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SOMMARIO
La tesi presenta il criterio di regolaritd di Wiener nell’ambito classico
dell’operatore di Laplace ed in seguito alcune nozioni di teoria del
potenziale e la dimostrazione del criterio nel caso dell’operatore del calore;
in questa seconda sezione viene dedicata particolare attenzione alle formule
di media e ad una diseguaglianza forte di Harnack, che risultano

fondamentali nella trattazione dell’argomento centrale.
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Introduction

The classical Dirichlet problem offers two sides, the first is the deter-
mination of the harmonic function corresponding to given boundary values,
while the second is the analysis of the behaviour of this map near the bound-
ary. Both Norbert Wiener and Henri Lebesgue pointed out this aspect of
the problem in 1924 and in the same year the first one came up with a brand
new characterization of regular points ([21]), i.e. a point zp € 9Q (@ C R"

open set) is regular if and only if the series

oo

Z)\k cap(2°N {)\k L )\kH})

k=1
diverges for some A > 1, where cap(-) is the Choquet capacity. The first
chapter of this thesis shows the basic definitions and the main concepts of
potential theory for the Laplace operator A, some properties of the Cho-
quet capacity, then goes through some other characterizations of regular
points and ends with the already mentioned Wiener’s criterion. In the sec-
ond chapter some more recent results are presented: the heat operator (and,
in general operators of parabolic type) shows some basic features that are
deeply different from the laplacian and needs a different approach. A whole
potential theory was developed and the corresponding Wiener’s criterion
was stated. The works Bruno Pini were fundamental in the development of
this field: in his work [14] of 1951 for instance, he proved a mean formula
for the solutions of some parabolic operators by using the level surfaces of
the fundamental solution. These formulas were used to characterize tem-
peratures in a new way (see [16]). The formula proved by Pini was later
extended to the case of several spatial dimensions later by Montaldo (1955),
Fulks (1961) and Watson (1971); in this thesis we will show that it has a



fundamental role in the proof of the criterion. Another pillar of the heat
operator theory is the Harnack inequality, proved indipendently by Pini and
Hadarmard in 1954.

The criterion for the heat equation takes the following form: a point zg €

00 C R™"! (Q bounded open set) is regular if and only if the series

oo
Z)\k capy (Q°N N > K (29 — 2) > AF}) = 400 for some A > 1
k=1

where K is the fundamental solution with pole at (0,0) and capy is the

thermal capacity, analogous to the Choquet capacity of the theory of har-

monic functions.

In his investigations, Pini was able to give several sufficient conditions of

regularity and irregularity for some open subsets of R™*!, but it was in 1973

that Ermanno Lanconelli ([11]) proved the necessity of the criterion for any

bounded open set © C R™!: the proof of the criterion was completed later
in 1980 by Lawrence C. Evans and Ronald F. Gariepy ([4]), who used some

mean formulas and a kind of strong Harnack inequality.
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Chapter 1

Wiener’s criterion for the

Laplace operator

1.1 The Perron-Wiener-Brelot method

Let Q C R™(n > 2) be an open set and f a continuous function on 0€;
we denote by U(€2) the set of all superharmonic functions on €2 and by £(1)
the set of subharmonic functions on Q'. Call the objects

Hy=inf{v € u(Q)’lflzlan infu(y) > f(x) for any = € 90}
y—x

H; =sup{v € L(Q),lsiglyilfv(y) < f(z) for any x € 00}

respectively the upper solution and the lower solution to the generalized

Dirichlet problem with boundary value f:

Au=0 on
u=f  on 0N

(1.1)

It happens that H ; < Hj if  is a bounded open set (see [9], lemma (8.2)).
A function f € C(99) is called resolutive if Hy = H; =: Hy and they are
finite-valued. Omne can prove Hy is harmonic (see for example [1], chapter
6); Hy is called the Perron-Wiener-Brelot solution to the Dirichlet problem
(1.1).

"We ask superharmonic functions not to be identically +oco on any component of €.



Wiener proved that every continuous function defined on the boundary of a

bounded open set is resolutive (see [9], theorem (8.11) for a proof).

1.2 Preliminaries

In all our discussion we will be working in R"™ with n > 2. Let ¥ C R"”

be a compact subset of Q. Pick u € U(£2),u > 0 and put:

¢Y% == {ve U(R") :v >0o0n R", v >wuon F}
RY%(z) := inf v(x)

vedy

RY is called the reduced function (or réduite) of u relative to F' in R™.

In general, R is not lower semicontinuous (1.s.c.): consider the fundamental
solution Uy(z) = |z — y|?>™ with pole at y, take @ = R", F = {y}. Then
one has

0 TFY

+oo =y

R’ (z) =

and hence it is not l.s.c..
This is why we define the regularized reduced function (or balayage) of u

relative to F on R™ as:

~

Ry (x) = lilgi)iglcaf R (y) zeR"

From now on we will denote by Wr = R};, Vi = f{}; where F' is a compact
set as above. Let us state some basic properties of these new objects.
Lemma 1.2.1. With the same notations as before:

(i) 0 < Vp <Wp<1.

(ii)) Wp =1 on F.
(iii) Vi = Wp on int F U F€.

(iv) One has

lim Vp(y)= lim Wg(y)=0

Q3y|—o0 Q3y|—o0

except for a polar set (see the definiton later).



(v) Vr is superharmonic on 2 and harmonic on F°.

Proof. Since 1 € ®L,, by definition of V and Wr one sees immediately that
Ve < Wpg < 1. Plus, as the elements of @}; are non-negative, one must have
Ve > 0. By definition, it is obvious that Wr =1 on F, as v > 1 on F for
any v € (ID}F; as W is constantly 1 on int F', Vr must be identically 1 there
as well.

Helms proves the rest of this theorem in [9], chapter 7. O

Denote by M (F) the set of all non-negative Radon measures with sup-

port contained in F. For any u € M*(F) we define the u-Green potential:
Gu(w) = [ o= sPduty)
Now set:
cap(F) = sup{u(R") : p € M*(F),G,, <1 on R"}
Theorem 1.2.2. For any compact sets F, F' C R", one has:
(1) cap(F) < oo.
(i1) cap(F U F') < cap(F) + cap(F").

(iii) If F C F' then cap(F) < cap(F").

o
(iv) If {F; }ien is a decreasing sequence of compact sets and F = ﬂ E, one
=1
has lim cap(F;) = cap(F).
l—o00

Proof. (i): as F' is compact, we can pick xg € F°. Then z — G(zg,z) >0
is harmonic on a neighbourhood of F' and hence by maximum principle
G(zg,z) > € > 0 on F for some €. Set a := in%G(mo,x) > 0; for any
e

p € Mt (F) such that G, <1 one has:

on(F) = int Glao.o) [ dn(o) < [ Glanp)duly) = Gulan) <1 () <
and this proves the finiteness of cap(F).

(ii): pick one u € M*(F U F’) such that u(R"™) = cap(F U F’). Obviously
e € MT(F), Gup < Gu < 1 and the same happens for y1p; hence we have

cap(FUF") = u(FUF") < u(F) 4+ p(F") < cap(F) + cap(F")

QIr



(iii): this holds because
{u e MT(F),G, <1on R”} C {,u e MH(F'),G, <1on R”}
(iv): see (?7), theorem (5.4.2) for a proof. O
We now state a very important result.

