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Our truth is the intersection of independent lies
- Richard Levins



Abstract

The study of the distribution of matter on the largest scales can provide key
information about the origin and the matter-energy content of the Universe,
as well as its expansion rate and amplitude of today matter perturbations.
This information can be interpreted within the standard �-cold dark matter
model (�CDM), which is described by only six fundamental cosmological
parameters. The latter can nowadays be constrained by means of a combined
analysis of different cosmological probes. Indeed, constraints obtained by
exploiting a single cosmological probe often show some degree of degeneracy,
which can be potentially disentangled by means of the combination technique.
Moreover, in the last decades Cosmology entered in a new precision-era,
in which cosmological parameters are measured with sub-percent accuracy.
Though this has strengthened our confidence about the �CDM model, it
also led to some statistical tensions between constraints obtained with some
probes at high and low redshift.

In this Thesis work we exploit the combination between the number
counts of galaxy clusters and cosmic voids, which represent the most ex-
treme objects of the matter density distribution of the today Universe. We
analyse the statistics of these objects using the Magneticum Pathfinder hy-
drodynamical simulations, at redshifts 0:2 ≤ z ≤ 2. Clusters of galaxies have
been identified by means of a halo finder algorithm, which considers clusters
as spherical overdensities. Cosmic voids have been identified in the simulated
galaxy distributions using a geometrical void finder algorithm. Moreover, the
void catalogues have been properly cleaned to match the definition of voids in
the theoretical void size function model considered in this work. We compare
the number counts of galaxy clusters with the theoretical halo mass function
model proposed by Despali et al. (2016) and the number counts of cosmic
voids with the Vdn size function model developed by Jennings et al. (2013),
by performing a Bayesian MCMC analysis. In addition, to accurately com-
pare the data to the theory, we calibrate these models to take into account
the differences between the types of mass tracers used in this work and those
used in the literature. Then we sample the posterior distributions of the



matter density parameter, 
m, and the today perturbation amplitude, �8,
marginalising over the nuisance parameters of the considered models. We
also analyse how less restrictive selections of the mass tracers can lead to
biased cosmological constraints.

To obtain the combined constraints we apply three new numerical al-
gorithms, implemented inside the CosmoBolognaLib C++/Python libraries,
which allow us to perform the combination of two, or more, independent
cosmological probes. In particular, we test the hypothesis of probe inde-
pendence, verifying that the correlation between the different data-sets is
statistically negligible. The implemented codes exploit three different algo-
rithms for probe combination: Posterior Product, Importance Sampling and
Posterior as Prior. The first method provides the standard technique for per-
forming such analysis, i.e. by computing the simple product of the individual
posterior distributions associated to each data-set. The second is based on
the importance sampling technique, with which a given posterior distribution
is sampled starting from another distribution (namely the one deriving from
the other probe). According to this method, an importance weight, computed
as the ratio of the given posterior distribution, is associated to each point in
parameter space. In the third method, the combined confidence contours are
obtained by considering the posterior of a given probe as the prior for the
other, and viceversa.

The combined constraints obtained with the described methodologies are
consistent with each other and are perfectly centred on the true cosmological
parameters used to build the analysed simulations. Moreover, we find that
the halo mass function and the void size function can be considered powerful
complementary probes, providing a nearly perpendicular intersection in the

m - �8 parameter space. This is a desired property in order to extract as
much information as possible from the probe combination. The strongest
constraints are obtained by using either the Posterior Product or the Pos-
terior as Prior method, which both provide an improvement of about 4− 5
times with respect to the individual probe constraints. The Importance Sam-
pling technique provides a slightly weaker constraining power, though totally
in agreement with the other two in terms of posterior mean and standard
deviation. Furthermore, the latter is found to be the fastest method, among
the others, and can be applied to any pair of external cosmological probes.
All the new implemented codes provide simple and flexible tools that will be
soon applied to the data coming from currently available and next-generation
wide-field surveys to perform powerful combined cosmological analyses.



Sommario

Le proprietà della distribuzione della materia su grande scala forniscono in-
formazioni fondamentali sull’origine e sul contenuto di materia e di energia
dell’Universo, così come sul suo tasso di espansione e sull’ampiezza delle per-
turbazioni di materia che osserviamo oggi. Queste informazioni sono inter-
pretabili nel modello standard �-cold dark matter (�CDM), descritto da sei
parametri cosmologici fondamentali. Questi possono essere efficientemente
vincolati combinando diverse probe cosmologiche, ovvero diversi metodi per
“sondare” il nostro Universo. Infatti, i vincoli ottenuti dall’analisi di singole
probe mostrano spesso un certo livello di degenerazione, che può potenzial-
mente essere attenuato attraverso la tecnica di combinazione. Negli ultimi
decenni, la Cosmologia è entrata in una nuova era in cui i parametri cos-
mologici vengono vincolati con un’accuratezza inferiore all’1%. Anche se da
un lato questo ha rafforzato il modello �CDM, dall’altro ha fatto emerg-
ere possibili tensioni statistiche tra i vincoli ottenuti per alcuni parametri
cosmologici quando vengono considerate probe ad alto e basso redshift.

In questo lavoro di Tesi abbiamo studiato la combinazione tra i conteggi
di ammassi di galassie e di vuoti cosmici, che costituiscono gli oggetti più
estremi della distribuzione di materia dell’Universo odierno, sfruttando le
Magneticum Pathfinder, simulazioni cosmologiche idrodinamiche, a redshift
0:2 ≤ z ≤ 2. Gli ammassi di galassie sono stati identificati come sovraden-
sità sferiche da un algoritmo di ricerca interno a queste simulazioni, mentre
i vuoti cosmici sono stati identificati nella distribuzione simulata di galassie
impiegando un algoritmo di selezione basato su principi geometrici. Inoltre,
abbiamo riscalato i cataloghi di vuoti in modo che potessero essere confrontati
con il modello teorico considerato in questo lavoro per la loro distribuzione
in raggio. Abbiamo poi confrontato i conteggi di ammassi di galassie con la
funzione di massa teorica di aloni (Despali et al., 2016) mentre i conteggi di
vuoti sono stati messi a confronto con il modello Vdn (Jennings et al., 2013),
attraverso un’analisi Bayesiana che fa uso di catene di Markov Monte Carlo.
Inoltre, per ottenere un confronto accurato tra dati e modelli teorici, abbiamo
eseguito una calibrazione di questi ultimi, in modo tale da tenere conto della



differenza tra i tipi di traccianti di materia utilizzati in questo lavoro e quelli
usati in letteratura. Abbiamo quindi estratto le distribuzioni a posteriori
del parametro di densità della materia, 
m, e dell’ampiezza delle pertur-
bazioni locali di materia, �8, marginalizzando sui restanti parametri interni
ai modelli teorici. I vincoli ottenuti risultano perfettamente in accordo con
il modello cosmologico adottato nelle simulazioni Magneticum. Abbiamo in-
oltre mostrato come possibili selezioni meno restrittive applicate ai traccianti
di massa possano portare a vincoli cosmologici affetti da sistematiche.

Per ottenere i vincoli combinati abbiamo applicato tre nuovi algoritmi nu-
merici, implementati nelle librerie C++/Python CosmoBolognaLib, che per-
mettono di effettuare la combinazione di due o più probe cosmologiche in-
dipendenti. L’ipotesi di indipendenza tra le due probe considerate è stata
testata verificando che la correlazione tra i diversi set di dati utilizzati fosse
trascurabile. I codici implementati sfruttano tre diversi algoritmi per la com-
binazione di probe: Posterior Product, Importance Sampling e Posterior as
Prior. Il primo metodo fornisce la tecnica standard per attuare questo tipo di
analisi, ovvero calcolando il prodotto delle singole distribuzioni a posteriori
associate ai diversi set di dati. Il secondo è basato sulla tecnica di impor-
tance sampling, attraverso la quale una data distribuzione a posteriori viene
estratta a partire da un’altra distribuzione, ovvero quella che descrive l’altra
probe cosmologica. In base a questo metodo, un peso, calcolato attraverso
il rapporto delle differenti distribuzioni a posteriori, viene associato a ogni
punto dello spazio dei parametri. Nel terzo e ultimo metodo, i contorni di
confidenza per la combinazione si ottengono considerando la distribuzione
a posteriori di una data probe come la distribuzione a priori dell’altra, e
viceversa.

I vincoli combinati, ottenuti sfruttando i metodi appena descritti, si sono
rivelati consistenti tra loro, risultando perfettamente centrati sui parametri
cosmologici usati per le simulazioni analizzate. In particolare, abbiamo
mostrato come la funzione di massa degli aloni e la distribuzione in rag-
gio dei vuoti cosmici possano essere considerate probe complementari per
lo studio dei parametri di interesse, fornendo un’intersezione praticamente
perpendicolare nello spazio dei parametri 
m − �8. Quest’ultima è una pro-
prietà fondamentale per ottenere la massima informazione proveniente dalla
combinazione. I vincoli più stringenti sono stati ottenuti sia attraverso l’uso
del metodo Posterior Product, sia utilizzando il Posterior as Prior, fornendo
un miglioramento di 4 − 5 volte rispetto ai vincoli delle singole probe. Ab-
biamo anche notato che l’Importance Sampling fornisce vincoli leggermente
meno stringenti, restando comunque in accordo con gli altri metodi in ter-
mini di media e deviazione standard della distribuzione a posteriori. Inoltre,
quest’ultimo metodo si è rivelato essere il più veloce rispetto agli altri, con



l’ulteriore vantaggio di poter essere applicato a una qualsiasi coppia di probe
cosmologiche fornite esternamente.

I nuovi codici implementati forniscono strumenti semplici e flessibili per
effettuare la combinazione di probe cosmologiche, e verranno presto applicati
a dati provenienti da wide-field surveys attualmente disponibili e di futura
generazione.
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Introduction

The discovery of the accelerated expansion of the Universe (Riess et al., 1998;
Perlmutter et al., 1999) has lead to the evidence of a mysterious energy com-
ponent, calleddark energy. In addition, several observations suggest that the
most of the matter is in the form of yet another mysterious component, the
cold dark matter (CDM), which interacts only through gravity and, thus,
it is not visible. All this information is encapsulated in the Standard Cos-
mological Model, known as the� -cold dark matter (� CDM), where � is
the so-called cosmological constant, responsible for the current accelerated
expansion of the Universe. This model, based on the General Theory of Rel-
ativity, has been tested so far by several measurements and observations, and
it describes the overall properties of our Universe with only six fundamental
parameters.

According to this framework, the Universe shows an age of approximately
13:8 Gyr and its matter-energy content is composed of about70%of dark en-
ergy and25%of dark matter. The remaining� 5%is in the form of baryonic
matter, that is the matter composed of protons, neutrons and electrons, con-
stituting the visible fraction of the matter content, of which stars and galaxies
are made. The present-day large-scale structures (LSS) are supposed to grow
from small density perturbations in the early Universe, as the consequence
of the attractive nature of gravity. As the Universe continues expanding and
cooling down, these �uctuations grow over the cosmic time, giving rise to
collapsed haloes of DM. Then, following the so calledbottom-up scenario,
DM haloes evolve hierarchically assembling into larger structures. Their
gravitational potential wells drive the collapse of baryonic matter, which is
characterised also by electro-magnetic interactions and is therefore subject
to radiative cooling. The complex nonlinear physical mechanisms involved in
this process strongly a�ect the galaxy formation and evolution. Due to this
complexity, there are no exhaustive and complete models yet able to fully
describe these processes, which are indeed commonly investigated with cos-
mological simulations. These simulations follow the evolution of billions of
particles of dark and baryonic matter, and are able to reproduce the observed
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distribution of tracers, like DM haloes, galaxies and clusters.
In Figure 1 we report a representation of the Magneticum Path�nder sim-

ulations, which are the ones we will analyse in this work. As one can see,
this distribution follows a foam-like pattern, usually called Cosmic Web, in
which galaxies aggregate into �laments, with sizes exceeding100 Mpc h� 1.
This type of pattern has been con�rmed by several observation from deep
surveys (York et al., 2000; Peacock et al., 2001; Dark Energy Survey Collab-
oration et al., 2016; Alam et al., 2017; Ivezi¢ et al., 2019). In correspondence
of the �lament intersections, we �nd groups of hundreds up to thousands
of galaxies. The most massive between them - galaxy clusters - represent
the largest virialised and gravitationally-bounded structures in our Universe.
Complementing this fascinating pattern is the presence of vast underdense
regions of space - cosmic voids - which have roundish shapes and occupy the
majority of the volume of the Universe.

