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Introduction

The goal of this work is to use the Bellman functions to prove theorems about
inequalities over dyadic trees.

Bellman functions come from the theory of stochastic optimal control: they
are solutions to the problem of maximizing the earned average payoff of a controlled
stochastic process. Bellman functions are also solutions of the well known Hamilton-
Bellman-Jacobi (HJB) equation, and a converse of this fact holds too, i.e. a smooth
function that satisfies the HJB equation with proper boundary conditions is also a
solution of the problem of optimal stochastic control associated to the HJB equation.

In the middle of the 90’s F. Nazarov, S. Treil and A. Volberg, working over
problems connected with harmonic analysis, developed a method to prove theorems
about inequalities over dyadic trees which is connected to the theory of the Bellman
functions. In principle they provide a unified approach to a vast class of integral
inequalities. The restriction to trees is not so restrictive, since many inequalities in
harmonic analysis and potential theories can be reduced to their dyadic counterparts.

The method consists of finding a mapping ® from the data (dy,ds,...,dy,) of
the theorem that we want to prove to a domain of points D C R™ and then find a
function g : D — R such that ¢ is bounded and g satisfies a proper inequality, which
we will refer to as main inequality. This strategy will allow us to compute the value
of the composition of the function g and the mapping ® and use the main inequality
that ¢ satisfies to gain the needed information to solve the problem.

The reason why this method is connected with the theory of the Bellman func-
tions in stochastic optimal control is the fact that the main inequality that g satisfies
represents an inequality of supersolution (or subsolution depending on the problem)
for the HJB equation, so the function g that we are looking for to solve the problem
is a supersolution of the HJB equation and, if we are lucky, the function g may even
be a solution of the HJB equation, and this way we would find an expression for the

solution of the stochastic optimal control problem associated to the HJB equation.

The first chapter of this work includes notions of stochastic analysis needed
for the understanding of the theory behind the Bellman functions. The notations,
definitions and theorems listed in this chapter are all thoroughly explained in the
text [3] from B. Oksendal, in the chapters 1,2,3,4,5,7 and 9. The theory of the
Bellman functions requires the notions of stochastic analysis necessary to define the

[t6 integral, which is used to define a Bellman function v as

T
v(x) = sup E* {/ F(r, Xy, up)dr + K(T, X3) X7 < 4 oo dBr

{Ut}tzo
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where X; is a stochastic process solution of the stochastic differential equation
h h
Xpn=Xj=x —i—/ b(r, Xy, u,)dr —i—/ o(r,Xp,u)dBy; h>s
S S

of coefficients b and o, {B:}>¢ is a Brownian motion, Tisa proper stopping time
and {us}t > 0 is an admissible control process. Here F' is a profit density and K is
a "bequest” function (gain at the moment of retirement). So a Bellman function v
is the solution of a stochastic optimal control problem that consists of finding the
maximum average gain over a trajectory of a controlled process {X;}+>0.

This chapter also includes the notions needed to prove the theorem about the
Bellman function being a solution of the HJB equation, and its converse, i.e. it
contains the definitions and theorems about the strong Markov property, infinites-
imal generator of a stochastic process, Dynkin’s formula and the Dirichlet-Poisson

problem.

The second chapter in this work will present the theory of the Bellman functions
in stochastic control. It will include the statement of the problem of stochastic op-
timization and the definition of Bellman function, followed by the proof of theorem
about the Bellman function being a solution of the HJB equation, and its converse.

The topics of this chapter come from chapter 11 of the text [3] from B. @ksendal.

The third chapter in this work shows an example of a problem that can be solved
using the Bellman function’s method and explains how to use the method, and will
also show some of the connections between the analytical and the stochastic aspects
of the problem. Our notations for this chapter will be the same notations as the
ones in the article [2], which analized this problem as well. and The chosen problem
is an inequality over the dyadic tree about A, weights, that is related to the char-
acterizations of Carlseson measures, for more details over this topic see [6] and [7].
The problem will be solved step by step using the Bellman function method as
an example about how the method works in a general case. The problem will be
solved with a function g that is a solution of the HJB equation associated to the
problem, we will also show with a heuristic argument that the function g found and

used to solve the problem is actually the Bellman function associated to the problem.

The fourth chapter uses the Bellman function’s method to prove Hardy’s inequal-
ity for the dyadic tree in the general LP case with 1 < p < +00. This problem was
already analyzed in the specific case where p = 2 by the paper [I] from N. Arcozzi,
I. Holmes, P. Mozolyako and A. Volberg, and solved with the Bellman function
method, so this work extends the previous proof to the general case. Hardy’s in-
equality comes from Complex analysis and it is useful to characterize Carleson m
easures.

The problem will be solved considering the function
fP

B(F,f,A,v):F—W

defined over a proper convex domain. We will prove that the function B is a concave,
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bounded function that satisfies a proper main inequality, and we will show that this

function with these properties allows us to prove Hardy’s inequality.
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Chapter 1

Preliminary notions of

stochastic analysis

1.1 Notations and definitions

We will need the definitions of random variable and stochastic process, and we
will use in most cases the same notations as the text [3] from B. ksendal. We
recommend to check a text of probability and measure theory for the basic notions

of probability needed in this work.

Definition 1.1.1. We denote with Z(R?) the o-algebra over the set R? generated
by the Borel subsets of R%.
Given a probability space (2,.%, P), where € is a set, .Z is a o-algebra over 2 and

P : % — R is a probability measure over (), a random variable
Z:(Q,.7,P) — (R, Z(R")

is an application
Z:Q— R

measurable with respect to the o-algebras .# and Z(R%).

Given two measurable spaces (Q1, Z#1), (£22,.%2) an application
7 Ql — QQ

is measurable if, for all A € Fy, Z71(A) € F1.

Definition 1.1.2. Given a probability space (£2,.%#, P), given a set of times I, given

for each t € I a random variable
X, : (Q,.7,P) — (RY, BR?)) (1.1)

we define as a stochastic process in R™ over the probability space (€2,.%#,P) the

collection of random variables { X }+er.
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Notation 1.1. Given a probability space (€2,.%, P) and a set of times I, given a

stochastic process {X¢ }er
Xt : (Q,f,P) — (Rdv'%(Rd))
we will use the following notations to refer to {X;}icr:

1. {Xi}ter is the application X that to each time t € I associates the random

variable X4, i.e. for each t €
X:I— (RH% (1.2)
X(t)(w) = Xy(w) Ywe

2. {Xi}er is the application X that to each w € ) associates the trajectory
t— Xi(w), i.e. for each w € Q

X:Q — (RY! (1.3)
X(w)(t) = X(w) Vtel
3. {Xi}ier is the application X defined by

X:IxQ— R? (1.4)
X(t,w) = Xt(w) V(t,w) el xQ

The notations in ((1.1)), (1.2), (1.3)) and (L.4]) are equivalent to each other, so we will

use each one of them indiscriminately.
We will also denote a value X;(w) € R? by

Xy(w) = X(w)(t) = X(t,w) = X()(w) YweQ, Vel

We are going to enunciate the notions needed to define a Brownian motion. We
recommend to check chapter 2 from [3] for a more detailed exposition.
The definition of finite-dimensional distributions is the core part in the construction

of many stochastic processes, one example being the Brownian motion.
Definition 1.1.3. Given a stochastic process X={X;};cr in R"
X : (Q,#,P) — (R, B(RY)

where T' = [0, 400), we define as finite-dimensional distributions of the proccess X

the measures 1i, .. ¢, defined over the Borel o-algebra BR™), for K =1,2,..., by

.....

Ntl,...,tk(Fl X Fy x -+ X Fk) = P[th S Fl,...,th € Fk]; t;eT

We recall the definition of expected value and conditional expectation from the

basics of the theory of probability.
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Definition 1.1.4. Given a random variable
X : (Q,ﬂ:P) — (Rda'%(Rd))

we denote as expected value of X with respect to P the real number

B(X) = /Q X (w)dP(w)

Let ¢4 be a o-algebra, ¥ C .#. Suppose that E(|X|) < +oo. We denote as a
realization of the conditional expectation of X given ¢ (with respect to P) a random
variable

Z:(Q,7,P) — (R, Z(R?))

such that

1. Z is ¥-measurable

/ Z(w)dP(w) = / X(w)dP(w) forall Ge¥
G G

We will write Z = E[X|¥] to denote that Z is a realization of the conditional ex-
pectation of X given ¢4. For all Z;, Z5 realizations of the conditional expectation
of X given ¥, then Z; = Z5 almost surely with respect to P, so we will sometimes
just write E[X|¥] in expressions to denote a realization Z of the conditional expec-
tation when the expression is true for every possible choice of Z realization of the
conditional expectation. We recommend to check appendix B from (ksendal [3] or

a text of probability for an exposition over the conditional expectation.

The definition of filtration is needed for the theory of stochastic processes, and
it represents the amount of ”information” we know at each time t about the con-
figuration of the stochastic process. The concept or martingale is a key element in
the theory of stochastic processes, and it is also needed for the definition of the It6
integral. It represents a stochastic process {X;}+>o such that X; can be estimated

at a time s < ¢ by considering X.

