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Introduzione

L’obiettivo principale della tesi ¢ di mostrare la locale regolarita Lipschitz delle soluzioni
deboli di una classe di PDE paraboliche modellate sul p—Laplaciano parabolico. Con-

sideriamo 1’equazione

dyu = Z Xi(A;(x, Vou)) (1)

su un cilindro @ = Q x (0,7") dove € & un sottoinsieme aperto di una varieta sub-
riemanniana connessa M di dimensione 2n + 1 e T > 0. Xy,..., X5, sono dei campi
vettoriali che soddisfano la condizione di Hormander e V denota il gradiente orizzon-
tale Vou = (Xju, ..., Xo,u). Assumiamo le seguenti condizioni strutturali sulle A;(x,§):
supponiamo che esistano 2 < p <4 e 0 < A < A < oo tali che per quasi ogni z € €2,

£ € R?"! e per ogni n € R?" si abbia che

AEP=2Inf? < Og, A, E)mim; < AJE[P=Inf?

|Ai(2,&)] + [0p,; As(z,&)| < Alglpt

(Il pint semplice esempio di tali A; & A;(x, &) = [£]P72;).

Questo risultato & ben noto nel caso euclideo sia nel caso stazionario (si veda [DI] e [L])
sia nel caso dipendente dal tempo (si veda [LSU| e [D2]). Recentemente il risultato ¢
stato esteso nel gruppo di Heisenberg nel caso stazionario in [Z] e nel caso che dipende dal
tempo in [CCG| e [CCZ]. Notiamo esplicitamente che il gradiente orizzontale ha solo 2n

componenti in una varieta di dimensione 2n+1, quindi l'operatore e totalmente degenere.
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INTRODUZIONE

Nel caso Heisenberg X7, ..., Xy, assieme con [X7, X, ;1] genera U'intero spazio tangente in
ogni punto, permettendo di ottenere regolarita anche nella direzione non esplicitamente
presente nel gradiente. In questa tesi considereremo dei campi vettoriali piu generali,
in particolare i commutatori sono differenti dal caso Heisenberg, introducendo diverse
difficolta tecniche nell’estensione del risultato. Per ottenere il nostro risultato principale
useremo un’iterazione alla Moser.

Scegliamo come campi vettoriali (per 1 <i < n)

lCn-i—i ’CZ

X, =0, — 5 Ozn+1 Xpti = Opgi + 782n+1 (3)

dove le K; sono funzioni sufficientemente regolari tali che i campi vettoriali Xq, ..., Xo,
soddisfino la condizione di Hérmander. Useremo la notazione Z per denotare il campo
vettoriale 0,,, , per enfatizzare il fatto che tecnicamente ha il ruolo di una derivata
seconda (visto che ¢ ottenuto mediante un commutatore).

Il teorema principale che vogliamo mostrare e il seguente:

Teorema 0.0.1. Sia u una soluzione debole di . Allora esiste una costante positiva

C =C(n,p,\, A, K;) tale che

sup |[Vou| < C ][][ |Vou|Pdzdt
Qu,r Q;L,Qr

sui sottocilindri Q,, Quar C Q definiti come Q. = B(x,r) X [tg — pr, to] dove x € €,

to € (0,7), r > 0 e la costante u ¢ scelta in modo che si abbia

2-p
1 P
= Vou|Pdxdt
H <T2n+4//c2u,2r’ oul"dx )

Per ottenere questo risultato prima approssimeremo una soluzione debole della PDE

tramite una successione di soluzioni deboli u*¢ di PDE meno degeneri (dipendenti
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¢ ottenendo

da due parametri §,& > 0). Poi useremo un’iterazione alla Moser su V. u®
stime che sono indipendenti da d e da . Poi mandando d,& — 0 otterremo il Teorema
[0.0.1] Per usare 'iterazione di Moser avremo bisogno di due stime fondamentali: una
disuguaglianza di interpolazione alla Poincare e una disuguaglianza alla Caccioppoli. A
causa della struttura subriemanniana del problema quando cercheremo di ottenere una

disuguaglianza di Caccioppoli per V. u’¢ otteremo una disuguaglianza che dipende anche

da Zude.

Proposizione 0.0.2. Per ogni 3 > 0, per ogni n € C*([0,T],C5(Q)) e per ogni T >
to > t1 > 0 esiste una costante C' = C'(\, A, n,p,KC;) > 0 tale che

1
B+2

B
/Q[<5+ ’v6u6,5|2)2+ln2]

t1 to -
dx + / / 726 + |Voube)2) 5 |V 2ul2dwdt <
to t1 Q

to
<C / / (02 + Vo2 + nZn)) (6 + |V.ouds[?) 2" dadt+
t1 Q

p+B—2

to
+C(6+1)4/ /n2(5+ IVoude )72 | Zu’ | Pdadt+
t1 Q

C / 2 / 5e12\ 241
+—— (0 + |Vou<|?) 2t Oy |nddt
5 + 2 t1 Q :
Cid ci costringe a provare una disuguaglianza di Caccioppoli anche per Zu®¢. Tramite
I'uso di una disugalglianza pesata di iterpolazione alla Poincare per Zu® possiamo com-

binare le disuguaglianze di Caccippoli per V.u%¢ ¢ Zu®® per ottenere una disuguaglianza

di Caccioppoli per V.u*¢ che non dipende da Zud*.

Proposizione 0.0.3. Esiste una costante C = C(n,p, N\, A\, K;) > 0 tale che per ogni
B >0 e per ogni funzione non negativa n € C*([0,T], C5° () nulla sul bordo parabolico
di () si ha che

to B
sup /(5 + ‘V5U6’€|2)¥772d$ +/ /(5 + | Vaude?)" s V20l > n?dadt <
Q t1 Q

t1<t<to
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< Clp+ B (B + Vel 2 + [0 Z00] 1) / /

spt(n

(6 + |Voude2) 5" dadt+
)

O+ B | nen] e spt(n) 575 ( / / 6+ |v5u67612>”*fdm)
spt(n)

A questo punto usiamo delle funzioni cut-off n che dipendono da un parametro u
per stimare il termine non omogeneo ||[ndn||L~ che deriva dalla non omogeneita della
PDE . Ora abbiamo una disuguaglianza di Caccioppoli “classica” per V. u%. A
questo punto, nonostante il problema sia parabolico, usiamo una versione semplificata
del metodo di Moser nel caso ellittico. Infatti anziche usare la disuguaglianza di Sobolev
parabolica (usata nel metodo di Moser parabolico) usiamo la disuguaglianza di Sobolev
ellittica. Cio ci da un incremento di regolarita ridotto per igni iterazione ma ci permette
comunque di provare la limitatezza del gradiente orizzontale V.u%* e conseguentemente
di ottenere il nostro risultato principale ovvero il Teorema[0.0.1] La tesi & organizzata in
quattro capitoli: nel primo capitolo richiamiamo la definizione di varieta subiriemanniana
e definiamo la nostra scelta dei campi vettoriali. Nel secondo capitolo richiamiamo la
definizone di spazi di Sobolev degeneri associati alla nostra scelta di campi vettoriali. Nel
terzo capitolo richiamiamo l'interazione di Moser nel caso ellittico e nell’ultimo capitolo
presentiamo la parte piu originale della tesi, ovvero la locale regolarita Lipschitz per le
soluzioni deboli nel caso dei campi vettoriali scelti, in un contesto di maggior generalita

rispetto al caso Heisenberg.



Introduction

The main aim of the thesis is to prove the local Lipschitz regularity of the weak solutions
to a class of parabolic PDEs modeled on the parabolic p—Laplacian. We consider the

equation

du = Z Xi(A(x, Vou)) (1)

in a cylinder @ = Q x (0,7) where € is an open subset of a connected subriemannian
manifold M of dimension 2n+1 and 7" > 0. The X, ..., X5, are vector fields that satisfy
the Hormander condition and V{ denotes the horizontal gradient Vou = (Xju, ..., Xo,u).
We assume the following structural conditions on the A;(x,&): we suppose that there
exists 2 < p < 4and 0 < A < A < oo such that for a.e. z € Q,& € R?" and for all
n € R?" one has

NEP2 2 < B, A, E)nin; < Al

| Ai(2, ©)] + 10, Ai(w,€)| < AJ¢P?

(2)

(The simplest example of such A; is A;(z, &) = [£|P72).

This result is well known in the euclidean case both in the stationary case (see [D1] and
[L]) and in the time dependent case (see [LSU] and [D2]). Recently the result has been
extended in the Heisenberg group in the stationary case in [Z] and in the time dependent
case in [CCG] and [CCZ]. Let us note explicitly that the horizontal gradient has only 2n
components in a manifold of dimension 2n+ 1, so that the operator is totally degenerate.

In the Heisenberg setting Xi, ..., Xs, toghether with [ X7, X, +1] span the whole tangent
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space at every point, allowing to obtain regularity even in the direction not explicitly
present in the gradient. In this thesis we will consider more general vector fields, in
particular the commutators rule is different from the Heisenberg one, introducing some
technical difficulties in the extension. To obtain our main result we will use a Moser-like
iteration.

We chose as vector fields (for 1 <i < n)

X, =0, — —+a2n+1 Xpvi = Opgi + 5

5 Oon+1 (3)

where the IC; are sufficiently regular functions such that the vector fields X, ..., Xy,

satisfy the Hormander condition. We will use the notation Z to denote the vector field

0,

ponys 0 emphasize the fact that it has technically the role of a second derivative (since

it is obtained through a commutator).

The main theorem that we will prove is the following:

Theorem 0.0.1. Let u be a weak solution of . Then there exists a positive constant
C =C(n,p,\,\,K;) such that

1
sup |Vou| < C ][][ |Vou|Pdzdt
Q;L,T‘ Q,U.,ZT

on some subcylinders Q,,, Quor C Q defined as Q,, = B(x, 1) x [to—pr, o] where z € Q,

to € (0,7), r > 0 and the constant 1 is chosen as

1 %p
o e

In order to obtain this result we will first approximate a weak solution u of the PDE

through a sequence of weak solutions u®® of less degenerated PDEs (depending on

d,e

two parameters ,& > 0). Then we will use a Moser-like iteration on V.u%¢ obtaining
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estimates that are independent of § and €. Then letting §,& — 0 we will get Theorem
0.0l In order to use the Moser iteration we will need two fundamental estimates: a
Poincare-like interpolation inequality and a Caccioppoli-like inequality. By the subrie-
mannian structure of the problem when we try to obtain a Caccioppoli-like inequality

for V.u®* we will obtain an inequality that depends also on Zu%*

Proposition 0.0.2. For all 8 > 0, for alln € CY([0,T],C5°(Q)) and for all T > ty >
t1 > 0 we have that there exists a constant C' = C (X, A,n,p,K;) > 0 such that

c1on 8
/Q (54 [V ) 4

1 t1 to B
B+2 d‘“/ / (6 + |Voaude?) 5 |V 2u) dadt <
6 + 2 to t1 Q

< C’/ / n*+ ]Vanl2+ nZn|)(d + |Ve u55| ) da:dH—

to L
C(B+1)! / / 12(6 + |Voude )75 | Zubs | Pdwdt+
t1 Q

d,e +1
5_1_2/ /6+|Vu )2 |Om|ndxdt

This forces us to prove a Caccioppoli-like inequality also for Zu®. By the use of a
weighted Poincare-like interpolation inequality for Zu®® we can combine the Caccioppoli-
like inequalities for V. u% and Zu®* to obtain a Caccioppoli inequality for V.u®¢ which

does not depend on Zu%*

Proposition 0.0.3. There exists a constant C' = C(n,p, A\, A, K;) > 0 such that for all
B > 0 and for all non negative functions n € C*([0,T], C5°(?)) vanishing on the parabolic
boundary of Q) we have that

to B
sup /(5 + |V6U6’€|2)%772d$ +/ /(5 + | Voaude?)" N \V2ude > n?dedt <
Q t1 Q

1 <t<ta

12y 28
Cp+ B) (2w + Vel 2o + 0 Z01l1 ) / / (6 + [VoubP) " dedt+

spt(n)

10
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O+ B) el st ()| 555 ( [ 6+ |V€u5,€|2)p;adm)
spt(n)

At this point we use cut-off functions n that depend on a parameter u to estimate
the non-homogeneous term |[ndyn||~ which cames from the non-homogeneity of the
PDE . Now we have a “classical” Caccioppoli inequality for V.u%¢. At this point,
although the problem is parabolic, we use a simplified verson of the Moser’s method in
the elliptic case. In fact we replace the use of the parabolic Sobolev inequality (used in
the parabolic Moser’s method) with the use of the elliptic Sobolev inequality. This will
give us a smaller increase in regularity for each iteration but it will allow us anyway to
prove the boundendness of the horizontal gradient V.u* and consequently to obtain our
main Theorem [0.0.11
The thesis is organized in four chapters: in the first chapter we recall the definition of
subriemannian manifold and define our choice of vector fields. In the second chapter we
recall the definition of degenerate Sobolev spaces associated to the choice of vector fields.
In the third chapter we recall the Moser iteration in the elliptic case and in the last we
present the most original part of the thesis, which is the local Lipschitz regularity of the
weak solutions in the case of the chosen vector fields, more general than the Heisenberg

ones.

