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Sommario

La teoria del campo e ettivo del Modello Standard (SMEFT) o re un metodo e ciente di teoria
dei campi per raccogliere prove sperimentali della nuova sica, indipendentemente dalla scelta del
modello teorico sottostante. Questo metodo tratta il Modello Standard (SM) come una manifesta-
zione a bassa energia di una teoria fondamentale pig ampia e consente di codi care gli e etti a pig
alta energia aggiungendo alla lagrangiana operatori di dimensione pig alta. Pertanto, adattando i
coe cienti di questi operatori per mezzo dei dati di alta precisione ottenuti negli esperimenti, £ pos-
sibile vincolare un insieme di modelli teorici a cui potrebbe appartenere un modello pig completo
dellarealt . Il modo pig naturale per cercare e etti di nuova sica t sicuramente quello di analizzare
i dati ottenuti dagli esperimenti ad alta energia del Large Hadron Collider (LHC) e in particolare i
dati della produzione del quark top.

In questa tesi, le espressioni delle osservabili chiave, come la sezione d'urto di erenziale e totale,
sono determinate analiticamente a livello LO nella SMEFT a 6 dimensioni, per la produzione di coppie
guark-antiquark top tramite collisioni di protoni al’lLHC. Sono inoltre riportate le espressioni non
solo per i termini lineari dei coe cienti di Wilson, ma anche per i loro termini quadratici. | dati di
simulazione ottenuti con tali osservabili sono poi confrontati con le simulazioni di MadGraph5.






Abstract

The Standard Model E ective Field Theory (SMEFT) o ers an e cient eld theory method for
collecting experimental evidence of the New Physics, regardless of the choice of underlying theoretical
model. This method treats the Standard Model (SM) as a low energy manifestation of a broader
fundamental theory and allows higher energy e ects to be encoded by adding higher-dimensional
operators to the Lagrangian. Therefore, by tting the coe cients of these operators by the high-
precision data obtained in experiments, it is possible to constrain a set of theoretical models to which
a more complete model of reality might belong. The most natural way to look for New Physics e ects
is certainly to analyse the data obtained from the high energy experiments at the Large Hadron
Collider (LHC) and in particular the data of the top quark production.

In this thesis, the expressions of key observables, such as the di erential and total cross section,
are determined analytically at the LO level in the 6-dimensional SMEFT, for the production of top
quark-antiquark pairs by proton collisions at the LHC. Expressions are found not only for the linear
terms of the Wilson coe cients but also for their quadratic terms. The simulation data obtained with
these observables are then compared with simulations retrieved with MadGraph5.
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INTRODUCTION

The scope of this dissertation is to studytop quark-antiquark pair (tt) production at the Large
Hadron Collider (LHC) through the lens of the Standard Model E ective Field Theories (SMEFT)
approach. We perform the computation, at the leading order (LO) in perturbative expansion, of key
physical observables characterising thett nal state and consider their sensitiveness to new physics
e ects parametrised by the SMEFT.

After a brief description of the basic physics concepts necessary to frame our work, we detail the
methods used to obtain the relevant observables in the production of thett pair at the LHC. Our
analytical results are then compared and validated against a fully numerical approach as obtained
through MadGraph5_aMC@NLO. Finally, we present a rst evaluation of the sensitivity of the various
SMEFT contributions to these observables.

Why E ective Field Theories?

In the context of High Energy Physics (HEP), the Standard Model (SM) of particles and elementary
interactions, based on a gauge quantum eld theory, is certainly the most powerful framework to
describe the nature of a broad set of phenomena. However, there are several reasons, based on both
theoretical as well as experimental and observational arguments, that suggest that the SM might not
be complete. Evidence of dark matter and dark energy, the observed asymmetry between matter
and antimatter, the strong CP-violation problem, the problem of hierarchy between the Planck and
the Electro-Weak (EW) scale, gravity not yet been integrated with the SM and other issues, all point
to the existence of physics Beyond the SM (BSM). This leads to many ongoing searches for BSM,
often conducted through the development of speci ¢ Ultra-Violet (UV) models, highly dependent on
theoretical assumptions and very often di cult to characterise.

Run 3 has just started at LHC [L], and no signi cant evidence for New Physics (NP) has been
collected despite the numerous signatures proposed in the context of a variety of BSM models. This
suggests using an approach that does not contain such strong assumptions about UV physics, apart
from its consistency with the SM at low scales and the general principles of Quantum Field Theory
(QFT). This way of attacking the problem is often called model independent.

Among these, E ective Field Theories (EFTs) o er an especially powerful tool, being them largely
agnostic about UV physics yet capturing low-energy e ects consistently. The SMEFT is the EFT asso-
ciated to consider the SM as a linearly realised gauge theory and extending it to higher dimensions,
adding all operators that are consistent with the SM gauge symmetries.
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INTRODUCTION EXPLORING THE SMEFT IN THE TOP SECTOR AT THE LHC

The main idea, implicit in all physical descriptions, is that the phenomena are typically described
in a certain range of distances/energy and that such descriptions are by de nition only e ective
theories. A fundamental premise of e ective theories is that the dynamics at low energies (or large
distances) does not depend on the details of the dynamics at high energies (or short distances).
Consequently, low-energy physics can be described using an e ective theory that contains only a few
necessary degrees of freedom, ignoring the additional degrees present at higher energies. What is
relevant in an e ective theory is the determination of its scale of application and the dependence
of its parameters from the same scale. The underlying purpose behind e ective theories is that it is
possible to develop a simpli ed model without knowing the overall exact theory. [ 2][ 3]

Figure 0.1: For example on the Earth, if the height of an object is less than the
Radius scale the gravitational eld could be approximated by a uniform function.

Nature contains an abundance of physical scales: from the Hubble scale to the Planck scale. In
order to make sense of a given physical problem, we need rst to identify the appropriate scale, for
example, we do not need to know the composition of planets to calculate their orbital motion or we
do not need to know the short-distance properties of Electro-Weak (EW) theory to calculated the
Hydrogen energy levels (at least to a very good level of precision). In HEP, we use QFT to compute
scattering amplitudes which then enter the determination of collider cross sections, decay rates, etc.
In this case, the relevant scales are characterised by particle masses, collider energies, momentum
transfers, etc. The key point is to be able to exploit large-scale separations at our advantage, by simply
noting that not all of them are relevant to study a speci c problem. For example, in a scattering
amplitude of two particles with a di erent mass scale (one light m and one heavyM ) with the centre
of mass energyE where E2  m? M2, the "heavy physics" should not have a big impact on low
energy phenomena but their small contributions could be evaluated with arbitrary precision thanks
to power counting expansion terms of m?=M? or E?=M?. Theoretical support for this concept is
formalised in the Decoupling Theorenby Appelquist & Carrazzone (1975) [4].

An EFT e ciently describes phenomena within a certain range as the e ects of higher-scale
physics are absorbed into parameters of higher-dimensional interactions. The development of an
EFT involves two di erent types of approach: the top-down approach by which we start from the
knowledge of the theory or models at higher scales and the interest is to more e ciently and reliably
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EXPLORING THE SMEFT IN THE TOP SECTOR AT THE LHC INTRODUCTION

determine results of experiments performed at lower scales and thebottom-up approach by which
we start from known phenomena and models which describe the data to eventually deduce more
complex models capable of describing physics at higher scales 5]

The EFT is a fully- edged quantum eld theory and, like any other QFT, requires a regularisation
and renormalization scheme necessary to deal with ultraviolet (UV) divergences. From this theory,
it is then possible to calculate any observable starting from its Lagrangian, without any additional
external input, in analogy to what can be done with the Quantum Electrodynamics (QED) theory. In
many cases, an EFT is the low energy limit of a more fundamental theory (which could itself be an
EFT), often called a "complete theory" or "UV theory". In particular, the SMEFT is an EFT built on top
of the SM elds and interactions and is used to analyse the deviations from the SM in order to look
for the NP. In general, the scale at which the SMEFT operators are associated is not known but it is
still possible to develop calculations in terms of power counting terms relevant to ratios of this scale.

In this work, we have used the SMEFT Lagrangian up to dimension six to develop the expressions
of the observables able to be compared with experimental results obtained in thett production process
which, at the energy involved at the LHC, is one of the most relevant nal states.

Relevance of the top quark

The top quark t is currently the most massive elementary particle ever observed (it is forty times
heavier than the bottom quark and at the same scale as theW , Z° and Higgs bosons). Its mass
derives from the Yukawa coupling to the Higgs boson. This coupling, very close to unity, represents
the largest of the SM at the SM energy scale. After its prediction in 1977, as the weak isospin partner
of the bottom quark and the sixth completion quark of the SM three generations, the top quark was
nally discovered in 1995 by the CDF and D@ experiments at the Tevatron collider located in Fermilab

(Batavia, US-IL).

The top quark is a spin 1= fermion, has an electrical charge of+ 2= e, has three possible strong
colour charges, has a mass value of171:77 0:38)GeV (dated April 19, 2022, from 2016 CMS-
LHC experimental data [6]). Like other quarks, it participates in all four fundamental interactions:
gravitation, electromagnetism, weak interactions and strong interactions, being a quark, it would be
subject to colour con nement.

However, due to its large mass, the lifetime of the top quark is roughly 5 10 ?°s[7]. This
value is about one-twentieth of the time scale of strong interactions, so the top quark decays before
starting to have hadronised, as opposed to other quarks, thus giving a unique opportunity to study
it individually through its decay products. Its typical low-order decay process by weak force is the
following: t ! W™ h. This characteristic allows us to study experimentally in detail the e ects of
strong interactions (QCD) in its production.

Another question related to the heavy mass of the top quark is what is called the "stability of the
Universe". In fact, the mass of the Higgs boson, whose value determines the absolute stability of
the vacuum is strongly dependent on the mass of the top quark. Therefore, it is very important to
measure the latter with high precision [ 8].
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INTRODUCTION EXPLORING THE SMEFT IN THE TOP SECTOR AT THE LHC

Figure 0.2: Regions of absolute stability, meta-stability and instability of the SM
vacuum in the top quark - Higgs boson mass plane §].

Given their large mass, top quarks can be produced only through very high-energy collisions.
These occur naturally in the Earth's upper atmosphere when cosmic rays collide with particles in the
air or can be produced in a controlled manner by a particle accelerator. After the Tevatron nished its
operations, the Large Hadron Collider remains the only accelerator with enough energy to produce
top quarks. There are two main types of production processes: top-pair production and single-top
production.

The most common production process is the top-antitop quark pair generation via strong interac-
tions. In a typical collision (i.e. hadron collision as at the LHC), two highly energetic gluons (gg! tt)
or a highly energetic quark-antiquark pair (qq! tt) could fuse and turn into a top and antitop pair
of quarks, as shown inFigure 0.3. It is also possible to produce pairs of top-antitop through the an-
nihilation of an intermediate virtual photon or Z° boson, even if, these processes are predicted to be
much rarer and are normally neglected.

g © q ©

9 @ . q @

Figure 0.3: Top quark-antiquark pair production at LO, diagrams representing
the three di erent channels ( s-, t- and u-channel) for gluon fusion and a single
channel for quark-antiquark annihilation are shown.

Although with less frequency than a top pair production, in a hadronic collision of suitable energy,
it is possible to produce also single top quarks through weak interaction with processes shown in
Figure 0.4.
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Figure 0.4: Single top quark production at LO, diagrams representing the three
di erent channels ( s-, t- and W associated) are shown.

Currently, the goal of the research of the experimental collaborations at the LHC is to improve the
level of precision of the measures of the characteristics and interactions of a particle as unique as the
top quark, to bring out the signs of new physics.

The Large Hadron Collider

Where can we see signs of the NP in a controlled way? Of course, the Large Hadron Collider
(LHC) is a perfect laboratory to explore the HEP phenomena and detect any evidence of undiscovered
interactions or resonances.

To date, the LHC synchrotron, at CERN in Geneva, is the largest and most powerful particle ac-
celerator ever built. It is installed inside a 27km ring tunnel positioned 100m underground in the
countryside around Geneva, between Switzerland and France §]. It is a hadron-hadron (protons or
lead ions) collider, where two separated particle beams are injected and repeatedly accelerated in op-
posite directions inside two dedicated ultrahigh vacuum pipes, reaching a velocity close to the speed
of light. These two beams nally collide in four di erent positions around the ring, corresponding to
the four main experiments: CMS, ATLAS, ALICE and LHCb.
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Figure 0.5: LHC scheme - source by CERN.

The two beams are obtained thanks to a complex pre-acceleration system that injects particles
into the biggest ring and also thanks to a complex system of radio frequency acceleration cavities and
superconducting bending and focusing magnets that allow the boost of protons up to7 TeV nominal
energy per beam ( s = 14 TeV mass centre energy of collision). This last part is surely the most deli-
cate, constituted by 9300multi-pole Ni-Ti alloy superconducting magnets cooled at 1:9K by hundred
tonnes of super uid helium-4.

In case the colliding particles are protons, nominally, each beam along the ring could hold up to
2808packets of 1:15 10 particles, called bunches, for a total of 3 10* particles per beam. At the
maximum collision energy, the elapsed time between two bunches is25ns, with a distance between
them of 7m. This corresponds to a collision frequency of40MHz.

Figure 0.6: Complex chain of accelerators and sectors of the main ring - source
by CERN.

Hadrons are not elementary particles, so their collisions at LHC energies are essentially complex
interactions between their components, called partons (quarks, antiquarks and gluons). Despite the
complexity of the activated processes, it is preferable to use hadrons compared to other elementary
particles such as leptons, since having a signi cantly greater mass than other types of particles, they
are less strongly a ected by the loss of energy along the acceleration ring. It is known that a charged
particle in circular motion loses energy by radiation inversely to the value of the mass of the particle
to the fourth.
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Each collision (e.g. proton-proton collision) together with all its produced particles is called the
event. Many scattering processes take place at each event, as schematisedhigure 0.7. The most
interesting part of the event is certainly the hard scattering interaction of the incoming partons of
the two proton beams (represented in the gure by a large dark red spot), i.e. the part characterised
by high momentum transfer. The outgoing partons, produced by hard scattering, undergo a decay
process (small red spots) contributing to forming what is called the partons shower (red laments).
The remaining partons hadronise (light green spots) forming hadrons in a colour singlet state. The
unstable hadrons subsequently decay (dark green spots) further into lighter particles. The radiation
of photons (yellow laments) could occur at any stage. At the same time as the hard scattering, the
secondary hard scattering process (purple spots) involves the interaction of the remaining partons,
that were not directly involved in the primary hard scattering interaction. These processes in the
detection phase disturb the tentative reconstruction of the hard scattering process.

Figure 0.7: LHC event - source by SHERPAIT[D].

As can be clearly understood, the main parameter of experiments in a collider is the centre of
mass energy s of the colliding particles. The value of this parameter represents an upper limit to
the various types of particles that can be produced by the collision or can bring out the interference
e ects due to hypothetical even heavier particles. The last energy value reached at the LHC during
Run Il (" s =13 TeV) is now superseded by the current new Run Il phase value, i.e.p s=13:6TeV.

Another fundamental parameter, for the LHC and in any case for a collider in general, is the
instantaneous luminosity L, which provides a measure of the rate of revealed events in a collision
experiment. In fact, the number of events of a speci c interaction, detected during an elapsed period
of time, is given by the product of the instantaneous luminosity, integrated in the same period, by the
cross section of the interaction process. It is evident that a high luminosity allows the detection of
rare processes, a typical characteristic of weak processes. This parameter depends on a lot of factors,
i.e. the number of particles per bunch, the number of bunches per beam, the revolution frequency,
the velocity of particles and also by the geometric shape of bunching beams, etc. The LHC design
instantaneous luminosity is roughly of the order of L =1 10%cm 2s 1= 1 10 2(pb) 's !. At
present, the High-Luminosity Large Hadron Collider (HL-LHC) project is a current program that aims
to increase the integrated luminosity by a factor of 10 beyond the LHC design value.
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The events generated by the huge number of collisions are identi ed using large detectors capable
of reconstructing the processes involved. The detectors are analogous to three-dimensional digital
cameras that can take millions of snapshots per second. For this purpose, the detectors are built with
di erent types of layers, each of them having the task of detecting speci ¢ particles together with
their kinematic characteristics. Each of the four main LHC experiments, in which particles are made
to collide, is essentially constituted of a speci ¢ type of detector. These are:

Compact Muon Solenoid (CMS): is a generic detector designed to observe a wide range of
physics and to discover new phenomena;

A Toroidal LHC Apparatus (ATLAS): is the second general-purpose detector of the LHC with
physical objectives similar to CMS, but with a di erent design and technical implementation;

A Large lon Collider Experiment (ALICE): specialises in studying the properties of quark-gluon
plasma by analysing lead ion collisions;

Large Hadron Collider beauty (LHCDb): is to study the slight asymmetry between matter and
antimatter by analysing the interactions of the bottom quark.