Definition 1.1.5. Given a measurable space (£2,.%#), a filtration of said space is a
family M = {M,};>0 of o-algebras M; C .# such that

0§S<t:>./\/lsg./\/lt

A n-dimensional stochastic process {M;};>0 on a probability space (Q,.%#,P) is

called a martingale with respect to a filtration {M;};>0 (and with respect to P) if
(i) M; is My-measurable for all ¢
(i) E[|My]] < 400 for all ¢
(iii) E[Ms | My = M, for all s >t

Stopping times are a key element in the theory of stochastic processes. They are
random times with good properties that make them usable to replace deterministic

times in most of the theorems about stochastic analysis.
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Definition 1.1.6. Let (©2,.%, P) be a probability space, let {N;};>0 be a filtration.
A function

7:Q — [0, 400]

is called a (strict) stopping time with respect to {N;};>0 if
{we|r(w)<theN, forallt>0

Let N be the smallest o-algebra containing N; for all ¢ > 0. Then we define by
N the o-algebra of all sets N € N such that

NNn{r<t}eN; forallt<0
A stochastic process {X;}>0 over (Q,.%, P)
Xy (Q,ﬁ’P) — (an*’%(Rn))

is called adapted to the fitration {N;}i>¢ if X; is My-measurable for all ¢ > 0.

We define X, as the random variable
X:: (QN;, P)— (R", B(R"))

X (w) = Xrwy(w) if 7(w) < 400
! 0 if 7(w) = +o0

Infact it can be proved that X, defined in this way is measurable with respect to
N; and B(R"™).

The Brownian motion is the starting point for the theory of Itd processes. It
is the most important stochastic process for this work, we recommend to check a
textbook about stochastic processes to get a thorough explanation of this topic,

(Oksendal explains this topic on chapter 2 from [3].

Definition 1.1.7 (Brownian motion). Let x € R", s € R be a fixed point and a
fixed time. Define

2
p(t1,y1,t2,y2) = (2m(te —t1)) " 2 'eXp(—M) fory e R", t >0
2(te — t1)
For k=1,2,...,for 0 <t; <ty <--- <ty define a measure v4, 4, on ﬂ(R”k) by
th,...,tk(Fl X X Fk}) = (15)

= / p(s,x,t1,z1)p(ty, 1, to, x2) . .. p(th—1, Tp—1, tg, T )dzy . . . dx)
Fyx--xXFy
where we use the convention that p(t,y,t, z)dz = ddy(z), the Dirac delta measure
centered at y.
We define a (version of) n-dimensional Brownian motion starting from z at the time

s as a stochastic process B = {B;};>5 on a probability space ({,.7, P7)

B : (0, F,P%) — (R", B(R"))
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such that the finite-dimensional of B are given by (|1.5)), i.e.

I)IE(.Bt1 S Flw--thk S Fk) =

= / p(s,x,t1,z1)p(ty, 1, to, x2) . .. p(th—1, Tp—1, t, T )dzy . . . dx)
Fi XX Fy,
forall k € N, t1,...,t; € [s,+00), for all Fy,..., F} Borel subsets of R".
The existence of a process with such properties is guaranteed by Kolmogorov’s ex-
tension Theorem [L.2.1]
A Brownian motion B = {B; };>0 satisfies the condition in Kolmogorov’s con-
tinuity Theorem with « =4, 8 =1, D = n(n+ 2), so the Theorem guarantees

that there exists a continuous modification of B.

The concept of modification of a stochastic process is needed to understand
Kolmogorov’s continuity Theorem that proves that the Brownian motion can be

considered a continuous process.

Definition 1.1.8. Let X = {X;}ier, Y = {Y;}1er be stochastic processes on the
same probability space (2, %, P). We say that X is a version (or a modification) of
Y if forallt e [

P({we Q| Xy(w) =Vi(w)}) =1

We need a notation for the o-algebra generated by a Brownian motion at a time

t for many propositions, expecially for the important Markov property.

Definition 1.1.9. Let {B;};>0 be a n-dimensional Brownian motion. We define

Fi = t(n) to be the o-algebra generated by the collection of random variables
{Bs |0 < s <t}

We are going to enunciate the definitions and theorems needed to define the
It6 integral. We recommend to check a textbook about stochastic analysis for a
thorough explanation of the topic. The notations and definitions are taken from
chapter 3 of [3] from ODksendal.

The construction of the It6 integral begins with the construction of the Ité integral
over elementary processes as a Riemann-Stieltjes integral and then it extends the
definition to a bigger class V of processes. We begin with the 1-dimensional case for

the It6 integral.

Definition 1.1.10. Let (€2,.%, P) be a probability space, let 0 < S < T, let V =
V(S,T) be the class of functions

f:]0,400) x Q2 - R
such that
(i) (t,w)— f(t,w) is A([0,400)) x .F-measurable
(i) (t,w)+— f(t,w) is Fr-adapted

(i) E[fd f(t,w)2dt] < +00



14 CHAPTER 1. PRELIMINARY NOTIONS OF STOCHASTIC ANALYSIS

Definition 1.1.11. A function ¢ € V is called elementary if it has the form
Bt w) =D e (w) - Xt a0 () (1.6)
J
Here e; are functions
ej: ) —R

that must be F,-measurable since ¢ € V.
Let B = {Bt}+>0 be a 1-dimensional Brownian motion over 2, we define the It6

integral (with respect to B) for an elementary function ¢, with the form written in

(L6), by
/ 6(t,0)dBy(w) = 3 ¢;()[By,,, — By () (L.7)

>0
where fj are the points
t; if S<t;<T
=<8 if t; <8
T if t; >t
Definition 1.1.12. (The It6 integral) Let (Q2,.#, P) be a probability space. Let

0<S<T. Let feV(S,T). Let B={B}+>0 be a 1-dimensional Brownian motion
over €2. Then the It6 integral of f from S to T (with respect to B) is defined by

/ f(t,w)dBy(w) = lim / bn(t,w)dBi(w) (limit in L?(P)) (1.8)

t—+00
where {¢, }nen is a sequence of elemntary functions such that

E[/T(f(t,w) - ¢n(t,w))2dt] —0 asn— 400 (1.9)

S

here the right hand side of (|1.8)) is defined by ((1.7).
Such a sequence {¢y, }nen exists because of Lemma (1.2.4]).

We are going to enunciate the definitions needed to define the It6 integral in the

n-dimensional case.

Definition 1.1.13 (The n-dimensional It6 integral). Let (£2,.%, P) be a probability
space, let {B;}>0 = B = (B, B%,..., B") be a n-dimensional Brownian motion of
components

BF:(Q,#,P) — (R,#B(R)) fork=12,...,n

Then we denote by V;;*" (S, T) the set of matrices v = [v;;(t,w)]; j=1,....» Where each

entry

v 1 [0,400) x @ — R

(t,w) — v;(t,w)
satisfies conditions (i) and (iii) in definition (1.1.10) and satisfies the condition

(ii)" There exists an increasing family of o-algebras {#H;}+>0 such that
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a) {B} is a martingale with respect to {H;}
b) {vi;}e>0 is {H;}-adapted

It is possible to construct the It6 integral for the functions f € V;/*"(S,T) in the

same way as it is done in ((1.1.12)).

If v € V)J*"(S,T) we define, using matrix notation
T T /1)1’1 ..
/ vdB = / :
S S
/l)ny]_ o ..
to be the m x 1 matrix whose i-th component is the following sum

n_o.T
Z/ v; (s, w)dBj(s,w)
j=i 7%

Definition 1.1.14. Under the same notations as the previous definition, Wy (S, T)

denotes the class of processes

Ul,n dBl

Un,n B,

f:[0,4+00) — R
satisfying the conditions (i), (i)’ and condition
T
(iii) P| [f(s,w)?ds < +oo| =1
S
We also define Wy = (| Wy (0,T)

7>0

The Ito6 process is the basic example of solution of a stochastic differential equa-

tion and is the key element in the definition of the Bellman function.

Definition 1.1.15. Let B; be a m-dimensional Brownian motion on (92,.%, P). A
It6 process (or stochastic integral) is a stochastic process {X;}i>0 on (92, .#, P) of

the form . .
X = Xo +/ u(s,w)ds +/ v(s,w)dBs (1.10)
0 0

here the coefficients
w:[0,4+00) Xx Q@ — R™;  v:[0,400) x Q — R™™

have good properties to guarantee that the object (1.10) is well defined, i.e. v € Wy,
so that

t
P / v(s,w)?ds < +oo for all t > O] =1
0

We also assume that u is Hs-adapted and

Tt
P / |u(s,w)|ds < 400 for all t > O] =1
LJO

If {X};}+>0 is a Ito process of the form (1.10)), the equation (1.10) can be denoted by
the differential expression

dXt = udt + ’UdBt
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The It6 diffusion is an example of Itd6 process where the coefficients of the as-
sociated stochastic differential equation don’t depend on the time variable. This
processes are very important for the proofs in this work because for a process of this

kind the Markov property holds.

Definition 1.1.16 (It6 diffusion). A (time-homogeneous) It6 diffusion is a stochas-

tic process
X : [0, +oo[xQ — R"

(t,w) — Xy(w)

satisfying a stochastic differential equation of the form
dX; =b(Xy)dt +o(X)dBy, t>s; Xs==x (1.11)
where {B;}+>0 is a m-dimensional Brownian motion and the coefficients
b:R* — R o:R" — R™™
satisfy the conditions in Theorem , which in this case simplify to
|b(x) —b(y)| + |o(z) —o(y)| < D|xz —y| for some D € R, Va,y € R"

We denote the unique solution of (1.11) by X; = X;""; ¢ > s. If s = 0 we write X7
for Xto’s.

We need a notation to denote the expected value of a Ito diffusion {X;}er at

the time ¢ for the theorems about It6 diffusions, like the Markov property.