11



Chapter 1

Some topics on Subriemannian

Geometry

1.1 Riemannian manifolds

Definition 1.1.1. Let M be a topological space. A local chart (U, ¢) on M is a couple
where U is an open subset of M and ¢ is an homeomorphism from U to a certain open

subset of R™.

Definition 1.1.2. Let M be a topological space. Let U = {U,}ic; be an open cover of

M (i.e. a collection of subset U; such that every U; C M is open and Uiel Uy =M). If

for each i € I there exists a local chart (U;, ¢;) then {(U;, ¢;) }ier is called atlas for M.

Definition 1.1.3. Let M be a topological space and (Uy, ¢1), (U, p2) two local charts
of an atlas {(U;, ;) }ier for M. Then the isomorphism

g020(p;1 : gOl(UlﬁUg) %QOQ(UlﬂUQ)

4,01(U1OU2)

is called transition function between the two local charts (Uy, ;) and (Us, p2).

12



1.1. RIEMANNIAN MANIFOLDS

Definition 1.1.4. Let M be a topological space and {(U;, v;)}icr be an atlas for M
such that all the transiction functions are differentiable. Then M is a differentiable
manifold. More generally we say that M is a C*—manifold if all the transiction

functions are C*.

Definition 1.1.5. Let M be a differentiable manifold with an atlas {(U;, ¢;) }ier- Then
we say that the dimension of M is the dimension of the R” where the homeorphisms

p; arrive.

Definition 1.1.6. Let M be a differentiable manifold and p € M. Let (U,¢) be a
local chart such that p € U. Now we consider the set of the smooth curves €, = {7 :
(—1,1) — M such that y(0) = p} and we define an equivalence relation ~ on this set:
we say that 7 is equivalent to ¥ if (¢ 0 1)'(0) = (¢ 0 72)'(0). Then we can define the

tangent space of M in p as

Q
M ==L
and the tangent bundle of M as
™ = | T,M
peEM

Observation 1.1.7. If M is a differential manifold and p € M then 7,,M is a real vector

space.

Theorem 1.1.8. Let M be a differential manifold of dimension n. Then the dimension

of T,M as a real vector space s n for all p € M.
Proof. See [T] chapter 3 section 8. O

Definition 1.1.9. Let M be a differentiable manifold. A vector field is an application
X : M — TM such that m o X = idy; where m : TM — M is the projection map from
TM to M.

13



1.1. RIEMANNIAN MANIFOLDS

Observation 1.1.10. Let M be a differential manifold of dimension n, (U, ¢) a local
chart and X a vector field. Then locally on U we can identify X (p) = (a1(p), ..., an(p))

as a differential operator of the first order as

where x1, ..., z,, are the local coordinates given by the local chart (U, ¢) and 0,, denotes

the directional derivatives. For further details see [T] chapter 3 section 12. The inverse

is also true: if we have a directional derivative X (p) = > 7, a;(p)0,, we can find the

corresponding vector field “applying” X to I = (z1,...,x,) i.e.

XI(p) = (a1(p), ..., an(p))

In the rest of this chapter we will use X1 when we want to denote the vector field and
X when we want to denote the differential operator of the first order. When there is no

risk of confunsion we will indistinctly use X to denote both.

Definition 1.1.11. Let M be a differentiable manifold. A differential function g defined

on M is called riemannian metric on M if g, is an inner product on 7,,M for allp € M.

Definition 1.1.12. Let M be a differentiable manifold and ¢g a riemannian metric. Then

(M, g) is called riemannian manifold.

Observation 1.1.13. Let (M, g) be a riemannian manifold of dimension n and (U, ¢)

a local chart. Then in the local coordinates given by (U, ¢) we have that

gp(u,v) = Z 95 (p)u;v; Vu,v € T,M

1,j=1

where p € U and G(p) = (9:;(p))ij is a n x n positive-definite matrix. In the following

14



1.2. SUBRIEMANNIAN MANIFOLDS

we will sometimes use the following notations:
<u7 U>Q(p) = gp(u7 U)

||u||g(p) =4/ (u, u>9(p)

Definition 1.1.14. Let (M, g) a riemannian manifold and +.[a,b] — M, v € C'. Then
we define the lenght of v as

b
I(y) = / 7 (1) oot

We can define also the length of a piecewise C* curve: if «y : [a,b] — M, v piecewise C!

(ie. if exists a = zg < 21 < ... < 2 < Tip1 < oo < Ty = b and V(g 4,,,) € C* for all

1 <1< m—1) we define [(7) as

l(v)zzl(v

(wi,2iv1) )

Definition 1.1.15. Let (M, g) be a connected riemannian manifold (at least C1). We
can define a distance on M in the following way: let p,q € M, their distance is defined
as

d(p,q) = inf{I(~) with v piecewise C" s.t. ¥(0) = p,v(1) = ¢}

1.2 Subriemannian manifolds

Definition 1.2.1. Let M be a differentiable manifold. We say that A = (A,),ecn is a
distribution if for all p € M A, is a subspace of T,,M.

Observation 1.2.2. If we have a family of differential operators of the first order

15



1.2. SUBRIEMANNIAN MANIFOLDS

(X1, ..., X;n) we can consider the corresponding distribution given by
A, = span(Xi1|p, ..., XinI|p)

Definition 1.2.3. Let M be a differentiable manifold, A a distribution and ¢ a subrie-
mannian metric (i.e a riemannian metric only defined on A). Then we say that (M, A, g)

is a subriemannian manifold.

Definition 1.2.4. Let M be a differential manifold and A a distribution. We say that

a curve v : [a,b] = M, v € C! is admissible if
’y’(t) € Ay Vt € |a, b]

Definition 1.2.5. Let (M, A, g) be a subriemannian manifold and v : [a,b] — M an

admissimble curve; we can define the lenght of v as

b
I(y) = / 1Y () gyt

Note that we can generalize the definitions of adimissible curve and lenght of a curve

for piecewise C! curve as in the riemannian case.

Definition 1.2.6. Let (M, A, g) be a subriemannian manifold and x,y € M we define

the distance between x and y as

iz, y) ~+00 if there are no admissible curves that join x and y
,Y) =

inf{l(~) with v admissible s.t. v(0) = z,7(1) = y} otherwise

Definition 1.2.7. Let X =}, a;0,,, Y = . b;0,; two differential operators of the first

16



1.2. SUBRIEMANNIAN MANIFOLDS

order. We define the commutator between X and Y as
(X, Y]=XY -YX

Observation 1.2.8. If X = >".a;0,, and Y = Zj b;0,, are two differential operators
of the first order then also [X,Y] is a differential operator of the first order. In fact we

have

(X,Y] = Z (Xb;0,, — Ya;0,,)
1,J

and so if f € C*° we get

[X7 Y]f = Z (alaxz(bjawgf) - bjaxj (alaxlf)) =

1,]

Definition 1.2.9. Let X1, ..., X,, be differential operators of the first order. We define
the Lie algebra generated by X1, ..., X,, as the closure of span(X;/, ..., X,,I) through
the commutator. We denote such space with Lie(X7, ..., X;,,).

Definition 1.2.10. Let X1, ..., X,, be differential opeators of the first order. We say that
X1, ..., X, satisfy the Hérmander condition if Lie( X7, ..., X,;,) has maximum rank in

every point.

Definition 1.2.11. Let X4, ..., X,, be differential operators of the first order and A =
span(Xi1, ..., X;, 1) the corresponding distribution. We say that Xi,..., X,, have de-
gree 1 (and we write deg(X;) = ... = deg(X,,) = 1). Then we denote with A®) =
span(A, [Xi, X;j])1<ij<m and we say that deg(X) = 2 if X € A®\ A. More generally we
denote with AU = span(AV=Y [X;, Y;]) with X; € A and Y3 € AU~ and we say that
deg(X) =jif X € AW\ AU-D,

17



1.2. SUBRIEMANNIAN MANIFOLDS

Observation 1.2.12. If we have a subriemannian manifold (M, A, g) and Xy, ..., X},
differential operators of the first order satisfying the Hérmander condition we can con-
struct a basis of T, using the method described in the previous definition. A basis of

this type is said to be adapted to the stratification.

Definition 1.2.13. Let (M, A, g) be a subriemannian manifold, X a differential operator
(with C'* coefficients) of the first order and {, € M. We denote with exp(tX)(&) the

unique solution of the following Cauchy problem

V() = (XI)(7(1))
7(0) =&
Proposition 1.2.14. Let (M, A, g) be a subriemannian manifold, & € M and X a

differential operator (with C* coeffiecients) of the first order. Then for t — 0 we have

that
Xp(EX)(E) = €+ HX D)) + -+ = (XH1)() + oft)

Proof. For convenience we denote 7(t) := exp(tX)(§). We have that

7'(1) = (XD (v(t) = 7'(0) = (X)(£)

Y1) = (X T)(4(t) = 4 (0) = (X7 1)(€)

So if we use the Taylor expansion for t — (t) in t = 0 we get

3(0) = 9(0) +47/(0) + -+ E1(0) + o)

18



1.2. SUBRIEMANNIAN MANIFOLDS

and consequently

expLX)(€) = €+ HXD)(E) + -+ (X)) +o(t*)

]

Theorem 1.2.15. Let (M, A, g) be a subriemannian manifold, £ € M and X,Y two
differential operators (with C™ coeffiecients) of the first order. Then we have that for
t—0

exp(—tY')(— exp(—tX)(exp(tY ) (exp(tX)(€)))) = & + *([X, Y]I)(€) + o(t)

Proof. Using the previous proposition we have (for t — 0)
2 2
exp(tX)(€) = €+ H(XT)(E) + o (X7I)(E) + o(t)
and so

exp(tY) (exp(tX)(§)) = eXp(tX)(i)+t(Y[)(eXp(tX)(£))+g(Wf)(eXp(tX)(i))JrO(tQ) =

= € XD + LD + YD exp(tX)(€) + S0 exp(tX)(€)) + off?) =

= E XD + 5 (XD + K D) + (XY +0ft) + & (V1)(€) + o) =

2

=E+t((X+Y))(E) + 2 (X72[+XYI+ %I) (&) + o(t?)

In a similar way we get

exp(—1X)(exp(tY)(exp(tX)(£))) =

2

= exp(tY) (exp(t.X)(§)) =t (X 1) (exp(tY ) (exp(tX )(g)))+%(x “I)(exp(tY) (exp(tX)(€)))+o(t?) =
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1.2. SUBRIEMANNIAN MANIFOLDS

2

=)+ e (e ) s

—t(XD)(E+HX +Y)(E) +o(t)) + g(XQI)(f +0(1)) +o(t?) =

= YD) + DD + EXYI(E + 5D + HXD©)+

XD exp(tHX +Y))(E) + 5 (X)) +0lt?) =

= E+ XD + HY D) + XD + EXY () + 5 (v (6)+
(KT + H(X + VIXD)E) + oft) + off?) =
= Y DO DO+ S (VIO XD~ (XD —£ (Y X D)) +olt) =

£

= {+ YD) + S (VD) + P(X,YIN(E) + oft?)

Finally we get
exp(—1Y)(— exp(—tX)(exp(tY) (exp(tX)(£)))) =

= exp(—tX)(exp(tY) (exp(tX)(£))) — t(Y I)(exp(—tX)(exp(tY) (exp(tX)(£))))+
t2

3

(Y1) (exp(—1X)(exp(tY) (exp(tX)(€)))) + o(t?) =

=&+ 1(YI)(E) + g(YQI)(E) +E (X Y]D)(E) — (Y I)(§ + (Y I)(E) + oft))+

2

FSVI)(E + o(1)) + of#?) =

2

= £+ UV D) + S DE) + (X, YINE)+

t2
2

=&+ (X Y]T)(€) + o(t?)

—t((YT)(&) + t(Y?I)(€) + oft)) + —(Y2I)(&) + o(t?) =
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1.2. SUBRIEMANNIAN MANIFOLDS

]

Definition 1.2.16. Let (M, A, g) be a subriemannian manifold where A = span(X;1, ..., X,,I)
and Xy, ..., X, are differential operators of the first order with C*° coefficients. Let & € M

and X € A. We denote with Cx(¢) the following application

Cx(t) = exp(tX)(E)

More generally, if X is a differential operator of the first order with C'* coefficients such
that X € AU (with j > 2) we have that exist X; € A and X, € AVU~D such that
X = [X1, X,] and we denote with Cx(t) the following application

Coy (=[t17)Cox, (—[t]7) Cxy (Jt]7)Cxy (87 i £ > 0
Cx(t) = ) ) ) )
Cx, (—[t]7)Cx, (= [t]7)Cx, ([t]7)C_x, (t]7) if t < 0

Theorem 1.2.17. Let (M, A, g) be a subriemannian manifold where A = span(Xi1, ..., X,, 1)
and Xq,...,X,, are differential operators of the first order with C*° coefficients. Let
€M and X € AY for some j > 1. Then Cx is an admissible curve, Cx(0) = & and

Cx(0) = (XI)(&).