Theorem 1.2.3. Let F C R" be compact. There exists a unique p* €
M (F) such that:

(i) G = Vp.
(ii) cap(F) = p*(R™).
(iii) G, < Gy~ for any p € M (F) such that G, < 1.

We call p* the capacitary distribution of F' and Vg the capacitary poten-
tial for F.
It is possibile to define a capacity for any subset E of R"™; we call inner

capacity of E the quantity:
cap, (E) = sup{cap(F') : F C E, F compact}
Similarly, the outer capacity of E is defined as
cap*(FE) = inf{cap,(U) : E C U,U open}

A set E C R" is said to be capacitable if cap,(FE) = cap*(E) and we call
capacity of E the quantity cap(F) := cap, (FE).

Lemma 1.2.4. All open and compact subsets of R™ are capacitable.

Proof. If U C R™ is open, cap*(U) = cap,(U) by definition. Let FF C R”
be compact; obviously cap, (F') = cap(F) accordingly to the definition of
capacity of compact sets given at first. For any € > 0, there exist U so that
if F' is compact and F' C F’ C U, one has cap(F’) < cap(F') + e. Hence:

cap(F') = cap, (F') < cap,(U) = sup cap(F") < cap(F) + e
Frcu



For any open set V such that F* C V C U one gets cap, (F) < cap, (V) <
cap, (U) and therefore

cap(F) = cap,(F) < inf cap, (V) = cap™(F) < cap,(U) < cap(F) +e

This is true for any € > 0, so cap(F') = cap*(F). O

If w C R™ is such that cap*(w) = 0 we call it a polar set.

Lemma 1.2.5. If w C R” and u > 0 is a superharmonic function on R™ it

occurs that

R! =R

w w

except for a polar set Z C Ow.

Proof. See [9], corollary (7.40). O

1.3 Characterization of regular points

Let Q C R™ be an open set. A function w is a barrier at xg € 0% if it
is defined on W N for some neighbourhood W of zy and has the following

properties:
1. w is superharmonic on W N €.
2. w>0o0on WNQ.

3. lim  w(z) =0.
WnNQsz—xo

If zp is a limit point of Q, we say 2 is thin at zq if there exist a su-
perharmonic function u on a neighbourhood of gy such that 0 < u(zg) <
liminf  wu(z) = +oo.
Q3z—z0,2#£20
Lemma 1.3.1. Let Q be thin at the limit point xq; then

Vi@ (20) — 0 forr— 07"

where F(r) = QN B(xg,r).



Proof. By definition we know there exists a superharmonic function u such
that
0 <u(zg) < +oo= liminf wu(x)
Q3z—z0,x#£T0
. u(zg)
Choose € > 0; we can pick r > 0 so that u(x) > —= forall z € F(r)\{zo}.
€
The set {wg} has capacity zero, hence Vi) = Vp)\ (a1 (se€ [1], theorem

u(x)
(o)

in particular Vi (zo) < Vipey(zo) < € for any 0 < v' < r, as F(r) is a

(5.3.4)). By lemma (1.2.1)-(i) we know Vgq)(z) < € on F(r) and

e

decreasing sequence. ]
Lemma 1.3.2. IfQ is not thin at vg € 09, then Vi (wo) = 1 for allT > 0.

Proof. If © is not thin at xg, by definition this means that for any super-
harmonic function v defined on a neighbourhood of zg, at least one of the

following statements holds:
(i) u(xg) = +o0.

(i) w(zo) > Qaiiig(i)%f#xo u(z).

(i)  liminf wu(z) < 40
Qox—z0,2#%0

If we pick u = Vp(), we know the only possible case is 1 > u(xg) >

liminf w(z) =1, hence Vp(,y(wo) = 1 for any r. O
Q3z—z0,2#£T0

We say that the function u : D — [—o00, +00| peaks at xo € D if
sup{u(z) : @ € D\ B(zo,7)} < u(xo)
for all r > 0 such that D\ B(zq,r) # 0.

Theorem 1.3.3. Let FF C Q and u > 0,u € U(Q). Assume u peaks at
xg € Q and u(xg) < 0o. Then F is thin at xq if and only if f{ff(y) < u(y).

Proof. See [1], theorem (7.3.4). O

Theorem 1.3.4. Let Q) be a bounded open set that has a Green function

and xg € 0). Then the following statements are equivalent:

(i) xo is a regular point.



(i) There exists a barrier at x.
(iii) Q° is not thin at x.

Proof. (1)< (ii): suppose at first ¢ is regular and consider the map w(x) =
|zg — x|,z € 0Q; then by maximum principle the harmonic solution H,, is
such that Hy,(x) > |z—xp| > 0 for any = € Q and if we prove Qalglﬂrgxo Hy(x) =
0, we can say it is a barrier at xg, but this is true as by assumption, we know

lim Hy(x) =w(xg) =0, because w is a continuous function on 052. Now

Q>z—x0
suppose there is a barrier at xg; for any bounded f on 0f2 one has

limsup H ¢(z) < limsup f(z)

Q3z—x0 0Ndx—x
lim inf H > liminf f(z
Q3z—x0 f( ) 0Ndr—xo f( )

(see [9], lemma (8.20) for a proof). If f is continuous, by applying this last

statement we get

liminf H(z) < limsup Hf(z) < f(zo) < liminf H(r) < liminf Hy(x)

Q3z—x0 Q3z—x0 Q3z—x0 Q3z—x0

hence lim Hy(x) = f(zo); as hmmf Hy(z) < hmmf H¢(z) one can
Q3z—x0 T—T0 Q3z—x0
conclude that also _lim H(z) = f (o), hence zg is a regular point.
Q5x—x0

(i) (iii): assume Q° is not thin at o and consider the ball B = B(xo, 1).
Define the positive superharmonic function u(x) = 1 —|z —z¢|? on B (Au =
—2n < 0); now build the positive superharmonic function w := u — A}‘lcm B
where the balayage is with respect to B. w has to be strictly positive on
B N Q; in fact, if there is x € B N such that w(z) = 0, by maximum
principle w = 0 on all BN, hence u = 1?{6603 there and by lemma (1.2.1)-
(v) v would be harmonic on BN, but this would be a contradiction since
Au < 0 there. As u peaks in zg, theorem (1.3.3) and the assumption imply
that w(xzg) = 0, therefore w is a barrier at zp and this implies x( is regular.
Suppose now xg is regular. Pick 7’ small enough so that ' := QU B(xq, ")

still has a Green function; for each 0 < r < 7’ define

1 x€9QU B(xg,r)
0 z€dQ\ B(xg,r)

fr(z) =



Call E(r) the compact set B(zg,r) \ . Taking the reductions with respect
to €' and recalling lemma (1.2.1):

1= Vg (@) = Wy (2) 2 Hy,(z) € int(E(r))

As z( is regular, we have o lim Hy (x) = fr(zo) = 1 hence Vg, (z0) =1
2T—T0

for all 0 < r < 7/; by lemma (1.3.1) we know Q€ is not thin at xo. O

We can now state a very important result that has an analogy in the the-
ory of the heat operator (see lemma (2.3.2), chapter 2) that is a fundamental

tool for various proofs.

