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Abstract

Strong gravitational lensing is one of the best performing methods to study the mass distribution

in the central regions of galaxy clusters. The formation of highly amplified and distorted multiple

images of background sources provides the constrains on the lens models. The progress witnessed

recently on the lens modeling techniques was made possible by the several observational programs

conducted with the Hubble Space Telescope (HST) and complemented by spectroscopic observa-

tions of a relatively large number of massive galaxy clusters. The effort made in these campaigns

produced high-quality photometric and spectroscopic data that improve our ability in identify-

ing the lensing observables and the development of new methods to combine lensing and galaxy

kinematics measurements to constrain the cluster mass distribution on a wide range of scales.

In this work we use these novel techniques to conduct a strong lensing analysis of the cluster

PSZ1 G311.65-18.48, with the aim of constructing a parametric lens model of the mass distri-

bution in its core. We use HST observations conducted in several bands, complemented with

VLT/MUSE spectroscopic observations. The MUSE observations provide redshift estimates for

the lensed sources and help reducing the mis-identification of the multiple images. Spectroscopic

data are also used to measure the inner velocity dispersion of a set of cluster member galaxies,

information incorporated into the lens model to better parametrize the sub-halo cluster compo-

nent. The multiple image and cluster member catalogues are the main ingredients required for

the construction of a parametric lens model with the software LENSTOOL.

Throughout this thesis we describe the process that led to the construction of the cluster final

model, which evolved through several intermediate steps where the model complexity increased

progressively. The aim was to recover the mass distribution which minimizes the differences

between observed and model-predicted multiple image positions. Our resulting reference model

is the first lens model for this galaxy cluster ever published and reproduces the observed multiple

images with very high accuracy. It can be used for several applications, including the character-

ization of the source producing the famous Sunburst Arc, or predicting the re-appearance of the

possible transient source recently reported by Vanzella et al. (2020 [1]).



Sommario

Il lensing gravitazionale forte è attualmente uno dei migliori metodi utilizzati per studiare la dis-

tribuzione di massa nel centro degli ammassi di galassie. Infatti, si può sfruttare il fenomeno di

formazione delle immagini multiple di sorgenti di background per porre dei constrains ai modelli

di lente. Negli ultimi anni si è stati testimoni di un miglioramento nelle tecniche di modellis-

tica, grazie alle campagne osservative condotte su grandi campioni di ammassi di galassie. Queste

osservazioni hanno prodotto infatti dati spettroscopici e fotometrici di alta qualità, che hanno aiu-

tato nell’identificazione delle immagini multiple. Questo ha inoltre permesso lo sviluppo di nuovi

metodi per combinare il lensing a misure cinematiche sulle galassie appartenenti all’ammasso,

per poterne determinare la distribuzione di massa su diverse scale.

In questo lavoro utilizziamo queste nuove tecniche per condurre un’analisi di lensing forte per

l’ammasso di galassie PSZ1 G311.65-18.48, e costruire un modello di lente parametrico della dis-

tribuzione di massa nella zona centrale. I nostri test si basano principalmente su osservazioni in

diverse bande del Telescopio Spaziale Hubble, combinati con dati spettroscopici dello strumento

MUSE al VLT. Infatti le osservazioni MUSE ci permettono ottenere misure di redshift per le

sorgenti lensate e quindi di migliorare l’identificazione delle immagini multiple. I dati spettro-

scopici sono utilizzati anche per compiere misure di dispersione di velocità interna delle galassie

appartenenti all’ammasso: queste informazioni cinematiche vengono incorporate nel modello di

lente, per caratterizzare al meglio la componente di sotto-aloni dell’ammasso di galassie. Il cat-

alogo di immagini multiple e di galassie membro ottenuti, sono gli ingredienti di base per la

costruzione di un modello parametrico con il software LENSTOOL.

Nel corso di questa tesi viene descritta la costruzione del modello finale per l’ammasso, risultato

da una serie di step intermedi in cui è stato progressivamente aumentato il livello di complessità.

Lo scopo è quello di ottenere una rappresentazione della distribuzione di massa che minimizzi le

differenze tra le posizioni delle immagini multiple osservate e predette dal modello. Il modello

di riferimento risultante, è il primo modello di lente pubblicato per questo ammasso di galassie,

e riproduce le immagini osservate con alta precisione. Questo potrà essere utilizzato per diverse

applicazioni, tra cui la caratterizzazione della sorgente che produce il famoso “Sunburst Arc” e

la predizione di future apparizioni del possibile transiente recentemente scoperto da Vanzella et

al., (2020 [1]).





Contents

List of Figures iv

List of Tables 1

1 Cosmology 2

1.1 Cosmological Principles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.1.1 Geometry of space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.1.2 Redshift . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.2 Distances and the Hubble Law . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.3 Friedmann Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.3.1 Perfect fluid . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.3.2 The Big Bang singularity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.3.3 Einstein-de Sitter Universe . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.3.4 Latest cosmological parameters results . . . . . . . . . . . . . . . . . . . . . . . . 10

1.4 Structure formation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

1.4.1 Jeans instability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

1.4.2 Expanding Universe . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

1.4.3 Dissipation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

1.4.4 Non-linear theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

1.4.5 Press-Schechter function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2 Gravitational Lensing 20

2.1 Weak field approximation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.2 The lens equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.2.1 Lensing potential and convergence . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.2.2 First order lens mapping . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

i



CONTENTS CONTENTS

2.2.3 Magni�cation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

2.2.4 Time-delay . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.3 Extended lens pro�les . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

2.3.1 Axially symmetric pro�les . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

2.3.2 Power-law pro�les . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

2.3.3 Singular Isothermal Sphere . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

2.3.4 Singular Isothermal Ellipsoid . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

2.3.5 The PIEMD pro�le . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

2.3.6 The Navarro-Frenk-White pro�le . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

2.3.7 External shear . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

3 Galaxy Clusters 46

3.1 Main properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

3.1.1 Cluster members . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

3.1.2 Gas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

3.1.3 Dark Matter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

3.2 Galaxy clusters as lenses . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

3.2.1 Strong lensing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

3.2.2 Weak lensing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

3.2.3 Galaxy-galaxy lensing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

4 Lens Modeling 60

4.1 Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

4.2 LENSTOOL . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

4.2.1 Parametric mass pro�les . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

4.2.2 Bayesian statistics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

4.2.3 Degeneracies . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

5 PSZ1-G311 galaxy cluster 68

5.1 Detection and follow-ups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

5.1.1 Optical observations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

5.1.2 SZ mass estimate . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

5.2 The Sunburst Arc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

5.2.1 Ly-C knot . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

ii



CONTENTS CONTENTS

5.2.2 Transient . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

5.3 Lens model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

5.3.1 HST and MUSE data-sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

5.3.2 Cluster members selection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

5.3.3 Measured velocity dispersions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

5.3.4 Important de�ectors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

5.3.5 Multiple images identi�cation and catalogue . . . . . . . . . . . . . . . . . . . . . 87

5.3.6 Models evolution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

5.4 Reference Model - Model 10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

5.4.1 Time-delay map . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

6 Conclusions 111

Bibliography 113

iii



List of Figures

1.1 Scale factor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.2 Press-Schechter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.1 Lensing system geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.2 Distance factor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.3 Convergence and shear on a circular image . . . . . . . . . . . . . . . . . . . . . . . . . 26