Proof. 1f j = 1 then X € A and Cyx is trivially an admissible curve since Cx(t) =
exp(tX)(€) is the solution of the Cauchy problem

V(1) = (XD)(7(?))

Y(0) =¢

and exp(tX)(0) =&, exp(tX)'(0) = (XI)(§). If j = 2 then there exist X, Xy € A such
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1.2. SUBRIEMANNIAN MANIFOLDS

that X = [X7, X5] and Cx is defined as

Cx, (= [t]2)Cx, (= [£]2) O, ([£]2) Cix, ([£]2) 3 £ > 0
Cx(t) = . ) ) )
Cx, (—|t12)Cx, (= [t]2)Cx, (t]2)C_x, (Jt]2) if t < 0

Now since C'Ly, and Ciy, are admissible curves we have that also Cx is an admissible

curve since the composition of admissible curves is an admissible curve. Now using

theorem [1.2.15 we have (for ¢ — 0) that

orpy < JETHXN© ot itez0

&+ [t[=X1, Xo]I(€) + o(|t]) if t > 0

and so Cx(0) = ¢ and C%(0) = ([X1, Xo)I)(€) = (XI)(&). For j > 2 we just need to

reiterate the previous reasoning. [

Proposition 1.2.18. Let (M, A, g) be a subriemannian manifold of dimension n where
A =span(Xi1,..., X 1), X1, ..., X are differential operators of the first order with C'*°
coefficients satisfying the Hormander condition and X1, ..., X,,, ..., X,, is the correspond-
ing basis adapted to the stratification. Let € € M and t = (11, ...,t,) € R". We define C

as

C(t)(€) = Cx, (t1)Cx,(ta) - - - Cx, (tn)
then C' is a local diffeomorphism in a neighborhood of t = 0.

Proof. We just have to check that the derminant of the Jacobian of C is non zero in

t = 0. We calculate g—S(O) remembering that
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1.2. SUBRIEMANNIAN MANIFOLDS

and so
oC d
a_tj(o) — %CXJ.(O) = (X;I)(§)

consequently we have

Je(0) = (X 1)(E), -, (XnI)(E))
but since X1, ..., X,, is a basis we have that det(.J5(0)) # 0. O

Notice that by the definition of C' we have that C is a composition of admissible
curves and consequently also C' is an admissible curve. The following corollary is an

immediate consequence of the definition of local diffeomorphism.

Corollary 1.2.19. Let (M, A, g) be a subriemannian manifold of dimension n where
A =span(Xi1,..., X 1), X1, ..., X are differential operators of the first order with C'*>
coefficients satisfying the Hormander condition and X1, ..., X,,, ..., X,, is the correspond-
ing basis adapted to the stratification. Let & € M. Then there exist a neighborhood U of
0 in R™ and a neighborhood V' of & in M such that for all m € V there exists a unique

t € U such that n = C(t)(§).

Theorem 1.2.20. Let (M, A, g) be a connected subriemannian manifold of dimension n
where A = span(Xi1, ..., X,,I) and X, ..., X, are differential operators of the first order
with C'*° coefficients satisfying the Hormander condition. Then for each &,& € M there

exist at least an admissible curve of extremes & and &.

Proof. We fix £y € M and we consider the following set
A ={¢ € M s.t. Iy admissible curve of extremes ¢ and &}

Since M is connected if we prove that A is open,closed and A # () we proved the theorem.
A # () since &, € A. Now we prove that A is open. If § € A then by the previous corollary
there exist a neighborhood U of 0 in R™ and a neighborhood V' of § in M such that for
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all € V there exists a unique t € U such that = C(t)(6). Since C'is an admissible
curve we have that there exist an admissible curve vy; between 1 and ¢ for all n € V.
But 4 € A so by the definition of A there exist an admissible curve v, between § and
&. But if we compose v, and 7, we get an admissible curve between &, and n for all
neVie VCAie Aisopen. Now we prove that A is closed. Let (&,),>1 C A be a
sequence that converges to a certain &. If we prove that &€ € A then A is closed. By the
previous corollary there exist a neighborhood U of 0 in R and a neighborhood V' of € in
M such that for all 7 € V' there exists a unique ¢t € U such that n = C(t)(€). But since
&, — & and V is a neighborhood of ¢ there exist @ € N such that for all n > 7 we have
that &, € V. So (since C is an admissible curve) we have that there exists an admissible
curve v, between & and €. But & € A so there exists an admissible curve 4, between

& and &. So if we compose v; and ¥, we get an admissible curve between &, and ¢ i.e.

e Aie. Ais closed. O
§

An immediate consequence of this theorem is that if we consider a connected subrie-
mannian manifold (M, A, g) where A = span(X;1, ..., X,,I) and X, ..., X, are differen-
tial operators of the first order with C'*™° coefficients satisfying the Hérmander condition

then for all p,q € M we have that d(p,q) < 4+o0.

1.3 Owur choice of vector fields

We now introduce the vector fields that we wil use in the Chapter Let M be a
connected subriemannian manifold of dimension 2n 4+ 1. We define the following 2n
vector fields. Let 1 <1 < n (for convenience for 1 < j < 2n+ 1 we denote &Cj with 0;)

Ky Ki

X, =0 — 5 Oon+1 Xpvi = Opgi + 5

Dot (1.1)
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1.3. OUR CHOICE OF VECTOR FIELDS

We now define (for 1 <4,j < 2n) the application h;; as the unique function such that

[X’ia X]] = hij82n+1

In order to obtain the Hormander condition we will choose as IC; C°° functions such that
for each point p of M there exists at least one h;; such that h;;(p) # 0.

We also define (for 1 <14 < 2n) the application k; as the unique function such that

where we used Z to denote Os,41.
This choice of vector field is modeled on the vector fields usually considered on the

Heisenberg group which is the case obtained when we choose K; = x;.
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Chapter 2

Parabolic LP spaces and Sobolev

subriemannian spaces

2.1 Some basic facts on L*(Q2) and W*P((Q)) spaces

Definition 2.1.1. A triple (22, M, 1) is a measure space if 2 is a set and
1. M is a o—algebra in 2 i.e. M is a collection of subsets of {2 such that:
(a) D e M,
(b) Ae M= A° ¢ M,

(c) U, A, € M whenever A,, € M Vn,

2. 4 is a measure i.e. p: M — [0, +o0] satisfies

(a) (D) =0,
(b) n(U,Z; An) = U~ 1(Ay) whenever (A,),>1 is a disjoint countable family of

members of M.

3. Qis o—finite i.e. there exists a countable family (€2,),>1 in M such that |J,—, Q,

and (€2,) < 400 Vn.
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2.1. SOME BASIC FACTS ON L?(Q) AND WEF(Q) SPACES

Definition 2.1.2. Let (2, M, i) be a measure space; we denote by L'(€, 1) (or simply
LY(Q) or L') the space of integrable functions from Q to R (where we identify two

functions that coincide a.e.). We also denote with || - [|11(q) the following quantity

1]z = / Fldu

We now recall some important results about integration.

Theorem 2.1.3 (Monotone convergence theorem). Let (f,,)n>1 be a sequence of functions

in L' that satisfy
1. i<fo<- < fu< foy1 <00 ace onQ,

2. sup,, [ fn < 00.

Then f,(x) converges a.e. on §) to a finite limit, which we denote by f(z); the function

f belongs to L' and || f, — fl|l; — 0.
Proof. See [R] p.21. O

Theorem 2.1.4 (Dominated convergence theorem). Let (f,)n>1 be a sequence of func-

tions in L' that satisfy
1. fulz) — f(x) a.e. on Q,
2. there is a function g € L' such that for all n, |f.(x)| < g(z) a.e. on Q.
Then f € L' and ||f. — fllzr — 0.
Proof. See [R] p.26. O

Theorem 2.1.5 (Fatou’s lemma). Let (f,),>1 be a sequence of functions in L' that

satisfy
1. for alln, f, >0 a.e.
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2.1. SOME BASIC FACTS ON L?(Q) AND WEF(Q) SPACES

2. sup,, [ fn < o0.

For almost all x € Q we set f(x) = liminf, o fn(z) < +oo. Then f € L' and

/fgliminf/fn
n—+oo

Proof. See [R] p.23. O

Definition 2.1.6. Let p € R with 1 < p < +00; we set

LP(Q) = {f: Q= Rs.t. fis measurable and |f|" € L'(Q2)}

1 llze o) = (/Q If(fr)l”du) %

with

and we set

L*(Q) ={f:Q — Rs.t. fis measurable and 3C' € R s.t. |f(x)| < C a.e. on Q}

with

[ Fllzee (@) = ess supq ||

where

ess supg | f| = inf{C s.t. |f(z)] < C a.e. on Q}

Definition 2.1.7. Let 1 < p < +00; we denote by p’ the conjugate exponent which
is the 1 < p’ < +00 such that
1 1
S+ =1
p D
Theorem 2.1.8 (Holder’s inequality). Assume that f € LP(Q) and g € LY (Q) with
1<p<+oo. Then fg e LY ) and

[fgllzr) < el L q)
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Proof. See [Bre| p.92. O

Theorem 2.1.9 (Minkowski’s inequality). Let 1 < p < 400 and f,g € LP(Q2). Then

I1f + gllee) < N fllze@) + 119l r

Proof. See [Bre] p.93. O

Theorem 2.1.10. For any 1 < p < +oo LP(Q2) is a Banach space when equipped with

the norm || - || () -
Proof. See [Bre| p.93. O

Definition 2.1.11. Let 2 C R™ be an open set and let u € L'(Q); a function g € L'(Q)
is said to be the a-weak derivative of u (and denoted with d,u) if for any ¢ € C°(Q)

we have

/u@agodzz (—1)“|/ggpdx
e Q

Definition 2.1.12. Let Q C R™ be an open set and let p € [1,400], k € N, k > 1. The
Sobolev space W#P(Q) is the set of all the functions u € LP(€2) such that their weak
derivatives 0,u € LP(Q) for all |a| < k. The space W*?(Q) with p € [1, +00) is equipped

with the norm

B =

||uHW’”’(Q) = Z HaauHZ[)/P(Q)

laf <k

and the space W*>(Q) is equipped with the norm

[l ooy = Y ess supg [Oaul
ol <k

Theorem 2.1.13. The Sobolev spaces are Banach spaces.

Proof. See |Bre| p.203. O
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2.2. SUBRIEMANNIAN SOBOLEV SPACES

2.2 Subriemannian Sobolev spaces

Definition 2.2.1. Let (M, A, g) be a subriemannian manifold where A = span(Xi1, ..., X,,,1),
Xq, ..., X,, are differential operators of the first order with C'* coefficients satisfying the
Hormander condition. Let @ C M be an open subset and p € [1,+00]. We define
the subriemannian Sobolev space W'?(Q) as the set of all the functions u € LP({2)
such that all the distributional derivatives X;u for 1 < ¢ < m are also in LP(£2). The

subriemannian Sobolev space W1?(Q) is a Banach space when equipped with the norm

[l = leallzogey + Vol Lo

Where we used Vou to denote (Xyu, ..., X,u). We use the notation W,'”(€) to denote

loc

the local version of these spaces.
We have the following useful reformulation of the Sobolev embedding theorem

Theorem 2.2.2. Let v be a Lipschitz function in Q = Q2 x (0,T) and assume that for
all0 <t < T v(-,t) has compact support in Q x {t}. Let N =2n+2. Then there ezists
C > 0 such that

ol 25, 2

@) S O| |VOUHL212(Q)
Proof. See [ES]. O

For completeness we recall also a proof of the “classical” Sobolev inequality

Theorem 2.2.3. Let 1 < p < n. Then there exists a constant C' depending only on n
and p such that for all uw € CL(R™) we have

lulles < ClVul|e

np

where p* = o
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Proof. First we prove the theorem for p = 1. Since u has compact support in R" we

have for each 1 < ¢ < n that

z;
u(z) = / O (T ooy Ty 1y Yiy Tige 1y oey Ty )AY;
—00

and so

+00
lu(z)| < / \Vu(y, .o, Tic1, Yis Tig1s s Tn) | dys

o0

Consequently we get

+o0

1
n n—1
u(@)[=T < | | (/ |vu(x17’-~7xi—1ayi7xi+1>-~-axn)|dyi)
i=1 -

Now we integrate this inequality with respect to x1 and by the use of Holder’s inequality

we get
+oo N +oo T +oo ﬁ
[ T @ian < [ H(/ |Vu<a:1,...,xi_l,y,-,a:iﬂ,...,xn>|dyz-) dr, =
—00 -0 —00
+o0 ﬁ +oo T 400 ﬁ
([ i) [TIL( T 19ulan) <

