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Introduction

Galois theory was born at the beginning of the 19th century with the studies of Evariste
Galois. One of the most important result of this theory is the Fundamental Theorem
of Galois Theory, which gives a connection between fields and groups. Indeed, given a
field extension F C L, there exists a group linked to it, which is the Galois group of
the extension. It is therefore natural to ask whether it is possible to go through this
connection in the opposite direction: given a finite group G, does there exist a Galois
extension of F with Galois group G? Hence the name Inverse Galois problem. If we
have an affirmative answer, we will say that the group G occurs as a Galois group over a
certain field F. In fact, it turns out that the answer to this problem heavily depends on
the base field. For example, over finite fields only cyclic groups occur as Galois groups;
while over p-adic fields only solvable groups occur as Galois groups. The classical inverse
problem takes Q as the base field, thus the question is: which finite groups can occur
as the Galois groups of finite field extensions of Q7 Moreover, if there is an affirmative
answer for a certain group G, one can go deeper in the problem and find polynomials
with coefficients in Q whose splitting field realizes the desired extension.

Despite the problem is still unsolved, important achievements have been reached so
far. One of the first results, dated to the late 1800s, is the realization of all abelian groups,
due to Kronecker and Weber. Hilbert made significant progress in the problem, mainly
through his Irreducibility Theorem ([8]), by which he proved the realization of S,, and A,
as Galois group of field extensions of Q. In 1937 Scholz and Reichardt ([17],[14]) proved
that the classical inverse problem has an affirmative answer for any p-group; in 1954
Safarevi¢ ([16]) proved it for any solvable group. In order to find these realizations the
problem has been attacked using the Rigidity Method: since every finite group appears as
the Galois group of a polynomial in Cl[t] (Riemann’s Existence Theorem |7]), one imposes
condition in order to ensure that the polynomial can be defined in Q[t]; if this process
can be done for a certain group G, one can conclude that there exists a Galois extension
of Q with G as Galois group, by Hilbert’s Irreducibility Theorem. Other significant
methods have been used through the years, such as geometric methods involving elliptic
curves (see, for example, [15],[20]). The problem is still unsolved, for example, for simple
groups. Most of them have been realized as Galois group over Q, such as My, Mia, Mas
and Moy ([10]); also for the monster group the answer is affirmative (|21]). However it



is unknown whether groups of type Lie and the Mathieu group M3 can occur as Galois
group of an extension of Q.

This thesis is focused on the realization of some classes of groups, and is organized
as follows:

e In Chapter 1 we collect some important results in Galois theory.

e In Chapter 2 we show how to realize every group as the Galois group of some Galois
extension, without requiring Q as the base field, i.e., we face the so-called "weak"
problem.

e Chapter 3 is dedicated to the realization of the groups (Z,)*, the cyclic groups and
the abelian groups as Galois group of an extension of Q.

e In Chapter 4 we collect some results in group theory and using Dedekind’s Theorem
we show that the symmetric group .5, occurs as a Galois group over Q.

e Finally in Chapter 5 we collect some explicit examples of realization of Galois
groups over Q. In particular we show how to realize every group of order at most
8 and also the general affine group AGL(1,F,).
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Notation

Throughout these notes, p will be a prime number. Given a set S, we shall denote by
|S| its cardinality. We shall use the following standard (Bourbaki) notation:

e S, = Symmetric group,
e A, = Alternating group,
e 7 = Ring of integers,

e 717 = Positive integers,

Q = Field of rational numbers,
e R = Field of real numbers,

e C = Field of complex numbers,

Z/nZ = 7, = C, = Cyclic group of n elements,

(Z/nZ)* = multiplicative group of Z,,

Vy = Zy X Zs = Klein group,

s = Quaternion group,

e [a], = Residue class modulo n of a,

e X CVY: X isasubset of Y,

e X CVY: X is a proper subset of Y,

e X =Y group isomorphism between X and Y,
e H < (: H is a subgroup of G,

e H I G: H is a normal subgroup of G,

|G : H]: the index of H in G,

A @ B: direct sum.
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Chapter 1

(zalois theory

"Il passato & sale e si scioglie,
ma da sapore al futuro”

In this chapter we collect some preliminary fundamental results in Galois theory that
we will use in the sequel. For all details we refer to [1] and [12].

1.1 Preliminaries

Let [F be a field.

Definition 1.1. A polynomial f(x) € F[z] is said to be separable if it has no multiple
roots in a splitting field over F.

Example 1.2. The polynomial f(z) = 2° — 2 € Q[z] is separable, indeed f(x) splits in
Clz] and its roots are v/2, £3¥/2 and €2+/2, where & is a primitive 3-th root of unity.

Example 1.3. If K is a field of characteristic p, then F := K(t) is an infinite field of
characteristic p. The polynomial f(z) = a? — ¢ € F[z] is not separable, since if « is a
root of f in a splitting field over IF, we have

P —t=2—aof = (r— )’
hence « is a multiple root.

Definition 1.4. A field F is said to be perfect if every irreducible polynomial f(z) € F[z]
is separable.

Proposition 1.5. Fields of characteristic 0 are perfect, in particular Q is a perfect field.
Moreover, finite fields are perfect.



Definition 1.6. (Galois Group)
For a field extension F C K we consider the following subset of Aut(KK):

Gal(K/F) = {p € Aut(K) | p(a) =a, V a € F}
i.e., the set of K-automorphisms that fix the field F.
Remark 1.7. Gal(K/F) is a subgroup of (Aut(K), o).
Given a subgroup H < Gal(K/F) we will denote the set of its fixed points by
KY={acK|¢la)=a, VypcH}.
Given a field F, for a polynomial f € F[x] we define
Galp(f) := Gal(K/F), (1.1)

where K is the splitting field of f. We will often use Gal(f) instead of Galg(f) when the
base field is clear.

Proposition 1.8. Let F C K be a finite and simple field extension. If [K : F] = n then
| Gal(K/F)| < n.

Proposition 1.9. Let f be a polynomial of degree n, then Gal(f) is isomorphic to a
subgroup of S,,.

We know that any automorphism o € Gal(f) maps a root of an irreducible factor
of f to another root of the same irreducible factor, and ¢ is uniquely determined by its
action on these roots. In general, if f factorizes as f(x) = fi(x)fo(z)... fr(x), where
fi(z) has degree n;, i = 1,2, ..., k, then since the Galois group permutes the roots of the
irreducible factors, we have

Gal(f) < Sp, X ... X Sy,

Theorem 1.10. Let F C K be a finite field extension, then the following conditions are
equivalent:

a) K is the splitting field of a separable polynomial with coefficients in F;
b) KGal(K/]F) — ]F,‘

c) the extension is normal and separable;

d) |Gal(K/F)| = [K : F].

If any of the above conditions occurs we will say that F C K is a Galois extension.
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Proposition 1.11. Suppose that F C L is a Galois extension and that we have an
intermediate field F C K C L. Then K C L is a Galois extension.

Proposition 1.12. Let F C K C L be finite field extensions and F C L be a Galois
extension. Then F C K is a Galois extension if and only if Gal(L/K) is a normal
subgroup of Gal(L/F).
Theorem 1.13. Let F C K C L be finite field Galois extensions. Then
Gal(L/F)
1(L/K) < Gal(IL/F d I(K/F) &~ ——_~,
Gal(L/K) < Gal(L/F) and Gal(K/F) = Goics
Theorem 1.14 (Fundamental Theorem of Galois theory). Let F C L be a finite

field Galois extension. Then there is a bijection between the set of intermediate fields
F C K C L and the set of subgroups of Gal(L/F) given by he maps

¢:K— Gal(L/K) «:H —L"
which are one the inverse of the other. Furthermore, if K is an intermediate field and
H is a subgroup of Gal(IL/IF) the following hold:
| Gal(L/K)| = [L : K];
[Gal(L/F) : Gal(L/K)] = [K : FJ;
L L") = [H];
L7 : F] = [Gal(L/F) : HJ.
Theorem 1.15 (Homomorphism extension). Let ¢ : F — F be a field isomorphism
and let F CE, F CE be field extensions. Then ¢ extends to a homomorphism:
7 : Flz] — Flz]
a— ¢(a) V acl,
T —> T.

Moreover, if a € E is a root of the irreducible polynomial f(z) € Flz] and 8 € E is a
root of @(f(x)), then there exists one and only one isomorphism ¥ : Fla] — F[5] such
that W, = ¢ and V(a) = 3.

Corollary 1.16. Let F C E be a field extension and let o, B € E be 2 different roots of
the same irreducible polynomial f(x) € F[z|. Then Fla] and F[8] are isomorphic.

Definition 1.17. A polynomial with integer coefficients is primitive if it has 1 as a
greatest common divisor of its coefficients.

Lemma 1.18 (Gauss Lemma). A non constant polynomial in Z[z| is irreducible in
Z[x] if and only if it is both irreducible in Q[x| and primitive in Zlx].

Lemma 1.19 (Tower Lemma). Let F C K C 1L be finite field extensions. Then
[L:F]=[L:K]-[K:TF].






Chapter 2

Weak problem

In this section we will study the realization of a given group G as a Galois group of a
generic field extension. The fact we do not ask Q to be the base field greatly simplifies
the problem, hence the name "weak problem".

2.1 Cayley’s Theorem
Definition 2.1. For a fixed field F we define F(z,...,x,) as the field of rational func-
tions with coefficients in ' and with n indeterminates.

Definition 2.2 (Group action). Let G be a group with identity element e and let X
be a set. A group action of G on X is a map

GxX — X
(g,2) — g-z
that satisfies the following properties:
(i) ecx =2 forallze X

(ii) (g192) -z =g1-(g2-2) forall g1,90€ G,z € X.

