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Introduzione

L’obiettivo di questa tesi & quello di fornire una descrizione completa del
modello del semispazio dello spazio pseudo-iperbolico, che é una generaliz-
zazione del noto modello del semispazio di Poincaré per lo spazio iperbolico.
Da questo lavoro & stato estratto l'articolo | |, che riassume i principali
risultati dello studio.

Il modello del semispazio per lo spazio Anti-de Sitter H*! ¢ stato in-
trodotto da Danciger in | |, ed ¢ stato utilizzato ad esempio in | |.
Il caso di H™!, in dimensione arbitraria, & presente in | |. E possibile
definire lo spazio pseudo-sferico SP4, che & anti-isometrico rispetto a H%P.
Un modello del semispazio si puo definire in modo del tutto analogo per S”9,
assumendo ¢ > 1. In particolare, il modello del semispazio per lo spazio de
Sitter SP1 ¢ stato studiato in | |. Abbiamo deciso di concentrarci sul
caso pseudo-iperbolico HP? per fissare le notazioni: basta cambiare segno
alla, pseudo-metrica per renderlo un modello di S%P, per p > 1.

La trattazione si compone di due parti. La prima é un compendio di
geometria pseudo-Riemanniana, dove abbiamo presentato i principali stru-
menti della teoria: la connessione di Levi-Civita (sezione 1.2), il tensore di
curvatura di Riemann e la curvatura sezionale (sezione 1.3) e le geodetiche
(sezione 1.4). Abbiamo cercato in questo capitolo di mettere in risalto le dif-
ficolta tecniche che rendono non triviale 'estensione dei suddetti strumenti
dall’ambiente Riemanniano a quello pseudo-Riemanniano.

Vengono presentati RP?, ovvero lo spazio pseudo-Fuclideo di segnatura
(p,q), e HPY, cioe lo spazio iperbolico della medesima segnatura, per mezzo
di esempi utili a capire gli strumenti descritti. Per approfondimenti circa
lo spazio iperbolico, si faccia riferimento a [ |; per HP? in segnatura e
dimensione qualunque rimandiamo a | , , |-

Nella seconda parte, vengono utizzati gli strumenti di cui sopra per stu-
diare la geometria del modello del semispazio, definito come il semispazio
aperto {z > 0} in RPT4 dotato della pseudo-metrica

d:t:%—i—...—i—dacg_l—dy%—...—dyg—i—sz

22

)

e denotato come HP4. Se ¢ = 0, ci troviamo alla presenza del classico modello
del semispazio di H". Per ¢ > 1, il modello non é globalmente isometrico



ad HP?. Quest’ultimo infatti non & semplicemente connesso, e quindi non
& neppure omeomorfo al semispazio. Nella sottosezione 2.1.2 forniremo un
embedding isometrico di HP»? in HP?, la cui immagine ¢ il complementare di
un iperpiano totalmente geodetico degenere. Ne consegue che HP? non sia
una varietd pseudo-Riemanniana geodeticamente completa.

Viene data una classificazione per i sottospazi totalmente geodetici di
ogni dimensione (sezione 2.4) e successivamente una descrizione pin det-
tagliata per il caso 1-dimensionale (sezione 2.5).

Nella sezione 2.6 viene presentato il bordo all’infinito 0,HP?, visto dal
punto di vista del modello del semispazio. In particolare il bordo OHP? in
RP*4, che & una copia dello spazio pseudo-Euclideo RP~14, si embedda in
maniera conforme in 0 HP'?; viene inoltre costruita la sua compattificazione
topologica JsHP4, i cui punti sono limiti di ipersuperfici totalemente geode-
tiche degeneri. Questa descrizione & utile per dare un’ulteriore presentazione
delle geodetiche di tipo spazio e luce, in funzione dei loro estremi.

Nella sezione 2.7 vengono presentate le orosfere del modello.

Infine, nella sezione 2.8, ’analisi delle geodetiche ci permette di dedurre
il gruppo di isometrie Isom(H??). Osserviamo che questo non corrisponde al
gruppo di isometrie di HP?, ma solo al sottogruppo che preserva l'iperpiano
degenere che non compare nel modello. Ciononostante, nella sezione 2.8,
siamo in grado di studiare ’azione di Isom(HP?) sul semispazio in funzione di
Isom(HP-?) e di trasformazioni che sono ’analogo delle inversioni in geometria
iperbolica.

Ringraziamenti

Un ringraziamento particolare va ad Andrea Seppi, che ha dato un con-
tributo fondamentale allo sviluppo di questa tesi e alla mia crescita come
matematico.



Introduction

The aim of this thesis is to give a complete description of the half-space
model of pseudo-hyperbolic space, which is a generalization of the well-known
Poincaré half-space model of hyperbolic space. The main results of this study
have been summarized in | .

We remark that the half-space model for the Anti-de Sitter space H?!

has been introduced by Danciger in | |, and has been used for instance
in | |; in any dimension, the half-space model of H™! also appears
in | |- Of course one analogously defines the pseudo-spherical space

SP4. The space obtained in this way is anti-isometric to H%P. A half-space
model of SP? is defined similarly, provided ¢ > 1. As a particular case, the
half-space model of the de Sitter space SP! has been studied in | |
We decided to focus on the case of HP? for the sake of definiteness: up to
changing a sign to the pseudo-Riemannian metric, one recovers the half-space
model for STP if p > 1.

The discussion is divided in two parts: the first one is a summary of
pseudo-Riemannian geometry, where we develop the main tools of the theory,
namely Levi-Civita connection (Section 1.2), Riemann curvature tensor and
sectional curvature (Section 1.3) and geodesics (Section 1.4). In this part, we
have tried to emphasize the technical problem that make not trivial the ex-
tension of these tools from the Riemannian realm to the pseudo-Riemannian
one.

In the first part we also describe RP*4, namely the pseudo-Euclidean space
of signature (p, ¢), and HP? namely the pseudo-hyperbolic space of signature
(p,q), as example to explain the tools introduced. For more details on the
hyprbolic space, see for instance | |; for HP? in arbitrary signature and
dimension we recommend [O'N, , |-

In the second part, the tools mentioned above are used to study the
geometry of the half-space model. This is defined as the open half-space
{z > 0} in RP*? endowed with the pseudo-Riemannian metric

d:t:%—i—...—i—dx%_l—dy%—...—dyg—i—sz
2
z

and denoted HP?. When ¢ = 0, this is the usual half-space model of H".
When ¢ > 1, this space is not globally isometric to HP¢ (which is indeed

)



not simply connected, hence not even homeomorphic to the half-space). In
Subection 2.1.2 we show that HP'? embeds isometrically into H?4, with image
the complement of a totally geodesic degenerate hyperplane. In other words,
HP4 is not a geodesically complete pseudo-Riemannian manifold.

We give a classification result for the totally geodesic subspaces of any
dimension (Section 2.4) and then a more refined classification of the geodesics
(Section 2.5).

In Section 2.6 we provide a description of the boundary at infinity 0xoHP*4,
seen from the half-space model. Of course the boundary OHP? in RPT¢, which
is a copy of the pseudo-Euclidean space RP~14, is conformally embedded in
OsoHP?; we describe topologically its compactification OxoHP? in terms of
divergence of totally geodesic degenerate hypersurfaces. We use the descrip-
tion of the boundary to give a further description of spacelike and lightlike
geodesic in terms of endpoints.

In Section 2.7 we describe the horospheres in the half-space model.

Finally, in Section 2.8, we compute the isometry group Isom(#??), as a
result of the analysis of geodesics. We remark that this does not correspond
to the isometry group of HPY  but only to a subgroup that preserves the
complement of a degenerate hyperplane. Nevertheless, in Section 2.8, we
study the action of Isom(HP?) on the half-space model in terms of Isom(HP?)
and some transformations which are the analogue of inversions in hyperbolic
geometry.

Requirements

The reader is supposed to have a basic knowledge of differential geometry.
Nevertheless, except from the definition of (smooth) manifold, smooth map,
tangent space and differential of a map, every tool that is used is defined
along the text. We suggest to use | | as support.

A familiarity with Rimannian geometry is useful and allows to appreciate
the technical difficulties of the pseudo-Riemannian case, but is not necessary.
We based our study of it on | , |- Finally, the main reference
for pseudo-Riemannian geometry is [O'N].

As for Riemannian geometry, a basic knowledge of hyperbolic and pseudo-
hyperbolic geoemtry is not needed but recommended. Consider | | to
the Riemannian case and the first chapter of | | for the Lorentzian case.
The latter is highly recommended because is shorter and contains basically
all the topics one will encounter in the following, namely pseudo-Riemannian
geometry and pseudo-hyperbolic geometry.



Chapter 1

Pseudo-Riemannian Geometry

In this chapter we will study the basis of pseudo-Riemannian geometry. We
will extend some foundamental tools of the Riemannian realm, such as co-
variant derivative (Section 1.2), curvature tensor (Section 1.3) and geodesics
(Section 1.4), to the pseudo-Riemannian case.

The examples are chosen to introduce pseudo-Euclidean spaces and pseudo-
hyperbolic spaces, in order to approach the second chapter with a sufficient
knowledge of both spaces, on which is based the study of the half-space
model.

1.1 Basic definitions

In the following, we will always suppose manifolds to be smooth.

Definition 1.1.0.1 (Pseudo-Riemannian metric). Let M be a smooth man-
ifold. A collection g = (gm)menr of bilinear symmetric 2-forms on 7T,, M
defines a pseudo-metric over M if

P1. g, is non-degenerate Vm € M;
P2. the signature is constant, i.e. (ny(m),n_(m)) = (ny,n_), Vm € M;
P3. the map m — gy, is smooth.

A manifold endowed with a pseudo-metric is called pseudo-Riemannian.

Remark 1.1.0.2. (P2) is only a technical request, in fact, due to the symmetry
of the form, it follows from (P1) if the manifold is connected (see Lemma
1.1.1.5).

Equivalently, g is a smooth and non-degenerate section of S?7* M, namely
the bundle of the symmetric 2-forms on M. In the language of tensors, g is
a symmetric, non-degenerate (0, 2)-tensor field on M.

Let (U,x) be a local chart, we will write g;; = ¢(0;,0;), namely the
coefficients of the matrix of g in the basis induced by the local chart.



Moreover, as g is non-degenerate, it admits inverse ¢g~!, which will be
denoted ¢ = g=1(9;,0;) in local coordinates.

Example 1.1.0.3. A Riemannian metric is a pseudo-metric. Indeed, if g, is
positive-definite, (P1) and (P2) are automatically satisfied.

Definition 1.1.0.4 (Lorentzian manifold). A pseudo-Riemannian manifold
(M, g) is called Lorentzian if the signature of the pseudo-metric is (dim M — 1, 1).

Ezample 1.1.0.5. (Pseudo-Euclidean space) The pseudo-Euclidean space RP+?
is obtained endowing RPT4 = RZ @ Rg with the pseudo-metric

<.’.>p’q :dx%—}——i-dl’?,—dy%—_dyg:

which clearly is non-degenerate and with signature (p, q).
Particularly, RPY is the Euclidean space R?, and RP! the (p+1)-dimensional
Minkowski space, which is a Lorentzian manifold.

As the form over the tangent is not positive-definite, vectors can be
divided in three characters, based on the value of g(v,v), which is abusively
called squared norm of v in analogy to the Riemannian case.

Definition 1.1.0.6 (Character). A vector v € T,,M is
o limelike if g(v,v) < 0;
o spacelike if g(v,v) > 0;
o lightlike (or null) if g(v,v) = 0.

The terminology comes from relativistic physics: consider for semplicity
RY1 the X-axis represents the space and the Y-axis the time. The physical
meaning of a point (x,y) is to be at the place = at the time y, hence the
origin is here and now.

Denote (0s, 0t) = (e1, e2) the basis of the tangent space. Let v be a curve
and (s,t) its tangent vector. The speed of v, i.e. the ratio between space
and time, is |s|/[t|. Up to scaling the space axis as 10s = 299.792.458 m
and time axis as 10t = 1s, |s|/|t| = 1 when the speed is equal to the speed
of light. Therefore, timelike vectors satisfy |s|/[t| < 1 while spacelike ones
Is|/[t| > 1 (see Figure 1.1).

In literature, curves with either timelike or lightlike tangent vector are
called them causal: they are the only path "physically possible" in our uni-
verse, since special relativity predicts that nothing can exceed the speed of
light. In particular, the interior of a lightcone emanating from a point (z,y)
represents the points that can be reached starting from (z,y) and moving
less rapidly than the light.

The isometries preserve lightlike vectors, that is the speed of light does
not depend on the observator, suggesting this is a good model for relativistic
physic. In particular, the isometries of R%! are Lorentz transformations.
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Figure 1.1: RY! with lightcone (yellow), some timelike vectors (blue) and
spacelike ones (red).

1.1.1 Submanifolds

A submanifold of a Riemannian manifold inherits automatically the struc-
ture of Riemannian manifold, as the restriction of a positive-definite form is
positive-definite, too. That is not true for a non-degenerate form.

Definition 1.1.1.1 (Pseudo-Riemannian submanifold). Let (M, g) be a pseudo-
Riemannian manifold. A smooth submanifold N C M is a pseudo-Riemannian
submanifold if the restriction of g on T'N is still a pseudo-metric.

Erample 1.1.1.2 (Degenerate planes). In R%! consider the vectors v = (1,0,0)
and w = (0,1,1).

(v,v)21 = 1, (v,w)e1 =0, (w,w)a1 = 0.

The restriction of the pseudo-metric induced on the smooth submanifold
a = Span(v, w), with respect to the basis {v, w}, is

<‘ '>21| _ <<'U,U>271 (v,w)2,1> _ (1 O>
PR (w, w21 (w,w)2n 00/’
which is degenerate, that is (-, )2 1]o is not a pseudo-metric.

Ezample 1.1.1.3 (Sphere). Consider the sphere S? = {z% + 22 +y? = 1} in
the 3-dimensional Minkowski space R?!.



Let’s study the restriction of the pseudo-metric using the local parame-
terization

R x (—m,7) — S* C R*!
(¢,0) — (cos ¢psin b, sin ¢ sin b, cos h).
A basis of T,,S? is (9, 9p), where
0p = (—sin¢sinb, cos ¢sin, 0),
0p = (cos ¢ cos B, sin ¢ cos @, —sin ).

Then, the matrix of the restriction of the pseudo-metric is

(521|782 = (05, 0p)21 (04, 00)2.1 _ sin? 6 0
3 )211T,,S (0g,0p)2,1 (09, 0p)2,1 0 cos2f—sin26 )

The matrix is degenerate if § = -7, namely when it intersects the lightcont,
so it does not represent a pseudometric on the sphere. Moreover, the induced
metric is Riemannian if |§] < £% and Lorentzian if || > 7 (see Figure
1.2).

Figure 1.2: Restriction of (-,-)21 on S%.

These examples prove that not every submanifold of a pseudo-Riemannian
manifold is a pseudo-Riemannian manifold itself. In the latter it can be no-
ticed that the signature of the restricted form depends on the character of
the vector (T,,S?)*: when it is lightlike the form is degenerate, when it is
timelike the form is Riemannian and when it is spacelike the signature is
Lorentzian. This is not an isolated case, as we will show in the following
results.

Lemma 1.1.1.4. Let (M, g) be a pseudo-Riemannian manifold. Let N C M
be a smooth submanifold of codimension 1, m € N, v € T,, N+ \ {0}, i.e. a
generator of the normal space to N at m. Denote (ny,n_) the signature of
g. The signature of g|1,,m only depends on the character of v:

10



e if v timelike, g|7, N has signature (ny,n_ —1);
e if v spacelike, g|1,, N has signature (ny — 1,n_);

o if v lightlike, g|T,, N is degenerate.

m

Proof. In the first cases v is not isotrophic whith respect to the form g,,, so
ToM =v®T,N, then

- 97N -
g = m
0
0 - 0 g(vv)
g is non-degenerate by hypothesis, hence Sylvester’s criterion provides us a
way to compute the signature (n/,,n’) of g|7,, n:

( ) (n/y,n_+1) if v timelike;
ny,n_) =
" (n/, +1,n_) if v spacelike.

If v is lightlike, v € (T}, N*)* = T,,,N, hence v € T, N N T,, N*+. Then
g(v,w) =0, Vw € T,,, N, namely g|r, v is degenerate. O

Lemma 1.1.1.5. Let M be a connected manifold. If A: M — M,(R) is
a continuous function such that A,, is a non-degenerate, symmetric matriz,
Ym € M, the signature of Ay, is constant over M.

In other words, in order to change signature, A,, has to be degenerate
at least at one point.

Proof. Let I,, = (iy,i—,10) the signature of A,,.
As A, is symmetric, it is diagonalizable. Denote A1, ..., A, its eigenval-
ues, counted with multiplicities, then

i = > 0}:
i = |{n <0}
io=[{\j=0}=n—iy —i_.

The eigenvalues depend continuously on m: indeed, they depend contin-
uously on the coefficients of the characteristic polynomial, as they are its
zeros, and the coefficients depend continuously on the matrix A,,, as they
are found by computing the determinant of A,, —t- Id.

Assume the signature changes, hence at least one eigenvalue has to change
sign. This implies that it vanishes at one point m, i.e. Ay is degenerate,
which contradicts the hypothesis.

O

11



Proposition 1.1.1.6. Let (M,g) a pseudo-Riemannian manifold. For a
smooth connected submanifold N C M, the following statemenits are equiva-
lent:

i. N is a pseudo-Riemannian submanifold of M ;

it. g|lr,, N is non-degenerate Vm € N;
iii. TN N T N+t = {0}, that is T,,N ® T,, N+ = T,,M, ¥m € N;
w. g7, nL is non-degenerate Ym € N.

Proof. (i) = (ii) comes straight from the definition of pseudo-Riemannian
submanifold, as a pseudo-metric is non-degenerate everywhere.

(1) <= (77) is a direct corollary of Lemma 1.1.1.5: in local coordinates the
restriction of the pseudo-metric can be seen as a smooth function N — M (R),
k = dim N. By hypothesis, g|7,, n is non-degenerate and N is connected,
hence the lemma states that the signature is constant over N, i.e. N is a
pseudo-Riemannian submanifold of M.

(ii) <= (i11) is a trivial exercise of linear algebra, as

T,,N NT,,N* = {w € T,,N|g(w,v) = 0,Yv € T}, N}.

(1it1) <= (iv) is the same as above, due to the symmetry of the state-
ments. O

1.1.2 Isometries

We are interested in maps preserving the pseudo-Riemannian structure.
They enable to study a pseudo-Riemannian manifold through another one, to
induce pseudo-Riemannian structures on other manifolds and to understand
symmetries of spaces.

Definition 1.1.2.1 (Pullback and push-forward). Let (M,g), (N,h) be two
pseudo-Riemannian manifold, ¢: M — N a smooth diffeomorphism. ¢ in-
duces two pseudo-Riemannian metric ¢*h on M and ¢.g N.

1. For v,w € T,, M, we define the pullback of h as
(@"h)m = hem)(dpmv, dpmw).

2. The push-forward of g is the pullback of the inverse map, namely ¢.g =
(¢~ 1)*h.

Definition 1.1.2.2 (Isometry). Let (M, g), (N, h) be two pseudo-Riemannian
manifolds and ¢: M — N a diffeomorphism. ¢ is an isometry if ¢*h = g (or
equivalenetly ¢.g = h).

12



The isometries of M in itself form a group, with the composition as group
operation, noted Isom(M) and called isometry group of M.

Remark 1.1.2.3. Let (M,g),(N,h) be two pseudo-Riemannian manifolds,
¢: M — N a diffeomorphism. Consider a local chart (U,z) of M. Up to
restrain U, we can assume it exists a local chart (V,y) of N containing ¢(U).

Denote G = (g;;) the matrix representing the pseudo-metric g in the basis
induced by z, H = (h;) the analogue for h, and ® the basis representing
d¢y, in the basis induced by z in the domain and by y in the codomain.
¢: U — ¢(U) is an isometry if and only if

"D H (1) P = G, Vm e U. (1.1)

As a consequence, ¢: M — N is an isometry if and only if it exists an atlas
A ={(U;,x;),i € I'} of M such that (1.1) holds for all charts (U;, z;) € A.

Ezample 1.1.2.4 (Isometries of RP9). Consider RP*Y in Cartesian coordi-
nates, which is a global chart for the manifold. In this chart, the pseudo-
metric can be written as

(v,W)pg ="v (Ip > w,
) _Iq

I, being the identity matrix of dimension n.
The pseudo-orthogonal group of signature (p, q) is defined as

O(p,q) = {A € My 14(R),‘A <Ip _Iq) A= <Ip _Iq> } :

By Remark 1.1.2.3, O(p,q) C Isom(RP?), and all the affine maps having
a pseudo-orthogonal matrix as linear part are isometries, too. Proposition
1.4.4.7 proves that they are the only isometries of RP4.

Most of the properties we deal with are local, so we are interested also
in maps preserving the pseudo-Riemannian structure only on portions of the
spaces.
Definition 1.1.2.5 (Local isometry). Let (M, g), (N, h) be two pseudo-Riemannian
manifolds, U C M an open set, ¢: U — N a smooth function.

¢ is a local isometry if Vm € U it exists an open neighbourhood U, of
m such that ¢|y,, : Upn — ¢(Uy,) is an isometry.

We recall an important result about group action, whose proof can be
found in | , Thm 49b, p.49].

Theorem 1.1.2.6. Let M be a differentiable manifold, G < Diff (M) a group
acting properly and freely, then p: M — M /G is a smooth covering map.

Corollary 1.1.2.7. Let (M, g) be a pseudo-Riemannian manifold, G < Isom(M)
a group with the same properties as above, then p: M — M/G induces a
structure of pseudo-Riemannian manifold over M/G, which is locally iso-
morphic to M.

13



Proof. Let U C M be a sheet of the covering space, then p|y: U — p(U) is
a diffeomorphism. Hence, it is well defined (p|y7)«g, which is a pseudo-metric
over U, and p: (U,g) — (p(U), (p|r)«g) is an isometry.

Let V' C M another sheet, such that p(V) = p(U). By definition, up
to restrain U and V, there is an isometry ¢ € G such that ¢(V) = U.
Remarking that p o ¢ = p and that the composition of isometries is an
isometry, we have the following commutative diagram of isometries:

v % LU

N

p(V) =p(U)

then (p(V), (p|v)«9) = (p(U), (p|v)«g), that is p.g is well defined over M/G.
O

Ezample 1.1.2.8 (Pseudo-hyperbolic space). The pseudo-hyperboloid HP
(see Figure 1.3) is the sphere of negative radius —1 in RP9T! with respect
to the pseudo-metric, that is

HP .= {v € RP9HY (0, 0), 411 = —1}.

Figure 1.3: The Riemannian manifold H20 (left) and the Lorentzian manifold
St! (right). Both are pseudo-Riemannian submanifold of R!,

We recall that T, HP4 is the kernel of df (v), f being the submersion such
that f~1(0) = HP9, namely

f(v):1+<U,v>p,q+1:1+m%+...+x§—y%—...—y2+1.

Then df (v) = 2(1, ..+, Tp, —Y1,- -+, —Yg+1), and then ker(df (v)) = v+,
where vt = {w € RP4H! (v, w), 441 = 0}. By definition, v is timelike, so
HP4 is a pseudo-Riemannian submanifold of RP4*! with signature (p, q).
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The pseudo-hyperbolic space is the projectivization of HP4 , via the local
isometry P: R4+ — P(RP4HL) | namely

(HP4, ) = (P(ﬁp,q),m(.’ '>p,q+1|ﬁp,q> .

