ALMA MATER STUDIORUM - UNIVERSITY OF BOLOGNA

School of Science
Department of Physics and Astronomy
Master Degree in Physics

Quintessence, fifth forces and string theory

Supervisor: Submitted by:

Prof. Francisco Manuel Soares Elisa Medda
Verissimo Gil Pedro

Academic Year 2022/2023



For the love of physics



Quintessence, 5th forces and String Theory

Elisa Medda

Abstract

This thesis focuses on the study of the dynamical systems of late time cosmology in-
cluding scalar field driven dark energy models. Light gravitationally coupled scalars are
known to mediate fifth forces that lead to deviations of Newton’s gravitational inverse
square law. These bounds severely constrain dynamical dark energy models. In this the-
sis we explore a recently proposed mechanism, easily embedded in the moduli sector of
string compactifications, that exploits field space curvature to evade fifth force bounds.
This mechanism can be realised with an axion and its dilaton in the presence of a small
axion-matter coupling. We perform a systematic study of the dynamics of systems and
of their ultraviolet embedding into string theory.
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Introduction

One of the main challenging problems in today physics is the cosmological constant
problem.

The Standard Model (SM) is nowadays the most powerful theory that explains the
behaviour of particles and is in good agreement with most of the experimental results.
Nevertheless, it lacks in many aspects, requiring new physics to be developed. Indeed,
the SM is a theory which does not incorporate all the four fundamental forces, this is
due to the fact that gravity works at very different energies in respect to weak, strong
and electromagnetic forces, making the theory harder to incorporate and leading us to
the necessity of developing a new theory. It was the 1915-1916 when Einstein completed
his theory of General Relativity (GR), assuming that our universe was static. The belief
of a static universe was rooted on the observation that the velocities of the stars were
much smaller than the velocity of the light. However, he thought that his original theory
didn’t present a static solution, which brought Einstein to add a new parameter A, the
cosmological constant, in the equations, but it was later discovered by Friedman that the
Einstein field equations indeed provided the possibility of a static universe as solution,
leading to the discard of this additional term. Nowadays, there are several experimental
measurements that confirm that we live in an accelerated universe, e.g. the first evidence
for a cosmological constant from type Ia supernova observations [1| or the more recent
Planck survey [2] which proved again that ordinary matter is only around 5% of the total
content of the universe, another 25% is given by Dark Matter and an astounding 70% is
instead Dark Energy.

However a profound discrepancy arise when looking at what the theory naturally
predicts and what observations instead show us: this is the aforementioned cosmological
constant problem. We know that the cosmological constant A is defined by the energy
density of the vacuum which can be estimated to be Ap ~ (10'® GeV)*, while from
cosmological observation we have that A.,, < (1072 GeV)*. Thus, Ap/Aeyy ~ 1020
which implies an huge gap which can be explained only if one allows for a fine tuned
value of the bare constant in the QFT.

In the past decades several attempts have been developed in order to solve the cosmo-
logical constant problem. For example, by the introduction of Supersymmetry (SUSY),
where at each SM particle is associated a super-partner of opposite spin statistics, we
have that the extra contributions help mitigate the discrepancy bringing Ap/A.., ~ 10%
which still requires a fine tuning, where Ap is the SUSY breaking scale which we are
assuming at the TeV scale. In this thesis we will focus on a different approach to solve
the cosmological constant problem, which is called Quintessence. This model is based
on the idea that A is considered as a dynamical field varying in time.

Hence, in this work we start, in chapter 1, with a review of the Standard Model,
paying attention on its problems. In detail, we will argue about the absence of gravity,
one of the four fundamental forces, and the consequences of that. In the end of the



chapter we will recall one of the most fascinating mysteries of physics, which is the
cosmological constant problem, since in this thesis we want to talk about one of the
possible explanations, using the quintessence model. Then, in chapter 2 we introduce
String Theory, describing the main concept and the bosonic string. Thus, we add the
fermions and we discuss about Superstring Theory, where we implement the theory of
supersymmetry with the one of the strings. In detail, we are going to focus on Type
IIB String Theory. Therefore, we will discuss about compatification in extra dimensions,
and using the Kaluza-Klein reduction we will be able to discuss about a particular form
of a potential that will be useful for the development of the next chapters. In chapter 3
we are going to argue the main body of what then later will be analysed in more details.
In particular, we are going to describe the evolution of the universe as a first order
dynamical system, starting from a theory with only one scalar field to a more complete
theory with two scalar fields. Finally, in chapter 4 we are going to face the model that
was used for the main results of this thesis. The model is the Relaxed Model, from a
recent work in (3|, where we have a scalar field, a supergravity sector coupled with the
SM and a scale invariance, from which we construct our EFT. In the final part of this
chapter we will explain the scalar tensor theory and the Brans-Dicke model.

Lastly, in chapter 5, we explore the Brans-Dicke model but with an extra scalar field
and an axion source. Here we repeat the same kind of study of chapter 3, with particular
attention to the study of the critical points and their stability. In detail, we are going
to analyze two different type of potentials, one which is only an exponential and than
second one, known as the relaxed model described in chapter 4, which is given by an
exponential times a polynomial term, which allows for a local minimum granting new
possible cosmological evolutions.
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Some Conventions

Special Relativity
e metric signature: 7, = diag(—1,+1,+1,+1).
e Minkowski spacetime R3.
e 4-vectors z* = (t,¥), where 2° = ¢.
Constant of Nature

e c=h=ec=1,ie. all the units are expressed as kg ~ m~!

e Reduced Planck mass, M3 = 1/(87G) = (2.4 x 10'® GeV)?

vil



Chapter 1

Standard Model and Cosmology

The Standard Model (SM) is a theory which explains the interaction between three
fundamental forces (weak, strong and electromagnetic) and classifies all the elementary
particles that we know today, showing a very high precision and agreement with experi-
mental data. With respect to the other three forces, gravity is working at very different
scales of energy, which make it hard to find an unified quantum theory for all the four
forces. Moreover, another lack of the Standard Model is a natural explanations of Dark
Energy.

In this chapter we will briefly discuss about the SM and some of its limit, following |4
8], and for the rest of this chapter we will focus on the Cosmological Constant problem.

1.1 The Standard Model and its problems

The Standard Model is a 4D spacetime QFT which describes the most general renormal-
isable field theory constituted by:

e Matter particles, where we have quarks

i ) U%, di?? 7':172737
<d)L

with v’ = (u, ¢, t) and d' = (d, s,b), and leptons

2 i i
<ei> ) VR: eR’
L

with v = (ve,v,,v;) and € = (e7,u~, 7). They all have spin /2, where the
subscript L/R denotes the left /right handed components, and it is important to
note that quarks feel the strong interaction and carry colours while leptons don’t.

e [nteraction particles

SU@3)e x SU2), x U(1)y

Vv
Strong Electro-Weak

where

(a) SU(3)¢ is the strong interaction, with 8 gluons that are the mediators in
the QCD theory. Here the subscript C' means colour.
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Chapter 1 Quintessence, 5th forces and String Theory

(b) SU(2)r x U(1)y is the electro-weak interaction . The subscript L is due
to the fact that the SM is chiral, i.e. doesn’t preserve parity and differentiates
between left- and right-handed particles, while Y means hypercharge.

e The Higgs particle, which is a scalar field with spin s = 0. Its potential has a
Mexican hat shape, see Fig.1.1, which via the Higgs mechanism gives mass to all
particles.

V(9)

Re(¢)

Im(¢)

Figure 1.1: Mexican-hat potential in function of the field ¢.

Moreover, the Higgs particle is responsible for the breaking of the SM
SUQ2) xU(l)y = U(l)eum,

since it gives masses to three of the four gauge bosons of SU(2), X U(1)y which
combine into the W* and Z° bosons, while leaving one massless boson, which
represents the photon of the U(1)gy, group.

We present the full spectrum with corresponding representation in Tab.1.1.
The structure of the SM Lagrangian is

LSM = »Cgauge + »Cmatter + LHiggs + EYukawaa (11)

where Lg44. has the standard form of

1 . )
Lyauge = — Z 4—92F(2)””Fl59 i runs over U(1), SU(2) and SU(3), (1.2)
with
Fu =i|Dy D], where D, =0,-i4,. (1.3)

Elisa Medda 2



Chapter 1 Quintessence, 5th forces and String Theory

particle field spin(h) (SU(3)c,SU(2)L)u)y

quarks : (3,2)1
d' ’
L
U 3 (3,1)_:
di’% % (37 1)%
v _
leptons : (1, 2)_%
o
L
V%’, % (iv 1)1
ezR % ((_)7 1)1
#
Higgs 0 (1,2)_1
¢ 2
gluons G 1 (8,1)o
W bosons ~ W? 1 (1,3)
B boson B 1 (1,1)0

Table 1.1: Particles of the Standard Model.

The matter Lagrangian is instead given by the Dirac Lagrangian for fermions as

Ematter =1 Z \I’]E/J \I/j s with <Dj>u = 8M - IR] (A“), (14)
J

where R;(A,) is the representation of A,. For convention, instead of the Dirac spinors
we are using 4-spinors that are left-handed

\If:(%a), a=1,2.

Moreover, it is important to define the Higgs Lagrangian term, which has an impor-
tant role in the theory of SM

i
/CHiggs = _<Du¢> DMQS + m35|¢’2 - >\¢|¢|47 (15)
where the Mexican hat potential is
1 1
V(g) = —§m§I¢T¢ + ZA¢(¢T¢)2, Ao >0, (1.6)

where )\, is a self interaction term. The potential has a minimum at |¢| = v >~ 174 GeV,
that leads to a spontaneous gauge symmetry breaking (SSB).
Lastly, we can define the Yukawa Lagrangian

EYukawa = - Z )\jk\TJJ\IIZ ¢ + h.c. ) (17)

Jk
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Chapter 1 Quintessence, 5th forces and String Theory

where W is the charge conjugated spinor and the Yukawa couplings \;; are responsible
for the masses of the spinors.

1.1.1 Quantum Gravity

One of the main shortcomings of the SM is the absence of gravity, which is treated only
from a classical point of view. In detail, SM describes three of the four fundamental
forces at the quantum level, which means that gravity can only be treated as an effective
field theory, only valid at scales smaller than the Planck scale (i.e. Mp ~ 10" GeV).

Now, let us take the SM Lagrangian, where Lg), is the Lagrangian for the matter
fields ¥, and adding in a minimal way gravity we have

/d4;p ESM(U;UM \I]) — /d4$\/—_g<MT}%R(g,w) + ESM(Q;U/’ \I/) — A) , (18)

where A is the cosmological constant, R is the Ricci scalar, Mp is the Planck constant
and g = det g, is the determinant of the metric.

We can now develop this theory thinking at the SM at which we add another gauge
theory.

Einstein’s gravity is a theory of a dynamical metric, g,,(z), that in particular situ-
ation can be seen as a background metric (g,,) plus a small perturbation dg,,. Thus,
expanding the metric g, around flat space we obtain [9]

v = N + 59[“/ ) (19)

where dg,, is very small and it can be written in terms of a linear perturbation of the
graviton h,,, which is a massless spin-2 field

s
hyuw
Gy = Ny + —2, 1.10
where h,, is a gauge potential analogous to A,,.
Hence, we can rescale the covariant derivative of a vector field as
1
Dyv, = 0,v, —T%,v, with IV, = 5g”“((?,tgl,(, + 0uGuo — Os ) 5 (1.11)
and we can write the curvature tensor R symbolically as
R~[0-T,0-T1]. (1.12)
Thus, rescaling h — h/Mp the Lagrangian takes the symbolic form
B+~ (an)? + (L>2(8h)2 + (1.13)
M M ST .

Differently from the gauge theory structure in this case we have that the coupling has
mass dimension —1, and without going into details, we have that the Fadeev-Popov
procedure and the introduction of ghosts works as in gauge theory. Hence, substituting
the expansion of the metric in equation (1.8), we obtain

1

‘Cin
k CMP

hy T . (1.14)

Elisa Medda 4



Chapter 1 Quintessence, 5th forces and String Theory

1.1.2 Hierarchy Problem

The Hierarchy Problem is at the basis of the research of new physics at LHC distances.
The central idea of this problem is to explain the totally different energy scales
associated with the SM and with gravity

Gh
M., ~ 10* GeV, Mp =/ —5 ~ 10" GeV, (1.15)
c
which means M,,,/Mp ~ 10715 ie. the weakness of gravity when compared with the
other interactions. Indeed, there are two sides to analyze of the hierarchy problem.
1. Why is M., < Mp at tree level?

This first question bring us to the so called hierarchy problem, which can be solved with
an extensions of the SM. Once solved this problem another natural question is:

2. Why is the hierarchy stable under quantum corrections?

Which is more complicated to solve and it is called technical hierarchy problem. In fact,
one loop contributions to the Higgs mass p are quadratically divergent [10]

M;Q;hys = :ufree + (5”)2 ’ (116>
where
2
(6p)? = A [ — 6y} + 1(9g2 + 3¢"%) + 6 (1.17)
167 by 4N '

where A is the cutoff of the theory, y; is the top Yukawa coupling, g, ¢' are the SU(2)
and U(1) gauge couplings and A, is the Higgs self-coupling.

1.1.3 Cosmological Constant Problem

The cosmological constant problem is one of the main problems of the theory of the
Standard Model [11-14]. The problem is based on the huge discrepancy between the
measured value of the cosmological constant and the expected one.

From QFT, due to locality and unitarity, we know that the vacuum has an energy
which can be calculated by computing the vacuum loop diagrams for each particle species.
Taking back the term (1.14), what is crucial is that the cosmological constant gives rise
to a term of the energy momentum tensor as

™" = —nt"A | (1.18)
then, if A is different from zero we can have a tadpole term
1
LC ——h,n"A, 1.19
- MP 12 n ( )

which will give us a loop diagram, assuming gravity is coupled with a scalar field ¢

Elisa Medda 5



Chapter 1 Quintessence, 5th forces and String Theory

that has the meaning of a correction to A as

Cx

A=A A =Ag+ A 1.2
o+t 1672 o+ (1.20)

with 0A ~ 10'*°(meV)* which is in total contrast with the experimental value Aey, ~
meV? and thus requires a fine tuning of the bare constant Ay.

1.2 Cosmology

At large scales our universe looks isotropic, which means that it is the same in all the
direction, and homogeneous, i.e. the same everywhere [15-20], this bring us to the so
called C'osmological Principle, which can be proven.

Suppose to take two intersected circles as in Fig.1.2, each of them, thanks to isotropy,
has a density which is constant, i.e. ps = const., pgp = const., thus also the intersected
region is constant and we have p4 = pg, which implies that we have homogeneity of the
space.

Figure 1.2: Representation of two intersected circles with an isotropic density to prove
the Cosmological Principle.

Homogeneity is what allows us to have a cosmological time which is taken globally
and not only locally. Thus, assuming that our universe is homogeneous and isotropic,
the dynamics of our universe is described by the Friedmann-Lemaitre-Robertson-Walker
(FLRW) metric

2

2 2 2 2 2 2
ds” = —dt*+a’(t) > A" = =i+ a*(t) | 5,

+7r2d0? |, (1.21)
where a(t) is the scale factor, which describes the expansion of the universe, and dI? is
the symmetric 3—space. In detail, dQ? = d6? + sin? 8d¢? and the coordinates r, # and ¢
are called the comoving coordinates [21]|. Moreover, for the value of k we can have

0 E3
k=< +1 S?
-1 H?3

Elisa Medda 6



Chapter 1 Quintessence, 5th forces and String Theory

respectively for flat, spherical and hyperbolic spatial slices with curvature radius Ry.
The differential equations for the scale factor and matter density comes from the
Einstein’s equation

1
G =R — Eg“VR — Ag, = 87GT,

2

(1.22)

where G is the Newton constant, GG, is the Einstein tensor, R, is the Riemann curvature
tensor, A is the cosmological constant, which can be interpreted as a vacuum energy and
thus be part of p, the energy density, and lastly, 7}, is the energy momentum tensor.
Precisely, if we consider a perfect fluid we have that

T} = diag(—p,p, p,p), (1.23)

where p is the pressure density and p is the total energy density of our universe, given
respectively by radiation, neutrinos, baryons and cosmological constant as

p=pytputpytpa (1.24)

It is important to define also the Hubble parameter
a
H=—, 1.25
" (1.25)

where the dot means a derivative in respect to time, a = %. Thus, from the Einstein’s
equation we can write the two independent equations as

&G k A

__r 4= 1.26
a’R2 + 3’ ( )

A
—_— = —. 1.27
a’R3 3 (1.27)
An important feature to note is that the space-time remains invariant if we rescale
simultaneously a,r, Ry in the following way

H=—41G(p+p) +

a— \a, r— A"t Ry — A 'Ry, (1.28)

which allow us to set a(tg) = 1, where ¢t = ty is today time, without loss of generality.
Moreover, due to the Bianchi identities V, 7" = 0, we obtain the continuity equation

py = —3H(py + P,), (1.29)

where v is a constant in the range 0 < v < 2; thus if v = 4/3 we have radiation and with
v = 1 we have dust. Furthermore, since we know that our universe is in a accelerated
expansion, which means a > 0, we need to satisfy

py + 3P, < 0. (1.30)
Thus, we can classify sources by their equation of state

matter

&
Il

> |

0,
1 . .
3 radiation

1, dark energy
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Chapter 1 Quintessence, 5th forces and String Theory

and we can write the densities scale as
p oc a0+, (1.31)

Now, considering a flat universe, i.e. with £k = 0, we can define the critical density p.

pe = 35 _ 1.9 x h* x 107¥gcm ™ (1.32)
‘8@ ' ' '
Thus, it is more convenient to use the following dimensionless density parameters
Qo= with i = r,m, A... (1.33)
Pc,0

where for simplicity we will just drop out the index 0 in €.
Thus, the Friedmann equation takes the form
H2
= Qa4+ Qa2+ Qa2 4 Qy, (1.34)
0
where Qi = —kc?/(RoHy)? is the curvature density parameter, with Q < 0 when k > 0.
Now, considering eq.(1.34) at present time, a(tg) = 1, we obtain

1=Q, +Q + Qp + Q. (1.35)

In order to determine the composition of the universe we need to measure the parameters
occurring in the Friedmann equation.

1.3 ACDM model

We are now going to describe a model of the compositions of our universe, called the
ACDM model [22-24|. Today we know that our universe is constituted by matter,
radiation and dark energy, which in this model is assumed to be given by a cosmological
constant. The two dominant components are given by

Oy =069 and Q, =031, (1.36)

where the dark energy comprises almost the 70% of the total amount of energy of our
universe. The evidence of the existence of A comes from information of the distribution
of galaxies and from direct measurement of Type la supernovae [1]. In detail, from
the CMB [2], we infer that our universe is spatially flat, which means that the total
energy density must be critical, and so it must contain more than just regular and dark
matter. Secondly, we deduced that our universe is constantly accelerating whose evidence
come from calculating the distance-redshift of supernovae, since the expansion rate of
the universe has changed over time also the distance-redshift relation has changed [1].
Moreover, a smaller contribution to the total amount of energy in the universe comes
from photons and neutrinos

Q,~5x107° Q,~34x107°, (1.37)
and, since there are no evidence of the curvature of our universe, we have

€] < 0.01. (1.38)

Elisa Medda 8



Chapter 1 Quintessence, 5th forces and String Theory

The collection of €2y, Q,,,, Q2 and €2, is called the Standard Cosmological Model or ACDM
model, where A stands for the cosmological constant and CDM denotes cold dark matter
which we will not analyze here.

Despite the A—CDM is a very good model, according with the cosmology community,
there are different difficulties that arise, see [25].