Example 2.3. For a fixed field F, the symmetric group S, acts on F(xy,...,x,) by
permuting the n indeterminates.

Definition 2.4. A rational function f(xy,...,z,) € F(zy,...,x,) is called symmetric if
it is not changed by any permutation of the variables x4, ..., x,.

Example 2.5. The function

T1Toxy — 4(T129 + T173 + ToT3)
(1’1 + o + l’g)g

f(iU1,I2,I3) =

is symmetric in x1, To, T3.



Example 2.6. The function

T+ T3
T1X2T3

g(xla T2, 1'3) =

is not symmetric, indeed the transposition (1 2) switches the variables xy, 5.
We will denote by S(z1,...,x,) the field of symmetric rational functions.

Theorem 2.7 (Cayley’s Theorem). Let G be a finite group with n elements. Then G
1s isomorphic to a subgroup of S,,.

Proof. The group G acts on itself by multiplication. Let us denote by % the group
operation. Then for every g € G the map

o,: GG
h+— gxh

is a bijection. Moreover we can identify the set of bijective maps from G to itself with
S, because G is in particular a set with n elements. One can prove that the map

d: G— S,
g— @,

is a group homomorphism. Furthermore ® is an injective map, hence G is isomorphic to
a subgroup of 5,,. m

2.2 Universal extension

Theorem 2.8. Let z1,...,x, be indeterminates. The elementary symmetric functions
defined by

01 =21+ ...+ Tp;

09 = T1T2 +T1X3+ ... +ToX3 + XToZTy + ... + Tp_1Tn;

gi = E : Lj1Tjs " Ljys

1<51<g2<...<ji<n

Op = T1T2...Tp

are symmetric, and any symmetric rational function in the varitables x1,...,x, is a
rational function in the elementary symmetric functions oy,...,0,.



Proof. See, for example, [4] for a complete proof. ]
Example 2.9. (r; — 2)? is symmetric in zy, r5 and

(z1 — 22)? = (21 + 29)? — 42129 = 07 — 405>,
Example 2.10. 22 + a:% + w% is symmetric in zq, z9, r3 and

;1:% + x% + x% =(r1+ 22+ 3:3)2 — 2(z2y + 23 + To3) =

=0} — 20,.

Example 2.11. The polynomial z3z3 + z3r3 + x322 is symmetric in z;, 79, 3 and an
easy computation shows that

2 2 2 2 2 2 2
T1T5 + 75 + 2505 = 05 — 20103.

Theorem 2.12. The field extension S(z1,...,x,) C F(z1,...,x,) is a Galois extension
with Galois group isomorphic to S,,.

Proof. The extension S(xy,...,x,) C F(xy,...,x,) has finite degree, indeed
F(xy,...,x,) is the splitting field of the following polynomial

n

g(t) =[]t —2) =" - (Z ) 4 (=" Hg; € S(xy,...,z)[t]  (2.1)

=1

and the extension has degree at most n!. Moreover ¢(t) is trivially a separable polynomial,

then S(zy,...,2,) C F(zy,...,x,) is a Galois extension and from Theorem 1.10 it follows
that

| Gal(F(xq,...,2,) /S (1, ..., z0))| = [F(21, ..oy 2n)  S(21, ..y 20)] <l (2.2)
On the other hand, if ¢ is a permutation in .S,, it can be seen as an automorphism of
F(xy,...,z,) permuting the indeterminates; besides o fixes the subfield S(z1,...,x,),
so it is an element of the Galois group. It follows that
Gal(F(z1,...,2,)/S(x1,...,2,)) has at least n! elements, and from Equation 2.2 we
conclude that Gal(F(xq,...,2,)/S(z1,...,2,)) = Sy O

The field extension in Theorem 2.12 is known as the universal extension with Galois
group S,.



2.3 Universal realization of a finite group

Theorem 2.13. Given a finite group G, there exists a Galois extension whose Galois
group is isomorphic to G.

Proof. Let G be a finite group of order n, and let IF be an arbitrary field. We know that
the universal extension of degree n,

K=95(z1,...,2,) CF(xy,...,2,) =L

is a Galois extension with Galois group 5,,. Since G is isomorphic to a subgroup of
Sy by Theorem 2.7, it follows that G is also isomorphic to a subgroup H C Gal(L/K).
Using the maps ¢ and v of Theorem 1.14, we obtain the Galois extension L” C L with

Galois group
Gal(L/L") = H = G.

This shows that L C L is the desired extension. O

Example 2.14. Let C = {e,a,a®} be the cyclic group of order 3. We know it is
isomorphic to a subgroup of S3, which is

C=A;={e,(123),(132)} (in cyclic notation);
and if we take the field extension
K = S(xy, 29, 23) C F(x1, 29, 23) = L

we have C' = A3 C S3 = Gal(L/K). Following the steps of the proof of Theorem 2.13 we
obtain an intermediate field
K c L% cL.

For example, the polynomial
f(x1, 29, 23) = 212120 + ToT273 + 232371

is fixed by Az but it is not fixed by all the permutations of Ss3, since the transposition
(1 2) sends f to the polynomial

9(T1, 2, T3) = ToToTy + T1T1X3 + T3T3Ts.
We now use the functions of Theorem 1.14 to obtain
As 5 LA & Gal(L/L%).

And we conclude that
Gal(L/L*) = A3 = C.

However, in explicit examples, one is often interested in Galois group of polynomials
over Q. Thus the question is: which finite groups can occur as the Galois groups of finite
field extensions of Q7 This is known as the inverse Galois problem (over Q).
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Chapter 3

Classical inverse problem

The classical inverse Galois problem consists in determining whether a fixed group G
occurs as a Galois group over @, in other words, determining whether there exists a
Galois extension Q C IL such that the Galois group Gal(IL/Q) is isomorphic to G.

3.1 Cyclotomic polynomials

Definition 3.1. For a positive integer n we define the n-th cyclotomic polynomial as
the monic polynomial that is the minimal polynomial over Q of any primitive n-th root
of unity. Explicitly it is equal to

o(n)

O, (z) = [[ (= — ), (3.1)

i=1

where ¢ is Euler’s function, and the z;’s are the ¢(n) different primitive n-th roots of
unity. Equivalently,

o )= [[ (-

ZiEpn,0(x;)=n

where p, is the set of all the n-th roots of unity and o(z;) is the order of z;.
Definition 3.2. We also define the following polynomial
Vo) = [ @—a)
;€ in,0(z;)#n
Remark 3.3. ¢, (z) - ¥, () = 2" — 1.
Remark 3.4. We have 2" — 1 =[], ®a(z).

Remark 3.5. The polynomial ®,(x) has integer coefficients and, if n # 1, it has constant
term equal to 1.



3.2 Cyclic groups

Theorem 3.6. Let n be a positive integer and let &, be a primitive n-th root of unity.
Then Q C Q(&,) is a Galois extension, and the following properties hold:

(1) [Q(&) : Q = ¢(n);
(i) Gal(Q(&n)/Q) = (Z/nZ)".

Proof. If we choose &, = e“" we can obtain all other primitive n-th roots of unity by
raising &,, to the power of positive integers coprime with n and smaller than n. It follows
that Q(&,) is the splitting field over Q of ®,(x) (see Definition 3.1), which is separable,
so we have a Galois extension. We obtain [Q(&,) : Q] = ¢(n), hence the Galois group
Gal(Q(&,)/Q) =: G has ¢(n) elements. We can explicitly determine the ¢(n) elements
in G, since for every integer k£ < n coprime with n, by Theorem 1.15, there exists the
following automorphism:

En = (E0)",
which is an element of G. Moreover we can consider the following map
n: Gal(Q(&)/Q) = (Z/nZ) (3.2)
Vi = [Kln (3.3)
which is bijective and a homomorphism of groups since
n(wow) = [k- Ko = [l - [F']n = nya) - -
It follows that G = (Z/nZ)*. O

Example 3.7. Let £ = ¢ be a primitive 5-th root of unity and set E = Q[¢]. The
minimal polynomial of £ is p(x) = 2% + 2° + 22 + x + 1 and by Theorem 3.6 we have

Gal(E/Q) = (Z/5Z)* = Z/4Z.

The elements of the Galois group, in the notation above, are {id,y2,73,74}, and a gen-
erator for this cyclic group is 7, since 2 has order 4 in (Z/5Z)*.

From Theorem 3.6 we know that for all n, (Z/nZ)* occurs as a Galois group over Q,
but this is not always a cyclic group.

Theorem 3.8. (Z/nZ)* is cyclic if and only if n =2, n =4, n = p* orn = 2-p* where
p is an odd prime and o € Z7.
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Proof. This was first proved by Gauss. The reader can find a complete proof in [19]. [

In particular we know how to realize every cyclic group with p — 1 elements where
p is an odd prime number. We want to extend this result to every positive integer. To
this aim, we will use a theorem due to Dirichlet.

Lemma 3.9. Let a,n be positive integers and let p be a prime such that p | ®,(n) and
p1 ®4(n) for every d proper divisor of a. Then p =1 mod a.

Proof. We first observe that p,n are coprime numbers. Indeed p | ®,(n) and since the
polynomial ®,(z) divides z* — 1 we have that p | n®* — 1. It follows that p { n otherwise
we obtain the absurd p | n* — 1 and p | n*. We will now show that [n], has order a in
Z,. The order of [n], divides a because in Z, the following holds:

[l — [, = ]I @a(lny) = [0,

dla

where the second equality follows from the hypothesis p | ®,(n), so ®,([n],) = [0],. On
the other hand the order of [n], is at least a since if d < a, d | a we have

with @4 ([n],) # [0], because by hypothesis p { ®4(n) for every d’ proper divisor of a. So
the order of [n], is exactly a, but since the order of an element divides the order of the
group, we obtain a | (p — 1). O

Theorem 3.10 (Weak form of Dirichlet’s Theorem on arithmetic progressions).
For every integer a # 0 there are infinite primes of the form an+ 1, where n is a positive
integer.

