ALMA MATER STUDIORUM - UNIVERSITA DI BOLOGNA

SCUOLA DI SCIENZE
Corso di Laurea Magistrale in Matematica

DIFFERENTIAL CALCULUS
IN METRIC MEASURE SPACES

Tesi di laurea magistrale in Analisi Matematica

Relatrice: Presentata da:
Chiar.ma Prof.ssa MATTEO CALISTI
GIOVANNA CITTI

Correlatore:

GIANMARCO GIOVANNARDI

Sessione Unica
Anno Accademico 2019/2020






To my family who always encouraged me to not give up in every situation:

”Are you frustrated to the fact that you are the weakest one?

If so, hold on to that feeling. That’s proof that you haven't given up yet, on yourself.
Listen, don’t give up saying that you're living within your boundaries.
Don't be a boring person like that.

If you have the guts to not give up, you can become anything you want to be.
We're living creatures that don’t have wings, but still went to the moon.”

- Chivalry of a Failed Knight
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Introduction

The aim of this thesis is the definition of the differential calculus” objects and the
Laplace operator in metric measure spaces, following the presentation of [16]. It is
well known that the classical weak definition of the condition Ag = h is

f(Vf,Vg> dz :ffhdx

for every test function f. Through the duality between tangent and cotangent space,
the scalar product of the gradients can be expressed as the differential D f of f applied
to the gradient Vg of g. We will see that this definition can be extended to metric
measure spaces, because it is expressed in terms of the properties of the measure and
the metric of space.

In the first chapter we introduce the definitions and properties of metric measure
spaces (in particular, (X,d, m) is a metric measure space, (X,d) a Polish space and
m a non-negative Radon measure). In the second chapter we study the properties of
Lipschitz functions and define the metric derivative for absolutely continuous curves.

In general, the norm does not derive from a scalar product and the Laplacian can-
not be defined in the distributional sense as above. Therefore in the third chapter we
define the concept of minimal p-weak upper gradient |Dg|,, as in [4] and [15] and the
Sobolev class S of the functions with finite minimal p-weak upper gradient.

In the fourth chapter we study the generalization of the concept of the differential
of f applied to the gradient of g and this gives two objects:

D P —1DglP D P _ |DglP
D-‘rf(vg) -— inf ’ (9 + 5f)|w 72| g’w’ D_(Vg) = sup ‘ (g + €f)‘w 72‘ g‘w
=0 pe| Dyl e<0 pe|Dglh

In general they are different, but if they agree the space will be called g-infinitely
strictly convex because in the normed case it corresponds to the one in which the
norm is strictly convex.

We will prove some chain rules for D* f(Vg), including the Leibniz rule but in a
different way with respect to the Euclidian case: the tangent space is not available for
the metric measure spaces (in the classical sense), so we’ll study the duality between
the space S” and a suitable space of g-test plans, where ¢ is the conjugate exponent of p.
In particular, using the theory of optimal transport, with reference to [4] and [6], we’ll
be able to associate a transport plan to the gradient of a function in S?, and the Leibniz
rule will be a consequence of its validity on the real line.

Once D* f(Vg) has been defined, in the fifth chapter we define the p-Laplacian by
saying that a function g : X — R is in its domain, g € D(A), if it belongs to the class
SP and if there is a Radon measure p such that

- [ D vgam < [ sau< - [ D 5(Tg)dm



2 Introduction

for every L'(X,m) Lipschitz function f with support of finite m-measure. We then
write ;1 € Ag. The chain and Leibniz rules proved previously will be used to prove
the analogous ones for A.

An important class of spaces are the so-called infinitesimally Hilbert spaces, i.e.
those for which W'?(X, d, m) is a Hilbert space. In this case the Laplacian is single-
valued and is linearly dependent on g. Furthermore the space is also 2-infinitesimally
strictly convex, so D f(Vg) is well defined and it can be proved that D f(Vg) = Dg(V f),
i.e. an identification (duality) between differentials and gradients analogous to the one
possible through the Riesz theorem.

In the last part of the fifth chapter we show an application of what we previously
proved to the Heisenberg group, considering it as a metric measure space endowed
with the Korany metric and the Lebesgue’s measure. We show that on the whole space
the metric Laplacian coincides with the sub-Laplacian that Hérmander in [17] proved
to be an hypoelliptic operator. Then we consider the submanifold X = {x = 0}: in this
case with the differential approach we get the sub-Laplacian restricted to X and this
is not an hypoelliptic operator. Hence we study what kind of operator we get if we
apply the previous definitions to X, using the Cheeger’s energy functional as defined
in [1].



Introduzione

L’obbiettivo di questa tesi e la definizione del calcolo differenziale e dell’operatore
di Laplace in spazi metrici di misura, seguendo la presentazione di [16]. Come & ben
noto la classica definizione debole della condizione Ag = h &

f(Vf,Vg> dz _ffhdx

per ogni funzione test f. Attraverso la dualita tra spazio tangente e cotangente, il
prodotto scalare dei gradienti puo essere reinterpretato come il differenziale D f di f
applicato al gradiente Vg di g. Vedremo che questa definizione si puo estendere a
spazi metrici di misura, perché & espressa in termine delle proprieta della misura e
della metrica dello spazio.

Nel primo capitolo vengono introdotte le definizioni e proprieta principali degli
spazi metrici di misura (in particolare, se (X, d, m) € lo spazio metrico di misura, (X, d)
€ uno spazio polacco e m una misura di Radon non negativa) mentre nel secondo
quelle riguardanti le funzioni lipschitziane e la derivata metrica di curve assoluta-
mente continue.

In generale la norma non deriva da un prodotto scalare e il laplaciano non si puo
definire in modo distribuzionale come sopra. Nel terzo capitolo quindi viene definito
il concetto di p-supergradiente debole |Dg|, come in [4] e [15] attraverso 1'utilizzo
della derivata metrica e delle curve assolutamente continue e di conseguenza la classe
di Sobolev S delle funzioni che hanno p-supergradente debole finito.

Nel quarto capitolo viene studiata la generalizzazione del concetto di differenziale
di f applicato al gradiente di g che da luogo a due oggetti:

D*f(Vg) — inf |D(g +<f)h, 72| g’w’ D~ (Vg) = sup |D(g +<f)|P, 72‘ gt
=0 pe| Dyl e<0 pe| Dyl

In generale risultano diversi, ma se concincidono lo spazio verra detto g—infinite-
simamente strettamente convesso perché nel caso normato corrisponde al caso in cui
la norma e strettamente convessa.

Vengono quindi dimostrate alcune regole della catena per D* f(Vyg) fra cui anche
la regola di Leibniz ma in modo diverso rispetto al caso normato: non avendo a dispo-
sizione lo spazio tangente per gli spazi metrici di misura, viene studiata la dualita fra
lo spazio S” e un opportuno spazio di misure dette g-piani test, dove g e ’esponente co-
niugato di p. In particolare mediante 1'introduzione del funzionale energia di Cheeger,
analogo a quello di Dirichlet nel caso euclideo, e lo studio del suo flusso-gradiente sara
possibile associare un piano di trasporto al gradiente di una funzione in S” come in [4]
e [6], e la regola di Leibniz sara una conseguenza della sua validita sulla retta reale.

Una volta definito D* f(Vg) nel quinto capitolo viene definito il p-laplaciano affer-
mando che una funzione ¢ : X — R & nel suo dominio, g € D(A), se appartiene alla
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4 Introduzione

classe SP ed esiste una misura di Radon p tale che

_fmf(vg)dm < ffdu < —fD—f(vg)dm

per ogni funzione lipschitziana f sommabile con supporto di m-misura finita. Si scrive
quindi 1 € Ag. Le regole della catena e di Leibniz provate precedentemente saranno
usate per provare quelle per A.

Una classe importante di spazi sono quelli infitesimamente di Hilbert, cioe quelli
per cui W?(X, d, m) & uno spazio di Hilbert. In questo caso il laplaciano assume
un solo valore e risulta linearmente dipendente da g. Inoltre lo spazio & anche 2-
infinitesimamente strettamente convesso, per cui D f(Vg) & ben definito e si dimostra
che Df(Vg) = Dg(Vf), cioe un’identificazione tra differenziali e gradienti analoga a
quella possibile attraverso il teorema di Riesz.

Nell'ultima parte del quinto capitolo infine viene mostrata un’applicazione del cal-
colo differenziale in spazi metrici di misura al gruppo di Heisenberg, considerandolo
uno spazio metrico di misura munito della metrica di Korany e la misura di Lebesgue.
Nella prima parte si mostra che il laplaciano metrico coincide con quello subrieman-
niano che Hérmander in [17] ha mostrato essere un operatore ipoellittico. Viene poi
considerata nella seconda parte la sottovarieta X = {z = 0}: in questo caso attraverso
I'approccio differenziale si ottiene il laplaciano subriemanniano ristretto a X e questo
non e un operatore ipoellittico. Quindi viene applicata la teoria del calcolo in spazi
metrici precedentemente sviluppata per studiare quale genere di operatore si ottiene,
usando il funzionale energia di Cheeger definito come in [1].



Chapter 1

General measure theory and
differentiation theorems

In this chapter we define and prove the essential tools from the Measure Theory
we will use throughout the thesis, following [16]. We will define doubling spaces and
state the Vitali’s covering theorem, which we will use to introduce the Vitali spaces
and to prove the main two results of the chapter: the Lebesgue’s differentiation and
the Radon-Nikodym’s theorems. Finally, we will recall some notions from functional
analysis regarding weak convergence of measures the duality between continuous
functions and measures given by the Riesz theorem.

1.1 First definitions

We assume that X # () and denote the power set of X as P(X).
Definition 1.1.1. A family of sets . C P(X) is called o-algebra over X if:
e )X e
s Ae S = AceS
e {AtienC S =>UZ Ae
Definition 1.1.2. A set function m : . — [0, +00] is called measure if:
e m()=0;
e {AiienC L eANA =0,i#j=>m(U2, 4A) =D 0 m(A) (o-additivity).

If 7 isn’t a o-algebra m is called pre-measure. La triple (X, .7, 1) is called measure space.
If m(X) = 1 then X is called probability space and m probability measure.

Remark 1.1.1. From the o-additivity of m, if A C B then using the De Morgan’s relations
we have

B=AU(A°NB)= (AUB)€.¥ = A°"NBE€.¥
som(B) =m(A) + m(A°N B) = m(B) > m(A). This property is called monotonicity.

5



6 1. General measure theory and differentiation theorems

Definition 1.1.3. Given any measure we can associate to it a o-algebra whose sets are
called (Carathéodory-)measurable: A € .7 is said measurable if

m(T)=m(TNA)+m(T\A), VI e s,
We say that A is m-negligible if m(A) = 0.

The collection of measurable sets .#(m) is a o-algebra from definitions and the
monotonicity property. Finally m is complete over .# (m), i.e. all the m-negligible sets
are m-measurable. The following theorem collects some properties of m, called conti-
nuity of the measure (see [7] or [2] for the proof):

Theorem 1.1.1. Let { A} be a sequence of m-measurable sets. Then

I) The sets |J;55 Ay, /=5 Ax are m-measurable.

II) If the Ay, are pairwise disjoint then m( > S m(Ag)

) IfFA, C--C A C..., then 3Jim_m(Ay) = m( b Ak>

k—+oc0

IV) IfA, DDAy D ... and m(A,) < +oo, then 3,m_m(A,) = m( oo Ak>

k—+o0o

From now on if it is clear which measure we are referring to we call the m-measurable
or m-negligible sets simply measurable or negligible. We consider also m always re-

stricted to .# (m).

Definition 1.1.4. We say that a function f : X — Y from a measure space (X,.#, m) to
a measurable space (Y, .7) is measurable w.r.t. # (m) if f~'(A) € #(m) forany A € 7.

Generally if X is a measurable space then the measurability is defined w.r.t. any
o-algebra .7 over X requiring just that f~'(4) € ..

Proposition 1.1.2. Let f, g be real measurable function over X. Then also f + g, fg, af with
a € R are measurable and f Vv g := max{f,g} e f A g := min{f, g} are too. Moreover,
composition of measurable function is measurable.

Using the properties of m we have also the following proposition.

Proposition 1.1.3. Let {f,}nen be a sequence of extended real-valued measurable functions.
Then sup,,cy fn, infpen fo, limpen fr, and lim, _ f,, are measurable.

Proof. For example, (sup,cy fn) ' ((a, +00]) = U, en [ ((a, +¢]) € A (m). O

1.2 Borel o-algebra, Borel measures and restrictions

For every topological space X it can be defined a “natural” o-algebra %, called
Borel o-algebra, generated by open sets. More precisely, & is the smallest o-algebra
containing the open sets of X. In general, the smallest o-algebra containing a fixed
family of sets is the intersection of all the o-algebras containing it. Notice that this
intersection is surely not empty because P(X) contains it, so that the definition makes
sense.

We consider now X as the base set of a metric space (X, d).
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Definition 1.2.1. Let X be a non-empty set. A function d : X x X is called distance if
* d(z,y) > 0Vz,y € X ed(x,y) = 0if and only if x = y;
° d(z,y) =d(y,z) Vz,y € X;
* d(z,y) <d(z,z)+d(z,y) Vx,y,z € X.

The couple (X, d) is called metric space.

Definition 1.2.2. A measure m over X is said Borel measure if open sets are measurable.
A Borel set is any set in a topological space that can be formed from open sets through
operations of countable union, countable intersection and relative complement. We
say that a measure is regular if for each measurable set A there exists a Borel set B such
that A C B and m(A) = m(B). Finally, Borel reqular measure is a Borel measure that is
also regular.

We recall the following useful result.

Theorem 1.2.1 (Carathéodory’s criterion). A measure m over a metric space (X,d) is a
Borel measure if and only if

m(E1 N EQ) = m(El) + m(Eg), VEl, E2 € ///(m) ‘ d(ElEg) > 0.

Proof. Without loss of generality we can prove that all closed sets are measurable. Let
C be a closed set and let us define

1 1
Dy :={zeX|dzC)>1}, D,:= {xeX\géd@,CK Qn_l}-

We want to prove that for every F
m(F) >m(FNC)+m(FNCe),

so that we choose F such that m(F) < +o0o. We notice that D; and D; are disjoint
if © # j, so that for an arbitrary index m, using the monotonicity property and the
o-additivity, we have

m(F) > m(F N |i| D2j> = im(F N Dyy).

The same inequality holds with 2j replaced by 25 + 1. Then the series in the right-hand
side is convergent. From the fact that C'and | |i”; D; are disjoint we have that Vm > 0

m(F) > ((ch (Fm|_|D)) _mFmC)+m(Fm|_|D)

m(FNC)+m(FNCe) — ZmFﬂD

ji>m

where the last inequality follows from the fact that m(F' N C°) < m(F N |72, D;) +
m(F N |;.,, D;). Taking the limit as m — +o0o we obtain the inequality, noticing that
>, m(F N D;) < +oo. O



8 1. General measure theory and differentiation theorems

For every measure m over a set X it can be defined another measure over any
subset Y C X simply restricting m to Y. We denote it by my. If m is a Borel measure
or Borel regular then my is too. In factif U C Yisopenand 7' C Y thenU = ONY for
some open set O C X. Hence

my(T) = m(T) = m(T N O) +m(T\O) = m(TNU) +m(T\U)
:my(TﬂU)—i-my(T\U),

so that U is measurable. If m is Borel regular let £ C Y and B C X a Borel set
containing £ and such that m(£) = m(B). Then BNY isa Borelsetof Y, FE C BNY
and

my (F) <my(BNY) <m(B) =m(E) =my(F).

Another type of restriction can be defined: if m is a measure overaset X and ¥ C X
then we define the m-measure concentrated over Y mL Y in X as

mLY(E):=m(ENY), VE C X.

Lemma 1.2.2. If m is a Borel measure over a topological space X and Y C X then m|_Y isa
Borel measure over X. Moreover, if m is Borel reqular then also m LY is Borel regular if and
only if Y admits a partition Y = By U N with By a Borel set of X and N a negligible set.

Proof. The first part follows proceeding exactly as before in the case of restrictions.
Assume now that m is Borel regular. If also m LY is Borel regular then there exists a
Borel set B D Z\Y such that mL Y(B) = mL Y (Z\Y) = 0 by definition. Putting
By := Z\Y and N := Y \ B, we obtain the direct implication. Vice versa, assuming
that this partition exists, let £ C X. Being m Borel regular, we can pick the Borel sets
B D> ENY and B’ O N such that m(B) = m(EFNY)and m(B’) = m(N) = 0. Hence
B, := B'"UBU (Z\ By) is a Borel set of X that contains F, so that

mLY(F) <mLY(B) <mLY(B)+mLY(B)+mLY(Z\By)
<m(B)+m(B)+m(N)=m(ENY)=mLY(E).

]

Naturally the same conclusions hold if we consider extensions of measures: more
precisely, if m is a measure over Y C X then it can be extended to a measure m over
the whole X defining

m(E) =m(ENY) VE C X.

If m is a measure over X thenmy = mL Y.

Lemma 1.2.3. Let m be a Borel measure over a subset Y of a topological space X. Then the
extension W is a Borel measure over X. Moreover, if m is Borel regular then m is too if and
only if there exists a partition Y = By, U N with By a Borel set of X and N negligible.

In the following we will use sometimes the following extension result for measur-
able functions:

Lemma 1.2.4. If U is a measurable subset of X and f : U — [—o0, 00| is measurable then
the extension of f given by F' : X — [—o0, oo] with F(x) = f(z) if x € U or 0 otherwise, is
measurable.
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Proof. To prove the measurability of F' it is sufficient to prove that for any ¢ € R the set
{r € X | F(x) >t} € #(m). Let A C X. Then if E C U is my—measurable then we
know that

mANUNE)+m((ANU)\E) =m(ANU).
Hence, being ANE = (ANU)NEand A\ E = (A\U)U((ANU)\E),

m(A) <m(ANE) + m(A\E) =m(ANUNE) + m((A\U)U (ANU)\ E))

<
<MANUNE)+m(A\U)+m((ANU)\E)=m(ANU) +m(A\U) = m(A),

so that £ is m—measurable. This concludes the proof because if ¢t > 0, then the set
{r e X | F(x) >t}isequalto{z € U | f(z) >t} andift < Oisequal to {z € U |
f(z) >t} N U°. Thus to prove that F' is measurable it is enough to prove thatif £ C U
is my —measurable then it is also m—measurable. O]

Definition 1.2.3. We say that a function f : Y — Z, with Y, Z topological spaces, is a
Borel function if the preimage of every open set is a Borel subset of Y.

From this definition it follows that the preimage of every Borel set is a Borel set as
well. Actually a more general result holds:

Theorem 1.2.5. We have the following properties

e If f : Y — Z is a Borel function then the family {B C Z | f~%(B) € #B(Y)} isa
o-algebra.

» Continuous functions and the composition of Borel functions are Borel functions.

A measurable function f between to sets Y and Z and a measure m over Y naturally
induces a measure over Z:

Definition 1.2.4. We call pushforward-measure of m through f the measure f;m over Z
defined by

fm(E) == m(f1(E)) VE C Z.
For example, the extension m is the pushforward of m through the inclusion map.

Proposition 1.2.6. Let Y, Z topological spaces, m a Borel measure over Y and f 1Y — Z a
Borel function. Then fym is a Borel measure over Z. If fym is also Borel regular then Y admits
a partition Y = By U N with f(By) a Borel set of Z and N m—negligible.

Moreover, if m is also Borel regular, f is a bijection between Y and its image and Y admits a
partition Y = By U N as before, then fym is Borel regular.

Proof. By definition fym is a measure over Z. To prove that it is Borel regular if also m
is Borel regular, let 7' C Z and U C Z be an open set. Then

f(T) & m(f~HT)) = m(f~H(T) N fHO) +m(f D)\ FHU))
m(fHTNU) +wm(fH(T\V)) £ f(T N U) + fym(T\ V).
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Now we assume that f;m is Borel regular. Then there exists a Borel set B of Z contain-
ing Z \ f(Y) such that

m(f~H(B)) = fim(B) = fu(Z\ f(V)) = 0.

Choosing By := f~'(Z\ B) and N := f~'(B) we get the thesis.

Finally we assume that m is Borel regular, that f : Y — f(Y") is a bijection and that Y’
admits a partition Y = ByUN as above. Let 2 C Z. Being m Borel regular, then it exists
a Borel set B’ C Y containing f~!(E) such that m(B’) = m(f~(E)). But f is a bijection
then f(B’) = B" N f(Y) for some Borel set B” C Z. Putting B := (Z \ f(By)) U B” then
B is aBorelsetof Z, E C B and

fm(E) < fim(B) =m(f~1(B))
<m(N) +m(B) =m(f(E)) £ fym(E).
O

Definition 1.2.5. We define diameter of a subset A of a metric space (X,d) the real
number

diam(A) := sup{d(zx,y) | x,y € A}

We now state without proof the Vitali’s covering theorem (for the proof we refer to
[16]). It is a purely metric result that does not involve any measure. We recall that a
topological space X is separable if it contains a dense and countable subset.

Theorem 1.2.7 (Vitali’s covering theorem). Let (X, d) be a metric space. Then every family
F of balls of X with uniformly bounded diameter has a subfamily & of pairwise disjoint balls
such that for any B € F exists B' € ¢4 with BN B' # () and diam(B) < 2diam(B’).

Moreover, we have that
U Bc 5B (1.1)

If X is also separable then & is necessarily countable.

Finally we define a property of topological spaces that will be fundamental for the
following chapters.

Definition 1.2.6. We say that a topological space X has the Lindelof property if every
open cover admits a countable subcover. A separable and complete metric space is
called Polish space.

Corollary 1.2.8. Every separable metric space has the Lindelof property.

Proof. Let {U} =: % be an open cover of X. Fixing k € N, for every € X we consider
an open set U € % and a ball B, := B(x,r,) such that r, < ke 5B, C U. Then by
the Vitali’s covering theorem from the family .# := {B, | + € X} we can extract a

subcover ¢4 := {B;} such that
X=|J B,c 5B

BzeF B;e¥

If for every i we choose an open set U; € % such that 5B, C U, then we obtain the
subcover % we are looking for, taking the countable union for &. O
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1.3 Integration in measure spaces

In this section we define integrals in measure spaces, i.e. integration w.r.t. any type
of measure. Being classical results, we state them without proof.

Definition 1.3.1. Let (X,.”) be a measurable space. A measurable function f : X — R
is said simple if it has finite image, i.e. if there exist oy,...,a, € Rand 4;,..., 4, € ¥

disjoint such that
f = Z Qi X Ay
i=1

where x4,(z) = 1if v € A; and 0 otherwise (characteristic function of A;). We will denote
the family of real-valued simple functions with .#%.

Remark 1.3.1. ./ is a R-vector space.

The following lemma is the classical starting point for the integration in measure
spaces.

Lemma 1.3.1. Let f : X — R a positive measurable function. Then there exists a sequence
{bn}nen C Fr+ such that ¢, N f for n — oo.

Definition 1.3.2. Let ¢ € S+, ¢ =D _;_, arxa,. We define

n

Jm(gb) = Zakm(Ak)

k=1

If f is positive and measurable, thanks to the preceding lemma we define the integral

f Fdm = sup{Ju(6) | 6 € For 6 — ).