The large number of collision events that arise in each experiment produces an enormous amount
of data generated by each individual detector. One of the main problems is certainly represented by
the instantaneous processing of all these data in order to identify potentially signi cant processes.
The Trigger system is part of each experiment that uses simple criteria to rapidly decide which is the
right one to be recorded. Anyway, collectively, the LHC experiments produce aboutl5PB of raw data
each year that must be stored, processed, and analysed.

Page 8 of141 March 9, 2023



Chapter 1

EFT AND SMEFT APPROACH

In this chapter, we brie y present a summary of the theoretical description of particle physics given
by the SM, a short application of EFT and the minimal elements of SMEFT to conduct the calculation
for top quark-antiquark pair production.

1.1 Brief summary of the Standard Model (SM)

The SM represents one of the largest and longest e orts in the history of physics to successfully de-
scribe and organise the basic constituent elements of Nature. It is a coherent theoretical construction
that has been hugely successful in explaining essentially most of the phenomenology of high energy
and particle physics. The birth of SM could be traced back to the discoveries of the rst elementary
particles, which began as early as the end of the 18" Century, although it is more appropriate to iden-
tify its birth with the advent of the rst hypotheses on gauge theories, developed between the 1950s
and the 1970s. Its great success in the scienti c community is certainly due to the self-consistency
of the constituent theoretical elements demonstrated so far and mainly to its ability to provide ex-
tremely accurate predictions of numerous experimental phenomena. However, some aspects of the
SM remain mysterious while some observations seem not to account for the SM framework. This
suggests that the SM should be expanded in some way.

The SM of particles and their interactions is a QFT implementation, whose elds, correspond-
ing to the currently discovered patrticles, are conventionally represented and organised as shown in
Figure 1.1. This set of particles is divided into fermions (spinorial elds), the basic constituents of
matter, and bosons(vector elds), mediators of the fundamental forces of Nature as described by
gauge interactions: electromagnetic force (photon ), the weak force (three vector bosonsV*, W
and Z°) and strong force (eight gluonsg). The Higgs particle, being a scalar, is the carrier of a di er-
ent force, which we call Yukawa interaction. Fermions are divided into quarks (six avours of quarks
divided into three generations, each of them further divided into up and down avours), which inter-
act through all forces, therefore they are endowed with electric charge, weak charge (weak isospin
charge) and strong charge (colour charge) andleptons(divided into three generations, each of them
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further divided into neutrinos and leptons properly saidl which interact only with the electroweak
force and therefore are endowed with an electric charge and a weak charge. In particular, neutrinos
have zero electric charge. As already mentioned, a further subdivision of fermions is infamilies, said
also generations which have similar characteristics except for the mass of the constituent particles.
Finally, there remains the Higgs bosonwhose interactions with other SM particles are governed by
their mass, or rather, it is the interaction with this newly discovered boson that determines the mass
of each individual particle.

As predicted by the Dirac theory, each fermion particle has its own anti-particle, with an opposite
charge.

Some typical characteristics of the SM particles:

leptons appear in nature as free particles, although only the electron and neutrinos (apart
from the neutrinos oscillation) appear to be stable, while all the others decay via electroweak
interactions;

all quarks (except for the top quark) and gluons can only be studied indirectly since they
cannot appear isolated in nature, but only in colourless bound states calledhadrons (mesons
and baryong, states of two or three quarks "tied" by gluons: this phenomenon is called colour
con nement;

photons are the only long-range stable bosons, the other weak bosons, endowed with mass,
also decay due to electroweak interactions.

Figure 1.1: Standard Model - source by Carsten Burgard [ 1].
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The SM eld theory is a renormalisable non-Abelian gauge symmetry theory based on the trans-
formation groups SU(3)c  SU(2). U(1)y !, with partial symmetry breaking induced by the Brout-
Englert-Higgs (BEH) mechanism in the electroweak sectorSU(2).  U(1)y . The bosons are chirally
coupled to the three families of fermions and explicit mass terms are not allowed, as these terms
would explicitly break the gauge symmetry. For the same reason, mass terms are also not allowed for
fermions. The masses of the bosons as well as of fermions emerge from the BEH mechanism. In this
strict version, the SM describes massless neutrinos. While we know neutrinos are actually massive, for
the sake of the study presented here whose applications are meant for the LHC, this is an extremely
good approximation.

To mathematically describe the SM it is necessary to correctly set the parameters in its Lagrangian
and to identify its scalar, vector and spinor eld components of the Minkowski space-time.

Considering the lepton elds, | 2 f ¢; ; ;e;; g, andthe quark elds, q 2 fu;c;t;d;s;hg, itis
useful to organise them in the following compact chiral structures
2" #3 2" #3
e uL
. & 2 3 L 2 3 2 3
# er CL# UR dR
- L R 2 Rg Q U ﬁcRg D QSR;),
L SL
"H R " # tr bR
tL
L b,

where di erent dynamics must be considered for each chiral component, left-handedf, (1 %)f=2
andright-handedfr ~ (1+ °®)f=2, of each fermion eld f since SM is supposed to be a chiral theory.
Neutrinos are left-handed only.

We have also to take into account that leptons and neutrinos are represented by only one simple
Dirac spinorial eld, while each quark requires three spinorial elds to represent it, each for all
three possible colours. So, a generic quarkg can be represented by the following eld structure
qa (" g9; g). Conventionally, the three possible colour charge values are "r": red, "g": green
and "b": blue.

All the above fermion elds are measured in [Energy]*=> [Length] * for physical units or in [Energy]*~
for natural units (where h = c=1) or more simply indicating the only exponent: J K=3=2.

For the force mediators, the following vector elds are considered:
A for the photon ;
" W* andW forthetwo W* and W weak bosons andZ for the Z° weak boson;

© G (G?1;::; G8) for the eight gluons g, corresponding to the eight generators of SU(3)c
group.

Instead of the above-mentioned photon eld A andweak elds W ,Z , for the theory itis preferable
to use the following rotating elds, corresponding to the whole electroweak sector:

1C stands for colour, L stands for left-handed and Y stands for hyper-charge
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- W (WY, W?;W3) and B to cover the four electroweak bosons, corresponding to the four
generators of SU(2).  U(1)y group:

8

1 W™ + W 3 ;
§W T e W A sin w +Z cOS w
E , w* W ] '
'W H&TI B A cosyw Z sin w

where  is the Weinberg angle.

Related to the Higgs boson we have to consider the following complex scalar doublet eld (four real
scalar elds):
n #

+
0 -

All of these boson elds are measured in [Energ)ﬂlz2 [Length] 122 for physical units or in [Energy]l

for natural units (where h = ¢ = 1) or more simply indicating the only exponent: JA K= JW K=

JZ K= JG K=J K=1.

1.1.1 Gauge theory

The key point of the SM gauge theory is to ensure the local invariance related to theSU(3)¢
SU(2). U(1)y transformation group because thanks of this principle emerge the interaction be-
tween the constituents of the basic matter and the force mediators. For this purpose it is necessary
to assign the following charge schemio each eld:

eld generations charge
fermions | " " colour weak isospin hyper electric
J C T |3 Y Q
uL cL tL ~=2 rgb = +1=2 +1=3 +2=3
quaf!@ d s b =2 rgb 1=2 | +1=3 1=3
uc
dsb UR Cr tr ~=2 rgb 0 0 +4=3 +2=3
wdR n SR 4 bR 4y ~=2 rgb 0 ( 0 2=3 1=3
leptons e 0 =2 +1=2 1 0
. e L L 0 1= 1 1
e
€r R R 0 0 0 2 1

Table 1.1: Charge scheme for fermions.
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charge
bosons elds colour weak isospin hyper | electric
C T |3 Y Q
eight gluons g G colour/anticolour 0 0 0 0
photon A 0 ( 0 0 0
three weak w N ) 1 0 1
bosonsw Zz° | ,Z 4 ( 0 0 0
+ R +1
Higgs bosonH ~2
99 0 1=2 +1 0

Table 1.2: Charge scheme for bosons.

The electric chargeQ (not to be confused with the left-handed quark symbol Q) is de ned in terms
of weak isospin chargel® (i.e. the third part of the weak isospin vector) and hyper-charge Y by the
well-known "weak Gell-Mann-Nishijima relation" also said Weinberg relation 2:

Y

3
Q 1%+ 3. (1.1.1.1)

These charge schemes allow the building of the following local transformation, for which the SM
theory should be invariant:

U exp igsT #+ igT ~ + igolz( , (1.1.1.2)
where f gs; g; g are the gauge coupling measured in [Energy] 1=2 [Length] 12 for physical units or
in [1] for natural units (where h = ¢=1), ~ ( 1;::; 8) are the eight 3 3 Gell-Mann matrices,
corresponding to the eight symmetry generatorsJ of the SU(3)c group, ~ ( %; 2; 3) are the

three 2 2 Pauli matrices, corresponding to the three symmetry generatorsl” of the SU(2), group
and f#;~ g are the gauge parameter transformations, varying over space-time.

In order to respect the gauge principle and make the kinetic terms invariant for local transforma-
tion in SM Lagrange expression, it is necessary to modify the derivative through the minimal coupling
principle, by introducing the following covariant derivative:

D @ igsJ G igT W igO;B , (1.1.1.3)

hence for each type of eld:

S DL @L ig% WL+ igO%B L (= 3JIL)=0 TL)= — YL)= 1,

g DR @R+ igB R (= 3IR)=0 T(R)=0 YR)= 2,
DQ @ g, GQ g, WQ %8 Q (= Q= TQ= YQ=+3,
DU @u igs% G U igogB U (= 3)= % T(U)=0 Y(U)=+ g,
DD @D igS% G D + igO%B D (= 3D)= % T(D)=0 Y(D)= %

) @ ig% w ig‘%B (= 3)=o0 r()=% Y()=+1 .

2The analysis of broken and un-broken generators of the BEH mechanism leads to this formula.
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The above derivative Formula 1.1.1.3 is gauge covariant for transformations like Formula 1.1.1.2
if gauge boson elds transform in the following manner:

8
% G ! UG U 1+ %(@U)U ! where G J G and U exp igsJ # ,
S
Wl uw u '+ %(@U)U . where W T W and U exp igT ~ ,
.g B ! B + ;@ where U exp igog

(1.1.1.4)

Imposing the validity of the gauge theory, the fermions kinetic terms fi @f where @ @, must
be changed in the following way:

fi Bf , (1.1.1.5)
for each chiral structure of fermion elds f 2 fL;R;Q;U;D gand where B D .

In addition to kinetic terms, the above covariant derivative also introduces couplings between fermions
and bosons and allows mixing between di erent avour fermions: f(gsJ G + g W + g%¥=2B )f.

For the above relations, boson elds are calledgauge eldsand for each of them it is necessary to
introduce the following strength tensor eldsto take into account the kinetic terms in the Lagrangian
expression:

8
% G? @G* @G? + g fAGPGE for SU(3) gauge eld,
% wi @W' @Ww' + g WIwk  for SU(2) gauge eld, (1.1.1.6)

B @B @B for U(1) gauge eld,

where f & and jik are the constant structure of SU(3) and SU(2) which verify the following commu-
tation relations:

[2=2j P=2] (?=2)( °=2) ( P=2)( *=2)

if 2( °=2) where a;b;c=1;::;8,

['=2) i=2] (=212 (1=2)( =)

i | (%=2) where ij;k =1;2,3.
In Formula 1.1.1.6 we can clearly see non-linear terms, as prescribed by Yang-Mills (YM) theory,
typical of non-Abelian SU(N) gauge theories.

For the above YM theory, the kinetic terms for the gauge bosons included in the SM Lagrangian can
be written as follows:

ez Liwe lige
4]Gj 4]\7\'/] 4]Bj , (1.12.1.7)
where for simplicity we have put:  jGj? G* G, , jwWj2 W' W, , jBj? B B

As an additional note, it can be shown that the charge assignment systemTable 1.1 and Table 1.2)
of the gauge theory, as set up in the SM, veri es the cancellation of the gauge anomalies, preserving
the classical symmetry also at the quantum level and guaranteeing renormalisability.
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1.1.2 Spontaneous symmetry breaking

By imposing the gauge principle, it is easy to demonstrate that in the Lagrangian expression,
explicit mass terms cannot be present for bosons likeV and Z° (i.e. 1=2 mZ, jWj? or 1=2m3 jBj?),
despite experimental evidence clearly shows they are massive. In fact, the presence of these terms
would explicitly "break” the gauge symmetry as they are not gauge invariant. Especially for non-
Abelian theories. For this reason, aspontaneous symmetry-breakingrinciple is proposed for the SM
in the SU(2)., U(1)y sector through the BEH mechanism that brings out the appropriate mass
terms while maintaining the gauge invariance.

This mechanism works with complex scalar doublet eld and it foresees in the SM Lagrangian
a kinetic term jD j> (D )YD , where gauge boson mass terms emerge, and a potential term
V() 2j 2+ j j*with 2; > 0, responsible of spontaneous symmetry breaking. For construc-
tion, these terms are clearly gauge invariant but, the ground state(GS), identi ed by the minimum of
the potential, is not. In this case, it is said the symmetry is spontaneously brokemy construction of
the broken symmetry involves only the electroweak sectorSU(2), U(1)y, since is "transparent”
for the strong sector SU(3)¢.

The GSiis calculated bymin fV( )ggiving: j cg? = 2=2 . Itis clearly a degenerate variable, hence
for simplicity, we can arbitrarily x it as:
" #
0

Gs = p

P35 where v _P- with > 0. (1.1.2.1)

This status in not symmetric because for a genericSU(2).  U(1)y gauge transformation we obtain:

exp ig 5~ iQO% s s, (1.1.2.2)

in fact, reformulating the argument of the exponential in the following way:
L~ . ol . 1 . 2 . . 3 1 . . 3+ 1
— ~+ ig%z = —= + =+ 0y~ + +ig?)—=——
ig - ig”3 g 15 +ig 25 +(ig s i9°)—, (ig s +ig” ) ——.
(1.1.2.3)

and considering the exponential expansion, we can identify three of the four generators of the sym-
metry SU(2).  U(1)y which instead "break" the symmetry of the GS:

8

3 71 cs60 ?2 cs60 34 cs6 0 "broken" generators ,

2 1 (1.1.2.4)
3

7 cs=0 ‘"unbroken" generator that suggestsFormula 1.1.1.1 .

Looking at the above generators, we can re-parameterise around the GS in the following manner:

2 3 2 3
- - 0 - - 1 0
=exp i— 4v+ HDS equivalentto =exp i— > 4v+H5 (1.1.2.5)
v Y 7

where H and ~ ( 1; 2; 3) are four auxiliary elds.
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For simplicity, being in a gauge theory, we can work with a gauge transformation of SU(2).  U(1)v,
called unitary gauge which "absorbs" the exponential part of this last parametrization, putting:
8

2~
E ~ = o

gv
S . (1.1.2.6)
T

Apply this transformation and consider the rotating boson elds, the mass terms m3, W*W and
1=2m2Z Z emerge. Due to the partiality of broken symmetry, the photon has no mass terms, as
expected. The BEH mechanism also reveals spurious terms of Higgs boson interactions.

The obtained eigenstates, due to the unitary gauge transformation, are calledgauge eigenstates

1.1.3 Yukawa terms

As mentioned above, also the explicit mass terms for the fermions break theSU(2).  U(1)y
symmetry, hence to introduce masses it is hypothesised the presence of gauge-invariant Yukawa terms
in the SM Lagrangian that for leptons is:

L yOYR+ he. (1.1.3.1)

where y(1) is the Yukawa coupling matrix.

In general, y(-) isa3 3 complex matrix, with the same physical dimension of the gauge coupling
constants, which could be diagonalised with positive eigenstates thanks to a bi-unitary transforma-
tion. This transformation changes the gauge eigenstates in new states called for this occasiomass
eigenstates

Thanks to the speci ¢ leptons structure, L and R, where neutrinos are assumed to be massless and
only left-handled, after applying the unitary gauge transformation and subsequently the bi-unitary
transformation to the Formula 1.1.3.1, the leptons mass terms, i.e.mll for | 2 fe; ; g, emerge.
Where, with m; we have indicated the lepton mass, which can be determinable only by experiments.
Due to the BEH mechanism, in addition to the mass terms, also "spurious" Higgs boson coupling terms
appear, as(m=v)HIl for | 2 f e; ; g, pointing out the interaction between the massive leptons with
Higgs boson.

Despite the transition from gauge eigenstates to mass eigenstates, we can show that the possible
interaction between leptons is self-interaction and interaction with their neutrinos [ 12]. There is no
mixing between families.