Lemma 1.3.5. If Q) is a bounded open set with Green function, xy € 02 is

reqular if and only if
Vi@ (xg) =1 Vr >0

Proof. 1t is enough to put together the results of lemma (1.3.1), lemma
(1.3.2) and theorem (1.3.4). O

Theorem 1.3.6 (Wiener’s criterion). Let @ C R™ be a bounded open set
and xo € 0. Then xq is a regular boundary point of Q if and only if

o
Z Meap(QN A < |z —2)> " < M) =400 for some A > 1
k=1
Proof. Suppose at first that
o
Z M cap(Cy) < 400
k=1
where we call Q°N{\F < |z — 20|>7" < M+ =: C). As the regularity is a
local property, we can assume ) C B := B(zg,1). Let {¢}; be a sequence
o
of positive numbers such that Z)\kek < oo; for any k € N call u the

k=1
capacitary distribution of the compact set Cj, and V;, = G, its capacitary

potential; recall that p(R™) = cap(Cy). Then
Vioo) = [ Iy = 2P din(y) < N cap(C)
k

8



o
x — x| =A3n

Figure 1.1: Proof of theorem (1.3.6).

As by assumption the series converges, we can choose k so that

Vi(zo) < A*) cap(Cy) < 1
Jj>k
and by lemma (1.3.4) this makes us conclude that z( is irregular.
Assume zg is irregular; by thereom (1.3.4) this tells us there is a super-
harmonic function uw such that 0 < u(zp) < 400 =  liminf  wu(z); call
Q>x—z0,2#£20
ap = i(171f u and fix arbitrarily a positive number a. Set
k

Vi ={z:v(x) >ap —a} DCy

Up = Ve N{A* < |z — 2> " < X1} D Gy

If we prove Z)\k cap*(Ux) < oo we are done, because Cy C Uy, Vk. Let

k=1
o0
{e1}1 be a sequence of positive numbers such that Z)\kek < 00 and for
k=1

any [ € N pick a compact set K; C U; such that cap*(U;) < cap(K;) + ¢
(o]

(see figure 1.3.6). Then we need to prove Z M cap(K;) < oo. To do that,
=1



consider the six series:
o0
> X cap(Kery) j=0,1,---,5
=1

If they all converge, we are done; pick, for instance, j = 0. Note that

Kg C Ug C {()\3)2l <|z-— x0’2—n < ()\3)2l)\}
c {)\—1(}\3)2l < ’x_x0‘2—n < )\2()\3)21} — {()\3)2l < )\’x_x0’2—n < ()\3)21—%1}

(1.2)

Let I, 7 € N and consider the three cases:

[= Kg C {(N)% < N — a0~ < (W) H1
1> = (OB > WP Ky € (V)Y < Mo — o™ < (AP 1)

L<j = (WO < (8 Ky € {00 < Mo — P < (W)

In particular one sees that the sets Kg;,l > 1 are disjoint; call K := {z¢} U

(U Kl). K is cleary bounded and it contains all its limit points, therefore
I>1
it is compact. Call w = R}; as u(zg) < oo and w < u, we have w(zg) < oo.

Let p be such that w = G ,; 1 has support in K and ,u(B\U K;) =0, hence
>1
we can write

w(z) = / |z — y[* "duly) + / |z — y[*"du(y)
KGj 1#5 Kl

Since U K; € BN{(A)% < Az — 2o/ < (\3)# 11} there is a constant

I#j
B = B(A, ) so that

/ o — y[Pdp(y) < B

Ui Ki

(see lemma (10.20) in [9]). This implies

w(z) < 5+/ e —y|*duly) =€ BN{(V)Y < |z -z < (A)H A}
Kﬁj

By lemma (1.2.5) we know w = u except for a polar set Z C 0K recall that

by definition © > aj —a on K and o j_)—o>o 400, S0 lim w(z) = 400.
(K\Z)>z—z0

Pick a positive integer ¢ so that ¢ — 5 > € > 0 for some €. By what we have

10



proved above, there is jo such that w(xz) > ¢ for v € Kgj,j > jo except for

a polar set. Therefore
/ |z — y[>"du(y) > € x € Kejj 2 Jo
Kﬁj

Claim: p(Kej) > ecap(Kg;) for all j > jo. Call u* the capacitary distribu-
tion of Kgj; then

(Kej) = dp > / Gurdp = / Gpudp* > ecap(Ke;)
Ke; Ke; Kg;
therefore
> A u(Kes) > ey XY cap(Ke) (1.3)
J=Jjo J>jo

Notice that

S 0us) < X [ oot < [ oo - o)

J=2Jjo J=jo
and
0> w(ao) = [ o= a0l "du(o)
therefore the original series converges. O

11
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Chapter 2

Wiener’s criterion for the

heat equation

2.1 Preliminaries

In this chapter we would like to show the proof of the Wiener’s test in

the case of the heat operator:

H=0—A,
in R? x R;. We denote by
1 a|?
7"/26_% t Z 0
K(z,t) = ¢ (47%)
0 t<0

the fundamental solution of the heat operator with pole at (0,0).

The next definitions and notions are parallel to the ones of the potential
theory of the Laplacian. Fix a bounded open set 2 ¢ R*+1,

A function u € C?(Q) is said to be a temperature in Q if Hu = 0 on .

A bounded open set U C R""! is H-regular if for each f € C(QU) there

exists a unique temperature H}] such that

zh—{l;o H][c](z) = f(z0) Vzo € OU

Any u such that

(i) —oo < u < 400, {u # 400} is a dense subset of Q.

13



(ii) w is lower semicontinuous.

(iii) If U c U C Q is a regular open set and f € C(9U) is such that f <u
on OU, then H}J <wuonU.

is called supertemperature on Q. We denote by Ur(Q2) the set of all su-
pertemperatures on €.

u is a subtemperature if —u is a supertemperature and we denote by L (2)
the set of subtemperatures on §2.

Fix f € C(052). We define the generalized solution in the sense of Perron-
Wiener-Brelot-Bauer of the Dirichlet problem

Hu=0 on{
u=f on 0f)

(2.1)

to be

H}) =inf{u:ue UT(Q),}Zim inf u(¢) > f(z0) for any zy € 00}

3(—20

The function H? is a temperature but it can happen that it does not take
continuously the given boundary values; for this reason we introduce the

following notion: a point zg € 0f2 is said to be reqular for € if

im HP(C) = f(z0) VfeCOQ)

Q3(—z0
Pick a closed K C €2; then we denote by

MV (K) = {u : p is a nonnegative Radon measure on R"™* suppp ¢ K}

For any p € M*(R"!) we define the p-potential:

Ku(z) = K(z = ¢)du(C)

Rn+1
where K(z) = K(x,t) is the fundamental solution with pole at (0,0). Now
let F be a compact subset of R"*!; the thermal capacity of F is

capy (F) = sup{u(R"™) : p € M¥(F), K, <1 on R™*1}

For zy = (xg,t9) € R™*! and ¢ > 0, we define respectively the parabolic ball

and the parabolic sphere centered at zy and with radius ¢ to be:

Q(z0,¢) = {z e R" : K (20 — 2) > (4m¢)"?} (2.2)

14



U(zp,¢) = {z € R : K (20 — 2) = (4mc)"™?} (2.3)

and build the analogous anulus as in the case of the laplacian:

A(zg,¢) = Q(z0,¢) \ Q20,¢/2)
The aim of this chapter is to prove the following result.