This Thesis work concerns the complementary study of the abundance
of galaxy clusters and cosmic voids identi�ed in cosmological simulations,
at di�erent redshifts. In particular, we focus our analyses on the combina-
tion of the cosmological constraints derived from these probes, which can
be considered statistically independent, given the di�erent aspects of Uni-
verse density �eld they map. Indeed, we aim at showing the orthogonality
of the derived cosmological constraints and the resulting impressive power
of the combination of these probes. To perform this combination we apply
three newly implemented algorithms that allow us to combine independent
probes. These algorithms represent a �exible and user-friendly tool to per-
form di�erent techniques for probe combination and are implemented within
the environment provided by the large set offree software C++/Python
CosmoBolognaLib (Marulli et al., 2016). The usage of the new implemented
codes is not obviously limited to the exploitation of cluster and void abun-
dances presented in this work: they will be applied in the near future to a
vast variety of cosmological probes, extending the analysis also to correlated
probes, as already been done in e.g. Webster et al. (1998), Gawiser & Silk
(1998), Bridle et al. (1999) and DES Collaboration (2019). The probe com-
bination represents indeed a powerful tool to maximise the synergies between
di�erent probes and to possibly shed light on the tensions that are currently
threatening the � CDM model (see e.g. Di Valentino et al., 2020a,b,c,d, for
an extended review).

This Thesis is organised as follows:

ˆ in Chapter 1 we introduce the theoretical background upon which the
Standard Cosmological Model is based;

ˆ in Chapter 2 we present the linear growth of perturbations, from which
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galaxy clusters and cosmic voids form and evolve. In this Chapter we
also give a description of the main statistical properties of the LSS as
well as the main numerical algorithms employed to carry out cosmo-
logical simulations;

ˆ in Chapter 3 we present how to exploit galaxy clusters and cosmic voids
as cosmological probes. We present the theoretical models of the halo
mass function and the void size function, with which we can predict
the abundance of clusters and voids, respectively. We introduce then
di�erent �nding algorithms for haloes and cosmic voids, describing the
preparation of the catalogues used in this work;

ˆ in Chapter 4 we �rst introduce the C++/Python libraries CosmoBolog-
naLib, which o�er the numerical environment to carry out the en-
tire analysis. Then we describe the fundamental concepts of Bayesian
statistics required for the cosmological parameter estimation. We then
present the methods and the new implemented algorithms to perform
the combination of independent probes. In particular, the exploited
techniques are: thePosterior Product, the Importance Samplingand
the Posterior as Prior method;

ˆ in Chapter 5 we apply and compare the implemented algorithms to
combine the number counts of galaxy clusters and cosmic voids, iden-
ti�ed in the Magneticum Path�nder simulations, at 0:2 � z � 2. We
present the calibration procedures applied to the theoretical models to
predict correctly the abundance of the analysed objects. By perform-
ing a Bayesian Markov Chain Monte Carlo analysis, we obtain the joint
posterior distributions in the parameter space
 m � � 8 by exploiting
individually the halo mass function and the void size function. Then
we combine the latter with the proposed algorithms obtaining remark-
ably tighter constraints and showing their e�ective constraining power
as complementary probes;

ˆ in Chapter 6 we summarise the scienti�c problem on which this Thesis
is focused and outline the main analyses performed. Also, we discuss
about the di�erent caveats and approximations adopted in this work,
as well as possible future applications of this methodology to wide-�eld
surveys;

ˆ Finally, in Appendix A we test the hypothesized independence between
the halo mass function and the void size function, by computing their
cross-covariance matrix with a Jackknife resampling technique.
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Figure 1: The spatial distribution of the baryonic matter at z = 0 in the
simulated comoving cosmological Box1, which represents a total volume of
(896 Mpc=h)3, from the Magneticum Path�nder Simulation. The image
shows a100Mpc h� 1 thick and 1300Mpc wide slice of this box. The colour,
going from dark to light, indicates the gas temperature from cold to hot,
while the stellar component is coloured in white. The typical features of the
large-scale structure can be clearly seen: galaxy clusters, �laments and voids.
Credits to Dolag et al. (2015).
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Chapter 1

Cosmological framework

The study of the physical properties of our Universe is a very wide subject of
research, going from planets in our Solar System, to galaxies orbiting around
clusters of galaxies. Cosmology focuses on the largest scales of our Universe,
considering the latter as a whole. Moreover, thanks to the cosmological
model, that is the framework we are going to describe in this �rst Chapter,
it is possible to predict how the large-scale structures evolve from an initial
con�guration. Until the 18th century, this �eld of study was only speculative,
since no observational validations were available. Indeed, the �rst quantita-
tive estimates of the structure of the local Universe were made by William
Herschel in the late 18th century, based on the counts of stars in the sky.
The introduction of the photography to record astronomical images, together
with the advent of bigger and bigger telescopes led to a complete revolution
in Cosmology. With these technologies it has been possible to resolve distant
nebulae and stars, and to study their properties in deep details. The study
of variable Cepheid stars inside globular clusters, that are gravitationally
bounded groups of thousands of stars, led to the observational discovery of
the period-luminosity relation of variable stars by Henrietta Leavitt (Leavitt
& Pickering, 1912), from which it was possible to estimate with high precision
the distances of astronomical objects. In 1926, thanks to the Leavitt's rela-
tion, Edwin Hubble was able to measure the distance of spiral nebulae (what
we today call galaxies), given the �rst description of them as extragalactic
objects (Hubble, 1925, 1926).

A decade before, Albert Einstein developed the General Theory of Rel-
ativity, which completely revolutionised our understanding of gravity as a
bending of spacetime due to the presence of massive objects. This theory be-
came the theoretical foundation of Cosmology, and the works of Friedmann,
together with Einstein, de Sitter and Lemaître showed that the Einstein's
equations, when applied to the study of the Universe, could predict also a
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space in expansion. In 1929, Edwin Hubble discovered the distance-redshift
relation, which led to the discovery of the expansion of the Universe. From
that time Cosmology evolved very rapidly, and today we can analyse the
property of the Universe on very large scales with high precision, both with
data coming from observations of deep surveys, or with large cosmological
simulations.

We start by describing the fundamental principles on which Cosmology
is based. Then we describe in details the Friedmann-Lemaître-Robertson-
Walker metric, which allows to obtain a general solution to the Einstein's
equations, regarding a theoretical description of our Universe. Finally, we
will describe the standard cosmological model, which is nowadays the most
reliable model to describe the observed properties of the large-scale struc-
tures.

1.1 The cosmological principle

Nowadays we can see that our Universe looks isotropic on scales greater than,
roughly, 100 Mpc (where 1 Mpc = 106pc � 3:09 � 1013 km). This principle
tells us that on large scales there is no preferred directions or locations, and
that does not exist a centre of the Universe. On smaller scales the Universe
manifests itself as clumpy and particularly inhomogeneous. Indeed, let us
grow a sphere of increasing radius around us. Most of the spheres of radius
3 AU (where 1 AU � 1:5 � 108 km, roughly the distance from Earth to the
Sun) will not contain any stars, and most of the spheres3 Mpc across will not
contain a pair of bright galaxies. Only if we consider spheres having a radius
greater than 100 Mpc, then they will contain statistically the same pattern
of clusters and voids. Due to the symmetries that this principle implies, we
can set a cosmological time which allows us to have a reference time to study
the Universe dynamics.

1.2 Fundamentals of General Relativity

On very large scales the predominant interaction between massive bodies such
as galaxies and galaxy clusters is thegravitational interaction, brie�y gravity.
For more than two centuries the theory proposed by Isaac Newton has been
the leading theory in describing gravitation, and even nowadays this theory
is an excellent approximation of gravity in most of the classical applications.
In this fashion, the gravitational force exerted on a body depends only on
its mass and its distance from the gravitational source. Before Newton's
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discoveries, no one imagined that the force that makes an apple fall to the
ground was the same force that holds planets in orbit around the Sun.

In 1905, the so-calledAnnus Mirabilis, Albert Einstein, aware of the fact
that the Newtonian mechanics was no longer enough to reconcile the laws
of classical mechanics with the electromagnetic laws, developed the theory
of Special Relativity. In this new theory the speed of light in the vacuum
is the same for all the observers, regardless of the relative motions between
them and light. Another consequence of the Einstein's theory was that no
information could propagates faster that the speed of light. One particular
characteristic of the gravitational interaction introduced by Newton is that
the force undergone by a body is instantaneous, and that means that the
Newtonian gravity was incompatible with Special Relativity. Einstein took
11 years to develop the General Theory of Relativity, which is nowadays
the best theory that describes gravity, hence the fundamental theory behind
cosmology.

In General Relativity space and time blend together in the concept of
spacetime, and so there is no longer a universal clock that marks the passing
of time. A generic point in spacetime, calledevent, is described by a 4-vector
x, which in cartesian coordinates is written as

x =

0

B
B
B
@

x0

x1

x2

x3

1

C
C
C
A

�

0

B
B
B
@

ct
x
y
z

1

C
C
C
A

� x � ; for � = 0; 1; 2; 3 , (1.1)

where x0 = ct it is the time coordinate of the spacetime event andt is the
proper time, i.e. the time measured by a clock that is comoving with the
observer. A trajectory 
 of a body in spacetime is calledwordline.

The theory of General Relativity totally upset the paradigms on gravity,
in fact the latter is no longer a force, but it is a natural consequence of
the curvature of spacetime. The geometry of spacetime is described by the
metric tensor g�� , which allows to determine the distanceds2 between two
in�nitesimal close events labelledx j = ( ct; x; y; z) and x j +d x j = ( ct+ cdt; x +
dx; y + d y; z + d z):

ds2 = g�� dx � dx � : (1.2)

Applying the principle of least action, one can obtain the laws of motions for
free-particles, called geodesics, which are no longer straight lines due to the
curvature of spacetime. Therefore varying the actionS on a worldline 
 :

�S [
 ] = �
Z



ds = �

Z




p
g�� dx � dx � ;
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leads to the geodetic equations:

d2x �

ds2
+ � �

��
dx �

ds
dx �

ds
= 0 : (1.3)

Here the� �
�� coe�cients are the Christo�el symbols, also known as theLevi-

Civita connections related to the �rst partial derivative of the metric tensor
components.

The geometry of the spacetime is connected to the content of energy and
matter, which is described by thestress-energytensor T�� , in the famous
Einstein �eld equations (EFE):

R�� �
1
2

g�� R =
8�G
c4

T�� ; (1.4)

whereG represents the universal gravitational constant,c the speed of light,
while R�� and R are the Ricci tensor and scalar curvature, respectively,
de�ned starting from the Riemann tensor:

R�� = R�
��� ;

R = R�
� = g�� R�� :

The Riemann tensor is related to the �rst derivative of the Christo�el symbols
and so to the second derivative of the metric tensor components, and describe
the intrinsic curvature of the spacetime.

Regarding the RHS of Eq. (1.4), the Universe can be modelled as a perfect
�uid with pressure p and energy density�c 2, so the energy momentum tensor
can be expressed as:

T�� = � pg�� + ( p + �c 2)u� u� ; (1.5)

whereu� is the generic component of thequadrivelocity, de�ned as u =
dx
dt

,

with x the 4-position of the relation (1.1).

1.3 The Friedmann-Lemaître-Robertson-Walker
metric

In order to describe our Universe within a physical model, we have to �nd
a solution to the Einstein �eld equations that includes all the di�erent as-
pects of the cosmological principle. The di�erent components of the EFE
depend only on the metric of the spacetime, and so giving a solution to these
equations means �nding a suitable metric for the problem.
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From the CP, starting with the metric given as Eq. (1.2), the mixed terms
g0i need to be null, so we can write:

ds2 = c2dt2 � gij dx i dx j = c2dt2 � dl; i = 1; 2; 3: (1.6)

In this casegij are thespatial metric tensor components. Any point in space-
time is marked by three comoving spatial coordinatesx i for i = 1; 2; 3 and
one comoving time coordinatet, where comoving means at rest with the
expansion of the Universe, so that an observer, placed at the centre of this
reference system, sees the latter expanding uniformly around him.

The only geometrical spaces that satisfy the Cosmological Principle are
the �at Euclidean space, the sphereand the hyperboloid. Let us now con-
sider the spherical coordinates(�; �; � ), related to the Cartesian ones, by the
transformation: 8

>><

>>:

x1 = � sin� cos�

x2 = � sin� sin�

x3 = � cos� ;

(1.7)

where the ranges of values are0 � � < 1 , 0 � � < � and 0 � � < 2� .
For the case of a �at Euclidean space the distance between two points,

hence the metric, becomes:

dl2 = d � 2 + � 2d� 2 + � 2 sin2 � d� 2 : (1.8)

Now let us de�ne the scale factora as:

� � ar ; (1.9)

in such a way that a has the dimension of length andr has no dimension.
Therefore Eq. (1.8) reduces to:

dl2 = a2(dr 2 + r 2d� 2 + r 2 sin2 � d� 2) = a2(dr 2 + r 2d
 2
2) ; (1.10)

whered
 2
2 = d � 2 +sin2 � d� 2 is the metric of the unitary 2-sphere. In practice

all the 3D space is made by concentric spheres having radiusr .
The metric for the 3-sphere, that is a space with a positive intrinsic

curvature, is of the form:

ds2 = a2(d� 2 + sin2 � d
 2
2) : (1.11)

Now let us de�ne the radial coordinater � sin� , so that its di�erential
becomesdr = cos� d� . With this substitution, the metric is:

dl2 = a2
� dr 2

1 � r 2
+ r 2d
 2

2

�
: (1.12)

9



The case for the hyperboloid is very similar to the 3-sphere, unless that the
trigonometric functions are hyperbolic, and nowr � sinh� :

dl2 = a2(d� 2 + sinh2 � d
 2
2) = a2

� dr 2

1 + r 2
+ r 2d
 2

2

�
: (1.13)

One can easily �nd the general expression that summarises the three metrics
found in equations (1.10), (1.12) and (1.13):

dl2 = a2
� dr 2

1 � �r 2
+ r 2d
 2

2

�
; (1.14)

where we have introduced thecurvature parameter� , which is constant and
can assume only three values, depending on what the intrinsic curvature is:

� = 1 positive curvature

� = 0 zero curvature;

� = � 1 negative curvature:

By adding the time component of the metric, we obtain the functional form
of the Friedmann-Lemaître-Robertson-Walker(FLRW) metric:

ds2 = c2dt2 � a(t)2
� dr 2

1 � �r 2
+ r 2d
 2

2

�
; (1.15)

wherea = a(t) is the cosmic scale factorand has the dimensions of a length
and (r; �; � ) are the comoving dimensionless coordinates. This metric rep-
resents the in�nitesimal distance between two events of a perfectly homoge-
neous and isotropic 4D-spacetime.

