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Abstract

When studyng monoparameter persistent homology, the bottleneck distance
is the most standard choice in literature. The advantage of this choice is that
persistence diagrams in the monoparameter setting are a complete invariant
as shown by the Isometry Theorem. However, they are not a complete invari-
ant in multiparameter persistent homology. This makes the multiparameter
case much more harder to study.

In this work we study some properties of the biparametric matching dis-
tance, which is an analogue of the bottleneck distance for higher dimensions,
between persistence diagrams, along with the set of special values (a,b) in
which the matching realising this distance may change abruptly. We prove a
result that drastically reduces the cost of the computation of the matching
distance, under suitable regularity conditions on the filtered space (X, ¢) and
on the special set. Moreover, we give a proof for an extension of the Position
Theorem, which is a central step in the proof of our main theorem.



Chapter 1

Introduzione

[’analisi topologica dei dati (TDA) svolge un ruolo importante in uno dei piu
grandi problemi della societa contemporanea: 'organizzazione e I'analisi di
grandi quantita di dati. L’approccio di questo ramo della topologia applicata
consiste nell’analizzare questi grandi insiemi di dati utilizzando strumenti di
topologia e dell’algebra omologica. Nell’ambito della TDA, un modo abituale
per rappresentare i dati e quello di considerarli come una nuvola di punti,
cioe come un insieme finito. Questo insieme viene ulteriormente arricchito
con delle strutture simpliciali e metriche. I diversi invarianti topologici e geo-
metrici di questo spazio corrispondono a certe features, ossia a particolari in-
formagzioni intrinseche ai dati, che sono di interesse per la loro comprensione.
In particolare, I’omologia persistente cerca di costruire un collegamento tra
la topologia e la geometria utilizzando i gruppi di omologia, che sono un in-
variante centrale nella topologia algebrica, per identificare le proprieta topo-
logiche che persistono nei diversi livelli di analisi dell’insieme rappresentante
i dati e risultano contemporaneamente compatti e discriminanti.

L’approccio classico all’omologia persistente si basa sullo studio dei cam-
biamenti omologici degli insiemi di sottolivello X? di uno spazio topologico
filtrato (X, ¢), con ¢: X — R™ una funzione continua, al variare di v in R".
Quando il codominio della funzione filtrante ¢ ha dimensione 1 parleremo
di omologia persistente monodimensionale o monoparametrica, e per n > 1
parleremo di omologia persistente multidimensionale o multiparametrica. Gli
oggetti di studio dell’omologia persistente sono i diagrammi di persistenza,
e il nostro lavoro si incentra sullo studio di una delle pseudometriche piu
comunemente usate tra questi oggetti, la bottleneck distance.

La persistenza monoparametrica fornisce un riassunto dei dati attraverso



una filtrazione unidimensionale, fornendo una panoramica dei dati a molte
scale diverse. L’omologia persistente monoparametrica e stata oggetto di
numerosi studi ed ¢ risultata utile in molte applicazioni, tra cui [11], [14].
Inoltre la persistenza monoparametrica rende disponibile una descrizione
completa delle features osservate dall’omologia, nel seguente senso: i dia-
grammi di persistenza offrono un invariante completo dell’oggeto geometrico
in analisi. Inoltre, nel caso monoparametrico basato su un approccio cat-
egoriale alla TDA, il cosiddetto Isometry theorem fornisce un’uguaglianza
tra la distance di bottleneck e la distanza di interleaving [9]. La rilevanza di
questo risultato e una motivazione per lo studio della distanza di bottleneck
e il fatto che per il calcolo di questa distanza esistono algoritmi con costi
computazionali bassi. Al contrario, € stato dimostrato in [15] che il calcolo
dell’interleaving distance ¢ NP-hard. Il lettore interessato agli algoritmi per
il calcolo della bottleneck distance puo consultare [5], [17].

Nonostante la persistenza monoparametrica sia stata ampiamente stu-
diata in ambito teorico e a lungo utiliizzata nelle applicazioni, alcuni dati
richiedono una filtrazione lungo pit parametri per catturare multiple e piu
complesse informazioni: questo e il ruolo dell’omologia persistente multi-
parametrica [7]. In alcuni contesti, puo, infatti, essere utile utilizzare piu
parametri per catturare diverse misurazioni dei dati miller2020data. Purtroppo,
comprendere, visualizzare e calcolare gli invarianti nell’omologia persistente
multiparametrica rimane un compito difficile sia dal punto di vista
matematico che computazionale. Questa difficolta si applica anche al cal-
colo delle distanze tra tali invarianti. Per esempio, non vale in generale un
equivalente dell’Isometry Theorem.

L’assenza di invarianti analoghi ai diagrammi di persistenza nel caso bi-
parametrico, lo rende piu difficile da studiare rispetto al caso monopara-
metrico e richiedi lo sviluppo di nuove idee e metodi matematici. Uno di
questi metodi consiste nel ridurre una filtrazione bidimensionale associata a
una certa funzione ¢: X — R? a una famiglia di filtrazioni unidimensionali
associate a funzioni ¢, ,,: X — R, con a €]0,1[,b € R, definite come

« - p1(r) —b po(x) +b
- 1 .
Dlad) () = min{a, a} max{ . 1

Ogni coppia (a, b) identifica la retta con pendenza positiva r(,p) in R? definita
dall’equazione parametrica (u,v) = (at + b, (1 — a)t — b). In altre parole,
la precedente filtrazione unidimensionale associata alla funzione goZ‘a p) Viene
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ottenuta proiettando X sul piano R? mediante ¢ e considerando, per ogni
P € T(q,p), il sottoinsieme X, < X formato dai punti che si trovano in basso a
sinistra di p. E noto che, per ogni grado k, la conoscenza di tutte le funzioni
dei numeri di Betti persistenti associate alle filtrazioni di X definite dalle
funzioni @Ta,b) al variare di a e b e equivalente alla conoscenza della funzione
dei numeri di Betti persistenti associata alla filtrazione di X data da ¢ [7].

In questo lavoro affrontiamo lo studio di una metrica ampiamente studiata
in persistenza biparametrica, la matching distance. Questa metrica e definita
per due funzioni ¢, 1: X — R? come il supremo delle distanze di bottleneck
tra i diagrammi di persistenza ¢f, ), V{, ;) al variare di (a,b).

In particolare, affrontiamo una congettura ampiamente studiata nella let-
teratura (si vedano, per esempio, [13], [19]) che riguarda la persistenza bi-
parametrica: ¢ possibile calcolare la distanza di matching studiando soltanto
le rette filtranti r(, ) di pendenza 1, ovvero, fissando il parametro a = %?
Un tale risultato sarebbe molto utile dal punto di vista applicativo e com-
putazionale, giacché consentirebbe di passare dello studio dei valori su una
striscia allo studio dei valori su una retta, riducendo nettamente il costo
computazionale del calcolo.

Purtroppo questo risultato non sussiste in generale nel caso discreto ed e
probabilmente falso anche nel caso topologico.. Alcuni controesempi possono
essere trovati in [19]. Tuttavia alcune versioni deboli, ancora computazional-
mente interessanti, della congettura possono essere dimostrate sotto oppor-
tune ipotesi di stabilita. In questa tesi imponiamo delle condizioni sull’insieme
dei valori (a,b) che sono “speciali” nel senso che in tali punti il matching il
cui costo realizza la distanza di matching potrebbe cambiare in modo discon-
tinuo. In questo modo riusciamo a dimostrare che la distanza viene realizzata
su almeno una delle tre rette, a = 0,a = % e a = 1 oppure su almeno un
punto di un insieme costituito da un numero finito di valori (a,b) speciali.
Questo studio ¢ il contenuto dei capitoli 5 e 6 di questo lavoro.

E interessante osservare che, in un setting piu generale di quello presentato
in questa tesi, l'omologia persistente appartiene a una classe di operatori
adatti a modelizzare il ruolo degli osservatori che trasformano e interpretano i
dati, i recentementi introdotti Group Equivariant Non-Expansive Operators,
GENEOs. Questi costituiscono un recente approccio al collegamento tra
topologia e analisi dei dati, e sono attualmente oggeto di studio, p.e. in [12],
[20], [22].

Il contenuto della tesi e il seguente. Nel capitolo 2 richiamiamo la definizione



di diagramma di persistenza insieme ad altri concetti e teoremi di base in
omologia persistente monoparametrica e multiparametrica che utilizzeremo
nello sviluppo del resto dei capitoli. Inoltre introduciamo ’extended Pareto
grid, che sara lo strumento centrale per la dimostrazione del Position Theo-
rem|6] Nel capitolo 3 introduciamo le distanze di bottleneck e di matching per
lo studio dei diagrammi di persistenza monoparametrici e multiparametrici,
rispettivamente. Il contenuto del capitolo 4 ¢ 'estensione del Position Theo-
rem presentato in [13]. Nel capitolo 5 ci concentriamo sullo studio dei valori
(a,b) in cui i matching che realizzano la distanza di matching bidimensionale
potrebbero cambiare in modo discontinuo. Finalmente, nel capitolo 6 intro-
duciamo le nostre assunzioni di regolarita sui valori (a, b) e dopo dimostriamo
il nostro risultato principale.



Chapter 1

Introduction

Topological Data Analysis (TDA) plays a crucial role in one of the most
significant challenges of contemporary society: organizing and analyzing large
quantities of data. The approach of this branch of applied topology consists
in the analysis of these large datasets by using tools from topology and
homological algebra. In the field of TDA, a common way to represent data is
by considering them as a point cloud, which is a finite set. This set is further
enriched with simplicial and metric structures. The different topological and
geometric invariants of this space correspond to particular features, which
are specific intrinsic information about the data that are of interest for their
understanding. Persistent homology is a method in TDA that aims to
establish a connection between topology and geometry by using homology
groups, which are a central invariant in algebraic topology, to identify the
topological properties that persist across different levels of analysis of the
data and are relevant for their interpretation.

The classical approach to persistent homology is based on studying homo-
logical changes of the sublevel sets X¢ of a filtered topological space (X, ¢),
where ¢: X — R" is a continuous function, as u varies in R”. When the
codomain of the filtering function ¢ has dimension 1, we will speak of one-
parameter or monodimensional persistent homology, and for n > 1, we will
speak of multi-parameter or multidimensional persistent homology. The ob-
jects of study in persistent homology are persistence diagrams, and our work
focuses on studying one of the most standard pseudometrics on these objects,
the bottleneck distance.

Monodimensional persistence provides a summary of data through a one-
dimensional filtration, offering an overview of the data at multiple scales.



Monodimensional persistent homology has been extensively studied and

proven useful in various applications, including [11], [14]. Furthermore,
monodimensional persistence provides a complete description of the features
observed by homology. Persistence diagrams provide a complete invariant of
the geometric object under analysis. Furthermore, in the monoparametric
case based on a categorical approach to TDA, the Isometry theorem provides
an equality between the bottleneck distance and the interleaving distance
[9]. This result highlights the relevance of the bottleneck distance and its
computationally efficient algorithms, as opposed to the NP-hardness [15] of
effectively calculating the interleaving distance. The reader interested in the
algorithms for the calculation of the bottleneck distance can refer to [5], [17].

Despite monoparametric persistence having been extensively studied in
theory and widely used in applications, some data require filtrations along
multiple parameters to fully capture their information: this is the role of
multiparameter persistent homology [7]. In certain contexts, using multiple
parameters can be helpful in capturing data details. Unfortunately, under-
standing, visualizing, and computing invariants in multiparameter persistent
homology remains a challenging task from both the mathematical and com-
putational viewpoints. This difficulty also applies to the computation of
distances between such invariants. For example, the Isometry Theorem does
not generally hold in the multiparameter setting.

The absence of invariants analogous to persistence diagrams in the bipara-
metric case makes it more challenging to study compared to the monopara-
metric case and requires the development of new mathematical ideas and
methods.  One such method consists on the reduction from the two-
dimensional case to the one-dimensional case by using a family of functions
Clapy: X — R? where a €]0, 1] and b € R, defined as follows:

% . (,01(33)—[) 2($)+b
0 — min{a, 1 — a} max s .
(a,b)(‘r> 1 {CL, a} a. { a , 1 a

Each pair (a,b) corresponds to a line with positive slope 73 in R2?,
defined by the parametric equation (u,v) = (at+b, (1—a)t—0b). The function
902‘!1757) allows us to pass from a two-dimensional filtration to a one-dimensional
filtration. In simple terms, the aforementioned one-dimensional filtration
associated with the function gp?‘a,b) is obtained by projecting X onto the plane
R? through ¢ and considering, for each p € r(a,b), the subset X, < X
consisting of points that lie below and to the left of p. It is known that,



for each degree k, the knowledge of the persistent Betti numbers functions
associated with the filtrations defined by the filtering functions Plab) for
varying a and b is equivalent to the knowledge of the persistent Betti numbers
function associated with the filtration defined by ¢.

In this work, we tackle the study of a widely studied metric in bipara-
metric persistence, the matching distance. This metric is defined for two
continuous functions ¢, 1): X — R? as the supremum of bottleneck distances
between the persistence diagrams SD?a,b)’ wZ‘a’b) over varying (a, b).

In particular, we address a conjecture that has been extensively studied in
the literature (see, for example, [13], [19]) regarding biparameter persistent
homology: Can we effectively compute the matching distance by considering
only the filtering lines r( 3 with slope 1, that is, by fixing the parameter
a = %? Such a result would be highly useful from both an applicational and
computational perspective, as it would allow us to transition from studying
values on a strip to studying values on a line, significantly reducing the
computational cost of calculations.

Unfortunately, this result does not generally hold in the discrete case, and
it is likely false in the topological case too. Counterexamples can be found
in [19] for the discrete case. However, weakened versions of the conjecture,
which are still computationally interesting, can be proven under suitable
stability assumptions. In this thesis, we impose conditions on the set of
values (a,b) that are ”special” in the sense that at these points, the matching
that realizes the matching distance may change discontinuously. In this way,

we can prove that the distance is realized either on at least one of the three
1

2
a finite number of exceptional (a,b) values. This is the content of Chapters
5 and 6 of this work.

It is interesting to note that, in a more general setting, persistent ho-

mology belongs to a class of operators suitable for modeling the role of ob-

lines @ = 0,a = 5, and a = 1, or on at least one point of a set consisting of

servers that transform and interpret data, namely the recently introduced
Group Equivariant Non-Expansive Operators (GENEOs). GENEOs repre-
sent a novel approach to the connection between topology and data analysis,
and they are currently being studied in works such as [12], [20], [22].

The content of the thesis is as follows:

In Chapter 2, we review the definition of persistence diagrams along with
other basic concepts and theorems in monodimensional and multidimensional
persistent homology that we will use in the development of the remaining



chapters. We also introduce the extended Pareto grid, which will be the
central tool for proving the Position Theorem [6] In Chapter 3, we introduce
the bottleneck and matching distances for the study of monodimensional and
multidimensional persistence diagrams, respectively. The content of Chapter
4 is the extension of the Position Theorem presented in [13]. In Chapter 5,
we focus on studying the values (a,b) where the matchings that realize the
two-dimensional matching distance may change discontinuously. Finally, in
Chapter 6, we introduce our assumptions of regularity on the values (pq, gs)
and then prove our main result.



Chapter 2

Preliminaries

Throughout this chapter let I be a field and let X be a finitely triangulable
topological space. Also, fix the following notations:

A = {(u,u) e R*} that we refer to as the diagonal,
AT = {(u,v) € R? such that u < v} LU {A},
A* = A" U {(u, 0) buer-

Most of the definitions and results in this chapter and the following one
come from [7].

2.1 One-parameter Persistent Homology

We start with a general definition:

Definition 2.1 (Persistence module). A (n-parameter) persistence module is
a covariant functor M: R" — Vectyr where Vecty is the category of F—vector
spaces and linear maps, and R™ is the category induced by the poset (R", <),
with

x,y e R" x <y if and only if x; < y; for every 0 < < n.

Persistence modules can be defined in a more general setting, which we
present briefly in appendix [A]

In TDA, persistence modules codify topological information about a topo-
logical space X which represents the data, and the homology of X represents
“features” of the data we wish to study. Persistence modules encode the



2.1. One-parameter Persistent Homology

variation in the homology of a filtered topological space. They are usu-
ally obtained by applying the homology functor to a filtration of topological
spaces, where an inclusion of topological spaces is associated to the linear
maps between their homology vector spaces.

Definition 2.2. A filtration is a functor F: R®™ — Top from the poset
category R" induced by the partially ordered set (R", <) to the category of
topological spaces and continuous functions, such that for each morphism
u < v, F(u <) is an inclusion.

Any continuous map ¢: X — R induces a filtration Fp: R — Top, with
Fo(t) = X7 for each t € R, and Fop(s < t) = ¢, for each s < ¢t in the
following way: for any ¢t € R define

X ={reX: o)<t}
For each (s < t) there is a canonical inclusion
i X — XY

Notice that, since X is finitely triangulable, each continuous function
¢: X — R is bounded and thus there exists 7" = max;cg ¢(t) € R such that
forevery ! >t >T

Xf=X/=X and ., =idx.
We will write X% = X, and this allows us to naturally extend the indexing
poset of our filtration F¢ to (R u {oo}, <), by putting
Fp(o) =X, and Fo(t<ow): X — X,

extending the order relation with ¢ < oo for each t € R.

Fix a degree k € Z. Let Hy(—;F) denote the Cech homology functor in
degree k. To avoid some encumbering notation, in the following we will omit
the coefficient field F and we will write 57 = Hy(¢f,) when the degree of
homology is not specified or clear from the context.

Remark 2.1. The collection of objects {Hi(X/)}ierooo and morphisms
{Lﬁj}(sgt)e[@uw parametrised by the ordered set (R, <) is a persistence module.

Definition 2.3 (Persistent homology group). For any (u < v) define
HY (u,v; X) = Hf (u,v) = T < Hp(XY)

the k-th persistent homology group of X at (u,v).