For the quarks, the presence of mass for the up quarks as well as for the down quarks complicates
the structure of the relative Yukawa term, making it necessary to introduce an additional term linked
to a complementary eld of the complex scalar doublet eld, ~:

Q y®Ip+QyWUu+he. |, (1.1.3.2)

where y(P) and y(Y) are generic3 3 complex matrices corresponding to the Yukawa couplings and
~ i?2 = (9 (*) isthecomplexconjugate of tohaveY(")= 1
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Also, in this case, it is possible to individuate two bi-unitary transformations, one for each Yukawa
matrix that diagonalises them, with positive eigenstates. mgggand (mg=v)H qqwith g 2 f u; c; t; d; s; by
emerge. We have to highlight that these bi-unitary transformations bring out also interaction terms
between di erent quark families. These interaction terms are regulated in the SM Lagrangian by
the Cabibbo-Kobayashi-Maskawa (CKM) not diagonal complex matrixVg, ¢, with q, 2 f u;c;tg and
oy 2 f d;s; by, which mixes the avours of the di erent quarks. This matrix was introduced for three
generations of quarks by Makoto Kobayashi and Toshihide Maskawa, adding one generation to the
matrix initially introduced by Nicola Cabibbo.

It is possible to demonstrate that for three families of quarks, the CKM matrix has one complex
phase and this implies violation of the CP symmetry, experimentally observed for the rst time by the
kaon oscillation K© K 0 system in 1964. Also, this evidence expresses the validity of the SM.

1.1.4 SM Lagrangian

In the end, the SM Lagrangian can be written in the following "compact" manner:

Lsm %jGjZ %joz %ijZ + LiBL+RiBR + QiBQ+UiBU+DiBD +

| {2 ) 2 )

gauge boson kinetic terms fermion kinetic terms including interaction terms with bosons

L yOR+ he. Q y®D+QyWU+he + D P+ P g
| {z } | {z }

Yukawa interaction terms Higgs boson doublet dynamics

(1.1.4.1)

After the symmetry-breaking and passing to the mass eigenstates, the SM Lagrangian can be
written in the following explicit way:

Lsm =

2
H@6* @G)(@G, @G,) EN@GC" @G)G,G, Lfwd GGG, +
| z bl 2 )

gluons pure kinetic term cubic and quartic gluons self-interaction

J@W @wew @w) L@Z @z)Xez @z) +
| G b o )

W pure kinetic term Z° pure kinetic term

H@A @A)@A @A) +
| z )

photon pure kinetic term
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igz WH(@W @W )Z (@W*

ige W (@W @W )A (@W~

1
5ggcsc? w (WTW )2 W*wW W, W

gécot w 2W*W A Z

@QWHW Z W'W (@Z @Z) +

@QWHW A W*'W (@A @A) +

gcot? w WW Z2Z W*'W Z Z +

W*W A Z +

W*W A Z
{z

cubic and quartic electroweak bosons self-interaction

X X a
f i@f + G* ¢ %5 4 +
f q

| —{z—} | {z }

fermions kinetic term gluons - quarks interaction

X 1 5 X 1 S
w | | ow > | + q Ou gWTVq“qd @ + hc +
| {z }
W  bosons - fermions interaction
(charged currents)
X X 5
ATt gt f o+ ozt g™ ZQA(f) foo+
f f
| {z } I {z }

Z° boson - fermions interaction
(weak neutral currents)

photon - fermions interaction
(electrical neutral currents QED)

X
meff o+ %Hff +

| {z—} 12—}

fermions mass term Higgs - fermion interaction

1 1 1
S@H@H EmﬁH2 + émﬁv2 vH 3 ZH4 +
| {z o {z }

Higgs pure kinetic term, mass term and potential Higgs self-interaction

1 1 1
miW*w  + ém%ZZ + Eg\ﬁ, 2VH + H2 W*W  + §g§ 2WH+H2Z2Z |
| z } | iz }
W  and Z° bosons mass terms W  and Z° bosons - Higgs boson interaction

(1.1.4.2)
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where,

o= 2
gsin w = g°cos w
gz g=Cos w

f
|

|
q
Qu
O
9w
Je

b=
vV =
VQuCId p_
diag(mi) (v="2)y™*)
diag(m%:d) (V: 2)X(U];D)y(U=D)Y(U=D)
X(U=D) and Y( =D )
me P2 o= Poy
My v=2
mz 2+ g2 v=2= my =Ccos w
+1=2
1=2+2sin?
f
() > +1=2 4=3sin?
1=2+2=3sin®
+1=2
f
() 1=0

indicates all the fermion elds: f ¢; ; ;e;;;u;c;t;d;s;b g;
indicates all the proper lepton elds: fe; ; g;

indicates all the neutrino elds: f ¢; ; g;

indicates all the quark elds: fu;c;t;d;s;bg;

indicates all the up quark elds only: fu;c;tg;

indicates all the down quark elds only: fd;s;bg;

indicates W  boson - fermions coupling constant;

indicates photon - fermions coupling constant: electron charge;
indicates Z° boson - fermions coupling constant;

indicates GS also said vacuum expectation value (VEV);
indicates Cabibbo-Kobayashi-Maskawa (CKMB 3 matrix;
indicates lepton mass3 3 diagonal matrix, neutrino masses are null;
indicates up or down quark mass3 3 diagonal matrix;
indicates bi-unitary matrices that diagonalise y(Y=P )

indicates H boson mass;

indicates W  boson mass;

indicates Z° boson mass;

for the following fermions: f 2f ¢; ; g;

for the following fermions: f 2fe;; g;

for the following fermions: f 2 f u;c;tg;

for the following fermions: f 2 f d;s; bg;

for the following fermions: f 2f ¢; ; ;u;c;tg;
f

for the following fermions: f 2fe; ; ;d;s;b g.

1.1.5 SMis a renormalisable theory

Most of the experiments in HEP involve a collision of particle beams, inducing particle production
and decay. The di usion data produced by these processes, allow us to study the interactions. The
theoretical analysis of such di usion can take place thanks to the study of the cross section for the

collisions or thanks to the study of the decay rate .

These two observables express the probability

that the di usion or decay process is detected. These ones, and in particular their di erential version,
can be calculated by means of thescattering amplitude matrixM, also saidmatrix element As shown
below in Formula 1.1.5.1 and Formula 1.1.5.2.

4 X
MZ’ P2 \ M PN d = G (2 ) 4 P]_ + PZ Pi
7 4 (P, P)? M2M2 i=1
collision: i Yo ¢ M2
AN o @PE
M]_, Pl M, P1 (1151)
My, PN |
/\\\ 4 = (2 )4 4 X o W db P ij2
decay: M,P = ! M . - (2 )32E;
(1.1.5.2)
mi, P1

One way to calculate the scattering amplitude matrix M, exploits the Lehmann-Symanzik-Zimmer-
mann (LSZ) reduction formula, which leads to the formulation of the so-called Feynman graphical
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rules in the momentum spacewhich represent an e cient diagrammatic method for the calculation
of the functional integrals involved. Please seeAppendix A. These rules lead to describe the scatter-
ing amplitude matrices in terms of perturbative expansions of the coupling constants, in which there
is a rst low-order term of those coupling constants and subsequent higher-order terms that foresee
loop diagrams which possibly entail divergent integrals in the momentum space, that need to be rst
regularised and then renormalised.

Renormalisation techniques were introduced initially around the biennium 1947-1949 in QED
and in general in the QFTs to treat these theoretic divergent terms introduced with the loops by Hans
Kramers, Hans Bethe, Julian Schwinger, Richard Feynman, Shin'ichiro Tomonaga and systematised
by Freeman Dyson at the end.

These techniques require the introduction of countertermsin the Lagrangian which compensate
for the non-physical divergent terms. In order for the applied QFT to be renormalisable, however,
the number of needed counterterms must be nite at each order in perturbation theory. It can be
demonstrated that this implies a constraint on the dimensions of the coupling constants, which must
have positive or null dimensions. The SM Lagrangian introduced aboveFormula 1.1.4.2, having just
one positive dimension coupling and all the rest being adimensional, is a good candidate for being
renormalisable.

1.2 Main characteristics of E ective Field Theories (EFT)

In the context of HEP, experiments, conducted at a certain energy, potentially allow the detection
of particles that have masses below this threshold. If the energy at which NP explicitly manifests itself
is higher than the maximum available energy of a given experiment, not being able to directly detect
its states, one can still try to evaluate their indirect e ects. Since, currently, we have no clear idea of
what NP might lie at high scales, one is led to adopt the most economical approach, i.e. employing
an EFT. A possible example is described ifrigure 1.2 here below.

Figure 1.2: Traces of NP (dashed red line) can be studied by the EFT approach,
evaluating the deviations from the known theory (solid blue line) in the region
of application of EFT, upper bounded by an energy threshold. - source by Eleni
Vryonidou [ 13].

An EFT is a QFT whose range of applicability is by construction limited, which approximates
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physical models below a typical scale, usually indicated by . Its power lies in the capability to
compute low-energy dynamics without knowing the high-energy complete Lagrangian.

The founding idea is based on the application of the decoupling theorem of Appelquist and Car-
razzone ° [4], which states that the e ects of heavy physics, characterised for example by a certain
massM , can bedecoupledrom the e ects of low-energy physics, characterised by a certain momen-
tum p. Therefore, in computations, those e ects are suppressed by the low-energy renormalisation
constants, allowing for a good arbitrary approximation, with order corrections of at least O(p>=M?).
In this way, phenomena of a hypothetical complete theory (e.g. represented by a LagrangiarL ¢ ),
which involves "heavy" elds and "light" elds , can be approximated below a certain energy scale
by EFT (e.g. represented by a Lagrangiar. gr1) containing only "light” elds Ly ( ; ) Lerd ).

To understand intuitively an EFT, it is useful to analyse a classic example concerning the Fermi
theory, which explains very well the experimental results of beta decayand similarly also those of
muon decayon a scale of energy below the electroweak scale ( 80GeV=90Ge\).

1.2.1 Fermi theory: one of the most famous EFT applications

Between the 1920s and 1930s, the foundations for the future QED were formulated, but this
theory did not include yet the phenomena related to what will later be de ned as weak interaction.
The four-fermion interaction was a "tentative" by Fermi to describe the evidence of such phenomena
that, for example for muon decay, could be expressed by the following Lagrangian term, to be added
to the currently known theory:

Lg = 1 5 e 1 ° 4 (1.2.1.1)

ol

where Gg = 1:167 10 ®GeV 2 in natural units, is the Fermi coupling constant.

This theory proved to conform to the experimental results, but not being renormalisable, since
[GE] = [Energy] 2 in natural units, clearly could not be the complete one. Its validity is limited to
an energy range much lower than myy . In fact, comparing the predictions of the Fermi theory in
the case of muon decay with the predictions of the more modern EW theory, for the LO case of the
perturbative expansion we have the following scattering amplitudes:

iGg

iMg = % 1 5 e 1 ° .,
. £ PP ,
- _ [¢ 5 . 9 m 9 5
iM = — 1 i —e 1 1.2.1.2
EW ?35 P2 mg ?93 e ( )
ig® 1 S e 1 5 o with p> mj .
8m2, w

3the theorem: For any 1Pl Feynman graph with external vector mesons only but containing internal fermions, when all
external momenta (i.e. p?) are small relative tom?, then apart from coupling constant and eld strength renormalisation
the graph will be suppressed by some powemofrelative to a graph with the same number of external vector mesons but no
internal fermions.
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- W
p\ e
e
e

Figure 1.3: Fermi's theory and EW theory of muon decay at LO.

Both theories predict the same physics in the infrared (IR), where p? m3,, but dier in the
ultraviolet spectrum (UV), i.e. p? % m3,, where on-shell W boson can occur. The IR regime is
guaranteed by the fact thatm?  m3, .

L r represents the EFT approximation of the more complete theoryL . The LO matching xes the
relation between the parameters of the two theories:

2
. 1
MEg(LO) = Mgw(LO) at energies much below the UV =) Gg= jggi = p—.
4" 2mg, 2v

(1.2.1.3)

1.2.2 EFT expansion

Before to start showing the generic EFT Lagrangian expression, it is useful to remember some
dimensional characteristics of the involved elements. Working in natural units (where h = ¢ = 1),
which implicate [Energy] = [Masg = [Length] * and considering a d space-time dimensions, it is
understood that starting from a generic QFT fwﬂctional which involves generic spinorial, scalar and
vector elds (i.e. , ,A), the functional Z D(; ;A )eStA ) implies that the acfion Shas to
be dimensionless:[S] = [Masg® and in turn, it implies the Lagrangian density L (S dxL) and
all the additional terms included into it, have to be of d-dimension: [L] = [Masg¢, also indicate with
JLK= d.

As suggested by the previous example and because the e ects of any decoupled NP at the high-
energy scale could be approximated by higher-dimensional operators at the low-energy scale, it is
clear that to extend a giving well-known renormalisable theory L «nown in Order to cover not explained
e ects in the IR, we can introduce additional D-dimension operators, with D > d, "e ective" below
a certain energy scale , in the following way:

S
% Lknown d-dimension known theory

X o) O o®  all possible (np) D-dimension operators
Lerr Lnown Ci D d (D) . . . .
17i7np C Wilson coe cients, dimensionless
D>d

cuto energy scale

(1.2.2.1)

This should realiseL s, L gerfor energies or momenta signi cantly below the  energy scale, where
Ly is the Lagrangian of the hypothetical theory whose e ects we are trying to simulate.
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Clearly, the EFT Lagrangian is a power series expansion of !, potentially involving an in nite
number of operators of arbitrarily high mass dimension that we can truncate to a given order and
use to calculate physical observables with desired precision.

Introducing a higher dimension operator, with terms like Cj(D' )Oj(DJ )= D, d, contributes with a
power factor of the external momenta to the amplitudes. Thus, if we consider a scattering amplitude
iMknown in ddimensions, normalised to have zero mass dimension at some typical momentum scale
p, then adding with the EFT a single D-dimension operator contributes to the order amplitude of the
scattering process in the following way:

D d
iMeer P (1.2.2.2)

Instead, adding a set of higher dimension operatorsf OJ-(Dj )g, as stated in Formula 1.2.2.1, leads to
scattering amplitude:

iM p B9 1.2.2.3
EFT ) (1.2.2.3)

where the sum onj is over all the inserted operators.

It is important to highlight Formula 1.2.2.3 that is still valid for any graph, not only for LO diagrams
but also for loops [2].

It is well known that a theory that includes D-dimension operators, corresponding to Feynman
diagrams with vertices with D lines, is a renormalisable theory only ifd D(d=2 1) % 0[14]. Thus,
being D >d and d > 2, an EFT appears obviously not renormalisable.

To understand the impact on the di culty of letting this theory renormalisable, if we consider for
example an EFT with two operators of dimension D; and D, the renormalisation requires counter-
terms of a higher dimensional operator of dimension D; + D, to cancel divergent piece. In this way,
EFTs require an in nite number of counter-terms to cancel divergences to all orders.

Anyway considering that EFT could be usefully truncated to a given order, divergences can be can-
celled order-by-order in the parameter, allowing for a predictive theory.

1.2.3 Toy model example

To understand how the EFT analysis of a generic QFT could be developed, let us consider a hypo-
thetical toy modeltheory represented by the following Lagrangian:

Lig = (iB m) + }jD j2 %MZ 2 : (1.2.3.1)
| —{z—} {z b1z}
"light" eld "heavy" eld coupling

where for simplicity we have set B D,jDj? (D D andD @ igeQA .

This toy theory, taken as reference from [L5], includes an electrically charged massive spinorial
eld ,with massm, which is assumed to be detectable from experiments and a neutral massive scalar
eld , with mass M, which we assume to bem M and not directly detectable by experiments.
Considering the electrical chargeQ of the spinorial eld, also a gauge vector eld A (photon) has
been included. We further suppose that the two elds, "light" and "heavy" are coupled by means of a
Yukawa coupling term.
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We would like to demonstrate how an EFT model can "integrate" the e ect of the "heavy" eld
below its scaleM . For example, to achieve this, we can choose two colliding elds,

, Which scatter
into two other elds of the same type: !

For the complete theory here examined at LO expansion, we have:

Uso Usoo Uso Uso0
DMM oo 704

DZ/\st P1 - \pg

Uro Uy 0o Uro Uy oo
Figure 1.4: Toy model ! scattering due to  interaction.
. . [ .
M = Ureo(pg) T Uro(p) ———5——— Uso(pa) | Uso(p2) f 3% 4g =
(ﬁl ps)” M

_ % o o) ¢ 38
M2 M2z Uroo(P3) Uro(1) Usoo(Pa) Uso(p2) 49 .