2.4 Critical and caustic lines . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.5 time-delay . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

2.6 Einstein ring . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

2.7 Resfdal supernova time-delay . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

2.8 In�nitesimal source mapping . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

2.9 Image diagrams . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

2.10 SIS lens . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

2.11 NIS lens . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

2.12 SIE lens . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

2.13 NIE lens . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3.1 Environment e�ect on galaxy color-magnitude relation . . . . . . . . . . . . . . . . . . . 48

3.2 Clusters star fraction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

3.3 Cluster gravitational mass pro�le . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

3.4 � � model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

3.5 HST images of elliptical lenses . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

3.6 MACSJ0416 multiple images . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

3.7 Weak lensing analysis of the Bullet Cluster . . . . . . . . . . . . . . . . . . . . . . . . . 56

3.8 Substructure distribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

iv



LIST OF FIGURES LIST OF FIGURES

3.9 GGSL probability with source redshift . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

4.1 Monte Carlo Markov Chain . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

4.2 Con�dence regions plot . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

5.1 PSZ1-G311 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

5.2 Sunburst Arc spectrum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

5.3 Ly� observed pro�le . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

5.4 PSZ1-G311 F814W and F275W HST images . . . . . . . . . . . . . . . . . . . . . . . . 74

5.5 Transient identi�cation in HST images . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

5.6 MUSE multiple image identi�cation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

5.7 Star identi�cation in the PSZ1-G311 �eld . . . . . . . . . . . . . . . . . . . . . . . . . . 78

5.8 PSZ1-G311 red-sequence identi�cation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

5.9 Cluster members . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

5.10 Faber-Jackson . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

5.11 Velocity dispersion extraction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

5.12 Degeneracy table for the scaling relation parameters . . . . . . . . . . . . . . . . . . . . 84

5.13 Cluster members redshift and magnitude distribution . . . . . . . . . . . . . . . . . . . . 85

5.14 Model important de�ectors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

5.15 Multiple images selection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

5.16 All catalogued multiple images . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

5.17 O�set of family 5.1a . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

5.18 � i displacements of multiple images in Model 3 . . . . . . . . . . . . . . . . . . . . . . . 93

5.19 � i displacements of multiple images in Model 4 . . . . . . . . . . . . . . . . . . . . . . . 94

5.20 Critical line problem near a triplet of multiple images . . . . . . . . . . . . . . . . . . . 95

5.21 � i displacements of multiple images in Model 6 . . . . . . . . . . . . . . . . . . . . . . . 96

5.22 � i displacements of multiple images in Model 7 . . . . . . . . . . . . . . . . . . . . . . . 97

5.23 � i displacements of multiple images in Model 9 . . . . . . . . . . . . . . . . . . . . . . . 98

5.24 Magni�cation and projected mass-density maps . . . . . . . . . . . . . . . . . . . . . . . 100

5.25 � i displacements of multiple images in Model 9 . . . . . . . . . . . . . . . . . . . . . . . 102

5.26 Absolute displacements and projected mass contours of Model 10 . . . . . . . . . . . . . 103

5.27 Degeneracy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

5.28 Magni�cation and projected mass density maps for Model 10 . . . . . . . . . . . . . . . 106

5.29 Cumulative projected mass pro�les . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

v



LIST OF FIGURES LIST OF FIGURES

5.30 Time-delay map for the Sunburst Arc redshift . . . . . . . . . . . . . . . . . . . . . . . . 109

5.31 Predicted positions of the transient object . . . . . . . . . . . . . . . . . . . . . . . . . . 110

vi



List of Tables

3.1 Clusters properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

5.1 Sunburst arc spectral lines . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

5.2 Multiple images . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

5.3 Multiple images coordinates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

5.4 Models evolution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

5.5 Sys-2 redshift optimized . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

5.6 Input parameters for Model 10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

5.7 Optimized parameters for Model 10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

5.8 Time-delay of the transient object . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

1



Chapter 1

Cosmology

1.1 Cosmological Principles

In order to build a scienti�c theory of the Universe, in the beginning it was necessary the construction

of simpli�ed models based on some guiding principle. This is the so called Cosmological Principle, that

states the homogeneity and isotropy of the Universe on su�ciently large scales (meaning the scales traced

by the large-scale structure of the galaxies' distribution): homogeneity is the property of being identical

in every point of space, while isotropy means appearing the same in every direction. In other words, in

the Universe there are neither privileged positions nor directions if observing a su�ciently large portion of

it; in fact the Universe is obviously not homogeneous, but there is quite good observational evidence that

the Universe does have these properties, such as the near-isotropy of the Cosmic Microwave Background

(CMB) radiation. Before the discovery of the CMB radiation that led to the theory of the expansion of

the Universe, the cosmologists supported the Steady State Model, which extended the homogeneity and

isotropy of space, to time as well: this was stated in the Perfect Cosmological Principle. The steady-

state Universe was abandoned in the 1960s in favor of the Big Bang model.

Another fundamental base of the description of our Universe is Einstein's General Relativity theory:

since on large scales the main interacting force is gravity, the physical description of the Universe must

be based on how its geometry is shaped by gravity.
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1.1. COSMOLOGICAL PRINCIPLES CHAPTER 1. COSMOLOGY

1.1.1 Geometry of space

The �rst step towards the development of a cosmological model is to establish a metric for our Universe,

that allows to measure the interval between two space-time events:

ds2 = c2dt2 � gij dxi dyj = c2dt2 � dl2 (1.1)

(with i,j =1,2,3) where the �rst term represents the time part, and the second term represent the space

part, and gij is the metric tensor describing the space-time geometry. This intervalds is invariant

under a change of coordinate system and the path of a light ray is given byds2 = 0 . Focusing on the

purely spatial term, in a homogeneous and isotropic Universe, this can assume three forms depending on

geometry: �at Euclidean space, positively curved (sferic), and negatively curved (iperbolic). These can

all be expressed in a general form usingK, which is the Curvature Parameter and de�nes the constant

curvature of the Universe:

ˆ K = 0 a �at, in�nite space;

ˆ K = +1 a closed space, geometrically a3D sphere;

ˆ K = � 1 an open space, geometrically a3D hyperboloid.

With this K parameter and under the Cosmological Principle assumptions, the metric tensor assumes a

simple form called the Friedmann-Robertson-Walker (FRW) metric with line element:

ds2 = c2dt2 � a2(t)
�

dr2

1 � Kr 2 + r 2 �
d� 2 + sin 2 �d� 2�

�
(1.2)

where a(t) is the scale factor of the Universe (or expansion parameter), a function of time which has

the dimensions of a length.

1.1.2 Redshift

It is useful to introduce a more directly observable parameter which is related to the scale factora(t):

the redshift z. Consider luminous emitting source, since the source is moving with the expansion of the

Universe, its spectrum experiences a cosmological redshift quanti�ed by

z =
� o � � e

� e
(1.3)
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1.2. DISTANCES AND THE HUBBLE LAW CHAPTER 1. COSMOLOGY

where � e is the wavelength of radiation emitted by the source at the timete, while � o is the wavelength

of radiation observed at the origin of our coordinate system at a subsequent timeto. In Weinberg (1972

[2]) it is demonstrated that the redshift is related to the scale factor as

1 + z =
a(to)
a(te)

(1.4)

wherea(to) is the scale factor at the moment of the photon detection, anda(te) is the scale factor at the

moment of emission. So the redshiftz is positive, meaning a shift of the spectrum to longer wavelengths,

only if the Universe is expanding.