10



2.1. One-parameter Persistent Homology

Remark 2.2. Since we are taking Cech homology with coefficients in a field,

the Cech homology groups are F-vector spaces fully described by dimg Hj, (X ),
hence the persistent homology groups are determined up to isomorphism of

vector spaces by their dimension as subspaces of Hy(X¥).

Definition 2.4 (PBNF). For any continuous function ¢: X — R and for
any k € Z define the PBNF, standing for persistent Betti numbers function,
of ¢ in degree p as follows:

87 A* - N U {0}

(u,v) — dimg H} (u,v)

One could wonder why working with Cech homology and why working
with coefficients in a field F, therefore losing the topological information
about the torsion of the space X. The reason for the latter choice is that
there is a decomposition theorem for persistence modules with codomain
Vectyr which is central in persistent homology. The result appeared initially
in [2] and we present a modern generalization from |16] in Appendix
The motivation for using Cech is to exploit some properties proved in [7]
for persistent Betti numbers functions that we are about to introduce. In
particular the authors of 7] showed that Proposition is false in general
for singular homology. This is Proposition 2.9 from [7]:

Proposition 2.1. f(u,v) is right-continuous in both its variables.

The next result is Theorem 2.3 in [7] and guarantees that persistent ho-
mology groups are finite-dimensional. The authors of [7] showed it in general
for multiparameter persistent homology.

Theorem 1. Let ¢: X — R be a continuous function, X a finitely triangu-
lable topological space and k € Z. Then B (u,v) < oo for every (u,v) € A*.

Definition 2.5 (Multiplicity). Let ¢: X — R and k € Z. Define, for every
p = (u,v) € AT, the multiplicity of p as

uy(p) = lir%ﬁzf(u+s,v—5)—5;f(u—e,v—s)—ﬁg(u+€,v+€)—|—5]‘f(u—€,v+5),
and, for ¢ = (u,0) € A*\A*, define the multiplicity of q as

11



2.1. One-parameter Persistent Homology

We will omit the degree k and the filtering function ¢ for the sake of clarity
when it is not ambiguous. Let us justify the terminology “multiplicity” for
the number u(p):

Proposition 2.2. For every p = (u,v) € A* u(p) € N u {0}.

Proof. Tt is enough to show that §(usg,v1) — B(u1,v1) = B(uz,ve) — Buy, vs)
and [(ug, 00) — B(uy,0) = 0 for any real numbers u; < us < v7 < vo. Indeed,
note that if

% * *

=1
u2,v2 V1,02 u2,v1

then the Rank-nullity theorem - see Appendix [C]- implies

T * T * . *
B(uz,ve) = dimImey, = dimImey, - — dim ker <1,v17v2]1mb32’v1) .
Conversely,
% % *
buy e = bogwe © bug o
implies
o s . ) .
B(u1,v9) = dimImey, = dimImey,  — dimker <[’v17v2’1mbfil,v1) .
Now observe that Tme% , = Im (¢} , ok ) < Imu¥ , ; and from this
follows

: * : *
dim ker (LUl7U2|ImL?jlﬂ’1> < dim ker <Lv1,v2’ImLi’22,u1> :

All together yields

: * s *
B(ug,va) — B(u1,ve) = dimImey, , — dimImey,
3 * : *
— dim ker (Lvhw ’Imbﬁg,u1> + dim ker <Lv1’v2 ]Im%m)
: * : *
< dim Imyy,, , — dim Imey,

= ﬁ(u% Ul) - ﬁ(ula Ul)-
To prove [(ug,0) — B(uq,0) = 0 just observe

oLk < Ime* = Im.*

* _ * _
Ty = Imy = Im ( U1,u2) u2,max ¢ u2,00"

*
u1,00 u1,max @ Lug,maxgo

[l
Definition 2.6 (Multi-set). A multi-set is a pair (S, f) of a set S and a
function f: § - Nu{w}. If S € Sand f(S5) > 0, we say that S is an element

of the multi-set and its multiplicity is f(S). We may refer to the multi-set
(S, f) as the collection Sy = {(S,n) e S x (N u {o0}) : 0 <n < f(5)}.

12



2.1. One-parameter Persistent Homology

Definition 2.7 (Map between multi-sets). Let (S, f) and (S', ') be two
multi-sets. Any map from Sf to S'f’ is called a multi-set map from the
multi-set (S, f) to the multi-set (S, f').

Now we are ready to define the geometrical invariant for persistence mod-
ules announced in [2.1] Persistence diagrams play a central role in the compu-
tational aspects of TDA, in particular in multiparameter persistence, when
comparing multiparameter persistence modules directly can be a computa-
tionally infeasible task, see Appendix [A]

Definition 2.8 (Persistence diagram). Let ¢: X — R be a continuous func-
tion. The persistence diagram Dgm(yp) of ¢ is the multiset consisting of
points (u,v) € A*\{A} with multiplicity p¥(u,v) union the singleton {A}
with infinite multiplicity.

With a small abuse of notation, throughout this thesis we will also use
the symbol Dgm(y) to indicate the realisation of the multiset Dgm(y). The
elements of Dgm(y) are called cornerpoints. A cornerpoint (u,v) € A\A
will be called a proper cornerpoint and a cornerpoint (u,c0) will be called
an essential cornerpoint. We will denote by Prp(¢) the set of proper cor-
nerpoints of Dgm(¢) union the diagonal {A} and Ess(y) the set of essential
cornerpoints of Dgm(¢p).

Now we will endow the set A* with a metric structure. We introduce the
notion of intrinsic metric in a metric space, and then we define the metric d
in A* as the intrinsic metric induced by the maximum norm distance. This
definition, that may seem artificial and complicated, is at the base of the proof
of the Stability Theorem [3| which will be fundamental in the construction
that will take place in the following chapters.

The next definitions are from [4].

Definition 2.9. Let (M, d) be a metric space. For any z,y € M, a path from
x to y is a continuous map ~y: [0,1] — M such that v(0) = = and (1) = .
We will use the notation v: z — y.

The union P11 = U,ent(0 = to,t1, - - st tosr = 1)}o<ty,...<t,<1 Parametrises
the finite partitions {[0,%1), ..., [tn-1,n), [tn, 1]} of [0, 1].

Define the length of a path ~ in M as the quantity

n

() = sup D d(v(t:),1(ti)) = 0.
(0,t1,-tn,1)EP0 1] j—0

13



2.1. One-parameter Persistent Homology

Define a new (extended) metric d; on M, the intrinsic metric induced by
d, as follows: for each x,y € M set d;(x,y) = oo, if there are no paths of
finite length from x to y. Otherwise,
v ey
Remark 2.3. (M,d;) is a metric space and, in general, d; < d, meaning that
the topology on M induced by d; is always finer than the one induced by d.
For more details see [4].

Definition 2.10. Consider the maximum norm distance, or Chebyshev dis-
tance in A*. For each p = (u,v),p’ = (v/,v") € A* it is defined as

max{|u — u/|, |[v — v'|} when p,p’ # A,

v—-u

5+ when p’ = A,

dOO(p7p/> = I
5% when p = A,

0 otherwise.

with the convention that for each r € R, 0o —r = r — o0 = ®
0,[c0] = 00, % = 00, min{c0, 7} = r and max{co,r} = 0.
We will denote with d the intrinsic metric induced by d.

Remark 2.4. Explicitly, the extended metric d is given by

rmin{max{|u — |, |v — o[}, max{*5*, ”/;“/}} if p, pe AT
lu — | if v=o00, vV=00
o ifpe AT, p=A
d<p’p/> = v =’ if o e AT A
. if pe AT, p=
0 iftp=p'=A
0 otherwise

for each p = (u,v),p' = (v, ).
The meaning of the term min{max{|u — u/[, [v — v'|}, max{%5%, “*5*}} is
the following. For each pair of points p,p’ € A* there are two paths to

consider when computing the intrinsic metric: the path ~v: p — p’ such
that Im~ coincides with the segment [p, p'] and the path 4': p — p’ passing
through the point A € A* such that Im+ is the disjoint union of segments

(552, 259)) and (555, 255) ) Tudeed, (52 552). (45 252) e
the points in A nearest from p, p’, respectively.
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2.2. Biparameter Persistent Homology

The next proposition is Proposition 3.9 together with Remark 3.10 in [7],
and will be used very frequently in the proofs that will follow.

Proposition 2.3 (Local finiteness of cornerpoints). Let ¢: X — R be a
continuous function and for any € > 0 let U, denote the open ball of radius
e and center A with respect to the metric d. Then

e Prp(p)\U: is a finite set.
e Ess(p) is a finite set.

Remark 2.5. The previous proposition implies that the set of accumulation
points of any persistence diagram is {A}.

Proposition 2.4. For every continuous function p: X — R, Dgm(y) is a
compact subset of (A*,d).

Proof. Let U = {U,}icr be an open covering of Dgm(¢) in (A*, d). Then there
exists ig € I such that A € Uy,. Because of Proposition 2.3 Dgm(¢)\Uj, is
a finite set. Put Dgm(o)\U;, = {p1,Dp2,-..,pn}. Therefore it is enough to
choose open sets U;; containing the cornerpoints p;, for 1 < j < N. Then,
{Uiy, Uiy, ..., Ui, } is a finite subcovering of U. O

2.2 Biparameter Persistent Homology

All of the definitions of the previous section can be extended to multiparam-
eter persistence. We are particularly interested in the biparameter case, and
in the next section we will introduce a useful tool from differential geometry,
the extended Pareto grid, which the authors of [13] used prove a powerful re-
sult characterising the coordinates of cornerpoints in a persistence diagram.
This result, referred as Position Theorem, will be discused and extended in
Chapter []

Any continuous map ¢: X — R” induces a filtration F¢: R" — Top,
with Fo(u) = X¢ for each u € R”, and Fp(u < v) =1, for each u < v in
the following way: for any u € R" put

X9 ={reX: o) <u},
and for each (u < v) there is a canonical inclusion

¢ .oy ¢
Loyt X = X7

15



2.2. Biparameter Persistent Homology

With the same notation, define multiparater persistent homology groups
and multiparameter PBNFs exactly as in the previous section. The collection
of objects {Hy(XY?)}uern and morphisms {t£% },<v)ern parametrised by the
partially ordered set (R™, <) is a persistence module. Theorem 1| still holds
for multiparameter persistence, allowing us to give the definitions and results
that will follow.

From now on we will focus on the biparameter case. We introduce a
way of studying a biparameter PBNF through a family of one-parameter
PBNFs associated with filtrations induced by lines of positive slope. This
technique is commonly referred as foliation method. The reader interested in

the generalisation to n-parameter persistence of this technique can refer to

.

Definition 2.11. Consider the set of strictly positive slope lines in R?
parametrised by the set (0,1) x R through

(0,1) x R 3 (a,b) = 7(@ap) = {(at + b, (1 —a)t — b) }ser.
We will call (45 the filtering line associated with the pair (a,b).

Remark 2.6. In chapters 5] [6] we will use the cartesian equation of the filtering
line 7(4). It follows from a trivial calculation from the parametrisation:

Now we construct a filtration F,p): R — Top induced by r¢p). Each
point (u(t),v(t)) € 7@y can be associated with the subspace X, 1) =

{r e X:pi(x) <u(t), pa(x) <wv(t)} = X. The filtration given by

_ ® _ P
Fan) () = Ximwwy Fan ) = Luis) 0o o om)

for each s <t € R is a one-parameter filtration of X.

The following is a useful result charaterising the filtration we just de-
fined as the one-parameter filtration for a real valued function ¢, ;). This is
theorem 4.2 in [7].

Theorem 2. Let (a,b) € (0,1) x R The filtration F(qp) just introduced is the
one-parameter filtration on X induced by the real-valued function
p1(z) = b pafz) + b}

Plab) (x) = min{a, a} max{ : 1

16



2.2. Biparameter Persistent Homology

Definition 2.12 (Order relation on a filtering line). For each filtering line
T(ap) We Will consider the following binary relation on 7(4):

X <@y Y = xx <y or, equivalently yx <yy, VX,Y €ry).

When X <3 Y and X # Y we will write X <) Y. Observe that
Tx < wy is equivalent to yx < yy since 1) is a line with strictly positive
slope.

We will extend the definition of <) to a broader set of filtering lines
in Chapter . Showing that <(,;) is indeed a total order is an application of
the definition:

Proposition 2.5. For each filtering line, <) is a total order relation and
<(ap) 1S a strict order relation on that line.

Proof. Fix (a,b) €]0,1[xR. Let P = (xp,yp),Q = (zg,yq), R = (zr,Yr) €
T(ab)- Let us check <, first.

e Reflexive and antisymmetric properties follow directly from reflexive
and antisymmetric properties for the order < in R.

o Transitivity: let P <5 Q and Q <(,p) R. Then zp < 29 < 7R, and
it follows P <(4) R.

e The order relation <(44) is total: by contradiction suppose that neither
P <4 Q nor Q <(qp) P. Equivalently, neither xp < xg nor xp > ¢,
but that is an absurd since (R, <) is totally ordered.

As for <(qp):

e Irreflexive and asymmetric properties follow directly from irreflexive
and asymmetric properties for the strict order < in R.

o Transitivity: let P <(,5 Q and Q <(,p) R. Then zp < 29 < xR, and
it follows P <(4) R.

e Connectedness: by contradiction suppose that P # () and neither
P <(4p) Q nor Q <(qp) P. Equivalently, neither xp < xg nor xp < ¢,
but that is an absurd when zp # 2 since < is a strict total order on
R.

17



2.3. Extended Pareto grid

]

Now we present the natural pseudo-distance. The natural-pseudo dis-
tance is a dissimilarity measure for topological spaces endowed with vector-
valued continuous functions that is intrinsically hard to compute, motivating
the interest in methods for its estimation, which will be treated in Section
The following is definition 5.1 from [7]:

Definition 2.13 (Natural pseudo-distance). Let ¢, 9: X — R™ be two con-
tinuous functions. The natural pseudo-distance between the pairs ¢ and
is

Slp.0) = inf sup () = w(h(a))

heHomeo(X)

2.3 Extended Pareto grid

Let M be a closed smooth manifold paired with a Riemannian structure. In
this chapter we recall the relation between a differential construction associ-
ated with a smooth function ¢: M — R2, called the extended Pareto grid,
and the points of the persistence diagrams ng(gp?‘mb)). This connection is
established in the Position Theorem proved in [13].

Definition 2.14. The Jacobi set of ¢ is the collection
J(p) ={pe M | Vp = AVyy or Vs = AV, for some \ € R}.
The Pareto critical set of ¢ is the subset of J(¢) given by
Jp(p) ={pel(y)| Ve = AVps or Vg = AV, for some A < 0}.

Assume now that ¢ is not only smooth, but it also satisfies the following
properties:

(i) No point p exists in M at which both Vi, and V¢, vanish.

(ii) J(¢) is a l-manifold smoothly embedded in M consisting of finitely
many components, each one diffeomorphic to a circle.

(iii) Jp(p) is a 1-dimensional closed submanifold of M, with boundary in

J(p).

18



2.3. Extended Pareto grid

(iv) If we denote by Jco(p) the subset of J(¢) where Vo, and Vs are
orthogonal to J(¢), then the connected components of Jp(¢)\Jc(p) are
finite in number, each one being diffeomorphic to an interval. With
respect to any parameterisation of each component, one of ; and ¢, is
strictly increasing and the other is strictly decreasing. Each component
can meet critical points for ¢1, ¢ only at its endpoints.

These properties are generic on the set of smooth maps M — R? (see
[1]).
Definition 2.15 (Extended Pareto grid). Denote by {pi,...,pn} and
{q1,...,qx}, respectively, the critical points of ¢; and ¢,. Since the func-

tion  satisfies (i), then {p1,...,pn} " {q1,...,qx} = &. The extended Pareto
grid of ¢ is defined as the union

L(p) = f Trlp)) v (U) v (U hj)

where v; is the vertical half-line {(z,y) € R* | & = ¢1(pi),y = ¢a(pi)} and h;
is the horizontal half-line {(z,y) € R* | z = p1(q;),y = ¢2(q;)}. We refer to
these half-lines as improper contours and to the closure of the image of the
connected components of Jp(¢)\Jc(p) as proper contours of I'(yp). For any
improper contour extending from the point (o, yo) € R?, we will call (zo, yo)
the basepoint of that improper contour.

We will denote Ctr(g) the set of contours in I'(y).

Remark 2.7. Observe that, because of property (ii), Ctr(y) is a finite set.
Moreover, property (iv) ensures that every contour can be parametrised
as a curve whose two coordinates are respectively non-increasing and non-
decreasing. In particular, this implies that the slope of the tangent to any
contour at any point cannot have strictly positive slope. This fact will be
useful in the proof of our main theorem.

Remark 2.8. Properties (ii) and (iv) guarantee that proper contours are
bounded in R?. For any proper contour a = I'(¢p) its closure in J(¢), which
is just a union one or both its endpoints, is diffeomorphic to a closed interval
in R.

We can consider the embedding ¢: I'(¢) — R{ with R the extended
half-line. The closure of the image of this embedding



2.3. Extended Pareto grid

is homeomorphic to the union of T'(¢) with the endpoints (¢1(p;), +0) and
(+00, p2(g;)) for each improper contour v;, h;,respectively. Call 8 < I'(y) a
(proper or improper) contour in f‘(gp) if there exists a (proper or improper)
a in T'(¢) such that g = ak .

The topology on f’(gp) is the topology induced by the product topology in
ﬁz, where R is equipped with the usual topology on the extended real line.

Then every contour in f(gp) is bounded and homeomorphic to a closed
interval. Moreover, proper contours are diffeomorphic to a closed interval.
With a small abuse of notation, we will use the symbol I'(¢) to denote both
spaces in the remaining pages of this work.

Proposition 2.6. Let o < I'(¢) be a contour. Then r(p) N « is either the
empty set or a single point, for each (a,b) €]0, 1[xR.