(1.2.3.2)

The ratio (p; p3)2 =M 2 is the expansion parameter and we can construct an e ective theory to

the desired order in this expansion. Since the e ective theory does not include the heavy scalar of
massM , it is clear that the e ective theory must break down when the scattering energy approaches

M. So,itisnaturalto x = M. Aminimum operator that could be added is a 6-dimension operator
expressed in the following EFT Lagrangian:

. c® 1
Leer = (IB m) + 725 . (1233)
| —z—} | {z }
known theory EFT 6-dim. operator
Usoo Ugo Ugoo
Pa Pz\ /p4
P3 P1
/ \p3
Uy 00 Uro Uy oo
Figure 1.5: Toy model ! scattering studied by EFT interaction.
The matrix element related to the above EFT is the following:
. ic®
iMgrr = ——— Uroo(p3)Uro(p1) Usoo(ps)uso(pz) f 3$ 4g. (1.2.3.4)
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So, by matching the two matrix elements Formula 1.2.3.2 and Formula 1.2.3.4 when the module of
momentum value much less thanM value, we can x the relevant Wilson coe cientby C® = 2,

If we need an extra order of precision in matching with Formula 1.2.3.2, we can improve the EFT
model by including operators of higher dimensions as we like. For example, including in the EFT
Lagrangian anFormula 1.2.3.3 an 8-dimension operator in the following way:

. c® 1 c®
Leger = (IB m) + 725 + 74(@ @ )( ) . (1235)
| —z—} | {z b {z }
known theory EFT 6-dim. operator EFT 8-dim. operator

For this case the matching has to be performed in the two below matrix elements:
11

. i 2 2 47

M = 1 1+ PP o PPy puspus(e) T 38 4g,
!

. ic® _ic®

iMgrr = 5= 2———(P1 P3) Uroo(ps)uro(pr)uso(pa)uso(pz) f 3$ 4g.

(1.2.3.6)

So, matching the two above matrix elements, after some adjustment calculations, when the mod-
ule of momentum value is much less thanM value, we obtain the two needed Wilson coe cients
Cc® = 2(1+2m?=M?) and C® = 2, This fact is because it is possible to demonstrate EFT can be
systematically improved by higher dimension operators and higher order calculations.

A further way to improve the above ! scattering calculation is to compute matching
coe cients at one-loop order. As an example, we can examine the additional e ects due to fermions
coupling to the photon with charge g.Q (ge is the electron electric charge value, whence g2=4 ),
including Next Leading Order (NLO) QED corrections. This calculation illustrates several important
points about matching.

Uy oo
f 3% 4g

Usgoo

Uy 0o Uy 0o

Figure 1.6: Toy model ! scattering due to and A interaction.
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For the EFT the situation becomes:

Usgo P4 Ugoo Usgo D4 Ugoo Ugoo
P4
P3
Uyo Ps Uy 00 Uy 0o
f 3% 49
Usgo P2 Usgoo Ugoo
/p4 P4
P3 P3
N
/p
Uy 0o Uro 1 Uy oo Uy 0o
Figure 1.7: Toy model ! scattering studied at NLO by EFT interaction.

To respect the Lorentz structure a new operator for one-loop correction is needed for EFT, thus further
to the term with C® coe cient of the Formula 1.2.3.3, here below indicated asCéS) , we need to add
a new term with the here below indicated coe cient Cf) (referto [ 15]):

(6) (6)
Leer = (iB m) + C%% + c%% , (1.2.3.7)
| —{z—1} | {z }
known theory EFT 6-dim. operator
where [ 71
after the appropriate loop integration for the "fulll" theory and the EFT, then:
. i ? 2 m? .
M = 1+7Q2 - 2In— 1  Uroo(ps)uro(ps)Useo(pa)Uso(pz) +
!
i 2 m?
+W87Q2 ZIHW 2 Uroo(p3)  Uro(p1)Useo(ps)  Uso(pz) +
f 3% 49,
(6) !
. iC 2 m?
iMger = s 1+—Q2 = 2In— 1 uroo(p3)uro(p1)Usoo(pa)Uuso(pz) +
!
ic® icd 2 m?
T+ 95 D2 ™1 ) we(euse(p)  Us(p) +
f 3% 49,
(1.2.3.8)

where is the regularisation scale and is the UV divergent pole related to QED renormalisation.
In particular, we can see that in the EFT, the term related to the uroo(p3)  Uro(P1)Usoo(Pa)  Uso(P2)
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structure leads to a further UV divergent pole terms respect to the full theory, which must be cancelled
by a dedicated counter-term in the renormalisation operation.

Matching the two above matrix elements, setting = M and taking into account that both theories
predict the same IR behaviour while they are not the same in the UV regime, we havet:ga) = 2and
Cf) = 3( @=8) 2. That represents the EFT NLO correction, marching the here analysed full
theory in the IR regime.

1.3 Standard Model E ective Field Theories
(SMEFT)

Whereas the SM is a fairly well-understood theory around a relatively low energy scale (parametrised
the VEV of the Higgs boson), thanks to the presence of a well-de ned set of low energy degrees of
freedom: fL; R; Q; U; D; ; W ; Z% g; H g, considering that the LHC data seem to indicate a
gap between the results of the SM and those of a presumed BSM Physics, the SM theory it is at least
a good EFT theory.

The SMEFT is a consistent EFT extension of the SM, in the sense that its terms respect the essen-
tial SM symmetries, which are built on the basis of the SUc(3) SU_(2) Uy (1) invariant higher
dimensional operators, developed by SM elds, described inSection 1.1
The basic idea is that the SMEFT results should be compliant with the e ects at low energy of much
heavier NP.

Considering the formulation of a generic EFT Lagrangian and being the SM a four-dimensional
theory, the SMEFT Lagrangian can be represented as follows:

X O-(D)
L smerT Lsm + Ci(D)ﬁ : (1.3.0.1)

D

the non-redundant np operators, Oi(D), are suppressed byD 4 powers of the cuto energy scale
which usually is arbitrarily xed much over the EW scale, while the adimensional Wilson coe cients,
Ci(D), must be chosen to t the experimental results. Obviously, in order to simplify the calculations,
the above expansion can be limited to a certain dimension of the additional SMEFT operators.

The additional operators above introduce new Feynman rules to be appended to the Feynman
rules of the SM which, for a given process, allow the matrix element of the SMEFT to be calculated
as follows:

X M-(D)
M smerT Msm + Ci(D) 57 (1.3.0.2)
1ifnp
D> 4

where M i(D) is the contribution of the SMEFT to the matrix element of the SM.

Due to the dependency of the cross section by the square of the matrix element jMj?, this
observable in the SMEFT could be written in the following way:
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X (D) ) X (D) ~(D) o)
i [
SMEFT sm o+ 2RelC;']—5— + G G #8 +
1MifMnp 196j finp
D> 4 D> 4
X (®) (9 >
i
17iYnp;D>4
19j npo;D% 4
D6 D
where the quantities i(D) are given by the interference between the elements of the matrix SM and

the contributions of the operators Oi(D), while the quantities ED) and i(jDDO), including also operators
with di erent dimensions, are produced by squaring the elements of the purely EFT matrix Mi(D).
These last terms seem to represent a greater correction than the terms due to the interference because
they are suppressed by a greater power of . Actually, the squared terms grow more with the energy
values of the experiment, as evidenced by the results of this thesis, so they cannot be super cially

excluded.

A similar situation we have for the decay rate

1.3.1 Operator basis

In order to develop a higher dimension SMEFT Lagrangian, it is necessary to nd a basis of op-
erators, i.e. a set of non-redundant operators, for each dimension, invariant for the SM symmetries.
These operators are compounded by the following set of elds:

N N x

oP) X No N

=) JO®K D=3N +2Nyx + Np + N ,
(1.3.1.1)

where is a generic bilinear of the spinorial eld , X is a gauge eld strength, D s the
covariant derivative and is a generic scalar eld (typically the Higgs eld), each one with its relevant

power: N ,Nx,Np and N .

Itis useful also to note that Lorentz invariance requires that fermion appears in bilinear forms written
in terms of chiral spinorial elds and that the power of dimension of the above elds are: J K=3=2,
JX K=2,JD K=1andJ K=1.

The lowest dimension term in the SMEFT is the unique ve-dimension with its h.c. term:

(5)

mn

LO

SMEFT Lsm + (7Lm)"C(YLy) + he., (1.3.1.2)

| {z }

EFT 5-dim. operator

where m, n are avour indices, C the charge conjugation operator and c® the relevant Wilson
coe cient. It could be demonstrated that Formula 1.3.1.2 is the unique ve-dimension term in the
SMEFT Lagrangian and it generates a Majorana neutrino mass, proportional td:,ﬁ?% v2= when Higgs
eld "gets" the VEV. Itis important to consider that the unique operator introduced by the 5-dimension
SMEFT Lagrangian violates the lepton number by2 units ( L = 2). In fact, it can be shown that
invariant operators constructed from SM elds satisfy ( B L)=2 = D mod 2, thus a 5-dimension
operator and odd-dimension operators in general, cannot conserve both baryon and lepton number

[2]. Considering that we do not have experimental evidence of this violation, i.e. the baryon and
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lepton number conservation seems to be a symmetry of the SM, we prefer to pass to SMEFT operators

with even-dimension.

The smallest even-dimension theory that includes operators that do not violate lepton or baryon

numbers is six-dimension SMEFT.

The rst historically studied basis in six dimensions is the Warsaw basis]

], it has 59 types

of independent operators that preserve the number of baryons or leptons and5 that violate this
symmetry. These types are shown inTable 1.3 and Table 1.4 below.

X3 ®and “D2 32
O G, G, G, o (V) Or (Y )Lm Rn)
O %G, G, Ge oy (Y)F(Y) Ou (¥ )Qm Un)
Ow VW, Wy Wy Op (YD ) (YD ) Op (Y )Qm Dn)
Oy 1IK W, W; W,

2x 2 2x 2 2p
Oc (Y )G? G, Orw  (Lm Rn)?' w! oY YiD )Mlm Ln)
Og (7Y)G" Ga Ore (Lm Rn) B o® Vi$D|; )(|_m7I Ln)
Ow (Y )W'W, Oe (Qm  2Un)"G? Or (%D )Rm Rn)
0w (Y)W w, Ouw (Qn  Un)pW! o (YD )Qn Qn)
0s (¥)B B Oue (Qm  Un)"B 0% (¥ibi XQny On)
Oy (7)B B e (Qn  2Dn) G Ou (¥D )Un Un
Owe (Y W'B Oow (Qn  Da)o W' Op (YD )Dm Dn)
Owe (Y W' B Os (Qm  Dn) B Ouo (FiD )Un D)

Table 1.3: Six-dimension not four-fermion operators of Warsaw basis.
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(o o)) ( R R R R) (L ) r R)
OLL (Lm Ln)(Lm° Ln“) Orr (Rm Rn)(RmD Rno) Orr (Lm |—n)(Rm0 Rn°)
0823 (Qm  Qn)(Qmo  Qno) Ouu (Un  Un)(Umo  Upo) Ow (Lm  Ln)(Umo  Uno)

Og’()g (Qm 7'Qn)(Qm0 %Qno) Oop  (Dm Dn)(Dmo Dpo) O (Lm Ln)(Dmo Dpo)

o(Ll(% (Lm Ln)(Qmo Qno) Oru  (Rm  Rn)(Umo Upo) Ogr  (Qm  Qn)(Rme Rno)

0% (Lm —Ln)(Qmo %QnO) Oro (Rm Ra)(Dmo Dno)  OF)  (Qm Qn)(Umo Uno)
o (Un U(Oms D) 0% (@n 2Qu)Uns - Un)
o (Un ZUN@me 5Dw)0%  (Qn Qa)Dme Dn)

a
O (Qm 5 Qu)(Dmo —Dno)

(v R r )and( L rR) L Rr) B -violating

Oroo  (Lm; Rn)(DmoQ,0) Opug ik (D&)TCUL(QKT  CL,o)

oo (QmUn)  (QuoDno) Ocou i (Qin)T Ok (UL CRyo)

g (Q@n2Un)  (Quoy D) O i (QR)T @RE QKT ALy
ORou (LmRn)  (QpoUno) 0o ik (QE)T(1) CQh N(QE)T(') cLy)
O%u (Lm  Rn) (Que  Und) Obuu i (D)7 CUAN(UK Q)T CRao)

Table 1.4: Six-dimension four-fermion operators of Warsaw basis.

The following notations have been used for these tables:

, , , arelorentzian space-time indices;

a, b, c are eight-values indices to identify the eight colour status of gluons, corresponding to the adjoined
representation of SU(3) symmetry;

I,J, K are three-values indices corresponding to the adjoined representation of SU(2) symmetry;

. , , are three-value indices to identify the three colour status of quarks, corresponding to the repre-
sentation of SU(3) symmetry;

i,], k are two-values indices corresponding to the representation SU(2) symmetry;

m, n, m® n®are three-values indices to identify the fermion avour;

X % X where 123 =41 ;
S where 12 =+1;
$
YD iY@ ) i D Y o
$
~ YiDy iYLmom ) ip v L.

2 2

The 59 types of operators preserving B and L allow interaction between all fermion families. Com-
bining all the avours present in the three fermion families, these types give rise to 2499operators,
denominated avour general, of which 13500f them conserve the CP-even and 149the CP-odd. Con-
sidering, on the other hand, the interactions within a single fermion family, denominated avour
universal, 76 operators originate, of which 53 of them retain the CP-even and23 the CP-odd. We
remember that for non-Hermitian operators O, O+ O is CP-even, andO O is CP-odd. [2]
Following the Table 1.5 with the Number of operators for each type.
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avor universal

avor general

Operators CP-even CP-odd total CP-even CP-odd total
X3 2 2 4 2 2 4
6 1 0 1 1 0 1
4D2 2 0 2 2 0 2
2x 2 4 4 8 4 4 8
3 2 3 3 6 27 27 54
2 8 8 16 72 72 144
2 2p 8 1 9 51 30 81
(v o)) 5 0 5 171 126 297
(r RN R R) 7 0 7 255 195 450
(v )X rR R) 8 0 8 360 288 648
(L r) R L)the 1 1 2 81 81 162
(L r) L R)*hec 4 4 8 324 324 648
total 53 23 76 1350 1149 2499

Table 1.5: Number of conserving B operators of Warsaw basis.

From this basis of operators, only relevant ones will be used to evaluate the impact of the SMEFT
at the LO in the top quark pair production process at the LHC, thus following a proton collision.

1.3.2 6-dimension SMEFT operators for top quark pair production

In a proton-proton collision at the LHC, top quark-antiquark pair production involves gluons fusion
(gg! tt) and quark-antiquark annihilation ( qq! tt) partonic processes. In 6-dimension SMEFT,
the above e ective operators contribute to both processes, as shown below 7] [ 18]:

for gluons fusion:

8
3 Oc (t at) ~G? chromomagnetic moment operator
5 Og fapcG? G° G° triple gluon eld strength operator (1.3.2.1)
" Og 1=2 Y G, G? Higgs-gluon interaction operator
for quark-antiquark annihilation :
8 0 chromomagnetic
~ra
Oc al) 7G moment operator
(8;1) (1;1) 9
Ogq Qar aQar Q1 *Qa Oyq Qar Qa Q1 Qi E
. . 8 four-quark
O’ Qu a1Qu Q *'Q 0 Qu 1Qu Q Qi = ueraiorswith
o®  Us aUs U AUy o Us Us U U E LL and RR
chiral structure
0% Us LUs D: @D oY Us Us Di D ’
(8) (1) 9
Oqy Qs aQa Ur  2Us Oau Qa1 Qa1 Ui U 3 6 four-quark
(8) a (1) operators with
Oa  Qa aQu Di “Du Oa  Qu Qu Di Du > LRandRL
o) U WU Qi Qs o Ui U Qi Qi ' chiral structure

(1.3.2.2)
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In this last peculiar case the following convention is used:

- Q]_ u.;d P ouP.d, U UR Pru and D1 dr Prd where u and d are the
"up” quark and "down" quark of the rst quark family;

" Qs tL;b Pot;PLb =) Qs t. P.t and U3 tg Pgrt wheretisthe "up"
quark of the third quark family.

Further, (L) and (R) denote left-handed and right-handed parts of the fermion eld and P_ and Pr
are the chiral projectors, also indicated with 7 and ©.

The operators of this subsection generate Feynman Rules as reported iSection A.4.
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Chapter 2

TOP PAIR PRODUCTION AND ITS
SMEFT EXTENSION

The production of top quark pair tt due to the high-energy collision of hadrons, which occurs
e.g. at the LHC through the proton scattering pp, can be mainly described by the perturbative QCD
theory of the SM. EW also gives its e ects, although less signi cant. In this scenario, a hard scattering
process between twohadrons is the result of an interaction of a large number of couples of partons,
i.e. quarks and gluons that are the constituents of the incoming hadrons. In the collision, each parton
possesses a longitudinal momentumxp that is equal to a fraction 0 x 1 of the momentum of
its own hadron p (E{ p), and the interaction of these partons generates the top quark-antiquark
pair tt, as predicted by the SM.

