ALMA MATER STUDIORUM - UNIVERSITA DI BOLOGNA

SCUOLA DI SCIENZE

Corso di Laurea Magistrale in Matematica

On the representation of linear group
equivariant operators

Tesi di Laurea in Topologia Computazionale

Relatore: Presentata da:
Chiar.mo Prof. STEFANO BOTTEGHI
PATRIZIO FROSINI

Sessione unica
Anno Accademico 2018/2019



A1 miet amict

“0 6¢ aveéétaotog Blog

ov BlwTtog avBpwme. ”

“Una vita senza ricerca
b J

non € degna per ['uomo

di essere vissuta.”

Socrate



Contents

1 Mathematical setting 5
1.1 Equivariant operators . . . . . . . . . ... ... 8
1.2 Finitecase . . . . . . . . . ... 9

2 Permutant measures 11

3 Representation of linear GEOs by permutant measures 15
3.1 Representation of linear GEOs . . . . . .. ... .. ... ... 15
3.2 Representation of linear GENEOs . . . . . .. ... ... ... 26
3.3 Examples . . . ... ... 28



Introduction

In the last years, a strong interest in big data problems and machine
learning has arisen. Machine learning is a field of research that aims to re-
produce human learning by algorithms. An important mathematical branch,
useful in machine learning, is topological data analysis (TDA). TDA studies
big data through topology in order to recognize shapes within data, and, as
a consequence, to convert data in more usable and explicit knowledge [3]. Its
methods allow us to focus on the most significant properties of data by ap-
plying new topological and geometrical techniques. Important tools in TDA

are persistent homology and group equivariant operators (GEOs).

Persistent homology [5]. Persistent homology is a variant of classical
homology. It studies a topological space, usually compact, denoted by X,
through a filtering function ¢, i.e. a function ¢ : X — R. The filtering
function gives us a filtration of topological subspaces of X, p~!(] — 0o, (]),
where c¢ is a real number. For every subspace in the filtration it is possible
to compute its homology. Persistent homology studies the evolution of the
homology of ¢ (] — 0o, ¢]) on varying of ¢. It allows us to understand how
relevant a feature of X is in the presence of noise.

Data are usually perturbed for several reasons. If we want to compare
data, it is important to consider admissible transformations. Equivariance
is the property that allows us to study data up to selected transformations.

For this reason, equivariance is a key property in studying topological data.
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Equivariance. An operator is called equivariant with respect to a group
if the action of the group commutes with the operator. In machine learning,
there is a growing interest in these operators, since they allow to insert pre-
existing knowledge into the system. Furthermore, such operators allow us
to reduce the complexity of problems in TDA and get more precise results
[2]. Examples of equivariant operators are convolution operators used in
building convolutional neural networks (CNNs). We recall that a CNN is a
neural network where every “neuron” is built by using a suitable convolution
8].

Let us give an example in order to stress the importance of equivariance
in our context. A grayscale image on X = R2, can be modelled by a function
¢+ X — [0,1], where 0 corresponds to black and 1 to white. Let @ be the
set of all functions from X to [0, 1], i.e. the set of all grayscale images. We
observe that an image and the same image translated are often considered
equivalent to each other even if they are expressed by different functions. In
order to face this problem, we can consider a group G of homeomorphisms
of X preserving . We are interested in comparing functions by considering
@ and @ o g equivalent to each other. If we wish to identify an image with
its translated versions, we can set G equal to the group of translations.

In this way, we stress that we are not interested in just one function,
but in the whole space @, representing our data. This approach is useful,
since there are a lot of cases where data can be expressed by R- or R"-valued
functions. For example, a color image can be represented by an R3-valued
function. On the other hand, the group G describes how the space @ can be
modified without changing the meaning of data. For this reason, the choice
of G is strictly related to the choice of the observer.

Therefore, it comes naturally to compare functions up to the action of
G. This rationale leads us to consider the natural pseudo-distance dg on
the space @, defined by setting dg(p,¢) = infyeq || — 1 0 g||. This pseudo-
distance is an important theoretical tool, but in general it is not simple to

compute [6].
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Group Equivariant Operators. Different methods have been intro-
duced in order to approximate the natural pseudo-distance. One of these
methods concerns the use of suitable operators defined on the space @.
These operators need to be equivariant under the action of the group G,
and non-expansive. They are called Group Fquivariant Non-FExpansive Op-
erators (GENEOs). By using them it is possible to approximate the natural
pseudo-distance with arbitrary precision [6].

If the space @ of admissible data is compact, then the space of GENEOs
is a compact topological subspace of the space of GEOs (Group Equivari-
ant Operators). This space is studied also for its relevance in the research
concerning neural networks, since they can be indeed decomposed into ele-
mentary parts by using GEOs.

Recently, several methods to build GEOs have been studied, for their
importance in TDA and machine learning. In this research, we have moved
towards the study of techniques to build GEOs. An interesting method to
build linear GEOs consists in computing a kind of average by making use of
a particular measure called permutant measure, which is a signed measure on
the space of homeomorphisms of X, invariant under the conjugation action
of the elements of G.

In this thesis, we will first see how one can build GEOs by permutant
measures. Later we will analyse the representability of linear GEOs as linear
GEOs associated with permutant measures for G. Our main result is a
representation theorem. In particular, we will prove that, if G is a group
acting transitively on a finite space X, and @ = R¥, then every linear GEO
F . & — & is representable by a permutant measure.

In more detail, in Chapter 1 we will introduce the concept of GEO and
its mathematical setting. In Chapter 2 we will focus on the concept of per-
mutant measure and its main properties. In Chapter 3 we will study the

representability of GEOs as GEOs associated with permutant measures.



