (1.25), we have

dS = % = 8rtGMdM.

If we integrate,

S M
S:/ dS:/ 8TGMdIM = 4nGM? = —~— 7/ — |
0 0

In standard units, we have, by expliciting the area,

. 47T]€BGM2

S he

(4.4)

Now that we have quantities of interest such as temperature and entropy, we can make
some interesting considerations regarding black hole evaporation and information loss.
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4.2 Black hole evaporation

We have already stated that the thermal radiation (3.29) in the Unruh effect, which is
of the same type as the one in the Hawking effect, looks like a Bose-Einstein statistical
distribution, and since the field we are considering is massless, it reduces to the partic-
ular case of Planck’s law for spectral radiance of blackbody radiation, and therefore we
can approximate the black hole as a blackbody and use the Stephan-Boltzmann law to
compute the time needed for a black hole to completely disappear by radiating particles,
according to a stationary observer at infinity.

Of course, this is just an approximation for the regime when the black hole has a
mass comparable to that of the sun because we already noticed that our analogy with
the Unruh effect breaks down when the wavelength is comparable to the Schwarzschild
radius. In other words, if the black hole is big enough, there will be a first phase when
our approximation holds, but as the black hole keeps radiating and shrinking, it will
eventually reach a size for which the average wavelength of its radiation is comparable
to its radius, and our approximation breaks down. However, in this second phase, the
emission of energy is so fast that the time needed to radiate away the remaining mass is
negligible in comparison to that of the first phase, so we still get a good estimate of the
evaporation time.

Another consideration is that we are performing the calculation assuming that there
is only one scalar quantum field that interacts with the curvature and radiates particles,
but in the standard model there are multiple interacting fields, so to get a better estimate
we would need to consider the contribution of all such fields. However, we shall expect
that the order of magnitude that we will get is still indicative of the time scale of the
black hole evaporation, because the energy radiated by each field can be assumed to be
of the same order as the one we are considering, and in the standard model of particle
physics there are only 17 fields.

Let us consider a Schwarzschild black hole with mass M and radius Ry = 2GM.
Stefan-Boltzmann law states that the energy radiated per unit time per unit area by a
blackbody is proportional to the fourth power of its temperature by

PE

dtdA 60"
If we explicit the area of the event horizon A = 47 R% = 167G*M?/c* (we are restoring
standard units) and the temperature (4.2) we obtain, by a straightforward computation,

dE hc

At 15360mG2M?
Using this equation, we can compute the time At needed by the radiation to completely
radiate away the black hole mass (in standard units):
_ 5120nG*M?
B hct '

(4.5)

(4.6)

At (4.7)
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Proof. Since dE = c*dM, by (4.6) and separating variables we get

hctdt
M?*dM = ————
153607 G2’
which, after integration, gives
M?  he'At
3 15360mG?’

where we can easily isolate At.

We see that the time needed for the evaporation increases as the third power of the
mass of the black hole. We can plug some numbers into (4.7) to see what is the order
of magnitude of such a time interval. The smallest black hole that has been detected by
now is XTE J1650-500 in a binary system in the Milky Way, and its mass is M ~ 3.8 M,
where Mg ~ 2.0 x 10%° kg is the mass of the sun. The computation of At for this black
hole gives At ~ 3.7 - 10" s, which, in years, is At ~ 1.2 - 105 3. Since the estimated
age of the universe is 7 = 1.4 - 10! y, what we got is almost 60 orders of magnitude
greater than the age of the universe, which should give an idea of how long the process
is. In addition, since the surroundings of this black hole contain a lot of matter, the time
we obtained is an underestimation, because in our calculation we were assuming that
spacetime was empty around the black hole, so its mass had no way to increase.

4.3 Information loss paradox

In statistical mechanics, we interpret the entropy as the logarithm of the number of
microstates I' that are accessible to our system for fixed macroscopic variables:

S =kgInl (4.8)

In the case of black holes, since we have an expression for the entropy (4.3), one could
ask where the information about the microstate is stored. There is an important no-hair
theorem that states that black holes in static asymptotically flat spacetimes like the
ones we focused on are fully characterized by mass, spin, electric, and magnetic charge,
and no other information is needed to describe them. The black hole (micro-) state
therefore tells us no more than macroscopic variables do, so the entropy should be zero,
in contrast with our result that tells us it is proportional to the area of the event horizon.
Some interpretations of this contradiction are given by the holographic principle, which
conjectures that no information is present inside the black hole, but rather it stays on
the event horizon so that the no-hair theorem is not violated. If we cast the expression
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for the entropy (4.3) in Planck units we get S = A/4, and restoring standard units and
using the Planck length [p = ,/Z—? we get

A
S=kp—, 4.9
where we simply reintroduced the Boltzmann constant, which has the dimensions of
entropy, and in the denominator, the Planck area appears, compatibly with Planck
units. If we equate the entropy (4.9) with the information entropy
1

N=—Inl 4.10
which is the number of bits needed to store the information that is encoded in the system,
we get

N
4124 1n 2

where we used (4.8) and (4.9) to say that InT' = A/4l%. This tells us that every region
with area 4% 1n2 (of the order of the Planck area) of the event horizon encodes one bit
of information, and in the holographic interpretations this is thought as having some
physical meaning which is hidden behind the Planck scale.