The scale factor is a dimensional function of time which describes how
distances grow or decrease with time, while the curvature parameter is related
to the Gaussian curvature� G:

� G =
�
a2

:

The assumptions of homogeneity and isotropy for the metric are very strong
and powerful. Indeed in this case all we have to know about the geometry and
the expansion of the Universe are the scale factora(t) and the curvature � .
This clearly represents an approximation, because the CP holds only for the
largest scales in the Universe. At smaller scales, the expansion is not uniform
everywhere and we observe matter lumps held together by the gravitational
force, such as galaxies and clusters of galaxies.
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1.4 The Hubble-Lemaître law

In Cosmology there is no longer a unique way to assign a value for the distance
between two points, because the Universe's size changes with time. If we want
to measure the distance between us and a given galaxy, we must specify the
time at which the measurement is performed, i.e. we must know the value
of the scale factor at that moment in time. The most simple de�nition of
it is the proper distance, which is the length of the spatial geodesics passing
between the two points, considering the scale factor �xed ata = a(t). We can
obtain the proper distance between the observer, placed at the origin, and
a galaxy placed at comoving coordinates(r; �; � ) by integrating the FLRW
metric (1.15) in the case ofdt = d � = d � = 0:

dpr (t) = a(t)F (r ) = a(t)
Z r

0

dr 0

p
1 � �r 0

: (1.16)

Depending on what the curvature is, the value of the integral becomes:

F (r ) =

8
>><

>>:

sin� 1 r ; � = +1

r ; � = 0

sinh� 1 r ; � = � 1

(1.17)

Consequently, the proper distance is asimultaneousmeasure with a chain
of rulers connecting the two points at a given timet, hence it does not take
into account the speed at which information travels.

We can also de�ne acomoving distance, which does not depend on the
expansion of the Universe, as the proper distance computed today (t = t0):

dc = dpr (t0) = a(t0)F (r ) =
a(t0)
a(t)

dpr (t) : (1.18)

In order to estimate how fast two points drift apart as a consequence of
the expansion, let us derive the proper distance with respect to the time
coordinate:

v =
ddpr (t)

dt
= F (r )_a(t) + a(t) _F (r ) = F (r )_a(t) ;

since _F (r ) = 0 . Here the dot notation represents the derivation with respect
to time.

From the de�nition of proper distance we obtain:

v =
_a(t)
a(t)

dpr � H (t)dpr : (1.19)

11



The latter equation is called theHubble-Lemaître law, and determines the
velocity with which di�erent bodies in spacetime drift apart with respect
to each other due to the expansion of the Universe. The proportionality
between the velocity and the proper distance is given by the so-calledHubble
parameter:

H (t) �
_a(t)
a(t)

: (1.20)

which has the same value for all the points in the Universe at a �xed time.

Figure 1.1: The distance-velocity relation of extragalactic sources originally
obtained by Hubble in 1929 (left panel) and a more modern version of it
obtained by Freedman et al. (2001) (right panel). The latter is achieved
by precisely measuring the distance of Cepheid stars from observations of
the Hubble Space Telescope. Credits to Hubble (1929) and Freedman et al.
(2001).

Its value at the present time, indicated withH0, is calledHubble constant. It
is a fundamental cosmological parameter, because it sets the scales of time
and distance in our Universe. The unit of measure ofH0 is s� 1, i.e. an inverse
of the time, however it is commonly expressed in terms of kms� 1 Mpc� 1, so
that a galaxy 1 Mpc distant from us has a recession velocity ofH0 km s� 1.
The value of H0 is of fundamental importance in Cosmology, and its name
derives from the pioneering works of Edwin Hubble, who in 1929 discovered
the expansion of the Universe from the observations of 34 distant galaxies
for which velocities had been measured, all within 2 Mpc from our Galaxy.
His �rst estimate of this constant wasH0 ' 500 km s� 1 Mpc� 1, but he was
wrong by about a factor of 7. Indeed, his measurements were done with
many approximations, but still he succeed to obtain the distance-velocity
relation (Hubble, 1929). In Figure 1.1 it can be seen the original plot of this
relation obtained by Hubble, together with a modern version of it obtained
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by Freedman et al. (2001). This relation tells us that the more galaxies are
distant, the more they drift apart from us with greater velocity.

Over the past 25 years many e�orts have been made to estimate the
value of H0. However, the precision with which modern measurements are
performed has led to the rise of tensions on the values ofH0 between di�erent
type of measurements (see Section 1.10.1). Because of these discrepancies
we will express cosmological quantities as a function of the parameterh(t),
de�ned as

h(t) =
H (t)
100

km s� 1 Mpc� 1 ; (1.21)

which allows us to set a theoretical model independent of the exact value of
the Hubble constant.

Lastly, the inverse of the Hubble constantH0, known as theHubble time
� H , provides a rough estimate of the age of the Universe. It re�ects the time
since a linear cosmic expansion has begun (extrapolating a linear Hubble
Law back to time t = 0). Setting H0 = 70 kms� 1 Mpc� 1, the age of the
Universe is approximated as� H ' 14 Gyr (where 1 Gyr = 109 yr).

1.5 The cosmological redshift

The global motion of objects in the Universe with respect to each other, due
to its expansion, is calledHubble �ow. One of its consequences is that the
electromagnetic radiation coming to us from very distant objects is reddened,
i.e. it is shifted towards longer wavelengths. This phenomenon, similar to the
Doppler e�ect of sound waves, is called theredshift of the electromagnetic
spectrum.

Let us consider an electromagnetic source that emits light at a speci�c
monochromatic wavelength� em. With this value we indicate the value of
the wavelength at rest with respect to the source. Let us indicate the shifted
wavelength of the radiation which arrives to the observer as� obs. The redshift
z of the electromagnetic radiation can be de�ned as:

z �
� obs � � em

� em
=

� �
�

; (1.22)

which in principle can be less than zero (blueshift), indicating that the source
is approaching the observer, or greater than zero (redshift), when the source
is receding.

Now, let us considertem as the time at which the source emitted the
radiation, and tobs the time at which the observer, at a distancer , received
it. By de�nition, photons move along null geodesics, which are denoted by
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ds2 = 0. Considering the FLRW metric (1.15) and takingd� = d � = 0
(radial motions only), a null geodesics sati�es

c2dt2

a(t)2
=

dr 2

1 � �r 2
; (1.23)

which can be integrated along the path followed by the photon:
Z tobs

tem

cdt
a(t)

=
Z r

0

dr
p

1 � �r 2
= F (r ) : (1.24)

Now, let us assume that a second photon is emitted by the same source
at a time ~tem = tem + �t em

1 and that it is received by the observer at the
time ~tobs = tobs + �t obs. By the fact that both the source and the observer
are moving with the cosmological expansion, the integralF (r ) stays �xed in
time becauser does not change.

From Eq. (1.24) we get

�t obs

a(tobs)
=

�t em

a(tem)
: (1.25)

Since�t = 1=� and �� = c, we can write

� obs

� em
=

a(tobs)
a(t)

;

which leads to the relation between the redshift and the scale factor:

1 + z =
a0

aem
; (1.26)

wherea0 = a(tobs).
Since the Universe is expanding, the scale factor grows, thus the redshift

is positive and the distant galaxies move away from us. This type of redshift
is called cosmological, in order to distinguish it from local phenomena that
contribute to the shift of the electromagnetic radiation, e.g the radial proper
motion of galaxies or the gravitational redshift due to the dilation of time in
the potential wells of massive objects such as black holes and quasars. The
observed redshift is a combination of these three types of redshifts. From the
Doppler e�ect, we can link the redshift to the radial velocity of the source
with respect to the observer:

z '
vr

c
: (1.27)

1Here with �t we indicate an in�nitesimal interval of time, such that �t � t.
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The peculiarity of the cosmological redshift is thatz can also be greater than
unity, which is impossible for radial motions becausevr < c. This can happen
because the expansion of the spacetime that separates the galaxies can be
faster than the speed of light.

From Eq. (1.27) and considering distancesD � c=H0, the Hubble-
Lemaître law results:

z '
H0D

c
; (1.28)

which again tells us that the redshift of distant galaxies increases with their
distance.

1.6 Cosmological distances

We have shown how the comoving coordinates, i.e. the FLRW metric, are
connected to the concept of proper distance. The latter is the measure of
distance between events happening at the same proper time, so it is easy to
realize that this measure is physically impossible to make.

Cosmology is based on observations, therefore it is useful to de�ne a way
to compute distances from the observational properties of galaxies, such as
their redshift, as well as their �ux or their angular diameter. One way of us-
ing measured properties to assign a distance is thestandard candlemethod.
A standard candle object is an object with known luminosityL. In princi-
ple, if there exist objects with the same intrinsic luminosity throughout the
spacetime, one can compute their distance, calledluminosity distance, by
measuring their �ux f , i.e. their luminosity per unit area:

dL =
� L

4�f

� 1=2
: (1.29)

The �ux of the source, measured by the observer placed atP0 at time t0, can
be expressed as:

f =
Lobs

4�d 2
: (1.30)

The denominator is the surface area of a sphere centred inP0. This surface
is dilated by the Universe expansion, so we have to write it as:4�d 2 =
4�a 2(t0)r 2. Moreover, the light coming from the source is being redshifted,
therefore we have to take it into account in the luminosity calculation. The
emitted luminosity is de�ned as the rate of change of the energy of the source:

Lem =
dE
dt

: (1.31)
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As one can see from Eq. (1.25), photons emitted by the source in a small
interval �t em arrive to the observer in an interval�t obs = ( a0=a)�t em. Taking
these two e�ects into account we can rewrite Eq. (1.31) as:

Lem = Lobs

� a0

aem

� 2
; (1.32)

so that the �ux l becomes

f =
Lobs

4�a 2
0r 2

=
Lem

4�a 2
0r 2

� aem

a0

� 2
: (1.33)

In order to preserve the Euclidean inverse-square law for the diminution
of luminosity with distance from a point source, the luminosity distance is
de�ned as

dL �
a2

0r
aem

= a0r (1 + z) : (1.34)

Another method to compute distances from observational properties is the
standard rulers method, in which we observe objects with known intrinsic
dimension ` � Dpr . Suppose the standard ruler is aligned perpendicularly
to the line of sight, and indicating with � � its angular extension, then we
can compute the so-calledangular-diameter distancedA as dA = D pr

� � . The
distance between the two ends of the ruler, at a given timet corrisponding to
the emission of the radiation from the source, can be found with the FLRW
metric as

ds = a(t)r � � : (1.35)

From the fact that we know a-priori the length ` of the ruler, we can set
` = d s, and so the latter becomes:

` = a(t)r � � ; (1.36)

from which it is possible to derive the following expression for the angular-
diameter distance:

dA �
`

� �
= ar : (1.37)

By comparing the luminosity distance with the angular diameter distance,
we can obtain theduality relation:

dL

dA
= (1 + z)2 : (1.38)

Thus, if one observes an object which is both a standard ruler and a stan-
dard candle, its angular-diameter distance will be smaller than its luminosity
distance.
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Theoretically, this relation could be used to study the deviation of the
metric from the FLRW, and hence to test the Cosmological Principle. The
ideal way to test the duality relation is to work with both standard rulers
and standard candles, without using a speci�c cosmological model (Holanda
et al., 2012). A prominent approach is the observation of massive galaxy
clusters, which allow to obtain both the angular diameter distance and the
luminosity distance from the Sunyaev-Zel'dovich e�ect (SZ)2 and their X-ray
observations (Uzan et al., 2004).

1.7 The deceleration parameter

In order to study the cosmic scale factor as a function of time, we can expand
it in Taylor series aroundt = t0:

a(t) = a0 + da(t )
dt

�
�
�
t= t0

(t � t0) +
1
2

d2a(t )
dt2

�
�
�
t= t0

(t � t0)2 + : : :

= a0

h
1 +

_a0

a0
(t � t0) +

•a0

2a0
(t � t0)2 + : : :

i
:

(1.39)

To reproduce exactly the scale factor as a function of time we would need an
in�nite number of terms. However, if a(t) does not �uctuate widely with t,
then the Taylor expansion up to the second term will give a good approxi-
mation in the vicinity of t = t0.