Proof. For a = 1 the statement is trivial, and without loss of generality we can prove it
for a > 0. We observe that if a > 1 we have to prove that there exist infinite primes p
such that p = 1 modulo a. Let a > 1 and assume by contradiction that there is only a
finite number of primes p such that p = 1 mod a, say pi,...,p,. For a fixed a, if there
exist a prime p and an integer n which satisfy the hypotheses of Lemma 3.9, we have
p =1 (mod a), but this is not enough because p could be one of the p; above. Let us
consider instead of a the integer A = a - p;...p,. Now, if there exist a prime p and an
integer n such that A, n,p satisfy the hypotheses of Lemma 3.9, we can conclude p = 1
(mod A) and in particular p = 1 (mod a), but in this way we are sure p # p; for every
i =1,...,q. The polynomials ®4(z) and Q(z) := [ 4 4.4 Pa(x) are coprime in Clz]
because they have no common roots, so they are coprime also in Q[z] and from Bezout’s
Theorem it follows that there exist U(x) and V(z) in Q[z] such that

1=U(z) Pa(x) + V(z) - Q).
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We can now choose n € Z such that the polynomials n®4(z) and nQ(z) have integer
coefficients. Moreover we can choose n such that ®4(n) # 0 and ®4(n) # +1 because on
one side we have infinite n such that n®4(z), nQ(z) € Z[x], while ®4(n) and P4(n) F 1
only have a finite number of roots. For such a number n we have

n=nU(x) - ®Pa(z)+nV(z) Qz)

and in particular

n=nU(n) - ®4(n)+nV(n)- Qn). (3.4)

Since ®4(n) # 0 e P4(n) # £1, there exists a prime p which divides ® 4(n). By the same
argument used in Lemma 3.9, it follows that p and n are coprime numbers. Arguing by
contradiction, if p divides Q(n) we would have from Equation (3.4) that p | n which is
an absurd. It follows that p ¥ @(n) and in particular it does not divide ®4(n) for any
d| A, d# A, hence the triple A, n,p satisfies the hypotheses of Lemma 3.9. Observe
that there is no need to prove that there exists at least one of the prime p such that
p = 1 mod a, because the argument above still works with A = a. O

Theorem 3.11. Let n > 2 be a positive integer, then there exists a Galois extension of
Q with Galois group isomorphic to the cyclic group Z,,.

Proof. If n = 2 we can choose the splitting field of the polynomial 22 — 2, so that the
Galois group consists of 7 : V2 = —+/2 and id. Let us now assume n > 2. We can choose
a prime p such that p = 1 (mod n) by Theorem 3.10. Let &, be a primitive p-th root
of unity. We already know by Theorem 3.6 that Gal(Q(&,)/Q) = (Z/pZ)*. Since p =1
(mod n) it follows that n | (p — 1), therefore p — 1 = kn for some integer k. The Galois
group G := Gal(Q(&,)/Q) = (Z/pZ)* = Z,—1 contains a subgroup H isomorphic to Zj
(the one generated by [n],—1) and by fundamental Theorem of Galois theory we have
H = Gal(Q(&,)/Q(&,)™). Since cyclic groups are abelian, H is a normal subgroup of G
and by Theorems 1.13 and 1.14 we have that Q C Q(§,)” =: E is a Galois extension.
Moreover we have:

Il

Gal(Q(6)/Q) o Zp o Z..

CallE/Q = G, /B - Z

O

Example 3.12. We can realize Zg as a Galois group over Q using p = 13. Indeed, if &3
is a primitive 13th root of unity, we have Gal(Q(&13)/Q) = Zj2 and since 12 = 6 - 2 it
follows that

Gal(E/Q) = Zg

where E = Q(&3)%.
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Example 3.13. The Galois group of the polynomial f = x* + 522 + 5 over Q is cyclic
of order 4. First we note that f is irreducible by Eisenstein criterion with p = 5. One
can prove that its roots are:

1
—54++v5\°
Q120 = T Q34 = —0712,

moreover we have:
Q1 - g = \/5220{%"‘5,
so it follows that:
Qg = 2@1 + 5 . (Oé )_1 & @[061],

1
a3 = —Qq c Q[Oél],
0y = —Qg € Q[al]

and we deduce that Q[a] is the splitting field of f, which is a separable polynomial of
degree 4. Hence Gal(f) is isomorphic to a subgroup of S, of order 4, since Q C Qo] is
a Galois extension, so it is either the Klein group or the cyclic group Z,. By Theorem
1.15 there exists s € Gal(f) such that s(a;) = ay. Then we have

s(V5) =520 +5) =2-5(ay)? +5=202+5=—V5

then

s(ag) = s(—aq) = —ag = ay.

Hence the order of s is 4 and Gal(f) = Z,.

3.3 Abelian groups

Theorem 3.14 (Chinese remainder Theorem). Let ny,...,n; be positive integer,
n; > 1 Vi, such that (n;,n;) =1 Vi # j and let a1,...,a;, € Z. Then the following
system of congruence

xr=a; (modny)
: (3.5)

x = ay (mod ny)

has one and only one solution S modulo N =ny - ...  ng.
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Proof. We set N =ny-...-ng and for all ¢ = 1,...,k we denote N; = nﬂ Then we
have a solution of system (3.5) given by S = a; Ny N; ' + ... + a; N, N, !, where N; ! is
the inverse of N; modulo n; (we know it exists because NN; and n; are coprime numbers
by construction). Moreover S is the only solution modulo N, because if S’ is another
solution of system (3.5) we have S’ =S (mod ny),..., S’ =S (mod ny) and since n; are
coprime numbers, we obtain S’ = S (mod N). O

Corollary 3.15. In the notation of Theorem 3.14, Zy is in one-to-one correspondence
With Ly, X ... X Ly, :

N:Ln — Ly X ... X L,

[a]N = ([a]nlv ce [a’]nk)
Moreover, the restriction of the map n from Zy to Zy, X ... x Zy s also bijective.

Proof. The map n is bijective thanks to Theorem 3.14. We will now prove the second
part of the corollary for k = 2, and N = nm. Consider [a|y € Z}, thus (a,nm) = 1
and in particular (a,n) = 1 = (a,m). It follows that ([a],, [a].) € Z¥ x ZF,, hence the
restriction of the map 7 is well defined. On the other hand, since 7 is bijective, taken
([a]n, [blm) € ZF x ZF,, there exists [¢|y € Zy such that [c],, = [a],, and [¢],;, = [, but
we have to show that [c|y € Z} . Indeed, since ¢ = kn + a for some k € Z, it follows that
(¢,n) = (a,n) = 1 and for the same reason (¢,m) = 1. Hence (¢,nm) = (¢, N) = 1 and
[c]n € Z}. The general case is analogous. O

Definition 3.16 (Finitely generated group). An abelian group G is said to be finitely
generated if there exist gy, ..., g, € G such that every element g € GG can be written as
a linear combination of them

g=amgi+...+angn
with a; integer coefficients.

Theorem 3.17 (Classification of finitely generated groups). Let M be a finitely
generated abelian group. Then either

M=7F k>0

or

M=z'o Pz,
i=1
with k > 0, for some integers d; such that if i < j, d; | d;.

Note that Z,4, stands for Z/d,;Z.
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Proof. The reader can find a complete proof of the statement in [5]. O

Corollary 3.18. In the notation of Theorem 3.17, if M is a finite abelian group, it

follows that
w=@e,
i=1

for some integers d; such that if i < j, d; | d;.
Proof. M is finite, hence k& = 0. m

Theorem 3.19 (Kronecker-Weber). Let A be a finite abelian group. Then
A= Gal(E/Q) where E is a subfield of Q(w) for some s-th primitive root of unity w.

Proof. 1f A = {id} we can take E = Q. Otherwise, since A is an abelian finite group, by
Corollary 3.18 we have
AgZdl X ... XZdt

for some d; > 2 where d; | d; if ¢ < j. From Dirichlet’s Theorem 3.10 we can take
p1, .- ., p different primes such that p; = 1 (mod d;) for all i = 1,...,¢. Indeed, even if
some of the d;’s can be the same, the Theorem guarantees infinitely many primes with
that property. Then for all 7 = 1, ...t there exists an integer m; such that p;—1 = m;-d;.
We define s = py - ... p;. Now, we notice that

gb : Zpi—l — Zd,-

[a]pifl = [a]di
is a surjective homomorphism, indeed:

e For [a]y,_1, [b]p;—1 € Zp,—1 we have:
¢([alpi—1 +[blp—1) = @la+blp—1) = [a +bla; = [ala, + [bla; = d([alpi—1) + ¢([b]p-1)-

e For every [c|lq, € Zg4, we can pick [d],,—1 € Zyp,—1 such that ¢([d],,—1) = [c|a, since

Taking products, we obtain a surjective homomorphism:
t
H Zpi—l — A.
i=1

Moreover, since the primes p;’s are all different, by the Chinese remainder Theorem
and Corollary 3.15 we have that

X AV * X AV
Lig =T X oo . X Ly = Ly 1 X oo X Ly 1
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and thus we have the surjective homomorphism:
o Z:— A

We can display this first part of the proof as follows:

A ZLg, X ... X Lg,
o Lipy—1 X oo X L1
Ly Ly X oo X Ly,

Let us denote by H the kernel of ®, then we know from group theory that:
A=Z:/H.