One of the main problem is connected with the fact that most of the vacuum associ-
ated with the quantum field theories predict an huge cosmological constant A which is
of 100 orders larger than the expected one, which arise in a fine-tuning problem.

Another unsolved problem is related to the question of why the densities associated
with dark energy and dark matter are approximately equal today.

1.4 Quintessence

As stated in the previous section, from the Cosmic Microwave Background (CMB) and
other experimental evidence, we know that 70% of our universe is constituted by Dark
Energy, which is characterized by the equation of state parameter

w=—<—= (1'39)

which means that it has negative pressure. One of the candidates for Dark Energy is
the cosmological constant A with a value of w equal to —1. However, despite the years
today we are not yet able to find a way to explain why the vacuum energy associated
with the particles of the Standard Model (SM) is far away from what we found for the
vacuum related with Dark Energy [11, 12|. A possible explanation would be to consider
that A is not a constant but a time varying value. A natural way to introduce a time
dependency is given by the Quintessence model [26-29], i.e. one considers a scalar field
¢ with a potential V(¢), such that its dynamics drives the expansion of our universe
today.
A simple example of V(¢) is given by

V(p) = M*e¢~™  with a >0, (1.40)

where M is a constant with mass unit equals to one. This type of potential takes the
name of runaway, discussed in more detail in the context of String Theory.

In detail, the acceleration of the universe can be explained by this slowly varying
scalar field along a potential, which is similar to the inflaton in inflationary cosmology
[30, 31].

Thus, suppose to take a perfect barotropic fluid (i.e. the density is only a function
of the pressure) we can write the action of the quintessence field ¢ in the presence of
non-relativistic matter, as

S = / d'z /g <%M%R — 59" 00,0 V<a>>> 4 S, (1.41)

where S, is the matter action, g is the determinant of the metric g = det g,,,,, Mp is the
reduced mass of Planck and R is the Ricci scalar. Hence, we can write the pressure and
the energy density of ¢ respectively as

(2 (2

Po="75-V(9), ps==5+V(9), (1.42)

Elisa Medda 9



Chapter 1 Quintessence, 5th forces and String Theory

and consequently, the Dark Energy equation of state will be given by

P, £-V
Po S+ V(o)
and ¢ satisfy the Klein-Gordon equation
¢+3Ho+V, =0, (1.44)
where V,, = %. One of the main advantages of the quintessence model is that it provides

several possible scenarios for the evolution of the universe, adding the possibility that
we are now in a transient phase, that it is slowly evolving over enormous time scales.
However, there are also several problems, such as fine-tuning, related with the fact that
we need that the field has to be in the point where V(¢g) ~ po ~ (0.003 eV)* today.
Another problem is to match the phenomenology constraints given by the fact that
quintessence field must be weakly coupled to ordinary matter, otherwise we should have
some long-range forces, which has not been seen experimentally. [26]. Lastly, let us
address the so called "why now?" problem. In fact, in order for the dark energy to
dominated the energy density content of the universe one should have a very peculiar
epoch in which radiation and matter energy densities are comparable with dark energy.
There is an anthropic answer to this questions, which says that our universe happens to
be in this optimal value because otherwise we would not be here to witness it. However,
for many physicist this is not a satisfying explanation and thus there is a search for a
natural trigger of this phenomenon, i.e. one could study the dynamical system of the
cosmological evolution equation and explain our phase through the reaching of a fixed
point, as we will analyse in Chap.5.

Elisa Medda 10



Chapter 2

Introduction to String Theory

String Theory is today one of the most promising theory that can explain the unification
of all the forces in nature, including gravity, in an unique theory.

In detail, String Theory can be seen as an extension of the Standard Model, since
it naturally include also non abelian gauge interactions, fundamental scalars and grav-
ity. Moreover, String Theory allow us to have also others important results, such as a
realization of holography in terms of AdS/CFT correspondence [32].

Unfortunately, as today, String Theory is a theory where experimental confirmations
are hard to gather, since it probes really high energies and thus requires us to look at
scenarios such as the early universe or limits in which gravity becomes important, e.g.
in black holes. Furthermore, we are considering particles as excitations of 1D strings,
which in turn requires extra dimension, that are hard to experimentally prove, due to
the usual really small scales at which they become evident. Lastly, String Theory is still
not well fully understood, lacking a complete formulation and a lot of work and effort is
currently being put into developing the theory.

In the following discussion we will mainly follow the work done in [33-42].

2.1 What is a String

The basic concept of String Theory is to consider particle not as the fundamental building
blocks but as excitation of a one dimensional extended object which is called string, as
it is shown in Fig.2.1

. /\/

particle string

Figure 2.1: Schematic representation of a point-like particle and an open string.

A string can either be open or closed and different theories can be developed with
this content.

11



Chapter 2 Quintessence, 5th forces and String Theory

When a string, which is a one dimensional object, evolves in time it generates a
two dimensional surface X in spacetime, which is called worldsheet, analogously as the
worldline for point particles. Open strings correspond to worldsheet with boundaries
while closed strings without boundaries.

To describe a string we need two variables, one for the direction along the string o
and one to parameterize a time-like direction t. Thus, if we take into consideration a
D-dimensional Minkowski space MP | we can write D functions X*(¢,0) as

(t,0) = 2" = XH(t,0), p=0,.,D—1 (2.1)

that can be represented through Fig.2.2.

Tt

Figure 2.2: Systematic representation of the function X*(t, o) that provide an embedding
of a surface X into D-dimensional spacetime called target space.

Moreover, it is also important to introduce the generalization of worldsheet, the
worldvolume, as the volume of spacetime occupied by an extended p-dimensional object,
which are typical building blocks in String Theory constructions such as p-branes, see

(E)

worldline worldsheet worldvolume

Figure 2.3: Representation of a worldline, a worldsheet and a worldvolume in comparison.
Source [42].
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2.1.1 Bosonic Strings

From now on we will focus on bosonic string theory, and later generalize to include
supersymmetry on the worldsheet and thus super string theory.
We already know that the action of a relativistic point particle is given by

S = —m/ads , (2.2)

where « is the worldline and ds? = 7, dX* dX" is the interval. By analogy, the dynam-
ics of a string of length ¢ is defined by the action, which is a reparametrization-invariant
expression for a surface embedded in MP called the Nambu-Goto action, whose expres-
sion is

SwalX'] =~ [ PV

2o

2 1/2
B 1 0X"0X, 0XroX, \ [0X"*0X,
__2mf/dt/d"[( ot 00) _<8t (‘%)(60 do - (23)
where £¥ = (t,0) are the compact coordinates, and h is the determinant of the metric on

the worldsheet hos = 0,X"05X,,, with o, B equals to t or o, while o' is called the Regge

Slope, which gives the string tension 7' = ﬁ, with dimension of Planck’s constant

divided by length squared. In addition, it is important to define the mass and the length
of strings, given by

1
M= — I, =2nva 2.4
NG (2.4)

In order to easily quantise the action it is usually employed the Polyakov action
T
Sp=-5 / A2V =h P, X 05 X" N, (2.5)
2

which is equivalent to the Nambu-Goto action.

A Quantisation of this system gives us an infinite set of decoupled harmonic oscillators
which correspond to the oscillation modes of the string, which we will analyse in section
2.2.

2.1.2 Equations of motion and Symmetries

Now, it is more convenient to look at the worldsheet theory as a 2D QFT with metric
given by hap and D free scalars X*. Thus, we can now write the action in the following
way

T 2 2
Sp = —E/d EV—h(0X)?, (2.6)

where (0X)? = h*? 9, X"05X" 1,,. Now, we are able to see that with the action in this
form we have three main symmetries

1. Diffeomorphism: it transforms the 2d coordinates while leaving X* invariant

£ — 76 (2.7)

XP(E) = X(E) = XU(E). 2.8)
0 1

Gop€) = gy(E) = %% g.a6). (2.9)
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2. D-dimensional Poincaré invariance: it transforms the X* field leaving the
coordinates £* invariant

XH(E) — XM = A" XV () + VY (2.10)
9a5(§) = 9ap(§) = gas(§) - (2.11)
where A € SO(1,D —1).

3. Weyl invariance under local rescaling: only the 2d metric transforms as

9as(€) = 9ap(€) = € gap(€), (2.12)

where w is a function € R.

Moreover, we need to gauge-fix the local invariance to be able to quantize the theory,
thus, we can use the reparametrization of two coordinates of £ and Weyl invariance in
order to remove the degrees of freedom of g,3 by imposing

Gap = Nap (213)
and the Polyakov action with this gauge is given by
1
Sp=— & NP 00 X 05X M- 2.14
P=— /E £ 5 X1y (2.14)

Furthermore, for simplicity it is more helpful to use the energy-momentum tensor
2 0S
V') 6g/w ’

and in detail, for an isotropic fluid we will have T},, = diag(p, p, ..., p). Furthermore, it is
convenient to use the following normalization when we are talking about the string on
the worldsheet

Vi

(2.15)

T = =
v —h (Shaﬂ (%

Thus, it easy to see that the equation of motion for h,g is given by

—dr 68 1 1
A ch i (G"‘B - ihaf”mé(;w> . (2.16)

T =0. (2.17)

The wave equation can be easily solved using the light cone coordinates £/%
LR =t 4o, OL/r = %(&i&,), (2.18)
where ¢-% is defined as the left /right-moving worldsheet coordinates. In this way we

obtain the following worldsheet metric

ds? = —dt? +do? = —derder . (2.19)
Hence, the equations of motion are given by the Virasoro constraints

OLOrX" =0, (Or/rX)* =0, (2.20)
where the solutions of the first equation has the form

X(gh €)= X7(€7) + XR(€"), (2.21)

solved by a separation of variables, thus, from the second equation (0Xg)* = 0 we
remove one left and one right mover.
It is possible to see that we still have two reparametrisations:
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1. Conformal Transformations
S T (S B S S Sl (SO (2.22)

Only on two dimensions we have conformal symmetries, since the reparametrisation
(2.22) preserves the conformal structure of the two dimensional metric, i.e. the
angles.

2. Constant Shifts, between X/ and X%.

Hence, from this freedom we can fix two of the D total fields, first introducing the

light-cone field coordinates

i_i 0 1
X —\/§(X +X1), (2.23)

Xt=t, (2.24)

while X~ is almost entirely defined by the remaining X* fields, with i = 2, ..., Dy, from
the Virasoro constraint (2.20) as

from which we gauge fix as

—_ 1 i 2
8L/RXL/R ~ 9 (aL/RXL/R) ) (2.25)
leaving as the only degree of freedom the center of mass

(1) = % /0 do X~ (), (2.26)

and since it evolves linearly with constant momentum we obtain

oL l
Lyt — - _ 2.27
P=="F = 90,27 " 2ra’ (227)
where the minus sign arise from the spacetime metric in light-cone coordinates
Nt =0—=0 n_=n4=-1, ny=20;. (2.28)

Thus, we find that the string length can be rewritten in terms of the momentum and of
o as
(= 2ma'p™". (2.29)

2.1.3 Oscillator expansions

It is convenient to expand the functions XZ  in oscillator modes, imposing the following

boundary conditions
XH(t, o) = X"(t,o+ 1), (2.30)

which follow from periodicity of o of a string of length ¢. Thus, the corresponding
expansion is

i a’ P’ ey ) oringh
XL(éR):§+2 +§R+1\/5 > e 2mingt/e (2.31)
p neZ—{0}
i at p e py oringt
Xpl€h) = G+ o 7€ w5 DL e (2.32)
p neZ—{0}
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which implies

X'(t,0) = a' +—t+1,/ Z( k *2’“"51?/% o 2ming “) . (2.33)

where ¢ and p* describe the coordinates and the momentum of the motion of the center
of mass, instead a,, = (a,)* and @&, = (&,)* describe the amplitudes of the oscillations
on the string.

2.2 Quantum level

Now we can promote the worldsheet degrees of freedom in operators

[ZL‘_,p+] = -1 [xivpj] = i5§'7 [Oéim 041] = [&fn? dfl] = mézj(gm,—m [a/;w &ZZ] =0.
(2.34)
The Hamiltonian in terms of the oscillators can be written as
D—1 3
H= 227 Mﬁ Z; of ol +at al) 4+ Ey+ Eyl | (2.35)

where E, and E, are the zero point energies.
Thus, now we can introduce the Number operator

N=) > ala,, N=) ) a.ar, (2.36)

i n>0 i n>0

from which we can deduct, looking at string states at each level starting from the vacuum
state 4 ' B
a0;q) =a; 0,9y =0, Vn>0,— N=N=0, (2.37)

where we have spin zero. It is important to note that our parametrization is invariant
under o translations, which are generated by the o-momentum operator

¢ 2T ~
P, = / do I1,0,X' = l —(N = N), (2.38)
0
with II,, the momenta conjugate to X*
, oL 1 ,
I'(t,0) = = 0 X'(t,0). (2.39)

5’ ((%XZ) 2ma
From eq.(2.38) we can see that physical states must satisfy
N=N, (2.40)

which is called the level matching constraint. Equation (2.40) is also the only relationship
between left and right movers, since the quantum evolution is defined by independent
Hamiltonians. Hence, from the mass shell condition we can define the mass of the
particles as

M? = —p* =2p*p™ — p'p; | (2.41)
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since p~ = 1i0,+ = 10; = H we can also write the mass condition as
M? =2p"H — p;p; . (2.42)

Moreover, knowing the form of the Hamiltonian we can find that the masses increase
with the number of oscillators in the corresponding string state

/M2 ~ ~
O _ N+ N+ E,+E, (2.43)

from here it is easy to see that

oo

D—-1
Ey=FEy=)_ % > . (2.44)
=2 n=1

2.2.1 Zeta Function Regularization

The Zeta function is defined, in the limit € — 0 a

100 —ne ]‘d - —ne
Z(E)zﬁnz:one :—ianzzoe
1d 1 1 1 1
=-—_— =—(—-—=4+—=4.. 2.4
2de<1—e—5> 2( 62+12+ >7 (2.45)

from which one regularise taking the non singular part, hence, we are able to see that
the zero point energies give us the following prescription

D
- Z . D -2
EO == EO = 11_1;% Z(e)reg == —T s (246)
=2

where the D that preserves the full Lorentz invariance and takes the name of critical
dimension, and will be now defined via the analysis of the spectrum. Looking at the
light particles spectrum, they correspond to the smallest number of oscillators, i.e.
o M? D—2
0 k = — 2.47
? | > ? 2 12 ? ( )
. o M? D—2
1 Lol |k =2——. 2.48
Coahallly, - (2.45)

N =N

N=N

In the light-cone gauge it is Lorentz invariant only under SO(D —2). In fact, for massless
particles we can write the D-momentum as (F, F,0,0,...) and in this case the little
group is SO(D — 2). while massive particles, where the D-momentum can be written
as P = (M,0,0,...), are invariant under the little group SO(D — 1). Thus, the critical
dimension for closed strings turns out to be, taking (2.48) and requiring it to be a massless
state

o' M? D -2
=2——=0 = D =26. 2.49
2 12 (249)
Hence we have that in general the mass of any state can be written as
/MQ _
D:26:>O‘2 —N+N-2, (2.50)
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which means that we can write the light spectrum as in Tab.2.1, which contains a tachyon
T, the traceless metric tensor G, the Kalb-Ramond antisymmetric tensor B, and the

iz
dilaton ¢.
N, N state field a’M? representation
N=N=0 k) T —4 1
N=N=1 oo |k} Gu, Bu, ¢ 0 299, 2744, 1

Table 2.1: The vacuum and the first states in the closed string spectrum

As it is immediate to see, the theory presents a tachyonic state and one should in
principle be worried about it, but what it actually means is that the theory is placed
on a local maximum. One way to fix this will be to introduce supersymmetry on the
worldsheet, which will also allow for fermions in the spectrum, even if this last passage
is not automatic but requires some care.

Let us now stress that the dilaton state ¢ vacuum expectation value is responsible
for the string coupling g, as

gs = (%), (2.51)

which is an example of how all physical quantities in String Theory are not free param-
eters but are dynamically generated.

2.2.2 Open Strings

Differently from the closed strings, the open strings correspond to the case of worldsheet
with boundaries, and they are strings with endpoints. It is important to recall the
theories with open strings include closed strings, since two open strings can always merge
into one closed one but it is not true the viceversa, thus they share the same local
worldsheet structure, see Fig.2.4.

X

A

x2 >t=x

Figure 2.4: Representation of an open string. Source [4].

The procedure to quantise them is similar to the one of the closed string with the
difference that now we have o € (0, /), which implies that there is no symmetry under
o-translations. Moreover, we know that the local dynamics on the open string must be
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identical to the closed one, which implies that the only physical excitation are the fields
X(t, o), with Hamiltonian

1
2ma!

1/t :
H= —/ do (QWaIHZHi +
0

5 0, X" 8,,Xi) : (2.52)

The general solution is given by

i o opi .| Oy _irpeR
XET) =5 gty 2 e (2:53)

i ! Di e Qy _ipel
XR(£L>:5+2Pﬁ£L+1 5276 € /E. (254)

The index v needs to be fixed by the boundary conditions. It is important to note that
differently from the closed string we don’t have a two in the exponent of the expansion,
since we have the interval of o as a Zs quotient of a circle with length 2¢. Thus, from
the variational principle we can write

o=l

55, — ( / &t (6X10,X,)| - / d2§5X“8a8“Xu>. (2.55)
P

—0o0

o=0

Hence, the first term is what will give us the boundary conditions that fix the index
v, while the second term gives the equations of motion identical to the closed strings.
There are two types of boundary conditions

e Neumann BCs: ‘
0, X"'=0 at 0=0, /¢, (2.56)

and in this case the string end moves freely.

e Dirichlet BCs:
0X;, =0 (2.57)

and with this choice we have that the open string is confined to lie in a fixed
hyperplane.

Let us focus now on the so called Neumann-Neumann (NN) boundary conditions, since
for a generic Poincaré invariant theory X has no constraints, and one needs to introduce
branes, and so the open string sector of closed strings, in order to talk about other possible
choices. The boundary condition at ¢ = 0 implies

ol =al, (2.58)

that means that left-moving waves are reflected at the end into right-moving one and
same for the opposite. Moreover, the condition on o = ¢ instead implies

alsin(rv) =0 = vEZ. (2.59)
Thus, following the same procedure of the closed string we find that the mass formula is

o/M*=N—1  where N=Y "> "o al (2.60)

i n>0
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Hence, we can write again the lightest mode as shown in Tab.2.2, containing a tachyon T'
and a U(1) gauge field A,. Again the tachyonic field signals a problem related to being
in a local maximum and thus instability of the theory.

N, N state field o’M? representation

N=0 |0 T ~1 1
N=1 o0} A, 0 24

Table 2.2: The vacuum and the first state in the open string spectrum for a bosonic
string theory.

2.3 Brief introduction to Supersymmetry

Let us now briefly introduce the main concepts of supersymmetry, which will be the main
ingredient in order to develop the so called Super String Theories, taking inspiration from
[43].

2.3.1 Supersymmetry algebra and representations

First we make a small recall about the Poincaré group, that acts on spacetime as

=t = AN ¥+ at (2.61)

where ATpA = 7 is the Lorentz transformation. And the generators for the Poincaré
group are the M* and P? with algebra

[P“,P”} —0, (2.62)
[MW, PU} - i<P"n”" _ P”n“") , (2.63)
[M’“’, M) = i(M’“’n”p M N[ Mwnw’> , (2.64)
where
(MP7), = i(n""o) — n™dy) . (2.65)

Thus, now we would like to write a supersymmetric extension of the Poincaré algebra,
in order to do so we need to introduce the graded algebras,

0.0y — (=1)"™ 00, =1 C4,0. (2.66)

where O, are operators of a Lie algebra, and 7, is equal to zero for a bosonic generator
or one for a fermionic generator.

