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Abstract

Correlated Mott-insulating states alternated with unconventional supercon-

ductivity have been lately observed in magic-angle graphene superlattices. For

small angles of rotation the band structure of twisted bilayer graphene (TBG)

exhibits isolated nearly-flat bands, which are responsible for such correlated

behaviour. At first, we describe TBG effective model in order to construct

a topological phase diagram for the mini-bands near charge neutrality. Then,

through symmetry analysis, we try to unravel and understand the limit of such

model, when one tries to revert back to localised low-energy orbitals in real

space (Wannier functions) for Hubbard-like descriptions.
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Introduction

Two articles published in 2018 on the science journal "Nature" by Jarillo-Herrero and

colleagues [1] [2] represent a remarkable step for those studying condensed matter

physics. Those papers carry the discovery of correlated insulating and supercon-

ducting states in "magic angle" twisted bilayer graphene (TBG), leading to a con-

siderably intensi�ed theoretical activity in the already burgeoning �eld of graphene

research.

This fascinating material is made of a 2-D layer of carbon atoms that are bonded

together, generating an honeycomb shaped lattice. Graphene was discovered for the

�rst time in 2004 by two scientists, Geim and Novoselov [3], who were trying to

isolate the thinnest possible layer of graphite through common scotch tape. Since

then this material has been used for the most varied purposes and still now its

possible applications are being explored.

However, the study of graphene honeycomb lattice is much older. The linear

energy dispersion relation at the Dirac cones makes this material a semi-metal with

unusual electronic properties, that are best described by theories of mass-less rela-

tivistic particles. Remarkable in the history of graphene was the discovery of Quan-

tum Hall e�ect and topological phases of matter. In 1987 Duncan Haldane proposed

its Haldane model[4], to explain Anomalous Quantum Hall e�ect in the presence of

Bloch band structure and time reversal broken symmetry in graphene lattice struc-

tures. As the studies on topological phase transitions intensi�ed, graphene became

a reference model in the understanding of topological materials.

A turning point came in 2012 with the continuum Dirac model for small angle

twisted bilayer graphene by A. MacDonald and collegues [5]. When 2-D materials

are stacked with a relative twist, a so-called moiré pattern is formed. For small

angles of rotation the two layers of graphene show a long range modulation shaped
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Introduction

as an honeycomb super-lattice with extended AA stacking regions at the vertices,

alternate with AB/BA ones, �gure (1).

Figure 1: Two stacked lattices of graphene with a twist. In the picture it is shown the
formation of the hexagonal super-cell of the moiré lattice for two sheets of graphene rotated
about a common atom site. The vertices of the triangles coincide with AA stacking regions,
while the internal part correspond to AB ones.[6]

Although the formation of a crystalline lattice depends on the commensurability

of the rotation angle, MacDonald formulated a low-energy e�ective Hamiltonian

always valid for small angles of twist. This in fact, is able to describe the electronic

structure using Bloch bands even for incommensurate patterns.

The band structure is thus folded into a mini Brillouin Zone, whose valleys

show interesting topological properties. At small twist angles low energy nearly �at

bands form, inducing a signi�cant decrease in Fermi velocity at the charge neutrality

points. In particular, Fermi velocity drops to zero at a series of special angles called

magic angles. Correlated insulating states at half-�lling of these bands, that can

be possibly explained with a Mott-like theory, have been observed experimentally.

More interestingly, at the magic angle when the �at bands are doped in a slightly

di�erent way from the Mott-like insulating states, superconductivity is achieved [2].

The power of this material relies on the possibility of studying correlated systems

controlling its electronic density and low-energy bandwidth, simulating di�erent

scenarios. In this prospective it is necessary the implementation of a tight-binding

model to explore unsolved questions. Nevertheless this remains an open problem
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Introduction

and a faithful tight-binding model has not been formulated yet.

This work is divided into �ve sections following the most important steps in the

comprehension of TBG. High regard is placed in understanding the continuum model

and the topological properties of the single valley low-energy nearly-�at bands. The

e�ect of relaxation of the two layers, together with the symmetries of the e�ective

model, are examined on two levels. At �rst they are used to construct a topological

path diagram for the single valley �at bands. Later, they are studied as limits in

the construction of a tight-binding model.
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Monolayer graphene

Figure 1.1: Graphene lattice. The 2D planar structure is shown with its bonds.� -bonds
result from an overlap ofsp2 hybrid orbitals and tie together three nearest neighbors atoms
of carbon. Non-hybridisedp orbitals, perpendicular to the plane, form half-�lled bands that
can generate� bonds with other atoms [7]

Graphene is a single layer material made of a two dimensional lattice of carbon

atoms, whose orbitals havesp2 hybridisation. Each atom in fact is tied together

with its three nearest neighbors by� -bonds, creating a trigonal planar structure.

The total shape results in a honeycomb lattice of hexagonal cells with the sigma

bonds on the plane and the non-hybridised p orbitals perpendicular to the structure.

Because of the carbon electrons structure(1s)2(2s)2(2p)4, p, orbitals form half-�lled

bands that can generate� bonds with other atoms and make graphene a semi-metal.

These lasts� bonds, in particular, are responsible for the electronic conduction of

graphene.
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Monolayer graphene

1.1 Direct and reciprocal lattice

Because of graphene crystal structure, it is possible to �nd within the lattice a unit

cell shaped of a 2-dimensional rhombus. The cell consists in two identical carbon

atoms placed at two di�erent positions labelled by A and B respectively. The unit

cell constant isa0 = a
p

3, where a = 1; 42Å is the distance between two nearest

neighborhood atoms A and B. The 2-D unit cell vectors area1 = a
2(3;

p
3) and

a2 = a
2(3; �

p
3), so any position vector in the lattice can be expressed as a linear

combination R = n1a1 + n2a2 with n1 and n2 real integers. The result is a structure

of two sub-lattices made up of only A and only B atoms that interpenetrate.