In other words, HP? is the quotient of HP by the action of {£Id}.
{#Id} respects the hypothesis of Corollary 1.1.2.7, hence HP¢ inherits a
pseudo-Riemannian structure from HP. Remarking that HP is defined by
the equation g(v,v) = —1, which is bilinear, it is immediately checked that

HP? =P ({U € RPIT (0, V)pgt1 < 0}) .

For the sake of completeness, we remark that HP? > RP x S4 (see | ,
Lemma 25, pp.110-111]), which is (¢ — 1)-connected. In particular, this im-
plies that the half-space model HP¢ (see Definition 2.1.1.1) is not a complete
model for the pseudo-hyperbolic space for ¢ # 0: indeed, 71 (HP') = Z and
m1(HP?) = Zg for ¢ > 1, that is HP? is not simply connected for g # 0.

Ezample 1.1.2.9 (Pseudo-spheric space). The pseudo-sphere Spa C RPtLg
positive counterpart of the pseudo-hyperboloid, that is

574 = fo € RPM, (0,0) 114 = 1)

Remarking that RP9 = —R?P that is an abusively way to write
(Rp,q7 <'7 ')p,q) - (qu’ _<'7 '>q,p)a
SP4 = —H4-P , so everything we wrote above extends to. The pseudo-spheric

space is then SP? := —H?P (see Figure 1.3).

Both spaces have been widely studied in Riemannian geometry and Lorentzian
geometry. In the latter setting, they are called de Sitter space, noted dS"+! = §™!,
and Anti-de Sitter space, noted AdS"+! = H™!,

Pseudo-Riemannian submanifolds can inherits isometries by the environ-
mental space, as explained in the following result.

Proposition 1.1.2.10. Let (M,g) be a pseudo-Riemannian manifold and
N C M be a pseudo-Riemannian submanifold. If ¢ € Isom(M) is such that
¢(N) = N, then ¢|n € Isom(N).

Proof. By hypothesis ¢|y is a smooth automorphism of N, then ¢ preserves
TN, namely ¢*(TN) = TN (see Definition 1.1.2.1). The pseudometric on

N is defined as g7y and ¢*g = g, hence ¢*(g|lrn) = (¢*9)|rN = glrN, i.e.
¢|n € Isom(N). O

Remark 1.1.2.11. Not all isometries of a submanifold can be obtained as
restriction of isometries of the environmental manifold.
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An easy counter-example is given by M = R?\ {(0,0),(2,0),(0,2)},
endowed with the Euclidean metric: Isom(M) = {Idps}, but S' € M has
not trivial isometry group.

More generally, let M = R™\ {zo,...,x,}, ; in general position, so that
Isom(M) = {Idps}. Consider a submanifold N C R™ whose isometry group
is not trivial and N N {xg,...,z,} # 0. Then N is a submanifold of M but
its isometry group is not a subgroup of Isom(M).

Ezample 1.1.2.12 (Isometries of HP?). We showed in Example 1.1.2.4 that
O(p,q + 1) C Isom(RP:4+1). By definition, it preserves HP, hence

O(p, g + 1)|g., C Isom(HP).

The converse inclusion follows from Proposition 1.4.4.7. Indeed, take
v € HP?, that is (v,v)pq+1 = —1, and remark that T,HP4 = vL then if B, is
an orthonormal basis of T, v]ﬁlp’q (with respect to the induced pseudo-metric),
B, := {v} U B, is an orthonormal basis of RP9"1 with respect to (-, ) 4+1,
and it contains v. O(p,q + 1) is the space of orthogonal transformation of
RP:4+1 namely it switches orthogonal basis, hence it exists a linear map in
O(p,q+ 1) sending B, to By, and in particular v to w. We remark that the
map depends on the basis chosen.

We claim that Stabgp,g4+1)(v) = Stablsom(ﬁpyq)(v) (see Definition 2.1.3.8):

it follows by transitivity that O(p,q + 1) = Isom(}ﬁlp’q). To show the claim,
consider the linear parameterization of RP4*! induced by the basis B,. Noted
g the metric of HP, it is clear that the matrix associated to (-, Vp.g+1 in this
setting is, up to permutation,

—1

(€5 )par1), = Ly o - <_1 gv>'

So if ¢ € Stablsom(ﬁp,q)(v), then d¢, € O(p,q). Note A the matrix of do,
with respect to B, and define the linear map

v (1 A)'

Clearly, ® € O(p,q+1). Hence, by Proposition 1.4.4.7, ¢ = ®, which proves
the claim. Then PO(p,q + 1) = O(p,q+ 1)/{£ld} is the isometry group of
HP-? and it acts transitively.

1.2 Levi-Civita connection

One powerful tool in Riemannian geometry is Levi-Civita connection, namely
the only connection torsion-free and compatible with the metric. In fact, it
allows to define curvature and geodesics, so we would gladly extend it.
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1.2.1 Vector fields

Definition 1.2.1.1 (Vector field). A wector field on a smooth manifold M is
a smooth map X: M — TM such that X,,, € T, M, Ym € M. We denote
I(TM) the space of vector fields of M.

A vector field is then a smooth section of the bundle T'M, i.e the canon-
ical projection TM — M, so I'(T'M) is both a R-vector space and C*°(M)-
module, where sum and product are defined punctually.

We recall that a vector field X € I'(T'M) induces a derivative on C*°(M, N):
indeed, at a point m, it is the directional derivative along the vector X,,.
For a smooth map f: M — N, we will write X (f)(m) = df, Xm.

Definition 1.2.1.2 (Push-forward). Let M, N be two smooth manifolds. A
diffeomorphism ¢: M — N induces a bundle map ¢.: I'(T'M) — I'(T'N),
called push-forward, defined as

¢s: T(TM) —T(TN)
X = (Xm)mem = ¢ X = (d%fl(n)xw(n))neN.
Remark 1.2.1.3. An equivalent definition it is the following: for f € C*°(N),

0 X(f)=X(fog)op . (1.2)
In fact, by definition,
(X(fog)oo™) =d(fod)y-1(m)Xp-1(n) =
= dfg(p-1(n)) 41 (n) Xp=1(n) =
= dfnddy—1) Xp-1(n) = D+ X (f)n-

Definition 1.2.1.4 (Pull-back). Let M, N be two smooth manifolds. A
smooth map ¢: M — N induces a bundle map ¢*: I'(TN) — I'(T'M),
called pull-back, defined as

¢*: T(TN) - T(TM)
Y = (Ya)nen = @Y = (d¢my¢(m))meM .
Definition 1.2.1.5 (Lie brackets). Let X,Y € I'(T'M), we define their Lie
bracket as [X,Y] := X(YV) — Y(X).
Proposition 1.2.1.6. Lie brackets commutes with push-forward, namely is
¢: M — N is a diffemorphism, ¢.[X,Y] = [0 X, 0. Y], VX, Y € (T M),

Proof. The thesis comes directly using the definition of push-forward as in
(1.2): take f € C®°(N), X,Y € I'(T'M). Remarking that ¢.Y (f) belongs to
C*°(N), one has
6 X (0:Y () = X (Y (f)od)od™ ' =X (Y(fog)ogp lop)og™ =
=X(Y(fo)op ' =X(Y)(fop)od =g (X(Y)),
which ends the proof. O
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1.2.2 Connections and Levi-Civita theorem

Definition 1.2.2.1 (Connection). A (affine) connection on a manifold M is a
function

V:I(TM) xT'(TM) - T'(TM)
(X,Y)— VxY
which satisfies the following properties:

1. C°°(M)-linear on the first argument, that is
g )

Vf e C®(M)

Vigx+n)Y = fVxY +VzY, VXY, Z e D(TM)’

2. a derivative on the second argument, that is

VfeC>®(M)

VXY +2) = VXY + X(DY +VxZ 5y Erira -

This definition only depends on the differential structure on the manifold,
so it is well defined in the pseudo-Riemannian domain, too.

Definition 1.2.2.2 (Torsion-free). A connection V is torsion-free if
VxY - VyX = [X,Y], VX,Y € T(TM).

Definition 1.2.2.3 (Compatible). A connection V is compatible with the met-
ric if

Theorem 1.2.2.4 (Levi-Civita). Let (M, g) be a pseudo-Riemannian man-
ifold. It exists a unique connection torsion-free and compatible with the
pseudo-metric, called Levi-Civita conneclion.

Proof. First, we prove that it exists at most one torsion-free connection
compatible with the metric over the same pseudo-Riemannian manifold.

Lemma 1.2.2.5. Let (M,g) be a pseudo-Riemannian manifold, V be a
torsion-free connection compatible with the metric, then

9(VxY, Z) = Kos(X,Y, Z), VX,Y,Z € T(TM),
where Kos: T'(TM)3 — R is defined by Koszul formula, that is
1
Kos(X,Y, 2) =3 (X (9(Y, 2)) + Y (9(X, 2)) = Z(9(Y, X))

—g([v.X],2) = g(1X. 2, Y) = g([¥, 2], X)) (13)
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Proof. As V is compatible with the metric, VXY, Z € I'(TM) we can write

Xg(Y,2) =9(VxY,Z) +g(Y,VxZ) (1.4)
Zg(Y,X) =g9(VzY,X) +g(Y,VzX) (1.6)

Computing (1.4) + (1.5) — (1.6), since V is torsion-free, we obtain

Xg(Y,Z2)+Yg(X,Z) - Zg(Y,X) =
~—— —_———— —— —
=VxY+[Y,X] (X,Z] Y, Z]
=29(VxY,Z) +g([Y, X], Z2) + 9(IX, Z],Y) + g([Y, Z], X).

Rearranging terms we obtain ¢(VxY, Z) = Kos(X,Y, Z). O

The proof comes straight from Lemma 1.2.2.5: g being non-degenerate,
that scripture defines uniquely the vector field VxY, so V is unique. ]

Before starting with the second part of the proof, we report some result
useful for the following.

Lemma 1.2.2.6. The Lie bracket is a bilinear map T'(TM)xI'(TM) — T'(TM).

Proof. Let XY, Z be vector fields on M, a € R,

X +Z2)Y]=(aX+2)(Y)-Y(aX+2) =
=aXY)+Z(Y)—-aY(X)-Y(Z2) =a|[X,Y]|+[Z,Y].

As Lie bracket is anti-symmetric, that ends the proof. O
Lemma 1.2.2.7. Let f € C*(M), X, Y € I'(T'M), then

Proof. [fX,Y] = fX(Y)-Y(fX) =
= FX(Y) ~ [Y(X) - Y()X = fIX.Y] - Y()X.

O
Lemma 1.2.2.8. Let f € C°(M), X,Y,Z € I'(TM), then
Yg(fX,2) =Y ()g(X,2) + fYg(X, Z).
Proof. Yo(fX, 2) = Y(f9(X, 7)) = Y(/)g(X, Z) + Y 4(X, 2). n
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Proposition 1.2.2.9. Let M be a smooth manifold, let
P:T(TM) x D(TM)* — T(TM)"

a smooth R-linear map. If P is C°°(M)-linear on the first argument, then
P only depends on the punctual value with respect to the first argument.

In other words, set m € M, if X, Z € T(TM) are two vector fields such
that Xy = Zpm, then P(X,Y )y = P(Z,Y ), VY € T(TM)*.

Remark 1.2.2.10. This is a specific case of a more general result, that can
be found for instance | , Thm 1.114, p.40]. The original statement
involves tensors, which have not been introducted in these notes. For this
reason we present the theorem in this way.

Proof. 1t suffices to prove that P(X,Y)|, = 0 for any vector field X such
that X,,, = 0.
Let X be such a vector field. In a local chart it can be written as

X = i X;0;.
1=1

Using R-linearity and C°°(M)-linearity on the first argument, one has

P(X,Y) = zn: P(X;8,,Y) = zn: X;P(8,,Y).

i=1 i=1

Since X, =0, X;(m) =0, Vi =1,...,n, hence
P(X,Y)m =Y _ Xi(m)P(9;,Y)m =0,
=1

O]

Remark 1.2.2.11. The statement of the proposition can be reformulated,
saying that VY € I'(TM)*, P induces a collection of linear maps

P(,Y)m: TnM — Ty M
T = P(Z,Y ),

smoothly depending on m.

Now we can return to the proof.

Proof. We need to find a connection satisfing the properties of symmetry
and compatibility with the pseudo-metric. We proved that if the connection
exists, it must satisfy Koszul formula (1.3), so we want to build a connec-
tion such that ¢(VxY, Z) = Kos(X,Y, Z), and then prove that it defines a
torsion-free connection compatible with the pseudo-metric.
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It is clear that Kos: T'(TM)3 — C*(M) is a R-multilinear function:
indeed, every term of the sum is trivially R-linear in every argument. More-
over, the maps Kos(-,Y, Z) and Kos(X,Y, ) are C°°(M)-linear, VX,Y, Z €
N(TM).

Let’s prove the former case, i.e. Kos(fX,Y,7) = fKos(X,Y, 7).

2Kos(fX,Y, Z) = +Y (9(f X, 2)~Z(g(Y, X))
~g(IY, 1X), 2)~g([f X, Z],Y)

Green terms are clearly C°°(M)-linear. The sum of red ones is, too:

Y(g(fX,2)) —g([Y, [X], Z) =
=Y(f9(X,2)+ [Yg(X,Z) - g(Y ()X, Z) - fy([Y,X], Z) =
= ng(Xv Z) - fg([Y,X],Z).

The same calculation holds for blue terms, hence Kos(-,Y, Z) is C*°(M)-
linear.
The latter case is proved alike, with a suitable choice of the couples, i.e.
2Kos(X,Y, fZ) =X(g(Y, fZ))+Y (9(X, [ Z))
—9([X, f2],Y)—g(lY, fZ], X).
Set X, Y € T'(T'M), since the map Z — Kos(X,Y, Z) is C°°(M)-linear,

by Remark 1.2.2.11 it exists a smooth map ®(x yy: ['(T'M) — C*°(M) such
that

o & xyylr,m: TinM — R is R-linear, Vm € M;

o Dxy)(Z) =Kos(X,Y, Z),VZ € T,,M.

g being non-degenerate, Vm € M, it exists a unique vector Vn(IX’Y) e ThmM
such that

O x |1 (Zim) = gV, Z0), VZ € T, M.

P (x,y) smoothly depends on m, hence VXY) s a vector field. We define
then VY := VXY,

Since g is non-degenerate, the fact that X — Kos(X,Y, Z) = g(VxY, 2)
is C°(M)-linear VZ € I'(T'M) suggests that X — VxY is C°°(M)-linear,
too. Indeed, let f € C*(M), X,Y,Z € I'(TM),

9(VixY, Z) =Kos(fX,Y, Z) = fKos(X,Y,Z) = fg(VxY, Z).

The same argument will be used repeatedly to prove properties of V via Kos.
Indeed, Y — Kos(X,Y, Z) is R-linear, and so is Y — VY.
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In order to prove this map to be a connection, one must check Liebniz
rule on the second one, i.e. Vx(fY) = fVxY + X(f)Y. Once again, it
suffices to show Kos(X, fY,Z) = fKos(X,Y, Z) + X (f)g(Y, Z).

2Kos(X, fY, Z) =X (g(/Y. Z)) —Z(9(fY, X))
—g([fY,X], Z) —g([fY, 2], X).
As above, green terms are C°°-linear. The blue ones are the same as above,

up to switch X and Y, so their sum is C'*°-linear, too. On the other hand,
the sum of red ones becomes

Xg(fY,2) —g([fY, X], Z) =
= X(Ng(Y, 2) + fXg(Y, Z) + g(X(/)Y, Z) — fy([Y, X], Z) =
= fXg(Y,Z) = f9([Y, X], Z) + 29(X ()Y, Z),

which proves that V is a connection.

The connection is torsion-free: indeed, using Koszul formula (1.3), one
easily computes

9(VxY, Z) ~ g(Vy X, 2) = ~g(1YV, X1, 2) + 34([X. Y], 2).

By definition [V, X] = —[X,Y], s0 ¢(VxY — Vy X, Z) = ¢([X,Y], Z).
Finally, a direct computation shows that V is compatible with the pseudo-
metric. O

Remark 1.2.2.12. A direct consequence of Koszul formula is that (M, g) and
(M, Ag), X # 0, have the same Levi-Civita connection.

There is another interesting corollary due to Koszul formula, that is that
Levi-Civita connection commutes with the push-forward.

Corollary 1.2.2.13. Let (M,g), (N,h) be two pseudo-Riemannian mani-
fold, VM VN their Levi-Civita connections. If ¢: M — N is an isometry,

VY oY = .VY¥Y, VX,Y € [(TM).
Proof. h is non-degenerate, hence it suffices to show that, VZ € I(TN),
WV x6.Y,Z) = (. VXY, Z). (1.7)
¢ is a diffeomorphism, so we can write Z = ¢,Z, Z € I'(TM). Hence, the
right term of (1.7) becomes
VY, Z) = W6 VY, 0.2) = g(VXY, Z) = Kosp (X, Y, Z).

The left term is in fact Kosy (¢4 X, ¢.Y, ¢+ Z). In Formula (1.3), up to switch
the vector fields, there are two kind of terms:

o 0. X(h(.Y,0:2)) = ¢ Xg(Y,Z), as ¢ is an isometry;

i h([¢*ya ¢*X]7¢*Z) = h(qb*[Y, XL(ZS*Z) = g([Y7 X],Z), U,Sil’lg Proposi—
tion 1.2.1.6 and again the fact that ¢ is an isometry.

Hence Kosy (¢« X, ¢.Y, 9. Z) = Kospr (X, Y, Z), which ends the proof. O
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1.2.3 Christoffel symbols

We need a way to write Levi-Civita connection explicitely, using Koszul
formula on the local basis of TM induced by a local parameterization.

Definition 1.2.3.1 (Christoffel symbols). Let (U, ) be alocal chart, (91, ...,0y)
the induced basis on TU. Christoffel symbols are the smooth functions
(I‘%)Zj7k:1 such that

Vo0 = T50p (1.8)
k=1

Lemma 1.2.3.2. F?i = Ffj k=1,...,n.

Proof. V9,0; = V,0; + [0;, 0] and, thanks to Schwarz theorem,

0? 0?
0;,0i] = =— — =
19, 95 0;0;  0;0;
Hence Vj,0; = V,0;, and it follows that their coefficients are equal. O

Christoffel symbols permit to have an explicit formula for the connection.
Proposition 1.2.3.3. Let (M, g) be a pseudo-Riemannian manifold, V its
Levi-Civita connection. Let (U, x) be a local chart, and take X,Y € T'(TM).

VxY =X(Y)+ > XYT}0k,
i,5,k=1

over U, where X;,Y; € C*(U) are the coefficients of X,Y with respect to
the basis induced by the chart, namely X =5 X;0;, Y = > Y;0;.

Proof. 1t suffices to compute the connection using the local parameterization:
n n n
VxY =) XiVoY =Y X;» Vo, (V;0)) =
i=1 i=1  j=1
n n
=Y XY (YjVa,0; + 0i(Y;)0;) =
i=1  j=1

= Z X;Y; Vp,0; + Z Xi0;(Y;)0;

3,j=1 ] 1,j=1
22:1 F?j 8k

=X(Y)
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Proposition 1.2.3.4. There is an explicit formula to compute Christoffel
symbols, that is
n
1,0 0 0
Péj = Z 5 <*9jk + 59@'16 - a*gz‘j)glk, (1.9)
J k

P 2\0;

(7)) = ¢g71(8;,0;) being the inverse of the matriz which represents the
pseudo-metric in the basis induced by the local parameterization.

Proof. An easy algebraic manipulation gives

n n n n
Il = ZF%(Zghkg“) => ( F%ghk)gkl- (1.10)
h=1 k=1 k=1  h=1
——

Oni

Developing ¢(Vp,0;, 0x), one obtains
n n
9(V0,05,0k) = > T19(0h, 0k) = > Tignk,
h=1 h=1

which is the term in bracket in Formula (1.10).
Recalling that [0;, 0;] = 0, Koszul formula (1.3), applied to (0;);,, ends
the proof:

i 1,0 0 9
L= (Q(Vaﬁj,ak))gkl => §<5igjk MR @gij)glk'

k=1 =1
]

Ezample 1.2.3.5 (Levi-Civita connection of RP9). Consider the parameter-
ization given by Cartesian coordinates of RPT9. The pseudo-metric matrix
induced is g;; = £0;5, that is the functions m — (g;;)m are constant with
respect to the parameterization. In other words, the derivative of these func-
tions vanish identically, then substituting in Equation (1.9), one finds

Il =0, Vi, jk=1,...,n.
It follows by Proposition 1.2.3.3 that VxY = X(Y), that is in RP? the

Levi-Civita connection is the usual derivative.

One can compute the Levi-Civita connection of a submanifold intrinse-
cally, considering the submanifold as a manifold itself, or as induced from
the enviromental one.

Lemma 1.2.3.6. Let M be a smooth manifold and N a submanifold. Let
m € M, it exists an open set U C M containing m such that VX € I'(T'N)
it exists a vector field X € T(TU) which locally extends X, that is X; = X,
vie NNU.
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Proof. Assume n = dim N and k its codimension as submanifold, that is
dim M = n+k. By definition of submanifold, it exists an open neighborhood
U of m and a diffeomorphism ¢: U — R"** such that ¢(NNU) C R™ x {0}.

For (z,0) € R? x {0}, denote m' = ¢~ *(2,0) € NNU. Let X € I'(TN),
hence

Xy = Xgo1000) = Y _ Xi(¢~ ! (x,0))0;.
=1

For (z,y) € RZ x R’;, denote m’ = ¢~ (x,y) € U. Define X € T(TN) as

Xm’ = X(]ﬁ—l(m,y) = ZXi(Qb_l(xa y))al
i=1

Hence X is a vector field in T'(TU) and X = X on NNU. O

Proposition 1.2.3.7. Let (M, g) be a pseudo-Riemannian manifold, D its
Lewvi-Civita connection. Let N C M be a pseudo-Riemannian submanifold
and V its Levi-Chivita connection, then V is the orthogonal projection of D
over I'(T'N).

Proof. Levi-Civita connection can be computed locally, so set m € N and
let U be an open neighborhood as in Lemma 1.2.3.6.

Taken X,Y € T(TN), denote X,Y € T(TU) their extensions on U.
Remark that, over NN U, g(X,Y) = g(X,Y), [X,Y] = [X,Y] and X(f) =
X(f), Vf € C®(N UU).

Form' e NNU, Z € T'(TN), comparing with (1.3), one finds

Kos(X,Y, Z)p = Kos(X,Y, Z) .
This implies, since Z = Z on NNU,
g((DX?)m’v Zyy) = 9(VXY )ty Zpr),

namely (DXY/ — VxY), is orthogonal to Z,,.
Z € T'(TN) is arbitrary, hence

(DY —VxY) € (TwN)=, ¥m' € NNU.

