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Abstract

Grand Unification Theories (GUTs) predict the unification of three of the fundamental
forces and are a possible extension of the Standard Model, some of them predict neu-
trino mass and baryon asymmetry. We consider a minimal non-supersymmetric SO(10)
GUT model that can reproduce the observed fermionic masses and mixing parameters
of the Standard Model. We calculate the scales of spontaneous symmetry breaking from
the GUT to the Standard Model gauge group using two-loop renormalisation group
equations. This procedure determines the proton decay rate and the scale of U(1)B−L

breaking, which generates cosmic strings, and the right-handed neutrino mass scales.
Consequently, the regions of parameter space where thermal leptogenesis is viable are
identified and correlated with the fermion masses and mixing, the neutrinoless double
beta decay rate, the proton decay rate, and the gravitational wave signal resulting from
the network of cosmic strings. We demonstrate that this framework, which can explain
the Standard Model fermion masses and mixing and the observed baryon asymmetry,
will be highly constrained by the next generation of gravitational wave detectors and
neutrino oscillation experiments which will also constrain the proton lifetime.





Sommario

Le teorie della grande unificazione, note anche come GUTs, predicono l’unificazione di tre
delle quattro forze fondamentali: debole, forte ed elettromagnetica. Le GUTs sono una
possibile estensione del modello Standard e predicono le masse dei neutrini e l’asimme-
tria materia-antimateria. Nel nostro lavoro abbiamo considerato una particolare GUT,
SO(10). In particolare abbiamo considerato un modello di SO(10) non-supersimmetrico
che può riprodurre correttamente le masse e gli angoli di mescolamento dei fermioni. Ab-
biamo calcolato le scale di energia in cui avvengono i meccanismi di rottura spontanea
della simmetria che rompono SO(10) nel gruppo di gauge del modello Standard usando
le equazioni del gruppo di rinormalizzazione a due loop. Questa procedura determina il
tasso di decadimento del protone e la scala di rottura del gruppo U(1)B−L, che genera un
network di stringhe cosmiche e che genera la massa dei neutrini sterili. Successivamen-
te abbiamo identificato le regioni dello spazio dei parametri liberi del modello in cui è
possibile predirre corretamente la simmetria materia-antimateria tramite leptogenesi, le
abbiamo confrontate con le masse e gli angoli di mescolamento dei fermioni, e abbiamo
studiato come possono essere testate con il doppio decadimento beta senza neutrini, con
il decadimento del protone e con un segnale di onde gravitazionali prodotto dal network
di stringhe cosmiche. Abbiamo dimostrato che questo framework che restituisce corret-
tamente le masse e gli angoli dei fermioni e l’asimmetria materia-antimateria può essere
ampiamente testato dai futuri esperimenti sui neutrini e sulle onde gravitazionali e che
ci daranno più informazioni sulla vita media del protone.
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Introduction

The Standard Model describes three of the fundamental forces: strong, weak, and elec-
tromagnetic. It is a gauge theory and its gauge group is SU(3)c × SU(2)L × U(1)Y . It
matches experimental results extremely well although it does not take into account some
phenomena such as neutrino masses, baryogenesis, and dark matter. Neutrinos were first
theorized by Wolfgang Pauli in 1930 and discovered around 20 years later, in 1956, by
Cowan and Reynes. In the beginning, neutrinos were assumed to be massless, this was
the situation in the ’60s when the foundations of the Standard Model were established.
Neutrino oscillations have been discovered by Super-Kamiokande [1] and SNO [2] in the
late ’90s: this implies that neutrinos have mass, even if it is very tiny.
The Standard Model does not account also for the baryon asymmetry.
All the astrophysical objects are made of matter and it has not been found any ob-
jects made of antimatter. The Universe is therefore asymmetric and the origin of this
asymmetry has not an established explanation yet. It is possible to produce such an
asymmetry also within the Standard Model even though it fails to predict a sufficient
amount of such an asymmetry to agree with experimental observation. One elegant
possible mechanism which explains such an asymmetry is leptogenesis [3]: the origin of
such an asymmetry is the decay of an heavy particle: a sterile neutrino. Another more
abstract problem of the Standard Model is represented by its theoretic foundations and
its apparent arbitrariness: there is no physical principle that motivates why the gauge
group SU(3) × SU(2)L × U(1)Y is what it is. Moreover, quarks and leptons are em-
bedded separately and this implies that there are many free parameters and we cannot
predict the values of the fermion masses. There is a need to address those fundamental
questions that make the Standard Model incomplete and find a more general theory of
the fundamental interactions.
One possibility is represented by Grand Unified Theories, usually called GUT.

The main motivation behind those models is the assumption of gauge coupling uni-
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fication [4]. One of the main predictions of quantum field theory is the running of the
coupling. If we study the running of the couplings of the Standard Model we can see that
they seem to run toward the same value. Therefore it makes sense to assume that there
has to be an extended gauge group with only one coupling which spontaneously breaks
down to the Standard Model at lower energies. A model with this feature is called GUT
and we are focusing on the model that has SO(10) as a gauge group.

It embeds many theories which are interesting on their own such as SU(5) [5], another
GUT theory, flipped SU(5)×U(1) [6, 7, 8, 9] and left-right symmetric models such as the
Pati-Salam model SU(4)c × SU(2)R × SU(2)L [10]. Such models embed the Standard
Model gauge group which becomes just an intermediate step towards a more general
theory based on the physical principle of the gauge couplings unification. The particular
path between SO(10) and the Standard Model group can happen in an arbitrary number
of intermediate steps in which one usually passes through one of the subgroups we have
stated above. SO(10) predicts also the existence of a new particle that does not interact
via Standard Model interactions with the other particles that we identify with the sterile
neutrino. The presence of this particle in the model allows for an explanation both of light
neutrino masses via the seesaw mechanism [11, 12, 13] and leptogenesis [14, 15, 16, 17].
The seesaw mechanism is a model which explains naturally why the neutrino mass is
so small requiring the existence of a heavy right-handed neutrino: the heavier the right
handed neutrino, the smaller the mass of light neutrinos. One of the most striking
features of SO(10) is that at energies greater than the unification scale all particles
cannot be distinguished by any type of interaction and the difference between leptons and
quarks emerges only after a spontaneous symmetry breaking of the Pati-Salam model.
This fact is particularly important because it allows us to predict also the values of the
fermion masses [18].

The main prediction of GUT theories and the only way in which it was possible to
verify them experimentally, until the discovery of gravitational waves, is proton decay.
The SO(10) heavy gauge bosons are the origin of baryon number violating interactions
which are the cause of the decaying of the proton. The order of magnitude of the proton
lifetime predicted by GUT is from 1030 yr to 1036 yr. The current bound is from Super-
K experiment [19] and it rules out some models but not SO(10). The next-generation
experiment Hyper-Kamiokande [20] will push this bound up to 1035 yr in case of a non-
observation. The discovery of gravitational waves provided a new tool to test SO(10)
and leptogenesis [21, 22]. In general when SO(10) is spontaneously broken down to the
Standard Model a variety of topological defects is produced during a phase transition
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between two intermediate states, when there is a U(1) cosmic strings are generated [23].
Unlike other kinds of topological defects cosmic strings evolve following a scaling solution
and their energy remains a constant fraction of the total energy of the universe. Such a
cosmic string network generates a Stochastic Gravitational Wave Background (SGWB)
which could be detected by next-generation gravitational wave experiments.

In Ref. [24] and in Ref. [25] it has been studied the possibility of testing SO(10)

using gravitational waves with a general discussion for all the breaking chains. This work
follows a companion article [26] in which we examine more carefully a particular breaking
chain consistent with the current Super-K bound on proton decay and we scan over
the parameter space of the theory to determine if it predicts correctly fermion masses.
Subsequently, we study the points in the parameter space we have found with such a scan
to determine if some of these points predict the correct amount of baryon asymmetry
via leptogenesis. In the end, we focus on how we can test such a model both with
proton decay from the observation of Hyper-K and with next-generation gravitational
wave experiments such as LISA [27]. In particular we concentrate on Pulsar Time Array
experiments such as NANOGrav [28], EPTA [29], IPTA [30] and PPTA[31] that may
have found a signal that could be interpreted as a SGWB and we study its consistence
with our model. An important point of our work is the link between the leptogenesis
scale and cosmic strings production that correspond to the U(1)B−L breaking scale, that
we call M1 and that can also be constrained by proton decay experiments. We explore
this interplay between different tests and predictions of our model, study its consistency
with present data, especially from PTA experiments, and discuss the possibility of next-
generation experiments to test this model.

The work is organized as follows: in Chapter 2 we give an introduction to Standard
Model and neutrino physics, in Chapter 3 we study some of the extensions of the Standard
Model in particular seesaw mechanism and left-right symmetric models, in Chapter 4 we
introduce SO(10) and present the results of the scan of the parameter space. In Chapter 5
we discuss leptogenesis and see how we can compute baryon asymmetry of the successful
points of the parameter space, in Chapter 6 we introduce cosmic strings, in Chapter 7
we discuss how to test SO(10) with gravitational waves and we demonstrate that the
regions of the model parameter space that yield successful leptogenesis and fermionic
masses and mixing will be associated to a GW signal. Finally, in 8 we summarize and
discuss our results.
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Standard Model, CP Violation and Neu-
trino Oscillations

The gauge theory group of the Standard Model is SU(3)c × SU(2)L × U(1)Y . At low
energy the symmetry is spontaneously broken via the Higgs mechanism [32] down to
SU(3)c × U(1)em. The Higgs mechanism gives mass to gauge bosons and to fermions
which otherwise could not have mass due to the impossibility of finding a gauge invariant
mass term [33, 34, 35]. It is a chiral theory and therefore its matter content is organized
in left and right handed spinors. In order for a species to have a mass it has to have
both right handed and left handed spinors in the Standard Model matter content. We
first introduce the basic features of the Standard Model group and its matter content,
then we are going to describe the charged and neutral interaction. After this we can
study the Higgs mechanism and see how gauge bosons and fermions can acquire mass.
At the end we are going to study neutrino oscillations that require an extension of the
Standard Model.

2.1 The Standard Model group

SU(3) describes strong interactions and it the gauge group of Quantum ChromoDynam-
ics. It is a non-abelian gauge theory and its Lie-Algebra is:

[Ti, Tj] = ϵijkTk. (2.1)

The bosons are embedded in the adjoint representation which for SU(N) has N2 − 1

elements. There are 8 QCD bosons which are called gluons. The covariant derivative is:

Dµ = ∂µ + ig3A
a
µT

a. (2.2)
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For a simple SU(2) model, instead, one can study the gauge bosons of the theory and
find that there are three bosons: A1

µ, A
2
µ, A

3
µ. We can organize them in two charged

bosons:

A1
µ + iA2

µ = Wµ
+, (2.3)

A1
µ − iA2

µ = Wµ
−, (2.4)

(2.5)

and Aµ
3 which is neutral and may be a photon candidate. Therefore the candidate

for being the charge operator in this model is Q ≡ T3. This is not what we observe
experimentally. We need to add an hypercharge operator associated to the U(1)Y group.
In this case the charge operator becomes:

Q = T3L +
Y

2
. (2.6)

With adding an abelian group we obtain four gauge bosons: A1, A2, A3 and B.
The covariant derivative can be written as

Dµ = ∂µ + igAaµT
a + ig′BµY. (2.7)

Those does not correspond to the physical bosons: indeed the physical bosons are ob-
tained after a rotation ∗:

A1
µ − iA2

µ√
2

= Wµ, (2.8)

Aµ = sin θωA
3
µ + cos θwBµ, (2.9)

Zµ = cos θωA
3
µ − sin θωBµ, (2.10)

where θW is the Weinberg mixing angle.
The Standard Model is a chiral theory and the matter content is organized in left

and right handed spinors. The matter content is:

LL ≡

(
eL
νL

)
, QL ≡

(
uirL
dirL

)
, (2.11)

eR, u
i
R, d

i
R, i = 1, 2, 3, (2.12)

∗Differently than strong interaction that can be studied by itself, weak and electromagnetic interac-
tion cannot because of this mixing.
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SU(3)c SU(2)L U(1)Y

LL 1 2 -1
QL 3 1 1

3

eR 1 1 −2
uR 3 1 −2

3

dR 3 1 1
3

Table 2.1: Quantum number for the Standard Model spinors.

where right handed spinors are singlets of SU(2)L, being in a trivial representation the
action of the generators is the following: T aψR = 0. Left handed spinors are, instead,
doublets of SU(2)L. For what regards strong interactions leptons are singlets of SU(3)c
while quarks are embedded in a SU(3)c triplet.

In Table 2.1 we can see the quantum numbers for all the three gauge groups of each
spinors.

2.2 Charged and neutral current interactions

We have described the matter content and the gauge structure of the Standard Model.
let us start writing the interaction lagrangian of the electroweak sector. We proceed
considering only the leptonic term since the procedure for quarks would be equivalent.
From the expression of the covariant derivative of Eq. 2.7 we find that the interaction
term can be written as

L = −1

2
LL

(
gA3

µ − g′B A1
µ + iA2

µ

A1
µ − iA2

µ gA3
µ − g′B A1

µ

)
γµLL + g′eRBµγ

µeR. (2.13)

We can rewrite the equation above using the physical gauge bosons. We find that A
carries the electromagnetic interactions, W the charged current interactions and Z the
neutral current interactions. The charged current lagrangian is

LCC = − g√
2
νLWµγ

µeL + h.c., (2.14)
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e±e±

γ

e±e±

Z

νe−

W

νν

Z

Figure 2.1: Feynman diagrams of the electroweak interactions of the lepton sector. In
the upper part of the figure on the right we have the vertex for the electromagnetic
interaction and on the right the vertex for the neutral current interaction. In the lower
part of the figure we have the vertices of the charged current interaction.

and we can notice how only left handed spinors interact trough such interaction. The
neutral current interaction is instead

LNC = −1

2
{νL [(g cosϑW + g′ sinϑW)Zµ + (g sinϑW − g′ cosϑW)Aµ] νL

− eL [(g cosϑW − g′ sinϑW)Zµ + (g sinϑW + g′ cosϑW)Aµ] γ
µeL

−2g′eR [− sinϑWZ + cosϑWA] eR}

(2.15)

The charged and the neutral interactions are short range interactions while the elec-
tromagnetic are long range interactions. Therefore, the only gauge boson that can be
massless is the photon while W and Z have to be massive. We cannot add a mass term
directly to the lagrangian since it wouldn’t preserve the gauge invariance but we need
another way to do that. The solution is the Higgs mechanism which we are going to
study in the next section.
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2.3 Higgs mechanism

The concept of symmetry breaking is particularly important in the Standard Model. A
symmetry can be broken simply by adding to the lagrangian a term which violates such
a symmetry. This is what would happen if we simply add a mass term for the gauge
bosons. It is possible to break a symmetry also in another way, with the spontaneous
symmetry breaking. In general when one says that a theory has a symmetry one assumes
implicitly that also the vacuum state of the theory is invariant under that symmetry. If
the vacuum is not invariant we have the so-called spontaneous symmetry breaking: at
low energies the system is in the vacuum state and the symmetry seems broken but at
higher energies the symmetry is reestablished. A symmetry with such properties can be
called also hidden symmetry. The spontaneous symmetry breaking of a gauge theory
is called Higgs mechanism and in this way we can give a mass to the vector bosons
preserving gauge invariance. In this way we obtain the following breaking:

SU(3)c × SU(2)L × U(1)Y → SU(3)c × U(1)em (2.16)

In the next chapters we are going to extend the Standard Model gauge group using
a GUT model and then recovering it at low energies via the spontaneous symmetry
breaking. This happen in the same way as it will describe it in this section, altough, due
to the complexity of dealing with bigger groups, there will be more possibilities in how
to break the symmetries and choosing the right Higgs will not be so trivial as for the
electroweak breaking.

L → L′ = L |0⟩ → |0′⟩ = |0⟩ Exact symmetry
L → L′ = L |0⟩ → |0′⟩ ≠ |0⟩ Hidden symmetry (SSB)
L → L′ ̸= L |0⟩ → |0′⟩ ≠ |0⟩ Broken symmetry

SU(2)L ×U(1)Y → U(1)em breaking

let us add to the matter content a scalar doublet of SU(2),

Φ =

(
Φ+

Φ0

)
. (2.17)

We need always to consider the most general langrangian consistent with the matter
content and the gauge group, therefore the Standard Model lagrangian becomes

LSM = Lgauge + LHiggs + LY, (2.18)
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where the first one contains the kinetic and the interaction terms of fermions and gauge
bosons, LY contains the Yukawa couplingg between the Higgs and the fermions and

LHiggs = −(DµΦ)
†(DµΦ)− V(Φ) (2.19)

with
V (Φ) = −µ

2

2
Φ†Φ +

λ

4

(
Φ†Φ

)2
. (2.20)

The minimum of the potential now is not zero but

Φ†
0Φ0 ≡

v2

2
=

√
−µ2

λ
(2.21)

We choose as a vacuum configuration that correspond to a minimum of the potential

Φ0 =

(
0

v

)
. (2.22)

In this case one says that the Higgs takes a Vacuum Expectation Value (VEV). Indeed
this breaks SU(2)L × U(1)Y symmetry:

T1Φ0 ̸= 0, T2Φ0 ̸= 0,

T3Φ0 ̸= 0, Y Φ0 ̸= 0, (2.23)

leaving unbroken the following generator:

T3 +
Y

2
Φ0 = 0. (2.24)

This assures the existence of the massless photon at low energies. This is indeed the
charge operator which is conserved by the vacuum. Therefore the vacuum is invariant
under

eiα(x)QΦ0 = Φ0, (2.25)

thus the only gauge group that remains is U(1)em as we wanted.

Gauge bosons masses

We can develop Φ around its VEV, in the unitary gauge we have:

Φ(x) =

(
0

v +H(x)

)
. (2.26)
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The action of the covariant derivative on the Higgs doublet is [36]

DµΦ(x) =
1√
2

(
0

∂µH

)
− i

2
√
2

(
gA3

µ + g′Bµ gA1
µ − igA2

µ

gA1
µ + igA2

µ −gA3
µ + g′Bµ

)(
0

v +H.

)
(2.27)

By plugging it in the kinetic term in LHiggs and rewriting everything in terms of the
physical gauge bosons we obtain

− (DµΦ)
† (DµΦ) =− 1

2
∂µH∂

µH − 1

8
(v +H)2g2W †

µW
µ

− 1

8
(v +H)2

(
g2 + g′2

)
ZµZ

µ.
(2.28)

Therefore when the Higgs gets a VEV different than zero W and Z bosons acquire a
mass while the photon remain massless just as we wanted. The mass of the gauge bosons
are proportional to the VEV and to the coupling of the bosons with the Higgs:

mW =
gv

2
, mZ =

√
g2 + g′2

2
v. (2.29)

let us plug Eq. 2.26 in the potential V , we get

V = λv2H2 + λvH3 +
λ

4
H4 (2.30)

The Higgs then obtain a mass proportional to the self-interaction coupling:

mH =
√
λv. (2.31)

In the next section we are studying the Yukawa part of the Standard Model lagrangian.

2.4 Fermion masses and mixing

let us consider the Yukawa lagrangian

LY = YuQ Φ̃uR + YdQΦ dR + YeLΦ eR + h.c., (2.32)

where Φ̃ = iσ2Φ
∗ has been used in order to make up quark term gauge invariant. Devel-

oping Φ around its VEV as we have done in the last section we obtain the fermion Dirac
mass terms:

LY = vYuuLuR + vYddRdL + vYeeReL + h.c.. (2.33)

The masses are proportional to the Yukawa couplings which are free parameters in the
Standard Model.
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Flavour mixing

So far we have explored the basic features of Standard Model considering only one flavour
generation. let us extend the discussion to all of the three flavours. In this case the
Yukawa coupling are 3× 3 matrices Yαβ. In general those matrices are not diagonal and
the fermions states we have considered so far have not definite mass. We are still using
the notation of the last section, but for u and d we mean u = (u, c, t) and d = (d, s, b).
We can start from a basis in which Ye is diagonal while Yu and Yd are not. In this case
we can rewrite Eq. 2.32 as:

LY = Y
′
u
αβQ

′
L Φ̃u

′
R + Y ′

dαβQ
′
LΦ d

′
R + YeLΦ eR + h.c., (2.34)

where we have called the flavour quark basis as {Q′
L, u

′
R, u

′
L}.

let us diagonalize the Yukawa matrices:

Yu = Yuαδαβ = V U
L

†
Y ′
uV

U
R , (2.35)

Yu = Ydαδαβ = V D
L

†
Y ′
dV

D
R . (2.36)

We can now switch to the mass basis:

uL = V U
L

†
u′L, dL = V D

L

†
dL,

′ (2.37)

uR = V U
R

†
u′R, dR = V D

R

†
d′R. (2.38)

The main physical consequence of the fact that flavour and mass basis are different is
that quarks interactions mix flavour. let us write the charged current Lagrangian in the
flavour basis and then rotate in the physical basis:

LCC = g√
2
u′Lγ

µd′LWµ + h.c. (2.39)

= g√
2
uLV

U
L

†
V D
L γ

µWµ + h.c.. (2.40)

The matrix V U
L

†
V D
L ≡ VCKM is the Cabibbo-Kobayashi-Maskawa (CKM) matrix [37] and

it is the mixing matrix for the quark sector.

VCKM =

 Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb

 (2.41)

In general a N×N unitary matrix can be parameterized with N(N−1)/2 mixing angles
and N(N+1)/2 phases. Not all the phases are physical tough, since they can be removed
with a global U(1) transformation:

uL → eiαUuL, uR → eiαDdL. (2.42)
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One can reparameterize Eq. 2.40 for each color and each flavour, expliciting all the
phases and find that there remains only one physical phase. We can understand that
also noticing that reparameterizing all six spinors present in the charged current with the
same phase does not change Eq. 2.40 and then only 5 of the 6 phases can be removed.
Therefore VCKM can be parameterized using three mixing angles {θ12, θ13, θ23} and one
phase δq.

VCKM =

 c̃12c̃13 s̃12c̃13 s̃13e
−iδq

−s̃12c̃23 − c̃12s̃13s̃23eiδq c̃12c̃23 − s̃12s̃13s̃23eiδq c̃13s̃23
s̃12s̃23 − c̃12s̃13c̃23eiδq −c̃12s̃23 − s̃12s̃13c̃23eiδq c̃13c̃23

 , (2.43)

where s̃ij = sin θqij, c̃ij = cos θqij.

CP Violation

In the next chapters the presence of CP violation will be crucial to try to explain matter-
antimatter asymmetry. let us derive the conditions that determine whether VCKM violates
CP or not. We are following Ref. [38]. let us start from noticing that uL and dL transform
under CP tranformation as:

uL
CP−→ −uTLC−1γ0D†

(
ξ⃗U

)
, dL

CP−→ D
(
ξ⃗D

)
γ0CdL

T
, (2.44)

where D†
(
ξ⃗U

)
= diag

(
eiξu , eiξc , eiξt

)
and D

(
ξ⃗D

)
= diag

(
eiξd , eiξs , eiξb

)
are unspecified

CP phases.
The charged current jµW,Q = 2uLVCKMγ

µdL transforms then as:

jµW,Q
CP−→ −2dLD

(
ξ⃗D

)
V T
CKMD

†
(
ξ⃗U

)
γµuL. (2.45)

The gauge boson W transforms instead as:

Wµ
CP−→ eiξWW µ†. (2.46)

Then the transformed charged current lagrangian jµW,QWµ takes the same form of its
hermitean conjugate. Then we do not have CP Violation if:

jµW,QWµ
CP−→
(
jµW,QWµ

)†
. (2.47)

This implies:
VCKM = V ∗

CKM. (2.48)
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Therefore if the CP phase δq is different from 0, 2π, ... then we have CP violation. Such
violation has indeed been measured for B and K decays [39, 40]. We can proceed in a
similar way for finding the CP-invariance condition on the Yukawa interactions. After
some algebra one still find that Yukawa interaction are CP-invariant if VCKM = V ∗

CKM.

2.5 Mixing and CP violation in the lepton sector

In the lepton sector being the neutrino massless there is no need to adding a mixing
matrix and we can simply assume Ye to be diagonal. This changes if we add to the
particle content of the Standard Model νR and therefore adding an extra Yukawa term
in the lagrangian that becomes

LY = YuQ Φ̃uR + YdQΦ dR + YeLΦ eR + h.c.+ YDLLΦ̃νR. (2.49)

This implies adding a mass term for the neutrino. In such a case we have again two
different basis the flavour basis {e′, ν ′} and the mass basis {e, ν}. We can consider again
the charged current interaction between massive eigenstates and we find:

LCC = − g√
2
U∗
PMNSνLγ

µLLWµ. (2.50)

The Pontecorvo-Maki-Nakagawa-Sakata matrix [41] has the same structure and therefore
it has the same free parameters, 3 mixing angles and 1 phases. In some model we are
going to see that νR is a majorana neutrino and therefore is not invariant under global
transformations. In such a case there will be three physical phases.