Figure 1.2: Honeycomb lattice in real space. The lattice is made up of hexagonal cells with
A and B inequivalent sub-lattices. The vectors� n connect the nearest-neighborhoor cites,
whereasa1 and a2 are unit cell vectors, such that any position vector can be expressed as
R = n1a1 + n2a2 with n1 and n2 real integers. a = 1 ; 42Å is the distance between two
nearest neighborhood [8]

From a1 and a2 it is possible to construct the reciprocal lattice basis vectors

b1 and b2 which must satisfy a i bj = 2�� ij , such that b1 = 2�
3a (1;

p
3) and b2 =

2�
3a (1; �

p
3). In a similar way to real lattice, every vector in the reciprocal space can

be described by a linear combination of the basisb1 and b2, such that k = k1b1+ k2b2

with k1 and k2 real integers. Hence, any generic exponential factore(i kR ) in Bloch
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Monolayer graphene

wave functions with k a real vector, can be expressed restricting the wave number

vector k to the First Brillouin Zone. It is geometrically parameterized by the same

expression but withk1 and k2 de�ned in [0; 1]. It follows that the FBZ has the same

shape as the original hexagons of the honeycomb lattice, but it is rotated by a�2
angle.

Figure 1.3: Honeycomb lattice in reciprocal space. The �gure shows the �rst Brillouin
Zone. K and k 0 label the two inequivalent Dirac cones.b1 and b2 are the basis vectors,
such that any vector in the reciprocal space can be written ask = k1b1 + k2b2 with k1 and
k2 real integers. To restrict k to the First Brillouin Zone k1 and k2 are de�ned in [0; 1]
[9]

The six vertices of the FBZ locate the Dirac cones that identify two set of three

equivalent points. It is satisfactory then, to refer to just one point per group and

to label it with K and K 0 respectively. These are located in the reciprocal space at

position K = 2�
3a (1; 1p

3
) and K 0 = 2�

3a (1; � 1p
3
). Dirac cones are extremely important

to describe the physics of graphene and to characterise its properties [9]. This is

why a deep analysis of the shape of the energy bands close to those points is carried

out in this work.

1.2 A tight-binding Hamiltonian

To study the non interacting-fermions band structure of graphene, it is su�cient to

restrict the study to the analysis of electrons in the perpendicular p orbitals, the
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Monolayer graphene

others in fact do not take place into its conductivity properties. A good description

is given by a tight-binding Hamiltonian [10], in which electrons can hop to nearest-

neighbor and to next nearest-neighbor atoms. The tight-biding Hamiltonian is

H = � t
X

hi;j i

(ay
i bj + h:c:) � t0

X

<<i;j>>

(ay
i aj + by

i bj + h:c:) (1.1)

where the spin index is understood.ai and bi are respectively the destruction op-

erators of one electron in sub-lattice A and B; the angle brackets refer to nearest-

neighbor, while the double ones to next to nearest-neighborhood atoms; h.c. stands

for hermitian conjugate and in the endt and t0 set the energy band scale of the

two hopping processes. These last two terms have magnitudet � 2:8 eV and

0:02t . t0 . 0:2t depending on the tight binding parameterization [9].

1.2.1 Nearest neighbor hoppings

It is convenient to start considering just the �rst piece of the Hamiltonian and

neglecting the next nearest-neighbor hopping term. The expression thus assumes

the form

H0 = � t
X

hi;j i

(ay
i bj + h:c:) = � t

X

i 2 A

X

�

(ay
i bi + � + h:c:)

where in the second equality the sum over n.n. is made explicit. The �rst summation

contains all the r i vectors pointing to sub-lattices A, while
P

� runs over the three

vectors connecting the three B nearest neighborhood sites located at� 1 = a
2(1;

p
3),

� 2 = a
2(1; �

p
3) and � 3 = � a(1; 0). Since the lattice is periodic (no edges have

been �xed and one can assume either in�nite or periodic boundaries), a Fourier

transform of the destruction and creation operator can be performed. Assuming the

same number of A and B sites (N )

ai =
1
N

X

k

ei kr i ak

bi =
1
N

X

k 0

ei k 0r i bk 0

8



Monolayer graphene

the Hamiltonian becomes

H0 = �
t
N

X

i 2 A

X

�

X

k ;k 0

(ei (k 0� k )r i ei k 0� ay
k bk 0 + ei (k � k 0)r i e� i k 0� by

k 0ak ) =

= � t
X

�

X

k

(ei k� ay
k bk + e� i k� by

k ak )

where the sum overr i in the exponential has been replaced with a Kronecker delta

� k ;k 0 and N is the number of atoms in each sub-lattice A or B, to be kept large but

�nite for the moment. It follows that the Hamiltonian can be written as

H0 =  yh(k ) �! h(k ) = � t

 
0 � k

� �
k 0

!

(1.2)

with vectors

 =

 
ak

bk

!

 y =
�

ay
k by

k

�

and

� k =
X

�

ei k�
! � = � 1 ;� 2 ;� 3

The eigenvalues of (1.2) are the two energy values

� � (k ) = � t
p

� k � �
k = � t

p
3 + f (k ) (1.3)

This result is obtained expanding� k as follows

� k =
X

�

ei k� = ei k� 1 + ei k� 2 + ei k� 3 = ei k� 3 (1 + ei k (� 1 � � 3 ) + ei k (� 2 � � 3 )) =

= e� iak x (1 + ei 3a
2 kx e� i

p
3a
2 ky + ei 3a

2 kx ei
p

3a
2 ky ) =

= e� iak x (1 + ei 3a
2 kx (e� i

p
3a
2 ky + ei

p
3a
2 ky ) � 2

2) =

= e� iak x (1 + 2ei 3a
2 kx cos

� p
3a
2 ky

�
)

(1.4)

where the productk� has been made explicit using� coordinates [11].