Proof. By contradiction, suppose r N o = {P,Q} two different points.
Because of property (iv) in Section [2.3] there is a diffeomorphism

£:[0,1] - «
t (61(1),62(1))

such that when x; or x5 is strictly increasing, the other one is strictly de-
creasing. Let T}, Ty € [0, 1] such that P = £(77) and Q = £(T3), and without
loss of generality assume 77 < T5.

The vector (P — Q) is a multiple of the director vector of the filtering line
T(a,p), Which is (a,1—a), and since a €]0, 1], both its coordinates are positive.
Therefore, there exists a point (' € « such that the line tangent to o in X
has director vector (a,1 — a), that is, slope equal to 1%“‘1 > (, This is against
(iv). O
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Chapter 3

Matching distance

In this chapter we introduce the bottleneck distance and the matching dis-
tance. The first was firstly introduced as a lower bound for the pseudo-
natural distance [2.13] making it relevant and computable in the applica-
tions. It is also deeply connected with a certain notion of distance between
persistence modules, see Appendix [A] The bottleneck distance is a readily
computable mean of comparing persistence modules and is widely used in
TDA and shape comparison problems. The latter is its natural generalisa-
tion in n-parameter persistence. For more details about these distances, see
[3].

Definition 3.1 (Matching between multi-sets). Let (S, f) and (S, f) be
two multi-sets. Any bijection from Sf to S'f’ is called a matching from the
multi-set (S, f) to the multi-set (S’, f’).

With a slight abuse of notation, we will identify the multiset (S, f) with
the support of f, {S;}icr, where its elements S; are taken with the multiplicity

m; = f(Si)'

Definition 3.2 (Bottleneck distance). For any pair of continuous functions
v, X — R we define the bottleneck distance:

du(D D —  inf to = inf d
B(Dgm(y), Dgm(¢)) joinf costo = inf w>p£1glf(@ (p,o(p))

where S(p, 1) is the set of matchings between Dgm(y) and Dgm(2)).
If there exists a matching o € S(p, 1) such that

dg(Dgm(p), Dgm(v))) = costo
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we will say that the matching o realises the bottleneck distance between
Dgm(y) and Dgm(t)). Such a matching will be called an optimal matching.

With a slight abuse of notation, if o is an optimal matching for Dgm(¢p)
and Dgm(¢)) and there exist p € Dgm(yp), ¢ = o(p) € Dgm(¢)) such that

costo = d(p, q)

we will also say that the points p, ¢ realise the bottleneck distance.

Remark 3.1. Let p,v: M — R be any two continuous functions. For any
matching o: Dgm(y) — Dgm(2)) the cost of ¢ is 0 if and only if there is one
of the two following situations:

1. There exists p € Prp(¢) with o(p) € Ess(¢)).
2. There exists p € Ess(¢) with o(p) € Prp(¢).

Moreover, dg(Dgm(p), Dgm(t))) is infinite if and only if Ess(y) and Ess(v))
have different cardinality. In this case, any matching o € S(¢p, 1) necessarily
sends a proper cornerpoint in Dgm(y) to an essential one in Dgm(w)) or
viceversa.

Proposition 3.1. dg is an extended metric between persistence diagrams.

Proof. For any continuous function ¢, dp(Dgm(y),Dgm(y)) = 0
since idpgm(,) € S(¢, ¢) is a matching with cost zero. Symmetric property is
also trivial since every matching is a bijection on its domain. Let us check
triangular inequality for Dgm(p), Dgm(y’), Dgm(¢”). Fixing o € S(p,¢’'),
for any 7 € S(p,¢”), there exists o’ € S(¢’, ¢”) such that ¢’ o 0 = 7. Using
this fact on the definition:

dg(Dgm(p), Dgm(¢”)) = inf — sup d(p,7(p)))

TES (") peDgm(p)

= inf sup d(p,o'(c(p)))
o'€S(¢",¢") peDgm ()

<_inf swp (dp.(o(p) + dlo(p), o (o(p)))

o'eS (¢’ ") peDgm ()

< sup d(p,o(p)) + inf sup  d(q,0'(q))

peDgm(y) o'€S(¢"¢") qeDgm(y’)
= sup d(p,o(p)) + ds(Dgm(¢’), Dgm(¢")).
peDgm(p)
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Taking the infimum varying o € S(p, ¢’) yields the triangle inequality

dg(Dgm(p), Dgm(¢")) < dg(Dgm(p), Dgm(¢')) + dg(Dgm(¢"), Dgm(¢”)).

Now we have to check that dg is actually an extended metric. By contra-
diction, we assume that dg(Dgm(y), Dgm(v))) = 0 and Dgm(p) # Dgm(v)).
By definition of infimum, the distance dg(Dgm(p), Dgm(%))) equals zero if
and only if for every ¢ > 0 a matching 0. € S(p,1) exists such that
d(p,0.(p)) < e for every p € Dgm(p). Assuming Dgm(p) # Dgm(¢)) implies
that there exists at least a point p = (u,v) € A*\{A} with u#(p) # p¥(p).
Without loss of generality assume p?(p) > u¥(p). Let us consider

c= inf d(p,q) > 0.
qeDgm (1)) (+.9)
q#p
Then for every matching o: Dgm(y) — Dgm(v)), costo = d(p,o(p)) = c.
Hence, choosing ¢ < ¢ contradicts our assumption.

]

Lemma 3.1. For any matching o: Dgm(p) — Dgm(v) there exists p €
Dgm(yp) such that costo = SUp,epgm(y) A(p; o(p)) = d(p, o(p)).

Proof. Fixing a matching o, assume that costoc = C. If C' = 0, then ¢ can
be assumed to be the identity of Dgm(p) and every cornerpoint p realises
the cost of the matching, d(p,o(p)) = 0.

Now, we suppose that C' > 0. By contradiction, assume that d(p, o(p)) <
C for each p € Dgm(y). Then for every n € N there exists a cornerpoint
pn € Dgm(yp) such that 0 < C' — d(pn,0(p,)) < + and the sequence of real
numbers d(py, 0(pPn) )nen is increasing and bounded by C'. By using monotone

convergence lemma, see Appendix [C}
7}1_{130 d(pn7 U<pn)> = sup d(pm U<pn>> =C.

Because of the compactness of persistence diagrams [2.4] there exists a
converging subsequence (py, Jken Of (Pn)nen. Local finiteness of corner-
points implies that the only accumulation point in a persistence diagram is
A. Therefore,

lim p,, = A.
k—00

23



Consider now the sequence (o(py))nen. As before, there exists a sub-
sequence (0(py;))jen converging to A. Therefore, there are subsequences

(pnki )ieN: (U(pnjz. ))ieN with
lim d(pn,,, o(pn;,)) = 0.

But this contradicts C > 0.
O

Proposition 3.2 (Existence of an optimal matching). For every
p,Y: X — R continuous functions there exists an optimal matching o such
that

dg(Dgm(y), Dgm(v)) = costo.

Proof. Let D = dg(Dgm(p),Dgm(¢)). If D = oo the statement follows
from the fact that there exists a matching o: Dgm(¢) — Dgm(¢)) and a
point p € Dgm(p) with p € Prp(p) and o(p) € Ess(¢)) or viceversa. Then
costoc = oo and o realises the bottleneck distance. Hence, assume D =
dg(Dgm(), Dgm(v)) < 0.
By contradiction suppose costc > D for every matching

o: Dgm(p) — Dgm(v). Then there is a sequence of matchings (0,)nen sSuch
that

1
0 < costo,, — D < —.
n

Let Up be the metric open ball of radius D centered in A. For each
matching o € S(p, 1) consider the new matching

o: Dgm(p) — Dgm(¢)
p— A if pe Up n Dgm(p)

q+— o(q) otherwise.

Observe that costé < costo, for each o € S(p,v). Let S(p,)
={7 | o€ S(p, )} < S(p,¥). The definition of D yields:

D = dg(Dgm(yp), Dgm(v))) = eé?«,fw) costo = eiér(lfw) costa.
g ’ 4 P,

Moreover, recall from Lemma that for each matching o there is a
cornerpoint p that realises the cost of the matching. Observe that if costog =
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d(p,A), for some p € Up n Dgm(yp), then costg < D, against the assumption
that D = inf,eg(y,y) costo. Thus, for each @, costa belong to the set

{d(p, U(p))}peng(cp)\UD .

But this set is finite because of Proposition [2.3]
In particular, this implies that the set {costd,}.en is finite. But then
there exists N € N sufficiently big such that for each n > N

costo, = D.

We have reached a contradiction and we can conclude.
O]

Remark 3.2. Since we just proved that a matching realising the bottleneck
distance always exists, by combining this result with the previous lemma the
definition of bottleneck distance can be rewritten as

dg(D D — mi tc = mi d
B(Dgm(y), Dgm())) ,Juin costo = min | max (p,o(p))

where S(p, 1) is the set of all matchings between Dgm(y) and Dgm(2)).

The following is Theorem 3.13 from [7], which is a generalisation to con-
tinuous functions of the original Stability Theorem for tame functions in [3]:

Theorem 3 (Stability theorem). Let ¢, : M — R be two continuous func-
tions. Then

dg(Dgmy, Dgmy)) < [l — ¢ 0.

Now we are ready to estabilish a metric between persistence diagrams in
biparameter persistence.

Definition 3.3 (Biparameter matching distance). Let ¢,1: M — R? be two
continuous functions. Define

Dmatch(gp7 w) = sup dB(ng<90Eka,b))7 ng(wzka,b)))
(a,b)€]0,1[xR

If there exists a pair (a,b) €]0, 1[x[—C, C] such that

Daten(p,¥) = dp (ng@pz‘a,b))? ng(¢?a,b)))

we will say that the pair (a,b) realises the matching distance between ¢ and

1.
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There is an analogous theorem to[3|for the biparameter matching distance.
The following is Corollary 2.5 from [13]:

Theorem 4 (Stability theorem for biparameter matching distance). Let
0,0 M — R? be two continuous functions. Then

Dmatch((pa w) < HSO - ¢“OO
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Chapter 4

Position Theorem

In this chapter we state the Position Theorem proved in 13|, which benefits
from the extended Pareto grid defined in the previous chapter to give a
characterisation of the coordinates of cornerpoints in the persistence diagram.
We also prove an extension of this theorem for vertical and horizontal filtering
lines. To do this, we first recall some results from [21] and introduce a new
operator A that formalises the informal idea of “intersection at infinity”
between parallel filtering lines and contours of the extended Pareto grid.
For this chapter, let M be a closed smooth manifold with a Riemannian
structure on it, and let ¢,1: M — R? be two smooth functions satisfying
properties (i)-(iv) from Section and I'(¢),I'(¢)) are the corresponding
extended Pareto grids. Moreover, let us define the following constant

C = max{||o, |1]lw}-

Remark 4.1. Since ¢, are continuous and M is compact, the constant C' is
finite.

4.1 Horizontal and vertical filtering lines

In |21, Theorem 4.3], the authors observed that:

Theorem 5. If |b| < C, then for every a,a’ €]0,1[ and b € R the following
inequality holds:

[60as) = Plarnlo < 4la = d'|([@llw + C) + 3[b—'].
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4.1. Horizontal and vertical filtering lines

In particular, the previous theorem implies that gp?‘a p) 18 locally Lipschitz
on the variables a, b, and so it can be uniquely extended to [0, 1] x R as

(op(r) = lim (ol )
SO(o,b)( ) (a0 5(0.0) Pla'b)
p xTr) = lim ’ AN
S0(1717)( ) (a’,b’)—»(l,b) S0(“ 7b)

Explicitly, we can state the following result characterising 4,02‘0’1)) and 90?1,17)3
Proposition 4.1. Let o: M — R? be a continuous function and let b € R.
Then

®lop (T) = max{pi(z) — b, 0},

Pl () = max{0, pa(z) + b}.
Proof. We will omit the dependency on x for the sake of clarity. For a = 0,

. * B . . / ’ ¥1 — v o2 + b
(a’,b%l—l}(o,b) Plaw) = (a/,l};I—I}(O,b) min{d’, 1 —a’} max{ a l-d }
o : '
= max{(y1 —b) lim =, (2 +b) lim -——}
= max{y; — b, 0}.
For a = 1, an analogous calculation gives the result. O]

Thus, the persistence diagrams ng((p?a,b)) and ng(d)a,b)) are defined
for every (a,b) in [0,1] x R, and the function

(CL, b) - dB(ng(gOz‘a,b))? ng(wzka,b)))

can also be extended naturally to a continuous function defined on [0, 1] x R,
since the limit commutes with the operator Dgm(-) because of the Stability
Theorem from [7], see Lemma [4.2]

Remark  4.2. From  Theorem and the continuity of
(a,b) — dp(Dgm(¢(, ;) Dem(yry, ,))), it follows that:

Clli_{% ds(Dgm (e, p)) Dem(pfo ) = 0.

Let us now define the lines r( ) and 715 as the lines of equations x = b
and y = —b, respectively. We observe that this definition agrees with
since for both 7o and 7(1p) the director vector is (a,1 — a) with a = 0 and
a=1.

The total ordering we introduced in [2.12] extends naturally to horizontal
and vertical filtering lines:
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4.2. The intersection operator A

Definition 4.1. Fixing (a,b) in [0,1] x R, for each P = (zp,yp),Q =
(9, Yq) € rap) define

rp < xg and yp < yg when a €]0, 1],
P <@y Q <= { yp < yg when a = 0,
rp < xg when a = 1.

When P <3 Q and P # @ we will write P <43 Q.

Remark 4.3. For a €]0, 1], zp < z¢ is equivalent to yp < yg and the order
relation P <(4) can be read as “() is above and on the right with respect to
P?. If a=0then P < @ <= yp <yg and if a = 1 then P <(,3) Q <=
xp < xg. Thus in these cases the strict order relation can be read as “@) is
above P” and “Q) on the right with respect to P”, respectively.

Furthermore, in [21, Proposition 4.4] the authors showed that the match-
ing distance can be realised by parameter values lying in a bounded region
of [0,1] x R:

Proposition 4.2. There exists (@,b) in [0,1] x [-C,C], such that

DMatch(S07 1?) = [0,1]%}{&3(0,0] dB (ng(gp?a,b))v ngﬁb?a,b)))

=dp <ng(¢*@5))a ng(@bé‘a@» .

The previous results allow us to work with a compact space of parameters,

[0,1] x [-C, C].

4.2 The intersection operator A

In order to proceed, we need a notion of intersection between vertical (a = 0)
and horizontal (a = 1) lines with the vertical and horizontal half-lines in the
extended Pareto grid. Also, later in the exposition - see Chapter [6] - we will
need a notion of intersection between two vertical (respectively, horizontal)
parallel lines. For this purpose we define a new operator A between lines
and contours in @2, where R denotes the extended real line endowed with its
usual topology.
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4.2. The intersection operator A

Definition 4.2 (Intersection operator). Let ¢: M — R? be a smooth func-
tion satisfying properties (i)-(iv) in Section [2.3|and let I'(¢) be the extended
Pareto grid of .

For every (a,b) € [0,1] x [-C, C] and every contour a = I'(¢) put

© {r(a’b) N« ifa+#0,1
T(a,b) N @ =

{P =limy—o Py | Py € T(ayp,) N} ifae{0,1}.

where ((an, b,))nen is a sequence, whenever it exists, such that lim,, . b, = b
and
lim,, o a, = a.

Remark 4.4. With a small abuse of notation we will write, for any (a,b) €
[0,1] x [-C,C] and for any filtering function ¢

T(a,b) A T(p) = U T(a,b) A .
aeCtr(yp)

FExample 4.1. Notice that the operator A can differ from the regular inter-
section, and therefore A is not an extension of the intersection.

Fix some b € [-C,C]. Now consider there exists a horizontal improper
contour hy,,, in I'(¢), with zg > b,yo > —b. There exists a strictly posi-
tive real value 0 < A < 1 such that for every a € [A, 1] the filtering line
T(ap) intersects the contour. In particular, A is uniquely determined by the
condition (o, yo) € 7(ap):

xo= At +0b

yo=(1—A)t—b

ro—b yo+b
A 1-A

rap) 2 (20, %) = {

<= There exists t =

— A= To—b

To+ Yo

Note that xg + yo > 0 because of zg > b,yo > —b, and it is trivial that
any line with smaller slope than 7(44) intersects the horizontal half-line with
basepoint (zg, o).

Therefore the sequence ((%, b))nE converges to (1,b) and yields the

N
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4.2. The intersection operator A

sequence (P,),en of intersection points given by

{Pn} = r(%ﬁ) M héf/‘o,yo

-1+ A 1—A
Withordinateyoz(l—u)t—bz t—b
n n
:>t—nb+y0
1A
Therefore, its abscissa is x,, = (M) t+b
n
B b+ yo _nb+(n—14+ Ay
= (n 1+A)1_A+b_ T :

Since lim,,_, o x,, = 00, we conclude

0
Tp) O hwoayo = {(—l—OO,yO)}.

More in general, there is the following characterisation of the operator

0
(@

Proposition 4.3. Let hy, 4, = {x = Th, ¥ = Yn}, Vapy, = {0 = 2y, ¥y =
Yy} < I'(¢) denote the improper horizontal and vertical contours with base-
points (xn, yn), (T, Ys) € R?, respectively. Then

1. If both the filtering line and the contour are vertical then:

%] ifx, <b
r(ozb) % ,U:B'Uyy'u = {(xv, w)} 1f l‘fu > b
Umu,yv lf Ty = b

2. If both the filtering line and the contour are horizontal then:

%) if yp < —b
T'(1,b) A hayn = 4 {(00,9n)}  if yp > —b
hﬁh,yh lf Yp = —b

In any other case, the operator A s Just the reqular intersection in R2.