Definition 1.1.17. Given a It6 diffusion {X;}>0 = {X} }+>0, for y € R™, over the
probability space (€2,.%, P), solution of the equation

dXt = b(Xt)dt + O'(Xt)dBt; X() =Y

we denote with M, the o-algebra (of subsets of 2) generated by the collection of
random variables
{w— X (w)|t>0, yeR"}

For each x € R™ we define a measure )% over the members of M, by
Qx[th S El,...,th S Ek] = P[Xtrl S Ely-'-,XtJ; S Ek]

where F; C R"™ are Borel sets; k € N.

Q" are the probability laws of {X;}i>o for z € R™. Q¥ gives the distribution of
{Xi}+>0 assuming that Xy = .

We denote by E*[X;] the "expected value of X; with respect to the measure Q*”,
i.e. the expected value the random variable w — X (w) with respect to the measure
P, similarly we denote by E*[X; | 4] the conditional expectation of w — X (w)

with respect to the measure P given a g-algebra ¥4 C M.

The infinitesimal generator is a key element to connect the theory of stochas-
tic analysis with the theory of differential problems, allowing for example to solve

problems like Dirichlet’s problem using the tools from stochastic analysis.
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Definition 1.1.18. Let X = {X;};>0 be an It diffusion in R". We denote by
Da(z) the set of functions f : R™ — R such that it exists the limit

i B (X))~ f(a)
[A) t

(1.12)

We define the infinitesimal generator of {X;};>0 in x as the operator
A:D A (.CI}) —R

_ iy B (X)) = f(2)
Af(z) = ltlg]l "

We denote by D 4 the set of functions for which the limit ((1.12)) exists for all z € R™.

The exit time of a process { X }+cs from a Borel set U is one of the most important
examples of exit times, and it is used in important theorems about solving differential

problems like the Dirichlet problem using the theory of stochastic analysis.

Definition 1.1.19. Let U € R" be a Borel set, let X = {X;};>0 be a It diffusion
X (Q, %, P)— (R, B(R")), t>0
We define the exit time for X from the set U as
T, : Q@ —R
ry (W) = inf{t > 0| X(w) & U}

The definition of regular point of the boundary of a domain D is a very important
definition in the theory about the Dirichlet problem, and there is the analogous

version for the theory about stochastic resolution of Dirichlet problems.

Definition 1.1.20. Under the same hypotheses as the previous definition, the point
y € JU is called regular for X if

Otherwise the point y is called irregular.
The boundary set QU is called regular for X if all the points y € 9D are regular for
X.

The Dirichlet-Poisson problem is used to prove the important theorem about the

Bellman function being the solution of the HJB equation.

Definition 1.1.21. Let D C R" be a domain, let L denote a semi-elliptic partial
differential operator on C2?(R™) of the form

- 9 - 92
L= Zbl(x)% * Z i () O0z;0x;
i=1 tog=1 v

17]:
where the functions b; and a; j = a;; are continuous functions.
Let ¢ € C(0D) and g € C(D) be given functions. A function w € C%(D) is called a

solution of the Dirichlet-Poisson problem (over D, associated to L, ¢, g) if
(I) Lw=—g inD

(II) limw(z) = ¢(y) for all y € 9D

I*)y
zeD
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1.2 Theorems

The proofs of these theorems can be found in [3] from @ksendal, in chapters
1,2,3,4,5,7 and 9. We will enunciate the theorems needed for the construction of the

Bellman function and to prove the theorem about the HJB equation.

Kolmogorov’s extension theorem is one of the fondamental results in the theory
of stochastic processes, and it allows to prove the existence of stochastic processes

having given finite-dimensional distributions, like the Brownian motion.

Theorem 1.2.1 (Kolmogorov’s extension theorem). Let T' be a set of times. For
allk € N, t1,...,t, € T, let vy, . 4, be probability measures on R"™ such that, for
all Fy, ..., Fy Borel subsets of R"

Vto(l)v---ato(k)(Fl X X Fk‘) = th,...,tk (Fg-*l(l) X oo X Fo.fl(k/.))

for all permutations o on {1,2,...,k} and
th,...,tk(Fl X - X Fk) = thv"'utkvtk+l(F1 X - X Fk X Rn>

Then there exists a complete probability space (2, %, P) and a stochastic process

{Xt}ter
X (Q, %, P) — (R", B(R"))

such that
th,...,tk(Fla X,Fk) = P[th S Fl, . ,th S Fk]

forallt; € T, k € N, and for all F; Borel subsets of R™.

Kolmogorov’s continuity theorem is another fondamental result in the theory
of stochastic processes, and it is used to prove that the Brownian motion can be

considered a continuous process.

Theorem 1.2.2 (Kolmogorov’s continuity theorem). Let X = {X;}+>0 be a stochas-

tic process such that for all T > 0 there exist positive constants «, B, D such that
E[|X; — X< D-|t—s|'"?;, for0<st<T (1.13)
Then there exists a continuous version of X.

The It6 isometry is one of the most important results in the theory of stochastic
differential equations and it’s one of the key elements used in the construction of
the It6 integral. The It isometry for elementary functions is used to define the Ito
integral, and then using the It6 integral we can extend the It6 isometry to all the

It6 integrable processes.

Lemma 1.2.3 (It6 isometry for elementary functions). Let (2, %, P) be a probability
space. If
¢ :[0,400) x Q2 — R"

B(t,w) =D ej(w) - Xt t;41) (t)

J
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1s a bounded elementary function, then

where

E{(/g%(t,@d&(@ﬂ :E[/STgb(t,w)Zdt] (1.14)

T
/S ot w)dBi(w) = 3 ;@) [Byy., — By]()

Jj=0

This Lemma proves the three statements needed in the construction of the It6

integr

al.

Lemma 1.2.4. The following three statements hold true:

1.

Theo

Let g € V be a bounded and such that t — g(t,w) is continuous for each w € ).

Then there exist a sequence of elementary functions ¢, € V such that
T
E[/ (g—qbn)th] —0 forn— 400
S

Let h € V be bounded. Then there exist a sequence of bounded functions g, € V

such that t — g, (t,w) is continuous for all w € Q and for all n, and

E[/T(h—gn)Zdt} —0 forn — 400
S

Let f € V. Then there exist a sequence of functions h, € V such that h,, is

bounded for each n and
T
E[/ (f—hn)th] —0 forn — 400
S

rem 1.2.5 (It isometry).

E[(/ST f(t,w)dBt(w)>2] = E[/ST f(t,w)zdt} forall f €V(S,T)  (1.15)

The following theorem allows us to prove the existence and uniqueness of so-

lutions for stochastic differential equations, which is needed to guarantee that the

Bellman function is well defined.

Theo

ferent

rem 1.2.6 (Existence and uniqueness theorem for solutions of stochastic dif-
ial equations). Given T > 0, let

b:[0,7] x R" — R"

o:[0,T] x R" — R™™

be measurable functions. Suppose that it exists a constant C' > 0 such that

b(t,2)| + [o(t,2)] < C(1+ Jal); Vo € R™, Ve € [0,T]

Suppose that it exists a constant D > 0 such that

|b(t,z) — b(t,y)| + |o(t,x) —o(t,y)| < D|x —y|; Vz,y € R", Vit € [0,T]
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Let { Bt}+>0 be a m-dimensional Brownian motion, let Z be a random variable wich

1s independent of the o-algebra fé?)

{Bs(:) | s > 0}, and such that

generated by the collection of random variables

E[|Z]?] < 400

Then the stochastic differential equation
dXt = b(t,Xt)dt + O'(t,Xt)dBt, 0 S t S T, XO =7 (116)
has a unique t-continuous solution {X;}o<i<T with the property that:

1. {Xi}o<i<r is adapted to the filtration {FZ }o<i<T, where F¥ is the o-algebra
generated by the collection of random variables {Z, Bs(-) | 0 < s < t}.

T
E[/ |Xt|2dt] < +o0
0

The strong Markov property is the most important result for the theory of the
Bellman functions and it allows to prove important propositions like the Bellman
principle and the theorem about the HJB equation. The Markov property basically
states that what happens to an It6 diffusion {X;};cs after a time ¢ only depends on
X; and doesn’t depend on X for s < t.

Theorem 1.2.7 (The strong Markov property for It6 diffusions). Let {X;}¢>0 be
a Ité diffusion in R". Let f be a bounded Borel function f : R"™ — R, let {B:}+>0
be a m-dimensional Brownian motion, let T be a stopping time with respect to the

o-algebra ft(m) generated by {Bt}t>0, suppose T < +0o almost surely. Then
E*[f(Xrin) | FM] = EX[f(Xn)] YA >0

The following theorem is very important for the work and for the general theory.

It characterizes the infinitesimal generator of an It diffusion

Theorem 1.2.8. Let X; be the Ito diffusion
dXt = b(Xt)dt + O'(Xt)dBt

If f € C3(R") then f € D4 and
82
Af(z) = Z 6;101 3 Z 8:5 8ij (1.17)
irj

The following lemma is used to prove Dynkin’s formula, a result which is a very
important result to understand the evolution of the composition between a smooth

function and a stochastic process.