Neutrino Flavour Oscillation

The main physical consequence of the existence of νR is that there is mixing also in the
lepton sector and neutrinos, when propagating in vacuum or trough matter, may change
flavor. As we have seen, neutrinos interact with other particles through charge current
and neutral current interactions and when they are produced, for example with cosmic
rays, supernovae, or in the Sun, they are in a flavour eigenstate. If the neutrino are
massive, the mass eigenstates basis can be different from the flavour basis and therefore
we can write:

|νµ⟩ =
∑
i

U∗
µi|νi⟩. (2.51)
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Figure 2.2: Results from the global fit for neutrino oscillations on the values of θ12, θ13,
∆m2

21 and ∆m2
32. Pictures taken from [42].

Neutrino travels from the source to the detector as massive eigenstates and therefore in
general one can expect that at the detector neutrinos may have changed flavour, in this
case we say that there has been an oscillation. The oscillation probability is:

P (να → νβ) =

∣∣∣∣∣∑
i

U∗
α1Uβ1e

−i∗∆m2
i1

2E
L

∣∣∣∣∣ . (2.52)

In Eq. 2.52, Uα1 is the PMNS mixing matrix and ∆m2
ij is the square of the mass difference

between the i-th massive eigenstate and the lightest neutrino. Indeed these oscillations
has been observed by Super-K [43], SNO [44], MINOS[45], T2K [46], KamLAND [47],
NoVA [48] and other experiments: neutrinos have a mass.
We still do not know the absolute value of the masses which is being searched for by
experiments such as KATRIN [49]. Since we only know the squared difference between
masses from we can say that there are at least three massive neutrinos but we still do
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not have determine the mass ordering. There are two possibilities:

• In the normal ordering (NO) it is assumed m1 < m2 < m3 and therefore we have

m2 =
√
m2

1 +∆m2
21, m3 =

√
m2

1 +∆m2
13. (2.53)

In such case the current results with a 1σ range in the neutrino sector are, consid-
ering the atmospheric data of Super-K [42]:

θ◦12 = 33.44+0.77
−0.74, θ◦13 = 8.57+0.13

−0.12, (2.54)
∆m2

21

10− 5
eV2 = 7.42+0.21

−0.20,
∆m2

23

10−3
eV2 = 2.515+0.02

−0.028, (2.55)

in this region θ23 is constrained to be in the second octant 45◦ < θ◦23 < 90◦. Without
considering Super-K data we have:

θ◦12 = 33.45+0.77
−0.75, θ◦13 = 8.62+0.12

−0.12, (2.56)
∆m2

21

10−5
eV2 = 7.42+0.21

−0.20,
∆m2

23

10−3
eV2 = 2.510+0.027

−0.027, (2.57)

in this region θ23 is constrained to be in the first octant 0◦ < θ◦23 < 45◦.

• In the inverse ordering (IO) instead it is assumed m3 < m1 < m2.

The current values of θ23 and δ have still big uncertainties and it makes more sense to give
only the 3σ interval. The difference betweeen considering or not Super-K atmospheric
data is particularly significant. In the first case we have

θ23 = (39.7, 50.9), δ = (144, 350), (2.58)

while in the second case

θ23 = (39.5, 52.0), δ = (105, 405). (2.59)

In the scan of the next chapter due to such big uncertainties we are going to treat this
observables as predictions of our model and we will not use them in the fit.
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Neutrino masses, See-Saw Model and
Left-Right Symmetry

Neutrino masses are one of main problems in particle physics: how to extend Standard
Model in order to explain neutrino masses? One of the main candidates is the seesaw
model: one needs to add to the Standard Model an heavy right handed neutrino and
it explain naturally the tiny mass of the left handed neutrino. In this chapter we are
going to introduce the seesaw model and see how it can be embedded in some left-right
symmetric extension of the Standard Model.

3.1 Adding Neutrino Masses into the Standard Model

One of the problems of the Standard Model is that it is incomplete: it does not explain
neutrino masses. We are going to see some of the extensions of the Standard Model which
explain neutrino masses, in particular we are going to introduce the See-Saw mechanism
and left-right symmetric model.

Dirac and majorana Mass

The simplest possibility is to add a right-handed neutrino νR and a Dirac mass term in
the same way as one does for electrons. Considering only one flavour one has:

Lleptons = YeeLeR + YννLνR + h.c. (3.1)

The main drawback of this procedure is the enormous amount of fine tuning required to
be consistent with the upper bound on neutrino masses:

∑
mν ≲ 0.26 eV (95%CL) [50].
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Assuming that the mass of the lightest neutrino is around 10−2eV this implies

Y ν

Ye
∼ 10−8. (3.2)

Instead of adding a right-handed neutrino we could generate a majorana mass for the
left-handed neutrino. In this case the Lagrangian is

Lleptons = YeeLeR +mLν
T
LC

−1ν∗L + h.c.. (3.3)

The main problem of this approach is that a majorana mass term is not gauge invariant
and cannot be embedded in the Standard Model. In order to do that we need to introduce
the Weinberg operator.

3.2 Weinberg Operator

νLνL

HH

Figure 3.1: Feynman diagram for the Weinberg operator.

Since we are interested in a chiral gauge invariant mass term , let us study the
combinations of the lepton and Higgs doublet which are singlet of SU(2). We have

lL =

(
νL
eL

)
, Φ =

(
0

H

)
. (3.4)

We are interested in terms that contains νL and so we use Φ̃ = iσ2Φ.
An invariant term is lTLΦ̃. With this element we can build a 5 dimensional operator
which allow us to embed the neutrino Maiorana mass once the Higgs gets a VEV. This
operator is the Weinberg operator [51] :

LW =

(
lTLiσ2Φ

)
C
(
ΦT iσ2lL

)
ΛW

(3.5)

In this case the theory is not renormalizable anymore and we have what is called an
effective field theory. The presence of such an operator implies that this theory works
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properly only at low energies and it is a hint of a new physics at the scale ΛW . If one
wants to study the system at higher scale one has to find an UV complexion, that is a
new model with more degrees of freedom which is renormalizable. At low energy one
can integrate out this degrees of freedom and come back to the original effective theory.
In general working using effective field theories is very powerful because one can obtain
results which hold for every possible model chosen as UV complexion. We shall return
later to the concept of effective theories in when we will discuss the proton decay. Other
than simply embed into the Standard Model a gauge invariant neutrino mass term, the
most important feature of the Weinberg operator is that it explains naturally the tinyness
of the neutrino mass. Indeed when the Higgs gets a VEV one has

mν =
mLv

2

ΛW
, (3.6)

and considering mL ∼ O (1) we obtain approximately Λ ∼ 1014 GeV, this is the scale of
a possible UV complexion.

3.3 See-Saw Model

One of the possible UV complexion is the See-Saw model: it is natural to embed it in
GUT theories and gives a natural explanation of why neutrino mass is so small. As
we have seen, in order to find an UV complexion we need to introduce new degrees of
freedom at the Weinberg scale. The simplest possibility is to introduce a fermion that
does not interact with other particles via Standard Model Interaction, it is called heavy
right-handed neutrino (RHN). In this case we have the so-called See-Saw Type I. Another
possibility is to add an Higgs triplet that led to the so-called See-Saw Type II. We are
going to give a brief summary ot this two mechanism that later will be embedded in an
SO(10) model.

See-Saw Type I

As we have seen in the earlier sections one needs to introduce a right-handed neutrino
νR in order to explain neutrino mass. let us start from the Maiorana+Dirac mass model
for neutrinos in which we insert in the Lagrangian a Dirac mass term and a Maiorana
mass term for the right handed neutrino:

L = mDνLnuR +MRν
T
RCνR + h.c.. (3.7)
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νL

H H

νL
NL

Figure 3.2: Feynman diagram for the type I See-Saw Model. We can see how integrating
out N one can recover the Weinberg operator

The new degrees of freedom of our model is the majorana fermion N = N c
L+NL defined

as
N c
L ≡ νR. (3.8)

let us rewrite Eq. 3.7 in terms of this new particle. First, we have to notice that

NT
L CNL =

(
CνRT

)T C (CνRT ) = ν†RCν
∗
R, (3.9)

NLCνL =
(
CνRT

)
CνL = νRνL. (3.10)

With the help of equation Eq. 3.10 we obtain:

L = mDN
T
L CνL +

1

2
NT
L CNL + h.c., (3.11)

where we have M∗
R ≡MN .

Then, plugging νL in the SU(2) doublet, inserting the Higgs we obtain and considering
all flavours we obtain

LseesawI = iNi ̸ ∂Ni − YαilaΦ̃Ni −
1

2
MiN c

iNi. (3.12)

Looking at Fig. 3.2, we can notice how integrating out N we reobtain the Weinberg
operator at low energy. If we consider the second term in the right hand side we can see
how N interact with leptons and the Higgs boson.
∗ In particular from this term is easy to notice the link between leptogenesis and neutrino
masses. Indeed succesfull leptogenesis put some constraints on heavy and light neutrino
masses. let us now compute the light neutrino mass. let us now call the light neutrinos
ν and the heavy neutrino N , we can rewriting the lagrangian using a non diagonal mass
matrix:

MνN =

(
0 mT

D

mD MN

)
, (3.13)

∗The process N → Φl is of fundamental important for leptogenesis, as we shall see in the next section.
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We can rotate the system to the mass eigenstate basis with the matrix U that diag-
onalize MνN and in doing so we find the diagonal neutrino mass matrix

mdiag = UTMνNU =

(
mν 0

0 MN

)
. (3.14)

Since N is at the Weinberg scale it is reasonable to assume: mD ≪ MN . With this
assumption an ansatz for U is the following:

U =

(
1 θ†

−θ 1

)
, (3.15)

UU † ∼ 1 +O
(
θ†θ
)
. (3.16)

With imposing mdiag to be diagonal we find the following condition for θ:

mT
D − θTMN = 0. (3.17)

This implies:
mν = −θTmD = −mT

DM
−1
N mD. (3.18)

This is the celebrated neutrino mass formula predicted by the See-Saw mechanism. It
is clear how the existence of an heavy neutrino automatically implies the fact that left-
handed neutrino should be light.

See-Saw Type II

Another possibility for adding new degrees of freedom to the Weinberg theory that also
appears in some breaking chain of SO(10) is an Higgs triplet ∆L that couples with νL
[52, 53]. In this case the lagrangian is

LssII = (Y∆)αβ l
c
α∆Llβ + h.c.. (3.19)

As we shall see later this type of see-saw emerges in left-right symmetric models and the
VEV for the Higgs is

νL ∼
µv2

M2
∆

. (3.20)

Again, it is natural to assume v ≪ M∆ and then this explain the bounds on neutrino
mass. In general one uses a See-Saw I+ II in which we take account for both the
contributions and in this case we find the light neutrino mass to be

mν = Y∆vL −mT
DM

−1
N mD. (3.21)
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νL νL

∆L∆L

∆L

Figure 3.3: Feynman diagram for the type II See-Saw Model.

3.4 Left-Right symmetry

The minimal model that is able to predict the see-saw model is a model with left-right
symmetry [54]. Today is well known that parity is violated and for this reason we need
to distinguish between left and right spinors: only left handed spinors interacts with
W and Z bosons. In this model one assume that this symmetry is broken only at
lower energies while at higher energies left-right symmetry is reestablished. This implies
automatically the existence of the right handed neutrino and it explain light neutrino
masses trough the see-saw mechanism. This model is a good introduction for some of
the basic concepts of SO(10), since some of the intermediate steps in its breaking down
to the Standard Model are left-right symmetric. One crucial feature that we will start
studying in this section is the U(1)B−L breaking, fundamental for neutrino masses and
gravitational waves production.

Matter Content

In the extension of the electroweak sector the gauge group is

SU(2)L × SU(2)R × U(1)X × ZC
2 . (3.22)

The matter content of this group for one flavour is(
eL
νL

)
,

(
uiL
diL

)
↔

(
eR
νR

)
,

(
uiR
diR

)
, i = 1, 2, 3. (3.23)

The symmetry between left and right spinors is induced by charge conjugation:

lcL = lR. (3.24)

The existence of the right-handed neutrino now is automatically implied by the assump-
tion of the symmetry between left and right handed spinors.
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Electric charge and hypercharge

Similarly to what we did for the Standard Model SU(2)L × U(1)Y group the ansatz for
the charge operator in SU(2)L × SU(2)R × U(1)X × ZC

2 is [55]

Q = T3L + T3R +
X

2
(3.25)

Now imposing the known charges of the particle content of the theory one can find the
hypercharge X of each particle. For example:

QuR =
2

3
uR = 1/2uR +

X

2
⇒ XuR =

1

3
uR, (3.26)

QdL =
−1
3
dL = −1/2dL +

X

2
⇒ XdL =

1

3
dL, (3.27)

QeR = −eR = −1/2eR +
X

2
⇒ XeR = −eR, (3.28)

QνR = 0 = 1/2νR +
X

2
⇒ XνR = −νR. (3.29)

From Eq. 3.29 we can see how in fact X = B − L in this model [56]. At this point we
can already see an hint of how this model is linked to the generation of neutrino mass.
Indeed, generating a majorana term for neutrinos implies breaking lepton number and
therefore B − L, so we expect that the scale of the heavy majorana mass correspond to
the B − L breaking. †

This happens in the same way of SO(10), being this model just an intermediate step of
the breaking of SO(10) down to GSM .
We could have done the inverse process instead: in the extended Standard Model, B
and L are accidental global symmetry. Assuming left-right symmetry we can verify how
B − L is free from anomalies and then we can gauge this group building the model we
are currently studying.

L-R breaking

Let us show how we can break a left-right symmetric model down to the Standard Model
and let us see how the seesaw type mechanism emerges.
Let us first study the SU(2)L×SU(2)R×U(1)B−L → GSM process. We need to introduce

†The breaking of this U(1) gauge group predicts the existence of cosmic strings as we shall see later
and thus the string tension scale is linked to the mass of the heavy neutrinos.
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two Higgses which are generic multiplets of SU(2) that we will call χL and χR. The Higgs
potential is:

V = −µ
2

2

(
χ2
L + χ2

R

)
+
λ

4

(
χ2
L + χ2

R

)2
+
λ′ − λ

2
χ2
Lχ

2
R. (3.30)

If we minimize the potential we see that there can be different situation depending on
the sign of λ′ − λ. The physically allowed case is λ′ > λ. This implies:

⟨χ2
L⟩⟨χ2

R⟩ = 0⇒ ⟨χ2
L⟩ = 0, ⟨χ2

R⟩ = vR ̸= 0. (3.31)

If we look at the Yukawa terms in this Lagrangian we do not want standard particles to
acquire a further mass term proportional to vr while we expect that new particles pre-
dicted by this model have mass proportional to the breaking scale. The best candidates
for left and right χ are then SU(2) triplets that we call ∆L = (1, 3, 2) and ∆R = (3, 1, 2)

[57]. The decomposition under charge eigenstates of the triplets is

∆R =

(
∆+

2
∆++

∆0 −∆+

2

)
, (3.32)

and one can prove that [54]

⟨∆R⟩ =

(
0 0

vR 0

)
. (3.33)

The Yukawa part of the Lagrangian before of the SSB that is responsible for the fermion
masses is:

LY = Y∆
(
lTRCiσ2∆RlR

)
+ (L↔ R) . (3.34)

We can see how when ∆R gets a vev νR acquire a Maiorana mass.

Accidental VEV and Type I+II See-Saw

Until now we have supposed that ⟨∆L⟩ = 0.
Instead, we are going to prove that it is different than zero, even if remains very small
and can be neglected at the parity breaking scale. Before GSM breaking the most general
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potential for the Higgs triplets is [54]

V (∆L,∆R) =− µ2Tr
(
∆†
L∆L +∆†

R∆R

)
+ ρ1

[(
Tr
(
∆†
L∆L

))2
+
(
Tr
(
∆†
R∆R

))2]
+ ρ2

[
Tr
(
∆†
L∆L∆

†
L∆L

)
+ Tr

(
∆†
R∆R∆

†
R∆R

)]
+ ρ3

[
Tr
(
∆†
L∆L

)
Tr
(
∆†
R∆R

)]
+ ρ4

[
Tr
(
∆†
L∆

†
L

)
Tr (∆L∆L) +Tr

(
∆†
R∆

†
R

)
Tr (∆R∆R)

]
,

(3.35)

and when the Higgs gets a VEV it can be reconduced to Eq. 3.30. Now we need a
further Higgs to break GSM : Φ = (2, 2, 0). In the Yukawa part of the Lagrangian there
are going to be terms such as:

LY = YΦlRΦlL + h.c., (3.36)

and this implies that Φ has to be a bi-doublet, so that it transforms as:

Φ→ Φ′ = ULΦU †
R. (3.37)

The decomposition of Φ is:

Φ =

(
ϕ0
1 ϕ+

2

ϕ−
1 −ϕ0

2

)
. (3.38)

One can prove that when Φ gets a VEV it becomes:

Φ =

(
v1 0

0 v2

)
s.t. v21 + v22 = v2, (3.39)

and that it breaks GSM down to U(1)em.
Coming back to the fact that ⟨∆L⟩ ̸= 0 we need to consider the interaction potential
between Φ and ∆.
We simply have to consider one term of this potential:

V (Φ,∆L,∆R) = αTr
(
∆†
LΦ∆RΦ

†
)
. (3.40)

let us call ⟨∆L⟩ ≡ vL and let us point out that until now we have assumed vL = 0.
We can see tough, that if we add to Eq. 3.35 the interaction term above and if we then
derive with respect to vL imposing the minimum condition, that vL cannot be equal to
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zero.
Instead we obtain:

vL ∼
αv2WvR
m2

∆L

∼ αM2
W

MR

. (3.41)

Now we can write the final Yukawa terms of the Lagrangian and find

LY = YΦlRΦlL + Y∆
(
lTRCiσ2∆RlR + lTLCiσ2∆LlL

)
+ h.c.. (3.42)

When all the Higgs bosons get a vev one can show repeating the steps of the earlier
section we can see how the Type I+II seesaw is embedded in a left-right symmetric
model.

3.5 SU(4)C × SU(2)L × SU(2)R: the Pati-Salam model

So far we have studied the gauge structure of the electroweak sector: since we were
interested in finding a model for neutrino masses we were interested only in leptons,
SU(3) singlets, and we didn’t worry about QCD. Now we will start building a model for
Grand Unification ‡ and therefore we need to take account also for SU(3) and add it to
our left-right gauge group.
We can start with the following model: SU(3)C × SU(2)R × SU(2)R × U(1)B−L. A
further step forward to unification was made by Pati and Salam [10]: they treated
leptons,singlet of SU(3), as a fourth colour and and used SU(4) to describe together
leptons and quarks. Adding the electroweak sector we obtain the Pati-Salam model
(PS): SU(4)× SU(2)R × SU(2)L.
We organize the right.-handed spinors in this way:((

eR
νR

)
,

(
u1R
d1R

)(
u2R
d2R

)(
u3R
d3R

))
, (3.43)

and the same hold for left spinors.
The breaking of PS model down to Standard Model happen in two steps, first SU(4)→
SU(3)× U(1)B−L and then left-right symmetry breaking.

‡To be precise this is not a proper example of GUT theories since the gauge group is not simple
and therefore there are different couplings for different interactions and we do not reach gauge coupling
unification
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Fermion masses

Te main feature of this model is that it embeds in the same representation quarks and
leptons, allowing for the possibility of predicting fermion masses. This is the main
feature of PS model which we shall find also in SO(10). Here we start studying the
prediction of the ratio between lepton and quarks masses for two Higgs bosons: (1, 2, 2)
and (15, 2, 2). As we shall see in the next section this bosons appear in the breaking of
some SO(10) Higgs responsible for the fermion masses. It is convenient to study already
the predictions of this Higgs, in this way later we can concentrate more on the group
structure of the Higgs without worrying about the details of the computation. let us
first study the following term:

L = Y1lRΦ1lL (3.44)

in which Φ1 is a bi-doublet and an adjoint representation of SU(4): 15. Being a linear
combination of SU(4) generators, 15 has to be traceless. Upon a normalization constant
it can be written as

15 =


1
3

0 0 0

0 1
3

0 0

0 0 1
3

0

0 0 0 −1

 . (3.45)

Let us embed 15 in the bidoublet structure and let Φ1 take a VEV, we obtain

Φ1 =

(
V 0

0 V †

)
(3.46)

where:

V =



1
3

0 0 0 0 0 0 0

0 1
3

0 0 0 0 0 0

0 0 1
3

0 0 0 0 0

0 0 0 1
3

0 0 0 0

0 0 0 0 1
3

0 0 0

0 0 0 0 0 1
3

0 0

0 0 0 0 0 0 −1 0

0 0 0 0 0 0 0 −1


. (3.47)

If we plug this expression in the Lagrangian it is easy to prove that mquarks =
1
3
mleptons.

Another possibility that we will see in the next section is using Φ2 = (1, 2, 2). Since this
is a singlet of SU(4) it does not distinguish between quarks and leptons so we obtain
simply: mquarks = mleptons.
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SO(10): The general framework

The framework of our model is SO(10). SO(10) is one of the promising models that
aim to extend the Standard Model and in particular embeds left-right symmetric models
and the seesaw mechanism. There are different possibilities for breaking SO(10) down
to the Standard Model, each one of these is called a breaking chain. We will discuss in
this chapter the group theory of SO(10), how we can achieve gauge couplings unification
and then we will focus on a particular breaking chain. Finally we will study the Yukawa
sector of such a breaking chain and scan the parameter space in order to predict fermion
masses.

4.1 Spinorial representation of SO(10)

The representations of SO(10) can be single valued, the usual vector representation, or
double valued, the so-called spinorial representation. In this section we are going to build
the spinors structure of SO(10) proceedings in a similar way as one do for the Lorentz
group. SO(10) with a spinorial structure is called Spin(10) but we will keep mentioning
it as SO(10). Let us start more generally with SO(2n). It can be proved that states that
there exists 2n × 2n matrices Γi with i = 1, 2, ..., 2n that satisfies the so-called Clifford
algebra:

{Γi,Γj} =
1

2i
δij. (4.1)

Starting with n = 1 we see that we just need to have

Γ
(1)
1 = σ1, Γ

(1)
2 = σ2. (4.2)
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Proceeding by induction following Ref. [?]we obtain the matrices at n + 1 from the
matrices at n following the rule below:

Γ
(n+1)
i =

(
Γ
(n)
i 0

0 −Γ(n)
i

)
, (4.3)

Γ
(n+1)
2n+1 =

(
0 1n×n

1n×n 0

)
, (4.4)

Γ
(n+1)
2n+2 =

(
0 −in×n

in×n 0

)
. (4.5)

Let us now introduce a new set of matrices Σij = 1
2
i[Γi,Γj] which are generators of

the 2n-dimensional representation of SO(2n). Calling R (ω) the fundamental single
valued representation, i.e. a 2n-dimensional rotation, and U (ω) = eiωijΣij the unitary
representation one can prove that Γi transforms respectively as:

Γi → Γ′
j = RjiΓi, (4.6)

Γi → Γ′
i = U †ΓiU. (4.7)

let us now introduce ψ: a 2n-dimensional vector that transform as

ψ → ψ′ = Uψ. (4.8)

This object is called spinor. The unitary representation U we have seen so far is not
irreducible. Indeed we can find a matrix that commutes with al the Γi and therefore
with all the generators Σij. This matrix is defined as

Γ
(n)
FIVE = (−i)n Γ1Γ2...Γ2n. (4.9)

Therefore we can split the spinor in chiral components that transform according to the
unitary irreducible representation

ψ =

(
ψ+

ψ−

)
. (4.10)

Starting from the original spinor we obtain this chiral components using the so-called
projectors, which are built from ΓFIV E

∗.

