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Introduction

Quadratic forms appear in many different areas of mathematics. The classification
of relevant objects can be reduced to the classification of quadratic forms. This is
the case, for example, of the Killing form in Lie theory and of the intersection form
in low dimensional topology. Similarly, quadratic forms are used to classify conics
and quadrics.

When facing the problem of classifying quadratic forms, it is natural to ask
whether two given quadratic forms @Q and @' over a field K are equivalent or not,
i.e., whether one can be obtained from the other through a linear transformation or
not. If K = R or C it is easy to answer this question. However, as we move away
from these fields, the answer becomes extremely harder.

This thesis is devoted to the classification of quadratic forms over @QQ, and Q
through invariants. An invariant is an object associated with the quadratic form
which does not change if the form is replaced with an equivalent one. Invariants
are usually used to distinguish two quadratic forms which are not equivalent (see
Examples 5 and 6). When K = Q, or K = Q it is possible to obtain a complete
set of invariants. More precisely, two quadratic forms @) and @’ are equivalent over
Q, if and only if they have same rank, discriminant and Hasse-Minkowski invariant
(Theorem 3.2.1). The classification of quadratic forms over Q is then obtained using
the Hasse-Minkowski theorem.

These results naturally lead to the study of quadratic forms with integer coef-
ficients which intervenes in various questions related to modular forms, differential
topology and finite groups.

The thesis is organized as follows: Chapter 1 is dedicated to the construction
of the p-adic fields, which are presented as completions of the rational field with
respect to the p-adic absolute values. Here the Legendre and the Hilbert symbols
are introduced. Chapter 2 contains preliminary results on quadratic forms. Finally,
Chapter 3 is the heart of the thesis: here the classification of quadratic forms over
Q, and Q is achieved. Several examples are given in order to clarify definitions and
concepts.

The main reference for this thesis is Serre’s book Cours d’Arithmétique, a mas-

terpiece of mathematical literature.
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Chapter 1

Construction of the p-adic field

There are two most common ways of defining p-adic numbers, one analytic and one
algebraic. The analytic definition tells us that p-adic numbers are the completion of
Q with respect to the p-adic metrics. The algebraic definition puts p-adic numbers as
sequences. We will start off with the first definition and then introduce the algebraic

one (for integers) to prove some of the properties of these sets.

1.1 Absolute values on QQ

In this section we will reach a complete classification of absolute values in Q up
to equivalence. This is not strictly necessary for the objective of this thesis but
allows a better understanding of the purpose and role of the objects that we will
use. ([Gou97, Chapter III])

Definition 1.1.1. An absolute value on a field K is a function |.| : K — R
that satisfies the following conditions:
i) |x|=0 if and only if x=0;
ii) |wy|=|z||y|;
iii) |z +y| < |z + [yl
We say that an absolute value is non-archimedean if it satisfies the condition
w) |z + y| < maz{|z|, |y}
Conversely an absolute value that does not satisfy (iv) is said to be archimedean.

Remark 1.1.2. Let |.| be a non-archimedean absolute value over a field K. Then

In| <1 for all integers n and if 2,y € K and |z| # |y|, we have |x+y| = max{|z], |y|}.

Proof. Since x # y we can assume that |z| > |y| so that |x+y| < mazx{|z|, |y|} = |z|
but = = (z +y) —y so [z] < maxflz +y|, yl} = |z < e +yl = [w +yl = |z =
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maz{|z], |y[}
O

Using this result we can prove the following properties for non-archimedean ab-
solute values:

Theorem 1.1.3. Let K be a field with a non-archimedean absolute value |.|, and
Bla,r) ={x € K: |z —a|] <r}. Then

i) all triangles are isosceles;

i) if b € B(a,r) then B(a,r) = B(b,7);

i) every ball B(a,r) is both open and closed;

i) any two balls are either disjoint or contained in one another.

Proof. Let a,b,c be the vertices of a non degenerate triangle. Then we can
assume that |a| > |b] > |¢| so the length of the sides is |a — ¢| = max{|a|,|c|} =
lal, la = bl = max{|al, bl} = |af, [b — ¢[ = maz{[b], |c[} = [b].

i1) | Let b be a point in the open ball B = B(a,r) = {z € K: |x—a| < r}. If z is any
other point in B then |z — b| < max{|z — al,|b — a|} < r hence B(a,r) is contained

in B(b,7). By switching the role of b and a we have the opposite inclusion. The

identity for closed balls is obtained in the same way using <.

i11) | Let « be a point in the boundary of B(a,r) and y in B(a, r) such that |[z—y| < r

then |z — a| = max{|r — y|,|y — a|} < r. We need to show that such y exists and
for this purpose we consider a ball B(z,s) with s < r. This ball has non empty
intersection with B(a,r) since x is on the boundary. We have shown that any
boundary point of B(a,r) belongs to B(a,r) so B(a,r) is closed and B(a,r) =

B(a,r).
iv)| Let B(a,r) and B(b,r’) be two balls with non empty intersection. Then, using

i1), any element y in the intersection is center to both the balls. The one with the
smallest radius is then contained in the other.
O

The following definitions lead to a fundamental example of a non-archimedean
absolute value: the p-adic absolute values. We will later prove that these are the

only non-archimedean absolute values on Q (up to equivalence).

Definition 1.1.4. Let p € N be a fixed prime number. The p-adic valuation on
Z 1s the function
v,: Z—{0} — R (1.1)

with vy(n) the unique integer such that

n = p ™/ with ptn' (1.2)
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and v,(0) = oo.

We extend this definition to Q by defining for x = a/b € Q*

vp() = vy(a) — vy(b). (1.3)

This is well defined and does not depend on a and b but only on .

Definition 1.1.5. For x € Q we define the p-adic absolute value of = by
2], = p~ @ if £ # 0 and |0], = 0. (1.4)

Then |.|, is a non-archimedean absolute value.

Definition 1.1.6. An absolute value induces a metric and hence a topology over K,
with a basis given by the set of open balls B(a,r) for all a € K and r in R.

Two absolute values on a field K are said to be equivalent if they define the same
topology over K, that is, if every open set with respect to one is also open with respect
to the other.

Theorem 1.1.7. Let |.|1,]|.]2 be two absolute values. The following statements are
equivalent:

i) |1, |-|2 are equivalent

i) for any z in K, |z|; <1 <= |z|s <1

i) Ja € RT such that Vo € K we have |x|; = |z|§

Proof. |i) = ii) | Let us assume that K contains an element z such that |z|; <

1 and |x|s > 1 then the sequence (z"),cn converges with respect to the first absolute

value but not with respect to the second.

i1) = i11) | Let xp € K, |zl < 1. Then by ) |z¢la < 1 hence there exists a real

positive number « such that |zg|; = |29]5. Now given any other x € K, if |z|; = |zo|;
the identity follows trivially because otherwise we would have |zo/z|; = |z/zo|1 = 1
and either |zo/z|s < 1 or |x/zls < 1 contradicting ¢i). Similarly if |z|; = 1 we
must have |z|s = 1, otherwise we would have either |z]; < 1 or |1/z]s < 1, which is
not possible for i7). Moreover the equality for x implies the same equality for every
power of x.

For this reason we can assume that |z|; # 1 and |z|; # |zo|; for i = 1,2. We can
also assume |z|; < 1 otherwise we replace it with 1/z(= z~1). Tt is hence only left
to prove that if x € K, |z|; < 1 such that |z|; = |z|5 then a = b.
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Let n,m be two positive integers, then we have,
2|7 < |zo|T = |%|1 <1+ |%|2 < 1 <= |z|} < |zo|3*. Taking logs of the
first and last equations we get nlog|z|y < mlog|xo|; <= nlog|z|s < mlog|xe|s or,

equivalently,
n  log|xols n log|xols

m " Toglel — m ~ Toglals

(1.5)

This means that the set of fractions smaller than the first quotient and the second
quotient is the same. Since there are fractions as close as we like to any real number

the two fractions on the right are the same number, which means that

_ log|xolq _ log|x|q _
log|zola  loglz|s

(1.6)

i1i) = 1)| Assuming #ii) we get that any open ball with respect to |.|; is an open
ball with respect to |.|o indeed |z —b]; < 7 <= |z —b|$ < 1 <= |z —al, < r'/°

which proves 7).

O
Definition 1.1.8. We call trivial absolute wvalue the following absolute value
over Q:
|z| =0 if 2=0

|z| =1 otherwise.

This is an archimedean absolute value.
Remark 1.1.9. The trivial absolute value is equivalent only to itself.

Remark 1.1.10. A non-archimedean absolute value cannot be equivalent to an

archimedean absolute value.

Proof. We will show that if an absolute value is non-archimedean than any other
equivalent absolute value is non-archimedean. Let |z|{ = |z|o. Then if |z + y|; <
maz{|z[1,|yh}, since a is positive, [z +yls = [z +yli < (maz{|zs,[yh})" =

maz{|z|{, [y[1} = maz{|z]s, [y}

]

Remark 1.1.11. If p and ¢ are two different primes, the p-adic and the g¢-adic

absolute values are not equivalent.

Proof. We have: p =p' = v,(p)=1=|p|, =1/p < L.
On the other hand p = ¢° - p = vy(p) =0=|p|, = 1.
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Theorem 1.1.12. (Ostrowski)
Every non-trivial absolute value is equivalent to one of the asolute values |.|,, where

p is either a prime number or oo.

Proof. We will only prove the non-archimedean part. For the archimedean part see
[Gou97, Chapter II1].

Let ng be the smallest integer such that |ng| < 1. Then the following hold:

1) ng must be a prime.

Indeed if ny = ab with a and b both smaller than ng, we would have |a| = [b] =1
and |ab| = |ng| < 1.

Let p = ng. We want to show that |.| is equivalent to the the p-adic absolute value.
2) If an integer n is not divisible by p then |n| = 1.

Using the division algorithm we have n = ¢gp+r, with 0 < r < p. By the minimality
of p we have |r| =1 and |gp| < 1. This proves that |n| = maz{|gp|, |r|} = 1.

3) |.| is equivalent to the p-adic absolute value.

Given an integer n we can write it as n = pn’ with p { n’. Then
n| = [p"lIn'] = [p"] = " (1.7)

where ¢ = |p|~' > 0. This proves the claim.

1.2 Completion of Q with respect to |.|,

Given the possible absolute values over Q we construct a completion for each of

them by analogy with what can be done in the case of R.

Definition 1.2.1. A field K is called complete if every Cauchy sequence of ele-
ments of K has a limit.
A subset S of K is called dense if every open ball around every element of K has an

element in S.

Definition 1.2.2. The smallest field containing K and complete with respect to a

certain absolute value |.| is called completion of K with respect to |.|.

Remark 1.2.3. Given that
-|.|s extends to R

-R is complete with respect to this absolute value
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-Q is dense in R
it follows that R is the completion of Q with respect to |.|s.