In the last expression the Hubble constant is the coe�cient of the linear
part of the series. Let us de�ne the dimensionlessdeceleration parameteras:

q � �
•aa
_a2

: (1.40)

Therefore the Taylor series ofa(t) reduces to:

a(t) = a0

h
1 + H0(t � t0) �

1
2

q0H 2
0 (t � t0)2 + : : :

i
; (1.41)

whereq0 = q(t0).
The deceleration parameter is another crucial cosmological parameter,

which expresses the second-order derivative w.r.t. time of the scale factor.

2Galaxy clusters contain a large quantity of ionised gas, which emits in the X-ray band
through bremsstrahlung. The interaction between CMB photons with energetic electrons
belonging to this gas can modify the spectral distribution of the CMB, causing a decrement
in the CMB brightness at low frequencies and an increment at high frequencies (Sunyaev
& Zeldovich, 1972).
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It is de�ned with the minus sign, therefore it has a positive value when the
Universe undergoes a decelerated expansion (•a < 0).

The Taylor expansion of Eq. (1.39) is physics-free, which means that it
is simply a mathematical expression of how the Universe expands at a times
t � t0, and says nothing about the forces that drive this expansion. The
two cosmological parametersH0 and q0, therefore, are only descriptive of the
kinematics of the Universe, regardless of the underlying cosmological model
that describes the expansion of the Universe.

1.8 The Friedmann equations

In their well-known works, Einstein (1917) and de Sitter (1917), starting from
General Relativity, obtained two possibile types of the Universe. Einstein
obtains the so-calledcylindrical spacetime, in which space has a constant,
time-independent curvature, where the radius of curvature is connected to
the total mass of matter present in space, while de Sitter obtained a spherical
spacetime in which not only space is curved, but the whole spacetime has its
own constant curvature.

It was already known from 1917 that the EFE (Eq. (1.4)) were not
compatible with the hypothesis of a static Universe. Indeed, starting from
them, choosing the FLRW metric and a perfect-�uid stress-energy tensor,
one �nds only two independent equations, called the�rst and the second
Friedmann equations, which can be expressed as:

I : •a = �
4�G

3

�
� +

3p
c2

�
a

II : _a2 + �c 2 =
8�
3

G�a 2 :
(1.42)

The second Friedmann equation can be obtained from the �rst one the adi-
abatic condition, which in the cosmological context takes the meaning of an
adiabatic expansion of the Universe:

dU = � pdV ; (1.43)

whereU is the internal energy of the Universe. This latter condition can be
also expressed as:

d(�c 2a3) = � pda3 : (1.44)

In order to have a static Universe, one has to require that•a = 0. From the
�rst Friedmann equation, this translates into

�
4�G

3

�
� +

3p
c2

�
a = 0 ;
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which leads to:
�c 2 = � 3p : (1.45)

Therefore, to have a static, perfect-�uid, Universe described by the FLRW
metric, the density of energy�c 2 and the pressure must have discordant sign.
This inevitably leads to one of the two having a negative signs, which is
impossible, from the positive de�nition of these two physical quantities.

Considering� + 3p
c2 > 0 what follows is a negative acceleration of the scale

factor. Therefore the model based only on the classical EFE predicts an
unstable Universe that collapses under its own weight, and this is in contrast
with the astrophysical observations.

1.8.1 The cosmological constant

In order to recover a static Universe following from his equations, Einstein in
1917 introduced a constant� , called thecosmological constant, in Eq. (1.4):

R�� �
1
2

g�� R � � g�� =
8�G
c4

T�� : (1.46)

With a suitable choice of� , which has to be small enough not to change the
planetary motion in our Solar System, one can obtain a static model for our
Universe.

The e�ect of this additional term in the EFE is repulsive. From a New-
tonian point of view, the cosmological constant leads to a repulsive force on
a test particle proportional to its distance.

Nowadays, we know that our Universe is expanding, therefore the cosmo-
logical constant should not be necessary. However, from the observations of
the �ux of distant type Ia supernovae (SNIa) (Riess et al., 1998; Perlmutter
et al., 1999) we know that the expansion of our Universe is now accelerated.
Therefore we need again the cosmological constant in EFE, which takes dif-
ferent meanings depending on its position in the Einstein equations:

ˆ LHS (left hand side): interpretation of � as a geometrical modi�cation
of gravity, as described by GR;

ˆ RHS (right hand side): interpretation of � as an additional energy
component, calledDark Energy (DE, hereafter), responsible for the
accelerated expansion of our Universe.

The �rst physicist who studied the dynamical solutions for the EFE with
the addition of � was Alexander Friedmann, which described the expansion
or contraction of an isotropic homogenous Universe as a function of time
(Friedman, 1922).
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Considering� on the RHS, we can re-write Eq. (1.46) as:

R�� �
1
2

g�� R =
8�G
c4

~T�� ; (1.47)

where now thee�ective energy-momentum tensor is

~T�� = � ~pg�� + (~�c 2 + ~p)u� u� ; (1.48)

and the e�ective density and pressure are:
8
>>>><

>>>>:

~p = p �
� c4

8�G
= p + p� ;

~� = � +
� c2

8�G
= � + � � :

(1.49)

Having EFE expressed as (1.47), the Friedmann equations becomes:

•a = �
4�G

3
(~� +

3~p
c2

)a (1.50)

_a2 + �c 2 =
8�G

3
~�a 2 : (1.51)

This is the so-calledEinstein Universe model. Indeed, the addition of�
permits a static Universe:

8
>><

>>:

_a = 0

•a = 0

() � =
�
a2

:

However this model puts a restriction on the curvature of the spacetime.
Considering the ordinary total density� and considering the expression found
for � one �nds:

� = ~� � � � =
�c 2

4�Ga 2
: (1.52)

In order to have a positive total ordinary density:

� > 0 () � > 0 ) � = +1 : (1.53)

Therefore, in the Einstein model the curvature is necessarily positive. The
latter fact poses another important restriction on the value of the cosmolog-
ical constant. Recoveringa from Eq. (1.52) one �nds:

� =
4�G�

c2
: (1.54)
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1.8.2 The density parameter

From the second Friedmann equation (1.42), we can derive the curvature
parameter � :

�
a2

=
1
c2

H (t)2
� �

� c
� 1

�
: (1.55)

Here we have de�ned thecritical mass density � c as:

� c(t) �
3H (t)2

8�G
: (1.56)

The latter corresponds to the value of the mass density required to have a
�at Universe ( � = 0), and can be used to de�ne the dimensionlessdensity
parameter:


( t) �
� (t)
� c(t)

: (1.57)

From this de�nition, considering Eq. (1.55), we �nd that the curvature � is
strictly related to the density parameter, therefore the latter determines the
curvature of the Universe:

8
>><

>>:

� = � 1 () 
( t) < 1;

� = 0 () 
( t) = 1;

� = +1 () 
( t) > 1:

(1.58)

The value of the critical density calculated today (t = t0) depends on the
Hubble constantH0. The value for � c;0 � � c(t0) is:

� c;0 ' 1:9 � 10� 29 h2 g cm� 3 : (1.59)

If the Universe has today a density greater than this value, which means

( t) > 1, then it is positively curved. If � 0 < � c;0 then the curvature is
negative and the space is hyperbolic.

From the de�nition of 
 , the second Friedmann equation can be rewritten
as

1 � 
( t) = �
�c 2

a2(t)H (t)2
: (1.60)

Note that the right hand side of this equation cannot change its sign during
the expansion of the Universe, thus neither can the left hand side. This
is a fundamental relation, indeed it follows that a Universe governed by
the Friedmann equations cannot change itsgeometry during its evolution.
Therefore, if we do observe a �at Universe, it is necessary that it was �at
also at very high redshifts with huge precision. Surprisingly, this is our case,
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in fact multiple observations show that j
 0 � 1j < 0:01 (Komatsu et al.,
2009, 2011; Planck Collaboration et al., 2020). This is the so-called�atness
problem, which is a �ne-tuning problem. Among an in�nite spectrum of
values for the density parameter of our Universe, it is extremely surprising
to �nd it so ��nely tuned� to the unity. The age of the Universe is so large
that any tiny departure from the perfect �atness at high redshifts would have
produced a huge curvature (open or closed), which would not have allowed
the existence of the large-scale structures that we observe today, together
with our own existence.

From the conservation of the sign of the density parameter, the conditions
of Eq. (1.58) can be expressed in terms of its current value
 0 � 
( t =
t0). Consequently, it is of extreme importance having increasingly precise
measurements of this parameter, from which we can understand the overall
curvature of our Universe.

1.9 The general Friedmann model

The Friedmann equations, along with the adiabaticity relation expressed in
Eq. (1.44), describe a perfect �uid and allow to calculate the time evolution of
a(t), as well as� (t) and p(t). In order to solve these equations it is necessary
to introduce an equation of state (EoS) for the di�erent �uids composing the
Universe. The two hypotheses we had set are the CP and the perfect �uid
approximation, thus the pressure of the �uid can only be isotropic.

Perfect �uids, at rest, are completely described in terms of their energy
density �c 2 and pressurep, from which we can de�ne a general equation of
state as:

p = w�c 2 ; (1.61)

wherew is related to the sound speed:

cs =
� @p

@�

� 1=2

S
= c

p
w :

Here the subscriptS indicates that we are evaluatingcs at constant entropy.
The parameterw lies in the so-calledZel'dovich interval:

0 � w < 1; (1.62)

in which cs maintains a physical sense.
The value of w changes depending on the di�erent components that �ll

the Universe. The latter can be divided in two families: relativistic and
non-relativistic components.
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The �rst is the dust component, and corresponds to a non-relativistic
perfect �uid of matter. Non-relativistic means that the random thermal
motions of the particles have peculiar velocities which are tiny compared to
the speed of light. Such non-relativistic gas is described by the perfect �uid
law:

p =
�
�

kB T ;

where � is the mass density of the gas,kB = 1:38 � 10� 16 erg K� 1 is the
Boltzmann constant, T the temperature and� is the mean mass of the gas
particles.

Let us consider a perfect gas composed of particles having massmp. The
thermal energy associated to a single particle iskB T, while its energy, as-
sociated to its rest mass, ismpc2, which is usually is much larger than the
thermal energy. Thus, the pressure for a such perfect gas is

p =
kB T
mpc2

�c 2 � 0:

Hence it is described by an EoS withw = 0.
The second case is theradiation component, representing an ultra-relativistic

non-degenerate �uid of massless particles. Although the particles are mass-
less, they exhert a pressure due to their momentum. The equation of state
of photons, or of any other relativistic gas is

pr =
1
3

� r c2 =) w =
1
3

;

where pr and � r are, respectively, the radiative pressure and the radiative
density.

We will refer to the component of the Universe which consists of non-
relativistic particles (and hence hasw = 0) as �matter�, while we will refer
to the component which consists of photons and other relativistic particles
(so that w = 1=3) as �radiation�.

The �rst Friedmann equation, consideringp = w�c 2, can be rewritten as

•a = �
4�
G

�
�
1 + 3w

�
a ; (1.63)

hence a component havingw < � 1=3 will provide a positive acceleration.
A component of the Universe havingw < � 1=3 is generically called �dark
energy�, and may be associated, as we already mentioned, to the cosmological
constant � . From the �rst of Eq. (1.49) we see that the equation of state
associated with the� component is:

p� = � � � c2 =) w = � 1; (1.64)

23



where� � = � c2

8�G .
From the combination of theadiabatic condition and the EoS one �nds:

� w / a� 3(1+ w) / (1 + z)3(1+ w) ; (1.65)

which describes how the densities of the di�erent components of the Universe
vary with cosmic time.

For the dust componentw = 0, therefore:

� m = � 0;m (1 + z)3 ; (1.66)

while for the radiation componentw = 1=3:

� R = � 0;R (1 + z)4 : (1.67)

The � -density component is constant in time, as one can clearly see by
replacingw = � 1 in (1.65):

� � = � 0;� (1 + z)0 = � 0;� : (1.68)

As we have just seen, the density components evolve di�erently with cosmic
time. This implies that in the di�erent cosmic epochs there could be a domi-
nating component. Furthermore, by equalizing the di�erent� w components,
one can compute the speci�c redshift at which they were balanced. As an
example, at very high redshift the radiation component dominates over mat-
ter and � , while nowadays� r is negligible and the dominant component is
� .

Recalling the density parameter, now we can de�ne a total density pa-
rameter for a multi-component Universe as:


 T OT (t) = 
 m (t) + 
 r (t) + 
 � (t) ; (1.69)

where:

 m (t) =

8�G
3H 2(t)

� m (t); 
 r (t) =
8�G

3H 2(t)
� r (t) ; (1.70)

and:


 � (t) =
8�G

3H 2(t)
� � (t) =

� c2

3H 2(t)
(1.71)

are the density parameters related to the di�erent components.
Now it is useful to re-write the second Friedmann equation in terms of


 , H and z, which are more representative parameters of the observable
Universe:

H 2(z) = H 2
0 (1 + z)2

 

1 �
X

i


 0;w i +
X

i


 0;w i (1 + z)1+3 wi

!