Lemma 1.2.9. Let {X;}i>0 = { X[ }i>0 be an Ité diffusion in R™ of the form

Xp@ =o+ [uspts+ [ o(s.0)iB )

where {B}i>o is a m-dimentional Brownian motion. Let f € C3(R™), let T be a

stopping time with respect to the filtration {.T-'t(m)}, and assume that E*[T] < 400.
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Assume that u(t,w) and v(t,w) are bounded on the set of (t,w) such that X (t,w)
belongs to the support of f.Then

T

Bl = o)+ 5 | [ (o g (X S st 52 106 o]
S

]

Theorem 1.2.10 (Dynkin’s formula). Under the same assumptions of Lemma

it follows that

E*f(X,)] = f(x) + B* [ I Af(Xs)dw] (1.18)

0

The following lemma is used in the proof of the theorem about the HJB equation
and it allows to calculate the time shift of a process stopped on an exit time from a

Borel set.

Lemma 1.2.11. Let H C R" be measurable, let X = {X;}i>0 be a Ité diffusion in
Rn
Xt : (Qvgvp) — (an'%(Rn))

Let 7, be the first exit time from H for X. Let o be another stopping time, g be a

bounded continuous function on R™. Let 0; be the shift operator
Qt H— H
defined by, given v = g1(Xy,) ... gx(Xy,), the expression

O = g1( Xty 1) - - gr( Xty 1t)

extended over all functions in H by taking limits of sums of such functions.

Consider
n=9(Xr,) X{r, <+oo}
To(w) =inf{t > a | Xy(w) ¢ H}, we
then
0an - X{a<too} = 9(X7a) - X{ro <o)
where

(Oan)(s,w) = n(s + a,w)

The Dirichlet-Poisson problem is used in the theorem about the HJB equation
to prove that the Bellman function is solution of the HJB equation with boundary

values equal to the value of the bequest function.

Theorem 1.2.12. Let D C R"™ be a domain. Let X = {X;}i>0 be a Ité diffusion in
R™. Let A be the infinitesimal generator of X. Let Q% be the probability law of X
starting at Xo = x, for x € R™. Let 7, be the stopping time

7:0—1R

T(w) = inf{t > 0 | X¢(w) € D}
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Suppose that 7, < 400 almost surely with respect to Q* for all x € D. Let ¢ €

C(0D) be bounded and let g € C(D) satisfy
™D
E’”[/ |g(Xs)\ds} <400 forallxz € D
0

Define T
wle) = 0, |+ 7| [ g(xpas|. wep

Then the following two statements hold true

a)
Aw=—g in D
and

lim w(Xt) = ¢(X7,)

thr D

almost surely with respect to QF, for all x € D

b) If there exists a function wy € C?(D) and a constant C such that

|wi(x)| < C(l +E$[/OTD Ig(Xs)dsD, x €D

and wy satisfies (1.21) and (1.22), then wi = w.

(1.19)

(1.20)

(1.21)

(1.22)

(1.23)



Chapter 2

Bellman functions in stochastic

control

2.1 Bellman functions
Let {X¢}+>0 be an It6 process described by the stochastic differential equation
dXy = dX} = b(t, X¢, up)dt + o(t, X, ur)dBy (2.1)
where X;(w) € R™, and the coefficients b and o are
b:RxR"xU—=R", o:RxR"xU—R"™"

and B; is an m-dimensional Brownian motion. Let. Here U is a given Borel set
U C R* and {u}s>0 is the control, i.e. a stochastic process whose values are
ut(w) € U that is adapted to the o-algebra ]:t(m), ie. for all ¢ > 0 the random
variable u; is measurable with respect to the o-algebra .F,f(m).

Let {X};"}1>5 the solution of (2.1)) such that X3 =z, i.c.

h h
Xt =x +/ b(r, X", u,)dr +/ o(r, X% u,)dB,; h>s (2.2)
S S
Let the probability law of X; starting at x for ¢t = s be denoted by Q*7, i.e.
Qs,x[th € Fy,... ,th S Fk] = P[X:l’x € Fi,... 7thk,a: S Fk] (23)

for all s < t;, F; measurable subset of R™; forall 1 <i <k, k=1,2,...

Let F and K be two continuos functions
F:RxR"xU—R, K:RxR"—R

here F' is the "utility rate” function, and K is the "bequest” function.
Let G be a fixed domain in R x R” and let 7 be the first exit time after s from G

for the process {X;""},>s, i.e.
T = T*%(w) = inf{r > s | (r, X3*(w)) € G} < 400 (2.4)

23
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Let F*“(r,z) = F(r,z,u). Suppose that

T
B | [ 1 0 X0l 4+ KX)oy | < 00 Trall sz (29
S

We define the performance function J*(s,z) by

J(s,x) = E>* [ / ' F* (r, X, )dr + K(T, X5) - X7y o0y (2.6)
s
In order to get a simpler notation we define
Vi=(s+t,X55) e R fort >0, Y = (s,2) (2.7)
and we substitute Y; in to get the equation
dYy = dY" = b(Yiug)dt 4+ o (Y, u)dBy (2.8)

We denote by Q%% = Q¥ the probability of Y; starting at y = (s,x) for ¢ = 0.
We observe that

T T—s T
/ F*r(r, X, )dr = / F“S“<S+t’Xs+t>dt:/ G
S 0 s

where

T:=inf{t>0]Y,¢G}=T—s (2.9)

We also observe that

K(T,X7) = K(Yz

7_s) = K(Y7)

so the performance function may be written in terms of Y as follows, with y=(s,x),
T
7t = B[ [P+ KV xircio (2.10)
here u; is a time shift of the u; in .
Definition 2.1.1. Given a Borel set U C R*!, given two continuous functions
F:RxR"xU—R, K:RxR"—R
and given the stochastic differential equation
dX; = dXy = b(t, X, up)dt + o(t, Xy, uy)dBy
associated to the coefficients
b:RxR"xU —=R", o:RxR"xU—R"™"

we denote with Bellman function associated to the equation ({2.1f), to the functions

F and K, over a set of admissible controls C, a function

B:U—R

B(y)= sup J"(y)

{ut}>0€C
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here J" is the performance function defined in , and the supremum is taken
over the set C of admissible controls. Here C is a set of controls {u;}:>o that are
F,f(m)—adapted, whose values are w;(w) € U.

If a control {u} }+>0 such that

Bly)= sup Jy)=J"(y)
{ut}+>0€C

exists then {uj}+>¢ is called optimal control.

We may take into consideration different types of control functions. The set of
control functions that we will look into is the set of Markov controls, which is the

set C defined by the set of the processes

C:= {u(t,w) = ug(t, X¢(w)) | for up : R"™ = U, g measurable} (2.11)

2.2 The Hamilton-Jacobi-Bellman Equation

According to the definitions in the previous section, we consider the set C of

Markov controls
u(t,w) = up(t, X¢(w))
defined in (2.11)), and, after introducing Y; = (s + ¢, Xs4¢) as explained in , the

system equation becomes
dY; = b(Ys, uo(Yz))dt + o (Y, uo(Y:))d By (2.12)

For every v € U and f € C3(R x R") we define the operator

62
(LF)(y) +Zb yov +Zam y.0) 50 (;f (1), VyeRxR
3,j=1

(2.13)

here a; ; = %(JUT)M, y = (s,z) and = (21,...,2,). Then, by Theorem (1.2.8),
for each choice of the function ug (that defines the control u), the solution Y; = Y;*

is an It6 diffusion with infinitesimal generator A given by

(Af)(y) = (LW f)(y) for fe CFRXR"), ye G

For every v € U define F¥(y) = F(y,v). The first fondamental result in stochastic

control theory is the following:

Theorem 2.2.1 (The Hamilton-Jacobi-Bellman (HJB) equation (I)). Under the

notations of the previous section, consider the Bellman function
B(y) = sup{J“(y) | u = uo(Y) Markov control }
Suppose that B satisfies
B [13( )\+/Oa|Lv8(n)|dt] < 400

for all bounded stopping times a < T, for ally € G and for all v € U. Suppose that
the stopping time T is T' < +00 almost surely with respect to QY for ally € G, and
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suppose that a optimal Markov control u* = uj(Y') exists. Suppose OG is regular for
Y*'. Then

sgg{F“(y) + (L’B)(y)} =0 foralyeG (2.14)

and
B(y) = K(y) forally € 0G (2.15)

The supremum in is obtained if v = uf(y), where u* = ui(Y:) is an optimal

control. In other words
F(y,uj(y)) + (LW B)(y) =0 for ally € G (2.16)

Proof. We will begin the proof by proving the statements (2.15)) and (2.16]). Since

u* is optimal we have

. T
Bly) = I (y) = BV [ [ E s + (v

If y € OG then T = 0 almost surely with respect to QY (since JG is regular) and
follows. By Theorem the solution of the Dirichlet-Poisson problem
we get

(L (y)B)(y) = —F(y,u"(y)) forallyeG

which is (2.16)). Now we will prove (2.14)).
Choose U open, y = (s,z) € U, U CC G. Define

Ta
nz/o g(Yy)ds

and 7 = 7.
Now, since the stopping time 7' is actually the exit time 7, apply Lemma (|1.2.11])
to n to get

o = [ g(x.)ds (2.17)

almost surely with respect to Q¥ because T' < 400 almost surely with respect to Q¥
for hypothesis.
Fix y = (s,x) € G and choose a Markov control u = uy(Y). Let o < T be a stopping

time. Since

T
7 =] [P Kk

we get by the strong Markov property, combined with Lemma (1.2.11)), that

EY[JU(Y,)] =EY :EY“ [/OT F*(Y,)dr + K(YT)] -

_E :Ey [9a< /0 TF“(YT)errK(YT)) ‘fa” -

7] -

—wv] [* e+ s - [ e ar] =

_pv| v [ /a ! F(Y,)dr + K(Yr)