Chapter 1
Mathematical setting

In this thesis we will study particular operators named GEQOs. This study
can be carried out both in the infinite case and in the finite one. In this chap-
ter we will study both cases. For more details about the definitions and the

results cited in this section, we refer the interested reader to [2].

We will study data that are expressed by real functions on a set X. We
consider a non-empty set X and a set & C RX, where RX is the set of all
real functions from X to R. In this section we will see how we can give
topological structures to these sets. An example which explains why we use
these sets, is given by considering X = R? and @ = [0,1]¥, i.e. the set of
all functions from X to [0, 1]. This set of functions can represent the set of
grayscale images on X, where 0 corresponds to black and 1 to white.

In this section we will see that the sets X and @ are closely related to each
other.

We can endow the set ¢ with an extended metric by setting:

Da(,9) = sup [p(x) — ¥ (z)] = llo = ¥l (1.1)
TE
In this thesis, by using the symbol || - ||, we refer to the infinity-norm.

We can endow the set X with an extended pseudo-metric too, by setting:

Dx(z,y) = sup lp(z) — o(y)]- (1.2)

5



We can notice that we use the word extended since X does not have to be
compact, hence Dy can take the infinite value. Moreover Dy is an extended
pseudo-metric but not an extended metric since we can have x # y and
Dx(x,y) = 0. For example, if @ is the set of constant functions, Dx (z,y) = 0
for all z,y. On the other hand Dy is an extended metric.

By means of these definitions, we can endow X and & with topologies. As a

consequence, we can consider the group Homeo(X) of all homeomorphisms
of X.

In this work we are not interested in all homeomorphisms, but only
in homeomorphisms that preserve @, since @ is the set of data and, as
such, it is the most relevant information in our research. For this rea-
son, we introduce the set Homeog(X), i.e. the set of homeomorphisms
on X that preserve the space @. The formal definition of Homeog(X) is:
Homeog(X) = {g € Homeo(X) | Vo € D, poge ® and pog! € &}.

The set Homeog(X) is of great interest in our research, since it allows us
to compare different functions and to define an equivalence relation on @. In
general we are not directly interested in Homeog(X) itself, but in a subgroup
G of Homeog(X). For example, we can consider the set & = [0, 1% of all
functions from R? to [0, 1], where @ represents the set of grayscale images
that we presented before. It is natural to consider equivalent an image and
the same image translated. In other terms we want to define an equivalence
relation on @. This is possible by taking a group G C Homeog(R?). We say
that ¢ is equivalent to ¢ if and only if ) = p o g for some g € G. The choice
of the group GG depends on what we are interested to study. For example, if
we consider images of digits, the group G must not contain rotations, since
we do not want to mistake a 6 for a 9. In other cases this problem cannot

arise and GG can be the set of isometries.

In the following of this thesis we will see that G acts on @ by right



composition and on X by computing the image of g(z).

Definition 1.1. A right action of a group G on a set A, is a function p :
A x G — A that, for all a € A and for all g, h € G, satisfies the axioms:

e o(a,id) = a,

e o(a,gh) = o(o(a,g), h),

where id is the identity of G.
We can analogously define a left action o: G x A — A.

Finally, we can give a topological structure on each group G C Homeog(X).
As we have done for @ and X, we can define an extended pseudo-distance on
G by setting:
Dq(g1,92) = sup Do(p 0 g1, 90 g2) (1.3)

for every g1, g2 € G.

Remark 1. It is equivalent to define D¢ as above or as:

Dalg1,92) = sup Dx(91(x), 62(2)). (1.4)

Indeed these equalities hold:

sup Dg(@ 0 g1, 0 g2) =supsup (¢ 0 g1)(z) — (¢ 0 g2)(z)]
ped peD reX

=supsup lp(g1(7)) = ¢(g2(2))]| (1.5)

= 2161)13 Dx(g1(x), g2(x))

The pair (@, G) is called a perception pair (cf. [2]). In our framework,
we want to endow @ with another pseudo-metric that compares functions up
to equivalences with respect to the elements of G. Therefore, we define a

pseudo-distance, called natural pseudo-distance dg, by setting:

da(p, 1) = g}gg%(%@bog) (1.6)



1.1 Equivariant operators

Remark 2. If G1,Go are subgroups of Homeog(X) and G; C G, then the
following inequalities hold for all ¢, € &:

dHOTnGOqS(X)(SOJv/}) < dGQ (QO, ’QZ)) < dGl (90, ¢) < D@(907 ¢) (17)

The pseudo-distance dg is useful since it allows to compare functions with
reference to a group G, but it is difficult to compute. The inequalities 1.7
provide an approximation of dg, even if it is not a good approximation. Other
methods to approximate the natural pseudo-distance consist in using partic-
ular operators. The theory of these operators has been widely developed in

the last years and it is the fulcrum of this research.

1.1 Equivariant operators

Let us consider a set X and a perception pair (@, G). We endow &, X and
G with the topological structures we described in the previous section. We
can build operators from the space @ to itself and we want these operators
to respect the action of the group G, in a suitable sense. These operators
represent how we can modify data, expressed by @, without changing their

“meaning”. Now we are ready to define group equivariant operators:

Definition 1.2. Let us consider a set X and a perception pair (@, G), where
® CR* and G C Homeog(X). A Group Equivariant Operator (GEO) is a
homeomorphism F': & — & such that, Vo € @, g € G-

F(pog)=F(p)og. (1.8)

The condition given above means that the operator F' commutes with the

action of the group G.