P+ψ = (1+ ΓFIV E)ψ = ψ+, (4.11)
∗This is why we are considering SO(2n) and not SO(2n + 1). Indeed, in such types of models we

would not have any ΓFIV E and therefore no chirality.
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P−ψ = (1− ΓFIV E)ψ = ψ−. (4.12)

Continuing the analogy with the Lorentz group let us introduce the charge conjugation
operator. In the last section we have seen that a chiral mass term is of the type ψTCψ
and C = iσ2 makes the term Lorentz invariant. The charge operator B in SO(2n) has
the same role. From simple computations one sees that it need to satisfies:

B−1ΣT
ijB = −Σij. (4.13)

After introducing this operator we can notice that there is a big difference between
models with odd n and models with even n. In the former models B maps ψ+ into ψ+

and ψ− into ψ− and therefore one can build a model using only ψ+. In theories with
even n instead, this type of terms mix ψ+ with ψ− and therefore one cannot build chiral
models. †

Ket Notation and SO(10)→ SO(6)× SO(4)
We can rewrite in a more compact way Eq. 4.5 using cross product, for example we have

Γ
(n+1)
i = Γ

(n)
i × σ3, (4.14)

and then we can look at γ matrices for a certain n as an iterate cross product of σ
matrices. Similarly we can also express the conjugation operator B in this notation.
Starting from SU(2) invariance where C = iσ2 we obtain for SO(2n)

B = iσ2 × ...× iσ2. (4.15)

This cross product allow us to introduce a compact notation for labeling spinors and
understand better how we can embed smaller gauge group in SO(10) with the ultimate
wish of embedding the Standard Model group in this GUT theory. let us start noticing
that we can also express ΓFIV E as

ΓFIVE = iσ3 × ...× iσ3. (4.16)

It is possible now label a spinor with the eigenstates of each σ3 matrix that can be either
+ or −. In this way

ψ+ = |ϵ1ϵ2ϵ3ϵ4ϵ5⟩, (4.17)
†This is a motivation of why SO(10) may be a good candidate. The fact that n = 5 allow for using

only ψ+ in the model which does not allow for direct mass terms, property required by gauge invariance.
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where ϵ = ±1 and the product of the eigenvalues should be positive because

ΓFIVE = ψ± = ±ψ±. (4.18)

We can express ψ− in the same way but with the product of the eigenvalues equal to −1.
let us apply this notation to see how we can embed SO(6)× SO(4) in SO(10).
First, let us show how SO(6) × SO(4) is equivalent to the Pati-Salam group of the
previous section. There can be 4 left-handed spinors in SO(6): a singlet |+ + +⟩ and a
triplet |+ − −⟩, |− + −⟩, |− − +⟩. Indeed if we identify the generators of SU(4) with a
combination of the generators of SO(6) we discover that the spinors of SO(6) transform
as the fundamental representation of SU(4), which further decompose as

4 = 1+ 3 (4.19)

under SU(3). From what we have said earlier we see that since in SO(4) n is even
we need to consider both ψ+ = |++⟩, |−−⟩ and ψ− = |+−⟩, |−+⟩. If we call σk the
generators of SU(2) and assume

σk = ϵkijΣij, (4.20)

we have that both ψ+ and ψ− are doublets of SU(2) which are also left-right symmetric
because of the presence of both the chiral component. At this point we can understand
how SO(10) breaks into Pati-Salam Group:

|ϵ1ϵ2ϵ3ϵ4ϵ5⟩ → |ϵ1ϵ2ϵ3⟩ × |ϵ1ϵ2⟩. (4.21)

This is not the only possibility of breaking SO(10), for example we could make a similar
example with SO(10)→ SU(5)× U(1).

D-Parity

let us notice that ψ+ for SO(10) is 16-dimensional. As we have seen in the earlier
chapter 16 is also the number of chiral fermions in the Standard Model plus a right-
handed neutrino. Therefore we can embed all fermions of one flavour family in one
representation, thus allowing for the prediction of fermion masses and explaining the
origin of neutrino masses:

ψ+ =
(
u d ν e uc dc νc ec

)
L
. (4.22)

From 4.22 we can see that within SO(10) transformation there is also the transformation
D:

ψ
D−→ ψc. (4.23)
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Let us study carefully the possible breaking of this parity with two important examples
[58, 59]: 210 and 54. This shall be useful in the next section. Let us first introduce
210 = [10× 10× 10× 10]AS. This is a completely antisymmetric 4-rank tensor and it
is responsible of the breaking SO(10)→ SO(6)× SO(4). Indeed, it can be decomposed
under SU(4)c × SU(2)L × SU(2)R as:

210 = (1,1,1) + (15,1,1) + (6,2,2) + (15,3,1) + (15,1,3) + (10,2,2) +
(
10,2,2

)
.

(4.24)
When the first term gets a VEV we have the desired breaking. Following Ref. [?]we are
going to prove that this singlet of Pati-Salam group breaks D-parity . Being a 4-rank
tensor we can rewrite 210 as

Φµ1µ2µ3µ4 ≡ ψ|Γµ1Γµ2Γµ3Γµ4|ψ⟩ µ : 1, ..., 10. (4.25)

In our notation [54] we can express D in terms of the generators of SO(10)

D = Σ23Σ67. (4.26)

Let us first write the singlet in the notation of 4.25. Decomposing the fundamental
representation under Pati-Salam group:

10 = (6,1,1) + (1,2,2) . (4.27)

In the tensorial notation we can express:

(6,1,1) = Φµ µ = 1, ..., 6, (4.28)

(1,2,2) = Φµ µ = 7, ..., 10. (4.29)

(4.30)

From this notation we see that:

(1,1,1)210 = (1,2,2)× (1,2,2 × [(1,2,2)× (1,2,2)]AS ≡ Φi1i2i3i4 , (4.31)

where (i1, i2, i3, i4) is a permutation of (1, 2, 3, 4). let us now act with the D operator to
this singlet. A simple application of the commutation relation of gamma matrices leads
to

DΦi1i2i3i4D
† = −Φi1i2i3i4 . (4.32)

This singlet is parity odd and then breaks D-parity when gets a VEV. With a similar
procedure let us show that instead 54 preserves D-parity allowing for left-right symmetric
breaking chains of SO(10). 54 decomposes under Pati Salam group as [60]

54 = (1,1,1) + (20,1,1) + (6,2,2) + (1,3,3) . (4.33)
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Considering only SO(6) we have that the rank-2 symmetric tensor is 6×7 = 20+1 where
1 can be seen as a diagonal matrix. The singlet of 54 can thus be seen as a traceless
diagonal matrix belonging to the Cartan algebra of SO(10) and therefore preserving
the rank of the group and commuting with all the generators. This implies, calling
(1,1,1) ≡ σ54,

[σ54, D] = 0. (4.34)

We have proved that 54 preserves parity and it is responsible for the breaking

SO(10)→ SU(4)× SU(2)L × SU(2)R × ZC
2 . (4.35)

4.2 SO(10) breaking

In this section we are going to study how we can break SO(10) down to the Standard
Model. There are many ways of doing that and this led to a broad realm of subgroups
depending on the Higgs representation used. The largest subgroups of SO(10) are [61]:

G51 = SU(5)× U(1), (4.36)

G422 = SU(4)× SU(2)L × SU(2)R. (4.37)

The other principal subgroups that one encounters ‡ are:

G3221 = SU(3)× SU(2)× SU(2)× U(1)X , (4.38)

G3211 = SU(3)× SU(2)L × U(1)R × U(1)X , (4.39)

G421 = SU(4)× SU(2)L × U(1)X . (4.40)

(4.41)

In general one breaks SO(10) in more steps and there can be one (I), two(II), three
(III) or four(IV) intermediate symmetries. We can organize all the breaking chains in
four categories [24] [25]

• Breaking chains via standard SU(5) and U(1) intermediate symmetry.

• Breaking chains via SU(5)flip × U(1)

• Breaking chains in which SU(5) is at the lowest intermediate scale before GSM

‡When in the subgroups is present Z2 symmetry we label these groups as Gc ≡ G× Zc
2
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• Breaking chains via G422 or its subgroups

let us first talk briefly about the first three categories which involves SU(5) as a subgroup.
SU(5) is by itself a model of grand unification and its main difference with SO(10) is
that it does not embed all fermion in one representation but instead we need both the
fundamental 5 and the rank two antisymmetric 10. Moreover it keeps account only
of Standard Model matter content and one cannot embed naturally a right handed
neutrino in this model that therefore does not predicts neutrino mass at least in its
minimal version. The embedding of SU(5) in SO(10) is one of the most studied [62].
The decomposition of the basic representations of SO(10) in SU(5) are

10 = 5+ 5, (4.42)

16 = 10+ 5+ 1. (4.43)

(4.44)

From Eq. 4.44 we can see already how 16 is a good candidate for breaking SO(10)

down to SU(5). In this case actually one can prove that with this breaking one gets
SU(5)× U(1) therefore falling on the first category taken into exam. One can build the
other representations of SO(10) via tensor product of 10 and 16, for example:

[10× 10]S = 54, (4.45)

[10× 10]AS = 45, (4.46)

16× 16 = 10+ 120+ 126, (4.47)

16× 16 = 1+ 45+ 210, (4.48)

[10× 10× 10× 10]AS = 210. (4.49)

Then using Eq. 4.44 one can decompose all the representation down the subgroup taken
into consideration.
The main drawback of SU(5) group is that it requires SUSY to achieve gauge coupling
unification. [63, 64, ?] This affect also the breaking chain of the first three categories.
Since we are using non supersymmetric SO(10) model we are going to focus on the
last case. Since some of the possible subgroups are left-right symmetric, in the following
discussion we will focus particularly in D-parity breaking and the embedding of left-right
symmetry breaking in SO(10), for this reasons we have already introduced carefully this
concepts.
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In this work we focus in the breaking chain IIIc §

SO(10)

54
y broken at MX

Gc
3 ≡ SU(4)× SU(2)L × SU(2)R × ZC

2

210
y broken at M3

Gc
2 ≡ SU(3)c × SU(2)L × SU(2)R × U(1)X × ZC

2

45
y broken at M2

G1 ≡ SU(3)c × SU(2)L × SU(2)R × U(1)X
126

y broken at M1

GSM ≡ SU(3)c × SU(2)L × U(1)Y . (4.50)

In this section we are going to examine carefully each step of the symmetry breaking
and then we will conclude with a general summary of all the principal breaking chain.

SO(10)→ G422

In the earlier section we have noticed how G422 ∼ SO(6) × SO(4). Moreover the two
groups have the same rank so we need a traceless representation that commutes with all
the generators of the Cartan invariant under SO(6)×SO(4) representation. A reasonable
guess is: [65, 66]

⟨54⟩ = vΦdiag(2, 2, 2, 2, 2, 2,−3,−3,−3,−3). (4.51)

Let us verify that Φ ≡ 54 can indeed take this form and that it is an actual minimum
of the potential. The most general potential for this representation is

V Φ = −1

2
µ2ΦijΦij +

1

4
λ1 (ΦijΦij)

2 +
1

4
λ2ΦijΦjkΦklΦli, (4.52)

with: ∑
i

Φii = 0. (4.53)

Using a more general version of Eq. 4.51 we can write ⟨54⟩ = δijΦi and, treating
the traceless condition as a Lagrange multiplier following Ref. [67], we can rewrite the

§We are following the convention of [24],[25] and [26]
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potential as

V (Φ) = −1

2
µ2
∑
i

Φ2
i +

1

4
λ1

(∑
i

Φ2
i

)2

+
1

4
λ2
∑
i

Φ4
i − g

∑
i

Φi. (4.54)

Imposing ∂V
∂vΦ

= 0 we obtain a set of cubic equations that have at most three solutions:
Φ1,Φ2 and Φ3. In our guess of Eq. 4.51 there are only two different Φi: 2 and -3, therefore
it is a minimum of the potential and breaks SO(10) in the correct way. Moreover, as we
have seen in the last section also D-parity is conserved.

GC
422 → GC

3221 → G3221: the breaking of D-Parity

From Eq. 4.24 we see that 210 contains (15,1,1)422. This can be decomposed under
G3221 as [68]

(15,1,1) = (1,1,1)0 + (3,1,1)− 4
3
+ (3,1,1) 4

3
+ (3,1,1) + (8,1,1)0 (4.55)

When the first term of the right hand side gets a VEV we obtain the desired breaking.
let us now determine if this breaks also D-parity or not. From the discussion in the last
section we notice that the multiplet responsible from this breaking can be written as

(15,1,1) = Φa1a2a3a4 a = 1, ..., 6. (4.56)

In particular the VEV of the singlet of SU(3)× SU(2)L × SU(2)R × U(1)B−L is

⟨Φ1234⟩ = ⟨Φ3456⟩ = ⟨Φ5612⟩. (4.57)

We can apply the commutation rules for the gamma matrices and prove that this singlet
commutes with the operator D. The next breaking can be achieved with 45. From its
decomposition under G422,

45 = (15,1,1) + (6,2,2) + (1,3,1) + (1,1,3) , (4.58)

we notice that also 45 contains (15,1,1) . let us write 45 in the notation of Eq. 4.25 and
prove that this time (15,1,1) breaks D-parity. Being a 2-rank antisymmetric tensor we
can write

45 ≡ Φµ1µ2 µ = 1, ..., 10, (4.59)

and
(15,1,1) = Φa1a2 a = 1, ..., 6. (4.60)
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Therefore if the VEV is, for example

⟨(1,1,10)⟩ = ⟨Φ12⟩. (4.61)

we conclude that this does not break G3221 but only D-parity. Proving that the VEVs of
Eq. 4.57 and Eq. 4.61 are indeed minimum need a really lenghty computation (see for
example [66, 69] )that can be summarized as:

• Write the most general potential involving all the representations we use for the
breaking

• Let all the Higgs get a vev and compute the masses of all the multiplets.

• All the multiplets which does not get a vev can be either Goldstone bosons which
are eaten by gauge bosons or physical particles with mass of the same order of the
scale of the breaking ¶

• If all the masses of the multiplets are greater than zero then the vacuum is stable
and the VEV correspond to a minimum of the potential.

G3221 → GSM: left-right symmetry breaking

We have already seen this breaking in the last section. Here we are going to embed
∆R,∆L and Φ in the representation 126. This step is particularly important because
this Higgs not only helps us to arrive finally to the Standard Model group but also
because the Higgs we are using appear also in the Yukawa sector linking the breaking
scale to the mass of heavy neutrinos and cosmic strings tension Gµ. Under G422, 126
decomposes as

126 = (10,1,3) +
(
10,3,1

)
+ (15,2,2) + (20,1,1) . (4.62)

If we look at the SU(2)R × SU(2)L structure we see that the first three terms are good
candidates. Let us decompose 10,the rank-two symmetric tensor representation and 15,
the adjoint representation, for SU(4)→ SU(3)× U(1)B−L:

10 = 6(
2

3
) + 3(−2

3
) + 1(−2), (4.63)

15 = 8(0) + 3(0) + 3(0) + 1(0). (4.64)
¶This is really important for gauge unification since this multiplets affect the running of the coupling

at high scale
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In this breaking we need to break B − L and SU(2)R. From the decomposition of Eq.
4.64 we see that it is the last term of the first equation:

∆R ≡ (1,3,1) (2). (4.65)

We can study also the last breaking down to SU(3) × U(1)em. As we have seen in
the previous chapter Φ breaks SU(2)L and together with ∆L contributes to fermion
masses. As we shall see later this is not the whole story since in our model other
Higgs bosons contribute to fermion masses making the model realistic. ∆R is responsible
for heavy neutrino mass via See-Saw type I and is a singlet of Standard Model group
SU(3)× SU(2)L × U(1)Y

∆R = (1,3,1)→ S ≡ (1,1,0) . (4.66)

Recap: breaking chains of SO(10)

Let us make a brief summary and study more carefully the breaking chains of the last
category. The decompositions of the basic representations of SO(10) under G422 are [54]

16 = (4,2,1) + (4,1,2), (4.67)

45 = (3,1,1) + (6,2,2) + (15,1,1) + (1,3,1), (4.68)

54 = (1,1,1) + (6,2,2) + (20,1,1) + (1,3,3), (4.69)

210 = (1,1,1) + (1,1,15) + (2,2,6) + (3,1,15),

+(1,3,15) + (2,2,10) + (2,2,10), (4.70)

126 = (10,1,3) +
(
10,3,1

)
+ (15,2,2) + (20,1,1) . (4.71)

All the representation that contains (15,1,1) can breaks SU(4) down to SU(3)×U(1).
Let us look at the decomposition of 15, 15 and 10 for SU(6)→ SU(3)× U(1) [68]:

15 = 1(0) + 3
(
−4

3

)
+ 3

(
4
3

)
+ 8(0), (4.72)

10 = 1(2) + 3
(
2
3

)
+ 6

(
−2

3

)
, (4.73)

6 = 3
(
2
3

)
+ 3

(
−2

3

)
. (4.74)

Each multiplet that takes a VEV can be parity odd or parity even. This depend on the
embedding in SO(6) × SO(4) and one proceed as we did earlier for 210 and 45. For
a general subgroup one has to decompose every representation in that subgroup, if it
contains a singlet then one can use that representation to breaks SO(10) down to the
desired subgroup.
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SO(10) Higgs−−−→ G1
Higgs−−−→ GSM

I1: 45−→ G3221
126−−→

I2: 210−−→ GC
3221

126−−→
I3: 45−→ G421

126−−→

I4: 210−−→ GC
421

126,45−−−−→

I5: 54−→ GC
422

126,45−−−−→
I6: 210−−→ G422

126−−→

Table 4.1: Breaking chains with one intermediate scale of type (c)

In Tab. 4.1 we can see all the principal breaking chains involving Pati-Salam group
with one intermediate scale [25].
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4.3 Gauge coupling unifications

Let us start studying the vacuum polarization of an abelian theory. The self-energy at
1-loop is [70]

iΠµν
2 = = −4e2

∫
d4k

(2π)4
2kµkν + gµν (−k2 + p · k +m2)

[(p− k)2 −m2 + iε] [k2 −m2 + iε]
. (4.75)

This integral can be regularized using dimensional regularization. let us rewrite Eq. 4.75
in d dimension

Πµν
2 = −8p2gµν e2

(4π)d/2
Γ

(
2− d

2

)
µ4−d

∫ 1

0

dxx(1− x)
(

1

m2 − p2x(1− x)

)2− d
2

(4.76)

Now we can explicit the pole using d = 4− ϵ for ϵ→ 0:

Πµν
2 = − e2

2π2
p2gµν

∫ 1

0

dxx(1− x)
[
2

ε
+ ln

(
µ̃2

m2 − p2x(1− x)

)
+O(ε)

]
. (4.77)

We can regard the vacuum polarization diagram as a correction to the photon propagator.
For example what we call dressed propagator at 1-loop can be expressed as

iGµν = iG0
µν + iG0

µνiΠ2µνiG
0
µν + . . . . (4.78)

Plugging the expressions for the bare propagator and Π2
µν :

iG0
µν =

i

p2

(
gµν +

pµpν

p2

)
, (4.79)

iΠ2
µν = i

(
−p2gµν + pµpν

)
e2Π2

(
p2
)
. (4.80)

Expressing the propagator in terms of the Fourier transform of the potential we obtain
at one loop the following correction for the potential

Ṽ (p) = e2
1− e2Π2)(p2)

p2
. (4.81)

Now we renormalize the Feynman diagram measuring the value of the potential at an
arbitrary energy scale p0. In that way we can define the renormalized charge as:

e2R ≡ p20Ṽ (p20) = e2 − e4Π2(p20) + . . . . (4.82)

Both the self-energy Π2 and the bare charge e2 can be regarded as infinite and in this way
the infinite terms cancel out. We can compute now the potential at any scale starting
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from the renormalized charge. The physical relevant quantity that can be predicted after
renormalization is the difference betweeen the potential measured at different scales

Ṽ (Q2)− Ṽ (Q2
0) =

1

Q2

e4R
12π2

ln
Q2

0

Q2
, (4.83)

where the potential at a certain scale is

Ṽ (Q2) =
eeff (Q

2)

Q2
. (4.84)

From Eq. 4.83 and Eq. 4.84 we obtain the expression for the effective charge at 1-loop:

e2eff (Q
2) = e2R

(
1 +

e2R
12π2

ln
Q2

µ

)
, (4.85)

where we defined the renormalized charge at scale µ. We can consider higher order
corrections considering all 1PI diagrams

iGµν = + + + . . . (4.86)

Repeating the discussion, we obtain that the effective charge is:

e2eff
(
Q2
)
=

e2R

1− e2R
12π2 lnQ2µ2

. (4.87)

This is called running coupling. In the following for deriving again this formula we are
going to use the renormalization group, hence it is convenient to rewrite 4.87 as

α−1
em(Q

2) = α−1
em(µ

2)− 1

3
ln
Q2

µ2
, (4.88)

where we have used
αem ≡

e2

4π2
. (4.89)

Renormalization group

We can arrive at Eq. 4.89 in a much more elegant way. The principle that makes renor-
malization consistent is that the value of an observable cannot depend on the renor-
malization scale µ, i.e. the scale at which we defined the renormalized coupling. let us
reobtain the running coupling equations for QED with this approach. The renormalized
lagrangian for QED is

L = −1

4
Z3FµνF

µν + iZ2ψ̄ ̸ ∂ψ −mRZ2Zmψ̄ψ − µ
4−d
2 eRZeZ2

√
Z3ψ̄Aψ, (4.90)
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where
Zi = 1 + δi, (4.91)

and δi is the i-th counterterm that depend on the renormalization scheme used.
The renormalized coupling now is ‖

eR =
1

Ze
µ

d−4
2 e0, (4.92)

Ze = 1 + δe = 1 +
e2R
16π2

4

3ϵ
. (4.93)

The bare charge does not depend on scale µ and thus we have

0 = µ
d

dµ
e0 =

ϵ

2
+

µ

eR
+

µ

Ze

dZe
dµ

. (4.94)

At 1-loop we obtain

µ
deR
dµ

=
e3R
12π2

≡ β(eR). (4.95)

This a differential equation called RGE equation and one can prove,using α = e2

4π
, that

Eq. 4.89 is a solution. Therefore for determining how a coupling run one has to proceed
in the following way:

• Renormalize the theory computing counterterms

• Find the beta function for the theory and the RGE equation

• Solve the equation

RGE equations for G1 ⊗G2...⊗GN

Let us extend our discussion to a more general gauge group which is the tensor product
between arbitrary non abelian theories [71]. Our goal is to find an expression for the
running at two-loop.
In the last section the procedure used for determine the beta function requires to compute
all the counterterms of the theory and then find Ze. As the model gets more complicated
this procedure can become quite lenghty. Here we are going to use a faster method for
computing the beta function: the background field method [72].
Following Ref. [73] we are going to call the gauge couplings as g, the background field

‖We are using MS renormalization scheme
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A and we are going to use αp ≡
g2p
4π2 .

let us start from a Yang-Mills theory.
We label the gauge field as A and we separate it into two components a slow varying
classical field A and a quantum field Q. The ordinary generating functional for the gauge
theory is

Z[J ] =

∫
DA det

δGa

δωb
exp i

∫
d4x

(
−1

4

(
F a
µν

)2 − 1

2α
(Ga)2 + JaµAaµ

)
, (4.96)

where the second term of the action is a gauge-fixing term. From the generating func-
tional we can compute the effective action Γ[A]. In the background field we have instead

Z̃[J,A] =

∫
DQ det

δGa

δωb
exp i

∫
d4x

(
−1

4

(
F a
µν

)2 − 1

2α
(Ga)2 + JaµQ

a
µ

)
. (4.97)

In this case the effective action is called:

Γ̃[Q̃, A], Q̃ =
δW

δJaµ
. (4.98)

It is possible to prove that Γ̃[0, A] is equivalent to the ordinary effective action Γ[A].
With this method only three quantities need to be renormalized, the gauge coupling, the
background field and the gauge fixing constant:

g = Zgg
0 A = Z

1
2
a a

0α = Zαα
0. (4.99)

Imposing gauge invariance on Γ̃[0, A] one can find Zg = Z
− 1

2
a . The beta function is

defined as
β = −gµ d

dµ
lnZg, (4.100)

while Za appear in the anomalous dimension definition

γA =
1

2
µ
d

dµ
lnZa. (4.101)

Therefore we can relate the beta function to the anomalous dimension and noticing the
convenience of this method. We do not have anymore to compute vertex diagrams but
only the two point function of the background field. We can write ZA as

ZA = 1 +
∞∑
i=1

Z
(i)
A

ϵi
. (4.102)
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Figure 4.1: Left: Gauge field wave function renormalization diagram of order g2Y 2.
Right: Gauge field wave renormalization diagram of order g4. Picture taken from Ref.
[73]

Differentiating we obtain

β

(
2− g ∂

∂g

)
Z

(i)
A = −g2 ∂

∂g
.Z

(i+1)
A . (4.103)

From this relation we obtain the beta function at 2-loop for a simple Yang-Mills theory
without fermions

β = −g
(
A
( g
4π

)2
+B

( g
4π

)4)
. (4.104)

We can easily extend the discussion to a tensor product of non abelian gauge groups and
adding fermion and scalars in arbitrary representations. The Feynman diagrams which
contribute to ZA are in Fig. 4.1. The resulting expression for the beta function is: [73]
[71]

βp =
g2p

(4π)2

{
−11

3
C2 (Gp) +

4
3
κS2 (Fp) +

1
3
ηS2 (Sp) − 2κ

(4π)2
Y4 (Fp) +

g2p
(4π)2

[
−34

3
(C2 (Gp))

2 +
(
4C2 (Fp) +

20
3
C2 (Gp)

)
κS2 (Fp) +(

4C2 (Sp) +
2
3
C2 (Gp)

)
ηS2 (Sp)

]
+

g2q
(4π)2

4 [κC2 (Fq)S2 (Fp) + ηC2 (Sq)S2 (Sp)]
}
, (4.105)

κ can be either 1, 1
2

for Dirac and Weyl fermions and similarly η 1 or 1
2

for complex or
real scalars. The other coefficients are taken from group theory:

• C2 is the quadratic Casimir operator TATA where T are the generators of the group.
It is equal to a constant C2(R) times the identity, where R is the representation
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• S2 is the Dynkin index and it is defined as

TrTATB = S2(R)δAB. (4.106)

The index p run trough the gauge sectors and at two-loop also different gauge sectors
contribute to the running of a given gauge coupling. We can rewrite 4.105 in a more
compact way∗∗ as

µ
dgi
dµ

= βi, (4.107)

and

βi =
g2i
4π2

(
bi +

∑
j

bij
g2j
4π2

)
. (4.108)

The coefficients bi and bij depends on the matter content of the model used and they
consider respectively all the contributes of 1-loop diagrams and 2-loop diagrams of the
eq. 4.105.