Remark 1.2.4. Every Cauchy sequence with respect to the trivial absolute value

is eventually constant, thus every field is complete with respect to this absolute value.

We now find a completion with respect to the other non-trivial absolute values

over Q.

Proposition 1.2.5. A sequence (x,) in Q is a Cauchy sequence with respect to a

non-archimedean absolute value if and only if

nh_)rgo |Tpi1 — x| = 0. (1.8)

Proof. Using the definition of convergence and the following inequality we have the

result.
Let m =n+r > nthen |z, —z,| = |Tm —Tm1+ Tm1 — Tmo+ ..+ Tpi1 — x| <
max{|xm - xm—1|7 |xm—1 - xm—Qla SE3) |xn+1 - $n|}

[]

Remark 1.2.6. The field Q is not complete with respect to any of its nontrivial
absolute values.([Gou97, Chapter I11])

The idea behind constructing a completion of Q is to abstractly include limitless

Cauchy sequences in the field, thinking of them as their missing limits.

Proposition 1.2.7. Let |.|, be a non-archimedean absolute value on Q. We denote
by C (or C,(Q)), the set of all Cauchy sequences of elements of Q

Defining + as () + (yn) = (Tn + yn) and - as (x,) - (Yn) = (zn - yn) makes C a
commutative ring with unity.

The ideal N C C of the sequences that tend to zero:

N ={(z,) : x, — 0} (1.9)

s a maximal ideal of C.

Proof. We want to show that given a sequence (z,) that does not tend to zero, the

ideal I generated by N and (z,) is C. Hence it is sufficient to prove that 1 is in L.
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Since (x,,) does not tend to zero and is a Cauchy sequence there must eventually

exist an integer N and a positive number ¢ such that |z, >c¢>0Vn > N.

We define a new sequence y, := 0ifn < N;y, := 1/x, otherwise. Since when
n>N
1 1 Tptl — Tn Tl — T,
[Ynt1 = Yn| = | _ Ly |§| i o (1.10)
Tpi1  Tp [ c

from 1.2.5 this proves that y, is a Cauchy sequence. Moreover

0 ifn<N
Tpln = (1.11)
1 ifn>N

If we subtract this product from the constant sequence (1) we get a sequence that
is eventually 0 so in particular it is a sequence in N.

In other words

(1) = (za)(yn) €N (1.12)

i.e. (1) can be written as the sum of a multiple of (z,,) and an element of N, hence
it belongs to I.
O

We want to identify sequences that differ by elements of A on the ground that
they ought to have the same limit. This is done by taking the quotient of the ring
C by the ideal . Since N is a maximal ideal the quotient will be a field.

Definition 1.2.8. We define the field of p-adic numbers to be the quotient of
the ring C by its mazimal ring N :

Q, =C/N (1.13)

Since two different constant sequences never differ by an element of N/, We can

have an inclusion

Q—=Q (1.14)

by sending ¢ € Q to the equivalence class of the constant sequence (q).
We are now left with proving that @, has the properties of a completion of Q (i.e.
that we can extend the p-adic absolute value to Q,,, that Q is dense in Q, and that

Q, is indeed complete with respect to |.|,).
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Proposition 1.2.9. Let (x,) € C\ N then the sequence of absolute values |x,|, is

eventually stationary.

Proof. Since (z,) does not tend to zero we can find ¢ and Ny such that
n>N = |z, >c>0
Since (a,,) is Cauchy there also exists a number Ny such that
m,n > Ny = |z, — Tp| < ¢ (1.15)

Since both conditions are true at once we find that if N = maxz{Ny, N2}

n,m > N = |z, — z,| < mazx{|z,|, |Tm|} (1.16)

which gives |z, | = |z,,| because since |.| is non-archimedean all triangles are isosceles.
0

From Proposition 1.2.9 it follows that the extension |\, = lim, o |2,], (With

A € Q, and (z,) a sequence in the equivalence class \) of the p-adic absolute value
to the p-adic field, is well defined.

Theorem 1.2.10. The image of Q under the inclusion Q — Q, is a dense subset

of Qp.

Proof. We need to show that any open ball around an element A € @, contains an
element of Q (i.e. the image of Q given by the constant sequences). Given a fixed
radius € we will show that there is a constant sequence in B(\, ¢).
Let (x,) be a Cauchy sequence representing A and 0 < ¢’ < e. By the Cauchy
property there exists a number N such that |z, —x,,| <& Vn,m > N. Lety =z,
and consider the constant sequence (y). Now the sequence A — (y) is represented by
(x, — y) and for the definition above |(z, — y)| = lim, 00 |7, — Y-
But for any n > N we have |z, — y| = |z, — xn]| < £, hence

lim |z, —y| <& <e (1.17)

n—oo

This proves that (y) € B(A,¢).

Theorem 1.2.11. Q, is complete with respect to the p-adic absolute value |.|,.
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Proof. Let (\,) be a Cauchy sequence of elements of Q,. Since the image of Q is
dense in Q, we can find a sequence of rational numbers (y,)nen, (yn € Q) such
that

tim A — (y)] = 0 (1.13)

n—o0

where by (y(n)) we denote the constant sequence (yy, ....Yn, ...). This is true because

for every €, = 1/n there exists a constant sequence (y,)) in B(A,,1/n). Hence
n— oo

|>\n — (y(n))l < Egp, = 1/n — 0.

Moreover (Y, )nen is also a Cauchy sequence of elements in Q, indeed we have:

yn =y = 1Wm) = W) < 1(Ww) = Anl + 120 = Am| + 1A = (Y| (1.19)
<1l/n+e+1/m

Let A be the class of this sequence in Q,, then

lim A, = A (1.20)

n—oo

Indeed for all k, AN > 0 such that [\, — A| = lim; o0 [(An)i — vs] < limy oo (|(An)i —
Yn| + |Yn — yi|) < 1/k for all n > N (using (1.17)).
[

Remark 1.2.12. The sets {z € Ry : 2 = |A|, for some A € Q} and {x e R} : x =
|A|, for some A € Q,} are both equal to {p™ : n € Z} U {0}

1.3 The ring of p-adic integers

The following results will be needed for the characterization of quadratic forms over
the p-adic fields. In particular here we prove the results leading to the characteri-
zation of squares in the p-adic fields.([Gou97, Chapter I11])

Definition 1.3.1. The ring of p-adic integers is defined as:

Z,={zeQ,:|z|, <1} (1.21)

We call p-adic units the invertible elements of Z,. This set will be denoted by Z.

From the definition we see that
Zy={r€Q,: 2], =1} (1.22)

The following result gives an intuitive representation of p-adic integers that will
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be widely used later on. ([[Kob84, Chapter I, Section 4]):

Lemma 1.3.2. If v € Q and |z|, < 1, then for any i there exists an integer a € Z
such that | — x|, < p~". The integer a can be chosen in the set {0,1,2,3,..p" — 1}

Proof. Let x = a/b be written in lowest terms. Since |z|, < 1, it follows that p does
not divide b, and hence b and p* are relatively prime. So we can find integers m and
n such that: mb + np' = 1. Let o := am. The idea is that mb differs from 1 by a
p-adically small amount, so that m is a good approximation to 1/b, and so am is a

good approximation to x = a/b. More precisely, we have:

o — x|p = |am — (a/b)|p = |a/b|p|mb - 1‘17 < |mb — 1|p (1.23)
= ’npi‘p = ‘n‘p/pi < 1/pi

Finally, we can add a multiple of p’ to the integer o to get an integer between 0 and
p' for which the inequality |a — x|, < 1/p’ still holds. O

Theorem 1.3.3. Any p-adic integer a has exactly one representative Cauchy se-
quence of the form {a;} for which:

i) 0<a; <p' fori=123,..

i) a; = a1 (mod p') for i = 1,2,3,...

Proof. We first prove uniqueness:

/
B0

If {a;} is a different sequence satisfying i) and i), and if a;, # a;j , then a;, #Z a
(mod p™), because both are between 0 and p®. But then, for all i > iy we would

have a; = a;, # ], = a; (mod p”), i.e. a; # a} (mod p™). Thus
|a; — ajl, > 1/p" (1.24)

This proves the uniqueness.

Now given a sequence {b;} we want to find an equivalent sequence {a;} satisfying 7)
and ii).

For every j = 1,2,3,... let N(j) be a natural number such that |b; — by|, < p~J
whenever ¢,i" > N(j) (we are using the fact that {b;} is a Cauchy sequence). Notice
that |b;|, < 11if i > N(1), because for all i > N(1)

|bilp < maz{[bulp, [bs = bilp} < maz{|bily, 1/p} (1.25)

and [by], =5 |a|, < 1.

We now use Lemma 1.3.2 to find a sequence of integers a; with 0 < a; < p’ such
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that
|a; = bngylp < 1/p" (1.26)

We claim that {a;} is the required sequence. We need to show that a;1; = a; (mod
p') and that {b;} ~ {a;}.

Given any j, for i > N(j), the first assertion follows because

|aj 11 — ajlp = [air1 — bngrr) + Ongrr — by — (a5 — b))l (1.27)
< maz{|ait1 — v+ lps [bvG+1) = 0Nyl a5 — Dy lp}

< maz{l/p" 1/p7, 1/p"} = 1/p
The second follows from the following relations:

|ai = bilp = lai — a; + a; — by — (b = b))y (1.28)
< max{|a; — a;lp, [a; — Ong)lps b — by lp}

< maz{l/p’,1/p, 1/p’} = 1/p.

Hence |a; — bi, 200,

[]

Theorem 1.3.4. We have Q, = Z,[1/p], i.e., for every x € Q, there exists n > 0
such that p"x € Z,.

Proof. If © € Q, we can compute its valuation v,(z). If v,(x) > 0 then x is already

an element of Z,. Otherwise v,(x) is negative and we have
up(p™" ) = —up () + vp(2) = 0 (1.29)

which means that p~»®@z € L.

O
Theorem 1.3.5. For every n > 1 the sequence
0 — Zp 25 Z, — Z/p"Z — 0 (1.30)
18 exact. In particular
Zy|p" Ly = L/p" L. (1.31)

Proof. We define the maps in the sequence as follows:

g:x—=p'r and h:x s [x]p;m. (1.32)
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Notice that the map h is well defined since it can be seen as choosing the n'"* element
in the unique sequence describing x with the properties of Theorem 1.3.3.

Now Ker(g) ={z :p"z =0} =0, Im(g) = {y : y = p"x for some x in Z,} = p"Z,,
Ker(h) ={x: [z]y; = [0]pn} = p"Z and Im(h) = Z/p™Z. This proves the exactness
of the sequence.

We use the homomorphism theorems to conclude.