Remark 4.5. Recall from section that we are considering the closure of
—2
I'(p) n R,
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4.2. The intersection operator A

Proof. Case 1. We distinguish the following subcases:
o If x, < b, then
T(O’b) M /vayyv =9

and then there is a right neighbourhood [0,e[,e > 0 of 0 such that

T(ap) O Vzpy, =D Va' €[0,¢].

We will show the existence of this neighbourhood explicitly. Indeed, for
any o’ €]0,¢[ the parametrisation of 7(y ) allows us to write a rational
(in particular is smooth on |0, &) expression for the ordinate y(a’) of
the point in r(y 3 having abscissa x,:

Ty —b
Ty =adt+b=—1t="

a/

1-d)t—b=(1—-d) z b

v —b
x e

y(a') ” -

— .

Notice that 272 is negative for every a’ € (0,¢), and consequently the

sequence Yy (5/ tends to —oo. So there exists some a > 0 such that
y(a) <y, and thus (z,,y(a)) ¢ vs, 4. In other words:
T(a'p) O Vapy, = @ Va' < a.
Hence there are no sequences
((an, bp))nen,  With 7(a, 5,) N Vayy, # D, an >0YneN
such that lim,, . a, = 0 and therefore by definition () A Vgy o = D

o If z, > b, then

T(O’b) M /vavyv =

but there exist € > 0 such that

T(ap) O Uzyy, # D Va' €]0, el

Indeed, reasoning in a similar fashion as before, when we compute the
abscissa y(a) of a point in r(y ;) having abscissa z, we obtain
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4.2. The intersection operator A

, Ty —b
y(a): a — Ty

but this time the quantity 2% is positive for any a’ €]0,¢[, hence

a/
the sequence y (%) tends to co. This amounts to say that there exists
an a > 0 such that y(a) > y, and thus (z,,y(a')) € v, ,, for every
a’ €]0, al.

Equivalently, there exist sequences

((am bn))neNa (Pn)neN with {Pn} = T(an,bn) N Vzyyy = {(l‘v, y(an))}

with a,, > 0 for each n € N such that lim,_,, a, = 0. It follows

lim P, = lim <xv, xv_—b —

0
Ty | = (T, 0) ET0p) N Vgy .y, -
nel — a v) (2, 0) (0,0) Ty,yY

Let us check that (z,,00) is the only point in 7y A Vgyyo- DBY
contradiction suppose there was another point @ # (z,,0) in () A

Umv:yv' Since Q € Ummyv\{(xw OO)}7

Q = (xy,yg) for some yg € [y, 0.

Then there are sequences

((a;wb;b))neNa (Qn)nEN with {Qn} = T b)) M Vayy, = {(mwy(a;))}

such that lim, ) = (0,0) and limy, ) = yo < 0. But

1
lim y(— = lim n(z, —b) — x, = .
n—a0 n n—0o0

Hence 7 ) A Vg e = (@0, 0}

Lastly, if z, = b, we will show that any point (b, y) with y > y, belongs
to 7(0,p) A Vo o -

In general, the sheaf of filtering lines passing through a fixed point
(70,70) € R? corresponds to a segment in the space of parameters
[0,1] x [-C,C]. The equation of this segment in a,b can be deduced
from the cartesian equation in [2.11] Indeed, (zo, o) belongs to 7(4p) if
there exists ¢ € R such that
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4.2. The intersection operator A

ro=at+b

Yo = (1—a)t—b
Putting both equations together gives a grade 1 polynomial on a,b
which describes a segment in [0, 1] x [-C, C:

t_l’o—b_y()—Fb
- a  1-a’

a(xg—l—yo)—xo—i—b:O.

Therefore, every rotation around a point (x,,y) € v, 4, is contained in
the segment
a(z, +y) —x, +b=0

Applying Definition , (zy,y) belongs to rqp) A Uz, 4, if and only
if there exist suitable sequences (a,)nen, (bn)nen converging to 0 and b,
respectively. We can choose such sequences with

Pn = (xva y) € T(an,bn M Vg0

constant for each n € N. It is enough to put a, = % and, using the

equation of the segment:

b o + Yo
n = Lo — .
n

Then lim,,_, (an, bn) = (0,0) and for each n € N the line r(,, 4,) passes
through the point (z.,y) € vy, 4. Hence re, p,) N Vs, y = {(24,y)} for
each n € N. Similar sequences can be constructed for each y > vy,. This
proves 7o) A Vo = Voo -

Case 2 is completely analogous to case 1 swapping abscissa with ordinates
and a = 0 with @ = 1. This concludes the proof.
m

Now we make an exhaustive example exploring all possible cases in [£.3]

Ezample 4.2. Consider the improper contour vy = {x = 2,y > 2} and the
following filtering lines:

T(0.0):7(L,0):7(1,0) centered in the point(0, 0),

T02):7(12) (L 2) centered in the point(2, —2).

34



4.2. The intersection operator A

FIGURE 4.1: A depiction of the intersections between these
filtering lines and the improper vertical contour v, 5
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4.2. The intersection operator A

We will show that 7 ) A V2,2) = {(2,00)}, but instead (2 A V22) =
v(2,2)- The first three lines are parametrised by

1

1
(at, (1 - (I)t) with a € {O, g, g}

and the latter by

11
(at+2,(1—a)t—2) Wlth&E{O,§,g}

Substituting these parametrisations in the inequalities describing v(y )
it is trivial to compute the regular intersections in R?. We exhibit this
computation for the first two intersections:

z=at=0and x =2

(z,y) € T0,0) N V22) <=
(0,0) 22) y=(1l—-a)t=tandy =2

The first line 0 = 2 = 2 is a contradiction, so the point (x,y) does not
exist and the intersection is empty.

xzatzéandx=2

(T,y) ET(1 ) N V22 <
(5:0) (22) y:(l—a)tz“—;andy>2

Substituting t = bz = 10 gives (x,y) = (2, 8).

The complete list of intersections is the following;:

T(O,O) M ’U(272) =
r(10) Ve = 128)}
r

(
(L0) MU

[

22) = {(2,4)},
T'(0,2) N VU(2,2) = V(2,2),
"(

T‘(%’2> N V2 = L.

Wl

72) N V22) = 9,

Q=
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4.2. The intersection operator A

In general, observe that for a # 0 any filtering line 7,0y centered in (0, 0) has
slope equal to 177“, and the intersection with v, 9) will be the point (2, 2%)
when a < 3 (in particular for rio N U2 is the basepoint (2,2)) and the
empty set otherwise. Instead for a = 0 the filtering line is parallel to v(y )

and they do not intersect in R2. All of this implies that

1
{CL E]O, 1[ such that T(ab) N V(22) 7 @} = (0, 5] .

Conversely, for a # 0 no filtering line 7,2y centered in (2, —2) meets v(2,2),
since the only point with abscissa 2 in r(, ) is the common point (2, —2),
which is below the improper contour. Therefore,

{a 6]0, 1[ such that T(ab) N V(22) 7 @} = .

However, v(9,9) is contained on the vertical line (x = 2) = r(g2), so the regular
intersection in this case is the whole contour (unlike the one given by our
operator).

For a # 0, r@p) A V(2,2) = T(ap) N V(2,2)- As for a = 0, since we just
remarked that 749 N v(22) = @ for every a # 0 and for the lines 7, the
intersection point is given by the function

1 2,21=a when a < 1
<O, —] 3a = T(q0) N V@22 = { ( @ ) } 2
2 10/ otherwise.

Let us check the definition and the characterisation agree for r( ) and
T(0,2)- In the first case the characterisation gives us

7"(0’0) ?% 0(2’2) = {(2, OO)}

since b = 0 < 2. Indeed, consider the sequence

1 0
—,0 ith {P,} = ,
((n ))W (B} =7(20) 0 v

with (2,2@) —(2,2(n—1)).

n

The sequence satisfies the Definition and therefore 7o) A V(2,2) =
lim,, o P, = (2,0).
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4.3. An extension of the Position Theorem

Instead, in the second case, the characterisation yields

e @]
T2 M V@22 = V22

which again agrees with the definition, since for each point (2,y) € v(22), y =
2, we can find suitable sequences (a,)nen, (bn)nen that satisfy the conditions
on [4.2
The sheaf of lines passing through (2,y) corresponds to the segment of
equation
(2+y)a+b=2.

Then, for each n € N we can choose

2+
anp = —, b, =2-— v
n n

That way, lim, (@, b,) = (0,b) and each line 7, 5,) meets v(22) at the
point (2,y), for every n € N.
Hence (2,y) € r(0,2) A V(2,2 for every y > 2. This concludes the example.

4.3 An extension of the Position Theorem

Now, we will give an extension of the Position Theorem proved in [13, The-
orem 2| for horizontal and vertical filtering lines.

Theorem 6 (Extended Position Theorem). Let ¢, : M — R? be two con-
tinuous functions satisfying properties (i)-(w) from Section[2.5 Let (a,b) €
[0,1] x R and p € Dgm(y{, ,))\{A}. Then: For each a € [0,1] and for each

finite coordinate w of p, a point P = (x,y) € " (ap) A ['(p) exists such that

{min{Llea}(x—b) if ae0,1),
min{l, % }(y +b) if ae (0,1].

l:

with the conventions 5

o0, min{1, 0} = 1.

Proof. For a €]0, 1], the proof is the original Position Theorem as it appears
in [13]. Let a = 0,0 € R and let p € Dgm(g{; ;). Let w be a finite coordinate
of p.
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4.3. An extension of the Position Theorem

Remark guarantees that for each sequence (a,,b,)nen converging to
(0,0)in [0, 1] x [-C, C], possibly extracting a subsequence (a, , by, )ken, there
exists a sequence of cornerpoints

*

pi € Dgm(e(,, 4, ), with d(pe, p) <

| =

with limy o pr = p.

Fixing k € N such that a,, < %, let wy, be the finite coordinate of p, €
ng(gp?‘ank :bnk)) corresponding to the coordinate w of p € ng<90?0,b))‘ Apply
the classical Position Theorem to wy. There exist a point P, and a contour
oy such that P, € o < T'() and

G,

k:1_—

Nk

Wg = Tp, — bn (yPk + bnk)

Recall from Section that we are considering the completion of the
extended Pareto grid I'(¢) in R’ and cach contour is homeomorphic to a
closed interval. By compactness of the contour ay, the sequence (Py)ren has
a converging subsequence, that is there exists P € ay with

P = lim Pk:l‘
l—o0

By continuity of (a,b) —, taking the limit as | approaches oo on the first
equality yields

w = llirg):vpkl — bnkl =xp—0>b

as we wanted to show.

The proof for the case a = 1 is analogous by considering sequences
(@, b, )nen converging to (1,b) and g € Dgm(ef,,, W, k)) for opportune subse-
quences, with d(qy,p) < + and limj_,e g = p. Then when applying Position
Theorem to the finite coordinates wj, of g it is enough to take the limit as k
approaches to o on the second equality.

]

Remark 4.6. In the following chapters, whenever we apply the Position The-
orem to the coordinates w,, w, of points p, g realising the bottleneck distance
d(Dgm(f, 1)), Dem(vy, ;))), we will say that the points P,Q € I'(p) u I'(¢)
satisfying

—a

w, = min{1, ! Hap —0) = min{l,%}(yp—i—b)
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4.3. An extension of the Position Theorem

and
—a

wy = min{1, —Hzg — b) :minu,%a}(ywb)

realise the bottleneck distance between Dgm(¢(, ) and Dgm(¢f, ;).
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Chapter 5

Special values

Fix (¢,%) a pair of filtering functions and let T'(¢),T'(¢)) be their respective
extended Pareto grids. There are pairs (a,b) €]0,1[x[—C,C] in which the
optimal matching between ng(gp?‘mb)) and ng(@b?‘a’b)) may change abruptly.
In this chapter we introduce the special set associated with (p,), which
contains such pairs, and prove some new results relating this set with the
bottleneck distance.

5.1 The special set

Definition 5.1. Let Ctr(p,¢) = Ctr(¢)uCtr(¢) be the set of all curves that
are contours of ¢ or ¥. From our assumptions in Section on the functions
@, 1, it follows that Ctr(p, 1) is a finite set. The special set of (p,1)), denoted
by Sp(p, ), is the collection of all (a,b) at ]0,1[x[—C,C] for which two
distinet pairs {ap,aq}, {ag, ar} of contours in Ctr(p, ) intersecting 7(4p)
exist, such that {ap,ag} # {agr, as} and

e ci|lzp —xg| = calrr — xs|, with ¢1,¢0 € {1,2}, if a < %,
e c1lyp — Yol = c2|lyr — ysl|, with ¢1,c0 € {1,2}, if a > %,

where P = P(a,b) = r(ayb)map, Q = Q(a,b) = ’I"(mb)ﬂon, R = R(a,b) = T(a’b)ﬂaR
and S = Sp) = T@ap) N s, and z,, Yy, denote abscissas and ordinates of
these points, respectively. We will say that two different pairs of contours
{ap,ag}, {ar, as} as above satisfy the condition of speciality. An element of
the special set Sp(p, ) is called a special value of the pair (¢, ).
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5.1. The special set

Remark 5.1. Note that in the above definition, the two contours of the two
distinct pairs {ap, ag}, {ar, as} do not necessarily need to differ. For exam-
ple, the definition allows ap = agr, ap = ag, ag = ag, ag = ag, but not two
of these conditions simultaneously. Moreover, the contours may all belong
to the same extended Pareto grid, as long as the pairs {ap, ag}, {agr, ag} are
different.

Notice that, in general, the special set is not finite. The next proposi-
tion shows that for any point belonging to two different contours, there are
segments in |0, 1[x[—C, C] entirely contained in the special set.

Proposition 5.1. Let r,4), a €]0,1[ be a filtering line intersecting I'(¢) U
['(v) in at least two different points. If there exists X in r(p) N ax N Bx,
where ax # PBx are in Ctr(p, 1), then (a,b) is a special value.

Proof. Let Y € ay be a point in ri n (I'(¢) v I'(¢)) different from X.
Then the pairs of contours {ax,ay}, {fx,ay} are different and satisfy the
condition of speciality for (a,b). O

There is a relation between the condition of speciality and the pairs of
cornerpoints realising the cost of an optimal matching between the corre-
sponding persistence diagrams. This relation is a consequence of the Position
Theorem.

Proposition 5.2. Let o: Dgm(y¢{, ;) — Dgm(yyf, ;) be an optimal match-
ing, o # idng(¢?< ok If the cost of o is realised by two different pairs of
points {p1,q1} # {p2, ¢} then (a,b) is a special value.

Proof. Let us first examine the case a < % Let w;, z; be the coordinates

of p;, q;, respectively, realising the distance d(p;, ¢;), for i = 1,2. With this
notation the hypothesis becomes

costo = d(phCIl) = 01|w1 - 21\ = d(p2792) = 02]w2 - Zz| > 0,

for some ¢y, c5 € {1, 2}.
Note that cost ¢ > 0 because o is not the identity. Apply Position
Theorem. There are points P, Q, R, S € 7o N (I'(p) U T'(¢))) such that

wy=xp—b, z=x9—-b, wy=zr—b, 2 =1x5-0b,

|ZEP —ZL'Q| = |JZR —ZES| > 0.
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From the previous equalities we get xp # zg and zr # xg. In particular
P # @ and R # S. This implies that there exist some contours ap 3
P ag 3 Q,ar 3 R and ag 3 S such that {ap,ar} # {ag, as} and satisfy the
condition of speciality.

The case a > % is obtained analogously by substituting abscissas with

2
ordinates. O

We recall Proposition 5.2 from [21] which shows an important property
of the special set fundamental in the proof of our main theorem in chapter
6.

Proposition 5.3. Sp(p,¥) is a closed subset in |0, 1[x[—C, C].

5.2 The ultraspecial set

Definition 5.2. The ultraspecial set of (,1), denoted by USp(p, 1), is the
collection of all (a,b) in [0,1] x [~C,C] for which there are three distinct
pairs {ap, ag}, {ar, as}, {ar, oy} intersecting 7,5 and such that every two
of them satisfy the speciality condition; that is

o ci|lzp—xg| = calrr—xs| = cslar —ay|, with ¢1, 2, ¢35 € {1,2}, ifa < %,
* cilyp —?JQ| = e2|yr — ys| = cslyr — yul, with ¢1, co,c3 € {1,2}, if a > %7

where P = P(a,b) = T(a,p) NP, Q = Q(a,b) = T(a,b) NOQ, R = R(a,b) = T(a,b) AR,
S = S(a,b) = T(a,b) N ag, T = T(a,b) = T(a,b) N ar, and U = U(a,b) = T(a,b) N ay
and z, vy, denote abscissas and ordinates of these points, respectively. An
element of the ultraspecial set USp(p, ) is called an ultraspecial value of the

pair (¢, v).
By definition, USp(¢,¥) < Sp(p, ).

Proposition 5.4. Consider X andY such that X # Y. Let ax, Bx,ay, Py €
Ctr(p, ), with ax # Bx and ay # By. If X is inr.p nax n Bx and Y is
in rep O ay N Py, then (a,b) is an ultraspecial value.

Proof. The claim follows from observing that any three of the four different

pairs
{ax,ay}, {ax, By}, {Bx, av}, {Bx, Py} satisfy the condition of speciality
between them. O]
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(4,2)

(2,0)

[ ]

FIGURE 5.1: The contours aq,as and ag with basepoints

(0,1),(2,0) and (4,2) from Example ; with the filter-

ing line T(4,-4); which is the only admissible one passing
5’ 5

through 2 basepoints and intersects all three contours.

We now give some examples where the ultraspecial set is not finite.