9



Monolayer graphene

Hence from (1.4)

� k � �
k = [ e� iak x (1 + 2ei 3a

2 kx cos
� p

3a
2 ky

�
][eiak x (1 + 2e� i 3a

2 kx cos
� p

3a
2 ky

�
] =

= 1 + 4 cos
�

3a
2 kx

�
cos

� p
3a
2 ky

�
+ 4 cos2(

p
3a
2 ky)�� =

= 3 + 4 cos
�

3a
2 kx

�
cos

� p
3a
2 ky

�
+ 2 cos

� p
3ky

�
=

= 3 + f (k )

Figure 1.4: Electronic dispersion of graphene. The �gure shows a 3-D plot of the valence
and conductance band of graphene, obtained solving a tight-binding model Hamiltonian with
just �rst nearest-neighbors. The bands cross the Fermi level at the Dirac points, i.e. the
six vertices of the First Brillouin Zone. (Left) Zoom of the energy bands close to one of
the Dirac points. [12]

From the second line of this expression it comes that the points at which the two

=1 + 4 cos
� 3a

2 kx
�

cos
� p

3a
2 ky

�
+ 4 cos

� p
3aky

�
+ 4 sin2(

p
3a
2 ky) =

=1 + 4 cos
� 3a

2 kx
�

cos
� p

3a
2 ky

�
+ 4 cos

� p
3aky

�
+ 2 cos(0) � 2 cos(3akx )

10



Monolayer graphene

energy bands touch, i.e.� k = 0, are set by the following conditions

3akx

2
= 2n� cos

� p
3a
2 ky

�
= � 1

2

3akx

2
= (2 n + 1) � cos

� p
3a
2 ky

�
= 1

2

Within the �rst hexagonal Brillouin Zone there are six points (kx ; ky) such that

� (k ) = 0 . These are exactly the loci of the six Dirac cones within the FBZ

[8]. It should be noticed that, considering just nearest-neighbor hopping terms in

the Hamiltonian the energy spectrum is exactly symmetric about the Dirac points

(� (k ) = 0 ) and there is no gap between the two bands. This is not true anymore as

soon as the second nearest-neighbor terms is counted.

1.2.2 Second nearest neighbor hoppings

Let's consider then the second term of the Hamiltonian (1.1)

H 0 = � t0
X

<<i;j>>

(ay
i aj + by

i bj + h:c:)

moving to k-space and performing the same calculations done forH0, the Hamilto-

nian can be written as

H 0 =  yh0(k ) �! h0(k ) = � t0

0

B
@

P

a
2 cos(ka ) 0

0
P

a
2 cos(ka )

1

C
A (1.5)

showing that it is already in diagonal form. The
P

a
is the summation over the lattice

vectorsa1, a2, a3 = a2 � a1. Thus one can now expand the cosine substituting the

values ofan

X

a

2 cos(ka ) = 2[cos
�

3a
2 kx +

p
3a
2 ky

�
+ cos

�
3a
2 kx �

p
3a
2 ky

�
+ cos

� p
3aky

�
] =

= 2[2 cos
�

3a
2 kx

�
cos

� p
3a
2 ky

�
+ cos

� p
3aky

�
]

11



Monolayer graphene

This leads to the expression

f 0(k ) = 4 cos
�

3a
2 kx

�
cos

� p
3a
2 ky

�
+ 2 cos

� p
3aky

�
= f (k )

From this result the total energy spectrum of (1.1) is

E � (k ) = � t
p

3 + f (k ) � t0f 0(k )

in fact (1.5) is already in diagonal form, so thef 0(k ) gives always a negative con-

tribution to (1.3). It follows that the energy spectrum is not symmetric about

E � (k ) = 0 , instead the � band is lowered, while� � is �attened around the Dirac

point. Introducing the t0 interaction energy, a gap cannot be opened between the

Figure 1.5: Electronic dispersion of graphene. The �gure shows a 3-D plot of the valence
and conductance band of graphene, obtained solving a tight-binding model Hamiltonian with
�rst and second nearest-neighbors. The bands cross the Fermi level at the Dirac points, i.e.
the six vertices of the First Brillouin Zone. (Left) Zoom of the energy bands close to one
of the Dirac points. One should notice that when second nearest-neighbors are taken into
account the energy spectrum loses its symmetric behaviour aboutE � (k ) = 0 . Particle-hole
symmetry is spoiled [9]

Dirac cones because all the real symmetries of the system are preserved and what is

broken is particle-hole symmetry. A deep analysis of the symmetries of the system

will be performed in the section dedicated to the topological properties of graphene

in the third chapter.

12



Monolayer graphene

1.3 Dirac cones and continuum model

It is interesting to analyse more in detail the behaviour of the energy spectrum

where the two bands touch, i.e. close to the Dirac points. It is convenient to refer to

the Hamiltonian (1.2) neglecting the second nearest-neighborhood hopping term. In

order to expand close to the Dirac pointK = 2�
3a (1; 1p

3
) let's introduce a 2-D vector

q, such that k = K + q with q � K . The � term (1.4) becomes

� k =
X

�

ei k� = e� iak x (1 + 2ei 3a
2 kx cos

� p
3a
2 ky

�
) =

= e� iaK x e� iaqx (1 + 2ei 3a
2 K x ei 3a

2 qx cos
� p

3a
2 (K y + qx )

�
=

= e� iaK x e� iaqx (1 + 2ei� ei 3a
2 qx cos

�
�
3 +

p
3a
2 qy

�
)

expanding to �rst order around q = 0

� k = e� iaK x (1)(1 � 2(1 + 3a
2 qx ( 1

2 �
p

3a
4 qy)�� ) =

= e� iaK x ( 3a
2 qy � 3a

2 iqx )

1 So the result is simply

� K + q = � 3
2aie� i

2�
3 (qx + iqy)

It is possible to �x a Gauge such that the phase� ie� i
2�
3 in front of the parenthesis

does not appear in the equation. The Hamiltonian (1.2) becomes

H0(k ) =  yh(K + q) �! h(K + q) = ~vf

 
0 qx + iqy

qx � iqy 0

!

(1.6)

In the expression ofh(K + q) it has been introduced the Fermi velocity, which is

de�ned as vf = 3ta
2~ .