(proton,)

ﬁpaﬁonz) (1)
e 23I3III
N\

P1 P3
E

W///’&,/(Wparton 1) (t)

(proton,)

Top quark-antiquark pair production by proton-proton collision

The formation of these top pairs through colliding hadrons can be studied by analysing, for exam-
ple, the cross section distributiond agronic=dO with respect to a chosen observable parameteD, such
as the transverse momentumpy, scattering angle , etc. This cross section can be derived from the
similar scattering magnitude of individual partons d = dO based on how they are distributed within
colliding hadrons.
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The factorisation theoremexpressed as follows comes to the aid of this:
X Z1 Z,
2

d i d
nadronte = deipdfi xii B dgpdfy x; E 5 00S Rl s(R))
0

do ij 2 partons 0
where pdf; x; 2 isthe Parton Distribution Function (PDF) of a parton i, i.e. the probability density
for nding parton i in a hadron carrying momentum x;, this depends of the fraction of colliding energy
passed from the hadron to the partonx; and function of the energy factorisation scale ¢. Of course
the strong coupling constant ¢ ( r) depends on the renormalisation scale used .

The hard-scattering cross sectiord = dO, due to the collision of partons, can be calculated through
the Golden Ruldormula:
d® !

_ . dhps dpr
- 14
4 (pr p)2 m?m3

(2 )32E3(2 )32E, "

@) *(ps+psa Pr p2) JMJ?
which involves, by means of thematrix elementM, the SM theory, extensible to the SMEFT.

Starting from the Feynman Rule at LO, it is clear that the partonic processes involved in the
collision of protons and which contribute to the formation of top quark-antiquark pairs are the gluon
fusion, gg! tt and the quark-antiquark annihilation qq! tt as schematised below:

(9) (t) ) (t)
pz\ / Pa and pz\ e Pa
P1 A \pa P1 4 \pa

(9) (t) (9 (t)

Feynman diagram of whole top quark pair production process by gluon fusion
gg! tt and by quark-antiquark annihilation qq! tt.

The "blob" depicted above is intended to indicate the contribution of all possible Feynman diagram
orders: next to leading order (NLO), next to next to leading order (NNLO), etc. to the tree-level
order and all its possible extensions according to SMEFT.

In this chapter, we want to analyse all the elements that allow us to determine the cross sections of
the production of the top quark-antiquark pair, on the base of SM, also incorporating the extensions
of a possible SMEFT.

We start in a propaedeutic manner, analysing the kinematic aspects of a collision between two par-
ticles on their centre of mass frame (CMF), xed with the laboratory. This study is then extended to
the process of a collision between two partons gg or qq) which, having di erent collision energies,
possess a centre of mass that appears to be boosted in the direction of the more energetic parton.
The kinematic relations obtained are useful to calculate the matrix element M, containing all the
information of SM and its SMEFT extension, and its squared averagejMj? , which are central to the
calculation of cross sections.

The SMEFT extension analysed here is introduced by the QCD-related SMEFT operators of dimen-
sion 6. This assumption can be made considering that the EW SMEFT extension could probably be
of lesser signi cance given the magnitude of the EW constants compared to QCD.
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2.1 Kinematics framework

To analyse a scattering process it is fundamental to set the correct kinematic relations to be used
for the calculation of the average square matrix element and to characterise the various observables
in general.

For both the processes involved in the top quark-antiquark pair production, by gluons fusion
(gg ! tt) and light quark-antiquark pair annihilation ( qq ! tt), a quasi-elastic two particles
scattering is analysed. InFigure 2.1 such processes are represented, the two incoming particles are
labelled by (1) and (2), and the two outcoming particles, produced by the interaction during the
collision, are labelled by (3) and (4): (1)(2) ! (3)(4). With p1, p2, ps and ps are indicated the
relative four-momenta.

) (4)

N

P2 Pa
P1 P3
Vol

@) ®3)

Figure 2.1: Quasi-elastic two particles collision

2.1.1 Momenta scalar product relations and Mandelstam variables

To simplify the calculation of the average square matrix element, it is convenient to reduce the
number of momenta scalar products, because not all of them are independent of each other.

Once the momenta are set, from the on-shell mass relations and from the total momentum conser-
vation principle:

8
3pf=m? p3 = m3 p1, P2, M1, My: incoming particles momenta and masses ,
5 p3 = mj3 p7 = m32 Ps, P4, M3, M4: outcoming particles momenta and masses ,
TPt pP2=pP3t Pa total momentum conservation principle ,
(2.1.1.1)
the following momenta scalar product relations can be obtained:
8
m? m3 m3+ m3
Pr Pa= P2 p3t > ,
2 2 2 2
m?+ m3 mi+m
P2 Pa=P1 Pt ! 22 2 =
L, e (2.1.1.2)
_ mip+m; m3 mg
P3 Pa=pP1 P2+ > ,
m: mZ m3+ms

" P1 P2=pP1 Pt P2 pst >

From the previous relations it is clear that only two scalar products are independent of the others: in
this particular casep; ps and p, ps have been chosen.
For simplicity, all the calculations here developed are made in natural units, wherec =1 is imposed.
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In addition to the previous relations, it is useful to substitute the scalar products with the Mandel-
stam variables , expressing the average squared matrix element in terms of only relativistic invariants:

mi+mj t
8 2 2 %pl p3 = 2
3t (ps p) =(p2 pa) )
+
u (s P)’=(p pa)® 9) P2 Ps= ;“3 u-, (2.1.1.3)
©s (put p2)’=(ps+ pa) § 0 - m2  m3
2 2

clearly, the following relation is valid s+ t+u = m2+ m3+ m%+ m3, in this way only two Mandelstam
variables are linearly independent.

In particular, considering the top quark-antiquark pair production by gluons fusion ( gg! tt) or
by light quarks pair annihilation ( gqq ! tt), the masses of the incoming particles are null or how-
ever negligible compared to the mass of the produced top quark, while the masses of the outcoming
particles are both equal to top quark mass, so the above relations become:

g o

P1 Ps= P2 Ps3 S m¢ t
, %pl ps = 2
mi=my:=0 5 P2 Pa=Pr P and D p—mt2 -

—_ —_ ’ T |
M3z = My = My %pg Ps=pP1 P2 mt2 % s 2
" P p2=§
P2=pP1 P3+ P2 P3

(2.1.1.4)

de ning my as the top quark mass.

If we do not want to neglect the mass of the incoming quarks, considering the top quarks pair pro-

duction by quarks pair annihilation ( qq!

tt), the above relations become:

o 8
PL Psa= P2 Ps mg+ m¢ t
% P1 pP3 = >
mi:=m->:=m P2 Psa=P1 P3 2 2
T g and | _p, py= Lot Yo
M3 = M4 -= My Ps Pa= P P2+ m; m g .
s 2mj3
"P1 P2=pL Pst P p3 M3 P P2= =3
(2.1.1.5)
de ning mg as the incoming quark mass.

2.1.2 Observables in xed CMF

To express the average squared matrix element in terms of observables, it is necessary to x the
"kinematic scene". For the present scope, consider a particles collider system, where two particles,
with the same massm, = mj; and the same energyE, = E;, but opposite direction! p2 = ! P1,
interact together in a quasi-elastic collision, where other two particles with same massmsz = my
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are generated. In this case, the central mass reference frame (CMF) is xed and coincides with the
laboratory reference frame (LF).

In a collider, the energy of incoming particles is ofben called Energy Beam indicated here asE

and the square root of the Mandelstam variable™ s= " (p; + p»)2 = 2E is called Invariant Mass .
Applying the momenta conservation principle, we obtain:! p2 = ! p1 =) ! pg = ! ps =) E4=
Ez =) E3=E;=E =) m§+!jp3j2 = m§+!jp1j2 = E?, hence:

s

Lo Lo .
1P = 5 1 1P3) = TR de ning 1=3 1 (2.1.2.2)

S

Most experiments in circular colliders, like LHC, utilise a right-handed coordinate Cartesian ref-
erence system with the axisz along the direction of the motion of the particles, considering positive
the counterclockwise direction looking from above, the axis x directed from the point of collision to
the centre of the collider and the axisy perpendicular to the previous ones. Thex and z axes are hor-
izontal to the ground where the collider is built while the y axis is vertical. Further, the coordinates
are often expressed in a cylindrical coordinate system that re ects the symmetry of the detector. The
reference frame is shown in the following Figure 2.2.

y LHC .3

Jura
Mountains

—

LHCb
N CERN
— ALICE ATLAS .
(@) Cartesian coordinates reference frame at LHC (b) Cartesian coordinates reference frame at LHC

Figure 2.2: Coordinate reference system in a collider.

The rst intuitive observable is the Scattering Angle , i.e. the angle between axisz and p3, as
per gure. The relation between the scalar products or the Mandelstam variable and this observable
are the following:

8 r
%pl = m2+ip® mi3+lipi® 'pytpe = m2+2Yp?
r
% P1 Ps = mf+!JD1J'2 m§+!jp3j2 "o ps = m§+!jp1j2 i pujiipsj cos =)
.
P Ps=  m+ipei® m2+Ypsi® o' ps = m2+Yipyj® +Yipajipsj cos
g s 2m? 8 2
2mop= 3 s=4E
S
=) E p1 p3= 2(1 1 3C0S) =) E mi+m3 t= 5(1 1 3C0S)
S
© P2 p3=2(1+ 1 3C0S) © mi+mj u=§(1+ 1 3C0S)

(2.1.2.2)
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forOT ¢

Another relevant observable is theTransverse Momentum pr of one of the two outcoming parti-
cles, for example, particle (3). This quantity is important because in the event that the two incoming
particles do not have the same collision energy, the centre of mass frame CMF is pushed in the di-
rection of the particle with the higher energy and it does not coincide with the laboratory frame.
Anyway pr remains a relativistic invariant under Lorentz boosts along the beam direction by con-

struction. The relation between the scalar products or the Mandelstam variable and this observable
are the following:

s _
p_
. - . . 2 42
pr J!p3] sin = S 3sin =) sin = 4[%# =) cos = 1 LTZ 5)
8 2 3 S 3
S=4E?
% r 1
2 2 = § 2 ﬁ
=) % mi+ m3 t 5 1 lr 3 s | ’ (2.1.2.3)

S 4p$
> mZ+mj u= 51 1 2 =

p_
forOT pr 1 78 3 and where the above sign is considered only if0 T >

In case the centre of mass frame CMF is pushed, the scattering angle does not represent a relativis-
tic invariant quantity, so it is preferable to consider the Rapidity y. This, in turn, is not a relativistic
invariant quantity, but its transformation law is additive for a constant due to the reference motion
(y°= y arctanh ). Itis understood that the di erence of the rapidity (  y) evaluated at two dif-
ferent points is a relativistic invariant along the z direction. The relation between the scalar products
or the Mandelstam variable and this observable are the following:

I .
P3z JP3) cos
1+ — 1+ ———
1 Ez+ ps; 1 Ej 1 Ej 1 1+ 3cos
ZIn = ZIn = ZIn — = ZIn = arctanh cos =
Y2 Es ps; 2 1 Pz 2 ‘Jp3j cos 2 1 3cos (s ) )
Es 1 T E,

s
=) 3cos =tanhy =) mi+mj t= 5(1 itanhy) | (2.1.2.4)

m2 + mj u:§(1+ 1tanhy)
for s3q tanhy T + 3.

Due to the fact that the rapidity is not easily measured in an experiment, it is preferable to con-
sider the Pseudo-Rapidity  that approximates the Rapidity at high energies. In fact in the limit of
momenta much larger than the mass of a particle, the Rapidity converges to Pseudo-Rapidity. This
quantity of a particle is purely geometrical, it only depends on the polar angle . The relation between
the scalar products or the Mandelstam variable and this observable are the following:

1 jpsi+ p 1 1+!'p32' 1, 1+cos

Sl TPz 2y B8l 2 2 TEOS  arctanh = =tanh =

5 n!jpgj D 2 n 1 "pgz' 5 n 1 cos arctanh (cos ) ) cos an )
1Ps)
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8
% S=4E?
S
=) m2 + mj3 t=é(1 1 stanh ) |
S
m2 + mj3 u:§(1+ 1 atanh )

for 19 tanh ¢ +1.

(2.1.2.5)

Also in this case, considering the top quark-antiquark pair production by gluons fusion (gg! tt)
or by light quarks pair annihilation ( qq! tt), the masses of the incoming particles are null or however
negligible compared to the scattering energies, while the masses of the outcoming particles are equal
to each other hence, the above relations regarding the Mandelstam variables depending by the here

proposed observable become:

Us
2

N I p§ I
§S:4Ez ipi= — s =
% m? t=;(1 cos ) for 07 1

m? u:3(1+ tanh )

mg u= §(1+ cos )
or
8 p= p=
_4g? Ypyje S lpy= S
% S=4E? pi= - el =
r 1
p_
2 = § 2 4p% S
mi t=5 1 S for 07 pr 1 -
% r 2!
> m? uzg 1 2 4?
or
8 p_ P
:4E2 I i = j l. P = j
% s ipi= 5 Imsi=
m? t= g(l tanhy) for q tanhy Y +
% 2 —_ S
m{ u= E(1+tanh y)
or
8 | p=
= 2 = j = j
% s=4E? pj= & pi=
% m? t= ;(1 tanh ) for 19 tanh T +1

(2.1.2.6)

(2.1.2.7)

(2.1.2.8)

(2.1.2.9)
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. 4m?
de ning 1 %

2.1.3 Observables in boosted CMF

According to the parton model, due to the high energy collision of two hadrons, the interactions
take place at the level of a single parton constituent, each of which carries with it a certain fraction
of the energy of the parent particle.

(proton,)
mpa”onz) ®
E
P2 P
XoE 4/

X1 E
P1 ps\
E

l‘mﬂ%panonl) (t)

(proton,)

Figure 2.3: Top quark-antiquark pair production by proton-proton collision

Therefore, even if the two hadrons collide with the same energy, it does not mean that this also
happens for the single constituent partons. In general, the centre of mass of the collision of two
partons is pushed in the direction of the most energetic parton (boosted CMffpz k' p1). To this
end, it is advisable to reformulate the previous relations involving observables according to the new
kinematic scenario.

To simplify the calculations, we evaluate the case in which the masses of the incoming particles are
zero or negligible compared to the energies involved. This is the case of the production of top quark
pairs by gluons fusion (gg! tt) or by the annihilation of pairs of light quarks ( qq! tt).

Indicating with E the Energy Beam of the colliding hadrons, so that the Invariant Mass of the
hadrons collision is 2E, at parton level with a high level of energy collision, where the mass of partons
could be considered null or negligible, for simplicity we can impose:

8 8
<Smp=my=0 < p=(x1E;0;0+xE) p2=(%E;0,0; xE)

Ms=mg © P = (EaPaxiPayiPaz) Pa=((X1+ X)E Esz pax; Pay;(X1 X)E  psz)
(2.1.3.1)

ms

where X;; X2, nominated as Bjorken-x variables are the fractions of collision energy of each hadron
being passed to the interacting partons, so it is natural to consider the following range: 0 T x1;x2 1 1
and p4 is obtained by the total momentum conservation principle, i.e. p; + p2 = p3 + ps.
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Igtroducing the Mandelstam variablegs, we can obtain the following relations:

5 S (Pt P2)?=(ps+ pa)? 5 S=2p1 P2 =4X1%E? XiXE = (X1+ X2) Ez (X1 X2) Paz

3 t (ps p)? =) 3 mZ t=2p; p3=2x:E(Es ps;)
" u=(p2  ps)? " mZ u=2p; p3=2x%E (Es+ ps;)
(2.1.3.2)

p§ = P (p1 + p2)? = 2px1x2E is a new

on this way the square root of the Mandelstam variable
guantity called Invariant Mass of each parton collisions

I8ntroducing new variables, my, and y;,, instead of x; and x,, by the following relations:
8

S
3 Xy = %e‘“ym = —ES Y12 2 mi; = xixE? = 1
m S > _ X1 _ X1 X
.S Xp = %e Yi2 = fe Y12 Y = éln . = arctanh Tt X
8 ) p_
m S
3 X1+ X2 = E12 coshy,, = — coshy,,
:) —_ L)
2mip Sl
3 X1 X2 = E12 sinhy,, = ?smhylz
(2.1.3.3)
tge above relation Formula 2.1.3.2 can be reformulated in the following manner:
p_
S .
E - = Escoshy;, ps;sinhy,
P .
E m? t="S(Ez ps;)(coshy,, +sinhy,) - (2.1.3.4)
m¢ u= pg(Es + psz) (coshyy,  sinhyy,)

As in the previous section, it is useful to express the quantities involved with observables that are
relativistic invariants, i.e. pr andy, or for which there may be a geometric symmetry; i.e.