Ezample 5.1. [An example where USp(ip, 1)) are not a measure zero subset. |

Let a1, ag, as be three different parallel improper contours in Ctr(p, 1)
such that dist(ay, ag) = dist(ag, a3), where dist denotes the infimum of the
distance between any two points of the contours. Then any (a,b) such that
the filtering line 73 meets all three contours is ultraspecial. Indeed, if
Py =1y Nnag, 1 =1,2,3, then

|mP1 - IP3| = 2|:EP1 - mP2| = 2|xP2 - :L‘P3|a

lyp, — yps| = 2lyp, — yp,| = 2lyp, — yp,l,

so the condition of speciality is fulfilled for {ay,as}, {as, a3} and {as, a4}

both when a < % and a > %

In particular, according to Defintion [2.11] when a €]0, 1| the filtering line
is described by the cartesian equation

1—a b
x__
a a

y:

which means that if the improper contours aq,as, a3 have basepoints
(21,91), (72,y2) and (x3,ys) then r(, ;) intersects all three contours when

b<(l—a)x;—ay; = —(z; +y))a+x; fori=1,2,3

which, when non-empty, is a subset of |0, 1[x[—C, C] limited by three lines
with different slope —(z; + v;).
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b=4—6a
b=2-—2a

~N-

FIGURE 5.2: In example 5.1, with the choice of contours
from figure the pairs (a,b) in the blue region of the
rectangle 0, 1[x[—C, C] are ultraspecial.

Ezample 5.2. Let ap,ag be two different parallel improper contours in
Ctr(y,%) and let X be a point belonging to two different contours ax, Bx
such that dist(X,ap) = dist(X,aqp). In this case, any line r(; passing
through X and meeting ap and ag corresponds to an ultraspecial value,
since the same way as before if P =1, nap and Q = 14 N ag then

[ — 2| = 2Jap — vx| = 2ax — g,

lyr — Yol = 2|lyr — yx| = 2lyx — vol,

so any three of the pairs {ap, ag}, {ap, ax}, {ag, ax}, {ap, Bx} and {ag, Bx}
satisfy the condition of speciality.

In particular, if the improper contours ap, g have respective basepoints
(%0, Y0), (71, y1); then the filtering lines passing through X and above those
basepoints:

b=—(rx +yx)a+zx; b=max{—(zp+yp)a+zp,—(2g+yg)a+ x¢}

are either the empty set or a closed segment in the parameter space.
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Chapter 6

Results

In this chapter we prove our main theorem. Before doing so, we prove two
lemmas, Lemma and Lemma which will allow us to find, for any
fixed smooth functions ¢, ¥ satisfying the assumptions in Section and for
any (a,b) €]0,1[x[—C,C], a pair (a’,t’) such that the bottleneck distance
between the corresponding diagrams increases. We will be able to do this
outside a set of pairs (a,b) that we conjecture to be finite. The proof of
Lemma will require the study of the gradients of two auxiliar functions
f,g. For the sake of clarity, some of the calculations for this matter will be
left to the Appendix [C]

6.1 Statement of our main theorem

Definition 6.1. Given a contour «, consider the set

Uy = {(a,b) e ]0, %] X [=C.Cl[anr@y # @}'

For any four contours ap, ag, ag, as € Ctr(p, ) denote

1
QprQ.Rs = ﬂ Uay C ]0, 5] x [—-C,C]

Xe{P,Q,R,S}
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and
P(a> b) = (xP<a’ b), yP(a7 b)) = T(a,b) N Qp,
Q(a,b) = (zg(a,b),yo(a,b)) = ruy N ag,
R(a: b) = (.Z'R(CL, b)7 yR(a7 b)) = T(ab) M QR,
S(aab) = <x5<a7b)v?/5’(a7b)) T(a,p) N Qg

the intersection points when varying (a, b).
In this setting, define the functions

fP’Q:aP:OlQ E QPQRS — [0, 0]

IRS,apas = 9° QPQRS—>
(a,0) — (xr(a,b) — z5(a, b))

We will prove in[6.1]that the functions f, g defined above are differentiable
in Q% g, the interior of Qpg rs. Let

VfRQ@P@Q? VgR7570¢R7043
are parallel and ap, ag, ag, ag

U(p, ) = USy(p,¥)uq (a,b) € Sp(p, )

are the contours in

condition of speciality for (a,b)
We will assume the following hypothesis before stating our main result:

T: U(p, ) is a finite set.

I: Sp(y,v) is a finite union of curves.

Now we state our main theorem, which we shall prove at the end of this
chapter.

Theorem 7. [Main theorem] Let @,: M — R? be smooth functions sat-
isfying the properties (i)-(iv) in Section . Under the hypothesis in f, I,

Dinaten (0, 0) is realised either for a € {0,%,1} or in the finite set of parame-

)90

ters U(p, ).
In other words,
Dmatch((pa w) = max dB(ng(go?a,b))v Dgrn@b?a,b)))

{07%71} X [—C,C]Uu(cp,'(b)
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6.2 Preliminary lemmas

Before proving our main theorem, we will write explicit conditions charac-
terizing the set U(p, 1) and prove auxiliary lemmas.

Firstly we will show that for (a,b) ¢ Sp(p,?) there exists a clockwise
(when a < 1) or counter-clockwise (when a > 1) rotation of the filtering line
for which the bottleneck distance increases.

Definition 6.2. For any (a,b) # (da/,b') €]0,1[x[-C,C], the symbol
(a,b) — (a’, V') represents the rotation taking the line r(4p) to the line r ).

We will say (a,b) — (a/,V) is clockwise if a < a', and counter-clockwise if
a < a.

Remark 6.1. Observe that any rotation or translation corresponds to a closed
segment [(a,b), (a’,V)] < [0,1] x [-C, C.

Remark 6.2. Let (a,b) — (a/,0') be a clockwise rotation around a point
A = (xa,ya). Then x4 +ya > 0 if and only if & < b. Indeed, the lines
T(ap)s T(a',p) have cartesian equations

ay=(1—-a)z—b dy=(1-d)x—"b".
Since both lines contain the point A, & > b if and only if
(1—a)xa—adya>(1—a)rgs—ays <= (a—ad)ry> (' —a)ya
— Ta < —Ya.

The total order <3 induced on the intersection points of
Tap) N (F(¢) UT(1))) determines in which way the corresponding points in
the persistence diagram move when rotating the filtering line.

Lemma 6.1. Let A,B,C € 7@ N I'(p) belonging to different contours
aa, ap,ac such that C <(gp) A <@p) B. Let (a,b) — (a', V'), (a,b) — (a", ")
be, respectively, a clockwise and a counter-clockwise rotation fizing the point

A; and make the further assumption that the lines vy, 7@ pry meet ap, ac.
Let

B/ =T p)Nap, B” = T(a"p) MR, CM =T(ap)Nac, CW = T(a"p)NAC.
Then

Tp 2 Tp 2Ta, Ypr Z2Yp ZYa, To STOSTa, Yor SYo S ya
B’ > (a' W) A, B’ > (a” W) A, ' <(a',V) A, ol <(a”,b") A.
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FIGURE 6.1: The points, lines and contours described in
Lemma 6.1.

Proof. We will show the proof for the clockwise rotation (a,b) — (a’,t’) and
the inequalities xp > x5 = x4 and B’ >,y A, since the proof for all the
other cases are completely analogous. Let us prove B’ >y A first. By
2.3| (iv), every proper contour is diffeomorphic to an interval. Hence, there
exists a smooth parametrisation £ = (£1,&): [0,1] — R? of ap.

By contradiction suppose B’ <4y A. This implies 25 < x4 < xp and
yp < ya < yp. Thus, & (s) < &(t) and &(s) < &(t) for any s < ¢, which
contradicts property (iv) in Section . This proves B >4y A.

Now we prove rp > xp > x4. By definition of <(43), 5 = x4 follows.
In order to prove xp > xp, suppose, by contradiction, that xg < xg. That
would imply, because of point (iv) in Section that yp > yp. We will
study two cases separately:

1. Case xp — x4, x5 — x4 > 0.

The inequality y = yp implies that

Yp — Ya < YB — YA
T —TA X —Ta

being the slopes of r( ), on the right, and the one of r(, i) on the left.

Note that yg — ya, xp — x4 are non-negative quantities since we just
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T(a,b)

FIGURE 6.2: A graphical representation of the contradic-
tion in the first part of the proof of Lemma 6.1. Any C*
path from B’ to B is strictly increasing in both its coor-
dinates in some open subset. Recall from Section that
contours are either horizontal or vertical half-lines or curves
with negative local slope.

proved B’ >y A. Thus, the rotation sending ryp) to rpy is
counter-clockwise, which contradicts the hypothesis
2. Case xgr —24 =0o0rzg —xz4 = 0.

The hypothesis ay # ap and B >3 A, B’ >y A imply that one
of the filtering lines 7(4p), 7’y is vertical, that is, a = 0 or a’ = 0
(otherwise for every abscissa there would be a unique point in 7(4p)
and 7). In particular, since (a,b) — (a’,0') is clockwise, we can
study directly a = 0 since it must be a < a'.

For a = 0, supposing zp < g = x4 implies B’ <(y ) A, that is, B’
belongs to the part of 7y ) which is to the left of 7(,;. But we saw
before B’ >,y A, which is a contradiction.

]

By Proposition for any (a,b) there exists p € ng(gpz“a’b)),
qe ng(?ﬁa,b)) such that

dp(Dgm (¢, ), Dem (¥, ) = d(P,9);

and by the definition of the metric d and the Position Theorem [6] there
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exist A and C in 7 A (T(p) U (D)) and c € {3, 1} such that
d(p,q) = c[(xa —b) — (xc = b)| = c|xa — z¢|

when a < 1; otherwise there exist B and D in 7, A (D(p) U (T(¥)) and
€ {3,1} with

d(P,q) = |(yp +b) — (yp + b)| = |lys — yp|

Consider (a,b) ¢ Sp(p,1). Assume that the bottleneck distance between
Dgm(¢(, ;) and Dgm(¢(, ;) is equal to [z4 —z¢|. It is always possible to find
a rotation (a,b) — (a’,V’) around either A or C corresponding to a segment
in the parameter space [0,1] x [—C,C] such that the bottleneck distance
between the new diagrams Dgm(¢{, ;) and ng(qﬁfa,,,b)) is bigger or equal
than the initial one. This is the content of the following lemma.

Lemma 6.2. Let ¢,1: M — R? be two smooth functions satisfying condi-
tions (i)-(iv) on Section[2.3 Let (a,b) €]0,1[x[-C,C]. If (a,b) ¢ Sp(p, )
then there exists a rotation ((a,b) — (a’,b")) around a point A € T N
(C(p) () corresponding to one of the coordinates realising the bottleneck
distance between the corresponding persistence diagrams and for which:

dp(Dgm(¢p(, p)), Dem(¥i,y))) < ds(Degm(@iy ), Dem iy p)))-

Proof. From the compactness of the persistence diagrams and Proposition
2.4 there is an optimal matching o: Dgm(¢f, ;) — Dgm(¢(, ;) and there ex-
ists a unique - since (a,b) is not special - pair of cornerpoints
p € Dgm(¢(, ;). q € Dgm(yf, ;) such that cost(o) = d(p,q). If d(p,7) = =
the result is clear, so let us assume d(p,q) < . We have that d(p,q) =
¢|wy —w,| for some finite coordinates wy, wy € {x, 27, Y5, Yz} and for c € {3, 1}.
In particular, by the definition of d [2.10, ¢ = 3 if d(p,q) = d(p,A) or
d(p,q) = d(q,A), and ¢ = 1 otherwise.

Consider the case a < % and assume that p,q are proper cornerpoints.
0

Then, by Theorem |§|, there are A, B,C, D eruy N (I'(p) ul(¥)), A <@y
B,C <(ap D such that p = (x4 — b,xp —1),q = (x¢ — b,xp —b). Let
a4, ap,ac,ap be the contours in I'(p) U T'(¢)) containing A, B, C, D respec-
tively. These are univoquely determined because (a,b) ¢ Sp(e, ), so by
Proposition |5.1| each point belongs to a unique contour. If p, g were improper
cornerpoints, then there would still exist some A, C' € 7(q4) A (T(p) uT(¥))
such that p = (x4 — b,0),§ = (z¢ — b, ) and the following holds.

51



6.2. Preliminary lemmas

Let (a,b) — (a’, V') be a clockwise rotation around the point A such that
the segment [(a, b), (a’,b")] (which is not a singleton set, because by definition
a’ > a) does not meet Sp(ip, ). This is because from we know Sp(p, 1)
is closed, so for any (a,b) ¢ Sp(p,1) there exists such a pair (a/,’). This
implies in particular that for any (a”,0”) € [(a,b), (a’,b")], the filtering line
7o py does not encounter any points from I'(¢) UI'(+)) incident to more than
one contour. In particular, no rw ) encounters the endpoint of any contour,
for any (a”,b") € [(a,b), (a’,0')]. Thus, the rotation (a,b) — (a’,t’) induces a
bijection:

e}
U:rgy A (D) UT (@) «— ry) A D) UT ()
r(a,b) ?.% ax = X > \IJ(X) = r(a’,b’) ?% ax
With this terminology, the rotation (a,b) — (a’,V') fixes A = U(A) and
sends C' to ¥(C'). Applying Lemma , if C' <(ap) A then gy < xe < 24
and, conversely, if C' >, ) A then xy(c) = v¢ = x4. In any case

[Ty = 2al = |0 — 24| = d(D,q) = dp(Dgm(p(, ), Dem(¥, 4)))-

Since outside the special set the optimal matching cannot change abruptly,
the cost of the optimal matching between ng(@?a',b/)) and ng(@b?a,’b,)) is
the distance between the points (zy(4)—b, Tw(p)y—b) and (vy () —b, Tw(p)—b),
which is precisely |zw(c) — 2w(A)| = |ry) — x4|. Combining this with the
previous inequality gives the result:

d(Dgm (¢ 1)), DEm(Y(y 1)) = dp(Dgm(p(,,p)), Dem (v ))-

The proof for the case a > % is completely analogous by looking at the
ordinates of the points in the persistence diagram, considering a counter-

clockwise rotation and applying Lemma [6.1 [

Before stating the technical lemma to give proof for our main theorem,
we will study the gradients of the functions f, g from Definition [6.1]

It is possible to see that U, is a closed area of |0, 1[x[—C, C] bounded by
one or two lines, depending on whether « is an improper or proper contour,
respectively. Below we see an example of this fact.

Example 6.1. We give an example of the computation of U, as defined in|6.1
Let « be a proper contour with endpoints (1,0), (0,1). Let L be the segment
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a —

FIGURE 6.3: The domain U, computed in the example (it
is a strip between the lines b = 1—a and b = —a). The black
square represents the space of parameters [0, 1] x [-C, C]

with the same endpoints. Then,

Tap) N # D =Ty N L#D
<= There exists A € [0, 1] such that
A(0,1) + (1 = X)(1,0) belongs to 74
<= There exists A € [0,1] and ¢ € R such that
1—A=at+b
{/\z (1—a)t—b.

The computation becomes a linear system of two equations on the vari-
ables A, t. In this particular case, substituting A yields

l1-(1—-a)t=at<—=t=1,

which gives the solution (A,¢) = (1 —a — b,1). Therefore, the filtering line
T(ap) intersects « if and only if 0 < 1 —a — b < 1, which corresponds to a
“strip” in the space of parameters.

Proposition 6.1. The functions f,g as in Definition[6.1] are of class C* on
the interior of Qpg r.s-
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Proof. Since f and g are polynomials of degree 2 on the functions
zp(a,b),zg(a,b),xr(a,b) and xg(a,b) it is enough to show that xp(a,b) is of

class C' on Qpo.rs» the interior of Qpg rs. Let a be a contour containing

P

e Assume « is a proper contour. Recall from Section that « is dif-

feomorphic to an interval and o« < J(p) — M is a smooth embed-
ding. Thus, there exists a differentiable function h: R — R such that
y = h(z) is the equation of a.

By Propositions[2.6land[4.3] there exists a unique point (z, y) in (z,y) =
(z(a,b),y(a,b)) in rip N a which is determined by the system:

Consider the set X = {(a,b,z(a,b))}, such that (z(a,b),y(a,b)) is a
solution of the previous equation system. The set X is the set of zeroes
of a function F' on a,b, z(a,b), with

1—a b

T+ —.
a a

F(a,b,x) = h(x) —

The last entries x of the solutions (a, b, z) of F' = 0 are the abscissas of
the points in r¢, ) N a.

The function F' is differentiable in x, because h is. Furthermore, %—5 =
g—’; — 1;—“ < 0 because the derivative of h is strictly negative due to point
(iv) in Section when « is a proper contour. In particular, %_I; # 0 in
its domain Q% ¢ g g, and the implicit function theorem can be applied

to F'. This yields the differentiability of x(a,b) over Q% ; & s-

Assume now that « is a vertical improper contour lying on the line
x = x9. Then z(a,b) = zy is a constant function, and therefore of class
C* in Q%o ps-

Lastly, suppose « is a horizontal vertical contour lying on the line
Y = Yo-
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Then, for each (a,b) €]0, 1[x[—C, C] the only point (z(a,b),y(a,b)) in
T(p) N ap is the solution to the system:

{?F%“w—ﬁ
Y=T%o

But then z(a,b) can be calculated explicitly:

a b
1—a

x(a,b) =

Recall from Definition that 0 < a < % for each (a,b) € Q% g g-
Hence z(a,b) as above is of class C* in its domain.

]

The functions f, g measure the distance between the abscissa of the points
P Q and R, S.

We are interested in understanding when the gradients V f, Vg, defined
for (a,b) € Qb o rs» are parallel, that is, we wish to study the condition

V[ is parallel to Vg. (6.1)

When %, % # 0 (we show in full detail when does this condition hold in
Appendix [B]), condition (6.1) is equivalent to

af  of
da __ 0Ob
2_2 (6.2)
da ob

Let X € {P,Q, R,S} and let T'xax denote the line tangent to « at the
point X. An approximation of the first order of the position of a point X (a, b)
when varying a, b is given by the intersection between the contour ax and
the tangent line:

Txax:y—yx =mx(z —xx) when X does not belong to an improper
contour
Y =Yx when X belongs to a horizontal improper
contour, ax = Ry = {T = 2o, ¥ = Yx}
T =Ty when X belongs to a vertical improper

contour, ax = Ugy yy = {r=2x, y =y}
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where my is the local slope of ax at X, when ax is a proper contour .
Explicitly, recall from Section that each proper contour ay comes with a
diffeomorphism

w: [0,1] - ax
b (wi(t), wa(t))

such that wi(t) - wy(t) < 0 - this is property (iv) in Section - and
wi(t),ws(t) # 0 for all ¢ €]0, 1].