1

cos
�

�
3 +

p
3a
2 qy

�
) = cos

�
�
3

�
cos

� p
3a
2 qy

�
� sin

�
�
3

�
sin

� p
3a
2 qy

�
=

 
1

2
cos

� p
3a
2 qy

�
�

p
3

2
sin

� p
3a
2 qy

�
!

q ! 0

=

= 1
2 �

p
3

2

p
3a
2 qy = 1

2 �
p

3a
4 qy

13
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This result can be expressed in terms of Pauli matrices,

h(K + q) = hK = ~vf (� xqx � � yqy) = ~vf � � q (1.7)

where � = ( � x ; � y; � z) and � � = ( � x ; � � y; � z). It follows that, diagonalizing the

matrix, the energy spectrum is found to be linear inq and it depends only on the

modulus ofq

E � (k ) = � t
q

� K + q � �
K + q = � ~vf jqj (1.8)

Thus the two energy bands are described by cones with the vertices lying at the Dirac

points. Equation (1.8) in fact, characterises mass-less Dirac particles with spin12
and velocity vf

�= 106m=s. As a consequence the wave function of the Hamiltonian

is given by a 2-component spinor with� q, the angle ofq in momentum space with

respect to the x axis

 (K );� (q) =
1

p
2

 
ei

� q
2

� e� i
� q
2

!

(1.9)

where� q = tan � 1( qx
qy

) and � refers to the two possible outcomes of the energy. This

vector is such that the phase changes just by� when the phase of the vectorqx + iqy

is rotated by 2� , as it should be for spinors. Nevertheless the two components of

the wave-function are not referred to the two values of the spin, that has been

implied since (1.1). In this case spinor components describe the distribution of the

electrons in the two sub-lattices A and B, and this is why one should rather speak

of pseudo-spin.

When the calculations are performed onK 0 = 2�
3a (1; � 1p

3
), the result for (1.4)

becomes

� K 0+ q = � 3
2a(qx � iqy)

with Hamiltonian

hK 0 = ~vf (� xqx + � yqy) = ~vf �q

and wave-function

 (K 0);� (q) =
1

p
2

 
ei

� q
2

� e� i
� q
2

!

14
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Despite this result, the excitations nearK and K 0 are not one another anti-

particles. From equation (1.8) and (1.9) it is clear that the couple particle anti-

particle is given respectively by the positive and negative outcomes of the energyE =

� ~vf jqj. These two results come from the possible combinations of the excitations

on the A and B sub-lattices near just one of the Dirac points and these are really

what de�nes the particle anti-particle couple.

1.4 Properties of graphene

As it was mentioned before, in graphene each atom has apz orbital perpendicular

to the plane that is responsible for its electronic properties. It follows that within

each unit cell, the two pz orbitals form � bonding and � � anti-bonding. The two

electrons per-cell �ll completely the� orbitals of the valence band, leaving empty

the � � orbitals of the conduction one. The electronic structure resembles that one

of an insulator. Nevertheless at the Dirac points the two bands touch, so graphene

ends up being a semi-metal. Close to these points, where the dispersion relation is

linear Eq = ~vf , one can compute the density of states that is equal to the number

of electronic states per unit cell areaAc and energy

� (E) =
dN
dEq

=
dN
dq

dq
dEq

=
1

~vf

dN
dq

=
2Ac

�
E

(~vf )2
(1.10)

where the derivative of the number of states N

dN
dq

=
d
dq

Z
d2q

g
4

Ac

� 2
=

d
dq

�
Ac

�
q2

�
=

2Acq
�

=
2Ac

�
E

~vf
(1.11)

and g = 4 is the multiplicity, that gives a contribution of 2 for the spin and 2 for

the two Dirac cones atK and K 0.

From (1.10) it is clear that the density of state is symmetric about the point

E = 0, where� = 0. Because of the linear dispersion relation in fact,� (E) = � (� E)

showing the electron-hole symmetry of the spectrum close to the Dirac points.

Equation (1.7) describes mass-less Dirac particle, so it is natural to introduce a
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Monolayer graphene

cyclotron massm� which is de�ned in the semi-classical approximation as

m� =
1

2�

"
@A(E)

@E

#

E = E f

(1.12)

where A = �q (E)2 = �E 2

(~vf )2 is the area of an orbit enclosed by the momentumq,

and E f is the Fermi energy. Substituting in (1.12) the expression forA

m� =
E f

(~vf )2
=

qf

~vf
(1.13)

The electron densityn, which is the number of �lled states per unit volume, can be

expressed in terms of the Fermi momentumqf , so from (1.11),n =
q2

f

� . It follows

that the e�ective mass is

m� =
p

�n
~vf

(1.14)

proportional to the
p

n. This result is used in experiments to proof that in graphene

particles behaves as mass-less Dirac fermions close to the Dirac points [8] [9].

1.5 Gapping Dirac cones

Coming back to the study of the Dirac Hamiltonian and looking at equation (1.6),

one can think of adding a term proportional to� z. Given a generic parameter m,

the Hamiltonian becomes

hK =

 
m ~vf (qx � iqy)

~vf (qx + iqy) � m

!

� ~vf (� xqx � � yqy) + m� z (1.15)

This introduces an asymmetry between the two sites which should modify somehow

the shape of the energy bands. Diagonalizing (1.15), the energy eigenvalues are

E � = �
q

(~vf jqj)2 + m2

From this result it is clear that there are not solutions withE = 0, so the two energy

bands never touch.

The introduction of any asymmetry between sub-lattice A and B produces the

16



Monolayer graphene

opening of a gap between� and � � , in such a way that the Dirac cones do not touch

anymore. On the contrary, the addition of a termm proportional to the identity

does not alter the shape of the Dirac cones, it just shift them of this same quantity.

In this case the eigenvalues of the energy are in fact

E � = vf (m � j qj)

that have E � = 0 value for m = �j qj

17
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Figure 2.1: Moiré pattern generated by two honeycomb lattices stacked one on top of the
other with a certain rotation angle. [13]

The analysis performed so far is about a 2-D single layer of graphene and its elec-

tronic properties. Many experiments have been performed in the last twenty years

on graphene-based structures, meaning 0-D, 1-D or 2-D arrangements of carbon

atoms on nano-structures. These can be imagined to be formed from the pristine

2-D carbon layer that is further stacked, or folded. These samples present di�er-

ent band-structures and transport characteristics that can be available for various

carbon-based electronics.
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A big contribution to this �eld has been the introduction of new preparation

methods of multi-layer materials, that consent to create di�erent stacking con�gu-

rations with arbitrary small rotation angles. In general the lattice periods of the

individual atomic layers are incommensurate, due to the misorientation between the

sheets. Focusing just on a bilayer systems, the double-layers graphene con�guration

is particularly interesting and presents low-energy electronic properties strongly de-

pendent on the stacking arrangement. For twist angles larger then few degrees, the

two layers graphene are almost electronically isolated. On the contrary, as the angle

becomes smaller, interlayer coupling strengthens and the Fermi velocity at the Dirac

point begins to decrease. From the analysis of the problem performed by Allan H.