Hence we only need to find a Galois extension with Galois group isomorphic to Z*/H. We
already know from Theorem 3.6 that if & is a primitive s-th root of unity, then Q C Q(&;)
is a Galois extension with Galois group isomorphic to Z?. By the fundamental Theorem
of Galois theory, since H is a subgroup of Z?, we can deduce that it corresponds to the
field subextension Q(&,)7 such that:

Gal(Q(&)/Q(&)") = H.

Since Z? is abelian, H is a normal subgroup and by Proposition 1.12 we have the Galois
extension Q C Q(&)" with Galois group:

n gy = CAQENQ) T
A T T L

We can display this last part of the proof as follows:
Q(&)

(see Theorem 1.13).
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Another way to find the subgroup H is to consider for all ¢ = 1,...,t the cyclic
subgroup of Z,,_1 generated by [d;],,—1:

H; =< [di]p;-1 >C Zp, 1

which has order m;. We now consider the subgroup H = H; x ... x H; of the Galois
group Gal(Q(&;)/Q). H is a normal subgroup because we are in an abelian context. Let
E be the field of elements fixed by H, then by Theorem 1.14 it follows that Q C E is a

Galois extension such that

Zp171 X ... X Zpt,1

Gal(E/Q) = Hy x ... x H;

gZdIX...XZdtgA.
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Chapter 4

Symmetric groups

4.1 Class Equation

Definition 4.1. For a group G we define the center of the group G as the set of elements
that commute with all of the elements of G:

Z(G)={2€G:g9z=2z29 Vg€ G}
and for z € G the centralizer of x in G:
Co(x) ={g9 € G:gr=ug}.
One can define the following equivalence relation on G:
r~y < JgeCG st x=g lyg.

Proposition 4.2 (Class Equation). For a finite group G we have:

k

Gl =12(G)| +)_[G: Calxy)]

J=1

where the sum is extended to elements that are not in the center of G and belong to
different equivalence classes.

Proof. Since conjugacy is an equivalence relation on G, we have that G is partitioned by
the set of conjugacy classes. Thus:
Gl =10,

where O, is the conjugacy class of an element z; and the sum runs over different con-
jugacy classes. Moreover, |O,,| = |G|/|Ca(z;)|. In particular, |O,,| = 1 if and only if
x; € Z(G). The result follows. O
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We will first study the realization of S, as a Galois group over QQ for a prime p. In
order to do this, we will use the following result due to Cauchy.

Theorem 4.3 (Cauchy). Let G be a finite group of order n > 1 and let p be a prime
that divides n. Then there exists an element a € G of order p.

Proof. Let G be a group with identity element e. If n = p is a prime, every element
a € G, a # e has order p since the order of an element divides the order of the group.
We will prove the general case by induction on |G|, the base case being n = p.

Let us first suppose that GG is abelian. Fix a € G, a # e, and let H =< a > be the cyclic

I
group generated by a. If p | |[H| the element ' has order p. Otherwise, if p 1 |H]| it
must be p | |G/H| since |G| = |H| - |G/H| and by hypothesis p | |G|. Since |G/H| < |G|
we know by the induction argument that there exists tH € G/H of order p:

(¢H? =H = a2?PH=H =1’ € H.

If the order of x is m we have (xH)™ = H. It follows that p | m and thus the element
x» has order p.
Now suppose that G is not abelian. Then G # Z(G) and by the Class Equation:

Gl =12(G)] + Z[G : Calzy)].

J

If p | |Z(G)| we conclude using the previous case since Z(G) is an abelian subgroup
of G. If p 1 |Z(G)| then there exists j such that p { [G : Cg(z;)]. Indeed, arguing by
contradiction, if p divides all of this terms, we would have that p divides |Z(G)| which
is an absurd. For such a fixed j, since |G| = [G : Cg(z;)] - |Ca(x;)| and p | |G| we
have p | |Ce(z;)]. On the other hand, |Cq(x;)| < |G| and we conclude by the inductive
hypothesis. [

Theorem 4.4. Let f € Q[t] be an irreducible polynomial of degree a prime p. Suppose
[ splits in C with exactly 2 non real roots z,w. Then z =w and Galg(f) = S,.

Proof. Since the polynomial f is irreducible on QQ, which is a perfect field, we know that
[ is separable. It follows by Theorem 1.10 that | Galg(f)| = [L : Q], where L is the
splitting field of f over Q. Let o be a root of f, then [Q[a] : Q] = p. On the other hand
Q € Qlo] € L and from the Tower Lemma it follows that p | [L : Q] = | Galg(f)]. We
know from Cauchy’s Theorem 4.3 that there exists an element with order p in Galg(f).
Moreover the group Galg(f) can be seen as a subgroup of S, by Proposition 1.9, and
without loss of generality we can take the cycle (1 2 3 ... p) as the element of order p.
The complex conjugation

7:L—=L
2=z
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is an element of Galg(f). The map 7 exchanges the two non real roots of f, hence
it corresponds to a transposition (¢ j) in the identification with a subgroup of S,. We
can now consider the p-cycle starting from the i element, obtaining (i k1 k2 ...k 1).
Renumbering the roots of f in a way such that ¢ = 1 we have the cyclec = (1 ky ... kp_1)
and the transposition (1 j) = (1 k;) for some I. On the other hand there exists a power
raise of ¢ of the form (1 &; . kd) indeed the length of the cycle is a prime p, hence its
power raises can only be either the identity, either a cycle of length p. Renumbering the
roots, we obtain that the following elements

(12) (12 ... p)
are in Galg(f). We know that these two cycles generate S,,. O

Example 4.5. The polynomial f = 2° — 6x + 3 € Q[z] is irreducible and it has exactly
2 non real roots. Indeed we compute

f'(z) = 52" — 6,
and the real roots of f/(x) =0 are x1 9 = j:{‘/é. Moreover we have

6 6
fl(r) >0 < 52" —6>0 < :c2<—\/; vooa? > =
= < i*/g v oz
< —1\/= x —.
5 5
Since
dim f@)=—co and  lm f(z) = +os,
f has local maximum and local minimum respectively in — \/7 and + /2, with relative
values
6 6 ’ 6 6 ,/6 6
4 4 4 4 4
—/=] = —=4/=] —=6] =4/=]+3=—4/=4+64/=4+3>0
(1) = () ~o(-3) o245 ﬁ+
6 6\’ 6
/91 _ 4/ Y —6 4/ _ =" 3 <
/(15) - (V) -o(if2) f ‘
Hence the polynomial has plot as in Figure 4.1 and Galg(f) = Ss.

Example 4.6. The reader shouldn’t think that in order to have Galois group S,, a
polynomial must have exactly two non real roots. For example, the polynomial 23 —4x+1
has Galois group S3 (see Example 5.9) but it has all real roots: computing its first
derivative one can see that f has graph on R as in Figure 4.2.
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51’

Figure 4.2: 2% —4x + 1
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4.2 Transitive group action

Definition 4.7 (Transitive group action). Let G be a group with an action on a non
trivial set X. The action is said to be transitive if

Vre,yeX dgelGst.g-x=uy.
We will say that the group G is transitive on X.

Definition 4.8. A subgroup G of S, is said to be transitive if for every couple of indices
i,7 € {1,2,...,n} there exists an element ¢ € G such that o(i) = j; in other words, the
action of G on {1,2,...,n}

Gx{1,2,....n} — {1,2,...,n}
(0,i) +——  o(i)

1s transitive.

Proposition 4.9. Let K be a field and let f € K[z| be a separable polynomial and
G = Galg(f). G acts transitively on the roots of f if and only if [ is irreducible in K[z].

Proof. If f has degree n, f = >_""  a;z", we already know that G can be viewed as a
subgroup of S,,. That is because the Galois group G permutes the roots of f. Indeed, if
« is a root of f in a splitting field L of f and ¢ € G we have:

n

flo(a)) = Z aio(a) =Y o(a0’) = o(f(a) =0

=0

since ¢ is a field automorphism of I and fixes the elements in K. So the elements of
G map roots of f to roots of f. Suppose f is an irreducible polynomial and take «,
o' € L different roots of f. In this case using Theorem 1.15 we know that there exists a
field automorphism of IL that fixes K and maps a — o/, hence G is transitive. On the
other hand, suppose G is transitive and suppose by contradiction that f is a reducible
polynomial, f = f;-...- fx, where each f; is irreducible of degree at least 1 and & > 1.
Here we obtain the absurd that the action can not be transitive because each root of
f; can only map to another root of f;. In other words, let the roots of f be a,...,a,.
Since f; is a non constant factor of f, we can find ¢ such that fi(a;) = 0. Now pick
any j € {1,...,n}. By our transitivity assumption, there exists ¢ € Galk(f) such that
o(a;) = aj. Since fi has coefficients in K, we know that o sends roots of f; in roots of
f1, hence fi(c;) = 0. Since j was arbitrary and «y, ..., a, are distinct, it follows that f;
has at least n roots, which implies that deg(f1) > n, hence f = f;. ]
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Definition 4.10 (Double transitive action). Let G be a group with an action on a
non trivial set X. The action is said to be double transitive if

V x,x,y,y € X witho #2  andy #9y g€ G st gr=yand g2’ =y,
If the action is clear, we will simply say that the group G is double transitive.

Definition 4.11 (Stabilizer). Given an action of a group G on a set X, for every
element x € X the stabilizer subgroup of x (also called the isotropy group of z) is the set
of all elements in G that fix x:

Stabg(z) = {g € G | gx = x}.

Lemma 4.12. Let G be a group with transitive action on a non trivial set X. Taken
x,y € X we have
Stabg(y) = g - Stabg(z) - g7*

where g € G verifies gr = y.