Matching at one loop

Our goal is studying how couplings run trough different intermediate scales and determine
if they reach unification at a certain scale. To do that we have already seen that for
different scales we have different models.
let us study how we can match the coupling from two different gauge group at a certain
scale M . Following Ref. [71] let us start studying the spontaneous breaking of a group
G into a subproduct G̃ = G1 ⊗ G2... ⊗ GN . We are going to call α the index for the
full theory generators,A the broken generators and a the generators of the light gauge
fields. We can study the latter gauge group with an effective field theory integrating out
the heavy gauge fields. let us call the fields belonging to the effective theory ϕ and the
heavy fields we are integrating out Φ, the new action is then

S̃[ϕ] =

∫
DΦS[ϕ,Φ]. (4.109)

There is a caveat regarding gauge fixing since we want the effective theory to be invariant
under G̃. For doing that we need first to insert a gauge fixing term that fix only the
gauge of the heavy fields. This extra term takes the following form

∆S = −1

2

∫
d4x

∑
A

f 2
A, (4.110)

∗∗This is valid also when at most one U(1) is present
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where
fA =

1
√
ξ

(
∂µAAµ + gCABaA

µ
BAaµ + igξλi

(
tAS
)
yϕJ ′) , (4.111)

and CABa are the completely antisymmetric structure constants of the theory, ϕi are
the scalars that break G of which λi is the VEV and TA

S are the broken generators in
the scalar representation. In this way we have obtained a gauge invariant effective field
theory. We can apply this integration all over the heavy gauge fields for finding the
renormalized gauge coupling gi of G̃ at scale µ ≈ M . In order to do that let us start
with the kinetic terms of the full theory

L = −1

4
F µν
α Fαµν = −

1

4

(
F̃ µν
A − g

∑
t

CABctA
µ
BA

ν
c1
−

g
∑
t

CAbtCA
µ
bt
AνC

)2

− 1

4

∑
t

(
F̃ µν
a1
− gCaiBCA

µ
BA

ν
C

)2
, (4.112)

where:

F̃Aµν =
(
∂µAAν − ∂νAAµ − gCABCABµACν

)
, (4.113)

F̃aµν =
(
∂µAaν − ∂νAaµ − gCabcAbµAcν

)
. (4.114)

Integrating out the heavy field and considering 1-loop contribution the kinetic term takes
the non canonical expression [74]

L = −1

4
(1− li)F̃ai

µν
F̃aiµν . (4.115)

This extra term is due to the contributions on the vacuum polarization diagram of the
heavy field. Since it is not canonically normalized we need to rescale the potential Aai

µ

and the coupling gi because we want the Yang Mills curl to be gauge invariant

Aai
µ = (1− li)

1
2Aµα, (4.116)

gi = (1− li)−
1
2 g. (4.117)

From the second equation we obtain the matching rule at 1-loop we just need to compute
li that can be expressed as

li = g2
(
λi +

λ′i
ϵ

)
+ . . . (4.118)

The renormalized couplings in terms of the bare ones are

goµ2− d
2 = g(µ)− bG

g3(µ)

ϵ
+ . . . , (4.119)
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goi µ
2− d

2 = gi(µ)− bi
g3i (µ)

ϵ
+ . . . . (4.120)

We obtain
gi(µ) = g(µ) +

1

2
λi(µ)g

3(µ). (4.121)

Rewriting the couplings using α, computing λi solving the Feynman diagrams of the
vacuum polarization and neglecting the logarithmic terms we obtain [71]

α−1
p −

C2 (Gp)

12π
= α−1

G −
C2(G)

12π
. (4.122)

General considerations

We can finally study the running of the couplings for any breaking chain of SO(10). It is
convenient to organize the breaking chains according to the number of the intermediate
scales used, we are going to describe the cases with one, two and three intermediate
scales. We denote the intermediate scales as Mi and the grand unification scale as MU .
The gauge unification constraint implies correlation between the scales which we are
going to study. Between breaking chain with the same number of intermediate scales
the differences are given not only between models with different intermediate gauge
groups, but also between models which use different Higgs representation to achieve
some breaking, this is because to different Higgs representation correspond a different
matter content, therefore a different β function. In general one proceeds starting from
the experimental values of the Standard Model gauge couplings at scale MZ : [75]

α3 = 0.1184, α2 = 0.033819, α1 = 0.010168, (4.123)

then we let them run using Eq. 4.107 until the first intermediate scale M1. We then
match the couplings using Eq. 4.122 and iterate the process until the reaching of the
grand unification scale MU .
We scan trough all the combinations of intermediate scales such that: M1 ≤ ... ≤ MU

[25]

S(10)→ G1 → GSM As we can see from Tab. 4.2 from Ref. [25], there is only one solu-
tion for each breaking scale except for I6 which does not achieve grand unification.
There are no free parameters and therefore this models are highly predictive

S(10)→ G2 → G1 → GSM In this case M2 is a free parameter which depends on M1

and MU . There exists then an interval of values of M1 for which we can achieve
grand unification.
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M1 [GeV] MU [GeV]

I1: 1.617× 1010 5.660× 1015

I2: 8.630× 1010 1.410× 1015

I3: 1.634× 1011 2.902× 1014

I4: 4.368× 109 3.500× 1016

I5: 1.143× 1013 2.772× 1014

I6: excluded

Table 4.2: M1 and MU imposed by gauge unification from the breaking chain of SO(10)
with one intermediate step.

S(10)→ G3 → G2 → G1 → GSM In this case there is another free parameter, M3. We
proceed fixing M1 and finding the interval of values of MU consistent with gauge
unification. Spanning in this interval we found all the possible values of M2 and
M3. Then we span all over the M1 interval. The result is a region in the parameter
space M1,M2,M3,MU consistent with gauge unification. We are going to see an
example of this procedure in the next section, in which we shall study in detail the
breaking chain III4

Application to our model

let us focus on the breaking chain we have already studied:

SO(10)
54−→ GC

422
210−−→ GC

3221
45−→ G3221

126−−→ GSM (4.124)

When we have discussed about the matching of the coupling we have said how passing
from G to a subgroup G̃ we integrate out all the heavy fields. Therefore we keep account
for scalar representation ϕ in the β function expression only when mϕ > Mi, we do
not consider threeshold effect [76] and we assume that all the masses of the physical
scalars have the same order of magnitude of the intermediate scale in which the associate
representation gets a VEV. let us now describe in details step by step the running of the
couplings toward unification.

In Tab. 4.3 we can see the numerical values for bi and bij at each step of the breaking
chain, we automatically add at each steps the gauge bosons of the model and from now
on we’ll talk with more details only about the Higgses multiplets used.
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SO(10) broken at Q =MXy {bi} =

10
3
26
3
26
3

 , {bij} =

4447
6

249
2

249
2

1245
2

779
3

48
1245
2

48 779
3


G3 broken at Q =M3y {bi} =


−7
−2
−2
7

 , {bij} =


−26 9

2
9
2

1
2

12 31 6 27
2

12 6 31 27
2

4 81
2

81
2

115
2


G2 broken at Q =M2y {bi} =


−7
−8

3

−2
11
2

 , {bij} =


−26 9

2
9
2

1
2

12 37
3

6 3
2

12 6 31 27
2

4 9
2

81
2

61
2


G1 broken at Q =M1y {bi} =

−7−19
6

41
10

 , {bij} =

−26 9
2

11
10

12 35
6

9
10

44
5

17
10

199
50


GSM

Table 4.3: Decomposition of the matter multiplet 16 in each step of the breaking chain.
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Figure 4.2: An example of the RG running of gauge couplings in the breaking chain
SO(10)→ G3 → G2 → G1 → GSM . The first and second lowest intermediate scales are
fixed at M1 = 2× 1013 GeV and M2 = 5× 1013 GeV, the remaining scales M3 and MX ,
as well as gauge couplings α2R, are determined by the gauge unification at MX .

• From MZ to M1 the couplings run without considering any addition to the particle
content of the Standard Model.

• We impose the matching of the couplings at scale M1 using Eq. 4.122.

• From M1 to M2 we need to consider also the submultiplets of the 126 representa-
tion together with 10. The sub-multiplets that contribute to the running are two
(1,2,2,0) (one from 126 and one from 10 needed in the Yukawa lagrangian) and
one (1,3,1,−1). These are Φ and ∆ of the left-right symmetry breaking, among
them there is the Standard Model Higgs and the singlet S.

• We impose the matching at the scale M2

• From M2 to M3 we still have the Higgses mentioned above. Now we have also
(1,3,1,1) due to D-parity and (1,1,1,0odd) which breaks D-parity in G2 → G1.

• We impose the matching at M3

• FromM3 toMU we embed (1,2,2,0) in (15,2,2), (1,2,2), (1,3,1,1) and (1,3,1,−1)
in (10,3,1) and (10,3,−1). We add also the 45 and the 210 singlets embedded in
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(15,1,1) In Figure4.2 we see an example of running couplings reaching grand uni-
fication for fixed values of the intermediate scales. In Figure4.3, instead, we can see
the correlation between the intermediate scales and the region in the parameters
space which is compatible with gauge unification.

1010 1011 1012 1013 1014

M1 (GeV)

1010

1011

1012

1013

1014

1015

1016

1017

M
i

(G
eV

)

M2

M3

MX

Figure 4.3: Left panel: regions of M2, M3, MX as functions of M1 allowed by gauge
unification; Right panel: prediction of proton lifetime as functions of M1, with exclusion
upper bound of Super-K and future sensitivity of Hyper-K indicated.

4.4 Proton decay

One of the most striking prediction of GUT theories is proton decay. Up to now
we are using constraints from proton decay non observation to put a lower bound
on grand unification scale. In this section we are going to see it in detail. In
general heavy SO(10) gauge bosons mediate baryon number violating interactions
that cause proton decay as we can see in Fig. 4.4.

Without specifying the model or even the GUT theory we can use an effective field
theory to describe this phenomenon. There can be four independent operators that
at low energy describe proton decay interaction [77]:

Leff = ϵijkϵαβ

(
1
Λ2

(
ujcRγ

µQk
α

)(
dicRγµLβ

)
+ 1

Λ2

(
ujcRγ

µQk
α

) (
ecRγµQ

i
β

)
+ 1

Λ2

(
djcRγ

µQk
α

)(
uicRγµLβ

)
+ 1

Λ2

(
djcRγ

µQk
α

) (
νcRγµQ

i
β

)
+ h.c. ,

)
(4.125)
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Figure 4.4: p→ π0 + ec mediated by a heavy gauge bosons

where Λ ≈ gUMU/2. In this notation i, j, k are color index and α, β flavour index.
For computing the proton lifetime in function of the grand unification scale we can
proceed in the same way one does with the muon decay. The scattering amplitude
for such a diagram is

i|M| =

d

u

u

e

. (4.126)

Applying the Feynman rules for the external legs and working on the kinematics
one find approximatively:

Γp ≈=
g4

M4
U

m5
p. (4.127)

A more detailed computation led to [25]

Γ
(
p→ π0 + e+

)
= mp

32π

(
1− m2

π0

m2
p

)2
A2
L ×

[
ASLΛ

−2
1

(
1 + |Vud|2

)
|⟨π0 |(ud)RuL| p⟩|2

+ASR
(
Λ−2

1 + |Vud|2 Λ−2
2

)
|⟨π0 |(ud)LuL| p⟩|20

]
, (4.128)

where AL ASR ASL are long range and short range enhancement factors that depend
on the breaking chain because we want quantity at the same energy scale and then
we need to run the proton mass at MZ and then run all the relevant quantities
up to the grand unification scale. ⟨π0 |(ud)RuL| p⟩ is the hadronic matrix element
computed with lattice QCD simulations [78] and Vud is an element of the VCKM

matrix. The prediction for the lifetime of the proton decay it is, generally: ††:

τ ≃ 6.9× 1035 ×
(

MU

1016GeV

)4

yr. (4.129)

††Not considering the differences between different breaking chain
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So that by searching for proton decay we can look for the value of the grand uni-
fication scale. As we have said in the last chapter the grand unification scale is
correlated to the other intermediate scales, especially with M1. Therefore con-
straints from proton decay become constrain upon the intermediate scale M1 that
controls leptogenesis scale and cosmic string production [24].For breaking chain
with only one intermediate scale we are able to tell directly if the breaking chain
can be excluded. The current bound from Super-Kamiokande is τ > 1.6×1034 that
translates in: MX > 4×1015 GeV. Looking at Tab. 4.2 we see that the only break-
ing chains which are not excluded are I1 and I4 . When two intermediate scales are
present there is one free parameter and thus we have a line for each breaking chain
which is possible to test. From the figure ?? we can see how II3,4,5,7,8 are still
consistent with the Super-K bound and for example II3 and 8 will be completely
tested by the next generation experiment HyperKamiokande which will arrive at
testing proton decay lifetime up to τ ∼ 1035.

Figure 4.5: Correlation between M1 and proton lifetime for breaking chains with one
(black stars) and two (lines) intermediate scale. The lower region has already been tested
by Super-K and Hyper-K will test τ up to 1035. Figure taken from [25]
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For three intermediate scale there is a region that correlates MU and M1 sice there
are two free parameters. In Fig. 4.6 we can see how part of the parameter space
of our breaking chain can be consistent with Super-K bound and that it will be
completely tested by Hyper-K.

1010 1011 1012 1013 1014

M1 (GeV)

1032

1033

1034

1035

1036

τ
( p
→

π
0 e
) (y

r)

Super-K Bound

Hyper-K Sensitivity

Figure 4.6: Correlation region between M1 and proton lifetime for the breaking chain of
our model. We can see that Hyper-K will be able to test the whole parameter space

In the following chapters we are going to see how the parameter space can be
furtherly tested by cosmic strings experiments.

4.5 Yukawa sector

Let us now compute fermion masses and study the Yukawa lagrangian. As we have
seen earlier the tensor product between two spinorial representations is:

16× 16 = 10+ 120+ 126. (4.130)

There are different combination of Higgses that can be used in order to generate
fermion masses [79, 80, 81, 82, 83], we are going to use 10, 120, 126. The most
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general Yukawa Lagrangian can be written as:

L = Y1016F10H16F + Y12016F120H16F + Y12616F126H16F + h.c.. (4.131)

With respect to the flavour indeces we have that Y10 and Y126 are symmetric and
Y120 is antisymmetric. We have therefore that the symmetric terms have 6 free
parameters each that contribute to the direct mass terms and the mixing angles
while the latter has 3 free parameters that contributes only to the mixin angles
For reducing the parameter space we assume all three Yukawa couplings to be real.
The decompositions of 10 and 126 down to the subgroups of our breaking chain
is:

SO(10) : 10 126

G3 : → (1, 2, 2) → (15, 2, 2) + (10, 3, 1) + (10, 1, 3),

G2 : → (1, 2, 2, 0)1 → (1, 2, 2, 0)2+(1, 3, 1, 1)+ (1, 1, 3,−1),

G1 : → (1, 2, 2, 0)1 → (1, 2, 2, 0)2+(1, 3, 1, 1)+ (1, 1, 3,−1),

GSM : → (1, 2,∓1/2)hu,d10
→ (1, 2,∓1/2)hu,d

126

+ (1, 1, 0)S,

(4.132)

while for 120 we have:

SO(10) : 120

G3 : → (1, 2, 2) + (15, 2, 2),

G2 : → (1, 2, 2, 0)′1 + (1, 2, 2, 0)′2,

G1 : → (1, 2, 2, 0)′1 + (1, 2, 2, 0)′2,

GSM : → (1, 2,±1/2)
hu,d120,h

u′,d′
120

.

(4.133)

We can write the Standard Model Yukawa Lagrangian in terms of the Higgs sub-
multiplets we have used as:

LY = Y10
[(
Q̄u+ L̄νR

)
hu10 +

(
Q̄d+ L̄eR

)
hd10
]
+
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1√
3
Y126

[(
Q̄u− 3L̄νR

)
hu
126

+
(
Q̄d− 3L̄eR

)
h d

126

]
+

Y120
[(
Q̄u+ L̄νR

)
hu120 +

(
Q̄d+ L̄eR

)
hd120 +

1√
3

(
Q̄u− 3L̄νR

)
hu

′
120 +

(
Q̄d− 3L̄eR

)
hd

′
120.(4.134)

This is not enough since we need to add another piece, the mass of the right-handed
neutrino generated by the singlet S:

LνR = L̄Y126νRSνR + h.c. (4.135)

We can rewrite those Higgses as a linear combination of mass eigenstates ĥi =∑
i Vijhj where we call hSM = ĥ1 =

∑
j V1jhj. We call

hj = {h̃u10, h̃u126, h̃u120, h̃u
′

120, h
d
10, h

d
126, h

d
120, h

d′

120}, (4.136)

where h̃ = iσ2h. In terms of hSM the langrangian is, as usual:

LY = YuQ h̃SM uR + YdQhSM dR + YνL h̃SM νR + YeLhSM eR + h.c.. (4.137)

Confronting Eq. 4.134 with Eq. 4.137 we can find the expression of the ordinary
Yukawa couplings

Yu = Y10V11 +
1√
3
Y126V12 + Y120

(
V13 +

1√
3
V14

)
, (4.138)

Yd = Y10V15 +
1√
3
Y126V16 + Y120

(
V17 +

1√
3
V18

)
, (4.139)

Yν = Y10V11 −
√
3Y126V12 + Y120

(
V13 −

√
3V14

)
, (4.140)

Ye = Y10V15 −
√
3Y126V16 + Y120

(
V17 −

√
3V18

)
, (4.141)

and from Eq. 4.142
MνR = Y126vS, (4.142)

we can compute the mass of the light neutrino via the See-Saw mechanism:

Mν = −YνM−1
νR
Yνv

2
SM (4.143)

4.6 Scan of the parameter space

Following [84] we can parametrize the Yukawa couplings using two real symmetric
matrices h and f , one real antisymmetric matrix h′ and five free parameters r1,
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r2,r3, cν and ce and m0.

Yu = h+ r2f + i r3h
′ , Yd = r1(h+ f + i h′) , Yν = h− 3r2f + i cνh

′ ,

Ye = r1(h− 3f + i ceh
′) , MνR = f

√
3 r1
V16

vS.

(4.144)
Confronting it with Eq. 4.141 we obtain:

h = Y10V11 , f = Y126
V16√
3

V ∗
11

V15
, ce =

V17 −
√
3V18

V17 + V18/
√
3
, cν =

V ∗
13 −
√
3V ∗

14

V17 + V18/
√
3

V15
V ∗
11

,

r1 =
V15
V ∗
11

, r2 =
V ∗
12

V16

V15
V ∗
11

, r3 =
V ∗
13 + V ∗

14/
√
3

V17 + V18/
√
3

V15
V ∗
11

, h′ = −i Y120
(
V17 + V18/

√
3
) V ∗

11

V15
,

(4.145)
For the light neutrino matrix we have:

Mν = m0Yνf
−1Yν , (4.146)

where m0 = − V16√
3 r1

v2SM

vS
. Our goal is to use this parametrization to express Ye and

Mν in terms of Yu and Yd, in this way we will be able to predicts the lepton masses
from knowing the quark masses.
We want to scan all over the parameter space of {r1, r2, cν , ce,m0} to see for which
points the predictions fit with the experimental data. We start assuming r3 = 0

thus assuming Yu to be real and use the basis in which it is diagonal: We have:

Yu = h+ r2f = diag{ηuyu, ηcyc, ηtyt} , (4.147)

Then we can express Yd in terms of Yu:

Yd = PaVCKM diag{ηdyd, ηsys, ηbyb}V †
CKMP

∗
a , (4.148)

where ηd,s,b = ±1 represent the signs of eigenvalues. We can express h, h′ and f in
terms of the Yukawa matrices for up and down quarks:

h = − Yu
r2 − 1

+
r2ReYd
r1(r2 − 1)

, f =
Yu

r2 − 1
− ReYd
r1(r2 − 1)

, h′ = i
ImYd
r1

.

Finally plugging these expressions in 4.141 we finally find:

Yν = −3r2 + 1

r2 − 1
Yu +

4r2
r1(r2 − 1)

ReYd + i
cν
r1
ImYd ,
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Ye = − 4r1
r2 − 1

Yu +
r2 + 3

r2 − 1
ReYd + iceImYd . (4.149)

The light neutrino mass matrix can be expressed as

Mν = m0

(
8r2(r2 + 1)

r2 − 1
Yu −

16r22
r1(r2 − 1)

ReYd

+
r2 − 1

r1
(r1Yu + icνImYd) (r1Yu −ReYd)−1 (r1Yu − icνImYd)

)
.(4.150)

This is the starting point for the scan.

Numerical parameters

Now we’ll try to predict the lepton sector observables using quark masses and
mixing as input. The free parameters in the quark sector are the quark masses,
three mixing angles and one phase from VCKM. There is also a small parameter
θ related to the strong CP problem which we will not consider. In the extended
lepton sector the free parameters are the lepton masses, the squared difference of
the neutrino masses ∆m2

12 and ∆m2
13, and the mixing angles plus the phases of the

UPMNS matrix. We are going to use the following best fit values [82, 85]:

ybfu = 2.54× 10−6, ybfc = 1.37× 10−3, ybft = 0.43,

ybfd = 6.56× 10−6, ybfs = 1.24× 10−4, ybfb = 5.7× 10−3,

ybfϵ = 2.70× 10−6, ybfµ = 5.71× 10−4, ybfτ = 9.7× 10−3,

(4.151)

and:

θq,bf12 = 0.227, θq,bf23 = 4.858×10−2, θq,bf13 = 4.202×10−3, δq,bf = 1.207. (4.152)

For neutrino sector we are using the best-fit values from NuFIT 5.0 [42] with 1σ

uncertainty, we have already presented this results in the first chapter distinguish-
ing from first and second octant and obtaining two sets of parameters. We are
going to do the scan for both the first and second octant separately.