Changing the coordinatesf psy; pay; Pszg With the intrinsic coordinates fpr;y; o:
8
% P3x = pr COS

Psy = pr sin q ——
dening my m? + p2 , (2.1.3.5)

p3z = my sinhy
E3 = mt coshy

the above relation Formula 2.1.3.4 can be reformulated in the following manner:

!
S
m{ t=5 1 tanh(y y) for  ftanh(y y;,) T +
!

p 2pr "
%z: MEERooshy ) %) Fp= 2wty oy

l1+tanh(y i)

(2.1.3.6)
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and
8 p_ r —
S L 4p2
% D= W@ coshy yp) =) tann(y y)= 2 T
r !
p_
, ,_ S , 4% s
=21 T _>
my ot > S for 0T pr 1 5
2 _ S ,  4pT
= 1 Bl
m u 5 S
(2.1.3.7)
Changing the coordinatesf pay; psy; Ps-g with the intrinsic coordinates fpr; ; o:
8
% Pax = pr COS
Pay = pr Sin 4 0 2
where Ez= m?+p;j°, (2.1.3.8)
% P3z = pr Sinh
Lo
Ipsj = pr cosh

the above relation Formula 2.1.3.4 can be once again reformulated in the following manner:

s " S _ 2. pn2 e ; ; _ JZFPL _
§ - = m + p7 cosit coshy;, prsinh sinhy;, =) s Formula 2.1.3.11
§ m? t= ;(1+tanh Vi) 1 %%cosh sinhy,,(1 tanhy,,) for 1 < < +1
2 .
> m u= g(l tanhy;,) 1+ %cosh sinhy;,(1 +tanh y,,)
(2.1.3.9)
and
8 p§ -
% - = mZ+ p2 cosif coshy,, prsinh sinhy,;, =) sinh = Formula2.1.3.12
r
_s 4p2 Ps
th t= 5 1 2 ? for09 pr 1 7
4 2
S R
(2.1.3.10)
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. ) . .2 .
Here below are reported the inversion of the above equation to obtain 1% and sinh

8 8 . .
. Yip < 07 jtanhy,j 1
2 2
tanh tanhy,+ 1 (1  2) 1 tanh tezmh Yiz %
1 tanh®y,,
5 5 % 0 for - v
cosh coshy;,(1 tanh< tanh<y,,) g ﬁ 2
1 -
h2
Vi, %0 " jtanh j% %
Fr-
° 8 | |
. Yi, > 0N jtanhy,j %
1 h? h? %
tanh tanhy,, 1 @1 2 tan tezm Yiz
1 tanh<y,, A
5 5 % 0 for v
cosh coshy,;,(1 tanh< tanh<y,,) % ﬁ 2
1 [
: . tanh?y;,
T jtanh j ¥ - z
(2.1.3.11)
and
p r—! p
sinh = S sinh cosh 2 4P for 07 ] s (2.1.3.12)
207 Y12 Y12 s pr 5 1.3
r—
: 4m? _ )
where for all the expressions above 1 - is considered and of courses ¥ 4mj.

It is helpful for the calculation of the nal observables to translate the above expressions in terms
of x; and x, by using the following relations:
~ 2 — 1 (mt:E)Z
X1X2

X1 X2
X1+ Xo '

tanhy,, =

Xo8¥ X eV _ 1
X&' + x18¥ costt (y  yy,)

4X1 X2
(X8 + x18Y)2 "’

tanh(y y;,)= =1 tanh®(y y;,)=

in this way the relative conditions of existence in terms of x; and x, are:

p_
Telg D) e %(MEE? + (preE)?
. . X & + x6Y
ftanh(y yR)i 1 2 xaxe % (me=E)
+
"y, < 0N jtanhyg,j T =) X1 < Xo N XiXo 3/4(mt:E)X2 2X1 ,
U 7
%lel tanh?y
"y, %OAMjtanh ¥ 17212 =)
Xo + X ) Xo Xp 2
=) X1 ¥ Xo N XiXe % (mM=E) 22— 1 2 "1 tanh?
Xo + X1
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\Lﬁ 2
U
. a : n R tanh?y,,
Yi > 0" jtanhy,j % jtanh j % -1 2z =)
S
2
+ +
=) X1> X2 M (mt:E)X2 o] X2 X1 tann? T X%z 1 (mt:E)X2 a
Xo + X1 2

2.2 Matrix elements

In perturbative theory, for a scattering process, it is essential to calculate its matrix element, also
said scattering amplitude, and its average square, to explicitly determine observable quantities such
as the cross section and decay rate. This calculation can simply be derived by applying Feynman
rules, which contain the model adopted by a certain theory.

In this section, the matrix element and its quadratic mean are calculated for the main processes
obtained from proton collisions at the LHC: gg! tt (gluon fusion) and gg! tt (quark-antiquark
annihilation), extending the SM to the SMEFT but limiting the calculations to the LO alone.

(9) (t) () (t)
pz\ / Pa and Pz\ / Pa
pl/ \p3 pl/ \ps

(9) (t) ©) (t)

Figure 2.4: Feynman diagram of whole top quark pair production process by
gluon fusion gg! tt and by quark-antiquark annihilation qq! tt.

221 gg! ttinSM @ LO

For the processgg! tt, the matrix element iM, relevant to the SM at the LO, could be calculated
by the sum of the following Feynman diagrams:

" B Vs
pz\ fp4
) )
1/4 \p3
" U,
t-channel u-channel s-channel

Figure 2.5: Top quark-antiquark pair production by gluons fusion in SM at LO.

directly deducible from the graphical Feynman rules.
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M = My + My + Mg (2.2.1.1)

From the above diagrams, it is easy to obtain the following matrix elements by means of Feynman
Rule matching:

| I I
. . B, B tMy .
iM u igs & " i igs © v =
t r(Ps) Qs A (P1) (P2 P2 m2 8 (P2) igs s(Pa)
. B, B *tM . 2p; R
= g2 a bywx 3 "1 " uw = g2 a br, ooy 2 "1
9s "Aps p)2 mZ B 9 AR T 2000 pa) °
I I
. . B, Bt mMy .
b " 3 2 n a =
iMy Ur(ps) igs 8 (P2) I—(p3 o)Z me A (p1) igs Vs(Pa4)
. B, Bt M . 2p; B
= ig2 b ay = 3 2 Loy, - ig2 ba", ",y 2y
9 " Uy 7 mz A" 9 A e T, )
!
iMs " (P1) OFE g (1 P2) t9 (P2tpPitp) tg (P P2 P1) e (P2)
! !
ig L _
W ur(ps) igs Vs(pa) =
_ 920 2] "lus ("a "B)B, BT "A (p1+2p§)58 "B (2p1+ P2)=, v =
(p1 + p2)
. . g (B, B) 20, +2p,
= g2l ai "1"x " u 2 M1 v
gs[ J ] A B r 2(p1 pz) S
(2.2.1.2)

Due to the gamma matrices anti-commutation relation (i.e., =, B, =2"a Ps ﬂ3&A) and due to
the spin-state relation (i.e., u.(p;, m) = 0), iM has been simplied by the following equation:
UrEA(ﬁ3 Bt mi) = ur(2"a Ps By=a ARt Mi=,) = Ur(2"a Ps E,1.\ﬁ1) Ur(ﬁg Mi)=, = Ur (2"
Ps =4 R,). Inthe same manneriM, has been simpli ed by: u, =, (}33 B,t M) = U (28 Ps =B,)
iMs has been simpli ed by the colour algebra relation [ 2 j °] = if 2 ¢, Furthermore, in order to
preserve the colour charge and thus to save Ward's identity for QCD, which justi es the presence
of the third term in iMg, it is necessary for all external gluons to be physical, hence transverse, i.e.
"A Pp1="g p2=0. This concludes the above simpli cation for iMg.

As is well known, in order to determine the cross section of a process, it is hecessary to calculate
its relative average squared of the matrix elements: M 2 Inthe proton collision, nothing is known
about the colour and polarisation of the interacting parton-gluons and similarly, nothing is known
about the colour and spin of the top quarks obtained, so it is useful for the M % calculation to
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average over all possible states of the incoming parton-gluons and sum over all possible states of the
outgoing quarks by the following formula:

11 X 1 1 X X X
M 2 - = -z MM =
8 8 a 2 2 AB i s
|—z |—z—} |} |z}
8 colour status 2 polarisation status 3 colour status 2 spin status
for 2 gluons for 2 gluons for 2 quarks for 2 quarks
1P T
= o5p W8 IM{j© + JMyj® + [Msj© + 2Re[M(M, + MyMg + MM, ]

(2.2.1.3)

All colour states and all polarisation states of the incoming gluons are averaged and all nal states
of the outcoming top quarks are summed since the colour charge is not detectable and furthermore
because we are interested in unpolarised square matrix elements.

To approach this calculation, we note that the rst major simpli cation is to solve the sum over the
polarisation of the gluons. In fact, to develop this sum, it is necessary to consider that for QCD the
external gluons are transversely polarised, so the following relation should be applied:

2
L PN *tpn npp

b n © 1) where n is an auxiliary vector. (2.2.1.4)

"pot (M) ot (P) = g
pol

De ning for simplicity M suchthatM = "o "g M ,itis quite easy to prove, albeit a bit long that

pr M =p, M =0 ][19]]20], so the sum of polarisation over the two gluons could be hardly
simpli ed in the following way:
X X
WA B 'sM M =(g)gIMM =M M 3
A B X X
_ 2 1 _ 1
=) M 56 MM = o ” M M . (2.2.1.5)
ab AB ab ij
ijrs rs

Regarding all the remaining sums, it is helpful to put in evidence the colour factors from the Dirac
factors, rewriting each of three terms, M, M, and Mg, in the following form:

M, = KXCX% where My = "a "g M, with x2ft;u;sg (2.2.1.6)
and where '
8 8 8
3 Kt % 3 Ci (2 ") 3 Dt 2(p1 p3)
K « :§ Ky & Cx 5 Cu (P23 Dy 1§ Dy 2(p2 p3)
" Ks 0 -G €2 "Dy "~ Ds 2(p1 p2)
8
E M, 2p; B
My :§ u 2p; B, '
T Mg g (B, B) 20, +2p;
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hence:
M
M = Kx(:xur X Vs :)
Dx
x2f tu;s g p
2 1 X 1 X P s (UrMx V) urMy s
= 555 M M = 256 KxKy ab i CXCy DD
ab ij xy 2f tu;s g =y

(2.2.1.7)

Regarding the gum over the spin, it is useful to consider the fgjlowing formula, sometimes indicated as
Casimir trick: ¢ Ur(Pm)AVs(pn) Ur(Pm)BVs(pn) =1tr A(p, m)BCS(p + m) where BC

9BY 0 hence, the spin sum coulﬁj be simpli ed into the foIIowinIg form:

UMy V) UMy vg =tr M, (g, MM, C (p,+m) =)
rs
h i
1 X P tr My (B, mMM,C (p,+ m)
M2 = = KxKy CiC : r ,
y D,D,
xy 2f t;u;s g

(2.2.1.8)

ab ij

which ends the simpli cation. The remaining step is the colour factor calculation and trace calcula-
tion.

Remembering the following properties regarding gamma magjices and tracesAppendix B and using
the kinematic relations Formula 2.1.1.4, we can obtain for tr My (p, m)MyC (B, + m) :

r My (B, mIM S (B;+ m)) = 32((pr pa)(pz ps)+ ME(pr ps) my) for  jMj?
tr My (B, MOM,S (p;+mi) = 32((p1 ps)(pz ps)+ MZ(pz ps) my) for  jMyj?
tr Ms (B, mM)Ms® (B, + m)) = 64(pL pa)(Pz Pa) for jMsj?
r My (B, mOM,® (B,+ m) = 16mZ(p pz  2m?) for 2Re[M(M,]
tr My (p, mOM© (By+ my) = 16(mf(p2 ps Pr P3)+2(pr Ps)(p2 p3)) for 2Re[MyMg]

16(m2(p2 ps  Pp1 Pp3) 2(p1 p3)(pz2 p3)) for 2Re[MsM,]
(2.2.1.9)

tr Ms (ﬁ4 mt)MtC (ﬁ3+ my)

For the colour factors, taking into account the conjugation ¢f Gell-Man matrices and the Fierz identity

for SU@B):5( 2); = ( )f = ( ;i and ( 2); ( a)u AN (N =3 1k 3w we
pt i j 2 3
obtain for ., ; CxCy:
8 p P P
16 L
ab ij CtC‘ = ab i a b i a b ' = ? for JMtJZ
P P P 16 o
ab il CuC, = @i b a ' b a ' = 5 for  jMyj2
i CC—P P aj b aj b = 12 for jMgj?
abij “SYS T ab Py ey = or  jMsj
(2.2.1.10)
P = P P a b b a — 2
ab ij Ct Cu - ab ij i i - é fOr Re [MtMu]
i CuCs = PP b a aj b = 6 for Re[MyM
abij “U™S T ap i Iy = or Re[MyM;]
P P P i b b
CsCy = ;b2 = 6 for Re[MsM,]

ab ij
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Composing all the above results in terms of Mandelstam variables we have:

8
1 - tu m2@t+u) mf
= M, i2 - o t t
256 Az M =T emz 0?2
1P A tu m?@Bu+t) mf
= M. i2 - o t t
256 pae Ml FTem? vy
1P M2 _ 43m¢ t(mZ u)
256 A8 IMs] - 452

, (2.2.1.11)

1P m2(4m? s)
= 2ReMM,] = gl
256 he PREMMU = Gopme om? W
1P 3(tu  2m?u+ my)
= 2ReM M ] = ¢ . .
256 pas 2REMuMS] = o
1P 3(tu  2m?t + m§)

T o 2ReMM,] = ¢ . .
256 bae 2REMsM] % as(mz 1)

where Formula 2.1.1.4 for Mandelstam variables is used. This last result is perfectly in line with the
result reported in [ 17] for the SM part.

The sum of the above six terms, reducing the Mandelstam variables, gives the nal result of M 2 ,
ending the calculation:

Average Squared of Matrix Element for gg! ttinSM @ LO

hiMiPi = gt am¢ 9m?s+4s? ou  2m® mf 3s? 4tu + misP+tu s2 2w

2452(m?  t)°(m2  u)°

(2.2.1.12)

An alternative method to solve the average square matrix element calculation is to include in the
polarisation sum also the longitudinal gluons, in this way, the following formula could be considered:

X X
"A A "s "g =( g ) g ),
A B

but, it is necessary to include virtual elds named ghosts to obtain the right nal result.

To check the correctness of the last result here obtained M ° , it could be implemented an
automatic calculation by FeynCalc 9.3.1[21], a Wolfram Mathematica  package [22] for symbolic
evaluation of Feynman diagrams and algebraic calculations in quantum eld theory and elementary
particle physics. Here below a sample of code to calculate a quick result:
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Mathematica Wolfram Notebook (.nb) le listing

In[1]:= ClearAll [a, b, mt, gs];
ClearAll [p1, p2, p3,p4,t,u,s];

FCClearScalarProducts [];
(* Matrix element form¥*)

matrixElementl
gs"2* SUN[Ta, b]*

G$ Polarization
matrixElement2
gs"2* SUN[b, a]*

G$ Polarization
matrixElement3

SpinorUBar[ p3, mi].

ScalarProduct [ Polarization
ScalarProduct [ Polarization
(2* ScalarProduct [ p1, p2])).
SpinorV[ p4, mi];
matrixElement

(* Calculation

ScalarProduct [pl, pl] = O;

ScalarProduct [ p2, p2] = 0;

ScalarProduct [ p3, p3] = mt"2;
ScalarProduct [ p4, p4] = mt"2;
ScalarProduct [ p1, p4] =
ScalarProduct [ p2, p4] =
ScalarProduct [ p3, p4] =

SUNN= 3;

SetOptions [ Polarization
nl = p2;

n2 = pl;

%I/ SUNTrace
%// FermionSpinSum

= (* t-channel*)

SpinorUBar[ p3, mf]. G$ Polarization
(( G$p3-pl]+ mb)/(2* ScalarProduct [ pl, p3])).
[p2]]. SpinorV][p4, mi;

= (* u- channel *)

SpinorUBar[ p3, mf]. G$ Polarization
(( G$p3-p2]+ m)/(2* ScalarProduct [ p2, p3))).
[p1]]. SpinorV[ p4, mi;

= (* s-channel *)

gs™2*( SUN[a, b]- SUN[b, a])*

(( ScalarProduct [ Polarization

[ p1], pl+2*p2]* G$ Polarization
[p2], p2+2*pl]* G$ Polarization

, Transversality

(pd]l.

[p2]].