Proof. If h € Stabg(y) we have hy = y. Since h = gg~'hgg™' we have to show that
g 'hg is an element of Stabg(z):

(97'hglz= (g7 )y =gy ==.
Viceversa, let z € Stabg () so that zz = z and gzg~' is an element of g - Stabg(z) - g~
We have to show that this element fixes y. Indeed, we have:
(929~ ")y = (92)z = gz = y.
[

Proposition 4.13. Let G be a group acting on a non trivial set X and let x € X. The
action is double transitive on X if and only if the action is transitive on X and Stabg(x)
is transitive on X \ {x}.

Proof. The case | X| = 2 is trivially true since transitivity and double transitivity are
the same conditions. Suppose |X| > 2. If G is double transitive on X, then for every
x,y,y € X, with x # y, x # 1/ there exists g € G such that

gr =z and gy =y

hence G is transitive on X and Stabg(z) is double transitive on X \ {x}.

Suppose now that G is transitive on X and Stabg(z) is transitive on X \ {x}, where x
is an arbitrary element of X. We will first prove that for every element y € X it also
holds that Stabg(y) is transitive on X \ {y}. Let y € X. By hypothesis there exists an
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element g € G such that y = gr. By Lemma 4.12 we have Stabg(y) = g Stabg(z)g™!.
Take 21,2, € X \ {y} ; then we have that g='21, g 2y # g 'y = 2. By hypothesis there
exists h € Stabg(z) such that hg='z; = g~'25, hence

ghg 'z = 2.

Since ghg™' € Stabg(y), we deduce that Stabg(y) is transitive on X \ {y} for every
y € X. Consider now x1, xa,y1,y2 € X with 1 # x5 and y; # yo. As above, there exist
g € Stabg(x1) and ¢ € Stabg(y2) such that gxs = yo and ¢’x; = 3. Then

(g/ © g)l‘1 = g'xl =1 and (g/ o g);pQ = g’y2 = .

This proves the thesis if 1 # y5. On the other hand, if z; = y,, one can take z € X, z #
x1,y; and k € Stabg(z1), K’ € Stabg(2) and k" € Stabg(y;) such that kxe = z, K'x; = 1
e k"2 = y3. We have:

K'E'k(xy) = K"K (1) = K" (y1) = y1 and K"K'k(xs) = K"K (2) = K'(2) = yo.

O
Lemma 4.14. Let (i; iy ... ix) be a k-cycle of S, and 0 € S,,. Then
o(iy iy ... 00 = (0(ir) o(ia) ... o(iy)).
Proof. Let us set 7 = o(iy iy ... ix)o tand p = (0(iy) o(ia) ... o(ix)). We prove
that 7 and p have the same image for all indices. Let j € 1,...,n be an index. Then
if j = o(i,) for some r, 1 <r <k — 1, then:
7(j) = o (ir11) 1(J) = o(ir1);
if j = o(ig) then:
7(j) = o(ir) pu(j) = o(ir);
if j ¢ {o(i1) o(iz) ... o(ix)} then:
() =J u(j) =7
O

Proposition 4.15. Let p be a prime and G a transitive subgroup of S, with a transpo-
sition. Then G = S,.

Proof. Let i,7 € {1,2,...,p}.
We define the following equivalence relation on {1,2,...,p}:

i~jei=7 or (ij)€QqG.

25



Due to the transitivity of G we have that if i ~ j and j ~ k with ¢ # j # k # i then
(i ) k)@ j)=( k)G

hence i ~ k. We will denote by [i] the equivalence class of i. Taken (i j) € Gando € G
we have by Lemma 4.14 that

(0(i) 0(4)) =0o(i jlo™' €G

hence o([i]) = [0(¢)]. Since G is transitive, every equivalence class has the same cardinal-
ity. Indeed for every i,j € {1,2,...,p} such that [i] # [j] there exists 0 € G such that
o(i) = 7, so o([i]) = [0(i)] = [j] and it follows that |[i]| = |o([7])| = |[j]|- On the other
hand |([z])| | p and |([i])| # 1 because G has at least one transposition by hypothesis.
It follows that there is only one equivalence class and so all the transpositions are in G.
Since transpositions generate S, we have G = S),. O

Proposition 4.16. Let n > 1 be a positive integer and G < S, a double transitive
subgroup with a transposition. Then G = .S,,.

Proof. By hypothesis there exist 7, j € {1,2,...,n} such that the transposition (i j) € G.
Since G is double transitive, it follows that for every couple of elements k,1 € {1,2,...,n}
there exists g € G such that g(i) = k and g(j) = [. Then

g(i )9~ = (9(i) 9(5)) = (k ) €G
hence GG contains all the transpositions, which generate .S,,. n

In the next paragraphs we will use the reduction of a polynomial modulo a prime p,
formally described by the following map:

Zlzx] — Zyla]
f(@) = f(z)

where f(z) is the polynomial f(z) whose coefficients have been reduced modulo p. We
will denote the finite field Z, by F,,.

Example 4.17. The reduction modulo 5 of f(z) = 72° 4 22 4+ 1327 + 92 + 1 is
f(x) =225 4+ 22% + 322 + 42 + 1.

4.3 Dedekind’s Theorem

Lemma 4.18. For every p prime and n positive integer, there is a unique field of cardi-
nality p", up to isomorphism.
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Proof. Let us set ¢ = p™. We define the polynomial f = 27 — x in F,[z] and let K be its
splitting field, where f has different roots because f' = —1 # 0. Let A = {a,...,a,} be
the set of roots of f. It holds that § € A < [ = 3. Moreover we observe that 0,1 € A
and for all g,v€ A

B-yeA

Y eA (v#£0)

v+BeA
where the last property follows from Frobenius endomorphism. Thus A is a field and
A =K. Moreover it is unique (up to isomorphism) because the splitting field is so. [

Corollary 4.19. For every prime p and positive integer n there exists an irreducible
polynomial of degree n in F,[z].

Proof. If we denote by GF(p") the only field of cardinality p”, we have GF(p") = Z,[a]
for some a € GF(p™). The minimal polynomial of oz meets the requirements. ]

Lemma 4.20. Let p be a prime and n € Z*. Set ¢ = p™ and let L = GF(q) be the finite
field with q elements. Then Gal(L/F,) is cyclic.

Proof. We know that L. = F,(«) for some o € L with minimal polynomial f(z) €
F,(x) of degree n. Since finite fields are perfect, F, C L is a Galois extension, hence
| Gal(L/F,)| = n. Let us set G = Gal(LL/F,) and consider the Frobenius endomorphism

V:L—=L

a— ab.

Since ¥ fixes [F, it follows that ¥ € G. Moreover, ¥* for 0 < k < n are all different non
trivial elements of G. We conclude

G=<V>.
L]

Lemma 4.21. Let f(x) € Z[z] be a monic polynomial of degree n. Let p be a prime. Let
f(z) € Fy(x) be the polynomial obtained by reducing the coefficients modulo p. Assume

that both f, f have no multiple roots. Then both Galg(f) and Galg,(f) are isomorphic
to subgroups of S,. Moreover, denote these subgroups as respectively G and G,, then

G, CG.
Proof. For the proof we refer to [9]. O

Theorem 4.22 (Dedekind). Let f € Z[z], deg(f) = n, be a polynomial without multiple
roots. Let p be a prime such that the reduction

f(2) = qi(@) ... gn(x) € Fyla],
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does not have multiple roots and every g; is an irreducible factor of f in F,[x]. Then the
subgroup of S, isomorphic to Galg(f) contains a permutation o whose cycle decomposi-
tion

O=7---"h
is such that l(~y;) = deg(g;), where l(~;) is the length of the cycle.

Proof. We know by Lemma 4.20 that G, = Galg,(f) is cyclic and therefore also the
subgroup of S, isomorphic to it is cyclic. Hence there exists a permutation o that
generates G,. Let us consider o as product of disjoint cycles

g = (il,l Z'l,g Ce il,ml)(iZ,l 2'2,2 Ce i2,m2) s (Z'k71 Z'k,g Ce Zk,mk)

Since G, maps roots of an irreducible polynomial in I, [z] in roots of the same polynomial,
it follows that the numbers mq, ma, ..., m; are the numbers of roots of respectively

91, - - -, gn, S0 k = h. Moreover, since g; does not have multiple roots for all i, we have
that mq, mo, ..., m; are the degrees of gy, ..., g,. By Lemma 4.21 it follows that

o€ G, C Galg(f).
O

Example 4.23. Our goal is to prove that the polynomial f = 2*+1223+1422+142+34 €
Z[z] has Galois group S;. The polynomial f is irreducible by Eisenstein’s criterion with
p = 2, hence it is separable because Q is a perfect field. Moreover we compute

f=a2"+22>+22+1 (mod 3) = (z — 1)(2* + 2* + 2) (mod 3),
f=a2"+22°+42° + 42+ 4 (mod 5) = (z — 1)(z — 2)(2* + 2) (mod 5)

where the factors are irreducible respectively in F3 and F5 which are perfect fields, hence
they have no multiple roots. By Dedekind’s Theorem 4.22, Galg(f) has a cycle of length
2 and a cycle of length 3 (indeed the factors of degree 1 correspond to cycles of length
1, hence the identity permutation). We define G = Galg(f) and we number the roots
of f with {1,2,3,4}. Without loss of generality, we consider the 3-cycle to be (1 2 3).
The subgroup Stabg(4) acts transitively on {1,2,3} because (1 2 3) € Stabg(4) and
this cycle and its powers acts transitively. We already know from Proposition 4.9 that G
is transitive; then G is double transitive because of Proposition 4.13. Since G is double
transitive and contains a transposition (the 2-cycle), it follows from Proposition 4.16

that G = S4.