Theorem 2.1.1 (Wiener’s criterion for heat equation). [Lanconelli - Fvans
- Gariepy] A point zy € O is regular if and only if

oo

Z 2k1/2 cap i (Q° N A(20,27%)) = +o00 (2.4)
k=1

or, equivalently

Z Mocapy (Q° N AL > K(z9— 2) > M}) =400 forany A >1 (2.5)
k=1

One of the key ideas was to notice that the anuli used in the criterion
for the laplacian were the level surfaces of the fundamental solution; for this

reason we have defined the A(zp,c)’s.

2.2 Properties of thermal capacity and potentials

We want to show some useful properties of these two important concepts.
Lemma 2.2.1. For any compact sets F, F' C R and X\ > 0, we have:
(i) capy(F) < oo.
(ii) (subadditivity) capy(F U F') < capy(F) + capg(F’).
(iii) If F C F' = capy(F) < capy(F’).

(iv) Denote A\F = {(Az,\*t) : (z,t) € F}; then capy(AF) = A" capy (F).

o0
(v) If {F;}ien is a decreasing sequence of compact sets and F = ﬂ Fy, one
=1

has llim capy (F;) = capy(F).
—00

~

(vi) Denote by F = {(z,t) € R"™! . (z,—t) € F}; hence capy(F) =
capp (F).

15



(vii) capy(z0 + F) = capy (F) Vzo € R*1L
(viii) capy({z}) =0 Vz e R

Proof. (i): as F' is compact, we can pick zy = (zo,%p) so that to > ¢ Vt :
(x,t) € F; a := i%fK (z0 — z) is strictly positive. Therefore for any p €
MT(F) with K, <1 one has

QI+

an(P) = [ inf Koo = 2)du(c) < K,(e0) < 1 cap(F) <

(ii): the proof is the same of theorem (1.2.2)-(ii).

(iii): the statement follows from:
{u e MH(F), K, < 1} c {u e MH(F), K, < 1}

(iv): it is easy to check that K(\z,A*t) = A\""K(z,t) for any (z,t) €

R X > 0.

(v)-(vi): see [?] for the proof on these statements.

(vii): this is obvious as every pu € M*(F) is invariant under translation.

(viii): by (vii) it is enough to prove that capy({0}) = 0. Consider the
o0

decreasing sequence { F,, }, where F}, = Q(0, ¢,) and ¢,, = 2"; then ﬂ E, =

n=0

{0} and by (v) we have

cappr({0}) = lim capy(Fy) = lim 27 capy(Fy) =0

n—oo

Let F C R™! be a compact set; we define

Pp = {velUrR"):v>0,v>1o0n F}

ne(z) = inf v(z)

We also denote the lower semicontinuous regularization of np in Rt by:

Cp(z) == lgfol <w€i§(fz’e) 77F(w)> = lim inf np(w)

The theorem that follows collects several properties that will be fundamental

in the proof of the final result.
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Theorem 2.2.2. For any compact set F C R one has:
(i) 0<(p <np <1 onR"L

(i) np = (r on (OF)C.

(iii) np =1 on F.

(iv) |21|11>110077F(2) = ‘Zl‘igloo Cr(z) = 0.

(v) Cr is a supertemperature on R" ' and a temperature on F°.

(vi) There exists a unique i1 € MT(F), called equilibrium measure, such
that:

Cr = Ky (equilibrium potential)
(R™) = capy (F)

HCp =i in the sense of distributions on R"1

K, < Ky for all p € MH(F) so that K, <1

Proof. For (i) and (iii) we can refer to the proof of lemma (1.2.1) in Chapter
1.
The other statements are proved in (?7), p. 86-88. O

Remark 2.2.3. Thanks to lemma (2.2.1)-(vi) we can state the existence

and uniqueness of i € M1 (F) and a lower semicontinuous function fF, 0<

(r <1, such that

AR™M) = capy (F) = capyy (F)

Hu = [ in the sense of distributions

where H = —0y— A is the backwards heat operator. We call fi, f 1 respectively

the backwards equilibrium measure and the backwards equilibrium potential.

17



Figure 2.1: Section 2.3: the generic set Q(c).
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2.3 Properties of the sets Q(c)

It is not restrictive to suppose zp = (0,0) in our discussion. Recalling

definition (2.2), we can rewrite:
Q(c) :== Q0,¢) = {(z,t) : —c < t <0, |z|* < R(t)*}

R.(t) = {/2ntlog (%t) being the radius of the spherical cross section of Q(c)
at t. Notice that:
R.(0) = R.(—c) =0

. . —c  [2nc
R, attains its maximum at (—, —)
e e

Remark 2.3.1. For any ¢ < ¢p one has Q(c1) C Q(c2).

Proof. This is a simple calculation: there is no —¢; < t < 0 such that
R, (t) = Re,(t). Indeed

t t
2ntlog<— —> :2ntlog<— —> S0l =y
(4] C

2
O
Lemma 2.3.2. The point 0 € 02 is reqular for Q if and only if
Carncn(0) =1 YR >0
where Cr := {(x,t) : |[z| < R, —R? <t < 0}.
Proof. See lemma (1.3) in [11]. O

We now want to report a deep result concerning temperatures that will

be generalized in the next section by theorem (2.4.1).

Theorem 2.3.3. Let u be a continuous function on the open set D C R**1;

the following are equivalent:

(i) u is a temperature on D.

(ii) For each zy = (xo,t0) € D one has

1 |z — @o|?
= t)———dxdt
wUa0) = {meyr /mzo,c) wle ) gy

whenever Q(zp,c) C D.
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2.4 Mean-value formulas and strong Harnack in-

equality

Before stating the main results of this sections, we would like to premise
a very important theorem that is a generalization of the classical mean

formula for temperatures.

Theorem 2.4.1 (Pini - Fulks - Watson). Let u € C®(R"*!) and let z €

R+, For almost any ¢ > 0 one has

_/@( )u(g)(VgK(Zo—C))'ﬁﬁ(odHn(o

= u(zp) + /Q( )Hu(z)(K(zo —2) — (4me) ) dz  (2.6)

where (ﬁg, N.) is the outer normal to the surface ¥(zg,c).