Let tx € [0, 1] be the value such that w(tx) = X. If X is not an endpoint
of arx, then the local slope of ax at X is

Moreover, recall the parameterisation of the filtering line r(, ), from Def-

inition 2.1}
1
(u(t),v(t)) = (at +b,(1 —a)t —b), for (a,b) € Qpors < ]O, 5] x [-C,C].
Substituting the parametrisation of 7,3 on the equation of Txax gives

(1—a)txy —b—yx =mx(atx +b—xx)

yx+b—mx($x—b)

t(avb) _
1—a—mxa

x =ix=

when X does not belong to an improper contour and

(1—a)tx —b=yx atx +b=xx
+0b )

tXZyX tXZIX

1—a a

in the cases X belongs to a horizontal half-line and a vertical half-line, respec-
tively. Remember that we are supposing a € ]O, %], hence tx is well defined
in any case and substituting tx in the parametrisation gives the intersection
point in 7y N Txax.

In order to avoid some encumbering notation, for each point X € ay and

for every (a,b) € Qpgors < |0,1] x [-C, C] consider the following degree 1
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polynomials:

.
yx +b—mx(zx —b) when ax is a proper contour,
Ex(b) =< yx +b when ax is an improper horizontal contour,

[ Zx — b when ax is an improper vertical contour,

p
1—a—mxa when ayx is a proper contour,

nx(a) =<1—a when ax is an improper horizontal contour,

K when ax is an improper vertical contour.

Notice that, for any X € {P,Q, R, S}:
Ex _ onx

o~ b
(1+myx) when ax is a proper contour,
(35_;( = —aa%( =41 when ax is an improper horizontal contour,
-1 when «ax is an improper vertical contour.
(6.3)

Remark 6.3. Notice that ny(a) > 0Va e ]O, %] since the tangent lines T'xax
are either horizontal, vertical or with negative slope because of assumption
(iv) in Section and a,1 — a > 0. Therefore for a € |0, 3] we can write

&x(b)
nx(a)

tx

and this value uniquely determines the point X via the (injective) parametri-
sation of (4. Because of this, for each fixed (a,b), with a € ]0 1]:

Exb)  Exld)
nx(a)  nola)

0= X=X'€ T(a,b)- (64)

Combining the polynomials £x,nx with the parametrisation gives an ex-
pression for the intersection point in 7,4 N Txax, for each (a,b) € ]0 1] X

]
[_07 C]v

Ex(b) +b, (1—a) Ex(0) —b).

nx(a) nx(a)

X(a,b) = (a
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Therefore, for X € ax, Y € ay and (a,b) € Qpgr.s m] ] [C,—C]:

LSx(®) &v (0)
nx(a ny(a)

)
- <77ng)) - g:@)) '

We can rewrite our distance functions as

rx(a,b) — xy(a,b) = +b—a -b

oo (458
oo (-

for(ab)erQRsm] ;] (c,—C).

With this notation, a simple computation gives

of p(h)  Eold) ) (Ep()  &ob) Scz()anf £p(b) 22
- ( > o (np(a ncz(a)) ( ng(a)*  np(a)? )

da a) ngla) )
)> Ep(b)  Eolb)  alp(b)% af@ )52
) ( a)?

(b

p( no(

_ p(b) &b
- ( (@) o)) \nr@ ne@)  ne()?

Ne\a
o 43

of _ oo (£p<b> £Q<b>) &
[ — a — — ,
ob np(a)  ngla)) \ne(a)  nela)
and an analogous expression for ag Z, gi just substituting P, ) with R, S. This
expression is well-defined , since as we pointed out before, nx(a) > 0 for
every a € |0,3], X € {P,Q, R, S}.

We rewrite the condition (6.1)) we want to study using (6.5]). For this step

we are using a € ]O, %], which implies nx # 0:

(spw) _ £Q<b>> Er() _ fq) _ atp®FL | aso(h) 72
@~ me@ ) \ @ T ne@ T ap@? :

_ da
nr(a)  ns(a) o T

(&(b) B ss<b>> En(b)  Es(b)  atr(®) IR agg(h) LS
( nr(a)  ns(a) nr(a 2
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The further assumption that P # @), R # S implies (f};’ EZ)) — %E?)) #

0 and ( 2() Es(b)> # 0 by ‘) Observe that the definition of spe-

nr(a)  ns(a)
cial pair can be misleading: note that this assumption is not equivalent to

{ap,agr}, {ag, as} satisfying the condition of speciality: even if ap # ag
and ar # ag, nor P # () nor R # S is implied.
Under the assumption that P # @ and R # S the condition (/6.1]) becomes

Ep(t) _ o) _ ate®FE et %P %2
ne(a)  nol@ | npla)? Q@2 _ p(@)  ne(@ 6.7)
€n(b)  £s(b)  atr(M)ZE  ags(b) S S s
nr(a) ns(a) nr(a)? ns(a)? nr(a)  7ns(a)

e gg , and ag in their re-

spective domains, we provide the necessary and sufficient condltlons on the
points (a, b) for the gradient V f or Vg to vanish.

Now that we have fully characterised f,g, 8a’ 9

Proposition 6.2. Using the preceding notation, for any (a,b) € Qp g g 5 and
for any X,Y € rqy consider the functions

Oxy(a,b) = 652( y(a) —nx(a >6§;/

_ a Onx a 677y)
Sxy(a,b) =tx [ 1— X gy (1 o
wolan) =tx (1= L) <o (1 G

Then,
(P =0, or
S b)=0and P =
Vf(CL, b) 0 e P,Q(aa ) an Qa or
Epg(a,b) =0and P = Q, or
L Opg(a,b) =0 and Epg(a,b) = 0.
(R=25 or
C) b)=0and R= S5
Vyg(a,b) =0 < <« rs(a,0) o ’ o
rs(a,b) =0and R =S, or
(Ors(a,b) =0 and O g(a,b) = 0.

Proof. We will give the proof for Vf since the one for Vg is completely
identical substituting the pair {P, Q} with {R, S}. Fix (a,b) € Q% p ¢ and
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P € 1@y N ap, Q € 7@ep N ag. From the expression (6.5)) for the partial
derivatives it follows

o ) &)
da ne(a)  ngla)
c1
Ep(bh)  Eolb) asp(h)e ale(h) e
or - — o=+ 5— =20
ne(a)  nola)  ne(a) ne(a)
C2
P %
o g ) b _ T F
2 @ no@ 7 @) 7ol
C3
Therefore,
C1,
or C1 and C2,
Vf=0<
or C1 and C3,
or C2 and C3.

The conditions C1, C2 and C3 are well defined when a € ]O, %] We pointed
out in that C1 is equivalent to P = Q. Conditions C2 and C3 are
equivalent to Opg(a,b) = 0 and Zpg(a,b) = 0, respectively. ]

The previous discussion was made under the assumption a < %, but we
will also need to know how to increase the Bottleneck distance when the

filtering line r(, ) is rotating with a > All the previous definitions and

1
5
formulas have an analogous for a > % For the sake of brevity, we report here
only the essential steps.

Definition 6.3. For any four fixed contours ap, ag, ar, as € Ctr(p, 1), X €
{P,Q, R, S} denote

1
U(;x = {(a,b) € lé’ 1[ x [=C, ] such that ax N7y # @},
and 1
Qpons= (] U< [5’ 1[ * =66,

XG{P7Q7R7S}
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and
P(a,b) = (zp(a,b),yp(a,b)) = r@p N ap,
Q(a,b) = (zg(a,b),yq(a,b)) = ruy N ag,
R(a,b) = (zr(a,b), yr(a,b)) = r@p N ag,
S(a,b) = (zs(a,b),ys(a,b)) = raup N asg

the intersection points when varying (a, b).
In this setting, define the functions

lev,Q,ap,aQ = f: QPQRS [0> [
(a,0) = (yp(a,b) - yo(a,b))*

g}z,s,aR,aS g: QPQRS [0, oof (6.8)
(a,0) = (yr(a,b) - ys(a,b))?

An analogous to Proposition [6.1] holds for f” and ¢
Proposition 6.3. The functions f',¢" are of class C' on Qbonrs:

The definitions we gave for {x,nx and the first order approximation of
X (a,b) extend to (a,b) € Qpy ps < [3,1] x [-C. C]:
fyX +b—mx(xx —b) when ay is a proper contour,
Ex(b) =< yx +b when ax is an improper horizontal contour,

| Tx — b when ay is an improper vertical contour,

p
1—a—mxa when ay is a proper contour,

nx(a)=<1—a when ax is an improper horizontal contour,
K when ax is an improper vertical contour,
b b
X(a,b) = (a&( ) + b, (1—a)5X( ) —b).
nx(a) nx(a)

This time we want to look at the second coordinate of X (a,b), for X €
{P,Q,R,S}. The functions f’, ¢’ can be rewritten as

-7 (S5 (=2 1
oo (S SBY (22
for (a,b) erQRSm[l,l[x —C.
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6.2. Preliminary lemmas

Therefore,

of B Ep(b) o
P 2(a—1) ( (

0
of 2 (&) &)\ (B T\ _ (1-a\'of
T =200 - - J
ab ne(a)  nela)) \ne(a)  ngla) a ) b
for (a,b) € Q8o rs < [5.1] x [-C, C].
Hence, assuming %—g/ 9 20 (see Appendix , the parallelism condition

a’ 0b
between V[’ and V¢’ can be written as

o) ) (o) o) 4 Er(B)EE o) e
<m>(a) nQ(a)) (nQ(a) o~ (L—a) g+ (1—a)

(52 — 55 <§s(b) _ Gl (g ) @OFE &)gs(w%})

nr(a)  7ns(a) ns(a)  ngr(a) ngr(a)?
(spw) B fQ(b)) Xp Zo
np(a)  nq(a) np(a)  ng(a)
(aR(b) N §S(b)> te S
nr(a)  ns(a) nr(a)  ns(a)

and, under the further assumption that P # ) and R # S,

Y

gob)  epd) (4 \Ep()TE _ fo(b) 39 S S
ne@ ~ar@ ~ (@) + (L-a)Ton G T @
esb)  Er(d) (1 \ERO)DR _ NEs) s “p 48
P Bt oy Bl €)oo C ) e R 7 Bl 7

Proposition has an equivalent for f’, ¢":

Proposition 6.4. Using the preceding notation, for any (a,b) € Qpgors
and for any X,Y € rqy) consider the functions

0 0
Ol (0,D) = Ey(a) ~ mx(@) 2,

—, 1—a(37)x) ( 1—a&‘77y)
Zhey(ab) =ty [ 1+ —=ZX) (14 —2C
et = x (140 ) o (1
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6.2. Preliminary lemmas

Then,

(P B Q7 or
Via,b) =0 < pola,b) =0and P = Q, or
Epola,b) =0and P = Q, N

(Op(a,b) =0 and = (a, b) = 0.
(=5 or
Va'(ah) = 0 e | Ors(@?b) =0and B=5, L
Ersla,b) =0and R = S, or

(Ol 5(a,b) = 0 and S g(a,8) =0,

Proof. We will give the proof for V f’ since the one for V¢’ is completely
identical substituting the pair {P, Q} with {R, S}.

Fix (a,b) € Qpors and P € 1y N ap, Q € 1y N ag. From the
expression for the partial derivatives it follows

of Ep(b)  Eq(b)
@ " ) wele)
c1
) G) 1-ate®F 1-abo®FE
np(a)  1ola) ne(a)’ no(a)” )
c2
o . &) &®) T
ob np(a)  nela) ne(a)  ng(a)
C3
Therefore,
C1,
, or C1 and C2,
V=0
or C1 and C3,
or C2 and C3.

The conditions C1, C2 and C3 are well defined when a € ]0, %] Condi-
tion C1 is equivalent to P = (). Conditions C2 and C3 are equivalent to
pola,b) =0 and = 5(a,b) = 0, respectively. O
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6.2. Preliminary lemmas

Without loss of generality, put a < % If the matching distance is re-
alised by the distance between two different pairs of points {p,q} # {p',q¢'}

simultaneously, i.e.

where wp, wy, w), w] are the opportune coordinates of p,q,p’,q’, then by
Proposition (a,b) is a special pair. We can no longer apply the reason-
ing from Lemma because by choosing a rotation that increases the first
distance d(p, q) the same rotation may simultaneously diminish the second
distance d(p’, ¢'), therefore decreasing the Bottleneck distance.

The functions f, g (or f’, ¢’, depending on whether a < % ora > %) mea-
sure the distance between two pairs of points { P, Q}, {R, S} in I'(). We now
have a complete - see Appendix [B|- characterisation for the conditions under
which V f, Vg are parallel or vanish. When none of these happen, a vector
v € R? can be chosen such that v -V f,v - Vg > 0; thus the vector v applied
to a pair (a,b) represents a direction in which both functions f(a,b), g(a,b)
strictly increase, and hence the bottleneck distance cannot decrease. This is
the main idea in the proof of the following lemma:

Lemma 6.3. Let (a,b) ¢ USp(p,v). Assume hypothesis f. Let ap, ag, apg, og
be contours in I'(p) U T'(¢) and let X = rip nax for X in {P,Q,R,S}.
For X,Y in {P,Q, R, S} consider the functions Oxy,Zxy,Oy and =y
from Propositions and (6.4

When P # Q, R # S, the function ©xy,Zxy, Oy and Z'xy do not
vanish on (a,b) and the condition[6.7 is not satisfied, there exists a rotation
(a,b) — (a',b"), with (a’, V') ¢ Sp(p, 1) such that

dB (ng((pz‘a,b) ) ) ng(¢?a,b))) < dB (ng(gpzka’,b’) ) ) ng(wzka’,b’) ) ) :

Proof. 1f (a,b) is not a special value, the result follows directly from Lemma
Assume now that (a, b) is special.

Then there exist two pairs of contours {aa, ap} # {ac,ap} in Ctr(p, )
fulfilling the conditions of speciality. That is,

cilxa — xp| = co|lxe — xpl, with ¢, ¢ € {1,2},
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6.2. Preliminary lemmas

where A = aq N T@h) B=agn T(@h) C=acn T@p) and D = ap n T@h)
Note that the two pairs {a4,ap} # {ac,ap} in condition of speciality
may not be unique.
But, at the same time, (a, b) is not ultraspecial, so no three different paits
of contours {a4, ap} # {ac,ap} # {ag, ar} # {aa,ap} in Ctr(p, 1) satisty

cilxa — x| = ea|lxe — xp| = eslxp — xp|, with ¢q, o, c3 € {1,2},

where I = ap N 1rgp, F'=ap N1y,

On the other hand, from [3.2] we know that there exist a matching
o: ng(goz" )) ng(@b( b)) and two cornerpoints p € ng(go( )) q €
ng(w( )) such that

dg(Dgm(e(, 7)), Dem(y;5)) = costo = d(p, q) = Alwo — wl,

where wg, w; are some coordinates of p and ¢ and \ € {;, 1}.

Assume a < Applylng Position Theorem, there are points P, Q, R, S €
['(p) belonging to contours ap, ag, ag, g respectively; and p = (xp—b, xg—
b),q = (xg—0b,xs—b). Without loss of generality, suppose from now on that
the coordinates realising the cost of the optimal matching o are wy = z, =
xp —b and wy = x4 = g — b. Hence, the computation of the Bottleneck
distance becomes just

dn(Dgm(2fy). Dem(¥y5)) = Map —b— g + 8| = Niap — ).

The pair {ap, ag} may coincide with {a4, ap} or {a¢, ap}, which are in
speciality condition, so we cannot choose a point to rotate around as we did
in previous Lemma [6.2]

Instead, recall from the functions

fPQapao = f: Qraors — [0,0]
(a,b) —

[

(
IR,Sapas = 9: QPQRS — [0, o[

(

Qpq,r,s is not empty because r(, ;) intersects the contours ap, ag, ag, ag.
f, g are of class C! on its domain due to , so we can consider its gradients.
Because of Preposition [6.2] our hypothesis guarantee that V f (a, b), Vg(a, b) #
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6.2. Preliminary lemmas

0 and they are not parallel. For any vector v = A\;V f+A;Vg with A\s, Ay > 0
the following scalar products are strictly positive:

Vf-v, Vg-v>0.

