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Abstract

Teleparallel equivalent of General Relativity (TEGR) is an alternative theory of gravity
that describes gravitational interactions only in terms of spacetime torsion instead of
curvature. This theory can also be nicely formulated as a gauge theory for the translation
group. TEGR, as the name suggests, is believed to be equivalent to General Relativity
(GR) since their corresponding actions are equal up to a boundary term B, which does
not contribute to the equations of motion.

Even though TEGR and GR are dynamically equivalent, boundary terms do affect
black hole thermodynamics. For this reason, one could expect to obtain different results,
if compared to GR, concerning BH thermodynamics in TEGR. However, at least at
the leading order, this turns out not to be the case. Indeed, in this work we compute
entropy and energy of the Teleparallel equivalent of a Schwarzschild BH, and we find
that these values agree with those obtained in GR. Also, we construct the TEGR analog
of the Landau-Lifshitz energy-momentum pseudo-tensor, from which we obtain the total
conserved energy of Teleparallel Schwarzschild BH. This allows us to confirm the previous
results, reinforcing the equivalence of black hole thermodynamics in GR and TEGR at
the leading order.

Upon quantization, however, higher-order terms are expected to show up and spoil
this equivalence. Thus, we study as well one-loop corrections to the partition function.
To this purpose, we employed heat kernel methods to calculate the one-loop divergences
of the effective action of a scalar field minimally coupled to gravity in TEGR. We find
that these divergences are the same as what one obtains in GR. Then, we give some hints
on the analogous calculations for the gravitational sector of the theory. In particular,
we find out the second-order differential operator relevant for the heat kernel method
and we present a simple argument that seems to indicate that the one-loop divergences
of quantum TEGR are the same as in quantum GR too. However, there is a possible
shortcoming concerning 1-loop corrections, discussed in the conclusions, since the needed
counterterms are not expected to have all the symmetries of TEGR.



"L’occhio non vede cose ma figure di cose che significano altre cose.”



Contents

1__Introductionl 3
2 Teleparallel Gravity: gravity and torsion 7
(2.1  Preliminary concepts| . . . . . . . . .. ... o 8
.11 Tetrad formulation|] . . . . . . .. .. ... ... oL 8

2.1.2 Curvature and torsionl . . . . . . . ... ... .. ... ... 11

2.1.3 [ocal Lorentz transformations . . . . . ... ... ... ... ... 13

2.1.4 Irivial and nontrivial frames/ . . . . . . . ..o o000 14

2.1.5 TEGR Lorentz connection and Weitzenbock connection| . . . . . . 16

[2.2  Fundamentals of Teleparallel Gravity| . . . . . .. ... ... ... .. .. 18
[2.2.1  Gravity and Gauge Theories| . . . . . . . ... ... ... .. ... 18

[2.2.2  Gauge transtormations| . . . . . . .. ... 21

2.2.3 Translational covariant derivativel . . . . . . . . ... ... .. .. 23

[2.2.4  Translational field strength and fundamental fields|. . . . . . . .. 25

[2.3  Lagrangian, field equations and equivalence with GR} . . . . . . . . . .. 26
[2.4  Gravitational coupling prescription and particle mechanics| . . . . . . . . 30
2.5 Energy and momentum of the gravitational field| . . . . . . . . . .. ... 34

[3 Black Hole Thermodynamics and path integrals in General Relativity| 37
[3.1 Black Holes Thermodynamics and the Euclidean action in GR} . . . . . . 37
3.1.1 Fuclidean Schwarzschild Black Holel . . . . . . ... ... ... .. 39

[3.1.2  The Gibbons-Hawking-York term| . . . . . . . .. ... ... ... 40

[3.1.3  BH Thermodynamics at the leading order in GR}. . . . . . . . .. 41

[3.2  One-loop Euclidean Effective Action and partition function| . . . . . . . . 42
3.3 Heat kernel methodl . . . . . . . . . . ... .o 45
B.3.1 Generalizations and Master Formulal . . . . . . ... ... .. .. 50

[4 Black Hole Thermodynamics and path integrals in TEGR) 53
4.1 Euclidean TEGR action tor the path integral . . . . . . . . .. ... ... 53
[4.1.1  Equivalence between the GHY term and the TEGR boundary term| 55

4.2 BH Thermodynamics at the leading order in TEGR| . . . . . . . ... .. 57




4.3 A different way to regularize the action . . . . . . . . ... ... ...
[4.3.1 Associated spin connection to a given tetrad| . . . . . . . . . . ..
[4.3.2  Using the spin connection to regularize the action| . . . . . . . ..

4.4 Gravitational energy in TEGR|. . . . . .. ... ... ... ... .. ..

4.5  One-loop corrections in TEGR|. . . . .. ... ... .. ... ... ...
[4.5.1  One-loop divergences ot a scalar field in TEGR] . . . ... .. ..
[4.5.2  Towards one-loop divergences of TEGR|. . . . . . . ... ... ..

b Conclusions|

| Acknowledgements|

[Appendix A |

(Bibliography|

79

82

83

85



Chapter 1

Introduction

Boundaries and boundary terms are very important in many areas of physics. In classi-
cal electrostatic, for example, a fundamental problem is to find the arrangement of the
potential in a given disposition of conductors. The study of this problem is equivalent to
find the solution of the Laplace equation in a space with boundaries, which are given by
the conductors’ surfaces. Another well-known example is the Casimir effect in quantum
electrodynamics. In the simplest situation, the Casimir effect, which essentially is quan-
tum, consists of an attractive force proportional to a=*, where a is the distance between
two conducting parallel plates of characteristic length L such that a < L.

In this work, we focus on a further area in which boundary terms play a dominant role,
namely BH thermodynamics from path integrals [1-4]. Let us briefly discuss why this is
the case. In the path integral approach, the partition function at the leading order is given
by the classical action, which gives the semiclassical approximation to the path integral.
Studying BH thermodynamics, however, it is found that the action is usually divergent.
The most common strategy to cure this divergence has been developed by Gibbons and
Hawking in |3|. It consists of cutting the spacetime at some fixed distance r from the
BH, add a suitable counterterm, and send r back to infinity. Thus, we have to work
with a spacetime with boundary. In presence of such a boundary, we need to add to the
familiar Einstein-Hilbert action a boundary term, called Gibbons-Hawking-York (GHY)
boundary term. Concisely, this is because the Einstein-Hilbert action contains second-
order derivatives of the metric and the presence of the GHY term in the action ensures
the existence of a well-defined variational principle, i.e., a variation of this total action
yields the correct Einstein equations. Consider now a Schwarzschild BH, the system that
we will focus on during the thesis. For a Schwarzschild BH, Einstein equations set the
Einstein-Hilbert action to zero and, then, the action is completely determined by the
GHY term. Therefore, BH thermodynamics provides as well a very good physical reason
to introduce the GHY term. Indeed, without considering it, we would obtain that the
partition function is identically zero.

In this thesis, we deal with the thermodynamics of a Teleparallel Schwarzschild BH,



i.e., the Teleparallel equivalent of a Schwarzschild BH. Teleperallel Equivalent of General
Relativity (TEGR) is a gauge theory for the translation group [5-9]. Because of the
properties of this gauge group, TEGR will differ in many ways from standard gauge
theories. The main difference is the presence of a tetrad field, which, among other things,
ensures the presence of torsion, which turns out to be the field strength of the theory.
Indeed, TEGR describes gravity in terms of torsion instead of curvature. We stress
also that in many theories of gravity including torsion (e.g., Einstein-Cartan theory)
curvature and torsion represent different gravitational degrees of freedom. In TEGR,
instead, they are related to the same degrees of freedom. We notice that this fact, among
the torsional modified theories of gravity, points in favor of TEGR. Indeed, so far, there
is no experimental evidence for new physics associated with torsion. Furthermore, from
the point of view of TEGR, torsion does not geometrize gravitational interactions. In this
theory, test particles do not follow geodesics, but force equations in which torsion appears
in the right-hand side of the equation of motion of a free particle, similarly to the Lorentz
force in electromagnetism. Thus, although torsion has a precise geometrical meaning, it
seems irrelevant for the teleparallel description of the gravitational interactions. TEGR
offers also some advantages if compared to GR. For example, in TEGR it is possible
to split gravity and inertia. Indeed, in this theory gravity is described by a gauge
potential while inertial effects are described by the spin connection. For this reason, as
we will see, it seems possible in this theory to construct a genuine energy-momentum
tensor for the gravitational field. Besides, TEGR can be formulated without the weak
equivalence principle [6]. Since the equivalence and the uncertainty principles seem to
be in contradiction, TEGR could provide a better framework than GR to deal with the
inconsistencies between Quantum Mechanics and gravity.

In the TEGR community, Teleparallel Gravity and GR are usually considered to be
fully equivalent because their actions differ by a boundary term B. This implies that
the two theories are dynamically equivalent, i.e., they have the same equations of mo-
tion. However, little attention is often paid to the TEGR boundary term B, which,
though, should have an impact on BH thermodynamics in the context of Teleparallel
Gravity. Moreover, it seems probable, at least in principle, that the boundary term B
could lead to a modification of BH entropy and energy, spoiling the equivalence between
the two theories. For these reasons, it is worth studying BH thermodynamics in TEGR.
Although somewhat unexpected, we have found that, at the semiclassical level, BH ther-
modynamics in TEGR and GR are precisely the same. This turned out to be, as we will
show later, because the TEGR boundary term B is found to be equal to the GHY term.
After quantization, however, higher-order terms show up in the partition function, which
in principle could spoil this equivalence. This leads us to consider one-loop corrections
to the path integral, which, physically, can be thought of as the contribution of thermal
graviton and matter quanta to the free energy.

Quantum gravity is one of the major open problems of modern theoretical physics.



Many attempts have been made to overcome this problem but it is out of our scope to
give a detailed review of all these efforts. For this work we are interested in a quite
conservative approach to quantum gravity, that is to apply effective field theory (EFT)
methods to gravity using the standard definition of effective action. In this framework,
however, we did not construct the effective action (EA) from first principles. Instead we
just employed heat kernel methods to study the divergent part of the one-loop EA [10-14].
Indeed, this is much easier since the heat kernel method, combined with the background
field formalism, provides a simple algorithm to compute such divergences starting only
with the knowledge of the quadratic action in the quantum fields.

The thesis is organized as follows. In Chapter 2, we give the basics of TEGR. In
particular, we provide some fundamental theoretical tools as the tetrad formulation,
Lorentz connection, and the definitions of its curvature and torsion. Then, we con-
struct TEGR gauging translations, presenting covariant derivatives, the field strength,
the construction of the TEGR Lagrangian, and the field equations. Thereafter, we show
some known results in the TEGR literature that will be useful in the following chap-
ters, like the TEGR gravitational coupling and a proposal for a genuine gravitational
energy-momentum tensor.

Chapter 3 is devoted to recalling some general results which we will employ later. In
particular, we recall the introduction of the GHY term and the computations of energy
and entropy from the path integral for a Schwarzschild BH in GR. Next, we describe the
basics of the heat kernel theory presenting the algorithm for the one-loop divergences
for a quite general class of second-order differential operators. More in detail, the most
general operator that we will consider has the form —g,, V#V" 4+ E, where the covariant
derivative contains both the Levi-Civita and the gauge connection and E is known as
"potential term". This class of operators, which contains second-order derivatives in the
form of a D’Alambertian, are known in the literature as minimal operators.

In Chapter 4, we present our results about BH thermodynamics in TEGR. In par-
ticular, we start showing that the TEGR boundary term B is equal to the GHY. Next,
we present the TEGR analog of the calculations of energy and entropy of a Teleparal-
lel Schwarzschild BH. Moreove, we discuss an alternative way to regularize the action
which makes use of the TEGR spin connection. Thereafter, we show a different ap-
proach to obtain the same values of energy and entropy. Fundamentally, we use an
analogy between the Landau-Lifshitz energy-momentum pseudo-tensor and the TEGR
equations of motion to obtain the energy E as a conserved charge of a suitable current.
Within this approach, we obtain for the energy the same value as before. Using our
result for the energy E, we naively construct the first law of BH mechanics in the form
TdS = dE + odA, where, following reference [6], 0 = —0F/0A is a "surface" pressure
defined in analogy with the ordinary pressure. From this equation, then, we obtain the
entropy, which turns out to be given again by the same value as in the previous case.
Thus, this approach strengthens the GR-TEGR equivalence in BH thermodynamics at



the leading order. The last part of the Chapter is devoted to one-loop corrections to the
partition function. In particular, we will start by considering the divergences at one-loop
coming from the quantization of a scalar field on a classical TEGR background, that we
explicitly compute using the aforementioned algorithm. Interestingly, the divergences
that we find are the same as of a quantized scalar field on a GR (curved) background. In
the conclusions, however, we discuss the probable existence of a shortcoming concerning
the equivalence between TEGR and GR in BH thermodynamics at one-loop. The point
is that the necessary counterterms to regularize these divergences, which are the same
as in GR, are not expected to share all the symmetries of TEGR. Later, we give some
hints on the evaluation of the divergent part of the effective action of TEGR itself. More
in detail, we present a simple argument suggesting that also the divergent part of the
TEGR effective action at one-loop is precisely the same as in GR. However, since TEGR
and GR have deep conceptual differences, it is highly desirable to explicitly obtain the
one-loop divergences. For this reason, we as well obtain the second-order differential
operator relevant to the heat kernel method. Unfortunately, using the Lorentz gauge, we
arrive at a so-called non-minimal operator from which is much more difficult to obtain
one-loop divergences. Due to of lack of time we leave this computation for future work.



Chapter 2

Teleparallel Gravity: gravity and
torsion

Gravity is a peculiar force among the four known universal forces. Indeed, it is well-
known that gravity is equally felt by particles, irrespective of their masses or composi-
tion. Physicists usually refer to this universality as the universality of free falling. This
is a peculiar aspect of the gravitational interaction when compared to the other funda-
mental forces. This universality is what allowed Einstein to build up General Relativity
(GR), a theory describing gravity through the curvature of the spacetime and where
the fundamental variable is the metric of the spacetime. In this case, the underlying
spacetime is a pseudo-Riemaniann space. In the GR description of gravity, we stress a
couple of interesting points for this work. The first one is the very well-known fact that
gravity in GR does not act as a force, but particles follow geodesics lines. The second
one is that in GR inertial effects are geometrized together with the gravitational forces:
they are both contained in the usual Christoffel connection and in general cannot be
separated from each other. In this thesis, we will work with a modified theory of gravity:
the Teleparallel Equivalent of General Relativity (TEGR). TEGR is a theory equivalent
to GR, at least at the level of the equations of motion, which describe gravity in terms
of torsion instead of curvature. In fact, in this context one assumes curvature to be
vanishing. Now the pseudo-Riemaniann space is replaced with a so-called Weitzenbock
spacetime. A Weitzenbock spacetime is essentially a differential manifold equipped with
a Weitzenbock connection (defined below) and so it is a flat but twisted manifold. Al-
though equivalent, to some extent, TEGR is conceptually quite different from GR. For
example, in this theory gravity is no longer geometrized but it acts as a force. As we
will see, geodesics are replaced with force equations where the role of force is played by
the contortion tensor. TEGR offers also some advantages if compared to GR. For ex-
ample, in TEGR it turns out that it is possible to split gravitational and inertial effects
by means of an appropriate spin connection. This intriguing possibility will offer us a
possible expression of the gravitational energy-momentum tensor. The presence of the



spin connection is also crucial for the local Lorentz invariance of the theory. Finally,
TEGR admits a nice formulation as a gauge theory of the translation group, which is
the strategy that we will follow to construct TEGR. In this approach, the torsion tensor
naturally arises as field strength of what will be called translational covariant derivative.
This gauge formulation of gravity is an interesting fact, for example, for quantization
purposes.

In this chapter, we begin by introducing some concepts as tetrads fields, which are
the very starting point of TEGR, and Lorentz connections. Then, we very briefly recall
some crucial aspects of gauge theories with some references to gravitational theories.
We then construct the Teleparallel action and the field equations. Next, we present the
gravitational coupling and particle mechanics. Finally, we discuss the possibility of con-
structing the energy-momentum tensor in TEGR. For this Chapter our main references
are |5H9], which are those reported in the introduction.

2.1 Preliminary concepts

Two very basic objects that will be fundamental in the construction of Teleparallel Grav-
ity are linear frames and tetrads. Linear frames and tetrad fields are constitutive parts of
a differential manifold and they are always present as soon as a manifold is assumed to be
differential. As it is well-known, at each point of a general spacetime, which is a pseudo-
Riemannian manifold M, there is a tangent space T, M with the same dimensionality
of the manifold. This tangent space is seen as a vector space and it is identified with a
Minkowski spacetime. We recall here that the (disjoint) union of all tangent spaces forms
the so-called tangent bundle TM = |J T, M, which will be the geometrical setting for

zeM
TEGR.
Now, the basic idea is to introduce at each point of the spacetime a set of four
orthonormal vectors, constituting a basis for the tangent space, and which transform
covariantly under local Lorentz transformations.

2.1.1 Tetrad formulation

As said, the main idea is to introduce at each point of the spacetime a basis for the
tangent space. Thus, we take four orthonormal vectors {e,}, one time-like and three
space-like, called linear frames

9(€as €) = Nav, (2.1)
which are usually defined only in restricted domains. The whole set of these four vector

fields constitutes the bundle of linear frames, the prototype of principal bundles. Of
course, we can introduce the dual basis (co-frame) {e*} for 1-forms, defined as usual by



the relation
e“(ep) = Op. (2.2)

As always, the coordinates basis satisfy as well a similar relation, dz¥(0,) = 0y, Consider
now that, in their common definition domain, frames and co-frames can be expanded in
terms of the coordinate basis {0, } and the dual {dz*} as

— 1 a __ _a yi
eq = €,"0y, e = e, dz". (2.3)
Conversely, we of course also have
_a
o, =ce

Cas dat = e e (2.4)

From these relations, we easily find that (2.1) can be written as

Guw €5 €4 = Nab, (2.5)
and using dz¥(9,) = e,”e’, e*(ep) = e*,e,” = 0/ we obtain that the inverse relation of
23) is

Guw = Nap €°, el (2.6)

In addition, a general linear basis {e,} satisfies the commutation relations

[eav 617] - fcab €c; (27)

where the anholonomy coefficients, using the expansion of the tetrads in terms of the
coordinate basis, are easily found to be given by

oy = ea“eb”(&,ecu — 0,€°,). (2.8)

The "matrices" e, and e,/ just introduced are called tetrads fields. Since these different
kinds of indices can be confusing, we highlight that our convention is to use Latin indices
to denote the "internal" (or Lorentz) indices a,b = 0,...,3, i.e., living in the internal
space where the gauge transformations will act, while we use Greek indices to denote
"external" (or spacetime) indices p,v = 0,..,3. Lorentz indices are raised and lowered
with the Minkowski metric while spacetime indices are raised and lowered with the
spacetime metric |15].