; (1.72)
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whereH (z) is the Hubble parameter at a generic redshift,
P

i 
 0;w i = 
 T OT;0

is the sum of all the di�erent components density parameters with corre-
sponding parameterswi . The quantity 1 �

P
i 
 0;w i = 
 0;� is related to the

curvature of the Universe and it is calledcurvature density parameter.
Now, let us rewrite the �rst Friedmann equation, recalling the EoSp =

w�c 2:

•a = �
4�G

3
(1 + 3w)a : (1.73)

This equation implies that, if w lies in the Zel'dovich interval, the acceleration
of the scale factor is a negative function of time, e.g.•a(t) < 0.

Additionally, we can write Eq. (1.73) for a multi-component Universe,
and �nd an interesting relation between the deceleration parameter de�ned
in Section 1.7 and the density parameters. Indeed, by substituting in it the
critical density of Eq. (1.56) we can write

•a
a

= �
1
2

H 2
X

i

�

 i + 3wi

�
; (1.74)

which can be rewritten in terms ofq � �
•aa
_a

�
•a

H 2a
, by dividing each side

of the last equation byH 2:

q(z) =
1
2

X

i

�

 i + 3wi

�
: (1.75)

Now, considering the values ofwi for the di�erent components, we can make
Eq. (1.75) an explicit relation betweenq and 
 i :

q = 
 r (z) +
1
2


 m (z) � 
 � (z): (1.76)

From the latter equation it is clear that ordinary cosmological components,
i.e. matter (w = 0) and radiation (w = 1=3), can only produce a decelerated
expansion of the Universe (q(t) > 0). Considering the last equation fort = t0,
we �nd that the Universe will currently be accelerating outward only if


 0;� >
1
2


 0;m + 
 0;r : (1.77)

Finally, from the Hubble law we can conclude thata(t) grows monotonically,
given the positivity of H (t). Furthermore, from the concavity of the second
order derivative of a, this implies that there is an instant at which a(t) is
equal to zero, at some �nite time in the past. We call this eventBig Bang
(BB). Indicating the BB with t = 0, we can easily see that at this instant of
time the density diverges:

lim
t ! 0

� (t) = lim
t ! 0

� a0

a

� � 3(1+ w)
! 1 : (1.78)

25



1.9.1 The Einstein-de Sitter model

Let us now focus on the solutions of the Friedmann equations, which will
depend on the curvature of the Universe. We will consider �rst the case of
a �at mono-component Universe (� = 0; 
 0 = 1), the so-calledEinstein-de
Sitter model (EdS). As we already said, the di�erent evolution with time of
the density of the various components is such to have entire cosmic epochs
in which only one component is dominant over the others. Therefore, we
can assume that the Universe in the di�erent epochs is entirely composed by
only one type of �uid. The actual epoch represents an exception, because we
observe two signi�cant matter-energy components, i.e. the DM and DE com-
ponents. This assumption allows us to study the solutions of the Friedmann
equations as component-dependent.

Considering a �at Universe, the second Friedmann equation (1.72) reduces
to:

H (z) = H0(1 + z)
3(1+ w )

2 ; (1.79)

which can be written in terms of the scale factor and it can be integrated to
obtain its evolution as a function of time:

a(t) = a0

� t
t0

� 2
3(1+ w )

: (1.80)

Therefore, the expansion in a �at Universe, both forw = 0 and w = 1=3, is
eternal.

We can also obtain, from the last equation, the relation between time and
redshift:

t = t0(1 + z)� 3
2 (1+ w) : (1.81)

From Eqs. (1.79) and (1.81) we �nd:

H (t) =
2

3(1 + w)t
: (1.82)

Computing this last equation for t = t0, we can derive the relation between
the age of the Universeand the Hubble constant:

t0 =
2

3(1 + w)H0
: (1.83)

Thus, in an EdS model, the age of the Universe is smaller than� H � 1=H0.
Lastly we can obtain the relation between the density and time for an

EdS Universe from the previous relations:

� (t) = � 0;w

� a0

a

� 3(1+ w)
=

1
6�G (1 + w)2

1
t2

: (1.84)
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A relevant fact about the EdS model is that for a radiative Universe, the
expansion is more decelerated because of the presence of the radiation pres-
sure.

1.9.2 Open and closed models

Let us consider now the case of curved mono-component Universes (� 6=
0; 
 0;w 6= 1). As we will discuss in more details in Section 3.2, the formation of
galaxy clusters and cosmic voids, starting from small density perturbations,
can be modelled as the evolution of closed and open Universes, respectively,
growing inside a �at Einstein-de Sitter Universe. Therefore, the equations at
the base of these models are crucial in order to understand the evolution of
large-scale structures, on which our Thesis work is based.

Considering again the second Friedmann equation as expressed in (1.72),
the curvature density parameter is constant over time while the second term
is not. Therefore it exists acritical value a� such that:

j1 � 
 0;w j = 
 0;w

� a0

a�

� 1+3 w
; (1.85)

or, in terms of redshift:

j1 � 
 0;w j = 
 0;w
�
1 + z�

� 1+3 w
: (1.86)

Given the values forw, for high redshiftsz � z� we can neglect the curvature
term, and so Eq. (1.72) reduces to:

H (z) = H0

p

 0;w(1 + z)

3(1+ w )
2 ; (1.87)

which di�ers from the relation found for the EdS model by the
p


 0;w factor.
From this result we can assume that our Universe is well described by an
EdS model, which carries no curvature, in early cosmological epochs.

Considering z � z� , the potential curvature of the Universe prevails,
showing the underlying geometry. Moreover the sign of the curvature term
1 � 
 0;w depends on the values of
 0;w , so we will consider open and closed
models separately.

Open model for the Universe

Let us start with the open model� = � 1; 
 0;w < 1. Recalling Eq. (1.72),
we have that the term between square brackets never vanishes. Moreover we
know from observations that_a0 > 0, hence_a(t) > 0; 8t.
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For z � z� we can neglect the second term in the square brackets of Eq.
(1.72), hence we �nd the following expression forH (z):

H (z) = H0(1 + z)(1 � 
 0;w)1=2 :

We can write this last question in terms ofa:

_a(t) = a0H0(1 � 
 0;w)1=2 :

By integration we can �nd that a(t) has an asymptotically linear growth with
time:

a(t) = a0H0(1 � 
 0;w)1=2t ) a(t) / t : (1.88)

As a consequence, the Hubble parameter decreases proportionally with the
inverse of time:

H (t) / t � 1 :

Closed model for the Universe

Consider now the case of a closed model (� = 1; 
 0;w > 1). Now the curvature
term 1 � 
 0;w can be null, hence there exists a timet = tmax such that
_a(tmax ) = 0 . In other words, in this type of model, the Universe reaches a
maximum sizeamax = a(tmax ) given by:

amax = a0

� 
 0;w


 0;w � 1

� 1=1+3 w
: (1.89)

When a = amax the density reaches its minimum value:

� min = � (amax ) = � 0

� 
 0;w � 1

 0;w

� 3(1+ w )
1+3 w

: (1.90)

For t > t max the scale factor decreases at the same rate of its increment,
therefore at a timet f = 2tmax the Universe will collapse in another singular-
ity, the Big Crunch.

Once we have set up the models for an open or closed mono-component
Universe, we can �nd a solution for the di�erent values of the parameterw,
that are dust and radiative curved Universes.

1.9.3 Dust Universe model

Models with w = 0 have an exact analytic solution, even for the case where

 w 6= 1.
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In this case Eq. (1.72) can be written as:
� _a

a0

� 2
= H 2

0

�
1 � 
 0;m + 
 0;m

a0

a

�
: (1.91)

Let us consider �rst open models(
 0;m < 1). These models have a solution
in the parametric form:

8
>><

>>:

a( ) =
a0

2

 0;m

1 � 
 0;m
(cosh � 1)

t( ) =
1

2H0


 0;m

(1 � 
 0;m )3=2
(sinh  �  ) ;

where0 �  < 1 .
Recoveringa0 from the �rst parametric equation and substituting it in

the second one, we can obtain the expression for the age of the Universet0:

t0 =
1

2H0


 0;m

(1 � 
 0;m )3=2)

h 2

 0;m

(1 � 
 0;m )1=2 � cosh
� 2


 0;m
� 1

�i
>

2
3H0

:

Therefore the age of the Universe for an open dust model is greater than for
the EdS model for a �xed value ofH0.

The last equation fort0 has the following limit for 
 0;m � 1:

t0 ' (1 + 
 0;m ln 
 0;m )
1

H0
:

Now let us consider the other case where
 0;m > 1. For these models the
parametric solutions are:

8
>><

>>:

a(� ) =
a0

2

 0;m


 0;m � 1
(1 � cos� )

t(� ) =
1

2H0


 0;m

(
 0;m � 1)3=2
(� � sin� ) ;

(1.92)

where now0 � � < 2� .
In this case the age of the Universe is smaller than for the EdS model for

w = 0:
t0 <

2
3H0

:

Deriving the scale factor with respect to the parameter� , one �nds that a(� )
grows for 0 � � < � and decreases for� < � < 2� . The maximum size
reached by the Universe in this model is:

amax = a(� ) = a0

 0;m


 0;m � 1
: (1.93)
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This status is reached att = tmax = t(� ):

tmax =
�

2H0


 0;m

(
 0;m � 1)3=2
: (1.94)

Figure 1.2: Scale factor as a function of time for di�erent models of the
Universe. The black line represents the scale factor evolution for the Standard
Cosmological Model (� CDM), which is described in Section 1.10. The gray
line represents an empty �at Universe (with
 m = 0), the blue line shows the
evolution for a �at Einstein-de Sitter Universe, while the green and the red
lines represent the evolution of a radiation-dominated Universe and a closed
mono-component Universe, respectively.

1.9.4 Radiative Universe model

Going back to the radiative models, for whichw = 1=3, Eq. (1.72) has the
form: �

_a
a0

� 2

= H 2
0

�
1 � 
 0;r + 
 0;r

� a0

a

� 2
�

; (1.95)
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which has the following solution:

a(t) = a0(2H0
 1=2
0;r t)1=2

�
1 +

1 � 
 0;r

2
 1=2
0;r

H0t
� 1=2

:

It is possible to show that, in open models, the following relation holds for
the present cosmic timet0:

t0 >
1

2H0
;

where t0 = 1
2H 0

is the age of the Universe for an EdS model withw = 1=3.
Lastly, closed radiative models predict:

t0 <
1

2H0
:

Finally, in Figure 1.2 it is shown the evolution of the scale factor for some
models of Universe described in the previous Sections. Here the di�erent
models are normalised in such a way that today they have the same value
for a(t) and H0. The intersections of the di�erent solid lines with the x-axis
show how the age of the Universet0 changes among the di�erent cosmological
model considered.

1.10 The Standard Cosmological Model

From the beginning of the21st century, the commonly accepted model de-
scribing our Universe is the so-called� CDM. The basic idea for it lies in the
Hot Big Bang model(HBB), which is based on the Cosmological Principle
and the Friedmann equations. The evolution of our Universe is described as a
thermal history, which means that its expansion is tightly related to its tem-
perature: going back in time the Universe was much hotter than nowadays.
In particular its temperature at the present time isT = 2:725� 0:005 K, a
value that corresponds to the Cosmic Microwave Background (CMB) tem-
perature, the relic radiation from the surface of last scattering happened
only about 400; 000years after the Big Bang. Before the last scattering, the
Universe was �lled by a hot plasma composed by protons and electrons fully
ionised. In this context, electromagnetic radiation was continuously scattered
by matter, so that the Universe was completely opaque and in thermal equi-
librium. Thanks to its expansion, its temperature falls down until electrons
recombine with protons, atz ' 1100. When this process completes, photons
began to freely propagate into the Universe. We observe this radiation as
a background redshifted to the microwave band, distributed in a spherical
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Figure 1.3: All-sky map of the CMB temperature �uctuations, as measured
by the Planck satellite. The range of temperature is very small, going from
� 300 � K to 300 � K, highlighting a strong thermal equilibrium. Credits to
Planck Collaboration 2015 (Planck Collaboration et al., 2016a).

surface around us (see Figure 1.3). The most powerful prediction of the HBB
model is the existence of the CMB radiation.
The � CDM model establishes that our Universe is �at, and its major mass-
energy components at the present time are the Cosmological Constant (� ),
necessary to explain the observed accelerated expansion of the Universe
(Riess et al., 1998; Perlmutter et al., 1999), and a dust component called
cold dark matter (CDM). The other mass-energy components of the Uni-
verse are the baryonic matter, which is non-relativistic, and the relativistic
components such as the radiation �eld. The contribution of the latter is
negligible nowadays and its density parameter, which can be estimated from
the measure of the CMB temperature, has a value of


 r; 0 � 10� 5 : (1.96)

The substantial di�erence between baryonic and dark matter is their interac-
tions. Indeed both of them interact gravitationally but only baryonic matter
interacts with the observable electromagnetic radiation, hence the �dark� at-
tribute for the CDM component. The �rst scientist proposing the existence of
a di�erent kind of matter was Fritz Zwicky, in order to explain the dynamics
of galaxies in the Coma cluster (Zwicky, 1937). From the1970s, astronomers
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and cosmologists began to build an enthralling body of evidence for this elu-
sive component, based on a variety of observations, including temperature
anistropies of the CMB, baryonic acoustic oscillations (BAO)3 (Anderson
et al., 2014; Ross et al., 2015), SNIa, gravitational lensing of galaxy clus-
ters and rotation curves of disk galaxies (Fuchs, 2001; Bosma, 2000). The
standard modelof particle physics contains no suitable particle to explain
these observations and nowadays the proposed candidates for DM span 90
orders of magnitude in mass, ranging from ultralight bosons (often referred
as �fuzzy DM�) to massive primordial black holes.