MacDonald and colleagues [5], it turns out that for small angles of rotation (. 10°)

and �rst order approximation at the Dirac cones, bilayer graphene presents always

linear energy dispersion relation, exactly as it happens for single layer sheets. In

addition to that, for what are called magic angles, Fermi velocity tends to zero at

the Dirac points. It follows that, in these con�gurations, bilayer graphene presents

extremely interesting electronic properties and phase states not yet totally explored.

Coming back to the general case and starting from a conventional stacking, the

geometry of bilayer systems, which creates a Moiré pattern, is characterised by a

twist angle � and a translation vector d. The commensurability depends only on

the angle of rotation and a two dimensional crystal forms just for a discrete set of

commensurate� generating a Moiré periodic super-lattice. This implies that for

generic angles of twist, Bloch's theorem cannot be applied and the electronic band

structure of the bilayer material cannot be directly computed with usual band-theory

methods.

The goal of this chapter is to retrace the solution of this problem proposed

by Castro-Neto [14], MacDonald and colleagues for small angle rotation bilayer

graphene and to give a �rst understanding of the meaning of magic angles. In par-

ticular it is shown that one can build a low-energy continuum model Hamiltonian

at the Dirac points. Moreover it is allowed the construction of the electronic struc-

ture using Bloch bands even for incommensurate twist angles. It emerges that these

bands depend on the numerical value of the rotation angle� , which a�ects their

shape [14] [5] [15] [16] [17].
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2.1 The model

The low energy model of bilayer graphene close to the Dirac points, is constructed

introducing just three terms:

ˆ two Hamiltonians that describe each one of the single isolated sheet

ˆ a tunnelling hopping matrix between the layers

The interactions between electrons are neglected similarly to the single layer case.

The decoupled Hamiltonian is the one of a Dirac spinor, it has the same expression

found in the previous chapter (equation (1.6)) close toK point

hk (� ) = vk

 
0 ei ( � k � � )

e� i (� k � � ) 0

!

(2.1)

However the angle� dependence is present here. It is, in fact, the rotation angle of

one layer with respect to the other.k is, as before, the �uctuation in momentum at

the Dirac point.

The inter-layer term is constructed considering hopping from each site in layer

one to the closest sites of layer two. There is no coupling between di�erent valleys

K and K 0 [14]. An electronic state with a Bloch wave vectork on layer one and

one with k 0 on layer two are coupled only when

k + G1 = k 0+ G0
2 (2.2)

where G1 and G0
2 are reciprocal lattice vectors. This is accounted as a general

Umklapp process between misoriented crystals and gives a necessary condition to

�nd a non-zero hopping term [16]. Another remark that should be made, is that

the model considered is the one of a� -band tight-binding Hamiltonian. For this

model, in general, the hopping termt(r ) depends only on the planar projection

r between two di�erent layers sites. It follows that there is not dependence on

the perpendicular distance between the sheets, nor on the nature of the hopping

sub-lattice (respectively A and B) [15].
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2.1.1 The hopping matrix

The matrix hopping element between Bloch states within the two layers is de�ned

as

< 	 �
k jH int j	 �

k 0 > (2.3)

where H int is the inter-layer interacting Hamiltonian. Therefore, one should �rst

understand how thesej	 �
k > are constructed and how they are related.

The Bloch state for a single layerj = 1; 2, labelled by its momentumk and the

band index n, can be written as

j	 (j );n
k > = a(j );n

k ;A j (j )
k ;A > + a(j );n

k ;B j (j )
k ;B >

where a(j );n
k ;� are the coe�cients associated to each one of the two sub-lattices� =

A; B . These are referred to the result found in the previous chapter for the spinor

eigenvectorseqref  of the tight-binding Hamiltonian close to the Dirac point

 
a(j );n

k ;A

a(j );n
k ;B

!

=
1

p
2

 
e� i

� q
2

� ei
� q
2

!

The Bloch basis projected on a single sub-latticej (j )
k ;� > , is simply de�ned as

j (j )
k ;� > =

1
p

N

X

R

ei k (R + � � ) jR + � � > (2.4)

where k is the two dimensional Bloch wave vector parallel to the lattice,N is the

number of � sites (which is equivalent to the number of unit cells within the layer),

R are the triangular Bravais lattice vectors and� � is �xed in a way that it connects

the two atoms in the unit cell, meaning� A = 0 and � B = � . As it was mentioned

before, the second layer is rotated by a� angle and displaced by ad vector with

respect to the �rst one. By convention all the vectors referred to the second layer

are labelled with prime0. It follows that r and r 0, and the the wave vectorsk and

k 0, are related by the transformation relations

r 0 = M (� )r + d

k 0 = M (� )k
(2.5)
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whereM (� ) is the rotation matrix. For the second layer, equation (2.4) becomes

j (2)
k ;� > =

1
N

X

R 0

ei k (R 0+ � 0
� ) jR 0+ � 0

� > (2.6)

where� = A; B .

(2.4) and (2.6) are constructed in a way that the number of unit cells in the two

layers is the same (N ), so the two Bloch states are simply related by

j	 (2) ;n
k 0 > = j	 (1) ;n

k >

with the replacements expressed in (2.5).