The inverse relation (2.6) will be of great importance later on. It allows us to find
the tetrads fields once that the spacetime metric is known. However, it is important
to notice that the spacetime metric has 10 independent degrees of freedom while the
tetrads have 16 degrees of freedom. Equation ({2.6]), in fact, determine the tetrads fields
up to local Lorentz transformations e, (x) — Af(z)e’ (x): this is the natural freedom
of choosing an orthonormal basis in Minkowski spacetime.

Tetrads fields give us the possibility to introduce intuitively the concept of spin con-
nection, also called Lorentz connection. To do this we notice that tetrads fields, carrying



them two kinds of indices, allow to define tensors with Latin and /or mixed indices simply
contracting a spacetime tensor 7 with the tetrads. For example,

ay...an __ a1 Qn, 1.0, Bl ﬁn
T brob, = €1 e 5.6, Coy € (2.9)

Once that these quantities with a new type of indices have been introduced, it is natural
to extend the notion of parallel transport also to them. For this reason, one can introduce
some new connection coefficients A% , which undergo the name of spin (or Lorentz)
connection. We can now introduce "full" covariant derivatives of objects carrying both
kinds of indices. For example, we can define

?MT(J/V — aMTal/ 4 I‘WPMTCLP + AabuTbV' (210)

More formally, a Lorentz connection, a particular case of linear connection, can be defined
as a 1-form taking values in the Lorentz algebra

1
A, = §A"bu8ab, (2.11)

where Sy, are the Lorentz generators in some representation. For instance, for a scalar
field ¢ they have the form S, = 0 while for a spinor field 7, in terms of the Dirac
matrices v,, they are Sy, = };[%, ). Of course, the Lorentz connection A transforms
as a good connection under local Lorentz transformation A% = A% (x)

Aty = ATAG (AT, + A0, (A7), (2.12)

in such a way that the covariant derivative built using this connection is Lorentz-
covariant. This covariant derivatives is known as Fock-Ivanenko covariant derivative
and is defined as 9, = 8, — £ A Sq [6].

If we choose to consider that objects like 7 and 7" are the same invariant entity
in different disguises, it is natural to require that the two notions of parallel transport
defined by A%, and by I'V,, actually coincide. Formally, we can ask that the tetrads
fields, which change the type of indices, commute with taking the covariant derivative of
a tensor. A way to impose this condition is to require that the "full" covariant derivative
of the tetrad vanishes

oue”, + A“bueby -7, =0, (2.13)
which is also known as tetrad postulate. Equation (2.13]) can be solved for the general
linear connection as

I°,, =el 0", + eapAabuebl, =e, D€, (2.14)

where Z,, is the Fock-Ivanenko covariant derivative for a Lorentz vector. Alternatively,
it can be solved for the spin connection as

A%y, = e",0ue," + e“VF”pMebp =e Ve, (2.15)

10



where V, is the standard covariant derivative in terms of I'V, . From equations and
(2.14)), which will be very useful for our work, we see that, under the tetrad postulate, to
each spin connection A%, there is an associated general linear connection and vice-versa.

We conclude this paragraph recalling that a connection IV, is said to be metric
compatible if the following holds

The right-hand side, if not zero, is a rank-three tensor known as nonmetricity tensor. In
tetrad formalism, and using (2.13)), equation (2.16]) can be rewritten as

a)\nab - Ada,undb - Adbunad = O) (217>

which can be expressed as
Abau = _Aabu- (218)

From the previous equation, we conclude that the metricity condition holds as long as
we work with a Lorentz connection. TEGR will belong to the class of theories with zero
nonmetricity.

2.1.2 Curvature and torsion

Curvature and torsion are tensorial properties of Lorentz connections. Physicists are used
to speaking about curvature of spacetime. However, working with connections presenting
different curvatures and torsions, it seems more convenient to follow the mathematicians
and consider connections as additional structures over a manifold.

Formally, the curvature of a Lorentz connection is defined as a 2-form assuming values
in the Lie algebra of the Lorentz group

1
R=_-R"

a S.bda" A da”, (2.19)

where the components of the curvature are given by
R, = 0,A%, — 0,A%, + A%, A%, — A% A%, (2.20)

The torsion tensor is also a 2-form but assuming values in the Lie algebra of the trans-

lation group

1 a 14
T = §T vy Pa dz A\ da”, (2.21)

where the components of T are given by

1%, = 0,e’, — 0,e", + A%, e, — A, e, (2.22)

ep~ v

11



Through a contraction with the tetrads and using equation ({2.15)), the spacetime-indexed
quantities are found to be given by the usual expressions

R\, = e, \ R, = B0, — Oy, + 17,17, =17, I, (2.23)

bru

and
pr = eapT“W = F"W — vau' (2.24)

Curvature and torsion tensors can be written also in terms of Lorentz indices only.
Further contracting with the tetrad fields and recalling that A% = A% e/, it can be
verified that

RY%.q = €C(Aabd) - ed(Aabc> + A A% — A% g A — [ aA e (2-25)

and
Tabc = Aacb - Aabc - abc7 (226)

where f%_ are the anholonomy coefficients of the basis {e,}, which can be expressed as
in (2.3). Using equation ([2.26)) for three different combinations of indices, we can express
the spin connection as

A%, = A%, + K° (2.27)

ber
in which . ]
Aabc = i(fbca + fcba - fabc> (228>

is the spin connection of General Relativity (all the quantities of GR will have the empty
circle above), and

1
Kabc - §<Tb Ca + Tc ba - abc)? (229>

is the contortion tensor. Equation ([2.27)) is actually the content of a theorem and will be
of major importance afterwards. Expressing (2.27) through the corresponding general
linear connection, we have the well-known result

(o}

e, = I*, +K*,, (2.30)

nZ

[e]
where T, is the familiar Levi-Civita connection and K7,

contortion tensor, which reads

, 1s the spacetime-indexed

7

1
K?, A6 = §<T”p“ +1,0,=1°,). (2.31)

12



2.1.3 Local Lorentz transformations

In addition to diffeomorphism invariance, TEGR is invariant under local Lorentz trans-
formations, and it is translational gauge invariant. We will consider gauge invariance
later, in section 2.2 We now take into account the issue of local Lorentz invariance.
Essentially, a local Lorentz transformation is a point-dependent Lorentz transformation
taking place in the tangent space. On tangent space coordinates it has form

o' = A% ()" (2.32)
Under local Lorentz transformations, frames and co-frames, of course, will transform as
e = A% (x)e" and o = A L1(7)ey. (2.33)

We have seen from equation ([2.6) that the knowledge of the spacetime metric does not
completely fix the tetrads, but we are left with the freedom to perform local Lorentz

transformations in the tangent space indices. Consider in fact a locally Lorentz rotated
frames {€',}. Then, equation (2.6 becames

g/ﬂ/ — ’)’]Cdelcueldy. (234)

Contracting both side of the previous equation with e *e,”, we obtain that

Nab = ncd(elcuea#)(eldueby)- (2.35)
We see that, if we introduce the matrix
A (z) =€ et (2.36)

then, equation ([2.35)) became the condition for (2.36)) to belong to the Lorentz group.
Therefore, we can say that, in the previous equation, A% (z) is a Lorentz matrix. Next,
inverting equation ([2.36]), we obtain the transformation law for the tetrads under local

Lorentz transformations
¢, = N%(x)e",. (2.37)

We have already noticed in equation (2.12)) that spin connections transform as good
connections. For readability, we report here this transformation law

Ay = NAC G, (A1), 4+ A0, (A7), (2.38)

Then, from their definitions, one can verify in a similar way [6] that R%,, and T9,,
transform covariantly under local transformations

R/abuu = Aac(x)Aad($)Rcdyu7 (239)

13



and
T, = Ay()T",,. (2.40)

This tells us that the spacetime-indexed quantities R’ s 1%, and I, . just as the
spacetime metric, are (local) Lorentz invariants. This fact will guarantee that the TEGR
action is invariant under local Lorentz transformations. Indeed, this action will be con-

structed through the so-called torsion scalar.

2.1.4 Trivial and nontrivial frames

Trivial frames, or trivial tetrads, are frames that are not related to gravitation. Phys-
ically, they represent observers in special relativity; while, mathematically, constitutes
the general linear basis on Minkowski spacetime. Thus, they only exist when gravity is
absent. This class of frames will be denoted as {E,} and {E}, and they are related by
the usual dual relation E*(E,) = 6. They can as well be expanded in terms of coordi-
nates basis as in equations . Moreover they satisfy the commutation relations ,
that now can be written as

[Eas Eb] = [ u Ee, (2.41)

where the anholonomy coefficients are
fcab = EaMEbV (aVECM - 8;LECV) . (242)

A basic property of these frames is that we can identify among them the special class of
inertial frames {E’,}, in which the anholonomy coefficients vanish

F€w=0. (2.43)

This condition is valid everywhere for the class of inertial frames. Namely, it is not a
local property. As usual, frames characterized by this condition are called holonomic,
similarly to coordinate basis.

Another property of trivial tetrads, holonomic or not, is that they relate the tangent
Minkowski space to a Minkowski spacetime, i.e., usually Minkowski spacetime in general
coordinates. Consider the Minkowski metric. In Cartesian coordinates, it takes the
familiar diagonal form

N = diag(+1, -1, -1, —1), (2.44)

but, of course, in any other coordinate system, it will be a function of the spacetime
coordinates. Trivial tetrads fields will relate the tangent Minkowski 7,;, to this spacetime
Minkowski metric 7,,. Thus, equation (2.5)), can be written as

Umy Eaﬂ Eby = Nab, (245)
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as can be easily verified. The inverse relation is instead found to be

N = Nab €%, e’ (2.46)

repeating the same steps as before. Let us present now the concept of nontrivial frames.

Nontrivial frames are defined as those frames whose anholonomy coefficients are re-
lated to both gravitational and inertial effects. In this work, they will be denoted as

{h.} and {h"}. (2.47)

They satisfy relations analogous to equations (2.3)), and to the dual relations as h*(hy,) =
0y. Of course, also the nontrivial tetrad satisfy the commutation relations

[has ho] = fCup P, (2.48)
with anholonomy coefficients given by
fcab = ha#hby (al/hcy - ap,hcy) . (249)

However, f¢, are now related to both inertia and gravitation. In particular, it is not
possible to globally set the anholonomy coefficients to zero, although it is still possible
to have f¢, = 0 locally. The condition f¢, = 0 locally, means that we are working
in a local frame in which inertial effects compensate gravitational effects. Moreover,
nontrivial tetrads relate the spacetime metric and the Minkowski tangent space metric

via the usual relation
G P 1" = Tabs (2.50)

which can be seen as the orthogonality relation g(hg, hy) = Na, in terms of the tetrads
fields. From the dual relation h® h,” = o/ we obtain the inverse relation

Guv = Tab hau hby' (251)
From this equation, we see as well that the metric determinant

g = det(g,.) (2.52)

is related to the determinant of the tetrads by the equation

h=det (h,) = /=g (2.53)

We will frequently use this notation in the following sections.
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2.1.5 TEGR Lorentz connection and Weitzenbock connection

As we will see more explicitly in the next section, in TEGR, since it is a gauge theory, the
gravitational field is represented by a suitable gauge potential and not by a (spacetime
or Lorentz) connection. In particular, this means that in TEGR the spin connection
keeps its special relativistic role of describing inertial effects only. In special relativity,
Lorentz connections represent inertial effects present in non-inertial frames and they are
vanishing in inertial frames. We can see how a Lorentz connection appears in special
relativity starting from relation , and performing a local Lorentz transformation.
Let us denote as {E’',} the class of inertial frames, i.e., those for which the anholonomy
coefficients f¢,, are zero. From the expansion in terms of the coordinate basis (2.3)), and

using the Cartan structure equation dE'® = —1f°, E" A E" =0, we can see that the
tetrads of this class of frames can be represented in general coordinates as
E’a# = 9,2, (2.54)

where 2/ = 2/%(z) is a spacetime dependent Lorentz vector. The relation between the
spacetime metric and the tangent space metric is as usual

W =N B, E”,. (2.55)
Now, under a local transformation, 2’ transform as a Lorentz vector
2% = A% (z)2"” (2.56)
and the holonomic frame E", as
a a b
EY =A (T - (2.57)

Using equation ([2.54)) and (2.56) it is then easy to show that the locally Lorentz rotated
tetrad (2.57) takes the form

B, = 0,2 + fiabuacb = .@.“x“, (2.58)
in which .
Aty = A (@)9,0, () (2.59)

is a Lorentz connection depending solely on the Lorentz transformations, and conse-
quently it only represents inertial effects in the rotated frame. As such, we will refer to
as the purely inertial spin connection, which will turn out to be the TEGR spin
connection. The purely inertial spin connection is simply the spin connection obtained

by local Lorentz transformation of the vanishing spin connection A'*;, = 0. This can be
easily seen from the transformation law (2.12))

A%y, = N (2) AN (2) + A% (2) 0,0, (). (2.60)
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If we start in a frame in which A’“,, = 0, that is an inertial frame, different classes of
frames are reached through local Lorentz transformations, while within any class all the
infinite reference frames are related by global (point independent) Lorentz transforma-
tion. Conversely, starting from a general frame, we can always impose the condition

A"y, = 0, known as Weitzenbock gauge, through a Lorentz transformation. Of course,
this choice breaks the Lorentz invariance of TEGR because we have chosen a specific
class of frames. However, this is not a deficit since it is a sort of gauge gauge fixing
procedure in gauge theories [20] and Lorentz invariance can be restored by using the
appropriate spin connection.

We have seen in equation that to each spin connection corresponds a general
linear connection, because of the tetrad postulate. The spacetime connection correspond-
ing to the purely inertial spin connection is called Weitzenbock connection and, for a
generic tetrad, it is given by

e, =eloue, +el A" bueby =e,S9D,e",. (2.61)

Some comments are in order. To begin with, we recall that the previous equation is
equivalent to assume the validity of the tetrad postulate (2.13]), that for a nontrivial
tetrad takes the form

Ouh®, + A%y h°, —T7 Lk, = 0. (2.62)

In the class of reference frames, in which the purely inertial spin connection fia b 1S zero,
it simply becomes

Ouht, =17 ,,h%, =0, (2.63)
which is the teleparallel condition (or distant parallelism condition), from where Telepar-
allel Gravity takes its name. Of course, this condition holds only in this particular class
of reference frames but, for historical reasons, we shall keep call it in that way.
Next, we notice from equations and that the curvature of a spin connection
depends only on the spin connection, while the torsion depends on tetrad fields too. Of
course, as a purely inertial spin connection, the curvature

Ra bvpy — aVAa b — a,uAa bv + Aa euAe bu — Aa eMAe b — 0 (264)
of the connection ([2.59) is vanishing and, for a trivial tetrad, its torsion too
Ta v — aVEa,u - aHan + Aa el/Ee# - Aa euEeV — 0 (265)

is zero. However, we anticipate that in the next section we will obtain that nontrivial
tetrads can be written as a trivial tetrad plus the gauge potential. Thus, we will see that
for a nontrivial tetrad the Weitzenbock torsion is non-vanishing

T, = 9,h%, — 8,h°, + A® ,he, — A% ¢, # 0, (2.66)
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while curvature, depending only on the spin connection, is still vanishing. In TEGR the
spacetime is flat but twisted. For reference, we mention that from equation ([2.24]) we
immediately obtain the spacetime indexed version of Weintzenbdck torsion ([2.66))

I R L (2.67)

where I'? ,,, is the Weitzenbock connection (2.61) computed using a nontrivial tetrad.
This situation is the opposite of what happen in GR, whose spin connection present
non-vanishing curvature

R" bvp — allAa bp — a,uAa b T A® ez/Ae bp — A® e,uAe bv 7é 07 (268>
but vanishing torsion
Tll v — ayhalu - 8#h(ll/ + Aa eyheu - A(l e#hey - O (269)

2.2 Fundamentals of Teleparallel Gravity

We are now ready to present the Teleparallel Equivalent of General Relativity (TEGR)
or, for short, Teleparallel Gravity. We will construct this theory as a gauge theory for
the translation group. In this section, we start by recalling, very briefly, some basics
facts about (classical) gauge theories and we make at the same time some comments
on the most relevant differences between standard gauge theories and TEGR. Then,
following the usual framework of gauge theories, we introduce gauge transformations,
gauge potentials and covariant derivatives, Lagrangian, and field equations.

2.2.1 Gravity and Gauge Theories

Let us begin with a short and rough reminder about gauge theories. All the details
can be found in many textbooks of Quantum Field Theory (QFT). For physicists, the
prototypes of gauge theories are Yang-Mills’ theories, which have successfully described
three out of the four fundamental forces. Fiber bundles are composite manifolds that
encode all the geometrical aspects of gauge theories. They are composite since they are
obtained by combining, in such a way to have a differential manifold, a base-manifold,
that for us will be the spacetime, and another space of interest, like the gauge group
or any space carrying one of its representations. This bundle is such that in a given
point p of the base-manifold it is locally the direct product of both involved spaces. For
example, the gauge principal bundle is constructed by attaching to each spacetime point
the gauge group G itself. Thus, for a principal bundle, each fiber is a group. Let us now
present some important properties of gauge bundles. The fiber bundle is equipped with a
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"projection" 7 that takes all the points of the fiber in p into the corresponding base-space
point p. Conversely, there is as well a "section" ¢ taking points in the neighbourhood of
p into the bundle manifold.