Out of curiosity, we could compute how many bits of information the black hole
XTE J1650-500 mentioned in the previous section encodes. Using (4.11) with A =
167G*M?/c* and 1% = WG /¢ we get

(4.11)

ATrGM?
N=—-—
heln2 '

which gives N ~ 5.1 - 107 after plugging M ~ 3.8M. This means that XTE J1650-500
encodes around 6.4 - 105 zettabytes of data, which is more than 50 orders of magnitude
greater than the estimated volume of data ever created, stored, copied, and consumed
worldwide ever since the advent of digitalization according to [8], which in turn is no
more than 10° zettabytes.

However, there is a problem with the holographic interpretation, that pops up with
the disappearance of the event horizon once the black hole has completely evaporated
through Hawking radiation. In fact, without an event horizon, there is no place to store
information, and since the radiation is thermal, by definition it cannot encode much
information, especially such an enormous amount like the one we have just computed.
Therefore, information seems to be lost, in contrast with important theorems of conser-
vation of information in quantum mechanics. If two completely different initial states
were to form two distinct black holes, there would be no way to backtrack to the orig-
inal states from the final states where both black holes have evaporated. This is the
information loss paradox, which does not have a solidly accepted solution, for now.
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Conclusion

We have concluded our derivation of Hawking radiation, effectively obtaining expressions
for the temperature and entropy of a Schwarzschild black hole, which we have used to
speculate about the evaporation time of black holes and the encoding of information on
the event horizon, ultimately leading to the information loss paradox.

Retracing the steps we have taken to arrive at the results we aimed for, we first defined
important quantities such as the redshift factor, the acceleration of stationary observers
in asymptotically flat static spacetimes like the Schwarzschild one, Killing horizons as
null hypersurfaces with orthogonal null Killing vector fields, and surface gravity as the
limit of the product of redshift factor and stationary acceleration in the proximity of the
event horizon.

After that, we took a detour into quantum field theory in flat and curved spacetime,
highlighting analogies and differences. We learned that, in flat spacetime, particles are
energy excitations of quantum fields, and the eigenstates of the hamiltonian of such
fields are given by eigenstates of number operators defined by expanding the field on
positive and negative frequency modes and interpreting the coefficients of the expansion
as creation and annihilation operator pairs. We saw that the modes used as a basis for
the solution space of the Klein-Gordon equation can be transformed into one another
using Bogoljubov transformations, and each basis choice gives rise to different number
operators. We realized that in curved spacetime it is not possible in general to define
frequencies unless there exists a hypersurface-orthogonal timelike Killing vector field,
which allows us to put the metric in block-diagonal form with space and time components
that do not mix and to factorize the modes so that they have definite frequency. In this
way we have a natural way to define vacuum and particles, that is in some sense shared
by all observers through the Killing vector field.

After that, we moved to study accelerated observers in flat spacetime using Rindler
coordinates, and we found a Killing horizon corresponding to the light cone of an inertial
observer. Using this, we computed the surface gravity and the redshift factor, and then
proceeded to explore the solutions of the massless two-dimensional Klein-Gordon equa-
tion expanded into Rindler modes instead of Minkowski ones. By analytically extending
such modes exploiting the regularity of the field on the Killing horizon we obtained the
Unruh modes, whose vacuum state is the same as Minkowski modes, and used this to
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compute the number expectation value of the Rindler accelerated observer in Minkowski
vacuum. This turned out to be a Bose-Einstein statistical distribution, which allowed us
to define the temperature of the radiated particles.

Finally, we realized that a stationary observer just above the event horizon of a
Schwarzschild black hole can be viewed locally, for small enough space and time scales
defined by the event horizon itself, as an accelerated observer in flat spacetime, thus
allowing us to use the Unruh temperature for the resulting radiation. By redshifting
this temperature towards spacial infinity, we obtained the temperature of the Hawking
radiation as seen by a stationary observer at spacial infinity. From the temperature,
we were able to define the entropy, which we also used for our last more speculative
computations.

Hawking radiation is a fascinating phenomenon, and it gives us hope to perform, in
the future, some experimental tests on black holes created in the laboratory, or could
turn useful for the discovery of primordial black holes that are small enough to emit
powerful radiation that is detectable on Earth. The path to a unified model of gravity
and quantum mechanics, if exists, is still long, but every step we take could potentially
be crucial, and Hawking radiation could be the key yet to be inserted into the lock that
may be separating us from a more fundamental understanding of our universe.
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