]
Theorem 1.3.6. (Hensel’s Lemma)
Let F(X) =ap+ a1 X + ... + a, X™ be a polynomial with coefficients in Z,.
Suppose that there exists an integer aq € Z, such that
F(a) =0 mod pZ
() =0 (mod 7, o

F'(a1) #0  (mod pZ,)

where F' is the formal derivative of F.
Then there exists a unique p-adic integer o € Z, such that & = «y (mod pZ,) and
F(a)=0.

Proof. We will show that the root « exists by constructing a Cauchy sequence of
integers converging to it.

We will construct a sequence of integers aq, as, ..., o, ... such that for all n > 0 we
have

i) F(ay,) =0 (mod p™)

it) F(a,) = g (mod p™)

Such a sequence will be Cauchy since (a, — a,41) = p"m with m € Z, hence
oy — | <p7T.

Moreover its limit will satisfy F'(a) = 0 and o = oy (mod p) by construction.
Conversely we will show that a root o will determine such a sequence a,,. Thus once
we have «,the theorem is proved. From the hypothesis of the theorem we know
that oy exists. To find ap we use condition i7) which requires that ay = ay + byp for

some b; € Z,. Now plugging this expression into F'(X) we get:
Taylorexpansion
F(ag) = F(ag +bip) = %(al) + F'(a1)bip + terms in Pt n>2 (1.34)
= F(o) + F'(a)bip  (mod p?)

We are left with proving that we can find as such that

F(oy) + F'(a)bip=0  (mod p?)
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We know that F'(a;) = pz for some z. The equation then becomes
pr+ F'(a))bip=0 (mod p?) (1.35)

We are looking for an element b; that solves this equation. We notice that F”(ay)
is not divisible by p and hence is invertible in Z,.
We can take

b= —a(F(n))" (mod p) (1.36)

(by is in fact in Z and we can choose the unique element that verifies 0 < b; < p—1).
The same calculation works to get a,, + 1 from a,,. Hence we can obtain a sequence

uniquely determined at each step.
m

Example 1. Let F(X) = X3 — X — 2. We have F(0) = 0 (mod 2) and F(1) =0
(mod 2), while F’(0) = 1 (mod 2) and F’(1) = 0 (mod 2). Therefore Hensel’s
Lemma implies that there is a unique o € Zs such that F(a) = 0 and a = 0 (mod
2).

Although 1 is a root of F/(X) (mod 2), it does not lift to a root in Zs since it does
not even lift to a root (mod 4): F(1) = 2 (mod 4) and F(3) = 2 (mod 4), so if
f € Zs and =1 (mod 2), then 5 =1 or 3 (mod 4) and therefore F() =2 # 0
(mod 4).

From Hensel’s Lemma we can finally prove the following results.

Theorem 1.3.7. Let p # 2 be a prime, and b € Z,, a p-adic unit. If there exits ay
such that o = b (mod pZ,), then b is the square of an element of Z;.

Proof. We apply Hensel’s Lemma to the polynomial F(X) = X? — b. Indeed from
the statement of the theorem F'(a;) =0 (mod p) and since p # 2 and b € Z;, (so in
particular p t b) we have that 2a; # 0 (mod p). By Hensel’s Lemma there exists a
root of F'(X), i.e. bis the square of an element of Z.

O

This property can be extended to all elements of @, by noticing that any z € Q,
can be written as « = p(z’ with 2’ € Z (indeed by definition of v,(z), p {2’ so
2’|, = 1).

Theorem 1.3.8. Let p be a prime. An element x € Q, is a square in Q, if and
only if x = p*™y* for somen € Z and y € L.
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If p # 2 then the quotient Q;‘,/(@;)Q has order 4, and the set {1,p, c,cp}, with c € Z,
an element whose reduction modulo p is not a quadratic residue, is a complete set

of representatives.

Proof. The first statement follows from the fact that the powers of p and the p-adic
units do not "mix”. For the second statement we recall the fact that Z,/pZ, =
Z/pZ (Theorem 1.3.5), hence (Z,/pZ,)* is cyclic and every non-residue y, verifies
[ylr = [n|r where n is an arbitrary non-residue and R is the set of residues.

[

Remark 1.3.9. In particular if © € Z then x = p*p3*...p%". By Theorem 1.3.8, x is
a square in Q, if and only if @ is even, indeed if {p, ps, ..., p,} are n different primes
then p3°...p0m € Z,.

Example 2. Since 2 = 3% is a square in Z/7Z, Theorem 1.3.7 shows that 2 is a
square in Z;. Moreover, by Theorem 1.3.8, for every n € Z, 7°" - 2 is a square in
Q7. On the other hand, since 2 is not a quadratic residue modulo 5, then 2 is not a

square in Qs.
Theorem 1.3.10. The subgroup ((@;;)2 is open in Q.

Proof. Let z € Q be asquare, from Theorem 1.3.8 x = p**y* withn € Z and y € Zj.
Let z € Q, be such that |z — z| < p~2", since |z] = |z — x + x| = maz{|z — z|, |z}

we have |z[, = |z, = p~*" and hence z = p*"w for some w € Z}. Then we have
|z — 2| = p " |w — y?| < 27" (1.37)

from which |w — y?| < 1. This means that w —y* = 0 (mod p). Using 1.3.7 we have
that w is also a square of an element in Z;.
O]

Remark 1.3.11. Theorem 1.3.10 does not require p # 2, indeed it uses only the
first statement of Theorem 1.3.8.

Since in Theorem 1.3.7 we use that p { 2a;, we need to treat separately the case
in which p = 2. For this reason we state a stronger version of Hensel’s Lemma
followed by the classification of 2-adic squares. ([Cas86, Chapter IV, Section 3])

Theorem 1.3.12. (General Hensel’s Lemma)
Let K be a field complete with respect to a non archimedean absolute |.| value, and

A the ring of elements with absolute value lower than or equal to 1 (in particular we
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are interested in Q, and Z,).
Let f(x) be a polynomial in Alx], and let ag € A satisfy

|f(ao)| < |f'(a0)*. (1.38)

Then there ezists an element a € A such that f(a)=0.

Proof. The proof works in a similar way to the one we have seen.

Again we are aiming to find a Cauchy sequence converging to our solution. We do
so by choosing a; = ag + by with by the element satisfying f(ag) + bof'(ao) = 0. by
exists because K is a field and it is in A because f(ag) and f'(ag) are in A and using
(1.38).

We iterate this procedure to reach the result.

O
Theorem 1.3.13. Let b € Z%. Then b is a square if and only if b=1 (mod 8).

The quotient group Qb/(Q3)? has order 8 and a complete set of representatives is
{1,-1,5,-5,2,—2,10, —10}.

Proof. If b is a square then b = a? for some unit a. Since a is a unit, 2 @ hence
if we use the representation by + b1p + ... + b,p"... of p-adic integers that we can
find from Theorem 1.3.3 taking b; = (a; —a;_1)/p"~! and by = ay we can rewrite the
statement in the following form:

given a=1+2a..2",..., b=a>=1+0+0+ 235+ ... +2",.... This is true
because by = aga; + a1ag = 2a; and by = ajag + a3 + azag + agay = 2ay + a; + a3 =
2(ag + aq) since a; € {0, 1} for all 4.

If b=1 (mod 8), b is a unit so |[b|o=1. Consider the polynomial f(z) = z* —b.
Then f(1) = 1 —band f'(z) = 22 = [f(D]F = 25 = (1/2)%. if [f(1)]2 <
max{l,|bla} > 1/4 we can apply General Hensel’s Lemma, from which we have the
proof. This happens whenever 8 | (1 — b) hence whenever b = 1 (mod 8).

For the second statement we recall the fact that for all z in Q,, 2 = 2'u for some
v in Z and w in Z5. Then x is a square if and only if 7 is even and u is a square.
There are four equivalence classes of units up to addition of a square. Indeed any
unit can be congruent to 1,-5,5-1 (mod 8). In addition we can choose an even or

odd power for 2, hence 2 is also a generator.
m

1.4 Hilbert symbol

In this section K will designate either the field R or Q,.

We call V the set of all prime numbers and infinity.



CHAPTER 1. CONSTRUCTION OF THE P-ADIC FIELD 17

The purpose behind introducing the Hilbert symbol will be clear in Chapter 3 when
we talk about invariants for quadratic forms over the p-adic fields.
In order to prove some essential properties of the Hilbert symbol we will first intro-

duce the Legendre symbol and the reciprocity law. ([Ser95, Chapter 1, Section 3.3])

Definition 1.4.1. For any prime number p and an integer a coprime to p, we define

the Legendre symbol ( ) i the following way

a
p

= (1.39)

(a) 1 if a is a square in Z/pZ
-1 otherwise

Remark 1.4.2. The product a-b, with a,b € (Z/pZ)*, is a quadratic residue if and
only if a and b are both squares or both non squares. This is due to the fact that

(Z/pZ)* is a cyclic group. Hence we have the following property:

- 1w

Example 3. Let us consider the group (Z/7Z)*. This is cyclic generated by 3 (it is
easy to see that 3 has indeed order 6). It follows from Example 2 that the Legendre
symbol (%) = 1, indeed 2 =; 32. Besides, any other integer z € Z is congruent to
3% modulo 7, for some o = {1,..,6}. Hence z -2 = 3% - 3% = 3°*2 is a square if and

only if a + 2 = 0 modulo 2, i.e. if and only if « is even.

Theorem 1.4.3. (Quadratic Reciprocity Law)

Let p be an odd prime number. If q is an odd prime number other than p, we have

(E) _ (_1)”7‘1%1@). (1.41)

p q

Proof. We will omit this proof that can be found in [Ser95, Chapter 1, Section 3.3].
]

Definition 1.4.4. For a,b € K* we define:

a,b) =1 if 22 — ax?® — by? = 0 has a non zero solution in K3
(1.42)
(a,b) = =1  otherwise. '

The number (a,b) = £1 is called the Hilbert symbol of a and b and defines a map

(.,.): K*/K*? x K*/K*? — {-1,1}. (1.43)
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Definition 1.4.5. Let E/K be a field extension in which E is finite-dimensional. If
w 1s in E, then the multiplication T, : E — E, given by ', : y — uy, is a K-linear
map. If {ey,...,en} is a basis of E, then I'y, is represented by a matriz A = [a; ;] with
entries in K. We define the field norm of u to be: N(u) = det(T,).

This definition does not depend on the choice of the basis.([Rot02, Chapter XI,
Section 2])

Example 4. If E=K(1/d) is a quadratic field, then a basis for E/K is B = {1,/d}.
a bd

If w = a+ bVd, then the matrix of I',, with respect to B, is: ! hence
a

N(u) = a® — db>.

Theorem 1.4.6. Let a,b € K* and K, = K(\/b) the field obtained by extending K
with a square root of b.

In order to have (a,b) = 1 it is necessary and sufficient that a belongs to the group
of the (field) norms of the elements in Kj. We will indicate this group by NK;.