Along with principal bundles, we also have the so-called "associated" bundles. The
associated bundles are obtained by substituting the group G with one of its linear repre-
sentations. Source fields live in the vector spaces carrying such representations and then
are objects carrying gauge indices, on which the gauge group acts, and depending on the
base space coordinates. Thus, they are subject to gauge transformations

V' (z) = U’ ()W (2), (2.70)

where U ij (x) are the entries of a gauge group element U(z#), representing the action of
the gauge group in the point p of coordinates z*. In this notation, we havei,j =1,2,...,d,
where d is the dimension of the representation of the group. The gauge group element
can be expressed through the exponential representation as

U'i(z) = {exp ["(2)T}] }Z

i (2.71)

where T}, are the group generators in a given representation, eb(x) are the group param-
eters, where b = 1,2, ...,n and n is the dimension of the group. The generators 7T}, satisfy

the commutation relations
[To, T = fuT, (2.72)

where, of course, f¢,, are the structure constants of the gauge group. We recall that the
adjoint representation is defined by the fact that the generators, denoted by J,, are n xn
matrices with entries given by the structure constants

(Ja)% = fap (2.73)

We can also express the gauge transformation dropping the matrix indices as
U'(z) = exp [e"(z)T;] V(z). (2.74)
The corresponding infinitesimal transformation is obtained for |*(z)| << 1, and it reads
§U(z) = V' (x) — U(2) = (2) T, ¥ (). (2.75)

Then, one can introduce the gauge boson field, a 1-form taking values in the Lie algebra

of the gauge group, as
Ay =TAC dx", (2.76)

from which, starting from the general definition of covariant derivative

OV (x)
Hoeb(x)’

D,V (z) =0,V (x) — A (2.77)
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and using the infinitesimal transformation ([2.75)), we arrive at the conclusion that the
covariant derivative acting on matter fields is

D, V(z) = 9,V (z) — A" T, ¥ (x), (2.78)

where now the gauge potential takes values in the appropriate representation, concerning
the matter field ¥, of the gauge group. After imposing, as usual, a suitable transforma-
tion law on the gauge field, the covariant derivative (2.78)) truly transforms in the same

way as the field ¥ on which it acts. Basically, if ¥ transforms as in equation ([2.70)), its
covariant derivative transforms in the same way

D' \V'(x) =U(z)D,¥(z). (2.79)
Then, imposing this condition we find that the gauge potential has to transform as
A, =U@)AU () + U(2)0,U  (2). (2.80)

The gauge potential, which is a connection, belongs to the adjoint representation, and
so the generators in (2.80|) are the structure constants. Then, the infinitesimal version

of (2.80)) is

a a a a a b _c a
0A%, = A =AY = [(‘%e (z) = f5A € (x)] = —D,€e"(x), (2.81)
where D), is the gauge covariant derivative in the adjoint representation.

The field strength of the theory is defined as the commutator of covariant derivatives

Fu(x)=F, (v)T, = [D,, D], (2.82)
where [, is given by
B (r) = 0,A%, — 0,A%, + [, Abu AC,. (2.83)

Under gauge transformation, the field strength transforms as
F',=U(x)F U (2), (2.84)

that infinitesimally is
a a a a b rc
5FW:F’ o — Fo = e € F. (2.85)
To end this brief reminder about gauge theories we recall that the Yang-Mills Lagrangian,
from which we derive the dynamical equations for the gauge potential, is defined as

1
L=L,— 1 Yab Fe F (2.86)
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where
Yab = Tr (Jan) = fcadfdbc (287)

is the Cartan-Killing metric, which is a metric only for semi-simple groups (notice that
for the group U(1), for example, it is not defined), since for non semi-simple groups
Yab is degenerate. L, = L (V, D, V) is the matter Lagrangian obtained from the free
Lagrangian using the minimal coupling prescription: 9, — D,,.

Let us now make some additional comments about TEGR as a gauge theory. GR
presents some problematics as a gauge theory (as well as TEGR actually). Concerning
GR, some of the more relevant problems are

e the fundamental field of a gauge theory is the gauge potential, while, in GR, there
is a connection (Levi-Civita connection) but it is not a fundamental field: it is
uniquely defined by the metric which is the true fundamental field.

e Usually, gauge Lagrangians are quadratic in the curvature while the GR action is
linear in the curvature.

e Gauge interactions are mediated by forces, in GR a gravitational force is absent.

We can ask if there is a way to describe gravitation in an alternative fashion more closely
related to a gauge theory. Let us take Electromagnetism (EM) as example. EM is a gauge
theory for the group U(1). In this theory, the source of the electromagnetic field is the
electric current, which is the conserved current associated, through Noether’s theorem, to
the invariance of the Dirac Lagrangian under global U(1) transformations. Then, to keep
the Dirac Lagrangian symmetric under local U(1) transformations, we introduce a con-
nection (the gauge potential) assuming values in the Lie algebra of U(1) and transforming
in a suitable way. Analogously, the gravitational field source is the energy-momentum
tensor. According to Noether’s theorem, the energy-momentum tensor is the conserved
current associated with the invariance of the Lagrangian under spacetime translations.
Therefore, the idea of relating TEGR, or more generally gravity, to translations is very
natural. However, as we will see briefly below, extending that link to a gauge theory of
the translations group could be more subtle.

2.2.2 Gauge transformations

Let us now start to build up TEGR gauging translations. For TEGR the geometrical set-
ting is the tangent bundle. Tangent bundles are constructed taking a (pseudo)Riemannian
spacetime R*! as base-space and as fiber the Minkowski tangent space M = T,R*!, in
which gauge transformations take place. For TEGR a gauge transformation is a point-
dependent translation of the T,R*! coordinates

' = a% + € (2*). (2.88)
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The infinitesimal version of this gauge transformation is
62" = € Py, (2.89)

where, of course, P, are the generators of translations

o _p (2.90)

= Oza as

which obviously satisfy the commutation relations

P,

[P,, P)] = 0. (2.91)

The tangent bundle is more closely related to the spacetime structure than the usual
gauge principal bundle. The main difference, as already mentioned, is the presence of
soldering. Soldering ensures the presence of tetrad fields, indeed it is using tetrad fields
that internal indices can be transformed into spacetime indices. We can notice from
equation that, essentially, the torsion tensor is the Lorentz covariant derivative
of the tetrad fields. Thus, in usual non-soldered gauge theories, torsion is simply not
existent.
Source fields ¥ are usually defined as local sections of the fiber bundle

Uy : Voa(V)~V xF, (2.92)

where 7 is the bundle projection from the fiber into the spacetime, V' is an open set of
the spacetime, F is a fiber and ~ indicates that 7=(V) is diffeomorphic to V' x F a
general property of tangent bundles known as local triviality. This diffeomorphism is
called local trivialization and can be indicated as

dy (V)= V xF (2.93)

Using the local trivialization ¢, the local section Wy can be equivalently expressed as
the application
o gyt (2, 2%, (2.94)

where the coordinate set {#*} indicate a point in spacetime and {z*(z*)} a point in
the fiber attached in the point x#. Then, a source field, is an object that by definition
depends on both z# and z* (here a = 1,2, ...d, with d the dimension of the fiber)

U= (2", 2% = U (zM). (2.95)

The last equality holds for usual Yang-Mills-like gauge theories, where the fiber are
finite-dimensional vector spaces (carrying unitary finite-dimensional representations of
the gauge group) and, then, the source fields are finite multiplets in which the internal
coordinate are the components. For TEGR, a fiber is a copy of the entire Minkowski
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spacetime, i.e., it is not finite. Then, in this case, the continuum coordinates z*(z*) (we
continue to use the notation x* to emphasize that the tangent Minkowski space is the
fiber) takes the role of the components of the multiplet and then the source field can be
written as

U= (2% (z")). (2.96)

After that, it is immediate to find that, under a gauge translation of the kind (2.88)), ¥
transforms as

OV (% (z#)) = € (z#) 0,V (2 (zH)), (2.97)

or more easily

5 = €20, V. (2.98)

Equation gives the variation of the matter field at fixed x® and x*: the typical
gauge transformations. We conclude this subsection by saying that, for quantum mechan-
ical reasons, the representation of the gauge group must be unitary. It is, however, well-
known that only compact groups have finite unitary representations; for non-compact
groups as translations, unitarity is jeopardized.

2.2.3 Translational covariant derivative

We have just seen that matter fields ¥ = U (z* (2#)) transform under a gauge transfor-

mation ([2.88)) as
S0 = 9,0, (2.99)

Then, as usual, under a local translation € = €* (z*) the ordinary derivative d,¥ does
not transform covariantly

5(8,7) = 0o (0,T) + (9,4¢") D, V. (2.100)

To introduce a derivative that transforms covariantly under a gauge transformation, we
have to introduce a gauge potential B, taking values in the Lie algebra of the gauge

group, i.e., translations
B, = B%,P,. (2.101)

We can then introduce the translational gauge covariant derivative h,

h, ¥ =0,¥ + B*,0,V. (2.102)
This derivative transform covariantly under gauge transformations

d(h, V) = €"0,(h, V), (2.103)
if the gauge field satisfies the transformation law

B, = — e, (2.104)
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Then, the translational coupling prescription is obtained by substituting ordinary with

covariant ones
GM\D — h, V. (2.105)

We notice that, because of the soldering property of the bundle, equation ([2.102) can be
rewritten as

h, ¥ = halﬁa\ll, (2.106)
where h“u is a nontrivial tetrad field of form
h“u =0,2" + B“u. (2.107)
Of course, to be nontrivial it has to satisfy
B‘lﬂ # 0,€, (2.108)

because otherwise B, would be only a gauge transformation of the nontrivial tetrad.
Next, from equation (2.107)) we can see that we are working in the class of reference
frames in which the spin connection vanishes. Indeed, we recognize in 9,2 the trivial
tetrad . Thus, to obtain the translational covariant derivative in a general frame,
we proceed as before and we apply a local Lorentz transformation

z* — A% (v)2’, (2.109)
under which the matter field transforms in the usual way
U — U(A)W, (2.110)

where U(A) is a Lorentz transformation in the appropriate representation for W. Taking
into account that the gauge potential is a Lorentz vector in the tangent space index, that
is it transforms as

B*, — A%(z)B",, (2.111)
one obtains |6] that the translational covariant derivative
h, ¥ = h",0.7, (2.112)
is expressed using the tetrad field
ht, = 9,a° + A" 2’ +B°,, (2.113)
ZQ'MSC“EEG#
and where A? p, is given by
A%, = A ()0, (). (2.114)
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In the previous equation, we recognize the purely inertial spin connection ([2.59). Thus,
we can write the tetrad field more compactly as

ht, = E%, + B, (2.115)

where E?, is the trivial (that is non gravitational) part of the tetrad. In the class of
reference frames in which the spin connection is non-vanishing the gauge transformation
of the gauge potential is

IB%, = ~ 9, (2.116)
instead of (2.104]). Now it can be easily verified that the tetrad (2.113)) is invariant under
the gauge transformations dz® = €® P,z® and 0B, = —Pe":

o, = 0. (2.117)

This important result ensures the translational gauge invariance of the torsion tensor
and consequently of the TEGR Lagrangian.

2.2.4 'Translational field strength and fundamental fields

Finally, we are ready to obtain the translational field strength: the torsion tensor. The
translational field strength can be obtained with the usual recipe of gauge theories, that
is taking the commutator of gauge covariant derives . From the translational gauge
covariant derivative just presented, it is easy to obtain

[Py b)) = T (%) P, (2.118)

where the translational field strength is

T°,, = 8,B°, — 9,B°, + A%, B, — A",,B°, = 9,B", — 9,B". (2.119)

As the notation already indicates, it is easy to show that the translational field strength
is nothing else but torsion. To reach this result, we add to the right-hand side of (2.119)

the vanishing piece

) (.@x) ~ 9, (9@:&) - [éu,éy} " =0, (2.120)
Then, we obtain
j:a;w = .u <92an + Ba,,) - -@.y (92“-1'(1 + Ba,u) . (2.121)
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In the previous equation, we recognize the nontrivial tetrad (2.113)
ht, = Z,x" + B, (2.122)

We arrive at the conclusion that the translational field strength is just the torsion tensor
(2.66))

T = 2,0°, — 2,h°,. (2.123)
We conclude this paragraph by stating that, since the tetrad field is invariant under
gauge transformations (2.117)), then also the torsion tensor is invariant under gauge
transformations

T =T, (2.124)
This is a somewhat expected result since the translation group, as the group U(1) of
electrodynamics, is abelian.

In TEGR the gravitational field is fully represented by the gauge potential B, a
1-form taking values in the Lie algebra of the translation group

B = B°,P,di". (2.125)

Indeed, the fundamental Lorentz connection of TEGR is the purely inertial spin con-
nection, as can be seen in (2.113), which depends only on Lorentz transformations. As
already said, this means that in TEGR the spin connection describes inertial effects only,
as in special relativity. Now we can as well better understand why holds. Consider
a nontrivial tetrad

ht, =e", + B, with B% # 9,€" (2.126)
thus, the torsion tensor for a nontrivial tetrad will be, in general, non-vanishing

T = 2,0°, — 2,h°, . . (2.127)
=0,B%, —0,B%, + A%, B, — A%, B, # 0.
As repeatedly said, the fact that the fundamental Lorentz connection of TEGR is the
purely inertial spin connection means that its curvature is always vanishing. This also
tells us that the fundamental linear connection of TEGR is the Weitzenb6ck connection
, in terms of which we can express the spacetime indexed torsion as in (2.67)).

2.3 Lagrangian, field equations and equivalence with
GR

As a gauge theory for translations, the action of TEGR can be written in the general
form

. 03 .a .b
S = 167rG/nabT AT (2.128)
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In this equation, T is the torsion 2-form

1 e
T = ET“Wd:U“ A dz” (2.129)

and 7" is the associated dual form
o 1
* T = 5 (*T“ ) dx" A dx”, (2.130)

defined using the generalized dual form for soldered bundles [6]

. h
* T, = 56#,,&55“0‘6. (2.131)

Finally, we recall that h = det (h“u). Consequently, the TEGR action (2.128)) can be
written as

1 ° °
S = Soh /Tam, <*T“pg) dz* A dx¥ N dxP A dx?, (2.132)
c

where k = 87G/c*. Using then the definition of the generalized dual for soldered bundles
as well as the identity

dz* A dz” A da? A da® = —eP hd*z, (2.133)

we can arrive to write the action functional (2.128]) as

S = 4;{ T, S hd'z. (2.134)
In this equation
oo g (R o i, 2159
is called superpotential and
K, = o <%W,, LT 7"#”,,> (2.136)

is the contortion tensor of the Weitzenbock torsion (2.67). From the TEGR action
(2.134), we read the Teleparallel Lagrangian density

) ct h

- cth e

s L S = 7TGTW,,SW (2.137)
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where the last equality is obtained through obvious contraction with the tetrads. Using
now the identity

KF o =T, (2.138)
the TEGR lagrangian ([2.137)) can be rewritten in terms of the contortion only as
° C4 h .,ul/p ° . i . ,
L= e K"PK,,, — K" ,K",, | . (2.139)

Using the definition of the contortion tensor (2.136), it can as well be written in terms
of the torsion tensor only

fo G TP T," + % 0, T, — 17, T%) . (2.140)
Some comments are in order. We see, from the previous equation, that the first term is
the usual Lagrangian for the gauge fields. The presence of the other two terms can be
understood from the soldering character of the tangent bundle: the tetrad field allows
internal and external indices to be treated on the same footing, and, consequently, new
kinds of contractions become possible. Contracting with the tetrads, the Lagrangian can
also be written in terms of Lorentz indices only as

. h 1 d b 1 L4 b ° L "
L= Tom <Z_l T%. T, + 3 T%. T, — T%, T, | . (2.141)
From this equation, we see that, since the torsion tensor transforms covariantly under
local Lorentz transformations, each term of the Lagrangian is a Lorentz invariant inde-
pendently from the values of the coefficients.
Consider now the Lagrangian

L=LA+L, (2.142)

where L is the TEGR Lagrangian and L,, is a general matter (or source) Lagrangian.
Varying the full Lagrangian [2.142] with respect to the tetrads fields, or equivalently
with respect to the gauge field, it can obtained, after a lengthy calculation, the TEGR
equations of motion for the gravitational field [6]

9, (h S“) kRS = khO,F. (2.143)

In the previous equation, we have
[

hoSH =k (2.144)

a(0,he,)’
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where S/ is the superpotential defined in equation (2.135]), whereas

. aﬁ. h ° . . h e °
h]}=———=—-hyL S" T, —h}/L+— A%, S.H1 2.145
a aha“ k a c P a + k c ( )
is the analogue of the gauge current. The remaining term, which reads

Ly _ <a£5

h@ap - — =

0L,
S, ~9 > : (2.146)

ohe, ~ " 9,0he

it is instead the energy-momentum tensor for the matter field. We can also recast the
equation of motion ([2.143]) using spacetime-indexed quantities. We do this starting
from and expressing 9,h,* using the Weitzenbock connection without the spin
connection. In this way it can be obtained that

Elf =0, (h Sf") + k:htlf = kh@}j’. (2.147)
where . L. . .
ht[ = Eh %, SJ°+ 5[;/; (2.148)

is the spacetime-indexed gravitational energy-momentum pseudo tensor [§].