1.2 Distances and the Hubble Law

We de�ne the point P0 as the origin of a set of polar coordinates(r; �; � ). We can assumedt = d� =

d� = 0 and integrate the FRW metric in this coordinate system to determine the distance measured by

a �chain� of observers in every point betweenP0 and a generic point P at time t. This is de�ned as the

Proper distance

dP =
Z r

0

a(t)dr0
p

1 � Kr 2
= a(t)F (r ) (1.5)

with

F (r ) =

8
>>>><

>>>>:

arcsin(r ) K = 1

r K = 0

arcsinh(r ) K = � 1:

(1.6)

The proper distance calculated ad the present timet0 is called

Comoving distance

dC := dP (t0) = a0F (r ) (1.7)

where a0 = a(t0). Since the proper distancedP of a source can change in time as a consequence of the

time dependence of the scale factor, the source at P has a radial velocity with respect toP0:

vr = _aF (r ) =
_a
a

dP = H (t)dP : (1.8)

This equation is the Hubble law , and the quantity H (t) is improperly called the Hubble constant; in

fact, H (t) (Hubble parameter) it is not constant in time but at a �xed time assumes the same value in

every point of the Universe.
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From the Hubble law and the de�nition of the redshift z, in the limit where z is small, it can be shown

that

z = H0dP : (1.9)

It is also useful to express the cosmic scale factor for timest close to t0 expanding in a power series:

a(t) = a0

�
1 + H0 (t � t0) �

1
2

q0H 2
0 (t � t0)2 + � � �

�
(1.10)

where

q0 = �
•a (t0) a0

_a (t0)2 (1.11)

is called the deceleration parameter, which is dimensionless.

We have seen that there is not a unique way to de�ne a distance of an astronomical object in cosmology,

and in addition to the proper and comoving distance, which are not directly measurable, we can de�ne

other kinds of distances that are, in principle, measurable:

the Luminosity distance of a source at a distancer at the time t with emitted power L and �ux f, is

de�ned as :

dL �
�

L
4�f

� 1=2

: (1.12)

Due to the expansion of the Universe it is necessary to take into account time-dilation e�ect, a stretch

of the spherical surface centred on the source, and a cosmological redshift on the photons; therefore we

obtain

dL = a(t0)r (1 + z): (1.13)

Useful to gravitational lensing purposes,

the Angular Diameter distance of a source inr at t with proper diameter DP and � � the angle

subtended by it, is de�ned as:

dA :=
DP

� �
: (1.14)

So we can de�ne the duality relation that follows:

dA = dL
a2(t)

a2 (t0)
=

dL

(1 + z)2 : (1.15)
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1.3. FRIEDMANN MODELS CHAPTER 1. COSMOLOGY

1.3 Friedmann Models

The fundamental basis to every cosmological model stands in the system of Einstein's Equations, which

sum up how the space-time geometry, described by the metric tensorgij , is determined by its energy

content (or equivalently, matter) described by the energy-momentym tensorTij :

Rij �
1
2

gij R =
8�G
c4 Tij + � gij (1.16)

where � is the cosmological constant,Rij and R are the Ricci tensor and Ricci scalar, respectively.

Einstein inserted the cosmological constant in his equations in order to �nd static solutions, since they

believed the Universe was static. Today we still need the presence of a cosmological constant, which is

used to formalize the vacuum energy. In the Big Bang Model assuming a FRW metric, the form of the

energy-momentum tensor is that of a perfect �uid. We can de�ne

~Tij := Tij +
� c4

8�G
gij = � ~pgij +

�
~p + ~�c 2�

ui uj (1.17)

where ui is the velocity four-vector, ~p and ~� are the e�ective pressure and density respectively, related

to p and � by

~p = p �
� c4

8�G
; ~� = � +

� c2

8�G
: (1.18)

If the metric is FRW, the time-time and space-space components of (1.16) yield:

•a = �
4�
3

G
�

~� +
3~p
c2

�
a ; (1.19)

_a2 + Kc2 =
8�
3

G~�a 2 (1.20)

known as the Friedmann Equations. Those are related by a third equation, obtainable when assuming

the adiabatic expansion of the Universe:

d
�
�c 2a3�

= � pda3 : (1.21)

1.3.1 Perfect �uid

The perfect �uid form for (1.17) is required by the Cosmological Principle and forms the basis for the

Friedmann models. To solve those equations it is necessary to specify an equation of state for the �uid

6
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in the form of p = p(� ). In general we can write

p = w�c 2: (1.22)

The value of the parameterw varies depending on the component we are considering

ˆ w = 0 represents dust, pressureless material, it describes any non-relativistic �uid or gas;

ˆ w = 1=3 represents radiation or, in general, a �uid of non-degenerate ultrarelativistic particles;

ˆ w = � 1 represents the cosmological constant, the vacuum component.

Inserting (1.22) in the condition (1.21) we obtain a relation between� , the scale factor, andw:

� / a� 3(1+ w) : (1.23)

This results in the following equations for the di�erent components of the Universe:

ˆ � M = � 0;M
� a0

a

� 3
= � 0;M (1 + z)3 in a dust dominated Universe;

ˆ � R = � 0;R
� a0

a

� 4
= � 0;R (1 + z)4 in a radiation dominated Universe;

ˆ � � = � 0;�
� a0

a

� 0
= � 0;� in a cosmological constant dominated Universe.

The values of � 0;w are estimated today and as a consequence of the di�erent evolution in time it is

possible to divide the evolution of the Universe in di�erent epochs, in which we can consider only one

component to be dominant, and so disregard any contribution from the others. Following this argument

the duration of every epoch can be found by imposing the equivalence of di�erent components energy

density:

ˆ matter-radiation equivalence, � M = � R :

(1 + zeq) = � M; 0

� R; 0
� 3 � 104 =) zMR

eq � 3 � 104

ˆ matter- � equivalence,� M = � � :

(1 + zeq) =
�

� � ; 0

� M; 0

� 1=3
� 1:7 =) zM �

eq � 0:7

1.3.2 The Big Bang singularity

Friedmann Equations solutions give the time evolution ofa(t); p(t) and � (t), when the equation of state

is known. They can be reformulated in terms of the Hubble parameter calculated today,H0, so from
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(1.20):

H 2
0

�
1 �

� c2

3H 2
0

�
� 0

� crit; 0

�
= �

Kc2

a2
0

: (1.24)

Where we de�ned the UniverseCritical Density at t0 as:

� crit ;0 :=
3H 2

0

8�G
(1.25)

and we can de�ne � 0;� := � c2

8�G so that the equation becomes:

H 2
0 (1 � 
 0;� � 
 0) = �

Kc2

a2
0

(1.26)

where we de�ned the Density Parameter 
 = 
( t). For the w component 
 w = � w
� crit

, which link the

content of energy of the Universe to its curvature (or geometry) as:

ˆ K=0 =) 
 � ;0 + 
 0 = 
 tot; 0 = 1 �at geometry;

ˆ K=+1 =) 
 � ;0 + 
 0 = 
 tot; 0 > 1 spherical geometry;

ˆ K=-1 =) 
 � ;0 + 
 0 = 
 tot; 0 < 1 hyperbolic geometry.