=2

+o0 nil n +oo o0 ﬁ
< </ Wu\dyl) H (/ / ]Vu]dxldyi>
—00 i=2 —00 —00

Now we integrate this inequality with respect to x5 and we get
+o00 ., +oo 7 ptoo m 1
/ |u| =T dxidry < (/ |Vu|d:p1dy2) / H [ dr,
- oo OO i=1,i#2
where

, [ Vuldy if i = 1

[ [ \Vuldaydy; i i > 1
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2.2. SUBRIEMANNIAN SOBOLEV SPACES

Applying the Hélder’s inequalty again we obtain

+o00 +o00 " o0 +o00 ﬁ
/ / |u|"Tdzydry < </ / |Vu|d3:1dy2> .
+oo  ptoo o +oo  ptoo ptoo =
) (/ / |Vu|dy1da:2) H (/ / / |Vu]d:£1dx2dyi)
—o0o J—00o i—3 —o00 J—00 J—00

We continue to integrate with respect to x3, ..., x,, finally obtaining

n +oo +oo ﬁ
/ u(z) |71 de < H (/ / |Vu|dx1...dyi...dxn> = / \Vu(z)|dx (2.1)
n i=1 —00 —00 Rn

i.e. we proved the theorem for p = 1. Now we consider the case 1 < p < n. We use the

estimate (2.1)) on the function v = |u|” where v > 1 is to be selected. So we get

n—1

( . Iu<x>|n”"1d:c) < /R |V|u(a;)|7|d;z;:7/Rn () V()i <

p—1

<o ([ e ([ \Vu(x)\pdx)’l’

If we choose ~ such that

L p
= (v —1)—2—
s A e
i.e. we set
-1
_pn=1)
n—p
we obtain that
L p np *
—(v—1 =
n—1 9 >p -1 n-p b
and so our last estimate becomes
p(n—1)
||l | Lr @ny < — IVul[ Loy
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i.e. we proved the theorem for 1 < p < n. [

2.3 LP(0,T;X) spaces

Definition 2.3.1. Let X be a Banach space and T' > 0, a function s : [0,7] — X is

called simple if it has the form
s(t) = kgt (0<t<T)

where each E; is a Lebesque measurable subset of [0,7] and w; € X (i=1,...,m).

Definition 2.3.2. Let X be a Banach space and 7' > 0. A function u : [0,7] — X is

strongly measurable if there exist simple functions s : [0,7] — X such that
sk(t) = u(t) forae. 0 <t <T

Definition 2.3.3. Let X be a Banach space, T'> 0 and p € [1,400]. Let w: [0,T] — X.
We say that v € LP(0,T; X)

1. u is strongly measurable,

2. ||ul|tro,1x) < 00 where || - || 1r0,r;x) is defined as follows

(4 ) )" it p € (1, o0)

ess Supg<,<7 |[u(t)||x if p = +o0

[ullLpo.rx) =

Theorem 2.3.4 (Minkowski’s inequality for LP(0,7; X) spaces). Let X be a Banach
space, T >0 and p € [1,+00|. Let f,g € LP(0,T; X). Then

I1f + glleeo,rix) < | fllzro.rx) + [|gllzeo,rx)
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Proof. Since || - ||x is a norm we have for ¢ € [0, T] that

1@ +9@llx < [IfD)llx + g x

(e +g<t)“§(dt); < (f i+ ol dt>;

but using the Minkowski’s inequality for scalar functions on the RHS we get

(ot dt); <([ “)”gfdt); ([ I|g<t>||';(dt);

and so

and so

=

(f s +g<t>||§-dt); <([ ||f(t)||§gdt); + ([ o)’

1.e.
If + gllzeorix) < I fllzeorx) + |19l Lr0,r;x)
]

Lemma 2.3.5. Let X be a Banach space and T > 0. If (fo)ns0, fn : [0,T] = X is a

sequence such that

1. f, is strongly measurable for each n > 1,

2. (fu)n>1 converges a.e. on [0,T] to a certain f

then f s strongly measurable.

Proof. Since every f, is strongly measurable we have that for each n € N exists a

sequence (Sp, )k>1, Sn, ¢ [0,7] — X simple functions such that

180, (1) = Fu(®)|]x 22225 0 ace. on [0, 7]
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So for each n € N we can choose a simple function s,, in the previous sequence such that
1
||3n(t) - fn(t)HX S ﬁ a.e. on [O,T]

If we use this new sequence of simple functions to approximate f we get a.e. on [0, 7]

[lsn () = F(D)l|x = [[sn(t) = fu(t) + fu(t) = F(O)][x < lsn(t) = fu(O)l]x +|[fn(t) = f(O)][x <

< = +1ful®) = @)

letting n — o0 we obtain the thesis since lim,, 1 || fn(t)— f(t)||x — 0a.con [0,7]. O

The following theorem proves the completeness of the LP(0,7"; X) spaces. The proof
is based on the proof of the completeness of the LF(Q) spaces in [Bre].

Theorem 2.3.6. Let X be a Banach space, T > 0 and p € [1,+00|. Then LP(0,T; X)

18 a Banach space.

Proof. CASE p € [1,400): Let (fn)n>1 C LP(0,7;X) be a Cauchy sequence. We can

now extract a subsequence (fp, )g>1 of (fn)n>1 such that for each k£ > 1 we have

1
||fnk+1 - fnkHLP(O,T;X) < @

We can construct this subsequence simply using the definiton of Cauchy sequence: first
we choose n; such that || f, — fo||zr0,7:x) < % for each m, n > nq, then we choose ny > ny
such that ||fm — fullrorx) < 2% for each m,n > ny and so on... . For convenience we

write fr instead of f,,. Now we define the function g, : [0,7] — R as

g() = D |1 fier(B) = fr(®)l]x
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So we have that

T 7 T PN
lonllsiamy = [ lonvat) =</ dt) <
0 0

T % n
<3 ([ M) = £OIFat) " = Sl = il <
0 k=1

k=1

Z||fk+1(t) — fe@®)]lx

1
< e = fellrrx) < o5 =1

k>1 k>1
ie. g, € LP([0,T]). As a consequence of the monotone convergence theorem we have
that there exists a function g € LP([0,T]) such that g, — ¢ a.e. on [0,7]. Then we have

for m > n > 2 that

1 fn(8) = fu@lx S fn(8) = fnaOllx + - + [ fasa(8) = fu@)llx < 9(8) = gna(t)

It follows that a.e. on [0,7] (f.(f))n>1 is a Cauchy sequence in X. Since X is a Banach
space we get that a.e. on [0,7] (f.(t))n>1 converges to a certain f(t) € X. Now we

observe that
n—1

fan=F+ Z(fk-i—l — fx)

k=1

and so a.e. on [0,7] we get

1) = R+ Tim S (el = filt)

and so
n

fi+ nETOOZ(ka — fx)

k=1

<

[ f[lzeo,r:x) = ‘
LP(0,T;X)

< il + D ferr = full oy < Allrerx) +1 < 400
k>1
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Using also the lemma (2.3.5)) we get that f € L?(0,7;X). Now we want to prove that
fn— fin LP(0,T; X). We have that (by Fatou’s lemma)

I1f = fallzeo,rx) < 15_{2% e = Fall oo ex)

but this concludes the proof for p € [1, +00) since (f,)n,>1 was a Cauchy sequence.
CASE p = 4oo: Let (fn)n>1 € L>®(0,7;X) be a Cauchy sequence. For each k € N
exists Ny € N such that || f,,, — fulle0rx) < % for m,n > N}. So there exists a null set
Ey, C [0,T] such that

Ufn®) = @)llx < 3 Ve € 0.7\ B Vimn > N

Then we define E' = |J, oy Bk, which is still a null set, and we observe that for all
t € [0,7]\ E the sequence (f,(t)),>1 is a Cauchy sequence in X. But X is a Banach
space s0 (f,(t))n>1 converges to a certain f(t) for all ¢ € [0,7] \ E. Passing to the limit

in the previous inequality as m — +o0o we get
1
1£(t) = fa(®)llx < 3Vt €0, T]\ B Vn > Ny

In the same way as we discussed the case p finite we can get that || f||L=(rx) < +00
and f € L*(0,T;X). Remembering the definition of || - ||ze(,r;x) We get finally that
fo— fin L>®(0,T; X). O

Corollary 2.3.7. Let Q CR"™, p,q € [0,4+00] and T > 0. Then the space

LP(0, T L(2))
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1s a Banach space when equipped with the norm

T g P
[ fl|zeo.r;za0) = (/O (/Qlf(iv,tﬂqdl") dt) if p,q € [1,4+00)

T P
||f||Lp(0,T;Lq(Q)) = (/ (GSS SUP,cq |f(ta x)|)p dt) pr € [17 —I—OO), q= +00
0

||f||L;D(07T;Lq(Q)) = €SS Supte[O,T] <</ ]f(x,t)|qdm)
Q

[ fl|zr0.7;20(0)) = esSSUDPepo 7y (€88 sup,eq |f(2,¢)]) if p=q+ 00

) if p=+00,q € [1,400)

In the following we will use the notation L»4(Q) (with @ = x (0,T)) to denote the
space L9(0,T; LP(2)).

38



Chapter 3

The Moser iteration in the elliptic

case

We consider the following PDE
ij=1

on the open ball By, = B(0,2r) C R™. We assume the following structural conditions
on the a;; € L>(Bsy,): we suppose that for any x € By, and for any £ € R™ there exist

0 < A < A < oo such that
MEP < agi(x)6€; < AlgJ? (3.2)

We say that a function u € H'(By,) = W?(Bs,) is a weak solution of (3.1]) if

Z / aijaiuanSdl’ =0
BQr

,j=1

for any ¢ € H}(Ba,). The aim of this chapter will be to prove the following Theorem
3.0.1L In other words we will prove the local boundedness of the weak solutions of the
PDE (3.1). We will mainly follow the presentation given in [HL].
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3.0. THE MOSER ITERATION IN THE ELLIPTIC CASE

Theorem 3.0.1. Let u € H'(Bs,) be a weak solution of (3.1)). Then we have that for
any p > 2 there exists a constant C' = C(n, A\, A,p) > 0 such that

1

P
sup |u| < C (f |u|pdx>
B"‘ B2'r

In order to prove the theorem we will need a Sobolev inequality (Theorem ([2.2.3)))
and the following Caccioppoli inequality.

Proposition 3.0.2. Let u be a weak solution of (3.1), 8 > 0 and n € C}(Bs,) a non

negative function. Then there exists a constant C' = C(n, A\, A) > 0 such that

[ VP < s) [ oaPla e
BQT BQT
Proof. We choose the test function ¢ as

¢ =n’|ul’u € Hy(B)

where u is a weak solution of the (3.1), # > 0 and some non negative function n €

Cj(By,). By direct calculations we get that
Orp = 17 ul Ou(L + B) + 2ndm|ul "u (3.3)

Now we integrate on By, and by ({3.3)), the structural assumptions, the fact that u is a
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3.0. THE MOSER ITERATION IN THE ELLIPTIC CASE

weak solution and the Young’s inequality we get

Bay

n
0= E /
i,j=1 i,j=1

+2 Z / a;;Orudjn|u|Pundz >

ij=1" Bor

> A1+ 5) / Plul|Vul*de — A / V| VlfulPundz >

Bzr B2r

1 2A2
>\ (— + ﬁ) / o2 ul? |V ul2de — —/ V2 [ulPude
2 BQT )\ BQT

ie.
[ b < it [ oo
Ba,. N >‘2 (l + 6) Ba,

2

Now by direct calculations we get

B+2
[V (Jul Z 0)[* < C+ B)lul’|Vul*|nf* + [u] 2| Vn]?

(3.4)

(3.5)

(3.6)

Now integrating (3.6]) on By, and using the previous estimate (3.5 we can finally get the

following Caccioppoli inequality.

/ IV (Jul ) Pdr < C(1+ B) / VPl de
B2r

BQ'r

Now we have all the ingredients to prove Theorem |3.0.1]

Proof. The idea is to establish a reversed Holder inequality

1 1

][ |ulPrdx <C ][ |ulP2dx
By Bry

(3.7)

for p; > py and r; < r9 by choosing an appropriate test function. Then by iteration and
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3.0. THE MOSER ITERATION IN THE ELLIPTIC CASE

by choosing carefully the sequences of {r;} and {p;} we will get the result.