It is now quite easy to see the equivalence between TEGR and GR. To this purpose we
recall that any connection satisfying the metricity condition can be decomposed
as the sum of the Levi-Civita connection plus the contortion torsion (2.30). This, in
particular, holds for the Weitzenbdck connection

I = T% + K, (2.149)

where K*,, is the contortion tensor ([2.31]). If we insert this decomposition in the general
formula defining the Riemann tensor

Ry = 0,175, — 0,17, + 17,17\, = 17,17, (2.150)

it is only a matter of calculations to see that the curvature undergoes a similar splitting

ROy = ROy + Qs (2.151)
where . . ] o o
Rp)\uu = aurp)\u - aurp)\y + Fp«/yl—w)\u - pryul—vy)\y (2152)
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is the Levi-Civita curvature, and Q’,,,, is given by

v =00 K 5 — DK sy + T K7y, — T, K7,
@ A T A A (2.153)

- FUAVKPUM + FUAqum/ + KPUMKU)\V - KpUVKU)\/u

which is a tensor written in terms of the Weitzenbock only. We have said many times that

the curvature of the Weitzenbock connection vanishes R’y,, = 0. Using this condition

in equation (2.151]), it becomes
Q"= —R (2.154)

Taking the usual contractions to obtain the Ricci scalar, this equation yields the afore-
mentioned TEGR-GR equivalence

. . . . 2 . o
Q= (KWPKW - K“pMK”py) + 70, (h T”’“‘l,) = —R, (2.155)

where R stands for the Ricci scalar. Thus, taking into account the expression of the
TEGR Lagrangian in terms of the contortion tensor only (2.139)), it can be verified that

° o h . o 1 o
= _ ___ TvH ./
L=L-0, (87T T > . L=—1VgR (2.156)

So, as claimed, the TEGR Lagrangian is the same as the Einstein-Hilbert up to a bound-
ary term depending only on torsion

B=0, <8% :ﬁ%) . (2.157)

We will refer to this boundary term as the TEGR boundary term and later it will be of
central importance.

2.4 Gravitational coupling prescription and particle me-
chanics

We now tackle the problem of the gravitational coupling prescription. In TEGR exists a
coupling prescription completely equivalent to the gravitational coupling in GR [6]. The
TEGR coupling is composed out of two parts:

e Translational coupling prescription. It is universal and it comes from the require-
ment of translational gauge invariance.
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e Lorentz coupling prescription. It is non-universal, since it depends on the matter
content, and it comes from the requirement of local Lorentz invariance.

Let us begin with the translational coupling prescription. The minimal coupling prescrip-
tion in gauge theories amounts to substitute ordinary derivatives with gauge covariant
derivatives. Considering a generic matter field ¥, it amounts to substitute

9,9 — h, V. (2.158)
Where h,, is the translational covariant derivative. Rewriting this equation as
E*,0,% — h?,0,V, (2.159)

we see that the minimal translational coupling is equivalent to substitute a trivial tetrad

with a nontrivial tetrad
E“# — h“u. (2.160)

Fundamentally, this substitution is equivalent to the replacement

Nuv — Guuv, (2161)

since £, and h?, satisfy the relations ., £, E®, = Ny and ngp R, h®, = g, respec-
tively. Let us now consider the Lorentz part of the coupling. The requirement of local
Lorentz covariance introduces, even although it is not a dynamical symmetry, an ad-
ditional coupling that, loosely speaking, amount to substitute ordinary with Lorentz
covariant derivatives. The Lorentz coupling can be obtained from the general covariance
principle [6], and it amounts to perform the substitution

0¥ = Fu U = ha¥ — = (A% — K') S0, (2.162)

Combining now the translational coupling prescription (2.159)) and the Lorentz coupling

prescription ([2.162)), and using the TEGR spin connection A%, and its contortion, we
arrive to the full gravitational coupling prescription

a a _1a i .bc .bc
E®,0,% — 1", 2,V = h?, {halll —3 (A o — K a) Sbcllf] . (2.163)
It is immediate to see that the full gravitational coupling can be written also as

0.V = 9,0 = 9,0 — % (Abcu - Kbcu) S, (2.164)
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Recall that for a Lorentz vector ¢¢ the Lorentz generators are (Sp.)% = i(080cq — 08ba)-
Thus we have Sp¥U = (Sp.)%¢? Then, for example, the full gravitational coupling
prescription for ¥ = ¢? takes the form

0,9" — éucﬁd = 0,0 + (Adcu — de> ¢°. (2.165)

The corresponding spacetime version is obtained contracting with the tetrads [6], and it
reads

0,9” — %uqﬁp = 0,0" + (F.%M - IEPM) . (2.166)
We notice that, because of the relation ([2.27))
Aty = A~ K0, (2.167)
the TEGR gravitational coupling is equivalent to the GR gravitational coupling
9,0 = 9,0. (2.168)

From the gravitational coupling, we can derive the equation of motion of test particles
using a variational principle. We begin with the equation of motion of free particles.
Then, using the coupling prescription, we obtain the equation of motion of gravitationally
coupled test particles. We present now the equivalence with the geodesic motion. We
begin with Minkowski spacetime, whose quadratic spacetime interval reads

do® = n,da"dz”. (2.169)

Recalling that the four-velocity is defined as w, = %", we can express the spacetime
interval as

do = u,da* = (B u,) (EE) = ug B, (2.170)

where we have used that £ E.* = o7. Then, the action functional for a free particle of
mass m is given by

S = —mc/da = —mc/uaEa. (2.171)
Remembering that a trivial frame can be expressed as (cf. (2.58))

E® = dz® + A%, 2 da*, (2.172)

our action functional is now written as
S = —mc/ua (dx“ + A“buxbdx’”> : (2.173)
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Taking the variation under spacetime coordinates change z* — z* + dz*, and using

Sa = Buatdat,  6AY, = 9,A%.00", (2.174)

one can arrive at the variation [6]

55 = mc / [Eau (% — A”apubup)] dodzt. (2.175)
Imposing 65 = 0 and using the arbitrariness of dx*, we obtain the equation of motion
for a free particle
du,
do
We can easily obtain the equation describing the motion of particles interacting with
gravity following the gravitational coupling prescription. In equation (2.171)) we easily
substitute the trivial tetrad with a nontrivial tetrad (since there are no derivatives). One
obtains the action functional for a gravitationally interacting particle of mass m in the
form

— A upu’ = 0. (2.176)

S = —mc/ds = —mc/uah“, (2.177)
where ds is the spacetime interval
ds = w,dz" = ugh?, (2.178)

obtained from ds* = g, dx*dz” with the same steps as before. Taking now the variation
of (2.177)) with respect to spacetime coordinates and using

oz = 0,z ox", 0A%,, = 0,A%,02", 0B, = 0,B,0x" (2.179)
one obtains
o (dua 3 b
0S = mc h, i A pupu’ | =17, upu’| ds ozt (2.180)
s
Then, the equation of motion is
duy .b P .b p
R A% pupu? =T yupul. (2.181)
Making use of the identity
Tbapubup = —Kbapubup, (2.182)
the equation of motion for the gravitationally interacting particle becames
dug .b p .b p
T A gpupt? = — K7 upu?, (2.183)
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while its contravariant form is easily found to be

du” .a b, p .a b, p

7 + A% uu = K% u'uf. (2.184)
These equations are the teleparallel version of the equations of motion for a particle of
mass m in a gravitational field. As already claimed, they are force equations in which the
contortion (or torsion) tensor takes the role of gravitational force. Now, from equation
is easy to see the equivalence with the geodesic equation. Contracting with the
tetrads and using the tetrad postulate , it becames

dut S oo Y
E +T U’ = K U, (2185)
and through the equation
It ufu” — K ufu” =T ufu” (2.186)

we find that (2.185) is exactly the usual geodesic equation.

2.5 Energy and momentum of the gravitational field

We close our introduction to TEGR by presenting one last interesting result. That is the
opportunity to obtain in TEGR a true tensorial expression for the energy-momentum ten-
sor for gravity. This intriguing result is due to the possibility of separating gravitational
and inertial effects by the means of an appropriate spin connection. Indeed, gravitation
is represented by the translational gauge potential, while inertia by the purely inertial
spin connection. Now, the sourceless gravitational field equation of TEGR is

0, (h Sa‘“’) —khJ} =0, (2.187)
where, we recall for readability, that the superpotential is ([2.135|)
St ==-S"=K",—hT", +h}T,, (2.188)

while the energy-momentum current is given by

. 1 . 1 . .
guo 1oL 1 hy So*TC,, —

© " hohi, &k

MRy G e (2.189)
Rt e e '

The central point is that the term of the field equation containing the derivative of the

superpotential and the last term of the expression for J* (the one proportional to the
spin connection) make up a Lorentz covariant derivative

o, (15 ) = Jar (nSi07) = 5, (), (2190)
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that acts on the algebraic indices only. Consequently, we can re-express the field equa-
tions as

9, (h S“) — khtF =0, (2.191)

where ¢ /', absorbing the last term of equation (2.189)) in the Lorentz covariant derivative

2,, is given by
° 1 ° ° h M e
= b S T, — =L, (2.192)

which is a tensorial current. Taking now into account that
{QM, .@V} =0, (2.193)

since the TEGR spin connection has vanishing curvature (differently to GR), we arrive
to conclude that

2, (htf) =0, (2.194)
because of the antisymmetry of the superpotential S ** = —S,"#. Then, we see that

we can interpret ¢/ as the energy-momentum density of the gravitational field only.
Basically we have split the non-covariant energy-momentum current as

JH =tk In (2.195)
where . { - .
1) = Ay 57 (2.196)

can now be interpreted as the energy-momentum density of inertial effects. We recall
that the covariant conservation law does not lead to a conserved quantity, while
instead we see, once again because of the antisymmetry of the superpotential, that the
total non-covariant energy-momentum current satisfies a true conservation law

O (hJa“) =0. (2.197)
Thus, we can say that the usual expressions for the gravitational energy-momentum
density are pseudotensors because they contain, in addition to the energy-momentum

density of gravitation, a contribution coming from inertial effects. We conclude with an
important observation for the following sections. If one makes use of the identity

dh=h T",=h ( I, — Kp) , (2.198)
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the conservation law 0,(h.J,?) = 0 can be rewritten in the covariant form

a

D,J.P=08,]" + ( %y, — K’ﬁp> J) =0, (2.199)

where D, is the so-called teleparallel covariant derivative. Next, we notice that ty,

equation ([2.148)), is not merely the gauge current J ” with the internal index changed to
a spacetime index. Indeed, from the derivative term in equation (2.143)), we get an extra
piece

tf = h"\Jf +k T, S,7. (2.200)
We can as well notice that, like the gauge current (h.J?), also the pseudo tensor (ht:f)
is conserved because of the field equations

0,(htf) = 0. (2.201)
However, because of the pseudotensorial character of ¢, this conservation law cannot
be expressed with the Teleparallel covariant derivative. Moreover, it can be shown that
it corresponds exactly to the Moller energy-momentum pseudotensor. Due to these
features, we can say that the gauge current, which is a true spacetime and gauge tensor,

it is an improved version of the older Moller expression [§] and so we will use J” to
define an energy-momentum vector.
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Chapter 3

Black Hole Thermodynamics and path
integrals in General Relativity

In this chapter, we introduce the theoretical tools that we will use to study BH ther-
modynamics in Teleparallel Gravity. We begin by presenting the calculation of the
Schwarzschild BH entropy and energy from the Euclidean Path integral, mainly follow-
ing [1H3]. After that, we give a tool to study one-loop corrections to the partition func-
tion, the heat kernel method. For the heat kernel method we will mostly follow [10.{12}/14].

3.1 Black Holes Thermodynamics and the Euclidean
action in GR

The basic idea of the path integral approach to BH thermodynamics is to exploit the
well-known formal analogy between the canonical partition function and the Euclidean
path integral with periodic boundary conditions. We briefly recall this analogy using a
scalar field. The partition function of a canonical ensemble at temperature T = 1/ is
obtained from its density matrix p = e ## as

Z(B) =tre P =" (gi]e"|¢1). (3.1)

é1

The path integral computes instead the amplitude

(Ba, o] 1, t1) = (Bo e 271 ) = /D¢ Sl (3.2)

Now, let’s perform a Wick’s rotation setting t; — t; = —if. We can notice that this
means that we are imposing that the field is periodic in imaginary time with period 5.
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Then, we impose periodic boundary conditions for the field ¢; = ¢9 and, summing over
¢1, we have

Z(B) = / D¢ e~ 58], (3.3)

In the previous equation, Sg is the Euclidean action and the Euclidean path integral
is computed over fields with periodic boundary conditions and which are periodic in
imaginary time with period . Then, the partition function for a d-dimensional theory
on the sphere S9!, that is the relevant case for a Schwarzschild BH, is the path integral
on S4 1 x S where S! represent the periodically identified Euclidean time [1]. Including
the metric in our set of fields, the Euclidean path integral is

7 = / DgD¢ e %&l9:¢], (3.4)

As in the previous case, its meaning depends on boundary conditions. Then, for a 4-
dimensional theory, one defines the partition function Z(/3) as the Euclidean path integral
evaluated on a Euclidean manifold given by S x S!, so that its boundary is given by
a 2-sphere of radius r = ry = const times a circle of circumference f (representing
again the periodically identified imaginary time axis). Topologically, the boundary of
the spacetime is, in this case, simply given by

S? x St

and so is compact. We approximate now the expression for Z () by Taylor expanding
Sk around the background fields (a solution of the classical equation of motion obeying
the correct boundary condition) g and ¢

Z(B) = exp (—Sg(g, 9]) / DgDge™ (5r)2109.001 - (3.5)

where g = §+06g, ¢ = ¢+06¢ and (Sg), is quadratic in the perturbations dg, §¢. The first
term (i.e., the classical action) in the semiclassical approximation to the path integral it
is the leading term. The second term gives 1-loop corrections, which will be considered
later. Thus, at the leading order the free energy is given by the Euclidean action

In Z(B) ~ —Sglg, ¢]- (3.6)
Then, recalling that In Z(8) = S — fE, we have
S=(1-p0)InZ(B), E=-0snZ(p). (3.7)

Since our goal is to compute the Euclidean action for a Schwarzschild BH, we begin by
introducing the Euclidean Schwarzschild BH, obtained from a Wick’s rotation.
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3.1.1 FEuclidean Schwarzschild Black Hole

The Euclidean Schwarzschild black hole is obtained by performing a Wick’s rotation 7 =
—it of the usual Lorentzian solution. Using Kruskal-Szekeres coordinates {7, X, 0, ¢}, we
have instead to define the Euclidean Kruskal time 7 = 7. We are going to see that this
implies that Fuclidean BH has no interior and that 7 takes values in a circle of length
8t M. To see this, consider the relation between the Schwarzschild time and X, T

X+T

T = e, (3.8)

Defining the imaginary time by 7 = it from this equation, it follows that, to avoid conical
singularity on the horizon, 7 has to be periodic with period 87 M [3]. This result can as
well be derived as follow. We start with the Schwarzschild solution

oM 2
ds? = — (1 - —) a* + L2402 (3.9)

, 20
I

Then, we set (1 — 222) = f(r), and we make the coordinates transformation
fry=e, or r=2M(1+¢€). (3.10)

Expanding (3.9) for small €, we obtain

ds* = —dt® + 16M*de® +4M>d3 + ... (3.11)
Rigler
where the {t,¢} piece is the Rindler metric ds?* = —R?dn? + dR?, after appropriate

rescaling. Rindler metric is related to polar coordinates ds* = dR* + R%d6? through
n = i6, in which 6 is a periodic variable: 6 ~ 6 + 27. Therefore, we take n to be periodic
in the imaginary direction

N~ n+ 2mi. (3.12)

Looking now at equation (3.11)), which relates the vicinity of the black hole horizon to
Rindler space, we conclude that the Schwarzschild time has periodicity

t~t+ 8imM. (3.13)

Recall now the relation between the Schwarzschild radius and X, T

(ﬁ - 1) T = X? — T2, (3.14)

If we now set T =T, this equation becames

(ﬁ—l) e = X2+ T2 >0 (3.15)
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from which we see that the interior of the BH r» < 2M is not covered by the Euclidean
coordinates {X,T}. In other words, we can say that, in the Euclidean section, r must
be equal or greater than 2M. With these results at hand, we define the Euclidean
Schwarzschild BH as

oM dr?
ds? = (1 - —) dr? + % + r2d02, (3.16)

” oM
T

with the Euclidean time 7 periodic with period 87 M
T ~ T+ 87 M. (3.17)

Moreover, Euclidean BH has no interior or singularity. Therefore, we recover the well-
known result Ty = 87 M for the Hawing temperature of a Schwarzschild BH, which is
usually obtained studying QFT on curved background [19]. We conclude this section by
noticing that the Euclidean BH has just the correct boundary conditions to obtain the
partition function from the path integral.

3.1.2 The Gibbons-Hawking-York term

Before arriving at the explicit calculation of the FEuclidean action, we have to address
one last problem. We have said that the Euclidean path integral will give the partition
function if we compute it on a manifold with topology S?~! x S'. To tackle divergences in
the partition function for the Schwarzschild BH, the best strategy is to cut the spacetime
at some large r, and at the end of the calculations send » — oco. Besides a needed
regularization procedure developed in [3| that we will consider later, we have to recall
that in presence of a spacetime boundary, which for us is S? x S*, we have to add another
piece to the usual Einstein-Hilbert Lagrangian, called the Gibbons-Hawking-York term
(GHY). The GHY is required to have a well-defined variational principle, i.e., to obtain
the correct Einstein equations. Alongside this somewhat "formal" need of the GHY, we
have as well a very good physical reason to add it, concerning BH thermodynamics from
path integrals. Indeed, the Einstein-Hilbert action for a Schwarzschild BH is zero and,
consequently, the full contribution to the classical action comes from GHY. Without
adding it one would obtain a vanishing partition function. We now briefly recall in some
more details how the GHY term is introduced. To do that, let’s start by computing the
variation of the GR action with respect to the metric. It is a standard computation |15]
to show that

(1671') 5SEH :/ d4l’5 (\/ —g gaBR(;g>
M
:/ d4xG:5\/—g(5g°‘ﬁ+7{ 5£“nux/|h]d3y,
M M

7]

(3.18)
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where

SAR = gUB§ T¥ 5 — g5 TP (3.19)

in which I'¥,g is the Levi-Civita connection. We recall that, in our notation, quantities
with the empty circle above are computed with respect to the Levi-Civita connection.
To obtain this equation, we have used

1
=g = —5V=990509"" (3.20)
5RZ/3 = %u ((5 f“aﬁ> - %5 ((5 IC“)“W) : (3.21)

The second term in equation (3.18)) is exactly the one which is cancelled by the GHY
term. It can be checked by an explicit calculation that if we define the boundary term

SGHY = % K\/ |h|d3y, (3.22)
oM

where OM is the spacetime boundary and K = n®_ is the trace of the extrinsic curvature
of the boudary, then the variation of equation ([3.22)) cancel out the boundary term in
(3.18]). As a result, we arrive to the following equation

1 o
0Stot = 0SEH + 0SaHY = o7 /)., d*z Gopy/—g0g"" . (3.23)
In the previous equation
Siot = Sgr + Sery = K d*/= R —l—j{ K+\/|h|d®y (3.24)

is the total for the gravitational field in presence of a spacetime boundary.