The two integrals defined above are linear and satisfy the monotonicity property.
We recall the following fundamental theorems:

Theorem 1.3.2 (Beppo Levi). If {f,}nen is an increasing sequence of positive measurable
functions and f := sup,,cy fn, then

ffdm:supffndm

neN

Lemma 1.3.3 (Fatou). If { f,, }nen is a sequence of non-negative measurable functions then

Jli_mfndm <lim | f,dm.

neN neN

Definition 1.3.3. A measurable function f is called integrable if [ f. dm < oo and
[fodm < oo, with f; := fVO0and f_ := f A0, and we write f € L'(X,m). We
say that f € LP(X, m) if | f|? is integrable. The integral of f over a subset A of X is by
definition the integral of x4 f.

Remark 1.3.2. L'(X, m) is a R—vector space.
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Definition 1.3.4. We say that a property P holds m—almost everywhere (m—a.e.) if N :=
{x € X | P is false} is negligible.

Directly from definitions, the following statements hold.

Proposition 1.3.4. Let (X,.”,m) be a measure space and u,v € L'(X,m). Then u A v,
uwV v e LYX,m). Moreover, ifu < v then [ udm < [ vdm. It always holds that ) fudm’ <
[ u| dm.

Proposition 1.3.5. If f € L'(X, m) and [, fdm = 0 for every A € 7 then f = 0 m—a.e..
The last classical result is the following theorem.

Theorem 1.3.6 (Lebesgue’s dominated convergence theorem). If { f,, } .en is a sequence of
measurable functions such that there exists g € LP(X, m) such that |f,| < g for every n € N,
fn — [ m—a.e. asn — oo, then

fyf—fn\pdmw().

Theorem 1.3.7. If f : Y — Zand h : Z — R" are measurable and w is a measure over Y
then

Jhdfﬁmthofdm.

We can also define another measure associated to any non-negative integrable
function g.

Definition 1.3.5. We define g, with the following formula:

g (A) = f gdm.

A

We say that g is a density for g, w.r.t. m.

Proposition 1.3.8. If f : X — R is measurable then

ffdngJfgdm-

Hence f is integrable w.r.t. gn if and only if f g is integrable w.r.t. m.

1.4 Metric measure spaces

Definition 1.4.1. A measure m over a non-empty set X is said

e o-finite if X can be decomposed in a countable union of measurable sets each
with finite measure;

* locally finite if for every x € X there exists a neighbourhood of x with finite
measure.
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Definition 1.4.2. We call metric measure space the triple (X, d, m), where we assume that
(X, d) is a separable metric space and m is a locally finite Borel regular measure over
X. Sometimes we’ll denote by X the triple (X, d, m).

Being (X, d) separable then it has the Lindelof property. Then the following two
lemmas follow

Lemma 1.4.1. Every metric measure space can be decomposed in a countable union of balls
each with finite measure.

Lemma 1.4.2. Let E be a subset of a metric measure space X. If for every x € E there exists
a neighbourhood U, of x such that m(E N U,) = 0 then m(E) = 0.

Notice that the thesis of the second lemma is false if (X, d) is not separable: in
fact, if X is not countable and not separable and endowed with the discrete distance
function d(z,y) = 1 if = # y, then if we define m over F as 0 if E is countable and oo if
FE is uncountable then locally m is 0 but m(£) = oc.

Definition 1.4.3. In a metric measure space (X, d, m) we define the support of m as
supp(m) := X\ U{O | O C X open and m(O) = 0}.
Thanks to the Lemma 1.4.2 we have

m(X \ supp(m)) = 0.

A fundamental property of Borel regular measures is that they can be approximated
using open and closed sets.

Proposition 1.4.3. Let (X, d, m) be a metric measure space. Then

m(A) =sup{m(C) | C C A,C C X closed}, (1.2)
m(E) =inf{m(O) | E C 0,0 C X open} (1.3)

forevery A, E € . (m).

Proof. Notice that for every measurable set A of finite measure there exists two Borel
sets such that m(B’) = m(A) = m(B). The existence of B follows from the Borel
regularity of m. For the existence of B’, there exists B” C X containing B \ A such that
m(B") = m(B\ A) = 0, so it is enough to consider B’ := B\ B”. Now we assume that
m(X) < oo and the general case will follow from Lemma 1.4.1.

Assume that A is a Borel set of X and we consider the family .% of over subsets of X
for which (1.2) holds. It contains all open sets but also the closed ones because from the
separability of X they can be decomposed into countable unions of open sets. Being
m(X) < oo then the measure of these unions can be calculated using those open sets.
Using the fact that .# is N—closed and U—closed then the family

¢ ={AcF|X\Ac T}

is a 0-algebra that contains all closed sets, so it must contain also all the Borel sets.

To prove (1.3), from the Borel regularity of m we obtain a set £y O F such that m(E) =
m(Ey). As before we assume that X has finite measure and fix ¢ > 0. Thanks to (1.2)
we have a closed set C' C X \ Ej such that m(C) > m(X \ Ey) — . Hence O = X \ C'is
open, contains £ and satisfies m(O) < m(Ey) + ¢ = m(E) +¢. O



14 1. General measure theory and differentiation theorems

Definition 1.4.4. A Borel measure m over a metric space X is called Radon measure if
m(K) < oo for every compact set K C X, (1.3) holds and

m(0) =sup{m(K) | K C O, K C X compact} VO C X open. (1.4)
Notice that a Radon measure is also Borel regular.

Proposition 1.4.4. Let (X, d, m) be a metric measure space and m a Radon measure. Then
m(A) = sup{m(K) | K C A compact} VA C X measurable. (1.5)

Proof. We can assume, thanks again to Lemma 1.4.1, that m(X) < oco. Let A C X be
a measurable set and fix ¢ > 0. Being m Borel regular there exists a closed set C' C A
and an open set O D A such that m(O\ C) < ¢ then thanks to (1.2). By definition of
Radon measure, we can find a compact set X' C O such that m(K) > m(O) — ¢, so that
the compact set K N C' C A satisfies

m(A) >m(KNC)=m(K) —m(K\C) >m(0) — 2 >m(A) — 2.

If (X, d) is a Polish space then it has quite interesting properties.

Proposition 1.4.5. Let (X, d, m) be a metric measure space with (X, d) a Polish space. Then
m is a Radon measure. Moreover, X can be decomposed in a countable union of compact sets
plus a negligible set.

Proof. We first observe that being m locally finite then it is possible to cover every
compact set with a finite number of balls each of finite measure, hence every compact
set of X has finite measure.

Let now A C X be a closed set such that m(A) < oo and € > 0. Being X separable
for every n € Nwe can find a countable family of closed balls By1, Bna, . .. with centers
in A and radii + such that

AcC GEM.
i=1

We now choose i, such that m(4 N C,) > m(A) — &, with C,, := B, U-+- U By,,.

Denoting
K = ﬂ Ch,
n=1

and choosing I' C K we fix § > 0 such that d(z,y) > 6 forevery z,y € T. BeingT C C,
for every n, if n satisfies 2 < § then we can’t find two different points of 7" both in a
single B,,; which union is C,,. Hence T is finite and K is totally bounded and, being
closed, it is also compact. Moreover, thanks to the continuity of m,

mANK) = lim m(ANCyN---NCy).

Hence
m(A) <mANCiN---NCp)+ > m(A\C,)
n=1

<m(ANCiN---NCy) +e,
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som(ANK)>m(A)+e.

Finally, we can cover X with a countable family of B; each one of finite measure. Be-
ing m a Radon measure, for every ¢ € N we can find a compact set K; ; C B, such that
m(K; ;) > m(B;) — % Hence m(B; \ ; K ;) = 0 and we obtain the desired decomposi-
tion of X. O

1.5 Differentiation: Lebesgue’s and Radon-Nikodym’s the-
orems

Definition 1.5.1. A covering % of closed balls of a subset A C X is called fine if
inf{r | r > 0,B(x,r) € B} =0, Vo € A. (1.6)

When m is the Lebesgue’s measure, a corollary of the Vitali’s covering theorem
ensures that from every fine covering & of a subset A C R"” made of closed balls it is
possible to extract a subcover ¥’ C % such that the measure of A\ (Jz., B is 0 (see for
instance [12]). We want to mimic this corollary to define a new class of metric measure
spaces.

Definition 1.5.2. We say that a metric measure space (X, d, m) is a Vitali space if for
every subset A of X and every covering % of A made of closed balls, for every z € A
there exists a subcover ¢ C % of pairwise disjoint balls such that

w(a\ U 8) o (17)

Be¥

Theorem 1.5.1. Let (X, d, m) be a metric measure space such that

Da) = T B 20)

M (B, 1)) (1.8)

foralmost all x € X. Then X is a Vitali space.

Proof. Let A C X and let # be a fine subcover of A made of closed balls. We assume
that the balls # has uniformly bounded radius, so we can apply the Vitali covering
theorem repeatedly. Thanks to Lemma 1.4.1 we can decompose X as

X =|JDx, Diropen, DiC Dppy, m(Dy) <oo VkeN.

k=1

Put Ay := {z € A | D(z) < 28} N Dy. Clearly A, C Ay and A = [J;, As. Using
induction, we’ll build a finite number of families of balls 4; C % such that 4, C %4
and that

<Ak\ U ) < 27'm(A,) (1.9)

Be%,

every time 1 < k <. Then the family

¢\ J6={B|Be.lecN}
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will satisfy the Vitali condition (1.7). B
To prove it, let %, be the family of balls B(x,r) € % with r < 1 such that z €
A, B(x,r) C D; and that

m(B(z,57)) < 2°m(B(z,7)). (1.10)

We have that %, is a fine covering of A; made of balls with uniformly bounded radius.
Then using the Vitali’s covering theorem we can extract from %, a subcover %] made of
pairwise disjoint balls such that if B € %, thenitexistsaball B’ € 4] such that BNB’ #
() and that diam(B) < 2 diam(B’). Enumerate the elements of 6] = { B}, B;, ... }. Being
the balls B; closed and the covering fine there exist a positive integer N such that for
every x € A; \ (B{ U---U B),) there exists a ball B € %, with x as center that does not
intersect B} U - - - U BY. Hence this ball intersects another one B} € ¢/ for some i > N
such that diam(B) < 2diam(B;). In particular we have that

A\ (Blu---UBy) C ] 5B
i>N+1
From this and from (1.10) we have that
m(A\(BlU---UBy) < > m(B))<2® Y m(B))
i>N+1 i>N+1
When N — oo, the right-hand side of this inequality tends to 0 being 4] made of
disjoint balls of a fixed subset of X, i.e. D;, of finite measure. We pick N; such that

m(A;\ (Bl U---UB) < ~m(4))

DN | —

and we set 4, := {B],..., By, }. For the induction step, we assume that all the families
¢ C --- C ¢ satisfy (1.9). Let %, be a family of closed balls B(xz,7) such that

x € A1, B(z,7) C Diy1 \ Upeq, B and that
m(B(z,5r)) < 22D m(B(z, 7).

Consequently the family %4, is a fine covering of A;11\ Uz, B made of closed balls
with uniformly bounded radius. By the Vitali’s covering theorem we can extract a
subcover %/, , of pairwise disjoint balls of %, such that if B € %, and B’ € ¢/,
then B N B’ # () and such that diam(B) < 2diam(B’). Enumerate as before ¢/,, =
{BI**, BL*' ...} and reasoning in the same way we have that

Alﬂ\{ U BuBuB U U Bﬁ\fl)} c |J 5B
Bee i>N+1
Hence
m(Al+1\|: U BU (BiJrl U BéJrl U---U Bﬁl)l) < 23(l+1) Z m(BZlJrl) (111)
Be% i>N+1

As before the right-hand side of this inequality tends to 0 if N — oo, being ¢/, , made
of pairwise disjoint balls of D;;. Now let N;4; € N such that when N = N, the
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expression in (1.11) is less or equal to 2_(l+1)m(Ak) for every 1 < k <[+ 1 for which
m(A;) >0, ie.

> m(B) <27 minf{m(Ay) |1 <k <1+ 1,m(Ay) > 0},

>N+l
Then the family

G=Gu{B,. .. By
completes the induction step of the proof. O

We now introduce a fundamental property for the two main theorems of this chap-
ter.

Definition 1.5.3. A Borel regular measure over a metric space (X, d) is called doubling
measure if every ball in X has positive finite measure and there exists C' > 1 such that

m(B(z,2r)) < Cm(B(z,r)) (1.12)
forevery z € X and r > 0.

The doubling constant C,, is the minimal constant in (1.12). We notice that if we
iterate this inequality then

m(B(z, \r)) < A& Cmm(B(z, 1)),

where A > 1 and the number log, C, is sometimes called “dimension” of the metric
measure space (X, d, m) if m is a doubling measure.

The following theorem is the first fundamental one of this chapter:

Theorem 1.5.2 (Lebesgue’s differentiation theorem). Let (X, d, m) be a Vitali space and
[+ X — Rbea locally integrable function. Then almost every x € X is a Lebesgue point, i.e.

i [ ) = £ dm(y) =0 (1.13)

r=0m(B(z,7)) JB@r

for almost every x € X. Moreover,

i | () dmly) = f(a) (1.14)

r=0m(B(z, 7)) JB@n
for almost every x € X.

Proof. We assume that f is non-negative, that m(X) < co and that m(B(x,r)) > 0 for
every x € X er > 0. Let ¢ > 0 and define

— 1
r=0m(B(z,7)) JB@n

We fix c and let O be an open set containing F.. The family

B = {F(m,r)CO|x€FC,_;J

m(B(z,7)) JB@r) f dm > C}
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is a fine covering of F,. By the Vitali’s theorem we can extract a subcover ¢ of balls of
% that covers F; almost everywhere. It follows that

(Fc)chm( B“J. fdm<J fdm<J. fdm < oo,

Be¥

so lim,_, —“) fB(x ") fdm < oc.
Now, for ¢ > 0 we define

1
EC::{:EEXHim_—J fdm<c}.
r—0 m(B(z, 7)) JB(n

The set of points of X for which the limit (1.14) does not exist is contained in a count-
able union of sets G, := E, N F;, with s < t and s, € Q. Being m(G;;) < m(X) < o0
we have that m(G;;) = 0. We fix G,; and a Borel set A containing it such that
m(G,s.) = m(A). For every open set O containing A, reasoning in the same way as
before, we have that

tm(Gs,) < Jo fdm < JA fdm+ o fdm.

Taking the infimum over the open sets O, using the Borel regularity of m and the
continuity of the integral we obtain

(Gy)) < JA fdm.

We fix then ¢ > 0 and choose 0 < ¢§ < ¢ such that [, fdm < ¢ for every measurable
H c X with m(H) < §. Thanks to the Borel regularity of m, we can find an open set
O D Asuch that m(O) < m(G,,) + d. Using again the Vitali property of m we can find
a covering ¢ made of pairwise disjoint balls in O such that

J fdm < sm(B),
B

for every B € ¢ and m(Gy; \ Ugey B) = 0. In particular we have that
Be¥ Be% Be%
Hence
(A\UB><m <UB)<m(Gst)+5 m(UB) 4,

Be¥% Be% Be¥%

so that
ffdeJ fdm+2ffdm<5+sm(0)<a+sm(Gst)+sé
A AUpew B Be¥

Then if e — 0 we have that

f fdm < sm(Gsy)
A
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from which we get
tm(Gl,y) < sm(Glyy). (1.15)

Thus the limits in the thesis is finite z—a.e..
We want to prove now that the function in the left-hand side of (1.14) defined by

gz) = lim —— J £(y) dm(y) (1.16)

r=0m(B(z,7)) JB(r)

is measurable. We can rewrite this function as the pointwise limit of the sequence g,

defined by
1

) = B Sy T

so it is sufficient to prove that for fixed 6 > 0

u(z) = m(B(z,0)), v(x) = f fdm

B(z,0)

are measurable over Us = {z | B(z,25) C B}. Fixx € U; and let {z;};en C X be a
sequence converging to z. Fix an open set O containing B(z, §). The balls B(z;,6) C O
for i large enough, so

fim u(r) <m(0), T o(a;) < j f dm.
71— 00 71— 00 O

Taking the infimum over the open sets O, we get limy_e0 u(z;) < u(z)and lim,_, o v(2;) <
v(x). It follows that both v and v are upper semicontinuous, so that also g is measur-
able.

The last step consists in proving that g = f r—a.e.. To thisend, let A C X be a
measurable set and fix t > 1. A can be expressed, modulo a negligible set, as a disjoint
union of the following measurable sets, for n € N:

A, =AN{z e X | t" < g(z) < "}, (1.17)
A ey =An{z € X |t < g(z) <7}, (1.18)
A = AN{z € X | g(x) = 0}. (1.19)
We notice that
J fdm:O:J gdm. (1.20)
Aoo Aoo

The reasoning made before can be used for every A of F, or of E., hence observing
that A, C {g > s"} for every s < t and letting s — ¢ we have that

fm(A,) < f

fdm, f fdm < t"Mm(A,). (1.21)
An An

Hence

1
—f fdm < t"m(A,) gf gdm < t""'m(A,) gtf f dm.
tJa, A An

1
;f fdmgf gdmgtf fdm.
A—(n+1) A—(n+1) A—(m+1)
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Summing over n and using (1.20) together with (1.21) we get

1
_f fdmsf gdmgtf fdm.
tJa A A
So if t — 1 we obtain
f fdm= f gdm.
A A
Being A chosen arbitrarily, it follows that f = g z—a.e.. O

We now introduce the definition of a derivative of a measure w.r.t. another one.

Definition 1.5.4. Let (X, d, m) be a metric measure space and h a Borel regular locally
tinite measure over X. The derivative of h w.r.t. mat a point x € X is the limit, if it exists
and it is finite,

0B dy
hm(Brr)  dm

Remark 1.5.1. Being m locally finite, we have that m(B(x,r)) > 0 for every = € supp(m)
and for any r > 0 so the limit in the definition exists z—a.e..

(x) (1.22)

Theorem 1.5.3 (Lebesgue-Radon-Nikodym'’s theorem). Let (X,d, m) be a Vitali space
and b be a Borel reqular locally finite measure over X. Then there exist and are univocally
determined two Borel regular locally finite measures b* and b* over X such that

h(A) =b°(A) +bH*(A4) (1.23)

for every Borel subset A C X and that there exists D C X such that b*(D) = 0,h*(D¢) =0
and that b* = h L D. Moreover, the derivatives of b and h* w.r.t. m exist almost everywhere
over X, are m—measurable and locally integrable over X, with

arqy_ (9D _ [ dp®
(4) = | Ge(@)dmia) = | @) dmz) (1.2)
for every Borel subset A C X. In particular,
dh  dp° .
Im = dm m-a.e. in X. (1.25)

Proof. We first prove how to obtain the Lebesgue’s decomposition (1.23). Let £ C X and
we define
h*(E) == inf h(B),

where the infimum is taken over the Borel subsets B C X such that m(E\ B) = 0. h*
is a measure and h*(E) < h(E) for every E thanks to the regularity of h and h*(N) =0
for every N such that m(/NV) = 0. it is also locally finite. We have to prove that it is
Borel regular: let £y, E; C X such that d(Ey, E;) > 0. Let B C X a Borel set such
that m((E; U Ey) \ B) = 0 and let Oy, O, be two open set containing E;, E, respectively
such that d(0,,0;) > 0 and we put B; := BN Oy e By :== BN Oy. Then m(E; \ By) =
m(E, \ B2) = 0and so

H(B) > b(B1U By) = h(B1) + h(B2) > b*(Ey) + h*(Ey).
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Taking the infimum over all the Borel sets B as before we can conclude, by Carathéodory’s
criterion, that h* is a Borel measure.

To prove that it is also regular, let £ C X and we assume that h*(E) < oo. Taking a
decreasing sequence of Borel sets B; D By, D --- such that m(E£\ B;) = 0 for every

J € Nand that lim;_,. h(B;) = h*(E). By the continuity of m this sequence exists be-
cause if m(E\ B') = m(E\ B”) = 0 then m(E \ (B’ N B")) = 0. For the same reason
there exists also a Borel set By O (J,cy(£\B;) such that m(By) = 0. Finally we put

B = ((en Bj) U Bo. Then B D E, is a Borel set and

b*(E) < b*(B) < b“( N Bj) <bh"(By) <h(By) VkeN.

jeN

Hence h*(E) = h*(B) and this proves the regularity of h*. Moreover, setting D =
Njen Bj, we have that D is a Borel set and m(E\D) = 0. Hence h*(E) < h*(D) <
limex h(B;) = lim,ex h%(B;) = h*(E), i.e. h*(E) = h(D).

Now, if F is a Borel set we set D’ := DN E where D is the same as before. Then also D’ is
a Borel set such that m(E\ D’) = m(E\ D) = 0 and so h*(E) < h(D') < h(D) = h*(E),
ie. h*(E) = h(D'). Now we want to prove that

h*(B) =h(BnN D) VB C E Borel set. (1.26)
In fact, if B C D is a Borel set then
b*(B) +h*(E\B) = h*(D) = h(D') = h(BN D) + h(D"\B).

But being m(B\ D) = 0 and m((E\ B)\(D'\B)) < m(E\D')) = 0, then h*(B) <
h(BND')and h*(D\ B) < h(D"\ B), so we have (1.26).

Consider now the decomposition of X in a countable family of pairwise disjoint Borel
sets {D; };en, possible thanks to Lemma (1.4.1), such that m(D;) and h(D;) are finite for
every i € N. Applying the preceding construction we obtain the Borel sets D, C D,
such that m(D]) = m(D;) and h*(B) = h*(B N D}) for every B C D; Borel set. We set
D = ,en D, som(X\ D) = 0and fix E C X and B D E such that h*(E) = h*(B).
Then

h*(E) = p*(BND;)=> h(BND))=h(BND)>h(END)

ieN ieN
and h(B\ D) = 0. Hence h*(E\ D) < h*(B\ D) = 0 and we get
h(E) < hY(END)+by*(E\D)=h"(END)<h(END).

So h*(E) = h(EN D) forevery E C X and then h* = hL D.
As last step for the decomposition we set h* := h — h°. Then the preceding reasoning
gives us h*(D) = 0 and that h® is a Borel regular measure being so h and h”.

Assume now that m(X) and h(X) are finite and that m(B(x,r)) > 0 for every x € X
and for every r > 0. Let ¢ > 0 and we define

-  h(Bler) _ S
E.:= {x e X| 11_1&1) n(B.r) < }, F.:= { € X | 71ﬂ_>0 n(B.r) < }

We fix ¢ > 0 and let E, C E. be any of his subsets. Then we fix ¢ > 0 and pick an open
set O D E! such that m(O) < m(E)) + . We can use a fine covering £/ made of closed
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balls B(x,r) C O,z € E!, such that h(B(z,r)) < cm(B(z,r)) and the hypothesis of m
having the Vitali property permits us to conclude that there exists a countable family
of pairwise disjoint balls ¢ := {B} in O such that h(B) < cm(B) for every B € ¢ and
m(E.\ Upey B) = 0. Hence

h*(E;) < f)( U B> <c¢ Y m(B) <cm(0) < em(El) +ce,

Be% Be®

and letting ¢ — 0 we conclude that
h*(E.) < cm(E)). (1.27)

Now we want to prove the opposite inequality, with F] in place of £. To this aim, for
every fixed ¢ > 0, let F C F, be any of its subsets and let ¢ > 0. We choose an open set
O D F!n D such that h(O) < h(F.N D) + ¢, with D such that h* = hL D, D C X and
m(D°¢) = 0. Exactly as before, using the Vitali property and a fine covering we have
that

cm(Fy) = em(F.ND) <h(0) <H(FIN D) + e = h*(F) + <.
Letting as before ¢ — 0 we obtain
cm(F!) < b*(FY). (1.28)
Moreover,
cm(Fe) < h(F) < h(X) < oo

for every ¢ > 0 hence

= b(B(z,7))

lim ———% < r-a.e..

r=0m(B(z,7))
Arguing in the same way as in the Lebesgue’s differentiation theorem, the set of points
x € X such that (1.22) does not hold is contained in countable union of sets in the form

Gsy == E. N Fi, where s < t,s,t € Q. So from (1.27), (1.28) and the assumption that
m(G,) < m(X) < oo, we get that m(G,;) = 0 and the function g(z) := 22((‘?) exists and
is finite m—a.e.. Let then A C X be a Borel set and fix t > 1. We define the sets A4,, as
in (1.17). Then, modulo a m—negligible set, A can expressed as the union of the A,s.
Using (1.27) and (1.28) in place of (1.15) and (1.21) we conclude that h*(A) = 0 and

that

Sh(4) < L""d‘“ < th(A).