For supersymmetry the generators are P*, M** and the spinor generators Q4, Q4,
with A =1,...,N. In the case of N' = 1 we can speak about simple SUSY, otherwise of
extended SUSY. For simplicity we will focus only on the simple SUSY case.

Elisa Medda 20



Chapter 2 Quintessence, 5th forces and String Theory

Hence, the SUSY algebra is given by

00 1] = (07,0, 2em

[QQ,P“] = [QQ,P“} =0, (2.68)
{QmQﬁ} =0, (2.69)
{Qu Qs =20 03P (2.70)

or in the extended version with N > 1, we add the label A, B = 1,2,..., N, and the
algebra is the same of the simple SUSY except for

{ Q,QBB} = 2(0"),5 Pu0s , (2.71)
{ ﬁ,QBB} = €apZ? (2.72)
where Z48 = — 754 is the central charge, that commute with all the generators,

(228, pr| = |28 | = [ 248, Q1] = |24, 2P| = [2*8, 1, =0, (273)

2.3.2 Superfields, Chiral and Vector Superfield

We know that every continuous group G defines a manifold M as
AG— M, {g ="} — {a,} (2.74)

where dimG = dimM. Thus, taking two groups G and H we can define a coset as
G/H, where g € G is identified by ¢ - h, with h € H.
For example suppose to take the case of Minkowski=Poincaré/Lorentz= {w"”, a*} /{w""}.
Thus, in the case of N'= 1, we can define the superspace to be the coset

Super Poincaré/Lorentz = {w"” a", 0%, 04} (2.75)

For a general scalar superfield S(z*,6,, éd) we can make an expansion in 6, and 6,
and we obtain

S(x", 04, 04) =p(z) + 0(z) + Ox(z) + 00M (z) + 00N (z) + (05"0)V,(x)
+ (00)0X(z) + (00)0p(x) + (00)(00)D(x). (2.76)

Under a Poincaré transformation we have that S(z*,6,,04) transforms as
S(2#, 0, 0) — ¢ («@+7@) g (@) (2.77)
and as an Hilbert vector it transforms in the following way

(", 00, 05) — € (20) (41 4, 8,)
= S(z" —ic(eo"f) +ic*(00™€),0 + €,0 + €), (2.78)
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where € is a parameter, Q is a representation of the spinorial generators (), that acts on
0 and 6, while ¢ is a constant. )
Thus, we have the following translations in z*, 6, and 6,

0 _» 0
. _ wy . b 2.
_ 0 0
L * B L
Q= 1890" + 07 (") ga S (2.80)
Pt = —i0,. (2.81)

The constant ¢ is determined by
{94, Qs} =2(6")aa P, = Re{c} =1. (2.82)
Moreover, it is useful to define a covariant derivative
Do =0 +i(0"),5 0°0,,  Da = s —i0°(0") g4 Oy (2.83)

which satisfy B B -
{Da, Qs}t = {Da, Qs} = {Da, Qs} = {Ds, 3} = 0. (2.84)

Hence, we can define a chiral superfield such that it satisfies D,® = 0. Thus, let us
define

y" = ot 4 ifoh0), (2.85)
if ® = ®(y,0,0), we can write
= - = o® oy . 5
qu) = —6d<1> - a_yﬂa_é_’a —i60 (O' )Maucb
= _5@&@ - @fb(—i@a“)d - i@ﬂ(a“)gdé@#(b
g0 —0, (2.86)

which means that ® depends only on y and #, i.e. in components
O(y",0%) = @(y") + V200 (y") + 00F (y"), (2.87)
or in terms of x*

O(x”, 0%, 0%) = () + V20 (x) + 00F (z) + 105"00,0(x)

i _ 1 __
— E(@@)@@D(m)a“@ — 1(09)(09)@8’@0@) . (2.88)
A vector superfield is defined s.t. it satisfy the following condition
V(z,0,0) =V(x,0,0), (2.89)

where V (x,0,0) is defined as

V(z,0,0) =C(z) +i0x(x) + %QQ(M(SC) +iN(z)) — iéé(M(a:) —iN(z))
+ 059V, () + 1066 ( — i(z) + %a“@ux(a:))

— 080 (r) — Lo D (x)) + S(09)(B0)(D ~ L0,0°C).  (2.90)
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Now, noting that if A is a chiral superfield , then i(A — AT) is a vector superfield. Hence,
we can choose properly the component of A through the so called Wess-Zumino gauge,
under which the vector superfield become

Vivz(,0,0) = (0570)V, () + (60) (OA(x)) + (80) (OA(x)) + %(99)(90)1)(3;). (2.91)

2.3.3 4D SUSY Lagrangians

The most general Lagrangian for a chiral superfield can be written as

L= K(®, 0"

+ (W(cb)

+ h.c.) , (2.92)
D F

where K is the Kahler potential and W is the Super-potential, and it is an holo-
morphic function of ®. In order to obtain a renormalizable theory we must ask [£] = 4,
and we know that

— ==, [F]=2, (2.93)

(K] <2, [W]<3. (2.94)
Thus, the most simple case is the one where

K=0aol0, W=a+\d+ %@M%cpf’), (2.95)

whose Lagrangian is called Wess-Zumino model

L=dld + {(a D+ o2 g<I>3> n h.c.]
N L . ow 1 /0*°W
= au@ WP — 1¢a“8,ﬂﬁ + FF* + (%F + hC) - 5 < 8(102 @/J@D + hC) . (296)

2.4 Superstrings theory

There are several problems related with the bosonic string theory:
e We have a vacuum which is unstable, since it correspond to a space time tachyon.
e [t doesn’t contains fermions, which are necessary to describe the real world

Superstring theory arise by considering a string action with local supersymmetry in
2D. Hence, we consider fermionic fields W#(¢) that are the superpartner of the fields
XH(€), and an additional worldsheet gravitino W,(£), partner of the metric gq,. From
now on we will focus only in the closed strings case, namely Type II theories.

Thus, in 4D we need to add fermionic worldsheet coordinates 6, and the Lorentz

transformations
_eab [Va 7’Yb]

0o — S,705  with S=e Ea (2.97)
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with
0 _ 0 —i 1 _ 0 1 a b\ _ o, ab

The local dynamics of fermionic fields correspond to free oscillations, and since we
know that physical observables are either periodic or anti- periodic, due to the fact
that fermions enter into observables always in a quadratic way, we can define two types
of boundary conditions in superstrings

NS
R

Ve (t+o+0) =V (t+o0)
Ve (t+o+1) =V, (t+0)

Neveu-Schwarz

Ramond

where we focus only on the left-movers since right-movers are analogous and decoupled
except for the level matching which we will impose at the end. Hence, we have an
arbitrary choice for either right and left sectors which bring us to a total four types of
closed strings sectors: NS-INS, NS-R, R-R and R-NS. It is possible to verify that the

modular invariance forces us to have these as different sectors on the same theory.

2.4.1 Neveu-Schwarz (NS)

The expansion for the NS sector is given by

i (¢L .o ; —2migl (r+1)/¢
Vo (E%) =iy — s e 2)17 2.99
L 2 T-|—1/2
rez
with anticommutator B
{\Ijerl, i+%}:5135m+%7_(n+%). (2100)

From now we are going to proceed in the same way of the bosonic string. Thus, first we
define the Hamiltonian for the fermion in the NS sector as

o

1 1 i F
Hp™s = apt [Z (7“4’ 2) UL Wy + By,

with the value of Ej given by

D oo
1 1
B = =530 <n+ 5) , (2.102)

following from the zeta function Z(€) regularization (reg), written as

(2.101)

1 & g 11
§Zn+a :g_ﬁ—i_z;&(l_&) for0 <a <1, (2.103)
n=0
we can obtain the value of Ej
reg 1
E™S =N lim Z = ___(D-2). 2.104
Zlm ya(e) F =2 (D~ 2) (2.104)
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Thus, we can define the number operator, fermionic and bosonic, as

Neys = Z Z (7’ + %) Z.—7~—1/2 i+1/27 Np = Z Zozi_nozfl. (2.105)

i n>0

Hence, summing also the bosonic contribute, we can write the total Hamiltonian as

TZP?WL

Where we have that the mass term of the left moving sector is

D—2
— (NFNS + Np — T) . (2.106)

o (MNS)? D -2
%:NFNJN - == (2107

NS\2 _ o + _l 2
(MYS)" =2p*H, 22;})1 — TG

Looking at the light spectrum we obtain

o (MNS)? D2
NNS + NB = O; |Oap>NS ) % = _1—67 (2108)

1 i o (M) 1 D-2
Nns+ Np = 5 Uy 10,p) ns 9 97 15 - (2.109)
In the end the following states need to combine with the physical states of the right

sector, which will give us a total mass of
M?* = M} + M}, =2M} (2.110)

due to the fact that we must satisfy the level matching M? = M3%. Again, requiring
that the states must be accommodated into the little groups we can say that the critical
dimension is D = 10, which from now on we will take as fixed. We can finally present
the light spectrum in Tab.2.3, consisting in one tachyon and a vector of SO(8) in the 8y
representation.

NNS + NB  state MMTW SO(8)
0 |0) -1/2 1
1 TL,000 0 8y

Table 2.3: Light states spectrum for the NS sector of a closed string.

2.4.2 Ramond (R)

From here we will proceed analogously as for the explanation of the Neveu-Schwarz
sector. Thus, the expansion for the R sector is given by

\Ijz £L —i / Z\Ijz —271'17“§L/E (2111)

rez

with anticommutation relations

{\If’ }—5”5m L (2.112)
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While the Hamiltonian has the form

1 > o
Hi® = <§ r Ul Wl +E§R) : (2.113)
r=1

2a/p™
with
1 - 1 1
Eyf=—=(D -2 2 __(D-2)— E" = 2.114
LR (CEC R (2114)
Hence, the total Hamiltonian and the o’ (M 5)2 term are given by
R 1 9 1
= e St ). o
OZ/ MR 2
—(QL) = Np, + Ng. (2.116)
For completeness we introduce the number operator
Np, =Y r¥ W, Npg=>» o al. (2.117)
r=1 n>0

Differently from the NS sector we can have W) that does not contribute to the string
energy '
U |0y =0 Vi, Vr >0, (2.118)

which means that we can have a degeneracy in the groundstate, i.e. fermion zero mode
operators relating different states.
Recalling the anticommutation relation, for the ground state we obtain

{wh, W} = o7, (2.119)

which means that it must be a representation of the Clifford Algebra, and W}, behave as
a Dirac matrices of the SO(8) symmetry group, since D = 10. Finally, we can write the
lightest mode as in Tab.2.4, consisting in two massless opposite chirality spinors in the
8¢ and 8¢ spinor representations of SO(8).

state o’'(Mg,)?/2 SO(8)

18¢) 0 8¢
18s) 0 8s

Table 2.4: Light states spectrum for the R sector of a closed string.

2.4.3 Modular Invariance, Type ITA /IIB

To obtain the physical spectrum we need to match left and right states, each in the N.S
and R spectrum, thus we need to ask

M3} = M3, (2.120)
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and impose modular invariance. In fact, when one considers amplitudes, one receives
contributions by all the possible inequivalent worldsheet geometries. An example is given
by the simple torus with circle dimensions R; and Ry, which can be viewed as a closed
string of length R; propagating for a distance Ry or viceversa, mapped by the exchange
t <+ o, see Fig.2.5.

Figure 2.5: A torus geometry of the worldsheet can be viewed as a closed string of radius
R, propagating for a length Ry or viceversa.

Thus, we can see a 2-torus as 2d real plane with coordinate z = ¢ + it, with identi-
fications z ~ z + ¢ and z ~ z + irf with r = r; + iry the complex structure and ¢ the
string length, meaning that all possible inequivalent geometries are labelled by r. Now,
we can factorize the partition functions, of a closed string, in right and left sector

Z(r) = (4m%ary) " * Try, ¢V 50 Tryy, g Nt (2.121)
with ¢ = €?™", and one can thus easily show that the modular group of the 2-torus is
given by SL(2,Z), with general transformation given by

b
s Y —be=1. (2.122)
cr+d

Moreover, we can further split the partition function for left movers in NS and R sector,
and after few calculation (see [41]) we have the bosonic contribution

Tr 108 qNBJrEé3 = 77(7“)‘8 , (2.123)

and fermionic contribution

bl
0
NFNS+E§NS = 0

0
Trnsq L gttt = Lo (2.124)
n n
where we have the Dedekind 7 function defined as
n(r) =g (1 -q", (2.125)
n=1
and the 6 function given by
0 {z} = Zq%(n+¢)2€2m(n+¢)w ) (2.126)

nez
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Moreover, we find that the partition functions mixes different fermionic coordinates since

that are related by
4 4 4
0 0 0 0 0 1/2
0 r—r+1 1/2 r——1/r 0
—— —_ 5 =

n* n* n*
The following result give us the important information that modular invariance forces
the theory to contain string states of different sectors simultaneously. From here we can
build two partition functions

R A R DR

which combined for left and right sectors define two modular invariant theories
Type IIB: 7,7, Type IIA : Z,. 7_. (2.129)

Lastly, one must employ the so called GSO-projection, which removes tachyonic states.
This is done via the definition of the fermionic sign operator (—1)f" which commutes
with all fermion oscillators

(2.127)

(=D)Fy} =y (=D)F, (2.130)

allowing us to rewrite the NS and R contributions as

R AT NN R N, (e ) (2.131)
o 0 1/2 Hys =) '

1 1/2 4 1/2 4 N +EFR F
O TR S
with fermion even/odd projector defined as
1+ (-1)F
2 )
which finally gives the partition function with the glueing prescription of left and right
movers as schematically given by

Z+Zi = TI‘NS Tr}{VS — TI‘NS Tr}i — TI‘R_ TI'}kVS + TI‘R_ Tr*Ri i (2134)

Let us address that the minus sign incidentally denotes the spacetime fermions, showing
as we anticipated that their presence is not automatically given by supersymmetry on
the worldsheet but rather is a consequence of the GSO projection.

From now on we will focus only on Type IIB String Theory. Hence, the massless
spectrum is given by

Pl = (2.133)

Sector [); ®|)p SO(8) 10D field

NS-NS 8y ®8, 1+28,+35, & Buwn,Gun
NS-R 8, ®8: 8+ 56 Ao Ve
R-NS 8:®8, 8+ b56g A2 Vi,

R-R  8:®8: 1+4+28:+35: a,Cun,Cunpg

Table 2.5: Massless spectrum for the Type IIB string.
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Type IIB action
Now we can write the action for Type IIB strings in 10D in the Einstein frame

1 1
S — / @ /=G [ (R+ 40300M 6 — - |Hyf?)

2
2K70

1 1o 1 -
— IR = IR - 5|F5|2] +/C4/\H3/\F3, (2.135)

where 2x2, = (27)"(a/)*, R is the Ricci scalar, and the last integral takes the name of
Chern-Simons action, and we have defined

- - 1 1
F,=dC,, Hs=dBy,, F3=1F—CyH;, F5:F5_§OQ/\H3+§BQ/\F3.(2.136)

It is crucial to note that the action (2.135) is incomplete and one needs to include the
following condition of self duality .

It is important to pay our attention also to the symmetries of Type IIB string theory,
since they play a very crucial role [44].

e SL(2,R): defining ¢ = Cy +ie~? and G5 = I3 — pH3 we have

ap +b
s —
cp+d cp+d

© — with ad — bc = 1. (2.138)

and this symmetry is broken by o and g, corrections which in turn is recovered as
SL(2,7Z) at the full perturbative level.

e Scale invariance:

Given some weights v and w we have

Gun = NGun, ©—= N0 By 5 A9By Oy — XCy,  Cy — AC,.
(2.139)

Thus, the bulk action transforms as

SY o — ASP (2.140)

2.4.4 String Compatifications

The concept of compatification is a very old idea in physics. The first physicist that came
out with this notion was Kaluza (years before also Nordstrom tried) in 1921, which tried
to unify gravity with electromagnetism by assuming the existence of an extra dimension.
Later in 1926, Klein noted that this extra dimension needs to be finite in order to to not
be observed. Even if the original idea of Kaluza-Klein did not work out in the end the
concept is now used in String Theory.

As we previously saw, for consistency we need a 10D spacetime, and thus, using
the concept of compatification, we can divide these manifold in My_4, which is the
non-compact spacetime, and M, which is instead the internal compact one as a product

Mg = Mig—qg x Mg (2.141)
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The most interesting case is the one where d = 6 since we live in a 4D spacetime, and
thus one needs to find a suitable compactified manifold. Important to note is that the
compatification scale is M, = # < My, where R is the internal length associated with
the internal space.

A way to connect string theory with particle physics is to consider a string vacuum
with N = 1 supersymmetric version of the SM in a 4D spacetime. Thus, we will take

geometries of the form
Mg = My X Y, (2.142)

where My is the 4D Minkowski space and Y is a compact Calabi-Yau manifold, which
determines the amount of SUSY left intact.

The 4D action S s can be derived by computation of the string scattering amplitudes,
which is complicate since it means that we must know the CFT correlation functions.
Another way to construct Scsy is to use the Kaluza-Klein reduction, valid only in
the large volume limit, i.e. when Y > [, where we combine the 10D actions which are
constitute by Type II bulk SUGRA action, the Dirac-Born-Infeld and the Chern-Simons
action which are governing the dynamics of the D-branes.

2.4.5 Calabi-Yau threefolds

Let us now follow the discussion and notations done in [45]. We have that the 10D
Lorentz group, when we are considering strings propagation in the spacetime, decomposes

as
Spin(1,9) — Spin(1,3) x Spin(6), (2.143)

or in terms of representation
16 € Spin(1,9) — (2,4) ® (2,4_1). (2.144)

Since we want the minimal supersymmetry in 4D, Ys must have a reduced structure
group SU(3) € Spin(6). This means that we can reduce more the representation 4 as
4 — 3 ® 1. This procedure is very important, since from here we obtain an invariant
spinor 7 (the singlet 1), which is also globally defined. Since, Type II string theories have
two supersymmetries in 10D, Calabi-Yau compatifications lead to two supersymmetries
in 4D.
Furthermore, if we take into consideration the Laplacian of a scalar field ¢, this one
will be split as
Al()qb = (A4 + Ag,)qb = (A4 + m2)¢ = O, (2145)

where Agp = m?¢, it means that ¢ is an eigenfunction of Ag. In particular, it is
important to note that from (2.145) we have that the massless modes of A, correspond
to the zero modes of Ag. These zero modes are in a one-to-one correspondence with the
harmonic forms on Yy, which are in turn in a one-to-one correspondence with elements
of the cohomology groups H??(Ygs) of dimensions dim H9(Yg) = hP9(Yg), called the
Hodge numbers, where (p, q) denotes the number of holomorphic and anti-holomorphic
differentials of the harmonic forms.