3.1.3 BH Thermodynamics at the leading order in GR

Now we can finally evaluate the action. Of course, by Einstein equations, for a Schwarzschild
BH we have R = 0. Because of this, the full contribution to the Euclidean version of
(3.24) comes from the boundary term. The Schwarzschild Euclidean action can be writ-
ten as [3]

Sg = d4 2GR — / PyvVhK. (3.25)

167 oM
Evaluating now the GHY term on the 2-sphere x S!, we obtain

1 1
— | dyVhK = — [878ry — 12n5M] . (3.26)
87T oM 87T
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To regularize this result (it clearly explode sending ry — 00), we consider a counter term
that lead to the Euclidean action

1

Sp = ———

1 1
d*z\/gR — o /a . PyvVhK + o /a i PyvVhK, (3.27)

where K is given by the extrinsic curvature for a flat space-time with the same boundary
OM , which for Schwarzschild is S? x S!. We notice that the counterterm depends only
on the induced metric A on the boundary. To compute the counterterm, we repeat the
previous calculation using the flat metric

2M
dsgubtraction = (1 - T_O) d7—2 + drz + TZng' (328)

This leads to the counterterm |[1]

1 1
- d3y\/EK0 = 3

st/ P [87Brg — 8w M + S O(1/ry)]. (3.29)

Considering this counterterm, which regulates the divergence, we arrive at the following
formula for the Euclidean action

M
Sp = BT =47 M?. (3.30)
The partition function at leading order is then
52
Z(B) = exp (—47M?) = exp (—F> . (3.31)
T

From this result, we easily find from standard thermodynamics that

S =(1-B03)InZ(B) = drM?

E=-0;InZ(B) = M. (3:32)

We notice that S is in agreement with the "area law" of BH thermodynamics, S = Area/4
and that, physically, the last result means that the energy of a Schwarzschild BH entirely
comes from its rest mass.

3.2 One-loop Euclidean Effective Action and partition
function

Now we see a general method to study one-loop corrections to the Euclidean path integral.
We start recalling very briefly the general expression for the one-loop effective action [11].
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To this purpose, we consider for simplicity a scalar field ¢(z). In the Euclidean theory
the generating functional is given by

Z[J] = /D¢exp (—%SM - /d4xJ(x)gz§(m)) = exp (—%E[J]) , (3.33)

where F is the generating functional of the connected components of the n-points corre-
lation functions. In particular, the mean field ®(x) in presence of the source J is given
by
dE[J] 1 0Z]J]
O(x) =— = . 3.34

)= =57) = 27 67() (3.34)
Assuming that this equation is invertible, we denote J[®] as the source which corresponds
to the mean field configuration ®(z). We use this expression to define the effective action

['[®] as the Legendre transform of E[J]

L@ =E[J]—J-, (3.35)
where we have used the notation

J &= / d*xJ(x)®(x). (3.36)

The basic property of the effective action is that it is the generating functional of 1-
particle-irreducible Green’s functions. Differentiating with respect to the field & the
definition of the effective action, we obtain

ST[®]

—q = /@), (3.37)

A useful expression of the effective action can be obtained combining equations (3.33)),
(3.35) and equation (3.37)). It reads

exp {—%F[@]} = /D¢exp {—% (S— /d4x51(;—£§)](¢— (I)))] : (3.38)

In addition, we recall that the effective action admit a formal expansion in powers of
h |21]

[ =Y W'T=S8+hu+0(h), (3.39)
n=0
where I'(,,) is the n-loop contribution to I' and so S = I'(g) is the classical action and I'(j)

the one-loop contribution. Using the loop expansion ([3.39) in equation ([3.38) we can
find an expression for the one-loop effective action. Consider indeed the splitting

¢ =+ Vhp. (3.40)
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Consequently, the classical action can be expanded as

o0 1p/2
S[® + Vhgp] = 5[] +Z n /d:ﬁl...dann(ml...zn;q))go(:pl)...go(xn), (3.41)

—~ n!
where sng
Sp(xy...x,;®) = 3.42
(= ) 5(x1) ... 00(n) | (3.42)
To further simplify the following expressions, we introduce the notations
/da:l coodxy, Sy (zy o P)p(1) o) = Sp(P)e", (3.43)
and 5T[] ST[]
P = rjal / drp(n) "2 = T[] (3.44)

Considering the notations just introduced and using ) and (| , equation (i3.38)

can be written as
xp {“F } /DSOGXP [— 7 (S[<I>] + 252902 + Z —Sa[®l"+
—vaﬂw@—&@ﬂ,

With some very simple passages, the previous equation can be written as

1 1 0 hn/Zfl
exp [~ (I[®] - S[@])| = [ Dpexp | — = So[@]p? — Y Su[®@]"+
{ h ] / { 2 = (3.46)

+wwwnm—&mﬂ

where we see that the effective action appear only in the combination I'[®] = I'[®] — S[®].
Thus, from the loop expansion (3.39), we immediately get I[®] = >>°  h"I',), which
then represent the quantum corrections to the classical action. Inserting the expansion
of T'[®] in equation (3.46), we can write it in the form

o0 —

[ZH] [ poen| -~ Lsime - > s

n=1 n=3 (3.47)

+ Z héﬂsﬁ(rl)(n)] :
n=1
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This equation is the basis for the construction of a perturbation theory in powers of A
known as loop expansion. Equation (3.47)) in the one-loop approximation reads

exp [—D(n) [®]] = / Dy exp {— %52@]902] (3.48)

Recalling the rule for bosonic functional determinants

/D¢exp[——/¢ 4 & tA)m, (3.49)

we arrive at the following expression for the one-loop corrections to the effective action

528
6 ()00 (y) |
Dropping the subindex E, our free energy (3.5)) at one-loop looks like

1
Loy = iln det Ay, where Ayd(z,y) = (3.50)

In Z(8) ~ —5(g. 8] + In / D(39) exp (—Saldg]) + In / D(6) exp (~Sa0d]) s (351)

where the first term is the leading one and the remaining two are the one-loop corrections
coming from the gravitational sector of the theory and from a scalar field minimally cou-
pled to gravity. Physically, the 1-loop corrections can be thought of as the contribution
from thermal gravitons and thermal scalar particles to the free energy. As we have seen,
the one-loop terms are obtained by Taylor expanding the action in the path integral.
Thus, roughly speaking, they are the Hessians matrices of the Euclidean GR action (its
second functional derivative) and of the action of a scalar field minimally coupled to
gravity. So, considering for simplicity only the scalar field, our one-loop corrections to
the partition function are given by

n | D¢6Xp( 3/ ¢<5;S¢<y> 7

where the operator is given by

1
(y)gp(x)d%d‘*y) =-3 Indet Ay = —T'(1y  (3.52)

625

B = 5o(0)00(0) |,

(3.53)

3.3 Heat kernel method

The heat kernel method is a very general and useful method to study the divergent part of
the one-loop effective action. This section aims to introduce a general-enough algorithm
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for computing the divergent part of the effective action, which gives interesting pieces
of information about the theory, such as renormalizability properties and the form of
the necessary counterterms. As always throughout this essay, we work in the Euclidean
formulation of the theory. For simplicity, we begin presenting the method for a Euclidean
scalar field on a curved background, however, all the results can be obtained for a much
more general theory, as we will see below. We begin recalling the Euclidean formulation
of a scalar field minimally coupled to gravity. The action of a scalar field propagating
on a d-dimensional curved manifold with metric g, is

Slg. g] = % / d*a\/=gg" 0,0, 9. (3.54)

Performing then a Wick’s rotation t = —i7

iSi6,9) = i3, [ did? V=g lg (010 ~ 570,60,0

) (3.55)
= §/d7dd_1$\/—_g [—9™(0:9)* — gija@aﬂ] = —Sgld, g5l
where .
Selovgel = 5 [ a5 60,000 (3.56)
and

(900 O
is a Euclidean metric, i.e., positive definite. Since we will always work on the Euclidean
manifold, we will drop the subindex E. Integrating by parts, and assuming that the
boundary conditions on the fields are such that we can do that without having any
boundary terms left out, we obtain

Stowgl =5 [ diryions, (3.58)

in which A = —¢g"”V,V, is the covariant Laplacian. The heat kernel K (x,y;t) is a

solution of the heat equation

av
— + AV = .
7 + 0, (3.59)

describing diffusion processes on a manifold M with metric g over an external "time" ¢,
and satisfying boundary conditions
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Notice that ¢ has dimensions of length squared. From the definition of the heat kernel,
we have that the field ¥, at any time, can be expressed as

U(x;t) = /ddyKa(w, y; t)¥(y;0). (3.61)
We obtain then that the heat kernel satisfy an heat equation of the form
0K it
% Y AKA(z,y:t) =0 with  Ka(z,:0) = 6(z,y). (3.62)

Thus, formally, we can write the heat kernel as

Ka(t) = e ™2, (3.63)
Consider now the eigenvalue problem for the Laplacian

Agp = An@n, (3.64)

where ), are the eigenvalues and ¢, are orthonormal eigenvectors with respect to the
scalar product (¢, @) = [}, d*¢\/G0n(2) P () = 0. Then, from equation (3.63)), we
can obtain the heat kernel in terms of the eigenfunctions

a(z,y;t) Z% Suly) e, (3.65)

called spectral decomposition. We will be mainly interested in the trace of the heat
kernel

TrKaA(t) = /d /9K a(x, x;1) Ze’t’\” (3.66)

This is because we can formally express the effective action in terms of it, using the
generalized Q function. Indeed, changing variable ¢ = At in the definition of the gamma

function I'(s f dtt*~ 1eXp{ t}, we have
1
A0 = —— [ dtt" exp{—\t}. 3.67
w7 [ tent-x) (367
Then the (-function {a(s) =) A,° can be written as
1 o0
Ca(s) = —/ dt t* T TrKa(t). (3.68
© =575 (v )

It is well-know [17,/18] that we can express the one-loop effective action through the
derivative of the (-function

1 1 I d _, d
Sindet Ay = STrnA = — zﬂ: A= = Cals)ie=or (3.69)
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From this equation, using (3.68) and ignoring that the integrals are divergent, we have
the formal expression for the one-loop effective action

1 oo
r-- / At Te KA (1), (3.70)
0

So, we can express the effective action in terms of the trace of the heat kernel. This
expression is formal in the sense that it is actually divergent. Indeed, without setting
s = 0 in equation ({3.69), we could write the "effective action" as a function of s as [14]

1 o0
I, = _é,fs / dt t* TTr K a(t)
0

(3.71)

= —JHT)Cls),

where p is a mass parameter introduced to have the effective action with the proper
dimension. Recall now that in s = 0 the gamma function has a simple pole

[(s) = % — e + O(s), (3.72)

in which vg is the Euler-Mascheroni constant. We see in this way that in s = 0 the
effective action also has a pole. We are about to see how, in general, we can
obtain the form of this divergence. Notice that, since the parameter ¢ has dimension of
inverse squared length, the lower end of the integration range in (3.70) corresponds to
the ultraviolet (UV) while the upper end corresponds to the infrared (IR) divergences.
Then, to explicitly see the UV divergences, one introduces an UV cut-off Ayy and a
finite reference mass pu < Ayy and then, finally, one can split the integral f1O/OA?J L=

f Y “2 + flo/ONQ. Now, if A does not have negative or zero eigenvalues [12], the second piece
is convergent. Instead, in the piece containing the UV divergences, we need an "early-
time" expansion of the trace of the heat kernel, i.e., an expansion of TrK(t) valid for
small ¢. This early-time expansion is well-known in the mathematical literature, however,
without the pretension of being too formal, we can intuitively obtain such expansion. We
consider that in flat spacetime the heat kernel equation can be solved through Fourier
analysis. We denote the coordinates as d-dimensional vectors Z. In flat spacetime the
heat equation (3 can be rewritten in terms of the Fourier transform Ka(q, v;t) as

dKA(7, 7t - - o
Ag+y’) Y PRAQ ) =0 with Ka(7,70) = e 7, (3.73)
The solution is then K (7,7:t) = e~ =77 From the inverse Fourier transform then we

obtain
S 1 i

— - 7 _2_*.:1;_
KA(I7y;t):/(2ﬂ-)d6 7= y)zme @, (374)




And so the trace of the heat kernel (3.66) is

%

TrKa(t) = W, (3.75)
where V' is the infinite volume of the manifold. Now comes the point. Since locally
every manifold looks like a flat manifold, for ¢ — 0 the trace of the heat kernel has to
reduce to equation . Because deviations from the flat space are represented by the
curvature we expect that the corrections to in curved spacetime are proportional
to curvature invariants. The easiest form of the "corrected" trace of heat kernel for ¢ — 0
is then a power law of the form

1
(47t)d/?

TrKa(t) ~ [Bo(A) + tBa(A) + t*By(A) +..] (3.76)

where
Ba(A) = / 442 \/G ba(A), (3.77)

and b,(A) are constructed in terms of the curvature and its covariant derivatives. Now
we can fix the dependence of b,(A) on the curvature and its covariant derivatives by
dimensional analysis. For dimensional reasons b,(A) must contain n-derivatives of the
metric tensor. Then by(A) o< R, while by(A) o RasR**? R, R*™, R*, V?R and so
on. This line of reasoning left undetermined the numerical coefficients of the expansion,
which however can be determined with iterative procedures [18]. The final result for the
coefficients appearing in the early-time expansion of the trace of the heat kernel for the
covariant Laplacian is

bo(x,x) =1
1
ba(z,7) = &R (3.78)
1 )
b4(l', IL') = m (Ra,@MVRaBMV - RMVRMV + §R2 + 6VMVMR> .

These coefficients are known as HAMIDEW coefficients [16]. We can use them to obtain

the divergent part of the effective action. We have previously introduced the decom-

position f;oAzU L= 11/ f; + flo/OMQ of the integral in equation (3.70). Inserting now the

early-time expansion (4.82) in the first piece of this decomposition, we can write the
effective action as

1 1 . 1/u? Ca . »
Fdw:—§(4ﬂ_)d/2/dﬂf\/§ , dt|:t 2 bo—f—t 2b2+—|—t bd+i|
1/A%,

1 1 A Ad-2 A2
= ——_ 44 uvy Vp | uvp, finite t
2(47T)d/2/ x\/?[d/2 O+C§l_1 2+ + In PJQ d+ nite terms

(3.79)
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where the coefficients b,, are listed in . Some comments are in order. Notice
that the first diverging term is proportional to the volume of the spacetime and can
absorbed in the definition of the cosmological constant, renormalizing it. The second
term is proportional to the Einstein-Hilbert action and so can be used to renormalize
the Newton’s constant [22|. The most interesting it is the third terms, since it tells us
that to renormalize the theory we have to add to the action terms which are second order
in curvature and have essentially the form of b,.

This construction can be greatly generalized substituting to A a generic differential
operator F(V), where V = V¥ +w do not contain only the usual Levi-Civita connection
but as well a gauge connection, and it contains, in addition, a so-called potential term
(see below). All the equations obtained in this section, excluding of course the result for
the HAMIDEW coefficient, are valid also in this much more general framework replacing
A — F(V). In the next section, we will see some of these generalizations.

3.3.1 Generalizations and Master Formula

We have presented the heat kernel method for a scalar field on a curved background.
However, it can be extended to compute the one-loop divergences in any QFT. In partic-
ular, we present now the result for the HAMIDEW coefficients for a much more general
second-order differential operator, with form —¢"’V,V, + E, where E is an endomor-
phism called potential term. For our work, we do not strictly need such generalizations,
but we very briefly present it for the sake of completeness. Following reference [12], we
consider covariant derivatives that, very schematically, reads V = 0 + A + w; where A is
the spin connection associated to the usual torsion-free Levi-Civita connection (see our
discussion in section (1.1.1)), and w is a gauge connection (gauge potential). Let us be
now more precise. Let us consider a quantum field ¥. This field has a given mass and
spin, which means that it transforms in some well-defined representation ¢ of the Lorentz
group SO(1,3). The field ¥ transforms also under a gauge group G, which identifies a
principal bundle P, in some representation p. The representation p identifies one of the
associates of P, let us call it V. Thus, the field ¥ carries two kinds of indices ¥ = W?,.
In this expression the index A is an index in the space S carrying the representation o
(it is a Lorentz index), while 7 is an index in the space V' carrying the representation p
(it is a gauge index). We can then introduce the "full" covariant derivative of U as

VUl = 0,0 + A (o) LVl + W™ (o)’ jxlff;l. (3.80)

where A“’L is the GR spin connection and w™, is a gauge potential. In addition, o, are
the generators of the Lorentz group in the representation o. Instead, (p,,)" ;» where m is
an index of the Lie algebra of the gauge group G, are the generators of G in the repre-
sentation p. We recall that this covariant derivatives can be equivalently written, using
the tetrad postulate, through the usual Levi-Civita connection instead of a spin con-
nection. In particular, there are no differences concerning the values of the HAMIDEW
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coefficients below. Let us define now a generalization of the Laplacian, given by
- gwjvuvm (381)

where now V is the covariant derivative (3.80). We also assume that the action can be
written as

S(@;A,w):%g(\y,mf) with g(qx,qf’):/dx\/gG;‘;qug%, (3.82)

where G{}B is a metric in the field space and A is a general second order differential
operator with the form
A=—-¢g"V,V,+E, (3.83)

where E = E B i]. is and endomorphism of S ® V', called potential term. Repeating step
by step the calculations of the previous section we arrive to the following expression of
the effective action, called master formula

r L1 /dd\/‘AdUVb+AdU_V2b+ +1 A%’Vb+ﬁ‘tt
= ————> x . +1n nite terms
A YPPATE Ilap? T w2
(3.84)
Where now the HAMIDEW coefficients for the operator (3.83) are given by [12]
bo(x, ) = trl
1
bo(x,x) = BRI —trE
1 5) 3.85
b4($, I) — @ (RQB“VRO(ﬂHV - R“VR#V + §R2 + 6v“v“R> tl"]. ( )

1 1 1
“trE?> — —RE + —
ol )

In the previous formulae €2, is the so called gauge bundle curvature, defined by the
commutation relations

1
tr$,, Q" — 6V%rE.