Lemma 4.24. Let f € Z[z] be a primitive polynomial. If there exists a prime p such
that p does not divide the leading coefficient of f and the reduction of f modulo p s
irreducible in Z,|x] then f is also irreducible in Z[z].
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Proof. Let &, : Z]zx] — Z,[x] the map of reduction modulo p. Arguing by contradiction,
if f is (non trivially) reducible in Z[z] we have:

f=g-h with 0<deg(g) <deg(f) and 0<deg(h)< deg(f)

and since p does not divide the leading coefficient of f, it follows that p does not divide
the leading coefficients of g and h neither. Since ®,, is an homomorphism, we have:

©p(f) = Pplg) - Bp(R)

where

0 < deg(®y(g)) < deg(®p(f)) and 0 < deg(®p(h)) < deg(®y(f)),

indeed the degrees of the reduced polynomials are the same as the original ones because p
does not divide their leading coefficients. We obtain an absurd, since ®,(f) is irreducible
in Z,[x]. O

Example 4.25. Consider the polynomial f(z) = 42* + 623 + 22 — 32 — 4 and take p = 3.
We have that 3 14 and the reduction of f modulo 3 is

fz) = 2* + 2% + 2 € Z[n],

which has no roots in Zs. Moreover, it can not be factorized as 2 polynomials of degree
2, since the only irreducible polynomials of degree 2 in Zs[z] are 2® + 1, 2% + z + 2 and
2% 4+ 2z + 2. Hence, f is irreducible in Zs[z] and by Lemma 4.24 it follows that f is
irreducible in Z|x].

4.4 Realization of S,

We are now ready for the following general result:

Theorem 4.26. For everyn € Z, n > 2 , there exists a polynomial f(x) € Q[z]| such
that Galg(f) = S,.

Proof. Let n be a positive integer greater than 2. We know from Corollary 4.19 that for
every prime p and for every positive integer m there exists an irreducible polynomial of
degree m in F,[x]. Hence we are able to choose 3 polynomials of degree n having the
following properties:

e fi(z) € Fy[x] irreducible,

o fo(x) € F3[x] with an irreducible factor of degree n — 1 and a factor of degree 1,
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o f3(x) € F5[x] with an irreducible factor of degree 2 and, if n is even, two factors of
degree n — 3 and 1 respectively, else if n is odd, one other factor of degree n — 2.

Let f € Z[z] such that f = f; (mod 2), f = f, (mod 3) and f = f3 (mod 5). This choice is
always possible because if we denote by f], f5, f; the polynomials obtained by the change
of coefficients [«;] of fi, fa, f3 with coefficients «; € Z, we can take f = 15f] +10f5 +6f4
as our polynomial. We observe that f is irreducible by Lemma 4.24 with p = 2, since
the leading coefficient of f is odd and the reduction of f modulo 2 corresponds to f;
which is irreducible in Fy[z| by construction. It follows that f is also irreducible in Q[x]
by Gauss Lemma, hence its splitting field is a Galois extension of Q and its Galois group
acts transitively on the set of roots of f by Proposition 4.9. We notice that f, and f3
have no multiple roots since finite fields are perfect (see Proposition 1.5). By Dedekind’s
Theorem, if n is even, Galg(f) contains an (n — 1)-cycle and a permutation ¢ whose
cycle decomposition has a 2-cycle and an (n — 3)-cycle; on the other hand, if n is odd,
Galg(f) contains an (n — 1)-cycle and a permutation 7 whose cycle decomposition has
a 2-cycle and an (n — 2)-cycle. Both cases have an (n — 1)-cycle, thus Galg(f) is double
transitive (same reason as in Example 4.23) because it is transitive and we consider
Stabg(x) where x is the only element missing in the (n — 1)-cycle. Furthermore, if n
is even, "2 is a transposition, and if n is odd, 7"2 is also a transposition. In both
cases Galg(f) is double transitive and contains a transposition, hence Galg(f) = S, by
Proposition 4.16. 0

Example 4.27. Take the polynomial f(t) = t* 4 16t> — 4¢* + 3t — 11 € Z[t]. We have:
e f(t)=t*+t+1 (mod 2)
e f) ="+ -2 +1=( —t+1)(t+1) (mod 3)
o f) =t + 3 +12 -2t —1= (2 —-2)(t+2)(t — 1) (mod 5)

These factors satisfy the properties required in the proof of Theorem 4.26, hence we
conclude Galg(f) = Sy.

4.5 Consideration

Since S, occurs as a Galois group over Q, and every finite group occurs as a subgroup of
some S, (see Cayley’s Theorem 2.7), it follows that every finite group occurs as a Galois
group over some finite extension of Q, but does every finite group occur as a Galois group
over Q itself? This problem is still unsolved.

Example 4.28. Most specializations of the universal polynomial of degree n over Q have
Sy as their Galois group. This follows from the Hilbert Irreducibility Theorem, which is
discussed in [6]. For example, one can prove that the Galois group of 2" — z — 1 € Q|z]
is S, for all n > 2 (see [18]).
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Example 4.29. Consider the polynomial p,(z) = 1+z+ %xQ +...+ %x” In 1930 Schur
proved that p, has Galois group A, if n = 0 mod 4, otherwise its Galois group is S,,.

If a finite group G occurs as a Galois group over Q, then for all normal subgroups
H of G, the quotient group G/H occurs as a Galois group over Q. Indeed, if we set
G = Gal(L/Q) for some finite Galois extension L. C @Q, using the functions ¢ and 1 of
the fundamental Theorem of Galois theory, we have

H % L2 % Gal(L/LY).
Since H = Gal(IL/IL¥) is a normal subgroup of G, we have

_ Gal(L/Q)

Gal(L"/Q) = Gal(L/LH)

=~ G/H,

hence Q C L¥ is the desired extension. Since we know we can realize cyclic groups,
abelian groups, (Z/nZ)* and S,,, then we know we can realize every quotient group of
these groups.

Unfortunately, the only normal subgroup of S, for n > 5 is A, and the quotient
group S, /A, is the group of order 2. If we consider the case n = 4, also the Klein group
is a normal subgroup of Sy, hence we can realize Sy/V; = S5 as a Galois group, but we
already knew it.
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Chapter 5

Examples

We want now to go a bit further in the realization of some groups as Galois groups. In
order to understand the vastity of the inverse Galois problem, we will first remind a very
important result in group theory.

Definition 5.1. A nontrivial group G is said to be simple if its only normal subgroups
are the trivial group and the group itself.

Theorem 5.2 (Classification of the finite simple groups). Fvery finite simple group
belongs to one of the following classes:

e cyclic groups of prime order;
e alternating groups of degree at least 5;
e Lie groups;
e sporadic groups;
o the Tits group;
where the first three classes have infinite elements.

Proof. After years of studies from many authors, the proof was completed and announced
in 2004 by Aschbacher in [11]. O

5.1 The groups A3 and S

Definition 5.3. In Q[zy,...,x,] we define:

\/Z = H(ZL‘Z - (L’j).

1<j
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Definition 5.4. For a polynomial f with roots {ay, ..., a,} we define:
VA(f) = H(Oéi — ).
i<j
Lemma 5.5. For a permutation o € S, it holds that
o(VA) = sgn(o) - VA.

Proof. Since every permutation is product of transpositions, we prove that if 7 = (i j)

is a transposition, then
T(\/Z) = —VA.
Assume i < j and observe that there is € € {+1, —1} such that

VA =e(mi—a;) [[@i—a)@—z)  [[  (@—2m) (5.1)

k#i,j ly,m#i,j l<m

Indeed the factors appearing in the right-hand side are, up to sign, the factors of v/A.
For example, when k # 4, j, then

g = b T Th 1< k,
Pk —(xp — ), Kk <i.

Combining all of these signs gives € = £1. Since the transposition 7 takes

(x; — xp)(z; — ) to (x; — xp)(z; — zx) and does not affect (z; — x,,) for I,m # 1, j,
it follows by Equation (5.1) that 7(v/A) = —V/A. Let us write o € S, as product of
transpositions ¢ = 7 - - - 7,. Then

Proposition 5.6. Let f(x) € Q[x] be a separable polynomial of degree n and
let aq, ..., q, be its different roots in the splitting field of f.

a) If o € Gal(f) corresponds to @ € S, in the identification of Gal(f) with a subgroup
of S,,, then

o(VA(f)) = sgn(@) - VA(f).

b) The subgroup of S, isomorphic to Gal(f) is contained in A, if and only if

VA(f) € Q.
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Proof. Let L be the splitting field of f and consider ¢ the evaluation homomorphism

(b :Q[xla"'axn]él‘
av>a Va € Q,

T; = Q4.

Clearly \/A(f) = #(v/A). Then
o (/ATT)) = o(Hmi - a») “TT(o(an) - o0y)) = [y — o)) =

= ¢<H(%(i) - xcr(j))) = d)(E(H(fL’i —1;))) = ¢(sgn(@))(VA) =

— sgn(@)6(VA) = sgn(@)VA(),
This proves the first part of the Proposition. We now observe that
A(f) € Q <= o(VA)) = VA(f)  VoeGal(l/Q).
Using the first part of the Proposition we get
o(V/AT) = sgn(@) - VAT,

Hence

A(f) €Q <= sgn(@) - VAS) = VA(S) Vo€ Gal(L/Q).
Since f is separable, \/A(f) # 0 and if we simplify it we get

A(f) €eQ < sgn(@) =1 VoeGal(L/Q) < Gal(L/Q) C A,.

Example 5.7. Consider the following cubic polynomial
f(z) =2 + az® + br + ¢ € Q7]
and set x = y — a/3 so that it becomes
9(y) =y* +py+q
where ] ]
p= g(Sb—aQ) q= 2—7(2a3—9ab+270).
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The splitting field for these two polynomials, f(z) and ¢(y), is the same since their roots
differ by the constant term a/3 € Q. Moreover f and g have the same discriminant since
it only depends on the differences of roots. Let «, 3, be the roots of g(y). We compute
its discriminant in terms of p and ¢. In order to do this we observe that

g) =y — )y —B)y—")

and if we differentiate

g =Wy—a)y=58)+y—a)y—7)+—58)y—).