Hence, deforming the Calabi-Yau metric g;;, with 7,7 =1, .., 3, we obtain a deforma-
tion on the complex structure dg;; and deformations of the Kahler form dg;;

0gi7 = 10" (wa)iz witha =1, ....,h", w, € HY, (2.146)
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where v® denote h''' moduli, which in the effective action appear as a scalar field. Simi-
larly, the deformation of the complex structure

L ()7, with k=1, A, € H'2, (2.147)

0gij = ——57%
1€2s

where Q3 is the holomorphic (3, 0)-form with normalisation ||Q||” = 3:9:,Q9% . In detail,

v* and Z* are the coordinates of a moduli space M} x M™ . The metric on M, ” is
a special Kahler metric with a Kéhler potential given by

Ko =—1In [— 1/ 0y Aﬁg] = —Wn[i (Z5Fx - Z5F)] (2.148)
Ye

having expanded in the sympletic basis (ag, %) € H3(Y), with K, L =1, ..., h?, as
Q3(2) = Z5(2) ax — Fr(2) ¥ with  Fp(2) = 0 F(Z(2)), (2.149)

where Z, F are holomorphic functions of the complex structure moduli z, and in partic-
ular F is a prepotential, which means that Mfsl’g is a so called special Kahler manifold.
Furthermore, the Kéhler -form J can be complexified as

J.=J+iBy = t"w,,  w, € H"", (2.150)

where B, is the Kalb-Ramond NS two-form of type II string theories and the t* are the
complex Kéhler moduli introduced by this procedure. Moreover, the associated manifold
le’l is as well a special Kéahler manifold, with a K&ahler potential and a prepotential
F(t) given by

K,=-Ink, K = Kapet“0®0° F(t) = Kapet tte, (2.151)

where we have the triple intersection number ICup. = f We N\ Wy A Wp.

2.4.6 Kaluza-Klein reduction of Type IIB on Y

Let us take the massless bosonic spectrum of type IIB in D = 10 defined in (2.135), thus
the low energy effective action can be rewritten using differential forms, taking k9 = 1,
as

1 4 1 - I s .
S}?B——/(53*14‘Zdﬁb/\*dﬁb‘FZe_d)Hs/\*H:z) (2.152)
1 2% N 32 2 12 2 1 A A .
_Z (6 Fl/\*F1+€ FS/\*F3+§F5/\*F5)_Z C4/\H3/\F3,

where * means the Hodge operator and we are now assuming the notation of an hat to
distinguish 10D fields from the 4D ones. The fields in the action (2.152) are defined as

.E[g = dBQ s Fp = dép*l ) F3 = Fg - éoﬁg, (2153)
2 o 1 - R 1 - o
Fy=Fs— SHyNCot 5By N Fy. (2.154)

Hence, it is important to say that we have the self- duality condition

Fy = +E5 (2.155)
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which is imposed at the level of the equations of motion.
Hence, the metric is in block-diagonal form

ds® = g, dz¥ dz” + g;; dy’ Ay pr=0,.,3, 4,7=1273, (2.156)

with g,,, the metric of the 4D space and g;; the metric of the Calabi-Yau manifold. Now,
we need to expand in terms of the harmonic forms of Yj, stopping at the zero mode since
we are interested in the massless modes of D = 4, obtaining

B2 = B2($) + ba(x)wm éZ = Cg(l’) + Ca(w)wav (2157>
Cy = DY) Awa + VE(2) A ag — Uk () A B5 + polz)a?, K=0,.., A%, (2.158)
where w® are harmonic of type (1,1) and @ are harmonic of type (2,2), that constitute a

basis for H*%(Yg), while b%(x), ¢*(z) and p,(x) are 4D scalar fields. Hence, we can write
the following N/ = 2 multiplets for Type IIB SUGRA _compactified on a Calabi-Yau

manifold as shown in Tab.2.6, where the self duality of F5 (2.155) allow us to eliminate
half of the degrees of freedom in Cy, and conventionally one chooses to eliminate D§ and
Uk in favor of p, and VE,

Multiplet Number Components

gravity 1 (Gpus V)
vector h'-2 (VE 2K
hyper htt (v, %, ¢, pa)

double-tensor 1 (Bg, Cy, ¢, Cy)

Table 2.6: N = 2 multiplets for Type IIB SUGRA on a Calabi-Yau.

Thus, using (2.153), (2.154), (2.157) and (2.158) we obtain the following new effective
action in 4D with N' =2 SUSY

1 1 1
Sirs :/_§R*1+ZRG(MKL) FK/\FL"‘ZLIm(MKL) FEAxFE
— g 2" AxdZ — hap dg? A xdgP | (2.159)

where F'X = dVE M(z) = M(F(z)) the gauge kinetic matrix giving the couplings which
can be expressed in terms of the prepotential F(z), g;; is the special Kdhler metric for
the complex structure moduli while h4p is a quaternionic metric for the ¢* fields which
incorporate all the hypermultiplet fields. Thus, the moduli space is

Mozy = MEMHD 5 MR (2.160)

2.4.7 Calabi-Yau orientifolds in I1B

In order to ensure the consistency of compactifications it is important to define the
Calabi-Yau orientifold compactifications.

Starting from Type IIB String Theory in D = 10 with N/ = 2, i.e. 32 supercharges,
one can obtains an A’ = 2 in D = 4 EFT by compactifying on a Calabi-Yau threefold
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Ys. However, we know that our world is described by a chiral theory, which N' = 2 is
not, and in order to re-obtain the SM limit we need to further break SUSY to N =1
using BPS D-branes, which preserves only half of the SUSY, and/or orientifold planes.

Thus, we introduce modding of the Calabi-Yau manifold via a composition of the
worldsheet parity operator (2, with an internal isometry o which acts only on Ys. More-
over, since o must be a holomorphic isometry in order to preserve N’ = 1 SUSY,, it leaves
J invariant, while possibly acting non trivially on the 3-form €23, defining two different
classes of orientifold

03/07-planes: O_ = (—1)"rQ, 0" with 0" Q3 = —Q3, (2.161)
05/09-planes: O, =, 0" with c"Q3 = Qg (2.162)

where F is the left fermionic number. Let us now focus in O3/O7-planes, which act on
the 10D fields as

ot (G,BQ,é,éo,ég,@) N (G,—Bz,é,éo,—ég,a) , (2.163)

which then will split the cohomology groups into even/odd parity H?? = HY? @& HPY,
leading to the new deformations as

i -

J = Ua+(95)wa+7 0gij = Wik(fék)nj (93);] ) B2 =0""w,_, (2.164)
3
Cy = Dyt Nwa, + V¥ ANy, — Uy, A B 4 pa, ANO™, (2.165)

where w,4+ € Hi’2, Xk € H™ a,=1,.., hil and k4 =1, ..., hiQ, which can be arranged
in supermultiples of A/ = 1 supergravity in D = 4, shown in Tab.2.7.

Multiplet ~ Number Components

gravity 1 G
vector h2t Vs
%! 2k
chiral 1 (¢, Co)
)
chiral /linear hi’l (V™ pa, )

Table 2.7: N’ =1 4D spectrum of Type I1IB with O3/07

Hence, we can write the action for N/ = 1, in terms of the Kéihler potential K,
holomorphic superpotential W and the holomorphic gauge-kinetic coupling functions f
as

1 —5 1 1
SW = —/§R*1+KABDMA/\*DMB+§Re{fKL}FKA*FL+§Im{fKL}FKAFL+V,
(2.166)
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where F'X = dVE | D is the gauge covariant derivative, and the scalar potential is written
as

V = (K D,WD,W — 3|W|?) + % [(Re{f})1]"" DxDy, (2.167)

where we have the covariant derivative DgW = 04W + (04K )W and © are the D-terms.
Again, we need to find the correct chiral coordinates on the space of scalar fields, finding
that that the complex structure moduli are already correct for this purpose, while the
others read

Y = C() +ie s G*=c¢ — (pb s (2168)
a Pa atbyc UV — atb_c_ ) .
+ 2 + A +0+C+ 4( , :) +

with the triple intersection numbers

Ka+b+c+:/wa+/\wb+/\wc+, Ka+b_c_:/wa+/\wb_/\wc_. (2.170)
Hence, the Kéahler potential reads

K = K.(2,2) + Ki(o, T,G), (2.171)
Kuy=—In [— i/Q(z) A Q(z)} , (2.172)

K= ~In[-ify - §) - 2In | GK(5.7.)]
=—In[-i(¢g—@)]—2InV, (2.173)

with X
V = Vol(Yg) = EIC. (2.174)

It is important to notice that the Kéhler potential for the Kéhler moduli enjoys a no-scale
structure of the type )
OuKy 05K, (Kip)AP =4, (2.175)

with (K;)48 the inverse of (Ky)ap5 = 0405K}, where the derivative is 94 = Opa.

We are now ready to discuss the potential. The theory as it is at this stage as an
identically null superpotential, thus V' = 0, which means that all the moduli are massless.
This is an huge problem, since if that would be the case they should mediate a new long
range bth force which is ruled out by data. In order to generate such potential one
can turn on background fluxes for the form (G35 which induces some F-terms, with the
Gukov-Vafa-Witten superpotential [46] given by

Wavw = / Qg(z) ANGs. (2176)
Ys

As it is immediate to see, since Q3(z) is a function of the complex structure only, while
(G5 introduces a dependence on the axio-dilaton ¢, only these fields get a mass, leaving
all the Kéhler moduli massless, requiring some extra step in order to fully stabilise the
model. One possibility is to use non-perturbative effects such as instanton corrections to
the superpotential. In fact, one first assumes that all the complex structure moduli z and
the axio-dilaton ¢ are already stabilised at some higher scale, giving the vev of the GVW
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superpotential Wy = (Wgyw). Then, one considers some instanton effect to correct the
superpotential, whose origin can be multiple as for example by the introduction of Dp-
branes in the Calabi-Yau manifold. We will now present a simplified model called KKLT
[47] where our Y has an unique Kéhler modulus, i.e. A% = 1, with the chiral coordinate
given by T'= 7 +ia. In this simple case the volume can be written as

3/2

Vo~ 32 (T—l—T) — K =-3nT1, (2.177)

and schematically the superpotential is given by
W=W,+Ae ", (2.178)

where A = A(z) is to be thought as a function of the complex structure moduli, but since
they are already stabilised is effectively a constant, and a is a parameter which is related
to the different origin of this instanton correction. Notice that the exponential nature
of this corrections justifies the procedure of decoupling between the complex structure
(and axio-dilaton) sector and the Kéhler moduli sector. With these it is now possible to
construct the scalar potential using (2.167), which gives

e—UT

V ~ 2.179
—. (2.179)

which one finds to be consistent only if |Wy| < 1. Let us add that this model in the end
will give an AdS minimum and an uplift mechanism is required in order to reach dS, one
example is given by the addition of anti D3-branes in the form of a nilpotent goldstino
[48-51]. Lastly, let us address that that there is another viable construction for Kéahler
moduli known as Large Volume Scenario (LVS) [52, 53] which uses at least two moduli
and employs o corrections to generate the potential, along the instanton correction of
the type (2.178). This model takes the name from its consistency condition, i.e. V > 1,
since it strongly uses expansions in 1/). One advantage of this construction is that an
exponentially small W is no longer required, leaving some freedom on its choice, but it
still suffer from an AdS minimum, needing again some uplift mechanism.
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Dark Energy and Dynamical Systems

In this chapter we will first describe how to express the evolution of the universe as a
first order dynamical system, following [54-57|. Secondly, we will introduce a so called
relaxed model which suppresses heavy particles’ contributions, based on the work of |3,
58], which will be the base for our work and analysis in Chap.5.

3.1 Dynamical system for the cosmological evolution

Let us now describe how it’s possible to explain the law of evolution obtained from the
action as a first order dynamical system. We start by defining a theory with only one
scalar field and then we will explore the case of two fields to end up with the case of two
scalar fields with one of them coupling with matter, which is the one that we are going
to analyze in detail in Chap.5.

3.1.1 Derivation with one Scalar Field

We would like to study the dynamics of quintessence on the flat Friedmann-Lemaitre-
Robertson-Walker (FLRW) universe, with line element

ds? = —dt* 4 a*(t) dz? (3.1)

where a(t) is the scale factor (see Chap.1). We are assuming an universe that contains
a barotropic equation of state

Py = (v —1)p, where 0<~y<2 (3.2)

Thus the action is given by

Slarl = [ dtav=7 (3R~ 5007 - V(@) | (3.3

where ¢ is a scalar field ¢ = ¢(t), whose dependence is solely on the time since we
assume isotropy of the space. For simplicity, let us focus on an exponential potential

energy density of the form
V(g) = Voe ™, (3.4)

where V, and \ are constants and x? = 87G has mass dimension —1. This type of
potential comes out naturally in string or Kaluza-Klein type models. The evolution
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equations in this scenario are given by

. 1 . 1 .
H= _§<pv +pv+¢2> = _§<7pv+¢2> ) (3~5>
py = —3H(py +py) = =3H7p,, (3.6)
. AV

6= —3HO— . (3.7)

where in the first and second equation we have used the equation of state eq.(3.2), and
we have that H is the Hubble parameter, with the constraint

1=y 4 58+ V(). (3.8)

We now define the following dimensionless variables

¢

v
TE 0, Y=, (3.9)
V6H V3H
and moreover, we recall that
d dN
AN =2 and - =H, (3.10)
a dt

where N is the number e-foldings defined as N = log a. Thus, we can write the evolution
equations, using the dimensionless variables, as a plane autonomous system

e _dedt @1 (é_ig>

AN~ dtdN  H oH\H H?
3 3
= —3x + )\\/;y2 + 5% [2x2 + (1 — 2% — yz)], (3.11)

y_dy _dydt oy 1 Vo _\/VH
YEANT @AN T H O \BH\2vvH  H?

= —)\\/gxy + ;y[Q:pQ +(1 — 2% — )], (3.12)

with V, = ‘é—g. For the late universe physics it is important to define the equation of
state for the scalar sector. Hence, using the definition in (1.43), we have

2 _ 2
wy =L -2 Y (3.13)
Py T tY
Moreover, using the energy density in the scalar tensor
— Pe 2 2
Q(b:@—x + 7, (3.14)

we can bound the variables 22 and y? as 0 < 22 + % < 1, as a result of which we have
trajectories inside of an unit disc. Due to the symmetry under reflection we will consider
y=>0.
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Description T Y Q4 We Existence Conditions
K+ Kinetic Dom. | =1 0 1 1 for all £k and A
F Fluid Dom. 0 0 0 | undefined for all k£ and A
SD L T | k? <6
S Scaling Sol. 81 3(2233)7 3 v—1 A2 > 3y

Table 3.1: Fixed points of the system with one scalar field, assuming ks > 0.

From these equations, imposing 2’ = 0 = 3/, we can find five fixed points, called
critical points 55| which are given in Tab.3.1

From Tab.3.1, we can see that we have different solutions at which correspond to
different domination eras. We have the case where wy; = {1, = 1, which is the Kinetic
Domination, K, since only x is different from zero, and these solutions are expected to
be relevant at early times. We also have a solution where 0y = 0 and w, is undefined,
which is the Fluid Domination, F, where there is no contributions from x and y. We have
other two solutions where z, y are both different from zero, which are the SD, Scalar field
dominated solution, with Q4 = 1, and S and the Scaling solution, where Q45 = 3v/A2.
Differently from the SD solution the S solution depends on both parameters A and =,
and this could be a possible global attractor solution for A\? > 3.

3.1.2 Stability of the critical points with one Scalar Field

With the purpose of studying the stability of the critical points z, y, we add a small
linear perturbation around the solutions as

rT=T+u, y=17+uv, (3.15)

and, once we substitute these equations in (3.11) and (3.12) we obtain at first order in
w and v /

u u

() - (2 -

u=upe™N 4y _emN (3.17)

v=uve™N fy_emN (3.18)

with general solution given by

where we have that m. are the eigenvalues of M and uy and vy the coefficients of the
series expansion. Since our general solution has the form of an exponential, in order to
achieve a stability we must require that the real part of both eigenvalues is negative.

After few calculations it is possible to obtain all the different solutions for the different
domination era, again here we are studying general solutions, without fixing the value of
A and 7, see Tab.3.2.

Elisa Medda 38



Chapter 3 Quintessence, 5th forces and String Theory

i L Conditions
ﬁw&i A) 32—7) saddle for A > v/6 and A < —v/6
—@ 3% saddle for 0 <y < 2
A2—6
= A2 — 3y stable for \? < 3y
—@ [1 +4/1— 8?\(2?;:3;)} —?’(QT_W) [1 —4/1- 87\22‘;:3’3) stable for 3y < \? < 92;1%22

Table 3.2: Study of the stability of the critical points of the system with one scalar field.

Thus, from Tab.3.2, the only possible late-time attractor solution are the one given
by 8D, i.e. Scalar field dominated solution, and by &, the Scaling solution. In the first
case the condition to have stability is that A?> < 3, which means that the stability exists
for sufficiently flat potential. While, for the Scaling solution, this is a global attractor
solution, where the energy density is proportional to the one of the barotropic fluid.

In detail, the critical points that we find are still A and v dependent, since we did
not impose any constraint on them, and in the end we will have different qualitative
evolution. In the following discussion we are going to show just a particular case where
v =1, i.e. dust domination era, and A\ = 1. In this case we obtain the evolution as in
Fig.3.1.

-1.0 -0.5 0.0 0.5 1.0
X

Figure 3.1: Phase plane with A = 1 and v = 1. The late time attractor is given by
x =4/1/6 and y = /5/6, which correspond to the kinetic domination solution.

3.1.3 Derivation with two Scalar Fields

In this section we will analyze an analogous case of the previous one but adding a second
real scalar field, ¢ and asking that the potential still depends only on ¢;, which means
that we have a shift symmetry in the ¢, direction, i.e. an axionic field, see [54, 57].
Moreover, we assume the presence of only gravitational interaction, thus, the action can
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now be written as
4 1 1 2 1 2 2
Slgw @) = [ d'zv=g (3R = 50012 = =3 f(61)*(062) = V(1) ) . (3.19)
where f(¢1) = fi = e ™% is the kinetic coupling of ¢y, that as the potential V =

Voe*2%1 depends only the field ¢;. In this case we have a modification and an extra
equation of motion, leading to

. 1 . .
H = 5 (’Vp»y + 6+ f2¢22>, (3.20)
py = =3vHp,, (3.21)
b1+ 3Hoy — f1d5 + Vi =0, (3.22)
by + 3Hy + 2%@&61 =0, (3.23)

where f1(¢1) is the derivative of f in respect to ¢;. Thus, as in the previous case we
have the constraint given by the Friedman equation

12 = 2 (o, + 580+ 5P 00F + V(o) (3.24)

From here, we can define new dimensionless variables, which we will use to study our
dynamical system

R S
\/6H7 2—\/6H7 y—\/gHa

from which we can take the derivative in respect to N, obtaining

(3.25)

Ir =

3 3
v = 3w (23 + 25— 1) + \/;(—2/2:1:53 + koy?) — oz + 25 + % — 1), (3.26)

2
/ 2,2 3 2 2 2
) = 3xy(x? 4 22 — 1) + V6ky 2129 — 57:172(:131 +a5+y —1), (3.27)
/ 3 3 2 2 2 2 2
Yy ==\ ghemiy — Syylar + oy +y7 = 1) + 3y(ag + 23), (3.28)

with ky = — L and k, = — 1.

For the study of the evolution of the universe we define the equation of state

22 + 22 — 9P
W = 323 (3.29)
r71+ry+y
with energy density
Qp = 27 + 25 + % (3.30)

From which we have the constraints
—1<x <1, 1<z, <1, 0<x3<1, (3.31)

thus the parameter space is half of a 3—disk, with unit radius centred in the origin. From
here, imposing equals to zero the equations x}, z, and y’, we obtain the critical points
in Table 3.3.
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Description T To T3 H Qy ‘ We Existence Conditions
K+ Kinetic Dom. +1 0 0 1 1 ko > ki >0
JF Fluid Dom. 0 0 0 0 | undefined ko >k >0
G Geodesic % 0 \/G_Gkg 1 @ V6 >ky >k >0

ko >+6 >k >0

S Scaling Sol. T 0 T s —1 or
V6 >k > \/é >k >0
V62 k>v2> 55 > k>0
. V6 1/ —6+42k1 ko+k2 2% 4k
NG Non-Geodesic | 527 FY—7—— Vaawm | L | 1= 5is or

ko > V6, ky>k >0

Table 3.3: Fixed points of the system with two scalars fields, assuming ks > 0.