«

—rw) -2 [

0 F“m)dr]
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So we get
T(y) = BV [ / F“m)dr] T EI(Y)] (2.18)

Now let W C @ be of the form W = {(r,z) € G |r < t;}, where s < t;. Put
a=inf{t > 0| Y; ¢ W}. Suppose an optimal control u*(y) = u*(r, z) exists and
choose
v if (r,z) e W
u(r,z) =
w*(r,2)if (r,z) ¢ W

where v € U is chosen arbitrarily. Then

B(Yo) = J* (Ya) = J*(Ya) (2.19)
So, by combining and we get
5) = 1) = 5| [ P + o) (220)
0

Since B € C?(G) we get by Dynkin’s formula
BB =80+ 2| [ @B war]
which substituted in gives
5) > 2| [P + 5w+ 2| [wesmar]
that is equivalent to
EY [/OQ(F”(YT) + (L”B)(Y}))dr] <0 for all such W

So, by letting ¢; | s we obtain, since F(-) and (L"B)(:) are continuous at y, that
F'(y) + (L'B)(y) < 0, which combined with (2.16) gives (2.14)). O

Theorem 2.2.2 (A converse of the HJB equation (I)). Let ¢ be a function in
C%*(G) N C(G) such that, for all v € U,

Fo(y)+ (L) (y) <0; yeG (2.21)
with boundary values
th_{f%, oY) = K(Y7) - X{T<+00} (2.22)

almost surely with respect to QY and such that
{o(Y:)}r<r}  is uniformly QY-integrable (2.23)
for all Markov controls uw and all y € G. Then
o(y) > J%(y) for all Markov controls u and all y € G. (2.24)
Moreover, if for each y € G we have found uj(y) such that
F%W (y) + (L%We)(y) =0 (2.25)
then ug = uj(Y') is a Markov control such that

o(y) = J*(y)

and hence ug must be a optimal control and ¢(y) = B(y).
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Proof. Let ¢ € C%(G) N C(G) such that it satisfies (2.21) and (2.22). Let u be a
Markov control. Since L*¢ < —F" in G we have by Dynkin’s formula

EY[(Tr,)] =(y) + B [ /0 TR(Lw)(mdr]

< oy) — B [ /0 " F“(Yr)dr}

where

Tr = min{R, T, inf{t > 0 | |Y;| > R}} (2.26)

for all R < +o0. This gives, by (2.1)), (2.21)) and (2.22)

Tr

o) = 2| [ P+ o)

0
Tr

— EY [ F“(Y,)dr + K(Yr) - X{T<+oo}:| = J"(y)

0

as R — 400, which proves (2.24)). If ug is such that (2.24) holds, then the calcula-

tions above give equality, completing the proof. ]

The last result that we are going to mention is that, under suitable conditions
on b, 0, F,0G and assuming that the set of control values is compact, it is possible

to show that is exists a smooth function ¢ such that
sup{F"*(y) + (L'¢)(y)} =0 foryeC

and

o(y) = K(y) ye€IG

Moreover, by a measurable selection theorem one can find a measurable function ug
that defines a Markov control v} (w) = ug(X;(w)) such that

Pl (y) + (LW 9)(y) = 0

for almost all y € G with respect to Lebesgue measure in R”*!, and that the solution
X; = X}* exists. For details see @ksendal [3, pg. 241].

Moreover, it is always possible to get as good as a performance with Markov con-
trols as with arbitrary }"t(m)—adapted controls as long as some extra conditions are

satisfied, as stated in the next theorem.

Theorem 2.2.3. Let
D (y) = sup{J“(y) | u=uo(Y) Markov control}

and
D, (y) =sup{J“(y) | u = u(t,w) ft(m)—adapted control}

Suppose there exists an optimal Markov control u* = uy(Y') for the Markov control
problem

Ppr(y) =J"(y) forallyeG
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such that all the boundary points of G are regular with respect to Y** and that ®yy
is a function in C*(G) N C(Q) satisfying

B | foa vl + [ 1L rilar] < +oc
0
for all bounded stopping times o« < T, all adapted controls u and all y € G. Then

O(M)(y) = Paly) foralyeG

For the proof of this theorem see Pksendal [3, pg. 232-233].
So we will use both the general ]-"t(m)—adapted controls and the Markov controls to

solve the problems in the next chapter.



30 CHAPTER 2. BELLMAN FUNCTIONS IN STOCHASTIC CONTROL



Chapter 3
Bellman function’s method

We will state again the Bellman function problem in this chapter to adapt it to a
simpler case (where there are no restriction over the time values) and we will use an
example to illustrate the Bellman function’s method to prove theorems over dyadic

trees.

3.1 Bellman equation for stochastic optimal control

3.1.1 Bellman function

Let X = {X;}+>0 be a stochastic process in R? satisfying the following integral

equation

¢ ¢
Xy ==x +/ o(as, Xg)dWs +/ b(as, Xs)ds (3.1)
0 0

where z € R? is the starting point, ¢ € [0,+oc[ is the time, W = {W;}t>0 is a

di-dimensional Brownian motion
Wy : (Q,F) — (R, B(RM))
a = {at}+>0 is a d-dimentional stochastic process
ar: (Q,.F) = (RY, Z(RY)

o is a measurable function that runs its values in the matrix space R% x R%

o: (RY x RY, B(RY x RY)) — (R? x R, B(R? x RY))
b is a measurable function that runs its values in the vector space R?

b: (R?x RY B(RY x RY)) — (R, B(RY))

The process «a is supposed to be a control of our choice. We denote by A C R the
set of admissible values, which is the set where the vector of control parameters «
is allowed to run. We denote by admissible control a control « such as as(w) € A
for all ¢t € [0, +o0], for all w € Q and such that «; is measurable with respect to
the o-algebra generated by the random variables x; for 0 < s < t. Since oy is

measurable with respect to the variables z¢ for 0 < s < ¢, we will also denote « by

31
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a = {a (X)) 0.
We also denote by profit density function associated to a a measurable function f

f:(AxRY BRY x RY)) — (R, B(R))
(a, x) — f(a,x) = fa(x)
and the bonus function as a measurable function F
F: (R, BRY) — (R, B(R))

Here f represents the density function of the profit gain over a trajectory, while F'
represents a bonus function that expresses the profit gain at retirement. Given a

trajectory
v:[0,4] — R?
s— X

we define the profit on the trajectory v as the random variable
t
Q35w / @)X, (w))ds € R (3.2)
0

here X is the stochastic process satisfying (1).
The goal of the problem is to choose the control a = {as(X[g)}t>0 to maximize

the average profit
“+o0o
v (2) = B / FX)dt+ lim E(F(X)) (3.3)
0 t——+o00

here v®(x) is the average profit gain over the random trajectory ¢ — X, starting
from the point z € RY.
We define the Bellman function for stochastic control as a function

v:R" — R

x — supv®(z)
«

here the supremum is taken over all admissible controls «.

3.1.2 Bellman’s principle and Bellman’s equation

A Bellman function satisfies an equation known as Bellman’s principle. The

Bellman’s principle states that

t
v(x) = sup E¥ {/ fe(Xs)ds + v(Xy) (3.4)
a 0
for each t > 0. Here the supremum is taken over all admissible control processes «.

Proof. To prove this let a be a Markov admissible control chosen arbitrarily. We have
mentioned that it is sufficient to choose Markov controls to get the same Bellman
function you would get by choosing any admissible control. Let ¢ > 0 be a fixed

time. We denote with X¥ where y € R? a stochastic process satisfying the equation

t t
XY=yt / o (s, XY)dW, + / (s, XV)ds
0 0
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Let .E(m) be the o-algebra generated by the variables {W | 0 < s < t}.

We will use a more precise notation to allow us to manage properly all the aleatory
variables in the following equations. We denote by E“ [g(w)] the expected value of
the aleatory variable w — g(w). For example, the thesis of the Bellman principle

can be rewritten (using this new notation) as

1Kx):sng“1Létf%(Xfwn»ds+wwk?ﬂ

The following equations prove the theorem:

o
vm—%{W1otmmwm4+£%ﬁﬂﬂwwmﬁ—

additivity of integrals on integral and expectation

—sup ([ [ o (xsonas)+

«

—+00

s——400

e | [ ez s] + tin B RO -

t

last addend isn’t aleatory
t
=sup {Ewl {/ fa(Xf(wl))ds] +
o 0
+oo
e | [ s+ lin B EC )] | -
t S oo

total probability formula
t
=sup {E"” [/ fa(Xf(wl))ds] +
o 0

+E“ [E“Q [/:OO FUXE(w))ds + lim B3 (F(X2(w3)))

S——+00

# ]} =

time shift change of variables
¢
=sup {E"“ [/ fa(Xf(wl))ds] +
o 0

+oo
+WﬂW{/ FXE (w2))ds + lim B (F(XE, ()
0

S——+00

)

Now we apply the strong Markov property (we are allowed to use it because the

control « is a Markov control, so the process XV is an Ito diffusion) so we get

1wb%4wﬁfﬁﬁmwﬂHW@ﬂAmﬁdﬁmwm4+

4 lim E<s(F(XXF (“”)(ws)))n

s$—+400

Here the notation used for the process X = {Xngc(wl)}szg means that X is the

process solution of the equation

Xs—y“‘/ U(BraXr)dWr“‘/ b(Ber)dT
0 0
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where we set y = X7 (w1)

We observe that technically speaking the process {XSX f(wl)} s>0 depends on a time
shifted version of the control a.