Letting ¢ — 1 we get the thesis.
The second equality in (1.24) follows from the first and from the Lebesgue’s differen-
tiation theorem. (1.25) follows directly from the preceding ones. O

Definition 1.5.5. We say that a measure h over X is absolutely continuous w.r.t. m, and
we write h < m, if for every measurable set A C X such that m(A) = 0 we have that
h(A) = 0. (1.23) is called Lebesgue’s decomposition of b in its singular part bh* and absolutely
continuous part h* w.r.t. m.
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Sonow it is justified the name ”absolutely continuous” for h*. The function % often
is called Radon-Nikodym'’s derivative or density of b w.r.t. m and has the same properties
of an ordinary derivative, for example the linearity and the chain rule. Historically the
Radon-Nikodym’s theorem and the Lebesgue’s decomposition were two different re-
sults (in fact the Radon-Nikodym’s theorem is usually stated for two measures one ab-
solutely continuous w.r.t. the other), but they are closely related as the theorem shows.

Remark 1.5.2. In the proof we used coverings made of closed balls because the Lebesgue’s
differentiation theorem was stated for closed balls since it uses the Vitali property of
the base space X. it is possible to use also open balls: if (X, d, m) is a metric measure
space and f : X — Ris a locally integrable function then

b e m(B(x,2r)) 1
m(B(z,7)) JB(J;,T) ) = f@) dm(y) < m(B(z,r)) m(B(z,

r—a.e. and for every r > 0 small enough. In particular, if m is a doubling measure then
we get

e
) fg(x,s;) Fy) = f(@)] dm(y)

o -
lim m(Blz.7)) JB(W) |f(y) — f(x)[dm(y) =0 (1.29)

r—a.e., hence

i 1
I BT s, SO0 = ) (130)

r—a.e.. Now using (1.25) and (1.30) we obtain

dp .. b(B(=z,r))
%(x) N qlg% m(B(z,r))’ (1.31)

m—a.e. x € X if m is a doubling measure and if f is a Borel regular locally finite
measure over X. The same holds if (X, m) is a doubling space.

For future usage, we collect here some properties and definitions about signed and
vector measures.

Definition 1.5.6. Let X be a set and .# C P(X) be a c—algebra. A functionm : .Z —
R™ is called a vector-valued measure if m is countably additive, in the sense that

=1 =1
Moreover, given m as above we define the function |m| : .Z — [0, 00) as
Im|(A) := sup { dolmA)]:A=] A A€ //z} (1.33)
=1 =1

The function |m| is called variation of m and the quantity |m|(X) is called total variation
of m.
Proposition 1.5.4. Let X, ./ and m as before. Then the following hold:

I) Every infinite sum in (1.32) is absolutely convergent.
II) The variation |m| is countably on .# and therefore it is a measure itself.

II) The quantity |m|(X) is finite, hence |m| is a finite measure.
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1.6 Weak convergence of measures

Definition 1.6.1. Given a normed space V' we say that a sequence {v,,} C V weakly

n—oo

converges to v € V and we write v,, — v if for all f € V* we have f(v,) — f(v).

We distinguish this type of convergence from the usual one on V' simply calling the
latter strong convergence. The first properties of the weak convergence are the follow-
ing. Denote with J : X — X** the classic isometry from V' to its bidual V**, namely
Jv()(f) = f(v)forallv eV, f e V"
Theorem 1.6.1. Ifv,, — v in the normed space V' then {||v,||v }nen is bounded and lim,,_, __ ||v,|[v >
[v]fv-
Proof. Thanks to the Hahn-Banach theorem there exists f € V* such that || f|

and that f(v) = ||v||y. But being v,, — v in V we have that f(v,) — f(v). So we can
conclude that

lvlly = f(v) = lim f(v,) = lim f(v,) < Lm [[f|v][va|ly = Lm [Jv, ||y
n—0o0 n—00 n—00 n—00

ve =1

Being v,, — v in V then Jy (v,)(f) — Jv(v)(f) for every f € V*. Thus {Jv(v,) tnen
converges pointwise to Ji(v) in V*. Hence

sgguv(vn)(fﬂ < 00 VfieV”

Finally, using the uniform boundedness principle we can conclude:

sup [[vp|lv = sup || Jv (vy) ||y < o0.

neN neN

]

A tool that sometimes we will use is the following lemma. Recall that the convex
hull of a subset A of V is the intersection of all convex sets of V' containing A.

Lemma 1.6.2 (Mazur). Let {v,},en C V be a normed space and v, — v € V. Then v
belongs to the convex hull of the sequence {v,, }nen.

Proof. Denote with H the convex hull of {v, },en. We can replace {v, } with {v, — h},
for h € Hif 0 ¢ H, so we assume that this is not the case. Suppose that there exists
e > 0 such that

lv —w|y > 2¢ Vwe H.

Thus v # 0. If ||a — d||v < € and ||b — V/|v < ¢ then we would have that ||(ta + (1 —
b)) — (ta + (1 =)' ||y < eifa,a’ b, € Vand t € [0, 1], so

He={weV|[(w,H)<e}CH

is convex and is an open set containing 0 € V. So we define the functional (called
Minkowski functional)

|wl|, == inf{\ > 0| A\ 'w e H.} welV.

Applying the Hahn-Banach theorem to the linear map tv +— t|v|. there exists v* : V' —
R such that 7*(v) = |v|. e 7" (w) < |w|. for allw € V. So we get

1< v = JLIEO@*(vn) < lim |v,|. <1
n—oo

that is a contradiction. O
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Thanks to the Mazur Lemma, if v,, — v in V' then there exists a sequence {7;} of
convex combinations

mg
U = Z )\n,kvnu An,k 2 O> )\k,k +--+ )‘mk,k =1
n=1

strongly convergent to v in V' (slightly more informally, we can extract from a weakly
convergent sequence a strongly convergent one).

Proposition 1.6.3. Let (X, m) be a measure space with m a o-finite measure and p € [1,00).
If a sequence { f,, }nen in LP(X, m) weakly converges to f € LP(X, m) and

lim f,(z) = g(x) xr —a.e.

n—o0

then g = f almost everywhere.

Proof. From the Mazur Lemma there exist a (sub-)sequence { f, } made of convex com-
binations of f, convergent to f in L”(X, m). We can assume that this convergence is
pointwise almost everywhere X. Being f, — g almost everywhere then by the as-
sumptions f = g almost everywhere. O

If X is a topological space, then C.(X,R") denotes the space of all vector-valued
functions with compact support in X, normed with

[/ lloo := sup{[lf (z)[en : 2 € X}

The completition of C.(X,R") w.r.t. the above norm is the Banach space Cy(X,R")
of all continuous functions vanishing at infinity, i.e. of all continuous f such that for
every ¢ > 0 there exists a compact set K such that || f(z)|| < ¢ whenever z € X \ K.

The following two theorems provide an useful link between linear functionals on
Co(X,R") and measures. For the proof see [2] and [7].

Theorem 1.6.4 (Riesz). Suppose that X is a locally compact Hausdorff topological space and
let L be a positive linear functional on Cy(X,R). Then there exists a unique Borel measure
m: B(X) — [0, 00|, finite on compact sets, such that

L(f) = L fdm  Vf e Co(X,R).

If L is a bounded linear functional on Cy(X,R™) then there exists a vector-valued measure
m=(my,...,my,): B(X) — R" such that

L) = [ gami= 30 [ fdme F = (i f) € GLGRY).
=1

Moreover, there holds
1Ll co(xrmy = [m|(X).

Corollary 1.6.5. The vector space M(X,n) of all vector-valued measures m : A(X) — R",
endowed with norm ||m|| := |m|(X), is a Banach space.
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Definition 1.6.2. Given VV a normed space we say that a sequence of functionals { f,,} C

n—oo

V* converges weakly* to f € V*, writing f, — f, if for every v € V we have f,(v) >

f(w).

In V* weak convergence implies the weakly* one by definition but in general the
converse does not hold.

Applying the definition on the space M(X,n) we can define the weak* conver-
gence in this space, induced by Cy(X,R"). Given a sequence {m;} in M(X,n) we
have

m, —~m & lirnf fdmk:f fdm Vf e Cy(X,R").
k—oo ) x X
Remark 1.6.1. We remark that if the space X is separable then the space Cy(X,R") is
itself separable, hence the weak* topology restricted to bounded sets of M(X,n) can
be proven to be metrizable. In particular, from any sequence {m;} C M(X,n) with
equibounded total variations one can extract a subsequence {m;, } such that m;, — m
for some m € M(X,n) (Banach-Alaoglu theorem).

Now we’ll show some properties concerning the weak* convergence of measures,
and remand to the Definition 2.1.4 for lower/upper semicontinuous functions and to
Proposition 2.7 for the approximation from below by Lipschitz function of a lower
semicontinuous function.

Proposition 1.6.6. If {m,,} is a sequence of Radon measures on the locally compact, separable
metric space X, such that my, = m, then

I) If the measures wy, are positive, then for every lower semicontinuous function u : X —
[0, 00]

lim udmhzf udm
h—oo J X X

and for every upper semicontinuous function v : X — [0, co) with compact support

lim vdmhgf vdm.

h—o00 X X

II) If |my| locally weakly* converges to b, then ty > |m|. Moreover, if X is relatively compact
and h(0X) = 0 then m(X) — m(X) as h — oo. More generally,

J uwdm = lim udmy,

for any bounded Borel function u : X — R with compact support such that the set of its
discontinuity points is h—negligible.



Chapter 2

Lipschitz functions and curves in
metric spaces

We prove in this chapter the density property of Lipschitz functions in the L?
spaces, studying their properties and the connection with lower semicontinuous func-
tions. Another tool that we introduce are the Lipschitz partitions of unity, for which
the properties of doubling spaces studied Chapter 1 will be useful. Finally, we will
study the metric derivative of asbolutely continuous curves in a metric measure space,
that is the key tool we will use to introduce the weak upper gradients in the following
chapter.

2.1 Lipschitz functions

Definition 2.1.1. Let(.X,dx) and (Y, dy) be two metric spaces. A function f : X — YV
is called L-Lipschitz if there exists a constant L > 0 such that

dy(f(a), f(b)) < Ldx(a,b)  Va,be X. (2.1)
The smallest L for which (2.1) holds is called Lipschitz constant.

Lipschitz functions will be the substitute of test functions in the Euclidian spaces
(smooth with compact support). The first result on Lipschitz functions is the following
extension theorem:

Theorem 2.1.1 (Whitney-Mc. Shane extension theorem). Let (X, d) be a metric space,
A C Xand f: A — Ra L-Lipschitz function. Then there exists a L—Lipschitz function
F: X — Rsuch that F|, = f.

Proof. Assume A # (). Given z € X we define the function
F(z) =inf{f(a) + Ld(a,z) | a € A}. (2.2)
Fixing a point ay € A we have that
f(a)+ Ld(a,z) > f(a) + Ld(a,ay) — Ld(ag,z) > f(ag) — Ld(ao,x), (2.3)

so F(z) > —oo for all x € X. The function z — f(a) + Ld(a,z) is L-Lipschitz for
tixed a € A, then F is the pointwise infimum of a family of L-Lipschitz functions,

27
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hence also F'is. In fact, if z,y € X, fixing ¢ > 0 we can find aY € A such that F(y) >
f(a¥)+ Ld(a?,y) — e. By the definition of F', we have that F'(z) < f(a¥) + Ld(a?,y), so

F(x)— F(y) < Ld(a,y) — Ld(a?,x) + ¢ < Ld(z,y) + ¢.

Letting ¢ — 0 we have F(z) — F(y) < Ld(z,y). By symmetry, also F(y) — F(z) <
Ld(x,y): F'is L—Lipschitz. Finally, from (2.3) we have that F'(a) = f(a)ifa € A. [

Remark 2.1.1. Formula (2.2) gives the largest extension of f that is L—Lipschitz, in the
sense that if G : X — R is L—Lipschitz and such that G|4 = f then G < F. Similarly,

F(z) =sup{f(a) — Ld(a,z) |a € A} (2.4)

defines the smallest extension of f that is L—Lipschitz.

Remark 2.1.2. The Kirszbraum theorem states that the conclusion of the preceding the-
orem still holds if X = R™ and Y = R”, withn,m > 1.

Applying the preceding theorem to the coordinate functions of a vector function
with values in R" we get the following corollary.

Corollary 2.1.2. Let (X, d) be a metric space, A C X and f : X — R" a L—Lipschitz
function. Then there exists a L\/n—Lipschitz function F : X — R" such that F|, = f.

A tool that we will use sometimes in the following chapters will be Lipschitz parti-
tion of unity, i.e. partitions of unity made by Lipschitz functions. To this aim, we need
to introduce a new class of measure spaces.

Definition 2.1.2. A metric space (X, d) is called e-separable if every two distinct points
of the space have distance at least €. The space X is called doubling space with constant
N, N > 1 aninteger, if for every ball B(z,r) every subset of B(z,r) that is § —separable
contains at most /V points.

Remark 2.1.3. If the metric measure space (X, d, m) is a doubling space then also (X, d)
is a doubling space. In fact, if a subset of B(x,r) §—separable contains k points that
we denote by x4, ..., z; then for the doubling properties of m and being the B(z;, ;)
pairwise disjoint for every i = 1,... .k

oot <3 dem(5(5)) = 3o (55 2)) <ot )

Hence, being the balls of finite measure, k < Cj,. The same reasoning shows that if X
is endowed with a locally finite doubling measure then X is separable.

Open subsets of doubling spaces can be covered by balls that constitute a covering
akin to the classical Whitney decomposition of open subset of R":

Theorem 2.1.3 (Whitney decomposition). Let (X, d) be a doubling metric space with dou-
bling constant N and let ) be an open subset of X sich that Q° # (). There exists a countable
family of balls in Q W = {B(x;, 1) }ien such that

0= U B(Q?Z, T'i)
€N
1
ZXB(;%Q”) < 2N°, where r; = gd(xi,X \ Q).

i€EN
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Proof. For x € Q, denote d(z) := d(x, X \ 2). Notice that if we use 02 in place of X \ 2
it can happen that B(z, d(z,992)) N X \ Q # (. For k € Z set

Ty = {B(x, %) |z e, 2! < d(x) < 2’“}.

By the Vitali theorem, we can consider a subfamily ¥, C .%; of disjoint balls such that

U Bc | 5B

BeZ, Be9,

We want to prove that we can consider for the thesis the family

#o:=|J{5B| B € %}.
keN
By construction we just have to prove Y, \ XB(s2r) < 2N°. Suppose that there is

a point in () that belongs to M balls of the form 2B, B € % and label them as
B(x;, 1d(x;)), with d(x1) > d(x;),j = 1,..., M. Using the triangle inequality

1
d(z;) > gd(xl), B(xi, Zd(xi)) c B(a:l, Zd(zl)), i=1....M. (25
If x; and z; are the centers of balls of the same family .7, then

1 . 1
A7) > o min{d(z), d(z;)} > 1d()

if i £ j.
Remark 2.1.4. Being X a doubling space with doubling constant IV, every ball with
radius r > 0 can be covered by N balls of radius 3. If the vice versa holds, then X is a
doubling space with doubling constant N?. So every set that is 7z —separable in a ball
B(z,r) has at most N* points.

By this remark, in our case at most N* of these balls can have centers in .7, for fixed
k. Suppose now that 2y € %, so d(z1) > d(x;) > 2d(x),i = 2,..., M. Hence all the
centers must be contained in .%;, _; N %, . O

Let X be a doubling metric space with doubling constant N. If €2 is an open subset
of X such that X\ Q # () and let #; be the family constructed with the Whitney
extension theorem. Given a ball B(z;, r;) € #;, we define

¥i(z) = min {%d(:z:,X\B(:z:i, o)), 1}.

(2

By definition, 1; is = —Lipschitz. Moreover,

1<) dhi(x) < 2N°.

iEN
Set

i)
i) = . 2.6
The functions ¢; satisty the following properties for some constant C' > 1 that depends
only by N:
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¢i(x) = 0 for x ¢ B(x;,2r;) and for every = € ) we have that ¢;(z) # 0 for at
most C' indices i;

1.

¢; is € —Lipschitz;
* > . ¢i(x) =1forevery z € Q.
Definition 2.1.3. We call a family of function {¢;} as above a Lipschitz partition of unity.

Using these partitions it can be shown that a L—Lipschitz function over doubling met-
ric space can be extended with a C'L—Lipschitz function, where C' > 1 depends only
on the doubling constant of X.

We then want to prove an essential density property concerning Lipschitz func-
tions, but before we need some definitions.

Definition 2.1.4. Let (X, d) be a metric space. A function f : X — (—o0, 00| is said to
be lower semicontinuous if the set {x € X : f(z) > a} =: {f > a} is open for each a € R.
it is said upper semicontinuous if — f is lower semicontinuous.

By definition it follows that f is lower semicontinuous if and only if

lim f(y) > f(z) Ve X, (2.7)

Yy—x

Thus, if f is lower semicontinuous and f(z) = oo for a point € X then f is continu-
ous at x in the extended sense.

If f and g are lower semicontinuous and if z > 0 then both ¢f 4+ g and min{ f, g} are
lower semicontinuous. Moreover, the pointwise supremum of an arbitrary family of
lower semicontinuous functions if lower semicontinuous.

Proposition 2.1.4. Let (X,d) be a metric space, c € Rand f : X — [c, 00| be lower
semicontinuous. Then there exists a sequence {f;} of Lipschitz functions on X such that
c < fi < fix1 < fandlim,; . fi(x) = f(z) foreach z € X.

Proof. Define, for each?=1,2,... a function f; on X by

fi(z) == nf{f(y) +id(z,y) 1y € X}.

Following the argument in the proof of the Whitney-Mc. Shane extension theorem we
have that each f; is i—Lipschitz with ¢ < f;(z) < fiy1(x) < f(z) for each X € X. Fix
x € X. Assume first that f(z) = co. Let M > 0 and choose € > 0 such that f > M
on the ball B(z,e). Therefore f;(z) is at least the minimum of the numbers M and
c+ie. For every i large enough that ¢+ ie > M we have that f;(x) > M, which implies
lim; o fi(z) = f(x) = .

Next, assume that f(z) < oo. Let M < f(z), and choose ¢ > 0 such that f > M on
the same ball as before. As above, we find f;(x) > M for all large ¢ and hence that
lim; o fi(z) = f(x) in this case as well. O

Combining the dominated convergence theorem and Proposition 2.1.4 we get the
following corollary.
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Corollary 2.1.5. Let X = (X, d, m) be a metric measure space, p € [1,00) and let f : X —
0, 00| be a p—integrable lower semicontinuous function. Then there exists a sequence { f;} of
Lipschitz functions on X such that 0 < f; < fi1 < fand f; — [ both pointwise and in
LP(X,m) as i — oo.

Quite similarly, in every metric measure space non-negative p—integrable func-
tions can be approximated in L? by a pointwise decreasing sequence of lower semi-
continuous functions.

Theorem 2.1.6 (Vitali-Carathéodory). Let (X, d, m) be a metric measure space and let p €
[1,00). For every p—integrable function f : X — [0, oo] there exists a pointwise decreasing
sequence {g;} of lower semicontinuous functions on X such that f < g;41 < g;and g; — f in
LP(X,m).

Proof. Let f : X — [0,00] be a p—integrable function on X. Pick an increasing se-
quence {¢;} of non-negative simple functions converging pointwise to f. By using the
representation

f ¢1+Z ¢11

we find that f admits the following expression:

f= Z ajXE;-
j=0

Here ay = 00,a; € (0,00) for j > 1 and E; C X is a measurable set forall j = 0,1, ...
and note that m(Ey) = 0.
Fix then € > 0. By (1.3) we can choose for each g > 1 an open set U; D E; such that

m(UJ) < m(EJ) + eP 27]';0 a;p.
Moreover, we can choose a sequence of open sets V; O Ej, such that
m(V;) < 2

for j = 1,2,.... Then for the lower semicontinuous function
o0 o0
9= ajxu, + )Xy,
j=1 j=1
we have that both f < g on X and
- 1
lg = fllzexm < Zajm(Uj\E +Zm )r <2
7j=1

Being ¢ arbitrary, and being the minimum of two lower semicontinuous functions
lower semicontinuous the theorem follows. O

Combining the Vitali-Carathéodory theorem with Corollary 2.1.5 we get the main
result.

Theorem 2.1.7. Let X = (X,d, m) be a metric measure space and p € [1,00). Then Lips-
chitz functions are dense in LP(X, m). If in addition (X, d) is locally compact then Lipschitz
functions with compact support are dense in LP(X, m).
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2.2 Absolute continuity and curves in metric spaces

To introduce the concept of (weak) upper gradients and Sobolev classes we need
some definitions and properties of absolute continuous curves.

Definition 2.2.1. Let (X, d) be a complete metric space and let vy : [0, 1] — X be a curve.
We say that v belongs to AC([0, 1], R) if there exists f € L'([0, 1]) such that

i s). ) < | e Vs e (ab) 2.8)

For p = 1 ~ will be called absolutely continuous curve. If f € L4([0,1]),q € [1, 0]
then the curve will be called g-absolutely continuous and set of such curves denoted
by ACY([0,1], X).

With a little abuse of the notation we will use often the term “curve” both for the
map v and its image ([0, 1]).
Remark 2.2.1. In general the domain of v is an open interval (a, b), but observe that in
this case the limit for ¢ | a and ¢ 1 b of +y exist being X complete by assumptions, even
if a or b are oo. Recall also that a curve in AC?([0, 1], X) is uniformly continuous.

Among all the possible choices of f in (2.8) there exists a minimal one, which is
provided by the following theorem.

Theorem 2.2.1. Let p € [1,400|. Then for any curve v € AC([0, 1], X) the limit

d S
|| := lim 40 ) (2.9)
st |$ — t|
exists for L'—a.e. t € [0,1]. Moreover, the function t — || € L*([0,1]) is an admissible
integrand for the right-hand side of (2.8), and it is minimal in the following sense:

[l < f(t) L' —ae te[0,1] Vf satisfying (2.8). (2.10)
Proof. Let {y,}nen be a dense subset of v([0,1]) C X and define
dy(t) == d(Yn, ), n€N.