[ p1], Polarization [p2]]* G$p2-pll-
[ p2]]+

[pdl})/

= matrixElementl +matrixElement2 +matrixElement3 ;

of the average of squared matrix element?*)

ScalarProduct [ p2, p3;
ScalarProduct [ p1, p3];
ScalarProduct [ pl, p2]- mt"2;

->True];

matrixElement . ComplexConjugate] matrixElement 1;
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%l// DiracSimplify ;

%l// DoPolarizationSums [ #, p1, n1]&;

%l// DoPolarizationSums [ #, p2, n2]&;

%*(1/256);

%l// ScalarProductExpand ;

%I/ FullSimplify ;

%l/.{ ScalarProduct [ p1, p3]->( mt"2-1)/2,
ScalarProduct [ p2, p3]->( mt*2-u)/2,
ScalarProduct [ p1, p2]->(2* mt*2-t - u)/2};

%l// FullSimplify

%/ { uN2->(2* mtr2- s)"2-2* t*u-t"2};

%l// FullSimplify ;

%l/.{( t+u)->(2* mt*2-s)};

%I/ FullSimplify

gs*(9mt4-9mt2s+4s2-9tu)(-2mt  8+mt*(4tu-3s 2)+mt2s3+tu(s 2-2tu))

out[1]=

24s2(mt2-t) *(mt2-u) 2

perfectly in line with result M 2

222 qqgq! ttinSM @ LO

Similar to gg! tt, for the processqq! tt, iM, relevant to the SM at the LO, is the sum of the
following contributions:

v

u

gluon-channel photon-channel Z° boson-channel

Figure 2.6: Top quark-antiquark pair production by quarks annihilation in SM at
LO.

directly deducible from Feynman's graphical rules, but in this case also using EW interactions and not
just QCD interactions.

M= Mg+ M + My (2.2.2.1)

From the above diagrams it is easy to obtain by the correspondence Feynman Rules, the following
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matrices:
! [ !
: , ig b - _
iMg VaP2) igs (i upb(Py) Sl ur(P) igs (O ve(pa) =
= iZg2 i 1 (V& ulo)(ur vs)
2= "3 2oy pp)+2m]
! ! !
iM vo(p2) igeQ(0) Uo()iLU()ig Vs(pa) =
solP2) 19e ij ro(P1 (P1 + P2)? r(P3 39e ki Vs(Pa
_ .2, (v Uy (U ve)
R R IR S T
! [
Mz ) 1E (@@ Q@ Dy W) O
S 2 '! ' (pL+ P2)? m2
.0z 5 _
ur (p3) = (Qu(t) Qa(t) ) w vs(ps) =
_ i}gz ) Ve (Qu(@) Qa(d) 2ue ur (Qu(t)  Qalt) ®)vs
472 0K 201 p)+2mz m3
(2.2.2.2)
To simplify the colour algebra for iM 4 the following relationis used: ( )i () = 3 i k 3§ K -

ForiM | itis understood that Q(q) =+ 2/3, if gisan up quark or (q) = 1/3, if gis a down quark.
While for iMz, it is understood that gz ge=(cos w sin w) =2 mz=vand Q,(q) = + 1/2
4/3 sin® w andQa(g) =+ 1/2,if qisanup quarkorQy (g) = 1/2+2/3 sin®> w andQa(g) = 1/2,
if qis a down quark. Of course,Qy (t) =+ 1/2  4/3 sin®> \ and Qa (t) =+ 1/2.

As is well known, in order to determine the cross section of a process, it is necessary to calculate
its relative average squared of the matrix elements: M 2 Inthe proton collision, nothing is known
about the colour of the interacting parton-quarks and similarly, nothing is known about the colour
and spin of the top quarks obtained, so it is useful for the M ? calculation to average over all
possible states of the incoming parton-quarks and sum over all possible states of the outgoing quarks
by the following formula:

1 1 X 1 1 X X X
M 2 = =z -z MM =
3 3 2 2
ij r0s0 {d s
|—fz—} | —fz—} | —{z— |-z
3 color status 2 spin status 3 color status 2 spin status
for 2in quarks for2inquarks  for2outquarks  for 2 out quarks
1P M 2 4 M P2 + i i2
3% Mgj=+ M j<+ jMzj° +2Re[MgM + M M; + MzM]
rs

(2.2.2.3)
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All colour states and all polarisation states of the incoming gluons are averaged and all nal states
of the outcoming top quarks are summed since the colour charge is not detectable and furthermore
because we are interested in unpolarised square matrix elements.

Also in this case, it is helpful to put in evidence the colour factors from the Dirac factors rewriting
each of three terms,M4, M and Mz, in the following form:

viM2 u®%  u My s

My = KxCy 5 with x2fg;;Zg (2.2.2.4)
X
and where
8 2 8 1 1 8 2
% Ky 0s 5 Cyq 5 ik 30 K % Dy 2(p1 p2) +2mg
Kx Z§ K %Q(q)ez Cx § C i K Dx :§ D 2(p1 p2)+2mé
- Kz 192 - Cz i Kl " Dz 2(p1 p2)+2mg m3
8 o 8
3 M 3 Mo
M : MO M 3 M !
M2 Q@ Qu( ° T Mg Q) Qu(t) ®
hence,
M2 = ix K., K P . C,C r%s° rs(VSOMQ uPo)(Ur My Vs)(VgoM)s) u?s) (UrMy vs)
36 xKy i ki CxCy DyD,

(2.2.2.5)

Regarding the sym over the spin, it is useful to consider the following formula, sometimes indicated
ps Casimir trick:  ; Vs(g)Au,(d) vs(q)Bu,(p) =tr A(p+ m)B (g m) and

s Ur(P)Avs(a) ur(p)Bvs(q) =tr A(g m)BC(p+ m) where B¢ °BY 9 hence, the po-
larisation sum and the spin sum could be simpli ed into the following form:

(VoM ulo)(veMy) ufo) = tr hMi’ (p, + mgM? “(p, mq)I and
&’ h i
(ur My Vs)(UrMy Vs) = tr My (ﬁ4 mt)My C(|33+ my) =)
rs
M2 = 316X KxKy Pijk, CxCy
Y i h i
tr M2 (B, + mgM? (B, mg) tr My (B, MMy S(p,+ m)

(2.2.2.6)

DX Dy '
which ends the simpli cation. The remaining step is the colour factor calculation and trace calcula-
tion.

Remembering the properties regarding gamma majrices and traces\ppendix B and uging the kine- i
matic relations Formula2.1.1.5, we can obtainfortr M (g, + mq)M C(pz mg) tr My (B, MM (B, + my) :
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8
tr Mg (p, + mgIM{ c(ﬁz mg) tr Mg (B, mM)Mg “(p,+ M) =
=32 (p1 P3)?+(p2 p3)®+(mi+ mf) (p1 p2)+ m for jMgj?
tr M% (g, + mM® (g, mg) tr M (B, MM CS(p,+ mi) =
=32 (p1 p3)?+(p2 P3)?+(mMG+ mf) (p1 p2)+ mj for jM j2
tr M2 (g, + m)M? (B, mq) tr Mz (B, MMz S(p,+ my) =
=32 (F@+ Q(E M+ A1) 4Q (DN (DQ (DQa(t) (pr p3)?+
+ (G @+ RONE O+ GW))+4Q (D@ (DQa(L) (P2 p3)?+
+ mA(F(+ QEE M) R+ miK (@ QR@O(F M+ R() (P p2)+
+mi(QF () QR MK (H)+ QG+ mH(E (1) 3% (1) for jMzj?
tr MJ (B, + mg)M® (p, mq) tr Mg (B, MM C(p,+m) =
=32 (pr ps)?+(p2 pa)®+(mG+ mf) (p1 p2)+ M for 2Re MgM
tr M% (p, + mg)M? C(ﬁz mg) tr M (B, MMz C(p,+ my) =
=32 (Q@QQ ) Q(@Qa(®)(pr P3)*+(Q (PQv () + Qa(q)Qa(t))(p2 p3)?+
+ Qu(QQ ()(Mmi+ m?) (p1 p2)+ mj for 2Re M M,
tr M2 (p,+ mg)MQ (B, mq) tr Mz (B, mM)Mg (p;+ m) =
=32 (QQQ 1) Qu(DAa®)(Pr P3)?+( Qv (AQv () + Qa(d)Qa(t)(P2 pa)?+
+ Qu(QQ (MG + m?) (p1 p2)+ mj for 2Re MzM,
(2.2.2.7)

P
For the colour factors, we obtain for  ; ; C«Cy:

& p PP 1 T .
ij ki CgCqy = i Wy Ik zioK = 2 for jMgj
P P P o
ij kI cc = i K 5 i = 9 for M j?
P P P o
ju CzCz= P& = 9 for jMzj?
b PP . _ (2.2.2.8)
i ki C4C = i K3 il jk 3 i K ik« = 0 for 2Re MgM
P P P
i K C Cz= i Wik K = 9 for 2Re M M,
P P P 1 1
: il C2Co= i 5 koW = 0 for 2Re MzM,
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Composing all the above results in terms of Mandelstam variables we have:

1P . _ 4gt s2+2mf 2tu
o yrM = T e
1 o 80fQ%(q) s?+2mf  2tu
376 ijr OSOJM JZ = < 052 t
kl rs
0 1
GQ@+ (@ RO+ W) s*+2m 2w +
ot © 4 QA+ K@) Rmes+
1P o _ +H4Qa (PQa (H)Qv (PQv (s (t  u)
36 ir 0 ]Mz] = 2 2
kl rs 8(mz S)
1P
3—6 ijklrrzSOZRE[MgM ] =0
!
2+2mf  2tu +
2 2.2 Q\/(q)Q\/(t) S t
1P rem - 0. A9 Qu@AMSE W)
36 zh - 3s(m2 s
1P 2ReMzM ] 0
— L 0.0 =
36 IJkIrrsS =7
(2.2.2.9)

where Formula 2.1.1.5 for Mandelstam variables is used and it is also applied the following relation:

2

2
s?+2 mi+ m? 2tu 2 mi+mZ s
s(t u)

2
mi+mZ t°+ mi+mZ u
2

2 2 2 2 2
mg+ mg t mg+ mg U

but imposing mq = 0 for simplicity.
To obtain M 2 it is su cient to sum all the above six terms and this ends the calculation.

Average Squared of Matrix Element for qq! ttin SM @ LO

4l +8gQ(q) s*+2m{ 2w

hiM j2i =
¢ R+ R@ QO+ GO Frzmt 2u
gm2 s)°
L% 4 Q@+ F(0) MM+ @NOU @ WSt u)
g(m2 s)?
L 2EEQD Q@) F2m 2 Q@S u)
3s(mZ s)

(2.2.2.10)

Also, this result, similar to the gg! tt process in SM at LO, could be veri ed by a simple code of
FeynCalc 9.3.1 [21].
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2.2.3 gg!

To extend the gg !

considering the e ects of the SM alone.

tt in 6-dimension SMEFT @ LO

tt process with the 6-dimensional SMEFT approach, it is necessary to in-
troduce the operators: O, O and Og . These operators lead to new Feynman rules, as shown in
Section A.4, through which diagrams are obtained as depicted inFigure 2.7. The calculation of the

matrix element iM must then be conducted by adding these diagrams to those already obtained by

s-channel of the Og operator

s-channel of theOg operator

Ur

Figure 2.7: Top quark-antiquark pair production by gluons fusion in 6-dim.
SMEFT at LO.

M (L smern)

+

M¢+ My + Mg (Lsw) +

Mg (OG) +

Mi+ My + Mg+ M

Mg (OG )

ggtt

(Oc) +
(2.2.3.1)

From the above diagrams, it is easy to obtain the following matrix elements by means of Feynman
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Rule matching:

. P _vCi o By B tmM .
iM(O ) ur (p3) i 2—= 2 jpl "a (p1) |m 8 (P2) igs P Vs(pa) +
) R By BT My " P -vC .
+ur(ps) igs ® A (p1) |m g (p2) i 27126 o[ ip,] vs(pa) =
t
P~ VvCi . B, B+ Mt B, B+t Mt .
= 2gs—— a b e —2 4 0 e w3 10 2 =
i 2gs—, Ur [A”all(pz ps)2 mZ2 B A(ps p1)? mf[pzj gl Vs
- ipigsVCtG abi oy [ ipl@ps+t B)  @pst+pr R, i | .
2(p2 pa) 2(p1 ps3)
. p-vC . By BT My .
iMu (G ) ur(ps) 02— b irl "8 (p2) 'm "a (p1) igs Vs(pa) +
. " By Bt M B p_-vC .
+ur(ps) igs P B (p2) |m A (p) 02 [2G 4 iel vs(pa) =
t
P~ VvCyq . B, Bt M B, Bt M .
= 2 b a = 1 4 0 e oow 73 2 000 L =
| Os > Uy [ B J ﬁz](pl p4)2 mtz A B (p3 p2)2 mtz [ﬂzj A] Vs
_ P VCg , .. [ irl@py+ B)  @ps+p, e i |
= 0 20— a"a "B Ur s
2(p1 pa) 2(p2 ps3)
iMs(O ) "a (p1) G g (P p2) +g (P2tptp) g (P1 P2 P) e (P2)
i psvC .
ﬁ ur(ps) 12 IZG °fip *+ Rl vs(psa) =
= P2l e v
" 2("a "s)lp iRl "Aa (Prt2p2)[=p iR, tB] "B (@Pit PRt ﬁz]v _
r (p1 + p2)? °
_ ipigsttG (2] s "s Uy g [ ipl+tpl ir*R] Pl JR* ﬁZ]VS
2 P1 P2
. " p- vC . . N
iMggtt (O ) A (POU(Ps) T 20s—-[ %] "I § 1 vs(pa)'s (p2) =
P~ vC . .
= 020 ) PlurlE, s lvs =
P~ vC . .
= 20— 1) A e Ul I
(2.2.3.2)
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. C
iMs(Oc) "a ()" (P2)  B-f (p1+p2) PP, Py(P1t P2) Pyt
+9g  pp P2 (pr+p2) Py pro(pr+p2) +
+9g Py pr (Pr+p2)  (Pr+pP2) p1 P2 +

+9 (Pt p2) (Pr P2) Py P2 (Pt P2)

9

im cd Ur(ps) igs 4 vs(ps) =

= 6012 M "a (Pt p) (s POR, (A P2) s (Pt o) Bt
+("a "B)R, P2 (Prt+ p2)  ("a "B)B, P1 (PLt p2) +
+ 5 ("a p2) pr (pr+p2)  H "a (Pt p2) (Pr p2)t
+5 " (Pr*p2) (pr p2) %,("s P1) P2 (Pr+ P2) Vs

_ 1 .
(p1 + p2)?
. C .
- 1393—2[ aj bPa s P2 Py p? p(2p1 pZ)Ur(ﬁl B,)Vs
(2.2.3.3)
. " " VCs i .myg
iMs(Og ) A (P1)"s (P2) 2i—— p.p, (P1 P2)g i) mi vl
H
Ur (p3)Vvs(pa) =
_ o mMCc (A P2)("s P1) ("a "B)(P1 P2)
= 2i i 2 UrVs =
2 2(p1 p2) my
.mCg PP 9 (P1 P2)
B ab v om 2P1
| > i A B 2(p1 pz) ma Uy Vs
(2.2.3.4)

Similar to the SM caseSubsection 2.2.], verifying that also for the matrix elements related to the
SMEFT operators are gauge invariant (i.,e.py M = p, M =0), hence the total average square
matrix could be calculated by the same SMFormula 2.2.1.7.

After tedious calculations involving colour algebra and Dirac algebra, we can obtain:
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Average Squared of Matrix Element for gg! ttin SMEFT @ LO

M2 = gt@Om¢ 9m?s+4s? otu)( 2m§ m{(3s?  4tu)+ m?s+ tu(s?  2tu)) N
- 2(m?2 2(m?2 2
24s2(mg  t)2(mf  u)
| {z - }
M (L sm)
piCtG gdmv(Om¢  9m?2s+4s?  9tu) 9Cegdm2(t  u)?
3(m? t)(m? wu) 2 8(m? t)(m? wu) 2
| i7 P &Z }
2Re[M (L sm)M (O ) ] 2Re[M (L sm)M (Og) 1]

Ce gEmis’(s  4m¢)
8(m2 s)(mZ t)(m2 u) 2
|( H )( Yz )(m¢ ) )

2Re[M (L su)M (O ) ]

CZ 02v?( 18mf+36mfs 3mf(11s?® 12tu)+
+ m?s(23s?  36tu) +3tu(5s?  6tu))
3s(m¢  t)(m¢ u) 4
{z

2
M (O )

QCtGr(;Gggmtvs ‘B Cic Cs gsmivs?(mi  tu) .
T2 4 “2mz s (m2 t)(m? u) 4
| & p( 2me Smy, Dime W)

2Re[M (O )M (Og) ] 2Re[M (O )M (O ) |

3C% m2s?(s  4m?)

| 20CREm? H(mE u) |

0 +
4 4 8(m3 s)2 4
| {z - P {z P {z - }
M (Oq) 2Re[M (O )M (O ) 1] M(Og )

(2.2.3.5)

Also, this calculation could be easily resolved by the use oMathematica with FeynCalc 9.3.1 pack-
age [21].

224 qq! ttin6-dimension SMEFT @ LO

To extend the qq! tt process with the 6-dimensional SMEFT approach, it is necessary to intro-
duce in addition to the previous operator O , and also the 4-quarks operatorQyq;. These operators
lead to new Feynman rules, as shown inSection A.4, through which diagrams are obtained as de-
picted in Figure 2.8. The calculation of the matrix element iM must then be conducted by adding
these diagrams to those already obtained by considering the e ects of the SM alone.
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0
Uro U?o

s-channel of the Org operator 4-point-channel of the Ouq operator

Figure 2.8: Top quark-antiquark pair production by quark annihilation in 6-dim.
SMEFT at LO.