[V, VU =Q,,0, (3.86)

where V is the covariant derivatives (3.80]). So €, for a gauge theory on flat space, is
just the field strength of the gauge field. The Riemann tensor is instead defined from
the commutator of covariant derivatives (3.80)), but acting on a spacetime vector V*

[V, V,JV# =R: V* (3.87)

apo

Finally, 1 in equation (3.85|) is the identity in S @ V. Thus, trl is equal to the product
of the dimensions of the spaces carrying the representations o and p. We conclude this
chapter by mentioning that further generalizations of the heat kernel method exist. In
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particular, we have presented the heat kernel method for operators such as , whose
principal symbol, defined as the higher derivative term with the derivatives replaced
by a vector p,, is given by p* = ¢"’p,p,. This type of operators are called minimal
operators. However, exist a generalization [10] of the method for operators whose second
derivatives do not form a d’Alembertian, the so-called non-minimal operators. The
authors, in [10,/11], develop the method also for operators of any order, provided they
satisfy some causality conditions. To conclude, we signal that another generalization,
for Riemann-Cartan spacetimes, exists and it can be found in the intresting article [13].

However, since we will do not need this results, we do not explicitly report the values for
the HAMIDEW coefficients.
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Chapter 4

Black Hole Thermodynamics and path
integrals in TEGR

This chapter aims to study the thermodynamics of the Teleparallel equivalent of a
Schwarzschild black hole. In particular, we derive the thermodynamical entropy and
energy from the path integral, following the lines of chapter 2. To begin with, we con-
sider the partition function at the leading order and so our first job is to evaluate the
classical TEGR action. One-loop corrections are considered at the end of the chapter.

4.1 Euclidean TEGR action for the path integral

To begin with, we find the Teleparallel description of the Euclidean Schwarzschild black
hole. We recall that such a BH, which is static, can be obtained from the Lorentzian BH
by means of a naive Wick rotation of the time coordinate t = —i7. Consequently, the
Euclidean Schwarzschild metric is given by

oM 2
ds? = (1 - —) ar* + - 202 (4.1)

, 20
'

Essentially, we have to find the (Euclidean) tetrads corresponding to this metric. Instead
of solving the field equations, we use equation . To this purpose, we notice that
applying the Wick rotation ¢ = —it, the Minkowski metric in the tangent space get
replaced by (ng)w = dap = diag(+1, +1,+1,+1) and, thus, equation becames

(9E>,ul/ = (77E>ab(hE)au(hE)bw (4-2)

where (gg),u is the Euclidean metric and (hg)?, the corresponding Euclidean tetrad.
Since we will always work in Euclidean signature, in the following we will usually refer
to Euclidean quantities without any particular sign.
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In the next subsections, we will see that the TEGR boundary term is equal to the
GHY term, and, thus, the TEGR action "behaves" under Wick rotation as the
GR action in presence of a spacetime boundary, i.e., the Einstein-Hilbert action plus
GHY. Indeed, we will consider as (classical) Euclidean action in TEGR the usual GR
Euclidean action with the GHY term replaced by the TEGR boundary term, see equation
below. Further, we will see that for the actual calculations of Sg, we need only the

r-component of the torsion vector T"*,, which remains unchanged under Wick rotation.
Using now equation (4.2)) and the Euclidean Schwarzschild metric, it is immediate to find
(up to local Lorentz transformations) the diagonal Euclidean nontrivial tetrads

S

1 -1 -1
, T, rsinT 6)

h,t = diag(f(r)"2, f(r)

1 1 (43)
he, = diag(f(r)z, f(r)"2, r, rsind),

where f(r) = (1 — 21). To compute the (classical) Euclidean action in a Teleparallel
context, we start by considering the Lagrangian (2.156|), which establish the equivalence
between TEGR and GR up to a boundary term. Taking and into account,
and performing a Wick’s rotation, one could try to consider in TEGR an Euclidean
action of the following form

1 ° 1 1
SE:——/O d4x\/§7z——/od3y\/ﬁf(+—/od3y¢ﬁf(o
16 oM 81 Jonr

1
_8_ 8(\/_Tuu)d4l,+_/ (\/—Tguy)d4
us

In the prev1ous equatlon M is the usual Euclidean Schwarzschild spacetime, therefore

(4.4)

we have R = 0. aM is instead its boundary, which, topologically, as defined before, is
52 x 8. So the first three terms are the same as in Euclidean GR. We recall that in our
notation the empty circle just indicates quantities in GR. Indeed, the second term is the

GHY term, and the third one is the counterterm 3.29). In the last two terms, instead, M

is the Teleparallel spacetime equivalent to M Wthh correspond to a flat space endowed

with the appropriate Weitzenbock connection, M (R?, Fp »). The fourth term comes
from the Lagrangian (2.156|), whereas the last one is another needed counterterm defined
as the same expression of the fourth term, but computed in absence of gravity, i.e., using
a trivial tetrad field (see below). However, as we are about to show that the choice
is not the right one since adding the GHY term (and its regularization) actually is
redundant. This is because the boundary term , due only to torsion, can already
eliminate the boundary terms coming from the variation of the Einstein-Hilbert action in
presence of a spacetime boundary. In other words, the TEGR boundary term of equation
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(2.156) plays the role of the GHY, becoming pointless to add it in (4.4)). Indeed, we are
going to see that

1 o 1 . 1 .
Sp=——o- | d* R—— | 0 ", ) d*e+— / ) T ) d*x, (4.5
E 167T /]\?[ Z’\/g 87T /J\;I 1% <\/§ > x+87T ]\;[ 1% (\/g 0 y) z, ( )

is the right choice for the Euclidean action. We present now some computations showing
this claim.

4.1.1 Equivalence between the GHY term and the TEGR bound-
ary term

One could suspect that GHY should not be taken into account by noticing that, ul-
timately, we need to add GHY in GR because the Lagrangian contains second-order
derivatives of the metric. Indeed, a schematic variation of the Einstein-Hilbert action
leads to [1]

6/M \/ﬁRw/M(eom)(Sg—l—/ [A(g,09)0g + B(g,0g)0dg], (4.6)

oM

where "eom" is, essentially, the left-hand side of the Einstein equations, and the second
integral comes from integrating by parts. Thus, if one imposes, as usual, boundary
conditions such that dgioasr = 0 at r = ry, we have that the first term in the second
integral vanishes, but the second one does not. So, varying this action in presence of
a boundary of the spacetime and imposing that dgoas = 0, one does not obtain the
left-hand side of Einstein equations. GHY solves this problem since it is chosen so that
§f u VIR ~ i) 1 (eom)dg. Reconsider now the Teleparallel Lagrangian in terms of the
torsion tensor only

o h 1 hd by v 1 2 .l/ 7 .V

where, we recall, h = det (hZ) = /—g. One immediately notices that the TEGR La-
grangian is only of first-order in the derivatives of the tetrads. Thus, for TEGR there
is no need to add a boundary term in presence of a boundary of the spacetime, since

varying £ one already obtains the correct equations of motion. We recall now equation

2.156) and that, for a Schwarzschild BH, R = 0. Thus, in this simple case, we obtain
that computing the TEGR action it is equivalent to calculate the integral

S = /c' 'z = —/aﬂ (8% T.”“,,> d'z. (4.7)
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Following this argument we obtain, as will be explicitly derived in the following section,
that for a Teleparallel Schwarzschild BH the Euclidean action is

M
2
and so in TEGR, at least without loop contributions, we obtain from the TEGR boundary
term the same thermodynamical entropy and energy as from GHY (cf. equation (3.32)).
Thus, for the simple case of a Teleparallel Schwarzschild BH, we have no reasons to
include GHY. Moreover, we notice that if we include both the boundary terms as in
equation , we obtain a doubling of the values of the entropy and the energy of GR.
This result leads to a physical interpretation problem that will be discussed at the end
of the next section. However, this result can be avoided by proving, as previously said,
that the GHY term should not be con&dered in TEGR. Let s now try to be a little bit

Sp = = 4nM?, (4.8)

more general considering the variation of S without taking R = 0 from the beginning

5/5 d%zd/ﬁo cl%—é/@u (8i Tn, d%). (4.9)
e

Where now the Ricci scalar can be thought of in terms of the tetrads. Looking at this
equation, it seems that to safely exclude the GHY term from the action we have to
study if the last integral in the previous equation is equal to the variation of GHY term
in equation (3.23). So we ask: does the boundary term in equation the same job
as the GHY term? Now, let us verify if that is the case. Using that the equations of
motion of TEGR and GR are the same, we can say that the variations of the bulk terms

in the left and right-hand sides cancel each other out. Recalling now that £ contain only
first derivatives, we see that from the variation of the TEGR action does not come out
any boundary term. Thus, using Stokes theorem in the form

/Ai\/—gd4x—/ (\/—gA“)Md‘lx—]{ AtdY,

— Aol

oM

where n, is the normalized normal vector to M, and o = det{o,} = det{[g|aM]ab}.
Taking care of the numerical factors, we can state that the following equation holds

5 <2 / Vo T, d3y) —9 / Vo § T n, d° = / 5 Al T dy. (4.11)

Where the first equality comes from the fact that if we take the boundary and the metric
on the boundary fixed dgjsrs = 0, then § (\/E Y:V“Vnu) =vh (5 7:””,,) n,. In equation
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the last integral in the right-hand side is the boundary term coming from the
variation of the Einstein-Hilbert action expressed in terms of the tetrads. Therefore, we
can say that really the TEGR boundary term does the same job of the GHY, which thus
can be excluded from the calculation of the Euclidean action.

4.2 BH Thermodynamics at the leading order in TEGR

We are now ready to present the calculations leading to the evaluation of the thermo-
dynamical entropy (and energy) of a Teleparallel Schwarzschild BH. This is interesting
because the divergence in equation could lead to a different value for the entropy
with respect to the GR case. Our goal is to compute the Euclidean action

:__/ < T >d4 +—/ (\/‘ TO"“V) d*z, (4.12)

which is the same action that one usually considers in GR but with GHY replaced by
the TEGR boundary term. Let us begin with the first integral. We evaluate this term
using again Stokes theorem (4.10)

/A;‘:L\/—gd4x:/ (\/_QAN),ud%:]{ Atdy,
M M oM
:]4 At/ |o|dPy.
oM

(4.13)

Hence, we have

1 .l/ 4 1 g .l/ 2
— [.0., Vg T, |d'v =— [ dr T nod*y, (4.14)
87T ]\2 87T 0 52

where we have used that OM = S? x S'. The integral in the Euclidean time is done over
S, which represents the periodically identified Euclidean time, that behaves, as stated
before, as an angular-like coordinate 7 ~ 7+ 8mM = 7 + 3. Now, the line element of
the boundary is given by ds? = f(ro)dr? + r2d3, so that

Vo = f(ro)2rising. (4.15)

We compute now the unitary normal vector to the surface r = rq. The un-normalized
normal is n, = 9,7 = (0, 1, 0, 0), so its module is given by

Sy ! v _ MV S 5 T __ _
e=n"n, =g¢g"n,n, =g —f—l—T.
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Then, the properly normalized normal vector, is

87“

l
€2

M\»—l

= £72(0,1,0,0) = (0, 2,0, 0). (4.16)

We only have left to consider the torsion vector T"*,. From equation (4.16]), we see
that we only need the r component of the torsion vector (which remains unmodified
under Wick rotation). Let us now choose the class of reference frames in which the spin
connection is zero. Using the definition of the Weitzenbock connection in such class

[ ]
I*, = hapﬁyhau, the torsion tensor is written as

T" o = by (90", — 0,h°,) . (4.17)

From this equation, and using the tetrads (4.3)), it is only a matter of algebra to find out
the components of the torsion vector

TVOV =0

. 1 2

T, = =0, In f + —

. 2 r (4.18)
T",, = cot O

TV3V - O

Looking at equation (4.16)) and at (4.14]), we see that we only need the component T"!,,
that depends uniquely on the radial coordinate. Using (4.18)), we easily have

° . b ! 2 3M
TIIIV: lpTVV: llTVV: f - -
Then, taking into account the normal vector (4.16]), we obtain
hd o .1/1 _1 2 3M _1
T M}/nu =T Vf 2 = (; — 7’_2> f 2. (419)

Collecting (4.19)) and (4.15)), the last integral in equation (4.14]) gives

M 1
1 dT/ ( M ) r2sin 0 df d = /(27“0 _ 3M) sin 6dr d6 d
ro=const \70 7o 8m (420)

= 8_7r (8mPro — 127 M)
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Where obviously we have used that [ ( [ sin Hdé’dgb) dr = 4nf. Let’s notice that, inter-
estingly, it is ezactly the result obtained in GR (3.26)), further confirming the result of
the previous section. This integral needs to be regularized. To this purpose, we consider
the counterterm

1

87 )y

o 1 B o
Iy (\/57 T(;’“V) d'r = 8_7r/0 dr /52 T nu/od®y, (4.21)

where 7Ty"  is the torsion corresponding to the (Euclidean) trivial tetrads associated
with the flat metric (3.28)) ds? = (1 — %) dr? + dr* + r?dQ3, so that again

subtraction

Vo = f(r)risind.
In the present case, the normal unit vector is given by
n, =0,r=(0,1,0,0), (4.22)

since, comparing with the previous equations, ¢ = ¢"" = 1. Proceeding as before, the
diagonal trivial tetrad corresponding to (3.28) are found to be

N|=

E M = diag(f(ro)~2, 1,7, r~tsin™'0)

L . _ (4.23)
B, = diag(f(ro)2, 1, 7, rsind).

Assuming again vanishing spin connection, the Weitzenbock connection takes the form

I, = E/0,E%, and the components of the torsion are now given by

T = B, (8,E%, — 0,E%) . (4.24)

Looking at the last integral in (4.21)) and considering (4.22)), we see that again we need

just the r-component of the torsion tensor Ty* n, = T¢*', . Using (4.24)), we find that

Ty, = 2 and thus

L4 . . 2
T5', = 9" 15, = 9" Ty, == (4:25)

Using (4.25) and (4.23)), the second integral in (4.21)) is

1 [ 2 M\ 2 1 1
e (1 — T) sin 0dT df d¢ = & (87r57"0 — 8w SM + O (—)) . (4.26)
Y

8T Sy T To

that again is the same result as (3.29)), which gives another confirmation of what we
have obtained in the previous section. The integral (4.26)) regulates (4.20) and change
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the finite term. Considering (4.20]) and (4.26)), we finally obtain for the classical Euclidean
action (4.12)) the following value

Sp = BTM = 47 M?, (4.27)

which is the precisely the result obtained in GR (cf. (3.30)). Thus, for the partition
function of the Teleparallel Schwarzschild BH, we obtain

Z(B) = exp (—47TM2) = exp (—é—ﬂ) , (4.28)

which, obviously, is the same result as in (3.31)). Therefore, also in TEGR, for entropy
and energy of a Schwarzschild BH, we obtain the values (cf. (3.32))

S =(1-B03)InZ(B) = drM?

E=-0;InZ(8) = M. (4.29)

We notice that if we start with (4.4]), instead of (4.5)), then we would have obtained a
doubling of the action. Consequently, we would have had as well a doubling of S and E.
Indeed, using (3.30) and (4.27]), one obtains. from the "wrong" Euclidean action (4.4)),

the result
B BM N BM

2 2

which is twice the result obtained in GR. Therefore, in this case, for the partition function
we would obtain

Sk = BM = 8T M?, (4.30)

Z(B) = exp (—8mM?) = exp (—g) : (4.31)

instead of (4.28). Thus, from the previous partition function, we would have entropy
and energy equal to

= (1— B9s)In Z(B) = 87 M?

5 4.32
E = —03nZ(B8) = 2M. (4.32)

As stated before, we obtain twice the results in . Moreover, there would be a
physical interpretation problem: where the additional factor M in does come
from? In GR, the result for the energy, it is usually interpreted stating that the
energy comes from the BH rest mass. One could then try to link the additional factor of
M in to the gravitational energy stored in the spacetime. Indeed, it seems quite
natural to think that gravitational energy plays a role in the thermodynamical behaviour
of the BH. However, as we will see below, this seems not to be the case. We will see,
basically building up the Landau-Lifshitz energy-momentum pseudotensor [15], that the
total conserved energy of a Teleparallel Schwarzchild BH seems to be M, in agreement
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with the result just obtained. Thus, using this different approach, we support further
the equivalence between the TEGR boundary term and GHY.

Summarizing: we have obtained in that in TEGR, although it introduces an
(apparently) new boundary term, the BH thermodynamics is essentially the same. This
unexpected result is due to the equivalence of the TEGR boundary term and the GHY
term, a result which has been proved in section [£.1.1] Before presenting the construction
of the Landau-Lifshitz energy-momentum pseudotensor in TEGR, we give an alternative
way to regularize the TEGR Euclidean action.