Then
g'(a) = (a = B)(a—1),
9B)=(B—a)B—n),
g =0 —-a)(y—0).
Therefore

Alg) = (= B)*(a=7)*(B —=7)* = —¢'(@)g'(B)d' (7).
On the other hand, it results that ¢’(y) = 3y* + p, hence we get

~A(g) = (3 +p)(36° + p)(37* +p) =
= 27a%8*y* + 9p(a?B* + &®* + B%%) + 3p*(a® + B2 + %) + p.
Note that if we consider the elementary symmetric functions in «, 3,y we obtain

o1 =0, 09 = p, 03 = —q. The expression above for —A is symmetric in «a, 5,7 and as
we did in Examples 2.9, 2.10, 2.11, we obtain

—A =27(—q)% + 9p(p®) + 3p*(=2p) + p°

hence
A = —4p — 274

and expressing it in terms of a, b, c we get
A = a?b* — 4b> — 4a’c — 27¢* + 18abe,

in other words we have an expression to determine A through the coefficients of the
polynomial.

We analyze the Galois group of a cubic polynomial and it turns out that we can
determine it by computing A with the expression above.

If the cubic f is reducible and splits in 3 linear factors, then its Galois group is trivial,
while if f is reducible but only splits into a linear factor and an irreducible quadratic,
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then we obtain a Galois group of order 2. Consider now the case f irreducible. Let us
denote by oy, as, ag the different roots of f and by L its splitting field. The Galois group
of f is a normal subgroup of S3, hence there are only 2 possibilities, namely, either Az
or S5 (the subgroup generated by a transposition is not normal, since two transpositions
are always conjugate). Thanks to Proposition 5.6 we know that the Galois group is Az
if and only if the discriminant A is a square.

Gal(f) = A4; if VA(f)eQ

Gal(f)= S if VA(f) ¢Q

Sy F

As
Qla] Qo] Qlas]
<(12)> <(23)> <(13)>
// QlVA(f)]
Q

{id}

Example 5.8. The polynomial f = x® — 3x + 1 is irreducible in Q[z], since its possible
rational roots are only £1 (recall that if f is a monic polynomial, a root of f in Q must be
an integer and must divide the constant term), but f(1) # 0 # f(—1). Its discriminant
is

(—4)-(=3)* —27 =81 = 9
hence its Galois group is As.

Example 5.9. On the other hand, g = 2® — 42 + 1 € Qz] is also irreducible for the
same reason as in Example 5.8, but its discriminant is 229, which is not a square in Q,
hence its Galois group is isomorphic to Ss.

5.2 Ordered Examples

We will now show how to realize every group of order at most 8. Moreover, we will show
how to realize AGL(1,F,). The reader can find many other group realizations in [3].
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5.2.1 Order 1

The only group with 1 element is the trivial group G = {e}. Taken a polynomial
f(z) € Q[z] all roots lie in Q, we have that Galg(f) = G.

5.2.2 Order 2

The only group of order 2 is the cyclic group Z,. We already know by Theorem 3.11
that every cyclic group occurs as a Galois group over Q. Now we want to give an explicit
example of a polynomial with Galois group Z,. For a fixed element a € Q which is not
a square in Q, the polynomial f = 22 — a has Galois group over Q isomorphic to Zs.
Indeed the splitting field of f is clearly Q[y/a], which is a field extension of @ of degree
2, and it follows that the Galois group has at most 2 elements. The identity map and
the field automorphism

Q[va] — Q[v4d]
brsb  YbeQ

Var —a

are two different elements of the Galois group, then Gal(Q[/a]/Q) = Zo.

Observe that if we take f as above with a a square in Q, it follows that the splitting
field of f is Q, hence its Galois group is the trivial one because only the identity map
belongs to it.

5.2.3 Order 3

The only group of order 3 is the cyclic group G = Zj3. Hence, we look for a Galois
extension over Q of order 3, so that its Galois group has exactly order 3. In order to
get a Galois extension of degree 3, we need a polynomial of degree 3 with all real roots,
since otherwise complex conjugation is an automorphism of order 2. We consider the
cyclotomic polynomial ®;(x) = 2%+ 25+ ...+ 2+ 1 which is irreducible and generates a
Galois extension over Q of degree 6 with Galois group Zg, and if &7 is a primitive 7th root
of unity, L = Q(&;) is the extension. The element &;4+¢& 1 = 2003(27”) is fixed by complex
conjugation (an element of order 2) and no other element of Gal(Q(&;)/Q) fixes it. But
then Q C Q(&; + &1 = K is a Galois extension of degree 3, because that is the index of
the Galois group over the group generated by complex conjugation, and we can use the
fundamental Theorem of Galois theory. Note that the extension is a Galois extension,
since Zg is abelian, hence all its subgroups are normal. Hence Q C K is the desired
extension. We can explicitly determine the minimal polynomial of 2003(27“), indeed the
polynomial
p(x) =2 +2* — 22— 1
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is irreducible by Lemma 4.24 with p = 2, it is monic, and an easy computation shows
that

p&+&1) =0
by using the fact that & = 1. Note that in Example 5.8, we have another example of
a polynomial with Galois group Z3 = As. However, the method we have just used, can
be generalized. Take p a prime, and consider the cyclotomic polynomial ®,(z), which is
irreducible and if L is its splitting field, we have

L=Q) G =GalL/Q)=Z, ..

Observe that the element &, + & ! is fixed by complex conjugation and no other element
of G fixes it. Then we can use the fundamental Theorem of Galois theory:

G L

I l
= 2

| |

H=<71> Q(fp+§;1)

1 T

z -

| |
{id} Q

Indeed, if we set K = Q(, + & 1), this is an intermediate field and
H = Gal(L/K) =< 7 >,

where 7 is the complex conjugation. Then we have that Q C K is a Galois extension
since Z,_; is abelian and

K: Q) = [Cal(L/Q) : H] = L

Hence its Galois group is the cyclic group Zp-1. Using this argument, we can realize
2

every cyclic group of order ;%1 with p prime. The polynomial that realizes this extension
is the minimal polynomial of &, + & U over Q. We will refer to this method as Method
I, and we can use it, for example, to realize the groups Zs, Zs, Zg, Z11, Z14 and Zs.
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5.2.4 Order 4

There are 2 groups of order 4, which are the cyclic group Z, and the Klein group Zy X Zs.
We have already seen in Example 3.13 that the polynomial 2* + 522+ 5 has Galois group
Zy. On the other hand, if we want to find a polynomial whose Galois group is the Klein
group Vj, we can use the following proposition.

Proposition 5.10. Let Q C IL be a finite field extension. Then the following are equiv-
alent:

a) L =Q(/a,v/B) for some a, 3 € Q such that none of a, 8 or af is a square in Q.
b) L is a Galois extension of Q with Galois group V.

Proof. Suppose first that condition a holds. Then

since neither « or § is a square in Q. Now from Tower Lemma we get
IL: Q] = [Q(Va,vB) : QWa)l - [Q(Va) : Q] <4

hence [L : Q(y/a)] < 2. Assume that L = Q(\/a), then /3 € Q(y/a), so that

VB = a+ by/a for some a,b € Q and 8 = a® + b*a + 2aby/a. Thus a = 0 or b = 0,
indeed € Q. If b = 0, then 3 is a square. If a = 0, then a8 = b*a? is a square. In any
case, this is a contradiction, hence L is a quadratic extension of Q(v/«). This way we
conclude that [L : Q] = 4. But L is clearly the splitting field for the polynomial

(2% —a) - (2* = B)

which is a separable polynomial and it follows that we have a Galois extension. Then
G = Gal(L/Q) has 4 elements:

VB =B VB —VB VB —VB

and thus is isomorphic to Vj.

Now assume that condition b holds. Since Gal(L/Q) = Vj, there exist three interme-
diate subfields [E;, E,, E3 between Q and I which are extensions of degree 2 over Q,
corresponding to the three subgroups of Vj of order 2.

o SN e S L
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Vi L

<(14)(23)><(12)34)><(13)(24) > E, E, E;

{id} Q

Thus each of these is a quadratic extension. Suppose E; = Q(y/a) and Ey, = Q(v/5),

where neither a or 3 is a square in Q. The fact E; # E, implies that af is also not a

square in Q. Indeed, /3 ¢ Q(y/a), so
VB#a+bJ/a VabeQ

hence
B # a® + Vo + 2aby/ o Va,beQ.

In particular, it is true for a = 0:

B#£ba  VYbeQ.

Arguing by contradiction, if there exists ¢ € Q such that o8 = ¢, we could take b = <
and we would have the contradiction

B = ba.
Moreover Q(y/a,v/B) is an extension of degree 4 over Q and it is a subfield of L, hence

Now, if we consider the polynomial
2t — 722 +10 = (2* - 2) - (2% - 5)

we have that its splitting field is L. = Q(\/Z \/5), and since none of 2,5, 10 is a square
in Q, we have that
Gal(L/Q) = Vi.
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5.2.5 Order 5

The only group of order 5 is the cyclic group G = Zs. We can realize this group using
Method I with p = 11, and the minimal polynomial of &;; + &' results

p(z) = 2° + 2* — 42® — 32° + 32 + 1.

5.2.6 Order 6

There are 2 groups of order 6, which are the cyclic group Zg and the dihedral group
Dg = S3. We can realize Zg using the 7th cyclotomic polynomial. Set L as the splitting
field of ®;(z) we have

Gal(L/Q) = Zs.
On the other hand, in Example 5.9, we found that the polynomial 2® — 4z + 1 has Galois
group S3 = Dg.