Since N is a pseudo-Riemannian submanifold, Ty N N (T, N)* = {0} (see
Proposition 1.1.1.6 (iii)). (VxY)u € T,y N that is VxV = (D3Y)* on
N N U, which ends the proof. O

FEzample 1.2.3.8 (Levi-Civita connection of HP?). First, we recall that the
Levi-Civita connection is a local property and HP-? is locally isometric to

HPe, HP is a pseudo-Riemannian submanifold of RP:4+!, hence we need to
describe the orthogonal projection of D := VE"*"" over I'(THP4).
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Tvﬁp’q = vt hence T,RPI*! = v @ Tvﬁp’q. In other words, any vector
z € T,RP4tl = RP4+L can be written as z = M+ w, A€ R, w e T,HPY,
i.e. w is the orthogonal projection of x over T,,HP?. In particular,

<5Uav>p,q+l = >\<U>U>p7q+1 + <wvv>p,q+1 ==,

hence w = x + (2, v)p g+10.
In Example 1.2.3.5, we showed DxY = X (Y), so we conclude that

(VxY)y = X(Y)y + (X (YV)y, 0)pqs10- (1.11)

One can refine the formula above: let I € T'(TRP4*1) be the vector field
such that I, = v, hence X(I), = dI,X, = X,. D is compatible with the
pseudo-metric (-, ), 4+1 of RP4T! hence

X(Y, I>p7q+1 = (X(Y), I>p,q+1 + (Y, X(I)>p,q+1-

Recalling that Y e T(T,HPY) = vt (Y, I)pg+1 = 0, and so is any of its
derivative, i.e. (X(Y),I)pg+1 = —(Y,X)pg+1. Substituting in Formula
1.11, one obtains

ViV = X(Y) = (X,Y)pgsrl. (1.12)

The Levi-Civita connection of HP? is then obtained as the push-forward of
the one of HP? with respect to the quotient projection.

1.3 Curvature

Definition 1.3.0.1 (Curvature tensor). Let (M, g) a pseudo-Riemannian man-
ifold, V its the Levi-Civita connection. The curvature tensor R associates
to each pair X, Y € I'(T'M) the operator R(X,Y), defined by

R(X,Y) =VxVy — VyVx — Vixy].

We will write R(X,Y)(Z) = R(X,Y)Z.

Remark 1.3.0.2. The definition of the curvature tensor is up to sign: some
authors define it as above, others, for example | |, as

R(X,Y)=VyVx —VxVy + V[X,Y]-

Ezample 1.3.0.3 (Pseudo-Euclidean spaces). We saw in Example 1.2.3.5 that
the classical derivative is the Levi-Civita connection of RP9,
Let X,Y be two vector spaces on RP? then

R(X,Y) =VxVy —VyVx — v[X,Y] =
=X(Y)-Y(X) - (X(Y) - Y(X)) =0.
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Another way to see it is remarking that the coefficents of the matrix of
pseudo-metric with respect to the canonical basis are constant. Since the
elements g;; are derived in order to compute Christoffel symbols (see Formula
(1.9)), they are null. We will prove in Proposition 1.3.1.10 that R can be
obtained from Christoffel symbols, so R is null, too.

Ezample 1.3.0.4 (Pseudo-hyperbolic space). As in Example 1.2.3.8, we will
compute the Riemann tensor of HP? and then its push-forward will be the
actual tensor of H®®),

To compute it, we want to exploit the fact to be in a submanifold of
RP4TL We recall that (-, -)p 441 is the exterior pseudo-metric, DxY = X (Y)
is the covariant derivative of RP4+1 and I € RP4*! is the vector field such
that I, = v. Then VX, Y € T'(THP4) C D(TRP4HY) (X, T), 441 = 0 and

VxY = DxY — (X, Y)p g1l

With these elements, we are ready to compute the Riemann tensor of HP4:

VxVyZ =Dx(VyZ) — (Vv Z,X)p g1l =
=Dx [DyZ —(Z,Y )p g1l = (DyZ —(Z,Y )pgr11, X)pgr1] =
=DxDyZ — X ((Z,Y )pqt1) I = (Z,Y )pq1 X — (DyZ, X)p g1 1+
(X, Z)pgi1 (L, X)p g1 I =
T
=DxDyZ—(DxZ,Y)p 411 —(Z,Y )p g1 X—
*<DYZvX>p~,(1+1I'

—VyVxZ is obtained switching X and Y in the previous formula and chang-
ing the sign, that is

—VyVxZ :nyDXz+<DyZ,X>p7q+1I +
+ <Z7 X>;D7Q+1Y+<DX27 Y>p~,fI+1I'

so the red terms cancel eachother, and the green ones become —([X, Y], Z), q111.
Finally,
—Vixy)Z = -Dixy|(2)

The green terms cancel, while the blue ones constitute the Riemann tensor
of RP4+1 which is 0, hence

R(X, Y)Z = <Z7X>p7Q+1Y - <Z7 Y>p7Q+1X-

Proposition 1.3.0.5. The properties of R hold in the pseudo-Riemannian
realm:

1. The application (X,Y) — R(X,Y) is bilinear;
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2. the operator R(X,Y): I(TM) — I'(TM) is C°(M)-linear VX,Y €
NTM);

3. R(X,Y)Z+ R(Y,Z)X + R(Z,X)Y =0 (first Bianchi identity);
Proposition 1.3.0.6. Denote R(X,Y,Z, W) := g(R(X,Y)Z, W), the fol-
lowing properties hold in the pseudo-Riemannian realm:

1. R(-,-,Z,W) is anti-symmetric VZ,W € I'(T'M);

2. R(X,Y,-,-) is anti-symmetric VX, Y € T'(TM);

3. RIX,)Y,Z,W)=R(ZW,X,Y), VX,Y,Z, W (symmetric on the cou-

ples).

We won’t give the proofs, as they don’t differ from the classical case. The
reference for this part are | | and [O'N].

1.3.1 Sectional curvature

The Riemann tensor is a heavy tool to handle, so we want to define another
object that contains the same informations. In order to make a parallel
with the Riemannian realm, we consider a Riemannian metric (-,-) and a
pseudo-Riemannian metric g(-,-) on M.

In the Riemannian domain, the tool containing all the informations is
the sectional curvature, i.e.

_ (RX, Y)Y, X)
K(mva)_Wa

where XY is a basis of the 2-plane ¢ C T;, M and

X AY|= \/(X, X)(Y,Y) — (X,Y)%

If we try to substitute (-,-) with g(-,-), there are two problems: the
denominator can be a complex number or 0.
The first problem can be easily avoided using the quadric form

Q(Xv Y) = g(X, X) +9<Yv Y) —g(X,Y)27

which is the determinant of the pseudo-metric induced on the plane o, in-
stead of | X A Y|2. Unfortunately, the form can be degenerate on o, and
there is no way to fix it, so we define the sectional curvature in the pseudo-
Riemannian domain as it follows.

Definition 1.3.1.1 (Sectional curvature). Let ¢ C T,,M a non-degenerate
2-plane and {X,Y} a basis of o.




We need to prove that definition is well posed, that is it does not depend
on the choice of the basis {X,Y}.

Lemma 1.3.1.2. Let B a bilinear anti-symmetric form over a vector space,
then B(aX +bY,cX +dY) = (ad — bc)B(X,Y).
Proof. B(aX +bY,cX +dY) =aB(X,cX +dY)+bB(Y,cX +dY) =
=acB(X,X)4adB(X,Y) 4+ bcB(Y,X)+ bdB(Y,Y) =
=0 =0

= (ad — bc)B(X,Y).
O

Corollary 1.3.1.3. K(p,o) does not depend on the basis of o chosen to
compute it.

Proof. Let Gxy be the matrix of the pseudo-metric in the basis {X, Y}, so
Q(X, Y) = det GX’y.
Consider a change of basis

)

W =aX +bY
Z =cX +dY

the matrix G,z of the pseudo-metric in the basis is

T
a b a b
Gw.z = (c d) Gxy <c d)
Then Q(W, Z) = det Gz = (ad — be)? det Gx y = (ad — be)?Q(X,Y).
For all vector fields U,V € I(TM), R(-,-,U,V) and R(U,V,-,-) are bi-

linear and anti-symmetric forms. Hence, applying Lemma 1.3.1.2 twice, we
obtain

R(aX +0bY,cX +dY,cX +dY,aX +bY) =
=(ad —bo)R(X,Y,cX +dY,aX +bY) =
= (ad — bc)’R(X,Y,Y, X).

Computing the quotient concludes the proof. O

Ezample 1.3.1.4 (Pseudo-Euclidean space). R(X,Y) = 0 (see Example 1.3.0.3),
so K(m,o) =0,Vm € RP? ¢ C T,,RP? non-degenerate plane.

Ezample 1.3.1.5 (Pseudo-hyperbolic space). A more interesting example is
given by H??. We computed in Example 1.3.0.4 the Riemann tensor

R(X> Y)Z = <Z7X>p,q+1Y - <Z> Y>p,q+1X7
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so computing R(X,Y,Y, X) gives
R(X,Y,Y, X) = (R(X, Y)Y, X)pg41 =
= (Y, X)pgr1Y = (¥, Y)p g1 X, X>p7q+1 =
= <Y»X>p7q+1<YaX>p,q+1 - <Y>Y>p,q+1<Xa X>p,q+1 =
= 7Q(X) Y)v

that is K(m,o) = —1, Vm € HP4, Yo C T, HP non-degenerate plane, and
so does for HP-4.

HP¢ is a space with constant negative sectional curvature. Spaces with
this property are called hyperbolic in the Riemannian realm, Anti-de Sitter
in the Minkowskian one and pseudo-hyperbolic in the most general context.

Proposition 1.3.1.6. Let (M, g) be a pseudo-Riemannian manifold. h = g,
is another pseudo-metric on M, A € R\ {0}.

1. Ry(X,Y)Z = Ry(X,Y)Z,VX,Y, Z € T(TM);
2. Ry(X,Y,Z,W) = AR,(X,Y, Z,W), VX,Y, Z,W € I(TM);

3. Kp(m,o) = ALK ,(m,0), Vm € M, Yo non-degenerate 2-plane of
T M.

Proof. This result is a corollary of Remark 1.2.2.12. Indeed,
1. R only depends on V.
2. Rp(X,Y, Z, W) =h(R,(X,Y)Z,W) = Ag(Ry(X,Y)Z,W).

_ R (X,Y,Y,X) _ AR, (X,Y,Y,X) _ K\ (m,o’)
3. Kn(m,0) = Z50xyy” = Mo,xy) = A

O]
Remark 1.3.1.7. If A > 0 we are not changing signature, on the contrary if
A < 0 and ng # n_, we are. Hence, when we focus on one specific geometry

(e.g. Riemannian, Lorentzian, etc.), we are not allowed to scale the pseudo-
metric by a negative value, except for the case n,. =n_.

Aform F: T(TM)* — C°°(M) that respects the same symmetries showns
in Proposition 1.3.0.6 is called curvaturelike. The following statement shows
that there are not a lot of curvaturelike tensors.

Theorem 1.3.1.8. Let E, F be a curvaturelike tensors on TM. If
EX, VY, X)=F(X,Y,Y, X),

for every X,Y spanning a non-degenerate plane, then £ = F.
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The proof, which can be found in | , Pp. 77-80], is based on the fact
that vectors couples spanning a non-degenerate plane form a dense subset of
TM x TM and tensors are continuous functions.

Corollary 1.3.1.9. The sectional curvature, together with the pseudo-metric,
define univocally the curvature tensor.

Proof. By definition, K(p,0)Q(X,Y) = R(X,Y,Y, X), VX,Y spanning a
non-degenerate plane. Hence, thanks to Theorem 1.3.1.8, R is the only
tensor that satisfies that condition.

Once again, g being non-degenerate, R(X,Y)Z is univocally defined by
R(X,Y,Z,-), and so is the operator Z — R(X,Y)Z, that is the image of the
curvature tensor. O

From this result, we can collect all the informations of the curvature
tensor by computing it on the basis (01, ...,0y), thanks to the linearity of
the tensor.

Proposition 1.3.1.10 (Curvature tensor coefficients). Let Réjk the I-th co-

efficient of R(0;,0;)0k, i.e. R(0;,0;)0, = ZR”k&, then
9 l 9 l - m 1l myl
Rl = gyl = g Tt mZ::l (CjTh, DTS, ). (113)

P’I"OOf. [8,,(9]] = 0, S50 R(@Z, 6J) = VaiVaj - VQjVai. Vajak = Z?:l Fé-kal by
definition, then

n

VoV, 0 = Vo lid =Y (TVadh + 0(T)01) =
=1 =1

SO (D THOM) + Y aurh)a =
=1 m=1 =1
-y ( ﬁrgmal) n Z 0,(T,)0, =

I,m=1

:g(Zr m - OiTh) )0,

I-th coordinate of Vo, Vo, O

We obtain the I-th coordinate of Vg, Vg, 0y by switching the index ¢ and
7, and that concludes the proof. ]

Corollary 1.3.1.11. Christoffel symbols completely determine the curvature
tensor.
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Ezample 1.3.1.12 (Cylinder). C = {2? + y> = 1} C R?! is a Lorentzian
submanifold. Indeed, consider the parameterization

(0,27) x R: — C C R*!
(¢, 2) = (cos ¢, sin ¢, 2),
the basis of the tangent space induced by the parametrization is

0p = (—sin ¢, cos ¢, 0)
0, = (0,0,1)

Hence the the restriction of (-,-)21 to C'is

G = (g) = <<3¢»3¢>2,1 <3¢,3z>2,1> _ <1 0 )
" (02,0p)21  (02,0:)21 0 —-1)”
which is clearly Lorentzian. Moreover, it means that the parameterization

is a loca isometry from R to the cylinder. The curvature is invariant by
local isometry, hence the curvature is 0.

Ezample 1.3.1.13 (Hyperboloid of one sheet). SV = {22 +¢2 —22 =1} is a
Lorentzian submanifold of Minkowski 3-dimensional space (see Figure 1.3).
We proved in Example 1.3.1.5 that it has constant curvature K = 1, namely
it is a de Sitter space. Nevertheless, we give the explicit computation with
Christoffel symbols in low dimension as an example.

A global parametrization of the surface is

RQ N gl,lRQ,l
(¢,2) — (V1+ 22cosd, V14 22sin ¢, z).

In every point p = p(¢, z), the parametrization induces a basis on T,,H:

{8¢ = (—V1+ 22sin ¢, V1 + 22 cos ¢, 0)

az = (\/ﬁ COS gb, ﬁ sin gb, 1)

The G' = (g45) of the induced pseudo-metric in the basis (94, 0,) is
G = <9¢¢ %z> _ <1+z2 " >
92¢ Yzz 0 112
It follows that its inverse G—! = (¢¥) is
a1 (67 0\ _ (T 0
¢ g 0 —(1+2%))°

Let’s compute Christoffel symbols by means of Equation (1.9). As G~1 is
diagonal, the formula becomes Ffj = %(&-gﬂc + 9; i — 8kgij)gkk.
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o _ 6 _po _ _* _
rs, =0, ry, =T rY, =0,

2 ] 4 22 =
_ 2 _ _ _ c
Since det G = —1, the sectional curvature is

g(R(ala 82)027 81)

= —g(R(01,02)02,01) = g(R(01,02)01, Oa).
By means of Equation (1.13),

g(R(01,02)01, ) = Rip g12 + Ris1 g2

g12 = 0, hence we only need to compute R, goo.

0 0
Riy = =T1—=T% + 5% — 115 + 15T, I3 050+ =
o1 0o NN
-0 -0
-0

= (1+22)+2)+22+22=—-(1+2%)

Then the sectional curvature is K (¢, 2) = R25,g22 = 1.

1.4 Geodesics

In Riemannian geometry, geodesics are curves locally minimizing distances.
The distance is induced by the metric, and cannot be extended to the pseudo-
Riemannian realm. Indeed, in the more general setting, curves can have
negative or null length, so the notion of minimize distances is meaningless:
any pair of points lying on the same lightlike curve has distance zero.

However, geodesics can be also defined as straight lines of the space, that
is curves with no acceleration. This notion can be extended, involving only
the Levi-Civita connection.

1.4.1 Curves

Let ¢: I — M, I C R, be a smooth connected curve on (M,g) pseudo-
Riemannian manifold. We will call the curve spacelike, timelike or lightlike
if its tangent vector is constant in character.

Definition 1.4.1.1 (Pseudo-length). The pseudo-length of a curve c € C*(I, M)

is defined as
/I Vg @@, @)

L(c) :=
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A Riemannian manifold M has a natural structure of metric space, in-
duced by the metric. The distance from z to y is

d(z,y) = inf{L(c),c: [0,1] = M, piecewise C',¢(0) = z,c(1) = y}.

It is not possible to extend this definition on a pseudo-Riemannian manifold:
the distance between points on the same lightlike curve is 0, that contradicts
the axioms of distamnce.

1.4.2 Vector fields along curves

Definition 1.4.2.1 (Vector field along a curve). Let ¢: I — M be a smooth
curve, a wector field along ¢ is a smooth map X: I — TM such that
X; € Tc(t)M7 Vtel.

Remark 1.4.2.2. Given a vector ﬁeld~)~( € I'(TM) and a curve ¢: I — M,
the restriction of X to ¢, i.e. Xy := X(y), is a vector field along the curve c.

One could think that it is also possible to extend a vector field along a
curve Y to a vector field Y on M, that is finding ¥ € T'(T'M) such that
ffc(t) = Y;. This is not true, and the following exemples will explain what
kind of obstacles can occur.

Ezample 1.4.2.3 (Injectivity). If ¢: I — M is not injective, it exists t # 5 € [
such that ¢(t) = ¢(5) = m, i.e. the curve self-intersects. Let X be a field
along ¢ such that X; # X5. Suppose it exists a vector field X e I'(T'M) that
extends X, hence

X=X = Xm=X

which contradicts the hypothesis on X.
For an explicit example, take X; = ¢/(t), which is a vector field along ¢(t)
(see Figure 1.4).

In the previous example the vector field could not be extend due to
punctual properties of the curve, suggesting that in a local chart X admits an
extention. The next example shows that there are cases more pathological:
the idea is to take a dense curve on M and a vector field which is continuous
with respect to the topology of the curve but not to the manifold’s one.

Erample 1.4.2.4 (Density). Consider the torus M = R?/Z? and the projec-
tion p: R — M, which is a local diffeomorphism.

Consider the curve é: R — R? such that ¢(t) = (7t,t), which is a straight
line with irrational slope. Hence the image of ¢ := p o ¢ is dense in M.

Define X; = (cosnt,sinnt) € R? = T,»nR?, and X := p.X. ¢(Z) is a
dense subset of p(R x {0}), and X; = ((—1)%,0) for ¢t € Z. Since p is a local
diffemorphism, X9t = —Xo441, Vt € Z, hence it cannot be extended to a
smooth vector field (see Figure 1.5).
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Figure 1.4: Vector field X; = ¢/(t) along a self-intersecting curve c(¢)

Both examples suggest that, locally in I and in M, one can extend any
vector field along a curve to a vector field on the manifold. The next example
shows that we need additional assuptions on the derivative of the curve.

Ezample 1.4.2.5 (Regularity). Consider a point my € M of a manifold. Let
¢: I — M be the curve ¢(t) = mg. A field along c is a choice of infinite many
vectors (X¢)ier € Tmy M, which clearly can not be extended even locally.

Nevertheless, it is possible to extend the Levi-Civita connection to vector
fields defined along curves.

Theorem 1.4.2.6. Let (M, g) be a pseudo-Riemannian manifold and c: I — M
a smooth curve. It exists a unique operator V/dt from the space of vector
fields along c to itself, such that ¥Vt € T

i (F(X), =X+ fFO(FX)e, Vf: T > R;

i. if X can be (locally) extended to a vector field X € T(TM), then
\VA .
—X ) = 1 X .
<dt )t (VC ) )c(t)

Proof. We will check first the unicity part of the statement. Suppose V/dt
exists, set X a vector field along ¢. In a local chart, we can write

c(t) = (c1(t),...,cn(t)), ¢ € C(1,R);
X = ZX,(t)(az)C(t), X; € COO(I,R).
i=1
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Figure 1.5: The vector field X along c(t) restricted to the circle p(R x {0})
in R?/Z? cannot be extended to a vector field along the circle, hence neither
to a vector field on R?/Z2.

Using (i), one obtains

VX =30 (K03 = S0 XUD @y + Xil0) @)y (114

i=1 i=1

Clearly (9;)c(+) can be extended to a vector field on an open neighborhood
of ¢. By the means of (ii) one computes

v n
2Dty = Ve @)ew = D G0V (0,).0 ()er) =

j=1
= Z GOTE () (On) e(r) -
k=1
Substituting in (1.14), we finds

(%), -

X{(8)(0h)ery + Xi(t) G (OTF () (Ok) ey =

XL + XGOS )] Gk (115)

which proves the unicity of such operator.
To prove that it exists, we define it as in (1.15) and show it satisfies the

properties (i),(ii).
For (i), set f: I — R and replace X = fY in Equation (1.15):

(FU) = X [0 000+ OV )] @

1,5,k=1
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X,

cft)=mpe M

X tq

Figure 1.6: Vector field along a constant curve.
Since (fY%)' = f'Yi + fY],

(FM) = 3 [F@¥i@0 + Vo0

irj, k=1
SOV OTE ()] @)y =
\%
v+ 0 (7))
tJy
For (ii), let to € I, It, € I be an open neighborhood of ¢y and X el(rmM
such that Xcu) = X¢, V¢ € Iy, In alocal chart, X = X;0;, and X;(c(t)) =
X;(t). Tts derivative along c/(t) is
- d -
/ . - X, _, = X!
¢ (1) (Kile(s))) = - Kile(s)) o= = X1(0).

Hence, replacing in (1.15) and using Proposition 1.2.3.3, one finds

<Zx>t - i [c’(t) (Xk(c(t))) + Xz(C(t))CQ(t)FZ(C(t))} (Ok)e(ry =

,7,k=1
= X)e + D KletOTH D)@y = (Ve X)
,7,k=1

O]

Lemma 1.4.2.7. Let M be a smooth manifold, c: I — M a regular curve
and tg € 1. It exists € > 0 and U C M open neighborhood of c(to) such that
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VX wector field along c|(y—c to+e), it ezists a vector field X € I(TU) which
extends X.

Proof. 1t is a corollary of Proposition 1.2.3.7: indeed a regular curve is a
parameterization for a smooth 1-submanifold of M. O

Corollary 1.4.2.8. If c: I — M 1is a regular or a constant curve, the op-
erator V /dt coincide with the Levi-Civita operator restricted along ¢, so we
will abusively write

\Y

—X =V.X.

dt Ve
Proof. V can be computed locally, so Lemma 1.4.2.7 and Theorem 1.4.2.6
(ii) conclude the proof. O

1.4.3 Geodesics

Definition 1.4.3.1 (Geodesic). A curve v: (a,b) — M is a geodesic if
VoY (t) =0, Vte(a,b). (1.16)

Remark 1.4.3.2. We wrote V., instead of (V/dt)(7’) because, as a corollary

of Theorem 1.4.3.4, geodesic are either regular curves or constants.

It comes straight from the definition that a geodesic’s tangent vectors
have the same character, in fact

L0/ (10,7/(1)) = 2 (V0 (1),7'(1)

0, (1.17)

that means the norm of 7/ is constant.
Locally, geodesics can be described as solution of ODEs, tied to Christof-
fel symbols.

Proposition 1.4.3.3. Let (M, g) be a pseudo-Rieamnnian manifold and V
its Levi-Civita connection. Let c: I — M be a smooth curve, (U,x) a local
chart, c(t) = (c1(t),...,cn(t)) in the local chart. c is a geodesic if and only
if it satisfies the differential system

Gty + > TE(e(t)d(t)c;(t) =0, Vk=1,...,n, (1.18)
i,j=1

where I’fj are the Christoffel symbols with respect to the local basis {01, . ..,0n}
induced by the local chart.