Combining (1.23) and (1.26) we obtain an expression forH(t) that reads:

H 2(t) = H 2
0

� a0

a

� 2
"

1 �
X

w


 0;w +
X

w


 0;w

� a0

a

� 1+3 w
#

(1.27)

It can be shown that if � 1=3 < w < 1 the Universe history has a point in time wherea(t)=0 and the

density diverges, known as theBig Bang singularity. We can write the �rst Friedmann Equation as

•a = �
4�
3

G
�

� +
3p
c2

�
a = �

4�
3

G� (1 + 3w)a (1.28)

where we substituted Eq.(1.22). We can see that•a < 0, provided (1 + 3w) > 0, since� > 0. This, along

with the observational evidence of the expansion of the Universe (_a > 0), establishes that the graph of

a(t) has negative concavity. It exists a moment in time (see Fig.(1.1)) wherea(t)=0 and we can label

this moment t = 0 , since the density diverges and it is a singularity: the Big Bang. This also implies

that the time between the singularity and the time t, must be always smaller than the characteristic

expansion time, also known as the Hubble time,� H = 1=H.
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Fig. 1.1. Evolution of the scale factor in di�erent geometry universes. Note the negative concavity
of a(t) that shows the intersection with the time axis, instant called the Big Bang. Image from Coles,
Lucchin (2002 [3]).

1.3.3 Einstein-de Sitter Universe

The Einstein-de Sitter (EdS) Universe is a �at, one component model, so that
 0;w = 1 . With such

model one can obtain explicit solutions for all the parameters, written as follow:

a(t) = a0

�
t
t0

� 2
3(1+ w )

; (1.29a)

t = t0(1 + z)
2

3(1+ w ) ; (1.29b)

H (t) =
2

3(1 + w)
1
t

; (1.29c)

q =
1 + 3w

2
; (1.29d)

� =
1

6�G (1 + w)2t2 : (1.29e)

These equations imply that an EdS Universe is characterized by a Hubble parameter which decreases as

a function of time and a constant deceleration parameter, so in this Universe the expansion decelerates

constantly with time. The expansion parameter grows inde�nitely with time, so the speed of expansion

is determined by the value ofw. Until now the value of the density parameter 
 was considered att = t0,

but 
 is a function of time as well so it is useful to have an expression to parametrize its evolution with
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redshift; from its de�nition and (1.27) we can rewrite:


 � 1
w (z) � 1 =


 � 1
0;w � 1

(1 + z)1+3 w (1.30)

For z ! 1 , 
 always tends to 1 and we can notice that if
 0;tot is greater or smaller than one, then it

is greater or smaller than one at every redshift, so even if approaching the Big Bang it tends towards

unity, it never crosses the limit. On the other hand if 
 0;tot = 1 then it stays always one: this means

that the evolution of the Universe can not change its curvature.

1.3.4 Latest cosmological parameters results

The latest results from the Planck mission (Planck Collaboration et al., 2018 [4]), based on the mea-

surements of the CMB �uctuations, are consistent with a �at Universe with the following cosmological

parameters:

H0 = (67 :4 � 0:5) kms� 1Mpc� 1 ; (1.31a)


 tot =
X


 i + 
 � = 1 :011� 0:006; (1.31b)


 m = 0 :315� 0:007: (1.31c)

Results of (1.31b) type justify the restriction to �at cosmologies in our models. Other methods

have been used to measureH0: from the calibration of the tip of the red-giant branch for Type Ia

supernovae is foundH0 = 69:8 � 0:8 km s� 1Mpc� 1 (Freedman et al., 2019 [5]), while the H0LiCOW

collaboration based on the method of time delay on lensed quasars foundH0 = 73:3+1 :7
� 1:8 km s� 1Mpc� 1

(Wong et al., 2019 [6]). The lower value found by Planck is to impute to the strong degeneracy ofH0

with other parameters such as
 m . However this result is in good agreement with the measurements

that exploit the baryon acoustic oscillations (BAOs) to calibrate the intrinsic magnitude of the SNe Ia,

�nding H0 = 67:8 � 1:3 km s� 1Mpc� 1 (Macaulay et al., 2019[7]). Anyway we can use the Planck result

to calculate the critical density today, �nding � crit; 0 ' 2 � 10� 29 g cm� 3h2, where h = 0 :677� 0:004.

In this work we adopt a � CDM cosmology with 
 � = 0 :7, 
 m = 0 :3 and H0 = 70 kms� 1Mpc� 1.
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1.4 Structure formation

The currently accepted Big Bang model presents di�erent problems, most of which can be explained by

introducing an epoch of accelerated expansion in the early history of the Universe: thein�ation phase .

The in�ation theory is in agreement with homogeneous, isotropic, �at, and magnetic monopole-free

Universe models, and it is fundamental to introduce inhomogeneities in our theory. The idea is that

quantum �uctuations on microscopic scales in density and temperature at the end of the in�ationary

phase can grow to create the large-scale structures we observe today.

1.4.1 Jeans instability

The origin of galaxies and galaxies clusters can be explained by Jeans gravitational instability theory,

that showes how small density �uctuations in the primordial �uid can grow in time depending on the bal-

ance between the structure self-gravity and pressure, leading eventually to collapse into a gravitationally

bound object. These density perturbations are de�ned as

� :=
��
�

=
� � ��

��
(1.32)

where� 1 < � < + 1 and it is dimensionless, and�� is the mean background density. Density �uctuations

are related to temperature �uctuations observable in the CMB spectrum and they have the same order

of magnitude, which is measured to be�T
T � 10� 5 (e.g. Smooth et al., 1992 [8]). Today the density

�uctuations amplitude is ' 102 so we know that they have grown betweenzls ' 103 (last-scattering

redshift, the moment CMB radiation formed) and z = 0 . In order to develop this theory it is necessary

to introduce a length scale called the Cosmological Horizon radius: this is the radius of the region in

casual connection with the observer, meaning that inside this radius it is important to consider every

force counteracting gravity, while over this radius the only meaningful interaction is due to gravitational

force. Its de�nition is

RH (t) := a(t)
Z t

0

cdt0

a (t0)
; (1.33)

it is possible to demonstrate that RH is a �nite quantity that grows as the Universe expands.

Jeans theory (Jeans and Howard, 1902 [9]) starts by considering a static Universe and the idea is to study

the evolution of a perturbation applied to a known solution of our problem. Working in a Newtonian

approximation we need to look at the dynamics of the �uid that describes the Universe and the density

�uctuations. Consider a perfect �uid characterized by the density � , the velocity v, the gravitational
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potential � , the pressurep, and the entropy S. The equations of hydrodynamics are:

@�
@t

+ r � (� v ) = 0 Continuity equation, (1.34a)

@v
@t

+ ( v � r )v = �
1
�

r � � r � Euler equation, (1.34b)

r 2� = 4 �G� Poisson equation, (1.34c)

dS
dt

= 0 Entropy conservation. (1.34d)

One solution of this system is the �background� one, so that� = p = � = const. and v=0. Now we

can apply to this solution a small perturbation, so that � << 1, and we can use the linear theory. The

perturbed system of equations, considering only �rst-order terms, is then

8
>>>><

>>>>:

@��
@t + � br � � v = 0

@�v
@t = � c2

0
� b

r �� + r ��

r 2�� = 4 �G�� :

(1.35)