For every ¢ > 0 we have

1 oy T =l
telr0) 1= T A e ™ )4< L

_ 2 / /2 / (zo—z)—(47rl)_"/2)dz# 2.7)

Proof. First note that for every u,v € C®

vHu — uHv = v(du — div(Vu)) — u(—dw — div(Vv))
= div(uVv —vVu) + 9 (uv) (2.8)

Consider a generic bounded piecewise smooth domain in R™"! := R™ x R~
and denote by N(z) = (ﬁg(z), N.(z))) the outer normal to 9D at the point
z; pick the (n 4 1)-dimensional vector field F = (uVv — vVu, uv) and apply
both (2.8) and the divergence theorem:

/diVF(z)dz:/(v(z)Hu(z)—u(z)ﬁv(z))dz
D D
~ [ F )N
oD
— [ (Vo o9u)(). Ne(2) + u(a)o() Ve (2) ) dHa(2) - (29)
oD
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As K(z — ) € C®°(R" 1\ {2}), by applying Sard’s theorem (see [17] for
a reference) we can state that for a.e. sufficiently small ¢ > 0, ¥(zg,c) is a
smooth n-dimensional manifold in R™*! and it is the boundary of Q(zo, ¢);

fix such ¢. For each s € (tg — ¢, tg) set

Qu(20,¢) = {(2,1) € Q20,¢) : t < s}

Is(z0,¢) = {(z,t) € Q(z0,¢) : t = s}

Vs(20,¢) = {(2,t) € ¥(z0,¢) : £ < 5}
If we take D = Q,(20,¢),v(z) = K(z — 2) — (4me) ™2 and u € C®(R"H1)
in formula (2.9), recalling that H (K (zy — z)) = 0 for all z € R"*1\ {2}, we
get:

/ (K (20 — 2) — (4mc) ™2 Hu(z)dz

Qs(z0,c)

= / (uV (K (20 — ) — (K (20 — ) — (47¢) /) V) - NedH,,
W, (20,¢)UIs(z0,c)

+ / (K (20 — ) — (4mc)~"/2)N,dH,,
W (z0,c)UIs(20,¢)
as on I(z0,¢) : Ne =0, N, = —1 and on W,(29,¢) : K(20 — 2) = (47e)/?

__ / W)V K (20 — 2) - Ne(2)dH(2)
W (20,¢)
- / w(2)(K (20 — 2) — (4¢)~"/2)dH, (2)
Is(20,¢)
Now let s — 2

/ (K (20— 2)— (4m¢)~"/2) Hu(2)dz = —u(z0)— / W(Z)VeK (20—2)- Ne(2)dHn (2)
Q(z0,¢) ¥(zo,c)
Now we want to obtain (2.7) from (2.6). To do that we will need the
coarea formula by Federer (see [7], theorem (3.2.12)), that states the follow-
ing: if f € LY(R"!), g € Lip(R™*!), then
+oo

/Rnﬂ f(2)|Vzg,0rgldz = /_Oo (/gl(a) f(z)dHn(z)>da (2.10)

or, in an equivalent form,

oo z
/RW f(z)dz = /_oo (/g:a %dﬁ[n(z))da (2.11)
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Now take (2.6), multiply both sides by I=1+"/2 and integrate between 0 and

oo L dl
/ e s MOV Co =) Ne(Qatn( O

—u(zo)c"/2 —i—/ l"/2/ Hu(z)(K(z) — 2) — (4716)_"/2)alzﬂ
0 K>(arl)/? !

(2.12)
where we denote by K = (471)"/? and K > (4nl)™? the sets ¥(zg,c) and

(20, ¢) respectively. We would like to apply (2.11) to the left-hand side:

dl
set a = (471)~™?; then da = —gT(4Wl)_"/2. Putting this in (2.12) and

applying the coarea formula:

o L dl
[re ] o MOVER G0 =) Ne(Qat () 7

21y ! VK (s~ )P
~a (@) /<4m>n/z 7 O i

271\ |zg — z|?
N ; (E) \/[{>(47TC)"/2 U(Z)4(t0 - t)2d2

By putting this last form in (2.12) we prove the thesis. O

We are not ready to state one of the main results of this chapter; indeed,
the proof of the Wiener’s criterion for the heat equation is mainly based on
two lemmas: the following and one strong Harnack inequality that we will

show later.
Lemma 2.4.2. If u: R"™' — R is smooth, then

(i) the average

_ 1 |z

is differentiable for ¢ > 0.

(ii) Explicitly:

/ _ n RC(t)z B ’x‘2
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(iii) There exists C1 > 0 that only depends on n such that if Hu < 0 in
Q(2¢),c¢ > 0 then

Ci
6(26) = 9(0) 2 1 /Q e D)

Proof. 1f we consider the change of variable (z,t) 3 (v/cx,ct), we notice
that D(2(c)) = (1) and hence:

o) = g [, VR e et i = |

Q(1)

u(v/c€, er) @dde
) 7_2

By applying theorem (2.3.3) to the temperature v = 1 (with zp = 0) one

2
sees that / Qdde = 2"277/2. by this and the fact that u is smooth
Q) T

on R"™! and (1) is compact, we know the integrand function is integrable
on (1) with respect to variable (£, 7), hence we can differentiate under the
sign of integral. Notice that ¢(c) = 4(4m)"/?u,(0); if we differentiate (2.7)

with respect to ¢ we get:

Lell) _ (2 1oz /O "2 /Q RGO (4l) /)=

dc 2

+ 5 [ Hu(2)(K(=2) = (4mc) /2)dz (2.13)
CJQ(e)

By Tonelli’s theorem one has

"2 u(z —2) — (4ml) ™2 zﬂ
J e [ R ) — )

= u(z ) 2K (—z) — w_"/zﬁz
|, e | "2 (—2) — () ) T

(4m)n /2 K (~z)) =2/

1 i|l:C

2
Hu(z) [K( Z)nl (4)n/2 log! I=((4m)"/2 K (—2))~2/" ’

Q(e)

2 2
= — n/2 H K(—-2)dz — ———— / H d
C u\z z)az ulz)az

_L u(z)lo )2 K (—2))dz
n(dm )2 /Q(C)H()lg(@l V2K (—2))dz (2.14)

By putting this in (2.13) we finally get:

1 duc(0) _ n

- - /(C) _ Z%e\Y) Rc(t)2 - |$|2
4(4mc)n/? de 2¢

(471'6)_”/2/ Hu(z)——————dz
Q(c) 4t
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We just need to prove (iii): assume Hu < 0 in ©(2¢). Hence

2c n 2c s 2 _ T 2
oot = [ o= [Tt [ ( )(—Hu(z»wdzds

. 2 gl+n/2

As the integrand function is positive and (c/2) C Q(c) C Q(s), we get

2¢ Rc 2 2
#(2¢) — ¢(c) > E/c 81+71"/2/Q(C/2)(_Hu(2))ud2d8

2 —
n % 1 / Re(t)* — R (t)?
> — —_ —Hu(z 2 dzds
5| [, O
R.(t)? — Re(t)?
By simple calculation one can see that — 2 = 2nlog 2, therefore:
n 1 2
#(2¢) — é(c) > 5(271 log 2) RE (/Q(C/z)(—Hu(z))dz> (/C gds)
= S—/l2/ (—Hu(z))dz
¢ Q(c/2)

O

Before going further, it is useful to remind the classical Harnack inequal-

ity for the heat equation, for which one can refer to [3].

Theorem 2.4.3 (Pini-Hadamard). Let

p>p >0

t1 >t >t3 >t >0

and set

R={(z,t):|zj| <pj=1,---,n0<t <t}
R~ :{(.Z',t) : ‘Z']‘ <Pl,j: 17 7n7t4 <t<t3}

R+ E {(ﬂj‘,t) : |3§‘]| <Pl,j: 17 ’n7t2 <t<t1}

Then there is a positive constant C such that, for every non-negative tem-

perature u on R, one has:

supu < Cinfu
R- Rt
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Figure 2.2: Proof of lemma (2.4.4): the cylinders C,C".