The class of dark-matter candidates that has attracted the most attention
over the past four decades isweakly interacting massive particles(WIMPs),
which are hypotetical particles on the weak-interaction mass scale (between
10 GeV and 1 TeV) and MACHOs (Alcock et al. (1997); Brandt (2017)),
which stands for massive astrophysical compact halo objects, composed of
ordinary matter but which do not emits signi�cantly light such as neutron
stars, brown and white dwarfs.

There are multiple ways to evaluate the matter density parameter of
the Universe, 
 m;0, such as measuring the radial velocities of galaxies in a
galaxy cluster, or by measuring the amplitude of gravitational lensing on
very distant galaxies caused by the presence of a massive objects interposed
between them and the observer. Also the clustering properties of large-scale
structures (LSS), such as galaxy clusters and galaxies, together with their
abundances are strongly related to this parameter. All these measurements
lead to the same conclusion concerning the total matter density parameter:


 m;0 � 0:3: (1.97)

From the primordial nucleosynthesis and from the study of the CMB ra-
diation one can estimate the density fraction ofbaryonic matter, which is
approximately


 b;0 � 0:04� 0:05: (1.98)

Hence only a tiny fraction of the total mass is in form of baryonic matter.
The property of dark matter to be �cold� means that at the time of

its decoupling was non-relativistic, and this leads to a particular structure

3BAO refers to acoustic waves propagating before the recombination, which then froze
when the latter took place, leaving an imprint in the matter distribution on large scales.
We observe this imprint as a peak in the two point correlation function of di�erent mass
tracers (see Section 2.4), like galaxies, which correspond to the maximum distance the
acoustic waves could travel in the primordial plasma. This can be considered as a standard
ruler, and thus can provide powerful constraints on the expansion rate of the Universe and
allows to investigate the nature of DE.
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formation scenario, calledbottom-up, in which smaller objects formed �rst
and then they merged forming more massive structures (see Section 2.3.1 for
a detailed description).

Regarding the cosmological constant� , as already mentioned in Section
1.8.1, the physical component associated with it is calledDark Energy (DE),
described by an equation of state parameterw = � 1. Its nature is still
unknown and understanding its properties and origin is one of the principal
challenges in modern physics.

If the Universe is �at, then the sum of the density parameters of all
the components must be equal to 1. However, if one considers a Universe
composed only by matter and radiation, one gets:


 m;0 + 
 r; 0 � 0:3: (1.99)

The remaining 0:7 is the density fraction of the DE component, the most
dominant in the present Universe. This result comes not only by the �atness
of the Universe, but also from the already cited measures (Riess et al. (1998);
Perlmutter et al. (1999)). They estimated the value of the deceleration pa-
rameter using SNIa as standard candles, obtainingq0 � � 0:55, which implies
an accelerated espansion for our Universe. By replacing the known values for

 m and q in Eq. (1.76), neglecting the contribute of
 r , again one obtains

 � = 0:7.

DE leaves imprints on cosmological observations. It modi�es the geom-
etry of the Universe, increasing distances and volumes over time via the
accelerated expansion, and it slows down the growth of cosmic structures.
However, these e�ects can be mimicked by the variation of other cosmolog-
ical parameters, including the DM density and curvature, or other physical
models and systematics that are degenerate within a single probe. Con-
sequently, measuring DE properties requires acombination of cosmological
probesthat are sensitive to both classes of e�ects to break these parameter
and model degeneracies.

After the introduction of a theoretical background, it is necessary to
parametrize the� CDM model, which is indeed described by six fundamental
parameters:

ˆ 
 m : total matter density parameter;

ˆ 
 b: baryonic matter density parameter;

ˆ As: normalization of the power spectrum;

ˆ H0: Hubble constant;
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ˆ ns: spectral index of the primordial power spectrum;

ˆ � : reionization optical depth.

The most strong constraints on the latter derive from the analysis of the CMB
power spectrum from the latest release of the Plack legacy (Planck Collab-
oration et al., 2020) in combination with lensing measurements, although
other cosmological probes are becoming competitive as well. The values for
these six fundamental parameters, as reported in Planck Collaboration et al.
(2020), are
 m = 0:3153� 0:0073, 
 bh2 = 0:02237� 0:00015, ln(1010As) =
3:044� 0:014, H0 = 67:36� 0:54 km s� 1 Mpc� 1, ns = 0:9649� 0:0042and
� = 0:0544� 0:0073.

1.10.1 Statistical tensions in the � CDM model

The � CDM model successfully describes a wide range of observations, go-
ing from the abundance of elements from primordial nucleosynthesis up to
the present-day accelerated expansion. The astonishing precision coming
from both modern observations and simulations, has led to the rise of few
statistically signi�cant tensions on cosmological parameters between di�er-
ent probes. The latter can be divided into two groups,early and late type
probes, according to the range of redshifts to which they are applied. It is
not straightforward that the same cosmological model will �t observations
from widely di�erent cosmological epochs. Although these tensions could be
due to systematic errors, their con�rmation during the years seems to suggest
the need for new physics inside the� CDM framework.

Among the most e�ective cosmological probes we �nd the study of the
anisotropies of CMB, made possible by the data provided by the Planck
satellite (Planck Collaboration et al., 2020), successor of older missions like
the Cosmic Background Explorer (COBE) and the Wilkinson Microwave
Anisotropy Probe (Mather et al., 1994; Komatsu et al., 2009, 2011). Mea-
surements from such a primordial Universe can constraint the mechanism
at the base of the in�ation process, and represent a prominent complemen-
tary probe of the low-redshift LSS measurements. Among the latter, an
important probe is the clustering of LSS, which provides constraints on the
growth of cosmic structures by looking at how much these are clustered with
each other (i.e. by studying their correlation function). A powerful appli-
cation of the correlation function of LSS is the measurement of position of
the baryon acoustic oscillation (BAO, see e.g. Seo & Eisenstein, 2003; Blake
& Glazebrook, 2003), that represents the imprint of sound waves in the pre-
recombination plasma. By looking at the correlation function of cosmological
objects like galaxies and clusters, it is also possible to investigate the e�ects
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of peculiar galaxy velocities and geometrical distortions on the assumed cos-
mological model (see, for example Marulli et al., 2020; Alam et al., 2021). In
this �eld, also the distortions on average cosmic void shapes have turned out
to be a competitive cosmological probe (Hamaus et al., 2020; Aubert et al.,
2020). We can also investigate the properties of our Universe by looking on
how images of distant galaxies are distorted due to the weak lensing. It has
been demonstrated its strong constraining power on both the total amount
of matter in the Universe, as well on the amount of DE and amplitudes of
today matter perturbations (Kaiser, 1992; Schneider, 2005; Kilbinger, 2015).
Not less powerful and interesting is the study of distant of SNIa as objects of
known luminosity, from which the accelerated expansion of the Universe has
been inferred (Riess et al., 1998; Perlmutter et al., 1999). From the study
of SNIa light-curves, characterised by a well-de�ned peak of luminosity, it
is possible to extract fundamental constraints on the present-day expansion
rate of our Universe, i.e. the Hubble constantH0.

The most statistically signi�cant tension is in the estimation of the latter
between the analysis of the CMB power spectrum (which is an early type
probe) and late-type probes, which we have just summarised. In particular,
the Planck legacy foundH0 = 67:4� 0:5 km s� 1 Mpc� 1 (Planck Collaboration
et al., 2020), which is in tension at about4:4� with the 2019 SH0ES collab-
oration (Riess et al., 2019), which foundH0 = 74:22� 1:82 km s� 1 Mpc� 1,
from the analysis of 70 Cepheids in the Large Magellanic Cloud. Other mea-
surements, which can be seen all together in Figure 1.4, obtained slightly
di�erent values for H0. For example, from the observation of SNIa, Dhawan
et al. (2018) obtainedH0 = 72:8 � 2:7 km s� 1 Mpc� 1, while the CCPH
(Carnegie-Chicago Hubble Program) collaboration obtainedH0 = 69:8 �
1:9 km s� 1 Mpc� 1 which used Tip of the Red Giant Branch4 (TRGB) mea-
surements in the Large Magellanic Cloud (Freedman et al., 2019).

Another interesting tension in the� CDM is the discrepancy of the Planck
data with weak lensing measurements and redshift surveys about the value of
the derived parameterS8, which is a combination of the total matter density
parameter,
 m , and the amplitude of the growth of structure,� 8, (see Section
2.4 for its formal de�nition), de�ned as:

S8 = � 8

r

 m

0:3
: (1.100)

4The RGB is a stage of evolution of stars that have exhausted their centre hydrogen
fuel, which turned into helium. When the helium core mass reaches0:5 M � , massive
stars violently enhance their surface brightness (helium �ash), as a consequence of the
beginning of carbon production. We observe this precise stage as a tip-feature in the HR
diagram, i.e. as a �xed luminosity, which can be exploited to measure distances in the
local Universe.
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CMB measurements, considering an underlying� CDM model, predicts a
high value ofS8, S8 = 0:834� 0:016(Planck Collaboration et al., 2020), which
disagrees at about2:2� with cosmic shear measurements such as KiDS-450
(S8 = 0:745� 0:039) (Kuijken et al., 2015; Joudaki et al., 2017) and DES
(S8 = 0:773+0 :026

� 0:020) (Dark Energy Survey Collaboration, 2018).
Many works have been focused on these tensions, and in recent years many
theoretical solutions have been proposed, going from Modi�ed Gravity The-
ories (Di Valentino et al., 2016; Planck Collaboration et al., 2016b), in which
the nature of gravity changes with redshift such that theH0 estimate from
CBM can be larger, to alternative DE theories (Karwal & Kamionkowski,
2016; Poulin et al., 2019; Benevento et al., 2020).
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Figure 1.4: Hubble constant predictions coming from di�erent cosmological
probes. The early type measurements are represented in the top panel, while
the middle panel shows the late type measurements and the bottom panel
presents the combination of late type probes and the comparison with the
early types. Credits to Verde et al. (2019).
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Chapter 2

Formation and evolution of
cosmic structures

In the standard model of large scale structure formation, small perturbations
in the primordial density �eld evolve in time and collapse into gravitationally
bounded objects, called DM haloes. In modern cosmological models like the
� CDM, galaxy clusters as well as galaxies are supposed to grow inside these
haloes (see, for example Wechsler & Tinker, 2018). One can constrain the
expansion rate of the Universe, as well as the most important cosmological
parameters, by observing how many collapsed structures exists at di�erent
times. Indeed the more the expansion is fast, the more the gravitational
collapse will be prevented. Therefore, a theory that can predict the size of
perturbations as today, starting from the very early time, is fundamental.

In this Chapter we brie�y describe the origin of primordial �uctuations,
which could be explained through the in�ation model (Section 2.1), then we
delineate the Jeans Theory, through which one can describe the evolution of
density perturbations until they remain in the linear regime. We describe
this theory in the classical case of a static Universe (Section 2.2.1), and also
for the expanding case (Section 2.2.2). In this context, the main role of
DM perturbations in the structure formation paradigm is brie�y outlined in
Section 2.3. In the following Section 2.4, we describe how it is possible to
perform a statistical analysis of the large scale structures in the Universe,
though the latter is, by de�nition, a single object. Finally we discuss the
nonlinear evolution of perturbations in Section 2.5, with a brief description
of the cosmological numerical simulations with which one can mimic the real
properties of our Universe on large scales (Section 2.6).
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2.1 Perturbations from In�ation

In the currently accepted models, primordial perturbations originated through
the so-calledin�ation process, which occurred approximately10� 33 s after
the Big Bang (Starobinski�i, 1979; Guth, 1981; Guth & Pi, 1982; Mukhanov
et al., 1992). In in�ation models, the Universe experienced a period of expo-
nential expansion, reaching a size even greater than the distance that light
could have traveled since the Big Bang. As a consequence, the geometry
of the Universe is forced to be locally �at. This means that in�ation does
not change the overall geometry of the Universe, but only that the radius of
curvature is magni�ed so much that we observe the Universe as locally �at
to a high precision. This could explain our observations about the values for
the density parameters, which show strong evidences for a �at Universe, and
solves the�atness problem brie�y summarised in Section 1.8.2.

At the time of the CMB the Universe shows perturbations on large scales
that have already grown, and this is not possible since baryons were still
coupled with the radiation �eld, which does not allow the formation of per-
turbations on such scales. The in�ation process could also solve this problem,
since every quantum inhomogeneities in the energy density �eld that were
present before in�ation would have exceed the size of the observable Universe
(at that time), causing their amplitude to freeze.