Jeans' approach was to consider plane-wave solutions in the form off (r ; t) = f k exp(ik � r + i!t )

where r is the space vector,t the time coordinate, f k the amplitude, ! is the frequency andk = 2 � k̂=�

is the wave vector. Working on Fourier space we can obtain the dispersion relation:

! 2 = k2c2
s � 4�G� b (1.36)

which has two di�erent solution depending on ! 2 sign, so the critical value between real and imaginary

solutions is ! 2 = 0 that de�nes the Jeans scale as

� J =
2�
kJ

= cs

r
�

G� b
(1.37)

also expressed in terms of mass

M J =
4
3

�� b� 3
J : (1.38)

In order to have an inde�nite growth of the perturbation, its scale-length must be larger than Jeans

scale, or equivalently, its mass must exceed the Jeans mass.
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1.4.2 Expanding Universe

To extend the Jeans criterion to an expanding Universe it is necessary to keep in mind the length-scales

given by Jeans scale (� J ) and the Horizon radius (RH ), and also de�ne the fundamental time-scales

given by the equivalence time (teq), corresponding to matter-radiation equivalence described in section

(1.3.1), and the decoupling time, when the baryonic matter and radiation decouple (zdec � 1000).

We can describe our perturbation as a closed, spherical Universe (
 > 1) in a less dense, �at, EdS

background Universe. Given its de�nition, we can �sync� the Hubble parameter of the two universes, in

order to �nd an expression relating the density �uctuation to the scale factor:

� (t) / a� 2� � 1
b : (1.39)

Thus, since the Universe is radiation and matter dominated before and after the equivalence, respectively,

we need to distinguish between di�erent growth regimes:

when � > R H all perturbations follow the evolution of the main component of the Universe

t < t eq ! � / a2 / t (1.40a)

t > t eq ! � / a / t2=3 ; (1.40b)

when � J � � < R H gravity e�ects are in�uenced by the microphysical processes. To study the

evolution of perturbations on scales smaller than the Horizon radius in an expanding Universe, we

need rewrite the system of the equation of hydrodynamics in terms of a velocityu = H r + v. This

expression links the velocity in physical coordinatesu, to the velocity in comoving coordinatesv. Here,

the expansion of the Universe is parametrized by the Hubble law, andv is de�ned as the peculiar velocity

of the perturbation, namely a way to quantify its velocity component within respect to the expansion.

To solve the perturbed hydrodynamic equations we still look for a solution in wave form written as

f (x ; t) = f k (t) exp(ik � x) where now the amplitude of the wave has a time dependency as well. It can

be demonstrated that this leads to a dispersion relation

•� k + 2
_a
a

_� k +
�
k2c2

s � 4�G� b
�

� k = 0 (1.41)

which is an ordinary di�erential equation (ODE) of the second order describing how the density �eld

varies as a function of time in an expanding Universe. Note that the second term in the equation
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contains the Hubble parameter. Assuming the simple power law form� k / t � the ODE solutions are

t > t eq !

8
><

>:

� � / a� 3=2 / t � 1

� + / a / t2=3
: (1.42)

Of course, we are interested in the growing solution: in a matter dominated Universe the perturbation

growth is linearly proportional to the expansion factor.

In a radiation dominated Universe, namely t < t eq, the ODE (1.41) has a slightly di�erent form:

•� k + 2
_a
a

_� k +
�

k2c2
s �

32
3

�G� b

�
� k = 0 (1.43)

and the solutions are again a growing and a damping one. The problem arises when comparing the Jeans

scale and the Horizon radius in this epoch: it can be shown that the Jeans' scale is always larger than

the Horizon Radius, meaning that in the radiation era it is not possible to �nd a solution for photons

density perturbations at scales smaller than the Horizon radius; the waves propagate at such high speed

that �uctuations are cancelled.

The solutions in Eq.(1.42) hold for every type of matter, but it must be considered that dark and

baryonic matter are coupled and interact gravitationally. Dark matter (DM) decouples from radiation

way earlier than baryons, and since that moment perturbations evolve as in Eq.(1.42); to �nd how dark

matter perturbations evolve before the equivalence we need to solve a dispersion relation in the form

•� k;DM + 2
_a
a

_� k;DM + k2c2
s � k;DM � 4�G� b;DM � k;DM = 0 (1.44)

whose growing solution inside the Horizon radius (� < R H ) is

� k;DM = 1 +
3
2

a
aeq

: (1.45)

This solution implies that, since RH grows with time, di�erent scales can enter the horizon at di�erent

times, modifying their growth trend: indeed the so called Mezaros e�ect explains that dark matter

perturbations can grow up to a factor 5/2 in the radiative era, namely � ( t eq )
� ( t H ) � 5

2 .

Until teq baryons are coupled with radiation because of frequent Thompson scattering, and their

perturbations can not evolve. At tdec baryons perturbation can �nally start to grow and we would

expect them to follow the solution � + in Eq.(1.42), but their growth is not free since dark matter
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perturbations already had time to create potential wells, where the baryons can fall. We �nd solutions

to the dispersion relation of baryonic �uctuations for � J � � < R H at t > t dec, written as

� k;B = � k;DM

�
1 �

adec

a

�
: (1.46)

This expression parametrizes thebaryon catch-up phenomenon: after decoupling baryonic �uctuations

evolve faster to �catch-up� with the dark matter perturbations evolution. In other words, the growth

of baryonic perturbations is accelerated by the presence of the dark matter potential wells. When

a � adec the size of the dark matter and baryon perturbation is equal, and the evolution continues

following Eq.(1.42).

1.4.3 Dissipation

As seen the Jeans criterion can be expressed in terms of mass rather than length. It is useful to

understand how the dark matter or the baryonic Jeans mass evolves with the cosmic time, to evaluate

when perturbations can grow and how massive they must be to not be dissipated. It is important to

distinguish between two types of dark matter: cold dark matter (CDM) and hot dark matter (HDM).

We talk about CDM if the dark matter particles are not relativistic at the epoch of decoupling from the

other components of the Universe; vice versa if the particles are still relativistic at the decoupling we

talk about HDM. This is important because we need to determine the behaviour of the mean particle

velocity in the di�erent cosmological epochs, in order to use Eq.(1.38). It can be show that DM Jeans

mass in both scenarios grows until equivalence and then starts to decline: this means that there is a

maximum value for Jeans mass, and this is what sets apart the two scenarios. Simulations showed that

the maximum value of the DM Jeans mass, reached at equivalence is

ˆ M J (aeq) � 105M � for CDM: all perturbations with mass greater than this value had the possibility

to grow and collapse to create smaller structures �rst (globular cluster sizes), leading to the large-

scale structures observed today by hierarchic aggregation (bottom-up scenario );

ˆ M J (aeq) � 1015M � for HDM: only perturbations with such masses can collapse and form struc-

tures, meaning that the �rst structures formed would be greater than today's galaxy clusters, and

all other smaller object formed by fragmentation (top-down scenario ).

Current observations and studies on galaxy clusters and globular clusters ages lead to support CDM

scenarios for our Universe.

The baryonic Jeans scale is always as in Eq.(1.37) but in order to evaluate the particles motion we can
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now use the sound speed, since it is collisional matter. Also, in this case the Jeans mass grows until

reaching a maximum value at the time of decoupling, and then it decreases: since at decoupling baryons

loose the radiation support, it can be shown that there is a sharp drop in normalization. The maximum

value for baryons Jeans mass isM J (adec) � 1016M � but since the evolution of baryonic perturbation is

led by dark matter potential wells, it is not relevant.