Coming back to equation (2.3), the matrix hopping term is

Tnn 0

kp 0 = < 	 (1) ;n
k jH int j	 (2) ;n0

p0 > = < 	 (1) ;n
k jH int j	 (1) ;n0

p > (2.7)

wheren and n0 are the band indices. Substituting (2.4) and (2.6) in equation (2.7),

and using the two-centre approximation

Tnn 0

kp 0 =
1
N

X

�;�

(a(1) ;n
k ;� )� a(1) ;n0

p;�

X

R ;R 0

e� i k (R + � � )+ i p(R 0� d+ � 0
� ) t(R 0+ � 0

� � R � � � )

with

< � � + R jH int jR 0+ � 0
� > = t(R + � � � R 0 � � 0

� )

The expression forTnn 0

kp 0 can be written performing a Fourier transform ont(r )

Tnn 0

kp 0 =
1
N

X

�;�

(a(1) ;n
k ;� )� a(1) ;n0

p;�

X

R ;R 0

1
N

X

q

t(q)e� i k (R + � � )+ i p(R 0� d+ � 0
� )ei q(R 0+ � 0

� � � � � R )

(2.8)

It is convenient to work just with the second summation term of (2.8). Only this

one in fact, is manipulated to �nd the �nal result

X

R ;R 0

1
N

X

q

t(q)e� i k (R + � � )+ i p(R 0� d+ � 0
� )ei q(R 0+ � 0

� � � � � R ) =

=
X

R ;R 0

1
N

X

q

t(q)e� i k (R + � � )ei (p+ q)( R 0+ � 0
� )e� i pd e� i q(� � + R )

(2.9)
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Performing the Poisson summation formula with the Kronecker delta on the second

layer R 0 and introducing G0
2, which is a rotated reciprocal space vector [18]

X

R 0

ei R 0(p+ q) = N
X

G 0
2

� p+ q;G 0
2

(2.9) becomes

=
X

R ;G 0
2

1
N

N
X

q

t(q)e� i k (R + � � )ei (p+ q)� 0
� e� i pd e� i q(� � + R ) � p+ q;G 0

2
=

=
X

R ;G 0
2

t(� p + G0
2)ei G 0

2 � 0
� e� i pd ei (p� G 0

2 � k )( � � + R )
(2.10)

Applying again Poisson summation, but now on the �rst layer vectorR

X

R

ei (p� G 0
2 � k )R = N

X

G 1

� p� G 0
2 ;k + G 1

equation (2.10) becomes

= N
X

G 1 ;G 0
2

t(� p + G0
2)ei G 0

2 � 0
� e� i pd ei (p� G 0

2 � k )� � � p� G 0
2 ;k + G 1 =

= N
X

G 1 ;G 0
2

t(k + G1)ei G 0
2 � 0

� e� i G 0
2de� i (k + G 1 )dei G 1 � � � p� G 0

2 ;k + G 1 =

= N
X

G 1 ;G 0
2

t(k + G1)e� i G 0
2 � 0

� ei G 0
2de� i (k + G 1 )dei G 1 � � � p+ G 0

2 ;k + G 1

(2.11)

where in the last equality it has been setG0
2 = � G0

2 for symmetry.

The hopping term is such that, performing a Fourier transform

t(k + G1) =
1



Z
dr t(r )ei r (k + G 1 ) �

1



tk + G 1 (2.12)

and plugging (2.12) into (2.11) and the result so found, back to (2.8)

Tnn 0

kp 0 =
1



X

�;�

(a(1) ;n
k ;� )� a(1) ;n0

p;�

X

G 1 ;G 0
2

tk + G 1 � p+ G 0
2 ;k + G 1 e� i G 0

2 � 0
� ei G 0

2de� i (k + G 1 )dei G 1 � �

(2.13)

This result was obtained referring to [15], where the initial con�guration is described
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by an AA stacked bilayer and the origin of vectors is at an honeycomb lattice point.

It is convenient, for subsequent calculations, to refer to another article [5], where the

initial con�guration is an AB Bernal Stacking. The positions of the carbon atoms

in the two layers are in this case related byr 0 = M (� )(r � � ) + d, where � takes

into account the initial Bernal stacking misalignment.

The hopping matrix element (2.13) is replaced with

Tnn 0

kp 0 =
1



X

�;�

(a(1) ;n
�k ;� )� a(1) ;n0

�p;�

X

G 1 ;G 0
2

t �k + G 1
� �p+ G 0

2 ;�k + G 1
e� i G 2 (� � � � )e� i G 0

2dei G 1 � � =

=
X

�;�

(a(1) ;n
�k ;� )� a(1) ;n0

�p;� T ��
(2.14)

where the bar notation stands for momentum computed with respect to the centre

of the �rst Brillouin Zone.

2.1.2 The new moiré pattern

The construction of the matrices that describe the interlayer interaction, hinges on

the understanding of the geometrical structure of the bilayer. The wave vectors that

�gure in equation (2.14), are computed in each layer with respect to the Dirac point

and are assumed to be small deviation compared to the First Brillouin wave vectors.

The value of tq is not exactly known. Thus, to �nd a numerical estimate, it has

been considered the result proposed in reference [15], in which the following ansatz

is made

tq = t0e� � (qd? ) 

(2.15)

t0 = 2eVÅ
2
, � = 0; 13, 
 = 1; 25, and d? = 3:34Å is the distance between the

layers. The fact that, the wave vectors in equation (2.14) are assumed to be small

deviation on K , is now understood. The amplitude oftq in fact, bends to 0 rapidly

with q de�ned in the Moiré �rst Brillouin Zone. The negative exponential e� � (qd? ) 


in equation (2.15), clearly forcestq to zero for qd? > 1. Given that kD is the

magnitude of the momentum at the corner of the BZ of a single layer, the biggest

value tq can reach is given byjqj ' kD . It corresponds to the three equivalent Dirac

cones that are connected by reciprocal lattice vectorsG (1)
1 and G (2)

1 (respectively

G(2) and G(3) in �gure (2.2)). This results in three di�erent hopping processes.
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Figure 2.2: Reciprocal-space geometry of a twisted bilayer. (A) Dashed lines locate the
�rst Brillouin Zone of an unrotated layer, where G (2) and G (3) connect the three equiva-
lent Dirac points. The blue circles are the new positions of the cones of the two stacked
layers, after a rotation of � �=2. The dots are connected by the vectorqb of modulus
k� = 2kD sin (�=2), with kD the magnitude of the Brillouin-zone corner wave vector of a
single layer. (B) The three equivalent Dirac points in the �rst Brillouin zone result in
three distinct hopping processes, de�ning a new reciprocal lattice. The green line marks the
Moiré band Wigner�Seitz cell [5].