In this Table, as in the case of only one scalar field, we have different possible eras.
The Kinetic domination K., as in the previous case, correspond to the case where only x;
is different from zero and is relevant at the early stage of the universe. We also have the
Fluid Domination, F, which is in agreement with the previous study case of one field, i.e.
there are no contributions from none of the fields. Moreover, we have a Geodesic solution,
G, called in this way since the system evolves along a geodesic trajectory. Furthermore,
the more interesting solution that can be relevant for the study of the evolution of the
universe is the Scaling solution, &, where we have the same contribution for the kinetic
and potential energy of the field ¢;. In this era, we have a value of wgy = —1 which is the
one that we expected from the theory, and a value of 4 that depends on the parameter
k. Lastly, we have a so called Non-Geodesic solution, N'G, where we have a contribution
from all the variables, hence, the evolution does not follow a geodesic in the field space.
Again, this solution is in agreement with the one in literature.

3.1.4 Stability of the critical points with two Scalar Fields

We can follow the same procedure done for one field, add a small linear perturbation
around the solutions (Z;,y) obtaining

T =T+ uy, y=19-+us, (3.32)
and using the equations (3.26), (3.27) and (3.28) we obtain at linear order
u' = Mu. (3.33)

After few calculations, we can find that the eigenvalues of M;;, denoting as 1, which are
given in Table.3.4.
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I Conditions
Ki | +V6k 1(6 F V6ks) 3(2—7) saddle
F | -3+37 -3+ 3y 3y saddle
i3 : i3
~3 48 —§(1+‘/”%) —3(1—\/”%) v =1, ky > 2k, ky > /3

y=1,k >0,0<ks <3

G | L(k2—-06) kiky + 5 —3 k2 — 3y or
v=1,k>00<k <k +6—k

NG| ~-3 :%(fsﬁ/g 2778k1k274k§) :%(737\/3\/2778/61]62741@) VTR — ki <ky < 2k

Table 3.4: Study of the stability of the critical points of the system with two scalar fields.

Today, we know that the expected value for the energy density and the equation of
state are wy, >~ —1 and {2, ~ 0.7, and thus, we can see that none of the solutions in
Tab.3.3 is a valid one, with the only exception given by the Scaling solution S, but only
for Q4 < 1. Moreover, for the condition of stability we must ask that all the eigenvalues
of the matrix M are negative. But, as it is possible to see from Tab.3.4, the Kinetic and
the Fluid solutions are both a saddle point. While, the other solutions can satisfy the
stability conditions under some range for the values of the parameters.

In detail, the critical points are parameters dependent, and we can show in Fig.3.2
a particular case where k; = 300 and ko = 1, i.e. matter domination, and the system
evolves towards the NG solution.

X2 o5 T
0.0

1.0

0.5
4

0.0

1.0

Figure 3.2: Phase plane with k; = 300 and k; = 1. The late time attractor correspond
to the Non-Geodesic solution.
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Chapter 4

Relaxed Dark Energy Model

One of the most challenging research topic in today physics is the cosmological constant
problem. Despite the years, today we are not yet able to find a way to explain why the
vacuum energy associated with the particles of the Standard Model (SM) is far away
from what we found for the vacuum related with Dark Energy.

In order to face this problem let us consider a 4D model that it is naturally relaxed,
for which the gravitational response of heavy particles’ vacuum energies is strongly sup-
pressed [3]. In chapter 5 we will use this model in order to modify the dynamical system
and study the new evolution of the universe.

4.1 Relaxed model

The following models contain three main ingredients, a so called relazation mechanism
conducted by a scalar field ¢, a supergravity sector coupled to the Standard Model and
lastly an accidental approximate scale invariance that is displayed through the presence
of a low energy dilaton supermultiplet. Thus, we construct a Lagrangian where at low
energy we have a non-supersymmetric sector coupled to supergravity, with the inclusion
of the relaxation mechanism that, when integrating out the usual SM fields their vacuum
energy contributions are removed dynamically.

Hence, we can construct the EFT, using specific types of constrained superfields for
each particle that doesn’t have an explicit superpartner.

e The nilpotent chiral multiplet X, i.e. satisfying X? = 0, containing the spin
1/2 goldstino G' and the UV SUSY breaking parameter FX. Namely, given X =

(x, 1, FX) one finds that y = ;ﬁj—lﬁ( [48-51].

e The left invariant superfield ®, satisfying the condition that D(X®) = 0 represents
the scalar fields as the relaxon ¢.

Assuming that the theory has an accidental scale invariance one can then expand in
powers of % with T = %(7’ + ia), while the shift symmetry of the axion a forbids any
dependence on T of the superpotential W. Moreover, we need to have an homogeneous
function of the chiral coordinate T indicating that one could choose it accordingly such
that the leading expression of the expansion is of homogeneous degree one, allowing us
to present all these corrections as 7~* with & non-negative integer.

The Kahler potential thus becomes

o h
K=~-3M2In(P), with P(r,X,X,®®) =7 —k+—+.., (4.1)
T

43



Chapter 4 Quintessence, 5th forces and String Theory

and

>

W~ wo(®) + Xwx (P, P), (4.2)

k, h and W are chosen such that they are consistent with the constraints X2 = X (® —
®) = 0 giving

1

k= —
Mg

A(®,®,In7) + [XBx (P, D, InT) + h.c] + XX Ryx(P,®,In7)|, (4.3)

from which one can easily see that
X]=1 = [R] =2, [Rx] =1, [Ryx]| =0. (4.4)

The scalar potential Vi is

K/M? ABTy 117 3|W‘2
Vi = 5 | KABD WD — 21| (4.5)
M;
Working to leading nontrivial order in 1/7 we drop h/7 and higher orders
R
P:T—/{JZT—W, (4'6)
p
and the Kéhler metric
Ko 3My (1 —kx sopa L P P+ kXX kghx  —kX
AB= p2 \—kx Phkyx+kxkg)’ -~ 3M? —kX EXX )
(4.7)

where 2 := {T, X} and subscripts on k indicate differentiation.
The kinetic terms for the physical scalars 2! := {T,¢} are given by the second
derivatives of K

Lkin scal
v—4g

and the scalar potential is given by

= Ky 0" TO,T + K 150" 00, + (K 70" T, + h.c.) | (4.8)

1
VF:E

1 _
5‘ﬁXX|wX|2_’_<

SN Rr
M3

B 387 |wol?
1+ 2RXX Ry R /M2 My
(4.9)

wowx + h.c. )

4.1.1 Scalar potential

Let us analyze the scalar potential in detail

Case: Ry =0

When we have that all wx-wg cross terms vanish, the potential Vi (4.9) simplifies to

1 (1 % 38,7 |wol?
N e — 1L , 4.10
F P2 <3 | X’ 1+2ﬁXXﬁXﬁY/M3 ]\/[;1 ( )
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and we know that the large contribution we want to avoid comes from the wx term. Let
us suppose that it assumes the following form

wx = g(®P — v?) = g(®* — v?), (4.11)

in the proximity of ® = v, thus favouring the relaxon ¢ to minimise this term to zero,
thus rendering wy the dominant contribution. Moreover, assuming Rp5 to be order unity;,
we have that the kinetic term of ¢ will be of the form Z(0¢)?, with Z ~ 77!, giving a

mass of order - )
m2 ~ Yoo (90 (4.12)

)
Z@é T

|1/3

Moreover, given with M and o = |wp|'/? two UV scales, the 7-dependence of ordinary

particles in this scenario is given by

M
Miey ~ —— (4.13)

7

while, the value of the potential at his minimum (with wy = 0 and K7 = 0) is

. 4
Vi~ ﬁ’]‘?|w0’2 ~ €5M2,LL8 ~ mQTeV (4 14)
i T2 M} M3 Mp ’ '

where the factor €> comes from the stabilisation mechanism of 7 and will be analyzed in
detail later.

In conclusion, wx = 0 turns out to be a consequence of the non essential simplifying
assumption Ky7 = 0.

Case: Ry7 #0

Let us now study the low energy potential for 7 after ¢ is already stabilised at his
minimum.

Supposing that the only dependence on ¢ is in |wx|, from Vp we can immediately
write the minimum condition

_ 3RxTWo Mpyd
M2 TMZ2’

wy = (4.15)

thus wyx is non-zero in the general case but is further suppressed by 7 and by the Planck
mass. From this information we can write the potential written as

~ 3Jwol?

e 3%* |W()|2 U
XX T
720 R R fsr — — (4.16)

Vp ~ — ,
) L+ 28N Ay fig /M2 M| T

where U = U(In7) depends on the underlying UV details. Moreover, this shows that

it is not mandatory to ask independence on ¢, since in the scalar potential the leading

term will always be of order 7%
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4.1.2 Auxiliary fields

We are now concerned on the consistency of the nilpotent non-linear realization, since
we need that its F-term must be large. Using (4.15) we find the auxiliary field as

K _ 3
FX — €2M123 KXXWX ~ Wx MIMO

~ 3820
7'3/2 T/Mp

(4.17)

which allow us to introduce the mass scale ux for scalar superpartner as u% = FX,
which must satisfy the bound given by phenomenology

M3
2 0 4 2
3~ =EIVE > (10% GeV)~, (4.18)
along the SM scale which is given by
M
mTe ~ —7 ™ 10° GeV, (4.19)

and the value of the potential in the minimum given by

€ M? 11y, —11 2
Vinin ~ e ~ (107" GeV)™ | (4.20)
which can be combined as the bounds
2 3 5
Hx Ho > Vinin € —60
~ 100 ~—<107". 4.21
MTev MM}%\/? ~ ’ uf%( T ~ ( )

5

This expressions of mrey ~ M/7/? and Vi, = €#m?, . will determine the three input

parameters i, M, 7, thus, if we assume M ~ Mp ~ 10'8 GeV we find from (4.19)

10'® GeV
Mirey ~ ———— 107 GV —> 7~ 10% (4.22)
VT
which in turn, applied to (4.21) gives
2 3

AX L1071 (ﬂ) > 100 = po > 10°Mp (4.23)
MTev Mp
Vmin — _
2~ 107 1070 = e <1070, (4.24)
Hx

Moreover, SM superpartners acquire masses through their coupling to FX, while the
gravitino responds to the total invariant order parameter F' as

_ o 2 3 2
F? = K GFAF" = KM KABD ,WDEW ~ e WVE ( al ) . (4.25)

M3 732 Mp
giving ,
Mg/ ~ % ~ ﬁ, (4.26)
which using our estimates gives
mz/e 2 1071 GeV. (4.27)
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Lastly, let us concern with the relaxon mass, considering that in order for the relax-
ation to take place in the low energy EF'T implies that mg needs to be small accordingly,
i.e. smaller than the lightest particle whose vacuum energy contribution is dangerous,
namely the electron, leading to

M
Mg ~ % < Me ~ YeMey ~ % ~ 0.5 MeV = gv < me/T ~ Yy M, (4.28)

where y, is the Yukawa coupling for the electron, which using our estimates leads to
gv <107 GeV < M ~ Mp. (4.29)
Summing up, we identify three different EFTs:

1. SM EFT: valid up to the TeV scales, the SM degrees of freedom are here realized
non-linearly since their super partner lie at above scales and are integrated out.

2. ¢ EFT: valid below the last massive dangerous SM particle, i.e. the electron, where
the SM degrees of freedom are integrated out but the relaxon is still dynamical.

3. Gravity SUSY sector: valid up to the mass of the relaxon, here the gravitational
sector must be a 4D EFT and is relevant for astrophysical and cosmological test.

We provide a picture to understand the different scales in Fig.4.1, based on an analogous

figure in [3].

Ezs
SM-¢ sector Gravity SUSY sector

Mp ~ 1018 GeV T

px ~ 10* GeV+ super partners
ey ~TeV 4+ M SM EFT
mg~10"' MVi —— 6 ¢ EFT
eV' 777777777777777777777 fa

gravity EFT
gravitino & dilatino
dilaton
v —— graviton

Figure 4.1: Scales involved in the relaxation models, with the two different sectors, the
SM-relaxon and the gravity SUSY one. We have highlighted three important thresholds
(dashed green) which denotes three different EFT regimes: SM, relaxon and gravity.
Figure inspired from |[3]

4.1.3 Axio-Dilaton

We now must examine the axio-dilaton multiplet and how they modify the physical
observable. The kinetic term for the chiral field T is given by

 Liw  3M; (07)* + (9a)®
vV—g 4 T ’
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where, canonically normalizing the field 7 we get
1 3M?
Lo = 500 + L 00, (4.3)

where f = e ¥1X/Mr ]eading to the canonical normalization

T = 79X/ Mp k= § , (4.32)
leading to, using our estimates done in section 4.1.2
T~ 10" = x~70. (4.33)

Moreover, we know from (4.16) that the potential for the dilaton is given by

U(lnT)

T4

2
VF ~ = U(X) 6_k2X/Mp with kfz = 4\/; == 4k1 . (434)
Since the potential is an exponential, its derivatives near the minimum are of the same
order of the potential itself

ko Vi k2V,
2V0 ‘/0// = V//(XO) ~ 2 0

I — / ~ —

(4.35)

Furthermore, it is important to note that in our model building we are to set V{ to the
present scale of Dark Energy density implying that the Hubble scale Hy should be mainly
driven by the potential V, in fact H§ ~ V;/(3M}) which means that V5 ~ (1072 eV)*
which implies that the dilaton mass is of order m? ~ Vi’ ~ Hg where Hy ~ 107%* eV.

Now, focusing on the axion a one can see that the axion kinetic term in (4.31) can
be viewed as a y dependent axion decay constant f,, that evaluated with our estimates
leads to

M
fo~ —2 ~10% eV. (4.36)

-
In String Theory f, is similarly suppressed with f,/M, o 1/7 x g5, where g, is the string
coupling, however, it is relevant to note that this "new physics" doesn’t play any role
when it is applied to energies much smaller than f,,.

4.2 String inspired 7 and stabilisation

Type IIB flux compactifications on Calabi-Yau orientifolds allow us in a explicit way to
connect the extra dimensional models to the string vacua [47, 52, 53, 59]. They enjoy the
accidental scaling invariance of supergravity which follows from the SL(2,7Z) symmetry
of the axio-dilaton in the 10D EFT of type IIB. Thus, an important role is played by the
moduli, since they are naturally light. In fact, several moduli can arise, and the exact
number depends on the underlying property of the compactified 6D manifold, but there
appear always a modulus associated to the overall volume of the extra dimensions {24

V= MPQg, (4.37)

where Mj is the string mass scale. One can interpret this modulus V as related to the field
7, since they both are required to be large, in fact V > 1 is a consistency requirement
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for the supergravity EFT to be under control and one expands in powers of V=1, It is
relevant to see that the volume modulus is the one that allow us to define the size of the

string and 4D Planck scales as
M,

p
Ms“’W?

(4.38)

and, assuming the 6D compactified manifold has an homogeneous size L, we can define

the Kaluza-Klein scale as
1 M, Mp

MKK:ENWNW. (4.39)
Typical Kéahler potential in Type IIB is given by
K=-2InV, (4.40)
while the one we used in our model is given by
K=-3Inrt, (4.41)
thus, if we identify
Vo~ (4.42)
we recover the kinetic terms described in (4.30), and the mass scales now read
ng:%, MKK:%. (4.43)
Using our estimated value of 7 ~ 10%° we will obtain
YV~10®, Mg~107° GeV, Mgr ~ 1072 GeV, (4.44)
however, one should impose that Mg and Mgx must be at UV scales, i.e.
Mg > 10* GeV = 7 <108, (4.45)
Myg 2 10* GeV = 7 < 10", (4.46)

even if the constraint from Mg can be relaxed if one allows for asymmetric compactifi-
cations, this bounds seems to rule out any possible identification of the type (4.42). One
possible way out is to employ warping [59-61], which happens when the 4D metric has
an overall scale factor which depends on the internal manifold coordinates y as

g, y) = W g0 (z) (4.47)

which would introduce extra suppression factors on the mass scales, justifying the stricter
bounds on V which translates to bounds on 7. Let us remark that the nilpotent superfield
provide a description of anti D3-branes near the tip of the throat generated by warping,
giving a mechanism for SUSY breaking which we employed in this relaxed model [62—65].

4.3 Scalar Tensor Theory

Let us now describe the scalar-tensor theory of gravity and the definition of the param-
eterized post Newtonian parameters which will give us the test for gravity of our model,
based on solar system data [66]. We will follow the derivation done in [58].
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4.3.1 Brans-Dicke model

The Brans-Dicke theory is the simplest theory that satisfy the equivalence principle. The
main concept of this theory is that the Brans-Dicke scalar couples to matter through the
Jordan frame metric

g;u/ = AQ(gb)gw/ > (448)

that it is related to the Einstein frame metric by
A(g) = 2| (4.49)

where A(¢) is the Weyl rescaling factor and g is associated to the Brans-Dicke coupling
w by 2¢% = 1/(3 4 2w), that comes from [67].

The Brans-Dicke model is a specific physical model in which a light scalar ¢ couples
to matter and gravity via a Lagrangian density of the form

M? 1 o~
L=— vV —9g (TPR + §(a¢>2 + V(¢>> + Em(f}uw W ) (45())
where R is the Ricci scalar, My? = 87G, 1/; is a representative matter field and ¢
is the Einstein frame scalar field. It is important to note that L,,, which is the matter
Lagrangian, does not contain any ¢ dependence except that through the conformal factor
A(¢), and we are further assuming that there is no mass term for ¢. Hence, one can

build the matter stress-energy tensor in the Jordan and Einstein frame as

2 0Sn 2 05,

™ = 7 W= : (4.51)
vV—g 5gw/ vV —4g 5g/,w
and using (4.48) we can relate T with T" by
g;w = A2 G = Guv = AiZ g,uu ) (452>
2A% 58S, ~
T = —— S A% = AT (4.53)
vV —4g 5g,uu
Let us note that in the case we are considering a perfect fluid, thus we have
™ = (p+ p)U"U" + pg"”, (4.54)

and, an analogous formula is valid for 7", where p is the density, p is the pressure and
U* is the 4-velocity of the observer co-moving with the fluid, with normalization given
by ¢, U*U” = —1. Hence, from equation (4.53) we can write

p= gul/TﬂV — gMVA6THV — A*ZQMVAGT,U«V — A4~’ (455>
and the same discussion can be done for the pressure. Thus, we can write the dilaton

equation of motion as
g

O¢ = ———g.,T", 4.56
¢ Mpgu ( )
while the Einstein’s equation takes the form
1 1 1
Ry + 150000+ <05 (T~ ETgW) ~0. (4.57)
p p
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In the non-relativistic limit, for which p > p and Ry, ~ V?® where ® ~ g, is the
Newtonian potential, (4.56) and (4.57) becomes respectively

gp
Vip -2 ~0, (4.58)
Mp
V2P — 2]\’)42 = V2 — 47Gp ~ 0, (4.59)
p

which immediately tells us that ¢ and ® satisfy the same equation, leading to the general
solution
=P +20pP, (4.60)

with ¢ = ¢/M,, is the dimensionless field. Hence, if we assume that we are in the presence
of a spherical symmetric star of constant density p, in the exterior the solution would be

given by
20G M 5
Doo gr = oo + % , (4.61)

while an analogous description for the interior of the star is difficult to find due to the
dependence of p o< ¢ through the scale factor A(¢) as one can see from (4.55).

It is important to remark that in this theory, the metric on the kinetic term of
the test particles, is the Jordan frame metric g,,, which means that particles move
along its geodesic and not the one derived from g,,. Thus, the parameterized post
Newtonian (PPN) framework shows the deviation from the standard behaviour obtained
from General Relativity and the results predicted using g,, are given by

2G M GM\®
1- —— 2 (Bppn — YPPN) (_r > + .