Now it is possible to choose controls such that they optimize independently the supre-
mum of the last two addends (conditioned to the aleatory starting point X[ (w1))

and the supremum of the first addend (see Krylov [4]) and we get

() =suw {E [ / t f%Xﬁ(m))ds] R [s%p {E [ / " PRI ()| +

+ tim B FCET @} ]

s—+00

Now we observe that the second expectation value is exactly the definition of the

Bellman function of aleatory starting point X7 (w1).

(X (w1)) = Stﬁlpvﬂ(Xf(M))

So the expression that we get is

o) =sup {2 [ ozt + B o]}

Which is exactly the Bellman principle. ]

We recall from Chapter 2 that the Bellman function v is solution of the Hamilton-
Jacobi-Bellman equation. Given the operator
. 0 1 02
— ) -~ hl Ty, . d
L%z) = ;bl(az,a) 7o, (z) +i;1 5(00")i (. a) i, (z), VzeR? (3.5)
then by Theorem (1.2.8]), as long as we assume that « is a Markov control a(t,w) =
ap(X¢(w)), then the process {X;}+>0 is an It6 diffusion with infinitesimal generator

given by the operator
A(z) = L@ (z)

so we can use Theorem (2.2.1)), with notations adapted for this specific case, to prove
that the equation ([2.14]) holds, which means that

sup{f*(z) + (L*v)(x)} =0 for all z € R" (3.6)
acA
For the applications to the Harmonic Analysis we will be interested in supersolutions
of the HJB equation (3.6)), i.e. functions V' that sastify the inequality

sup[L*(x)V (z) + f*(z)] <0 (3.7)
acA
Observation 3.1.1. If the bequest function F' is identically equal to 0 and the profit
density f is non negative, then the Bellman function v is trivially non negative.

Moreover, a function V : R¢ — R such that V' > 0 and such that it has continuous
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derivatives up to the second order and such that V satisfies the inequality (3.7)

majorates v, where v is the Bellman function associated to the problem, i.e.

V(z) >v(x) = sup v*(x)

B {at}i>o0
Proof. To prove this result all we need to do is to apply Dynkin’s formula (1.18]) to
the function V' and the process {X;}+>0 and to a deterministic time ¢, so we get
t
V(z) = E[V(X)] - E° / (L% (X,)V)(Xs)ds
0

The inequality (3.7) implies that —L%(x)V (z) > f*(z), and V > 0 so we get

V(z) > E° /O 9 (X,)ds

So by taking the limit for ¢ — +o00 and the supremum over all controls o we get

+0o0
V(z) > Sl;p Ew/o f*(Xg)ds = v(x)

3.2 An example of the Bellman function’s method

3.2.1 A, weights and their associated Carleson measures

We will now take into consideration a theorem about an inequality over a dyadic
tree as an example of a theorem that can be proved using the Bellman’s function
method. This theorem comes from complex analysis and it’s useful to study the
characterization of Carleson measures in Hardy spaces. Details about these topics

can be found in [5].

Definition 3.2.1. A function
w:R— R

is called an A, weight (we will write w € A) if
W)y <cpelloewls vjeD (3.8)

where

1
= l f(@)da

The Bellman function’s method allows us to prove the following theorem

Theorem 3.2.1. Let w € A. Then

w — (W 2
‘}’ (W) | < e VIED (3.9)

where ca 1S a real constant depending only on c1 in (@
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3.2.2 The Bellman function method

In order to prove the theorem we will start by showing a way to approach the
problem with ”common sense” and gather information about the Bellman function
needed to solve this problem.

We need to find a domain D C R" for some appropriate n € N, a map
O (w,I)— (x1,22,...,25) €D

where w € Ay and I € D are the variables in the problem (3.2.1)), and a function
(which will be a supersolution of the bellman equation, or eventually it could even

be the Bellman function associated with this problem)
g:D—R (3.10)

such that g satisfies a property that allows us to prove the thesis of the theorem [3.2.1
when we compute g(®(w, I)). This property will usually be satisfying an inequality,
which will be named principal inequality.

For this problem we observe that the inequality is rescaling invariant, so the
function g computed in ®(w, I') will not depend on the choice of the interval I.

We also observe that, for all w € Ay, the inequality and the A,, condition
depend on (w); and (logw) s for J € D and on |I].

Based on these observation, we assume that the map ®(w, I') will only need to keep

track of (w)s, (logw); and |I]. So we define
D (w, 1) — (u,w,|I]) := (Qogw)z, (W), |I]) € R? (3.11)

Now that we found a candidate for the map ®, we can use a simple approach to find
a candidate for the Bellman function g.
We will now define an ”ausiliary” function B : D — R with a standard procedure
that will allow us to find the main inequality associated to the problem. Since we
have to prove the inequality , we will take into consideration the function B
defined as the supremum of the possible values that the left hand side of the thesis
, so in order to prove the thesis it will be sufficient to prove that the function
B is bounded.
We define

B:D—R

w — (W 2
<< >"+<w>j >J‘> 7] (3.12)

here the supremum is taken over all the A, weights w such that (logw); = u and
(w)r =w.
We define this function over the domain D C R x RT x RT defined by

1
B(u, w,|I|) = B;(u,w) := sup H 3
@ et

D = {®(w,I) = ((logw)r, (W1, |I]) € R® |w € A, I € D}

We observe that the function B does not depend on the third variable because, if we
consider two intervals I7, I € D, then for all u,v € R x RT and for each function

w1 € Ao such that (logwi)r, = u, (wi), = w then it exists a function wy € Ay
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such that (logwa)s, = u, (w2), = w obtained by rescaling the function wy ;, over

the interval I3, so we will actually treat the function B as a function of two variables

and we will just write

d: A xD— DCR?

O(w, ) = (u,w) := ({logw)r, (w)r)

where D is the domain

D = {(u,w) € Rx RT | 3w € A, 3I € D such that (logw;); =u, (wi1); = w}

and

B:D—1R

B(u,v) =sup ;(L)ﬂﬂ

here the supremum is taken over all w € Ay and I € D such that (logwi)r = u,
<w1>1 = w.

Now, in order to properly approach this problem and find a function g with a usable

expression as mentioned earlier, we will first study the properties of the domain D

and the properties of B.

1. It is important to understand how big the domain is. We observe that, for

all w, the condition w € Ay tells us that (w); < ¢ ellog @) hut the domain
D is defined as the set of points (u,w) such that it exists w € A such that
(logwi)r, = u, {(w1)1, = w, so this entails that w < ¢; e*. Moreover, we recall
that the logarithmic function is concave, so by Jensen’s inequality we get that
(logw); < log(w)y, which means e8¢} < (W)}, so we get e < w.

We have proved that D C {(u,w) € R x R" | e¥ < w < ¢1 €¥}. It is possible
to prove that D = {(u,w) € R x RT | e* < w < ¢q €”}, but it’s not necessary
to find out the exact minimal domain of the function B as long as we can find

a function g : D — R with a good expression that satisfies the main inequality.

It is important to understand the boundaries of the function B. We observe
that

B(u,v) = = sup |JZU(<>>2|J|20

because it is the supremum of a collection of non negative values. On the other
hand, in order to prove the thesys , since we defined the function B as the
supremum of the left hand side of the thesis, it is necessary that B(u,v) < ca.
So we proved that, in order to prove the theorem, our function g must be such
that 0 < g(u,w) < ¢ for all (u,w) € D.

The function B satisfies a main inequality. To find this inequality the proce-
dure is to take into consideration (u,w) € D, w € Ay and I € D such that
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(logw)r = u, (w);r = w. We also define
1
wy = (W), = |I+\/ w_—(w>[—u_‘/u(:c)dx
uy = (logw)r, |I+|/logu u_ = (logw)s_ |I |/logu

We observe that it follows from these definitions that

w=—[wy +w_], u=-[uy+u_]

3l 3l

Now we take into consideration the following sum

w = %(LY‘J‘

we write this sum as

st =g (525 ) 1 J; () e
WEISE TR @J;+<<W>J+<w><w> e
s 5 ()

Now we take the supremum of S(w, I') over all the possible w € Ao, and I € D
taken into consideration and, using the definition of B and the fact that it does

not depend on the choice of I, we get

sup S(w, I) = B(u,w) = sup S(w, I)

w,l w

so this entails that

Blu,w) > S(w, I) = <“’+_w‘>2 41 [S(W, 1)+ S(w,I.)

w 2

we notice that w and I are such that wy = (w);, and uy = (logw)y, , and on

the other hand w and I_ are such that w_ = (w); and u_ = (logw); . Since
we can define independently a function w over I and I_ such that wy = (w)y, ,
uy = (logw)r,, w— = (w)r_, u— = (logw);_ for all choices of w,ui,w_,u_,
such that
1 1
w= §[w+ tw-], u= §[U+ + u-]

we can consider the supremum over all possible w and get

Blu, w) > <w+_w‘>2 +

w

Wy —w 2
()

[Sgp[S(w,Lr)] + S(w, I_)] —

N = N

[B(u+, vi) + S(w, J_)}
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using the same argument over S(w, I_) we finally get the main inequality

2
—w_ 1
Bu, w) > (w+w“’> +3 [B(u+,v+) + B(u_,v_) (3.13)
for all choices of (u,w), (uy,w4), (u—,w_) € D such that

w = §[w+ +w_], u= §[u+ +u_]

The main inequality is the tool that allows us to solve the problem. Infact, given a
function g : D — R, 0 < g < ¢9, that satisfies the main inequality (3.13), i.e.

w — (W ?
<>I+<w>l<>1> + 1 [g(@(w,h-)) + g(P(w, I-))

2
we can compute for all w € Ay and for all I € D

@1 >

wyr, — W)\
<>I+<w>1<>1_> +% 1] - [g(®(w, 1)) + g(P(w, I_))]

We observe that £|I| = |I| = |I_| so we get that

1] g(@(w. 1)) = 1] (

<°">1+><>I> + Ly g(R(w, 14)) + T-] - g(B(w, 1))

gt 1) = 1] (2
(3.14)

so we compute the main inequality (3.13)) for g(¢(w, I})) and g(¢(w,I-)) and sub-
stitute it in (3.14)) and iterate the procedure an infinite amount of times and, using

the fact that
<<w>J+ _ <W>J7
(W)
and the fact that g > 0 it follows that

w — (W 2
NNCONOEDS (M’) ¥

JCI

2
) >0 VYJeD

so by using the fact that g < ¢y it follows that

(52) o

which is exactly the thesis (3.9 that we wanted to prove.