By continuity of the distance function all the d,,’s are absolutely continuous on [0, 1].
Hence the function .
d(t) := sup |dy(t)|
neN
is well defined £'—a.e. in [0,1]. If ¢ € [0,1] is a point where all the functions d,, are
differentiable notice that by the reverse triangle inequality

lim d(’YHha’Yt) > sup lim ‘dn(t + h) - dn(t)! Iy

h—0 |h] neN h—0 ||

From the Definition 2.2.5 we have d < f L'—a.e., therefore d € L?([0, 1], £') being so f
by definition. But from the definition of d we have that

d(t).

t+h
(s 1) = SUp |dn(t + ) — do(t)] < f d(r)dr
t

neN

and so d )
T A\ Vt+hs Vi
Y dit).

at any Lebesgue point ¢ of d. O
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Definition 2.2.2. Given a curve v : [0,1] — X we define its length £ () € R as the
supremum of the numbers

k

Z d(’Yti’ f)/tifl) (211)

i=1

over all the scompositions of [0,1]in0 =) < t; < --- < = 1. If Z(7) < oo we say
that + is rectifiable.

Given a rectifiable curve v : [0,1] — X, if f : X — Y isa L—Lipschitz map between
metric spaces then f o v is rectifiable and

Z(for) < LL(). (2.12)
Moreover, all Lipschitz curves are locally rectifiable.

Definition 2.2.3. If v : [0,1] — X is rectifiable then we define its length function s, :
0,1] = [0,Z(7)] as

$(t) = Z(V|p.)

By definition, it follows that

d(Vty, 71) < Z(’yhtl,tﬂ) = 8,(t2) — s4(t1) (2.13)

Lemma 2.2.2. The function s., associated to a rectifiable curve y : [0,1] — X is increasing
and continuous.

Proof. s, is increasing by (2.11). To prove that it is also continuous, fix 0 < ¢, < 1. Since
s, is increasing, both the right and left sided limit s (to) and s7 (#) exist. Suppose first
that s, (to) — s7 (to) > 6 > 0. Thenty > 0 and let 0 < ¢; < 1. Since we have

g(’”[thto]) = Sv(tO) - Sv(tl) = S'y|[t1,to} (t0> >0,
by continuity of vy there exist t; =: ap < - -+ < a;, < t¢ such that

k

Z d(V(l]’v’yaj—l) > 6

j=1
Define t; := aj. Then £ (7|, 1) > 0 and
L (Vitarte]) = s4(to) — s4(t2) > 6.

By induction we build a sequence {t;} of times t; < ty < --- < t; < --- < ty such that
ZL (Y|t ts211) > 0. This means that

g(’ﬂ[tl,to]) > 3(7

and this contradicts the rectifiability of . We conclude that s7 (o) = s, (to)-
Similarly s7 (t9) = s,(to) and the thesis follows. O

[ti7ti+1]> > (Z - 1)6 V'L — 2, 3, e

Proposition 2.2.3. A rectifiable curve ~y : [0, 1] — X is absolutely continuous if and only if
its associated length function s., is absolutely continuous.
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Proof. The absolute continuity of vy follows from the one of s, thanks to formula (2.13).
Suppose that v absolutely continuous. Let ¢ > 0 and 6 > 0 and we assume to have a
family of k disjoint intervals [a;, b;],7 = 1,...,k of [0, 1] such that 3> b, —a; < §. Then,
being

S'Y(bi) - S’Y(ai) = D%(Vhambi}) < 09,
we can decompose each interval [a;, b;] in k; subintervals [/, b!] such that

k;

€
Zd(%g,%g) > 5y(bi) — sy(a;) — 5
=1
Hence Y% | Zf;l bl —al =3 b —a; < dand
Z |54(bi) — sy(ai)| < 2e,
that is the definition of absolute continuous function. O]

Definition 2.2.4. The arc-length reparametrization ~, of a rectifiable curve v : [0,1] — X
is the function ~; : [0,.Z(y)] — X defined by

Ys(t) == (s (t)),

where s2'(t) := sup{s | s,(s) = t} = max{s | s,(s) = t} exists from the continuity of
Sy

Notice that 57 is continuous from the right, i.e. lim, it Sy L) = 0)- Iflim,_,\— s Yt) =

St

s
S0 < s;l(to) then 7 is constant on [sg, s (t9)]. Hence v : [0, Z(v)] — X is the unique
curve satisfying

v(8) = 7s(s,(1)) vt e[0,1].
By definition it follows that
L(Vslpern) =h  t€[0,2(7)].
and so we have the following proposition

Proposition 2.2.4. The arc-length reparametrization s of a compact rectifiable curve -y is
1—Lipschitz, hence absolutely continuous and |¥,(t)| = 1 t—a.e. in [0, L (7)].

Definition 2.2.5. We define the integral of a Borel function f : X — [0, 00| along a
rectifiable curve 7 : [a,b] — X as

Z)
f fds = f flra(t)) dt (2.14)

Notice that f o, is a non-negative Borel function over [0, Z ()] so that the integral
in (2.14) exists. Moreover, line integrals are always defined over curves that are locally
rectifiable.
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Proposition 2.2.5. Let v : [0, L] — X be a 1—Lipschitz curve. Then

Lfds < LLf(%) dt

for every Borel function f : X — [0, cc].

Proof. Being ~ 1—Lipschitz also the associated length function s, : [0, L] — [0, Z(v)] is
1—-Lipschitz and absolutely continuous. Hence

2G)) L L L
f fds= f F (1)) dt = j F (s, (£))5, () dt < f F sy (£))) dt = f f() dt.

O






Chapter 3

Sobolev classes and g—test plans

With the notion of absolutely continuous curve and metric derivative we can now
define the analogous of a norm of a gradient. Recall that given a function f € C*(R",R)
and a curve v € C'(]0, 1], R") then by the chain rule, the fundamental theorem of cal-
culus and the Cauchy-Schwarz inequality, we have

[f () = f(o)l = L (Vf(7s),7s) ds SL IV f ()l sl dis.

Then we define the Sobolev classes and the properties of Sobolev functions, proving
three fundamental inequalities (Proposition 3.2.4). Finally we introduce the Cheeger’s
energy functional and from the study of its gradient flow we will get a density result
of Lipschitz functions in Sobolev spaces.

3.1 Upper gradients and Sobolev classes

Definition 3.1.1. Given a Borel function f : X — R we say that a Borel function
G : X — [0, 00] is an upper gradient of f if

o)~ el < [ Glda vy e Ac(o, 1))

The following definition is the most simple example of an upper gradient.

Definition 3.1.2. Given f : X — R we define the local Lipschitz constant lip(f) : X —

0, 0] as 1f(y) — f(z)]
‘ T W) — f(@)]
ip(f)(e) o= lm ==

if z is not an isolated point, 0 otherwise. If in the numerator we consider the positive
part (respectively the negative part) of f we get the definition of lip*(f) and respec-
tively of lip™ (f).
Remark 3.1.1. If f is locally Lipschitz then lip™(f) and lip(f) are upper gradients of f
by definition.

What we are going to do now is to bring all these metric definitions on the space

P (X) of probability measures over X because this will allow us to get a duality for
particular measures and to get a gradient in a metric measure space.

37
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Definition 3.1.3. Let &?(.X) be the set of probability measures over X. We define the
Wasserstein space as

P (X) = {uEBZ J d(x,zp)dm < oo V$0€X}

We endow it with the g—Wasserstein distance defined by

W) =it [ ey dv(%y));,

~

where the infimum is taken over all the measures v € (X x X) with marginals 4
and v (v’s are called transport plans or couplings).

Remark 3.1.2. it is possible to prove that if X is a Polish space then there exists always
a transport plan between two probability measures.

Proposition 3.1.1. W, is a distance.

Proof. The symmetry of W, follows from the symmetry of d.

For the triangle inequality (called also gluing lemma) let piy, po, s € P4(X), v,; be
transport plans from y; to p;, for i, j € {1,2,3},and p € Z,(X x X x X)) with marginals
712 and 7y,5. Then

q q

W) < ([ (e d713<x,z>> - ( JXXXXXd%x,z) (o1

XxXxX X><X><X
+

1
q

— (Lxxd (2, y) dyyo (2, y)) (JXXX d(y, 2) dvzg(y72)>q

= Wfl(:uh M?) + Wq<lu’27 ,LL3)

For the homogeneity of W, consider f : X -+ A C X x X defined by f(z) = (z,z) and
let

v = fiu,
with 4 € Z,(X). Then we have that v € Z,(A) and if we define 7 € Z,(X x X) as

w(A)=v(ANA) VAe AB(X x X)

then 7 is a transport plan from x to ;i (not optimal in general) and by its definition
7(A°) = 0 (x). Hence by the homogeneity of d (xx)

Wi (s ) < JX @ y)dm(z,y)

- jA di(x,y)dm(z,y) + f d*(x,y) dm(z,y)

c

) f d(z,z)dmw(z, ) +0 o= W (g, p) = 0.
A

—
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Definition 3.1.4. We define the evaluation map e, : C([0,1], X) — X and the restriction
map restr; : C(]0, 1], X) — C([0,1], X) for s,t € [0,1] as

e(y) =7 (restri(7))r == Vetr(s—t)-

Notice that for ¢ > s we have a change of orientation. The following theorem is the
first metric result in (Z,(X), W,), called also superposition principle, and we will use it
often in the nexe chapter:

Theorem 3.1.2 (Lisini). Let (X, d) be a Polish space, g € (1,00) and p; : [0,1] — Z,(X)a
q—absolutely continuous curve w.r.t. W,. Then there exists a measure = € Z(C([0,1], X))
concentrated on AC?([0, 1], X) such that

et)tﬂ" =p  VEe0,1],
f 7 dm(y) = [t t— e,

For the proof we refer to [3].

Remark 3.1.3. For m € 2(C([0,1], X)) such that [[, |5%dt d7(v) < oo and (e,)ym = s
for all ¢, the following inequality always holds

J 1) > [l f—ae.

Proof. Firstly we have to prove that |7,| exists w—a.e. for any v € C([0, 1], X).
The set

A:=A{(t,y) €[0,1] x C([0,1], X) | |7:| does not exist}
is a Borel subset of [0, 1] x C([0,1], X) being the map (¢,7) — (MTT}I“%) continuous for
all h # 0. Since 7 is concentrated on ACY(|0, 1], X') we have that if v € C([0, 1], X) then
LY({t €1]0,1] | (t,v) € A}) = 0. Hence by Fubini’s theorem, {—a.e. and w—a.e. we have
that

w({y € C((0,1], X) | (t,7) € A}) = 0.
We now prove that 1, = (e,)ym € Z,(X) forall ¢ € [0, 1]. Fixed T € X we have that

jX &9z, T) dpay(z) = f 09(, 7) d(y) < 2071 f (d(10,T) + d*(70, 7)) dre ()

<2 [ (i (f il )) ()
<o [ (@07 + [ Fma r)an(y

and it is finite by our assumptions.

Pick now ¢,s € [0,1],5 < t and let v, := (es, ¢;)37 be the pushforward measure of 7
through (es, e;) with marginals p,, ;. Then by hypotheses and Holder’s inequality we
have

W10, 1) < fm 0z, y) dry, () = j d(ex(7), ex(7)) dm()

f(f RAIG dr) dm(y f\s 9~ lf |e| () dr d7e ()
== [ [ Fidtr) dme)
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i.e. the absolute continuity of ;; w.r.t. W,. Then the thesis follows applying the
Lebesgue’s differentiation theorem. O

Assume from now on that

(X, d) is a Polish space,

. . (3.1)
m is a non-negative Radon measure on X.

From the fact that m is locally finite and (X, d) is separable, by the Lindelof property
there exists a Borel probability measure m € #(X) such that

m<<m< (Cm, C >0, (3.2)
with 2 locally bounded from below by a positive constant '

where locally bounded from below means that for any x € X there exists a neighbour-
hood U, and a constant ¢, > 0 such that m—a.e. on U, it holds = > ¢g. It also can be
proven that m can be chosen so that

J d?(x,zp)dm < oo Vq > 1, for some, and thus for any, zy € X. (3.3)
X

Now we want to define the Sobolev classes on X with a different approach from
the classic one used in R", although it can be shown that they are equivalent.

Definition 3.1.5. Let (X, d, m) be a metric measure space as in (3.1) and consider 7 €
2(C([0,1], X)). We say that 7 has bounded compression if there exists C' > 0 such that

(e)ym <Cm  Vteo,1].

For ¢q € (1,00) we call 7 a g—test plan if it has bounded compression, is concentrated

on ACY([0,1], X) and if
1
'U |7:|? dt dme(y) < o0.
0

Definition 3.1.6. Let (X, d, m) be a metric measure space as in (3.1), p, ¢ € (1, c0) con-
jugate exponents. We say that a Borel function f : X — R belongs to the Sobolev class
SP(X,d, m) (respectively S} (X, d, m)) if there exists a function G € LP(X, m) (respec-
tively in L} (X, d, m)) such that

f‘f Y1) — f(y0)| dm(y J G(7s)|7s| ds dar (), for every ¢ — test plan .

In this case G is called p—weak upper gradient of f.

Remark 3.1.4. The class of g—test plans contains the one of ¢'—test plans if ¢ < ¢/, for
the inclusions among LP—spaces. Hence if S°(X,d,m) C S”(X,d,m) for p > p/ and
if f € SP(X,d, m) and G is a p—weak upper gradient then G is also a p’—weak upper
gradient of f.

As G in the preceding definition we want the minimal one, if it exists. Hence first
of all we need to prove that f o v admits an absolutely continuous representative-
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Proof. If 7 is a ¢—test plan, then also (restr});7 is a g—test plan. Hence if G is a p—weak
upper gradient of f such that [ g < oo a.e., then for every ¢, s € [0, 1] we have that

|f(7s) = f(v)| < LSG(%)WT\ dr.

We then apply the Fubini theorem to the product measure £? ® 7 over the set (0,1)? x
C(]0, 1], X). So the function f satisfies

1f(vs) = fw)] < VA ldr|  (t,s) — a.e.
Similarly,
70 ~ Fe0)l < [ ol ar
| f(m ¥s)| < fl g(ve) || dr

Lemma 3.1.3. Let f : (0, 1) — R,q € [1,00] and g € L((0, 1)) be a non-negative function
such that

#6) = 1< | [ gryar
Then f € W4((0,1)) and | f'| < g a.e. in (0,1).

Proof. Let N' C (0,1)* be a L?—negligible set for which the thesis is false. By the
Fubini’s theorem we can choose s € (0,1) such that (s,t) ¢ N t—a.e. so that f €
L>(0,1). Since the set {(t,h) € (0,1)* | (t,t + h) € N N (0,1)*} is L2—negligible, we
can use again the Fubini’s theorem to claim that h—a.e. (t,t + h) ¢ N t—a.e.. Hence
if {h;};en is a sequence of points with this property and such that ; | 0, using the

identity
ot + h (t + h
[ 70 = [ LI 0
with ¢ € C;(0,1) and h = h; small enough we obtain

dﬁsﬁbwmet

Hence we can interpret the distributional derivative of f as a signed measure 1 with
finite total variation satisfying

—Jolfd)’dtzfolwn,

So n < L' with |n| < gL' Hence |f/| < ga.e. in (0,1). The case ¢ > 1 follows using the
same argument with g € L%(0, 1). O

(t,s) —a.e..

1 1
qbdn‘ < f glo|dt forall ¢ € C;(0,1).
0 0

Being go~|¥| € L*(0, 1) w—a.e., thanks to the lemma we have that fo~y € W'1(0,1)
m—a.e. and that

(;it(f fy)‘ < gon|y| a.e.in (0,1) and 7 — a.e.. (3.4)

But from the arbitrariness of w we have that f oy € W1(0,1) y—a.e. so it admits an
absolutely continuous representative f,. O
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With the same argument y—a.e. if G, G, are two p—weak upper gradients of f
then min{G4, G} is a p—weak upper gradient of f too. Hence there exists a minimal
function G > 0 m—a.e. in LP(X, m) such that the preceding definition holds.

Definition 3.1.7. We call this function minimal p—weak upper gradient of f and we de-
note it by | D f|,.

Remark 3.1.5. With this notation however it is not explicit the dependence on p of the
definition (or potential). Thanks to the Cheeger’s results in [10], if the measure m is
doubling and the space support a local and weak version of the Poincaré inequality,
then for f € S} _(X,d,m),p > p’ we have that |Df|,, = |Dfl|., m—a.e.. Hence in this

case the dependence on the Sobolev exponent p can be omitted.

3.2 Properties of functions in S”( X, d, m)

Using definitions and the triangle inequality we get those first two properties:

e S*(X,d,m) and S},

ne(X, d, m) are R—vector spaces and for o, 3 € R we have that
m—a.e.

[D(eef + B9)lw < |al[Dflw + 8] Dglw-

e The spaces SP(X,d,m) N L>(X, m) and S}

ne(X,d,m) N Lee
which m—a.e.

loc

(X, m) are algebras for

D)l < [FIIDglw + 191D |-

We can now prove also other two fundamental properties that we will use for several
proofs in the following chapters.

* (Locality principle): for every f € S} (X,d, m) we have that |[Df|, = 0 m—a.e.
over f~1(N), VA C R L'—negligible. Moreover, Vf,g € S! (X,d,m), m—a.e. on
{f = ¢} it holds that

[Dflw = 1Dglu-

Proof. Denoting with

(D @ e R\,
o= {o f(a) €.

G is a p—weak upper gradient (considering the case of R—valued absolutely con-
tinuous functions) and so the thesis follows from the minimality of |D f|.,. O

e (Chain rule for f € S?(X,d, m)): if ¢ : R — R is a Lipschitz function, then ¢ o f €
SP(X,d,m) and m—a.e.

[D(¢ 0 f)lw=1"0 fIIDflw- (3.5)

Proof. As in (3.4) we can prove that [D(¢ o f)|l, < [¢' o f||Df|s. To get the
equality, assume ¢ € C' (the Rademacher’s theorem ensures that the right-hand
side makes sense even in the Lipschitz case) and 0 < ¢’ < 1. By definition,
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(1—¢'o f)|Df|,and (¢ o f)|Df|, are upper gradients of f — ¢ o f and f respec-
tively. Hence

IDflw < ID(f =¢0 fllu+ D@0 fllw < ((L=¢" 0 f)+¢ 0 f)IDflu=|Df|w

and so all the inequalities are equalities and we have the thesis. O

Proposition 3.2.1. Let (X, d, m) be a metric measure space as in (3.1), p € (1,00) and Q@ C X
an open set. Then the following hold:

I) For f € SP(X,d,m) (resp. f € St (X,d,m), flg € SP(X,d, m) (resp. f € S}, (X, d, m)
and m—a.e.

(IDflw)x = (1D flw)g, (3.6)

where (|D f|w)x (resp. (|Df|w)g) denotes the minimal p—weak upper gradient of f in
(X, d, m) (resp. of f |qin (Q,d, m)).

1) Conversely, if f € SP(Q,d, m) (resp. f € S}, (X, d, m)) with supp(f) C Q such that
d(supp(f), X \ Q) > 0 then extending f over all X setting it equal to 0 on X \ 2 we
have have that [ € SP(X,d, m) and (3.6) holds.

Proof. I) Since the class of curves to test if f is Sobolev in () is smaller w.r.t. the
X’s one then f|g € SP(X,d, m). Moreover, we have that (|Df|,)g < (|Df|lw)x
m—a.e. in {2 so it is sufficient to prove the converse inequality. Define the function
G:X —[0,00] as

G(z) = {<|Df|w)g(m) z e,

400 otherwise.

By definition G is a p—weak upper gradient of f in X. But (|Df|,)x is the mini-
mal p—weak upper gradient so (|Df]|,)x < G m—a.e. in X.

IT) We denote with C' := supp(f). Then we need the following coarea lemma, for
which we refer to [13]:

Lemma 3.2.2 (Eilenberg inequality). Let f : X — R be a map over a Polish space X
and denote by N(f,y) := tf'{y} the cardinality of f~'{y} fory € R. Then if f is
Lipschitz, for m € [0, 00| and A Borel subset of X the following inequality holds, with
H™ the m-dimensional Hausdorff measure on X:

(Lip(F)" - H"(4) = [ N(fla.) dH" (0)

For any absolutely continuous curve v the set L, := {t € [0,1] | d(v,C) = r} is
finite r—a.e. thanks to the Eilenberg inequality with m = 0, noticing also that the
left-hand side is finite by assumptions. Setting R := d(C, 092) > 0 and choosing
r € (0, R) such that L, is finite we can use L, a set of times to decompose 7 in a
finite number of curves, some in €2 and others that does not intersect C. Hence
the inequality (3.6) follows by locality and (I).

O
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We endow SP(X, d, m) with the seminorm

1 f s x.am) = D F |l e xm)

and define the Sobolev space W'?(X,d,m) := SP(X,d, m) N LP(X, m) endowed with
the norm, mimicking the Euclidian case,

112 ay = 1y + 1l (-

it is not known if S?(X, d, m) is complete w.r.t. its seminorm. However, W'?(X, d, m)
is always a Banach space thanks to the following proposition, that follows from defi-
nitions and the Mazur’s lemma:

Proposition 3.2.3. Let (X, d, m) be a metric measure space as in (3.1), p € (1,00),{fn} C
SP(X,d,m) and {G,} C LP(X,m). Assuming that G,, is a p—weak upper gradient for f,
Vn €N, that f, — [ pointwise m—a.e. and that G,, — G in LP(X, m) then f € SP(X,d, m)
and G is a p—weak upper gradient of f.

We now prove two results concerning the duality between ¢—test plans and func-
tions SP(X, d, m) that will be useful for the next chapter.

Definition 3.2.1. We define the g—energy E,, : C([0,1],X) — [0,00] of a curve v €
C(]0,1], X), with g € (1,0), as

a/l [ty : t q
B, (7) = {t,/t JE1sle ds, if restr} (7) € AC4([0, 1], X), 67)

400 otherwise.

Proposition 3.2.4. Let (X, d, m) be a metric measure space as in (3.1), p € (1,00) and q its
conjugate, f € S*(X,d, m) and 7 a q—test plan. Then the following inequalities hold:

‘f(%) — f(0) |
E

1) — FO0)|”
hmJ. ’—Eq,t

£10

1 t
<; [ IDfGas m—ne vy el (3.8)
0

dm(7) < f DFIE () d (7). (3.9)
i [ de(ﬂs% [ 105160 am(o) + T 1 [[| i asan(a). 310

10

Proof. From the definition of minimal p—weak upper gradient we immediately get

(3.8):
Fon) — Fl)] < f Df(r)lieds < \/ j !Dflﬁ(vs>d8(/ f 7] ds.
0 0 0

Diving both sides by {/ [, |7s7| ds and using the definition of E,, we obtain the thesis.