G dat dz” = — dt* +

GM
+ {1 + 2vppN (—) + } dr? +r2d0? (4.62)
r
where the Schwarzschild solution is recovered by the choice vppy = Bppy = 1, where
the Cassini probe data [68] gives the bound
|vppn — 1] < 2.3 x 1072, (4.63)

where vppy = 1 is the predicted of GR. Now, we want to show that the Weyl scaling
factor A(¢) is the one that dominates at leading order in GM /r. First, let us take (4.57)
without any external source

Ruw + 0,00, =0, (4.64)
and using the solution in (4.61) and metric parameterized as
ds? = =2 At? + 20 dr? 4 12 dQ? (4.65)
we obtain
2'1]/ @2
R, —u" N2l — 2 = ()= 4.66
W - = S = () = =2 (1.66)
2(u—v) " N2 10 2u/
Ry=e —u" = (u)*+uv ——| =0, (4.67)
r
Rog=—1+e *[1+r@ —2)] =0, (4.68)
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thus, from (4.66) and (4.67) we find

~2

¥

et (4.69)

u+v=—

with the conditions that when » — oo we have u +v — 0. Hence, from (4.68) we can

write a solution for u(r) in powers of r~! as

I 12 3lg*—163
=+ 4+ O(r™ 4.70
u(r) e + 12,3 +0(r ), (4.70)
where [ is an integration constant. Now, expanding in powers of r~! the metric compo-
nents we get

2u —4
(& _1—?4—%—1-0(7’ ), (471)
20 812 —p? 1613 — 31p?
2v —4
it — Tt + O(r ), (4.72)
while the Weyl factor turns out to be
aq a2 -3
Al = Aw [1+ 2+ 2+ 0(07)] (4.73)

Thus, the metric will be

2 242
G dzt dz” = A2, [1 + il + (9(7‘_3)] (e dt® + e* dr® + r*dQ%) , (4.74)
r

r2

from which one can rescale the time coordinate and define the new coordinate 7, as

t—t=Axt, r%sz(r)r:Aoo[7’+a1+%+(’)(r’2)], (4.75)
r
which inverted is _ p
t T A2 Asg
_ - g — 4.
t AOO y r Aoo aj 7 ) ( 76)
from which the metric will be
2(1 — .
G dat da” = — [1 - %Am + (9(732)} ai’ +
2(1
+ [1 + w&o + O(f-z)l A7 % + 7202 | (4.77)
If we now define GM = (I — a1)Aw, @1 = a1 A and ay = ay A% we have
2GM 2(GM + 2a
9{52—(1— = ) gﬂzlJrg, (4.78)
T T
and comparing it with (4.62) we can find the form of vppy
2&1 l + ap
=1 = . 4.79
YPPN + GM  I—a ( )
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In our case, p = —2gG'M which means that ¢ = ¢, — QTQZ and since A = €% and
Ay = %% we have

A = e = S 20T — A 2l (4.80)
and a; = —2g?l. Substituting in yppx we have
1-2g> w+l
= = 4.81
YPPN 11282 w+2’ ( )
with # = 2w + 3, from [67], whose bounds from (4.63) are
gl <58 x107% or |w+ 2| <43478.3. (4.82)

Let us remark that in order to compute the Sppy parameter one should keep track more
carefully of the r~2 terms in the expansions which will eventually lead to ay = 1/2a2
and oy = —4g?l. Hence, when the Einstein-frame metric is Schwarzschild we have

2 +lay +1/2a _

Brpn = I+ 1/22%) © (4.83)

where in the last equation we have used as = ai.

4.3.2 Axio-Dilaton cosmological model

Now, let us analyze in detail a simple example in which on top of the usual Brans-
Dicke scalar we add an axion to the field content. We will take the chiral super field
T = 3(7 +ia), for which the Kéahler potential is

K=-3n(T+T)=-3Inr, (4.84)

and it is to see that Kéahler metric is given by

Ky = 070:K = —307 (T + T) oo % , (4.85)
and i 72 3 2
M, =K"TKm = 3aTm - (4.86)
Now, we choose as particular scale factor
Az ofl6 — g— L (4.87)

In detail, we have that

1
T = 5(7 +1ia), (4.88)
for which )
K=3-In(T+T)=-3In(r) = A:F, (4.89)
and, asking that g,,T"" = —p, in absence of a scalar potential for 7 and a, we obtain
or - 2o,10m+ L p— 0 (4.90)
Tt 6M§p - .
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with real and imaginary parts given by

2
Oa — =0,70"a =0, (4.91)
T
1 TP
Or — = (0707 — Bu00"a) + 327 =0 (4.92)
Hence, canonically normalizing as 7 = €%¢, where we have that ¢ = 1/2/3, (4.92) will
give us
P
O¢p = ——— 4.93
o= -3 (1.9

which compared with (4.58) gives us the value of

1
g=———=—0408, (4.94)

V6

which will be our benchmark value for the numerical analysis in the next chapter. More-
over, there we will analyze in detail a similar model in which we will add the findings of
section 4.1 in order to study its cosmological evolution as a dynamical system.
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Chapter 5

Solutions with Axio-Dilaton and
Matter Coupling

In this chapter we will focus on the case where we consider two scalar fields, that are
the dilaton and the axion, with an axion source, following the work [3]. In detail we are
going to study the evolution of the universe as a first order dynamical system, i.e. we
are going to generalize the procedure as in Chap.3.

We will take into consideration the relaxed model but in the gravity sector, i.e. only
with the degrees of freedom of the axio-dilaton multiplet, which has a non-minimal
kinetic term, the coupling between the axion and matter and of course gravity.

5.1 Axion Dilaton Cosmology

Now we are going to study the dilaton evolution, in the presence of a specific potential
V(x), which provides a particular type of quintessence model.

The class of models which are relevant to our analysis contains a coupling between
the Einstein gravity and two scalar fields, xy and a, which are called the dilaton and the
axion respectively, from which we can build the following action

M2 1 1 .
S X = /d4:v V=g (7”73 = 50 = 5f(x)*(9a)” - V(X)) + S (Guws )5 (5.1)
R is the Ricci scalar, f() is the kinetic coupling, defined as f = e~F1x/Mr,
Hence, assuming a spatially flat FLRW spacetime, the field equations describing
cosmology obtained by varying the action, setting x = x/Mp, are

. 1 1
R#V+ ef%lxaua 8,,& + @L)z az/)% + — |:V(>A()gy,u + Tp,l/ - §g)\pT)\pguvj| = 07 (52)

M;
5 1 oV
. —2k
Ox +kie 1X6Haa“a+W(—8X+gT):0, (5.3)
. . 2k1 X . —2k1v J
<a+3Ha—nga)e 1"—3—]\45207 (5.4)
where 2m = J is the axion source, defined proportional to the number density of the

da
baryonic matter n;, and the axion-matter coupling g,, J = g,np. In addition, it is also
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important to define the Friedmann equation

-2

1 X
_ RIS VA 5.5
ngf+p+2+ (5.5)

p
H? =
3M2

which is a constraint and where p; is the density of the cosmological fluid, given by

that satisfies 1
Pr = pm(X) + Prad » Pf - Prad = gprad7 (57)
where we are stressing the dependence of p,, on the dilaton field which is obtained

considering that in the Einstein frame the number density is given by /—gn giving
n ~ exp(—3N) and that the mass is

m(x) = mAR) ~ e X = p,(R) = nm(R) = pmoe N 2HX. (5.8)

For completeness, one can then derive the variation of the Hubble constant as

: 1 4 N
H=———— " pm+ =praa + pa + =) . 5.9
2M]%(p +3l)d+/0+2) (5.9)

Thus, the dilaton equation can be written as

. . N 1
X+ BHY + ke 2t + [v’(;z) + gpm(@} ~0. (5.10)

p

While, the scalar potential is assumed to be
V = Ve kX, (5.11)

where Vj is a constant, which can be seen as a particular case of (4.16), with U = V.
Now, if we choose this specific potential and the initial conditions, we can study the

evolution of the energies of radiation, matter and the scalar potential. Suppose we take

the case of a small and negative g, what we obtain in the case of g = —1075, k; = %

and ko = 4k, is the evolution in Fig.5.1.
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Figure 5.1: Log-Log plot of the energy densities (E) of matter (blue), radiation (orange),
dilaton potential (green) and total (red) energy in function of the number of e-folds
(N), in the case with no axion evolution, and with g = —1075, where we are taking an
exponential potential.

Where we have been taking the following initial conditions
Pmo =107 praao = 107%, Vo =107 X0 %0 =74, po=107""7 (5.12)

Thus, from this evolution we can clearly see that at a certain point all the dilaton kinetic
energy becomes small and just the potential energy dominates, remaining a constant.
This point correspond approximately to the change from radiation to matter domination.
However, if one allows the system to evolve for longer we will reach the point where the
matter energy density becomes comparable with the potential and the dilaton’s total
energy which start to decay at the same rate of p,,, as one can see from Fig.5.2. This is
to be interpreted as the damping effect coming from the term gp,, from (5.10) which no
longer compensates the other terms leading to the runway of the field y.
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Figure 5.2: Log-Log plot of the energy densities (E) of matter(blue), radiation (orange),
dilaton potential (green) and total energy (red) in function of the number of e-folds
(N), in the case with no axion evolution, and with g = —107°, taking the case of an
exponential potential. With a particular zoom on the final part of the plot and a zoom

in the ratio between the matter radiation and potential in function of the number of
e-folds .

Now, instead, suppose we take the case of the axion evolution equal to zero again
but with a value of g = —%kl ~ —0.408, where again we are considering k; = \/g and

ko = 4k, which corresponds to the case of an axio-dilaton model, as phenomenologically
argued in section 4.1. In this particular scenario, we can make the same type of study that
we have done before. Thus, we obtain the evolution in Fig.5.3, where for the evolution
of the densities we have the initial conditions

pmo = 10777 praao = 1072, Vo =107 e ™0 30 =74, po =107 (5.13)

and now the total energy of the dilaton (orange line) does not become only potential
energy at a certain point and the potential (green line) itself is not a constant, which
means that we have an attractor scaling evolution, see Chap.3. In detail, from Fig.5.4, we
can see that if we let evolve the system, the matter energy density becomes comparable
with the total energy of the dilaton, which decay at the same rate of p,,. Hence, again
we have a damping effect due to the gp,, term.
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Figure 5.3: Log-Log plot of the energy densities (E) of matter (blue), radiation (orange),
dilaton potential (green) and total (red) energy in function of the number of e-folds
(N), in the case with no axion evolution, and with g = —0.408, where we are taking an
exponential potential.

In the end we can also study the case where we take an axion evolution which is now
different from zero. We keep the value of g ~ —0.408, since is the most relevant one

from the phenomenological point of view. Again, we considered the value of k; = \/g ,
ko = 4k, and we take the following initial conditions

Pmo =107, praag = 1075 1= 10720678250 30— T4, pyg = pyo = 10°%,

(5.14)
What we obtain is the evolution in Fig.5.5. From this plot we can see that the evolutions
for the energies density of matter and of radiation are the same, since the equations
are not changed. The biggest differences are that now we have a representation of the
evolution of the total axion energy. Which it is smaller in respect to the total energy of
the dilaton in the radiation era, while is bigger in the matter era. Noting that the axion
energy executes a crossover

Pa < a2 to  pg o< a?, (5.15)

when we pass from the radiation to the matter era. In detail, we can note that the energy
density of the dilaton potential remains almost constant until when the energy density
of the axion becomes bigger than the one of the dilaton.
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Figure 5.4: Log-Log plot of the energy densities (E) of matter(blue), radiation (orange),
dilaton potential (green) and total energy (red) in function of the number of e-folds
(N), in the case with no axion evolution, and with g = —0.408, taking the case of an
exponential potential. With a particular zoom on the final part of the plot.
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Figure 5.5: Log-Log plot of the energy densities (E) of matter (blue), radiation (green),
dilaton potential (dark orange), total axion energy density (light orange) and total (pur-
ple) dilaton energy density in function of the number of e-folds (N), in the case with
axion evolution equal to one, and with g = —0.408, where we are taking an exponential
potential.

5.2 Dynamical system of the axio-dilaton model

Let us now employ the techniques of section 3.1 in order to develop a generalisation to
the axio-dilaton model and derive its dynamical system.

5.2.1 Analytical derivation

An important fact to note from the action (5.1) is that the field a is a flat direction of
V which only couples kinetically to x. The equations of motion, taking for simplicity a
single fluid, and only the case of p,,, are given by

X = —3HX + f fa* -V, — %=
’ 5.16
i = —3Ha—2f7xxa+ﬁ, (5.16)

Recalling that
J = gamy, (5.17)

and where V), define the derivative of the potential in respect to x.
Thus, in order to study the dynamical evolution of the universe, we can define the
following dimensionless variables

' ' v J 1
xlzL, xQEL, [L‘gEL, z _— (5.18)
V6M,H V6M,H V3M,H 3vV6f HM,

Elisa Medda 61




Chapter 5 Quintessence, 5th forces and String Theory

Thus, recalling that
dx dt x
/
r’=——-—=—= 5.19
dt AN H’ (5.19)
noting that "dot" means derivation in respect to time, while "prime" means derivation in
respect to V. Hence, we can see that the dimensionless variables, where we consider only

pm for the sake of pursuing an analytic study, obey the following dynamical equations

1 3 3
x;—\/é(—klx§+§k2x§) —\/ 50— af —2f — ) + o (<14 af 4 af — af)

3
vy = V6 kiwimy + 22 + Sy (=14 2% + 23 — 23)

2
I‘l—— §/{Z § 1 2 2 2 520
L= 5 2x3x1+2x3( + 2] + 75 x3), (5.20)
g 1 J Ly VI VI g
HM,\/3V6 \2VJHY] = “2M, Hf /fH?
= \/gklzxmL%z (2f + 23 — 23) |
2 2
where

- a
J=npgs = J=gaNip=—3ganpo— = —3Hgong = —3HJ, (5.21)
a
taking ng = ngya>.
Using the definitions in (5.20) we can re-write the Friedmann equation as

3
1 1, 1. Pm
H2=§(Pm+§a2f2+§>(2+v) :@zl_zx% (5.22)
=1

It is also important to define the equation of state for the scalar sector, which is given

by
Dx + Da _ DPx+a JI%—FZE% —1}%

Px+Pa  Pxia T+ T3HTF

(5.23)

Now, since the total energy density of x is p, = X; +V >0andof ais p, = %fz > 0,
we can define the energy density for the dilaton and the axion as

h = 3?-_72 =22+ a2, (5.24)
_ Pa
Qa = 3H2 = l’g, (525)

and for simplicity we will call then sum Q,4, = Q, + €),. From the definition of the
energy density we find the following constraints

0<zi+a22<1, 0<zi<l1, (5.26)

and, in addition, our system is symmetric under reflection, which allows us to write the
total bounds as

—1§x1§1, —1§I2§1, 0§x3§1, ZZO, k2>k1>0>g, (527)
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getting the fixed points as in Table 5.1, where we defined the constants

By =~

Dy

A=9+4k [9g+ (—6 + g°) k1 — 4gkT + 4k7] | (5.28)
1
. (—3 — gk + 42 F \JA+ 12k;1) , (5.29)
1
Cs = = (~3+2k) (3 A2+ VZ) , (5.30)
1
\/—3+21<;1 (—g+ k1) (3—2gk1+4kf:pﬂ) \/—492— wﬁg
2 X 31/4\/—6 + 4/{31 (-g + ]{31)
(5.31)

These fixed points can be compared to those of Table 3.3.

T To T3 z H Qyta ‘ Wy+a ‘ Existence Conditions
K_ -1 0 0 0 1 1 ko>ki >0>g
Ky 1 0 0 0 1 1 ko>ki >0>g
7 —\/2g 0 0 0 2g2 1 k‘2>k1>0>ng\/§
g & 0 6_6'“5 0 1 %““3 V6> ke >k >0>g>—ky

ko >V6>k >0>g>—%241,/-6+k?

S \/g 0 V S+a(gthe) 0 3+g(gt+ke) | _ _g(atka) or

gtk (g+k2) (g+k2)? 3+g(g+kz)

\/Ezkzz\/§>k:1>0>gz%

\/3/2 -3 —2k

Fo -y ¥/ gtk 0 0| 1 Ry >k > 0>k — /34 k2 > g
6(3—2k2 — 2 - 2
g<0< \/3(\/5—1)<k1< 2 \/(m i S < g < SN
o 4 2729(1276}({&\/3):{:0
F s+2<g—22¢lcék)ic.iﬂ \/ o —— = 0 D, B: 1 or
(f\/§<g7k1:\/§orkl>\/g)7 ko>k>0>g¢g
VB> k> V2> 50 >k > 0>

V6 \/m 2k 4k

NG o +hz F e ik U 1 = Wtk or
ka>V6, ko>k >0>g

Table 5.1: Fixed points of the system with two scalars fields in the presence of a axion-

matter coupling.

In detail we have different domination eras corresponding to different critical points

from Tab.5.1.

e Kinetic energy domination, K:

The first two points in the table correspond to the case with an energy density
given by Q,4, = 1 and w,;, = 1, which is a Kinetic energy domination, K4,
since the only contribution comes from z, that as we know from the definition is

proportional to the kinetic term of y.

e Fluid domination, Fi:

While, from the table it is also possible to see a solution that it is a Fluid domination
F1, where €, ., for small value of g, is approximately zero, i.e. the scalar sector
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does not contribute in a relevant form. Moreover, differently from the previous one
found, we have a non zero contribution from g, which give us a non zero value for
the kinetic term, which in turn allow for a well defined value of w, ., cf. Table 3.3.

e Fluid domination, F;, with ¢ = 2, 3:

This is a new solution in respect to the one already present in literature. In fact,
differently from 7, we have a contribution also from the kinetic term of the field a.
In detail, the solution F3 has a value of x5 and z different from zero, which means
that in addition to the solution F5 we have a contribution also from the source J.
Moreover, the value of w,, remains equal to 1 in both cases.

e Geodesic, G:

For the critical point G, the system evolves along a geodesic trajectory. In detail
we have that y slow rolls down the slope of its potential, and a remain the same,
x9 = 0. This solution is in agreement with the one already present in literature and
we don’t have any contribution from the presence of the axion-matter coupling.

e Scaling solution, &:

For this solution, as we expected from the case that we have already analyzed in
previous sections, we have a contribution equal to zero from the field a, and only
1 and x3 are different from zero, which means that the axion field doesn’t add
anything to the system and remains static. Moreover, we have some modification of
the solutions, due to the presence of g, which give us new type of possible values.
In detail, we can see that we can have an interesting value of w,.,, since there
is a range of g for while w < L. Suggesting the possibility that S can support

3
accelerated expansion.

e Non-Geodesic solution, NG:

In this solution we have different contributions from all the variables, and the
evolution is along a non-geodesic trajectory in field space. Moreover, this solution
is in agreement from the one found in literature.