So in order to solve the problem all we need to do is to find a function

ey > g(®(w, T)) > Illl

g:D—R
defined over the domain
D = {(u,w) = ((logw)1, (w)1) = P(w,]) |w € Aso, I € D}

such that 0 < g < ¢ and such that it satisfies the inequality

g, w) > (“’*;“’)2 - [g<u+,v+> +glu,vo)
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for all (u,w), (u4,wy), (u—,w_) € D such that

1 1
w= §[w+ tw-], u= §[U+ +u_]

We also observed that D C {(u,w) € R? | e* < w < ¢1 €%}, so we will just try to
find a function g with the mentioned properties over the set {(u,w) € R? | e% < w <
c1 e"} (although we mentioned earlier that this step is necessary because it can be
proved that D = {(u,w) € R? | e* < w < ¢1 €%}, but we do not need to prove it as
long as we prove that D is a subset of the domain of definition of g).

Now it is time to find a candidate function ¢
g:D={(u,w) eR?* | " <w<c¢e"} — R

with the mentioned properties.

There is no formula to immediatly find a function g with such properties, so we have
to use our information about the function to make an educated guess. The domain
of the function can suggest us some natural guesses for the function g. It may be
interesting to see a wrong guess first. We observe that, since e* < w < ¢; e, then
the function

g:D—R
g1(u,w) = ¢lw — e"|

where ¢ € R is a constant, is such that, for (u,w) € D, it follows that 0 <
g1(u,w), however this function can’t be a good candidate because we also notice
that g1(u,w) < ¢(c; — 1)e*, moreover, as long as we choose w = ¢; €* — € for € > 0
a small real number, we get that ¢;(u,w) = ¢[(c; — 1)e* — €], so g1(u,v) can be ar-
bitrarily big as long as we chose a big enough wu, so it is not true that ¢;(u, w) < ca.
We can also observe that, from the definition of D, for all (u,w) € D it follows
that v < logw and logw < u + logca, so we can make another educated guess and

consider the function

gs D—R
g2(u, w) = ¢[log(w) — u| (3.15)

We observe that, for all (u,w) € D, then ga(u,w) = ¢[logw — u] > €u —u] =0
and g2(u,w) < ¢€[log(cr e*) —u] = € ¢;. So, after considering ca = ¢ c¢1, we get
0 < g2(u,w) < cg, which is the first property we needed. We will prove that g is
actually the function we are looking for with ¢ = 8, moreover we will also show with
a heuristic proof that it actually is the Bellman function associated to this problem.
Before doing that wee may get another hint that go could be the right guess by using
the (discrete) main inequality to get a continuous version of the inequality for

the Bellman function.

3.2.3 Continuous version of the main inequality

Let z = (u, w) be a point of the interior of the domain D, let a = (a1, as) € R? be
a fixed point such that the segment of points {(u+a1t,w+agt) € R? | -1 <t < 1}
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is a subset of the domain D. Let x4 = (v + a1, w + a2), x— = (u — a1, w — ag).
Consider the functions ¢, 1 defined by

o(t)=Bx+at); -1<t<1

2
P(t) = B(z) — ;(B(az—k at) + B(zx — at)) - (23}275) ;o —1<t<1
If the function B is C?-smooth then we get
- o(t) + o(=t) —2¢(0) _ 0*B(x
1 1
150 12 ]kzl 833381‘;C (3.16)

Since x, x4 and x_ are points of the domain D, then by the main inequality
we get that ¢(t) =0Vt € [-1,1].
So we may consider the inequality 1 (t)/t> > 0 and take the limit for ¢ — 0 and,
taking into account , we get

2
Oglim@ _ i | - Bz +at) + Bz —at) —2B(z)  (202t)\7) _
t—0 t2 t—0 242 wt
2

[ S0 200 (20)

t—0 2 2 w
_ Ly (22
- (=)

2
1 0?B(x) 209
T2 Z axjaxkajak B ()
j7k:1
So the inequality we got is
2 2
1 0?B(x) as
- 5 Z 8a:j8mkajak = 4<w> (317)

Since the inequality (3.17)) is homogeneous of degree 2, then it holds for all choices
of x,x4+,x_ in the domain D. This is the continuous version of the main inequality
(13-13]).

We observe now that, if we consider a controlled process {X;}+>o defined by

t
Xi=z +/ Qg dWs; Ts = ($S,17$S,2)7 Qg = (as,lv 01572)
0

where {W;}s>0 is a Brownian motion, then this process is solution of the equation
(3.1) where b(a,z) = 0 and o(a,x) = a. So, if we consider the profit density f and
the bequest function F' defined by

Then we can consider the Hamilton-Jacobi-Bellman equation associated to the Bell-

man function v defined by

o) = sup B [ /0 T (Xt)dt} (3.18)
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which is, by using (3.6)) and (3.5]), the equation

2 2
1 0%v(z) %)
{3 3 g+ 1(32) } - (219

so this proves that the function B is a supersolution of the HJB equation (3.19)).
By observation we know that, since the bequest function is F' = 0 and the profit
density is f%(z) = 4(aa/x2)? > 0, then it follows that B > v, moreover it follows
that any smooth function g that satisfies the main inequality majorates the
Bellman function v.

We mentioned earlier that the function go defined in is the function we are
looking for (with ¢ = 8). Another way to get a hint about this fact is to observe
that ga(u,w) = ¢[log(w) — u] is a solution of the HIJB equation when ¢ = 8.
Infact we compute the HJB equation for the function go and, for & = (aq,2) € A

and ¢ = 8, we get

0?2 92 U, w) a9 2
a La § . 41 —= =
f (uvw)+( — ax]a & Jak+ (w>
1[02 a 9%gs(u, 2
- g(??(ul;’ Ha + T e 1272 Do) +4(2) =
RIS as\?
_2[0 cw2a2+2‘0]+4<w> =

1 s\ 2 s\ 2
2 w w

So by taking the supremum over all « € A we get
2 2
1 9?9 (u, w) (D)
— ZZENT T s 41 —= = D
sup {2 E 1 D008 ajoy, + ” 0 V(u,w)e€
which means that go(u,w) = 8[logw — u| is a solution of the HJB equation (3.19).

3.2.4 Solution of the problem

We mentioned earlier that the function gs(u,w) = 8[logw — u] is the function
we are looking for in subsection 3.2.2, now we will prove it. We already proved that
0 < g2(u,w) < co where cog = 8- ¢1, so we only need to prove that g satisfies the

main inequality (3.13]), so we need to prove that

1

go(u, w) — 3 92(u+,v+)+92(u_,v_)] > <w+;w_>2

for all choices of (u,w), (uy,w4), (u—,w_) € D such that

1 1
“lwy+w_], u=fuy+u_]

w= 3] 2
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We denote (ut,w4) = (u+ a1, w+ o) and (u—,w_) = (u — a1, w — a2). Then

1

g2(u, w) — 5 {92(U+7w+) +gg(u,w)] =

1
=8 logw—u—Q(log(w+o¢2)—u—a1+log(w—a2)—u+a1) =

=8| logw — %log <(w—|—a2)(w - 0@))] _

==y (et s (1= (2)))] -
- (1=(3) )

Since we chose (u,w), (u4+,wy), (u—,w_) € D, then we have w — as > e > 0, so

we have 0 < (az/w)? < 1. Now it is easy to prove that, for all 0 < x < 1, then
log(1 — x) < —x, which is equivalent to —log(1 — ) > x, which means that, when

r = (ao/w)?, we get

1 2015\ 2
g2(u,w) = 5 [92(u+7w+) + 92(u—,w—)} > <w2)
which is exactly the main inequality
1 wy —w_\>
() = 3 i) + gl w)| = (115

This completes the proof of theorem [3.2.1] as we observed earlier in subsection 3.2.2.
To conclude this analysis over the problem we will show a heuristic proof of
the fact that the function go is actually the Bellman function.

To show this we will use discrete stochastic processes. Let us consider the process
{Ctnen = {>1_0 &k tnen, where & for k € N are independent random variables
taking values 1 and —1 with probabilities 1/2. This process is the discrete analogous
to the Brownian motion. We consider a control {oy}ren, ar = (g1, ar2) € R2.