Numerical analysis

The scan is divided in two steps. The first step is to find which points in the
parameter space correctly fit charged lepton masses. Using Eq. 4.149 we obtain
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that Ye depend on the continuous parameter (a1, a2, r1, r2, cν) and on the sign etai.
It has to satisfy the following relations:

Tr
[
YeY

†
e

]
= y2e + y2µ + y2τ ,

Tr
[
YeY

†
e YeY

†
e

]
= y4e + y4µ + y4τ ,

Det
[
YeY

†
e

]
= y2ey

2
µy

2
τ ,

(4.153)

We scan over a1, a2 in the range [0, 2π],for all the possible sign combinations and
for each point in this parameter space we solve the constrains equations and find
r1, r2, ce. In order to do that we use the first equation for writing r1 as a function
of r2. We find

r1 =
(r2 + 3)

∑
yd − (r2− 1)

∑
ye

4
∑
yu

. (4.154)

We then solve numerically the other two equations in order to find r2 and ce. After
the first step we have many points of the parameter space (a1, a2, r1, r2, cν) which
gives the correct lepton masses. We use this values to compute the unitary matrix
which diagonalize Ye: Ve. There are still two free parameters in the definition
of Mν : these are cν and m0. We compute the observables in the neutrino sector
starting from UPMNS = V †

e Vν matrix which depends only on one free parameter:
cν . We have

sin θ13 = |(UPMNS) e3| , tan θ12 =

∣∣∣∣(UPMNS) e2

(UPMNS) e1

∣∣∣∣ , tan θ23 =

∣∣∣∣(UPMNS)µ3

(UPMNS)τ3

∣∣∣∣ .
(4.155)

We call {Y sq = YνY
†
ν } and the squared values of the eigenstates of Yν are respec-

tively Y sq
3 ,Y sq

2 and Y sq
1 . For a fixed value of cν we compute m0 from the ratio

∆m2
12/Y

sq
2 −Y

sq
2 or from the ratio ∆m2

23/Y
sq
3 −Y

sq
2 and we decide randomly which

value to choose between those two. ‡‡ For each point we computed the chi squared:

χ2 =
∑
n

[
On (Pm)−Obf

n

σOn

]2
. (4.156)

We first have done a general scan for χ2 < 100 of which the results are shown
in Fig. 4.7. The two-dimensional subspaces of a1 − a2 and m0 − cν are shown
respectively in the top and in the bottom of the left panel while in te right panel
we have θ23 − δ in the top and MN1 −MN3 in the bottom. The most of the points

‡‡For the points which fit correctly the observables the two values are almost the same.
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Figure 4.7: Two-dimensional correlations between theory inputs (left two panels) and
predicted observables (right two panels) for χ2 < 100 for θ23 ≤ 45 deg. Consistency with
gauge unification is not considered

haveMN3 ∼ 1015 GeV as expected from assuming Y126 ∼ O(1) and from the see-saw
model, but it is important to consider the bound on heavy neutrino mass imposed
by proton decay. For the breaking chain of our model, type IIIc the proton decay
bound on M1 is:

M1 < 4.4× 1013GeV (4.157)

From 4.142 we require Y126 ≤ 1 and therefore we have included only those points
who satisfy

MN3 < 4.4× 1013GeV. (4.158)

Therefore we need to exclude the points not allowed by proton decay but we can
also notice that there is an island which satisfies the proton decay bound, gauge
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Figure 4.8: The predicted observables (top left two panels), the effective neutrino mass
prediction (top right panel) and two-dimensional correlations between theory inputs
(bottom panels) for χ2 < 10 and θ23 ≤ 45 deg. Consistency with gauge unification is
considered.

unfication and predicts the correct fermion masses. We then have made a more
dense scan around this island refining the range of the parameter space of a1, a2 and
cν , in particular noticing that most of the points which satisfies all the constraints
have a1, a2 in the range (50 deg, 100 deg) and cν in the range (1, 10). In this last
scan we imposed the proton decay bound and we have required χ2 < 10. We can
see the results for the first and the second octant respectively in Fig. 4.8 and
in Fig. 4.9. For each of the figure in the bottom panels we have plotted two-
dimensional subspaces of the parameter spaces, from left to right we have: (a1, a2),
(m0, cν) and (r1, r2). In the top panels we have the plot the points in function of
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Figure 4.9: The predicted observables (top left two panels), the effective neutrino mass
pre- diction (top right panel) and two-dimensional correlations between theory inputs
(bottom panels) for χ2 < 10 and θ23 ≥ 45 deg. Consistency with gauge unification is
considered.

the observables: from left to the right we have (θ23, δ), (MN1 ,MN3) and (m1,mββ),
in which the effective mass parameter can be tested with neutrinoless double-β
decay and it is defined as:

mββ =

∣∣∣∣∣
3∑
i=1

mi(UPMNS)
2
ei

∣∣∣∣∣ . (4.159)

Both in the first and second octant we can notice an interesting correlation between
r1 and r2, we can derive analytically this correlation following [26]. The input
variables of our scan, the Yukawa couplings of the quark sector, have the following
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hierarchy that can be expressed in terms of the Cabibbo angle

yu : yc : yt ∼ θ8C : θ4C : θ0C , (4.160)

yd : ys : yb ∼ θ8C : θ6C : θ3C , (4.161)

θq13 : θ
q
23 : θ

q
12 ∼ θ3C : θ2C : θ1C . (4.162)

(4.163)

From Eq. 4.149 we have

TrYe = −
4r1
r2 − 1

TrYu +
r2 + 3

r2 − 1
, (4.164)

keeping account of the hierarchy we find

ỹτ
ỹb
≃ r2 + 3

r2 − 1
p− 4r1

r2 − 1
,
ỹt
ỹb
, (4.165)

where ỹi = ηiyi and

p = 1− ỹµ
ỹτ

+
r2 + 3

r2 − 1

ỹs
ỹτ

(4.166)

keeps account of the contribution of the smaller Yukawa couplings. We obtain the
following linear relation which is the one we can see in Fig. 4.8 and Fig. 4.9

r2 ≈
−4ỹt

ỹτ − ỹbp
r1 +

ỹτ + 3ỹbp

ỹτ − ỹbp
. (4.167)

4.7 Benchmark point: BP1

It is worth to show an example and compute all the relevant quantities for the
benchmark point BP1. This point has χ2 = 0.33 and, as we shall see later, predicts
the correct amount of baryon asymmetry. The parameters (a1, a2, r1, r2, ce, cν ,m0)

for this model and the predicted observables in the neutrino sector are shown in
Table 4.4 and we obtain from them the following expression for h, h′ and f :

h = 10−2

 −0.1934 0.1343 −0.0845
0.1343 0.3924 −0.0995
−0.0845 −0.0995 −33.7016

 ,

f = 10−2 ·

 −0.1934 0.1343 −0.0845
0.1343 0.3924 −0.0995
−0.0845 −0.0995 −33.7016

 ,
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Inputs a1 a2 cν m0 (ηu, ηc, ηt; ηd, ηs, ηb)

63.57◦ 84.17◦ -1.945 82.82 meV (+,+,−; +,−,+)

Outputs θ13 θ12 θ23 δ m1

8.53◦ 32.7◦ 41.9◦ −125◦ 3.36 meV
(χ2 = 0.33) mββ MN1 MN2 MN3

5.83 4.23 · 1011 GeV 5.32 · 1011 GeV 1.66 · 1013 GeV

Table 4.4: Inputs and predictions of neutrino masses and mixing parameters of BP1 fully
satisfy all experimental data. Charged fermion masses and CKM mixing are all fixed at
experimental best-fit values. Neutrino masses with normal ordering are predicted.

h′ = 10−2 ·

 0. −0.0693 0.0025

0.0693 0. −1.4430
−0.0025 1.4430 0.

 .

Plugging this expression into 4.144 we have:

Yu =

 2.54 · 10−6 0 0

0 −0.00137 0

0 0 −0.428

 , (4.168)

Yd = 10−2 ·

 0.0056 −0.0039 + 0.0014i 0.0024 − 0.0i

−0.0039− 0.0014i −0.0100 0.0029 + 0.0281i

0.0024 + 0.0i 0.0029 − 0.0281i 0.5686

 ,

(4.169)

Ye = 10−2 ·

 −0.0018 0.0012 − 0.0111i −0.0008 + 0.004i

0.0012 + 0.0111i −0.0003 −0.0009− 0.2304i

−0.0008− 0.0004i −0.0009 + 0.2304i 0.9155

 ,

(4.170)

Yν = 10−2 ·

 −0.7743 0.5374 + 0.1348i −0.3379− 0.0049i

0.5374 − 0.1348i 1.1586 −0.3979 + 2.8068i

−0.3379 + 0.0049i −0.3979− 2.8068i −6.4066

 ,

(4.171)

Mν = 10−2 ·

 −0.5269 + 0.0i 0.3628 + 0.0090i −0.0434− 0.0446i

0.3628 + 0.0090i 0.7407 − 0.0058i −0.3755− 2.417i

−0.0434− 0.0446i −0.3755− 2.4168i −2.9181 + 2.0125i

 eV .

(4.172)
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As we have said from the Yukawa coupling we predicts the observables in the
neutrino sector and this gives χ2 = 0.33, moreover using the See-Saw Type I
formula we obtain for the light neutrino masses:

MνR = 1013 ·

 −0.0354 0.0246 −0.0154
0.0246 0.0467 −0.0182
−0.0154 −0.0182 1.6650

 GeV . (4.173)

Moreover, the three associated eigenvalues are given in tab:benchmark. Finally, we
note that the heaviest right-handed neutrino mass is given by 1.6× 1013 GeV. This
is lower than the lowest intermediate scale M1 and thus consistent with proton
decay measurement.
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Leptogenesis

One of the crucial questions that Standard Model does not answer in a satisfying
manner is why there is more matter than antimatter. In principle during matter
formation both antimatter and matter should have been produced with the same
rate except for quantum fluctuations. This fails to explain the observed value of
matter-antimatter asymmetry which is ηB = 6.15 × 10−9 [86] where ηB =

nb−nb

nγ
.

This is approximately nine orders of magnitude bigger than the results obtained
assuming the origin of this asymmetry to be caused just by random fluctuations. In
this chapter we are going to study a mechanism that could explain this asymmetry
and we are going to see how to embed it on SO(10).

5.1 Sakharov conditions

There are three main conditions that a model need to satisfies to predict baryo-
genesis. [87] These are baryon number violation, CP violation, and that a baryon
asymmetry can only be generated by an out of equilibrium process.

Baryon number violation

The first condition is trivial. If a process conserve baryon number then it would
not be possible generate an asymmetric production of baryons and antibaryons.
Standard Model is featured by an accidental B symmetry that can be violated
at 1-loop by triangle anomalies. Indeed there are some model of baryogenesis
builted upon Standard Model as electroweak baryogenesis. We are going to study
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leptogenesis, in such a case a lepton asymmetry is first generated and then it is
converted into a baryon asymmetry due to a sphaleron process as we are going to
see later.

CP violation

We have studied in the first chapter CP violation in the Standard Model. In the
quark sector CP violation comes from δq ̸= n2π. We are particularly interested
in leptonic CP violation that is originated by three phases: δ, a1anda2. These
are respectively the Dirac and the two Maiorana phases. The first phase is found
experimentally by studying neutrino oscillations while the others mainly via 0νββ

decay experiments. let us consider a toy model in which a scalar X decays into
two fermions ψ and χ:

X → ψ + χ, (5.1)

we want to compute the asymmetry between the production of ψ and its antiparti-
cle. If we consider the charge conjugated process we obtain the production of ψ with
the momentum going in the opposite direction and therefore we need to perform
an additional P transformation. Therefore the production rate of the asymmetry
is proportional to the difference between the decay rate and the CP -transformed
corresponding one

d
(
nψ − nψ

)
dt

∝ ΓX − Γχ. (5.2)

Therefore a CP invariant model cannot generates successfully a baryon asymmetry.

Non-equilibrium process

Finally let us assume we have CP -violating (CPV) process that violates also baryon
asymmetry. For computing the asymmetry we need to consider also the inverse
process that might wash out the asymmetry. When we are in thermal equilibrium
we have in general

Γ{X → ψ + χ} = Γ{ψ + χ→ X}. (5.3)

Continuing our example we see that even if X decays and produces a ψ asymmetry,
this is cancelled by the inverse process and the overall ψ production is zero. There-
fore for the production of an asymmetry we need to consider out of equilibrium
processes. let us now apply these conditions to the theory of leptogenesis.
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5.2 Lepton asymmetry

In leptogenesis the baryon asymmetry is generated from a lepton asymmetry gen-
erated by the decay of the right handed neutrino which is then converted into a
baryon asymmetry by a non-perturbative mechanism, the sphaleron. The ingre-
dients of our model are N , the right-handed neutrino, Φ an Higgs boson and l,
a generic lepton. The lagrangian of the theory is the seesaw type I lagrangian in
which N couples to l with a Yukawa coupling mediated by Φ:

L = YνΦνLNR +MRν
T
RCνR + h.c.. (5.4)

The right-handed neutrino decays and violates lepton number ∗:

N → Φ + l. (5.5)

Let us compute the lepton asymmetry generated from this decay in terms of the
Yukawa coupling that can be defined as

ϵ1 =
Γ{N → l + Φ} − Γ{N → l + Φ}
Γ{N → l + Φ} − Γ{N → l + Φ}

. (5.6)

The relevant part of the decay rate we need to compute is the square of the scatter-
ing amplitude |M{N→l+Φ}|2. It is trivial to prove that at three level this quantity
is always zero. The scattering amplitude is equal to Y 2

D for both the decay terms
and therefore the difference is zero. The leading order at which we can compute
the lepton asymmetry from CP violation is at 1-loop. Looking at Fig. 5.1 there

N1

lj

Φ

l

Φ
Nj

N1

l

Φ
l

Φ Nj

Figure 5.1: Left: Self-energy Feynmnan diagram. Right: Wave function renormalization
Feynmnan diagram.

are two contributes to the lepton asymmetry, the self-energy diagram and the wave
∗The right-handed neutrino is a SM singlet and does not count as a lepton
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function renormalization diagram. A lenghty by rather straightforward computa-
tion of the Feynman diagrams gives for the asymmetry the following expression
[88]:

ϵ1 = 1
8π

[∑
k

Im
[
(Y †

ν Yν)
2

k1

]
(Y †

ν Yν)
11

g
(
M2

k

M2
1

)]
, (5.7)

where g(x) =
√
x(1 − (1 + x) ln[(1 + x)/x]). Here we have considered only the

contributes from N1 and we didn’t take account of flavour effects.

5.3 Boltzmann equation and N1-leptogenesis

We have found a CP -violating process which violates lepton number. Let us study
how it generates a lepton asymmetry in a realistic situation and Let us compute
NL. A lepton asymmetry is generated in the early universe with T ∼ MN1 in the
most simple case.

Boltzmann equation

The Boltzmann equation describes the behaviour of the phase space distribution
function f(x, p) in a non-equilibrium situation [89]. It is stated as

L[f ] = C[f ]. (5.8)

The left hand side is the Liouville operator and is defined in a generic curved
spacetime as

L = pα
∂

∂xα
− Γαβγp

βpγ
∂

∂pα
. (5.9)

Since the lepton asymmetry is generated in an expanding universe we are interested
in the FRW metric which we shall study in the next chapter. In this case the
Liouville operator becomes

L[f ] = E
∂f

∂t
− ȧ

a
|p2| ∂f

∂E
. (5.10)

The number density of a particle species can be determined by its phase space
distribution function

n(t) =
g

2π3

∫
d3pf(E, t), (5.11)
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where g is the number of degrees of freedom of the particle we are studying. Using
Eq. 5.10 we obtain

dn

dt
+ 3

ȧ

a
n = − g

2π3

∫
C[f ]

d3p

E
. (5.12)

Let us focus on the right handed term, in which C[f ] is called the collision factor.
If we want to study how the number density of a particle ψ is affected by a generic
process: ψ + a+ b+ · · · ⇐⇒ i+ j + . . . the collision operator is given by [89]

g

2π3

∫
C[f ]

d3pψ
Eψ

= −
∫
dΠψdΠadΠb...dΠidΠj...

×(2π4)δ4(pψ + pa + pb + ...− pi − pj − ...)
×
[
|M|2ψ+a+b+...→i+j+...fafb...fψ(1± fi)(1± fj)

. −|M|2i+j+...→ψ+a+b+...fifj(1± fa)(1± fb)...(1± fψ)
]
,

(5.13)

where we have used dΠ = g
2π3

d3p
2E

. There are three RHN, for the moment we do not
consider N2 and N3 assuming MN3 ,MN2 ≫ MN1 . The fact that with hierarchical
RHN we can neglect the contribute of the heavier neutrino will be justified later.
Therefore, the process we need to consider is N1 ←→ l+Φ. We need two equation:
one for the number density of N1 and one for B − L asymmetry which is the
equivalent of using lepton asymmetry since in this situation there are no baryon
number violating processes, indeed in this case we have nB−L = −nL. Following
[89] we assume to be in kinetical equilibrium and thus assume the phase space
distribution function to be

f =
n

neq
f eq =

n

neq
e−E/T . (5.14)

In such a case, respectively for N1 and B − L, Eq. 5.12 becomes

ṅN1 + 3HnN1 =

(
nN1

neq
N1

− 1

)
(γD + γHt + γHs) , (5.15)

ṅB−L + 3HnB−L = ϵ

[
nN1

neq
N1

− 1

]
γD −

nB−L

neq
l

[
γN +

nN1

neq
N1

γHs + γHt

]
, (5.16)

where γ is related to the thermal averaged decay rate as

γ = neqΓ, (5.17)
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and the thermal averaged decay rate is related to the zero temperature decay rate
using [?]

Γ(m/T ) = Γ̃
K1(m/T )

K2(m/T )
, (5.18)

where Γ̃ is the decay rate at T = 0. The subscripts indicate all the process con-
sidered for the lepton asymmetry generation. Indeed the decay of N1 is not the
only one that generates a lepton asymmetry.There are also ∆L = 1 scattering in
the s-channel and in the t-channel and ∆L = 2 scattering. It is important also to
consider the second term in the right hand side of the second equation. This term
describe the washout effect on the lepton asymmetry given by the inverse decay of
N1 and it is of particular importance for a quantitative description of the process,
indeed there can be different cases in which this term may be or may be not in
equilibrium. Before of doing that we can rewrite Eq. 5.16 in a more compact way
following the conventional notation used, for example, in Ref. [90] and [91]. It is
convenient to use instead of n, the number of particle per comoving frame which
contains one photon at the time t∗ in which the leptogenesis starts to happen, that
is [92]

N = nR3
∗(t), R∗(t∗) = (neγq(t∗))

− 1
3 . (5.19)

Moreover, let us introduce z = M1/T and describe the evolution of the system in
terms of the temperature, the new equations are then [91] [90]

dNN1

dz
= −(D + S)(NN1 −N

eq
N1
), (5.20)

NB−L

dz
= −ϵ1D(NN1 −NN1)−WNB−L, (5.21)

where we have called D = ΓD(z)
Hz

the decay rate, and with the same convention we
have called S all the scattering terms and W the washout term.

Analytic approximations, weak and strong washout

As we have already said the inverse decays produces a washout of the lepton asym-
metry. This washout can be quantified by introducing the parameter

K ≡ ΓD(z =∞)

H(z = 1)
, (5.22)
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where we can regard as the numerator simply as the decay rate at zero temperature
of N1. The decay rate can be written as [90]

ΓD =
1

8π
(YνY

†
ν )11M1. (5.23)

We can introduce the effective neutrino mass

m̃1 =
(YνY

†
ν )11

v2M1

(5.24)

to relate better the washout parameter with the neutrino mass. In such a case we
can rewritten K as

K =
m̃1

m∗
, (5.25)

where m∗ ∼ 1.08× 10−3 eV and it is the equilibrium neutrino mass.

The solution to the Boltzmann equation for NB−L is [91]

NB−L(z) = N i
B−Le

−
∫ z
zi
dz′W (z′) − 3

4
ϵ1κ(z). (5.26)

The first term takes account for the contribution of an eventual initial B−L asym-
metry that is being washed out by inverse decays. The second term is proportional
to ϵ1 and to a function κ(z) which is called efficiency factor. The behaviour of this
function depend on K and we are going to study carefully some particular cases
that can be studied analytically. The exact integral expression for the efficiency
factor is [91]

κ(z) = −4

3

∫ z

zi

dz′
D

D + S

dNN1

dz′
e−

∫ z
z′ dz

′′W (z′′). (5.27)

In order to understand better the dynamics of the generation of the lepton asym-
metry is better to do not consider scatterings but only decays and inverse decays.
We have thus

κ(z) =
4

3

∫ z

zi

dz′
dNN1

dz′
e−

∫ z
z′ dz

′′W (z′′). (5.28)

Using Eq. 5.18 we can write the explicit expressions in terms of the Bessel functions

D =
K1(z)

K2(z)
zK, W =

1

4
Kz3K1(z). (5.29)

We can use an analytical approximation for the Bessel functions and plug it in
5.29, we find

D ≃ K
z2

15
8
+ z

, W ≃ K
1

4
z2
√
1 +

π

2
ze−z.(5.30)
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Let us call Td the temperature at which decays start enter into equilibrium, it
corresponds to the condition ΓD(zd)/Hzd = 2. This gives us an expression for
zd ≡ M1

Td
≃
√

2/K for K ≪ 1 and zd ≃ (15/4K)
1
3 for K ≫ 1. The inverse decays

enter in equilibrium when W1. The maximum value of W is for T ≡ Tmax and is
W ≃ 0.3K. This is the reason of why we called K the washout parameter. When
K is large inverse decays enters in equilibrium and wash out an eventual initial
asymmetry, when it is small, in particular for K ≤ 3 inverse decays never enters
in equilibrium and a initial asymmetry survives to the process. The two cases are
called respectively strong and weak washout and they depend exclusively on the
parameter K. For K ≪ 1 the we have that decays enters in equilibrium at small
temperature since from the earlier discussion we find zd ≫ 1. In the expression for
the efficiency factor W can be neglected and one finds

κ(z) =
4

3
(N i

1 −N1). (5.31)

The B − L asymmetry then depends only on the initial condition

NB−L ∼ N i
B−L − ϵ1(N i

1 −N1). (5.32)

Therefore the weak washout regime is not a very predictive model. It is more
predictive instead the strong washout regime in which an initial abundance of N1

is completely washed out and therefore does not need to be assumed.

Dynamical initial abundance of N1

A better way to proceed is assumingN i
N1

= N i
B−L = 0 and computeNN1 abundance

directly from the Boltzmann equation considering the contributes of decays and
inverse decays. Let us first define zeq the time in which the abundance of N1 is the
same as if it was in equilibrium

NN1(zeq) = N eq
N1
(zeq). (5.33)

Let us first solve the first of the Boltzmann equation for z ≤ zeq. In the case of
strong washout, K ≫ 1 we have that zeq ∼ zd ∼ (6/K)

1
3 and the solution for

z ≪ zeq is

NN1(z) =
3

4

(
1− e

1
6
Kz3
)
. (5.34)
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The inverse decays enter in equilibrium in the interval zin < z < zout where zin ∼
2/
√
K. For z < zeq the decays are not in equilibrium and therefore the abundance

of NN1 differs from the equilibrium abundance. In this case the efficiency factor is
given by

κ(z) =≃ 2K

75
z5. (5.35)

We are interested in computing NB−L in the limit z → 0 and therefore we want
the asymptotic behaviour of κ(z) for z ≤ zeq. Using the first of the Boltzmann
equation and noticing that now decays keeps NN1 near the equilibrium abundance
we have at first order in 1/K

dN eq
N1

dz
= − 3

2Kz
WID(z). (5.36)

The efficiency factor for z > zeq becomes then

κ(z) =
2

K

∫ z

zi

dz′
1

z′
WID(z

′)e−
∫ ′z
z dz′′WID(z′′)

≡
∫ z

zi

dz′e−ψ(z
′,z). (5.37)

The main contribute to this integral is around the region in which ψ(z′, z) has a
minimum, that we call zB. The condition from which we can find zB is

WID(zB) =
K2(z)

K1(z)
(zB)−

3

zB
. (5.38)

We can see that for K ≫ 1 we have also zB ≫ 1 and this implies WID(zB) ∼ 1.
Therefore when z starts to approach zB, WID approaches 1 from above and that
means that inverse decays goes out from equilibrium for z > zB, in other words
this means that zB ∼ zout. The analytic approximation of the efficiency factor in
the strong washout regime for z > zd is

κ(z) ≃ 2

Kz

(
1− e−

∫ z
zi
dz′WID(z′)

)
, z = min{z, zB}, (5.39)

and we can notice it become constant as soon as WID becomes negligible therefore
for z > zB. We say that the efficiency factor freeze out at z ∼ zB and we have for
K ≫ 1

κ(zB) = κf (∞) ≃ 2

zB(K)K
, (5.40)
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where [91] [90]

zB(K) ≃ 1

2
ln

(
1 +

[
ln

(
3125K2

1024

)]5)
. (5.41)

In the weak washout regime, instead, we have that zeq ≫ 1. We have

NN1(zeq) ≃
9π

16
K ≡= N(K). (5.42)

For z > zeq decays dominate and wash out is exponentially suppressed and thus
can be neglected. The efficiency factor is κ(z) = κ+(z) + κ(z)− where

κ−(z) = −2(1− e−
2
3
N(K)), (5.43)

κ+(z) =
4

3
(N(K)−NN1(z)). (5.44)

For z ≫ 1 the asymptotic value of the efficiency factor is zero in such a rough ap-
proximation. We need to consider washout for z < zeq that produce an abundance
of N1 and we have

κf (∞) ≃ 9π2

64
K2. (5.45)

Keeping in mind the expression of NB−L of Eq. 5.26 we have

NB−L(∞) = −3

4
ϵ1κf (∞). (5.46)

In order to compute the baryon asymmetry we just need to see how this B − L

asymmetry is converted into a baryon asymmetry via a sphaleron process.

5.4 Sphalerons

The lepton asymmetry generated by the decay of N is converted into a baryon
asymmetry during the electroweak phase transition at temperature around T =

100 − 300 GeV. [93] This happen because of a non-perturbative process called
sphalerons. In the Standard Model both B and L symmetry are accidentally con-
served at tree level. Due to anomalies the asymmetry B+L is violated while B−L
is conserved due to anomalies cancellation. Due to B − L conservation one could
promote this symmetry into a gauge symmetry and extend Standard Model with
an extra U(1) symmetry.
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The vacuum structure of a non-abelian gauge theory

Let us take a vacuum configuration in which we have Fµν = 0. This implies, in
general, the vector potential to have the following configuration

A0 = 0, Ai =
i

g
(∂iU)U−1. (5.47)

The converse instead, does not necessarily hold, and therefore even if the vector
potential assumes a pure gauge configuration this still implies that has observable
consequences and that Fµν ̸= 0. This is due to the non trivial topology of the
vacuum of a non abelian theory.
We can define the winding number to be [94]

m =

∫
Tr
(
ϵijk(∂iU)U−1(∂jU)U−1(∂kU)U−1

)
d3x. (5.48)

It can be proven that it is invariant if we transform continuously U and that it
is a integer. This makes m a topological invariant and we can decompose U(x)

in homotopy classes. Two matrices belong to the same homotopy class if one
can be obtained from a continuous transformation of the other, therefore they are
characterized by the same winding number. Therefore there are many vacuum
configurations each one characterized by a different vacuum number. A vacuum
transition can happen either via tunnel effects at T = 0 via an instanton process or
at higher temperature via a sphaleron process. Let us now look at the consequences
of this vacuum transition.

Figure 5.2: Different vacuum corresponds to different winding numbers. The transition
can happen either via instantons or sphalerons. Picture taken from [94].
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Anomalies and fermion number violation

Figure 5.3: Feynman diagram of the triangle loop anomaly.

An anomaly is a symmetry at classical level which gets broken by quantum effects.
The Standard Model is characterized by the chiral anomaly which violates B and L
at quantum level. Such an anomaly can be studied equivalently non-perturbatively
using path integrals or with Feynman diagrams, computing the so-called triangle
loops of Fig. 5.3. Even if we are only at 1-loop level the results obtained computing
this loops is the exact one. Due to the non-perturbative origin of this anomaly there
is a link between the vacuum structure and this anomaly. At classical level we have

∂µJ
µ
L(R) = 0, (5.49)

where Jµ = ψγµψ. From computing the triangle loop one obtain for an SU(2)

gauge theory

∂µJ
µ
L = − g2

16π
Tr
(
FF̃
)
, (5.50)

where ˜F µν = ϵµνρσFρσ. If we consider two configurations with different winding
number we obtain ∫

Tr(FF̃ )d4x =
16π2

g2
∆m. (5.51)

Therefore a topological vacuum transition implies a finite value for Tr(FF̃ ) and
therefore a fermion number violation.