That is, the following directional derivatives are strictly positive:

a_f — lim f((avb) + €U> B f<a7b)) @ — lim g<<a’ b) + Ev) — g(a,b))

> 0.
ov &0 € T0v e €

In particular, since both limits are strictly positive, it is implied that there
exist €, > 0 such that f((a,b) + ev) > f(a,b) and g((a,b) + ev) > g(a,b) for
every € < &,. Let (a/,b") = (a,b) + ev # (a’.b'). Since Sp(p, ) is closed, and
since it is a finite union of curves because of I, v and € < ¢, can be chosen
such that (a’,b") ¢ Sp(¢,v) and a # o’. Then the rotation (a,b) — (a’,1)
strictly increases the Bottleneck distance:

ds(Dgm(pf,p)): Dem(¥(,)) < ds(Dem(e(y ), Dem iy »))-

If a > %, applying Position Theorem yields points P’, Q' R',S" € T'(y)
belonging to contours apr, auy, g, g respectively; and p’ (ypr + b, yr +
b),d = (yor + b,ys +b). As we did in the case a < 3,
generality, suppose that the coordinates realising the Bottleneck distance are

ypr and yqr;

without loss of

dp(Dgm(p 5), Dem(v i 5)) = Alyr — yo |,

and suppose the pair {ap/, ag } is in condition of speciality with some other

pair of contours {f, f1} < Ctr(yp, ).
Then, recall from [6.8] the functions

f},)/’Ql’aP’an’ ' Qpgr.s — [0,0]

(a,b) — (yp(a,b) — ny(a, b))2
[
(

/
IR S apay =9 Lrar.s — [0,0]

(a,b) = (yr(a,0) — ys:(a,b))*

which are of class C* in Q"% o g o because of and Propositionimplies
that the gradients Vf’, Vg’ do not vanish in Q"% o p s and they are not
parallel under our hypothesis.
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6.3. Proof of our main theorem

Therefore, for any A, Ay > 0 the scalar products Vf' -1/, Vg - v are
strictly positive, for v = AV f' + Ay V¢'. Hence, there exists ¢,, > 0 such
that for any 0 < & < g,

f'((a,b) +ev') — f'(a; b)) g'((a,b) +ev') — g'(a, b))

) > 0.
£ g

Let (a”,b") = (a,b) + ev’. As in the previous case a < %, our hypothesis
guarantee 0 < € < ¢, can be chosen such that (a”,0") ¢ Sp(¢, ) and a # a”.
Then:

dB<ng(90>(ka,b))7 ng(wzka,b))) < dB(ng(gp?a’,b’)% ng(lp?a”,b”)))?

and we can conclude. O

6.3 Proof of our main theorem

Now we are finally ready to prove our main theorem [7}

Proof. By contradiction, let (@,b) ¢ U(p,v), @ ¢ {0, 3,1} such that

)9
Dmatch(spa w) = dB(ng((P?a’g)), ng@ﬁ?ﬁjg)))
Without loss of generality, choose (@, b) minimizing |a—1|. We are allowed

to do so since [0, 1] x [-C, C] is compact. This will lead to a contradiction.
For now assume @ < % Let us study separate cases.

1. Case (a, 5) ¢ Sp(p, ).

Because of Lemma there is a clockwise rotation (@,b) — (a’,V'),
with (a’,b") ¢ Sp(p, 1), such that

dp(Dgm(e; 7)), Dem(¥;5)) < da(Degm(@(y ), Dem(¢ i)

Since (@,b) — (a',V) is clockwise, «’ > @ and so |a' — 1| < |a — 3|,
against the minimality of @.

2. Case (@,b) € Sp(e, ¥)\U(p, 1)

Apply Lemma . Then there is a (not necessarily clockwise or counter-
clockwise) rotation (@, b) — (a”, ") which strictly increases the bottle-
neck distance; and such that (a”,b”) is not a special value.
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6.3. Proof of our main theorem

But this contradicts the hypothesis that (@,b) realises the matching
distance:

dB(ng(gp?a//’b//)), ng(,l?bzka”,b”))) > dB(ng(SO?E,B))’ ng(wzka’g)))
= Dmatch(gov ¢)

We began by supposing (@,b) ¢ U(y,v), hence we have reached an
absurd.

The proof for @ > % is completely analogous by considering a counter-
clockwise rotation in case (1).

]
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Chapter 7

Conclusion

In this thesis we have presented a geometric approach to biparameter per-
sistent homology. At the end of Chapter 6 we have shown a result that
consents to qualitatively improve the computation cost for the calculation
of the biparameter matching distance. Such a result might be important to
the effective application of persistent homology to data analysis, machine
learning, bioinformatics and many other fields.

Moreover, we have extended the Position Theorem from [13], which is the
key step in the proof of our main result.

Regarding future works, we believe that our extended Position Theorem
could be used to prove a further generalisation of our main result, reducing
the computation of the matching distance to the study of lines of slope one,
and maybe a finite quantity of exceptional values (a,b). Such a generali-
sation will require extending the functions f, ¢ used in Chapter 6 to study
the changes in the distance between intersection points for fixed contours,
and a deeper understanding of the special and ultraspecial set introduced in
Chapter 5.

We believe that these techniques can be easily generalised to general
n-parameter persistent homology, virtually permitting to cut the amount of
parameters needed for the calculation of the n-dimensional matching distance
by one half.
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Appendix A

The categorical viewpoint

A.1 Grothendieck categories and decomposi-

tion theorem

In this appendix we review the definitions and basic results from category
theory underlying the theory of persistence modules. We also present the
interleaving distance between persistence modules and give a motivation for
the study of discrete invariants such as persistence diagrams. Most of the
notation and results in this appendix come from [8], 9], [18].

Let (P, <) be a partially ordered set, which can also be seen as a category
P where Morp(a,b) is empty, if a € b, and it has a unique element, if
a < b. Let R be a unital ring and ;Mod, Modp the categories of left and
right (respectively) R-modules with R-module homomorphisms. Let X be a
finitely triangulable topological space and ¢: X — R a continuous function.
Consider the filtration {X/},er as in Section [2]

Definition A.1. An abelian category is a category C with a zero object, that
is, an object that is both initial and terminal, with the following additional
properties:

e C is preadditive: for each pair of objects A, B € ob(C) Homc(A, B) is
an abelian group and the composition of morphisms is bilinear in the
sense that it can be seen as a morphism:

Homg(B,C)® Home(A, B) — Homg (A, C).
e C is additive: It admits finite products and coproducts.
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A.1. Grothendieck categories and decomposition theorem

e C is preabelian: It admits kernels and cokernels for each morphism.
e Every monomorphism is the kernel of some morphism.
e Every epimorphism is the cokernel of some morphism.

Definition A.2. A Grothendieck category is an abelian category C that

e admits a generator G € ob(C), that is, an object G such that for every
pair of distinct morphisms f,g: A — B in C, there exist a morphism
h: G — A such that foh # goh;

e admits coproducts of arbitrary families of objects.

e direct limits are exact: for every directed system of short exact se-
quences {0 — A; — B; — C; — 0};c; the short exact sequence

1S exact.

With this terminology, a general definition of persistence module ([2.1])
can be given:

Definition A.3 (Persistence module). A (n-parameter) persistence module
is a covariant functor M: P — C where P is a poset category and C is a
Grothendieck category.

Persistence modules M: P — C with natural transformations between
them form themselves a category that we shall denote with CP. In particular
in section 2.3 in [18] the authors showed that when (P, <;+,0) admits a
structure of abelian group compatible with the order < and C = yMod
or C = Modg, there is an isomorphism of categories between the category
of persistence modules and the category of P-graded R[U]-modules, with
Uy = {x € P |0 < x}, the principal up-set of 0 € P.

An immediate consequence of this is that when the poset (P, <) is finite
and R is a field then R[Up] is a PID and thus the structure theorem for
finitely-generated modules over PIDs - see Appendix [C} can be applied: there
exists a unique decreasing sequence of proper ideals (d;) 2 (dy) 2 ... such
that

M =~ (—D R/dy).
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A.1. Grothendieck categories and decomposition theorem

However in general, P is not finite. Recall from Section [2] that in this
work we considered the persistence module

Hi: R" — Vecty

associating to each u € R™ the F-vector space Hy(X?;F), where Hj, denotes
the Cech homology functor in degree k € Z, and to each morphism u < v the
linear application induced in homology by the inclusion X¥ — X¥.

Nevertheless, there is a much more general decomposition theorem. The
following is Theorem 1.1 from [16], which generalises the classical result from
Carlsson, Zomorodian, Collins and Guibas (theorem 5.2 in [2]).

Definition A.4. A persistence module M: P — Vectr is pointwise finite-
dimensional if dimg M (p) < oo for every p € P.

Remark A.1. Theorem [I| guarantees that the persistence module H;: R" —
Vectr is pointwise finite-dimensional.

Theorem 8 (Botnan, Crawley-Boevey). Let M: P — Vecty be pointwise
finite-dimensional persistence module. Then there is a family of indecompos-
able persistence modules {M;}icr such that End(M;) is local for each i € I
and
M =@ M.
el

We now illustrate briefly the categorical construction corresponding to
the foliation method used in this work to study multiparameter persistence
along a filtering line. Consider a line L < R"™ of positive slope parametrised
by ut + v when t € R for some u,v € R™ fixed. Consider the functor

L:R—-R"

taking each ¢ € R to ut + v € R” and each s < ¢ to us + v < ut + v.
Then the composition functor LM is a one-parameter persistence module,
corresponding to the filtering line L.

Also, the multiparameter matching distance we defined in Chapter [3| has
an analogue on persistence modules. The following is definition 2.7 from [19]
and for n = 2 agrees with our definition of matching distance:

Definition A.5. Let M, N be n-parameter persistence modules. Denote by
((R™) the set of lines of positive slope in R” and, for each L € ¢(R"), let
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A.2. Interleaving distance and isometry theorem

u(L) > 0 be the minimal coordinate of the director vector u(L) of L. Then
the matching distance between M and N is defined as

Diaten(M,N) = sup @(L) - dg(Dgm(LM), Dgm(LN))
Lel(R™)

where Dgm(LM), Dgm(LN) are the persistence diagrams corresponding to
the persistence modules LM, L.

A.2 Interleaving distance and isometry theo-

rem

The following is definition 3.1 from [8].

Definition A.6 (Interleaving distance). Let C be a category. For any ¢ > 0,
let &€= (g,...,e) € R". Consider the shift functor

TgZRnHRn
a—a+¢&

a<b—a+e<b+ ¢

Note that T51T52 = Tgl+§2.
Then, an e-interleaving between functors F,G: R" — C is a pair of
natural transformations (a, #) defined by the commutative diagram:

3

T= T=
R” s R” "+ R

and such that
the following diagrams commute:

F(a<a+2¢)

> F(a+ 2¢) Fla+¢)
\ V / X(Ha
G(a +¢€) ) » G(a + 28)

We say that F,G are e-interleaved if there is an e-interleaving between
them.
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A.2. Interleaving distance and isometry theorem

The interleaving distance between two persistence modules M, N is de-
fined as

d;(M,N) = inf{e € [0, 0) such that M, N are e-interleaved}.

For n = 1 there is an important result relating the interleaving distance
and the Bottleneck distance. This result can be found in |10] and [9]:

Theorem 9 (Isometry theorem). Let ¢,1: X — R two continous, real-
valued functions. Fix a degree k € Z. Let My, My: R — Vecty be the
persistence modules given by

Then
di(M,, My) = dg(Dgm(p), Dgm(z)))

where Dgm(p), Dgm(v)) are the persistence diagrams of ¢ and 1 in degrees
kg, ky, respectively.

The isometry theorem allows the computation of the interleaving distance
in one-parameter persistence. However, for n > 1, the computation of the
interleaving distance is a NP-hard problem, as shown in [15].

This obstruction gives a motivation for the study of other metrics, such as
Dpaten, to study persistence in TDA. The reader interested in other metrics
studied in the same spirit should refer to 6], [13].
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Appendix B

Necessary and sufficient

" of of dg dg
conditions for %, =, =, 77 to

vanish

We study here the conditions under which the partial derivatives of the
functions f, g studied in Chapter [6] vanish. Let o,1: M — R? be smooth
functions satisfying conditions (i)-(iv) in Section Let ap,ag,ar,ag €
Ctr(p, %) be contours in I'(¢) U I'(¢)) and set

P(a,b) = (zp(a,b),yp(a,b)) = r@ap) N ap,
Q(a,b) = (zg(a,b),yq(a,b)) = ruw N ag,
R(a,b) = (zr(a,b),yr(a,b)) = T(a,b) N OR,

S(a,b) = (rs(a,b),ys(a, b)) = rap N as

the intersection points of the contours with the filtering line r(, ) when vary-
ing (CL, b) € QP,Q,R,S C ]0, %] X [—C, C]
Recall Definition [6.1]

fPQaprao = f: Qraors — [0,0]
(a,b) = (zp(a,b) — zq(a,b))*
IR.Sapas = 9: Qrqo.rs — [0,0]
(a,b) = (zr(a,b) — zs(a,b))®
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and the auxiliary functions

yx +b—mx(zx —b) when X does not belong to an improper

contour,
yx +0b when X belongs to an improper
Ex(b) = A ,
horizontal contour,
rx — b when X belongs to an improper vertical
contour,

\

(1—a—mya when X does not belong to an improper contour,

1—a when X belongs to an improper horizontal
nx(a) = 4
contour,
a when X belongs to an improper vertical contour,

\

for X € {P,Q, R, S}.

A crucial step in the proof of Lemma and our main theorem [7]is to
study the values (a,b) € |0, ] [—C, C] for which the gradients Vf, Vg are
parallel. When @ # 0 and 7 # 0 or a—f # 0 and 75 0 the parallelism
condition is equlvalent, respectlvely, to

of of 29 29
da _ 0b Oda _ 0b
G =6 O T a (B.1)
da b da ob

If the above conditions on the partial derivatives are not satisfied, then
there are four possibilities regarding the parallelism of the gradients V f, Vg:

Proposition B.1. Let (a,b) € |0,1] x [-C,C]. If & % — 0 or gg =0, and
9 —0 or af = 0, then one of the following is true:

da
1. Vf=0and Vg # 0,
2. Vg=0and Vf #0,
3. Vf and Vg are parallel and non-vanishing on (a,b),

4. Vf and Vg are orthogonal on (a,b).
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In particular, under these hypotheses, the gradients of f and g are parallel if

and only if
of 99 _ of g
(9a_(?a_0’ and &b’@b#o
of o9 of dg
or %—%—O, and%,%?ﬁo

Proof. There are four possibilities:

o =9 =0 Then Vf=0.

° S—Z:%:O. Then Vg = 0.

o L =0and & #0.

— % — () and % # 0. Then V f, Vg are parallel and non-vanishing.

oa
— % # 0 and % = 0. Then Vf Vg are orthogonal and non-
vanishing.
° S—Z =0 and % # 0.

— % =0 and % # 0. Then V f, Vg are parallel and non-vanishing.
— % # 0 and g—{ = 0. Then Vf, Vg are orthogonal and non-
vanishing.

O

In Chapter [6] we reduced our study, for the sake of brevity, to the first

equation in|B.1 With the previous proposition, all the cases for ‘;—é, %, Z—Z, %

when the form of the parallelism condition is not available have been

covered. But we want to show explicit conditions under which we restrict
our study to condition

We will now study when a_i and % do not vanish. The reasoning is
completely analogous for the study of the partial derivatives of g. In [6.5

0

we found an expression for the partial derivatives as a function of £x, 7y,

X e {P,Q,R,S}, (a,b) € ]0,3] x [-C,C]:

g:mcw_@w)&w_@@_W@%+@@%
da " \npla) mo@)) \ne(@) ~ mola) — mp(@? " mgla)? )

o Lo () GO\ (T F
= (2 mw>Qwoan

7

~—

~ | ~~—
~—




and an analogous expression for %, % just substituting P, ) with R, S.
1

Recall that ny is strictly positive when a € ]0, 5]; in particular, it is
strictly positive where the gradients V f, Vg are defined. Moreover, recall

from [6.3] that for each (a,b) €]0, 1[x[-C, C]:

%x _Onx
oa ob ’
( (14+mx) when X does not belong to an improper
contour,
&f_X _ ﬁqy_X y 1 when X belongs to an improper horizontal
ob da contour,
—1 when X belongs to an improper vertical
contour.

\

Proposition B.2. Let (a,b) € ]0, %] x [-C,C] and P # Q. With the nota-
tions of Chapter[@, the conditions on table [B.1] are necessary and sufficient
conditions for ‘;—f: # 0 and Z—{ # 0 depending on the contours ap, g

TABLE B.1: Table for the partial derivatives of f in Propo-

sition @

of of
Pl 0 Fa 0
Ep(b)ng(a)® #
ap, g proper mp #m
mre So(b)ne(a)? rrme
( is an endpoint of
agq and the
_ Ep(b)ng(a)? # basepoint of By a
h tal
p HOTIZOMAL Qo prober Eo(b)(1 —a)? horizontal contour
belonging to the
same EPG
ap vertical, ag proper Eo(b) # 0 Always
ap, ag horizontal yp # Yo Never
ap vertical, ag horizontal yg # —b Always
ap, ag vertical Never Never
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Remark B.1. In the previous table we skipped the cases ap proper and ag
horizontal, ap proper and o vertical, and ap horizontal and « vertical
since they are symmetric to the cases presented in the second, third and fifth
rows, respectively.

Proof. We will first show the first column in the table. We pointed out in

that for P # @)
b) _ &a(b)

Ep(b)
(@) o)

Therefore, since for a € ]0,1] np(a), no(a) > 0, the equation % =0 is

equivalent to

Er(h)  abp(D) P go(b)  abo(h) e
ne(a)  ne(a)®  nela)  ngla)?

)
= &O)r(@)ngla)’ ~ atp(bna(o) 2L

= &q(b)np(a)*ng(a) — “fQ(b)nP(G)Z%

= e (nr(0) - a2 = cobpmr(a? (@) - a22)

Let us denote this condition on P, () with the letter C.
From the expression for the partial derivatives of the auxiliary equations
¢x,nx we can refine the condition C using that

0
nx(a) — aﬂ =

oa

1 if X does not belong to a vertical contour,
0 if X belongs to a vertical contour,

for X € {P,Q}, a € v. Indeed, if X € ax proper contour, then

0
nX(a)—a/anX =1—a—mxa+a+mxa=1.
a

Similarly, if ax is an improper horizontal contour,

&77)(
w@—aZX -1 _agta=1
nx(a) a—- a+a

But when ax is vertical

nX(a)—aaa =a—a=0.

Now we distinguish cases for ap, ag:
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. Qup, (i proper.

In this case, the condition C becomes £p(b)ng(a)? = Eq(b)np(a)?.

. ap horizontal and «g proper.

The condition C is the same than in the previous case but can be
specialised using that np(a) = 1 — a. Therefore C is equivalent to

&p(b)ng(a)” = &q(b)(1 — a)’®

. ap vertical and «g proper.

Then np(a)—aa—g’aﬁ = 0, and since a € 0, 5] implies 7o (a) > 0, condition
C can be written as

0 = &p(Bno(a)” = Ep(b).