Using the Sobolev’s inequality on the left hand side of (3.7) we get that

842,09, \ © g2
([ ol yae) <c [ 19l pas 39
Ba, Ba,

where = 5. Now combining (3.7) and (3.8) we obtain

(/B UZ“M(B”)”dfv)K < C(1+6)/B |Vl ul ™ dx (3.9)

Now we choose the cut-off function 7 in (3.9) in the following way: for any 0 < r’ < 2r
we set ) € C3(Bs,) such that

n=1in B

and

Vnl <
‘ 77’_27”—7“’

Putting such function in (3.9) we get

f

and setting v = 8 + 2 we obtain

-

(2r —r')?

7,./

|u|(5+2)“d:r> <o L0 ][ |+ (3.10)
BQT

e X ) M uv T
(7{9 |ul d) SC(%—W)? ]i| "d (3.11)

1

|u|7“da:> T o <c%) (]i |u|mg;)i (3.12)

1.e.

(f

1,./

42



3.0. THE MOSER ITERATION IN THE ELLIPTIC CASE

Now we are finally ready to start the Moser iteration and conclude the proof of the

theorem. We choose two sequences of {~;} and {r;} (for ¢ > 0) in the following way

7

Vi = Pk
and
ri=(14+27")r
Now we observe that
Vi = KYi-1
and
r
Ti-1—Ti = 9

Using these sequences of {v;} and {r;} in (3.12) we get

(7[ |u7idx> SC'K% (][
Bri B

Iterating ((3.13)) we finally get

1

Yi—1
wdx> (3.13)

|u

i—1

1

<][ |u|%da;> chuJé(][ |u|pdx)p (3.14)
B'ri B27'

and in particular we get

< |u|p”idx) " <C (][ |u|pdx) ’
By B27'
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3.0. THE MOSER ITERATION IN THE ELLIPTIC CASE

Letting ¢« — 400 we finallly get the thesis i.e.

1

P
sup |u| < C <][ |u|pd:v>
BT B2r
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Chapter 4

Lipschitz regularity for weak

solutions

4.1 Introduction of the problem

We want to prove the local Lipschitz regularity of the weak solutions to a class of

parabolic PDEs modeled on the parabolic p—Laplacian. We consider the equation
2n
O =" Xi(Ai(x, Vou)) (4.1)
i=1

in a cylinder @ = Q x (0,7") where Q is an open subset of a connected subriemannian
manifold M of dimension 2n+1 and T" > 0. The X1, ..., X5, are the vector fields definded
in Section and Vou = (Xju, ..., Xo,u) denotes the horizontal gradient. We assume the
following structural conditions on the A;(x,&): we suppose that there exists 2 < p < 4

and 0 < X < A’ < oo such that for a.e. z € Q,€ € R?*® and for all € R*" one has

NEP2nf? < O, Az, &)mimy < N[E[P2|n|?

|Ai(z, &)| + 105, As(z, &)| < N|¢Jp
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4.2. APPROXIMATION OF THE WEAK SOLUTIONS

The simplest example of such A; is A;(z, &) = |£[P72;.

We say that a function u € L?(0,T; W,5?(Q)) is a weak solution of (4.1)) if

loc

2n
0 @ =1

for all ¢ € C§°(Q).

4.2 Approximation of the weak solutions

In order to obtain our results we will use a riemannian approximation scheme. We
consider the vector fields X1, ..., Xy, defined in Section and the corresponding subrie-
mannian metric g defined by (X;, X;) = d,;. We now define the following sets of vector
fields X7, ..., X5,, X5, in the following way: X7 := X; if 1 <4 < 2n and X5, | == eZ
and the corresponding riemannian metric g. defined by (X7, X5) = d;;. We observe that

the corresponding gradient V. has the obvious property that V.f — (Vof,0) as e — 0;

in fact we have that )

Vef =Y XifXi+ZfZ

i=1
We note explicitly that
2n
e—0
Vafly. = D _(Xif)? +(Zf) = |Vofl,
i=1

Now we prove the regolarization result that will allow us to work with smooth functions.

Lemma 4.2.1. Let u be a weak solution of (4.1) in Q@ = Q x (0,T) with the structure
conditions (4.2)). Then for any sub-cylinder Q1 = Qy X (t1,t2) CC Qx (0,T), there exists
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4.2. APPROXIMATION OF THE WEAK SOLUTIONS

a sequence {u’} of smooth solutions of the regolarized problem

2n+41
D’ = Z XE(AY (2, Vou®)) in Q1 and u® = u on 8,Q, (4.3)

=1

converging to u, as 6 — 07 and ¢ — 07, uniformly on compact subsets of Q1 and weakly
in the the WYP—norm. Here we have denoted by 0,Q1 = Q1 x {t = t;} U9Q; x (t1,12)

the parabolic boundary of Q1. The functions A% satisfy
(AT (@, ), s A (@, €), Ag 1 (2,)) =2 (A} (@, €), oy 4B, (,€),0)

and
6—0

A(z,6) == A(x,§)

and
A8+ [E12)77 02 < 0, A (, €)mem; < A+ |€12)" ]2

AL (2, ) g, + 102, AT (2, ). < A +1€)"F

with 0 < X < A < oo depending only on the original X', \’.

Proof. For each € = 32" ¢, X5 € R and §,¢ > 0 we define (for 1 <4 < 2n + 1)

P

A2 (2, €) = Ay, ) + A6 + [€2)T €

where £ = (&1, ...,6,) and A = (A,0) € R**1. It is clear that the A% satisfy the
requested conditions. Moreover the regularized PDE
2n+1
Oud® = Z Xf(Af’E(:L’, V.u’9)) in Q and v’ = u on 0pQ1
i=1
is strongly parabolic for every 9, > 0 and so the solutions are smooth in every sub-

cylinder Q; CC Q. H
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4.3. POINCARE-TYPE INTERPOLATION INEQUALITY

Notice that in the following we will drop the subscript g. in | - |,. and so we will

simply write | - | instead of | - |,. in order to avoid too heavy notation.

€

4.3 Poincare-type interpolation inequality

In Chapter 3| we use the Sobolev inequality (Theorem , here we can not use the
analogous result because of the degeneracy of the PDE : we are searching for an
inequality that is independent of the choice of ¢, if the gradient vanish then this would
not be the case. The following inequality is not the “usual” Poincare inequality because
of the presence of the “weight” (§+|V.u%¢|?). In the following this will allow us, together
with a “weighted” Caccioppoli inequality for Zu®¢, to obtain an estimate of Zu®¢ which

depends on the weight i.e. depends on V. u%*.

Lemma 4.3.1. Let 2 < p < 4, u** € C*(Q). Then there exists a constant C =
C(n,p, K;) > 0 such that for all 3 > 0 and for all non negative functionn € C*([0,T], C5°(2))

vanishing on the parabolic boundary of () we have that

t2
[ [z st < coemIVallslialle [ [
t1 Q

spt(n

(6+|V.ude2) 2" dwdt+
)

to _2
+C(p+ B) / / (6 + |Vub®?) 7 | Zude ||V . Zube 2y P dadt
t1 Q

Proof. We denote with L, R and M the following quantities:

to
L:/ /|Zu5’5|p+ﬁnp+ﬂdxdt
t1 Q

R:// (5 + |Voud<2) "2 dudt
spt(n)

to
M:/ /|V£u6’5\p_2|Zu5’£|’B|VEZu5’£]2774+ﬁd:vdt
t1 Q
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4.3. POINCARE-TYPE INTERPOLATION INEQUALITY

We already saw that we can choose 7,7 € {1,...,2n} such that h;; # 0 and write

1

de _ _— EYE,0E _ YEVYE,OE
Zu™* = B (Xinu X; X u )
consequently we can write
|ZuP S = | ZuSe P gy (X7 X u™® — X5 X u’e)
th 2 ] J 2

Now we put this equation into L and we integrate by parts with respect to X; and X%

obtaining

to 1
L= / / |ZuP =P 2t o (X Xt — XX )" P ddt =
t1 Q ij

t
_ / 2 / |Zu§7g|p—2+5Zu6,5iXianué,anp-l—ﬁdxdt_'_
t1 Q h‘Z] J

to 1
— / / | Zu®€ P28 Zu2 — X5 XEul PP dadt =
t1 Q th J

to 1
= —/ / X¢ (|Zu5’5\p_2+6Zu5’5h—np+ﬂ> Xju5’€dxdt+
t1 Q ;

ij
to 1
+/ /XJ8 (|Zu6’6|p_2+52u5’8—77p+5) Xfu(s’gd:pdt
t1 Q h"L]

Now we apply the chain rule and we get

r2 1 1
L=-— / / [(p—Q—l—ﬂ)]Zu‘s’s|p_3+BXqu5’sZu5’5—h 77”+B+|Zu5’5|p_2+5Xqu5’5—h "+
o y ‘

j ij

1 1
+|Zu5’€|p72+/BZU6’Eh—(p + 5)np+ﬁ71Xis77 + ‘Zu5,5|p72+ﬁzu6,enp+ﬁxis (h_) ]Xju‘s’sdxdt—i—
ij

%)

t2 1 1
+ /t /Q |:(p —24 5)‘Zué,a|p—3+ﬁX;ZU5,5ZU6,aan+B + |Zu6,£’p—2+,8Xj§Zu6,aan+ﬂ
1

ij ij
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4.3. POINCARE-TYPE INTERPOLATION INEQUALITY

1 1
+’Zu‘p72+ﬁzu&sﬁ<p + B)anr,Ble;:n + ‘Zu6,5|p*2+ﬁzu5,€77p+ﬁX; (h_
] )

) } Xutedadt

Now we rearrange the terms and we get

to 1
L=—(p—1+4p) / / |Zu5’€]p*QWXqu‘;’Eh—np+BXju5’5dxdt+
t1 Q

ij

to 1
—(p+5) / / |Zul P Zul S T X P Xt v+
t1 Q

ij

to 1
—/ / | Zude P28 Zy 0P tP X (—) X;:u‘s’admdt+
t1 Q h‘Z]

to 1
+ (p — 14 B) / / ’Zu6’€|p72+ﬁX;ZU6’Eh—ﬁp+ﬁXfu6’€dmdt+
t1 Q

ij

to 1
+(p+B) / / |Zu5’5\p_2+52u5’5h—np+5‘1Xanfu5’€dxdt+

ij

1
/ / | Zu®e [P~ 2+BZu‘SaanrﬁX‘f <h_> Xeubedadt =
(]

to
=—(p—-1-8 / / —\Z PP (X Zut X 5w — X5 Zub X sue )PP dwdt+

—(p+5) / /—|Zu5€|p 2JrﬁZu‘ss(XE 5€X€77—Xfu‘s’ngn)np’Hﬁd:cdt—i—

1 1
— / / | Zude [P=2+8 70 (Xf (h—> Xsu™* — X5 (h—) Xfu5’€> PP drdt =: [, +1,+13
t1 Q i ij

(4.4)

Now we have the following estimates on the terms I, I5 and I3

I <2(p+B)C / / |V oude || Zu®E P28V  Zu®E | P dadt

to
I, < 2(p+ B)C / / IV oa=|| 28|V gl P v
t1 Q

to 1
I; < / / |V || Zude [P~ 148 |v7, (—)
t1 Q hlj

P Pdxdt <
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4.3. POINCARE-TYPE INTERPOLATION INEQUALITY

t2
< C’/ /\Vau‘s’al]Zu‘s’a\p_lwnpwdxdt
t1 Q

We now observe that

to
Lt L < Clp+ D Vallom [ [ Ve 2a 145 s
t1 Q
t2
+ C/ / |Vl || Zud [P 1Bt B dpdt <
t1 Q
to
< Clp+ BIVenl| L= / / V|| Zud [P~ Ppp =18 (1 4 i) ddt <

t1 Q

to
< Co+ IValli L+ ullom [ [ Vel 2000 Pt (49
t1 Q
Now by the use of the Holder’s inequality on the estimates of I; and I, + I3 we get
1 _4-p  2p—44p
I < Q(p + ﬁ)C’MiRﬂpH?) L 20+8) (4,6)

and
p—1+8

I + I3 < 2(p + B)C||Venl| e ||1 + ]| oo RF#5 L 555 (4.7)

Combining (4.6) and (4.7)) with (4.4]) we get
L < Cp+ B)|IVenllw L+l |z B2 L35 + C(p + §) M RT3 L H555)

and finally using the Young’s inequality we get the thesis.

L<Co+A)Valli=lt +ullo~ [ [

(5 + |Voude2) "2 dudt+
spt(n)

to 3
+C(p+B) / / (6 + |Voude|) "2 |20’ |P|V . 20’ |2y P dadt
t1 Q
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4.4. CACCIOPPOLI-TYPE INEQUALITIES

4.4 Caccioppoli-type inequalities

Now we want to obtain an estimate that could play the role of the Caccioppoli inequality
(Proposition in Chapter . Here the problem is harder becouse of the subrieman-
nian structure of the problem. From the two following lemmas we find the PDEs solved
by Xfu‘s’E (for 1 <1< 2n) and Zu% where u%¢ is a solution of . We recall that we
obtain Z through a commutator so technically it has the role of a second derivative but
we will see in the following that in order to obtain an estimate of the gradient we need

to obtain an estimate also for Zu?’.