Proof. If b is a square of an element ¢ in K*, the equation Z2 — aX? — bY? has

(¢,0,1) as a solution hence (a,b) = 1. The theorem follows because K, = K and

NK; = K*.

If b is not a square then K, is a quadratic field over K. If a € NKj then there exist

z,y such that a = 2% — by? so that the quadratic form Z? — aX? — bY? has a non

zero root (z,1,y), hence (a,b) = 1.

Conversely if (a,b) = 1, the polynomial Z%—aX?—bY? has a zero (z,z,y) # (0,0, 0);

since b is not a square z # 0. We conclude that a is the norm of the element = + 3%
O

Theorem 1.4.7. (Properties of the Hilbert symbol)
The following properties hold:

i) (a,b) = (b,a) and (a,c®) =1;

i) (a,—a) =1 and (a,1 —a) = 1;

ii1) (a,b) = 1= (ad’,b) = (d',b);

) (a,b) = (a,—ab) = (a, (1 — a)b).

Proof. If Z2—aX?—bY? has a non zero solution (h, 7, 7) then (h, j,4) is a solution
of Z? —bX?* —aY?. Given Z% —aX? — *Y?, (h,0,h/c) is a solution for every h in
the field.

Similarly given Z2 —aX?+aY?, (0,7, 7) is solution for every j in the field. The

1

~—

second equality is proved by observing that for Z? —aX? — (1 —a)Y?, (h,h,h) is a

solution for every h in the field.
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ii1) | If Z? — aX? — bY? has a non zero solution then, by Theorem 1.4.6, a is an

element of the group NKj, we then have

a' € NK} <= ad’ € NK; (1.44)

from 4%)
iv)| is a consequence of ii),iii). Indeed, from i) (a,—a) = 1, = (a,—ab) =

(a,b). One can use the same argument for the second equality.
O

Theorem 1.4.8. (Hilbert Symbol in terms of Legendre Symbol)
In Q, for a given prime p, if we write a = p*u and b = pPv, where v and v are

p-adic units and «, 8 are integers, then

(—1)o8=®) (%)5(;_;)@ if p# 2

1.45
(_l)s(u)e(v)Jraw(v)Jr,Bw(u) pr —9 ( )

(a, b)p =

where e(u) = 5+ and w(u) = “28_1

Note that by definition of the Hilbert symbol, (a,b)oo = 1 ifa >0 orb > 0; (a,b)s =
—1lifa<0andb<O.

Proof. We will omit the proof of this result because it would require to state many
other results that are not useful to our purpose. The complete proof can be found
in [Ser95, Chapter 111, Section 1.2].

O

Remark 1.4.9. By bilinearity of the Hilbert symbol we mean the following prop-

erties:

(a?,b) = (a,b)* and (ad',b) = (a,b)(d,b) (1.46)

Theorem 1.4.10. Hilbert symbol is bilinear and non-degenerate over the Fy-vector
space K* /K*2.

Proof. Let a = p®u, ¢’ = p*u', b = pPv, with o, ¢’ and § in Z and u,u’ and v are
p-adic units. Due to Theorem 1.4.8 we have two cases:

a) p# 2|

(a,a/7 b) = (—1)(Oé+o/)5€(p) (u_u')ﬁ(

= (CDTE) () ) ()
= (a,b)(d,b)

ylere? (1.47)

/
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In order to prove that the Hilbert symbol is non-degenerate it is sufficient to find,
for all @ € K*/K*?\ {1}, an element b such that (a,b) = —1. From Theorem 1.3.8 a
can be p, ¢ or ¢p, with ¢ not a square modulo p. In each of these cases we can choose

b = ¢,p and c respectively. For example, from (1.45), (¢,p) = (—1)0‘55(1’)(%)’8(11—;)&

with @« = 0, = 1, u = ¢ and v = 1; moreover, since c is not a square modulo p,

(5) =1

b) p = 2| Notice that, ““;_1( = “(u,_lgﬂ_l) and %5+ + % have the same parity

(remember that u and u’ are odd for hypothesis). For this reason they are inter-

changeable in the exponent of (-1).

n2_1 22— 1) tu2—1 2 2_ .
(uu; (: wi(u 8)+“ ) and “7 Lyu 5 L Hence we can write

Similarly for

(ad’,b) = (—1)e(u)e()+ata )w(v) +huw(uu’) (1.48)
= (—1)e@+e@De()+(ata’)w(v)+hwu)+w(v)

= (a,b)(d,b).

In order to prove that the Hilbert symbol is non-degenerate we recall that, from The-
orem 1.3.13, a complete set of representatives for Q3 /Q3%is {1, —1,5, —5,2, —2,10, —10}.
Using this and (1.45) for every element a in this set different from 1 we can find an
element b such that (a,b) = —1. O

Theorem 1.4.11. (Hilbert))
If a,b € QF we have that (a,b), = 1 for almost every v in V, and

[[(ab), =1 (1.49)

veV

Proof. Since Hilbert Symbol is bilinear it is sufficient to show the result for a and b

primes or equal to -1. In each case Theorem 1.4.8 allows us to compute (a, b).
a=—1,b=—1. We have

(—1,-1)w=(—-1,-1)2=—1 and (—-1,-1),=1p#2,00

a = —1, b=1 with [ a prime number.
If | = 2 we have
(-1,2),=1 forallveV;

if 1 £ 2 we find

(—1,0), =1 ifv#£21
and (—171)2 = (—1, l)l = (—1)5(”
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a=1,b=1 for some primes [ and [’.
=7
(1,0, = (—1,1),

so we go back to case 2.
If I 41" and I’ = 2 we have

(1,2), =1 forwv#2,l
and  (1,2), = (1“0, (1,2), = (3) = (-1)~O.

If 2 #1410 # 2 we have

(1,1, =1 forv 211
and  (1,1)2 = (=100, (1,2), = (F), (L) =(])

By Theorem 1.4.3 we have

() (5) = oo

The product is again 1. O

Lemma 1.4.12. (Chinese remainder theorem)
Let ay, ..., a, and mq, ..., m, be integers such that m; is coprime with m; for all i,j.

There exists an integer a such that a = a; (mod m;) for all i.

Proof. Let m be the product of the m;. The Bezout theorem shows that the canon-

ical homomorphism

Z/mZ — ﬁZ/miZ (1.50)

i=1

is an isomorphism. O

Lemma 1.4.13. (Approximation theorem)
Let S be a finite part of V. The image of Q in [[,.q Qo is dense in the product,
where the topology is the product topology.

Proof. Even if it means enlarging we can suppose that

S = {00, p1,..., Dn} (1.51)

where the p; are distinct primes. We want to prove that Q is dense in R x @Q,, x
. X Qp,. Let (2o, 1, ..., z,) be a point in this product; we want to show that it is

adherent to Q. Up to homothety of integer ratio, we can suppose z; € Z,, for all
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1 <17 < n. We need to prove that for all € > 0, and all integers N > 0, there exists
x € Q such that:

|t — 2| <€ and vy, (v —z;) >N fori=1,..n. (1.52)

Using Lemma 1.4.12 with m; = pY, there exists 7y € Z such that zo = z; (mod pY)
for all ¢ and hence vy, (ro — x;) > N for all i. We then choose a prime ¢ different
form p; for all i. The rational numbers a/¢™ with a € Z and m > 0 are dense in R.

We can now choose an element v = a/¢™ such that:
120 — Too +upy ..pY| < € (1.53)

The number z = xg + upl...pY proves the lemma. O

Lemma 1.4.14. (Dirichlet theorem)
If a,m > 1 are two coprime integers, there exist infinitely many primes p such that
p=a (modm).
Proof. We will omit the proof and it can be found in [Ser95, Chapter VI, Section
4]. O
Theorem 1.4.15. Let (a;)ier be a finite family of elements in Q*, and (€;)icrvev @
family of numbers equal to £1. There ezists an element x € Q* such that (a;, ), =
i for all i in I and v in V, if and only if, are verified the following:
i) Almost all €;,, are equal to 1.
i) For all i € I, [[ ey
iii) For all v € V, there exists x, € Q} such that (a;,T,), = €4

Eiv = 1.

Proof. The necessity of i) and i) results from Theorem 1.4.11, that of i) is trivial
(we can choose z, = x).

Let (e;,) be a family of numbers equal to 1 that satisfy conditions i),4i) and 7iz).
Up to multiplication by a square of an integer, we can suppose that all the a; are
integers. Let S be the subset of V' consisting of oo, 2, and of all the prime factors of
the integers a;. Let T" be the set of v € V such that exists ¢ € I for which ¢;,, = —1.
These two sets are finite.

We distinguish two cases:

a) SNT =0 We set

a= H [ and m=38 H [ (1.54)

1eT\{oo} 1eS\{2,00}

Since SNT = () a and m are coprime. From Lemma 1.4.14 there exists a prime
number p = a (mod m) such that p ¢ SUT. We want to show that the number
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x = ap satisfies the request, i.e (a;, z), = &;, for all i, v.

If v € S we have ¢;, = 1 since SNT = (), hence we need to verify that (a;, z), = 1.
If v = oo it is trivial since > 0. If v is a prime, x = a* (mod m), from which (using
Lemma 1.4.12) = a? (mod 8) and z = a* (mod v) if v # 2. Since z and a are two
v-adic units x is a square in Q} (Theorem 1.3.7), hence we have (a;, z), = 1.

If v ¢ S then a — i is a v-adic unit . If v # 2 from Theorem 1.4.8 we have

(s, b)y = (%)”v“’) forallbe Q. (1.55)

If I ¢ TU{p}, z is a v-adic unit where v,(z) = 0, hence 1.55 shows that (a;, ), = 1.
Since v € T' we also have ¢,; = 1.

If v € T, we have v,(z) = 1; from condition iii) there exist x, € Qf such that
(a;, @)y = €;,p for all i € I. One of the ¢;,, = —1 (v € T) hence from 1.55 we must

have v,(z,) =1 (mod 2). From this we have:

(a;,x), = (%) = (a;,Ty)y =i foralliel. (1.56)

The only case left is v=p. From Theorem 1.4.11 we have
H(ai,x)l =1- (ai,x);l = (a;, ), (1.57)
l#p

This leads to
(ai,x)p = H(ai,x)l = Hgi’l = Em, (158)

I#p l#p from i)

b) SNT # 0| From Theorem 1.3.10 we have that (Q})? forms an open subgroup

of Q. From Lemma 1.4.13 there exists 2’ € Q*, such that 2’/z, is a square in Q}

for all v is S.! This z verifies [z] = [z,] in Q*/Q;?). In particular we have
(a;, ")y = (a;, )y = €10y forallv e S. (1.59)

We set p;, = ;(a;, @), € {—1,1}; this family verifies ), ) and ii7), and p;, = 1
for all v € S. Defining T" as the set of v for which there exists an 7 € I that gives
pin = —1, we have that SNT" = (. From case a) we have that there exists an
clement y € Q* such that (a;,y), = pi, for all i € I and all v € V. If we set

x = yx', x satisfies the request. H

'To make explicit the way in which we use Lemma 1.4.13 we recall the fact that J], .o Q)2
is open in in [, .4 @y, hence [], g 7,Q}? is also open in the same product; since Q is dense in
[T,cs Qo there exists an element 2 € Q such that z € [, g 2,Q}%



Chapter 2

Quadratic forms

This chapter contains general definitions and results that will be useful to reach the

classification of quadratic forms over Q, and Q.