5.2.2 Stability of the critical points

Another important aspect is to determine the stability of the critical points. In order
to check this we shall study the evolution of a small perturbation around the solutions
(2;,2), with i = 1,2, 3, found as

T = T; + u;, Z2=2Z4 uy, (532)
thus, using (5.32) in (5.20) we obtain
u' = Mou, (5.33)

where u = (uq, ug, us, us), with general solution given by

4
U; = Z Uiy emijN s (534)
j=1
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mi1 Mo M3 Mia Stability Conditions
K_ -2 3 — \/ég 7 % unstable
Ky -1 2 2 3+ 1/6g unstable
Fi 3 (39 - \/6) 2922*3 69274%/69*9 —692*4%/6979 unstable
g % 5 % _4\/g§+23 unstable
3 V6—3g __ a9 V/6+3g _ 348+18V6g+9g°+r  _ 3 48+18V6g+9g%—¢
2 44/6+3g 34x/5+39 2 (4\/6+3g)2 2 (4\/6+3g)2 unstable
3 V6—3g V6+3g 3 —124+3V6 g+t 3 —12+3V6g—t
FQ 52\/6—39 —3m §W EW unstable
Fs | 2(3g—V06) A A2 A3 unstable
NG | L (-1+1v39) L1(-1-iv39) 1 1(2+V6g) unstable

Table 5.2: Study of the stability of the critical points of the system with two scalar fields
in the presence of an axion-matter coupling.

where u;; are coefficients and m;; are the eigenvalues of the matrix M. For the case with
ki =+/2/3, ko = 4k; we find the eigenvalues in Tab.5.2 with the definitions

—t? = 144V6° + 4023¢* + 7812V/64° + 40674¢% + 156641/6g + 10944 , (5.35)
2 = 1296 — 424V/6g — 1722¢° + 1044v/6° — 1152¢* + 72v/6¢° , (5.36)

and \; with ¢ = 1, 2, 3 solutions of the third order equation
23219011584 g* 4 2592 g* <432 <\/24 92 +76vV6g+1— 13) i (5.37)

+ 373248 (25\/2492 +76V6g+ 1+ 189> — A?)

—216\/69( (\/24924—76\/694-1—3) A2 4 864 (16\/24g2+76\/69+1+127) i

+ 746496(53\/2492 +76V6g+1+ 757)) + 432 <\/2492 +76V6g+1+ 19) A2

+ 279936 (5\/24 a2 +76V6g+ 1+ 59) N\ — 1612431360 (\/24 g2 +76V6g+ 1+ 1>

+2239488+/6 g (864 (\/2492 +76V6g+1+ 44) + A,-) + M =0,

which we omit to not clutter the table.

Thus, for the stability we need that the real part of all the eigenvalues, of the matrix
M., to be negative, however as can be seen from Tab.5.2 none of these solutions is stable.
Moreover, one can perform a generic study leaving ki, ko and g as free parameters in
order to find for which values the stability conditions are satisfied, from which we find
that the only stable point is given by the geodesic G with conditions

3— k32

3 3
0<k2§\£,—k2<g<0<k1<k2 or \/;<k2<\/§,—k2<g<0<k1< o
2

(5.38)
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These new instabilities are to be understood as a consequence of the new variable z,
since if we make the limit g — 0 we recover the systems described in [54].
From now one we are going to set Mp = 1 to simplify the notation.

5.2.3 Case 29 =0, small g
Let us now focus on a simplified case where we have no axion evolution and we set @ = 0.
Which means that the equations of motion in eq.(5.16), are now given by

X=—-3Hx — Vx — 9Pm,

) (5.39)
a=0 —= J=0

thus, from here we have only two variables different from zero, due to the fact that x5 o< a

and z o< V/J, s0 29 = 0 and z = 0. Thus, in this particular case, with k, = \/g, ko = 4k

and g = —107°, the dynamical system coordinates in (5.20) evolves to the fixed point
X/
v = 2 —0.375,
VG

=0.375,

SE

which corresponds to the solution S, shown in Figure 5.6.

X3

0.1 0.2 03 0.4 X1

Figure 5.6: Fixed points x; and z3, in the case of g = —107°, corresponding to the
solution §.
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Now, it is important to note that even if in Tab.5.2 we have that none of the critical
points is in agreement with the stability conditions, once we impose zo = 0 and z = 0,
we are studying a two dimensional case and we have stability, as it is shown in Fig.5.6.

5.2.4 Case x5 =0, "phenomenological" g

Now, we want to repeat the same study of 5.2.3, where we have ¢ = 0, and taking the
case of g ~ —0.408. Which means that we have again the requirement of a negative value
for g, and this type of model is the most phenomenology successful one, as we explained
in section 4.3.2. In detail we can have a lower bound on the axion-matter coupling,
which turns out to be very small, and these kind of coupling can easily evade solar-
system bounds, since the axion itself is not detectable, or through the "homeopathy"
mechanism [58|. Hence, the equations of motion transform as in (5.39) and again the
value of x5 and z are zero.

Hence, we now consider the particular case where the parameters are given by k; =

\/g and ko = 4kq; thus, the dynamical system coordinates evolve to the values

X

o= A —(.498,
1 JoH
2y =0, (5.41)
%
T3 = YV 0.202,
V3H
z =0,

which again correspond to the solution S, as it is shown in Fig.5.7.

X3

0.25

0.20 -

0.15

0.1 0.2 0.3 0.4 X1

Figure 5.7: Fixed points x; and x3, in the case of g = —0.408, corresponding to the
solution §.
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The critical points change due to the different value of g but they reach again the
scaling solution, through a different trajectory. Again from Table 5.2 we don’t expect
it to have any stable solution at all, but by imposing ¢ = 0, which in turn implies
J = 0, allow us to reach this stable point, bypassing the instability generated by the
dimensionless variable z.

5.2.5 Case x5 #0

In this particular case we would like to study the scenario where we now allow the axion
to evolve, again considering the value of g ~ —0.408. Thus, we can study two different
cases, one where the axion source J is set to vanish and another one where we consider
it non-zero.

e J=0:

With this choice, the equations of motion now read

)2 = _3HX + fxde - Vx — 8Pm,
.. . Fr o (5.42)
a=—3Ha — QTXXCZ,

hence, choosing k; = \/g and ko = 4kq, we find that the dynamical system coordi-
nates evolve to the values

T3 = YV 0.202,

z =0,

which is the Scaling solution, as we expected from Tab.5.2, since § is the only
one with all negative real parts m; in the case of z = 0, i.e. neglecting the only
eigenvalue with a positive real part. Hence, we have the result that we expected,
since it is in agreement with the one in Chapter 3.1.4

o J#O:

The equations of motion are again the full system given in (5.16). In this case, there
is no stability, since in this case we have that J # 0, hence, z # 0, and so all the
eigenvalues of the Tab.5.2 are to be taken in consideration and the Scaling solution
now develop an eigenvalue with positive real part. More generally, if one considers
solutions with z = 0, i.e. all except the F3 solution, the linear equation for the z
perturbation uy becomes decoupled from the other u; variables with ¢ = 1,2,3 as

3 3
u, = [\/;klirl +3 (27 + 23— 23) | ua, (5.44)
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which directly gives the eigenvalue

~

% for K., Fi,
g for K_,
3 3 3L for G
my = | k11 + = (22 +22—32)={ O ’ 5.45
4\/;“2(1 ) 2 for S, (545)
9
15 for JFa,
(1 for NG,
where the numerical value is calculated with the parameters k| = %, ko = 4k, and
g= —%k‘l, giving us immediately positive real numbers which implies an instability

of the fixed point. Moreover, let us note that the cases where z3 = 0, i.e. Ky, F;
with i = 1,2, 3, will give analogously a decoupled equation for the us perturbation

as
3 3
ué = [—\/;/{52{%1 + 5 (1 + i"% + ig) U3, (5.46)
which gives the eigenvalue
(7 for K_,
3 3 -1 for ’C+ s
mz = —\/;kgi:l +3 (1+a7+13) =< 3 for Fi, (5.47)
—% for Fo,
\ 23+i’);‘ﬁ£ for Fj,

which shows that F3 that was the only solution still available from the previous
argument is now ruled out, thus showing that none of the fixed points is stable
with this choice of parameters.

5.3 Yoga Potential

We now explore a specific type of potentials that deviates from the simple exponential,
which will allow for different cosmological evolution, following [3]. Now, suppose to take
a scalar potential of the form (4.16) that is given by

V(X)=U(x)e ™  with  U®R) ~U|l—ux+ %f] : (5.48)

2

where U is a polynomial or rational function of y used to stabilize 7, whose particular
form is such that we find the minimum
N k2u1 + Ug — \//{% (u% — 2162) + u%
Xmin = )
k’QUQ

(5.49)

with the requirement u% < 2uy which ensures the presence of the minimum, V' (X i) =0
and V" (Xmin) > 0, and positivity of V' for all values of y. Let us also note that the
potential presents a maximum at

o koug +up + k3 (ud — 2us) 4 ud
kous ’

(5.50)

Xmax -
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after which the field y incurs in a runaway. At X = Xmin We set a minimum for U, since
any change in y results in a variation of the particles masses through A(x), because they
are set by phenomenological data at present day, recombination and nucleosynthesis,
hence, we choose Uy ~ 65M;1 for e ~ 1/30, and in order to obtain present time cosmology,
again setting Mp = 1, we have

Vi~ —= Y~ 75 = 7~ MY~ 10%, (5.51)

Thus, a possible choice of parameters is given by

2 1
ky = \/;, ko =4k, wp =0.027027 wug = 0.00036523, €= 30 (5.52)

which reproduces the following values

Xmin = 74.0159,  Xmax = 74.5963, Vi = 7.62522 x 10718 7., = 1.76215 x 10% .

(5.53)

Now, one could try again to recast the equation of motion into a linear dynamical

system, however the task is difficult due to the presence of this new potential. In fact,
it could be interpreted as a field dependent exponent [28] as

e 1
V(X) = Upe ™ @X with \=ky— 3 In [1 —uX + %XQ} , (5.54)

which means that when we take the derivative in respect to N we obtain

V' Uy — UgX
_:AA/ )\/A: v/ )\ >\AA = v/ k 555
v X AN =X (A +A\0) X(2+1—u1f<+“22>22 (5.55)
Uy — UgX
~ k 5.56
$1(2+1—u1f(+u22f(2)7 ( )

which thus leads to a modification of the equation of motion of x4, in addition to the
obvious correction to x due to the derivative of V. This introduces a direct dependence
on y which is not part of the dynamical variables we defined, and thus forbid us an easy
solution. One possibility would be to study asymptotic regions in which this exponent
A becomes constant, and can be treated simply. In the next section we will numerically
analyse the model in order to see if fixed points exist and if they allow for a correct
phenomenology. In detail, we can see the main differences between the exponential and
the Yoga potentials from Fig.5.8, where it is visible the local minimum of the Yoga
potential.
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10-110__ |
10-113__ |
> 10—116__ |
10-119__ |

10-122 L 4

70 72 74 76 78 80

Figure 5.8: Potential in function of x. In detail, the Yoga potential (blue) in comparison
with the exponential potential (orange).

5.3.1 No axion evolution, g small

We would like to study now the simplified case where no axion evolution is allowed, as
we previously did with the exponential potential. However, differently from before, we
are not able to extract analytical information since now is not possible to write a linear
dynamical system, but we will proceed by setting our initial conditions and letting the
system evolve, ultimately we will analyze the possible critical points found. Hence, we
take the value of g equals to —1075, since we want that the dilaton y stays approximately
in the local minimum of the potential in order not to go into a runaway, as it is possible
to see in Fig.5.8.

Studying the evolution of the energies of radiation, matter and of the scalar potential,
as it is shown in Fig.5.9, we can see that the dilaton is trapped at late time. Thus, taking

ki = \/g and ko = 4k, and the initial conditions

Pmo = 107907 Prado = 107847 )A(O = 747 Px0 = 107108.77 (557>
we are able to find the following critical points
T = 0,
9 =0, (5.58)
I3 = 1,
z=0.
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10783 — ; ; ;
10—93'_ ]
W 4,-103} \ 1
10—113 L
\
-10 -5 0 5 10
N

— Pm
Prad

— Ejot

Figure 5.9: Log-Log plot of the energies densities (E) of matter (blue), radiation (orange),
dilaton potential (green) and total dilaton energy density (red) in function of e-folds (V),
in the case with no axion evolution, with g = —107® and where we are taking the Yoga

potential.

Where x5, = 0 and z = 0, since we are now studying the case without axion evolution,
thus, as in the case of the exponential potential we have the equations of motions as in
eq.(5.39). But now, differently from the previous case, we have that the kinetic term of
the dilaton is zero and we only have the potential term. In detail, from the Fig.5.10, it
is possible to see that the evolution of the system reach a stable critical point, which is
given by z3 = 1 and z; = 0.
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Figure 5.10: Fixed points z; and x5 with the value of g equals to —1075, corresponding
to the solution where in the end all the energy is given only by the dilaton potential.

Thus, since we know that x; < x and x5 o< v/V we only have potential energy in the
end. Hence, from eq.(5.22) we can see that the energy densities in this case are zero and
so the kinetic energies of the axion a and the dilaton y, thus, we have that H% o< V.

5.3.2 No axion evolution, case g = —0.408

Now we would like to study the case again of no axion evolution, but with a value of g
which is given by —0.408, that, as we already explained in the previous section, is the
most phenomenologically successful one.

Now, studying the evolution of the energie densities we obtain Fig.5.7, where it is
possible to see that now, differently from Fig.5.9, in the end we don’t have that the total
energy becomes only potential energy, instead, we have that, in the moment in which
we transition from radiation to matter domination era, the potential is not constant but
increases to then reduce itself. Where it is important to note that we used the following
initial conditions

pmo = 107965, Prado = 10792, Yo = 74, Pyo = 107195, (5.59)
X

Thus, now we can take the case of k; = \/g and ky = 4k, in this way we find that the
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evolution ends in the point

xry = 0.377,
ze =0, (5.60)
x3 = 0.198,

z=0.

As in the case of the exponential potential, we only have the values of x; and x3
different from zero. In detail, we have that the point that it is reached by the values of
x1 and x3 it is very close to the one of the exponential potential case, see eq.(5.41).

10-91
10-101¢ ]
— Pm
w4 o-111f i Prad
V
[ 1 — E
10-121¢ ] tot
-10 -5 0 5 10

Figure 5.11: Log-Log plot of the energies densities (E) of matter (blue), radiation (or-
ange), dilaton potential (green) and dilaton total energy (red) in function of e-folds (N),
in the particular case of no axion evolution, with g = —0.408 and the Yoga potential.

In detail, we have again x5 = 0 due to the fact that we are taking the case without
axion evolution, which implies in the equations of motion the absence of J, and thus
z=0.

5.3.3 Axion evolution # 0, case g = —0.408

Now we will focus on the particular scenario with an axion evolution different from zero
and a value of g = —0.408. Thus, the equations of motion are the one of eq.(5.16), with
the Yoga potential instead of the exponential one. Now, we can study the evolution of
the energies densities of radiation, matter, the kinetic and the potential term for the
dilaton and the kinetic term of the axion, finding Fig.5.12.
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Figure 5.12: Log-Log plot of the energies densities (E) of matter (blue), radiation (or-
ange), dilaton potential (purple), dilaton total energy (red) and kinetic term of the
axion (green) in function of e-folds (N), in the particular case of no axion evolution, with
g = —0.408 and the Yoga potential.

Choosing as initial conditions the following
me == 107907 ,Orad() == 107847 XU = 747
Pr0 = Pao = 107%, Jo = 2.3pmo x 1072 . (5.61)

From this plot we can see that the evolution of the axion’s energy density has the same
behaviour of the dilaton total energy density as long as we have radiation domination.
After the starting of the matter domination we can see that the kinetic energy density
goes to zero and become only potential, this is due to the fact that we are oscillating in
the minimum.

Thus, taking the case of k1 = %, ko = 4kq, the dynamical system coordinates evolve
in
x1 ~ 0,
x9 ~ 0, (5.62)
r3 =1,
z~ 0,

which is the case of no kinetic energies for the axion and the dilaton, all the kinetic
energy of the dilaton goes to the potential term. We already saw this type of scenario
in the case of no axion evolution, with a g = —107° and with the Yoga potential.
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Discussion and conclusions

In this thesis we studied the dynamics of the late universe, where the observational
evidence for accelerated expansion indicates the need for an unknown component called
dark energy. According to the most recent data, about 70% of the universe’s energy
density is in the form of dark energy. The simplest explanation for dark energy would be
a cosmological constant, though this proposal presents several shortcomings. The main
subject of this work is a class of dynamical DE models usually called quintessence. In
these models a scalar field rolling down a (typically) flat potential provides an adequate
description of the late universe. Such models while relatively easy to build from a field
theory point of view are difficult to embed into string theory and are often in tension
with solar system tests of gravity.

The idea of this work is to consider a coupled dilaton-axion sector that can be found
in string compactifications to give rise to dark energy. In particular we analyse the model
recently proposed in [3|, and dubbed Yoga dark energy, where the scalar potential driving
the universe’s late time expansion features a local minimum allowing for new end states of
the universe where the model transitions from a quintessence to a cosmological constant,
finding that with the right choice of initial data the system evolves to an apparently
stable solution.

In order to better understand the dynamics of the two field system we performed
an analytic study when the potential is a pure exponential, finding modifications of
the known solutions [57]. These modifications are due to the presence of both a dilaton
matter coupling (always present due to the Weyl rescaling from the Jordan to the Einstein
frame) and of an axion matter coupling (an additional ingredient added for compatibility
with fifth force constraints). The results are presented in Tab.3.3, most notably the
presence of two new fluid dominated fixed points F, and F3, and a shift in the location
of the known ones by factors of the axion-matter coupling g.

Moreover, phenomenologically today we expect a value of the energy density w ~ —1
and for the equation of state 2 ~ 0.7, see [69]. Thus, we can see that for certain value
of g this could be possible for the modified Scaling solution in Tab.5.1.

However, we can also note that differently from the previous study in [57], the stability
conditions derived from the eigenvalues of the linear order perturbation matrix are greatly

modified. In particular, looking at Tab.5.2, where we study the particular value of

ki = \/g and ks = 4kq, we can see that we no solution is stable, since the extra

variable z induces a fundamental instability, which is manifested by the presence of an
eigenvalue with positive real part. Moreover, this particular study can be generalized
leaving the parameters ki, ko and g as free, which were instead previously inferred from
phenomenological and string inspired considerations. With this new freedom what we
found is that only the geodesic solution is stable under a subset of the parameter space,
which we recall is unmodified by the addition of the axion-matter coupling. These
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considerations suggest that if the potential is to be considered as a simple exponential
our universe could be currently only in a transient phase which in turn generates a
plethora of questions such as why the universe is in this exact state at this stage of its
evolution which remains unanswered.

In addition, in the particular case of the Yoga potential we were not able to perform
a systematic search and a further development left for the future would be the search for
an analytic study of the solutions, in order to perform a similar analysis that we already
done in the exponential potential, and thus, to find the expected critical points. The
richer structure of the Yoga potential implies that an analytic study of the dynamical
system is more involved since it is impossible eliminate a direct dependence on the
dilaton field from the equations of motion, rendering the system non-linear. Hence, one
should search for new/different dimensionless variables that would be able to simplify
the system allowing for a systematic search of critical point and thus a classification. In
fact, in our case we were only able to perform a numerical analysis based on empirical
data, trying to analyse if a possible choice of starting state would eventually lead to
a stable solution at late times, finding that indeed this is possible if one has that the
axion source contribution interplay with the matter energy density stops the rolling of
the dilaton enough such that it gets trapped inside of the local minimum, otherwise one
would incur in a runway and in the limit of large y the field dependent exponent will
then tend to become a constant and thus recovering the exponential case analysed with
its associated critical points that we argued to be of little phenomenological relevance.

Lastly, we note that in recent years several doubts arose about the existence of de
Sitter vacua in String Theory [70, 71|, that were formulated as the so called no dS
conjecture, which states that

V//

M V] > c or M3— < —¢
pVN PVN )

with O(1) coefficients ¢ and é. In particular this bound forbids dS vacua.