4.3 A different way to regularize the action

We present now a different way to regularize the term ([£.20). This approach, physically,
is based on the idea that this divergence is due to inertial effects, which do not vanish
at infinity. The idea is, then, to remove these inertial effects by considering a suitable,
generally non-vanishing, purely inertial spin connection. This possibility can be seen
in this way. We start by considering that a trivial tetrad (no gravity) can be formally
written as

B, = 0,2 + A%y, 20, (4.33)

where A® 3, is the purely inertial spin connection ([2.59)) and therefore, as we have already
observed, its torsion tensor vanishes identically

T, (E*,, A%,) =0, (4.34)

while we have seen that it will be non-vanishing for a nontrivial tetrad. Despite this,
we have explicitly seen in equation (4.26)) that the action computed with a trivial tetrad

and vanishing spin connection Sg(e®,,0) = f]\} L(e?,,0) diverge. Instead, from equation

4.34), i.e., using the appropriate spin connection A® 4,, we find that

Se(E°,, A%,) = 0. (4.35)
We see that by considering an appropriate spin connection we can remove all the inertial
effect. This is indeed the action for inertial effects only since we are considering a trivial
tetrad. Considering now that the spin connection of TEGR is purely inertial we can
use the same spin connection of the previous equation as well in presence of a nontrivial
tetrad. We should obtain a renormalized (finite) action (that takes into account only
gravitation and without any inertial effect) computing

Sp(h®,, A%,) = /M L(h®,, A%,). (4.36)
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To check this we have to find the associated spin connection to a given tetrad and
repeat the calculation that leads to equation (4.20]) but considering a non vanishing spin
connection.

4.3.1 Associated spin connection to a given tetrad

The basic idea is that we can compute the associated spin connection using a trivial tetrad
E¢,, obtained from the nontrivial tetrad "switching off gravity". This is because
E°, and h°, only differ for their "gravitational content". We can obtain an expression
for the spin connection easily combining two well-established theoretical results that we
have already presented. The first result is equation for the purely inertial spin
connection

1 ° . °
A* be = 5 (fbac + Tbac + fcab + Tcab - facb - Tacb) : (437>

This equation has been obtained taking three different combinations of the Lorentz
indexed torsion tensor (2.26). We recall that f%_ are the anholonomy coefficients of a
nontrivial tetrad, which are given by equation ([2.49))

[ = 'y (O,h°, — Duh°,) . (4.38)

The second result is equation ([4.34))

Tauu(Eau; Aabu) - 0; (439)

which holds for a trivial tetrad. Using (4.34) in (4.37)) we obtain the following expression
for the spin connection

AT = S5 (B5) + S0 5) = S (BS) (1.0

This equation gives the inertial spin connection associated to the tetrad E<,, that we
recall is a trivial tetrad obtained from "switching off gravity". However, we have
said at the beginning of the paragraph that, since the nontrivial tetrad h¢, and £, differ
only by their gravitational content, equation (4.40)) represent the inertial spin connection
naturally associated as well to h¢,. Indeed, we will use as the equation for the
Lorentz connection associated to a nontrivial tetrad.

We would like to insert an additional comment. The main weakness of our procedure
is how to "switch oft" gravity. Indeed, in the simple case of a Schwarzschild BH is, at
least, intuitive which flat metric we should use, but in a more general case is not clear
which would be the form of the flat metric to be considered.
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4.3.2 Using the spin connection to regularize the action
A natural choice for the trivial tetrads obtained from (4.3) "switching off gravity" is

EF=diag(1, 1, 7, r~'sin ™' 0)

Vo . (4.41)
B¢, = diag(1, 1, r, rsin0)

which are the tetrads corresponding to the flat metric d,,, in spherical coordinates. Con-
sidering equations (4.41)) and (4.40)), the non-vanishing components of the associated
spin connection are found to be

Al 20 = —A? g = —1, Al 3¢ = — A ip = —sind, A? 36 = —A? 5y = —cosf. (4.42)

We consider now the "full" Weitzenbo6ck connection, that we recall is given by

[ = h0,h, + hLA® o h°,.
In the previous equation, of course, h¢, are the nontrivial tetrads (4.3
ht = diag(f(r)~ 7 f(r )%, rt rtsinT!g)
: 1 1
h®, = diag(f(r)z, f(r)">

, T, rsind),

_ 2M . . .
where f(r) = (1 — T) In this case, the components of the torsion tensor are given by

T, = he? (B,h%, — 9,h%,) + h,? (A.“ wht, — A" bﬂhby) . (4.43)

As before, we need only 7! ,. From equations (4.43)) and (4.42)) we obtain

o1 1prw 1w Ly 1
™, =T =9 T"1,=Ff §7+———f
1, 2 2 1 12M 2 2M 2 M 1
— Zf_ = 2 (122 2 1= =240 (= 4.44
2f+rf sz 27°2+7“( r) 7’( 7°+ (r2>) ( )
M 1
:_T2+O(ﬁ)’
and then
4 °® 1 M 1 1
v _ vl -5 _ -5
T",n, = T, f 2_(__7‘2+O<ﬁ))f 2, (4.45)



to be compared to (4.19). Proceeding as in (4.20)), the integral in (4.14)) now become

M o (VY (1425 0( 1)) r2sinodr dodo
8T r2 r3 r r2

) ) (4.46)
= —(—4nBM)+0O | — |.
871'( 7[_6 ) + (7"0)
Therefore, with this method, we obtain the same result as in (4.27))
M
Sp = 57 = 47 M?. (4.47)

and, of course, the same values for S and E as in (4.29).

4.4 Gravitational energy in TEGR

To begin with, we recall very briefly the construction of the Landau-Lifshitz energy-
momentum tensor in GR. These introductory computations and all the details can be
found in [16], but we report some steps here for reference. We do that because we
will identify the Landau-Lifsits energy-momentum tensor in TEGR through an analogy
between an equation satisfied by this object and the field equations of TEGR. The idea
of this section is to study the link between the additional factor of M in the expression
for £ to a possible expression of the energy of the gravitational field. We also
include a "gravitational surface pressure" conjugate to the area A = 4712, following the
idea of reference [4].

In absence of gravity, the conservation law of energy and momentum of the matter
is expressed as

orw
oxv
The generalization of this equation in presence of gravity is 15|
1 o(TY/— 10g,
TVAV: ( M g) __89 PTl/p:O’ (448)
s N oxV 2 Ozt

which, however, does not express any conservation law, as usual. Let us now choose
a coordinates system in such a way that all the first derivatives of metric tensor with
respect to the coordinates are zero at a point. At this point, then, equation (4.48])
becomes

™, =0.

The quantities that satisfy this equation can the be formally written as

e
= I
oxr
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where the 7)’s are antisymmetric with respect to the last two indices
T —

Let us now write down TH" in this form. It can be derived from the Einstein field
equations |15] that

oo L]

1 0 1 0 0
oxP

(_g> oz (Auyp7>‘| - (_g) OxP | Ox ()\/LV,O’Y):| ) (449)

where we can bring out the factor 1/(—g), since we are working in a coordinate system
in which 0g,,/0z" = 0. In equation (4.49)) we have set

4

167k

NPT = (—=9)(g" g™ — g""g").
Let’s now set

0
pve — 9 ey
oxY ’

which is antisymmetric in the last two indices

(4.50)

N T

We can then rewrite equation (4.49) as

0
—h*P = (—g)TH".
e (—9)
As said, this equation holds if dg,,/0z” = 0. In an arbitrary coordinate system, the
generically non-vanishing difference a%ph“’jp — (—=g)T" can be called (—g)t**. Therefore,
by definition, for a general coordinate system we can write

0
—g)(TH +t") = —hH"’. 4.51
(~0) )= (4.51)
The fundamental property of t*¥ is that it is not a tensor, as it is already clear from
the fact that a%ph‘”p are ordinary derivatives and not covariant derivatives. t*¥ is called
Landau-Lifshitz energy-momentum pseudotensor of the gravitational field. Now, from
equation (4.51]), we have that the following conservation law holds

0 0?
_ Py ] — pvp _
Sl g) (T 4 ) = O =, (1.52)
and so the quantities
1
pre? / (—g)(T™ + £")dS, (4.53)
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are conserved. Substituting now equation (4.51f) in equation (4.53), one finds out that

the conserved quantities can be written as

P — 1/ (i h/ﬂ/p) ds,,.
c oxP

Recalling now that, for antisymmetric tensors A* = —A"* we can transform this inte-
gral done on a 3d hypersurface to an integral on a 2d surface performing

1 1 OAm OAM OAM

— [ AMAfT = = d —dS, = [ dS,——,

2/ i 2/< Sk oY 5 8x“) / Sk ox”
where df;;, is the dual of df,,, = datdz" — dx”dx™, and so df};, = %em,pwdf”"y. Taking this
into account, we can finally rewrite the conserved quantities P* as

1
Pt = — ¢ hHPdf] . 4.54
- hear;, (454)

Take now ¢t = const as 3d hypersurface in equation (4.53)). Then, the 2d surface in (4.54))
is purely spatial, and so we have

1 )
Pt = . ]{ RV S, (4.55)

where df; = df;}; are the components three-dimensional element of a 2d surface. We only
need to consider dfj; because, in this case, all the other components vanish [15|. From
the result , it is easy to guess a possible choice for the energy-momentum tensor
in TEGR. We can notice in fact that field equation of TEGR really looks like equation

(4.51)). If we simply write them as
o, (h S’f”) — kR(O, — JF) = —khJ",

the analogy with equation is quite clear. In the last equality we have set the
energy momentum tensor of the matter (source) to zero, as it is for the Schwarzschild
spacetime. Recalling now that the super potential is antisymmetric in the last indices
(p <> o), one has the following conservation law

0,(hJ.F) = —% [apaa (h S”)} _o, (4.56)

which comes directly from the field equations. Let us do a comment before proceeding.

In chapter 1 we have noticed that the "gauge current" J . which is a true spacetime and
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gauge tensor, can be considered as an improved version of spacetime-indexed pseudocur-
[ ]

rent (2.148). For this reason, we use .J  to define an energy-momentum vector instead

of the spacetime-indexed quantity ¢ /. By analogy between equation (4.52]) and equation
(4.56)), we identify

]_ .
— o h ST~ (4.57)

Consequently, we try to define the energy momentum vector in TEGR simply in analogy
with equation (4.55) (and setting ¢ = 1)

1 o
pr= = 7{ b Sedf,
kJs,

X (4.58)

=—= j[ h SV n, dOde.
ks,

This integral has to be done on a 2d sphere r = const embedded in the 3d space t = const.
In addition, n; is the normal to S, and so it has only r-component n;. To begin with,
we try to compute the energy, that is given by

R 1 °
P=— ]f h SO, dodo. (4.59)
Sa

The calculation proceed straightforwardly using the appropriate spin connection (4.42])
and the diagonal tetrad (4.3]). We have

h=r?sinf

( 2M)1/2
mo=(1-22
r

. oM\ "2 M
R} (i [ —— —.
r r2

Let’s present in some details only the calculation of the last equation. We start with the
definition of the spacetime-indexed superpotential

P — (WP gPV TR Pl TV (4.60)
So we have

S.OOI — I(.OIO - gOI 7:000 +900 7:010 — [(.010 4 g00 r_Z:ala'
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the last term have already been computed to find out equation (4.45)) while, from the
definition of the contortion tensor (2.136|), one finds

15010 — l ( 7:100 + 7:001 . 7:010) — 7:001
B .

Now, using the definition (4.43)) of the torsion tensor, which includes the spin connection
(4.42)) natural associated with the diagonal tetrads (4.3])

(] o [ ] _ M
TOOI _ glug0u To/ux — T001 — _f lﬁ’
and so we reach to the result S9! = —2 [(1 — %)_1 TMQ] Considering now that S =

he ~SP* we easily achive to the reported result. Thus, we can compute the integral
(4.59), that reads

-1
P’ = —%]i r? sin 6 (—f%2M> f2dfde = M <1 - ﬂ)

72 r

(120 (1))
T T

T—00

(4.61)

We notice from this equation that, interestingly, at the real singularity » = 0 the grav-
itational energy is zero. However, we notice that our expression for the energy diverges
at the horizon (this could be due to the coordinate singularty of the Schwarzschild BH)
while inside the horizon it is negative. Therefore, we obtain that the energy of the
Schwarzschild spacetime is )

E=P' =M. (4.62)

As anticipated we see that taking also into account a possible expression for the gravi-
tational energy, the total thermodynamical energy seems to be M. We now try to write
down an expression for the first law of BH mechanics in the form

TdS = dE + pdV.

Where the differentials should be understood as "variations" under a Penrose process.
The idea is to derive the value of the entropy associated with our expression of gravi-
tational energy. Following the reference [4|, we use, instead of the usual pressure p, a
"surface pressure" defined in analogy with the ordinary pressure as

o=— (aE) L OE M (1 - %)_g' (4.63)

0A) g 8mror B r
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We do that since the spatial volume is not defined. Thus, we write the first law as
TdS = dFE + odA. (4.64)

From the expression of the energy, one finds that

_ OE oE [ oM, oM,

Using A = 47r? and the expression for the surface pressure (4.63)), we also find that

M? 2M 2
odA = — <1 - —) d (47rr2) = 8—7;M2f7%d7". (4.66)
r

73 r

Inserting then (4.66]) and (4.65) into (4.64]), one finds

TdS = dE + pdA = f~ [1 + %f‘l] dM + %f‘% [47TM . f—%} dr. (467
T T

We recall now that asymptotically and at late time 7' = (87M)~!, and that f — 1.
As a resul, we find from that in the limit r — oo
dS = 8rM dM (4.68)
and therefore that the entropy can be written as
S = 47 M>. (4.69)

This thermodynamical analysis again tells us that in TEGR, as anticipated, the thermo-
dynamical entropy is the same as in GR.

4.5 One-loop corrections in TEGR

In this section, we consider one-loop corrections to the partition function. We take into
account the effect of (Sg)2, in the expression (3.F)), on the free energy. Physically, one-
loop corrections can be thought of as the contribution from thermal gravitons to the
free energy. In GR, using translational invariance of path integral measure, one finds
from that the partition function takes the form (dropping the subindex F and
substituting g — h and ¢ — ¢)

InZ(B) ~ —S[g, 9] +1n/Dhexp(—52[h]) +1n/D¢exp(—52[¢]), (4.70)
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We have to study the second and third term of this equation in TEGR. Thus, roughly
speaking, we have to evaluate the determinant of the hessian matrix of the Teleparallel
action (its second functional derivative with respect to the gauge potential), and the
hessian of the action of a scalar field in a Weitzenbock spacetime, i.e., a scalar field
minimally coupled to gravity. To perform these calculations, it is convenient to start
introducing some comments. To begin with, we assume to be in the class of reference
frames in which the spin connection vanishes. Then, we perturb a nontrivial tetrad field
around a nontrivial background

he, =he, +B°,, (4.71)

where B”  is the translational gauge potential and h® ., 1s a nontrivial background tetrad.
Indeed, in approaching the quantization of gravity in TEGR, B”, is the field that should
be taken into account. In particular, the gauge potential should both enter in the path
integral in functional quantization and be promoted to an operator in canonical formal-
ism. So in TEGR, with no other field than the tetrads, the path integral should take the

form
Z = /DB“” exp <—S) , (4.72)
where
éz/éd%—i—i/ix“c X’ d*z + (Syn) (4.73)
167 | 2™ ™ gh/: ‘

In the previous equation, £ is the (Euclidean) TEGR Lagrangian thought as a function
of the gauge potential. The second term is instead a gauge-breaking action. In partic-
ular, ¢,, is a field independent matrix and x* = x*(B* u> is a general gauge-averaging
functional. The ghost action Sy, depends on the specific form of x*. We will not explic-
itly consider Sy, in TEGR because we will use a gauge-fixing (Lorentz gauge) so that the
ghost Lagrangian is the Lagrangian of a field minimally coupled to gravity, a problem
that we will consider separately in the next section. For this reason, we put the ghost
action between parenthesis and the ghost fields do not appear in the functional measure
in equation . From the previous equation, we have that the partition function at
one loop in TEGR has the form (including also a scalar field)

In Z(B) ~ —Sh, ¢] —|—ln/DB“M exp (—S5[B]) +1n/D¢exp(—52[¢]). (4.74)

where h stands for the nontrivial background tetrad and it must not to be confused with
the perturbations of the metric tensor. The first term is the leading one and has already
been computed in the preceding sections. The other 2 terms are the one-loop corrections.
If we neglect the presence of the ghost fields, the relevant differential operator, from which
the 1-loop corrections are computed, schematically has the form

_0*S[B] ox* &Y

Fp— 2220 OX | OX
k= SBisBk 8B ™ 5Dk

(4.75)
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where B; = B}(x). To obtain the form of this operator in the case of TEGR, the best
strategy is to first consider the perturbation around a nontrivial background and
then expand the TEGR action (or the Lagrangian) up to second order in the gauge
potential about the nontrivial tetrad configuration B“M. For the scalar field, the situation
is much easier. For example, we do not have to deal with gauge-breaking conditions and
ghost fields, the action is already of second and we do not need the background field
method. We begin now to consider this easier case and in the following section, we only
present the computations to find out the relevant operator (4.75) which however turns
out to be a non-minimal operator [11].