For (3.9) if p; is the density of (e, )7 w.r.t. m, integrating (3.8) we have that

[ [0 =100 am < 4 [ [instzateaemas = 105124 [ pras ) am.
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By definition, |Df[? € L'(X,m) and p,m = pom hence p, — po as s — 0. Hence

i |Dfm(% [ ds) am = [ 1D512.Go) ().

t10

Finally, for(3.10), using Young's inequality we get

[f () = FOo)l _ 1) = F(0)] Egaly) Yours 1‘ f(n) = f()
t Eqi(7) t P Eqi(v)

The thesis follows integrating w.r.t. = and using (3.9) in passing to the limitas¢ | 0. [

(3.11)

! ‘ Eq,t(’Y)

Proposition 3.2.5. Let (X, d, m) be a metric measure space as in (3.1), p € (1,00) and q its
conjugate, f € S*(X,d, m) and 7 a q—test plan. Then

1 t
lim i/;f |IDf| oesds =|Df|, o eg in LP(m). (3.12)
0

£,0
Furthermore, if the family of functions % is dominated in LY(7) then the family of functions
M is dominated in L' ().

Proof. it is sufficient to prove that

1 t
%;J IDfP oesds = [DfPoco  in L'(m). (3.13)
0

Let h € L' (X, m) and define H, € L'(w), fort € [0, 1], as

1 t
Ht::¥f hoegds, Hy:=hoeg.
0

Notice that if h is L—Lipschitz then
1 t t
) = )| < L [ divn)ds < L] [iifas

so that || Hy — Hol| 11 () 2. Using the density of Lipschitz functions in L'(X, m) and
by definition there exists a constant C' > 0 such that (e;)yw < Cm V¢ € [0, 1], we have

5

We get the thesis choosing h = |Df|?. For the second part, from (3.11) and (3.8) we
have that

t 1 t
| raas|an) < 5 [ Imoldsdr() < Clillcm,

0

[ 1160l dm() <l

q

/() = F()l o 1
t —pt

¢ 1|E
[ 105z as 2| Fael
0 ql t

)

and from (3.13) the family of functions I% fé |Df|P () ds is dominated in L' () and we
obtain also the second thesis. O
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3.3 The Cheeger energy

In this section we define the Cheeger’s energy functional that will be useful in sev-
eral proof later. It will be useful also to establish some connections between gradient
flows in L? and the Wasserstein geometry.

This first result, proven in section 8.2 of [4], concerns the dependence of S{ (X, d, m)
on the reference measure m of the metric measure space X:

Theorem 3.3.1. Let (X, d) be a Polish space and m, m' two non-negative Radon measures on
X. Assume that

/

m<«<m' <m and that

is locally bounded from below by a positive constant.

Then for every p € (1,00) the spaces Sloc(X d,m) and S}
She(X,d,m) =S (X, d,m') a function G is a p—weak upper gradient of f in S,

and only if it isso in S} (X, d, m’).

(X,d,m") coincide and for f €
(X,d,m)if

loc

In summary, the notion of being a Sobolev function is unchanged if we replace the
reference measure m with an equivalent one m’ such that In(4™) € L®(X,m).

Remark 3.3.1. Let (X, d, m) be a metric measure space as in (3.1) and m € #(X) as in
(3.2) and (3.3). Since m < C'm for some C' > 0 and from Proposition 3.3.1 we have that

SP(X,d,m) C SP(X,d, )

Definition 3.3.1. Let p € (1, 00). We define the Cheeger energy functional Ch,, : L*(X, m) —
[0, 00] by

(3.14)

o ) o IDfL dm feSP(X, d,m) N LA(X, m),
"] oo otherwise.

Similarly, we define Ch, : L?(X,m) — [0, c0] in the same way using t instead of m.

Proposition 3.3.2. Ch, is convex, lower semicontinuous and has dense domain, hence for
[ € L*(X, m) there exists a unique gradient-flow of Ch,, starting from f.

Proof. The energy is convex by definition. Let { f,,} be convergent to f in L?(X, m) and
assume, after possibly extracting a subsequence and with no loss of generality, that
Ch,(f,) converges to a finite limit.

If we first assume that all the f,, have p—weak upper gradient then |Df,|,, is uni-
formly bounded in LP(X, m). Let f,) be a subsequence such that |D f,)|., converges
weakly to g in LP(X, m). Then g is p—weak upper gradient of f and

k—oo 4 n—>00

1
f lg|*dm < lim — | [D/fumlh dm = lim Chy(f,).
X

Denote now by [V := max{—N, min{f, N}} and set

¢ :={f: X — R: f" hasap— weak upper gradient for all N € N}.



3.3 The Cheeger energy 47

In the general case when f,, € ¢, we consider the functions f» and to conclude is
sufficient to notice that from |DfXN|, < |Df,|., we have that f{ has p—weak upper
gradient for any N € N and

| 1D dm <timn - 00 [ DY dm < i [ DA fdm
X X X

n—oo

Passing to the limit as N — oo the conclusion follows by monotone convergence.
Since the finiteness domain of Ch,, is dense in L?(X, m), the Hilbertian theory of gra-
dient flows (see, for instance, [9]) can be applied to Cheeger’s energy functional to
provide, for all f, € L?*(X, m) a locally absolutely continuous map ¢ — f; from (0, co)
to L*(X, m) with f; — fyast | 0, whose derivatives satisfies

d _
Eft € -0 Chy(f:) (0c0)>t—ae.

]

We then collect here some properties of the gradient-flow of the Cheeger energy,
for the proof see [3] and [4]:

Theorem 3.3.3. Let (X, d, m) be a metric measure space as in (3.1) and m € & (X) asin (3.2)
and (3.3). Moreover, let p € (1,00), f € L*(X,m) and (f;) C L*(X,m) be the gradient-flow
of Ch,, starting from f. Then the following hold:

I) Mass preservation:
thdtﬁ—ffdrﬁ vVt >0.

II) Maximum principle: if f < C (resp. f > ¢) m—a.e. then f; < C (rrsp. fy > ¢) m—a.e.
forany t > 0.

I1I) Entropy dissipation: if ¢ < f < C m—a.e. and u : [¢c, C] — R is a C*—function then
t v [u(fy)dmisa C'(0, 00)—function and the following equality holds

% u(f,) dm = —fu”(ft)mftm dm vt > 0. (3.15)

IV) Dissipation at t = 0: if with the same assumptions as in (1II) we also assume that
f € SP(X,d, m) then (3.15) holds also at t = 0 and it holds that

d

lim 5 [ () = = [ w(1)|DfIz . (3.16)

V) Kuwada’s lemma: assume that ¢ < f < C with ¢,C > 0 and that [ f dm = 1. Then
the curve t — 1, := fym is g—absolutely continuous w.r.t. W,, with q the conjugate
exponent of p, and for its metric derivative |fi,| we have that

D p
|m|q§f |ff_t|1w dm t—ae. (3.17)
t
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The first application of this theorem is to prove the following ones as in [1], [4] and
[6] and they can be regarded as a metric version of the Meyers-Serrin theorem.

Theorem 3.3.4. Let (X, d, m) be a metric measure space as in (3.1), p € (1, 00) and assume
that m is finite on bounded sets. Then, for every f € W'P(X,d, m) there exists a sequence
{fn} C WYP(X, d, m) of Lipschitz functions such that

lim || f, — fllzr(x,m) = 0,
n—oo

Jim | fullsexam = M 1D fulllzr(xm = B [[[D fallleoem = 1Lfllseoxcdm,
where given h : X — R, |Dh| : X — [0, 00| is set by definition to 0 at isolated points and

D) = inf  sup M) = )]
>0 41 #y2€ By (x) d(y1,y2)

Corollary 3.3.5. With the same definition as before, assuming also that W'P(X, d, m) is uni-
formly convex then LIP(X) N WP (X, d, m) is dense in W'?(X, d, m).



Chapter 4

Differentials and gradients

We now want to study how the differential of a function f operates on the gradi-
ent of another function g¢. To this aim, we first define the two functions D* f(Vg) and
define for the following the infinitesimally strictly convex spaces, where the two func-
tions agree. Next we will prove the duality between test plans and gradients which
will allow us to get the gradient Vg, justifying the expression D* f(Vg) because | Dgl,,
in the smooth setting is the norm of the gradient. Finally we prove the chain and Leib-
niz rules for D* f(Vg) and how they turns into equalities in infinitesimally strictly
convex spaces.

4.1 Basic definitions and first properties
Considering a,b € R we have
a" —b" = (a—b)O" Fab" 4+ +a" 2+ a" .

With a convex function ¢ : R — R* and using the preceding equality, for p € (1, c0)
we get

O — 00 _ 6(e) = $0) (1 yyp 0t s
a2 = e (G AP TO0) F - 40 T ¢(07)5(0).

Hence the two quantities

¢ $e)" = 9(0) ¢(e)” — ¢(0)

=0 peg(0p2 T peo(0y2

are independent of the value of p and are equal to ¢(0)¢'(0") and ¢(0)¢'(0~) respec-
tively if ¢(0) # 0. Moreover, the convexity of ¢ allows us to replace the sup and inf
with the right and left limit respectively for ¢ | 0 and € 1 0.

So now we fix p € (1,00) and let f, g € S} (X, d, m). Thanks to the upper gradients’

properties we have that the map ¢ — |D(g + ¢ f)|,, is convex w.r.t. ¢, i.e.

[D(g + (1 = Aeo + Ae1) [l < (1= A)[D(g + e0f)lw + AID(g + e1f)|w, m—ae,

for every A € [0,1],50,61 € R so mimicking the preceding argument we have the
following definition:

49
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Definition 4.1.1. Let (X, d, m) be a metric measure space as in (3.1), p € (1,00) and
frg € St (X,d, m). The two functions D*f(Vg) : X — R are well defined m—a.e. by

loc
the formulas

|D(g +<f)h, — |Dglh,

+ i
D f(Vg) := inf pe Dl ) (4.1)
D P _ |DglP
D~ £(Vg) :Sup| (g +ef) _2| g!w7 42)
e<0 p5|Dg|ifu

on{z € X : |Dgl|,(z) # 0} and are equal to 0 by definition on the complement.

If we apply this definition in the Euclidian case we get the p—Laplacian. To see it
more clearly, recall that by Riesz theorem we have

Df(Vg) =(Vf,Vyg), |Dglw = [|Vgllrn,

and the formulas (4.1) and (4.3) agree. For example, if p = 2 once integrated we just get
the first variation of the Dirichlet energy functional (also, we remark that the metric
equivalent of the Dirichlet energy is the Cheeger’s one).

Remark 4.1.1. In our notations we omit the explicit dependence on the Sobolev ex-
ponent p in writing D*(Vg). By Remark 3.1.5, if the space X is doubling and sup-
ports a (1 — p’)—Poincaré inequality, D* f(Vg) is unambiguously defined for f,g €
Sh.(X,d, m), where p > p'.

Remark 4.1.2. From now on, the expressions D* f(Vg)|Dg[2 on the set {z € X :
|Dgl,(z) = 0} will always be taken 0 by definition. In this way we obtain m—a.e. on X

b _ p
D* f(Vg)|Dglt,* = inf Dy + el = 1Dl

pe
D P _ | DaglP
D_f(Vg)|Dg|ﬁ}_2:Sup| (g+5f)|w | g’w
e<0 pe

Thanks to the inequality |D(g+<f)|w < |Dglw+ |¢||Df|. we have, setting |Dg|,, = a
and |Df|, = b, that

(a+eb)P —aP  aP +eaP b+ o(e) — aP o+
= =

5 5 ab
pe aP~ pe aP—

|D*f(Vg)| <

so that
IDEF(Vg)| < |Df|w|Dg|uw m— a.e. (4.3)

In particular, we have also that D*f(Vg)|Dg[k? € L'(X,m) for all f,g € SP(X,d, m)
(respectively in L{ (X, m) for all f,g € S! (X, d, m)).

loc

Setting g. := g + ¢ f, the convexity of f — |D(g + < f)[£, yields
D™ f(Vg) < D" f(Vyg), m— a.e. (4.4)
and
DY f(Vg)|Dgli,* = inf D™ f(Vg)|Dgli* = inf DT f(Vg)[Dg[;*,  m—ae, (45)
D™ f(Vg)|Dglt7* = sup D f (Vg)|Dglty? = sup D™ f (Vg)|Dglh 2, m—ae. (46)
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Moreover, from the definition it directly follows that
DY (=f)(Vg) = =D f(Vg) = D" f(V(=g)),  m-ae. (4.7)

Setting f = g we get

Do+ <o)l — Dol _ (1+eP = DIDgls _ L o 5 () oty
p—2 p—2 _‘ g‘ .)€ —>| g‘w’
pe|Dyglw pelDgluw pe z

i=0
therefore

D*(Vg) =|Dg|>, m—ae. (4.8)
As a consequence of the locality properties we also have

D*Ff(Vg) =0, m—ae.on fN)Ug'(N), YN CR:LYN)=0, (4.9)
D*(Vg) = D*f(Vg), m—aeon {f=f}n{g=3} (4.10)

Some further properties of D* f(Vg) are collected in the following proposition

Proposition 4.1.1. Let (X, d, m) be a metric measure space as in (3.1), p € (1,00) and g €
Si (X, d, m).Then the function

loc

Sp

loc

(X,d,m) 3 f > D*f(Vg)
is positively 1—homogeneous, convex m—a.e. in the sense that

D (1= N fo + Mi)(Vg) < (1= ND*£1(Vg) + AD* fo(Vg),  m—ae.,
forall fo, fi € Sif(X,d,m)and X € [0,1], and 1—Lipschitz in the following sense:

DT f1(Vg) = DT /o(Vg)l < ID(fy = fo)lwlDglw, — m—ae ¥V fi, f> € S (X,d, En)- )
411

Similarly, the function

Sp

loc

(X,d,m) > f— D" f(Vg)

is positively 1—homogeneous, concave and 1—Lipschitz.
Conversely, for all f € Si, (X, d, m) it holds

loc
* S} (X.d,m) > g — DT f(Vyg) is positively 1—homogeneous and upper semicontinu-

ous,

e Si.(X,d,m) > g — D™ f(Vyg) is positively 1—homogeneous and lower semicontinu-

ous,

where the upper semicontinuity is intended as follows: if g,,g € S} (X,d,m),n € N, and
for some Borel set E C X we have that [, |Df[f dm < oo, sup,ey [ |Dgnlf, dm < oo and
[ |D(gn — g)|E, dm — 0O, then

lim | D"f(Vgn)|Dgnlt?dm < j Dt f(Vg)|Dg[>? dm, V Borel set E' C E.
E/

n—oo E!

Similarly for lower semicontinuity.
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Proof. The positive 1— homogeneity in f, g follows from definitions.
For convexity (respectively concavity) in f, we have that

[Dg+((1=Nfo+ M)l = 1Dyl < (1= 2 (1D(g +=fo)u = 1Dyl
+A(ID(g + =)kl Dgl).

so dividing by ¢ > 0 (resp. € < 0) and letting ¢ | 0 (resp. € 1T 0) we get the thesis.
For the Lipschitz continuity, just notice that using convexity and adding and sub-

tracting % we get

1D(g+ef)|lw = [Dglw D9 +f)lw — | Dyl
15 15

<ID(f = f)lws  Ve#O.

Finally let e — 0.
For the semicontinuity in g, let £ C X be a Borel set as in the assumptions and let

Ve {g €S (X,d,m): f Dyl dm < oo}.
E

Endow V with the seminorm ||g||s» & := /[ |Dg|% dm and notice that Ve # 0 the real
valued map

D P _ |DglP
|D(g+<f)E, — | glwdm
B pe

Vg

is continuous. Hence by the properties of the weak convergence the map

D P _ |DalP
|D(g+ef)h, — | g\wdm
pe

Vg = | DY(Ve) Dl dm = inff
E/ !

e>0
is lower semicontinuous. Similarly for D~ f(Vg). O

In general D f(Vg) # D~ f(Vg), but for example in strictly convex normed spaces
then they agree m—a.e.. So we have the following definition.

Definition 4.1.2. Let (X, d, m) be a metric measure space as in (3.1), p € (1,00) and ¢
its conjugate exponent. We say that (X, d, m) is g—infinitesimally stricly convex (shortly
q—i.s.c.) if

fD*f(Vg)\Dqli2 dm:fo(VgﬂDg!iz dm,  Vf,geS(X,dm). (412

Remark 4.1.3. In the case X normed space the condition (4.12), whatever g is, is equiv-
alent to the strict convexity of the norm, as analyzed in the introduction.

From inequality (4.4) we get that the integral equality (4.12) is equivalent to the
pointwise one:

DYf(Vg)=D f(Vg) m—ae  Vf,geS(X,dm). (4.13)

Then thanks to the locality properties and using a cut-off argument we have that (4.13)
is true also for f,g € S! (X, d, m). Furthermore, from Remark 3.1.5 we know that if m

loc
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is a doubling measure and the space supports a p'—weak Poincaré inequality, if X is
¢'—i.s.c. then is also g—i.s.c. for every ¢ € (1,¢’), with ¢’ conjugate exponent of p'.
If X is g—i.s.c.then se denote
DT f(Vg) =D f(Vg) = Df(Vg)  f.g€Si(X,dm).

loc

Directly from Proposition 4.1.1 we deduce the following corollary.

Corollary 4.1.2. Let (X, d, m) be a metric measure space as in (3.1), p,q € (1, 00) conjugate
exponents. Assume that X is q—i.s.c.. Then

e forany g € SV (X,d, m) the map

loc

Sp

loc

(X,d,m)> f — Df(Vg)
is linear m—a.e., i.e.

D(an fi + azf2)(Vg) = arnDf1(Vg) + asD f2(Vg) m —i.e.
forany fi, fo € S (X, d,m), a1, a2 € R.

e Forany f € S}, (X, d, m) the map

loc

P
Sloc

(X,d,m)>g = Df(Vyg)

is 1—homogeneous and continuous: if g,, g € S}, .(X,d, m),n € N and for some Borel

loc

set E C X it holds sup,,cy [, |DglE, dm < oo and [, |D(g, — g)[5, dm — 0 then

lim [ DF(Vg)|Dgal?2dm f Df(Vg)|Dgl~2dm,  VBorel set E' C E.
n—oo | pr E/

Remark 4.1.4. From Proposition 4.1.1 we get the weak lower semicontinuity of f in

SP(X,d,m): forp € (1,00) and g € S} (X, d, m) the map

Sp

loc

(X.dm)>f f D* f(Vg)|Dgl?? dm

is weakly lower semicontinuous, i.e. if L(f,) "> L(f) for every L € (Sy

loc(X’ d’ m)) "
then

lim | D*f,(Vg)|Dglt;? dm > f DT f(Vg)|Dglt? dm.

n—o0

In fact just notice that that f — [ D' f(Vg)|Dg|??dm is convex and continuous and
[+ [ D™ f(Vg)|Dglt ? dm is weakly upper semicontinuous in SP(X, d, m).

4.2 Duality between test plans and gradients

In the preceding section we defined how the differential of f operates on the gradi-
ent of g, for f, g € SP(X,d, m). But recall that |Dg|,, is the equivalent of the norm of the
gradient of g, so we need to define a real gradient, justifying the expression D*(Vg).
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On a flat normed space, for any two smooth functions f, g it can be proven that the
following equalities hold

1Dy +eN@)2  |1Dg()]?

= D
>0 2e vEV4(o) T
D 2 — IDg ()|
sup 1D( + )@l — [ Dg(@)ll = min Df(v).
<0 2e vEVg(7)

We study in this section the validity of this statement in our metric setting. More
precisely, we will prove that

o IPGH2D@IE = IDIWIE | b s WD +eN@IE = IDg@IE

e>0 2e €<0 2e

forallv € Vg(z).
The two functions D" f(Vg) e D~ f(Vg) will replace the leftmost and rightmost
sides in (4.14).

Definition 4.2.1. Letq € (1,00) and w € 2 (C([0, 1], X)). We define the ¢—norm |||, €

0, 00] of 7 by
qt
|7, == \/lgfglf \/lg(r)l Jf |9s|9 ds dm (y (4.15)

if (restry )ym is concentrated on absolutely continuous curves for some 7' € (0, 1] and
+o0 otherwise.

Remark 4.2.1. By calling ||-||, a "norm” we are abusing the notation because & (C([0, 1], X))

is not a vector space.

Remark 4.2.2. If 7 has bounded compression and ||7||, < oo then not necessarily 7 is a

g—test plan because it might happen that [, |4:|¢dt d7(y) = co. However, for T > 0
small enough (restr{ )7 is g—test plan.

Hence, if p,q € (1,00) are conjugate exponents and 7 has bounded compression
with ||7||, < co and g € SP(X, d, m) from (3.10) we have that

i (900 =900) o WPl epyn NIl

4.1
tl0 t D q (4.16)

Notice that the left-hand side of this inequality reminds a derivative along absolutely
continuous curves. Hence we have the following definition:

Definition 4.2.2. Let (X, d, m) be a metric measure space as in (3.1), p, ¢ € (1, c0) conju-
gate exponents and g € SP(X, d, m). We say that # € 2(C([0,1], X)) q—represents Vg if
7 has bounded compression, ||7||, < co and the following inequality holds (converse
of (4.16)):

q
lim Mdﬂ- > H|Dg|wHLp(X7(€0)ﬁﬂ' n HWHZ_
t10 t P q

(4.17)
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Remark 4.2.3. Given the disintegration {7, },cx of w w.r.t. ¢y we get a Borel map X >
v — m, € Z(C([0,1],X)) that associates to (eg)ym—a.e. z a set of curves that is a
gradient-flow at time ¢ = 0 of g starting from z. In this way for every measure  such
that u < C(eg)y7 for some C' > 0 the plan

T, = f 7, dp(z)

also g—represents Vg, as we will prove later.

Remark 4.2.4. Assume that 7 ¢—represents Vg. By Lisini Theorem, the curve ¢t — i, :=
(e;)ym is g—absolutely continuous w.r.t. 1/, in a neighbourhood of 0. Now consider the
plan 7 € 2(C([0,1], X)) associated to () by Theorem 3.1.2. We have that

Jg(%) ;g(%) dr(y) = %(fgdut—Jgdu(O :fg(%);g(%) a7t (7).

1109wl 2o (x.(corem) = I Dglwllex po) = [11Dglwl[zr(x.(eo),7) and by Remark 3.1.3 and by
Lisini Theorem we get

lim — JI |5 |* dt dar (y >hm f |,ut|th—hm ff |9¢|? dt d7e (y (4.18)

tlo t

Consequently 7 g—represents Vg. Moreover, the inequalities in (4.18) have to be be
equalities otherwise (4.16) would fail for 7.

We defined the two objects D* f(Vg) using the quantity ‘D(9+pi%%|£ Dol and g—test
plans representing Vg by (4.16) and (4.17). We want to compare those two definitions

and this is the key technical point that will allow us to get the desired duality.

Theorem 4.2.1. Let (X, d, m) be a metric measure space as in (3.1), p,q € (1,00) conju-
gate exponents and f,g € SP(X,d,m). Then for every plan = € 2(C((0,1], X)) which
q—represents V g then the following inequalities hold

() = F0)
t

[ o sv gDy ateoym > g [ 1 ~(2)

> tim [ L0902000) 4 > [ D (79) D9 dlen)em
£10
Proof. From (4.16) applied to g + ¢ f we get

i [0 = @+ enw oo PG Dl | Il
10 t p q

We know that 7 g—represents Vg, hence

Jim 9(n) — g(0) dn(y) > wlZo(x (e0); ) Il
10 t 4 q

Subtracting the second inequality from the first we get

[ Fre e an) < [ PR e

and dividing for ¢ > 0 (respectively for ¢ < 0) and using the dominated converge
theorem we get the first (respectively the third) inequality of the thesis. O

lime
110
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it is also possible to characterize the plans ¢—representing a gradient as follows:

Theorem 4.2.2. Let (X, d, m) be a metric measure space as in (3.1), p,q € (1, 00) conjugate
exponents, g € SP(X,d, m) and = € 2(C([0,1], X)) a q—test plan with bounded compres-
sion. Then 7 g—represents Vg if and only if

I goe —goeg
im*=——>——
10 E

q,t

_ (Eu\"* .
= ltlﬁ)l (th) = |Dgly, 0 e in  LP(C([0,1], X),m).  (419)
Proof. If the thesis is true then 7 ¢—represents Vg by definition.