So far we discussed how perturbations can grow. However, there are also damping solutions that we

did not consider yet. On scales� < � J , dissipation is important for both dark and baryonic matter:

ˆ since dark matter is collision-less it is not real dissipation. Rather, it is a free streaming e�ect:

at decoupling DM particles propagate freely responding to the mean gravitational �eld of the

Universe, damping the �uctuations. We can de�ne the free-streaming scale as the space travelled

by a DM particle in a time t, if the perturbation velocity is v :

� F S (t) = a(t)
Z t

0

v (t0)
a (t0)

dt0: (1.47)

Thus the free-streaming mass isM F S / � F S � DM and, if a perturbation at the time t has a mass

smaller than the free-streaming mass, it will be cancelled. It can be shown that free-streaming mass

grows as a function of time until equivalence, then it remains constant. Since the normalization

of both the Jeans and the FS mass is the same, atteq all perturbations with M < M F S (aeq) are

cancelled, becauseM J (aeq) = M F S (aeq) but then the Jeans mass starts to decrease;

ˆ since baryonic matter is collisional we can talk about dissipation caused by the continuous stochas-

tic process of particles collisions that dampens the wave. To quantify the total space travelled by

the particles we can de�ne the Silk scale and mass, which follow� S / a5=2 and M S / a9=2 before

equivalence, and� S / a9=4 and M S / a15=4 after equivalence; Silk mass grows until decoupling,

where it reaches its maximumM S (adec) � 1012M � .

Since the perturbation amplitude distribution changes depending on the considered scale, not all scales

grow at the same rate.

1.4.4 Non-linear theory

In today's Universe we observe matter over-densities� � 1 and this implies that there is a time when

the growth of perturbations becomes non-linear. This happens when the perturbations grow enough

to reach � � 1. In this regime on a non-linear description is needed. The growth of perturbations
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can be derived analytically only in a very simple approximation, whereas in every other case numerical

simulations are needed. Analytically the simplest way to study the non-linear evolution of perturbations

is considering a spherical and symmetric perturbation, with null initial co-moving velocity. To do so

the perturbation is described as a closed Universe in a background EdS Universe, and from that we can

�nd a condition for the positive solution to collapse:

� + >
3
5

1 � 
 i


 i (1 + zi )
; (1.48)

where 
 i = 
( t i ) is the density parameter of the background Universe att i . There is a threshold to

overcome within a time frame for the collapse to happen and this condition is always veri�ed for �at

and closed background universe. However for open background universes it can be more di�cult.

Dealing with the perturbation as a closed Universe we ensure its collapse at the so-calledturn-around

point, where the scale factor is maximum (and the density is minimum) and then starts to decrease,

as seen in Fig.(1.1). We want to know what is the ratio between the perturbation density and the

background Universe density at the moment of the turn-around:

� (tmax ) :=
� p (tmax )
� (tmax )

� 5:6: (1.49)

Thus, because of Eq.(1.32), we have that� (tmax ) = � � 1 � 4:6, meaning that the perturbation is

already non-linear at the turn-around time. After the turn-around time, the density increases together

with temperature, so matter heats up and the increasing pressure counteracts gravity, leading to an

equilibrium state. Simulations show that when the collapse stops the perturbation has radiusRe at

te � 2tmax , and then oscillates around this radius until it settles and virialize at tvir � 3tmax . Between

the equilibrium and virial time the perturbation density is constant, while the background Universe is

still expanding, meaning that the ratio in density varies between these two instants:

� p (te)
� (te)

� 228� � 180 (1.50)

and
� p (tvir )
� (tvir )

� 328� � 400: (1.51)
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If we applied linear theory we would have found non-linear results, but 2 order of magnitude smaller,

� + (te) � 1:686

� + (tvir ) � 2:20
(1.52)

stressing the importance of developing a non-linear theory. The problems in this approximation are

that spherical collapse is not realistic and the non-linear theory results are strongly dependent on the

cosmological model we choose to adopt.

1.4.5 Press-Schechter function

In order to test our models of cosmic structures evolution a connection with observables is needed. This

step is possible de�ning a mass functionn(M )dM which gives the number of objects with mass between

M and M + dM at the time t per unit volume. Fixing a mass-to-light ratio (M/L), it is possible to

switch between the mass function and the luminosity function, which can be measured more easily.

The Press-Schechter mass function (Press & Schechter, 1974 [10]) was found starting from the following

assumptions: (i) the density perturbations distribution is Gaussian, as stated by the in�ationary theory;

(ii) spherical collapse model with threshold value� c = 1 :686, as found in linear theory in (1.52); (iii)

Jeans linear theory for the evolution of perturbations. Press and Schechter (1994), showed that the

mass function is

n(M )dM =

r
2
�

� �� M

M 2
�

�
M
M �

� � � 2

exp

"

�
�

M
M �

� 2�
#

dM; (1.53)

where n(M ) is the number density mass of the halos with massM , �� M is the mean density of the halos

with mass M , � is the power law index andM � is a characteristic mass. In this form, Eq.(1.53) is a

power law function with an exponential cut o� at M � , which increases with time, meaning that as time

passes more massive structure are forming in the Universe (Fig 1.2).
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Fig. 1.2. Logarithmic Press-Schechter mass function, at di�erent redshifts. At smaller redshifts the
�knee� of the function is shifted towards larger masses.
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Chapter 2

Gravitational Lensing

As seen in Chapter (1) Einstein's Theory of Relativity describes how mass, and hence gravity, shapes

the geometry of space-time. A gravitational lens can occur when a su�ciently large mass concentration

creates a gravitational �eld strong enough to distort and magnify the light coming from other sources

behind it, along the same line of sight. In fact, light propagates on null geodesics as seen in (1.1.1)

and these paths are a�ected by the small- and large-scale matter clumps in our Universe. Gravitational

lensing is a powerful tool to study the distribution of matter in the cosmic structures and to observe

the distant Universe.

2.1 Weak �eld approximation

Light de�ection can be described by Fermat's principle, namely approaching the problem as light re-

fraction and de�ning an e�ective refraction index, n. In most astrophysical scenarios lenses are �weak�,

meaning that their gravitational potential is small, � � c2, and are small within respect to the source-

lens-observer system. Neglecting the expansion of the Universe, the line element of the local metric

tensor can be written as a small perturbation of the Minkowski metric,

ds2 = g�v dx � dxv =
�

1 +
2�
c2

�
c2dt2 �

�
1 �

2�
c2

�
(d~x)2: (2.1)

From the null geodesic form, ds2 = 0 , the photon e�ective speed in the gravitational perturbation is

smaller than in its absence:

c0 =
d~x
dt

� c
�

1 +
2�
c2

�
(2.2)
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This equation leads to the de�nition of the e�ective refraction index,

n =
c
c0 =

1
1 + 2�=c 2 � 1 �

2�
c2 (2.3)

needed to apply the Fermat's principle. The total de�ection angle of a photon is be the integral over

the gradient of the potential perpendicular to the light path, along the proper light path. However we

can adopt the Born approximation and integrate over the unperturbed light path:

~̂� (b) =
2
c2

Z + 1

�1

~r ? � dz (2.4)

where b is the impact parameter of the photon with respect to the massM . If the lens is a point mass,

then the potential is � = � GM=r , where G is the gravitational constant and r =
p

x2 + y2 + z2 =
p

b2 + z2. Thus the de�ection angle becomes

j~̂� j =
4GM
c2b

= 2
Rs

b
(2.5)

where Rs = 2GM=c2 is the Schwarzchild radius of a massM . Having multiple point masses the total

de�ection angle can be computed by superposition, given the linearity inM .