Baryon asymmetry from sphalerons

From what we have seen before a vacuum transition implies a B+L violation. Such
a transformation needs to satisfies charge, color and energy conservation. Therefore
this process generates uldldlνL for each generation out of vacuum. This conversion
happens at temperature between 100 and 300 GeV and therefore electroweak inter-
actions are still in equilibrium and keep the system in chemical equilibrium. This
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implies that the total chemical potential of the incoming particles in the same of
the chemical potential of the outcoming particles. Therefore, we obtain

3 (µuL + 2µdL) +
∑
i

µi = 0, (5.52)

where µuL and µdL are respectively the chemical potentials of the up and down
quark while µi is the chemical potential of the neutrino of the i-th generation. In
order to proceed computing the baryon asymmetry we need to express the relevant
quantities in terms of the chemical potentials. We obtain for the baryon and lepton
number and charge operator[93]

B = 3 (µuL + µuR) + 3 (µdL + µdR) , (5.53)

L =
∑

i (µi + µiL + µiR) , (5.54)

Q = 6 (µuL + µuR)− 3 (µdL + µdR) . (5.55)

Rewriting everything in terms of µW , the chemical potential of the W bosons,
setting µW = 0 and Q = 0 we have

B = 12µuL , L = −223

7
µuL . (5.56)

This relation implies

NB =
27

89
NB−L ≡ asphNB−L. (5.57)

From the last section we have seen how to obtain NB−L in terms of the asymmetry
ϵ1 and the efficiency factor. Our goal is to compare our predictions with the value
ηB of the baryon asymmetry observed during the recombination time which is
ηB = 6.1 ± 0.1 [86]. In terms of the efficiency factor κf and the asymmetry ϵ1
which we have computed in the last section such quantity can be expressed as

ηB =
3

4

asph
f
ϵ1κf , (5.58)

where the factor f is the dilution factor which takes account or the photon produc-
tion from the onset time of leptogenesis from which we have defined our comoving
volume and the recombination time from when the baryon asymmetry was mea-
sured, this value is f =

Nrec
γ

N∗
γ

.

This is the starting point for a meaningful computation of the baryon asymmetry
and of course in this discussion many approximation where used, but this is in any
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case the main structure of the equation for ηB and we only need to correct it with
a more detailed discussion the asymmetry ϵ1 and the efficiency factor. In the first
instance, the efficiency factor can be solved for any K numerically, we can take
account for flavour and see if also the heavier right handed neutrino contributed
to the baryon asymmetry. We will address this further questions going towards a
more realistic model in the next section.

5.5 Realistic models of leptogenesis

So far, we have studied the simplest of the leptogenesis model, the N1-leptogenesis.
The main drawbacks of such treatment is that it does not account for flavour
, we cannot know if the other heavy neutrinos, N2 and N3 contributes to the
lepton asymmetry but also the fact that the Boltzmann equation are classical
and we negletc quantum effects. Regarding this last topic there is a broad range
of quantum phenomena that may affect leptogenesis at a quantum level such as
memory effects, phantom effects but in particular the fact that the process happen
at finite temperature [95, 96, 97]. An alternative approach to classical Bolztmann
equation is to start from first principles with the Kadanoff-Baym equations [98] and
then solve them. In the strong washout regime this approach gives approximately
the same results of the Boltzmann equation [99] and therefore in this section we
are going to study only flavour effects [100, 101, 102] and contribution from the
heavier RHN [103].

Flavour effects and density matrix equations

Until now we did not consider flavour and we treat decays of N1 to leptons without
distinguish between electrons, muons and tauons. This is correct if the temperature
at which the process happen is higher than the one at which Yukawa interactions
between charged leptons starts getting into equilibrium. In such a case one cannot
tell if a lepton is either an electron, a muon or a tauon and there is no need of
distinguishing flavour. In such a case one proceed as we have done before. The
interaction rate for the Yukawa interaction Yαα is

Γα = 5× 10−3Y 2
ααT. (5.59)
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The interaction for the tau is getting into equilibrium at T ∼ 1012 GeV while for the
muon we have T ∼ 109 GeV. Since the temperature at which leptogenesis happens
is of the same order of magnitude of MN1 , looking at the mass of the lightest RHN
one can determine if considering flavour or not. The main change one needs to
do is to proceed finding the asymmetry ϵαα and solve the Boltzmann equation for
each flavour and sum all the asymmetries only at the end. Assuming the Yukawa
interactions for the flavour α is perfectly in equilibrium and considering only the
contribute from N1, we proceed as done earlier in this chapter and we find [104]

ϵ1α =
1

8π

1(
Y †
ν Yν

)
11

∑
j ̸=1

ℑ
[(
Y †
ν Yν
)
j1
Yνα1Yν

†
αj

]
g

(
M2

j

M2
1

)
, (5.60)

where g(x) is defined as we did before †. If at this moment we sum over the flavour
index α we would obtain again the unflavoured asymmetry term of Eq. 5.7. In
this situation lepton asymmetries evolves differently depending on the flavour and
therefore we need to solve the Boltzmann equation for each flavour component.
The Boltzmann equation for the flavour α now is

N∆α

dz
= −ϵ1αD(NN1 −N

eq
N1
)−WN∆α. (5.61)

The main difference between the former case is that even if the sum of the asym-
metries is zero these asymmetries evolves differently and a baryon asymmetry may
still be generated.

We can still improve this model using the density matrix formalism. In the case
we have considered Yukawa interactions are very fast and a charged lepton states
remain the same between the production from a decay to the absorption during an
inverse decay. In this case such a state can be treated as a pure states and we have
an incoherent mixture of states, the flavour asymmetries N∆α.
In general we can see those asymmetries as the diagonal elements of a density
matrix. The non diagonal elements of the matrix are quantum correlations and
they are not negligible during an intermediate regime in which charged lepton
interaction balanca Yukawa interactions and the latter are not in equilibrium. For
example this happen at T ∼ 1012 GeV when there is the one-flavour to two-flavour

†In this case we are assuming hierarchy between heavy neutrinos and therefore we neglect resonance
effects
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transition [95].
In such a case the non diagonal elements quantify the interaction between the
charged lepton states and the thermal bath. Let us look at an example in which
only two flavours are considered that we call τ and τ⊥. Following Ref. [105] Let us
call respectively |1⟩ and |1⟩ the leptons and anti-leptons quantum states produced
by N1 decay.
We have that both the states are a linear superposition of flavour states ‡. We have

|1⟩ =
∑
α

C1α|α⟩, |1⟩ =
∑
α

C1α|α⟩. (5.62)

When charged interaction are not in equilibrium these states propagates as coherent
states and we can use the one flavour approximation. For T ≲ 1012 GeV the
coherence is ruined by the interaction with τ states and |1⟩ can collapse down to
either |τ⟩ or |τ⊥⟩ with probability equal to, respectively p1τ ≡ |C1τ | and p1τ⊥ ≡
|C1τ⊥ |. In such a case we are in a two-flavour situation and we have an incoherent
mixture of |τ⟩ and |τ⊥⟩ states that corresponds to a diagonal density matrix. In
the general case we can define also the orthogonal states to |1⟩ and CP |1⟩. We
have

|1⊥⟩ = −C∗1τ⊥ |τ⟩+ C∗∞τ |τ⊥⟩, CP |1⊥⟩ = −C∗1τ⊥|τ⟩+ C
∗
∞τ |τ⊥⟩. (5.63)

Assuming leptons and anti-leptons are produced only trough N1 decay we define
the density matrices in the basis l1 − l⊥1 and the corresponding CP transformed
basis as

ρlij = P
(1)
ij = diag(1, 0), ρlij = P

(1)

ij = diag(1, 0). (5.64)

The lepton number density matrix is simply defined as: N l
ij = N lρlij and their

evolution is given by

dN l
ij

dz
=

(
ΓD
Hz

NN1 −
ΓID
Hz

Nl1

)
ρlij,

dN lij

dz
=

(
ΓD
Hz

NN1 −
ΓID
Hz

Nl1

)
ρlij. (5.65)

We define also NB−L
ij ≡ −

(
N l
ij −N lij

)
. In order to find an equation for NB−L is

convenient to rotate the matrices to the τ − τ⊥ basis. We introduce the rotation
matrices

R
(1)
αi =

(
C1τ −C+∞τ⊥

C∞τ⊥ C∗
1τ

)
, R

(1)

αi =

(
C1τ −C∗1τ⊥
C1τ⊥ C

∗
1τ

)
. (5.66)

‡It is important to point out that due to CP violation CP |1⟩ ≠ |1⟩
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The lepton density matrices in this basis are expressed in terms of the rotated
projectors P(1)

αβ = R
(1)
αi PijR(1)†βj:

P(1)
αβ =

(
p1τ C∗∞τ⊥C∞τ

C∞τ⊥C∗∞τ p1τ⊥

)
, (5.67)

in the same way we can express the projector for the antileptons.

We are going to keep account also for the scattering term and we introduce the
parameter Λ which takes account for the charged lepton interactions. The equations
for the lepton number density matrices can be written as:

dNℓ
αβ

dz
= Γ1

Hz
NN1P

(1)
αβ − 1

2

ΓID
1

Hz

{
P(1), N ℓ

}
αβ

+ Λαβ +Gαβ,
dN ℓ̄

αβ

dz
= Γ̄1

Hz
NN1P

(1)

αβ − 1
2

Γ̄ID
1

Hz

{
P(1)

, N ℓ̄
}
αβ

+ Λ̄αβ + Ḡαβ.
(5.68)

where the charged Yukawa interactions can be written as:

Λαβ = −iRe(Λτ )
Hz

[(
1 0

0 0

)
, N ℓ

]
αβ

− Im(Λτ)
Hz

(
0 N ℓ

ττ⊥1

N ℓ
τℓ1τ

0

)
,

Λ̄αβ = +iRe(Λτ)
Hz

[(
1 0

0 0

)
, N ℓ̄

]
αβ

− Im(Λτ)
Hz

(
0 N ℓ̄

ττ⊥1

N ℓ̄
τ⊥1 τ

0

)
.

(5.69)

and they are given by the imaginary part of the self-energy correction to the charged
lepton propagators in the plasma. The first term of the Λ interaction is a com-
mutator that quantifies oscillations in flavour space of the quantum lepton states
while the second term keeps account for the damping of the off-diagonal terms.
When |Λ| ≫ 1 we can neglect this terms and come back to the normal Boltzmann
equaiton as we have said earlier. Finally Gαβ are the gauge interactions between
charged leptons, they thermalize the system keeping it in kinetic and chemical
equilibrium.

Now we have all the ingredients to find the density matrix equation for NB−L which
are

dNB−L
αβ

dz
= ε

(1)
αβD1

(
NN1 −N

eq
N1

)
− 1

2
W1

{
P0(1), NB−L}

αβ
− Im (Λτ)

Hz
(σ1)αβ N

B−L
αβ .

(5.70)
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The important approximations that have been made are the suppression of the
flavour oscillation due to the presence of gauge interactions. The density matrix
for the lepton asymmetry is:

ε
(1)
αβ = 3

32π(Yν†Yν)11
∑

j ̸=1

{
i
[
Yνα1Yν

⋆
βj

(
Yν

†Yν
)
j1− Yνβ1∗Yναj

(
Yν

†Yν
)
1j

]
ξ(xj/x1)√
xj/x1

+i 2
3(xj/x1−1)

[
Yνα1Yν

∗
βj

(
Yν

†Yν
)
1j − Yν∗β1Yναj

(
Yν

†Yν
)
j1

]}
.

(5.71)

Let us come back to the fully flavoured case and see how we can treat the washout
keeping account for flavour. In this case there is a washout parameter for each
flavour[?]:

Kαα = K
Yν1αY

†
ν 1α∑

γ|Yν1γ |
=

(
m̃αα

m∗

)
. (5.72)

The sum of the Kαα coincides with the washout parameter of the unflavoured case.
One proceed solving the Boltzmann equations of 5.61 for each component Nαα,
we can have situations in which all the components have strong washout, some
in which all components have weak washout and some mixed situations. Once
solve the equations one sum the asymmetries and then convert them into a baryon
asymmetry as we have done in the last two sections. For T < 109 GeV also the
Yukawa interactions between electrons and muons enters in equilibrium and we
need to repeat the same procedure but considering all the three flavours: τ , µ, and
e.

Contribute of other neutrinos

We have neglected so far the contribute to leptogenesis of N2 and N3. Important
effects may arise when we consider the contributes of more right-handed neutrinos.
We are going to study first the conditions on RHN masses that has to be fulfilled
to neglect N2 and N3 and then what happens if the two lightest right-handed
neutrino have approximately the same mass. We have seen that in the strong
washout regime one can express the efficiency factor that now we are going to call
κf,1 referring to the contribute of N1 as

κf,1 =

∫ ∞

zi

e−ψ(z)dz,
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=

∫ zB(K1)+∆(K1)

zB(K1)−∆(K1)

eψ
′(z)dz. (5.73)

The main contribute to the integral is given by the region near the minimum of
ψ(z), in the interval (zB(K1)−∆(K1), zB(K1)+∆(K1)). We can furtherly assume
the integrand to be a Gaussian centered around zB(K1) if N2 decays are inefficient
for z ≥ zB(K1) − ∆(K1). In the case of N2 strong washout we can describe as
well the efficiency factor κf,2 as a gaussian centered around zB(K2)

M1

M2
. In such a

case N2 decays and inverse decays are an independent process and because of the
subsequent washout do not affect the final lepton asymmetry. Let us determine
the condition on the masses MN2 and MN1 for which those values are separated.

Imposing a separation of 3σ and therefore assuming ∆ ≃ 1.5σ ≃ 2 we start from:

(zB(K2) + (K2))
M1

M2

≤ zB(K1)−∆(K1), (5.74)

and we obtain the following limit

MN2

MN1

≥ zB(K2) + 2

zB(K1)− 2
. (5.75)

In the most conservative assumption with K1 ∼ 10 and K2 ∼ 104 one obtain [103]

MN2 ≥ 5MN1 . (5.76)

When the condition is satisfied one can proceed as we have done and consider only
the contribute of N1.

5.6 Application to our model

Now we can compute the baryon asymmetry for all the points of our scan with
χ2 < 10. The CP violation is generated spontaneously at higher energy as we
will see and we find at low energy a CP violating Yν , needed for the generation of
the lepton asymmetry [106, 107]. We are going to consider the contributes of all
three neutrinos and use density matrix which account for flavour, even if we will
not consider finite density effects and in general quantum effects becomes they are
negligible in the strong washout regime which our scan seems to prefer for all the
points.
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5.6.1 Spontaneous CP violation in SO(10)

One of the assumption of our model is that above a certain scale CP symmetry
holds and it is only broken spontaneuously at lower scales. This happen when a
singlet of G2 = SU(3)× SU(2)L × SU(2)R × U(1)B−L × zC2 embedded in 45 takes
an imaginary VEV. The potential of 45 without considering the interaction term
with the other Higgs bosons is

V(Φ) = −1

2
µ2
45TrΦ

2 + λ145(TrΦ
2)2 + λ245Φ

4, (5.77)

and assuming Φ12 takes a VEV we can see that the following VEV can be pure
imaginary and that it breaks D-parity. In the last chapter we defined the lightest
Higgs mass eigenstate which correspond to the Standard Model Higgs as a linear
combinations of the various Higgs representations

hj = {h̃u10, h̃u126, h̃u120, h̃u
′

120, h
d
10, h

d
126, h

d
120, h

d′

120}, (5.78)

with coefficients Vij.

Then we can see how this CP violation appears in the term Yν we need for lepto-
genesis starting from the expression

Yν = Y10V11 −
√
3Y126V12 + Y120

(
V13 −

√
3V14

)
. (5.79)

The last two terms of the equation can be fixed to be pure imaginary from the
term in the potential 45 · 10 · 120.When 45 takes the imaginary term this can
be seen as an imaginary contribute to the mass term of h1. Indeed we can write
h1 = hu10 + hu120 + . . . and in the mass term we find the following term

V11V13h
u
10h

u
120, (5.80)

but this is exactly one of the pure imaginary term which appear in the interaction
potential between 10, 120 and 45 and therefore we can set V13 as a pure imaginary
term. We can proceed in a similar way for V14, V17 and V18

§ From this it follows
that Yν has a CP violating phases that comes from V13 and V14 being imaginary.

§In the last two cases the interaction potential we need to consider in the one among 120,126 and
45.
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5.6.2 3DME equations

The equations we have used for computing baryon asymmetry are the density ma-
trix equation with all three flavours. We did not do the assumption of hierarchical
heavy neutrinos and we considered all the three flavours. Extending the discussion
we have done earlier we have that the NB−L matrix and the projector are defined
as [?]

NB−L =

 Nττ Nτµ Nτe

Nµτ Nµµ Nµe

Neτ Neµ Nee

 , P(i)0 =
1(

Ỹν
†
Ỹν

)
ii


∣∣∣Ỹντi∣∣∣2 ỸντiỸν

⋆

µi ỸντiỸν
⋆

ei

Ỹν
⋆

τiỸνµi

∣∣∣Ỹνµi∣∣∣2 Ỹν
⋆

τiỸνei

ỸνeiỸν
⋆

τi ỸνµiỸν
⋆

τi

∣∣∣Ỹνei∣∣∣2
 .

(5.81)
The CP-asymmetry matrix, describing the decay asymmetry generated by Ni is
denoted by ϵ(i)αβ, and may be written this time as:

ε
(i)
αβ =

3

32π
(
Ỹ †
ν Ỹν

)
ii

∑
j ̸=i

{
i

[
ỸναiỸν

⋆

βj

(
Ỹ †
ν Ỹν

)
ji
− Ỹν

⋆

βiỸναj

(
Ỹν

†
Ỹν

)
ij

]
ξ (xj/xi)√
xj/xi

+i
2

3 (xj/xi − 1)

[
ỸναiỸν

⋆

βj

(
Ỹν

†
Ỹν

)
ij
− Ỹν

⋆

βiỸναj

(
Ỹν

†
Ỹν

)
ji

]}
,

(5.82)
where xi ≡M2

Ni
/M2

N1
and Greek and Roman indices denote charged lepton flavour

and right-handed neutrino generation indices, respectively, and

ξ(x) =
2

3
x

[
(1 + x) ln

(
1 + x

x

)
− 2− x

1− x

]
. (5.83)

Finally we can states the density matrix Boltzmann equations we have used for
our model:

dNB−L
αβ

dz
=

3∑
i=1

ε
(i)
αβDi

(
NNi
−N eq

Ni

)
− 1

2
Wi

{
P(i)0, NB−L}

αβ

−Im (Λτ )

Hz


 1 0 0

0 0 0

0 0 0

 ,


 1 0 0

0 0 0

0 0 0

 , NB−L



αβ

−Im (Λµ)

Hz


 0 0 0

0 1 0

0 0 0

 ,


 0 0 0

0 1 0

0 0 0

 , NB−L



αβ

,
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where z =MN1/T is the evolution parameter, H is the Hubble expansion rate, and
the decay and washout terms are given by

Di(z) = Kixiz
K1 (zi)

K2 (zi)
, Wi(z) =

1

4
Ki

√
xiK1 (zi) z

3
i , (5.84)

where zi ≡
√
xiz, K1 and K2 are modified Bessel functions of the second kind with

the decay asymmetry Ki given by

Ki ≡
Γ̃i

H (T =MNi
)
, Γ̃i =

MNi

(
Ỹ †
ν Ỹν

)
ii

8π
, (5.85)

respectively. The thermal widths of the charged leptons, Λτ , Λµ, has been intro-
duced earlier and are importnt in intermediate regime in which the fully flavoured
approximation does not hold.

5.6.3 Results

For each point in our parameter scan, we have solved eq:DME which provides
the baryon-to-photon ratio using the publicly available tool ULYSSES [109] and the
associated “3DME” code which accounts for the decays and washout of all three
right-handed neutrinos. We show our results in Fig. 5.4 where all the points have
χ2 < 10 and satisfy the proton decay bounds. We observe that for both octants,
many low χ2 points achieve thermal leptogenesis successfully, and their baryon-
to-photon ratio is ηB ≈ 10−10. Interestingly, the predicted baryon-to-photon ratio
shows little dependence on δ but has a very constrained prediction for the effective
Majorana mass, 4 ≲ mββ (meV) ≲ 10. This indicates that the predicted Majorana
phases are highly constrained within our model.

For all the points with χ2 < 10, we found leptogenesis is always in the strong
washout regime K1 ≫ 1 (for the benchmark point K1 ≈ 130) since the Yukawa
couplings (Eq. 4.171) are not very small. As we are in the strong washout
regime, neglecting finite density effects is a good approximation [110]. For the
above benchmark point, the lightest two masses of right-handed neutrinos are
MN1 = 4.23 · 1011 GeV and MN2 = 5.32 · 1011 GeV and the baryon-to-photon
ratio is ∼ 6.11 × 10−10). Next generation 0νββ experiments such as Legend-1000
[111], nEXO [112], NEXT-HD [113], DARWIN[114], SNO+II [115] and CUPID-
Mo [116] will allow to test further test the results of our scan. The most sensitive
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Figure 5.4: The top (bottom) left and centre panels are the two-dimensional correlations
between predicted observables for χ2 < 10 and θ23 ≤ 45◦ (θ23 ≥ 45◦). The top (bottom)
rightmost panel shows the predictions for the effective neutrino mass for θ23 ≤ 45◦

(θ23 ≥ 45◦). The colour of the points denotes the ratio of the predicted baryon-to-
photon ratio to the experimentally observed best-fit value as measured using CMB data
ηCMB
B = 6.15 × 10−10 [108]. Consistency with gauge unification is considered. In the

leftmost plots, the dashed line labels the sensitivity of the next generation experiments
on 0νββ decay. The orange star is the benchmark point BP1
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experiments will probe mββ down to 8 − 10meV which, as we can see from Fig.
5.4, covers a significant fraction of the points of our scan.
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Cosmic strings

Cosmic strings may be produced during early universe phase transitions as a par-
ticular type of topological defects during a spontaneous symmetry breaking. GUT
theories predict a variety of topological defects such as domain walls and magnetic
monopoles [?]This is one of the main problems of such models since for most of
the models both domain walls and magnetic monopoles becomes the dominant
component in the total energy of the universe and this is not what we observe ex-
perimentally. In general one solves this problem setting a reheating scale after the
inflation after the production of this topological defects so that they are washed
out. A cosmic string network instead can evolve in a scaling solutions, that is with
its energy density being a constant fraction of the energy density of the universe
and therefore being compatible with the current cosmological observation.The main
signature of this network is a stochastic gravitational wave background produced
by oscillating loops of strings. In this chapter we are going to introduce the basic
features of cosmic strings.

6.1 Topological defects and string solutions

Let us start from a toy model of a scalar theory with a U(1) gauge symmetry break-
ing. [?] We are going to work in cylindrical coordinates {ρ, θ, z}. The lagrangian
is

L = −1

4
FµνF

µν +
1

2
(Dµϕ)

∗ (Dµϕ)− V(ϕ), (6.1)

where
V(ϕ) = λ2

2

(
ϕ2 − v2

)2
. (6.2)
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Instead of considering a special vacuum configuration such as simply Φ = v, let
us consider all the possible vacuum configurations. Those configurations form the
so-called vacuum manifold

M0 = {ϕs : ϕs = veiθ, θ ∈ [0, 2π]}, (6.3)

which is isomorphic to S1. Let us now compute the linear energy density of the
string

E

L
=

∫
dS

[
1

2
|Diϕ|2 + V(ϕ)

]
. (6.4)

From imposing E
L

to be finite we conclude that

|ϕ| ∞−→ v, (6.5)

Dµϕ
∞−→ 0. (6.6)

The trivial solution is when we choose ϕ(∞) = v. In this case we would have
a trivial map and the linear energy density would be zero: nothing interesting
happen. Another configuration at infinity might be

ϕs(∞) = veiθ. (6.7)

Therefore also the boundary conditions form a manifold omeomorphic to S1. In this
way ϕs induces a non trivial map between the vacuum manifold and the boundary
conditions

ϕs :M0 →M∞. (6.8)

In general the most general configuration is ϕ(∞) = veinθ. In the last two configu-
rations the linear energy is greater than zero, hence bigger than the energy of the
trivial vacuum solution. It is crucial understanding why these solutions are stable.
Let us write ϕ = ϕ1 + iϕ2 and consider the following conserved current

jµ = Cϵµνρ∂νΦa∂ρΦbϵab. (6.9)

It is trivially conserved due to the presence of the Levi-Civita tensor

∂µj
µ = Cϵµνρ [∂µ∂νΦa∂ρΦbϵab + ∂νΦa∂µ∂ρΦbϵab] = 0. (6.10)

This implies the existence of a conserved quantity

Q =

∫
dSj0. (6.11)
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We can write
j0 = Cϵijϵab [∂i(Φa∂jΦb)] ≡ Cϵij∂iVj, (6.12)

therefore the conserved charge can be written as

Q

∮
dxiVi. (6.13)

we can place the path of integration at infinity and therefore using Φs = veiθ. This
implies:

Φa =
xa
ρ
. (6.14)

Plugging this expression in 6.13 we obtain:

Q = 2πCv2 ≡ 1, (6.15)

defining the arbitrary costant C ≡ 1
2πv2

. For a generic configuration ϕs = veinθ

we have Q = n. This is called topological charge and it is conserved. Therefore a
solution with a certain topological configurations cannot evolve towards a different
solution or towards the trivial one. Te key for understanding why the string solution
is stable is then the topological configuration of the solution originated by the non
triviality of the fundamental group of the vacuum manifold, in this case S1.