Lemma 4.4.1. Let u®® be a solution of 1} Then v?’a = X;u®® (for 1 <1<2n)isa

solution of

2n+1
Al = ZX€ A6€ (2, Vou® )X Xu %)+
i,j=1
2n+1 s IC 2n+1
€ \E Nl 4-sin € £ \E €
i Z X ( AP (2, V) — % AV (@, v )) + ) i Z(AY (, Veu's))
=1

where s; = (=17,
Proof. We apply X7 to du®® = S22 X2 A% (2, V.u®) when | < n: we get that

2n+1
OXTu') = 0" = D XPXFAY (2, Vou?) =

i=1

2n+1 2n+1
= X{(XFAP (2, Veu®) + [T, X{JAF (2, Veu's)

i=1 i=1
Applying the chain rule we get
2n+1

Du® = ZXE A‘SE (2, Vou® )X X5u %) 4

i,7=1
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4.4. CACCIOPPOLI-TYPE INEQUALITIES

2n+1 2n+1
K
g 66 l+n 5,6 ,€ £ £ 5,6 €
+ Z X <A7, T T, V u ) 2+ Ai,x2n+1 (LE,VEU(; )) + Z[Xl 7X2]Az (ZL’, veu(; )
i=1
If instead we have [ > n + 1 we have that
2n+1
O(X7u'®) = 0 = ) XiX;AY (2, V™) =
i=1
2n+1 2n+1
= ) XF(XFAY (2, Voau®)) + D [XF, X{JAY (2, Veu™)
i=1 =1
Applying the chain rule we get
2n+1
Dul® = ZXE A‘SE (z, Vou®) X7 X u™)+
2,7=1
2n+1 K 2n+1
£ 56 l n 58 £ £ 15 5,6 €
Z X (Az ] Z, v ) Az T2n +1((L’,V€U6’ )> + Z [Xl 7X1]Az (l‘, v€u6 )
i=1
and so we get the thesis. O]

In Lemma [4.4.1] we start to see the typical difficulties that appear in the subrieman-
nian case: in the euclidean case all the commutators are zero. The last term in the right
hand side contains the derivative [X7, Xf] = h;;Z and forces us to consider also Zu%*

that, as we said precedently, is technically a second derivative.

Lemma 4.4.2. Let u®¢ be a solution of (4.3). Then Zu’c is a solution of

2n+1 2n+1
2P = 3 (X7 + k) (AP (2, Vo) (ky + X5) ZuP) 4 3 (XF + k) (A%, | (2, Vou'?))
i,j=1 i=1

where the k; are defined as in section|1.3].
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4.4. CACCIOPPOLI-TYPE INEQUALITIES

Proof. We apply Z to du’ = Zfﬁfl XA (z, V.u®): we get that

2n+1 2n+1 2n+1
0,Zu’ = Y Z(X;AP (2, Vou®)) = > XF(ZAY (2, Vol )+ Y kiZAY (2, Vou') =
1=1 =1 =1

2n+1 2n+1
— Z (X7 + k) (Z Ai’;(x, Vgu‘s"f)ZXju‘s’E + Ai’;nﬂ(gj, Vau‘5’€)> —

i=1 j=1

2n+1 2n+1

= Y (X7 k) (AYE (2, Vel (2, X514+ X5 Z2309) + > (X5 + ki) (A7, (, Veu'®)) =

1,2n+1
ij=1 i=1

2n+1 2n+1

= > (X7 + B (AN (2, Veud®) (b + X5) Zu’) + Y (XF + ki) (A, (w, V')

1, T2n+1
i,j=1 =1

]

Now we want to establish some estimates in order to obtain a Caccioppoli-like in-
equality to start our Moser type iteration. The analogous in the euclidean case is the

Caccioppoli inequality in term of the L” norm of the gradient.

Proposition 4.4.3. Let u®¢ be a solution of (4.3). Then for all B > 0, for all n €
CH[0,T],C5°(Q)) and for all T > ty > t; > 0 we have that there exists a constant
C=C(\An,pK;) >0 such that

1 t1 to - 2n+1
R / (354 |Vub<)3 ]| da+ / / P04 |VaP?) Y XX Pdedt <
Q to t1 Q ij=1

to
t1 JQ

to _
+C(B+ 1) / / 12(6 + |Voude )75 | Zubs | Pdwdt+
t1 Q

C t2 B
+— 8 + |Voud|?) 2t 9| ndadt
che I CRE A PRl LU TP
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4.4. CACCIOPPOLI-TYPE INEQUALITIES

Proof. From Lemma we have

2n+1
O)® = XF(AYE (o, Vaul) Xf X5u’)+
ij=1
241 o K 2n+1
I3 (58 l l4+sin 58 £ ,E g
#3000 (A ) = AL (0 V) 4 3 hZ A e V)
i=1
(4.8)
Now we observe that
XeEXxe© 8, — XEX¢© 8, Xe X¢© 8, - X¢ 0, i 7 8,
[ XGu™® = XEXTu™® + [ X7, X5u™ = X507 + hyjZu
Substituting in the first addendum of the right hand side of (4.8) we have that
2n+1 2n+1
s = Z X7 A5€ (z, Veu® )+ Z X7 A5€ (2, Vou' ) hyy Zu’)+
i,7=1 i,7=1
n+1 oK 2041
I3 (55 l l4+sin 58 I3 ,€ £
+ Z X; (AZ c (2, Veu') — 2*! AP (@, Veud )) + Z hi Z (A2 (2, V u®®))

Now we use as test function ¢ = 72(0 + |Veude|?)2 Xeud® with € C1(]0,T], C(R))

and integrating by parts we get

/ /5+|v 9)) 5 0, [ Xl i+

2n+1

/ /A z, Vou® VX0 X (1 (6 + | Ve u55|) Xiu®®)dwdt =
t1

i,5=1

2n+1
/ /A‘SE x, Vou ) hy; Zu® X2 (1 (6 + |Vgu5’5]2)ngu5’a)d$dt+
t1

1,7=1
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4.4. CACCIOPPOLI-TYPE INEQUALITIES

2n+1 s IC
I3 ,€ l l S|n ,€ &
/ / |: § :X (Afxl T, Veu ) %Aixznﬂ(l’?V‘SUCS )) ’

(8 + \V8u5’5]2)§Xfu5’5 dxdt+

2n+1

+ Z/ /hlZ Z(A% (2, Vb)) (6 + |V8u5’€|2)§Xfu6’€dxdt

Integrating by parts we get that

1 ("
5/ /((54— |Vgu5’5])gﬁt[Xfud’a]ZUdedH—
t1

2n+1

/ /A(SE z, Veu'*) X X u 58X5Xfu55772(5+|V5u5’5|2)gdxdt+
=171

2n+1
+) 5/ /A(“ o, Voaub*) X5 X{ub* Xue X5 (|Voul ) (8 + | Voub<2) 7 dadt =
3,0=1
2n+1 5
/ /A x, Veu) X5 Xfu  Xiu" X5 () (0 + |Veu®*[*) 2 dadt+
3,j=1 t1
2n+1

/ / A‘“ (2, Voud©)hy; Zud XE(2(6 + | Voude[2) 2 XeuP) dadt+
=171

2n+1 s K
Z £ l+-sin € €
- / / |: Afﬂcl l’ Veu ) 2+l Afm +1(m,V€u5’ ))

XE(2(5 + |Voud2) 3 XFude) | dudt+

2n+1

+Z / / hi Z(AY (2, Voud€))2(6 + |Voude ) XFudedudt = Iy + Lo+ Iis + Ta

(4.9)

Now we concentrate on the left hand side of (4.9) and adding for [ from 1 to 2n we get,
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4.4. CACCIOPPOLI-TYPE INEQUALITIES

using the structural assumptions, that

d,e +1 2
6+2/ /at (6 + |Voud|2) 52 dadt+

2n 2n+1

+ZZ/ /A(S‘E z, Vou') X U?a XE(n* (5 + |V. u55|) X7 u®®)ddt+

=1 ,5=

2n 2n+1
B ,€ g g g g ,€ g ,€ ,€
+> Y S / /A5 (2, Vous®) X X7ud Xpude XE (|V b P P (5+|Vou®=[?) 7 dadt >

=1 i,5=1

> 58 +1 2
_—B+2/ /6t5+|Vu 1)z M n?dwdt+

2n+1

+>\/ / (6 + |Voude2) =5 > XX ube P dadt+

1,7=1

)\5 t2 2 5,612 ptp—4 5,612\ 12
+Z n (5+ |V5u | ) 2 |vs(|veu | )l dzdt
t1 Q

the last addendum is always non negative so our equality (4.9) becomes the following
inequality

t1
dx+

to

1

3 |+ 19t pE

2n+1

+)\/ / (8 + [Voule )5 ST | X X ubPdudt+

i,7=1

0, +1 <
54'2/ /(5+\Vu )2t Om|ndxdt <

2n
< Z(Il,l + Lo+ Lis+ L14) (4.10)
=1

For I;; we use the structural assumptions and the Young’s inequality and we get the
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estimate
2n 2n 2n-+1 to 5
dhi==> > / / AYE (2, Vou®) X5 Xub X7u®= X () (6+|Veu|?) 2 ddt <
=1 =1 ij=1"t /9
2n+1 to - 5
<2 Z / / Inl(6 + |V€u5’5|2)7\X;Xfu‘s’s]\vguéﬂ|V577|(5 + |V5u5’5|2)5dxdt <
ij=17t1 JQ

2n+1

to _
<o) / / (6 + Vo) 7 | XEXFud Pdudt+
i1/t 0

t2
+Ca/ /(5+|V5U6’6|2)H26|V577|2dxdt (4.11)
t1 Q

where « is any real number and C, a constant which depend only from «, p, n.
We define C}, = sup; ; ||hij||Lee. In the same way as we did for I;; we get the following

estimate for I;o:

2n 2n 2n+1 ts
Z[l,Z = — Z Z / / Ai’gj(x, Vou )y ZuE X (n? (0 + \Vsu‘s’E]Q)%Xfu‘s’g)dxdt <
=1 =1 ij=1"t1 JQ
2n+1 to
<o) / / (6 + [Voul=[2) 5 | XE X Sut P dwdt+
ij=17t JQ

to
+ C/ /((5 + \Vgué’glz)#\vsnfdxdt#—
t1 Q

p+B

to B
+ C,C2(B + 1) n2(6 + |V )55 | Zude 2dadt (412
4 Q
t1

We define Cx = sup; ||ICj||p~. As we did for I;; and I;» we get the following estimate
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for I; 5:
2n 2n 2n+l ., oK
INVltsin 46, i
ZIl,3 = — Z Z /; /S; (A?’ml(l’,vgu‘if) . TlAi7;2n+1 ({L’, v6u65)> .
=1 =1 i=1 71"
X8 + |Vout[?) 2 Xu®) dwdt <
= [ +8-2
ij=1"t

to )
FCCHE+ 1P [ [ @ 1Vl (el o (413
t1

For I; 4 we integrate by parts with respect to Z and we get

2n 2n 2n+1 ts
Sha=3"3 [ mZAF Va6 4 V) Xt =
1=1 =1 i=1 7t 9
2n 2n+1 ts 5
=-2> " )" / / his AY (2, V oud Y Zn(0 + |Voue)?) 2 X5 ubededi+
=1 =1 7t /9
2n 2n+1 ts s
=8> ) / / hus( A2 (2, Vo)) (6 + |Vube2) 5 Xou* ZX5ub Xpube dwdt+
=1 ij=1"t1 JQ
2n 2n+1 to 5
-3y / / B A% (2, VY6 + [Voud<|?) s ZX b dudi+
=1 i=1 7t JQ
2n 2n+1 to 5
Y / / Z (i) A% (2, VP2 (6 + |V ) S Xeudedadt  (4.14)
=1 i=1 Yt JQ
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Now we recall that ZX? = X5Z + k;Z and putting this equation into (4.14) we get