. ap, g horizontal.

For X belonging to improper horizontal contours, nx(a) =1 —a > 0,
hence condition C is

Ep(b) = yp +b = Eq(b) = yq + b,
which is equivalent to yp = yg.

. ap vertical and «g horizontal.

In this case ng(a)— aﬂ = 1but np(a)— aa—g’aﬂ = 0. Therefore condition
C becomes

0 = &o(b)nr(a)? = a*(yq +b).
Equivalently, yg = —0

. ap,oq vertical.

In this situation ng(a)—a anQ =np(a)— a—”— = 0 and hence condition C
is tautological. But that means that always vanishes when P # ().

Now let us check the second column of the table.

Using again

sp(b) _ &)

ne(a)  ngla)
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for P # @, the equation ‘;—{ is equivalent to

%p %
b _

np(a) — mola)’

1

Since a € ]O, 5

] implies np(a), ng(a) > 0 we are reduced to studying the
equation

0 0
B ata) = F2np(a).

As we did before, now we study different possibilities for the contours
ap,g:

1. ap, ag proper.

0 0
%w(a) = %np(a) — (L+mp)(1—a—mqa)

= (1+mg)(l —a—mpa)
< 1—a—mga+mp—mpa—mpmga
=1—a—mpa+ mg—mga—mpmga

<= Mg = Mmp

2. ap horizontal, ag proper.

o¢ o&
= la(a) = —=2np(a) =1~ a—mga

=1+mg)(l—a)=14+mg—a—mga
= mg = 0
Notice that if aq is proper, then mg = 0 if and only if mg is simultane-

ously an endpoint of ag and the basepoint of some horizontal contour
Bo # ag belonging to the same extended Pareto grid as aq.

3. ap vertical, ag proper.

ag—[an(a) = ag—anp(a) — mga+a—1=(1+mg)a=a+mga

— —-1=0

In this case we reached a contradiction, so a5—577@((1) and ag—fnp(a) can-

not be equal and therefore % never vanishes in this situation.
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4. ap, g horizontal.

x%p _ % a1
aan(a)— abnp(a)<:>1 a=1—a

A tautology means that g—{ = 0 for each (a,b) € Q% s in this situa-
tion.

5. ap vertical, ag horizontal.

This case yields the equation @ — 1 = a, which is contradictory for
a € ]O, %] Therefore g—{ # 0.

6. ap,aq vertical.

This last case yields a = a; so once again, a tautology which implies
2
a—{ = 0 for each (a,b) € Q% g5

This concludes the proof. n

An analogous result can be proven to characterise S—Z # 0, % # 0 de-
pending on the contours ag, ag.

Of course, when a € [%, 1[, the proof of Proposition still holds for
f', ¢ and the necessary and sufficient conditions for %—J;/, =, %—i/, % to be
non-vanishing on (a,b) € Q'p 5 p s are proven following the same reasoning
as in the proof of Proposition [B.2]

Hence we skip the proofs and directly report the tables[B.2] [B.3] and [B.4]

containing the conditions under which the partial derivatives of g, f’, ¢’ are

non-zero in (a, b).
Propositions and completely classify the relative position of the

%Efid;;z/nt; /V g”,lVg, Vf', V4 depending on the partial derivatives %, %, g—g, %,
g g

%o 35 a0y 25 and the contours ap, ag, ag, as.
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TABLE B.2: Table for the partial derivatives of g

7
2#£0

7
= #0

R, Qlg proper

Er(b)ns(a)® #
gs(b)(1 — a)’

mpg # Mg

ag horizontal, ag proper

Er(b)ns(a)? #

S is an endpoint of
ag and the basepoint
of Bg a horizontal

&s(b)n(a)’ contour belonging to
the same EPG
ag vertical, ag proper £s(b) # 0 Always
QR, (g horizontal YR # Ys Never
ap vertical, ag horizontal ys # —b Always
R, g vertical Never Never

TABLE B.3: Table for the partial derivatives of f

o7 7
2 * U &E#0
mp&p(b)ng(a)® #
ap, g proper mp % M
i mata(b)np(a)’ :
@ is an endpoint of
aq and the
b int of
ap horizontal, a proper o(b) # 0 asepoint of By a

horizontal contour
belonging to the

same EPG
. Ep(D)ng(a)® #
ap vertical, ag proper Always
¢ —mqa*o(b)
ap, o horizontal Never Never
ap vertical, o horizontal xp #b Always
ap, ag vertical Tp # T Never
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TABLE B.4: Table for the partial derivatives of ¢’

% 20 920
mrér(b)ns(a)® #
QR, (Lg proper msﬁs(b)ﬁR(a)Q MR # Mg
S is an endpoint of
ag and the basepoint
apr horizontal, ag proper £s(b) #0 of B a horizontal

contour belonging to
the same EPG

Er(b)ns(a)® #

apr vertical, ag proper Always
’ —m5a2fs(b)
QaR, g horizontal Never Never
ap vertical, ag horizontal xR #b Always
QaR, g vertical TR # Xg Never
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Appendix C

Auxiliary elementary results

We report here the statements of some well-known results from linear algebra
classical real analysis we used in our exposition.

Theorem 10 (Rank-nullity theorem). Let F be a field and V,W be vector
spaces over F. For each F-linear map T:V — W,

dim V = dim Im7T + dim kerT.

Proposition C.1 (Monotone convergence for sequences). Let (a,)nen be a
monotonic sequence of real numbers such that there exists an upper bound
B € R such that |ay| < B for each n € N. Then the sequence (ay)nen 8
convergent and:

lim a, =supa, if (a,)ney is increasing,
n—0a0 neN

lim a, = inf a,, if (a,)nen is decreasing.
n—00 neN

Theorem 11 (Implicit function theorem). Let Q@ < R™ x R™ be an open set,
whose points are written in the form (x1,...,Tn, Y1, -, Ym).. Let F: Q —
R™ be a function of class C* on Q and (a,b) € Q such that F(a,b) = 0 and

the matrix %—5(@, b) is invertible, where

or o

5 R
oF OF, ut v
oy \dy: Ji<ism ; ;
Y Y 1$;<"n1 oF,, oF,,

R T

Then, there exists open sets X < R", Y < R™ withae X, beY and
such that
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e For each x € X there is a unique y = f(x) € Y such that F(z, f(x)) =
0.

e f(a)=band f: X =Y is of class C* on X.

Theorem 12 (Structure theorem for finitely-generated modules over PIDs).
For every finitely generated module M over a principal ideal domain R, there
is a unique decreasing sequence of proper ideals (dy) 2 (dg) 2 - -+ 2 (d,) such
that M is isomorphic to the sum of cyclic modules:

M =@, R/(d;) = R/(d1) ® R/(d2) @ --- @ R/(dy).

86



Bibliography

[1] Y. H. Wan, “Morse theory for two functions,” Topology, vol. 14, no. 3,
pp. 217-228, 1975, 1SSN: 0040-9383. pDoI: [10.1016/0040-9383(75)
90002-6. [Online]. Available: https://doi-org.focus.lib.kth.se/
10.1016/0040-9383(75)90002-6.

[2] G. Carlsson, A. Zomorodian, A. Collins, and L. Guibas, “Persistence
barcodes for shapes.,” International Journal of Shape Modeling, vol. 11,
pp. 149-188, Jan. 2005. DOI: [10.1145/1057432. 1057449

[3] D. Cohen-Steiner, H. Edelsbrunner, and J. Harer, “Stability of persis-
tence diagrams,” Discrete & Computational Geometry, vol. 37, no. 1,
pp- 103-120, Jan. 2007, 1SSN: 1432-0444. poI: |10.1007/s00454-006-
1276-5. [Online]. Available: https://doi.org/10.1007/s00454-
006-1276-5.

[4] M. Gromov, “Chapter 3: Length structures: Path metric spaces,” in
Metric structures for Riemannian and non-Riemannian spaces. Birkhauser,

2007.

[5] S. Biasotti, A. Cerri, P. Frosini, and D. Giorgi, “A new algorithm
for computing the 2-dimensional matching distance between size func-
tions,” Pattern Recognition Letters, vol. 32, no. 14, pp. 1735-1746, 2011.
DOI: 10.1016/j.patrec.2011.07.014.

6] F.Mémoli, “Gromov-Wasserstein distances and the metric approach to
object matching,” Found. Comput. Math., vol. 11, no. 4, pp. 417-487,
2011, 18SN: 1615-3375. DOT: [10.1007/510208-011-9093-5. [Online].
Available: https://doi.org/10.1007/510208-011-9093-5.

[7] A. Cerri, B. Di Fabio, M. Ferri, P. Frosini, and C. Landi, “Betti numbers
in multidimensional persistent homology are stable functions,” Math.
Methods Appl. Sci., vol. 36, no. 12, pp. 1543-1557, 2013, 1ssN: 0170-

87


https://doi.org/10.1016/0040-9383(75)90002-6
https://doi.org/10.1016/0040-9383(75)90002-6
https://doi-org.focus.lib.kth.se/10.1016/0040-9383(75)90002-6
https://doi-org.focus.lib.kth.se/10.1016/0040-9383(75)90002-6
https://doi.org/10.1145/1057432.1057449
https://doi.org/10.1007/s00454-006-1276-5
https://doi.org/10.1007/s00454-006-1276-5
https://doi.org/10.1007/s00454-006-1276-5
https://doi.org/10.1007/s00454-006-1276-5
https://doi.org/10.1016/j.patrec.2011.07.014
https://doi.org/10.1007/s10208-011-9093-5
https://doi.org/10.1007/s10208-011-9093-5

Bibliography

[10]

[11]

[13]

[14]

4214. DOI: 10.1002/mma . 2704. [Online]. Available: https://doi-
org.focus.lib.kth.se/10.1002/mma.2704.

P. Bubenik and J. A. Scott, “Categorification of persistent homology,”
Discrete and Computational Geometry, vol. 51, no. 3, pp. 600-627,
Jan. 2014. DoI: 10.1007/s00454-014-9573-x. [Online|. Available:
https://doi.org/10.1007%2Fs00454-014-9573-x.

M. Lesnick, “The theory of the interleaving distance on multidimen-
sional persistence modules,” Found. Comput. Math., vol. 15, no. 3,
pp. 613-650, 2015, 1SSN: 1615-3375. DOI: 10.1007/s10208-015-9255-
y. [Online]. Available: https://doi-org.focus.1lib.kth.se/10.
1007/s10208-015-9255-y.

S. Y. Oudot, “Chapter 3: Stability,” in Persistence theory: From quiver
representations to data analysis. American Mathematical Society, 2015,
pp- 49-67.

M. Sinhuber and N. T. Ouellette, “Phase coexistence in insect swarms,”
Phys. Rev. Lett., vol. 119, p. 178003, 17 Oct. 2017. DOIL: [10.1103/
PhysRevLett.119.178003. [Online]. Available: https://1link.aps.
org/doi/10.1103/PhysRevLett.119.178003.

M. G. Bergomi, P. Frosini, D. Giorgi, and N. Quercioli, “Towards a
topological-geometrical theory of group equivariant non-expansive op-
erators for data analysis and machine learning,” Nature Machine In-
telligence, vol. 1, no. 9, pp. 423-433, Sep. 2019, 1SSN: 2522-5839. DOTI:
10.1038/s42256-019-0087 - 3. [Online|. Available: https://doi .
org/10.1038/s42256-019-0087-3.

A. Cerri, M. Ethier, and P. Frosini, “On the geometrical properties of
the coherent matching distance in 2D persistent homology,” J. Appl.
Comput. Topol., vol. 3, no. 4, pp. 381422, 2019, 1SSN: 2367-1726. DOTI:
10.1007/s41468-019-00041~-y. [Online|. Available: https://doi.
org/10.1007/s41468-019-00041~y.

S. B. Green, A. Mintz, X. Xu, and J. Cisewski-Kehe, “Topology of our
cosmology with persistent homology,” CHANCE, vol. 32, no. 3, pp. 6—
13, 2019. por: 10. 1080 /09332480 . 2019 . 1662695. eprint: https :
//doi.org/10.1080/09332480.2019 . 1662695. [Online|. Available:
https://doi.org/10.1080/09332480.2019.1662695.

88


https://doi.org/10.1002/mma.2704
https://doi-org.focus.lib.kth.se/10.1002/mma.2704
https://doi-org.focus.lib.kth.se/10.1002/mma.2704
https://doi.org/10.1007/s00454-014-9573-x
https://doi.org/10.1007%2Fs00454-014-9573-x
https://doi.org/10.1007/s10208-015-9255-y
https://doi.org/10.1007/s10208-015-9255-y
https://doi-org.focus.lib.kth.se/10.1007/s10208-015-9255-y
https://doi-org.focus.lib.kth.se/10.1007/s10208-015-9255-y
https://doi.org/10.1103/PhysRevLett.119.178003
https://doi.org/10.1103/PhysRevLett.119.178003
https://link.aps.org/doi/10.1103/PhysRevLett.119.178003
https://link.aps.org/doi/10.1103/PhysRevLett.119.178003
https://doi.org/10.1038/s42256-019-0087-3
https://doi.org/10.1038/s42256-019-0087-3
https://doi.org/10.1038/s42256-019-0087-3
https://doi.org/10.1007/s41468-019-00041-y
https://doi.org/10.1007/s41468-019-00041-y
https://doi.org/10.1007/s41468-019-00041-y
https://doi.org/10.1080/09332480.2019.1662695
https://doi.org/10.1080/09332480.2019.1662695
https://doi.org/10.1080/09332480.2019.1662695
https://doi.org/10.1080/09332480.2019.1662695

Bibliography

[15]

[16]

[17]

[19]

[20]

[21]

22]

H. B. Bjerkevik, M. B. Botnan, and M. Kerber, “Computing the in-
terleaving distance is np-hard,” Foundations of Computational Math-
ematics, vol. 20, no. 5, pp. 1237-1271, Oct. 2020, 1SSN: 1615-3383.
DOI: [10 . 1007 / s10208-019- 09442 -y. [Online|]. Available: https :
//doi.org/10.1007/510208-019-09442-!

M. Botnan and W. Crawley-Boevey, “Decomposition of persistence
modules,” English, Proceedings of the American Mathematical Society,
vol. 148, no. 11, pp. 4581-4596, Nov. 2020, 1SSN: 0002-9939. DOTI: 10.
1090/proc/14790.

A. Cerri and P. Frosini, “A new approximation algorithm for the match-
ing distance in multidimensional persistence,” Journal of Computa-
tional Mathematics, vol. 38, no. 2, pp. 291-309, 2020. por: 10.4208/
jcm. 1809-m2018-0043|

P. Bubenik and N. Mili¢evi¢, “Homological algebra for persistence
modules,” Foundations of Computational Mathematics, vol. 21, no. 5,
pp. 1233-1278, Jan. 2021. DOI: [10. 1007/510208-020-09482-9. [On-
line]. Available: https://doi.org/10.1007%2Fs10208-020-09482-9.

A. Bapat, R. Brooks, C. Hacker, C. Landi, B. I. Mahler, and E. R.
Stephenson, Computing the matching distance of 2-parameter persis-
tence modules from critical values, 2022. arXiv: 2210.12868 [math.AT].

G. Bocchi, S. Botteghi, M. Brasini, P. Frosini, and N. Quercioli, “On
the finite representation of linear group equivariant operators via per-
mutant measures,” Annals of Mathematics and Artificial Intelligence,
Feb. 2023, 18sN: 1573-7470. DOI: |10.1007/s10472-022-09830-1. [On-
line]. Available: https://doi.org/10.1007/s10472-022-09830-1.

M. Ethier, P. Frosini, N. Quercioli, and F. Tombari, “Geometry of the
matching distance for 2d filtering functions,” Journal of Applied and
Computational Topology, Jun. 2023, 1SSN: 2367-1734. DOI: 10. 1007/
s41468-023-00128-7. [Online|. Available: https://doi.org/10.
1007/s41468-023-00128-7.

A. Micheletti, “A new paradigm for artificial intelligence based on
group equivariant non-expansive operators,” EMS Magazine, pp. 4—
12, 128 May 2023. DOI: 10.4171/mag/133. [Online]. Available: https:
//doi.org/10.4171/mag/133.

89


https://doi.org/10.1007/s10208-019-09442-y
https://doi.org/10.1007/s10208-019-09442-y
https://doi.org/10.1007/s10208-019-09442-y
https://doi.org/10.1090/proc/14790
https://doi.org/10.1090/proc/14790
https://doi.org/10.4208/jcm.1809-m2018-0043
https://doi.org/10.4208/jcm.1809-m2018-0043
https://doi.org/10.1007/s10208-020-09482-9
https://doi.org/10.1007%2Fs10208-020-09482-9
https://arxiv.org/abs/2210.12868
https://doi.org/10.1007/s10472-022-09830-1
https://doi.org/10.1007/s10472-022-09830-1
https://doi.org/10.1007/s41468-023-00128-7
https://doi.org/10.1007/s41468-023-00128-7
https://doi.org/10.1007/s41468-023-00128-7
https://doi.org/10.1007/s41468-023-00128-7
https://doi.org/10.4171/mag/133
https://doi.org/10.4171/mag/133
https://doi.org/10.4171/mag/133

	Introduzione
	Introduction
	Preliminaries
	One-parameter Persistent Homology
	Biparameter Persistent Homology
	Extended Pareto grid

	Matching distance
	Position Theorem
	Horizontal and vertical filtering lines
	The intersection operator  0mu mumu dotted 
	An extension of the Position Theorem

	Special values
	The special set
	The ultraspecial set

	Results
	Statement of our main theorem
	Preliminary lemmas
	Proof of our main theorem

	Conclusion
	The categorical viewpoint
	Grothendieck categories and decomposition theorem
	Interleaving distance and isometry theorem

	Necessary and sufficient conditions for fa,fb,ga,gb to vanish
	Auxiliary elementary results