Now set
3 3 , t
Qo) = {(a,t) €Q(e) s —e <t} = {(x,t) i —Ze <t <0,J2f> < 2ntlog <_2)}

We are now ready to state the other important result that will be crucial

for the final proof.

Lemma 2.4.4 (strong Harnack inequality). [Evans - Gariepy] Let u >0 a
solution of Hu = 0 in Q(2¢),c > 0 and suppose u € C(9Q(2¢c) — {0}); then

there exists a constant Co > 0, depending only on n, such that

][ u($,—§)dx§C’2 inf wu (2.15)
\ng% 2 Q(3c/4)

(here { denotes the n-dimensional integral average.)

Proof. Consider the change of variable (z,1) =t <%, E) Then D(Q(1)) =
¢ c

Q(c) and if w is such that Hu = 0 in Q(2), then H(uo D) =0 in D(Q(2)) =

Q(2¢). The conclusion is unchanged over the mapping D, therefore it is
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enough to prove the theorem in the case ¢ = 1. Thanks to homogeneity it

is not restrictive to assume

3
7[952@‘; u(a: —§>daz =1 (2.16)

We will prove that there is Co as in the statement, so that 1 < Cy Qi(g/i) U.
The proof is divided in two parts: at first we estimate infq3/4) u on PNQ(1),
where P is a paraboloid we will build, using the classical Harnack inequality,
then we find a lower bound in (1) \ P by building a particular subsolution
v and using the maximum principle on u/v.

Consider at first the cylinder C' C Q(2):
3
C:={(x,t): 5 < t < —1,|z> < —3nlog(3/4)}

We can state there exists a constant a; > 0 so that

u(z,t) > a1 >0 (z,t) e C’

) 3

C'={(a,t): =7 <t < —Llaf* < Z"} ccC
In fact, suppose this last statement is not true and that there is one point
z' = (2/,t') € C" such that u(z') = 0; thanks to Nierenberg maximum prin-
ciple we know u =0 on C N{(z,t) : t <¢'}. This would be a contradiction

of the assumption (2.16).

In the very same way, one can conclude there is ag > 0 so that

u(z,t) > ag >0 (x,t) e D:=Q(1)N {(:E,t) < —%} (2.17)

By theorem (2.3.3), for any (z,t) € L := {(0,t) : =1 < ¢ < 0}, one can

write:
1

— u(zx, s
4n/2 /Q((o,t),1/4) ( )(t —5)?

1

and since for any t € (— 2087 0), the Lebesgue measure of DN§((0,t),1/4)
e

is strictly positive, by (2.17) we have

|

u(0,t) = dxds

u(0,t) > ag >0 (0,t) e L
Define the truncated paraboloids:
1
P = {(m,t) Ce)? < —8nt,—e—8 <t< O}

1
Py = {(fﬂ,t) Cz? < ~16nt, ——5 <t < 0}
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Figure 2.3: Proof of lemma (2.4.4): the paraboloids and the cylinders.

As 2ntlog(—t) = —16nt just for t = 0,t = —e™®, we can conclude P, C
P, C Q(l)
Denote by S the closed cylinder

S :={(z,t): —b<t< —a,|z]* <c}
. 1 1
with a,b,¢c > 0 such that — < a < b < — and
2¢e8 ed
Pin{(z,t): —b<t<—a} C{(z,t): |z <d,—b<t<—a}
cSchPn{(x,t):—b<t<—a}
for some d € (0, c¢)(see figure 2.4.4). Now call h:=b —a > 0 and set
3 1
+ = f—a—~“h<t<-—a-—- 2 <
S {(m,t) a 8h_t_ a 8h,\x| _d}CS
_ 7 5 9
_ i—a—-h<t<-—-a-—- <
S {(ﬂc,t) a-gh<t<—a—Zhe] _d}cs
Theorem (2.4.3) tells us that there exists C3 > 0 so that

maxu < C3minu
S S+
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The constant C3 does not change under the dilatation (z,t) — (Az, A%t), A >

0, hence:

maxu < C3minu 0<A<1
AS— AS+

But for 0 < XA <1 one has LNAS™ # () and by what we have proved before:
a3 < Csminu 0<A<1 (2.18)
ASt+
1
For any (2/,t') € P, N {(a:,t) PooE < t < O} there exists A € (0,1] so
e

that (2/,t') € AS™, so by (2.18) one has u(2/,t") > %. By putting this last
3
remark together with (2.17) we get

uw(@', t) > ay >0 (', 1) € {(x,t) € Q(1), |z|* < —8nt} (2.19)

Now we need an estimate on W := Q(1) \ {(z,t) < —8nt} to complete
the proof. Consider the function ¢ : Rt — R, ¢(x) = arctan(z + 16) —
arctan(16); then for any z > 0:

¢(0) =0
0<p(z) <

o 3

¢'(x) >0

1
0<—¢"(@) < 5¢/(a)

The last inequality comes from the following fact: call x4 16 = t(= ¢ > 16)

and differentiate:

’ 1 " 2t
¢ (x) = - (x):m

2t 1
m < 3 & t?2 — 16t +1 > 0 and this is always true
when ¢ > 16. Now we can build the subsolution v as we anticipated at the

One has to prove

beginning of this proof:

_ (12 _
v(x,t) = gp( " 2n log( t)) (x,t) € Q1) (2.20)

Claim: Hv <0 on W.
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z*  4ny Az,
Ho= (- -7)¢ -5
( lz|2  4n 14]3:\2),
t2 t 8 t2

since |z|? > —8nt in W. As p(0) = 0, we have that
v=0 on 02(1) \ {0}

and

v < on {(z,t) : |z|* = —8nt}

ol 3

This and (2.19) imply
U _ 204 9
—-> — =« on {(x,t) : |z|* = —8nt}
v T

and by maximum principle we can say

u > au on all W (2.21)

Now let ©(3/4) N W and use the monotonicity of ¢:
2 t<0  2ntlog(—4
@(% —2n log(—t)) > @(M —2n log(—t))

- <p<2nlog (%)) — 5> 0

v(x,t)

Putting this last inequality, (2.17) and (2.21) we get:
u(z,t) > max {cu,aﬁ} >0 (x,t) € Q(3/4)

and this proves the assertion. O

2.5 Necessity of (2.4)

This part of the proof is taken from Lanconelli’s work (see [11]). Assume

Z 2112 cap 1 (Q° N A(27F)) < o0
k=1
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[ | Bi(R)
0 By (R)

Figure 2.4: Section 2.5: the sequence Bj(R).

where A(27%) = A(0,27%). Thanks to lemma (2.3.2) we need to find R > 0
such that (gency(0) < 1. Fix R > 0 and build the following sequence:

Bk(R) =A(2_k)ﬁQCﬁCR k>1
By(R) = (2N Cr)\ | Bu(R)
k=1

Denote by g the equilibrium measure of 2N Cr and set

ve =lipyr) k=20

Now let v}, be the equilibrium measure of By(R); by theorem (2.2.2)-(vi) we
have that K,, < K,, for any k since v, € M¥(By(R)) and K, < Kz < 1.
As
Q°nCr = Br(R)
k=0
using the sub-additivity property we get



In particular

K, (0) = K(=z)dv(2) :/B " K(=z)dv(z)  (By(R) C A(27Y))

R+
< (Z)"umm) = (2)" copn(mutn)

Putting the last two remarks together we get

[e.9]

1
Ty Z 2k1/2 cap (B (R))

Coency (0) < 2

1 1 - n c -
< R capy (Cr) + @n)2 ZZk 2 cap (€N A(27F) N CR)
k=1

hyp.
=: ¢(R) 2
As ¢(R) is increasing, by properties of the thermal capacity we can find R
so that ¢(R) < 1.