We can define an extended pseudo-distance and, as a consequence, a

topology, on the space of GEOs, by setting:

Dero(Fy, Fy) == ilég Dg(Fi(), F2(¢)) (1.9)



1.2 Finite case

where F; and F5 are GEOs.
With this pseudo-distance, the set of all GEOs is a topological space. Let us

now introduce an interesting subspace of the space of GEOs.

Definition 1.3. Let (@, G) be a perception pair with & C RX. An operator
F:® — &is a Group Equivariant Non-Ezxpansive Operator (GENEO), if F
is a GEO and the following condition holds:

Da(F(¢), F(¢)) < Da(,¢) (1.10)

for all ¢, € @. In plain words, this condition means that the operator
F semplifies the data.

By using the theory of GEOs, it is possible to approximate dg, as we
can see in [2]. However, in this thesis we will not elaborate on such an
approximation, but on methods to build and represent GEOs. In the next
section we will see what the spaces and operators introduced before become
when X is a finite set. In the rest of the thesis we will study a method to

build linear GEOs and the representation of linear GEOs in the finite case.

1.2 Finite case

Let X be the finite set {z1,...,z,}. Let us denote by x, the characteristic
function of the singleton {z} for x € X. We may observe that the space
R¥ is a vector space with basis {Xu, -, Xz, }- Moreover we can see that
Dg(p, 1)) is a real number for all p,1) € @, since it is a sup on a finite set,
whereas Dx(z;,z;) can be infinite. For example, if & = R¥, the distance
Dx (x4, ;) is zero if i = j and infinity otherwise. Hence, the topology induced
by the extended pseudo-metric Dy is the discrete topology. The value of
Dx (x;, x;) is closely related to the choice of ¢. For example, if we consider
@ = [0,1]¥ C R¥, then Dx(x;,x;) is zero if i = j and 1 otherwise.

We can observe that, if for every ¢, 5 with ¢ # j, a function ¢ € @ exists

such that p(x;) # ¢(z;), then X is endowed with the discrete topology.
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In this case homeomorphisms are just permutations, thus we can replace
the spaces Homeo(X) and Homeog(X) with Aut(X) and Autg(X), where
Aut(X) is the set of all permutations of X and Auts(X) is the subset of
Aut(X) whose elements are the permutations that preserve .

In our work we will study the representation of linear GEOs when X is
finite. In the next chapter we will see how to build new GEOs by means of
permutant measures. This construction is possible for both finite and infinite
spaces. In the last chapter we will focus on a finite set X and we will study

when a linear GEO is representable by a permutant measure.



Chapter 2
Permutant measures

In this chapter we will introduce the concept of permutant measure, which
is a signed measure on the set Homeog(X), invariant under the conjugation

action of a group GG. These measures represent an important tool to build

GEOs.

Definition 2.1. Let X be a non-empty set and let @ C R¥, where RY is
the set of all functions from X to R. We can endow X with the topology
induced by the pseudo-distance Dy introduced by Equality (1.2). Let G C
Homeog(X) be a group of homeomorphisms that preserves @. For any g € G

we define the conjugation action oy as:

ay 1 Homeog(X) — Homeog(X)

ag(h) :==gohog™.

Remark 3. We can observe that «, is an homeomorphism, and its inverse is
oyt = ag.

We remind that Homeog(X) is a topological group, where the topology
is induced by the extended pseudo-distance D gomeo,(x) introduced by Equal-
ity (1.3). Therefore, we can endow Homeog(X) with the Borel o-algebra.
Moreover, we have to bear in mind that the Borel o-algebra is the smallest

o-algebra that contains the open sets. Now we are going to introduce the

11



concept of signed measure. In plain words, a signed measure is a measure

that can assume also negative values.

Definition 2.2. Let ({2, X)) be a measurable space. A (finite) signed measure
on (£2,) is a function
m:X —-R

such that m(0) = 0; and

m(U An) = Zm(An>

for all sequences (A;) of disjoint sets in X, where the sum converges absolutely
if the value of the left-hand side is finite.

Definition 2.3. A Borel signed measure on ({2, X)) is a signed measure on

(2, %), where {2 is a topological space and X' is its Borel o-algebra.

Definition 2.4. Let m be a Borel signed measure on Homeog(X) and let
G C Homeog(X). The signed measure m is a permutant measure with respect
to G if and only if for all ¢ € G and for all A C Homeog(X) measurable
with respect to m, m(ay(A)) = m(A).

Remark 4. In the following, if the singleton {h} is measurable with respect

to a measure m, we will write m(h) instead of m({h}).

Theorem 2.0.1. Assume that X is a non-empty set, ® C RX is a vector
space, and G C Homeog(X). Let m be a permutant measure on Homeog(X)
with respect to G. Assume that the support H of m is finite, and that {h} is
measurable with respect to m for every h € H.

Then the operator F,, : & — @, defined by:

Fu(e) =Y ¢ohm(h) (2.1)

heH

if H# (), and the zero function if H =0, is a linear GEO.
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Proof. Since h preserves @ for all h € H, and @ is a vector space, then we
can assert that F,(®) C @. The linearity of F), is trivial.