The lattice generated by repeated translation of these hopping processes, form

a new reciprocal space that one can imagine to be associated with the Moiré lat-

tice. The Dirac cones are now identi�ed by the vectorsqj , with modulus jqj j =

2kD sin(�=2) = k� . This is clearly understood looking at the �gure (2.2). Each

layer is in fact rotated respectively of�=2 and � �=2, thus q=2 is the height of the

triangle with hypotenuse kD and angle�=2. Because of momentum conservation,

the interaction processes between the two layers must satisfyk j = k + qj , where

k is an excitation close to a Dirac point. qj are the three vectors de�ned before

that have modulusk� and identify the three tunnelling processes between the two

layers at the three equivalent Dirac pointsK . These vectors, in the following, will

be labelled byqb, qtr , qtl detecting respectively the three hopping directions(0; � 1),

(
p

3
2 ; 1

2), ( �
p

3
2 ; 1

2). These correspond to the three angles of rotation� q1 = 3�
2 , � q2 = �

6
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and � q3 = 5�
6 . Now let's consider only theT �� of the hopping expression (2.14) and

perform a Fourier transform

T �� (r ) =
3X

j =1

ei q0
j r T ��

j (2.16)

The only terms taken into account are the threeqj corresponding to the reciprocal

lattice vectors qb, qtr , qtl listed above. The other terms of the Fourier expansion in

fact, are not relevant fortq. The three hopping matricesTj are

T1 =
tkD




 
1 1

1 1

!

(2.17)

T2 =
tkD



e� i G(2) d

 
e� i� 1

ei� e� i�

!

T3 =
tkD



e� i G(3) d

 
ei� 1

e� i� ei�

!

The G(x) terms are the two rotated reciprocal lattice vectors pointing at the equiva-

lent K Dirac points in the second lattice.tq, in equation (2.15), has been replaced

with the biggest value it can assumetkD . In fact jkD j = jkD + G1j for everyG1 recip-

rocal lattice vector, and from experiments for AB stacked bilayer
tk D

 = w � 110meV

[5]. The terms of the matrices are derived directly from the exponential of (2.14),

so one easily �nds that � = 2�
3 . Expression (2.16) is simply reduced to3w� �A � �B

when d; � = 0. This result is found directly substituting these values in (2.14) and

shows that in this case the hopping term does not depend on positionr .

In the expression forTj the dependence on the interlayer translation vectord, can

be neglected. The sliding between two layers, in fact, leads to a shift of the Moiré

interference pattern that can be understood as a shift in the origin of phase space

[16]. As a consequence, the dependence ond in the Hamiltonian, can be eliminated

by a unitary transformation. It is convenient then to set alwaysd = 0.

This is not true anymore as soon as� = 0, in this case in fact the dependence ond

cannot be neglected and the energy bands change with this vector.
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2.2 The continuum Hamiltonian

One can now put back together all the results found so far and try to write down

the low energy Hamiltonian for the continuum model of TBG. The hopping term

is local, it depends onr , and it is periodic whether or not the angle of rotation

is commensurate and the structure is crystalline. This consents to apply Bloch's

theorem for every� , at this level of approximation. The periodicity in fact, comes out

of the local hopping process described byqj vectors. The Fourier expansion of the

hopping term (2.16), expressed as a superposition of waves vector of the reciprocal

lattice, takes contributions only from the threeqj described before. It follows that

T(r ) has the same periodicity of the lattice generated by the veryqj . Referring to

�gure (2.2) it becomes clear that, by repeating the hopping processes, one generates a

k-space honeycomb lattice whose real space identi�es a Moiré pattern. It is precisely

the green honeycomb in the �gure that detects the Moiré Wigner-Seitz cell. Writing

down the Hamiltonian in k and k 0 space, one can include only the single layer

Hamiltonian described by equation (2.1), the threeTj hopping terms in the second

layer and truncateHk at the �rst honeycomb energy-shell of the super-lattice. The

Hamiltonian then, is described by a8 � 8 matrix including the sub-lattice degrees

of freedom (A and B).

Hk =

0

B
B
B
B
@

hk (�=2) Tb Ttr Ttl

Ty
b hk b(� �=2) 0 0

Ty
tr 0 hk tr (� �=2) 0

Ty
tr 0 0 hk tl (� �=2)

1

C
C
C
C
A

(2.18)

In this formulation one assumes that both layers are rotated of�=2 in opposite di-

rections. This expression has been reported for conformity with MacDonald and

Bistritzer, reference [5], nevertheless this clari�cation is irrelevant for further com-

putations. This Hamiltonian acts on an eight-components spinor

	 =

0

B
B
B
B
@

 0

 1

 2

 3

1

C
C
C
C
A

(2.19)
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where 0 refers to the �rst isolated layer near the Dirac point and j are related to

the three momentum nearqj in the second layer.

In the equation for hj the dependence on� is negligible for small rotation angles.

One can easily replace (2.1) with

hj = vk�

 
0 ei� qj

e� i� qj 0

!

lightening the notation. One should recall thatjqj j = k� 8 j and � qj can assume the

three rotation angles listed above. The Hamiltonian (2.18), wherek j = k + qj , can

be written as the sum of

Hk = H0 + H 0
k (2.20)

The �rst term is �xed by the condition k = 0, while the second represents the k-

dependence.k in fact can be considered as a �uctuation of the wave vector close to

the Dirac point. Solving the Hamiltonian at leading order in the excitation,H 0
k can

be replaced with

H (1)
k = v

0

B
B
B
B
@

� � k 0 0 0

0 � � k 0 0

0 0 � � k 0

0 0 0 � � k

1

C
C
C
C
A

To �nd the elements of the matrix (2.20), one should start proving the assumption

that H0 has null energy eigenvalues

8
<

:

h0 0 + Tj  j = 0

Ty
j  0 + hj  j = 0

�!