Details of the string solution

From the second equation of Eq. 6.6 we can derive the expression for the gauge
field at infinity

Aµ =
1

g
∂µθ. (6.16)

This would seem simply a pure gauge and one could think of removing it with a
gauge tranformation. This is not the case and this is actually a physical config-
uration. Let us indeed compute the magnetic flux and prove it is different than
zero

Φ =

∫
d⃗SB⃗ =

∮
Aµdx

µ =
2π

g
. (6.17)

Because of the boundary condition the magnetic flux is concentrated around the
origin and is captured inside a cylindrical region of width δ. Plugging the expression
of the magnetix flux in Eq. 6.4 we can find

δ ≃ 1

v

1√
gλ
. (6.18)
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The exact string solution can be written in term of two function f(ρ) and α(ρ)

which can be found numerically.

ϕs(ρ) = einθf(ρ), (6.19)

Asa(ρ) = −ϵabxb
n

eρ2
α(ρ), a, b = 1, 2. (6.20)

6.2 String dynamics

The action of a gauge theory which allow string solutions is [117]

S =

∫
d4y
√
−g|Dµϕ|2 −

1

4
FµνF

µν − V(ϕ).(6.21)

where V(ϕ) is defined in Eq. 6.2. Our goal is to study the basic properties of
a string network and we do not need the detailed description of the solutions of
6.20 We can find an effective action, an approximation of 6.21 in which the only
important thing is the stringy configuration of the fields and not the details of
the gauge theory. Let us derive this effective action following [117].In the last
section we have seen that the solution is concentrated around the zero of the Higgs
field. The zeros of the Higgs field swept out a worldsheet on which we define the
coordinate ζ0 and ζ1. Let us define two tangent vectors in a certain point of the
worldsheet xµa , a = 1, 2 and two vectors orthogonal to these tangent vectors which
we call ηAµ , A = 1, 2. These two vectors are also orthonormal: gµνηAµ ηBν = 0. We
parametrize any point yµ near a point of the worldsheet xµ(ζα) introducing other
two radial coordinates ρA, A = 1, 2 as

yµ(ζα, ρA) = xµ(ζ) + ρAηµA(ζ). (6.22)

This mapping is single valued if we assume its curvature radius R to be much
greater than ρ The fields solution near the worldsheet is

ϕ(y) = ϕs(ρ), (6.23)

Aµ(y) = nµB(ζ)AsB(ρ), (6.24)

where ϕs and As are the solution of 6.20. Now we want to change from the coor-
dinates y to ξ = (ζα, ρA). The jacobian is

√
−gdet

(
∂y

∂ξ

)
= (−detMαβ)

1
2 , (6.25)
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where:
Mαβ =

(
gµν

∂yµ

∂ξα
yν

ξβ

)
= diag(γab,−δAB) +O

( r
R

)
. (6.26)

We can integrate out the perpendicular modes integrating out ρA, A = 1, 2 from
the action 6.21. Remebering the expression for the linear energy density this give
exactly E

L
≡ µ. The new action is, therefore

S = −µ
∫
d2ζ
√
−γ. (6.27)

This is the so-called Nambu-Goto action.

The equation of motion for a string in a general metric are(
dxµ

dζa

)
;a

+ Γµνσγ
abdx

ν

dσa
dxσ

dζa
= 0, (6.28)

while the energy-momentum tensor is

T µν
√
−g = µ

∫
d2ζ
√
−γγabdx

µ

dζa
dxν

dζb
δ(4)(xσ − xσ(ζa)). (6.29)

Strings in flat spacetime

In a flat spacetime we fix gµν = ηµν . The Nambu-Goto action is invariant for reparametriza-
tion of the world sheet, so that we can choose a convenient parametrization gauge fixing
the coordinates. One convenient way is that of choosing the conformal gauge imposing

γ01 = 0, γ00 + γ11 = 0, (6.30)

and fixing ζ0 = t to remove the residual gauge symmetry. In this way the worldsheet
metric is

γab =
√
−γηab. (6.31)

We can describe the string with a three dimensional vector x(ζ, t). The equation of
motion are

ẋ.x′ = 0, (6.32)

ẋ2 + x′2 = 0, (6.33)

96



ẍ− x′′ = 0, (6.34)

where the dot and ′ means, respectively,derivative with respect to ζ0 and ζ1. From the
first equation we see that ẋ is perpendicular to the string and therefore is the transverse
velocity of the string. From the second equation we can see that the most general solution
to Eq. 6.34 is

x(ζ, t) =
1

2
[a(ζ − t)( ζ + t) + b(ζ + t). (6.35)

For the aim of this project it is interesting to study carefully the closed string solution,
an oscillating loop with lenght L with 0 < ζ < L as boundary conditions. The condition
on a and b are, in the loop center of mass frame of reference

a(ζ + L) = a(ζ), b(ζ + L) = b(ζ). (6.36)

Let us study some features of an oscillating loop [118]. If both a and b are continuous
functions the loop is said to be smooth. This is not always the case and in general when
some discontinuities are present the loop are featured by the presence of cusps and kinks.
This will affect the emission of gravitational waves and therefore it is worth to give some
examples.

• Let us start from noticing that in a smooth loop there is a point moving at the
velocity of light. We have indeed [117]

ẋ2(ζ, t) =
1

4
[a′(ζ − t)− b′(ζ + t)]

2 (6.37)

The constraints given by the periodicity of a and b are∫ L

0

a′dζ =

∫ L

0

b′dζ = 0. (6.38)

If for some values of ζa the two functions intersect, that is if a′(ζa) − b′(ζa) then
we have ẋ2 = 1, that is we have a point with luminal velocity. We can assume this
point to be around ζ = t = 0 and in this case the shape of the loop around that
point will be

x(ζ, 0) =
1

4
(a0

′′ + b0
′′) ζ2 +

1

12
(a0

′′′ + b0
′′′)ζ3 + . . . (6.39)

We can see that if a0
′′ + b0

′′ ̸= 0 then the loop develop what is called a cusp.
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• When instead the two functions are discontinuous or have discontinuous derivatives
we said we have a kink. An example is [119]

a(ζ) =

{ (
L
2π
ζ − L

4

)
û, 0 ≤ ζ < π,(

3L
4
− L

2π
ζ
)
û, π ≤ ζ < 2π

, (6.40)

b(ζ) =

{ (
L
2π
ζ − L

4

)
v̂, 0 ≤ ζ < π(

3L
4
− L

2π
ζ
)
v̂, π ≤ ζ < 2π

. (6.41)

where û and v̂ are arbitrary unit vectors. In such an example the loops is featured
with 4 kinks. As we shall see later, in general kinks are generated when loop
intersect with each other during a network evolution.

Oscillating loop in an expanding universe

Now we can describe the dynamics of an oscillating loop in the FRW metric using the
comoving time

ds2 = a2(τ)
(
dτ 2 − dx2

)
. (6.42)

Now we impose as gauge conditions:

ζ0 = τ, ẋ · x′ = 0. (6.43)

From Eq. 6.20 we obtain that the equations of motion for the string now are

ẍ+ 2
ȧ

a

(
1− ẋ2

)
ẋ = ϵ−1 (ϵ−1x′)

′
, (6.44)

x′′ϵ̇ = −2 ȧ
a
ϵẋ2, (6.45)

where

ϵ =

(
x′2

1− ẋ2

)1/2

. (6.46)

Frictional force

In the equation of motion we have considered so far we have assumed a string moving
in the vacuum. For a realistic study of the string evolution in the early universe we
need to consider the motion of a string in a plasma of temperature T. We can picture
the interactions between a string and the plasma as scattering between the string and
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particle with momentum q ∼ T . The cross section can be approximated roughly to be
∼ T−1.

This interaction can be modeled using a frictional force [117]

F = nσtvT∆P, (6.47)

where ∆p is the average momentum transfer per collision, vT is the particles thermal
velocity and the number density of the particles is n ∼ T 3 in a radiation-dominated era.
This gives, in a first approximation [120]

F ∼ −T 3v. (6.48)

With a more detailed computation in which we plug the exact cross section for a particle
interaction we have

σt = 2q−1 sin2(πν), (6.49)

where ν is the phase change due to the Bohm-Aharonov effect when a particle is trans-
ported around the string. The number of particles of momentum k is

nk = nFD/BE (γ(k + k · v/T )), (6.50)

where n can be either a Bose-Einstein or a Fermi-Dirac distribution. The force per unit
length is

F = −βT 3γv, (6.51)

where
β = 2π−2ζ(3)

∑
a

ba sin
2 (πνa) (6.52)

and the sum is over the particles species. Following [121, 122] we rewrite the equation
above as:

F i = − µ
lF

vi√
1− v2

(6.53)

lF =
µ

βT 3
(6.54)

We have assumed T ≫ m, that is massless particles. In the local frame of the string we
have also F 0 = 0. Let us rewrite the equation of motion in case of a frictional force. We
can rewrite the formula above in a covariant way:

F ν =
µ

lF

(
uν − xν,axσ,auσ

)
(6.55)
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The generalization of Eq. 6.28 are then:

xν;a,a + Γνστx
σ
,ax

τ,a =

(
1

lF

)(
uν − xν,axσ,auσ

)
(6.56)

In the case of a string in an expanding universe, applying the same gauge conditions we
have applied above we obtain

ẍ+

(
2
ȧ

a
+
a

ℓf

)(
1− ẋ2

)
ẋ =

1

ϵ

(
x′

ϵ

)′

, (6.57)

ϵ̇+

(
2
ȧ

a
+
a

ℓf

)
ẋ2ϵ = 0, (6.58)

where ϵ is defined as above. These are the realistic equations of motion of a string in a
plasma at temperature T.

String interactions

Before of studying how a cosmic network evolves in the early Universe we still need to
understand what happens when two strings intersect. Until now we have used an effective
action, the Nambu-Goto action which works only for a non interacting string. In general
the equations that governs the behaviour of two intersecting strings for a simple abelian
model are

(∂µ − ieAµ) (∂µ − ieAµ)ϕ+
λ

2
ϕ
(
ϕϕ̄− η2

)
= 0∂µF

µν = jν , (6.59)

where jν ≡ 2e Im
[
ϕ̄ (∂ν − ieAν)ϕ

]
. These equations has been solved numerically [117]

for studying the behaviour of the interaction between two vortices. The results applied to
a 3-dimensional case and thus to string interactions can be summarized in the following
way. When two strings intersect there are three possibilities:

• They can reconnect, that is at the intersection points an end of a string it is sepa-
rated by the other end and then reconnect with an end of the opposite string

• They do not interact. There can be indeed some kind of string for which there are
topological constraints that prevent them from reconnecting

• They get entangled.

From now on we are going to assume that the kind of strings formed by our model
always reconnect when they interacts. In general this can happen with probability p, for
example when the network considered is generated by fundamental superstrings which
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are quantum object. The probability of interconnection affect the gravitational wave
background spectrum. We are going to assume p = 1: the strings always reconnect.
When they do so each of the ends are moving with different velocities and then x′(ζ, t)

and ẋ(ζ, t) rapidly vary around the point of interconnection. This forms a discontinuities
and therefore a kink, which moves at the speed of light. Following the example of Eq.
6.41 the kinks generated by a discontinuity in a′ has velocity

dx

dt
=

1

2
b′
(
1 +

dζ

dt

)
= b′, (6.60)

therefore having |ẋ| = 1.
In a network of long string these are going to intersect, reconnects and form closed

loops. These loops are going to either self-interact or interact with other loops or with
some long strings thus producing smaller loops. The goal of the next section is studying
in details how this happen.

6.3 String network evolution

One of the main drawback of topological defects formation is that when they evolve
may become the dominant contribution to the energy of the Universe and this is not
observed. The typical feature of a cosmic string network is that instead of doing so, it
evolves following a scaling solution in which its energy density is a constant fraction of
the total energy of the universe. This is particularly important become it makes a cosmic
strings network compatible with the current observation. In this section we are going
to study in a detailed way how a cosmic strings network is generated and its scaling
behaviour.

Phase transition

Before of studying in details how cosmic strings network are generated in the early
universe it is important to come back discussing spontaneous symmetry breaking at
finite temperature. Considering a simple scalar theory we can use the effective action to
compute the potential considering loop corrections. Using then finite temperature Green
functions we find the effective potential at finite temperature [123]

Veff (ϕ, T ) = V (ϕ) +
∑
n

Fn, (6.61)
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where
Fn = ±

∫
d3k

(2π)3
ln (1∓ exp−ϵk/T ) (6.62)

and V (ϕ) is the usual potential. At high temperature T ≫ 1 we can write

Veff (ϕ, T ) = V (ϕ) +
λ+ 3g2

12
T 2ϕ2 − 2π2

45
T 4 (6.63)

where λ is the coupling for the quartic interaction and g is the gauge coupling. We can
rewrite the expression above as

Veff (ϕ, T ) = m2(T )ϕ2 +
λ

4
ϕ4. (6.64)

If we now compute the minimum for the potential we can see that for T greater than
a certain critical value Tc the symmetry is restored and the vacuum is not anymore
⟨aϕ0⟩ = ηeiθ but ⟨ϕ0⟩ = 0. Indeed

m2(T ) =
λ

12

(
T 2 − 6η2

)
, (6.65)

and we have a VEV different than zero only in m2(T ) is smaller than zero. The critical
temperature in this case is Tc =

√
6η and then we can see that it is of the same order

of magnitude of the breaking scale. During the Universe expansion T decreases until it
goes below Tc, we say it occur a phase transition. In our breaking chain, for example,
there are three phase transitions corresponding to each breaking scale Mi. There are
two possibilities when we talk about phase transitions:we can have a smooth transition,
so that the VEV pass smoothly from zero to η, in this case we have a second-order
phase transition. On the other hand there can be some discontinuties in the potential
at Tc and in this case we have a first-order phase transition and one cannot compute
analitically the critical temperature. The symmetric vacuum may remain in this case a
local minimum, called false vacuum and there can be therefore a metastable symmetric
phase below the critical temperature. We can picture such a transitions with spherical
bubbles of the new spontaneously broken phase which appear and then when coalesce
the phase transition is completed.

Kibble mechanism

In a certain region, during a phase transition, an Higgs boson can take a random VEV ηeiθ

belonging to the vacuum manifold we have already introduced. The choice of the vacuum
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depend on random fluctuations which can be correlated at a scale L(t) but if we take
two regions separated by an Hubble lenght dH(t) ∼ t that we are going to call horizon,
then a correlation between the two VEVs would violate causality. As the Universe keep
expanding the horizon grows and the two region become causally connected. Imposing
the boundary conditions at infinity required by imposing finite energy density that we
have seen at the beginning of this section, we can see how the only stable solution is a
topological defect, in case of a U(1) breaking, a cosmic string [23]. The linear energy
density of the string, its tension, is of the same order of magnitude of the breaking scale.
This mechanism generates a network of strings of characteristic lenght L ≲ dH(t).

6.3.1 Network evolution: VOS model

Let us call L the characteristic scale of the network. Another parameter that characterize
the network is

v2 = ⟨ẋ2⟩ =
∫
ϵẋ2dσ∫
ϵdσ

. (6.66)

The total energy of the string is given by

E = µa(τ)

∫
ϵdσ. (6.67)

The friction is parameterized by the quantity lF . We are interested in the evolution of
the total energy density of the network: ρ ≡ E/a3. Differentiating (6.67) and using the
expression for the quadratic velocity we obtain the equation that governs the evolution
of such energy density [121, 122]

dρ

dt
+

[
2H(1 + v2) +

v2

lF

]
ρ = 0. (6.68)

This is the first of the set of equation that governs a network. Let us now examine
carefully the evolution of long string and the loop production. We express the energy
density of long strings in term of the characteristic length

ρ∞ ≡
µ

L2
. (6.69)

Let us compute the loop production rate; because we are studying a scaling solution
the loop production rate has to be scale invariant. The probability of producing a loop
during the time interval δt is proportional to the probability of a segment of length L to
intersect a segment of length l going a velocity v∞; such a probability is lv∞δt/L2. We
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multiply the probability above with the probability of having a loop produced with length
between l and l + dl, this probability is given by an unknown scale invariant function
that we call w(l/L). Then the loss rate of ρ∞ due exclusively to the loop production is

dρ∞
dt loops

= ρ∞
v∞
L

∫
w

(
l

L

)
l

L

dl

dL
= c̃v∞

ρ∞
L
. (6.70)

Subtracting this term from (6.68) and using ρ∞ = µ/L2 we can find an equation for the
evolution of the characteristic length of the network

2
dL

dt
= 2HL

(
1 + v2∞

)
+
v2∞L

lF
+ c̃v∞ + 4GΓv6. (6.71)

As we shall studying in much detail in the next chapter loops decay while oscillating
and emitting gravitational waves. This produces an additional loss of energy tat affects
the evolution of the characteristic scale that is encoded in the last term of the equation
above [124]. Finally for obtaining the last of the equations that describe the evolution
of a network, let us derive Eq. 6.66. The if we use the equation of motion Eq. 6.56 we
obtain

dv

dt
= (1− v2)

[
k

R
− v

(
2H +

1

lF

)]
. (6.72)

The first term inside the square bracket encodes the information of the small scale struc-
ture of the string. Indeed until now we have assumed a smooth long string described by
the Nambu action. Indeed a string is characterized also by a small structure that affects
the evolution of the network. Following [?] an ansatz for k is

k(v) =
2
√
2

π

(
1− v2

) (
1 + 2

√
2v3
) 1− 8v6

1 + 8v6
. (6.73)

The equation that describe the network evolution are then

dρ

dt
+

[
2H(1 + v2) +

v2

lF

]
ρ = 0, (6.74)

dρ

dt
+

[
2H(1 + v2) +

v2

lF

]
ρ = 0, (6.75)

dρ

dt
+

[
2H(1 + v2) +

v2

lF

]
ρ = 0, (6.76)

dv

dt
= (1− v2)

[
k

R
− v

(
2H +

1

lF

)]
. (6.77)
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The linear scaling solutions to this set of equations are (for a general epoch with a ∼ tν)
[125]

ξ

t
=

√
k(v)(k(v) + c̃)

4ν(1− ν)
≡ ξs, (6.78)

v =

√(
k(v)

k(v) + c̃

)(
1− ν
ν

)
≡ vs. (6.79)

Now we can find the loop number density, crucial for the next chapter. The number
density of the loop of lenght l at time t is

n(l, t) =

∫
dl′w(l, t′)

(
a(t′)

a(t)

)3

, (6.80)

where primed quantities are taken at formaion time and unprimed quantities at obser-
vation time. Eq. 6.79 can be rewritten in terms of a scale invariant term x = l/t

n(l, t) = t−4n(x), (6.81)

where x = l
t
. Similarly for n(l, t) also w(l, t) can be written in terms of w(x).

The probability of producing a loop with lenght between l and l + dl is then

w(l, t) = t−5w(x). (6.82)

A loop oscillates and emits gravitational waves, loosing energy. Since the energy of a
loop is proportional to its length the loop shrinks as it emits gravitational waves. Its
length evolves as

l = l′ − ΓGµ, (6.83)

where Γ ∼ 50 from numerical simulations [126]. For a(t) ∼ tν we can compute the
number density and obtain

n(x) =

[
1

(x+ ΓGµ)3(1−ν)+1

]
,

∫ ∞

x

(x′ + ΓGµ)
3(1−ν)

w (x′) dx′. (6.84)

We need to determine the expression of w(x). From Eq. 6.77 we find that∫ ∞

0

xw(x) = c̃
vs
ξs
. (6.85)

Now let us assume that all the loops produced at an arbitrary t have the same length: a
fixed fraction of the characteristic scale L, so that

x ≡ l(t)/t = αL(t)/t ≡ αξ. (6.86)
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Therefore we have
w(x) =

c̃v

αξ4
δ (x− α).(6.87)

Since assuming all the loops are produced with the same length is a rough approximation
we need to make an empirical correction. Comparing our w(x) with a more accurate nu-
merical simulation one finds that a good empirical description is obtained by multiplying
w(x) by a factor F/fr ∼ 0.1. [125, 127] The function we are going to use is

w(x) = Aδ(x− α), A ≡ c̃v

αξ4
F
fr
. (6.88)

We have all the ingredients to compute the number density of the loops in each epoch.
In the radiation-dominated epoch we have a(t) ∼ t

1
2 . Solving Eq. 6.79 with the VOS

solution ξr = 0.271 and vr = 0.662 [?], we obtain

nr(x) =
Ar
α

(α + ΓGµ)3/2

(x+ ΓGµ)5/2
, (6.89)

where we used Γ ∼ 50 and Ar = 0.1√
2
= 0.54. For the matter dominated era we obtain

instead
nm(x) =

Am
α

(α + ΓGµ)

(α + ΓGµ)2
, (6.90)

where the solution of the VOS model is ξm = 0.625 and vm = 0.583.

6.3.2 Cosmic network simulation

An improvement and more precise result can be achieved with numerical simulation. Let
us look in details at the work of Blanco-Pillado, Olum, Shlaer. [128, 129, 130]. Let us
start describing the basic steps of the numerical simulation, following [117]. We first
discretize the vacuum manifold using three values of theta: 0, 2π/3 and 4π/3. Let us
take a lattice and assign randomly a number which can be 0,1 or 2 to all site of the
lattice. 0 correspond to θ = 0, 1 to = 2π/3 and 2 to θ = 4π/3. A string pass along a
cubic surface if the lattice if the pattern of the theta along the vertices is ciclyc, that
is: {0, 1, 2, 1}, {2, 1, 0, 1} and so on. The dimension if the lattice is few hundred times
bigger than the characteristic length L.
We let evolve the system assuming the probability of reconnection to be equal to one.
From this simulation we can extract the loop number density function w(l, t) and the
value of α. Let us look at the main results of Ref. [129] From the simulation we obtain
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Figure 6.1: Example of an output of the simulation. Picture taken from [128].

Figure 6.2: Simulation of loop number density with respect to α and p = v√
1−v2 .Left:

results in radiation dominated epoch. Right: results in matter domination epoch. Picture
taken from [129]

numerically the constant in Eq. 6.89 and Eq. 6.90. We obtain for radiation and matter
domination epoch, respectively [125]

nr(l, t) =
0.18

t3/2(l + ΓGµt)5/2
, (6.91)

nm(l, t) =
0.27− 0.45(l/t)0.31

t2(l + ΓGµt)2
. (6.92)
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Testing SO(10) with a Stochastic Grav-
itational Waves Background

During each of the spontaneous breaking we encounter from SO(10) to GSM topological
defects are created. Magnetic monopoles and domain walls are unwanted since they
would constitutes the largest fraction of the energy density of the universe. We set the
inflation scale to be after M3 and M2 in order to wash out all the unwanted topological
defects. During the breaking G1 → GSM there is a U(1) breaking which generates
cosmic strings. As we have seen in the previous chapter such a breaking generates a
cosmic strings networks, which achieve a scaling solutions and produces small loops
which oscillate and decaying producing a Stochastic Gravitational Waves Background.
In this chapter we are going to give a quantitative prediction of the signal produced by
such a network and determine if it could be observed.

7.1 Gravitational Waves

Gravitational waves are perturbations of the spacetime and are cause by some of te
most energetic events in the universe such as a black hole collisions. The first signal
directly detected has been observed by LIGO in 2016. [131] Let us start studying a
small perturbation in the Minkowsky metric

gµν(x) = ηµν(x) + hµν(x). (7.1)

Plugging this expression for the metric in the vacuum Einstein equation

Rµν = 0, (7.2)
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we obtain a wave equation for the metric perturbation h(x)

hµν −
∂2hλν
∂xλ∂xν

−
∂2hλµ
∂xλ∂xµ

− ∂2hλλ
∂xµ∂xν

. (7.3)

We can use the redundancy due to invariance under reparametrization to fix the gauge

∂hµν
∂xµ

=
1

2

∂h

∂xν
. (7.4)

We simplify Eq. 7.3 as
hµν = 0. (7.5)

We can use finally a residual gauge transformation for put the metric perturbation in the
transverse traceless gauge so that it will be easier to picture how a gravitational wave
affect spacetime. In the TT gauge the metric becomes

hTTµν =


0 0 0 0

0 h+ hx 0

0 hx −h+ 0

0 0 0 0

 , (7.6)

where hx, h+ are the two possible polarizations of a gravitational wave.