2.1 Definitions

Definition 2.1.1. Given a module V over a commutative ring A, we call quadratic

form a map Q :' V — A that satisfies the following properties:
1. Q(az) = a*Q(x) forae A andx € V;
2. the map (z,y) — Q(z +vy) — Q(z) — Q(y) is a bilinear form.

The pair (Q,V) is called a quadratic module.

Since we are interested in the case in which V is a finite dimensional vector space

over a field K we will always assume that K is a field of characteristic # 2.

Remark 2.1.2. The product:

z-y=1/2[Q(x +y) - Qz) — Qy)] (2.1)

defines a symmetric bilinear form associated with Q. (Here we see why the char-
acteristic of the field is asked to be # 2.) This definition establishes a one-to-one
correspondence between quadratic forms and bilinear symmetric forms. Indeed if
Q(z) is quadratic, (2.1) defines a symmetric bilinear form. On the other hand, if -
defines a symmetric bilinear product then, Q(x) = z -z uniquely defines a quadratic

form.

24
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Definition 2.1.3. Given two quadratic modules (Q,V) and (Q', V') we call mor-
phism of (Q,V) in (Q', V') every linear map f:V — V' such that Q' o f = Q

Definition 2.1.4. Let (V,Q) be a quadratic module over a field K. Two elements
1,y of V are called orthogonal if x - y=0. We denote by H* the set of orthogonal
elements to a subset H of V. V+ is called the radical of V. Its codimension in V is
called the rank of Q. If V=0 then we say that Q is non-degenerate.

Definition 2.1.5. Given a basis {e;} of V, the matric M = (a;;) where a;; = e; - €;
is symmetric. Moreover for x =Y ze;, Q(x) = a;jjz,x;.

This gives a way of representing () as a homogeneous second degree polynomial
f= E” a; j X;X;. The polynomial f depends on the choice of the basis.

Remark 2.1.6. Through a change of bases X, the matrix A" of Q with respect to
the new basis is A’ = XTAX. In particular using Binet theorem we find that

det(A') = det(A)det(X)?. (2.2)

This shows that the ”determinant of QQ” is defined up to multiplication by an element
of K*2.

Definition 2.1.7. We call the determinant of QQ up to multiplication by elements
of K*2, the discriminant of Q and we denote it by d(Q).
From the definition of d(Q) and by Remark 2.1.6 we immediately have that d(Q) is

mwvariant under change of basis in V.

Remark 2.1.8. If Q is non-degenerate then d(Q) € K*/K*?* otherwise d(Q) = 0.
Since in C all elements are squares C*/C*? = {[1]}. Using the same argument, when
K = R, since all positive numbers are squares, the quotient has two equivalence

classes [1] and [-1].

Example 5. Let us consider the quadratic forms f = X2 +2Y? and g = X? + Y2,

By Definition 2.1.5, the symmetric matrices associated to f and g are

R 23

respectively. The determinants of these matrices are det(M;) = 2 and det(M,) = 1.
By Remark 2.1.6 and Definition 2.1.7, if det(My) is not congruent to det(M,) modulo
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K2* (ie. if d(f) # f(g) in K), the quadratic modules (K2, f) and (K2, g) are not

isomorphic. In particular, by Example 2, (Q2, f) and (Q%, g) are not isomorphic.

Definition 2.1.9. A basis (e, ...,e,) of a quadratic module (V, Q) is called an or-
thogonal basis if its elements are two by two orthogonal.
In this case V=Span{e}&...&Spanie,}, where & denotes the direct orthogonal

sum, and hence the matriz associated @) with respect to this basis is diagonal:

ap 0 -+ 0

0 ay -+~ 0

. (2.4)
0 0 an,

If z=x1€61 + ... + Tpen, then Q(x)=a1x? + ... + a,x and the polynomial f associated
with Q with respect to this basis is f = a1 X7 + ... + a, X2,

Theorem 2.1.10. All quadratic modules (V, Q) have an orthogonal basis.

Proof. We prove this by recurrence on dim(V') = n, the case n = 1 is trivial.

If Q(x) =0 for all z in Q, then all bases are orthogonal.

If there exists in V an element e; such that Q(e;) # 0 then the orthogonal H of
Span{e;} is an hyperplane of V and since the restriction of @ to Span{e;}is non-
degenerate, we have V = Span{e;}@®H. By the recursive hypothesis, H has an

orthogonal basis (ea, ..., €,) and so (ey, .., e,) proves the theorem. O

Definition 2.1.11. An element x of a quadratic module (V,Q) is called isotropic
if © #0 and Q(z) = 0.

Lemma 2.1.12. Let (V,Q), be a quadratic non-degenerate module over K and e =
{e1...e,} and e’ = {e]...el,} two orthogonal bases of V.. Then there exists x € K such

that e, = €| +xé), is not isotropic and the plan P = Span{ey, e} is non-degenerate.

Proof. We have e, -e, = €} - +1%(ey-€}), hence we must choose x2 # —(e} -€}) /(€ -
ey). Moreover in order to have @Q|p non degenerate it is necessary and sufficient to

have
(e1-e1)(ex - ex) — (e1-€5)* #0 (2.5)

If we write this product explicitly and use hypothesis 7ii) the first member becomes
—2x(eq - €}) (e - €y). From diz) also follows that (e1-€}) # 0 and (e; - €}) # 0 hence e,
verifies the conditions of the lemma if and only if x # 0 and 2% # — (€} - €}) /(e - €}).

We have at most three unacceptable values for z. Since K has at least four elements
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the lemma holds. If K = F3 all non null squares are equal to 1, we can choose
=1 0

Theorem 2.1.13. Let (V,Q) be a quadratic non-degenerate module over K with
dimV =n > 3. If e={e;...e,} and € = {€]...el,} are two orthogonal bases of V,
then there exists a finite sequence e, e, .. e™ of orthogonal bases of V such
that e = e, €™ = €, and €9 has one element in common with eV for all

0 <i < m (this property is called contiguity).

Proof. We distinguish three cases:
i)

(e1-e1)(€; - €h) = (e1 - €))? £ 0. (2.6)
In particular e; and € are not proportional. Hence P = Span{e;,e}} is a plane.

For this reason we can find two vectors €5 L e; and ¢}, L €] such that
P = Span{ei,e2} and P = Span{e},e,}. (2.7)

Moreover from (2.6) we have that @|p is non-degenerate, hence we can decompose
V as the direct sum of P and its orthogonal H. Let {e%,...,e/} be an orthogonal

basis of H = P+. Then the following sequence satisfies the request:

e — {ey,e0,6h, .., ent — {el,eh, €4, .eh} — € (2.8)
i)
(e1-e)(ey - €y) — (e~ €)* # 0. (2.9)
We proceed as in case i) by replacing e} with €.
iii)
(e1-e1)(e;-e) —(e1-e)* =0 fori=1,2. (2.10)
Using Lemma 2.1.12 we have an e, for which we can find €} such that (e,,e5) is an

orthogonal basis of Span{e},e,}. If we consider
" ={es, 5,65, ...,€} (2.11)

€’ and e” are contiguous and using ), since Span{e,,e;} is non-degenerate, we can
link e and €” with a chain of contiguous bases. ]

Definition 2.1.14. We call hyperbolic plane every quadratic module that has a
bases consisting of two elements {x,y} such that x,y are isotropic and = -y # 0.

We can suppose x -y = 1 hence the matrixz of the quadratic form with respect to
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{z,y}is

1
O] and its discriminant is -1.

Theorem 2.1.15. Let x # 0 be an isotropic element of a quadratic non-degenerate

module (V, Q). Then there exists a subspace U of V that contains x and is hyperbolic.

Proof. Since V' is non-degenerate, there exists an element z € V such that z -z = 1.
The element y = 22— (z-2)x is isotropic and z-y = 2. The subspace U = Span{z,y}
satisfies the request. O

Lemma 2.1.16. Let (V,Q) and (V', Q") be two isomorphic non-degenerate quadratic
modules. If U is degenerate subspace of V', and s is an injective morphism from U
to V', then we can extend s to an injective morphism s : Uy — V' where U is an

hyperplane of Uy.

Proof. Let x be a non-zero element of the radical of the form restricted to U, and
[ : U — K a linear map where [(z) = 1. Since V is non-degenerate there exists
y € V such that {(u) = u -y for all w € U. Moreover we can suppose y -y = 0 by
possibly replacing y with y — (%y -y)x. The subspace U; = U @ Span{y} contains
U as an hyperplane. With the same construction for U’ = s(U), with 2’ = s(x) and
! =105 wehave U = U’ @ Span{y'}. Let s; : Uy — U] be the linear map such
that sy = sy and that maps y — 3. Then s, satisfies the request. O]

Theorem 2.1.17. (Witt Theorem)

If (V,Q) and (V', Q") are isomorphic and non-degenerate, every injective morphism
s: U=V (2.12)

of a subspace U of V' to V', can be extended to an isomorphism betwwen V and V.

Proof. Since V and V' are isomorphic we can suppose V' = V’. Using Lemma 2.1.16,
we can suppose U non-degenerate. We argue by induction on dim U.

If dimU = 1, U is generated by a non-isotropic element z; if y = s(z) , we have
y-y =x-x. We can choose ¢ = +1 such that x + ey is not isotropic (if this is not
possible we would have 2z -z +2z -y = 0 = 2z - & — 2z - y from which z-x = 0). We
choose such an ¢ and let H be the hyperplane orthogonal to z = x 4+ cy. we have
V = Span{z}®H. Let o be the reflection with respect to H. Since z — ey € H, we
have

olx—ey)=x—cy and o(x+ey)=—x—cy (2.13)

hence o(z) = —ey; therfore, the automorphism —co extends s.
If dim U > 1, we decompose U = U;BU, with U;,U, # 0. By the recursive
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hypothesis, the restriction s; of s to U; can be extended to an automorphism oy :
V' — V with o1y, = sj,. Up to replacing s with oy 'os, we can suppose that s is the
identity over U;. The morphism s hence sends U; to the orthogonal V; of Uy; by the
recursive hypothesis, the restriction of s to U; can be extended to an automorphism
oo of V1. The automorphism o of V' such that oy, = Idy, and o, = o2 proves the

theorem. O

Corollary 2.1.18. Two isomorphic subspaces of a non-degenerate quadratic module

have isomorphic orthogonals.