2n 2n 2n+1 to
Sha=-23 % [ [ Al e Vet Zn(s + V.t X dode+
=1 =1 =1 7t JQ
2n 2n+1 to 52
- 52 Z / / hus (A% (2, Vo) )n? (5 + |V5u5’5]2)TX;u‘s’szZu‘s’ngu‘s’edxdt—i—
=1 ij=1"t JQ
2n 2n+1 to 5s
-8B / / hia( A2 (2, VouP) P (6 + [V ) 2 Xudh; Zu0e Xub < dudt+
=1 ij=1"t1 /9
2n 2n+1 ts 5
— Z Z / / hi A (2, Vo) (8 + | Veu®s|?) 2 XEZuP dadt+
=1 i=1 Y1 J9Q
2n 2n+1 to 5
-y > / / his A (2, Vb )2 (6 + | Voude|?) 2 ky Zud dadt+
=1 i=1 71 J9Q
2n 2n+1 to 5
Y / / Z(his) AP (2, Vb )2 (6 + [V P) S Xeudedadt  (4.15)
=1 i=1 Yt JQ

Now we recall that, using Hormander condition, we have that for each point of the

manifold there exists at least one hy # 0 and so we can write Z = h%(X;fo — X7 X?)
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and if we put this equation in (4.15)) we obtain

2n 2n 2n+1 to
ZIIA = -2 Z Z / / his ASE (2, V o) Zn(8 + ]Vsu‘s’E\Q)ngu‘s’sdxdt—l—
=1 =1 =1 7t 7O
2n 2n+1 ts s
-8 Y / / his( A2 (2, Vo)) (6 + |V oube2) 5 Xou®* X6 Zub Xjube dwdt+
=1 ij=1"t1 /O
2n 2n+1 to 5 s 1
—522[ /Qhli(AZ-’e(x,Vau‘s’a))n2(5+|veu5’5|2)2X;u‘;’gkjh—thaXfu‘s’eXfu‘;’dedt—i—
=1 4j=1"1% s
2n 2n+1 to s 1
d,e & E12\ 5= veE, 0 € YE, b YE, 0
+8> ) /t /Q hii(AYS (2, Voud )P (64| Voud< ) = X5ul k;jh—txtxsué Xiubedadt+
I=1 ij=1"1 s
2n 2n+1 ts 5
— Z Z / / hi A (2, Vo) (8 + | Veu®s|?) 2 XEZuP dadt+
=1 i=1 Y1 J9Q
2n 2n+1 ts 5 1
-y > / / hi A (2, Veud )P (6 + |V eud®?) 2 by — XX uddadt+
=1 =1/t J9Q hat
2n 2n+1 ts 5 1
+> > / / his A3 (2, Vo< (0 + |V ) 2y XX Sub dvdt+
=1 i=1 Y1 79 st
2n 2n+1 to 5
553 / / Z(his) A% (2, V)2 (6 + [V 2) 3 Xrulededt (4.16)
t1 Q

=1 i=1
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Now integrating by parts we get that

2n 2n+1

ZIM =-2)" Z/ /hhA“ 2, Vol nZn(6 + |Vou'#)?) T XFut< dudt+
=1 =1
2n 2n+1 52
+5ZZ/ / [Xe(hh (A2 (2, Vb)) (6 + |Voaude)?) 7
=1 i,j=1
: Xju5’5Xfu5’€) Zu&s} dadt+
2n 2n+1 52
+BZZ/ / [Xa(hh (A% (2, VP ))2(6 + |V o [2) 55
=1 ,7=1
1
X5u®k; X 55) X;u 58] dadt+
2n 2n+1 5o
—522/ / [Xf(hh (A% (2, VP o) )2(6 + |V [2) 55
=1 i,j=1
Xz—: 6€kjh Xs 5€>X€ 58:|d13dt+
st
2n 2n+1
+ZZ/ /Xl hh z, Vol )n* (6 + |V.ue?)? >Zu58d:vdt+
=1 =1
2n 2n+1 5 1
+Y Y / / X (hhA‘S , Veu') 2(5—|—|V5u575|2)2klh—) Xeuddudt+
=1 =1 st
2n 2n+1 5 1
—ZZ/ /Xf (hl,A“ L Vou)n 2(6+|V5u5’5|2)2k:lh—) XeuSSdrdt+
=1 =1 st
2n 2n+1 5
> / / (hii) A2 (2, Vo) (0 + |Voub 22 Xfubedadt  (4.17)
=1 =1
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and using the structural assumptions and the Young’s inequality we get that

2n 2n+1 to -
211,4 < Cha Z / /(5 + |V5u5’5|2)p+§ : |XfXju5’€|2772d:vdt+
=1 ij=17t Q

to
2B+ 00 [ [ G+ V) 0P 1V + InZu o
t1 Q

to L
+CrCa(B +1)* / / (6 + |Voude )2 | 2P Pn2dadt  (4.18)
t1 Q

Combining (4.11)), (4.12)), (4.13)), (4.18) with (4.10) we get the thesis. O

From Proposition we can see that the presence of the second term of the right
hand side (which is absent in the euclidean case) in the Caccioppoli inequality for the

horizontal derivatives force us to prove a Caccioppoli inequality also for Zu®*.

Proposition 4.4.4. Let u’¢ be a solution of (4.3).Then for all 3 > 0, for all n €
CH[0,T],C5°(Q)) and for all T > ty > t; > 0 we have that there exists a constant
C=C(\AK;) >0 such that

1
Z5,8,3+22
—B+2/Q\u 7"

to Ly
S C/ /(5+ |VEU678‘2)L2 |V€n’2‘zu5,€|ﬁ+2dmdt+
t1 Q

t

2 to L
e C/ /(5 + [V ) Vo2t P 20’ P n P dadt
t1 Q

t1

2 t2 t2 »
T A A LRl B KR A RE IR R
/6 + 2 t1 Q t1 Q

Proof. From Lemma [4.4.2] we have

2n—+1 2n—+1
020 = 3 (XE 4+ k) (AL (2, Vo) (I X) Zu0) + 3 (XF ) (AL, (2, V™))
i,7=1 i=1

We now use as test function ¢ = n?|Zu’¢|? Zu®* where 8 > 0 and n € C1([0,T], C5°(2))
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and we get
to
/ /&gZu(S’EnQ|Zu6’5|f8Zu5’5da:dt =
t1 Q
2n+1
/ / Z (X7 + k) A‘i’gj (x, Vau(s’a)(Xj + k) Zu®)n? | ZuF |P ZuF dwdt+
2,7=1
2n+1
/ / Z (X7 + ki) (AYL,, L (2, Vet )P | 20| Zubdadt = 1 + I + T

For I; we have that
I, = VAT e
' ﬁ+2/ / 12 v

If we expand I and we integrate by parts with respect with X7 and X% we get

2n+1
/ / D ki AV (0, Veut ) (X5 + k) Zu®)n? | Zud|* Zud dadi+

7,7=1

2n+1
/ / D XF(AVE (2, Vaud<) (X5 + ky) Zu® )P | Zu®<|P Zu®<dwdt =

2,J=1

2n+1
/ / D ki AV (w0, Veur) (X5 + ky)u’ )| Zu®< | Zu®< dadit+

i,7=1

2n+1
/ / S A (@, Vo) (XS + k) ZubeXE (| 20| 2 dadt =

1,7=1

2n+1
/ / D ki AYE (2, Vaut) (X5 + ky) Zu* )| Zu | Zu dadit+

i,7=1

2n+1
—2/ / Z A (z, Vou® (X5 + kj) Zub X En| Zu®e|P Zu S dadt+

i,7=1

2n+1
5 + 1 / / Z A (Xff + k )Zu(s&‘n |Zu(5,8|/3XiaZu(5,adxdt _

7,7=1
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2n+1

/ /Zk Aée (2, Vou'® )k Zu®*)n?| Zu®€|P Zu’ e dudt+
i,7=1
2n+1

/ / Z k; A(S8 (z,V.u® )XaZu‘SE)n | Zu®e|P Zu®F dodt+
2,7=1

to 2n+1
—2 /Q DAY (2, V) X5 Zubn X5 | Zu | Zu dudt+

to 2n+1
—2/ / Z Aé€ (@, Voud)k; Zun Xin| Zue|P Zudc dudt+
t1 Q

3,j=1

2n+1

—(B+1) / / D A (2, Veut) X5 Zub P | Zud P X ZubF dwdi+

i,7=1

2n+1

—(B+1) / /ZAfEE x, Vo) k; Zu’n?| Zu* P X Zu’e dxdt

2,j=1

For I3 we have (as we did for I,) that

'[3 - / Z ki(A§,§2n+1 (1‘7 Vsu6’€>>n2|zu67€|5ZU67Ed$dt+
Q

to 2n+1
£ d,e e . 5
+/t1 /QZ XF(AP (@, Voub®)i| 200 Zud e duvdt =
2n+1
/ / Z ki(AYS, (2, V)P | Zu® P ZuP dadt+
2n+1
_2/ / Z Voo (@, Veu® ) XEn| Zu®| 7 Zu e dudt+

2n+1
ﬁ+ 1 / / Z Af;Q +1 l‘ vfu(s’a)?f|ZU67E|BX5ZU6’Ed:L‘dt
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Putting togheter I, I, I3 we get the following equality

1 f2
m/ A@t]Zu6’€\5+2n2dxdt =
t1

ts 2n+1
+ / / > ki AYE (x, Veu® )k Zud€)n? | Zu®F P Zu’F dwdt+
tr Sy v
bt 24l
+ / / > ki(AYE (2, Voud®) X5 Zu® )P | Zu|* Zu’e dvdt+
t Sy Y
to 2n+1
-2 / Z Af’; (x, Veué’e)Xqu‘s’EanMZud’e|’BZu5’6dxdt+
te O
ts 2n+1
—2 / D AE (w, Veud®)k; Zubn X | Zu®F| ZudS dudt+
te 8y
to 2n+1
—(B+1) / / DAY (, Vo) X5 Zub P | ZuP P X Zud dwdi+
t SR
ts 2n—+1
- (B+ 1)/ / Z Afjgj (2, Vou)k; Zu®n?| Zu P XE Zu’* dwdt+
t1 Q ij=1

2n+1

[2)
+ / / > k(A% (2, V)| Zu’F | Zud dadt+
tr SR

2n+1

t2
—2 / / A, (2, Vet Xin| Zu |’ Zu’F dwdt+
t Sy

2n+1

to
- (B+ 1)/ / Z Af”;nﬂ(x, V)2 Zu®c|P XS Zud S dxdt  (4.19)
tr SR

We now define C = sup, ||kj|[z~ and using the structural assumptions we have the

following sequence of inequalities

to 2n+1
B 2/ /Q D> AV (w, Vaut) X5 20l n X | 20| 2 ddt <
t1 ij=1

to _
<2A / / (5 + |Vou® 2T |V Zu’|n|Von|| Zu< [P dzdt  (4.20)
t1 Q
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and
2n+1
- (B+1) / /ZAfg , Veu ) X5 Zub*n?| Zu’|P X5 Zu’  dadt <
4,7=1
2 —2
A ”/ [ 6+ 1905 (V. 200 200 P
t1 Q
and

2n+1

— 2/ / Z Af; (2, Ve ) XEn| Zue P Zub e dadt <
to _
<on [ 64 1ty T Tl
t1 Q

and

2n+1

— B+ / / Z Al (0, VNP | 207 X Zub  dadt <
to -
< (6+ 1)/\/ /(5+ Vo2 T 02| Zub< ||V . Zub< | dudt
t1 Q

and

2n+1
—2/ / DAY (2, Vet )k Zub X | 2’| ZubE dadt <

1,j=1

<2A/ /5+|V W2 T Cn|Ven|| Zub<| P2 dudt

and
2n—+1

- (B+1) / / DAY (2, Vet )k Zut P | Zud P X Zub ddt <

2,7=1

—A(BH)/ /((5+|V5u5’5|2)p§2C’k|77]2\VEZu‘5’€]]Zu5’5\5+1dxdt
t1 Q
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and
2n+1

to
/ /Q D ki AYE (3, Veut )k Zu® )P | ZutF|P Zud ddt <
t1 .

ij=1

<A/ /5+|V W 12) T O2| Zude )Py P dadt  (4.26)

and
2n+1

/ /Zk AYE (2, Voud®) X5 20 )P | 2’| Zu dadt <

i,7=1

<A/ / (0 + |V [2) 55 O V. 20 | 2| 20| P et (4.27)

and

2n+1

/ / Z k; Af; (@ (2, Voud))n?| Zu®* )P Zul<dadt <

< A/ / (6 + |Voud®2) T Cyun?| Zu’ | dadt  (4.28)
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Combining (4.20) — (4.28) with (4.19) we obtain the following inequality

/| 65’&’4—2 2
B+2

t2 _
+A(B+ 1)/ /(5 + |Vgu5’5|2)pTCk|n|2|V5Zu5’6||Zu5’€|6+1dxdt <
t1 Q

da:—i—C’/ / (0 + |Voue)?) 7 ]V Zu 2| Zu®c|P |y dedt+

ts - 2 ("
< C/ /((5—1— |V5u5’5]2)2\V5n|2|Zu5’5|5+2da:dt—l——/ /|Zu5’a|f8+2778t77dxdt+
t1 Q ﬁ + 2 t1 Q
to
+C/ /(5+|Vsu5’€|2)12)772|ZU6’€!ﬁd56dt+
+ 2A/ / (6 + |Voub )" C’kn|V5n||Zu6€|6+2dxdt+
+A/ / (6 + |V’ 2) "2 C2| Zud<| P2 |n 2 ddt+

- A/ /((5 + Vot 2) T Cpn?| Zud€ P dadt

+A/ /5+|v W2 T Oy Vo 20| 2| Zude | P dwdt (4.29)

Now we apply several times the Young’s inequality: we get that

6+1/ /5+|V W 2)2 Oyl V. 20| | 20 | P dedt <
< C’/ /(5+|v5u6,5‘2)1’52UZ‘VEZucS,a’2|Zu6,5‘,8dl_dt+
t1 Q

to _
e / / (6 + |Voub<[2) 52| 20| P2t (4.30)
t1 Q

69



4.5. MAIN CACCIOPPOLI INEQUALITY

and

to L
2A/ /(5 + Vb)) Cn| V| Zu®| 2 dadt <
t1 Q

to B
= C/ /(5 + Va2 2 p? | Zute P2
t1 Q

to B
+(J/ /(6+|V6u5’€|2)p22|V5n|2|Zu‘5’5|5+2dmdt (4.31)
t1 Q
and finally
to b2
A/ /<5+ Veu )= CulVeZu|[nl?| Zu®¥| ™ dudt <
t1 Q

to B
= C/ /<5+ |veu67€|2)p72772‘v62u675|2|Zu675|5+
t1 Q

to _
+C / / (5 + |V 2) T 2| Zude|P 2 dwdt  (4.32)
t1 Q

Combining (4.30), (4.31), (4.32) with (4.29)) we get the thesis. O

4.5 Main Caccioppoli inequality

Using the Poincaré-like interpolation inequality (Lemma [4.3.1)) we can get the following

estimate which will be the key to prove the main Caccioppoli inequality.