In particular this bound forbids both exact dS vacua, i.e. a true cosmological con-
stant, and flat potentials that support geodesic evolution. This prompts the question: if
this conjecture is true, what is the dynamics behind the observed accelerated expansion
of the universe? What one can find from this work is that the critical points already
found in previous works in literature [54-57] receive corrections due to the presence of the
axion coupling, and on top of these known points new solutions emerge which enriches
the landscape of possibilities. In fact, previous studies found that the current state of
the universe could not be a critical point and thus it required us to be in a transient
phase, while with the new freedom given by the parameters of the axio-dilaton system
together with matter coupling new possibilities arise, and at the same time satisfying
the bounds on PPN parameters in accordance with data.

In conclusion, our study poses a new intriguing development which aims to reconcile
Quintessence models derived from an underline String Theory UV completion to experi-
mental data from solar system test, avoiding heavy modification of the PPN parameters,
alongside constraints from several present and upcoming detections.

Elisa Medda 77



Acknowledgements

I would like to thank my supervisor Professor Francisco Gil Pedro for his availability and
for everything that he teach me during the last months. I would also like to thank my
family and all my friends that support me in these years.

78



Bibliography

10.

11.

12.

13.

14.

Perlmutter, S. et al. Discovery of a supernova explosion at half the age of the
Universe and its cosmological implications. Nature 391, 51-54. arXiv: astro-[]ph/
9712212 (1998).

Ade, P. A. R. et al. Planck 2013 results. XVI. Cosmological parameters. Astron.
Astrophys. 571, A16. arXiv: 1303.5076 [astro-ph.C0] (2014).

Burgess, C. P., Dineen, D. & Quevedo, F. Yoga Dark Energy: natural relaxation
and other dark implications of a supersymmetric gravity sector. JCAP 03, 064.
arXiv: 2111.07286 [hep-th] (2022).

Hebecker, A. Lectures on Naturalness, String Landscape and Multiverse. arXiv:
2008.10625 [hep-th] (Aug. 2020).

Schwartz, M. D. Quantum Field Theory and the Standard Model (Cambridge Uni-
versity Press, 2013).

Donoghue, J. F., Golowich, E. & Holstein, B. R. Dynamics of the Standard Model :
Second edition 1SBN: 978-1-00-929103-3, 978-1-00-929100-2, 978-1-00-929101-9 (Ox-
ford University Press, 2014).

Burgess, C. & Moore, G. The Standard Model: A Primer (Cambridge University
Press, 2006).

Ryder, L. H. Quantum Field Theory 2nd ed. (Cambridge University Press, 1996).

Dvali, G. A lecture on the hierarchy problem and gravity. 2011 CERN-Latin-
American School of High-Energy Physics, CLASHEP 2011 - Proceedings, 145-156
(Jan. 2013).

Cséki, C., Lombardo, S. & Telem, O. in Proceedings, Theoretical Advanced Study
Institute in Elementary Particle Physics : Anticipating the Next Discoveries in Par-
ticle Physics (TASI 2016): Boulder, CO, USA, June 6-July 1, 2016 (eds Essig, R.
& Low, 1.) 501-570 (WSP, 2018). arXiv: 1811.04279 [hep-ph].

Padilla, A. Lectures on the Cosmological Constant Problem. arXiv: 1502 .05296
[hep-th] (Feb. 2015).

Hebecker, A. Lectures on Naturalness, String Landscape and Multiverse. arXiv:
2008.10625 [hep-th] (Aug. 2020).

Polchinski, J. The Cosmological Constant and the String Landscape in 23rd Solvay
Conference in Physics: The Quantum Structure of Space and Time (Mar. 2006),
216-236. arXiv: hep-[]th/0603249.

Burgess, C. P. The Cosmological Constant Problem: Why it’s hard to get Dark
Energy from Micro-physics in 100e Ecole d’Ete de Physique: Post-Planck Cosmology
(2015), 149-197. arXiv: 1309.4133 [hep-th].

79


https://arxiv.org/abs/astro-ph/9712212
https://arxiv.org/abs/astro-ph/9712212
https://arxiv.org/abs/1303.5076
https://arxiv.org/abs/2111.07286
https://arxiv.org/abs/2008.10625
https://arxiv.org/abs/1811.04279
https://arxiv.org/abs/1502.05296
https://arxiv.org/abs/1502.05296
https://arxiv.org/abs/2008.10625
https://arxiv.org/abs/hep-th/0603249
https://arxiv.org/abs/1309.4133

Quintessence, 5th forces and String Theory

15. Baumann, D. Cosmology (Cambridge University Press, 2022).

16. Rubakov, V. A. & Gorbunov, D. S. Introduction to the Theory of the Early Universe:
Hot big bang theory 1SBN: 978-981-320-987-9, 978-981-320-988-6, 978-981-322-005-8
(World Scientific, Singapore, 2017).

17. Mukhanov, V. Physical Foundations of Cosmology (Cambridge University Press,
2005).

18. Coles, P. & Lucchin, F. Cosmology 2nd ed. en (John Wiley & Sons, Chichester,
England, May 2002).

19. Piattella, O. F. Lecture Notes in Cosmology arXiv: 1803 .00070 [astro-ph.CO]
(Springer, Cham, 2018).
20. Weinberg, S. Cosmology (Oxford University Press, London, England, Feb. 2008).

21. Binetruy, P. Cosmological constant versus quintessence in 71st Les Houches Summer
School: The Primordial Universe (2000), 397-422. arXiv: hep-[]ph/0005037.

22. Tong, D. Lectures on Cosmology http://www.damtp.cam.ac.uk/user/tong/
cosmo.html.

23. Jaffe, A. H. Cosmology 2012: Lecture Notes http://www.sr.bham.ac.uk/ smcgee/
ObsCosmo/Jaffe_cosmology.pdf.

24. Baumann, D. Lecture Notes on Cosmology http://cosmology.amsterdam/education/
cosmology/.

25.  Del Popolo, A. & Le Delliou, M. Small scale problems of the ACDM model: a short
review. Galaxies 5, 17. arXiv: 1606.07790 [astro-ph.C0] (2017).

26. Cicoli, M. et al. String Cosmology: from the Early Universe to Today. arXiv: 2303.
04819 [hep-th] (Mar. 2023).

27. Caldwell, R. R. An Introduction to Quintessence in Sources and Detection of Dark
Matter and Dark Energy in the Universe (ed Cline, D. B.) (Springer Berlin Heidel-
berg, Berlin, Heidelberg, 2001), 74-91. 1SBN: 978-3-662-04587-9.

28. Tsujikawa, S. Quintessence: A Review. Class. Quant. Grav. 30, 214003. arXiv:
1304.1961 [gr-qcl (2013).

29. Fujii, Y. & Maeda, K.-i. The Scalar-Tensor Theory of Gravitation (Cambridge Uni-
versity Press, 2003).

30. Guth, A. H. The inflationary universe en (Vintage, London, England, July 1998).

31. Baumann, D. & McAllister, L. Cambridge monographs on mathematical physics:
Inflation and string theory (Cambridge University Press, Cambridge, England, May
2015).

32. Maldacena, J. M. The Large N limit of superconformal field theories and super-
gravity. Adv. Theor. Math. Phys. 2, 231-252. arXiv: hep- [Jth/9711200 (1998).

33. Green, M. B., Schwarz, J. H. & Witten, E. Superstring Theory: 25th Anniversary
Edition (Cambridge University Press, 2012).

34. N. Beisert, D. J. B. Introduction to String Theory, Lecture Notes https://edu.
itp.phys.ethz.ch/hs13/strings/StringsHS13Notes.pdf.

35. Tong, D. Lectures on String Theory https://www.damtp.cam.ac.uk/user/tong/
string.html.

Elisa Medda 80


https://arxiv.org/abs/1803.00070
https://arxiv.org/abs/hep-ph/0005037
http://www.damtp.cam.ac.uk/user/tong/cosmo.html
http://www.damtp.cam.ac.uk/user/tong/cosmo.html
http://www.sr.bham.ac.uk/~smcgee/ObsCosmo/Jaffe_cosmology.pdf
http://www.sr.bham.ac.uk/~smcgee/ObsCosmo/Jaffe_cosmology.pdf
http://cosmology.amsterdam/education/cosmology/
http://cosmology.amsterdam/education/cosmology/
https://arxiv.org/abs/1606.07790
https://arxiv.org/abs/2303.04819
https://arxiv.org/abs/2303.04819
https://arxiv.org/abs/1304.1961
https://arxiv.org/abs/hep-th/9711200
https://edu.itp.phys.ethz.ch/hs13/strings/StringsHS13Notes.pdf
https://edu.itp.phys.ethz.ch/hs13/strings/StringsHS13Notes.pdf
https://www.damtp.cam.ac.uk/user/tong/string.html
https://www.damtp.cam.ac.uk/user/tong/string.html

Quintessence, 5th forces and String Theory

36. Zwiebach, B. A First Course in String Theory (Cambridge University Press, 2004).
37. Polchinski, J. String Theory (Cambridge University Press, 1998).

38. Becker, K., Becker, M. & Schwarz, J. H. String Theory and M-Theory: A Modern
Introduction (Cambridge University Press, 2006).

39. Di Francesco, P., Mathieu, P. & Senechal, D. Conformal Field Theory 1SBN: 978-0-
387-94785-3, 978-1-4612-7475-9 (Springer-Verlag, New York, 1997).

40. Kiritsis, E. String theory in a nutshell 1SBN: 978-0-691-15579-1, 978-0-691-18896-6
(Princeton University Press, USA, 2019).

41. Ibanez, L. E. & Uranga, A. M. String Theory and Particle Physics: An Introduction
to String Phenomenology (Cambridge University Press, 2012).

42. Bedford, J. An Introduction to String Theory. arXiv: 1107.3967 [hep-th] (July
2011).

43. Quevedo, F., Krippendorf, S. & Schlotterer, O. Cambridge Lectures on Supersym-
metry and Extra Dimensions. arXiv: 1011.1491 [hep-th] (Nov. 2010).

44. Cicoli, M., Quevedo, F., Savelli, R., Schachner, A. & Valandro, R. Systematics of
the o’ expansion in F-theory. JHEP 08, 099. arXiv: 2106.04592 [hep-th] (2021).

45. Louis, J. Generalized Calabi-Yau compactifications with D-branes and fluxes. Fortsch.
Phys. 53 (ed Kiritsis, E.) 770-792 (2005).

46. Gukov, S., Vafa, C. & Witten, E. CFT’s from Calabi-Yau four folds. Nucl. Phys.
B 584. |Erratum: Nucl.Phys.B 608, 477-478 (2001)], 69-108. arXiv: hep- [Jth/
9906070 (2000).

47. Kachru, S., Kallosh, R., Linde, A. D. & Trivedi, S. P. De Sitter vacua in string
theory. Phys. Rev. D 68, 046005. arXiv: hep-[]1th/0301240 (2003).

48. Volkov, D. V. & Akulov, V. P. Is the Neutrino a Goldstone Particle? Phys. Lett. B
46, 109-110 (1973).

49. Rocek, M. Linearizing the Volkov-Akulov Model. Phys. Rev. Lett. 41, 451-453
(1978).

50. Kallosh, R., Quevedo, F. & Uranga, A. M. String Theory Realizations of the Nilpo-
tent Goldstino. JHEP 12, 039. arXiv: 1507.07556 [hep-th] (2015).

51. Garcia-Etxebarria, 1. n., Quevedo, F. & Valandro, R. Global String Embeddings
for the Nilpotent Goldstino. JHEP 02, 148. arXiv: 15612.06926 [hep-th] (2016).

52. Balasubramanian, V., Berglund, P., Conlon, J. P. & Quevedo, F. Systematics of
moduli stabilisation in Calabi-Yau flux compactifications. JHEP 03, 007. arXiv:
hep- []1th/0502058 (2005).

53. Conlon, J. P., Quevedo, F. & Suruliz, K. Large-volume flux compactifications: Mod-
uli spectrum and D3 /D7 soft supersymmetry breaking. JHEP 08, 007. arXiv: hep-
[1th/0505076 (2005).

54. Cicoli, M., Dibitetto, G. & Pedro, F. G. New accelerating solutions in late-time
cosmology. Phys. Rev. D 101, 103524. arXiv: 2002.02695 [gr-qc] (2020).

55. Copeland, E. J., Liddle, A. R. & Wands, D. Exponential potentials and cosmological
scaling solutions. Phys. Rev. D 57, 4686-4690. arXiv: gr-[]1qc/9711068 (1998).

Elisa Medda 81


https://arxiv.org/abs/1107.3967
https://arxiv.org/abs/1011.1491
https://arxiv.org/abs/2106.04592
https://arxiv.org/abs/hep-th/9906070
https://arxiv.org/abs/hep-th/9906070
https://arxiv.org/abs/hep-th/0301240
https://arxiv.org/abs/1507.07556
https://arxiv.org/abs/1512.06926
https://arxiv.org/abs/hep-th/0502058
https://arxiv.org/abs/hep-th/0505076
https://arxiv.org/abs/hep-th/0505076
https://arxiv.org/abs/2002.02695
https://arxiv.org/abs/gr-qc/9711068

Quintessence, 5th forces and String Theory

96.

o7.

o8.

99.

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

Cicoli, M., Dibitetto, G. & Pedro, F. G. Out of the Swampland with Multifield
Quintessence? JHEP 10, 035. arXiv: 2007.11011 [hep-th] (2020).

Brinkmann, M., Cicoli, M., Dibitetto, G. & Pedro, F. G. Stringy multifield quintessence
and the Swampland. JHEP 11, 044. arXiv: 2206.10649 [hep-th] (2022).

Burgess, C. P. & Quevedo, F. Axion homeopathy: screening dilaton interactions.
JCAP 04, 007. arXiv: 2110.10352 [hep-th] (2022).

Giddings, S. B., Kachru, S. & Polchinski, J. Hierarchies from fluxes in string com-
pactifications. Phys. Rev. D 66, 106006. arXiv: hep-[]1th/0105097 (2002).

Klebanov, I. R. & Strassler, M. J. Supergravity and a confining gauge theory:
Duality cascades and chi SB resolution of naked singularities. JHEP 08, 052. arXiv:
hep- []th/0007191 (2000).

Cascales, J. F. G., Garcia del Moral, M. P., Quevedo, F. & Uranga, A. M. Realistic
D-brane models on warped throats: Fluxes, hierarchies and moduli stabilization.
JHEP 02, 031. arXiv: hep-[]1th/0312051 (2004).

Ferrara, S., Kallosh, R. & Linde, A. Cosmology with Nilpotent Superfields. JHEP
10, 143. arXiv: 1408.4096 [hep-th] (2014).

Antoniadis, 1., Dudas, E., Ferrara, S. & Sagnotti, A. The Volkov—Akulov—Starobinsky
supergravity. Phys. Lett. B 733, 32-35. arXiv: 1403.3269 [hep-th] (2014).

Aparicio, L., Quevedo, F. & Valandro, R. Moduli Stabilisation with Nilpotent Gold-
stino: Vacuum Structure and SUSY Breaking. JHEP 03, 036. arXiv: 1511.08105
[hep-th] (2016).

Kallosh, R. & Wrase, T. Emergence of Spontaneously Broken Supersymmetry on
an Anti-D3-Brane in KKLT dS Vacua. JHEP 12, 117. arXiv: 1411.1121 [hep-th]
(2014).

Will, C. M. The Confrontation between general relativity and experiment. Living
Rev. Rel. 9, 3. arXiv: gr-[]1qc/0510072 (2006).

Brans, C. & Dicke, R. H. Mach’s principle and a relativistic theory of gravitation.
Phys. Rev. 124 (eds Hsu, J.-P. & Fine, D.) 925-935 (1961).

Bertotti, B., Iess, L. & Tortora, P. A test of general relativity using radio links with
the Cassini spacecraft. Nature 425, 374-376 (2003).

Aghanim, N. et al. Planck 2018 results. VI. Cosmological parameters. Astron. As-
trophys. 641. |[Erratum: Astron.Astrophys. 652, C4 (2021)], A6. arXiv: 1807.06209
[astro-ph.C0] (2020).

Danielsson, U. H. & Van Riet, T. What if string theory has no de Sitter vacua? Int.
J. Mod. Phys. D 27, 1830007. arXiv: 1804.01120 [hep-th] (2018).

Obied, G., Ooguri, H., Spodyneiko, L. & Vafa, C. De Sitter Space and the Swamp-
land. arXiv: 1806.08362 [hep-th] (June 2018).

Elisa Medda 82


https://arxiv.org/abs/2007.11011
https://arxiv.org/abs/2206.10649
https://arxiv.org/abs/2110.10352
https://arxiv.org/abs/hep-th/0105097
https://arxiv.org/abs/hep-th/0007191
https://arxiv.org/abs/hep-th/0312051
https://arxiv.org/abs/1408.4096
https://arxiv.org/abs/1403.3269
https://arxiv.org/abs/1511.08105
https://arxiv.org/abs/1511.08105
https://arxiv.org/abs/1411.1121
https://arxiv.org/abs/gr-qc/0510072
https://arxiv.org/abs/1807.06209
https://arxiv.org/abs/1807.06209
https://arxiv.org/abs/1804.01120
https://arxiv.org/abs/1806.08362

	Abstract
	Introduction
	1 Standard Model and Cosmology
	1.1 The Standard Model and its problems
	1.1.1 Quantum Gravity
	1.1.2 Hierarchy Problem
	1.1.3 Cosmological Constant Problem

	1.2 Cosmology
	1.3 CDM model
	1.4 Quintessence

	2 Introduction to String Theory
	2.1 What is a String
	2.1.1 Bosonic Strings
	2.1.2 Equations of motion and Symmetries
	2.1.3 Oscillator expansions

	2.2 Quantum level
	2.2.1 Zeta Function Regularization
	2.2.2 Open Strings

	2.3 Brief introduction to Supersymmetry
	2.3.1 Supersymmetry algebra and representations
	2.3.2 Superfields, Chiral and Vector Superfield
	2.3.3 4D SUSY Lagrangians

	2.4 Superstrings theory
	2.4.1 Neveu-Schwarz (NS) 
	2.4.2 Ramond (R)
	2.4.3 Modular Invariance, Type IIA/IIB
	2.4.4 String Compatifications
	2.4.5 Calabi-Yau threefolds
	2.4.6 Kaluza-Klein reduction of Type IIB on Y
	2.4.7 Calabi-Yau orientifolds in IIB


	3 Dark Energy and Dynamical Systems
	3.1 Dynamical system for the cosmological evolution
	3.1.1 Derivation with one Scalar Field
	3.1.2 Stability of the critical points with one Scalar Field
	3.1.3 Derivation with two Scalar Fields
	3.1.4 Stability of the critical points with two Scalar Fields


	4 Relaxed Dark Energy Model
	4.1 Relaxed model
	4.1.1 Scalar potential
	4.1.2 Auxiliary fields
	4.1.3 Axio-Dilaton

	4.2 String inspired  and stabilisation
	4.3 Scalar Tensor Theory
	4.3.1 Brans-Dicke model
	4.3.2 Axio-Dilaton cosmological model


	5 Solutions with Axio-Dilaton and Matter Coupling
	5.1 Axion Dilaton Cosmology
	5.2 Dynamical system of the axio-dilaton model
	5.2.1 Analytical derivation
	5.2.2 Stability of the critical points
	5.2.3 Case x20 , small g
	5.2.4 Case x20, "phenomenological" g
	5.2.5 Case x2 =0

	5.3 Yoga Potential
	5.3.1 No axion evolution, g small
	5.3.2 No axion evolution, case g=-0.408
	5.3.3 Axion evolution =0, case g=-0.408


	Discussion and conclusions
	Bibliography