Suppose that 7 g—represents Vg. Then by definition, (4.16) the Young’s inequality, we
have

oe — (o oe;, —qgoe
lim goa—9°¢% 6Odﬂ':lim go&—9°%¢%

q
in : tim | 555 = = 1100l x ) =

(4.20)

Now define the three functions A;, B;, C; : C([0, 1], X) — R U {£o00} as follows

_ E 1 (!
A, = 90c—9°c0 5 B C%;:p.if|pmgoeﬂu.
E t t Jo

q,t

From (3.8) we get
|A] < Cy T — a.e. (4.21)
and from (3.12)
Cy — |Dglyoey  in LP(m). (4.22)

Using (4.20), (4.21) and (4.22) we conclude that

L = lim wdﬂ—limfAtBtdﬂgli_m |A,| B,
tl0 t tl0 10
A B,|? A B
< lim [ Al|7p +|| tlra < Tm [ All7p T 1 Bell ey 423)
20 p q 0o p o q
__llcr 4
A T
p q

But we have also the equality

AR, B, AR, 1B,
h_m<“ ez (ﬂ)+H ellr (ﬂ) e [ Aell7 ® . 1 Btll7a ()

t10 p q 40 p 40 q

that implies that the limits of || 4[|}, and ||B:[|7.,, exist as ¢ | 0. From here we
deduce that limy g || A¢||", () = limeo |Ct|[70 () Which together with (4.21) and (4.22)
guarantees that |4;| — |Dg|,0epast | 0in Lp(‘fl'). Noticing that also the first inequality
in (4.23) is an equality then

0 |Dgluoey  in LP(m).
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Using again (4.23) we have that limyyo || B[|7,(, = L. Let B € L?(m) be any weak limit
of Byast ] 0in L%(7r). Since

[1Dglw o eOHip(ﬁ) HB”qu(ﬁ)
_l_
p q

L:ltif[r)lfAtBtdﬂ:f |Dg| o ey Bdm < <L, (424
then || B ||‘iq(7r) so that B, — B (i.e. the weak convergence is actually strong because we
have the weak convergence of B, and the convergence of the norms). But in (4.24) the
first inequality is an equality, so B? = |Dgl?, o eg m—a.e.. O

Thanks to this characterization of ¢—test plans, we have that if g € S?(X, d, m) then

e if m, m, are g—test plans that g—represent Vg then

= Am + (1 — )y q —represents Vg, A€ [0,1]; (4.25)

e if 7 is a plan that ¢—represent Vg and F : C([0,1],X) — R is a non-negative
bounded Borel function such that [ F'dw = 1, then

T :=Fm q — represents Vg. (4.26)

Now we have only to prove the existence of such plans. To this aim we will take

advantage of the measure m € (X)) and of the Cheeger’s energy functional Ch,, :
L*(X,m) — [0, co] defined before.

Lemma 4.2.3. Let (X, d, m) be a metric measure space as in (3.1), m as in (3.2) and (3.3),
p,q € (1,00) conjugate exponents and g € SP(X,d, m) N L>(X, m). Then there exists a plan
7 which q—represents Vg and such that

em < (eg)ym < Cm,
with ¢,C > 0.
Proof. Define the function v, : [0,00) — R by

_ 7 -B-9
ual2) = B-q)(2-q) te#2.3
ug(2) = zlnz — z,

us(z) ==z —1Inz.

The computation of the derivatives of u, shows that this function is convex for every g.
If ¢ = 2 we put py := ¢e~9 otherwise we choose ¢ € Rsuch that 14+(a—g)(2—¢) > b >0
m—a.e. and we define

poi=c(1+(a—g)(2-q)*"
where in both cases ¢ is chosen so that [ pydm = 1 (i.e. p, is a density for (eg);m). By
construction, ¢ < py < C'm—a.e., with ¢,C > 0, u;(po) = —g + cost. and, by chain rule
po € SP(X,d,m) C SP(X,d,m). )
Now we consider the gradient flow (p;) of the Cheeger energy Ch, in L*(X, m)

starting from py. (II) of Theorem 3.3.3 ensures that the densities p; are non-negative
and uniformly bounded in L*>°(X, m), while (I) of the same theorem grants [ p,dm =1
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for every t > 0. Hence if we define y; :== pym € (X)) then i, € Z,(X) for every ¢t > 0.
Moreover, by (V) of Theorem 3.3.3 we have that the curve ¢t — p, is g—absolutely
continuous w.r.t. W,. Hence we can use Lisini Theorem to associate to (y;) a plan
m e 2(C([0,1], X)) concentrated on AC?([0, 1], X).

Since the p;s are uniformly bounded and m < Cm for some C > 0, 7 has bounded
compression. Using again (V) of the Theorem 3.3.3 we have that

D
fj 44t ds dar(y j|us\st<f Delts 4 g — ﬂ W (0,)| Dy, ds dm.
0 ps

Since py € SP(X, d, m), then applying (3.16) we get

—1 t . —1 ¢ ~ (3.16) ~
Il =T [[| pilas < T+ || ahoIDp. s dsasn 2 [ uion) Dol a
(4.27)

But the u,s are convex so that

[ 2029000 g [l o) 260N gy L[ g g

t
1 -
> 5 [ (wlon) = (o)
Now using (III) and (IV) of Theorem 3.3.3 we have
tin [ L2900 ) > [t Dyl (428)
t10

But u; (po)|Dpol, = po| Dpolk, m—a.e., so that

| st Dol s = 11D s

and the thesis follows from (4.27) and (4.28). O
Now we are ready to prove the existence of plans representing gradients:

Theorem 4.2.4. Let (X, d, m) be a metric measure space as in (3.1), m as in (3.2) and (3.3),
p,q € (1,00) conjugate exponents, g € SP(X,d,m) and p € P (X) a probability measure
such that y < Cm for some C' > 0.

Then there exists w € 2 (C([0, 1], X)) which q—represents Vg and such that (eq)ym = p.

Proof. Let ¢ : R — [0, 1] be defined by

x — 2n, if x € [2n,2n + 1), for some n € 7Z,
o(a) :={ | )

2n — z, ifx € [2n — 1,2n), for some n € Z,

and ¢ := 1 — ¢. Being linear both ¢ and ¢ are 1-Lipschitz. Applying the preceding
lemma to ¢ o g and to 1) o g we get the plans 7! and 7% which ¢—represent respectively
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V(¢ og)and V(¢ o g), with em < (eg)ymw’ < Cm, i = 1,2, for some ¢,C > 0. We put
A= {97 (U,ez[2n,2n + 1))} and define the two functions F*, F? : C([0,1], X) — Rby

F'(3) = xa0) et (0)
F(3) 1= v alo) otz ()

By the assumptions the d(edo—l)gf"is are bounded from below, i = 1,2, hence F' and F*

are bounded. Moreover, by locality, m—a.e. in ¢g~'(Z) it holds |Dgl|, = |D(—g)|» = 0,
being Z negligible because is countable. Now if

m:=F'x' 4+ F27r2,

by (4.25) and (4.26) w g—represents Vg and by construction (eg);7w = p. O

4.3 Differential calculus for D*f(Vg)

In this section we prove the chain and Leibniz rules for D* f(Vg).

Theorem 4.3.1. Let (X, d, m) be a metric measure space as in (3.1), p € (1,00) and f,g €
Sie(X,d,m). Also, let $ : R — R be a locally Lipschitz function such that for every
x € X there exists a neighbourhood U, C X of x and an open interval I, C R such that
m((U,\ f7'(1;)) = 0and ¢|;, is Lipschitz.

Then ¢ o f € S} (X, d, m) and the following relation holds:

loc
D*(¢o f)(Vg) = (¢' o f) D=ENf(Vg)  m—ae. (4.29)

where at points x where ¢ is not differentiable at f(x) the value ¢' o f is taken arbitrarily.

Similarly, if ¢ : R — R is locally Lipschitz, for any x € X there exists a neighbourhood
x € U, C X and an open interval I, C R such that m(U, \ g~*(I,)) = 0 and ¢|,, is Lipschitz
then ¢ o ¢S} (X, d, m) and the following relation holds:

loc
D*f(V(¢og)) = (¢' 0 g) D" f(Vg)  m—ae. (4.30)
where at points x where ¢ is not differentiable at g(x) the value ¢’ o g is taken arbitrarily.

Proof. From assumptions and formula (3.5) both ¢ o f and ¢ o g belong to the space
Sh.(X, d, m). Without loss of generality we can assume that f, g € SP(X, d, m) and that
¢ : R — Ris Lipschitz.

We start with (4.29). Let N' C R be the £'— negligible set of non-differentiability
points of ¢ (negligible by Rademacher’s Theorem). Then thanks to locality ¢(N) is
L'—negligible so the thesis holds m—a.e. on f~!(N) being both sides of (4.29) equal to
0. If ¢ is affine the thesis is true and arguing as before it holds also if ¢ is piecewise
affine. Now take a general ¢. Let {¢,,} be a sequence of piecewise affine functions such
that ¢/, — ¢’ L'—a.e.. Let N” be the L' —negligible set of points z such that either ¢ or
¢n, is not differentiable at z or ¢/,(z) does not converge to ¢'(z). Arguing as before, we
still get the thesis m—a.e. on f~*(N’) being both sides of (4.29) equal to 0. On the set
X\ f7HN”) we use the continuity property (4.11) and the chain rule (3.5) to obtain

ID=(¢0 f)(Vg) = DX(¢n 0 /)(V9)| < |D((¢ = én) © f)|w Dl
= (|¢/ = ¢l o f) IDflw | Dglu-
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By construction the right-hand side tends 0 m—a.e. on X \ f~*(\N’) as n — oo.
Now we prove (4.30). Using (4.7) we only need to prove that

D¥f(V(¢og) = (¢ 0 g) D=0 f(Vy).
Notice that the identity

|D(ag +ef)le, —1D(ag)ly, _ 1Plg+ 2SI — [Dgli,
pelD(ag)li? pE|Dgli?

holds m—a.e. for every ¢, a # 0 and thanks to (4.29) it implies that the thesis is true for
a linear ¢. Hence (4.30) holds also for an affine ¢, and by locality also for a piecewise
affine ¢, arguing as in (4.29).

Let J C J an interval where ¢ is Lipschitz and let {¢, } be a sequence of uniformly
Lipschitz and piecewise affine functions such that ¢/, — ¢/ £L'—a.e. on J. By construc-
tion, for every E C g‘l(j ) the sequence of functions (¢/, o g) D%"%=°9) f(V )| D(¢, o

g)[5-? is dominated in L'(E, m|p) and pointwisely m—a.e. converges to the function
(¢ 0 g) D99 f(V )| D(¢, o g)|E 2. Since [, |D(¢n 0 g — ¢ o g)|E,dm =3 0, from the
semicontinuity statement of Proposition 4.3 we deduce that

| D (V@og) ID@og) i am = i | DYF(V(6,09) Dm0 gl dm

= lim | (¢}, 0 g) D9 f(Vg)|D(¢n 0 g)|% > dm

n—oo E
N JEW o g) D99 f(Vg) | D(¢ 0 g)2 2 dm.

By the arbitrariness of .J and E we get

D*f(V(¢og)) = (¢ 0g) DFWIf(Vg) m—ae. (4.31)

To conclude it is sufficient to apply this inequality with ¢ o g replacing g and ¢! re-
placmg ¢. To make this rigorous, assume that ¢ € C}. .. Notice that (4.31) holds m—a.e.
on g~ ' ({¢ = 0}). Pick z such that ¢/(z) # 0 (we can assume that ¢/(z) > 0 since the the
proof is similar if ¢'(z) < 0). Set § := min{max{g, a}, b} and notice that ¢ is invertible
on §(X) with C|. _—inverse. Hence using (4.31) we have that

loc
D*f(Vg) =D*f(V(¢~ 0(d09) = (67") o (¢0g) D" f(V(¢037))
1
= — D+ V o q m — a.e..
sz DI (V(909)
Thanks to locality and to the arbitrariness of z we can conclude that (4.30) holds for
any functlon ¢ € CL.. The general case follows by approximating ¢ with a sequence

{¢p.} C CL.such that L ({¢, # ¢} U {d, # ¢'}) =3 0 and using again the locality
principle. O

To prove the Leibniz’s rule, we will use the following lemma:

Lemma 4.3.2. Let (X,d, m) be a metric measure space as in (3.1), p,q € (1,00) con]ugate
exponents, fi, fo € SP(X,d,m) N L>®(X,m), g € SP(X,d, m) and m e 2(C(0,1],X)) a
plan q—representing Vg.

Then

dm(y) = 0.

limf ‘ (fi(%) - fi(%)) (fz(%) - f2(70))
tl0 t
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Proof. Let Fi(v) := fi(v) — fi(70),i = 1,2, € (0, 1]. From (4.19) the family of functions

E;” is dominated in L4(7r), so that from the second part of Proposition 3.2.5 the family

FTtl is dominated in L'(7r). By definition

1F | noomy < 2| follpoemy € (0,1].

Hence to conclude is sufficient to notice that w—a.e. F? 0 being also FTE dominated
in L(m). O

Theorem 4.3.3. Let (X, d, m) be a metric measure space as in (3.1), p € (1,00), fi,f2 €
St (X, d,m)N L=(X,m)and g € S, (X, d, m).

Then m—a.e. the following inequalities hold:

D*(f1£2)(Vg) < fL D= f5(Vg) + f, D2 f1(Vg),
D™(f1f2)(Vg) = fL D7 5(Vg) + fo D™ f,(Vg).

Proof. Thanks to the locality property (4.9) and using a cut-off argument we can as-
sume that fi, fo € SP(X,d, m)NL>*(X, m) and that g € S?(X, d, m). Moreover, replacing
fi and f> with | f1]| e | f2| and using the chain rule we can reduce ourselves to consider
the case fi, fo > 0.

With these assumptions, we want to prove that for every measure p € &(X) with
pu < Cm for some C' > 0 (m as in (3.2) and (3.3)) the following assertion holds

f D*(f1f2)(Vg)|Dglt % dp < f (iD* f2(Vg) + f2DF f1(Vg))|Dglt 2 dp - (4.32)

and from the arbitrariness of ;1 and from the fact that m < m we will get the thesis.
The second inequality will follow using —g instead of g and from (4.7).

Fix ;1 and notice that if fif; = 0 p—a.e. then the thesis is obvious, hence we can
assume that [ f;dp > 0,1 =1,2.

We fix ¢ > 0 and set g. := g + cfifa € SP(X,d,m). Let @ be a g—test plan
g—representing Vg such that (e);w® = . We know that it exists from Theorem 4.2.4
(with ¢ conjugate exponent of p). Using (4.5) and Theorem 4.2.1 we have that

J. D*(f1f2)(Vg)|Dglb % dp < f D™ (f1f2)(Vge)|Dg.|t? dp

< h—mf Ji(9e) fa(ve) —t f1(70) f2(70) e (7)
110

< % J1(0e) f2(1) —t J1(70) f2(70) d7"€(7)~

Thanks to Lemma 4.3.2 we have that
o f1(ve) fa(ve) = f1(70) f2(70) dm

10 t

T <f1(%)f2(%) — fa(70)

tl0 t

(7)
+ f2(”}/0>f1(7t> ; fl(’VO)) dﬂ'e("}/)

:%Jfl(%)ﬁ(%);h(%) dme () _i_%fh(%)ﬁ(%);fl(%) dme (7).
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From (4.26) we know that the plans 7§ := ff;f—i{;ﬁa i = 1,2 g—represent Vg. with

eo)yme = L1201, Hence using again 4.2.1 we have that
1T = Trdu 8 ag

limf fily fZ(%) dm(v) < f ADT f2(Vg.)| Dy o % dp,

tl0

i [ 1200, fil) fl(%) 7 () < [ LD R(Va) Dl ap

Now we have proved that for every € > 0 it holds

J D*(f1f2)(Vg)| Dyt dpe < f (1D fo(Vge)|Dgelt* + f2D* [1(Vge) | Dgelt ) dpe

But the right-hand side of the preceding inequality id dominated in L'(X,m) by the
assumptions, so that using (4.5) the limit for € | 0 allows us to conclude. O

Remark 4.3.1. If (X, d, m) is g—i.s.c. with ¢ conjugate exponent of p, then with the same
assumptions of the preceding two theorems, the following equalities hold m—a.e.:

D(¢o [)(Vg) = (¢"c f) Df(Vy), (4.33)
Df(V(¢og)) = (&' og) Df(Vyg), (4.39)
D(f1/2)(Vg) = [iDf2(Vg) + [2D f1(Vg). (4.35)
Remark 4.3.2. A natural question is whether a Leibniz’s rule of the form
Df(V(g192)) = 91 Df(Vg2) + 92 Df(Vgr) Y f, 91,91 “smooth” (4.36)

is valid, possibly with equality replaced by an inequality and with appropriate sign
choices in D*.

In general this is false: for example, in a flat normed space the preceding equality
would be true if the norm comes from a scalar product. Indeed, recalling that Vg =
Dual~'(Dg) then (4.36) holds for any f, g1, g if and only if

Dual " (D(g192)) = g1 Dual ™" (Dg) + go Dual " (Dygy).
Thanks to the Leibniz rule for differentials we know that the left-hand side is equal to
Dual™ (g1 Dgz + g2Dg1).

Hence, since Dual™' is always 1—homogeneous, then (4.36) holds if and only if Dual ™
is linear: i.e. if the norm comes from a scalar product. We will analyze this problem in
the next chapter introducing the infinitesimally Hilbertian spaces.

Remark 4.3.3. In Theorem 4.2.1 that links the derivatives D* f(Vg) and lim, , [ m dm,

limy o [ m dm, the first ones are called vertical derivatives because obtained per-
turbating the dependent variable while the second ones horizontal derivatives because
obtained perturbing the independent variable instead.

We have got the chain rule as a consequence of the vertical derivatives and the
Leibniz rule as a consequence of the horizontal ones. Actually we can get the Leibniz
rule via the "vertical” approach only: as in the proof of Theorem 4.3.3 we can reduce
ourselves to prove

D¥(fif2)(Vg) < i D" fo(Vg)+ DT fi(Vg) m—ae,
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considering fi, fo € SP(X,d,m) N L>(X, m) positive and g € SP(X,d, m). Using the
chain rule (4.29) and the convexity and 1-homogeneity of the map f — D7 f(Vg) we
get

D*(f1/2)(Vg) = fuf2 DY (In(f1£2))(Vg) < fifa(DF(In(f1))(Vg) + D*(In(f2))(Vg))
= f1iD" f2(Vg) + foD* f1(Vyg) m— a.e..






Chapter 5

Laplacian

In this final chapter we define the Laplacian and prove the Leibniz and chain rule
for it, checking also its stability under convergence and proving the locality property.
We then focus our attention to the linear case by introducing the infinitesimally Hilber-
tian spaces and prove the duality property between differentials and gradients, pos-
sible essentially because in this spaces D" f(Vg) and D~ f(Vg) agree. Recalling that
in the smooth setting the Laplacian can be defined via the Dirichlet’s energy, in this
metric setting we give a different definition of the Laplacian based on the Cheeger’s
energy and study the compatibility of this definition with the first one we give. In
the last part we will apply the construction of the Laplacian to the Heisenberg group,
observing how different can be the differential approach and the Cheeger’s one.

5.1 Definition and first properties

Thanks to the results of the preceding section we are now ready to define the Lapla-
cian operator. Notice first that Proposition 3.2.1 allows us to define the Sobolev class
Shoe () in this way:

loc
Definition 5.1.1. Let (X, d, m) be a metric measure space as in (3.1), 2 C X an open
subset and p € (1, 00). Define the space

Sp

loc

(2) := {g Borel functions | gx € S} .(X,d, m) ¥ x : X — [0, 1] Lipschitz function
with d(supp(x), X \ ) > 0}

Thanks to the locality property if g € S} .(Q2) then |Dg|, € L}

loc loc(Q7 m|Q) is well
defined as

|Dglw :==|D(9X)]|w m—a.e.on {y =1}, (5.1)

with x : X — [0,1] any Lipschitz function such that d(supp(x), X \ ©2) > 0. Again by
locality the functions D* f(Vg) are well defined m—a.e. on Q and m—a.e. the chain
rules (4.29) and (4.30) and the Leibniz rule hold for every couple of functions f,g €
S0 (), p € (1,50).

We need some form of integrability | Dg|,, in order to define the Laplacian.

Definition 5.1.2. Let (X, d, m) be a metric measure space as in (3.1) and {2 C X an open
subset. We define the class

Int(Q2) :={Q' € Q| Q isbounded ,d(, X \ Q) > 0 and m(Q') < co}.

65
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If p € (1, 00) we define the space S? ,(Q2) of functions Sobolev internally in Q) as

SP () = {g €S (Q): fﬂ Dgl?, dm < 00, ¥ € Int(Q)}.

We need also a space of test functions: as said many times before, maximum regu-
larity is achieved by Lipschitz functions so we have the following definition.

Definition 5.1.3. Let (X, d, m) be a metric measure space as in (3.1) and {2 C X an open
subset. We define the space

Test(€2) := {f € Lip(X) : supp(f) C ', € Int(Q)}.

Remark 5.1.1. Recall that if f : X — R is Lipschitz then f € S} (X,d, m) ¥p € (1,00)

loc

and its minimal p—weak upper gradient | D f|,, is uniformly bounded by Lip(f).

Naturally, if g € Sp,(©2) and f € Test(§2) we have that g + ¢f € SV () for every
e € R. Thus, if g € ST, () and f € Test(Q2) then thanks to (5.1) the functions D* f(Vg)

int

are defined m—a.e. on {2 as

D*f(Vg):=D*f(V(gx))  on{x=1} (5.2)

for everyy : X — [0, 1] Lipschitz function with that supp(x) C @' for some ' and from
the fact that m(supp(f)) < oo we have that D*f(Vg) € L'(Q, m|q).
Now we are ready to define the distributional Laplacian.

Definition 5.1.4. Let (X, d, m) be a metric measure space as in (3.1), 2 C X an open
subset and g : 2 — R a Borel function. We say that g is in the domain of the Laplacian
and write g € D(A, Q) if g € SP (2) for some p > 1 and there exists a Radon measure

int

pon §2 such that for every f € Test(2) N L*(€, |u|) it holds

- | Dt rvgan< [ fau< - [ DV am (5.3)
Q Q Q

In this case we write y € Aglg. If 2 = X then we write g € D(A) and 1 € Ag.

Notice that A is a set of measures that can be multi-valued.

Remark 5.1.2. As for |Df|,, and D* f(Vg) the choice of p as Sobolev exponent may affect
the definition of the Laplacian. But in the definition we required that g € S (2) for
some p > 1 to ensure to compute |D(g + )|, and hence D* f(Vg).