2.6 Sufficiency of (2.4)

The proof of the sufficiency was firstly given by L. C. Evans and R. F.
Gariepy (see [4]) in 1982. The proof is divided in several parts and strongly
relies on the strong Harnack inequality we showed before (theorem (2.4.4))
and on the average formulas of lemma (2.4.2) as we will soon see; this proof
was completed in details also following the work of N. Garofalo and E.
Lanconelli (see [8]).

Suppose that
00
> 252 cap (0N A27F)) = 400 (2.22)
k=1
We want to prove 0 is a regular point for €.
Modification of Q.
Thanks to (2.22) we know at least one of the following four series diverges:

o0
> 22U cap(Q° N A2TURH))) 5 =0,1,2,3
k=1

therefore it is not restrictive to assume

> 2% cap (Q° N AR2™H)) = 400 (2.23)
k=1

31



Figure 2.5: Section 2.6: modification of €.
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By sub-additivity for any e:

capp(Q°N A7) < capy (Q°N AQR™) N {(2,t) : ¢ < —€})
+cap (QNAR™* )N {(z,t) : —e <t <0}) (2.24)

By lemma (2.2.1)-(v),(viii) we can say

hfél cap (N AQ™*) N {(x,t) : —e < t < 0})

< lim capy(AQ27") N {(z,t) : —e <t < 0}) = capp ({0}) =0

hence by (2.22) there exist a subsequence {¢ }; so that

i 227 cap (N AR N {(x,t) 1 t < —¢}) = +o0 (2.25)
=1

Define

Q° = {0}u (U CNAQ™) N {(z,t): t < —q})) U(Q°\ Q1))
=1

Then 2 C f), Q is bounded and 0 € 9Q. If 0 is a regular point for ﬁ, it is

regular also for §2; in view of this, we can assume §2 = ; hence we can say

Q° = {0} U (DBl)
=0

where
Byc A7 n{(z,t) 1t < —¢} 1=1,2,--
Q1) C B B§ bounded
and
Z 22 cap i (B;) = +o0
1=0
Approximation.

The aim of this part is to regularize some equilibrium potentials; fix R > 0
and consider the compact set F' = Q°N Cpr. Let (¢ denote its equilibrium

potential and define

UZ:1—CF
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Thanks to the arbitrary choice of R, we need to prove u(0) = 0 to apply
(2.3.2) and state that 0 is regular for 2. Observe that by theorem (2.2.2):

0<u<l1
u is a subtemperature on R*! and a temperature on
Hu = —p1 in the sense of distributions

where [ is the equilibrium measure of F'.

For each € > 0 choose a compact set F'¢ so that
(o @]
Fe={0}u (U B;) C Crit
=1

where

By is compact e>0,1=1,2,---
B, NCgr C int(BlE)
Bf C Q2711 \ Q(2-4-2)

Fec F¢ ifo<e<é
F:ﬂﬁ
e>0

Denote by u¢ =1 — (., where (. is the equilibrium potential of F¢. Claim:
u(z) T u(z) := 1 —np(z) for e | 0,z # 0 As Fo C F, for € < €, we
have & C ¥, (see lemma (2.2.1)-(iii)), hence n+ < 71 and consequently
(e < (¢; this monotonicity guarantees the existence of £(z) := ll_H)El) Ce(2)
for any z € R""'. As F C F, for any €, we also have (r < 7.. Recall
(theorem (2.2.2)) that (p = np on (OF)¢ and np = 1 = (. on F \ {0} as
F\ {0} C int(F¢). This forces nr < (. except possibly at 0, hence

ne <& on R™

On the other hand, ¢ is a temperature on F¢,0 < ¢ < land lim ¢&(z) =0,

hence the weak maximum principle for supertemperatures é‘e—e};;; example
[18]) implies £ < v for any v € ®p, thus £ < np. Concluding, £ = np on
R\ {0}.

As By C A2~ c Q(2-4) for any I and the sequence {Q(2-%)}; is decreas-
ing, we can find N = N(R) so that B; C Cg for all [ > N’; fix such [ and call
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¢, [t respectively the backwards equilibrium potential and the correspond-
ing equilibrium measure for B; (hence i € MT(B;), HC = ji,capy(B;) =
ARTD)).

Now we will realize what we anticipated at the beginning of this part and ap-
proximate é and u¢ by smooth functions. Pick the usual ¢ € C§°(R"*1),0 <
v < 1,/ v(2)dz =1 and define

Rn+1
1 z
o= gel;) >0
Set for any 6 > 0

us = @5 * u°

=5 #C
u§ and 65 are smooth, nonnegative and bounded above by 1; moreover,
Hu§ = H(ps *u) = ps * Hu® = @5 * (—f1) < 0.
If we define a measure on Borel sets by fi5(A) = / His(z)dz (H = —A—0;
is the backwards heat operator), we notice that itAconverges weakly to [ for

510.

Now set ¢ := 2741 for simplicity; we know by the previous part that

B; C A(c/2),Bf C Q(c) \ (c/8)
If we take  to be small enough we can have
N . 3
0 l Z
supp fi5 C int(Bf) N Q( —c
us = 0 on supp fis

as u® = 0 on int(Bf). To apply lemma (2.4.4) we need to write u§ = v§ — w§
where
Hvs5=0 on Q(2c)

v =u§ on dQ(2c)\ {0}

Hw§=—Hu§ >0 on Q(2c)
w§ =0 on 9Q(2¢) \ {0}
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FEstimates.

By direct calculation we are going to get an useful estimate:

3 Q(3e/4)CQ(2¢)
inf v$)%0s(Q(=c §/ v$)2dj < / v6)2di
(Q(3c/4) ) M( (4 )> Q(3C/4)( 5 dis Q(2c)( o) s

= / (w§)?djis (as for small enough &,u§ = 0 on supp fis)
Q(2¢)

Q(2¢)
= H(w§(2))%¢s5(2)dz  (because w§ = 0 on 90\ {0})

Q(2¢)
2 [ w2 [ o)D)l

Q(2¢) Q(2¢)

wgé(gecm R

< C (—Hu§(z))dz (as / C5(2)]Dw§(z)\2dz >0)

Q(20) Q(2¢)

Q(2¢)C(2¢)

el o, CHE

Summing up

3
inf v§)%0s(Q(=c)) <C —Hug(z))d
(it 0555 (2(5e)) <€ || (~Hus()ds

for small §. By applying lemma (2.4.4) and (2.4.2)-(iii) we get

5 e~ 3)8) 1(30)) Ottt
z[2<3nc (2.26)
where

|z ?

1
(b( 73) = 51/2

Q(s
Passage to limits.