In a typical lensing system we can consider the source sphere, with radiusDS centered on the

observer O, and the lens sphere, with radiusDL centered on the lens. In all cases of astrophysical

interest de�ection angles are small, therefore the spheres can be replaced by the corresponding tangent

planes, the source plane and the lens plane. As shown in Fig. (2.1), the separation between the ray and

the optical axis is described by the two-dimensional vector~� on the lens plane, and by~� on the source

plane, and DS ; DL and DLS are angular diameter distances.

Since most of the de�ection occurs within � z � b and the distances to the source and the observer

are greater than this, we can apply the thin screen approximation and assume that the de�ection occurs

in the lens plane. Considering now a more realistic model where the distribution of matter is three-

dimensional, this approximation allows to describe the matter distribution with its surface density,

�( ~� ) =
Z

� (~�; z )dz (2.6)
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Fig. 2.1. Lensing system geometry. Figure from Narayan and Bartelmann, 1997 [11]

where � is the 3D density. Given the linearity in M of (2.5), the de�ection angle is

~� (~� ) =
4G
c2

Z
�

~� � ~� 0
�

�
�

~� 0
�

�
�
�~� � ~� 0

�
�
�
2 d2� 0 (2.7)

2.2 The lens equation

In order to de�ne the observable light path we need to derive a relation between the intrinsic source

position (~� ) and the apparent one (~� ), also referred as the image position. From the geometry of Fig(2.1),

if ~̂�; ~�; ~� are small, we can obtain the lens equation

~�D S = ~�D S + ~̂�D LS ; (2.8)

and, by de�ning the reduced de�ection angle,

~� (~� ) �
DLS

DS
~̂� (~� ); (2.9)
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we obtain ~� = ~� � ~� (~� ). We can now de�ne a length scale� 0 on the lens plane, corresponding to a

length scale � 0 on the source plane, such that~x �
~�

� 0
and ~y � ~�

� 0
; this allows the derivation of a

dimensionless lens equation:

~y = ~x � ~� (~x) (2.10)

where

~� (~x) =
DL DLS

� 0DS
~� (� 0~x) (2.11)

is the scaled de�ection angle.

2.2.1 Lensing potential and convergence

The de�ection depends on the projection of the 3D potential on the lens plane and on the lens-source

system geometry. Hence with a proper rescaling we can de�ne thee�ective lensing potential that

characterizes the mass distribution:

	̂( ~� ) =
DLS

DL DS

2
c2

Z
�

�
DL

~�; z
�

dz: (2.12)

It can be shown that the gradient of the lensing potential is the reduced de�ection angle. In dimensionless

form, this property can be written as

~r x 	( ~x) = ~� (~x); (2.13)

where 	 = D 2
L

� 2
0

	̂ . In addition, the Laplacian of the lensing potential is twice the convergence� , i.e.

� (~x) =
1
2

r 2
x 	( ~x); (2.14)

where

� (~� ) �
�( ~� )
� cr

with � cr =
c2

4�G
Ds

DL DLS
: (2.15)

As shown by Eq.(2.15), the convergence is the ratio between the surface density and thecritical surface

density � cr . The latest is a function of the angular diameter distances of the system.

From their de�nitions, lensing quantities such as the lensing potential (2.12) and the critical surface

density (2.15) strongly depends on distances. Fig.(2.2) shows how the factor D s
D L D LS

varies with the lens

or source redshift. As it can be seen in Fig.(2.2a) to a larger source-lens distance corresponds a larger

convergence, it is easier to exceed the� cr threshold for a higher source redshifts. When this happens,

the lens is called �strong�; for a given source redshift, varying the lens redshift, the maximum lensing
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e�ect is produced by lenses at intermediate distaces (blue curve) between the source and the observer.

The peaks of the curves in Fig.(2.2b) shift to higher redshifts if the source distance increases.

Fig. 2.2. How the distance factor varies with the source redshift (a), and how it varies with the lens
redshift when the distance to the source increases (b). Figure from M. Meneghetti lectures (2020 [12]).

2.2.2 First order lens mapping

The lens equation (2.8) ideally allows us to determine the unperturbed source position~� corrisponding to

an observed image position~� , if the de�ection angle ~� given in Eq.(2.4) is known. For an extended source

we should solve the lens equation for every point-source element in order to reconstruct its distorted

image. We can work using a �rst order approximation if the source size is signi�cantly smaller than

the angular scale on which the de�ection angle changes. By computing the distance between two points

~� and ~� 0 = ~� + d~� on the source plane and mapping it on the lens plane we de�ne a linear mapping

between the source and the lens plane, described by the Jacobian matrix

A �
@~�

@~�
=

 

� ij �
@�i (~� )

@�j

!

=

 

� ij �
@2 	̂( ~� )
@�i @�j

!

: (2.16)

This metric is called the lensing Jacobian. It is a rank-two symmetric tensor that can be split into an

isotropic and an anisotropic part

A iso;i;j =
1
2

trA� ij =
�
1 �

1
2

�
	̂ 11 + 	̂ 22

� �
� ij

=
�

1 �
1
2

r 2 	̂
�

� ij = (1 � � )� ij ;
(2.17a)
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Aaniso i;j = A i;j �
1
2

trA� ij = � ij � 	̂ ij �
1
2

�
1 � 	̂ 11 + 1 � 	̂ 22

�
� ij

= � 	̂ ij +
1
2

�
	̂ 11 + 	̂ 22

�
� ij

=

0

B
@

� 1
2

�
	̂ 11 � 	̂ 22

�
� 	̂ 12

� 	̂ 12
1
2

�
	̂ 11 � 	̂ 22

�
:

1

C
A

(2.17b)

From (2.17b) we can de�ne the shear tensor� , also often written in a form of a pseudo-vector,~ =

( 1;  2), whose components are

 1 =
1
2

�
	̂ 11 � 	̂ 22

�
(2.18)

 2 = 	̂ 12 = 	̂ 21 (2.19)

The shear tensor has eigenvalues�
p

 2
1 +  2

2 = �  , so we can write the shear tensor as

0

B
@

 1  2

 2 �  1

1

C
A = 

0

B
@

cos 2� sin 2�

sin 2� � cos 2�

1

C
A (2.20)

where � identi�es the direction of the eigenvector corresponding to the positive eigenvalue.

From (2.17a), we use the property (2.14) to make the convergence explicit. Summarizing, we can rewrite

the lensing Jacobian matrix as

A =

0

B
@

1 � � �  1 �  2

�  2 1 � � +  1

1

C
A

= (1 � � )

0

B
@

1 0

0 1

1

C
A � 

0

B
@

cos 2� sin 2�

sin 2� � cos 2�

1

C
A

(2.21)

from which we can see how the convergence determines an isotropic distortion of the image, so it's

expandend/contracted in all directions by the same factor, while the shear determines an anisotropy by

stretching the shape along a particular direction. As shown in Fig.(2.3), a circular source of radiusr

mapped on the lens plane will be an ellipse, with semi-major and -minor axes de�ned by

a =
r

1 � � � 
=

r
� t

; b =
r

1 � � + 
=

r
� r

(2.22)

where � t and � r are the tangential and radial eigenvalues of the Jacobian matrix, respectively. The

ellipticity is de�ned as

e =
a � b
a + b

=


1 � k
� g; (2.23)
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where we introduced the reduced shearg.