Remark 5.1.3. We have already observed that |Df|, € L*. In the Euclidian case (i.e.
X = R"and m = L") to write Ag = p in the distributional sense it is sufficient to
require g € L{ .. Thanks to the Sobolev embedding theorems, if Ag = u in the distri-
butional sense then its distributional gradient Vg € L for every p € [1,1+ ). Thus,
in the Euclidian case we may not know n but we are still sure that Ag = p implies
Vge LP (Q,L") forp > 1.

loc

The Laplacian defined in (5.3) can be multi-valued as the following example shows:
consider the metric measure space X = (X,d,m) = (R? d, £?) with d the distance
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induced by the 1—-norm (i.e. if (z1,11), (z2,92) € X then d((z1,v1), (z2,42)) = |v1 —
Ta| + |y1 — o). As said before, now |Dgl, = [|Vgl|l1 = |0, f| + |0, f|. If p = 2 then

IV(g+ D3 = INglE _ (19209 +eNl+10y(g + )" = (1991 + [9y9])°

2e 2e
2¢((0:9)(0uf) + (0y9)(0yf)) + 2((8ug + €02 f)(0yg + €0y, f)| — 2(029|10,9] + o()
2e
£((9:9)(9:f) +(0,9) (0, f)) + 1(9:9)(0yg) + £((829)(9y f) + (0:)(D,9)) + o(e)]

3

_ 19:9119y9] + o(¢)
9

Now using the triangle inequality first and the converse triangle inequality then we

get

((929)(0:) + (0,9)(9y)) +1(0=9) (0. f)] + (00 )(By9)| + 0(1),
> ((0:9)(0:) + (949)(0,f)) + 1(029)(9, ) + (0:.£)(Dy9)| + 0(1).

Therefore both D + f(Vg) are bounded by

((819)(a:vf) + (ayg)(ayf)) + |(8$g)(ayf) + (8$f)(8yg)| < Dif(Vg) <
< ((axg)((f)ccf) + (ayg)(ayf>) + ’(a:chayf” + |(a:cf)(ay9)|

and so the Laplacian is multivalued.
Nevertheless we have some immediate properties:

AVARVAN

* homogeneity:

g€ D(AQ), peAgla = A €DAQ), Ape€ Ao, VAER; (5.4)

¢ translations invariance:

gED(A,Q),MEAg|Q = C+gED<A7Q)7l’LEA(C+g)|Qa VCGR;

* Aglq is convex and weakly closed, i.e. if {,,} C Ag|q and p is a Radon measure
over Q such that f € Test(Q) N LY(X, |u|) then f € L'(Q, |u,|) for n large enough
and

then i € Aglg;
* locality:

QcQ opensets, g € D(A,Q), p € Aglag = g€ D(A,Q), ta € Aglg:
(5.5)

e The measures in Ag| are concentrated on supp(m).
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Theorem 5.1.1. Let (X, d, m) be a metric measure space as in (3.1), @ C X an open subset,
p € (1,00) and g € Sine(Q) N D(A, Q). Suppose that (X,d, m) is g—i.s.c. with q conjugate
exponent of p.

Then Ag|q contains only one measure.

Proof. From (5.2) and (4.13), for all f € Test(2) we have that Dt f(Vg) = D~ f(Vyg)
m—a.e. on 2. O

Now we give a different definition of the Laplacian based on the Chy : L*(X,m) —
0, oo (analogous in the Euclidian case to defining the 2-Laplacian weakly through the
Dirichlet energy) and recall that it is convex and lower semicontinuous.

Definition 5.1.5. Let (X, d, m) be a metric measure space as in (3.1) and g € L*(X,m).
We say that g is in the domain of the Laplacian if Chy(g) < oo and the subdifferential
0~ Chy(g) # 0. In this case the Laplacian of g is defined as the element with minimal
L*(X, m)—norm in —9~ Chy(g).

Theorem 5.1.2. Let (X, d, m) be a metric measure space as in (3.1), g € L*(X,m) and h €
L*(X,m). Assume that Chy(g) < oo and —h € 9~ Chy(g). Then g € D(A) and hm € Ag.

Proof. Fix f € L*(X,m) with Chy(f) < oo and notice that applying the definition of
subdifferential to Ch, we have that

Cha(g) — gJ fhdm < Chy(g+cf) Ve e€R,

So for € > 0 we have that

2 _ 2

Letting ¢ | 0 and using the dominated convergence on the right-hand side of this
inequality we have

—thdm SJDJFf(Vg)dm

and this holds for f € Test(X) C {Chy < oo} N L'(X, |h|m). Replacing f with —f we
get the other inequality of (5.3) and so the thesis. O

Remark 5.1.4. Notice that the choice of representing the Laplacian with the element of
minimal norm has been done just to identify it in a unique way but w.r.t the definition
5.1.4 and thanks to the preceding theorem every element in —0~Ch,(g) is admissible
for representing the Laplacian.

Remark 5.1.5. it is natural to ask if the converse of theorem 5.1.2 holds: suppose that
g € D(Chy) N D(A) and for some ;1 € Ag we have that ¢ < m with density h €
L*(X,m). Can we say that —h € 9~ Chy(g)? We want to understand that if from

Cha(g) — f fhdm < Chy(g+ ) ¥f € Test(X)
we can deduce that the same inequality holds or not for all f € L?*(X, m). The answer

lies in the density of Lipschitz functions in W'?(X,d, m) and it can be proven to be
affirmative if W'?(X, d, m) is uniformly convex and m is finite on finite sets.



5.2 Calculus rules with the Laplacian 69

5.2 Calculus rules with the Laplacian

In this section we collect the basic calculus rules of the Laplacian proving also that
they are very similar to the ones in the Euclidian setting.

Theorem 5.2.1. Let (X, d, m) be a metric measure space as in (3.1), @ C X an open set and
g € D(A,Q). Suppose that g is Lipschitz on (' for any Q' € Int(Q2) and let ¢ : g(Q2) — Ra
Colmap. Then ¢ o g € D(A, Q) and for any i € Ag|q we have that

loc
A(pog)la > fi= (¢ og)u+(¢"og)|Dglim. (5.6)

Proof. Being g continuous (¢’ o g); makes sense and defines a locally finite measure.
Similarly for (¢” o g)|Dg|? € L.(2, m|q).

loc

Moreover ¢’ o g is Lipschitz on €’ and (¢” o g)|Dg|? is bounded on ' for any Q' €
Int(Q2). Therefore if f € Test(Q) N LY(Q, |i]) then f(¢' o g) € Test N L' (Juu|). Now fix
such f and using the chain rules (4.29) and (4.30) and the Leibniz rules and (4.8) we
have that m—a.e. on 2

DY fV(609) = (¢ 0 g) D7) f(Vg) > D*(f(¢' 0 9)) (V) = D (¢ 0 9)(Vg)
= D*(f(¢29))(Vg) = f(¢" 0 g) D"y (V)
= D*(f(¢'29)) = £(¢" 2 9)| Dyl
Integrating we obtain
f D+f(V(gz5 o g)) dm > — f fdp.
Replacing f with —f we conclude. O

Remark 5.2.1. The Lipschitz-continuity assumption on €2’ on g was needed to ensure
that f € Test(2) implies f(¢' o g) € Test(€2), so that from the assumption one could
deduce

| (s 0 9)) (Vgyam= — [ ran

it is well known, apart technicalities, that in the Euclidian setting a non-negative
distribution can be seen as a non-negative measure. The next theorem proves a similar
statement for the metric Laplacian providing a sufficient condition on g that ensures
that it is in the domain of the Laplacian, giving also a bound on elements of Ag|q.

Theorem 5.2.2. Let (X, d, m) a metric measure space as in (3.1) and assume also that (X, d)
is a proper space. Let Q@ C X be an open set, g € St (), p € (1,00) and ji a Radon measure
on . Assume that for any non-negative f € Test(Q2) N L' (2, |fa]) it holds

[ D rvgan< [ fan (5.7)
Q Q

Then g € D(A, Q) and for any p € Aglq it holds p < fu.

Proof. Consider the R—valued map

Test(Q) 5 f s T(f) = ‘L D f(Vg)dm.
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From Proposition 4.1.1 T' is a sublinear map so by the Hahn-Banach Theorem there
exists a linear map L : Test — R such that L(f) < T'(f) Vf € Test(Q2). By (4.7) we then
have

_f D* (V) dm < L(f) < _J D f(Vg)dm  Vf € Test(Q).
Q Q

By (6.7) it holds

f fdi—L(f) >0  Vf € Test(Q), f>0.
Q

Fix a compact set KX C 2and a function yx € Test(2) such that0 < xyx < 1 everywhere
and xx = lon K. Let Vi C Test(2) be the set of those y x with support contained in K.
For any non-negative f € Vi the fact that (max f)xx — f € Test(Q2) and non-negative
yields

L(f) = —L((max f)xx — g) + L((max f)xx) > —f ((max f)xx — f) dfi + L((max f)xx)

> —(max f) (fu(supp(xx)) + L(xx))-

Thus for a generic f € Vi it holds

L(f)=L(fT=f)=L(f7) - L(f7) < L ST dp+ (max f7)(a(supp(xx)) + L(xx))
< (max | f]) (A(K) + a(supp(xx)) + L(xx)),

so L : Vg — R is continuous w.r.t the supremum norm. Hence it can be extended to a
linear bounded functional on the set Cx C C'(£2) of continuous functions with support
contained in K and this extension is unique by the density of Lipschitz functions in
the uniform norm. Being K arbitrary, by the Riesz’s Theorem there exists a Radon
measure p such that

L(f) = f fdp  Vf e Test(2).

Thus g € D(A, ) and u € Ag|q.
By (5.7) it is immediate to get that for any 1/ € Ag|q it holds 1/ < fi. [

Remark 5.2.2. If (X,d, m) is ¢—i.s.c. and g € S! (2), with p and ¢ conjugate exponents,
the map 7' is linear.

The next one is a convergence result for the Laplacian (stability under convergence).
Theorem 5.2.3. Let (X, d, m) a metric measure space as in (3.1), @ C X an open set and p €
(1,00). Let {gn} C S, () bea sequenceand g € St () be such that [, | D(gn—9)]w dm — 0

for every QU € Int(2). Assume also that g, € D(A,Q) for every n € N, let u,, € Ag,|q and
suppose that for some locally finite measure 1 on 2 it holds

feTest(Q)NLY D [u]) = f& LYQ,|un|) for n large enough and p,, — . (5.8)

Then g € D(A,Q) and p € Ag|q.
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Proof. For any f € Test(2) and g € SY (2) it holds

D(g +ef)lw = |Dglu
€

Dy + /)l = 1Dl
€

dm,

[ revgyam =g [ 1Dl

JD f(Vg) dm—supf|D9|w|

By our assumptions for any f € Test((2) it holds

f |D(gn, — g)]wdm — 0,
supp(f)

‘D(9n+5f)|w |Dgnw ;

the sequence is uniformly bounded in L*>°(£2, m|,) by Lip(f) and con-
verges to ‘D(g“f)sl“’ Dol in L'(Q2, m|q) for any ¢ # 0. Hence

lim | DTf(Vg,)dm <j DT f(Vg)dm (5.9)
n—oo o)
lim [ D™ f(Vg,)dm >f D™ f(Vg)d (5.10)
n—o0 JQ

If furthermore f € L'(Q,|u|) (5.8) ensures that f € L'(€, |u,|) for n sufficiently large.
So from p,, € Ag,|q we have

—fDJrf(Vgn)dm < f fdu, < —JD_f(Vgn) dm Vn > 0.

Using (5.9) and (5.10) we can pass to the limit in these inequalities and get the thesis.
O

The next statement shows that the definition we gave for the Laplacian is compat-
ible with the Cheeger’s one.

Proposition 5.2.4. Let (X, d, m) be a metric measure space as in (3.1), Q@ C X an open set
and g € S2,,(Q) with [, |Dg|2 dm < co. If we assume that

f Dgl2. dm < f D(g+h)dm  Vhe SX,dm) : supp(h) C O,
Q Q

then g € D(A,Q) and 0 € Aglq.

Proof. First of all, if f € Test(Q2) we certainly have supp(f) C Q and f € S*(X,d, m).
Thus for f € Test(£2) and ¢ € R the additional assumption made yields

| It +epfam= | Dl am
Q Q

Therefore

D( 2 —|D

By letting ¢ tend to 0 we get the thesis. O

The Laplacian also has a local-to-global property, explained in the next theorem:



72 5. Laplacian

Theorem 5.2.5. Let (X, d, m) be a metric measure space as in (3.1) and suppose that (X, d)
is a proper space. Let p € (1oo) and q its conjugate exponent and assume (X, d, m) q—i.s.c..
Let @ C X be an open, {; }ie; a family of open sets such that Q = J,.; U, g € S3,,(Q) with
g € D(A,Q;) Vi € I and p; the only element of Ag|q,. Then

i QiﬂQj = ,LL] QiﬂQj vz?] € [7 (511)

g € D(A, ) and the measure i on ) defined by
wlo; = i Viel (5.12)
is the only element of Aglq.

Proof. Being (X, d) proper, for any ﬁ_c X open and for any Radon measure v on
and any f € Test(Q) it holds f € L'(Q, |v|) because the support of f is compact.
Leti,j € I, f € Test(€2; N ;). By definition we have that

| fdw=|  DrTgam=— [,
Qiﬁﬂj QiﬂQj Qiﬁﬂj

which yields (5.11). In particular the measure y is well defined by (5.12).

Fix now f € Test(€2). Since the support of f is compact there exists a finite set
Iy C I of indices such that supp(f) C ,c 1, §%i. From the fact that (X, d) is proper we
can build Lipschitz partition of unity {x;}ics,. Hence fx; € Test(€);) for any i € Iy and
by the linearity of the differential expressed by the Corollary 4.1.2 we have

Df(Vg)dm= | D( Y xif |(Vg)dm=>"| D(fx:)(Vg)dm
J [o(w) J

i€ly i€ly
:_foXidui:_ffd<ZXi,ui)-
i€ly i€l

]

We conclude this section showing the effect of a change of the reference measure m.
As for the previous proposition we need the infinitesimally strict convexity to express
the formula.

Theorem 5.2.6. Let (X,d, m) be a metric measure space as in (3.1) and V : X — Ra
locally Lipschitz function, which is Lipschitz when restricted to bounded sets. Defining the
new measure

m:=ec¢"m

let A’ be the Laplacian in (X, d,w’). Let @ C X be an open set, g € D(A) NSV, (Q) for some
p € (1,00) and assume that (X,d,m) is q—i.s.c. with q the conjugate exponent of p. Then
g € D(A',Q) and the measure

p=eVu—DV(Vgle Vm

is the only element in A’qg|q, where p is the only element of Aglq.
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Proof. Since e~V and |DV|,, are locally bounded then 4/ is a locally finite measure so
the statement makes sense. For f € Test'(2) N L(Q, |i'|), where Test'(Q2) is the set
Test(€2) with m replaced by m’, the fact that supp(f) is bounded yields that V'|pp(y) is
Lipschitz and bounded. It follows that fe=" € Test(Q2) N L'(, |u|) so from the chain
rule (4.33) and the Leibniz’s one (4.35) we get

Jfd//éffe‘vdu—ffDV(Vg)e‘Vdm
—— [ (DU )(Ve) ~ £D( V) (V) dm = [ VD (Vg) dm.

5.3 The linear case
In this section we introduce a sufficient condition in order for the Laplacian to be

linear.

Definition 5.3.1. Let (X,d, m) be a metric measure space as in (3.1). We say that
(X, d, m) is infinitesimally Hilbertian if the seminorm || - ||s2(x,qm) On S*(X, d, m) satis-
ties the parallelogram rule.

Remark 5.3.1. Recall that if (A4, ] - ||) is a normed space then the parallelogram rule
(called also polarization identity) reads as

lz +l® e =yl
2 2

and (A, || - ||) is a Hilbert space if and only if the parallelogram rule is satisfied.

(1 + llyll* =

Ve,y € A

Being the infinitesimally Hilbertian spaces 2—i.s.c. then Vf,g € S _(X,d, m) the
function Df(Vyg) is well defined m—a.e. and for ¢ € D(A) N S*(X,d, m) the set Ag
contains only one element which we will denote again by Ag with a little abuse of
notation.

The most beautiful property of this kind of spaces is that we can prove a duality
between differential and gradients, analogous to the one possible via Riesz Theorem.

Theorem 5.3.1. Let (X, d, m) be a metric measure space as in (3.1). Then is it infinitesimally
Hilbertian if and only if it is 2—i.s.c. and V f, g € S{ (X, d, m) it holds

Df(Vg) =Dg(Vf) m—ae. (5.13)

Proof. Assume first that the space is 2—i.s.c. and that (5.13) holds. Fix f, g, € S*(X, d, m)
and notice that

I+ F1ecem — 19132 ccam 2 N1D( + Dlalacem — 11D8h e
1
d 2
= | 511D+ )
1 1
ZQH Df(V(g+tf))dtdm:2H D(g + tf)(Vf)dt dm
0 0

— 2[ Dg(Vf)dm+ ||f||%2(X,d,m)'
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Then replacing f with — f and adding up we can conclude.

For the converse, with a cut-off argument we can reduce to the case f, g € S*(X,d, m)N
L>*(X, m). Now we're assuming that || - [|s2(x,4,m) satisfies the parallelogram rule so we
have that
lg + 8f”§2(X,d,m) - Hg”§2(X,d,m) 1f+ €9H§2(X,d,m) - HfH%Z(X,d,m)

. = . +0(e) VYf,geS*X,d,m).

So by definition of D f(Vg) and using (4.8) we get

J Df(Vg)dm = f Dg(Vf)dm  Vf, g€ S*X,d m). (5.14)

Our goal now is to pass from this integral equality to the pointwise statement (5.13).
Fix h € S*(X,d,m) N L>=(X, m) and using (4.8), the Leibniz rule (4.35), the chain rule
and (5.14) we have

| WDsE dm = [ RDAT S dm = [ (DIA(TS) = £ DA(TS)) dm
— [ D1 am 5 [ DR(V() dm
— [ D1 am 5 [ D)) dm.
From Corollary 4.1.2 the map S?(X,d,m) 5 g~ [ Dg(Vh) dm is linear, hence the map
S*(X,d,m) N L®(X,m)> f f D(f*)(Vh)dm

is a quadratic form and similarly, being S*(X,d,m) N L>(X,m) 3 g — [ D(hg)(Vf)dm
and S*(X,d,m) > g — [ D(hf)(Vg) dm linear then

(X, d,m) N L2(X,m) > f 1 f D(hf)(V f) dm
is a quadratic form.

So the map
S*(X,d,m)NL®(X,m) > f s f h|Df|? dm

is a quadratic form for any i € S*(X,d, m) N L>(X, m) and this gives the thesis. O

On infinitesimally Hilbertian spaces we’ll denote D f(Vg) by Vf - Vg in order to
highlight its symmetry. A first consequence of (5.13) and the linearity of the differential
(Corollary 4.1.2) is the bilinearity of Vf - Vg, i.e.

V(aifi + asfs) - Vg=a1Vfi - Vg+ V- Vg, Vfi, f2,9 € SIQOC(Xv d,m), g,y € R,
(5.15)

Vf-V(Bigi+ B2g2) = BiVf - Vg1 + BV [f- Vg, Vf, 91,92 € Spo(X,d,m), B, B2 € R,
(5.16)

and from (4.35) we also get m—a.e.

V(fife) Vg= iVfa-Vg+ oV fy- Vg, Vfi, fo € She(X,d,m) N L% (X,m), g € SE.(X,d,m)

loc

(5.17)

loc

VI-V(gi92) = a1V f Va4 @Vf-Vg  VfeS.(X,dm),gi,g € Sho(X,d,m)N L% (X, m).

loc

(5.18)
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Theorem 5.3.2. Let (X, d, m) be a metric measure space as in (3.1). Then the following are
equivalent:

) (X,d,m) is infinitesimally Hilbertian.
1) Forany Q C X open with m(0Q) = 0 the space (0, d, m|q) is infinitesimally Hilbertian.
1) Wh*(X,d, m) is an Hilbert space.
1V) The Cheeger’s energy Chy : L*(X, m) — [0, 00| is a quadratic form, i.e.

Chy(f + g) + Cha(f — g) = 2(Cha(f) + Cha(g))  Vf,g € L*(X,m). (5.19)

Proof. We have that:
I)=1I) Follows from Proposition 3.2.1 and the equivalence stated in Proposition 5.3.1.
M)=1) Just take 2 := X.
D)=TII) It follows from the definition of the W'?(X, d, m)—norm.

I)=T1) We already know that W"*(X,d,m) > f = [[[Dflull72(xm is @ quadratic form.
Proceeding exactly as in the proof of Theorem 5.3.1 above we have that

WX, d,m) > f > IDf|? € L*(X,m) (5.20)

is a quadratic form. Using the Lindelof property of (X, d) and the local finiteness
of m we can build an increasing sequence { K, },en of compact sets such that
m(X U, ey Kn) = 0 and an increasing sequence {x, }nen of Lipschitz bounded
functions such that m(supp(x,)) < oo and x,, = 1 on K, for every n € N. Then
for every f € S*(X,d,m) N L*(X,m) and n € N it holds fx, € W'?(X,d, m).
Since |Df|lw = |D(fxn)|w m—a.e. on K, from (5.20) and letting n — oo we get
that

S*X,d,m) N L®(X,m) > f — IDf|2 € L'(X,m)

is a quadratic form as well. With a truncation argument we get also that S?( X, d, m) >
[+ |Df|?2 € L' is a quadratic form. Integrating we can conclude.

I)<1V) The formula || f[wiz(xam = [fl22(xm + 2Cha(f) shows that Ch, satisfies the
parallelogram rule if and only if it so does the W'?(X, d, m)—norm.

]

The importance of infinitesimally Hilbertian spaces is that the Laplacian is linear,
as explained by the following theorem. We will denote by

Dign (A, Q) C D(A, Q)

the set of those ¢’s whose Laplacian has finite internal mass, i.e. for any u € Aglq it
holds |¢|(€2') < oo for any Q' € Int(2).

Remark 5.3.2. If (X, d) is proper then Dis, (A, Q) = D(A, Q).
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Theorem 5.3.3. Let (X, d, m) an infinitesimally Hilbertian space. Then for any Q2 C X open
the set Digpn(A, Q) N SZ, (X, d, m) is a vector space and for g € Diga(A, Q) N SZ, (X, d, m)

int nt

Aglq is single-valued and linearly depends on g.
Proof. Fix Q@ C X open. We already know from Theorem 5.1.1 that Ag|q is single
valued for any g € S2.(Q) N D(A,Q) being (X,d, m) 2—i.s.c. With a cut-off argu-

ment we deduce that (5.15) and (5.16) are satisfied also for functions in S2(f2). Pick

int
91,92 € Dign(A, Q) NS2,(Q) and B1, 5. € R. We have that |[Ag;|(supp(f)) < oo

for any f € Test(Q) so that in particular Test(Q2) C L'(Q,|Aglal), i = 1,2. Also,
Test(Q) C S?(X,d, m). Let f € Test(Q2) and conclude with

J FA(B1Ag]a + B2Agela) = B f fdAg]a +52J fdAgs|a
Q Q
& i | Vf Vordm—p | VS Vordm
Q Q
= - J;) Vf-V(Bigr + Bage) dm.
O

Now on infinitesimally Hilbertian spaces from (5.19) we deduce that the formula

&(f,9) == Cha(f +g) — Cha(f) — Chy(g)

defines a symmetric bilinear form on W?(X,d, m). Now we will take from [14] some
definitions regarding the theory of bilinear forms on Hilbert spaces.