Proof. We extend the isomorphism over the two subspaces to an automorphism and

consider the restriction of this map to the orthogonals. O]
Definition 2.1.19. Let
i=1 i<j

be a quadratic form in n variables over K. We set a;; = a;; if © > j, so that the
matriv A = a; j is symmetric. The couple (K", f) is a quadratic module, called the

quadratic module associated to f.

Definition 2.1.20. Two quadratic forms f and f' are said to be equivalent if the
associated quadratic modules are isomorphic. In this case we write f ~ f'. If A and

A’ are the matrices associated to f and f', then there exists an invertible matriz X
such that A’ = X1 - A. X.

Definition 2.1.21. A quadratic form in two variables is called hyperbolic if
f~X1 Xy~ X7~ X5 (2.15)

Definition 2.1.22. We say that a quadratic form f represents the element a € K
if there exists x € K", x # 0, such that f(z) = a.

Given two quadratic forms f in n variables and g in m variables, we denote by

f-+g the quadratic form in n + m variables defined by
F(Xq, o, X0) 4+ 9(Xnst, oo, X)) (2.16)

Similarly we denote by f—g¢ the subtraction of f and g.

Theorem 2.1.23. Let f be a quadratic form in n variables that represents 0 and is
not degenerate. Then f ~ fo+g, where fy is hyperbolic and g is a quadratic form in

n — 2 variables. Moreover, f represents all elements of K.
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Proof. The result follows from Theorem 2.1.15. Indeed f represents 0 if and only
if the quadratic module associated has a non zero isotropic element z. Hence there
exists an hyperbolic subspace that contains x. The restriction of f to this subspace

gives fy. Moreover an hyperbolic form represents all elements of K. In fact since its

0 1 0 1|2
matrix is of the form [1 O] up to a change of basis, for alla € K [%7 1] [1 0] [i] -

a

Corollary 2.1.24. Let g = g(X3,..., X,—1) a quadratic non-degenerate form and
a € K*. The following properties are equivalent:

i) g represents a;

i) g = h-+aZ? where h is a form in n-2 variables;

ii) The form f = g—aZ? represents 0.

Proof. i) = i) | If g represents a there exists an element x # 0 such that z -z = a.

If H= Span(x)*, h = gu gives ii).
i1) = 1) | It is trivial with = (0, ...,0,1).

i) = 1) | It is trivial with vector (xy, ..., 2,—1,1) where g((21,...,2,-1)) = a.

i11) = i) | If f has a non trivial zero (x1, ..., x,_1, 2) then, if 2 = 0, g((x1, ..., z,_1)) =

0. In this case from Theorem 2.1.23 we have that g represents all elements of K. If
220, g(2(z1,..;z0m1)) = a. O

Corollary 2.1.25. Let g and h be two non-degenerate quadratic forms of rank > 1,
and f = g—h. The following properties are equivalent:

i) f represents 0;

ii) there exists a € K* represented by g and h;

iii) there exists a € K* such that g—aZ* and h—aZ? represent 0.

Proof. |i) = ii)| A non trivial zero of f can be written in the form (x,y), with
g(x) = h(y). If g(z) = h(y) = a # 0 i) is verified. If @ = 0, at least one between

g and h represents 0. Hence it represents all elements of K and in particular the

elements represented by the other quadratic form.

i1) = 1) | It is trivial.

i1) < 1i1) | Follows from Corollary 2.1.24.

]

Theorem 2.1.26. Let f = g+h and f' = ¢’+h' be two non-degenerate quadratic
forms. If f ~ " and g ~ ¢’ then h ~ h'.

Proof. By Corollary 2.1.18, given two isomorphic modules and two isomorphic sub-

spaces of these modules their orthogonals are still isomorphic. O
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2.2 Quadratic forms over C and R

I recall the main results giving a complete classification of quadratic forms over C
and R.

Remark 2.2.1. By Theorem 2.1.10 we can always find an orthogonal basis for a
quadratic form. In particular, given a non-degenerate quadratic form f and an
orthogonal basis e = {ey,...,e,}, if a; = €; - ¢; is a square in the field K on which
we are working, then the vector é; = \/—16176,- is still orthogonal to all e;, j # ¢ and
é € =1

Theorem 2.2.2. Two quadratic forms over C are equivalent if and only if they have

the same rank.

Proof. Since in C all elements are squares, by Remark 2.2.1, every non-degenerate

quadratic form f in C, is equivalent to X7 + X2 + ... + X2 where n is the rank of
f 0

Remark 2.2.3. Since in R all positive elements are squares, by Remark 2.2.1, every

non-degenerate quadratic form f in R, is equivalent to

XP+ X34+ XY =Y. =Y (2.17)

s

where r + s = n and n is the rank of f.

Definition 2.2.4. Given a quadratic module (V,Q) with V. = R or C, a basis
e = {e1,...,e,} is called orthonormal when Q(e;) = 1 for all i = 1,...,n (i.e.
€ "€ = :l:l)

Theorem 2.2.5. (Sylvester)
Let f be a quadratic form of rank n on R. Then f is equivalent to the form

X4+ XY — .. Y2 (2.18)

S

with r + s = n. The pair (r,s) is called the signature of the quadratic form and is

an invariant of the form.

Proof. Proving the statement is equivalent to proving that, given two orthogonal

bases e = {ey,...,e,} and € = {e],...,e.} of a non-degenerate quadratic module
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(V, Q) with V' vector space of dimension n over R, it occurs that

#{e; € e, s.it. Q(e;) > 0} = #{e} € €, s.t. Q(e]) > 0}
and

#{e; € e, sit.Q(e;) <0} = #{e] € €, s.t. Q(e]) < 0}.

Let Vo := Span{e; € e, s.t. Q(e;) > 0}, Vo := Span{e, € €, s.t. Q(e}) > 0},
Ve~ 1= Span{e; € e, s.t. Q(e;) < 0} and Vo _ := Span{e; € €', s.t. Q(e;) < 0},
since e and €’ are two bases we have V =V, @V, _ and V = Vo, @ Voo _. Hence
it is sufficient to show that dimVe y = dimVe 4.

Let us assume that dimV, . > dimVy 1 and hence dimV, — < dimVy _. Using the

Grassmann formula we find that
Vet N Ve - #{0}. (2.19)

This gives an absurd since if there is a vector v such that v € Vo N Ve _, then

= .. — o
v= Zeie\/eer zie; and v = Ze}GVe/,, y;€;- Hence

Q) =3 cv, . Tilei-e) >0

Q(U) = ZEQEVe/Y

y: (e - ¢f) < 0.

This proves that dimV, = dimVe .. O

Corollary 2.2.6. Two quadratic forms f and g over R are equivalent if and only if

they have the same rank and signature.



Chapter 3

Quadratic forms over Q

For the content of this chapter we mainly refer to [Ser05, Chapter 4].

3.1 Quadratic forms over Q,

We consider non degenerate quadratic modules over Q,, with QQ, designing the p-

adic field for some prime p. We will denote by (z,y) the Hilbert symbol for x and

y in Q,.
Since we assume the quadratic form @ non degenerate, d(Q) is an element in Q; / @;2.

In Chapter 2 we observed that given a quadratic form Q, its discriminant does
not depend on the choice of the basis. Moreover, given an orthogonal basis e =

{e1,...,en} and defining a; = e; - e;, we have

d(Q) = a...a, (in Q5/QF?). (3.1)

This is an invariant of the quadratic form Q.

Definition 3.1.1. Given a; and e as above and denoting by (a;,a;) the Hilbert

symbol of a; and a;, we define

e(e) = [ (@i ay) (3.2)

i<j
where the empty product is meant to be equal to 1.

From the definition of the Hilbert symbol it follows that ¢(e) € {—1,1}. More-
over ¢ is an invariant of the quadratic form . This is proved in the following

theorem.

33
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Theorem 3.1.2. The number £(e) does not depend on the choice of e.

Proof. We argue by induction on the dimension of the vector space.

If n=1 e(e)=1. If n=2 £(e)=1 if and only if the quadratic form Z? — a; X? — apY?
represents 0. By Corollary 2.1.24, this is equivalent to asking that a;X? + a,Y?
represents 1. This condition does not depend on the choice of e. For n > 2 we recall
that by Theorem 2.1.13 it is sufficient to prove £(e) = £(€’) for e, € contiguous
bases. We will also use the properties of the Hilbert symbol proved in Theorem
1.4.7 and Theorem 1.4.10.

Since the Hilbert symbol is symmetric we can assume e; = €} and consequently
a; = aj.

We can write

e(e) = (a1, a2..an) ] (ai,05) = (a1, d(@Q)ar) ] (s, ay) (3.3)

2<i<y 2<i<y

Similarly, since (.,.) is invariant under multiplication by elements in Q]’;?

e(e) = (a, d(@Qar) [] (ai,a)) (3.4)

2<i<yj

We can now use the recursive hypothesis on Span{e;}*.

[]

We can now write (@) instead of e(e) without ambiguity. We will call €(Q) the

Hasse-Minkowski invariant.

Example 6. The quadratic forms f = 2X?+3Y? and g = 6X? +Y? have the same
discriminant d = 6. We want to see whether they have the same Hasse-Minkowski
invariant in Qy. We have e5(f) = (2,3), and, since 2 = 2! -1 and 3 = 2° - 3, using
the same notation as in Theorem 1.4.8, we have a = 1, # =0, u = 1 and v = 3
hence e(u) = 0 = w(u) and e(v) = 1 = w(v). By Theorem 1.4.8 we find out that
(2,3)s = (—1)0+1+0 = _1.

Now, e5(g) = (6,1)2 and arguing as above we obtain « = 1, § = 0, u = 3 and
v =1 from which e(u) = 1 = w(u) and £(v) = 0 = w(v). Hence, by Theorem 1.4.8,
(6,1) = (—1)040+0 = 1,

Since e5(f) = —1 # 1 = e5(g) f and g are not equivalent in Qs.

Theorem 3.1.3. The following statements hold:
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a) The number of elements of Q;/Q;Q is 2" with r = 2 for p # 2 and r = 3 for
p=2.

b) Ifa € Q;/Qi? and e = %1, let H;, be the set of elements x such that (z,0)= €.
Ifa=1, H! has 2" elements and H;* = 0. If a # 1, H: has 2"~' elements.

c) Let a,d’ € Q;/Q;Q and ,¢ = £1. We suppose that HS, HS, are non empty.
Then HE N HE = 0 if and only if a = o' and ¢ = —¢'.