Proof. The proof is direct corollary of Theorem 1.4.2.6: in fact, substituting
X ={d(t) in (1.15), one obtains

%c’(t) = |+ D dOGOTECE®)) | (Or)er)-

k=1 ij=1
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(V/dt)y' = 0 if and only if all its coefficents with respect to the basis vanish,
which is exactly the statement. O

Theorem 1.4.3.4 (Existence and unicity of geodesics). Let (M,g) be a
pseudo-Riemannian manifold, mg € M, vy € Ty,,M. There exist an open
neighborhood U x V' of (mg,vo) € TM and ¢ > 0 such that V(m,v) € U xV,
it exists a unique geodesic C(m.): (—€,€) — M such that ¢, ,)(0) = m,
c’(mw)(O) = .

Moreover, the map C: UxV x(—¢,&) — M such that C(m,v,t) = ¢ (t)
15 smooth.

Proof. Let A be an local chart of M containing mg. The differential system
(1.18) can be rearranged in a first order differential system

)

) = Yk k=1,...,n
where (z1,...,%n,Y1,...,Yn) are the coordinates of (¢(t),c'(t)) in the local
chart TA. The result is then a direct application of the fact that, given

initial values (m,v), it exists a unique solution of an ODEs. The solutions
of an ODE smoothly depend on the initial values, hence C is smooth. 0

Corollary 1.4.3.5. Letvy1: (a1,b1) = M, v2: (ag,bs) — M be two geodesics
such that 3t1 € (a1,b1),t2 € (ag,ba) such that

{’Yl(tl) = Ya(t2),

2
71 (t1) = 75(t2)

It ezists a geodesic v: (a1 —t1,b; —t1) U (ag — to, by — ta) — M such that

/) = ’yl(t+t1) iftE(al—tl,bl—tl)
’)/Q(t-i-tg) ’ift S (a2 — t2,b2 —tg)

Proof. The uniqueness of a local solution, proved in Theorem 1.4.3.4, implies
that v1 = 9 over (a1 —t1,b1 — tl) N (CLQ —to, by — tg), hence -y is well defined.
By hypothesis, v is a geodesic over three open sets which cover its domain,
so it is a geodesic over all its domain. O

This result allows to glue geodesics coinciding over an open set, so it
exists a maximal interval of definition for any geodesic, which bring to the
following definition:

Definition 1.4.3.6. For m € M and v € T;,, M, the geodesic with initial point
m and initial velocity v is the curve v(,0) 1 I(me) — M such that

L. Y(m,v) 18 & geodesic,
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ii. Y(m,v) (0) =m, ’YEm’U) (O) =,

iii. if a curve ¢: J — M satisfies the two previous points, J C I, ,) and
c(t) = Y(m,v)(t), Vt € J, that is c is a portion of v, .-

Definition 1.4.3.7 (Completeness). A geodesic is complete if its maximal
interval of definition is R. It is complete on one side if its maximal interval
of definition is an unlimited open subset of R.

Definition 1.4.3.8 (Geodesically complete). A pseudo-Riemannian manifold
is geodesically complete if every geodesic is complete.

Ezample 1.4.3.9 (Geodesics of RP?). Consider a point m € RP? and a vector
v € T, RP? = RP4. The affine line ¢(t) = m + tv, defined on the whole real
line, is the geodesic (). Indeed, ¢/(t) = v, Vt € R, that is the vector field
d(t) is constant. Hence, recalling that Levi-Civita connection is the usual
derivative in RP4, we have

ch(t)c’(t) = VUU = 0.

Theorem 1.4.3.4 concludes that affine lines are all and only geodesics of
RP4 hence the pseudo-Euclidean space is geodesically complete.

Incidentally, the example shows that, for A € R{0}, V(n,s) and Y(m x)
share the same image. This is in fact the statement of the following result.

Proposition 1.4.3.10. Let m e M, v € T, M and X € R, then

Y(m, o) (t) = V(m,w) (At) :

Moreover, I(y, zo) = Lima) /A, where (a,b)/\ = (a/A,b/A) for X # 0 and R,
otherwise.

Proof. Let c(t) := Y(m,)(At), Proposition 1.4.3.3 states that a geodesic sat-
isfies a linear system of ODEs, s0 if 7(,, . (t) is a solution, c(t) is a solution,
too. By definition,

C(O) = V(m,v)()‘o) = Y(m,w) (0) =m,
¢(0) = (Ymwy (M) l1=0 = My (B)l1=0 = Mo,

so ¢(t) is a geodesic with initial values (m, \v).

c(t) is defined on I, ,)/A, hence I, ) /A C I ). We need to check
that ¢ can not be extended, i.e. the interval is maximal.

If A =0, I(;,)/A = R, which cannot be extended. Otherwise, assume
Ty /A S Imoaw)- This implies that v, a0 (t/A) is a geodesic with initial
values (m,v) defined on Al x) 2 I(m,v), Which contradicts the definition
of I(m,v)' ]
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In general, it could be difficult to derive the geodesic equation from the
differential system described in Proposition 1.4.3.3. The following result
permits to check more easily if a smooth curve is a geodesic.

Proposition 1.4.3.11. Let I C R be an open interval, c: I — M be a
reqular curve. ¢ is an unparameterized geodesic <= it exists f € C*°(I,R)
such that Vo) d'(t) = f(t)c (1), Yt € 1.

Typically, in Riemannian geometry, this statement is proved by reparam-
eterizing ¢ by its arc-length parameterization and checking that it makes ¢
a geodesic. This approach fails in the pseudo-Riemannian case: the "arc-
length parameterization" for lightlike geodesics is the constant one, since
the length of the tangent vector is identically 0. It can still be used to prove
the statement for non-degerate geodesics. However, the following approach
permits to check directly both cases.

Proof. Take a reparameterization v of ¢, that is ¢(t) := ~v(¢(t)), where
¢: I — J is a diffeomorphis between open intervals of R, namely ¢’ never
vanishes. Hence 7/(t) = ¢'(t) (¢(t)) and
Ve (t) = &' () V) (0 (07 (01)) =
= ¢'(1)0" ()7 (6(1) + &' (1)* V(o7 (0(1)) =
= " (1) + & (1) V()7 (010).

If ¢ is an unparameterized geodesic, let ¢ be a reparameterization that makes
~ a geodesic. The formula above becomes

Vewd () =¢" () (t) + ¢'(t)* Vo o)y (6(1)) -
=0

that is V) (t) = f(t) (1), f = ¢" € C®(M).
Conversely, let V¢ (t) = f(t)c/(t). From the formula above,

& () Voo (6(1) = (f(t) = ¢" (1)) ¢ ().

It follows that if a reparameterization ¢ solves the ODE ¢”(t) = f(t),
VoY (5) =0, i.e. 7 is a geodesic.

Set tg € I and impose the initial value ¢}, > 0. It exists a local solution
such that ¢ never vanishes. Hence we can build an open covering {I,},cr
of I such that for all x € I it exists a parameterization ¢, and a geodesic
Yo: Iy — M such that c(t) = vz(¢z(t)). We want to glue the pieces in a
single geodesic defined on I.

We claim that given two geodesic ¢(¢;(t)) defined on I;, i = z,y, such
that I, N I, # (), we can find another parameterization 1, and a geodesic

v(s) such that
Ye(s) if s € I,
(s =4 70
Yy(s) if s eIy,
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where 7, (s) is the geodesic such that c(t) = 7,(¢y(t)). The claim clearly
implies the statement.

To prove it, set x, y as above and take tg € I, N1,. Up to substitute ¢;(t)
with ¢;(t) — ¢i(to), i = x,y, we can assume ¢ (tg) = ¢y(to) = 0, then

12(0) = 72(92(t0)) = c(to) = 7y(dy(t0)) = 7,(0),

i.e. the two geodesics intersect in s = 0.
We study the tangent vectors of v, in 0 using their implicite definition:

c(to) = %%(%(t))lt:to = ¢ (t0) e (02 (£))1=10 = &, (£0)7(0)-

d
For the same reason c/(to) = ¢}, (t0)7,(0), and both ¢/, ¢}, never vanishs, so
¢}, (to)
7H0) = L EL0) = 24(0), NER\ {0}

Set by (t) := Apy(t), and 4y (s) such that c(t) = 7,(1y(t)). By Proposition
1.4.3.10, 4,(s) is a geodesic such that

Yy(0) = 74(0) = 72(0),
7,(0) = 174(0) =% (0),

hence, for Corollary 1.4.3.5, it exists a geodesic + that satisfies the claim,
which ends the proof. O

Incidentally, the proposition allows to check completeness of non-degenerate
geodesic from any of its parameterization.

Lemma 1.4.3.12. Let c: (a,b) — M, a,b € RU{xoo}, an unparameterized
non-degenerate geodesic, i.e Vac = fcd'. Let v be the geodesic such that

c(t) =v(o(t)). v is complete if and only if
L(c|(to,b)) = L(c|(a, ty)) = +o0, Vito € (a,b).

If only one among L(c|(to,b)) and L(c|(a,to)) is infinite, the geodesic is
complete on one side.

Proof. Let ¢ be the parameterization such that c(t) = y(¢(t)) and ~(s) is a
geodesic. We proved in (1.17) that tangent vectors of a geodesic are constant
in norm: let £ := |g(vy'(s),7'(s))], then for sg,s1 € ¢~ 1([a,b]) C RU {Fo0},

L(vl(s1,52)) = /82 Vig(y'(s).7/(s))ldt = VI |s1 = sol.
For sy = ¢~ 1(b), s1 # ¢ (a), L(c|(to,b)) = +oo if and only if ¢~1(b) =

+00, and analogously for s; = ¢~ 1(a), hence we proved the statement for a
parameterized geodesic.
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To conclude the proof it suffices to notice that the length of a curve

does not depend on the parameterization, but only on its support. Indeed,
let t1,t2 € (a,b), si := ¢(t;), and remark that ¢(t) = ¢'(t)7'(4(¢)) and
sgn(¢/(t)) is constant.

L (v|(s1,82)) = 82 g(fy’(s),’}’/(s))dt‘ _
= t 2 \/g(’yl(gb(t))’j//(ﬂb(t)))¢/(t)dt' _

= jsen(e) [ \/g(v’(¢(t)),v’(¢(t)))|¢’(t)\dt‘

t1

|/ ¢¢f<t>2g<vf<¢<t>>,wf<¢<t>>>dt' _

- wg @GO B0). 7O <¢<t>>>dt\
= Jidt‘ L (c|(t1, 12))

O]

Physically speaking, geodesics are paths that an object follows if not sub-
ject to external forces. Their mathematical interest comes from the fact that
they and their maximal intervals of definition are invariant by isometries.

Proposition 1.4.3.13. Let (M,g) be a pseudo-Riemannian manifold and
¢ € Isom(M). Let Y(m) be a geodesic, then ¢(Vmw)) = V(é(m),démv) and
Lo(m),domv) = L(m,v)-

Proof. Consider the curve c(t) = (¢ © Y(m))(t), s0 c(0) = ¢(m).

/ d ~! /
d(t) = %(qﬁ © 'Y(m,v))( )= d‘b'y (m.0) )V (m,w) (t) = (¢*7(m,v))tﬂ

then ¢/(0) = dpv, i.e c satisfies the initial condition of V(¢(m),dpmv)- COTOl-
lary 1.2.2.13 shows that c is a geodesic:

v((b*ﬂy(m v) (gb*’y(m U ) = qb*v’yf'm,v)(t)’yzmﬂ]) (t) = ¢*0 = 0

We still have to check that ¢ is maximal: by definition, ¢ is defined over
I(m ) that is I(m v) & I(¢(m) dpmv)- Suppose I(m,v) - ](¢(m),d¢>mv)7 that is ¢
can be extended. Then, ¢~ (7(¢ (m),démv)) 18 @ geodesic whit initial values
(m,v) and defined on an interval which strictly contains I, ., which is an
absurd by definition of I(,, ,). O
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1.4.4 Exponential map

The exponential map connects a pseudo-Riemannian manifold (M, g) and
its tangent space T'M using the notion of geodesic. Roughly speaking, it
projects a subset of tangent space T,, M onto a neighborhood of m in M.

In Theorem 1.4.3.4, we built a smooth map C(m,v,t), which associate
at any point (m,v) € TM a geodesic t — C(m,v,t) = c(n.)(t). However,
we want the domain of our map to be a subset of T'M, so the naive approach
is to fix the time ¢ = 1 and define the exponential map as C(-,-,1).

Remark 1.4.4.1. One could think that C' is not well defined, since a prior:
C = Cyxvx(—ee), namely is a different function depending on the domain.
However, Corollary 1.4.3.5 implies that it is not the case.

We remark that the geodesic ¢t — C(m,v,t) can be extended at most to
Y(m,w) (see Corollary 1.4.3.5). In general 1 ¢ I, which means C(-,-, 1) is
not well defined on all TM.

Definition 1.4.4.2 (Exponential map). Let (M, g) be a pseudo-Riemannian
manifold, the ezponential map of M is defined as

exp: Q > M
(ma U) = 7(m,v)(1)7

where 1= {(m,v) € TM,1 € I(;, )}
We denote exp,, : 2y, — M the restriction of exp to T,, M, i.e. Qp, := Q|1 01

Proposition 1.4.4.3. Let (M, g) be a pseudo-Riemannian manifold, Q, is
a connected open neighborhood of 0 € T,, M, ¥Ym € M.

Proof. y(m0) = m, that is I(,, o) = R, hence 0 € Qy,.

Set (m,vg) € Qm, consider V, ¢ as in Theorem 1.4.3.4; 7, .,y is defined at
least over (—¢,¢), Vv € V|, pm. Define W= {v,v € Vi, }, A :i=¢/2. W is
an open neighborhood of vg in T;,, M, since the topology on T;, M = R is the
Euclidean one. For w € W, 7y, . is defined at least on (—¢,¢)/\ = (-2,2)
(see Proposition 1.4.3.10), that is W C Q,,.

Finally, €,, is path-connected and so connected: indeed, let v € Q,,
that is 1 € I(m,v)' Since I(m,/\v) = I(m,v)//\a I(m,v) - I(m,/\v)ﬂ VA € [0, 1], that
is the segment [0,v] C Q. O

Now that we have showed that the domain is open, we have a function
between open subsets of smooth manifolds, then we can check its smoothness.

Proposition 1.4.4.4. The exponential map is smooth.

Proof. Set (mg,vg) € T,, M, by definition exp(m,v) = C(m,v,1) over Ux W,
which is smooth by Theorem 1.4.3.4. O
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Corollary 1.4.4.5. Let (M, g) be a pseudo-Riemannian manifold, m € M.
It exists U open neighborhood of 0 € T, M such that exp,,: U — M is a
local diffeomorphism.

Proof. We claim that d(exp,,)o = Idr, ar, hence the differential of exp,,
is invertible in v = 0, i.e. exp,, is a local diffeomorphism from an open
neighborhood U of 0 € T}, M to M.

To prove the claim, it suffice to remark that

exXP,, (tV) = Yim,t0) (1) = Yim,0) (1),
and that vém’v)(O) = v, hence
A(exD)o0 = 5 XD (10)im0 = (o = .
O

Corollary 1.4.4.6. Let (M, g) be a pseudo-Riemannian manifold, m € M,
¢ € Isom(M), then

. ¢ © €XPpy, = eXpd)(m) o d¢m7

i Qgm) = Q.
Proof. It comes straight from Proposition 1.4.3.13. 0

Proposition 1.4.4.7. Let (M, g) be a connected pseudo-Riemannian man-
ifold, ¢,v € Isom(M). If there exists m € M such that ¢(m) = ¥(m) and

dpm = dipm, then ¢ =1p.

Proof. The set A := {m € M|¢(m) = ¢(m),dpm, = dipp,} is not empty by
hypothesis and closed, since ¢, and d¢, dy are continuous functions.

We claim that A is open. If this is the case, then A = M because M is
connected, that is ¢ = 1.

Choose m € A, by Proposition 1.4.4.6

¢ 0 exXPy, = €XPg(m) APm = €XPy(yy) Ahm = P 0 €xpyy, .

By Proposition 1.4.4.5, exp,, is a local diffeomorphism on an open neigh-
borhood U of 0 € T,,M, hence ¢ and v coincide over exp,,(U), and so do
their differentials, that is exp,,(U) C A. exp,,(U) is open, so the claim is
proved. O
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1.4.5 Totally geodesic submanifolds

Definition 1.4.5.1 (Totally geodesic submanifold). Let (M,g) be a pseudo-
Riemannian manifold, a smooth submanifold N C M is totally geodesic if
all geodesics of NV are geodesics of M, too.

Equivalentely, a smooth submanifold N C M is totally geodesic if Ym €
N, Vv € T, N, it exists 6 > 0 such that the geodesic 7, ) of M is contained
in N, Vt € (=4,9).

When we talk about totally geodesic submanifold, we will assume they

are maximal, ¢.e not properly included in any other totally geodesic subman-
ifold of the same dimension.

FErample 1.4.5.2. Geodesics are totally geodesic 1-submanifold. Particularly,
lightlike geodesics are not pseudo-Riemannian submanifold, and we will call
them degenerate totally geodesic submanifold.

Corollary 1.4.5.3. Let (M, g) be a pseudo-Riemannian manifold, ¢ € Isom(M)
and N C M a totally geodesic submanifold. Then ¢(N) is a totally geodesic
submanifold. Moreover, N is mazimal if and only if ¢(N) is mazimal.

Proof. It comes straight from Proposition 1.4.3.13. O

Ezample 1.4.5.4 (Pseudo-Euclidean space). In RP? totally geodesic subman-
ifold are affine subspaces.

Proposition 1.4.5.5. Let (M, g) be a pseudo-Riemannian submanifold,
¢ € Isom(M), then Fix(¢p) is a totally geodesic submanifold.

Proof. 1t is clear that fixed points of a diffeomorphism form a smooth sub-
manifold: they are the zeros of the submersion x(¢(m)) — x(m), = being a
local chart.

Note F' := Fix(¢), since ¢|p = Idp, dp|rr = ldrp. Let m € F,v € T),,F,
Y(m,v) the geodesic with initial values (m,v). From Proposition 1.4.3.13,

A(Vm,w) (1) = V(d(m),dgmuv) ()5

but ¢(m) = m and dé,,v = v, hence

¢('7(m,v) (t» = Y(m,w) (t),
that is V() (t) € Fix(¢) = F, Vt. O

Ezample 1.4.5.6 (Pseudo-hyperbolic space). As stated in Example 1.1.2.12,
O(p, g + 1) induces the isometry group of HP?, and it is an easy exercise to
prove that is generated by reflections. This proves that any non-degenerate
hyperplane is fixed by an isometry, and so is its intersection with HP? is
a totally geodesic submanifold. The same holds in higher codimension: by
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composing reflections, one can build an isometry fixing any non-degenerate
vector subspace of RP4F1,

A continuity argument or a direct computation using the differential
system defined in Proposition 1.4.3.3 shows that degenerate totally geodesic
subspace can be described in the same way, that is as intersection of HP4
and degenerate vector subspaces of RP4+1,

Let V be a vector subspace of RP4*! with signature (n4,n_,ng). Hence
S =HrINV is a totally geodesic submanifold of HPY with signature
(ny,n_ —1,n9). To see that, it suffices to remark that

TV = TpnS & (T, HP9) L,

is an orthogonal decomposition of T,,,V, so the result follows from Sylvester’s
criterion. We add two remarks to this computation: if n_ = 0 the formula
above makes no sense: that proves that the intersection is empty in such
case (consider for example degenerates hyperplanes for ]HI") Moreover, S is
degenerate if and only if V' is degenerate.

Recalling that HPY = P(HP?), totally geodesic subspaces of pseudo-
hyperbolic space are the intersection of P{(v,v),, < 0} with projections
of vector subspaces of RP4FT!. In particular, any geodesic of HP is the pro-
jection via P of a vector 2-plane of RP4*! and it is lightlike if and only if
the 2-plane is degenerate (to be precise, a 2-plane of signature (0, 1,1)).

Totally geodesic submanifold are flat from the point of view of an inhab-
itant of the manifold, that is the intrinsical curvature tensor is the same as
the extrinsical. In fact, this property characterizes non-degenerate totally
geodesic submanifolds.

Proposition 1.4.5.7. Let (M,g) be a pseudo-Riemannian manifold and
N C M be a pseudo-Riemannian submanifold. Denote D,V their Levi-Civita
connection, respectively. N is totally geodesic if and only if D|piryy = V.

Proof. The implication (<) is trivial: indeed, assume v: I — N is a geodesic
of N, namely it satisfies V7' = 0. Since 7/(t) € [(T'N), Vt € I, one has

D’y”}/ = (D|F(TN))7”7, = v'y/'yl =0,

that is v is a geodesic of M, too.
Conversely, we need to prove that DxY € I'(T'N), VX,Y € I'(TN),
which is equivalent to check g(DxY, Z) = 0,¥X,Y € I'(TN),¥Z € T(TN*1).
We claim it suffice to prove the equation for Y = X: indeed, if it is the
case, let X,Y € I(TN), Z € T(TN*),

0=g(Dx+v(X +Y),Z) =
=0 =0
=2¢(DxY,Z) + g([X,Y], Z). (1.19)
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[X,Y] € I'(T'N), so it is orthogonal to Z, too, i.e. g([X,Y],Z) = 0. Equa-
tion (1.19) above becomes g(DxY, Z) = 0, which proves the claim.

g(DxX, Z) = X(g(X, Z)) - g(X7DXZ) = _g(X7DXZ>7
=0

hence it suffices to prove g(X, DxZ) =0,VX € I'(TN),Z € T(TN*).

By the absurd, assume there exist m € N, X € I'(T'N), Z € I'(TN*)
such that
Since the equation is C°°(M)-linear with respect to X, one can substitute
X with any vector field Y such that Y, = X,,.

Choosing Y := %m, Xpm)? which belongs to T'IN by hypothesis, one obtains

9(X.DxZ) =g (¥, (DyZ2)) =+"(9(+, 2)) — g(Dyv', Z) = 0.
=0 :6_/

then it is 0 even at m, which is a contradiction. ]
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Chapter 2

The half-space model

In this chapter, we will study the half space model. First we will introduce
the model, justify the title model of the pseudo-hyperbolic space, and study
some isometries.

After that we will study intrinsecally its geometry. The main results are
the classification of totally geodesic subspace (Section 2.4) and the descrip-
tion of geodesics (Section 2.4). From the classification, it arises a way to
describe the boundary of HP? and to extend it. The extended boundary
Ooo HP? will be proved to be homeomorphic to 0HP? (Section 2.6). We will
also described horospheres of the model in Section 2.7.

Finally, we will describe the isometries of HP4. In Subection 2.8.1 we
will present the actual isometry group, and in Section 2.8.2 the action of
Isom(HP?) on HP4 by local isometries, which are the analogue of inversions
in the Riemannian case.

2.1 Introduction to the model

In this section we will introduce the half-space model HP? and justify the
name of model of the pseudo-hyperbolic space by exhibiting an isometric em-
bedding ¢, q: HP? — HP9. Then we will provide a first attempt to discover
the isometries of the model.

2.1.1 The half-space model

Definition 2.1.1.1 (Half-space). Let p,q € N, p > 1, the half-space of signa-
ture (p, q) is defined as

HPY = {(x,y,2) € RE™! ORI ®R,|z > 0},
endowed with the pseudo-Riemannian metric

_dx%+...+d1:72,_1—dy%—...—dyg—ksz
9pa = 5 .