8
<

:

h0 0 + Tj  j = 0

 j = � h� 1
j Ty

j  0

(2.21)

From direct calculation one �nds that

Tj h� 1
j Ty

j = 0

so multiplying on the left the second equation of (2.21) byTj

Tj  j = 0 �! h0 0 = 0 (2.22)
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As it was mentioned before, 0 is one of the two zero energy states, (1)
0 and  (2)

0

of the isolated layer. Here the indices 1 and 2 are used to label the two degrees of

freedom of the individual layer, namely A/B or electron/holes bands.

The two zero energy eigenstates ofH0, follow from (2.22) and the second equation

of (2.21). From this result the elements of the Hamiltonian, up to leading order in

k , are
< 	 (i ) jHk j	 (i ) >

< 	 (i ) j	 (j ) >
=

< 	 (i ) jH 0j	 (i ) >
< 	 (i ) j	 (j ) >

+
< 	 (i ) jH (1)

k j	 (i ) >
< 	 (i ) j	 (j ) >

(2.23)

where	 are the eigenvalues of the unperturbed HamiltonianH0. From now on the

upper indices(i ) and (j ) label the sub-lattice A and B.

The �rst term of equation (2.23) is null of course, so one is left with

< 	 (i ) jHk j	 (i ) >
< 	 (i ) j	 (j ) >

=
< 	 (i ) jH (1)

k j	 (i ) >
< 	 (i ) j	 (j ) >

(2.24)

The modulo of 	 is

j	 j2 = j 0j2 + j j j2

in fact it can be set j 0j2 = 1, while  j is such that

j j j2 =  y
j  j =  y

0Tj h
� 1y
j h� 1

j Ty
j  0

Using the fact that

h� 1
j = �

1
vk�

 
0 ei� qj

e� i� qj 0

!

= �
1
� 2

�

hj (2.25)

it follows

h� 1y
j h� 1

j = 1
1

v2jqj2j

leaving just

j j j2 =
1

v2jqj2j
 y

0Tj T
y
j  0

The product of the Tj terms, where the sum over j is superimposed, can be

computed explicitly giving
X

j

Tj T
y
j = 6w21
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Finally, the modulo of 	 is just

j	 j2 = 1 + 6 � 2

where� = w
vjqj j

.

One can compute now (2.24)

< 	 (i ) jH (1)
k j	 (i ) >

< 	 (i ) j	 (j ) >
=

1
6� 2 + 1

�
	 (i )y

0 hk 	 (j )
0 + 	 (i )y

0 Tj h
� 1y
j hk j h� 1

j Ty
j 	 (j )

0

�
=

=
v

6� 2 + 1
	 (i )y

0

�
� � k �

X

j

Tj h
� 1y
j � � kh� 1

j Ty
j

�
	 (j )

0

(2.26)

From equation (2.25), where� � = vk� , (2.26) becomes

< 	 (i ) jH 1
k j	 (i ) >

< 	 (i ) j	 (j ) >
=

v
6� 2 + 1

	 (i )y
0

�
� � k �

1
(vk� )2

X

j

Tj � � kTy
j

�
	 (j )

where the last term of the sum is just1

X

j

Tj � � kTy
j = 3w2� � k

Finally the result for (2.26) is

< 	 (i ) jH (1)
k j	 (i ) >

< 	 (i ) j	 (j ) >
= v

� 1 � 3� 2

1 + 6� 2

�
	 (i )y

0 � � k 	 (j )
0 = v� 	 (i )y

0 � � k 	 (j )
0 (2.27)

1Using that
P

j Tj T y
j = 6w21, it follows

X

j

Tj � kT y
j � 3� k =

X

j

Tj T y
j � 61 =

X

j

Tj � kT y
j �

X

j

Tj T y
j = 3w2� k � 6w21 =

=
X

j

(Tj (� k � 1)T y
j )y =

X

j

(3w2(� k � 21)) y � T � 1
j�������!

on the lef t

X

j

(� k � 1)T y
j =

X

j

(3w2T � 1
j (� k � 21))

X

j

� kT y
j =

X

j

(3w2T � 1
j � k � 6w2T � 1

j + T y
j )

� T j�������!
on the lef t

X

j

Tj � kT y
j =

X

j

(3w2Tj T � 1
j � k � 6w2Tj T � 1

j + Tj T y
j ) = 3

X

j

(Tj T � 1
j � k ) = 3 w2� k

Notice that the result obtained is analogous for� � k
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The effective model of TBG

The Dirac velocity of this Hamiltonian is

v� = v
1 � 3� 2

1 + 6� 2
(2.28)

Equation (2.27) shows that the result obtained, has the same form of the continuum

model Hamiltonian of a single layer of graphene� �
k = v� k.

Figure 2.3: Renormalized Fermi velocity for twisted bilayer.v� is plotted as a function of
� 2, � = w=(vk� ), for 0:18° < � < 1:2°. Bigger values of� correspond to smaller angles.
The �rst point where v� =v = 0 , is given by � 2 = 1=3 and corresponds to the �rst magic
angle � 2 = 1=3, � = 1 :05°. (Inset) Renormalized velocity at larger twist angles. The solid
line refers to numerical results and dashed line to analytic results based on the eight-band
model [5]

The renormalized Fermi velocity has the expression given in equation (2.28),

which is di�erent from the one found for the monolayer Dirac Hamiltonian. The

fractional term 1� 3� 2

1+6 � 2 < 1, so v� is always smaller then the single layer case.v�

depends on the rotation angle of the two lattices through� , which contains the

sin(� ) in the denominator. As a consequence, from equation (2.28), it is possible to

compute the angle for whichv� = 0. This is called magic anglesand it is just the

�rst of many others that can be found from numerical computations and occur for

smaller values.

The �rst magic angle, computed precisely from (2.28), is� = 1:05°. To �nd this

result one should �rst recall that � = w
v2kD sin( �= 2) , so bigger values of� 2 correspond

to smaller rotation angles. From (2.28) one can �nd� 2 = 1
3 . Solving with the
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