Proof. Is proved in Chapter 1, Theorem 1.3.8 and Theorem 1.3.13.

b)|[Ifa =1 (z,1) =1 for all z. If a # 1 by Theorem 1.4.10 the map b — (a,b)
is linear (Q/Q;? is a Fy-vector space) and maps Q}/Q5? to {—1,1}. Its kernel is
H, which must then be an hyperplane of Q/Q:? and hence has 2"~' elements. Its

complement is H; ! and has 2" — 2"~! = 2"71(2 — 1) elements.

From b) He has either 0,27~! or 2" elements. If HS and H, are non empty and
disjoint the only possibility is that they are complementary and have 2"~ elements
each. In statement b) we saw that H! is an hyperplane and H, ! its complementary.
Since H! and H], are both subspaces their intersection is not empty. Hence ¢ and
¢’ are not both equal to 1. Moreover if they were both equal to —1 we would have

H,' = (H;Y)Y = H! which can not happen since the null vector is in H} and

not in H;l. For this reason it must be ¢ = —¢’. We can assume € = —1. Since

(HE)C = HE = (H;#)C it must be HZ, = H;¢. This means that H}! = H; In other
words

(z,a) = (x,d')  for allz € Q/Q:7. (3.5)

By Theorem 1.4.10 the Hilbert symbol is non-degenerate hence (3.5) implies a =
a. O

Theorem 3.1.4. Let f be a quadratic form of rank n, and d and ¢ its two invariants
defined above. Then f represents 0 if and only if:

i) n=2 and d=-1 (in Q}/Q;?);

ii) n=3 and (-1,-d)=¢;

iii) n=4 and d # 1 or if d=1¢ = (—1,-1);

i) n>5.

It is useful to state the following consequences of Theorem 3.1.4.

Corollary 3.1.5. Let x € @;/@;2. x 1s represented by f if and only if:
i) n=1 and d=x;
ii) n=2 and (z,-d)=¢;
iii) n=3 and d # —x or if d=-r e = (—1,—d);
) n>4.
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Proof. of Theorem 3.1.4.

We write f in the form f ~ a1 X? + ... + a, X?>

ﬂ The form represents 0 if and only if —ay/as is a square. But —ay/as = —ajay =
—d in Q;/Q;Z, so —d =11in Q;/Q;Z.

ii) | f represents 0 if and only if —azf ~ —aza; X? — azas X3 — X3 represents 0. By

definition of the Hilbert symbol, this condition is equivalent to (—asai, —azas) = 1.

Using the bilinearity of the symbol we can write
(=1, =1)(=1, a3)(—1, az)(as, —1)(as, as)(as, az) (a1, —1)(a1, as) (a1, a2) = 1 (3.6)

Since (a3, —1) appears twice we can delete it, moreover since (a,b) = (a,—ab)

(a3, a3) = (=1, a3)

(717d)

\(—1, —1)2—1, ag)(—]tCLg)(—]_, a; Zal, CLQ)(CL;\CL?,)((IQ, agy =1 (3.7)

(—1-

7_d)

\~—/

From which (=1, —d) = e.
i) | By Corollary 2.1.25 f represents 0 if and only if there exists © € Q;/Q;?
represented both by

a X7+ ap X3 and — a3X3 — ay X} (3.8)

By Corollary 3.1.5 i), x has the previous property if and only if (z,—ajas) =
(a1,a9) and (x, —agay) = (—asz, —ay).

If we call A the class of Q) / Q;Q defined by the first condition and B the one defined
by the second, in order to have that f does not represent 0 we need to find that
the intersection of A and B is empty. From Theorem 3.1.3, point ¢), the two sets of

solutions to the previous equalities are disjoint if and only if
ajas = agay and (ag, as) = —(—as, —ay) (3.9)
The first condition is equivalent to d =1 in Q / Qf. If this is realized we have

e = (a1,a9)(as, ay) (ar,a3)(ay, ays)(as, as)(as, ay) (3.10)

N S

WV
=(a3za4,a304)

g = (al, CLQ)(CLg, CL4> (-17 CL36L4) (311)

(z,2)=(-1,2)
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€ = (al,ag)(ag,—a4) (-1,@3)(-1,@3) (-1,@4) (312)
~ ~~ 7 N~
=1 =(~1,-1)(~1,-as)

using condition two we can write

g = —(al,ag)(al,ag)(—l,—l) (313)
——

=1

from which the thesis follows.

iv) | It is sufficient to prove the thesis for n=5. Indeed if every quadratic form of rank

5 represents 0 then given f of rank n > 5 we can write f = g+h with rank(g) =5
and rank(h) = n — 5. Hence if g((z1,...,25)) = 0 then f((z1,...,25,0,...,0)) = 0.
Using Corollary 3.1.5 and Theorem 3.1.3, a form of rank >2 represents at least 2"~
elements of Q}/Q:?, hence f represents at least an element a in Q}/Q:? different
from d.

We can write f ~ aX? 4 g with g quadratic form of rank 4. The discriminant of g

is d/a hence it is different from 1. Using éi7) we have the result. O

3.2 Classification of quadratic forms over Q,

Theorem 3.2.1. (Equivalence)
Gwen a prime p, two quadratic forms over Q,, are equivalent if and only if they

have the same rank, discriminant and invariant €.

Proof. We have already seen that equivalent forms have the same invariants d(Q)
and € and the same rank.

The other way round can be proved by recurrence on the rank n of the forms.

By Corollary 3.1.5, if two quadratic forms have the same invariants then they rep-
resent the same elements of Q/ (@;2. Hence, given two quadratic forms, f and g, of
rank n, we can find an element a represented by both the forms. This allows us to

write
f~aZ?+ ffand g ~ aZ? + ¢ (3.14)

where f’ and ¢’ are two forms of rank n — 1 and we have that
and (3.15)

We can then apply the recursive hypothesis.
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Example 7. In Example 5 we proved that the quadratic forms f = X2 4+ 2Y? and
g = X? +Y? are not equivalent over Q5. We now want to prove that they are
equivalent over QQ;. By Theorem 3.2.1 it is sufficient to show that these two forms
have the same rank, discriminant and Hasse-Minkowski invariant. The rank is 2 for
both forms. In Example 2 we saw that 2 is a square in Q; and for this reason 1 = 2
modulo Q% hence d(f) = d(g) in Q;. We are left with proving that e7(f) = e7(g).

This is true using Theorem 1.4.8 observing that in both cases a =0 = (.

Theorem 3.2.2. (Existence)
Given n > 1,d € (@1’!’;/(@;‘)2 and e = +1, a quadratic form f of rank n such that
d(f) =d and e(f) = € exists if and only if we have:

n=1le=1;, or n=2d+# -1,
(3.16)

or n=2¢e=1; or n > 3.

Proof. Case n =1 is trivial since ¢ is the empty product.
Forn =2, f ~aX?+bY? and if d = —1, &(f) = (a,b) = (a,—ab) = (a,1) = 1,
hence we can not have d(f) = —1 and ¢(f) = —1 for the same form.
The other way around, if d = —1 and € = 1 we choose f = X? —Y? . If d # —1 by
Theorem 3.1.3 there exists a in Q such that (a, —d) = . The form f = aX?+adY™
satisfies the requests.
If n =3 and we choose a € Q}, / Q;Q different from —d, from what we have just seen
there exists a quadratic form ¢ of rank 2 such that d(g) = ad and ¢(g) = &(a, —d)
(ad # —1); the form aZ? + g fits.
The case n > 4 follows from n = 3 by adding X7 + ... + X? to a quadratic form g
of rank 3 verifying the requests.

O

Theorem 3.2.3. (Number of classes)

The number of classes of quadratic forms over Q, with p # 2 (respectively p=2) is:
i) equal to 4 (respectively 8) if n=1;
ii) equal to 7 (respectively 15) if n=2;
iii) equal to 8 (respectively 16) if n > 3.

Proof. By Theorem 1.3.8 (respectively Theorem 1.3.13) d can assume 4 values (re-
spectively 8) while £ can always assume two values (-1 and 1).
]
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3.2.1 Classification of quadratic forms over R

In Chapter 2.2 we saw that two quadratic forms f and ¢ of rank n over R are
equivalent if and only if they have the same signature.
Here we show that knowing d(f) and e, (f) is insufficient to classify quadratic

forms over R. In particular they only give information on the signature modulo 4.

Theorem 3.2.4. Given two non-degenerate quadratic forms f and g over R, the
following statements are equivalent:

i) If (r,s) and (1',s") are the signatures of f and g, respectively, then s

Il
VA

modulo 4;
i) doo(f) = dos(9) and eoc(f) = €xc(g)-

/

Proof. |i) = ii)| It is easy to verify that if s = s’ modulo 4, in particular s = s
modulo 2, hence d(f) = d(g) modulo R**. Moreover (a,b)s, = —1 if and only if
a < 0and b < 0, hence 5, = (—1)*¢~Y/2 with s(s — 1)/2 being the number of
Hilbert symbols in 4, in which both elements are less than 0. If & = s + 4k with
k € Z then

(_1)5f(3'_1)/z _ (_1)s(s—l)/2+2k(s—1)+2k8+8k2 _ (_1>s(s—1)/2_ (3.17)

i1) = 1) | Conversely if do(f) = doo(g) then

s=s  (mod?2). (3.18)

Moreover if e5(f) = €x(g) then the number of Hilbert symbols equal to —1 has
the same parity for f and g. This happens only if s = s’ modulo 4. Indeed by 3.18
s =5+ 2k with k € Z, but (—1)*¢"D/2 = ¢ (f) = exolg) = (=1)*"~D/2 and

(_1)(s/+2k)(s’+2k—1)/2 (_1)3’(3’—1)/2

(8" +2k)(s +2k—1)/2 = §(&—=1)/2 (mod?2).

This happens if and only if k(s' + s — 1) + 2k* =5 0 and hence if and only if
k =9 0. ]

Theorem 3.2.4 shows that we can not use the results seen in Chapter 3.1 for R.
The crucial reason relies in the fact that in the proof of Theorem 3.1.4 and Corollary
3.1.5, we used Theorem 3.1.3.
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3.3 Hasse-Minkowski

From now on all the quadratic forms are supposed to be over Q and non degenerate.

We call V the set of all prime numbers and infinity.

Remark 3.3.1. Let f ~ a; X? + ...a, X2 be a quadratic form of rank n. For every
v € V the injection Q — Q, allows to consider f as a quadratic form over Q, (we
will denote this by f,). Due to Section 3.2, in order to give a complete classification
of the forms f, we need the two invariants d(f,) and e(f,).

In particular d(f,) is the image of d(f) through the map Q*/Q*? — Q! /Q:? and

e(fo) = H(aiaaj>v (3.19)

i<j

where by (a;, a;), we mean the Hilbert symbol of a;, a; on the field Q,.

We associate the following invariants to the form f:
i) The discriminant d(f) € Q*/Q*2.
ii) For all v € V' the Hasse-Minkowski invariants of f,.
iii) The signature (r,s) of the real quadratic form f.

The invariants d(f,), (f,) and (r, s) are called local invariants of f.