- (2.1)
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Ezrample 2.1.1.2. When ¢ = 0, one recovers Poincaré half-space, which is
well known to be isomorphic to HPY = HP. For references, see | |

Example 2.1.1.3. For ¢ = 1, HP! is the half-space model for the Anti-de
Sitter space, namely AdSPT! = HP!. This model is not complete and has
been studied in | ]

Example 2.1.1.4. Finally, if p = 1 and ¢ > 1, H"9 is an anti-model for
the de Sitter space dS?™!, that is (H"9, —g,,) is a model for the unitary
pseudo-spheric space S¥'. This case has been studied with the name of
Lorentz-Poincaré half-space in | |.

2.1.2 An isometric embedding

The next proposition proves that HP? can be seen as an open subset of HP»9,
so it inherits all its local properties, such as the sectional curvature, that is
then constant K = —1. Nevertheless, we will check it directly in Section 2.3.

The image of ¢, 4 is dense in HP. This result permits to extend HP4
to a complete model of the pseudo-hyperbolic space, in a sense that we will
explore in Subsection 2.6.4.

Remark 2.1.2.1 (Notation). By a small abuse of notation, from now on we
will use || - || for the usual norm and (-, -) for the usual scalar product of RE™!
and R{.

Proposition 2.1.2.2. There exists an isometric embedding
Lp,q: Hpvq N szq .

If g =0, 1pq 1s surjective. Otherwise, its image is the complement of a totally
geodesic degenerate hyperplane in HP9.

Proof. We will first define an embedding 7, 4: HP? — HP¢ C RP4+L Then
define i, 4(x,y,2) = (X1,..., Xpiqt+1) where:

x, =4 i=1,....p—1,
z
x = L=l + vl — 22
P 2z
Y
XjJFp:?J j:]-a »4q,
L+ fJzff* — [lyl* + 22
e :

2z
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Since (a—b)%—(a+b)? = —4ab, one checks immediately that V(z,y, z) € HP

2 2
O 4 e e S G e Y
p+q+1 22 2Z

I [1* = llyl* + 2 2
- 22 - EX Z i+p

hence (i q(z,y, 2), 0pg(T, Y, 2))p.g+1 = —1, i.e. T takes values in HP4.
To prove that i, , is an isometry, one can easily compute the differential:

i (PN 10 om0 w0
P ) 20Xi 20X, 2z 0Xpigr1

g, (2w o 1 9 y 0
P z 8Xp Zan"’F z aXp+q+1

) <a> _”imi 9 1—|lzlP+llylP+2* 8

di, . [ ) =
ra\ 5, 22 0X; 222 0X,

ii N e e

-1 28XJer 222 OXpigr1

Above, we wrote the push-forward of the basis {0y, ..., 0z, 1,0y, - -, 0y, 0:}

of THP? with respect to the orthogonal basis {0x, . ..,0x, ., } of TRPIFL,

- - 1 0 0
<de,q(a:ci)v de,q(axj»p,qul = 2 <87X1’ ain>p,q+l

=5y
a:ixj< 0 0 > +xia:j< 0 0 > B
2 aXp7 0Xp Patl T, 8Xp+q+17 0Xprqg+1 patt =

=1 =—1

:%:gp,q(axiaaxj)a V'l,jzl,...,p—l.

Similar calculations show

- . Vi=1,...,p—1,
<de=Q(81'i)7 dbnq(ayj»p,qﬂ =0= gpvq(axw ayj)7 Vi=1,...,q,

<dzp,q(ayi)’dzp,q(ayj»p,qﬂ = T2 = gp,q(aywayj)a Vi,j=1,...,q
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Now we compute it for 0,:

~ ~ T, 8 6
<dbp,q(axi)v dbp,q(az»p,qﬂ = _2*3 <87XZ’ 87)(1->p’q+1 +

=1
wi(1— 2l +llyl> +2%) , 0 9

+ 2.3 (ox, ax, met
=1
O o ] e 0 =
223 OXptqt1 OXpigt Pt
=21
:_%Jrz;’é:():gp,q(ami,az), Vi=1,...,p—1,

and analogously

<dzp,q(ayj)7 dzp,q(az»p,qﬂ =0= gp,q(ayw@)? Jj=1...,q
Finally, one finds

<dzp,q(82)» dzp,q@z»p,qﬂ =
[ ]|* n A= l=l*+llyl*+ 22> lyl* @+ ll2l® = llyll* = 2%)*

24 424 z4 424
1 e _4H90||2 — llyl* — 22
24 z4 424

1
= 272 - gp,q(azwaz)-

Hence we proved that 7 (-, )pg+1 = gpq(:,), that is 7y HPY — HP is a
local isometry.
Let us now show that

ipq(HP?) = HPI N {X,) + Xpigi1 > 0}, (2.2)

The inclusion C is trivial as X}, 4+ X141 = 1/z > 0. For the other inclusion,
given (Xi,..., Xpiq+1) such that (X, X), 41 = —1 and X, + Xpiq41 > 0,
define

Xp + Xpte+1
_ X

Xp 4+ Xprgt1
B 1

Xp+ Xprar1

Let Y = (Y1,...,Yp1q+1) = U(x,y, 2), we will check that ¥ = X:
2 Xp+ Xppgr1” Xp+ Xpign
& _ Xerj 1
2 Xp+ Xprgrr Xp+ Xpigr

T; 1=1,....,p—1,

Yj jzla"'7Q7

z

Y; = =X, i=1,...,p—1,

Yerj: :Xp+j ]:1,,(]
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Finally, (X, X),q+1 = —1, hence

p—1 q
2 2 2 _
Xp = Xprgr1 =~ ZXZ_ZXp+J+1 -

i=1 j=1

—1

p 1’12 q y]2

- (ZE-54
bt 22 Lt 2
=1 7=1

1
= Ul = llyl* + ),

which leads to

1 — ||| + [lyl|* —
}/;7 2Z (X p+q+l) =
1 Xp+ Xptrgt1 + p+q+1 = Xp,
X +Xp+q+1
1+ ||z]* — [ly[* + 22
Yprgt1 = 2% =3 Z(X Xp+q+1) =
1 X2 X gt
=— (X, + X p Ceretl) _x .
92 ( P p+q+1 — Xp n Xp+q+1 p+g+1

Incidentally, in the above argument we constructed an inverse of 7, , over
its image, which implies that 7, , is injective, so an isometric embedding. It
also follows from (2.2) that the restriction of P to the image of 7, 4 is injective,
where PP is the projection from HP to HPA. Indeed, PP is a 2-sheets covering,
and P~1([X]) = {£X7}, so the condition X}, + Xpi14+1 > 0 is satisfied at
most by one point of the preimage.

Hence, defining ¢4 = P o4, tpg is an isometric embedding whose
image is the complement of P N HP4, where P is the hyperplane defined by
the condition X, + X,14+1 = 0.

Observe that for ¢ = 0, the intersection PNHPY is empty: indeed Xptro+1
is the only negative contribute to the norm, hence (X, X),1 > 0 if if X} =
XS L0411 As a consequence, we recover that 1, is a global isometry between
the half-space model and the hyperboloid model of the hyperbolic space.

Otherwise, when ¢ > 1, P is a totally geodesic hyperplane in HP-? (see
Example 1.4.5.6), which is degenerate because P is degenerate in RP4+!
being the orthogonal complement of the line spanned by the isotropic vector
aXp o aXp+q+1 : o

2.1.3 Symmetries

Here, we introduce the first isometries of HP9.
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Definition 2.1.3.1 (Group action). Let X be a topological space and G a
group. An action of G on X is a homomorphism G — Homeo(X).

Definition 2.1.3.2 (Faithful action). A group G acts faithfully on a space X
if the homomorphism G — Isom(X) is injective.

We remark that any slice {z = ¢}, ¢ € RT, is conformal to RP~14: indeed,
the induced pseudo-metric is

1
9liz=c) = C—Q(da}% +...+ dx?,_l —dy? — ... — dyg).
From this observation comes the following result:

Lemma 2.1.3.3. Isom(RP~%9) acts faithfully on HP? by isometries of the
form

(z,y,2) = (A(z,y) + (z0,0), 2),
AeO(p—1,q), (zo,) € RE' @RI = RP~14,

Proof. Maps of that form preserve the slices {z = ¢} and, as they are confor-
mal to RP~14 are isometries on them. It is clear that the action is faithful:
indeed, it is so on the slices by definition, and does not affect the last coor-
dinate. O

Proposition 2.1.3.4. R acts faithfully by homotheties on RPTY, which are
isometries of HP4.

Proof. Let A > 0, define A(x,y,z) = Az, y, z) the homothety with ratio \.
As A > 0, Az is positive, too. Hence, it is well defined A|yp.q: HPY — HPY,
which is clearly bijective. Moreover,

dAz1)? + ...+ dAxp_1)? —d(An)? — ... — d(Ayg)? + d(\2)?

(A" gpg)Az,,2) = 022
= (gp,q)(:c,y,z)7 V(J?, Y, Z) € ,ana
then A is an isometry of HP4. O

The representations of R and Isom(RP~14) as subgroups of Isom(H?9)
are injective, so we will abusively write R* and Isom(RP~19) for their isomor-
phic images in Isom(HP?). Now we are ready to give the following definition:

Definition 2.1.3.5. Let G is the set of maps defined as
(x7yv Z) = A (A(:B:y) + ($07y0),z) )
AeRT, A€ O(p—1,q) and (zo,%0) € RP! ® RE.

Proposition 2.1.3.6. G < Isom(HP?).
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Proof. G =R" @ Isom(RP~19), which is a subgroup Isom(HP9).
Indeed, every application in G can be obtained by composing two isome-
tries of the two groups. Moreover,

R N Isom(RP~19) = Idyp.a,
since the only homothety preserving the slices {z = ¢} is Idyp.a. O

Corollary 2.1.3.7. G acts transitively on HP1.

Proof. One can bring a point to any height by the means of an homothety,
and then change the other coordinates using an horizontal translation.
More precisely, given (z,y, z), (v,w,t) € HP, we seek an isometry such
that (x,y,2) — (v,w,t).
Both z and ¢ are positive, so A := t/z is positive, too. Hence

(z,y,2) = N, y,2) = (Az, Ay, t).

Then, taking g = v — Az, yg = w — Ay, one obtains

A\ Az + Az + (v — Ax) v
M| —— M4+ | =+ (w=2Ay) | =|w
t t t t

The map (z,y, z) — M + zo,y + Yo, z) belongs to G, so it is the searched
isometry. ]

Definition 2.1.3.8 (Stabilizer). Let X be a set and G a group acting on X.
For x € X, the stabilizer subgroup of G with respect to x is

Stabg(z) :={g € G, g(z) = z}.
Lemma 2.1.3.9. The stabilizer of a point in G is isomorphic to O(p—1,q).

Proof. Since G acts transitively, the proof does not depend on the point
chosen. An isometry g(z,y,2) = MA(z,y) + (20, y0), 2) of G sends (0,0,1)
to (zo, Y0, A), so g € Stabg(0,0,1) if and only if A =1, g = yp = 0, then is
uniquely defined by A € O(p — 1, q). O

We will see in Theorem 2.8.1.1 that G is actually the full isometry group
Isom(HP?) when g > 1. Since every local isometry between open neigh-
bourhoods of HP¢ extends to a global isometry, the isometric embedding
tp,q induces a group monomorphism from G to Isom(H??), which is clearly
not surjective because in Isom(HP?) there are isometries that do not pre-
serve the totally geodesic hyperplane whose complement is the image of ¢, 4.
(Indeed if n = p + g, then G is a Lie group of dimension (n? —n + 2)/2,
while Isom(HP?), which is isomorphic to a double quotient of O(p,q + 1),
has dimension n(n +1)/2 =dimG +n —1).
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2.2 Levi-Civita connection of HP4

From now on, when we work in charts, we will always refer to the one induced
by the inclusion (as smooth manifold) of HP¢ C RPTY and we will note the
basis induced on the tangent as {9,,, ... 3Oy _y5e s Oyyyeey Oyyy 0}

We start by calculating Christoffel symbols of HP4.

Proposition 2.2.0.1. The only non-vanishing Christoffel symbols of HP4
are

[% =T% =-1/z i=1,...,p—1,
[y. =12y, = ~1/2 i=1,....q,
0 =1/ i=1,....,p—1,
F?jj’yj:—l/z j=1,....q,
r;,=-1/z

Proof. The basis is orthogonal with respect to the pseudo-metric, hence the
matrix (gij);;—; is diagonal. Equation (1.9) becomes

1
Iy = 5(31‘93%: + 0igik — Okgij) g™

Moreover, it suggests that Ffj =0fori#j#k.

Let 8p; := sgn(gp,q(On, 1)), that is gy = dpi/2°. Since g;; only depends
on z, if z ¢ {i,7,k}, I‘fj = 0.

The only non-vanishing candidates are then, for i # z:

L. T%, =% = 5(9:9i + 0igi= — 8ig2)9" = 3(=0ii % + 0 —0)02° = — 1

2

2. T% = 20,92 + 0i9i> — 0.9i)9°% = 5(0+

(a)
+
(=9
S
w‘w
S—
N
no
I
S
ISE I

3. 17, =T% = %(azgiz + 05922 — 0.91)9%% = 0;
4. T, = %(8zgzi + 0.9z — 01922)9" = 0;
5. T2, = 3(0:920 + 02920 — 0:9:2)9%" = 3(— )22 = - L.
L]

Corollary 2.2.0.2. The Levi-Civita connection computed on the basis is not
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zero in the following cases:

1

Vo, 0, =V, 0y, = ——0x, i=1,....p—1;
B z
1 .
Vayjaz = vazayj = _;ayj J = 17' - 45
1 Op. oz
Vo, Op, = -0, = 110, i=1,....,p—1;
o z z
1 Oy,y; ,
Vayjayj:_gaz: ;]az ]:177q7
1
V(’)Zaz = _*az
z

Proof. 1t suffices to substitute Christoffel symbols found in Proposition 2.2.0.1
in Equation (1.8). O

2.3 Curvature of HP4

In this section we will compute the Riemann tensor and deduce from that
the sectional curvature of HP4.

Theorem 2.3.0.1. Let R be the Riemann tensor of HP?, XY, Z € T'(THP?),
then

R(X,)Y)Z = gpq(X,2)Y — gpq(Y, Z)X. (2.3)

Before starting the proof, we recall that it follows directly that HP? is

a pseudo-Riemannian manifold with constant sectional curvature K = —1.
Indeed,

R(X7 Y7 }/7 X) :gp,q (R(X7 Y)Y7 X) =
=9p.q (gp7q(X> Y)Y - gp,q(Ya Y)X7 X) =
=0p.a(X.Y)? = gpo(X, X)gpo(X,Y) = —Q(X,Y).

Lemma 2.3.0.2. The Riemann tensor computed on the basis does not van-
ishes only in the following cases:

R(8a,8,)8, = —%aa, a#b,
R(8y,0,)0y = %aa, a#b.

Proof. Consider R(0q,0)0. = V5,V,0. — Vg, Va,0,, for Corollary 2.2.0.2,
Va,0. # 0 if and only if ¢ = b or one among b,c is equal to z. We split
the problem in three parts, namely c = b # 2z, c=b =z and ¢ # b = 2.
Moreover, in the proof we will always suppose a # b: otherwise for anti-
simmetry R(0,,0) = 0.
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Ifc=10b4# 2z,
Obb
Vo,0h = —0..
z
Suppose first a # z, so that /2 is a constant with respect to J,, then

5 5
Vo, Vo, = %vaaaz = —gaa.

Since a # b, V5,0, = 0, hence V5,Vy,0, = 0. Then

J, J
R0, ) = — 20, — 0 = —-2,, Va,b,a # b # z,
z z
Otherwise, if a = z, b # z, so
J, 0, 20,
Vo.Vo,0p = V5.0, — 20, = — 20,
z z z
1 J,
Vo, Vo, 0p = ——Vy,0p = —%b@z,
z z
so R(0.,0p)0p satisfies the statement.
Suppose now ¢ = b = z, then
1
Vo,0, = ——0,.
z

a # b means a # z, so —1/z is a constant with respect to d,, then

0
bb 5

1
vaavazaz = _*vﬁaaz = 3%
z z

The equations of the second type follow by anti-symmetry of Riemann tensor.
O

We are ready to prove Theorem 2.3.0.1:

Proof. Let X,Y,Z € I'(THP4). To lighten the notation, the indexes i, j, k
of the sum will be supposed to lie in the set I = {z1,...,Zp-1,Y1,...,Yq, 2},
that is X = ) . ; X;0;, and the same for Y,Z. The Riemann tensor is
C°°(HP9)-linear, so

R(X,Y,Z)= > XY;ZuR(0;,0;)0 =

ig kel
= Y (XyYiZj - X,Y;Z;) R(9;,0,)0; =
i.jel it
dj; djj
-3 (X % a3 (£ %z | v
i€l \ j#i iel \ j#i
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Remarking that

0jj Dii
> H X = 4p(X.2) - 5 XiZ,
J#i
we find
Oii i
R(X,Y,2) = gp.o(X, 2)Y = Z ?Xiziyiai — 9pq(Y, Z)X + Z ?}/iZiXiai =

2.4 Totally geodesic subspaces of H?

In this section we will first derive the differential system characterizing
geodesics, then describe totally geodesic hypersurfaces. After that, we will
be able to find every totally geodesic subspace of HP-4. It will follow a more
precise description of geodesic, namely the 1-dimensional case.

2.4.1 Geodesic ODEs system

In Proposition 1.4.3.3 we stated that geodesic must satisfy a system of ODEs
involving Christoffel symbols, which we computed in Proposition 2.2.0.1. So
the differential system is

7

x 222 =0

2
z
y" %y/Z/ —0 . (2.4)

2+ 1 (212 = y'lI” = [2'?) = 0

As a consequence of this expression of the geodesic equations, we show
here that vertical affine subspaces of any dimension are totally geodesic.

Remark 2.4.1.1. We will describe accurately the boundary of HP'? in Section
2.6, for now it suffice to remark that the topological boundary OHP? coincides
with the hyperplane {z = 0} which can be see as a copy of RP~14 via the
inclusion of HP? in RPY. When we want to emphagize that we are talking
about the boundary, we will omitt the last coordinate, which is identically
0, while we will refer to OHP? as RP~1¢ when we want to emphasize the
pseudo-metric or the vector structure.

Proposition 2.4.1.2. Every submanifold of the form
Ve:i={(z,y,2) e R @ RI@R|(z,y) € £,z > 0},

for £ an affine subspace of IHP, is totally geodesic.
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Proof. Let us define ¢ as the set of solutions of a finite number of affine
conditions of the form

p—1 q
Zaixi -+ Z bjyj =c. (25)
i=1 j=1

We remark that the same conditions define Vj, since the parameter z is free.
We claim that if v(t) = (2(t),y(t), z(t)) is a geodesic such that +/(0) is
tangent to the subspace V;, namely

p—1 q
> ai(0)+ > by;(0) =0, (2.6)
i=1 Jj=1

then ~y(t) satisfies (2.5) for all times of definition. This clearly implies that
v C V; and then that V; is totally geodesic.
To show the claim, define the function

p—1 q
X() = ai(t) + > bi(t) -
i=1 Jj=1

Taking a linear combination of the equations (2.4), x satisfies the following
ODE:

"t)=— t).

¥ =253
By our hypothesis (2.6), x(0) = 0, hence x = 0 solve the ODE. This proves
our claim and concludes the proof. O

2.4.2 Totally geodesic hypersurfaces

First we give the classification of totally geodesic hypersurfaces, namely the
ones of codimension one. The general case will follow in Theorem 2.4.3.1.

Proposition 2.4.2.1. The totally geodesic hypersurfaces of HP? are pre-
cisely:

1. the vertical hyperplanes Vi, for L an affine hyperplane in OHPY;

2. the quadric hypersurfaces of the form
lz —xol* = lly —wol* + 22 =¢, ceR (Q)

for some (xo,yo) € OHP1. The hypersurfaces of the former type are degener-
ate if and only if L is degenerate in RP~19, and have signature (n, +1,n_)
where (ny 4+ 1,n_) is the signature of L. Those of the latter type are degen-
erate if and only if ¢ = 0, and have signature (p—1,q—1) if ¢ =0, (p,q—1)
ifc <0, and (p—1,q) if ¢ > 0.
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Figure 2.1: The totally geodesic quadric hypersurfaces in #?! (left) and H!?2
(right).

See also Figure 2.1 for some pictures in dimension 3.

Proof. Tt has been proved in Proposition 2.4.1.2 that vertical hyperplanes
are totally geodesic. To prove that the quadric hypersurfaces as in the state-
ment are totally geodesic, we will show that the intersection of the quadric
hypersurface with any vertical 2-plane V; (for £ a line) is a geodesic of HP4.
This clearly implies that the hypersurface is totally geodesic, since any am-
bient geodesic that is tangent to the hypersurface at time zero remains in
the hypersurface for all times.

To see this, set (zg,y0) € OHPY, ¢ € R as parameters for Equation (Q).
Pick a 2-vertical vector space, i.e. set a line

¢ = Span((u,v)) + (ug,vo) C RP~14,

such that it intersects the hyperquadric in a curve. This curve can be pa-
rameterized as

Y(t) = (uo + tu, vo + to, f(t)),
where the function f is determined by the quadric Equation (Q), namely

F&) = Ve~ lla(t) — ol + y(t) — yoll* -

f is well-defined over an interval I and f(t) > 0, Vt € I.
Substituting in (2.4) one can compute

9 = (g Lo~ ol |f’l2) e

Remarking that f(t)? = ¢ — |[tu +ug — 2o|? + |[tv + vo — yo||?, differentiating
with respect to t one obtains

2f(1)f'(t) = =2tl|ull* — 2(u, uo — wo) + 2t[|v|* + C,
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C = —2(u,up — xo) + 2(v,vo — yo). Differentiating again one has

P12+ f@O L) = ~llul® + o],
that is equivalent to

_ ull® = ol + £ ()2
f@t)

Then the last term in (2.7) becomes —(2f'/f) f', that means V.,v' = —(2f"/ )7/,
i.e. v in an unparameterized geodesic by Proposition 1.4.3.11.

It only remains to show that these are all the totally geodesic hypersur-
faces. For this purpose, we choose any vector (u,v,w) tangent to HP? at a
point (x,y, z) and we show that there exists a totally geodesic hypersurface
(which is necessarily unique) of the above two forms containing the point
(z,y,z) and whose tangent space is orthogonal to (u,v,w) at (z,y,z). The
key observation is that the orthogonality can be computed with respect to
the flat metric

() =

Gpg = Aot + ...+ dap_y —dyf — ... —dyy +dz* (2.8)

namely by seeing the half-space as a subset of a pseudo-Euclidean space of
signature (p, q), since g, , is conformal to the metric g, 4.

If w = 0, then clearly the hypersurface we are looking for is V, for £
the affine hyperplane of RP~! @ R? containing the point (z,y) and whose
underlying vector space is the orthogonal of (u,v).

So let us now assume w # 0. Let (xg, yo,0) be the point of intersection of
the line through (z,y, z) having direction (u,v,w) with OHP4. The quadric
hypersurfaces of the form (Q) are precisely the sets of points at constant
squared distance from (xg,yo,0) for the conformal pseudo-Euclidean metric
Jpq- Hence there is one quadric hypersurface that contains the point (z,y,2),
and it is orthogonal to the position vector (z,y,z) — (2o, yo,0), which is
proportional to (u,v,w) by construction.