7.2 Stochastic Gravitational Waves Background

The signals observed so far by Advanced Ligo and Virgo all comes from resolved sources
such a neutron stars collisions or black holes collisions. If we take all the unresolved
signals due to more multiple sources or extend sources that radiate incoherently we
obtain a gravitational wave background [132]. This signal must be treated as stochastic.
A Stochastic Gravitational Waves Background (SGWB) comes out from all direction and
in first approximation can be treated as isotropic. The best way to quantify it is trough
its energy density ΩGW that can be seen as a part of the total radiation density

Ωr = Ωγ + ΩGW + Ων + . . . . (7.7)

To see how it can be detected Let us come back to the expression for the metric per-
turbation in the TT gauge of Eq. 7.6. Usually a gravitational waves signal is detected
trough the use of an interferometer. The effects of a gravitational waves passing on the
proper lenght of the two arms is [133]

∆Lx =
h+L0

2
, ∆Ly =

−h+L0

2
, (7.8)
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so that the x-direction shrinks while the y-direction stretch and vice-versa. The main
problem of an SGWB is that, not having a definite signal, would appear as noise in
a single gravitational wave detector. The main idea is to find a correlation between
noise among more different detectors. If we express the detected signal in terms of a
gravitational wave strain plus a noise term:

s(t) = n(t) + h(t) (7.9)

and we see that if we take the correlation between the signals detected by two different
detectors we have

⟨s1(t)s2(t)⟩ = ⟨h(t)h(t)⟩. (7.10)

By detecting such a correlation we can observe a SGWB. Such a correlation can be
detected as we will see using as we will see pulsar or interferometers for example.

7.3 SGWB spectrum from a cosmic string network

In this section we are going to compute and study the signal of an SGWB produced by a
cosmic network. In the last chapter we have said that loops oscillate, emit gravitational
waves and shrinks, their length vary

l′ = l − ΓGµ, (7.11)

where Γ can be found by numerical simulations as we shall see better later, and Gµ

is a parameter proportional to the string tension. We are interested in computing the
spectrum of the SGWB produced by a cosmic string networks. It can be defined as

ΩGW =
f

ρc

dρGW
df

. (7.12)

Since we need to sum all the gravitational wave signal produced by all the loops at all
times we need the loop number density we have computed in the last chapter n(l, t) and
an the average power spectrum of GW emission by one loop that can we obtain using
numerical simulation [130]. Keeping account of the expansion of the universe which
redshift the frequencies from the time of emission until today we find [125]

dρgw
df

(t0, f) = Gµ2

∫ t0

0

dt
1

(1 + z(t))3

∫ ∞

0

dll n(l, t)P ((1 + z(t)) f, t) , (7.13)
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where P ((1 + z)f, t) is the average power spectrum. It is useful to work with discrete
frequencies f = 2k

l
. Therefore we can rewrite Eq. 7.13 as an infinite sum [130]

dρGW
df

= Gµ2

∞∑
k=1

CkPk. (7.14)

Rewriting l = 2k/f we find

Ck(f) =

∫ t

0
0

dt

(1 + z)5
2n

f 2
n(l, t). (7.15)

Changing the integration variable to z and using

dt = − dz

H(z)(1 + z)
, (7.16)

we obtain
Ck(f) =

2n

f 2

∫ ∞

o

dz

H(z)(1 + z)6
n(

2n

(1 + z)f
, t), (7.17)

this depends on the cosmological epoch in which loops are produced and the number
density of the loops.

Let us assume that most of the loops are produced with a length l = αt. As the
length increase when the universe is expanding and the network is scaling loops can
oscillate at smaller and smaller frequencies. Therefore earliest loops are the one which
contributes to the high frequency spectrum of an SGWB and their whole lifetime happen
in the radiation-dominated era. Here we have

H(z) = (1 + z)2, t(z) =
1

2(1 + z)2H0

√
Ωr

, (7.18)

where H0 ∼ 100hkm/s/Mpc and h2Ωr = 4.15 × 10−5. We can reexpress n in terms of
the scale invariant quantity x = l

t
. Changing variable of integration from z to x we find

Ck =
8H2

r∫ dxn(x). (7.19)

If we plug everything in the expression of the intensity of the stochastic gravitational
waves background using Eq. 7.14 we find

ΩGW =
1

ρc
8H2

r

∫
dxn(x)

∑
k

Pk =
Γ

ρc
H2
r

∫
dxn(x). (7.20)
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We have obtained a flat spectrum in the high-frequency region: this is a crucial feature
of the behaviour of an SGWB produced by a cosmic strings network. If we look at the
loop number density in the radiation era we can notice that for l ≫ ΓGµ it scales as
∼ l−5/2 and therefore the SGWB goes as: ΩGW ∼ f 3/2. Finally the contribution to the
SGWB of loops created in the matter dominated era is negligible; for example in Ref.
[130] has been found that nr

nm
∼ 105.

Let us see why until now we have set Γ = 50. The total power emitted by a loop is
P = ΓGµ2.

Figure 7.1: Left:Γ for loops in radiation era. We can see that the central value of the
distribution is Γ ∼ 50. Right: n4/3Pn averaged for all loops.

Fig. 7.1 shows the results from the simulation of Ref. [130] From this simulation we
find Γ = 50 that we used so far. Theoretically one can prove that oscillating cusps give
a spectrum that scale as: Pk = k−4/3 and kinks instead gives Pk = k−5/3. In the same
simulation has been found also the behaviour of the power spectrum Pk averaged for all
the loops. From this results we find that the relative emission rate per mode is

Γ(k) = k−4/3Γ
∑

m−4/3. (7.21)

7.4 Prediction of our model

In our simulation we have followed [134]. We still compute the spectrum using a discrete
set of modes and therefore we can express ΩGW as

ΩGW =
∑
k

Ω
(k)
GW , (7.22)
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where

Ω
(k)
GW(f) =

1

ρc

2k

f

FαΓ(k)Gµ2

α(α + ΓGµ)

∫
tF

t0dt̃
Ceff

(
t
(k)
i

)
t
(k)4
i

[
a(t̃)

a (t0)

]5 a
(
t
(k)
i

)
a(t̃)

3

Θ
(
t
(k)
i − tF

)
.

(7.23)
The loop number density here is not the one obtained from numerical simulation but is
obtained analytically as we have done in the last chapter assuming l = αt. F is 0.1 and
corrects the rough approximation of assuming that all loops are produced with the same
lenght. Ceff has been obtained from VOS model solution and it is a numerical parameter
that quantify how much of the long string energy goes into loop production. This value
depend on which era loops are produced we have Ceff = 0.39(5.4) for matter (radiation)
era. The two free parameters that determines uniquely the background spectrum are α
and Gµ. The standard value used for α is 0.1 but in our predictions we compare two
signals, one for α = 0.1 and one for α = 0.01 in order to show that within an order
of magnitude the qualitative predictions of our model are the same. The other free
parameter is the string tension expressed by the parameter Gµ. This can be related to
the intermediate scale of our model corresponding to the U(1) breaking: M1. Let us
start from the solution of the Abelian-Higgs model of Eq. 6.35. These are

ϕs(ρ) = einθf(ρ), (7.24)

As(ρ) = −ϵabxb
n

eρ2
α(ρ). (7.25)

It is possible to have the analytic approximations of these functions for ρ → 0 and
ρ→∞. We have [135]

f ≃

{
f0ξ

|n|,

1− f1ξ−1/2 exp(−
√
βξ),

a ≃

{
a0ξ

2 − |n|f20
4(|n|+1)

ξ2|n|+2, as ξ → 0

1− a1ξ1/2 exp(−ξ), as ξ →∞
, (7.26)

where ξ = mZR
ρ being ZR the mass of the U(1) gauge boson, β = (mPhi/mZR

)2 = λ/g2.
Plugging this equation in the energy density of the string we find when the Higgs takes
an arbitrary VEV ∼ ηeiθ where η is also the scale of the phase transition

µ = πη2ϵ(β). (7.27)

One can find ϵ(1) = 1. Being both Φ and ZR with unknown mass we are going to set
β = 1 and therefore µ = πη2. In the breaking G3221 → GSM we define M1 to be the
mass of the gauge boson which acquire mass during the breaking [25]. Being the mass
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Figure 7.2: Gravitational wave spectrum predicted from the model. Breaking of the
inter- mediate symmetry G1 ≡ SU(3)c × SU(2)L × SU(2)R × U(1)X generate cosmic
strings with tension µ. We consider the spectrum of gravitational waves background
released from the string network with the assumption of Nambu-Goto strings. To be
consistent with gauge unification, Gµ is restricted to be less than 1.3× 10−10, referring
to M1 = 4.4× 1013 GeV. The lower bound to the GW spectrum for the benchmark point
we considered earlier (red lines) is Gµ = 2.68×1011 referring to M1 = 2×1013 GeV. The
GW spectrums of these two bounds are shown in dashed and solid curves, respectively.

of a gauge boson M2 = αη2 we can assume that both SU(2)R and U(1)X gauge bosons
has the same mass and have

M2
1 ∼ (α2R + αX) η

2. (7.28)

Therefore
Gµ =

1

2 (α2R + αX)

M2
1

M2
pl

. (7.29)

In Fig. 7.2 there are the results of our numerical simulation. The upper bound correspond
to M1 = 4.4 × 1013 GeV, a constraint given by requiring gauge unification. The main
requirement on M1 is to be greater than the mass of the heavier right handed neutrino:
M1 ≥ MN3 . Therefore for a fixed point in the parameter space we would have a region
instead of a line in the plot. In the solid line there is an example of a signal associated
to the benchmark point BP1.

In general we can predict a signal for all the breaking chain of SO(10) and determine
whether the model could be still consistent or not. As we can see from our simulation the
signal is well within the observational ranges of most of the future GW observatories such
as future space-based interferometers (LISA [27], Taiji [136], TianQin [137], BBO [138],
DECIGO [139]), atomic interferometers (MAGIS [140], AEDGE [141], AION [142]),
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Figure 7.3: Numerical prediction of the signal for some of the breaking chain of SO(10).
Figure taken from [25]

and ground-based interferometers (Einstein Telescope [143] (ET), Cosmic Explorer [144]
(CE)). At lower frequencies an important observational window is given by pulsar timing
arrays (PTA) such as EPTA [145] and NANOGrav (11-year data set) [146] which have
already probed the nHz regime and provided upper limits through the non-observation
of GWs. Future PTA such as SKA [147] will cover even more parameter space, and
large-scale surveys of stars such as Gaia [148] and the proposed upgrade, THEIA [149],
can be powerful and complementary probes of gravitational waves in the same frequency
regime.

Both proton decay and cosmic strings could give us information about the scale M1

of our model and test SO(10). In particular a possible gravitational wave signal observed
that could be associated to a cosmic string network could allow us to find a range of M1

that could subsequently be tested by Hyper-Kamiokande. Also the contrary would hold,
a possible signal observed by Hyper-Kamiokande could be strengthened by gravitational
waves observation.

7.5 SO(10) with Pulsar Time Arrays

The PTA experiment NANOGrav released its 12.5-year dataset [28] which announced
the detection of a common-spectrum process that has a characteristic strain given by

hc(f) = A

(
f

fyr

)α
, (7.30)

where fyr = yr−1. The free parameters of this signal are A and α. Similar signals has
been observed recently by other PTA experiments such as IPTA , EPTA, and PPTA.
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All of these experiments use pulsars for detecting gravitational waves in an indirect
way. As a star collapse at the end of its life there could be situations in which it leaves a
dense remnants with an extremely intense magnetic field which rotates on itself. This ob-
ject is called pulsars and emits a signal that we can detect with a will defined period ∆t0.
When this signal pass trough a gravitational waves the signal becomes slightly delayed
and we can measure this delay from the Earth. From a set of well studied pulsar one
can find correlations between possible delayed time of arrivals. There are many reasons
behind possible correlation therefore it is crucial to model correctly all type of noises
that could be interpreted by a GW signal by mistake. Such a method is particularly
efficient at low frequencies and ideal for detecting a stochastic background.
The crucial feature of a stochastic gravitational waves background is not a simple wave-
form and therefore for being detected one has to look for a signal similar to noise but
with different correlations. Because all of the four PTA experiments haven’t found for
the moment a quadrupole strain they haven’t yet confirmed the observation of a Stochas-
tic Gravitational Waves Background. Nonetheless it is interesting to assume that this
signal comes from a Stochastic Gravitational Waves Background and confront it with
our predictions.
Following [150] we have already said that the characteristic strain of the signal detected
by PTA experiments could be approximated with a power law mode. In the relevant
frequency range f = (2.3, 12)nHz we then fit our signal to a power law model

ΩGW (f) ∼ f 2h2c(f) = Ωyr

(
f

fyr

)5−γ

(7.31)

hc(f) = A

(
f

fyr

)α
(7.32)

where
Ωyr =

4G

ρc
A2f 2

yr. (7.33)

The signal has been fitted using 5 frequency bins in the interval f = (2.3, 12) nHz. We
then plotted the values of A and γ predicted by our signal with the ones consistent with
the signal observed by EPTA, IPTA, PPTA and NANOGrav. We have found that the
signal is compatible with PPTA, IPTA and NANOGrav in 1σ ranges and with EPTA in
2σ range. For NANOGrav, EPTA and IPTA, A and γ at f∗ = 5.6 nHz in 2σ ranges are
restricted in

A = (1.75, 1.95)× 10−15 , γ = (4.34, 4.90) (NANOGrav) ,
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A = (1.32, 1.85)× 10−15 , γ = (4.44, 4.86) (PPTA) ,

A = (1.56, 1.82)× 10−15 , γ = (4.68, 4.85) (EPTA) ,

A = (1.38, 2.24)× 10−15 , γ = (4.50, 5.03) (IPTA) , (7.34)

respectively.

3.50 3.75 4.00 4.25 4.50 4.75 5.00 5.25 5.50

γ

−15.4

−15.2

−15.0

−14.8

−14.6

−14.4

−14.2

−14.0

lo
g 1

0(
A

)

−11.00

−10.75

−10.50

−10.25

−10.00

−9.75

−9.50

−9.25

−9.00

IPTA

EPTA

PPTA

NANOGrav12.5

log10 (Gµ)

1σ
2σ

Figure 7.4: Comparison between SGWB signals produced by cosmic strings with Gµ

from 10−11 to 10−9 the possible 1σ and 2σ regions hinted by EPTA, PPTA, IPTA and
NANOGrav. The SGWB signal has been fitted for three frequencies: 2.4 nHz, 5.4 nHz
and 12 nHz. The simulation shows that the signal is compatible with NANOGrav, PPTA
and IPTA at 1σ while with EPTA at 2σ.

We then computed again the GW signal for our model in the narrowed frequency
interval and we compared with the regions allowed by the PTA experiments. Looking at
Fig. 7.5 we can see how this model is consistent with the signal predicted by NANOGrav,
EPTA, IPTA and PPTA.

Interplay between proton decay and gravitational waves signal

It is interesting compare the information on M1 one can obtain both from proton decay
and gravitational waves observation. We first have seen from Fig. 7.2 and Fig. 7.3 that
the values of M1 compatible with proton decays observation can produce a signal that
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could be detected by next generation gravitational waves experiments. Therefore using
both Hyper-Kamiokande and gravitational waves experiments we could be able to exclude
or verify experimentally many breaking chains of SO(10) completely. A particularly
interesting fact is that we can already compare the information obtained from PTA
experiments and determine if they are consistent with the current constraint on M1 for
proton decay.
From the simulation that we used for Fig. 7.4 and Fig. 7.5 we can determine the range of
Gµ which is consistent with the signal and then convert it in a range onM1. Subsequently
we can relate M1 to the grand unification scale MU and therefore to proton decay lifetime
as we have done earlier and determine if this range has already been tested. For this
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Figure 7.5: Left: Proton decay lifetime compared with the region of M1 consistent
with NANOGrav12.5, we can see that there is a region of the parameter space which
can be tested by Hyper-K, which is consistent with NANOGrav. The black star indi-
cates BP1.Right: Blown-up image of the nHz region of the gravitational waves spectrum
of the benchmark point and the upper bound. This is compared with the region of
EPTA,IPTA,PPTA and NANOGrav consistent with the observation of an SGWB.

simulation we have used a slightly different NANOGrav signal with a fixed γ = 13
3
. The

range on A is (1.37, 2.67)×10−15. Comparing the simulation with such as signal we have
found that the range allowed by NANOGrav on M1 is

M1 = (1.55, 2.81)× 1013GeV. (7.35)
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In Fig. 7.5 we can see our results. The main results is that the whole range consistent
with the NANOGrav could be tested in the future by Hyper-Kamiokande.
There is the possibility of testing SO(10) simultaneously by proton decay experiments
and PTA observations: if this last signal we considered will be confirmed together with a
future observation of proton decay from Hyper-K we could have a first clear experimental
proof of the validity of SO(10).

Scan results and NANOGrav signal

Finally we can take the results of our scan and determine if they are consistent with
NANOGrav signal. The crucial values we need to take in account for all the points in
the scan is MN3 . From

MN3 = Y126M1 (7.36)

and imposing Y126 ≤M1 we obtain

MN3 ≤M1. (7.37)

It is important to notice that in our model M1 and MN3 are not in a one-to-one
correspondence. Therefore every point in the scan is compatible with any value of M1

provided it is bigger than MN3 . As we have said in the last section we can find a range
of M1 consistent with NANOGrav signal. The two figures in Fig. ?? can be divided in
three parts. The upper part, the one above the range of M1 allowed by NANOGrav is
excluded because one would have MN3 > M1. The part below the range is

consistent with all M1 of the range. The points in the center part are still consistent
with NANOGrav signal even if we need to point out that if some future observation will
narrow down the range some of this region might be excluded and become part of the
upper region.
The results show that most of the points of our scan are consistent with the signal of
NANOGrav and some of this points predict also the correct amount of baryon asymmetry.
Therefore we have showed that our model can predict successfully baryon asymmetry
and being consistent with current proton decay and gravitational waves observations,
especially the ones from PTA experiments.
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Conclusions

The Standard Model is an incomplete theory and it does not predict neutrino masses,
baryogenesis, and dark matter. GUT theories are possible extensions of the Standard
Model which predict gauge coupling unification. We have focused on the GUT model
SO(10), which predicts the existence of the right-handed neutrino explaining neutrino
masses and baryon asymmetry. Moreover, differently than the Standard Model, it pre-
dicts fermion masses and mixing.

In this work we have studied a particular breaking chain of SO(10) with three inter-
mediate spontaneous breakings respectively at the scale M1,M2, and M3.

SO(10)

54
y broken at MU

Gc
3 ≡ SU(4)× SU(2)L × SU(2)R × ZC

2

210
y broken at M3

Gc
2 ≡ SU(3)c × SU(2)L × SU(2)R × U(1)X × ZC

2

45
y broken at M2

G1 ≡ SU(3)c × SU(2)L × SU(2)R × U(1)X
126

y broken at M1

GSM ≡ SU(3)c × SU(2)L × U(1)Y . (8.1)

The grand unification scale MU can be related to the proton lifetime and therefore it can
be constrained by proton decay experiments. We studied the running of the couplings
and, imposing the unification of the couplings, one can relate M1 to MU . We have then
found a range of possible values ofM1 compatible with proton decay experiments and that
can be tested completely with Hyper-K. From Super-K results, we have found that the
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upper bound on M1 is 4.4 × 1013 GeV. The scale M1 is particularly important because
in this step U(1)B−L is spontaneously broken. The U(1) breaking indeed generates a
network of cosmic strings that produces a stochastic background of gravitational waves.
The violation of B−L symmetry generates also the maiorana masses of the right-handed
neutrinos MN1 , MN2 , and MN3 , which are proportional to M1.

We studied the parameter space of the Yukawa sector to predict fermion masses. We
used as input of our scan the quark sector masses and mixing and then we fitted our
predictions of the lepton sector with the current measured values.
We found regions of the parameter space with many points which fit correctly fermion
masses with χ2 < 10 and which satisfy the bound on heavy neutrino mass given by
proton decay. One of the most important consequences of this scan is that right-handed
neutrinos should be hierarchical and also that MN3 is constrained to be around 1013 GeV.
Assuming a Yukawa coupling for N3 of order O(1) this automatically translates into a
constraint on M1, expected to be of the same order of magnitude. The scale M1 therefore
can be constrained both by proton decay, gravitational waves experiments, and fermion
masses and mixing.

Subsequently, we examined the details of the theory of leptogenesis and how it can be
embedded in SO(10). We have found that most of the successful points of the parameter
space which fit fermion masses also predict the correct amount of baryon asymmetry.
We proved therefore that there is no need for a high fine tuning of the parameters to
achieve it. Most of the points of the scan predict mββ to be between 5 and 30 meV. Next-
generation 0νββ decay experiments such as Legend-1000 [111], nEXO [112], NEXT-HD
[113], DARWIN[114], SNO+II [115], and CUPID-Mo [116] will push the current bound
around 8 meV thus testing a significant fraction of the successful points of the scan.

We have seen that this model can be tested by detecting a SGWB produced by cosmic
strings by next-generation experiments such as LISA , DECIGO , AEDGE , TianQuin,
Tajii, MAGIC. We considered also the signal found by Pulsar Time Arrays experiments
which can be seen as a hint for the detection of a SGWB: we found consistency between
our prediction and such a signal, in particular, we have found that the range on M1

is compatible with NANOGrav observation. The range of the values of M1 allowed by
NANOGrav has not yet been tested by Super-K but will be completely tested by Hyper-
K. Such a region predicts the correct values for right-handed neutrino masses and it is
consistent with the fermion masses and mixing predictions.

In summary, we studied a model which predicts fermion masses, baryon asymmetry
and that is consistent with a possible detection of an SGWB by Pulsar Time Arrays and
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that can furtherly be tested by a variety of next-generation experiments which covers
different physical phenomena: 0νββ decay, proton decay, and gravitational waves. This
work can be extended by improving the scan. Indeed, it is still partial and it has been
done in a restricted parameter space after we have made some approximations, the next
step is to make a more general and efficient scan that can be applied to many GUT
models. Then we could extend our discussion to other breaking chains of SO(10) to
make the work more general and determine how well SO(10) models consistent with
proton decay bound can predict baryogenesis and give a correct prediction of fermion
masses and mixing. Another possible step is going beyond non-supersymmetric models
of SO(10) and extend the work also to a super-symmetric model of SO(10). In such
a case there could be also the possibility of testing the super-symmetric scale using
topological defects. It is worth also improving our comprehension of an SGWB by cosmic
strings by considering back-reaction effects for example and studying some cosmological
consequences of the existence of a cosmic string network which could furtherly test their
existence.
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A brief introduction to cosmology

The Universe is expanding according to the Hubble law:

v = Hl (A.1)

where l is the distance between two comoving points and H is the Hubble constant. The
distance between two points may be expressed as:

d = a(t)l (A.2)

where l is the comoving distance between the points. We can express the Hubble constant
as: H = ȧ(t)

a(t)
The metric which describes an expanding universe is the Friedmann-

Robertson-Walker (FRW) metric:

ds2 = dt2 − a2(t)dl2, (A.3)

it can be rewritten in spherical coordinates:

dl2 =
dr2

1−Kr2
+ r2

(
dθ2 + sin2 θdϕ2

)
(A.4)

where K is the curvature costant and describes the topology of the Universe.

• K > 0 means that the Universe is closed and the topology is the one of S3

• K = 0 means a flat Universe

• K < 0 means a open Universe, with the topology of H3

It is convenient to introduce the cmoving time dτ = t
a(t)

so that we can write the metric
as:

ds2 = a2(τ)
[
dτ 2 − dl2

]
(A.5)
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For the energy momentum tensor of the Universe we use the one of a perfect fluid with
energy density ρ and pressure p. By plugging the metric in the Einstein equation we
obtain the Friedmann equations:

ρ̇+ 3
ȧ

a
(ρ+ p) (A.6)(

ȧ

a

)2

+
K

a2
=

8πG
(A.7)

It is useful to define the redshift parameter

1 + z ≡ a(t)

a(t0)
(A.8)

which is a more convenient parameter for describing the evolution of a system in cos-
mological time scales. For each species of the Universe with energy density ρi such as
baryon matter, dark matter, neutrino and so on we can define an adimensional param-
eter Ω = ρ/ρc where ρc = 3

32πGt2
is the energy for which the Universe would be flat and

it is called critical energy. The evolution of the Planck constant is given by:

H(z) = H0

(
ΩR(1 + z)4 + ΩM(1 + z)3 + Ωk(1 + z)2 + ΩΛ

)1/2 (A.9)

where

• ΩR is the fraction of energy of the total radiation in the Universe

• ΩM is the fraction of energy of all the types of matter in the Universe

• ΩΛ is the fraction of energy of the cosmological constants which explain the accel-
erated expansion of the Universe.

Depending on which quantity has the biggest energy fraction we call the cosmological
era as radiation dominated era, matter dominated era, dark-energy dominated era. The
early universe was in a radiation-dominated era and then in transitioned to a matter-
dominated era. Now we are in a dark-energy dominated era. The Hubble time is defined
to be 1/H(z) and we define χH as the Hubble lenght: the distance travelled by light
during an Hubble time.
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