The 6-dim. SMEFT matrix element for the present process is given by:

M(LSMEFT) Mg + M + Mz (LSM) + Mg (OtG) + qutt (O4quarks)

(2.2.4.1)

Where g is mainly an up-quark (u) or a down-quark (d) in a proton-proton collision.

. . i p-vC .
MsOo) V(P Tgs (M Ul(p) Rt ) 2 (Ol et R) ve(e) =
= ijg VCe 1 (Ve ulo)(ur[ ip *+ B,IVs)
2 s 2 il jk 3 ij ki 2(p1 p2)+2ma
(2.2.4.2)
)
iMuutt(O4quarks) C(S;l) C(8;3) C(lil) C(1§3)
i H( a)ij (a)g + u i W

iM ddtt (04 quarks)

2. g

o () (et ik V&P (T ) ul(p)ur(ps) (T ©)vs(pa) +
s i

o = () (et = i V) (T O ul(puur(p) () vs(pa) +
Cl(8) Ct(1)

o = (N (a)at — i VP ( 8 T)ule(pa)ur(pa) (7T ©) vs(pa)

vo(p2) ( © ) ule(pr)ur(ps)( ® ) vs(pa) +

(2.2.4.3)
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Similar to the SM case Subsection 2.2.], the total average square matrix could be calculated by
the same SMFormula 2.2.2.6.

After tedious calculations involving colour algebra and Dirac algebra, we can obtain:

Average Squared of Matrix Element for qq! ttin SMEFT @ LO

2 4 g +20giQ¥(0) (s>+2mf  2tu)
M = +
9s2
| — )
M (L sm)

20205 AQQv (AQ (1)(s* +2m{  2tu)  2g2gZ Q(q)Qn (A) Qa (1)S(t u .
35(rr:é s) )

2
M (L sm)

@ K@+ F@ QM+ M) (*+2m! 2+
4 Qu (P (O (QQu()s(t u) 4gg K(Q)+ K (9) K(MmEs

g(m2 s)°
| 1z - }
M (L sm)

P_
32 2Cs ggmtV + C(g+ )qqnl(82+2mf 2tU)+ C(g+ )qqttzs(t U) +

9 2 9s 2
I {z P {z }
2Re[M (L sw)M (O ) | 2Re[M (L sm)M (Oqqe¢) 1

N Czqqua(S2 +2m¢  2tu) + CrqquzS(t  U) + CzqquaMm{s +
2(m3 s) 2
{z }

ZRE[M (L SM)M (qutt) ]

P 8 8
64CZ g2v2(2m2s  m? + tu) . 32 2Cig gsmyVv CéA)A (t uw+ Cé\}vs

+
9s 4 S
| {z— P {z }
M (O ) 2Re[M (O )M (Oqqt1t) ]
8)2 1)2
4 Can+ 3Cia (SP+2mf 2w+
8)2 1)2 8)2 1)2
+8 CQ'a* 5Cq0a St W)+8 CE¥ .+ §CH" 4 mis
+ —
{z— }
M(qutt)

(2.2.4.4)

Also, this calculation could be easily resolved by the use oMathematica with FeynCalc 9.3.1 pack-
age [21].

Where we have used the following:
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S Cé’\‘,)v : CS;;LD Cg;;a) + Ct(qxg + Ct(qu) + CS;)R "+" forq=u " "forq=d
Cé)\(,)A 1 C(Q’;;Ll) CS;;LS) + Ct(,;(g Ct((;‘L) + CS;)R "+" forq=u " "forq=d
Céf\)A 3 CS;L” CS;;LS) + Ct(qxg Ct((;? CS;)R "+" forq=u " "forq=d
Céf\)\, : CS;;L” Cg;f’) + Ct(qxrz + Ct((;‘L) CS;)R "+" forg=u " "forq=d
CWun YL+ CE T i
o e A oL N oLV e
Cc(q)\(/) A2 Céi(/) A2 Cé</)+A2
cW s CuCl + clacl,

Cgr yoar 8 GECH\ +382Q@CH),,
Cigr yoaz 8 GECI +3RQAACH,
Cagr B CHA Q@D+ CR, Q@)+ CHAQ @MU (1) CHv Qv (@Q (1)
gz B CHA Q@ (D) + CRy Qa(DQ () + CHAQ (D ()  CHy Qa(@Qu(t)

Caqus 4B QD) CRa (@ €, ()

2.3 Cross Sections

The cross section is arguably the most widely used physical observable in collision and in scattering
experiments and is a quantity used to describe a process of interaction between particles, assessing the
probability of particles changing from an initial state to a new state after the interaction event. It has
the size of an area and is usually measured irbarn or its sub-multiples: 1b=1 10 24 cm?. Knowing
the luminosity of the collider, the di erential cross section allows calculating the distribution of the
events on a kinematics parameter, while thetotal cross section allows counting globally the number
of events of a given process.

The previous sessions prepared the theoretical calculation of these observables in the context of
the production process of top quark-antiquark pairs in the proton-proton collider experiments at the
LHC, where the two parton processesgg! ttandqq! tt take place. As said inSubsection 1.1.5
these processes are a quasi-elastic collision between two particles that generates other two scattering
particles, (1)(2) ! (3)(4), as represented inFigure 2.1 and the generic di erential cross section could
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be calculated by the following Golden Rulg 14]:

dhps dbp4
(2 )32E5 (2 )32E,

6 _ 1
4 (p1 p2)? mim3

@) “(ps+ps p1 P2) M (2.3.0.1)

where p1, p2, p3 and py are the four-vector momenta involved, m; and m, are the masses of the
incoming particles, E3 and E4 are the energies of the outcoming particles and P3 and ps are the
spatial part momenta of the outcoming particles. The typology of the involved process is included in
the form of M, for the SM theory as well as for the SMEFT.

In the following, the formulae for the cross sections are developed for a simple but theoretically
propaedeutic case of particle collisions in a xed CMF and for the real case of proton-proton collision,
which involves the collision of the relevant partons in a CMF that appears to be boosted in the direction
of the most energetic parton.

2.3.1 Dierential Cross Section
Particle collision in xed CMF

Considering the simple scenario of the two parton processesgg! ttandqq! tt, at the high
energies involved, we can putm; = m, = 0 and mz = m4 := m, and of course, we hav{apz = ! p1.
After some integrations, the Formula 2.3.0.1 becomes:

- p_
3 iMj? N
d 62z Bz —5)dps . (2.3.1.1)
E3::T
changing the coordinates for ps, from (psx; pay; P3z) to a generic set( ; ; ) one obtains:
0 1
3 ij2 X % ( )§ @(p3x;p3y;p3z)
d 16 252 @ gg A UtT gy ddd . (2.3.1.2)

This quantity can then be expressed in various forms by choosing the appropriate set of coordinates,
as described below.

Spherical coordinateséjpgj; ;)

8 @(P3x; Pay; Psz) _ !
Pax == !jp3j sin cos % det @7‘?‘”3" ;Z ="jpsj?sin
3 1 1

Pay = 'jpasin sin

TV AR

I. .
| =) @& _ ipal : (2.3.1.3)
P3z = jpsj cos Grsi | Es
P —+—— p_
Es=" m¢+]psj? “lipsj = 75
thus the Formula 2.3.1.2 becomes:
o p_
s _ IMj? s L. S . _
& = 16 252 4 sin T djpg]d d =)
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_ iMjz2 s
=) T2z 2 N (2)d |,
(2.3.1.4)
where t and u Mandelstam variables are substituted in jMj? by:
8 s
2 mZ t= E(1 cos )
S , where 07 ¢ (2.3.1.5)
2 m2 u=>(1+ cos)
2
" Intrinsic coordinates with scattering angle (pr; ; ):
8
% Pax = Pr COS
Pay = pr sin 4
§ ps; = pr cot
" Ez= P m? + p2 cs@  and !jpg,j = pr cscC
% det @((g;;psy p;Z) p2 cs@ = Y paj?
I .
Jpsl ?jeot | @B _ jpsjcsc
@ Es @p Es '
r . p_
2 ﬁ = j i
s o P 5 Sin
(2.3.1.6)
thus the Formula 2.3.1.2 becomes:
0 T
X . .2 . .2
_ iMj % § _ M2 s
d = 16 222 (2 )dpr = 1622 4 sin (2 )d |,
qCOS =
2 i S
(2.3.1.7)
where t and u Mandelstam variables are substituted in jMj2 by:
8 S
2 m? t= E(1 cos )
S , wWhere 097 ¢ (2.3.1.8)
2 mZ u= 5@+ cos)
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Intrinsic coordinates with rapidity (pr;y; ):

Pax = Pr COS

3y = Pr Sin q
’ de ning mr m? + p% =)

m+t sinhy

P3z

VWA AR
o]

E3 = my coshy

@pr;y; )

= ° = Esjtanhyl or % = M ,

8
% det @PoiPsyiPs) _ o oy = Eupy
§ Q@p Es

— 2 p_2|_ — 2 2
tanhy = — or pr = - tanhy

s
(2.3.1.9)
thus the Formula 2.3.1.2 becomes:
0 T
iMj % Pr § iMj s
d = F——=-x (2 )dpr = (2 )dy|,
oy = 16 2s2? R ﬁ 16 2s?2  4cosify
. b s
(2.3.1.10)
where t and u Mandelstam variables are substituted in jMj? by:
8
] m? t= ;(1 tanh y)
S ,  Where M tanhy T + . (2.3.1.11)
2 m? u= 5 (L +tanh y)
" Intrinsic coordinates with pseudo-rapidity (pr; ; ):
8
% P3x = pr COS
Psy = pr Sin 99—
where  Ez= m2+jpsj? =)
% p3z = pr Sinh
N
Jpsj = pr cosh
S @(Psx;; Psy; Psz)
det \P3x. Py Pz) 3x, P3y:P3z) _ 1. .
% Gy = imsipr
|
@k Jpsl @B _ jpsj
—_— jsinh or —— = =—=cosh | 2.3.1.12
@ E, P j @p _ E: ( )
§ r 4p? Ps 1
- PR = _S
tanh S or pr > cosh
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thus the Formula 2.3.1.2 becomes:

V) T
iMj % pr § iMj s
d = F (2 )dpr = 2)d |,
o 16 2s2? ) ﬁ 16 252 4cosif
> 4p$ S
(2.3.1.13)

where t and u Mandelstam variables are substituted in jMj2 by:
8 s
2 m? t=_-(1 tanh )

2 , where 1 tanh 9§ +1. (2.3.1.14)

S
7 m2 u:§(1+ tanh )

Here we present the diagrams of the di erential cross section distribution of some observables
(pr, .Y, )ofthe processesgg! tt and uu=dd! tt at Epeam = 7000 GeV in SM (i.e. with
null Wilson coe cients) and in SMEFT (setting some Wilson coe cients), using the available tools
of Mathematica [22].

The typical SM values utilised to plot each di erential cross section are reported in Appendix C. In
particular, for the SMEFT diagrams, the energy scale is arbitrarily xedto :=1000 GeV and, as an
example, the following Wilson coe cients are set:

Ce = O Cc = 0001 Cg =  0:85
8 — 8 — 8 — . 8 —

cly = 0 ca = 0 c@s = 00002 cf, = o0
@ — @ — (€] — 1) —

clhy = 0 cla = 0 cly = 0 ciy 0
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(@) Linear representation

(b) Logarithmic representation

Figure 2.9: Distributions for some observables of both processegg ! tt and
uu=dd! tt at Epeam = 7000 GeV in SM.
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(@) Linear representation

(b) Logarithmic representation

Figure 2.10: Distributions for some observables of both processegg ! tt and
uu=dd ! tt at Eyeam = 7000 GeV in SMEFT.
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Particle collision in boosted CMF - parton interaction of proton collision

In a high-energy proton collision at the LHC, the relevant partons interact by colliding with di er-
ent energies that are fractions of the energies of the relevant parent protons. These fractional energies
are not equal but are distributed according to a suitable distribution function that can be obtained
experimentally. This is why the scattering CMF of the partons appears, to the reference system xed
at the collision point, to be pushed in the direction of the most energetic parton.

Considering the scenario of the two processespp! gg! ttandpp! qq! tt, atthe high energies
involved, as before we can putm; = m;, =0 and ms = m4 = m, in a collider situation with a boosted

CMF, wheré p2k ! p1 but not equal, for example, p; = (X1E; 0;0; + x,E) and p, = (x2E; 0;0; xzE).
After some integrations, the Formula 2.3.0.1 becomes:

iMj2  (Es+ Es E(x1+x2) %
d® d , 2.3.1.15
32 2%s E3E4 Ps !p4xy = !p3xy ( )
Paz = E(X1  X2) Paz
changing the coordinates for pz, from (psx; pay; P3z) to a generic set( ; ; ):
0 1
. . X . .
s _ IMJ? ( ) § @(pax; P3y; P3z)
d 3275 ) @Es+ En) det a. ) ddd , (2.3.1.16)
cE3+Ey4= EsEy, ——=
E (x1+X2) @
where, as see inFormula 2.1.3.2, s = 4x1x2E2.
" Intrinsic coordinates with rapidity (pr;y; ):
8
% Pax = pr COS
Pay ‘= pr sin _ qg ——
de ning mr m? + p% =)
% Psz = my sinhy
" Esz = my coshy
@(p3x ; Psy; p32)
det ——2—"- = mipr coshy = E ,
@pr:y; ) thr COSTY = Eabr
(2.3.1.17)
thus the Formula 2.3.1.16 becomes:
0 T
X M} € M} 1
tamq(y Yi2)= s 2 4& y Vi
. s
(2.3.1.18)
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where t and u Mandelstam variables are substituted in jMj? by:

8 s
2 mf ot= > (1 tanh(y i)
> ,  Where ftanh(y vyp) T+ . (2.3.1.19)

S
my u:§(1+tanh(y Y12))

Intrinsic coordinates with pseudo-rapidity (pr; ; ):

8
% Pax = Pr COS
Pay = Pr Sin d— -
where Ez= m?+jpsj? =)
g p3z = pr Sinh
[ R
Ipsj = pr cosh

det @(P3x ; Pay: P3z)

l. .
=" , 2.3.1.20
@pr:; ) ipsjpr ( )
thus the Formula 2.3.1.16 becomes:
19) T
X M2
qanh = s 4pT
, i s
0 Lo 1 ,
- a X mi %c 4pt=s E(Z)d
32 25 - 2 2
T = = 1 h h
oo @ g 21 @ zi i vy,
2 4% 1 tanh®y,,
(2.3.1.21)

where t and u Mandelstam variables are substituted in jMj? by:
8 s
2 m? t= > (1 tanh )

S ,  Where 19 tanh q +1. (2.3.1.22)

m? u:§(1+ tanh )
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and where
: ) 1 tanh? tanh?y
2o tanh tanhy,+ 1 (1 2 Ty, 12
jg% cosh coshy,,(1 tanh? tanh?y,,) %0 when
( L
(Vi < 0~ tanh®y, 1 %) _ (y, %0 " tanh’ %%)
s . i
ﬁg% cosh coshy,,(1 tanh? tanh?y,,) 3/:0 e
( 1 —
' Yiz > 0 tanh?y, % 2~ tanh? 3A%

(2.3.1.23)

The above expressions correspond to the hard scattering parton collision cross sections. To obtain
the same cross sections relevant to the proton-proton collision, one can use the factorisation theorem
by applying the following expression:

Z Z,

d ppt X! 1t = . dx; pdfy, xi; 2 ) dxo pdfy, Xo; 2 d yx 1 (X1; %25 E) |, (2.3.1.24)

where we have indicated with X; and X, the two interacting partons of the two colliding protons pp,
hence X X, are ggor uu or dd. The contribution of other types of partons, asc, s, etc. at energies used
in LHC, experimentally seams irrelevant. pdfy  x;; 2 s the Parton Distribution Function (PDF) of
a parton X, x; is the fraction of the proton momentum passed to its relative parton X; and function
of the energy factorisation scale .

Here we present the di erential cross section distribution of some observables @r, ,y, ) of the
processesgg! tt and uu=dd ! tt at Epeam = 7000 GeV in SM only (i.e. with null Wilson
coe cients), in pp collision, using the available tools of Mathematica [22].

It is important to notice that for the application of the PDF a peculiar interface developed for Mathe
ematica has been used P3]. This tool was developed by NNPDF, a research group collaborating
with the aim of determining the proton structure and evaluating the PDF using modern arti cial
intelligence methods [24].

The values utilised to plot each di erential cross section are the same as used before in the CMF xed
frame: Appendix C. For the NNPDF interface, the "NNPDF23_lo_as_0130_ged_mem0" grid of value
is used.
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