The statement about the signature is easily checked: we just proved that
(z,y,2) — (x0,Y0,0) is a generator of the normal space to the hypersurface
in the point (z,y, 2). The equation (2.1) states that

9p,q (((E, Y, Z) - (‘7307?/070)7 (.73, Y, Z) - (‘TO? Yo, 0)) = 2267

whose sign only depends on ¢. Then we can conclude by using Lemma 1.1.1.4.
O

Remark 2.4.2.2. If the metric is positive definite, namely ¢ = 0, (Q) describe
a half-sphere with center in OHPP for ¢ > 0, a point for ¢ = 0 and the
empty set for ¢ < 0, so we recover exactely that totally geodesic manifolds
in the half-space model of hyperbolic space are vertical vector spaces and
half-spheres with the center on the hyperplane {z = 0}.
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2.4.3 The general classification

We can finally state the classification result for totally geodesic submanifolds.
Theorem 2.4.3.1. The totally geodesic submanifolds of HP? are precisely:
1. the vertical subspaces,

2. the intersections of quadric hypersurfaces of the form (Q) with a ver-
tical subspace.

Proof. The submanifolds in the statement are totally geodesic: for the first
item this follows from Proposition 2.4.1.2, while for the second item from
Proposition 2.4.2.1 and the fact that the intersection of totally geodesic sub-
manifolds is totally geodesic. To show that they exhaust the totally geodesic
submanifolds, we remark that for a point (z,y,2) and a linear subspace W
of T3y, HP?, it exists at most one maximal totally geodesic submanifolds
of the same dimension as W, which is tangent to W at (z,y,2). We will
show that that submanifold exists and belongs to the ones described above.

If W contains the vertical direction, then we can write W = Wy @& 9,,
for Wy the orthogonal complement of 9, in W. Denoting by ¢ the affine
subspace through the point (x,y) with underlying vector space Wy, V; is a
totally geodesic subspace tangent to W at (z,vy, 2).

Now suppose that W does not contain 0,, and extend W to a subspace
W1 of codimension one which is still transverse to the vertical direction. By
the proof of Proposition 2.4.2.1, there exists a quadric hypersurface () which
is tangent to Wi at (x,y, z). Also, as in the first part of this proof, we find
a vertical subspace V; which is tangent to W @ 0, at (z,y,z). Then Q NV}
is tangent to W at (x,y, z). This concludes the proof. O

2.5 Geodesics of HP1

The next step in our analysis is the study of the geodesics of HP?. We will
divide our analysis in three cases, namely lightlike, timelike and spacelike
geodesics.

To simplify the statements of the following propositions, we refer to
geodesics as unparametrized, ¢.e. our statements are actually about the
image of the parametrized curves.

2.5.1 Lightlike geodesics

We start by lightlike geodesics, namely those for which the tangent vector is
isotropic for the metric tensor (2.1).

Proposition 2.5.1.1. Lightlike geodesics in HP'? are precisely the straight
lines spanned by a lightlike vector. These are incomplete as they escape from
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compact sets of HP1U OHPY, unless they are contained in a horizontal hy-
perplane {z = c}.

Proof. Let (u,v,w) be a lightlike vector, that is, ||ul|?> — ||v[|* + |w|*> = 0. Up
to changing the sign, we can assume w > 0. We claim that, if w > 0, then

V(1) = (20, 40, 0) + (1/8)(u, v, w)

is a parameterized geodesic; if instead w = 0, then

V(t) = (5E0> Yo, ZO) + t(ua U, O)

is a parameterized geodesic. This clearly implies the statement: these are all
the lightlike geodesics because, up to choosing the parameter ¢ suitably, one
finds such a geodesic with tangent vector a multiple of (u,v,w) through any
point of HP9. Moreover, geodesics of the former type are defined on (0, c0),
hence they are complete only when they approach OHP»4, while those of the
latter type are defined on R.

The claim is an easy computation from Equations (1.16). Indeed, since
7/ is lightlike, we have ||z’||? — ||3/||> = —|#/|>. Hence the equation becomes

(", y",2") = (2¢'/2)(«', ¢/, &) , (2.9)

and one immediately checks that both expressions above for 7 satisfy (2.9):
in the first case we have
/ 1 . " 2
v(t):—t—z(u,v,w), ~ (t):t—g(u,v,w).

It follows that

z w/t?
0 E0. (22210

o) B 7§2> (u,0,w) = 0.

The case w = 0 is trivial: the parameterization is linear and z(¢) is constant,
hence both 7" and 22’/ vanish identically. O

See Figure 2.2 to visualize the cone of lightlike geodesics emanating from
a point in H*! and H 2.

Remark 2.5.1.2. The fact that unparameterized lightlike geodesics are straight
lines can also be proved by observing that HP? is conformal to the upper
half-space in RP*? endowed with the restriction of the pseudo-Euclidean met-
ric, and applying the fact that two conformal pseudo-Riemannian metrics
have the same unparameterized lightlike geodesics (see | , Proposition
2.131)).
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Figure 2.2: The lightcone from a point in H??! (left) and H? (right).

2.5.2 A preliminary computation

As a consequence of the classification in Theorem 2.4.3.1, geodesics are either
straight vertical lines or conics. We will give here a more precise classification
in terms of the eccentricity, computed with respect to the Euclidean distances
in HP? C RPtY, We start by a general computation that we will apply
repeatedly.

Lemma 2.5.2.1. Geodesics of HP'? are precisely:
1. wvertical lines;
2. conics of equation

lull* = Jlo]?

2 2
- As=C ACeR ’
[P T ops T2 TAs=C, A0¢€ (@)

with respect to Euclidean coordinates (s,z) on a wvertical 2-plane Vy,
where the underlying vector space of £ is spanned by (u,v).

Proof. By Theorem 2.4.3.1, geodesics are either vertical lines or obtained
intersecting (Q) with the a 2-plane V. Up to a horizontal translation, we
can assume that the line ¢ contains the origin, hence it can be parameterized

as
S

(x,y) = ———=x=(u,v) . (2.10)
[l + lvll?
Substite the above formula in (Q):

2 2

+22:c

s s
——Uu — Xy =V — 20
[l + [lv]? Vlull? + ol

2 2
u — ||V U, To) — (U, Yo

S - HZJOH2 =cC
[ul2 + [Jo]2 [ull? + o] ’
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which is Equation (Q’) with the constants

U-Tog— V- Yo
A=—9— 2~ 5 C = ¢ — |lzol* + [lyoll*.

VIull? + ol
O

Observe that if ||u|?—||v||? # 0, then replacing the coordinate s by s—sq,
for a suitable choice of sy, and relabeling the constant C, one then obtains
the following equation:

Jull? = llvll* 5, »
— s 4 2 =C, CeR. Q)
[[l|* + [Jv]|>

In fact, the form of Equation (Q’) is Bs? + As — C = 0; substituting s with
s — sg we find

0= B(s —s0)? + A(s — s9) — C = Bs® + (A — 2Bsg)s + (Bsi — C).

The linear term vanishes when sy = A/2B, which is possible only if B # 0,
that is |lul? — ||Jv]|? # 0.

Remark 2.5.2.2. Lemma 2.5.2.1 provides yet another method to obtain the
straight lines as lightlike geodesics. Consider Equation (Q”) for C' = 0,
namely

ol = lvl* o, -

S + 27 =0
[l + [lv]l?

which is indeed a double line through the origin if |lul*> — |[v||*> < 0. An
immediate computation shows that these lines are indeed lightlike: indeed

= e

v

W= e

Fll? = 1ol
Zt = —_—————=S.
AV I ERS TR E

Similarly, considering (Q’) with C' > 0, A =0 and |ul|*> — |[v]|* = 0, we
obtain z? = C and then z = +v/C. Since HP9 only contains positive values
of z, this is the equation a horizontal line with lightlike direction. A similar
approach will be used in the next sections for the analysis of spacelike and
timelike geodesics.
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2.5.3 Timelike geodesics

We now move on to the study of timelike geodesics. Let us remark that if a
vector (u,v,w) is tangent to a timelike curve at any point, then necessarily
|lu|| < ||v|| by the expression of the metric (2.1).

Proposition 2.5.3.1. Timelike geodesics in HP9 are exactly the branches
of hyperbola with center on OHPY, which do not meet OHPY, of eccentricity

P + Jlol
= 14 =2
er(u,v) \/ T el = Tl

where (u,v,w) s a vector tangent to the geodesic at any point. These are
mncomplete on both sides.

See also Figure 2.3.

Proof. We will consider timelike geodesics as the intersections of quadric
hypersurfaces with a vertical plane, as in Equation (Q’). In order to get a
timelike geodesic, the vertical plane is necessarily of signature (1, 1), hence
llul| < [|v|, in which case we can reduce to Equation (Q”). Indeed, the
tangent space of a vertical 2-plane contains 9,, which is spacelike, so the
signature can be either (1,1), (2,0) or degenerate of signature (1,0,1). In
the latter two cases the tangent space does not contain timelike vectors, and
so the space cannot contain timelike curves.

As we observed in Remark 2.5.2.2, if C' = 0 then Equation (Q”) gives a
pair of lightlike lines with the same endpoint on 0HP?. If C' < 0, we obtain a
pair of hyperbolas meeting JHP? orthogonally. Since the half-space metric is
conformal to the pseudo-Euclidean metric on RPT4, these are spacelike (they
tend to be vertical as they approach OHP:?).

We are left with the case of C' > 0, which gives indeed a hyperbola that
does not meet OHPY. These are easily seen to be timelike, since the tangent
vector at the minimum point of the z-coordinate along the hyperbola is pro-
portional to (u,v,0), which is timelike by our initial assumption |ju|| < |v]|.
The eccentricity is er(u,v).

It only remains to show that these are incomplete. First, observe that if
H and H' are two such hyperbolas (considered as a subset of HP*?), then there
is an element of G that mapping H to H’'. Indeed, one can use a translation
and a dilatation to map the minimum of the z-coordinate on H to that on
H'. Composing with an isometry of the form (z,y,z) — (A(z,y),2), one
can then map the tangent vector to the tangent vector, and this concludes
the claim.

To show incompleteness, it thus suffices to consider the hyperbola v pa-
rameterized by y;1(t) = sinh(¢), z(t) = cosh(t), and all other coordinates
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Figure 2.3: A timelike geodesic (in red) and the four types of spacelike
geodesics (blue).

identically zero. Its length is

L(y) = ‘/_:O \/|gp7q('y’(t),7’(t))dt' - ‘/_:" \/-cosh(t)2+sinh(t)2dt

cosh(t)?
o0 1
= ‘/_Oo cosh(t)dt‘ = [2 arctan(et)]fz =7

Then all timelike geodesics are incomplete on both sides (see Lemma 1.4.3.12).

Remark 2.5.3.2. Timelike geodesic in HPY are periodic curves of length .
The fact that timelike geodesic of HP'¢ have the same length prove that they
are the complement (via ¢, 4) of a set of Lebesgue measure null in HP9. In
fact we will see in Remark 2.6.6.3 that they are the complement of a single
point.

O]

2.5.4 Spacelike geodesics

Finally, we conclude by the analysis of spacelike geodesics. See again Figure
2.3.

Proposition 2.5.4.1. Spacelike geodesics in HP? are ezactly of one of the
following types:

1. A vertical straight line;
2. A half-ellipse with foci on OHPY, of eccentricity es(u,v) for |ul| > ||v]|;

3. A parabola with vertex and focus on OHP1, for |ul| = ||v]|;
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4. Half of a branch of hyperbola with foci on OHP?, meeting OHPY, of
eccentricity es(u,v), for ||lul| < |v|;

2 _ 2
st v) = \/Huvu Jul

[l + (o]

where

and (u,v,w) is a vector tangent to the geodesic at any point. The first three
types are complete, while the fourth type is incomplete as it escapes from
compact sets of HP? U OHPA.

Before the proof, we observe that in particular all spacelike geodesics
meet OHP? at right angles with respect to the conformal metric

gp,q :dx%‘i“i‘dl'g_l —dy%——dyg—i—sz,
which extends over the horizontal hyperplane.

Proof. The first type follows from the first point of Lemma 2.5.2.1. The
arc-length parameterization is vy(t) = (xo, yo, zoe”“"t/ZO), which is defined for
all times. Indeed, if x(¢) and y(t) are constant, the last equation of (2.7)
becomes

2’(15)2

2(t)

whose solution is z(t) = zpe®!/?0, while the others become trivial.

Let us now consider the second point in Lemma 2.5.2.1, by distinguishing
three cases according to the sign of [Jul|? — ||v||?.

If |lul| < ||v||, we have already seen in the proof of Proposition 2.5.3.1
that Equation (Q”) gives a spacelike geodesic if and only if C' < 0. From the
equation, in this case the geodesic is a branch of hyperbola that meets 0HP4
orthogonally, of eccentricity eg(u,v). To show that it has infinite length
when approaching 0HP¢ and finite length at the other end, we can assume
that (u,v) = (0,0y,), up to isometry. Up to a translation, we can assume
that the curve is parameterized by yi(t) = cosh(t), z(¢t) = sinh(¢), and all
the other coordinates are identically zero. A direct computation shows that

its length is
t1 1
dt| =
/to sinh(t) ‘

Therefore it is complete as tg — 07, and incomplete as t; — +o0.

If |lul| > ||v||, then (Q”) is the equation of an ellipse (for C' > 0) that
meets OHP? orthogonally, with eccentricity eg(u,v). We remark that it lies
in a positive definite vertical 2-plane: the tangent space at the maximum of

Z”(t) —

Lolto.t]) = | | 1 g(v’(t),fy’(t))dt‘ _

— |[log(tanh(t/2))]"| .
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the ellipse is (@, 0,0), which is both spacelike and orthogonal to d.. So the
plane containing ~ is isometric to H?° =2 H?, which is complete, hence 7 is
complete, too. Otherwise, one can compute the length as in the previous
case, and find that it is infinite in both sides.

Finally, when ||u|| = ||v||, (Q’) becomes 2z? + As = C. We remark that
necessarily A # 0, because otherwise we would obtain a lightlike line as
observed in Remark 2.5.2.2. Namely, we obtained a parabola with vertex and
focus both on 9HP4. To see that it is complete, observe that the last equation
of (2.7) becomes the ODE 2" = (2')?/z, whose solution z(t) = zpe®t/? is
defined for all times. The parameterized geodesic is obtained by setting
s(t) = (1/A)(C — 22); then (x(t),y(t)) is expressed from s(t) as a function
of t by Equation (2.10). Hence, the arc-length parameterization is

p)= ey O
N CEEaE PR A
C — z(t)?

y(t) = ————s(t) = -
Vlul? + [lof2 lul?+ o2 A

2(t) = zpe®t/%,
which is defined on R, i.e. « is complete. ]

As a consequence of this analysis of geodesics, we now have all the tools to
prove that the group G (see Definition 2.1.3.5) is actually the full isometry
group of the half-space model HP4, if ¢ # 0. However, we postpone the
proof to Section 2.8 (see Theorem 2.8.1.1), where isometries are discussed in
greater detail.

2.6 The boundary at infinity

In this section we will study the boundary at infinity of the pseudo-hyperbolic
space HP? in the half-space model. We first show that the embedding ¢, 4,
introduced in Proposition 2.1.2.2, extends to a non-surjective embedding of
OHP? into OoHP?; we then describe the missing points and the topology of
the boundary in terms of lightlike cones and hyperplanes.

2.6.1 The conformal boundary

It is possible to endow the pseudo-hyperbolic space with a conformal bound-
ary, which is a generalization of the visual boundary in Riemannian geome-
try, in order to study its asymptotic properties.

Since in the case of HP? this construction is trivial, we will give only
the basic definitions and consider in the following the topological boundary.
For details on the conformal boundary, we recommend | , , ,

]
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Definition 2.6.1.1. (Conformal metric) Let (M, g) be a pseudo-Riemannian
manifold. Another pseudo-metric h on M is conformal to g if it exists a
smooth function f € C°°(M) such that h = efg, namely h is punctually a
positive multiple of g.

Conformal metrics preserves angles and non parameterized lightlike geodesic,
hence we can endow a manifold with different conformal metrics, in order to
study these properties.

Definition 2.6.1.2. (Conformal class of metrics) Let (M, g) a pseudo-Riemannian
manifold. The conformal class of g is the set of pseudo-metrics

9] :={elg, f € C=(M)}.
We can endow a manifold with a conformal class of pseudo-metrics, so
we are interested in maps preserving this structure.

Definition 2.6.1.3. (Conformal map) Let (M, g) and (V,h) be two pseudo-
Riemannian manifolds, a (local) diffeomorphism ¢: M — N is a conformal
map if it exists a smooth function f € C*°(M) such that ¢*h = e/g.

Equivalentely, a conformal map ¢: (M, g) — (N, h) is a (local) isometry
between (M, ¢’) and (N, h), where ¢’ is a pseudo-metric conformal to g.

If we endowed two manifolds with conformal structures, namely (M, [g])
and (N, [h]), they are conformally diffeomorphic if it exists a diffeomorphism
¢: M — N, which is a conformal map for some ¢’ € [g] and I/ € [h]. We
remark that if it is the case, ¢ is a conformal map (M, ¢") — (N, h”), for all
g" €lgl, " € [h].

Definition 2.6.1.4. (Conformal completion) A conformal boundary comple-
tion of a pseudo-Riemannian manifold (M, g) is a manifold M with boundary
OM, endowed with a conformal structure [g] such that

i. the interior of (M, [g]) is conformally diffeomorphic to (M, g);
ii. it exists a metric h € [g] and a smooth function p € C*°(M) such that

a) p~'({0}) = 0M,
b) dp # 0 on OM,
c) h = p*g on the interior of M, that is on M (up to scale p).

Remark 2.6.1.5. Again, if (¢) holds for a single couple h € [g], p € C°(M),
then for all &’ € [g], it exists p’ € C°°(M) which satisfies the same requests.

Clearly the conformal completion of (HP?, g, ) is

(HPTU {2 = 0}, [gp,4));

where g, , is the flat metric of R”? defined as in (2.8). This implies that
the conformal boundary is the same as the topological one. Indeed, g,
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is conformal to the Euclidean metric of RP? and one can easily check that
p(x,y, z) := z satisfies (c).

It is not trivial to show that even HP*? admits a conformal boundary, and
that it coincides with the topological boundary, namely the projectivization
of the lightcone. For this construction in H™! = AdS"*!, see for example

[Fra05, BS20].

2.6.2 The extended embedding

Recall that Proposition 2.1.2.2 provided an isometric embedding ¢, , of HP4
into HPY,

Proposition 2.6.2.1. The isometric embedding v, ,: HP? — HP? defined
in Proposition 2.1.2.2 extends to an embedding OHP? — O, HP4.

Proof. Consider the embedding ¢, , as a map from HP? to the projective
space RPPTY. From Proposition 2.1.2.2, it has the expression

O o e e 1 e
parr z 2z Tz 2z
B D et 3 e ] g LE |1 — llyl* + 22
: 5 LY 5 ,
hence it extends to OHPY = {z = 0} by the above formula.

One can easily check that (1, 4(z,9,0), tpq(2,y,0))pg+1 =0, i.e. 1y q(OHPY)
is contained in O, HP-?. Indeed

p—1 q
X2+ X g = —llol? +yl* = =Y X7+ > Xpy
i=1 j=1

In particular tpq(HP?) N 1pq(OHPT) = 0. To show that ¢, 4 is injective, it
therefore suffices to show that it is injective when restricted to OHP4, since
we already showed in Proposition 2.1.2.2 the injectivity of ¢, , on HP4.

For this purpose, suppose there exist two points (z,y,0), (t,w,0) € 9HP?
such that ¢y q(x,y,0) = tp4(t, w,0), that is

PO e O ] i D e 1 e 7 O e 1 el 1
: 5 Tw e 5 = |z: 5 Ty 5 .

It follows from the expression above that (¢t,w) = A(z,y) for some X # 0 and

AL =l +Nyl?) = 1= [Itl* + llwl® = 1= X[z ]* + X*|ly||?
AL+l = [lyl?) = 1+ (1812 = lwl? = 1+ A2z = A2[ly]®

which can be rewritten equivalently as

{(lelP — A=A = A —1
(=] = lglHAL =2 =1 -
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whose only solution is A = 1. Indeed, if A # 1, we the system can be
rearranged: dividing by 1 — A and summing the first eqation to the second,
one obtains

)

{uxu? —lyl?)A = ~1
(]| = [lyl|?) = 0

which is impossible. This concludes that (t,w,0) = (x,y,0).

Moreover, using the same notation as in Proposition 2.1.2.2, clearly
Xp + Xptgr1 = 1, e, 1pq(x,y,0) € P{X, + Xptq+1 # 0}. In fact, one
immediately checks that

L. (OHPY) = O HPY N P{X, + Xpiq41 # 0} C RPPH

Indeed, given a null vector (Xi,...,Xp1q+1), up to rescaling we can as-
sume X, + Xp14+1 = 1; a direct computation shows that, for z; = X; and
yj = Xjip, t(x,y,0) = [X1,..., Xpyqt1], since (Xp, Xpygt1) is the unique
couple solving

{Xp + Xpigr1 =1
1
Xy = X = =25 X2+ 0 Xy

P
Corollary 2.6.2.2. 1, , embeds conformally OHP into O, HPI.

Proof. Define the map

Tpq: HPTUOHPT — RPa+1

1— ||z|? 21 2 |12
o2y (, LLEE IO 1Ll IEY

Ip,q is a conformal map: one can easily compute it or remark that morally
Tpq(2,y,2) = 227, 4(2,y,2). P is a local isometry, hence a conformal map.
This implies that P o7, , is a conformal map HP?U JHPY — HPY U O HP 1.
One concludes the proof by remarking that Po7,, =P o, = )4 O

2.6.3 Hausdorff pseudo-metric

Our next goal is to describe the entire boundary 0,HP9, seen in the half-
space model. The starting observation is that J.oHP? is in bijection with
the space of degenerate totally geodesic hyperplanes in HP9. Indeed, to any
X € RPat! guch that (X, X) = 0, one associates the intersection of the or-
thogonal subspace of X with HP9, more precisely (X NHP7)/{£Id}, which
is a totally geodesic hyperplane in HP? of degenerate type (see Example
1.4.5.6). We will simply denote it with X', by a small abuse of notation.
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Ezrample 2.6.3.1. The hyperplane “at infinity”, which is the complement
of the embedding ¢,, in Proposition 2.1.2.2, is defined by the equation
Xp + Xpig+1 = 0, hence it is the orthogonal of any nonzero vector pro-

portional to dx, — Jx, ., in Rt

Clearly two hyperplanes X+ and Y coincide if and only if X and Y are
proportional, and every degenerate totally geodesic hyperplane is obtained
in this way.

To formalize the idea of convergence of subset, we introduct a topology on
the power set of a metric space. We remark that HP? is not a metric space,
nevertheless, we could use the Euclidean metric induced by the inclusion
in RPTY,

Definition 2.6.3.2 (Hausdorfl pseudo-metric). Let (X, d) be a metric space.
Let AC X, x € X, the distance between a point and a set is defined as

d(z,A) = inf d(z,a).

acA

Then the pseudo-distance between two subset A, B C X is

di(A, B) := max {sup d(a,B),supd(A, b)} .
acA beB

Lemma 2.6.3.3. Let (X, d) be a metric space, Eyy C P(X) the set of closed
bounded subspaces of X, then (Ey,dn) is a metric space.