5.2.7 Order 7

The only group of order 7 is the cyclic group Z;. To realize this group, we will use a
slightly different method from Method 1. Let £59 be a primitive 29th root of unity. Then
we know that if we set L = Q(&y9) we have

G = Gal(L/Q) = Zgg.

Since [2]og is a generator of (Z/29Z)*, the Galois group is generated by the automorphism
a9 > €24 (see the isomorphism in Equation (3.2)). Furthermore, we can find an element
of order 4 by the seventh power of this automorphism, namely 1 : &9 — €2 = €12, Let
H be the cyclic subgroup of G of order 4 generated by . Then, using the fundamental
Theorem of Galois theory, we have that G/H = Z; is the Galois group of the Galois
extension Q C Q(&) = K. One can find out that K = Q(6), where

0 = a0 + &3 + &35 + &ag,
and that the minimal polynomial of 6 is
f(z) =2 + 2% — 122° — 7T2* +282° + 142 — 9z + 1.

For details see, for example, [3].
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5.2.8 Order 8

There are 5 groups of order 8 (up to isomorphism), namely Zs, Zs X Zy, Ly X Lo X Lo,
Dg and Qg (quaternion group). We can realize the cyclic group Zg using Method I with
p = 17; one can find out that the minimal polynomial of &7 + &' = € is

plx) = 2%+ 2" — 72% — 62° + 152" + 102° — 102% — 4z + 1

and Gal(Q(£)/Q) = Zs. In order to find a Galois extension with Galois group Zs x Zj,
we observe that by Chinese reminder Theorem

(ZJ15Z)* = (Z/3Z)* x (Z/5Z)* = Ty x Ly

hence we only need to find a Galois extension with Galois group (Z/15Z)*. We know by
Theorem 3.6 that

Gal(Q(&15)/Q) = (Z/15Z)"

hence Q C Q(&;5) is the desired extension, and the minimal polynomial of &5 over Q is
the 15th cyclotomic polynomial

Pis(r) =2 —a2" +2° —at +2° — 2+ 1.

In order to realize Zq X Zo X 75 we will follow the steps of the proof of Kronecker-Weber
Theorem. We know that if &145 is a primitive 165th root of unity, then

Gal(Q(&165)/Q) = (Zags)" = (Z3)™ x (Zs)™ x (Z11)".

Using p; = 3, po = 5 and p3 = 11 we have three different primes such that p; = 1 modulo
2, and we have the surjective homomorphism

G Loy X Ly X Loy —> Ly X Ly X Yo
([a]2, [b]4, [cl10) = ([al2; [B]2, [c]2)-

We now consider the following subgroups:
Hy =< 2]y >={e} < Zy Hy =< 2]y >= 7y <74 H3 =< [2]10 >= Zs < 7o
and H = Hy x Hy X Hs. Set E the field of elements fixed by H, then

Zig X Ly X 17
Gal(E/@)gHiX];lez > 7o X Ly X L.

One can prove (see, for example, [3|) that E = Q(«) is the splitting field for

p(x) = 2® + 1227 4+ 6825 + 2342° + 547" + 9062° 4 9602 + 5042 + 144.
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We want now to show that Dg occurs as a Galois group over Q. Consider the poly-
nomial f = z* — 2 which is irreducible in Q[z] due to Eisenstein’s criterion, and set
G = Galg(f) its Galois group isomorphic to a subgroup of Sy. We order the roots of f
as (V/2, —v/2,iv/2, —iv/2), thus the splitting field of f is L = Q(v/2,4). Let us compute
the discriminant of f:

VA(f) = (V2 + V2)(V2 = iV2) (V2 +iV2) (V2 — iV2) (= V2 + iV2)(iV2 + iV2)
_ _9ou

which is not a square in Q. By Proposition 5.6 it follows that G is not contained in Ay.
By Tower Lemma we have

[L:Q]=[L:Q(V2)] [Q(V2):Q]=2-4=38,

hence |G| = 8. This implies it is a Sylow-2 subgroup of Sy, all of which are isomorphic
by the second Sylow theorem. We know that Dg is such a subgroup, hence

G = Dg.

We want now to find a Galois extension with Galois group the quaternion group Qs.
The candidate extension is Q C Q(a) = L where a = \/(2 +v/2)(3++/3). First we

note that we have an intermediate field Q@ C K C L given by K = Q(\/ﬁ, \/3) This
is a proper subfield of L since o ¢ K. Indeed, if we consider o € Gal(K/Q) such that

0(\/5) = —/2 and O'(\/g) = /3 we have that

o) 2-+2 B e
o TS 2v2 = (1 - v2)%

It follows that o(a?) = a?(1 — v/2)%. Arguing by contradiction, if o € K, we have

o(a) = £a(l - V2),

and so

o(o(a)) = a(l = V2)(1 +V2) = —a,

which is an absurd since o has order 2. Moreover, one can prove that v2 + /3 € L,
hence K C L. It follows that

L:Q=L:K-K:Q =2-4=8.
The minimal polynomial of (2 + v/2)(3 +v/3) over Q is

foy= ]I @-r@+v2)B+Vv3) =]]-2£v2)E=V3)

T7€Gal(K/Q)
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and
g(z) = f(2%) = 2® — 2425 + 1442" — 2882 + 144

is a polynomial of degree 8 and it has « as a root, hence g(x) is the minimal polynomial
of a over Q. The polynomial g(z) has 8 different roots:

:I:\/(Q +2)(3+V3)

and each of these roots is an element of L. Hence L is the splitting field of a separable
polynomial, and so Q C LL is a Galois extension and G = Gal(IL/Q) is a group of order
8. (G acts transitively on the roots of g(x) and we know that an element of G is uniquely
determined by its image on «. Consider the following roots of g(z):

0= J2+V2B+VE)  B=1/2- V2B +V)
v =2+ VDE-VE) =2 V2B -V3)
and set o, 7 the elements of G such that
o(@)=F r(a)=1

We now observe that o(a?) = 32 and so that

o(2+V2)o(3+V3) = (2-V2)(3+V3)

and o(af) = o(v2(3 +v/3)) = —ap. It follows that ¢() = —a and so ¢ is an element
of order 4 in G. Using the same argument for 7, it follows that 7(7) = —«a and 7 is an
element of order 4 of GG. We observe that

Let us now compute the composition

or(a) = o(7) = U@) _ awa(z(;) v2) —¢6<zﬂ —V2) _ _% s

and

0%

(a8 rVEBEVE)  VEB-VE) 0
To(a)=7(f) =71 — | = (@) > S

Moreover we observe that

r0(a) = 70(—a) = —10(a) = —§ = o7(a),
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hence o7 = 70®. We now observe that these elements of G satisfy the relations of

elements of (g, indeed the map

G — Qg
o1
T
oT— 1] =k
is an isomorphism of groups, since it is a surjective homomorphism and both groups have
order 8.

5.3 The group AGL(1,F),)

Example 5.11. Let &, = >™/? be a p-th root of unity, where p is prime. We consider
the polynomial 2? — 2, whose roots are fg\’/ﬁ for 0 < j <p—1, hence

L= Q(fpv \175)

is its splitting field over Q. Since p is prime, the minimal polynomial of &, over Q is
P+ .. +1; while the minimal polynomial of ¥/2 over Q is ¥ —2 by Eisenstein criterion.
Then we have that p | [L : Q] and (p — 1) | [L : Q]. Since p and p — 1 are relatively
prime and [L: Q] < p(p—1), we have [L : Q] = p(p — 1). Hence Gal(LL/Q) is a group of
order p(p—1). To see what group this is, let ¢ € Gal(L/Q). We know that ¢ is uniquely
determined by

o(&) € (& 871}, o(¥2) e {V2.6V2.890,... g7}
In other words, there are integers 1 <i <p—1and 0 < 7 <p— 1 such that
0(§)=¢,  o(V2)=¢V2 (52)
We will denote this o by o; ;. The number of possible pairs (i,5) is (p—1)-p = p(p —1).
Since this is also the order of Gal(LL/Q), it follows that all possible pairs
()€ {L . p— 1} x {0, ..p—1) (53)

must occur in Equation 5.2. In order to determine the group structure, we need to
compute the composition of o; ; and o, ;. This is done as follows:

053 0 0rs(&) = 0i5(&) = (0:(&)) = (&) =

__¢ir

0150 015 (V2) = 07 ;(£5V2) = (04,1(&,)) 00;(V2) = (£)*(EV2) =
_ €;s+j 2.
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The computation suggests that
0i,j © Or;s = Oirjis+j

Unfortunately, the pair (ir,is + j) need not lie in Equation 5.3. We can resolve this
difficulty by realizing that for i € Z, f; depends only on the congruence class of ¢ modulo
p. If we set s =¥, \ {0}, then for

(a,b) € F) X Ty,
we can define 0, to be the element of Gal(LL/Q) such that

O.Chb(gp) = 527 Ua,b(\’/é) - Ez{'/ﬁ

Then the above computation shows that 0,5 0 0cq = 04caars- Hence the Galois group
is (F» x Iy, %), where the group operation * is such that (a,b) * (c,d) = (ac,ad + b);
the identity element is (1,0) and the inverse element of (a,b) is (a™',—ba™!). The
composition formula leads to a geometric description of the Galois group Gal(IL/Q).
Given a, b € F, the function v, : F, — F, defined by v,,(u) = au + b is an affine linear
transformation, and it is a bijection if and only if a # 0. All such ~,; form a group of
order p(p — 1) under composition, and it is called AGL(1,F,), the one-dimensional affine
linear group modulo p. An easy computation shows that

Ya,b © Ve,d = Vac,ad+b-
Thus the map o, — 74, gives an isomorphism

Gal(L/Q) = AGL(1,F,)).
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