From the Friedmann equations we know that the Universe evolves classi-
cally through a decelerated expansion. In order to have an accelerated one
we need a negative pressure. Such a condition can be satisfy with assuming
the presence of a simple scalar �eld� , called in�aton , which would have per-
meated the Universe at the time of the in�ation (Guth, 1981; Linde, 1983)
Primordial �uctuations then translates into quantum �uctuations �� of the
in�aton �eld.

Furthermore, through in�ation we are able to solve others problems that
a�ects the Hot Big Bang model, such as thehorizon problemand themonopole
problem, which are beyond the scope of this Chapter (please see Liddle, 1999;
Vázquez et al., 2018, for a comprehensive review of these problems).

2.2 Jeans Theory

From an observational point of view, our Universe appears to be quite in-
homogeneous at scale of Mpc, and shows evidences of a highly nonlinear
evolution with �uctuations of the order of 102 on scales of collapsed objects.
We can determine the perturbation amplitude of the density �eld at the high-
est observable redshift by analysing the �uctuations of the temperature of
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the CMB radiation (z ' 1100). The latter are, approximately:

�T

T
' 10� 5 , (2.1)

showing a high level of homogeneity at that epoch, whereT is the mean black
body radiation of the CMB, measured to beT � 2:725� 0:005 K. These
perturbations grow as a consequence of the attractive nature of the gravita-
tional interaction. An excess of density in a given point in the space will pull
the surrounding matter towards it creating larger overdense regions. As we
will describe in this Chapter, these regions eventually form haloes of matter
which, in turn, are able to collapse if larger than a given threshold density.
The same matter falling onto these haloes evacuates from the underdense
regions, which expand creating cosmic voids.

These phenomena can be described analytically adopting the Jeans the-
ory as long as the perturbations remain in thelinear regime, which means
that the perturbed quantities are much smaller than their unperturbed coun-
terparts. Indeed, considering a physical �eldf , this can be expressed as an
unperturbed part f 0 combined with a small perturbation�f = �f (~x; t). The
linear regime is maintained until

�f � f 0 . (2.2)

It is clear that the behaviour of collapsing objects is highly nonlinear, and for
that we generally rely on numerical simulations, since the analytical solutions
are not possible.

Therefore the aim of Jeans theory is to describe the evolution of these
perturbations in linear regime, for non-relativistic matter on scales not ex-
ceeding the cosmological horizon. The latter is de�ned as:

RH = a(t)
Z t

tBB

cdt
a(t0)

, (2.3)

where tBB is the starting time for the expansion of the Universe at the Big
Bang. This quantity represents the points which have had su�cient time
to send information, in the form of photons or other relativistic particles,
at a given time t. Moreover, RH divides the spatial domain in two parts,
and perturbations evolve di�erently depending on their scale. Indeed on
scales larger than the cosmological horizon only the gravitational interaction
is relevant, but it has to be treated by means of a fully relativistic theory. On
the other hand, at sub-horizon scales, the Jeans approach provides a reliable
theory of perturbations in an expanding Universe.
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2.2.1 Jeans instability in a static Universe

Let us consider a self gravitating �uid, like a cloud of gas in a perfectly �at
and static Universe. When the self-gravitational force balances its pressure,
the cloud is said to be in hydrostatic equilibrium. When this balance fails,
the cloud undergoes instability, leading to a collapse if the gravity prevails,
or to an expansion if the prevailing contribute comes from pressure. One
can show that there exists a scale, called the Jeans scale, at which there
is a perfect (unstable) equilibrium between the gravitational force and the
pressure, and it is

RJ =
csp
G�

, (2.4)

wherecs is the sound speed, and� is the matter density of the self-gravitating
cloud. Every perturbation larger than this scale generates a collapse.

Let us consider a homogeneous and isotropic background �uid with con-
stant, time-independent matter density� (~x; t) = const. One can model the
evolution of such �uid with the following set of hydrodynamic equations:

@�
@t

+ r � (�~v ) = 0 Continuity equation (2.5a)

@~v
@t

+ ( ~v � r )~v = �
1
�

r � � r � Euler equation (2.5b)

r 2� = 4 �G� Poisson equation (2.5c)

p = p(�; S ) Equation of state (2.5d)
dS
dt

= 0 Adiabatic condition (2.5e)

where~v is the velocity vector of the �uid element,p the pressure,� the gravi-
tational potential and S the entropy. From the analysis of CMB anisotropies,
it turned out that the primordial �uctuations can be described as adiabatic,
hence we can consider the conservation of their entropyS, which leads to
the barotropic equation of statep = p(� ). The Eqs. (2.5) are satis�ed for a
background solution (which we indicate with a subscript B):

8
>>>><

>>>>:

� B = const

pB = const

� B = const

~vB = 0

(2.6)

Starting from this solution one can introduce a small perturbation�f where
f is one of the variables that describe the �uid, obtaining a perturbed set of
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equations, which describe the evolution of such perturbation. De�ning the
density contrast � as

� (~x; t) �
�� ( ~x; t )

� B
, (2.7)

one can consider the perturbations as superposition of Fourier modes, there-
fore as plane waves:

� = � ~k exp(i~k � ~r + i!t ) , (2.8)

where~k is the wavenumber associated with the Fourier mode,! is the an-
gular frequency (orpulsation) and � ~k = � ~k(t) is the Fourier transform of the
contrast � (~x; t).

The system of perturbed equations can be solved for the density contrast,
leading to the following di�erential equation:

•� ~k + ( k2c2
s � 4�G� B )� ~k = 0 , (2.9)

wherek = j~kj is the absolute value of the wavenumber. The latter equation
has two di�erent solutions:

� ~k / exp(� i! (k)t) , (2.10)

where
! (k) =

p
k2c2

s � 4�G� B . (2.11)

This relation is called thedispersion relation, and describes the behaviour of
the di�erent wavenumber components of the perturbation.

It is easy to see that the sign of the quantity inside the square root in
Eq. (2.11) will determine the evolution of the density contrast �uctuation
of Eq. (2.10). Indeed,! can be real (! 2 R), leading to a perturbation
that oscillates in time with constant phase velocity and constant amplitude
(plane wave), or complex (! 2 C), leading to an exponential growth (positive
solutions) or decrease (negative solutions). The transition value fork between
these two conditions is theJeans wavenumberkJ , for which ! (kJ ) = 0 :

kJ =
2
cs

p
�G� B . (2.12)

With this quantity it is associated the aforementioned Jeans scale:

� J =
2�
kJ

= cs

r
�

G� B
. (2.13)

Perturbations having � > � J will lead to a gravitational collapse, associated
to the growing solution of the dispersion relation.
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Furthermore, we can de�ne theJeans massas the mass of the perturba-
tion contained in a sphere of radius� J :

M J =
4
3

�� B � 3
J . (2.14)

Therefore the Jeans instability criterion, when expressed in terms of the
mass, is:

M > M J . (2.15)

When this is true, the pressure of the cloud is no longer able to counterbalance
the self-gravitational force, and the collapse begins.

2.2.2 Jeans instability in an Expanding Universe

In the case of an expanding Universe, the hydrodynamic equations need to
be modi�ed properly. First of all, the density �eld of the background is
now a function of time � B = � B (t). Also, the velocity of the unperturbed
�uid is no longer null, on the contrary the �uid is subjected to the Hubble
�ow, which contrasts the growth of perturbations. Moreover we need to
distinguish the evolution of perturbations having scale smaller or greater
than the cosmological horizon� H � RH .

Perturbations on scales � > � H

As previously said, this type of perturbations undergoes only the gravita-
tional interaction, therefore we can consider the e�ect of the microphysics
as negligible. This means that perturbations that are associated with scales
larger than the horizon scale are not subjected to any kind of radiative pres-
sure. Therefore, these perturbations can grow inde�nitely.

To derive the rate of their growth, perturbations can be treated as a small
closed Universe evolving in a background Einstein-de Sitter Universe. There-
fore we have two equations, one for the background (B) Universe and one
for the perturbed Universe (p), deriving directly from the second Friedmann
equation:

H 2
B =

8�
3

G� B ; H 2
p =

8�
3

G� p �
c2

a2
. (2.16)

The perturbation Universe is totally enclosed in the background one, thus
their scale factors are initially the same. One can synchronize the two Uni-
verses by equating their two Hubble parameters, �nding the evolution law
for the constrast � :

� (t) =
3c2

8�G
1

� B a2
/ � � 1

B a� 2 . (2.17)
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As mentioned in Section 1.9, the di�erent components of the density �eld
evolves di�erently with time, letting a given component to dominate over
the others. By equalising Eq. (1.66) and Eq. (1.67) one can �nd the redshift
at which the matter and radiation components have the same density. This
redshift, calledequivalence, which we indicate aszeq, is:

zeq =
� 0;m

� 0;R
� 1 ' 3 � 104 . (2.18)

Therefore the background density will be di�erent considering a time before
or after the equivalence time, causing a di�erent evolution for the perturba-
tion. In particular:

� B / a� 4 =) � (t) / a2 / t; z > z eq

� B / a� 3 =) � (t) / a / t2=3; z < zeq .
(2.19)

Hence perturbations on scale larger than the cosmological horizon will always
grow.

Perturbations on scels � < � H

Inside the cosmological horizon also the microphysics, described by the hy-
drodynamic equations, becomes important. The new set of equations is the
following:

@�
@t

+ r � (�~u ) = 0 (2.20a)

@~u
@t

+ ( ~u � r )~u = �
1
�

r � � r � (2.20b)

r 2� = 4 �G� , (2.20c)

where now~u = dr
dt = H~r + ~v is the total velocity �eld, ~v the peculiar velocity

and r = ax the distance in physical units. Considering the perturbed system
of equations, and treating the perturbations as plane waves one can recover
the dispersion relation for an expanding Universe:

•� ~k + 2H (t) _� ~k + ( k2c2
s � 4�G� B )� ~k = 0 , (2.21)

where2H (t) _� ~k is calledHubble friction, which opposes the growth of pertur-
bations, while k2c2

s accounts for the characteristic velocity �eld of the �uid.
As the dispersion relation found for the static case, the perturbations only
grow (or decrease) for� > � J , where now� J depends also onH (t). Therefore
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one has to take into account the cosmological model, and the speci�c cosmic
epoch (namely before or after the equivalence).

For example considering an Einstein de Sitter model withw = 0 (after
the equivalence), one can make the following assumption on the solution of
Eq. (2.21):

� ~k / t � . (2.22)

With this choice, the dispersion relation can be written in terms of� , ob-
taining a second order equation in this variable:

3� 2 + � +
k2c2

s

4�G� B
� 2 = 0 , (2.23)

which has a solution with positive discriminant only for the case� > � J =
cs
5

q
24�
G� B

. The growing mode of this solution can be written as:

� + (t) / t2=3 / a(t) . (2.24)

For a general cosmology, and considering onlyz < zeq, one can use the follow-
ing linear approximation for the growing solution of the dispersion relation
(2.21):

� + / � H (z)
Z z

1

(1 + z0)
a2

0H 3(z)
, (2.25)

which shows that for anopen Universe the growth of perturbations is slower
than for an EdS model, while for aclosedUniverse is faster, as one can expect
from the di�erent rate of expansion.

Finally, during the radiation epoch, in which the radiation component
is dominant over the others, one can show that� J is always greater than
� H , because the sound velocity has a very high value and perturbations are
dissipated by the radiative pressure. Consequently, during this cosmic epoch,
perturbations cannot grow for � < � H . In general, the dispersion relation
that we have found is a second order di�erential equation, hence it has a
solution that can be expressed as the combination of the growing (� + ) and
decaying (� � ) solutions:

� (~x; t) = A(~x)� + (t) + B(~x)� � (t) , (2.26)

where A and B are two functions depending on the comoving coordinates,
while � + and � � are time-dependent. It is possible to derive an approximate
form for the variation of the growing solution, namely thegrowth factor f :

f �
dlnD +

dlna
' 
 0:55

m +

 �

70

�
1 +

1
2


 m

�
. (2.27)
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In this expression we can see how the growth of the perturbations depends
mainly on the value of 
 m , while 
 � , which contributes to the Universe
expansion, does not play a crucial role. The growth factor is of fundamental
importance because the exponent of
 m , 
 ' 0:55, comes from the General
Relativity, thus the measure off can be used to test the underlying gravity
theory of our Universe.

2.3 Dark matter perturbations

The matter perturbations that we described consist of both baryons and DM,
which is assumed to be collisionless. The onset of these instabilities cannot
happen during the cosmological time in which matter and radiation were still
coupled (before the last scattering). In fact, the strong microphysical inter-
actions present during this era would not allow any kind of growth of the
perturbation amplitudes. It is known that the decoupling of DM and radi-
ation happened earlier than the decoupling of baryonic matter. This means
that at the baryon-radiation decoupling, DM already collapsed forming the
�rst structures, called DM haloes. The presence of DM potential well con-
tributed to the growth of baryonic gravitational instabilities, an e�ect called
baryon catch-up. Bound in the potential wells of DM haloes, baryons proceed
to cool, condense, and form the �rst structures like stars and, later, galaxies.
Moreover, to justify the value of density perturbations in formed structures
today, it is crucial to include DM instabilities in our structure formation
model. Let us brie�y see why.