Now we prove that F,, is equivariant, i.e. for all g € G and ¢ € @, F,,(¢p o
g) = Fu(p)og. If H = ( the statement is trivial. Let us assume H =
{h1,...,h,} # 0. We can denote by &, the permutation of {1,...,n} such
that ay(h;) = ha, @), hence we have go h; ogl= ha, ) and goh; = hg, @) ©g.
Moreover we have m(h;) = m(ha,@)) for all g € G, since m is a permutant

measure. Hence,

n

Fu(pog) =) @ogoh;m(h)
=1

=Y #0oha,a 09 mlha,w)
=1

=Y eenogmin) 22

j=1
= (ZSOO h; m(hj)> °g
j=1
= m(%p) °g,
where j = a,(7).
Therefore, F,, is a GEO. [

Definition 2.5. If for a GEO F' a permutant measure m exists, such that

' = F,,, then we say that F' is representable by the permutant measure m.
Now we will extend Theorem 2.0.1 to GENEOs.

Theorem 2.0.2. Assume that X is a non-empty set, @ C RX is a convex
space that contains the zero function, and G C Homeog(X). Let m be a
permutant measure on Homeog(X) with respect to G. Assume that the sup-
port H of m is finite, and that {h} is measurable with respect to m for every

h € H. If the measure m is non-negative and m(H) < 1, then F,, : & — @,
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defined by:

n(p) =Y _pohmh) (2.3)

if H+# 0, and the zero function if H = (), is a linear GENEO.

Proof. Our hypotheses on ¢ guarantee that F,,(®#) C . The linearity is

trivial and the proof of equivariance is the same as in Theorem 2.0.1. Let us

now prove the non-expansivity of F,,, i.e. Dg(F,.(¢), Fn(®)) < Dg(p, ),

where Dg(p,v) = || —9||. If H = () the statement is trivial. Let us assume

H={hy,....,h,} #0.
Let ¢, € &:

[Em () = Fn (9]

> (pohi—1ohy) m(h)

=1

<> lpohi— o byl ()| (2.4
=1

<> llp — ol [m(h)
i=1

m(H) |l — |
<l =

Therefore, we have proved that the operator F), is non-expansive and hence

a GENEO.

]



Chapter 3

Representation of linear GEOs

by permutant measures

In this chapter we will show a correspondence between linear GEOs and
GEOs representable by permutant measures. In particular we will study this

problem when X is a finite set.

3.1 Representation of linear GEQOs

The aim of this section is to prove the following theorem:

Theorem 3.1.1. Let X be a finite set and let @ = R™ be the set of all real-
valued functions on X. Let G be a permutation group acting transitively on
the set X. Then, F : ® — @ is a linear GEO with respect to G if and only

if Fis a GEO associated with a permutant measure for G.

In Chapter 2 we have already seen that every operator F' associated with
a permutant measure for G is a linear GEO (Theorem 2.0.1).
Now we have to show that, under the hypotheses of the theorem, every linear

GEOQ is associated with a permutant measure for G.

Remark 5. Let us introduce some notations, that will come in handy later.

If we set X = {z1,...,x,}, we may observe that every function ¢ : X — R

15



3.1 Representation of linear GEOs

16

can be written as ¢ = Z?Zl ajXz;, where X, is the characteristic function
of the singleton {x}. @ is the vector space with basis {xz,,-- -, Xz, }. We
can easily verify that every permutation group acting on the set X preserves
@ = R¥ under right composition.
If g is a permutation of X, we can consider the permutation o, of the set of
indices {1,...,n}, such that g(x;) = x4, (.
Finally, if F is a linear GEO, F(x,,) = Y 7, bijXa,, for suitable coefficients
bij € R.

First of all, we remind the definition of transitive action and we explain

why the hypothesis of transitivity is fundamental.

Definition 3.1. A right action p of the group G on the set A is transitive if for
every a,b € A there is an element g € G such that g(a, g) = b. Analogously

we can define transitivity for a left action.

In the following example, we will consider a set X and a GEO F for the
perception pair (@, G), where the action of G is not transitive on X. We will

see that F' is not representable by a permutant measure.

Example 3.1. Let X = {1,2}, & = R? the set of functions from X to R,
G = {id}. Since G contains only the identity, every linear operator F' : & — @
is a GEO. Autg(X) = {id, h}, where h is the permutation that switches 1
and 2.

Let us define F' : & — & by setting F(y;) = x1 Vi € X. F is a linear
GEO with respect to G, but it is not representable by a permutant measure.

Indeed, if we assume that such a measure m exists,
F(x1) = x104d m(id) + x1 o h m(h) = x1 m(id) + x2 m(h),

but F(x1) = x1 = 1x1 + 0x2. Hence m(id) =1 and m(h) = 0.
On the other hand,

F(x2) = x2 0 id m(id) + x2 o h m(h) = x2 m(id) + x1 m(h),
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but F(x2) = x1 = Ixi + Ox2. Hence m(id) = 0 and m(h) = 1. This is
a contradiction. Therefore, such a measure m does not exist and F' is not

representable by a permutant measure.

Remark 6. If x, is the characteristic function of the singleton {z}, and g is

a permutation of X, then x, 0 g = xg-1()-

Proposition 3.1.2. Let F' : & — & be a linear GEO with respect to the
group G. Then, for every i and j:

bij = bo,(i)os(s) V9 € G- (3.1)

Proof. The equivariance of F' with respect to GG implies that, by setting
= 110jXe; € P and r = 0y1(j),

F(pog)=F (Zajxxjog>

j=1

i=1 (3.2)
= Z aog(r)F(er)

r=1

= Z Qo4 (r) Z bermZ
r=1 =1

= Z Z ;0501 ()X

j=1 i=1
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On the other hand, by setting s = o,-1(i),
F(p)og=F (Zaszj> og
j=1
=> a;F(xa,) 09
j=1
=> > abiyxe 09 (3.3)
j=1 i=1
=) aibiXg 1 (a)
j=1 i=1
= aboy(s)iXan
j=1 s=1
Therefore, we can say that the equivariance of I’ with respect to G is equiv-
alent to the following relation:
bz’j = bag(i)ag(j) Vg c G (34)
O

Lemma 3.1.3. Assume that the action of G on X s transitive and that
B = (bi;) is the nxn matriz with b;j the entry in the i-th row and j-th column,
representing the linear GEO F with respect to the basis {Xuys- - Xan }- Then,
all the lines of B are permutations of the same n-tuple and hence have the

same sum c.