Theorem 3.3.2. (Hasse-Minkowski)
Let f be a quadratic form over Q. Then f represents 0 if and only if for allv € V,
the quadratic form f, represents 0.

(In other words f has a "global” zero if and only if it always has a “local” zero).

Proof. The necessity is trivial since if no element of Q! maps onto 0 through f, in
particular no element of Q" does.

To see that the condition is sufficient we write f in the form
f=aX{+. . +a,X? with a; €Q" (3.20)

By replacing f with a;'f we can suppose a; = 1.

We now consider the cases n=2,3,4 and > 5 separately.
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f=X?—aX3, since f, represents 0 in Qs = R then a > 0.

If we write ¢ in the form

a=[]»"", (3.21)
p

since f, represents 0, a is a square in Q,, therefore v,(a) is even (Theorem 1.3.8 and
Theorem 1.3.13). Since this holds for every p, a is a square in Q and f represents 0.
f = X?—aX3— bX2, up to multiplication by two squares we can assume a and b
as two square-free integers (i.e. v,(a), v,(b) are equal to 0 or 1 for all primes p). We
can suppose |a| < |b|. By recurrence on the integer m = |a| + |b| we can argue as
follows:

If m =2 then f = X?+ X2+ X7. The case f = X7+ X3+ X? is ruled out since f.,
does not represent 0. In the other cases the zero is trivial (i.e. (1,1,0) or (1,0,1)).
If m> 2, ie. |b| >2, b= =4p;...p, with p; different primes for i = 1, ..., k. We want
to show that a is a square modulo p; for all primes in b. If a = 0 (mod p;) this is

trivial, else a is a p-adic unit. By hypothesis there exists (z,y, z) € (Q,)* such that
2 —ar® —by* = 0. (3.22)

We can suppose (z,y, z) to be primitive (i.e., that not all z,y and z are divisible by

p;, since #(% y, z) with p"|z,y and z, is still a zero). We then have
22 —az® =0 (mod p;). (3.23)

If it was © = 0 (mod p;) we would as well have z = 0 (mod p;). But in this case
by? would be divisible by p?. This cannot happen since v,,(b) = 1 and (z,v, 2) is
primitive. So we have x # 0 (mod p;) and from (3.22) it follows that a is a square
modulo p;. Since Z/bZ = [[Z/piZ, a is also a square modulo b. There exist two
integers t and b’ such that

t* =a+bb (3.24)

and we can choose t such that |t| < [b|/2. Since bl = t* — a we can think of bb' as
a field norm for the extension K(y/a)/K where K is either Q or Q,. We conclude
that f represents 0 in K if and only if f' = X? — aX3 — b’ X2 does. This is due to
the fact that Z2 — aX? — 8Y? has a non zero root when o = 22 — Sy?, and on the
other hand if Z? — aX? — Y2 has a non zero root (z,z,y) then a is the norm of

the element Z 4 3% (see the proof of Theorem 1.4.6). In particular f" represents 0
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in every Q,. But we also have

t? — b
; “} < |4—|+ 1< |b]  (since [b| > 2) (3.25)

v = |

We write b as b"u with b” and u integers and 0" square-free. Of course [b"] < [b]
hence we can apply the recursive hypothesis to the form f” = X? — aX2 — V" X3.
f=aX}+bX2—(cX2+dX3). By Corollary 2.1.25 f, represents 0 if and only if there
exists an element z,, € QF that is represented both by aX? + bX3 and ¢X? + dX}.
Using Corollary 3.1.5 this happens when (z,, —d) = ¢, i.e.

(y, —ab)y, = (a,b), and (x,,—cd), = (c¢,d)y. (3.26)

Since by Theorem 1.4.11 ], . (a,b), = ],y (c,d), = 1 and, for almost all v,
(a,b), = 1; then we can apply Theorem 1.4.15 (with {a; for i € I} = {—ab, —cd}
and {g;, fori el anv € V} = {(a,b), for ve V}U{(cd), for v e V}) from
which we have that there exists an element z € Q* such that

(x,—ab), = (a,b), and (z,—cd), = (c,d), forallveV. (3.27)

The form aX? +bX3 — 22 represents 0 in every Q, hence it represents 0 in Q. We
conclude that z is represented in Q by both aX? + bX2 and cX7 + dX}, using the
same argument. This proves that f represents 0.

We argue by recurrence on n. We write f in the form
f=hsg, (3.28)

with b = a1 X2 + ax X2 and g = —(a3X? + ... + a,X?). Let S be the part of V
consisting of co,2 and those primes p for which v,(a;) # 0 for an ¢ > 3; this is
a finite set. Let v € S, since f, represents 0 there exists an element a, € Q}
represented by both h and g, i.e. there exists (29, ...,27) such that

h(zy,x5) = a, = g(z3, ..., x,). (3.29)
By Theorem 1.3.10 the squares in Q] form an open subgroup. Using Lemma 1.4.13
there exist x1, 72 € Q such that a = h(z;,72) and we have a/a, € (Q})?* for all

v € S. (In order to explain this passage we argue as explained in the footnote [1] of
Theorem 1.4.15, with both z; and z2, and we obtain that the image through h has



CHAPTER 3. QUADRATIC FORMS OVER Q 43

the required property). We now consider the form
fi=aZ*g. (3.30)

If v € S then g represents a, in Q, and hence it also represents a since a/a, is a
square; we conclude that f; represents 0, in Q,.

If v ¢ S the coefficients —as, ..., —a,, are v-adic units, the same is true for d,(g) and
since p # 2, we have ¢,(¢9) = 1. Since rank(g) > 3, Theorem 3.1.4 shows that ¢
represents 0 hence f; represents 0 (we are using Theorem 1.4.8 from which we have
that the Hilbert symbol of two units is 1). In all the cases f; represents 0 in Q,,
since the rank of f; is n — 1, the recurrence hypothesis shows that f; represents 0 in

Q, i.e. g represents a in QQ as well as h represents a. Hence f represents 0 in Q. [

Corollary 3.3.3. Let a € Q*. f represents a in Q if and only if it represents a in
every Q,.

Proof. It results using Theorem 3.3.2 on aZ>—f. O

Corollary 3.3.4. A quadratic form f of rank > 5 represents 0 if and only if it is

indefinite, i.e. if it represents 0 in R.
Proof. 1t is trivial since from Theorem 3.1.4 f represents 0 in every Q,. O

Corollary 3.3.5. Let f be a quadratic form of rank n = 3. If f represents in every
Q. except at most one, then f represents 0. The same statements holds if f has
rank n =4 and d(f) = 1.

Proof. If n = 3 then by Theorem 3.1.4 f represents 0 if and only if
(=1, =d(f)v = &u(f)- (3.31)

The two families ¢,(f) and (=1, —d(f)), satisfy the product formula in Theorem
1.4.11. Hence if (3.31) is verified for all v apart from one it is verified for all v.

If n =4 and d = 1, we reason in the same way replacing 3.31 with

(_17 _1)11 = 5v(f>' (332)

O

3.4 Classification of quadratic forms over QQ

Theorem 3.4.1. Let f, f be two quadratic forms over Q. f and f' are equivalent

if and only if they are equivalent over every Q,.
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Proof. The necessity is trivial, to prove the sufficiency we reason by recurrence over
the rank n of f and f’. If n = 0 there is nothing to prove. If not there exists an
element a € Q* such that a is represented by f and f’ (Corollary 3.3.3). We have
then from Theorem 2.1.26 g ~ ¢’ over all Q,. The hypothesis of recurrence shows
that g ~ ¢’ over Q and hence f ~ f" over Q. ]

Corollary 3.4.2. Let (r,s) and (r',s") be the signatures of f and f'. f and [’ are

equivalent if and only if we have:

d(f)y=4d(f"), (r,s)=(r",s") and e,(f)=¢ep(f") for everyprimep. (3.33)
Proof. This is equivalent to saying that f and f’ are equivalent over every Q,. [

Example 8. We want to see whether or not the quadratic forms f = X?4-2Y?2 4272
and g = X2 +Y? + Z? are equivalent over Q.

The discriminats are d(f) = 4 and d(g) = 1, hence d(f) = d(g) modulo Q*.
Moreover the signatures (r, s) and (1, s") are both equal to (3,0).

Finally

en(f) = (1,2)p(1,2),(2,2), = (1,2)5(2,2)p = (2,2),

while

ep(g) = (1, 1)p(17 1)p(1a 1), = (1, 1)2(17 1)p = (1, 1)p‘

By Theorem 1.4.8 we have that, when p # 2 then (2,2), = 1 and when p = 2 we
have (2,2), = 1. On the other hand (1, 1), = 1 for all primes p, again using Theorem
1.4.8.

By Corollary 3.4.2 we have proved that the quadratic forms f and ¢ are indeed

equivalent over Q.

Remark 3.4.3. The parameters d, €, and (7, s) are not arbitrary. Indeed they verify
the following relations:

i) £, = 1 for almost all v € V and [] ., e, = 1;

ii)e=1ifn=1,orif n=2andd, :=[d =[-1] in Q}/Qi%

iti) r,s > 0 and 7 + s = n;

w) doo = (—1)7

V) £ = (—1)56-D/2,

Conversely

Theorem 3.4.4. Let d, (e,)pey and (r,s) satisfying i) — v) of Remark 3.4.3. Then

there exists a quadratic form of rank n having d, (€,)vev and (r,s) as its invariants.
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Proof. Case n =1 is trivial

If n = 2 since the Hilbert symbol is non-degenerate and condition i) is verified by
hypothesis, there exists x, € Q such that (z,, —d), = &,. From this and condition
i), using Theorem 1.4.15 we have that there exists z € Q* such that (z, —d), = ¢,
for all v € V. The form 2X? 4 2dY? proves the theorem in this case.

If n = 3, let S be the set of v € V such that (—d,—1), = —&,; This is a finite
set since (—d,—1), = 1 for almost all v € V and ¢, = 1 for almost all v € V
(Theorem 1.4.11). If v € S we choose an element ¢, € QF/Q:? different from —d,.
Using the Approximation Theorem (1.4.13) there exists an element = € Q* such
that [z] = [z,] in QF/Q}? for all v € S. (It works as explained in footnote [1] to the
Theorem 1.4.15). From what we have just proven, there exists a form g of rank 2
such that d(g) = cd, €,(g9) = (¢, —d),&, for all v € V. Then the form f = cZ%+g
proves this case.

If n > 4, we reason by recurrence over n. Let us suppose r => 1, thanks to the
hypothesis of recurrence there exists a quadratic form g of rank n —1 with invariants
d, (€y)vey and (r — 1,s). The form X?+g satisfies the request. Finally if » = 0, we
build a form h of rank n — 1, with invariants —d, ,(—1, —d), and (0,n — 1). The
form f = —X?+4h proves the theorem. O]
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