Proof. The closed hypothesis is needed to distinguish points: otherwise if
r € A\ A, then d(z,A) = 0, and so dy({z}, A). We ask the set to be
bounded to assure that dg < +o0.

It is clear that dg > 0, we show that different subset have positive dis-
tance. Let A, B € Fy, A # B. Up to switch names, we can assume A C B¢,
that is an open subset of a metric space: then it exists x € A, € > 0 such
that B(x,e) C B¢, that is d(z, B) > €. Hence

dH(AvB) > Supd((l,B) > d(l‘,B) > E.
acA

The symmetry is obvius by definition. We have to check triangular inequality.
Set A, B,C € Ey; dis adistance, hence d(a, b) < d(a,c)+d(c,b) foralla € A,
b€ B and c € C. It holds for all b in B, then
d(a, B) = inf d(a,b) < d inf d(c,b) =d d(c, B).
(a, B) = inf d(a,b) < d(a, ) + inf d(c,b) = d(a, ) + d(c, B)
This is true for any ¢ € C, hence
d(a,B) < d(a,c) +supd(c, B) < d(a,c) + du(C, B).

ceC
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Again, since a was arbitrary

supd(a, B) <supd(a,c) + dy(C, B) < dy(A,C) + du(C, B).
a€EA a€EA

One can prove the same inequality for sup,cg d(A,b), which ends the proof.
O

It is clear that the topology of O,HP? is homeomorphic, under this cor-
respondence, to the Hausdorff topology on closed subsets of 0,HP4. Indeed,
a sequence of vectors X, converges projectively to X if and only if the or-
thogonal subspace of X, converges to the orthogonal subspace of X. Our
aim is to study the space of degenerate subspaces, which is a wvisible copy of
the boundary 0,,HP*? in the half space model HP4, but these space are not
bounded with respect to the Euclidean metric. Nevertheless, we are inter-
ested only in topology, so we endow HP? with the metric of a bounded ball
B(0,r) C RPT9 so that dy induces a metric over it. We will consider the
topology induced by this metric when we refer to the Hausdorff topology.

2.6.4 The full boundary in the half-space model

We are now ready to give the following definition.

Definition 2.6.4.1 (Extended boundary). We define
O HP'? = {degenerate totally geodesic hypersurfaces in HP7} U {0} ,

where we endow the space of degenerate totally geodesic hypersurfaces with
the Hausdorff topology described above, and 0, HP*? with its one-point com-
pactification, co be the added point.

That definition permits to extend ¢, 4 to an homeomorphism between the
boundaries. The proof of that will be given through several lemmas, which
explains the topology of the boundary. Recall from Proposition 2.4.2.1 that
degenerate totally geodesic hypersurfaces in HP? are of the following two

types:

e Vertical hyperplanes V., where L is a degenerate affine hyperplane in
RP—14;

e Quadric hypersurfaces Q ) of equation

0,40
lz = zol* = lly — wol* + 2* = 0 (2.11)
We have already seen in Proposition 2.6.2.1 that ¢, g maps Q (,y,) t0 tp,q(x0, Y0, 0)

and oo to the projective class of dx, — dx,,, ., in RPPT4, now we are inter-
ested in its behaviour over degenerate hyperplanes.
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Lemma 2.6.4.2. Let V, be degenerate vertical hyperplane defined by the
equation (z,u) — (y,v) = a, for (u,v) lightlike vector of RP~19 and a € R,
tp,q(Vr) is the projective class of (u, —a,v, a)t

Proof. Let X € (u,—a,v,a)r NImi, 4, X = (X1,..., Xpiq+1), then
<(X1, ey Xp,1)7U> - CLXp - <(Xp+1, e ,Xp+q),’l}> - ClXp+q+1 = 0.

Im7, , = {X, + Xp41 > 0}, hence we can divide by X, + X1, obtaining

<< X1 e >u>—<< Xpr1 K >U>:a.
X]A)"‘Xzfﬂrl7 ’Xp+Xp+1 ’ Xp"'Xerl’ ’Xp+Xp+1 ’

We built the inverse of 7, , (on its image) in Proposition 2.1.2.2, by defining

X 1 1
Ti= o, i=1,...,p—
" X+ Xprgr
Xjtp :
Y= v J=1....q
T Xyt Xprgn
1
2=
Xp + Xprgt1
Hence the equation becomes (z,u) — (y,v) = a, which ends the proof. [

Proposition 2.6.4.3. 1) ;: OcHP? — O HP? is bijective.

Proof. We proved in Proposition 2.6.2.1 that
tpg: OHPT — O HP TN {X), + Xpigi1 # 0}

is bijective and tp4(c0) =[0:1:0: —1].

Lemma 2.6.4.2 states that ¢, 4 is a bijection from the set of degenerate
hyperplanes of 1P, namely O, HP? \ (OHP? U {o0}), to the set of the pro-
jective classes of degenerate vectors of RP4t! such that X, + Xpiq+1 = O,
except for [0:1:0: —1], since (u,v) # 0, which ends the proof. O

We want now to study the topology of 0cH" to prove that ¢, 4 is con-
tinuous, therefore we are interested in convergence of sequences in J.oHP4.

Remark 2.6.4.4. Consider a sequence (Ap)neny C OoocHP? such that A, is
described by the equation f,(z,y,z) = 0. The sequence converges to Ao, =
{foo(z,y,2) =0} if and only if f,, = foo in L®(RPT).

Moreover, we remark that any point in the boundary is represented by
a degenerate maximal totally geodesic hypersurfaces of HP¢. Two maximal
totally geodesic subspaces of the same dimension that coincide over an open
set are equal. Since ours set are defined by smooth equations, this implies
that A, — A if and only is f,, — fsx in L*(U), for U an open set.
Particularly, we will take an open set having a compact neighborhood.
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Let us describe more concretely the convergence of a sequence of elements
in OHPY, seen as a subset of J,cHP'4. The statements that we will give are
modulo extraction of subsequences.

Lemma 2.6.4.5. Consider a sequence (Ty,yn) in OHPY, we have the fol-
lowing possibilities:

i. if (T, yn) converges to (Too,Yoo), then Q(y, 4.y converges to Q. .y,
which still gives an element of OHPY;

i, if [zl = lynll is bounded, Q(y, ,,.) converges to the degenerate vertical
hyperplane of equation x-u—y-v = a , where u,v and a are respectively

the limits of xn/||znll.yn/||ynll and [[zn] = [lyall;
iii. otherwise, (T, yn) converges to the point 0o € O HPY.

Proof. For (i), it suffices to compute the limit with respect to Equation (2.11):
Iz =2l = ly —ynl* + 22 =0 — [z — 2oo|” = [ly — yoo|* + 2 = 0.

For (ii), assume (zy,y,) diverges in RP~54 and ||z,|| — ||yn]| is bounded.
Up to extracting a subsequence, ||z,| — ||yn| has a finite limit a € R, so
both ||y ||, ||ynl|l # O for n big enough. Hence, up to extract a second sub-
sequence, o, /||, | — u and yn/||yal| — v, for (u,v) € SP72 x ST71 namely
|ul|? = ||v||> =1, so (u,v) is lightlike. Remark that

[zl _ [zl = llynll
[l Yl
—_———

~a/|yn |l

+1—1.

By expanding Equation (2.11) and dividing it by ||y,||, one obtains

[

ol = gall® _

(7]

l[* — lly[l* + 22
[1ynll

Tn Yn
[ [

Using Remark 2.6.4.4, we can restrain the function to a compact neighbor-
hood of an open set, so that the variables z,y, z are bounded. Hence

lzl®=llyl*+22 Tn_ Yn lznll+lynl _ _

Tl 2 fap 20 )+ gt (el = llwnll) =

0 - 2(z,u) + 2(x,v) + 2a =
namely Q(z,, ,.) converges to Vg, £ C RP~14 being an affine subspace whose

underlying vector space is (u,v)", so it is a degenerate hyperplane of RP~14,
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Finally, for (iii), we remark that (x,,y,) in OHP'? converges to the point
00 € OooHP? if and only if Q(,, ,,) escapes from all compact sets of the
half-space. Write (2.11) as

I2[1* + 2% = 2(z, @n) + lzal® = lyall® = [ylI* = 2(y, yn)-

Assume ||z, ||/||yn|| = 0. Dividing by ||y, || we obtain

Iyl vo | el |
— 2y, )< +2 < (llyl|*+1 +2].
A T U T R e I C A A

Since ||y, || diverges, (2 4+ 1/|lyn]|) < 3 for n big enough. It follows that a
point (x,y,2) € Q(z, 4, satisfies the following inequalities:

2 2 2 2
[[yn [[yn| [[yn
s [l ) P2y oy
[[yn [[yn [[yn|
2 2 2 2 2
s lall =l | el 42 o llenl® g
[yl [yl 1Yl

Let K C HP? be a compact subset of RPT4. The coordinates of its points
are limited, namely it exists C' € R such that

[+ llyl* + 22 < €, W(a,y,2) € K. (2.13)
Combining (2.12) with (2.13), a point (z,y,2) € Q(4,, 4,) N K satisfies

C  lzal?
— — C—3=:F(xn,yn).
[Ynll llynl®

|zn” — llynl®
lynl

30 > ]2 > ]'

By hypothesis, F(zy,y,) — +oo as n — oo, that is for n big enough
F(xp,yn) > 3C, which means Q, ,,) N K = 0. K is arbitrary, hence
Q(2,,yn) €scapes from all compact sets, that is (2, yn) — oo. O

Finally we can show that ¢, , is an homeomorphism between the bound-
aries.

Proposition 2.6.4.6. The embedding tp 4 induces a homeomorphism be-
tween OxoHP? and OxcHPY.

Proof. It suffices to prove that ¢, 4 is continuous, 4.e. it commutes with limits.
Let (@n,yn) — Ve = {(z,u) — (y,v) = a} in s HP. For Lemma 2.6.4.5,

Tn Yn
[ 7

n
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Applying ¢, 4 to the sequence, one has

1— |z, 1% + 2 1— |z, |12 + 2
Lm(xn,yn,m:[xn; fonll + ol 1= ool uynn}:
[ A bl bl e 1 bl
Iy 2|[yn | ] 2l

Recalling that ||z,||/||ynl — 1,

1 — [Jzn]” + [lyn | 1 [zn]l + [lynll
= - (lznll = llyall) = —a-
2||ynl 2[lyal 2|yl " "
———

=1

Hence we proved

nl;n;o (tp,g(@n,yn,0)) =[u:—a:v:al =1pq (nllngo(xn,yn,O)> )
We should check also that a sequence (xy,,y,) — 0o commutes with ¢p .
This can be checked using the same computation as above, dividing by ||y, ||?
instead of ||y, ||, if |zn|l/|lyn] — 0, and by ||z,||?> otherwise.

To show that a sequence V., — V;_ commutes with ¢, , one can either
compute it explicitely or take a family of sequences (7,9} )ren, such that
(x},yp) = V¢, for k — oo, and use a diagonal argument to build a sequence

(kaijk) — Vﬁoo'

One concludes by unicity of the limit. O

2.6.5 Examples

Let us now describe the topology of JscHP'? in two definite examples.

Exzample 2.6.5.1. Let us first consider %", namely the half-space model
of minus the de Sitter space. In this case OH™ is conformal to R%™,
hence is negative definite, therefore there are no degenerate affine hyper-
planes in OH>". In other words, O, H"™" is the one-point compactification
of OH'™ = R™, and therefore is homeomorphic to the sphere S®. This is not
surprising indeed, as the (n+ 1)-dimensional de Sitter space shares the same
boundary at infinity as the hyperbolic space H"! of the same dimension.

From the point of view of H'", this corresponds to the fact that a se-
quence of degenerate totally geodesic hypersurfaces @y, defined by the equa-
tion ||y — yn||? — 22 = 0, which is a cone over (y,,0) (see Figure 2.1 on the
right), escapes from compact sets in the half-space if the sequence y, is
diverging in R".
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Figure 2.4: The compactification of 9H?!, which is a copy of R!! represented
by the interior of the diamond, inside O,H?'. The lines at +£45° represent
the degenerate affine subspaces in Rb!, and each of them is compactified
to a different point. The point co then corresponds to the vertices of the
diamond. The identifications of the sides clearly give the topology of a torus
on JuoH>1.

Ezxample 2.6.5.2. Let us now consider a more interesting situation, namely
the Anti-de Sitter half-space H™!. In this case OsH™! decomposes as the
disjoint union of OH™!, which is a copy of the n-dimensional Minkowski
space R" 11 the singleton {oo}, and the space of vertical hyperplanes V.
The latter is in bijection with the space of degenerate hyperplanes in R?»~1:!1,
which is a trivial bundle S"~2 x R, where the S*~2 factor determines the
orthogonal direction (i.e. the projectivization of the cone {||z|* —y? = 0} of
null directions), and the R factor the intercept on the y axis. The complement
OsoH™1 \ OH™! is therefore the one-point compactification of S*~2 x R.
When n = 2, S° x R is the disjoint union of two lines, and its one-point
compactification is homeomorphic to a wedge sum of two circles. Hence we
directly recover the fact that d,H?! is homeomorphic to a torus S' x S!.
Indeed, from Remark 2.6.4.5 we see that Rb! is compactified by adding a
point to compactify every line of the form y = x 4 a (this is the first copy of

R in S x R), and a point for every line of the form y = —z + a (the second
copy of R). By adding the point oo, we then see that the obtained topology
is that of a torus, see Figure 2.4. Compare also (| , Appendix]) for a

more algebraic approach to this compactification.

2.6.6 Geodesics revisited

To conclude this section, we discuss again the geodesics in HP9, now in terms
of their endpoints in O HP4. Indeed, in HP? the geodesics have the following
topological behaviour:
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e Spacelike geodesics converge to two different points in 0, HP? at the
two ends.

e Lightlike geodesics converge to the same point in J,HP? at the two
ends.

e Timelike geodesics are closed, hence do not intersect OuHP4.

We will classify geodesics, distinguishing their type as usual, in relation with
their endpoints.

Remark 2.6.6.1. Before stating the results, we give a preliminary observation
that will be used repeatedly. It will be important to understand when a
sequence of points (zn,Yn,2n) € HP'? converges to a point of dcHP?. In
Section 2.6.4 we explained this for a sequence in OHP1, i.e. for z, = 0 (see
Lemma 2.6.4.5).

When the points are in the interior, we can apply a similar consideration,
namely the fact that a sequence of points X,, € HP¢ converges (projectively)
to X € O ,HP? if and only if the lightcone emanating from X, converges
to the totally geodesic degenerate hypersurface which corresponds to the
orthogonal complement of X. Hence to check if a sequence (xy,, Yn, 2,) € HPY
converges to a point of OxcHP?, which we recall is identified to the space of
totally geodesic degenerate hypersurfaces, it suffices to check the convergence
of the lightcones from (2, Yn, zn) € HP? (as in Figure 2.2).

In particular, it is clear that the topology on HP? U dHP? coincides with
that of the closed half-space, because if (2, Yn, 2n) — (Z0,¥0,0), then the
lightcones ||z — x,|? — |y — ynll®> + |2 — 20|> = 0 converge to the totally
geodesic degenerate hypersurface ||z — zo? — ||y — yol|* + |2|? = 0.

Let us first consider spacelike geodesics, beginning with the case where
the two endpoints are both in OHP? C OxcHP.

Proposition 2.6.6.2. Let (z0,v0), (2, y,) € OHPY and define

(uv U) = (556 — Z0, y6 - yU)? (xma ym) = ((z[) + ‘TE))/27 (yO + yé)/2)
Then:
o If|ju|l > ||v||, then the unique geodesic of HP¢ with endpoints v, 4(x0, Yo, 0)

and 1y o(x(, Y0, 0) is contained in HP, and is the ellipse of eccentricity
es(u,v) with center (T, Ym)-

o If|lu|l < ||v|, then the unique geodesic of HP? with endpoints 1, q(x0, yo)
and 1y o(x(, y) 1s contained in HP? except for one point, and its inter-
section with HP'? consists of the two upper half-branches of the hyper-
bola of eccentricity es(u,v) with center (T, Ym).

o If |lul] = |jv||, there is no geodesic with endpoints tpq4(xo,y0) and
Lp7q<x67y6)'
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We remark that (u,v) is the vector joining the two points on the bound-
ary, while (2, ¥ ) is the midpoint, and recall that the value eg(u,v) of the
eccentricity appears in Proposition 2.5.4.1.

Proof. There is not much left to prove here. The first point follows from
Proposition 2.5.4.1. For the third point, it is known that if two points in
OscHP? are connected by a lightlike segment in the boundary, then they are
not connected by a spacelike geodesic; however the non-existence also follows
from Proposition 2.5.4.1. For the second point, using again Proposition
2.5.4.1, the only thing left to prove is that the two half-branches of the same
hyperbola are parts of the same spacelike geodesic in HP?, and are separated
by a single point. (We have showed that these branches are incomplete on
the upper end, so they certainly converge to the interior of HP4, since HP»¢
is geodesically complete.)

To prove this statement, we can apply the isometry group of HP¢ and
reduce to the curve parameterized by y;(t) = £ cosh(t), z(t) = sinh(¢), and
all the other coordinates identically zero (exactly as we did in the proof of
Proposition 2.5.4.1). A direct computation shows that

tpg(7(t)) = [0: 1+ cosh(t)® — sinh(t)* : £2 cosh(¢) : 1 — cosh(t)? + sinh(t)?] =

=[0:2:+2cosh(t): 0] = :1:0].

0: ————~
+ cosh(t)
Clearly these points all lie on the same geodesic, because they are con-

tained in a unique 2-plane in RP4*! and the limit as ¢t — +o00is [0:0: 1 : 0]

regardless of the sign &+ in front of y;(¢). This concludes the proof. O

Remark 2.6.6.3. A very similar computation shows that timelike geodesics of
‘HP? are mapped to the complement of a point on a (closed) timelike geodesic
of HP4. Indeed, up to isometry, we can reduce to the branch of hyperbola
~(t) given by yi(t) = sinh(t), z(t) = cosh(¢) and all the other coordinates
identically zero. One can then show that the limit of the image under the
embedding ¢, 4 is the same point in HP? as ¢t — Fo0:

bpg(Y(t)) = [0 1+ sinh(t)2 — cosh(t)2 : 2sinh(t) : 1 — sinh(t)2 + COSh(t)Z] =

=[0:0:2sinh(¢) : 2] = {0 :0:1: sinlll(t)} )

which tends to [0:0:1: 0] for t — +o0.

The case where one point is on 0HP? and the other is oo is very easy to
deal with.

Proposition 2.6.6.4. Let (xg,yo) € OHP?. The unique geodesic with end-
points (xo,yo) and 0o is the vertical line over (xo,yo).
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Proof. Applying Remark 2.6.6.1, the endpoints of the vertical line over (xg, yo)
are clearly (zo,yo) and oo, for the lightcone over (z¢, 3o, z) converges to the
totally geodesic hypersurface ||z — x> — ||y — yol|*> + 2> = 0 as z — 0, and
escapes from compact sets as z — +o0. ]

We are only left with the case where one point is on 0HP4, and the other
is represented by a totally geodesic hypersurface V. Indeed, after proving
the next proposition, and comparing with Proposition 2.5.4.1, we see that a
posteriori there are no geodesics in ‘HP? connecting two points of the form
Ve or oo.

Proposition 2.6.6.5. Let (zo,y0) € OHPY, a € R, (u,v) € RP™19 such that
lul = ||v]| and ||ul)®* + ||v||> =1 and ‘C((lu,v) the degenerate affine hyperplane

in OHP? of equation ((x—x¢),u) — ((y—yo)v) = a . Then the unique geodesic

with endpoints (zg,yo) and Vg(zu " is the parabola

2 12
o) =wo+oou, yt) =wot+ v 2=t (2.14)

Proof. Up to a horizontal translation, which does not affect the conclusion of
the statement, we can assume (zo,yo) = (0,0). Set @ = 1/4a. The lightcones
over (x(t),y(t), z(t)) satisfy the equation

|z — 2at?ul|® — ||y — 20t%0|> 4+ |2 = t|* =0 .

Dividing by t? and using |lu|* = ||v||?,

21> = 1lyl”
t2

22— 2zt + 82

2 0,

+2a((z,u) — (y,v)) + 4o ([Jul® — ||v]*) +
=0

which converges as t — 400 to the vertical hyperplane of equation
<$,U> - <y,U> = 1/4& = a.

Clearly (x(t),y(t),2(t)) converges to (zo,y0,0) € OHP? as ¢ — 0. This
concludes the proof. O

Remark 2.6.6.6. One might wonder what is the geometric interpretation of
the parameter a, which encodes the relation between the parabola and its
endpoint at infinity, seen as a vertical hyperplane that does not contain the
parabola itself. Let us describe the geometric intuition behind this relation.
Given a parabola as in Equation (2.14), contained in a degenerate 2-plane
Vi, where £ is an affine line directed by (u,v), one can uniquely express this
parabola as the intersection of V; and a totally geodesic degenerate hyper-
surface, which is a lightcone over a point (&, §,0). The vertical hyperplane to
which the parabola is asymtoptic to is then the unique vertical hyperplane
V¢ such that the underlying vector space of L is the orthogonal of (u,v) and
contains (Z,y,0).
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Let us now move on to lightlike geodesics.

Proposition 2.6.6.7. Given (xg,yo) € OHPY, the lightlike geodesics of HP1
with endpoint v, 4(x0,yo) are contained in HP? except for one point, and
their intersection with HP'? consists of two straight half-lines contained in
the same wvertical 2-plane.

Proof. Up to a horizontal translation, it suffices to show that the half-lines
t — t(u,v,w) and t — t(—u, —v,w), composed with the embedding ¢, 4, con-
verge to the same point in HP? at ¢ — +o00, which can be checked similarly
to Proposition 2.6.6.2 and Lemma 2.6.6.3. 0

We now conclude our analysis by the only case left.

Proposition 2.6.6.8. Given a degenerate affine hyperplane L in OHPY, the
lightlike geodesics of HP? with endpoint V. are the horizontal straight lines
contained in the vertical hyperplane Vp itself.

Proof. By Remark 2.6.6.1, one has to check that the lightcones emanating
from (zg+tu, yo+tv, zo) converge to the vertical hyperplane through (zo, yo)
whose underlying vector space is the orthogonal of (u,v). The computation
is done exactly as in Remark 2.6.4.5. O

2.7 Horospheres

We now briefly turn the attention to the study of the horospheres, in the
half-space model. Let us recall the definition of horosphere in HP4.

Definition 2.7.0.1 (Horospheres). An horosphere in HP? is a smooth hyper-
surface S, which is obtained as the projection in HP? of

So = {X € HPY (X, V)p4r1 = a} , (2.15)

for some null vector V€ RP4T! (j.e. (V,V), .41 = 0) and some constant
a # 0. We say that the horosphere S, has point at infinity [V] € JcHPY.

Namely, a horosphere is the intersection between the projective class of
an affine degenerate hyperplane of RP¢ and HP.

Observe that, when V' = 0x, — 0x,,,,,, the corresponding horosphere
Sq is precisely the image of z = |a| C HP? by the embedding ¢y, 4. We will
prove this observation in the proof of Theorem 2.7.0.5 below.

For the sake of completeness, we provide a well-known characterization
of horospheres in HP4, that generalizes a classical description in hyperbolic

space.