Proof. First of all we will prove that all the rows are permutations of the
first row, and all the colums are permutations of the first column.

Since G is transitive, for every h,k € {1,...,n} a gy € G exists, such
that gni(zn) = zx, and hence oy, (h) = k. Now we consider the 7-th row.
From Proposition 3.1.2 we know that b;; = bagﬂ@(,gﬂ(j) = blo'gﬂ(j)- Since
04, 1s bijective, this proves that the 7-th row is a permutation of the first
row. Since 7 is arbitrary, every row is a permutation of the first row. By

the same arguments we can assert that every column is a permutation of the
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first column.

Now we want to prove that rows and columns are permutations of each
other. For every real number y, we denote the number of times y occurs
in each row by r(y), and the number of times y occurs in each column by
s(y). Since nr(y) = ns(y), then r(y) = s(y), and hence every line of B has
the same elements counted with multiplicity. Therefore, the lines of B are

permutations of each other and the lemma is proved. ]

We decompose F in two linear GEOs, F* : d — @ and F~ : & — @, such
that ' = F'* — F~, by setting:

L F+(er)(xi> = maX{F(Xxj)(xi)vo}a
o F=(xe,)(2) = max{—F(xa,)(z:),0},

for all 7 and j, and extending by linearity.

Remark 7. F™ and F~ are GEOs, since the maximum of GEOs is still a
GEO, [7].

At this point it comes naturally to use the Birkhoff-von Neumann decom-

position [4].

Lemma 3.1.4 (Birkhoff-von Neumann decomposition). Let A = (a;;) be a
real square matrix with non-negative entries, such that the sum of entries in

every line is equal to a positive number c. Then, there exist positive coef-

ficients ayq, ..., ap with sum equal to ¢ and permutation matrices Py, ..., Py
such that .
k=1

Let B = (bj;) and B~ = (b;;) the matrices associated with F* and F~
with respect to the basis {Xz,,. .-, Xa, }. We observe that b; = max{b;;,0} >
0 and b;; = max{—b;;,0} > 0.

If we apply Lemma 3.1.4 to B* and B~, then BT = Y} ¢/ P and

B~ = fo:l ¢, P, for suitable positive coefficients and permutation matrices.
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We recall that B = BT — B~, and hence we can decompose the matrix B as:
t
B=> b (3.6)
k=1

where P, are permutation matrices and ¢ are real coefficients, not necessarily

positive.

Example 3.2. The decomposition B = 22:1 ¢, Py is not unique. For exam-

ple, we can consider the following matrix:

1 1 1
B=1]111
1 1 1
We observe that:
1 00 010 0 01
B=1010]+]0 0 +11 0 0
0 0 1 1 00 010
but also
0 0 1 010 1 00
B=1010]l+]|100]+]0 01
10 001 010

Any n x n permutation matrix P, is associated with a permutation
7, - X — X. In particular, if pfﬂj is the element of P, corresponding to

the i-th row and the j-th column, then m;(z;) = 2; < pf = 1.

With respect to these choices, the following statement holds.

Lemma 3.1.5. If the action of G on X s transitive, then

F(o) =) apom’. (3.7)
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Proof. Let ¢ = Z?:1 ajXz; € ¢. By reminding that b;; = 22:1 Ckpzj, we
get:

Flp)=F (Z anxj>
j=1
= Z a’jF(Xxj)
j=1
=>4 ) b, (3.8)
j=1 =1
n n t
= a;Y ) apixa
j=1

i=1 k=1
t n

a; C
1

n
]
7j=1 k= 1

We observe that S p/x,.(z,) = p, and p/ = 1 if m(2;) = x, and 0
otherwise. But also X, (;)(7s) = 1 if mp(2;) = x5 and 0 otherwise. Hence

S P Xy = Xy (z;)- Therefore, Equality (3.8) implies:

n t
F(QO) = Z aj Z Ck Xy (25)
k=1

=1

t n
= Z Z jXa; © T Ch (3.9)

k=1 j=1

t
— E -1
= Yo Ty Ck.
k=1

O

Unfortunately neither H = {my|k = 1,...,t} nor {m'|k = 1,...,t} are

closed under conjugation action, as we can see in the following example:

Example 3.3. Let X be {1,2,3,4} and G be the set of all the permutations



3.1 Representation of linear GEOs

22

of X. Let us consider the matrix

™

I
— = = =
— = = =
— = = =
— = = =

We can write B as a sum of permutation matrices:

S = O O
_ o O O

0 0
0 0
10
01

o = O O
o O O
o O = O
- o O O
oS O O =
o O = O
o = O O

1
0
0
0

o O = O
o O O =

0
1
0
0

o O O

We can observe that the first permutation matrix is associated with the
identity, the second with a permutation that we can call 7, the third with
7% and the fourth with 73. H = {id, 7, 7% 73} is a cyclic group, but is not
closed under the conjugation action of GG. In order to prove this statement
we can consider 72, which is the permutation that switches 1 and 3, and 2
and 4. Let 7 be the transposition that switches 1 and 2, then 7 o 72 o 77!
is the permutation that switches 1 and 4, and 2 and 3, but this permutation

does not belong to H.