Fig. 2.3. Circular image distortion into an ellipse due to convergence and shear. Figure from S. Suyu
lectures (2016 [13]) .

2.2.3 Magni�cation

Along with distortions, gravitational lensing introduces a magni�cation e�ect. If we are observing a

lensed source, to compute the magni�ed �ux within respect to the intrinsic one we only need to see

how the source area changes, since the surface brightnessI � is conserved (no photons are created or

absorbed). This property is explained by Liouville theorem. Given the ellipse axes in Eq.(2.22), we

want to compute how the area of the lensed image (I ) compares to the source intrinsic area (S). We

obtain:

I = �ab = �r 2(detA) � 1 = S(detA) � 1 ! � �
1

detA
=

I
S

; (2.24)

where � is the magni�cation. The link between the intrinsic and observed �ux can be expressed as

F� =
Z

I
I � (~� )d2� =

Z

S
I S

� (~� (~� )) � (~� )d2�; (2.25)

where the �rst integral is over the image plane, while the second over the source plane. From Eq.(2.24),

we can de�ne the radial (� r = 1=� r ) and tangential ( � t = 1=� t ) magni�cation factors. Since the

magni�cation is a function of ~� , there exists a set of critical points where detA = 0 , namely where

� r = 0 and � t = 0 . Along the lines de�ned by those conditions the magni�cation diverges. These

lines are calledcritical lines and they are de�ned on the lens plane. If we map them onto the source

plane using the lens equation we obtain thecaustics. Since the Jacobian determinant vanishes along
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these lines, the regions of the lens plane separated by the critical lines have values of the Jacobian

determinant with opposite sign. This indicates that parities of the image formed on the two sides of the

critical lines are inverted. An image near a critical line will be characterized by a strong tangential or

radial deformation, as well as higher �ux. Given a lens system, the number of images varies with the

source position. And it can be shown that the number of images changes by two when the source crosses

a caustic (P.Schneider, J. Ehlers, E.Falco, 1992 [14]): two images with opposite parity merge on the

critical line. Working with massive and complex lenses such as galaxy clusters, critical and caustic lines

can have extended and irregular shapes. A source can produce several multiple images. In addition,

many sources can be strongly lensed simultaneously as seen in Fig.(2.4). The �gure shows the that

shows the model describing the mass distribution of the core of the galaxy cluster MACS J1206 (G.B.

Caminha et al., 2017 [15]).

Fig. 2.4. MACS J1206 galaxy cluster lens model. On the left, tangential (cyan) and radial (magenta)
critical lines on the image plane; on the right, tangential and radial caustic lines on the source plane,
along with the reconstructed position of the background sources. Figure from G.B. Caminha et al. (2017
[15]).

2.2.4 Time-delay

Light passage through a gravitational potential also leads to a delay in the travel time between the

source and the observer. Consequently, we see multiple images of the same source appearing on the lens

plane at di�erent times. This time-delay has two components. One is geometrical, due to di�erent path

taken by de�ected light rays to reach the observer, and one is gravitational, and due to the di�erent

e�ective speed of light in presence of a gravitational potential. It can be demonstrated that the total
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time-delay is described by a surface:

t(~� ) = tgeom + tgrav = =
1
c

(1 + zL )
DL DS

DLS| {z }
time-delay distance

�
1
2

(~� � ~� )2 � 	̂( ~� )
�

| {z }
Fermat's potential

=
D � r

c
� (~� );

(2.26)

where zL is the lens redshift and the term (1 + zL ) is a factor introduced to account for the expansion

of the Universe. The gradient of this surface gives the lens equation,

r
�

1
2

(~� � ~� )2 � 	̂( ~� )
�

= 0 (2.27)

Thus the images form at the stationary points of the time-delay surface. The curvature of this surface

is given by its Hessian matrix:

T =
@2t(~� )
@�i @�j

/
�

� ij � 	̂ ij

�
= A: (2.28)

This de�nes a link between the image magni�cation and the curvature of the time-delay surface, given

the relation between the Hessian matrix and the lensing Jacobian. A �at time-delay surface at the image

positions will result in a divergent magni�cation factor, vice versa a more curved surface will result in

a smaller magni�cation. Di�erent stationary points result in di�erent types of images:

ˆ Type I images: in the minima of the surface, both (2.28) eigenvalues are positive, sodetA > 0 and

trA > 0 �! positive magni�cation;

ˆ Type II images: in the saddle points of the surface, (2.28) eigenvalues have opposite signs, so

detA > 0 �! negative magni�cation (i.e. reversed image parity, not de-magni�ed);

ˆ Type III images: in the maxima of the surface, both (2.28) eigenvalues are negative, sodetA > 0

and trA < 0 �! positive magni�cation;

Fig.(2.5) shows an example of one-dimensional time-delay functions for a circularly simmetric lens

for a source not directly behind it (Narayan and Bartelmann, 1997 [11]). The geometric time-delay is

described by a parabola and the gravitational function will vary depending on the considered potential.

In particular, for a source perfectly aligned with the centre of the lens (� = 0 ), we observe a con�guration

called the Einstein ring: three stationary points, two of which (the minima) merge onto a single ring. We

can then introduce the Einstein radius, which is properly an angle, to de�ne the radius of the Einstein
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Fig. 2.5. Geometric, gravitational, and total time-delay one dimensional functions. Figure form
Narayan and Bartelmann (1997 [11]).

ring as shown in Fig.(2.6):

� E =

s
4GM (� )

c2

DLS

D sDL
(2.29)

this can be used as reference scale to work in dimensionless form.

Note that the one-dimensional representation can be misleading, since the surface is three-dimensional:

from the height di�erence of the stationary points of the surface is possible to determine the time-delay

between the appearance of the images. For example, the explosion of a supernova in a galaxy lensed

by MACS1149 galaxy cluster provided a opportunity to test model predictions of time-delay on short

timescales compared to a human lifetime. (Treu et al., 2016 [16]);

Fig.(2.7) shows the time-delay surface contours in the area of the lensed galaxy, where we can see

the multiple images of the Resfdal supernova. The time-delays between these images are of the order of

a few days.
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Fig. 2.6. A source S exactly behind the centre of an axially symmetric lens is mapped into the Einstein
ring, with angular radius given by � E . Figure from Narayan and Bartelmann (1997 [11]).

2.3 Extended lens pro�les

Massive galaxies and galaxy clusters are powerful gravitational lenses, capable of distorting and multiple-

imaging several sources at the same time. Studying the mass distribution of these cosmic structures is

important to understand how they form and evolve over cosmic time and to constrain the cosmological

model (see e.g. Jullo et al. 2010 [17], Golse et al. 2002 [18]). Galaxies and clusters are characterized by

complex extended mass distributions, whose properties are determined by their mass surface density.

The surface density of an extended lens is characterized by several features, such as its mean density

pro�le, the shape of iso-density contours, the smoothness or clumpiness of the lens. The lensing prop-

erties also depend on the environment surrounding the lens. This description of analytical lens models

for extended lenses still use the thin screen approximation.
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