Lemma 2.7.0.2. The horospheres S, with point at infinity [V] are precisely
the smooth hypersurfaces orthogonal to all the spacelike geodesics having [V]
as an endpoint at infinity.
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Proof. To check the statement, since orthogonality can be computed locally,
we will work in the double cover HP¢. Let S, = {X € H?, (X, V) 441 = a}
and X € S,. Then S, = H?7n (V' + X) and

Tx Sy = TxHPI N Tx (VY + X) = Xt nvt, (2.16)

Now, every geodesic of HP is contained in the intersection of HP¢ with
a linear 2-dimensional subspace. In particular, the unique spacelike geodesic
7 such that 7(0) = X and having [V] as an endpoint at infinity is contained
in Span(X, V). So 7/(0) € Span(X, V). Comparing with (2.16), we showed
that ~/(0) intersects S, orthogonally.

Finally, observe that every spacelike geodesic in HP? with endpoint at
infinity [V] intersects S,. Indeed, working again in the double cover, the
preimages of spacelike geodesics of HPY are the intersection of HP? with
linear 2-dimensional subspaces. Given such a subspace containing the vector
V, pick X such that (X,V),,+1 = a. Then for every A € R we have
(X = AV,V)pqt1 = a. Choosing A = ((X, X) + 1)/2a, we obtain

(X = AV, X = AV)pgr1 = (X, X)pgr1 — 20a = —1,

hence X — AV € ]ﬁ[p’q7 and therefore X — AV € §a. This concludes the
proof. O

Despite the term horospheres, which is borrowed from classical hyperbolic
geometry, horospheres are not topologically spheres for ¢ # 0. The boundary
at infinity 0,5, of a horosphere S,, namely its frontier in J,HP, is precisely
the lightcone in O, HP? from [V], hence S, U 055, is homeomorphic to
OooHP4.

Lemma 2.7.0.3. 055, is the lightcone in O xHPY from [V], [V] being the
endpoint of S, at infinity.

Proof. Assume [W] € 05, does not belong to the lightcone from [V], i.e.
[V] and [W] do not lie on a lightlike line. This implies that it exists a spacelike
geodesic 7y joining [V] and [W] (see Proposition 2.6.6.2). By Lemma 2.7.0.2,
v meets S, transversally at a point [X]| € HP9. ~ is the projection of the
2-plane of RP4+! containing V, W, X. The three vectors are contained in
{Y e R4 (V) V), 441 = a} by construction, and none of them is colinear,
hence the affine hyperplane contains the 2-plane Span(V, W, X), i.e. it is a
vector hyperplane, which is an absurd. N

Conversely, we recall that the lightlike geodesic of HP*? are the ligthlike
lines RP4*! contained in the submanifold. We claim that for any W € 0,V +,
the geodesic v(t) = X +¢W is all contained in the affine hyperplane defined
by the equation (Y, V), s+1 = a, where a = (X, V)p 411. Indeed,

(v(1), V>p7q+1 = (X, V>p7q+1 + t(W, V>p7q+1 =a+0, VieR.
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Hence [W] € P{Y € RPITL (Y, V), 111 = a} N O HPY, that is [W] € OooSa-
O

Proposition 2.7.0.4. S, U 05,5, 15 homeomorphic to O,cHP1.

Proof. Consider the endpoint [V] € 0HP? of S, at infinity. By Lemma
2.7.0.2, we can associate to any point [X] € S, a point of the boundary,
namely the other endpoint of the unique spacelike geodesic with endpoint
in [V] and intersecting S, in [X]. This defines a injective continuous map
Sa — OcHP4. Its image is the complement of the cone from [V], which
coincides with 05,5, by Lemma 2.7.0.3. O

In this section we will describe the horospheres in the half-space model
P

Theorem 2.7.0.5. The horospheres of HP? are, for a parameter ¢ > 0:
1. horizontals hyperplanes {z = c}, if the point at infinity is co;
2. wedges of hyperplanes of the form
z = cl(z,u) = (y,v) +d|

if the point at infinity corresponds to the vertical hyperplane Vi, for L
the hyperplane of equation (z,u) — (y,v) +d =0 (for (u,v) € RP~14 ¢
lightlike vector and d € R);

3. piecewise quadric hypersurfaces of the form
|z = 2ol = [ly — wol* + (z £ ¢)* =
if the point at infinity is (zo, yo,0) € OHP1.

See Figures 2.5 and 2.6.

Figure 2.5: Horizontal horospheres, and wedges of hyperplanes.
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Figure 2.6: Horospheres in H?! corresponding to a point in OH>!.

Proof. Recall that we introduced the embedding 7, ,: HP? — HP4 in the
proof Proposition 2.1.2.2, that induces the embedding ¢, ,: HP? — HP in
the quotient. Also observe that every point in a horosphere S, has two
preimages X in HPY, which satisfy either (X,V) = a or (X,V) = —a.
Hence to determine the horospheres in HP? (or more precisely, the portion of
horospheres contained in HP?) it suffices to find the preimage of [(X, V)| = a
under i, 4, for a > 0.

In the first case, the point at infinity is co and corresponds to [V] =
0:1:0:—1] in O H”?. In Proposition 2.1.2.2 we showed that, via 7,4,
Xp + Xptq+1 = 1/z. This shows that the level sets {z = ¢} are precisely the
preimages of (X, (0,1,0,—1)) = a, where a = 1/c.

Consider now the case where the point at infinity is Vy. In Lemma
2.6.4.2 we computed the preimage of a degenerate vector space intersecting
the boundary in the complement of Im¢,,. To do it in the affine case,
it suffice to remark that the equation starts as (X,V),,+1 = a instead
of (X,V)pe+1 = 0. Hence, taking [V] = [u : d : v : —d], dividing by
Xp + Xptgt1 = 1/z we obtain

(x,u) — (y,v) +d = az.

As we stated above, the horosphere is the preimage of both (X, V), .11 = *a,
so the equation above prove the statement for ¢ = 1/a.

Finally, we consider the case where the point at infinity is (zg, y0,0) € OHP9.
Up to translation, we can assume (z9,yo) = (0,0). The corresponding point
in O, HP? is [V], where V}, = V4 4+1 = 1 and the other coordinates of V' are
zero. Hence we need to determine the preimage of those X satisfying

’<X7 (07 1,0, 1)>‘ = ’Xp - XP+Q+1‘ = a.
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Observe that X, — X, 411 = —(||z|> — |ly||? + 22)/z, hence we obtain the
equation |||z||? —||y||?+ 22| = az. A simple manipulation gives the equivalent

expression

CL2

2 2 a\?2
. L8 o0
lall? = Iyl?+ (=% 5) =3

which is the desired formula, for ¢ = a/2. O

Remark 2.7.0.6. We conclude by remarking that the proof of Theorem 2.7.0.5
could have been done by checking directly that the hypersurfaces of the three
types are orthogonal to all the spacelike geodesics in HP'? which share an
endpoint in J,oHP4. This is evident for the horizontal horospheres {z = ¢},
which are orthogonal to all vertical geodesics, i.e. with endpoint oo.

For the wedges of hyperplanes, one can show directly, using Proposition
2.6.6.5 and Remark 2.6.6.6, that the union of the hyperplanes

z=+((z,u) = (y,v))

is orthogonal to all the parabolas whose endpoint corresponds to the vertical
hyperplane V;, £ = {(z,u) — (y,v) = 0}, namely those parabolas which are
obtained as the intersection of a vertical 2-plane projecting to an affine line
directed by (u,v), and a lightcone based on a point of L.

Finally, for the horospheres of the third type, one could check that these
are orthogonal to the geodesics with endpoint in (zg, yo,0) in the following
way. Up to an isometry of HP4 assume (zg,y0) = (0,0) and ¢ = 1. Then
one “sweeps” the hypersurface by curves of four types. The first case is that
of a curve contained in a vertical 2-plane which is positive definite. Up to
an isometry of the form (z,y, z) — (A(x,y), z), which leaves the horosphere
invariant, it suffices to consider the curve z;(t) = sin(¢), z(t) = cos(t) + 1,
and all the other coordinates identically zero. Then one shows that this curve
is orthogonal to all the geodesics with endpoint (0, 0) that it intersects, which
are ellipses (circles, in this specific situation). This is exactly analogous to
the half-space model of H". Second, one consider curves in a vertical 2-
plane which is indefinite. Again up to isometry, one reduces to two curves,
defined by y1(t) = sinh(t), and z(t) = cosh(t) + 1 or z(t) = cosh(t) — 1.
These are orthogonal to all the spacelike geodesics which are hyperbolas
and have (0,0) as an endpoint. In the former case, the curve intersects
the branch containing (0,0); in the latter, the other branch. Finally, the
horizontal planar curves contained in the horosphere are trivially ortogonal
to all parabolas with endpoint (0, 0), because they are lightlike and contained
in a degenerate vertical 2-plane.

2.8 Isometries of HP4

Let us conclude by describing the isometries of HP, and the action of those
of HPY, in the half-space model.
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2.8.1 The isometry group Isom(H??)

We remarked in Subection 2.1.3 that the embedding ¢, , induces a monomor-
phism G — Isom(HP?), as a consequence of the fact that local isometries
between open neighbourhoods of HP? uniquely extend to global isometries.
From our study of geodesics in Section 2.5, we can deduce that the group
G introduced in Subsection 2.1.3 (see Definition 2.1.3.5) is the full isometry
group of the half-space model.

Theorem 2.8.1.1. When q > 1, the group G coincides with the isom-
etry group Isom(HP?). Moreover, G corresponds precisely to the isome-

tries of Isom(HP?) that preserve the totally geodesic degenerate hyperplane
HPTN 1, (HP).

Proof. Since G < Isom(HP+?) acts transitively by Proposition 2.1.3.6, it suf-
fices to prove that Stabg(0,0,1) = Stabiggmsr.a)(0,0,1). Observe that
Stabg(0,0,1) is the subgroup of Stabpggmxp.a)(0,0,1) preserving oriented
vertical lines, i.e. it consists of those isometries f such that df(g,1y(0;) = 0.
We claim that all isometries f in Stabrgmsr.e)(0,0,1) have this property.

By contradiction, assume df(o,1y(0z) # 0.. First, if df(g0,1)(0z) = =0,
then a lightlike geodesic starting at (0,0, 1) and parameterized in such a way
that the z-coordinate is increasing along the geodesic (hence incomplete)
would be sent to another lightlike geodesic parameterized in such a way that
the z-coordinate is decreasing (hence complete) which is an absurd since
isometries preserve completeness of geodesics. Otherwise,

df0,0,1)(0:)" # (9:)".

The horizontal hyperplane (9,)+ = RP~14 is generated by lightlike vectors,
hence there exists a horizontal lightlike vector v such that df(070,1)(v) is not
horizontal. This is an absurd as lightlike geodesics are complete (in both
directions) if and only if the initial velocity is horizontal (Lemma 2.5.1.1),
and again isometries preserve completeness.

The second part of the statement is clear, because every isometry of HP-¢
extends to an isometry of HP9 which preserves the image of ¢ 4, hence also
its complement. Conversely, every isometry of HP»¢ that preserves the image
of v, 4 induces an isometry of HP?, and therefore is in G. O

2.8.2 Inversions

In order to describe the action of the isometry group Isom(HP?) on the
half-space model, we now introduce a new type of isometries, that are the
analogous of inversions in hyperbolic geometry. Recall that, given a point
(z0,y0) € OHP, Q(zo,y0) denotes the totally geodesic hypersurface made of
lightlike geodesics with endpoint (xg,yo), as in (2.11).
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Proposition 2.8.2.1. The involution J : HPI\Q 0,0y — HPI\Q(0,0) defined
by

(z,y,2) = (W(z,y, 2)z, w2, y, 2)y, |z, y, 2)|2)
where p(z,y, 2) == (|z||* = |yll*> + 22) 7, is an isometry which extends to a
global isometry of HPY via tp 4.

We remark that if ¢ = 0, Q0,0) = () and p > 0, hence we recover the fact
that J is a global isometry of the hyperbolic space.

Proof. Let ¢ € Isom(HP?) be the isometry induced by the reflection in the
hyperplane X,, = 0. To prove the statement, we show that the following
diagram commutes:

HP9\ Qo) P g

A

HP9\ Qo) _'Pa, g

We first remark that

T (,y,2)) = pl@,y, ) (2l = Iyll* + 247" = ple,y, )7, (2.17)

which also immediately implies that J is an involution. Observe that J is
defined precisely on the complement of {y = 0}, which is Qo). Suppose
first > 0. Denote ipq4(z,y,2) = (X1,...,Xptq+1) (these are defined in
the proof of Proposition 2.1.2.2) and 7, 40 J (z,y,2) = (Y1,..., Ypiqt1). We
have:

v, =B % _x, i=1,....p—1
pz oz
I O e e I
P = = P
2uz 2z
Ky Y .
V., =22 _ 2 _ x. =1,...
J+p 1z P Jj+p J ’ »q
Ltp L) — [yl + 27
Y = = :X
ptq+1 21z 25 p+q+1

where in the second and fourth line we have used (2.17). This shows that
Ipgod = qgoipm where ¢ € O(p, q+1) is the reflection fixing the hyperplane
X, = 0. One immediately checks that 7, ;0 J = —¢o Ip,g When g < 0. Since
qg and —(;3 induce the same isometry on HP?, the claim is proved.
Incidentally, this proves also that J is a local isometry with respect to
the metric gy 4: indeed ¢ o 1) o(HP?\ Qo)) € Imey g, and ¢y, is bijective
over its image. Hence, J = L;é 0 0y over HPY\ Q(0,0), namely J is a
composition of isometries. O
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Remark 2.8.2.2. We saw that the involution J corresponds to a reflection in
Isom(HP?). In fact its fixed point set is the totally geodesic hypersurface

lzl* = llyl* +2* =1

The other inversions, fixing the general totally geodesic hypersurface of the
form (Q) for ¢ > 0, can be easily found conjugating J by elements of G.

In the following, we describe the action of J on totally geodesic hyper-
surfaces. We will denote Q4 4,.) @ quadric defined by Equation (Q) and
OQ(o,yo.c) 1ts boundary, namely its intersection with the hyperplane {z = 0}.
We remark that for an hyperplane V., 0V, = L.

Recalling that a totally geodesic submanifold is defined by its local be-
haviour (see Remark 2.6.4.4), we will abusively talk about the whole totally
geodesic hypersurface instead of its restriction to the domain of 7.

Proposition 2.8.2.3. The action of J on the totally geodesic hypersurfaces
of HP1, excepl for Qo,0,0) 15 the following:

i @ quadric Qg yo.c) Such that (0,0,0) € 9Q (4 yo,c) 5 sent to the vertical
hyperplane Vi defined by the equation (x,x0)—(y,yo) = 1/2, which does
not contain the origin, and conversely;

i. a quadric Q( y such that (0,0,0) & 0Q (5 yo.c) 15 sent to the quadric

20,90,¢
Q(zrn,0), where 11 = xo/c1, y1 = yo/c1 and C = —(1 + ||zo* —
lyoll?)/c1, for c1 == (|lzo|* — ||lwoll?) — c. The image also does not

contain the origin;

ii1. vertical hyperplanes Vi whose boundary contains the origin are (not
punctually) preserved.

From a geometrical point of view, this is trivial: indeed vertical hyper-
plains are the only totally geodesic hypersurfaces containing oo, hence a
hypersurface can be send to a vertical hyperplain if and only if it contains
the origin.

Proof. Since J is an involution, the image the quadric Q ) satisfies

Z0,Y0,C
|z — w0l — ||y — yol|* + 22 =c.

A simple algebraic manipulation, together with the fact that p(x,y,z) =
(Jlz]|* = |lyl|* + 2%) ! gives then

p (1= 2((z, 20) — (y.90))) = ¢~ (lzoll* — llyoll*).

Remarking that ¢ — (||zol|* — [lyo[|*) = 0 if and only if (0,0,0) € Q
(i) is proved.

Z0,40,C)?
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On the other hand, if ¢; := ¢ — (||zo||?> — ||y0]|?) — ¢ # 0, the equation can
be rewritten as

1= 2({z,z0) — (y,90)) = —c1(lll* = lly|* + 2°).

A simple algebraic manipulation shows that J(Q(z.40.c)) = Q(z1,1,0)> With
x1,y1,C as in (ii).

Finally, if £ contains the origin, then the equation that defines V is
(x,z0) — (y,y0) = 0. As above, its image satisfies (ux, zo) — (uy, yo) = 0, i.e.
J (V) = V¢, which ends the proof. O

As a direct consequence of this result, we can describe the action of J
on the boundary.

Corollary 2.8.2.4. J: OxcHP'? — OocHP? is an homeomorphism which

i. switches lightcones Q(y 40y, such that ||xol|* = |lyol|*, with vertical
hyperplanes V., L = {(z,x0) — (y,yo) = 1/2};

i. switches lightcones Q oll* # |lyoll®, with lightcones Q

where

20,%0)” 1,Y1)7

(x()?yO)
(r1,91) = 5 5
H950||2 - ||y0H2

111. preserves vertical hyperplanes Vi, L vector hyperplane;
w. switches the degenerate hyperplane Q) and co.

Proof. The first points follow directly from the proposition remarking that
Q(wo,50) = Qwo,o,0)- The last one is trivial since 1,4(0,0) = [0:1:0 : 1]
and tpq4(00) = [0: —1:0: 1], and we have just showed that J induces on
HP9 the reflection in the hyperplane X, = 0. O

2.8.3 Action of Isom(HP9)

We conclude by describing the action of the full isometry group Isom(HP?)
on HP4. Roughly speaking, the subgroup G and the inversion J (or more
precisely, their extensions to HP?) generate Isom(HP?).

Theorem 2.8.3.1. Any isometry of HP? can be written in HP? as the com-
position of elements of G and J.

Proof. Since G corresponds precisely to the stabilizer of a point in 0, HP*? by
Theorem 2.8.1.1, it suffices to show that the elements of G, together with 7,
induce a trangitive action on O HP?. Clearly G acts transitively on OHP9,
while J maps (0,0) € OHP? to oo by Corollary 2.8.2.4.

Also, G acts transitively on the degenerate vertical hyperplanes of the
form V. Indeed it acts transitively on OHP? = RP~L4 and V, is uniquly
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defined by £ C RP~14. Hence it remains to show that in the subgroup
generated by G and J, there is an element that maps some point in OHP? to
some point in OxoHP? that corresponds to a vertical hyperplane V. But this
clear because by Proposition 2.8.2.1 J extends to an element ¢ € Isom(HP?),
whose action on JsoHP? is a homeomorphism, hence it maps a neighbourhood
of oo (which contains elements of the form V) to a neighborhood of (0,0)
(which only contains points in OHP?). O

93



Bibliography

[BCD'08] Thierry Barbot, Virginie Charette, Todd Drumm, William M.
Goldman and Karin Melnik, A primer on the (2+1) Einstein universe,
in Recent developments in pseudo-Riemannian geometry, ESI Lect.
Math. Phys., pages 179-229. Eur. Math. Soc., Ziirich,2008.
arXiw: 0706.3055

[BP92| Riccardo Benedetti and Carlo Petronio. Lectures on Hyperbolic Ge-
ometry, Springer, 1992.
DOI: 10.1007/978-3-642-58158-8.

[BS20] Francesco Bonsante and Andrea Seppi. Anti-de Sitter geometry and
Teichmiiller theory, 2020.
arXiv: 2004.14414

[DoC92] Manfredo Perdigdo Do Carmo Riemannian Geometry, translated
from the Portuguese by Francis Flaherty. Boston, MA etc.: Birkhauser
(1992; Zbl 0752.53001).

[CTT19] Brian Collier, Nicolas Tholozan and Jérémy Toulisse, The geome-
try of mazimal representations of surface groups into SOy(2,n). Duke
Math. J. 168, No. 15, 2873-2949 (2019).
arXiv: 1702.08799

[Danll] Jeffrey Danciger, Geometric transition: from hyperbolic to AdS ge-
ometry. PhD thesis, Stanford University (2011).
http://creativecommons.org/licenses/by-nc/3.0/us/

[DGK18| Jeffrey Danciger, Francois Guéritaud and Fanny Kassel, Convex
cocompactness in pseudo-Riemannian hyperbolic spaces, Geom. Dedi-
cata 192, 87-126 (2018).

DOI: 10.1007/510711-017-0294-1

[Fra02] Charles Frances, Géométrie et dynamique lorentziennes conformes,
PhD thesis, Ecole Normale Supérieure de Lyon, 2002.
http://irma.math.unistra.fr/“frances/these2-frances.pdf

94


http://creativecommons.org/licenses/by-nc/3.0/us/
http://irma.math.unistra.fr/~frances/these2-frances.pdf

[Fra05] Charles Frances, The conformal boundary of anti-de Sitter space-
times, in AdS/CFT Correspondence: Einstein Metrics and Their Con-
formal Boundaries, European Mathematical Society Publishing House,
pp.205-216, 2011.
https://hal.archives-ouvertes.fr/hal-03195056/document

|[GHLO04] Sylvestre Gallot, Dominique Hulin and Jacques Lafontaine, Rie-
mannian Geometry, Berlin: Springer (2004; Zbl 1068.53001).
DOI: 10.1007/978-3-642-97026-9

[Laf96] Jacques Lafontaine, Introduction auz variétés différentielles, Greno-
ble: Presses Universitaires de Grenoble; Les Ulis: EDP Sciences (1996;
Zbl 0872.53001)

[Nom82| Katsumi Nomizu, The Lorentz-Poincaré metric on the upper half-
space and its extension, Hokkaido Mathematical Journal, Vol.11(1982),
pp- 253-261.
DOI: 10.14492/hokmj/1581757803

[O’N| Barret O’Neill, Semi-Riemannian Geomelry with application to rela-
tivity, Academic Press (1983; Zbl 0531.53051).

|RS19| Stefano Riolo and Andrea Seppi, Geometric transition from hyper-
bolic to Anti-di Sitter structures in dimension four, 2019.
Preprint, arXiw:190805112

[ST21] Andrea Seppi and Enrico Trebeschi. The half-space model of pseudo-
hyperbolic space, 2021.
Preprint, arXiv: 2106.11122

[Tam21| Andrea Tamburelli, Fenchel-Nielsen coordinates on the augmented
moduli space of anti-de Sitter structures. Mathematische Zeitschrift 297,
No. 34, 1397-1419 (2021).
DOI: 10.1112/topo.12142

95


https://hal.archives-ouvertes.fr/hal-03195056/document

	Introduzione
	Ringraziamenti
	Introduction
	Requirements
	Pseudo-Riemannian Geometry
	Basic definitions
	Submanifolds
	Isometries

	Levi-Civita connection
	Vector fields
	Connections and Levi-Civita theorem
	Christoffel symbols

	Curvature
	Sectional curvature

	Geodesics
	Curves
	Vector fields along curves
	Geodesics
	Exponential map
	Totally geodesic submanifolds


	The half-space model
	Introduction to the model
	The half-space model
	An isometric embedding
	Symmetries

	Levi-Civita connection of Hp,q
	Curvature of Hp,q
	Totally geodesic subspaces of Hp,q
	Geodesic ODEs system
	Totally geodesic hypersurfaces
	The general classification

	Geodesics of Hp,q
	Lightlike geodesics
	A preliminary computation
	Timelike geodesics
	Spacelike geodesics

	The boundary at infinity
	The conformal boundary
	The extended embedding
	Hausdorff pseudo-metric
	The full boundary in the half-space model
	Examples
	Geodesics revisited

	Horospheres
	Isometries of Hp,q
	The isometry group Isom(Hp,q)
	Inversions
	Action of Isom(Hp,q)


	Bibliography