With reference to the statement of Theorem 3.1.1, this example shows
that we cannot consider ¢, as the measure of W,;l, since the function taking
7 to ¢ if 7 = 7, ! and to 0 if 7! ¢ H might not be a permutant measure

for the conjugation action of G.

Lemma 3.1.6. For all g € G, if Q4 is the permutation matriz associated
with g, the equality BQy, = Q4B holds.

Proof. Since F'is a GEO, F(pog) = F(p) o g, and hence F(x,, o g) =
F(Xe;) ©g. Lemma 3.1.5 proves that F(p) = S crpomt, and therefore

t t

Y apogoml =F(pog)=F(p)og=) cpom'og.
k=1 k=1
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In particular, for all j,

t t
-1 __ -1
CkXaz; ©gOT, = CkXxz; OTy O,
k=1 k=1

1.e.
t t

Z Ck Xmpog=t(zj) = Z CkXg—lom(24)>

k=1 k=1

E Ck X091 (z;) y () E CkX g~ lom,(z)) y ()

hence

for all 7 and j.

We can observe that if 7 is a permutation of X, then 7 is represented by
(Pij) = (Xn(ay)(2:)), since both p;; and Xr(,)(7;) are equal to 1 if 7T([17J) =
and 0 otherwise. For this reason, the matrices that represent 7 o g~ and
g tom, are P,Q," and Q' Py, and hence:

t t

D abhQ,' =) aQ, B,

k=1 k=1
le.
t t
<Z Ckpk> Q;l = Q;l <Z CkPk> )
k=1 k=1
therefore, BQ;1 = Q;lB and Q,B = BQ),. [

Lemma 3.1.7. The following equalities hold:
e B= ZZ=1 deG %QngQg_l

F(p) =34t Ypeq idipogom og™
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Proof. For the previous lemma Q,BQ), ' = B, for all g € G, and hence:

|G| summands
.

1 1
B=—B+-+ B

IG! G|
ZQg Q,"
RE: (3.10)
“ 52% (en) o
=X %‘QQ Qg
k=1 geG

Since the entry of position (i, j) in QngQ;1 IS Xgorpog~1(a,)(Zi), We have that:

t
b” - Z Z |G’X9°7"k°9 (IJ Z Z Xx] Ogoﬂk gil(l'i). (311)

k=1 geG k=1 gEG

Hence,

F(xa,) (i) ZbSJxxs

- ZZZ%M ogom ' og () xXa, (27) (3.12)

s=1 k=1 geG

_ -1
E E X%OQOM 0g (xi).
k=1 gEG

For the linearity of F' we can assert:

ZZ wogowk og " (3.13)

k= lgEG

O

We consider a permutation 7 and its orbit O(7) = {gomo g7t g € G}.

We endow Aut(X) with a measure that is constant on the orbit.

Remark 8. For all h,m € Aut(X),he O(r™ ') & h e O(r) & meOh™).
Hence |O(7)| = |O(x™1)].
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Now we are ready to define a permutant measure. For all 7 € Aut(X)

we define ¢(m) = ¢ if # = m and 0 otherwise. We can define:

o c(h) c(h)
m(r) = Z o) = Z O (3.14)

heO(x—1) heO(r—1)

We can observe that m is a permutant measure by definition. Let us
introduce the stabilizer G, = {g € G | gomog™' = 7}. We know that
|G| = |G||O(7)| (cf. [1]). We remind that we obtain each element of the
orbit of 7 exactly G, times, by conjugating m with respect to every element
of G.

Now, let §(h,7') = 1 if h and 7! belong to the same orbit, and 0

otherwise, then:

F(w)zzzlg|<ﬁogon og™!

k=1 geG

= Z Z googowlog_l

reAut(X) geG

= Z ||\Gﬂ1\2gpoh

reAut(X) heo(
c(m)
- Z 0(r)| Z poh (3.15)
reAut(X) hEO( -1

= Z Z cphé(hﬂ)

meAut(X) he Aut(X

_ o\
= 2 Z|0<w>\“’h

heAut(X) \weO(h~1)

= Z m(h) ¢ o h.

heAut(X)

Therefore, F' is the linear GEO associated with the permutant measure m.
O
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3.2 Representation of linear GENEOQOs

In this section, we will see what happens if we consider the space of
GENEOs. We recall that a GENEO is a non-expansive GEO. Let X be a non-
empty set and let @ C R¥, endowed with the topologies induced by Dx and
Dg, respectively. If G C Homeog(X), a Group Equivariant Non-Expansive
Operator (GENEO) is a map F' : ¢ — & such that, Vo,v € &, g9 € G:

e F(pog)=F(p)oy,
o |F(e) = F)ll < lle =l

If we consider GENEOs instead of GEOs, we can rephrase Theorem 3.1.1

as it follows.

Theorem 3.2.1. Let X be a finite set, let @ be the set of all functions from X
to the closed interval [0,1]. Let G be a permutation group acting transitively
on the set X. Then, F' : ® — @ is a linear GENEO with respect to G if and
only if F' is a GENEO associated with a permutant measure for G.