Lemma 4.5.1. Let u® be a solution of (4.3), 2 < p < 4. Then there exists a constant
C = C(n,p,\,\,K;) > 0 such that for all 5 > 0 and for all non negative function
n € CY([0,T],C5°(2)) wanishing on the parabolic boundary of Q we have that

to ﬁ
</ / |Zu5’5|p+ﬁnp+6d:vdt) <
t1 Q

5,12y 22 ﬁ
< C(p+ B)IVenl| o<1 +nl| Lo ()((5+|Vgu’ 5 dedt ) +
spt(n
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1 p—2 S.e12y L8 %
+CO+ Aol ot 55 ([ [ @4 1900 ot
spt(n)

Proof. Using Proposition 4.4.4] and Lemma [4.3.1| we get the following estimate for M
(where M is defined as in Lemma |4.3.1)):

to _
M < C/ /(5 + |V5u5’5|2)p72|V577|27)2+B]Zu5’5|5+2dxdt+
t1 Q

to
+C/ / | Zu®e |PH20318|9,n| dadt
t1 Q

Now using the Holder’s inequality we obtain the estimate
M < C|[Venl [} RFA L + Clnm| o< spt () |57 L5 (4.33)

where L and R are defined as in Lemma In the proof of Lemma we also saw
that
L _d-p 2p-aip
I < 2(p+ B)C M2 R2w+8) [ 2G+6) (4.34)

Combining (4.33)) with (4.34) we get

=

2p—4+p

9 p=2 _ p+2 p=2 B+2 \ 2 _ _4-p _ 2p—d4p
I <2(p+ B)C| C||Venl|i R?#8 Lr+6 4+ Clnom|| e |spt(n)|»+6 Lr+e | R2e+A L2065 <

_ 1 _ _ _148
< C(p+ B)|IVetl |1 RF5 LS55 + C(p + B)|[ndn]| 2oc | spt(n)| 203 R2075 L5555

and adding I + I3 to both sides of this inequality we obtain

1 —1+8 1 —2 4— —14+8
L < C(p+B8)||Vnl| oo || 140 | o R75 L5 +C(p+8)| |00 |2 |spt () | 2575 RZwv9) 272

and therefore the thesis. O

The following Proposition is our main Caccioppoli inequality and play the role of the
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Caccioppoli inequality (Proposition [3.0.2) in Chapter [3}

Proposition 4.5.2. Let u®® be a weak solution of (4.3) and 2 < p < 4. Then there exists
a constant C' = C(n,p, \, A\, IC;) > 0 such that for all 5 > 0 and for all non negative
function n € C([0,T],C5°(2)) vanishing on the parabolic boundary of Q we have that

2

3 V20l > n?dadt <

to B
sup /(5 + |V5u5’5|2)632n2dx +/ /(5 + | Ve )"
Q 11 Q

1 <t<to

< Clo+ Bl + 11Vl +lnZall) [ [

(6 + |Voude[2) "2 dwdt+
spt(n)

B+2
p—2 p p+B
T C(p+ BY | [ndhnll e |spt(n) 555 ( /] <6+|v€u575|2>¥‘3dxdt) (4.35)
spt(n)

Proof. From Proposition 4.4.3] we get the following estimate for the left hand side of
(14.35))

-2

7 | V200F 2dadt <

t2
sup /(5 + |V5u‘578|2)%772d$ +/ / n? (6 + \Vgu5’€|2)p
Q t1 Q

t1<t<teo
. 2 2 8,212\ 28
<Cu+8) [ [ 0+ [Vl 0 Zal) (6 + Vo) dedr
t1 Q

p+B

to _
+C(B+1)° / / 2(5 + [Voub#2) "5 | Zu’= | Pdudt+
t1 Q

to 5
+ C/ /(5+ |V5u5’6|2)%|6tn|77da:dt (4.36)
11 Q

To obtain the thesis we prove that each integral on the right hand side of (4.36)) can be
bounded from above from the right hand side of (4.35]). For the first term of the right
hand side of (4.36]) we have the obvious inequality

2 e12\ 28
Clp+ ) / / (7 + [V + 0l Zn]) (6 + |V oud*P) "+ dudt <
t1

< Clp+ B (InlPee + Vel 2 + [ Z0] 1) / /

spt(n

(6 + |Voud )5 dadt (4.37)
)

72



4.6. BOUNDEDNESS OF THE HORIZONTAL GRADIENT

For the third term of the right hand side of (4.36) we get, using the Holder’s inequality:

to 9
C/ /((5 + \Vgu‘;’ﬂ?)ﬁ%wmmdxdt <
t1 Q

=)

+2
p+B

< C|nden] s spt(n) |5 ( / / (5+]V5u5’5\2)p+26dxdt) <
spt(n)

+

B+2
p—2 p p+B
< C(p + B lInd] o= |spt(n)] 575 ( /] <5+|vau57€|2>¥ﬁdxdt) (4.38)
spt(n)

For the second term of the right hand side of (4.36)) we get, using before the Holder

inequality and then the Lemma [4.5.1

to L
/ / 72(6 + |Veud® D)7 | Zude P dadt <
t1 Q

5212 p+8 % t2 5 ﬁ
< ( / / (6 + |Vou'| )zd:cdt) ( / / | Zu vfyﬁ%ﬁﬂda:dt) <
spt(n) 1 JQ

2

, P
< Clp+ PVl il ([ [ @ Vatepy S aear) ™ 4
spt(n)
pt(n s
2 r=2 Se2) 258 e
+ €Ot P ol lsptl 5 ([ [ 0 19ty o) (a0
spt(n)

Combining (4.37)), (4.38) and (4.39) with (4.36) we get the thesis. O

4.6 Boundedness of the horizontal gradient

Now we have all the ingredients to start the Moser type iteration i.e. we can obtain the

following theorem which proves the local boundnedness of the horizontal gradient.

Theorem 4.6.1. Let u’¢ be a weak solution of (4.3), 2 < p < 4 and N = 2n + 2.
Then for all Q., = B(x,r) X [to — pr,to], Quar CC Q there exists a constant C' =
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4.6. BOUNDEDNESS OF THE HORIZONTAL GRADIENT

C(n,p, \, A, KC;) > 0 such that

1
1 P
sup |v5u5,e| < C’,u% max (Tﬂ-? // (5 + |v5u575|2)§dgjdt> ’uz(zp_p)
Mr Qu,Qr

ot

Proof. Let n € CY([0,T],C5°(€2)) be a non negative function vanishing on the parabolic
boundary of @) and such that |n| < 1in Q. For 8 > 0 we consider the function

v=(0+ |Vl

From Proposition we get the following estimate

to
sup /vmdx—i-/ /’VEUFS
t1<t<ta JO t1 Q

< Clp+ B (lPew + Vel 2 + [ 2] 1) / / oAdudt+

spt(n)
B+2

p—2 p+B
L C(p+ B Indl o spt(n) 555 ( /] . ) (4.40)
spt(n

where m = %. Now let ¢ = w Using before the Holder inequality and then the

Sobolev inequality in the space variables we get the following estimate:

t2 t2 = 5 o
[ [ < [ ((/Umdx) ([ o#a:) )dtg
ty Q t1 Q 9]
¥ t2
SC’( sup /Umda:) (/ /\V€v|2dxdt) (4.41)
t1<t<ts JQ t1 Q
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4.6. BOUNDEDNESS OF THE HORIZONTAL GRADIENT

Combining (4.40) with (4.41) we get

to NLH
([ [ vasat)™ < ot 97Ul + 19201 + Inzallo) [
t1

v2drdi+
spt(

n)
L C(p+ B |Indl o spt()| 555 ( /] v%mdt) (4.42)
spt(n)

The inequality (4.42)) is the inequality on which our Moser-type iteration is based. Now

let Qur = B(z,7) x [to — pr,to] C Q. We define for i > 0 a sequence of radius r; =

(1+27%)r and a sequence of exponents 3; in the following way:

0ifi=0
Bi

p+(p+ﬁi)<1+%> if i >0

which can be written in a more compact form as

Bi =2(k' — 1)

where Kk = % We denote @; = Q- Note that Qo = Q2 and Qs = Q. Now we

choose a standard parabolic cut-off function n; € C*°(Q;) such that 7, = 1 in Q;4; and
such that in Q); we have

i+8
‘Vsm’ <
r
2i+8
|Zmi| < =
2i+8
ol <
| tnl = ,LL7”2

5



4.6. BOUNDEDNESS OF THE HORIZONTAL GRADIENT

Now we write n = 7; and § = (3; and we get from (4.42)) that for i = 0, 1,2, ... we have

iz
(// (6 + |Voude?) s ) <
QH—I
< 02%alr? [( / / (6 + |Vgu5’5|2)?dxdt> gt
[3 ai7é+2
o (N } (// (6 + |V€u5’5|2)?da:dt) ©(4.43)

whete a; = p+ B; = p — 2 + 2k'. Now we define M; as

1 o ar
M, = (—// (5+|V5u5’5|2)2da:dt)
w2 | fo

and we can write (4.43)) as

Xi+1

My < Opsw2¥al(M]7> 4 )M
We now define M, as
M; = max(M;, uﬁ)
and we immediatly get that

Xi+1

My, © < Cu~m22a 3" (4.44)

Iterating (4.44]) we obtain that

Dzoﬁ.

Rit1=J i+1
M<(HKZ“>_'M (4.45)

where K is defined as

K; = C,LLNLHQMOJ
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4.6. BOUNDEDNESS OF THE HORIZONTAL GRADIENT

Letting ¢« — 400 in (4.45) we get

)
2

My, = limsup M, < Cpz M, (4.46)
i—+00
but from the definition of M, we also know that
1
AT 1 5,e12\2 ’ 5
My = max (W//QW((S + | Vu )%lxdt) , Jh2p (4.47)
but since
M, > sup |V.u’*| (4.48)

combining (4.46)), (4.47) and (4.48)) we finally get the thesis. ]

Corollary 4.6.2. In the hypotesis of Theorem [4.6.1] we have that

sup |[V.u’| < C ][ ][ (6 + |Vou®e|?) 2 dadt
Qu.r Qu,2r

Proof. 1t suffices to choose u in Theorem [4.6.1] as

Sl

2—-p

1 I B
p= (m// (6 + [Veu® \2>2dxdt>
Q,u,2r
0

Now since this estimate continues to be true when §,& — 0 we can obtain the main

Theorem which was stated in the introduction i.e. we have the following Theorem.

Theorem 4.6.3. Let u be a weak solution of ({4.1). Then for all Q,, = B(x,r) x [to —

7



4.6. BOUNDEDNESS OF THE HORIZONTAL GRADIENT

ur,tol, Quar CC Q there exists a positive constant C' = C(n,p, N, N, K;) such that

1
sup |Vou| < C ][][ \Vou|Pdzdt
Qu,r Q,u,2r

Proof. 1t suffices to send ¢ and ¢ to 0 in Corollary [4.6.2
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