In order to reach at least� � 1 beforez = 0, considering an EdS model,
the starting overdensity �eld of baryonic matter should have been� � 10� 3,
which is in contrast with observations of CMB radiation anisotropies (Eq.
2.1). One might try to solve this problem by considering a closed Universe,
in which perturbations grow faster. However, in a Universe composed only
by baryonic matter the total density parameter should be
 � 20 in order to
justify the observed collapsed structures at the present time, which again is in
contrast with the commonly accepted values
 = 1 from CMB observations
(Sievers et al., 2003; Planck Collaboration et al., 2020).

2.3.1 Cold dark matter and hot dark matter

The formation of galaxies and galaxy clusters follows from the collapse of
DM into haloes before the decoupling of baryonic matter and radiation. We
can de�ne two types of DM particles according to their nature at the time
of their decoupling from radiation. Hot dark matter (HDM) is a kind of
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DM which is still relativistic (i.e. hot) at that time, while cold dark matter
(CDM) de-relativised before decoupling. Consequently, CDM particles are
supposed to be more massive than HDM particles.

Critically important is the concept of Jeans mass that discriminates which
perturbations are able to grow and which ones oscillate. We saw that the
Jeans scale is proportional to the velocity of the perturbation. Considering
the velocity dispersion instead of the velocity (for the non-collisionality prop-
erty of DM), what follows is that for HDM the Jeans scale is large, leading
to a greater value for the Jeans mass. The Jeans mass of HDM computed at
matter-radiation equivalence is estimated to be approximately1015� 16 M � ,
whereas for CDMM J is about 105� 6 M � . This huge di�erence implies dif-
ferent scenarios of structure formation. More speci�cally, HDM favours the
so-calledtop-down scenario in which large-scale structures form �rst, and
smaller structures are formed subsequently by fragmentation. On the other
hand, in the CDM model one has that smaller structures form �rst, and then
larger structures are formed by aggregation through merging (bottom-upsce-
nario). The latter is favoured by observations, since high-z structures tend
to be smaller.

2.4 Statistical properties of the Universe

The Jeans instability theory developed in this Chapter applies only to a sin-
gle perturbation in the density �eld. In general, every single perturbation
can be expressed as the superposition of multiple Fourier modes, i.e. plane
waves, which evolve independently in time. From the fact that we cannot
know the value of� (~x) at every position~x, we need a statistical approach to
this problem. This implies that any comparison between theory and obser-
vations will also have to be statistical. A problem related to this is that the
Universe is a unique object, not reproducible, and this could make di�cult
the construction of a meaningful statistical framework. Nevertheless, we can
exploit the ergodic hypothesis, which states that the result of the mean of
many realizations of the Universe is equivalent to the mean obtained consid-
ering separate, but su�ciently large, volumes in the Universe. According to
this, su�ciently distant regions evolve independently with each other. The
cosmological principle combined with the ergodic hypothesis forms the so
called Fair Sample hypothesis (Peebles, 1980; Coles, 2003).

The density contrast � (~x) can be also expressed as:

� (~x) =
1

(2� )3

Z 1

�1
� (~k)e� i~k�~xd3~k , (2.28)
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i.e. as the inverse Fourier transform of� (~k), which has the dimension of a
volume.

Let us consider now two perturbations on di�erent scales� (~k) and � (~k0).
One can measure the mean quadratic amplitude of the �uctuations with the
so-calledpower spectrumP(k), de�ned through the following formula:

h� (~k)� � (~k)i = hj� (~k)j2i = (2 � )3P(k)� (3)
D (~k � ~k0) , (2.29)

where� � (~k) = � (� ~k) is the complex conjugate of� (~k) while � (3)
D (~k � ~k0) is the

3-dimensional Dirac delta function. The initial shape of the matter power
spectrum is determined by the �uctuations imprinted by in�ation (Guth,
1981; Guth & Pi, 1982). Since the accepted in�ation scenario states that the
seeds of today's structures are generated by stochastic quantum �uctuations
in a scalar �eld (i.e. the in�aton), and that in�ation does not predict any
preferred scale, the initialP(k) should have a power-law form:

P(k) = Akn , (2.30)

where the spectral index is generally assumed to be closed to unityn =
1, which corresponds towhite noise gravitational, i.e. metric, �uctuations
(Zeldovich, 1972). The normalisationA is not constrained by the in�ation
theory and has to be derived from observations. In fact the in�ation scenario
predicts a family of parallel lines of logarithmic slopen, but not a preferred
one.

From the de�nition of the power spectrum descends the Wiener-Khinchin
theorem, which states that the inverse Fourier transform of the power spec-
trum is the two-point correlation function (2PCF), its analogous quantity in
real space:

� (r ) = h� (~x)� (~x + ~r)i =
1

(2� )3

Z 1

�1
P(k)ei~k�~xd3~k . (2.31)

The latter measures theauto-correlation of the �eld � (~x) in positions at a
distance~r from ~x, i.e. the spatial clustering of objects. This represents a
double operation of mean, because the mean is evaluated for all the positions
~x in the Universe, and for all points at a distancer from each ~x. The
dependence of� on the modulus of~r is a consequence of the cosmological
principle, i.e. the invariance of� for translations and rotations.

The 2PCF can also be de�ned as the excess probability, with respect to
a random distribution, of �nding a pair of objects separated by a comoving
distancer , in two di�erent volume elementsdV1 and dV2:

dP12 = n2[1 + � (r )]dV1dV2 . (2.32)

49



The 2PCF is often measured by employing the so-calledestimators, which
are based on the pair counts of objects at di�erent separationr . In order
to estimate the level of clustering of a given galaxy distribution, one has to
compare the latter with a simulated random catalogue, having null clustering.
The most used 2PCF estimator is the Landy-Szalay estimator (Landy &
Szalay, 1993):

�̂ (r ) =
NRR

NDD

DD (r )
RR(r )

� 2
NRR

NDR

DR(r )
RR(r )

+ 1 , (2.33)

where DD (r ), RR(r ) and DR(r ) are the number of pairs of data-data,
random-random and data-random objects with distancer + � r , while NRR ,
NDD and NDR are the total number of data-data, random-random and data-
random pairs in the catalogues, respectively.

In the real space, the assumption of stochastical generation of �uctuations
from the in�ation process implies that their amplitudes have a Gaussian
distribution (Bardeen et al., 1986). A very relevant fact about this property
is that the ergodic hyphotesis becomes atheorem for Gaussian distributed
�elds.

The variance� 2 of � (~x) is de�ned by:

� 2 = hj� 2(~x)ji =
X

~k

hj� ~k j2i =
1
Vu

X

~k

� 2
~k

, (2.34)

where the average is taken over an ensemble of realisations of volumeVu.
By considering the limit Vu ! 1 and assuming the validity of the CP, we
obtain:

� 2 !
1

2� 2

Z 1

0
P(k)k2dk . (2.35)

This relation tells us that the variance of �uctuations is an integrated infor-
mation of the power spectrum.

From an observational point of view, we cannot measure a punctual value
for � , from the fact that in reality the distribution of mass tracers is discrete,
and there is the necessity of averaging on a scale. Therefore it is convenient
to describe the �uctuation �eld as a function of some resolution scaleR. We
can de�ne a density �uctuation from a discrete tracers distribution as:

� M =
M � h M i

hM i
, (2.36)

where hM i is the average of mass found in a spherical region of radiusR.
From this de�nition one can recover the mass variance using (2.34):

� 2
M = hj� 2

M ji =
h(M � h M i )2i

hM i 2
. (2.37)
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The �uctuation � M is related to the convolution of the punctual density with
a window function (or �lter ) W of radius R:

� M (~x) = � (~x) 
 W(~x; R) . (2.38)

For each �lter, one can de�ne a massM = 
 f ��R 3, where
 f is some constant
that depends on the shape of the �lter. UsuallyW(~x; R) is a top-hat �lter:

W(~x; R) =
3

4�R 3
�

�
1 �

j~x � ~x0

R

�
, (2.39)

where� is the Heaviside step function.
From the last two equations and using the convolution theorem, it is

possible to express the mass variance, passing in the limit expressed by Eq.
(2.35), as

� 2
M =

1
2� 3

Z
d3~kP(~k)Ŵ 2(~k; R) , (2.40)

whereŴ is the Fourier-transform of the window function.
Though the normalisation of the power spectrum is not predicted by

in�ation theory, it is often �xed by using the value at z = 0 of the mass
variance computed at8 Mpch� 1, indicated as� 8:

� 2
8 =

1
2� 2

Z
P(k)k2W 2(R = 8 h� 1Mpc)dk . (2.41)

This is a key cosmological parameter, useful to predict the phenomenology of
the low-redshift Universe. It has been measured with a variety of cosmologi-
cal probes such as X-ray cluster counts (Pierpaoli et al., 2003), weak lensing
by large scale structures (cosmic shear) (Refregier et al., 2002), CMB tem-
perature (Komatsu et al., 2009, 2011; Planck Collaboration et al., 2020) wich
have constrained it to be in the range� 8 2 (0:7� 0:9). Also the numer counts
of cosmic voids can provide reliable constraints on this parameter. Though it
has not been exploited as stand-alone probe yet, void number counts will be
soon applied to the upcoming wide-�eld surveys to derive cosmological con-
straints. Contarini et al. (2019) have indeed demonstrated the constraining
power of this statistics by analysing the abundance of voids identi�ed in DM
haloes mock catalogues. An analogous method will be tested in Chapter 5
using voids identi�ed in simulated galaxy distribution.

From the properties of the window function, one can see that the mass
variance tends to its punctual value whenR ! 0, and tends to zero when �l-
tering on large scales (R ! 1 ), because the perturbations are more and more
smoothed. Since the higher values ofk tend to be averaged out within the
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window volume, � 2
M is dominated by perturbation components with wave-

length � � k� 1 > R . Note that the Zel'dovich spectrumof Eq. (2.30),
where n = 1, is a growing function ofk, so larger wavelenghts contribute
less. Moreover, if� (~x) is a Gaussian random �eld, then so it is� (~x; R), from
the fact that the convolution operation preserves Gaussianity. In particular,
the distribution of values for the smoothed contrast becomes:

P(� M )d� M =
1

p
2�� M

exp
h
�

� 2
M

2� 2
M

i
d� M , (2.42)

where P(� M )d� M is de�ned as the probability of having a contrast� M be-
tween � M and � M + d � M .

2.4.1 Evolution of the power spectrum

When perturbations enter inside the horizon in an epoch before the equiva-
lence, the density perturbations are damped by an e�ect calledstagnation, or
Mészáros e�ect(Mészáros, 1974). This e�ect is simply a manifestation of the
fact that the Hubble drag term during the radiation dominated era is larger
than during the matter dominated era. Indeed if one compares the free-fall
time, i.e. the characteristic time that would take a perturbation to collapse
under its own gravitational force, and the Hubble time, i.e. the characteristic
time for the expansion of the Universe, one �nds:

� H

� f f
/ (� m=� R)1=2 � 1; t < t eq

� H

� f f
� 1; t > t eq .

(2.43)

Perturbations stay approximately constant in this regime, and this is the
main e�ect that changes the primordial shape of the perturbations power
spectrum.

Let us consider a perturbation of DM having� > � H . Since� H � RH

expands with time, larger perturbations will enter the cosmological horizon
at later times, hence they will undergo less stagnation (or zero stagnation,
if they do not enter in � H beforeteq). On the other hand, the perturbations
on scales bigger than the horizon continue to grow at the same rate, as seen
in Eq. (2.19), independently of the scale or wavenumber. As a consequence,
the power spectrum at the moment of the equivalence has a peak in corre-
spondence ofkH;eq, that is the wavenumber associated with the cosmological
horizon at the equivalence time. The overall evolution of the primordial
power spectrumP(k) can be summarised de�ning atransfer function T(k).
This function gives the fraction of the power spectrum that is not a�ected

52



by the microphysical e�ects inside the horizon. Considering a generic cosmo-
logical time represented byai and the equivalenceaeq, the transfer function
is de�ned as follows:

P(k; teq) = P(k; ai )T2(k) . (2.44)

For the CDM/bottom-up scenario, one has:

T(k) =

(
k0; k < k H;eq;

k� 2; k > k H;eq .
(2.45)

This function therefore acts as a �lter that blocks larger wavenumbers. The
position of kH;eq corresponds to a physical scale determined by the matter
(
 mh2) and radiation densities (
 r h2). Moreover, the shape of the observed
power spectrumP(k) depends on the amount and the nature of the matter
in the Universe, providing powerful constraints for Cosmology. For example,
if the DM were totally hot, then the matter power spectrum would fall o�
sharply to zero to the right of the peak, as it can be seen in Figure 2.1.

Figure 2.1: The power spectrum at the equivalence time for CDM (solid line)
and HDM (dotted line). The dashed linerepresents the primordial Zel'dovich
power spectrum. Credits to Ryden (2003).

Figure 2.2 shows the matter power spectrum as measured using di�erent
tracers at the present time. According to the theory, the power spectrum on
large scales still has its primordial power-law shape and galaxy clusters trace
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