Proof. Tt immediately follows from Theorem 3.1.1 by observing that every
GENEO F : & — & is the restriction of exactly one GEO F : R¥ — RX. We

notice that F is non-expansive if and only if F' is non-expansive. O

In the following F' : RY — RX will denote the GEO that extends the
GENEO F : & — &. Proposition 3.2.2 expresses the link between the non-
expansivity of F' and the coeflicients of the matrix B = (b;;), associated with

both F and F with respect to the basis {xu,,- - Xz, }-

Remark 9. If ¢ € @, we can write p = 37 | a;X.,, where a; € [0, 1],

Proposition 3.2.2. Let F' : & — @ be a linear GENEO with respect to the
group G. Let B = (b;;) the matriz associated with F' with respect to the basis
{Xa1s- s Xan }- Then, for every i and j:
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2.5 by <L

Proof. 1. Since F(x,,) € ¢ and F(Xs,)(x;) = by, it follows that b;; € [0, 1].
2. We observe that, since F' is linear, the non-expansivity of F' is equivalent

to the inequality
IE () < llell

If F' =0 our statement is trivial. Let us assume that F' #Z 0.

If o =37 a;Xxs; €P with a; € [0, 1], we have:
F(p)=F (Z ajij> =N G F () =YD ajbixa,, (3.16)
J=1 Jj=1 j=1 i=1

and hence:

§ Q; z]X:cz 175

7j=1 =1

P = |, F()e)| = o

PERRRY L

(3 17)
We notice that we can remove the absolute value since a;, b;; > 0. In the

same way, we can write:

n

Y X, (2)| =

7j=1

= max a. (3.18)

t=1,...,n

lill = masx.

Therefore, the non-expansivity of F' is equivalent to the inequality:

n
sg}f.i.}fnzajbsj < Jnax a. (3.19)

By setting a = max;—; ., a;, we can rewrite the inequality above as:

n

a/A
v b < 1. :
se{l,...,n}, Zabsj_l (3.20)
j=1
This inequality must hold for all functions ¢ € @, i.e. for all n-tuples
a = (ay,...,a,). Such an inequality is equivalent to 2?21 bs; < 1. For one

implication we can choose a = (@, ..., a) in (3.20), whereas the second follows

—Sznax g a;bs;.
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since % < 1.

As a consequence, the non-expansivity is equivalent to:

D by <1 Vse{l,....n} (3.21)
j=1

]

Remark 10. We can decompose a GENEO F : & — ¢ as ' = F* — F,
where F* and F~ are the restrictions of F* and F~, respectively. Since
®=1[0,1%, we get F- =0and F = F.

3.3 Examples

This section is devoted to show some applications of Theorem 3.1.1 in dif-
ferent cases. In the following we will always consider the set X = {1,...,n}
and ® = R¥X. Every summation will be considered modulo n, and we will
replace k+n with k. We can observe that Aut(X) is the symmetric group S,,.
For each k € X, we define the permutation g, € S, by setting gx(i) =i + k
for every ¢ € X. We observe that g, = id. The aim of the following examples
is to see how the representation changes when the group G changes. In our

examples we will write b, ; instead of b;;, in order to avoid misunderstandings.

Example 3.4. Let G = {¢1,...,9,} C S,. G is a cyclic group that acts
transitively on X.

Let F' be a linear GEO with respect to G. Let B = (b;;) be the matrix
associated with F' with respect to the basis {x1,...,Xxn}. Equality (3.1) in
Proposition 3.1.2, implies that b; ; = by, (i),g,(j) = bit+k,j++ holds for all 7, j, k.

Let us now build a signed measure m on the power set P(S,,) of S,,.
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Take ¢ = > 7, ajx;. Then:

F(p)=F (Z anj)

J=1

= 4 F(x;)
j=1
j=1  i=1
= a; ¥ bi_kiXj—k
k=1

J=1

= Z aj Z b,k Xj © Gk
k=1

J=1

= Z (Z a;X; © gk) bk

k=1 \j=1

= Z (Z anj) © gr b
k=1 \j=1

:Zchgk bn,k;

k=1

(3.22)

where we have set i1 = 7 — k.
For all h € Autg(X), we can set m(h) = by if h = g, € G, and m(h) = 0
if h ¢ G. In this example, the support of the signed measure m is G itself
and m is a permutant measure, since G is an Abelian group and the orbit
of each element g, under the conjugation action of the elements of GG, is the
singleton {g}.

F results to be the linear GEO associated with the permutant measure

m.

Example 3.5. Let s € S,, be such that s(i) = n — i for every i € X. Let
us consider the dihedral group G' = {id, g1,...,9,-1,5,9108,...,Gn_1 0 S},
where g, are rotations and g, o s reflections. The group G transitively acts
on X.
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We recall that the dihedral group D, is the group of the symmetries of a
regular polygon with n vertices. For example, Figure 3.1 shows a hexagon:

the group of its symmetries is the dihedral group Dg.

g2s
.

Figure 3.1: The dihedral group Dsg is given by the symmetries of a regular

hexagon. Two of the six axes of reflection are displayed.

Let F' be a linear GEO with respect to G. Let B = (b;;) be the matrix
associated with F' with respect to the basis {x1,..., xn}-

Equality (3.1) in Proposition 3.1.2, implies that b; ; = by, (i),g.(j) = Vi-tk,j+k
and b; j = by(i),s(j) = bn—in—j for all k. By applying first s and then g;,; we

obtain:

bij = D(gis;05)(0),(gi4509) () = Vgirs(n—i).girs(n—i) = Ontjmn+i = bji,

hence B is symmetric.