Remember that

~ weak

Hs — [
supp fi5 C (3c/4)

us 20 e pointwise a.e. and uniformly on compact subsets of (F)¢

Hence
s (2(5e)) = asB) AR = capy (51
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From (2.26) we get

c"% ( ][w2<3n0/4 u’ (xr _gc> dx>2 capp (Br) < C(o(uf, 8¢c) — ¢(u, 4c))

and letting € | 0

w%ﬁ[xzqm/w(x, ~30)dr) capy(B) < C(o(i 8¢) — 6(3,40)) (2.27)

as u = u on F°. By lemma (2.4.2)-(iii), as Hu§ < 0, we have that
o(u§, 27¢c) — p(u§, 277 1e) j=0,1,2
By letting d,¢ | 0 in the last expression, we get
o(u,27c) — p(u, 2" 'c) j=0,1,2
As these are positive constants, we can modify (2.27) as follows
1 3 ? : y j-1
m(][x2<3nc/4u<$’_§c>dx) capy(B;) < ; u,2c) — ¢(u, 2’ c))
Recalling that ¢ = 274*!1 B, ¢ Cy,Vl > N and observing that the right

hand side is a telescopic series, we get

> (B1)?2%" capy(By) < oo (2.28)

I>N

where we have called

B = ][x2§3nc/4 u(:n, —gc> dx

therefore by (2.23) we can conclude
liminf 3 = 0 (2.29)
l—00

Estimates in cylinders.

Build the descreasing sequence of cylinders

3
S = {(:E,t) Dz < Zn24 1 < 3 2—41} 1=0,1,

2
and set M; := supu and remember that 0 < M; < 1; we want to prove
S
M, =X 0.
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Claim: there exist Cy > 0 and 0 < v < 1 such that if Hv = 0 on Sy, v is

continuous on the parabolic boundary 9,59 and 0 < v < M in Sp, then
supv < vM + C4][ v(z, —3)dx (2.30)
S1 |z|2<n

Consider the representation of v in terms of the Green function for Sy:
wat)= [ Glatiy =30l -3y
ly|2<3n/2

3
S R (R TR
-3 J|y|2=3n/2 O1

By taking v = 1 we notice that for any (x,t) € S1:

3 oG -
G(x,t;y, —3)dy — —(z,t;y, s)dH" 'yds = 1
ly|2<3n/2 —3J|y|2=3n/2 On

(2.31)
Recall the properties of the Green function:
oG
8 9C g
() on —
(ii) G >0
(iii) inf G(z,t;y,—3) > v > 0 for some ~

(z,t)€S1,|yl><n

By these and (2.31), we get

0< / Gz, t;y,—3)dy < 1
ly|2<3n/2

3
oG
0<y:= —/ / —(z, t;y, s)dH"_lyds <1
-3 J|y|2=3n/2 on

Call v := / G(z,t;y, —3)dy; by property (iii) of G, there must be
n<|y|2<3n/2

e > 0 so that 71 < 1 — e. Hence for any (z,t) € Si:

U(l‘,t) <M G(m,t,y, _3)dy
n<|y|2<3n/2
+ sup G(z,t;, —3)/ v(y, —3)dy + My
ly|2<n lyl?<n
< M(y1+72) + 04/ v(y, —3)dy
ly|2<n
=Mv+ 04/ v(y, —3)dy
ly|2<n
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t
The use the parabolic dilatation (x,t) — (%, E> allows us to conclude
that

supv < vM; + C4][ v(z,—3- 274 dx (2.32)
Siy1 |z[2<n-2—4
for any v such that Hv = 0,0 < v < M; in Sy, v continuous on 9,95;.
Now fix some number 0 < © < v and fix S;. Recalling who is §; and (2.29),
by using this last inequality one can state there is m > [ such that
v M + 04][ u(z, —3 - 27 dx < OM, (2.33)

|z|2<n-2—4m
Since u is bounded on R™*! there is a continuous function f defined on 9,5,
so that

u< f<M  ond,S

with u = f on {(z,t) : [z <n .27 ¢t = —3.279m},
Setv=H f ™; obviously v is a temperature and v < f on 0,5, hence u < v
on S,,. We have

Mpy41 = sup v < sup v
Sm+1 Sm+1

(2.32)
< vM;+ C4][ v(x,—3- 274 dx
a2 <n 2= 4m

_ 7S
v—Hfm

< vM;+ C'4][ flz,—3-274™)dy
|m|2§nv2*47”

=vM; + 04][ u(z, =3 - 27" dx =< OM,

|z|2<n-2-4m

Hence we have proved that for any [ there exists m > [ such that
Mm+1 < @Ml < @Mm

because {M;}; is a decreasing sequence. As 0 < © < 1, the ratio test
guarantees us that

fim M=o
Since v > 0 and {0} = ﬂSl, this makes us conclude that v must be

1>0
continuous at 0 and u(0) = 1 — (#(0) = 0, hence 0 is a regular point. The

proof is complete.

39



40



Further development

The Wiener’s criterion has been studied in more general settings than
the ones showed in this thesis; Garofalo and Lanconelli ([8]) proved it in the
case of a parabolic operator with variable coefficients and showed, as a main

consequence of it, that if L1, Ly are parabolic operators such that

Liu = div(A;i(z,t)Vu) — dwu

A; real symmetric matrix-valued function on R"™! with C* entries

n
30 < s < Lopl€? <> ag(a, )68 < py '€, VE € R
i,j=1
and Q is a bounded open subset of R**! and A;(z9) = As(z0) for some
zo € 0F), then zy is Li-regular if and only if it is Lo-regular.
Wiener’s test for regularity has recently been studied for the p-Laplacian

operator, defined by
Apu =V - (|VulP2Vu) 1<p<oo

Moreover, Fabes, Garofalo and Lanconelli ([6]) proved the same results in
the case of parabolic operators with C1® coefficients. Lanconelli went on
studying some sufficient and necessary conditions of regularity of boundary
points also in the case of parabolic operators with discontinuous coefficients
([12]); he underlined the fact that in the parabolic case it is not possibile to
find a representative operator, like in the elliptic case. In other words point
can be regular for the operator —aA + 9; but not for —bA+ 9 (a > b > 0).
In 1994, Jan Maly and Tero Kilpeldinen ([10]) proved the criterion for a
larger class of quasilinear partial differential operators that includes the p-

Laplacian for any p > 1. The theorems is stated as follows: a finite boundary
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point xy € 9NQ(Q C R™) is regular if and only if

= 0

L rcap,(B(zo,7) N Q°, B(wo,2r))\ 541 dr
/0 ( cap, (B(xo,r), B(xo,2r)) )7

where cap,, is the p-capacity. Before them, Mazya found the proof of the
necessity for every p and Lindqvist and Martio managed to prove both ways
of the criterion in the case p > n — 1.
The criterion can be stated also in the setting of homogeneous Carnot groups
(see [2] for a reference) and takes the following form. Let G = (R™, , ) be a
homogeneous Carnot group, £ a sub-Laplacian on G and I' its fundamental
solution with pole at 0. Let y € G and £ C G. Pick C > 1 and define the
anuli

Aj={2€G:CI <T(y 'xz)<Ci™ly
The following are equivalent:

(i) E is not L-thin at y.

o
(ii) ZC’j capg(4; N E) = oo.
j=1
where we denote by cap,(-) the capacity with respect to I', defined in a

similar way as for the Laplacian and the heat operator.
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