4.5.1 One-loop divergences of a scalar field in TEGR

As a simple starting point, we begin with taking into account one-loop corrections coming
from a massless scalar field. The action of a scalar field minimally coupled to gravity
can be written as

Sscalar :/d4l’g{glﬂ/9;u¢g2u¢} (476)

This result is obtained from the full gravitational coupling prescription

8 — Dyih = ) — % ( A%, — K“b#) Sav ¥, (4.77)

where v is a generic field carrying an arbitrary representation of the Lorentz group,
and S, are the Lorentz generators in the 1) representation. This coupling is manifestly
equivalent to the GR one and then also the Euclidean formulation will be the same as in
GR. Now, for a scalar field, the Lorentz generators are Sy, = 0. Therefore, in our simple
case, the full gravitational coupling takes the form

0up — 9,0 = 0,9. (4.78)
Then, the action for the scalar field takes the simple form
4 h v
Sscalar - d ZL’§ g'u a,u¢al/¢ . (479>
Therefore, in the Barvinsky language [11], we have that the operator of interest is
F(V)=A=-V,V", (4.80)

where V, is the operator (2.166|), which schematically is given by

V,=0,+T, — K, (4.81)



Using equation ([2.30), we can see that it contains exactly the Levi-Civita connection

rephrased in terms of the Weintzenbock connection as I, =17, — K? ,,. Of course,
then, the operator (4.80)) is precisely the same as the GR covariant Laplacian and, thus,
we will obtain the same one-loop correction as the usual scalar field on a curved back-
ground. We notice that this happens to be the case because the relevant connection, the
one in term of which we write down the coefficients of the early-time expansion of the
trace of the heat kernel, is the one that enters in . We recall that, for ¢ — 0, the
trace of the heat kernel in d-dimensional spacetimes is expected to have an asymptotic
expansion of the form

1

[Bo(A) + tBa(A) + t*By(A) + ..] (4.82)

where

B,(A) = / d*z h b, (A), (4.83)

and b,(A) are constructed in terms of the "generalized curvatures" entering in equation
(3.85). However, since the operator does not contain neither a gauge connection
nor a potential term, we remain only with the "Riemann" curvature, which is obtained
from the commutator of the covariant derivatives entering and acting on a space-
time vector V¢

[V'ﬂ, v, Ve = —Q%3,,V? = R, V", (4.84)

where we have used that Q¢ = —R%g,,, which holds because the curvature of the

Buv

Weintzenbock connection vanishes. The tensor Q¢
(2.153)))

s 18 explicitly given by (cf. equation

Qs =0u K00 — O K 9y + 176, K79, — 176, K79, (4.85)

- FUGMKpUV + FU@VKPO'M + KpUVKUGp, - KpauKUGV-

Then, the first three HAMIDEW coefficients (all we need in d=4), in terms of which one
writes down the divergent part of the effective action, are

bo(z,x) =1
by(z, x) = éé (4.86)
b4($? 37) = Fio (éaﬁuu@aﬁuy - éij/.u/ + ng - 6V.MV.MC§) :
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Consequently, we obtain from the master formula (3.84)), the divergent part of the effec-
tive action

11 A¢ A2 A? ,
Liiv = _§W /ddxh d%/bo + p T/le + ...+ 1n :LJQVbd + finite terms
2
11 A} A?
= (d=4) = _Ew/hh { gvbo + AZ by +1n %m + finite terms] :

(4.87)

where the coefficients b,, are listed in (4.86).

As an aside, one could argue that the most natural choice for the gravitational cou-
pling would be to just follow the gauge paradigm and to substitute the partial derivatives
the gauge covariant derivatives as seen in a general Lorentz frame

Qb — hyb = h0atb, (4.88)
where .
ht =0+ A%’ + B, (4.89)

According to the coupling (4.88]), one would obtain a completely different situation as
compared to before. Indeed, instead of (4.86) we easily attain, from equation (3.85)), the
following HAMIDEW coefficients

bo(x,x) =1

ba(z,2) =0 (4.90)

1
by(x,x) = ETr{FWF“”},

where F),, is the translational field strength, which is the torsion tensor [h,, h,] = F),, =

7°,,P,. In this case, we should have

Te{F,, F"}= T, T" tr[RP] = T, TbW[ < gc] =0, (4.91)

——
Yap=CK form

because translations are abelian. This result tells us that in (4.87) for d = 4 only the
quartic power divergence survive

11 . Ay .
Fdw = —iw d*x h Tbo + finite terms]| . (492)

The fact that b, vanishes suggests that, using the coupling (4.88)), one would obtain a
renormalizable theory. However, classically, it is very desirable to have a coupling that is
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equivalent to GR. Indeed, at the classical level, any modification to the coupling needs
to be compared (and to be in agreement) with several experimental bounds before being
used. Moreover, since the group manifold is essentially Minkowski, one should use the
Minkowski metric 7, instead of the degenerate Cartan-Killing bilinear form ~,;. In this
case, instead of a vanishing b4, one would obtain the standard result for a gauge theory.

4.5.2 Towards one-loop divergences of TEGR

We now do some steps toward the computation of one-loop correction coming from
the gravitational part of the Lagrangian. To begin with, we notice that the equation

establishing the equivalence between TEGR and GR ([2.156|)

F= oy -0, (% T”“V> - %vu ( T”",,) , (4.93)
suggest that one-loop corrections to the TEGR action will be the same as in GR. This
statement is clear in absence of a boundary of the spacetime. In this case, we can
in fact discard every boundary term and then the TEGR Lagrangian is exactly equal
to the GR lagrangian. In presence of a boundary of the spacetime, the situation is
more subtle. In this case, the HAMIDEW coefficients are modified by some boundary
terms, below denoted with c¢. These coefficients are expressed in terms of geometric
invariants evaluated at the boundary, which are built up using the "effective" connection
entering the quadratic action. In particular, the early time asymptotic expansion (4.82)
is modified into |11]

1 = .
TrK (t) ~ ZEnTE Zt By,
k=0
B, = /ddxh by () —|—/ ddflyal/zcgn(y), (4.94)
oM

Bopt1 Z/ dd_1y01/202n+1(y)7
oM

where of course {y} are coordinates on the boundary and o is the determinant of the
induced metric (or, equivalently, of the associated induced tetrad). The coefficients by,
are the same as in the case of boundaryless spacetimes. The boundary terms in (4.94)),
essentially, depend on the boundary conditions (BC) on the fields. These boundary
conditions must be chosen to have symmetric and elliptic differential operators [14].
Often, one choose BC on the fields such that the all the boundary terms vanish. Among
the most used BC there are Dirichlet (D) and generalized Neumann (N) BC

Pom =0, (D)

. (4.95)
(vn - S)¢|8M = 07 (N)
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where V,, denotes derivatives normal to the boundary and S is a matrix valued function
defined on the boundary. For these BC several HAMIDEW are known. Some of the
lowest order ¢ read

D,N

¢y =0

b_ VT, i o VA

c ——Ttrl, e —Ttrl (4.96)

1 A A1 .
= gKtrl, Y =tr <25—|—§K1>.

We see that the boundary terms arising from the quadratic action will influence the
choice of BC which, then, will modify the HAMIDEW coefficients. However, since we
have shown that we can identify the TEGR boundary term B with the GHY term, we
expect that no differences will arise in TEGR (with respect to GR of course), even in
presence of a boundary of the spacetime. One should obtain different one-loop corrections
in TEGR only in the case in which the TEGR boundary term would be different from
GHY and the appropriate BC for GR (which seems to be still problematic [18]) are not
"good" for TEGR.

Although this simple reasoning seems to indicate that in TEGR no differences with
respect to GR will arise even at one-loop, it is very desirable to obtain such corrections
directly from the TEGR action. Indeed, conceptually, TEGR and GR differ profoundly
and then it seems worthy to, at least, explicitly check this equivalence. This, however,
turns out to be a highly-nontrivial problem. The procedure to follow is quite clear: one
should take a perturbation of a nontrivial background, obtain the action at second order
in the perturbations of the tetrads fields and impose a gauge fixing condition, identifying
in this way a second-order differential operator. On this operator, we then apply the
heat kernel theory to obtain one-loop corrections, pretty much what we have done in the
case of the scalar field. We will perform these computations applying the background
field method.

To apply this method, one can start from the TEGR Lagrangian written for
convenience as

. . 1 . . .

167L = h (Z T T, 4 5 TP T — 17, TW,,) = hT. (4.97)

Then, basically, our second order Lagrangian is given by

167L® = HOTO 4 HOTO 4 HETO, (4.98)

So our task is to expand at zero, first and second order in the gauge field (this is actually
the meaning of the numbers in the apices), the inverse tetrad, the determinant and the
torsion scalar. Let’s present the formulas that we need. To begin with, we notice that the
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inverse tetrad, using the formula (A+5A)™1 = A1 = A7 1GAA T+ A (JA) A (JA) A+

..., can be expanded as
h, =hy— B} +h/BB%+ ... (4.99)

We further notice that we can rewrite the torsion tensor replacing the ordinary derivatives
with covariant Levi-Civita derivative

Tauu = auhay - auhau = %uha,/ - %yhau, (4100)

since the the Levi-Civita connection is symmetric. Of course, we as well have

T°,, =hy ( V,.he, — V,,h“#) . (4.101)

Doing this replacement, one has to notice that the perturbation in the tetrad field induces
also a perturbation in the spacetime metric. Indeed, combining the equation g,, =
nabhauhby with the perturbations g, = g, + g, and h®, = Eau + B®,, one obtains,
up to first order, dg,, = hauB®, + hayB®,. Thus, in addition, we have to expand the
covariant derivative as

(4.102)
o (0)

However we are about to see that only V, will matter for the torsion perturbations.

Now the apices indicate the power of the perturbation of the metric. It is now easy to

obtain the following

’ o (0)_ 0 (0)_ ( 00) _ o O)_ 0 (0)__
TO, = v, e, v, B, T :haf’(V hV—VVhM)
‘1 o (0) o (0) ° ° °
T, =v, B, -V, B, TWe,, = he TWe, — Be TR
T®e,, =0 T®e,, =he T, _BerTMa |
\ +BchaéBc(§ T(O)al“/'
Finally, we recall that the determinant of the tetrad can be expanded as
h=h 1+1B+ Lpe _lpe pu + (4.103)
= 5 3 15 uBa S :

where h = det (ﬁ“u) and B = Bauﬁa“. Now that we have all the ingredients, and after
having inserted them into (4.98)), it is just a matter of long calculations to obtain the
following expression (omitting the apices (0) in the covariant derivatives)
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b 1 1/_ o o 1 o o
167L® = hB“V{ {—ﬁnabg“” + AO g, v — Sl V' VY + ) YR VP g DY)
] - [o] o+ o] b, -
a 1 pv Our| & o 1 v ou R v/ v
:hBV —577(11)9 +Aab VpV _§nabv \Y +C V V +g Dbap
v o o B y 1 o
[%ﬂW{WWw%WWMﬂPw

(4.104)

where the quantities with the apices (0) are various combinations of the background
tetrad and torsion. The coefficients A, C, D, GG, () and L are reported in the concluding
appendix. Now, imposing the gauge condition (Lorentz gauge)

VEBY, =0, (4.105)

our differential operator become

2 abap

H[lem) - ()] o [ - Juasie] b o

~{ ] o e fol] 9o o] |

We arrive, using the Lorentz gauge, to a non-minimal second order operator from which
is much more difficult to obtain the one-loop corrections. Moreover, it can be shown that
the ghost operator associated to the Lorentz gauge is just the covariant Laplacian [16]
considered in the previous section. Now, it is generally believed that a gauge choice for
which an operator became minimal, where the computations are easier, always exists.
This gauge choice is known as the minimal gauge |10]. Though, it is as well possible
to obtain one-loop corrections in a non-minimal gauge. In this case, the basic quantity
that are needed are the so called non-minimal propagators. We sketch now briefly the
procedure in the more general case of non abelian gauge theories. Let’s call g' = g*(z)
the set of our fields. The total action can then be written as

1 ) o o
Fi(V) = { K——nabg“” + AQH ) Gop + CV 5t + g D) } Ve VO

7

ve V”+

ve V”+



Slgl = 5%g] + S"g], (4.107)

where S%[g] is a gauge invariant action and S“P[g] is the gauge breaking action with the
generic form

1
SGB[g] = —§XMCWXV- (4.108)

In the previous equation x* = x*(\) is a certain linear gauge condition such that x*(0)
is a minimal gauge and ¢, is a local, invertible and field-independent matrix. Then,
schematically, the operator of interest is

§25¢ ox* o ox”
o U] B G o (4.109)
dgidgk  ogt T dgF
It is shown in [10] that the effective action in the non.minimal gauge can be written in
terms of the non-minimal propagators

; OX!
of the gauge and ghost fields respectively. We could then follow this strategy but, how-
ever, because lack of time, we left these computations for future work. Anyway, we have

presented as well a heuristic argument suggesting that TEGR one-loop corrections are
same as in quantum GR.

FyGF = o7, v Q5 =4 (4.110)

o
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Chapter 5

Conclusions

In the literature of TEGR, it is often stated that this theory is fully equivalent to GR
because their actions are equal up to a boundary term B, which does not influence the
equations of motion. Albeit boundary terms play an important role in physics, the effect
of B is usually overlooked in the existent literature. For example, the boundary term B
affects BH thermodynamics, which then is worth to be studied. Analyzing this effect has
been the aim of this work. In particular, we have explicitly computed the classical TEGR
action of a Schwarzschild BH, from which we have obtained that the values of entropy
and energy at the leading order are the same as in GR. Therefore, we can say that,
also in TEGR, the BH entropy obeys the well-known area law S = Area/4 and the BH
energy is given by its rest mass. This unforeseen result is due to the equivalence of the
TEGR boundary term and the GHY boundary term, as has been proved in subsection
[4.1.1] Moreover, we have examined entropy and energy of a Schwarzschild BH in TEGR
from a different perspective. Namely, we have constructed the TEGR analog of the
Landau-Lifshitz energy-momentum pseudo-tensor of the gravitational field and computed
the associated conserved charge. As we have seen, this approach leads to the same
values of BH energy and entropy. Hence, these results provide further support to the
aforementioned equivalence.

The classical action gives the leading correction in the semiclassical approximation
to the path integral. Therefore, in section 4.5 we have studied if some discrepancies
with GR arise upon quantization. In subsection [4.5.1) we have considered the one-loop
effective action, which gives one-loop quantum corrections to the partition function, of
a scalar field in a classical TEGR background. For this purpose, we have used the heat
kernel method to find out the divergent part of the one-loop effective action. We have
obtained that these divergences are precisely the same as in GR but rephrased in terms
of the Weintzenbdck connection. This result is due to the fact that the so-called full
gravitational coupling prescription of TEGR is completely equivalent to the GR cou-
pling prescription. Nevertheless, there could be a shortcoming. Indeed, let’s consider
the logarithmic divergence of the effective action . As in GR, this divergence is
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proportional to some terms that are not present in the TEGR Lagrangian £. Then,

to renormalize the effective action, we should add some new counterterms to £ with
the same structure of these divergences. However, any term added to the Lagrangian
must be in agreement with its symmetries, that for the TEGR Lagrangian are diffeo-
morphism invariance, local Lorentz invariance, and translational gauge invariance. Since
the divergent terms are the same as GR, the necessary counterterms are not expected
to share all these symmetries; translational gauge invariance, in particular, seems un-
likely to occur. We believe that this aspect deserves to be more deeply studied in the
future, since, likely, it could lead to a discrepancy with GR, breaking thus the equiva-
lence between the two theories. Finally, subsection is concluded with an interesting
observation: by choosing the usual gauge coupling prescription instead of the TEGR
coupling prescription, we would obtain a renormalizable theory for a scalar field mini-
mally coupled to gravity. Nonetheless, there are multiple problems with this conclusion
that invalidate it. A first problem, of physical nature, is that any change of the coupling
prescription, which is inequivalent to the GR coupling prescription, needs to pass several
experimental tests before being safely used. Of course, this is not invalidating per se,
indeed, it just means that we concretely must verify if this new coupling prescription is
compatible with experimental bounds before drawing any conclusions from it. Another
more serious issue is, instead, of mathematical nature. The point is that, in computing
the trace of equation (4.91), we should admittedly use the Minkowski metric instead
of the degenerate Cartan-Killing metric. For this reason, such conclusion is essentially
unfounded. Thereafter, in subsection [4.5.2] we have given some hints on the effect of the
quantization of the gravitational field. In particular, at the beginning of such subsection,
we have presented a heuristic argument suggesting that the one-loop divergences of the
TEGR effective action are the same as in quantum GR as well. However, because of the
conceptual differences between TEGR and GR, it is desirable to explicitly evaluate the
divergent part of the effective action. Following again the heat kernel method, we have
found the relevant second-order differential operator. Unfortunately, using the Lorentz
gauge, we arrive at a so-called non-minimal operator, from which is more difficult to
obtain one-loop corrections. Because of lacking time and technical difficulties this com-
putation is left for future work. We also point out a drawback of our approach. That
is, for simplicity, we have chosen to deal only with the naive definition of the effective
action, which is known to depend off-shell on the gauge choice. We likewise want to
stress that this gauge dependence takes place only off-shell, and then it does not appear
in scattering amplitudes. Therefore, it would be interesting in the future to perform this
analysis using the Vilkoviski unique effective action.

To conclude, our work seems to suggest that the equivalence between TEGR and GR
can be extended to boundary terms and quantum (one-loop) corrections. Though, we
want underline one more time that there are some subtle aspects about the latter. Indeed,
the renormalization of the scalar field on a classical TEGR background will probably work
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out differently if compared to that of GR, since the necessary counterterms probably do
not share the symmetries of TEGR. In our opinion, these features should to be deepened
in the future.
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Appendix A

We report in this appendix the results for the coefficients appearing in the second order
differential operator , obtained from the TEGR action expanded at second order in
the gauge field. These coefficients can be expressed in terms of the background quantities
only and so in the following expressions we omit the (0) and the bars above each term.
The first three A, C' and D have a simple form. The A coefficient reads

v y 1 5
A = (nny" = pneng). (A1)
while C' is
Oc(ng;V = <haphbp - 2hayhbp> ) (AQ)
and D is given by
1
D((l(;)ap = (hdahbp - §haphbo<) . (AS)

The last three coefficients have a more complicated form. The coefficient () can be
written as

O = BT+ 26,0, PT (A.4)
and L can be expressed in the following way

v hd d ° ° 1
Ll()g) ' - g‘“’hb”hcﬁ (TWYﬁT C"/p - 2T(1’YPT wﬁ) + (hayhbu - Z(Sabglw> T+
(A.5)

L]
M PV
p Tb Ta

1 s v y s v .C 1 > .C v
+ 5T, YT 4y h (Ta7 T = 5Ty ) .

We have only the coefficient G left. Since its structure is rather complicated we split it
as

GOvn _ p0

aby = aprM + g,uVFOEO) + H(O) :U«)V’ (A6)

bp ab(p
where the second and the first terms contains derivatives of the tetrads field, and come
from integration by parts of terms containing two derivatives. The round brackets are
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notation for Hégzp” L (Egz)“ Y — H (Eg)“ py. The last term instead comes from terms

containing one derivative. Explicitly they are

» o 1 © o o
Eég)p M=V, (h h!") — 5 V, (R hy) + V¥ (haphy”) — 2 V# (R, ) (A.7)
while F' is . | o
Fup= Vi (h,"hpp) — 3 Va (haphy®) - (A.8)
Finally, the tensor H is given by
0)vp " - n e v hay 1 .M Y v L Niel e
Hy, " = 20T, " — daph T, + 5 §pr + (hy h” = 2h"h,)T", | - (A.9)
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