Definition 5.3.2. Let (H, (-, -)) be an Hilbert space. Given a symmetric bilinear form
& :DE)xDE)—R

with D(&) a dense linear subspace of H we say that & is closed if D(&) is complete
w.r.t. the metric induced by &, i.e.

{tntnen C D(E), E(Un — U, tn — ) =70 = Tu € D(E) : & (tn — t, up —u) =3 0
where & (u,v) := & (u,v) + (u,v).

Definition 5.3.3. Let (X, m) be a 0 —finite measure space and consider the Hilbert space
H := L[*(X,m). A symmetric form & on H is called Markovian symmetric if the follow-

ing property holds: for any € > 0 there exists a real function ¢, such that

d(t) =t Vte[0,1], —e<¢.(t)<1l+e teRand0 < ¢ (t") — o (t) <t —t,t <t

u € D(&) = ¢=(u) € D(&E), E(de(u), de(u)) < & (u, u).

A Dirichlet form is by definition a symmetric form on H that is not only Markovian
but also closed.
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Taking as & the one previously defined then the chain rule (3.5) ensures that it is
Markovian and the semicontinuity of Ch, means that it is closed. Hence & is a Dirichlet
form on L?(X,m). The generator of this form will be denoted by A so that

A D(A) € L¥(X,m) — L*(X,m)

and A and its domain D(A) are defined by
geD(A),h=Ag & éa(f,g):—ffhdm Vf € D(&). (5.21)

Remark 5.3.3. Notice that D(&) = D(Chy) = WH2(X,d, m).

Theorem 5.3.4. Let (X, d, m) be an infinitesimally Hilbertian space, g € W'?(X, d, m) and
h € L*(X,m). Consider the following:

D) g€ D(A)and Ag = hm,

II) h € —0~Chy(g),

1) g € D(A)and Ag = h.
Then

aly < dJin = (I,
and if m is finite on bounded sets it also holds
1) = (), ).

Proof. We proceed by steps:

(IIT)=(II) We need to prove that for any f € L*(X, m) it holds

Chy(g) — f(f — g)hdm < Chy(f). (5.22)

If f ¢ D(Chy) = D(&) there is nothing to prove. Otherwise f — g € D(&) and by
definition of A we have that

- [ - ghdm =67 - 4.9 = (1.9 - £(0.9) < 56(1.) = 56(.9)
(II)=(III) We pick f € D(&) and notice that by definition of 0~ Chs(g) it holds
ChQ(g)—fafhdmgChg(g+€f), Ve € R.

We conclude by observing that Chy(g+¢cf) = Cha(g)+e*Cha(f)—£&(f, ), diving
by € and letting it to tend to 0.

(II)=(I) This is a particular case of Theorem 5.1.2.
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()=II) We now assume that m is finite on bounded sets. We know that
- f Vi Vgdm = f fhdm  Vf € Test(X) N LL(X, [h]m)

and we want to conclude that the same is true for any f € W?(X,d, m). Pick
f € W2(X,d,m) and assume for the moment that supp(f) is bounded. Let x
be a Lipschitz bounded function with bounded support and identically equal to
1 on supp(f). Also, let { f, }en be a sequence of Lipschitz functions converging
to f in W'?(X,d, m) (Corollary 3.3.5). Then f,x — fin W'*(X,d,m) and f,x €
Test N LY(X, |h|m) for any n € N. Thus passing to the limit in

- [Vt Vgdm = [ fuxhim

we get
—JVf-ngm:ffhdm

for any f € W'?(X, d, m) with bounded support.

To achieve the general case let {x,, }.cn be an increasing sequence of non-negative
1—-Lipschitz functions with bounded support and such that x,, = 1 on B, (z),
zo € X fixed. Fixing f € WH?(X,d, m) we have that fy, € W"?(X,d, m) and has
bounded support. Using the dominate convergence theorem we get that

n—o0

Hf_anHLQ(X,m) — 0.
Also, we have that

n—oo

ID(f = fXxn)lw — 0 m—ae.
ID(f — fxn)lw < |Dflwll — x|l +|f] m—ae.

so by dominated convergence we have
ID(f = fxn)lw =30 in L2(X, m)

So we can conclude by letting n — oo in

— J V(fxn) - Vgdm = J fxnhdm.

Recall that a metric space (X, d) is said proper is every closed ball is compact.

Lemma 5.3.5. Let (X, d, m) be a proper infinitesimally Hilbertian space, 2 C X an open set
and g € D(A,Q) N SZ,(Q). Then for every ¢ € S*(X,d, m) N C.(X) with support contained
in Q it holds

- fQ Vi) - Vgdm = JQ ¥ dAgle.
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Proof. Since (X, d) is proper supp(¢) is compact and therefore has Ag|o—finite mea-
sure. Similarly m(supp(¢)) < oo and thus ¢ € L*(X,m). Hence ¢y € W'?(X,d, m)
and from Corollary 3.3.5 we know there exists a sequence {¢, },en C WH?(X,d, m) of
Lipschitz functions converging to ¢ in Wh?(X,d, m). Define ¢**, ¢~ : X — R by

o) = i {olo) + M} o) = sup {ulo) + M}

yeX 2t yeX 2t

It can be proven that these two functions are Lipschitz, equibounded and it holds
P () T (x), vh(x) L (x) ast | 0 for any « € X. Putting

2ﬂn,t = min{maX{wm wt7+}7 Q/Jt’f}

we observe that 1, ; is Lipschitz for any n € Nand ¢ > 0. Let x € Test(€2) be identically
1 on supp(¢)) and consider the functions xv,; € Test(€2). Since ¢"*,¢"~ and y are
Lipschitz we can use the dominate convergence theorem to ensure that for any ¢t > 0
the sequence {1, }nen converges to ¢ in W?(X,d, m)—energy as n — oo. Thus this
convergence is also w.r.t. the W'?—norm and from the fact that supp(x¢.) C supp(x)
and m(supp(x)) < oo we get

lim | V(x¢nt) - Vgdm = j Vi - Vgdm vt > 0. (5.23)
By construction, {¢,;}nen is bounded in both n and ¢ and pointwise converges to

¢ as t — 0 uniformly w.r.t. n. Taking into account that supp(xtn.:) C supp(x),
|Agla|(supp(x)) < oo as said before and the dominated convergence theorem we get

ltifg XUnt dAglo = f P dAglg uniformly on n. (5.24)
Q Q

Since x¥,,; € Test(£2) then (5.23) and (5.24) together with a diagonalization argument
give the thesis. [

Lemma 5.3.6. Let (X, d, m) be a proper infinitesimally Hilbertian space, 2 C X an open set
and g € D(A,Q) N S2,(Q) with Aglg < m with density h € L2 _(Q,m|q). Then for every

int loc

Y € WH(X, d, m) with bounded support contained in (2 it holds

—Lw-vgdm = L¢hdm.

Proof. By Corollary 3.3.5 we know there exists a sequence {¢,, },en € WH(X, d, m) of
Lipschitz functions converging to ¢ in W?(X,d, m). Let x € Test(Q2) be identically 1
on supp(¢) and notice that yv,, € Test(Q2) N L1(Q, |h|m) and x,, — ¥ in W2(X, d, m).
Hence we can pass to the limit in

- | V) Vgdm = | b

getting the thesis. O

Now we can establish the validity of the chain rule for the Laplacian.



80 5. Laplacian

Theorem 5.3.7. Let (X, d, m) be an infinitesimally Hilbertian metric measure space, 2 C X
an open set and g € D(A,Q) N S2,(Q), I C R an open interval such that m(g~'(R\ 1)) =0

nt

and ¢ € C21(I). Then the following holds:
I) Assume that g|q is Lipschitz for every ) € Int(2). Then

poge DA Q) and A(pog)la=¢ ogAglg+ ¢”"og|Dglim|g. (5.25)

II) Assume that (X, d) is proper and g € C(S2). Then (5.25) holds.

III) Assume that (X,d) is proper, g € L% (X, m) and Aglq < m with Radon-Nikodym

loc
derivative in L} (X, m|q). Then (5.25) holds.

Proof. The first is just a particular case of Theorem 5.2.1.

IT) Let ' € Int(Q2) and observe that since Qs compact then its image under g
is compact as well and thus ¢” is bounded on ¢({?'). It easily follows that the
formula

fi .= (¢' 0 g)Agla + (¢" 0 g)| Dg|2m]q

defines a locally finite measure on (2, so that the statement makes sense.
Being Test(Q2) C L'(Q, |a]) pick f € Test(Q2) and use (5.17) and (5.18) to get

Vf-V(pog)=(¢0g)Vf-Vg=V(f¢p og) - Vg—fV(¢ og) Vg
=V(f¢'og)-Vg—f(¢"og)|DglZ, m-—ae.

Integrating we obtain

- j Vf V(pog)dm=— f V(f¢l o) Vgdm+ f J(¢ 0 9)|Dgl2.dm.  (5.26)
Hence to conclude is sufficient to show that
- [ V(e o) Todn= [ 160 gangs (5.27)

but this is a consequence of Lemma 5.3.5 applied to ¢ := f¢' o g which by our
assumptions belongs to S?(X, d, m) N C.(Q).

IIT) By hypotheses we know that ¢' o g € L _(Q,m|g) and ¢" o g € L.(Q, m|q).

Therefore, since Aglo < m with L2 . density w.r.t.m the same formula as before
for /i defines a locally finite measure on €2 and the statement makes sense. As
before, we have Test(Q2) C L'(Q, |i|). With the same computations we get (5.26)
as well so we reduce to show that (5.27) holds also in this case. But this is a
consequence of Lemma 5.3.6 applied to ¢ :) f¢’ o g which belongs to W?( X, d, m)

and has bounded support contained in €.
O]

The last thing we want to prove is that also the Leibniz rule holds for the Laplacian
(analogous to the Euclidian case) in this setting, so it is not available in the general
non-linear setting.
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Theorem 5.3.8. Let (X, d, m) be an infinitesimally Hilbertian metric measure space, ! C X
an open set and g1, go € D(A,Q) N SZ,(Q). Then the following holds.

int

) If g1, go are Lipschitz on ) for every Q' € Int(2) and g1, g2 € Digm (A, ), then g1, g2 €
D(A,Q) and

A(g192)l0 = 1 AR|a + g2Ag1|a + 2V - Vgom. (5.28)

II) If (X,d) is proper and g1, g2 € C(QQ) then g1g2 € D(A, Q) and (5.28) holds.
IID) if (X, d) is proper, g1, g2 € L2 (2, m|o)NL2.(Q, m|q) and Ag;|Q < mwith L2 (2, m|Q)—

loc loc

density, i = 1,2, then g1g» € D(A, Q) and (5.28) holds.
Proof. We proceed case by case.

I) Being Lipschitz, ¢g; and g, are bounded on (' for any €' € Int(f2), hence ¢192 €
SZ.(Q). It is also clear that the right hand side of (5.28) defines a locally finite
measure /. on 2, so the statement makes sense. The fact that |Ag;|q|(€?) is finite
for every Q' € Int(2), i = 1,2, grants that Test(Q) C L*(Q, |Agilal), i = 1,2, and
Test(2) € LY(Q, |p]). To conclude, pick f € Test(Q2) and notice that fgi, fgo €
Test(§2) and take the Leibniz’s rule (5.17) and (5.18) into account to get

Vf-V(g192) =V -Vgo+ 6V -Va=V(fg) Vg +V(fg2) Vg —2fVgi - Vg,
(5.29)

which integrated gives the thesis.

II) As before, the right hand side of (5.28) defines a locally finite measure ;. and as
before g1g> € S2,(Q), Test(Q) C L*(Q, |Agilal), i = 1,2, and Test(Q) C L*(Q, |ul)-

Pick f € Test(Q2) and notice that with the same computations done in (5.29) the
thesis follows if we show that

f V(fg) - Vgsdm = f Fg1 dAgso. (5.30)

(9] (9]

f V(fg2) - Vg dm = —f fgo dAgi|q. (5.31)
Q Q

These are a consequence of Lemma 5.3.5 applied to ¢ := fg¢1, g := goand ¢ := fgo
and g := g; respectively.

III) Same as in (II) but using Lemma 5.3.6 in place of Lemma 5.3.5 to justify (5.30)
and (5.31).

]

54 An example: the Heisenberg group H

The first Heisenberg group H' = (R?, o), where o is its standard group law, owns a
sub-Riemannian structure given by the horizontal distribution . generated by the 2
left invariant vector fields X = 0, — (y/2)0, and Y = 0, + (x/2)0,, whose commutator
is [X,Y] = 0. Since these vectors X and Y and their commutator generate all the
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tangent space of R?, L. Hormander in [17] was able to show that the sub-Laplacian,
defined by Ay = X? 4+ Y2, is an hypoelliptic operator. However when we consider
a surface S immersed in H' the intersection between the tangent space 7,S and the
distribution .7}, is given by a one dimensional space. Therefore from the differential
point of view the sub-Laplacian restricted to S is given by the second derivative in
the horizontal direction tangent to S and this clearly is not an hypoellitic operator.
In order to understand this problem we can consider as immersed surface the plane
X := {z = 0}. Since we have developed a general theory for the Laplacian in metric
spaces we want to understand if this metric Lapacian coincide with the differential
one or give us a different hypoellitic operator.

5.4.1 The sub-Laplacian

Consider
R?® with coordinates z,y and ¢

and the three vector fields
X =0, - %at, Y =09, + gat and T :=[X,Y] =0,

We define the degree of a vector field as the number of commutators +1, done on the
basis vector fields, required to obtain it. In our case, X and Y are vector fields of degree
1 while T of degree 2. Notice also that X, Y are Hormander vector fields because X, Y
and T generate the tangent space of R®. Hence if we consider the distribution

& :=span(X,Y),

the triple (R?,.%, g), with g the Riemannian metric w.r.t. which XY and T are or-
thonormal, is a sub-Riemannian manifold called the Heisenberg group H*.

To obtain a metric measure space, we need to compute the distance function d
induced by X, Y and 7. Since . satisfies the Hérmander condition V¢, &, € H' there
exists an integral curve v with values in H' and endpoints &,&,. Therefore we can
define d between ¢, {; as the minimum length of the integral curves connecting ¢ and
&o- A first estimate of d is given by this theorem:

Theorem 5.4.1 (Nagel, Stein, Wainger). If (M, .7, g) is a sub-Riemannian manifold and
Xi, ..., X, form a base of the tangent space adapted to a distribution . satisfying the Horman-
der condition then V¢, € M there exists a neighbourhood U of &, such that we can represent
any § € U as

=exp{t: Xq + - + . X, } (&) (5.32)

where (t1,...,t,) are called canonical coordinates. Moreover, for all K C U compact subset
there exist two positive constants Cy, Cy such that

Ch Z B3] =0 < d(€, &o) < Co Z |t

=1 i=1

) (5.33)

In our case with X, Y and T as vector fields we have that

d(&, &) ~ [tx| + [ty + v/ |tz
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Putting v(s) := (z(s), y(s),t(s)), with s € [0, 1], by definition of integral curve we need
to solve the following system of differential equations

Y(0) = &, v(1) =¢

Integrating the system we get the expressions for tx, ty and tr:

{7/(5:) _ (tXX +tyY + tTT)I(7(5>)7

tx = fx _5017
tY = gy _€0y7

280, T z
tr = (& — &,) — M

If we consider &, = (0,0,0) we get

d(£,0) ~ |&] + &+ VI,

which tells us that this distance is similar to the Euclidian one in all directions except
for the vertical one ¢. It can be defined a norm on H which defines an equivalent
distance, called Korany metric:

Il = V(@2 +y2)? + 12, €= (2,y,1)

We can compute d also as the Carnot-Carathéodory distance dcc by writing the
geodesic equations: as in [8] we write A := {dz + ndy + Odt for any element ) in the
cotangent space. Being X and Y orthonormal w.r.t. g the Hamiltonian function is, with

q € R?,
1 1\ 1 \?
H(q,\) ::§(<§—§9y> —|—('r]—|—§6x) >

The Hamiltonian system and the initial conditions are

(& =¢&— 50y,

y =n+ 30z,

i =3z —Ey)+ 100z +9*) [ x(0) = y(0) = (0) = 0,

£ =—3n0— 10 {5(0) = £0,1(0) = 10,6(0) = 6.
0 =—380 — 107y,

6 =0,

Integrating the system and reducing it to a system containing only the variables (x, y, t)
we get that the solution v(s) = (z(s), y(s), t(s)) is

= é-;Sln — ﬂ COS S) —

= é coS —— sin i

ts) - gggo,?(ws — sin([fols).




84 5. Laplacian

and
l‘(S) = 5057 y(S) = Tos, t(S) = Oa lf 90 = 0.

Computing the length of the geodesics now we get the d¢¢ distance:

{dccm, (r,9,1)) = C(t| + 22+ 42), C >0,

deo((z,y,t), (x,y, 1)) = /7|t — t|.

As reference measure m we consider the 3—dimensional Lebesgue’s measure £?, so
that we can consider the metric measure space

H = (Hl, dK, £3)
We want to compute the Laplacian over all #, considering |Dg|, = ||Vug|x with

Vung = (Xg,Yg) (actually this can be proven).

Remark 5.4.1. We already know that the space is 2-i.s.c., so the two functions D* f(Vg)
agree. Moreover, we can compute D f(Vg) as (V f, Vg)m, so we expect that the metric
Laplacian coincides with the sub-Riemannian one defined by X? + Y2

By definitions we have that

Vsl 2 { [(0:0— Loug) + (0,0 + Zag)'] '}

= 0.0 + 0,97 + T L (09" — (09 [+(0,9) ~ v(0,0)]
Volo + D)l = [Vngll + =[200,0)0.) + 200,0)0,0) + 2L () 01

= 2(09)(0,F) + y(0u9) (D) — £(OF) Oy ) + (@)D )] + 0(e).

Now inserting those two quantities in the definition D f(Vg) we obtain

DF(Vg) = it P+ ef)le —Dgls, _ 1 z® +y°

>0 ¢ 2

— 2(0:9)(0yf) + y(919)(0nf) — 2(0:f) (0, f) + y(atf)(axf)l

[2<axg><axf> 120,00, + Y 99)(0n0)

and integrating by parts

2+y2

4

| sVt = | [Arag+ T (0ha) — 2(0Bg) + 9(0h) | aL?
H H

As expected, we got the sub-Laplacian.

5.4.2 The submanifold {z = 0}

We now consider the submanifold X := {z = 0} of H with the distance function dx
restricted to X and as reference measure m the 2—dimensional Lebesgue measure £?,
so that we have the metric measure space

X = (X,dglx, L?).
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The gradient of the function f(z,y,t) = x is a base for the normal subspace to X and
is given by (1,0,0). So the unique vector field orthogonal to Vf that is both in .7
and in the tangent space of X is (0,1,0), i.e. J,. Hence the distance function now
is the Euclidian one in direction y but is equal to +oco in direction t. With just one
derivation available we do not have a subriemannian structure so we have to compute
the Laplacian through the tools developed in this thesis.

First we use the two functions D* f(Vg). We now have that

[Dglw = IV flix = 10,f]

and if we do the same computations as before we get

(9y(g + €f2)€) — (049)" =g (0,9)(,f)

which integrated by parts w.r.t £? gives us the degenerate second order operator
g yp g g P
Ami |y = 8§y.

Therefore from the differential point of view the sub-Laplacian restricted to X is given
by the second derivative in the horizontal direction tangent to X, and clearly this is not
an hypoelliptic operator.

Now we want to use the Cheeger’s energy to define the Laplacian, using the defi-
nition of Ch, given in [1]:

Chy(f) := inf{ hﬂf IV filPdL? : f; L f e Lipb(X7dK)}
X

and the slope |V f;| of f; is the function defined by

) e T W) = )]
V()= lim =

Being on X we can consider the points zy = (yo,%) and z; = (y1,?1) as z and y in the
above definition. The distance dx between 2, and z; is

d(20,21) = |th — Yol + V|t1 — tol.

We plug this in the slope’s definition and approximate each f; with a product function
gihi, with g; = ¢;(y) and h; = h;(t) for every i € N, being the product functions dense
in L?, the domain of Ch,. Hence we have that

— |gi(y1)hi(t1) — gi(yo) hi(to)]
IV fi|(z0) = lim

a2 y; —yo| + /[t — to|
_ Tm |gi(y1)(hi(t1) — hi(to)) + hi(to)(gi(yl> — gi(?/o))|

21770 Y1 — Yol + V/|t1 — tol

— hi(ti) — hi(to) 9i(y1) — 9:(vo)
< lim |gi(y1) i(to)

#1720 ly1 — ol ++/[t1 — ol ly1 — ol +/|t1 — tol

— |hi(t) — hi(to)] | +— 9i(y1) — 9:(vo)]
< lim |g; + lim |h(t .
< lim |9:(vo0)] ] yﬁy0| (to)] T—
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If g; and h; are Lipschitz, then

EILgi >0: ’gi(yl) - gi(y0)| < Lgv:’yl - y0|7
EILhi >0: V%(tl) — hz(t())’ < Lhiytl — to‘,

hence we can continue the computations as:

T [ty — tol T Y1 — Yol
< lim Ly lg; ———— + lim L, |h;(ty)|——
_ t1—>t() hz g (y0>| /’tl - t0| Y10 gz| ( 0)‘ |y1 _ y0|
= Lgi hi(to)la

so that

IV fil(20) < Ly,

hi(to)|- (5.34)
Remark 5.4.2. Consider X = R and d(t;,tg) = /|t1 — to|- In this case we have that

T i — Ji as before - _
|V fil(to) = lim ity = fillo)] =svgore g T — bl

t1—to ’tl — to‘ - Ji t1—to |t1 — to’

Hence Chy(f) = 0 so that dChy(f) = {0} and the metric Laplacian is the null operator.

We assume that the opposite inequality in (5.34) holds. By definition of D* f(Vyg)
and denoting f = ¢,¢; and g = ¢,1¢, with ¢, ¢, functions in y and ¢, ¢, functions in
t, we have that

2
V(g +ef)I? = IVal* = [[¢g]Ls, +els|Lo, |” — [ L3,
= 2¢e[¢ps|[tg] Lo, L, + o(e)

so that

DY f(Vg) = D™ f(Vg) = [¥y|[thg| L, Lg,.-

Integrating we aim to find a measure y that satisfies

~ [ 1urliealLo, Lo, a2 = [ fau
X X

If we formally integrate by parts, recalling that f = ¢;¢; and interpreting Ly, as ¢/,
and Ly, as ¢}, we get

= %I% £27

which tells us that the metric Laplacian 1 can ”see” the vertical direction ¢ (expressed
by the presence of ¢, = 9,(t)). With the differential approach we only obtained J;,,
which is not hypoelliptic nor can “detect” the ¢ direction.

Remark 5.4.3. This phenomenon does not occur in case of submanifolds immersed the
Riemannian manifolds (that inherits the Riemannian structure by the ambient space)
and in case of hypersurfaces immersed in the higher dimensional Heisenberg group
H", with n > 1, where the new distribution given by the intersection of the ambient
distribution and the tangent space to the hypersurface still induces a sub-Riemannian
structure on the hypersurface.
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