As seen in Example 3.4, we have that
F() =Y ©0 gk bug. (3.23)
k=1

We may define a signed measure m on the power set P(S,) of S,, by
setting

bk, if h = gg;
m(h) =4 ™" 9 (3.24)

0, ifthé{g,...,9n}
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Now, we will see that m is constant on each orbit of the conjugation
action of the elements of G, and hence it is a permutant measure. Consider
the orbit O(gx) = {gogrog'|g € G}, of gr. We can observe that g ! =g_,
and (g, o s)™! = g, 0s. It is easy to check that g, o gy o g, = g and
grosogrog.os = gy for all r. Therefore, O(gr) = {gr,9_x}. Since
bij = bp_in—;, we have that b, = b, ,—r. This argument proves that the
signed measure m is a permutant measure.

F results to be the linear GEO associated with the permutant measure

m.

Example 3.6. Let G be the symmetric group Sy. Let F' be a linear GEO
with respect to G. Let B = (b;;) be the matrix associated with F' with
respect to the basis {x1, X2, X3, X4}

Since G contains every permutation of X, Equality (3.1) in Proposition 3.1.2
implies that, for all ,7,h,k € X, with ¢ # j, h # k, bj; = bp,. Moreover,
bii = bj; for all 4, 7, since the action of G on X is transitive. Therefore, b; = a
and b;; = 3 for i # j, for some «, 3 € R. As seen in Example 3.4, we have

that
4 4

F(p) =) ¢ogrbir=) ¢og g (3.25)

k=1 k=1
where (gs) = bya = o and p(gr) = by = p for k = 1,2,3. We set
11(g) := 0 for every g & {g1, g2, g3, 9a}-

We will see that the signed measure p is not invariant under the conjuga-
tion action of G. Therefore, according to the proof of Theorem 3.1.1, we will
build a permutant measure m by computing an average on the orbits. For a
classical result, we know that the conjugacy class of each element g € S, is
given by all permutations with the same cycle type of g (cf. [9]).

First of all, we can notice that the orbit of the identity g, contains only

p(h

the identity, hence we set m(id) = >, coua) ﬁ = «. By using the cyclic

notation, g1 = (1 23 4), go = (1 3)(24) and g3 = (1 4 3 2). Hence

O(g91) = O(gs) = {g1,95,(1243),(1324),(1342),(1423)}.
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Moreover, 1(g1) = u(gs) = B and u(g) = 0 for the other elements of O(g;)
and therefore p is not a permutant measure for G.
We set

m(g) = > # = § (3.26)

for every g € O(g1). In the same way, we observe that |O(g2)| = 3, and
hence we set m(g) := & for all g € O(g2) = {(12)(34), (1 3)(24), (14)(2 3)}.
Finally, we set m(g) := 0 for every g € Sy with g € S;\(O(g1)UO(g2)UO(g4))-
From Equality (3.25), since

pog n(g) +pogsulgs) = Y, pogmlg)

9€0(g1)
pogsplga) = > wogmlg)
9€0(g2)
pogiplg) = > wogmly)
9€0(g4)
0= > ¢ ogm(g),

9€54\(0(91)UO(g2)UO(g4))

it follows that F'is the linear GEO associated with the permutant measure

m.



Conclusion

In this thesis, we have focused on the study of linear group equivariant
operators (linear GEOs). Their use in topological data analysis (TDA), is
motivated by the fact that they allow us to approximate the natural pseudo-
distance and can be considered as building blocks in the construction of
equivariant neural networks. We recall that TDA is a branch of mathematics
that studies datasets by means of topological and geometrical tools, in order
to recognize shape within data and to reduce the computational complexity
of many applied problems.

In equivariant TDA, a dataset can be expressed by a collection @ of ad-
missible signals defined on a set X, and a group G of transformations acting
on X (and hence also on @). In order to study the space of GEOs for the
perception pair (®,G), we have introduced the concept of permutant mea-
sure, i.e. a measure constant on the orbit in Homeog(X) with respect to the
conjugation action of the group G. In this context, we have presented two
main results. In Chapter 2, we have shown how one can build a GEO by a
permutant measure m. The invariance of m with respect to the conjugation
action of G guarantees the equivariance of the operator. We have also seen
that if the value of m is non-negative and at most 1, then the operators
we have built are group equivariant non-expansive operators (GENEOs). In
Chapter 3, we have studied the inverse problem, giving a representation the-
orem for linear GEOs. We have seen that, if X is finite, and the action of
G on X is transitive, then every GEO F' can be represented by a permutant

measure. Along the proof of this result of representation (Theorem 3.1.1),

33
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we have shown how to build a suitable permutant measure. By using the
Birkhoff-von Neumann decomposition, we have proved that we can associate
each GEO F' with a signed measure. Then, by computing an average on the
conjugacy classes, we have built the permutant measure that allows us to

represent F'. Finally, we extended these results to linear GENEOs.

As one can see in [8], if the group G is compact and the action of G
on X is transitive, every linear GEO can be written as a convolution by
integrating on the whole group GG. In general G can be large, and hence the
computational cost can be high. One of the main aims of this thesis is to
obtain a method to build equivariant operators with a lower computational
cost, since the computation of GEOs associated with permutant measures
requires to sum over sets that are often much smaller than the group G.

It would be interesting to study the possible extension of the results
described in this thesis, in several directions.

First of all, we could examine the possibility of reformulating Theorems
3.1.1 and 3.2.1 under the assumption that GG is a compact group that tran-
sitively acts on a topological space X. In this case we should consider the

operator
Fo)= [ pohmin) (3:27)
Homeog (X)

where m is a permutant measure on Homeog(X).
Secondly, we could try to extend our results to the case of operators taking
a perception pair (@, G) to a different perception pair (¥, G’). However, this

extension could require the development of new approaches and techniques.
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