We define a process
Xn+1 = Xn + anfna XO - ('LL,’LU) € RZ

This is the discrete version of the equation (3.1)), it can be interpreted as

n
Xn=X0+/ ag dCi
0

Whith this procedure it is possible to find a correspondence between A., weights
and processes X = {(uk,w)}ren controlled by o = {ay}ren. The way to get this
correspondence is by starting from the interval I and going down the dyadic tree to
its subintervals in the following way: at the time n we are on a subinterval J of length
27"|I| and the position is determined by the sequence of coin tosses &, i.e. we move
from a interval K to a interval K if & = 1, and we move to K_ if £ = —1. This
way for every w € Ay, we get that a process X,, = (up,wy,) is the vector of averages
over an appropriate interval J, starting from the initial state Xy = ({(logw)r, (w)r)

and it is controlled by a control o = {ay }ren defined by a,, = (X411 — Xn)/&n, ie.

ans = 3 (0B, — Gogs. ). ana = 3 ({6, — (o)
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This is the way to associate a weight w to a control a.
On the other hand if we have a process X = {Xj}ren defined by an initial state
(u,w) and a control a such that

lim e" = lim w,
n—-+o00 n—-+o0o

with probability 1, then this process defines a unique A, weight. The values of X

are vectors of averages

Xi = ((logw) s, (w).) = (uk, wg)

for a proper interval J determined by the sequence of the coin tosses. So we just

define

w= lim E wWyXxXJg
n—-+00
JCI

[J|=27"|1]

for every n € N the element of the succession

Z wyXJ

[J|=27""]1]

is an Ao, weight, so the limit of this succession will also satisfy the A, condition,
so w is the weight we were looking for.
Now, given € > 0, we will construct a control a (that corresponds to a weight w € A

based on the last argument) such that

B [+§4<0‘)] > (1 - gs(a) (320)

w
n=0 n

This will be enough to prove that go = v, where v is the Bellman function defined
in (3.18). This follows because

+o0

o(z) = supv®(z) = sup E* [ For (Xt)dt}

« 0

and, when we consider our case with a discrete set of times ¢ € N, the expression of
the payoff becomes
—+00
(o) = B 310 (%)
n=0

and since the profit density is

then, if (3.20]) holds, we get

400 2
Q2
> @ — % e > (1 —
o)z o) = 2| - a(22) | 2 (1 (o
n=0
for all € > 0, so v(x) > g2(x), but we already proved that v(z) < go(x) earlier at
the end of section 3.1, so this would mean that v = g5 completing the heuristic

argument.
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To construct this process a let us fix a line segment L = [A, B] in the domain D
such that = € L and the endpoints A and B are on the lower bound of the domain
{(u,w) | w = e"}. Our process will be a discrete random walk on the line L with
small steps. Let § > 0 be a fixed number we will choose later. Let [ be a unit vector
parallel to L. We define

oy, = min{J, dist(z,—1,{A4,B})} -1

this means that when we consider the process
n
X,=z+ / ag dCi
0

then X, 11 will be equal to X,, + 9 - [ if the n — th coin toss is heads (i.e. {, = 1), or
will be equal to X,, — d - if it is tails instead (&, = 1), unless X, is very close to the
boundary, in that case the point will either land on the boundary point (A or B)
or it will move on the other direction of the distance between X,, and the boundary
point. A consequence of this fact is that if the point X, lands on the boundary
points in {A, B} then the process will never move from there, and X,, = X, for all
m > n.

Using the properties of the random walk it is easy to see that all trajectories hit the
boundary with probability 1. So, applying Taylor’s formula and using the compact-

ness of L we can choose a small enough ¢ such that

a2

0(2) < ;<g2(x+a)+gg(x—a)> b (14e)-4. <>2 (3.21)

w

Now we iterate the inequality (3.21])) by computing the same inequality for go(x 4 «)
and go(z — a) and substitute it in the right hand side of (3.21)) and we repeat the
procedure N times, and then we compute the limit for N — +o0o. After iterating

the procedure N times we get

Nl 2n 0 N2 2N 0
n, i
<10 Y ( -2 ) > e (622
n=1 i=1 i=1
Where. given a process {Z,}, Zt(i) fort=1,2,..., M is a notation to enumerate the

M possible values of Z;.
Now we observe that, because each trajectory up to the time n has probability 1/2"

to happen for the definition of the process X,, = (uy, w,), then

on (@) \ 2 2
So() w-r(52)
i=1 wr, 2 Wn

oN

Z p(XY) = B [m(XN)]

Now we observe that

li E* X =
N—1>I—4r-loo |:92( N):| 0

because Xy € {4, B} almost surely for N — +o00 and g2(x) = 0 when = € {A, B}

and go is bounded in his domain, so it is bounded on the trajectories that don’t end
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on the boundary points {4, B}.
So we can compute the limit for N — 400 of (3.22) and we get

S a(22) ] 2 e 2 (- 90

n=0

which is exactly (3.20)), completing the heuristic argument.



Chapter 4

A new Bellman function on a

tree

In this chapter we will prove Hardy’s inequality using the Bellman’s function
method. Hardy’s inequality comes from harmonic analysis and it allows to char-
acterize Carleson measures for Besov spaces. For more details we suggest to check
[8] and [9] for a proof that Hardy’s inequality allows us to characterize Carleson

measures.

4.1 Bellman function on a tree

Let p e R, 1 < p < +00. We consider the function

fp

B(F,f,A,v):F—W

(4.1)

defined over the domain
D::{(F,f,Am)ER‘*}FZO, f>0,A>0,0v>0, v>A, fngvP—l}

This function is the function used in the article [I, pg. 3], in the general case p # 2.
Observation 4.1.1. The function B has the following properties:

1) B is a concave function defined over a convex domain

2) F>B(F, f,Av) >0
Proof. 1) We write the domain D as

D={v>A}nA
here A is the set
A={(F, f,Av)eR|F>0,f>0,0>0,f° < FvP!}

To prove that the domain is convex we just need to prove that it is a intersection of

convex sets.

47
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The set {v > A} is trivially convex because it is a half-plane. Since % + % =1 and

pp%l = %, the set A can be written as

A=8n0{f =0}
here {f > 0} is another half-plane (a convex set), while S is the set
S={(Ff,Av)eR F>00>0, f<Froi)
The set S is the subgraph of the function
h:Rf x Rx Rt — RY
(F, A,v) —s Frua

To prove that S is convex, all we need to do is to prove that & is a concave function
(since h is defined over a convex domain).
Since h does not depend on the variable A, we will treat it as a function over the

other two variables only:

h:Rf x RT — R}
(F,U)i—)F%’U%

We compute the Hessian matrix of the function h: for all F > 0, v > 0

oh 1 141 Oh 1 11
87(F7’U):§F11’ 1’UL11, %(F,U):gF;’U}Z !
82h(F ) 1—pFﬂ 1 0%h (F.v) 1F1 p g-1
_ = — P q _— = — P q
arz Y T T U v Y T gt T
0%h 1 1» 1 9?h l—q 1 1-2
aFav(F,v):p—qF Py a w(F,v)ZTFPU a

Hy(F,v) = (4.2)

So as long as the Hessian matrix of h has non positive eigenvalues then the function
h is concave.

Now we compute the eigenvalues of the Hessian matrix (4.2)):

1 1
LEFr e =X LFvT o

det(Hp(F,v) — \) = det =

pq
_ —(17)()12— Q) pled-z 1ilo : 1)2F2(;1)v2(}11)
prq pq

1— 191 1-— 11
—A TpFP QUq—i-TqFqu H DY
p q
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Now we recall that pg = p+q,s0 (1-p)(1—¢q¢) =1—p—q+pg=1—p—q+p+qg=1,
so we get that

l—p 191 log 11
det(Hy(F,v) — M) = A2 = \| ~— L Fs 2vi 4 — Lpoya?
p q

The eigenvalues of Hy(F,v) are the solutions of the equation of variable A
det(Hp(F,v) — AI) =0

that are the two values

l—p 1.9 1 1—gq

)\1 = O, )\2 = TFP ve + q2 g2

1
Froya

Now we observe that 1 —p < 0,1—¢q < 0 and F' > 0, v > 0, so the second eigenvalue
is Ay < 0, so the Hessian matrix Hy,(F,v) is negative semi-definite for all F' > 0 and
v > 0 and, since h is continuos up to the boundary of its domain, this entails that
h is concave and the subgraph S is a convex set. So the domain D of the function

B in (4.1)) is a convex set since it’s a intersection of convex sets.

Now we need to prove that the function B is concave.
We observe that the function B is the sum of the functions (F, f, A,v) — F and
P
g: (F,f,A,’U) = _W’
only need to prove that the function g is concave. We also observe that g(F, f, A,v) =

—h(f, A+v) = —h(f, A,v), here h is the function

and the first function is linear (so it is concave) so we

h:Rf xRt — R
fp

(f)Z) — 7p—1

and h is the function

h:Rf xRt xRt — R
f’P

(f,A,v)HW

So, in order to prove that g is concave, all we need to do is to prove that h is convex.
Now we observe that if h is convex then h : (f, A,v) — h(f, A+v) is convex. Infact,
if b is convex, for all t € [0, 1], for all f1, fo € RY, A1, Ay € RY, vy, v € RTwe get

h(tfi + (1 —t)fo, tAL + (1 — t)Ag, tvy + (1 — t)wg) =

h(tfi+ (1 —t)fa, (tAL + (1 = t)A2) + (tvr + (1 — t)v2)) =
h(tfi+ (1 —t)fo, t(A1 +v1) + (1 = t)(A2 + V7)) <
th(fi, A1 +v1) + (L = t)h(fz, A2 + v2) =
th(fi, A, v1) + (1 = )h(f2, Az, v2)

IAN

So if h is convex then h is convex, proving that the subgraph S is a convex set,

finishing the proof. All that is left to do is to prove that h is convex.
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We compute the Hessian matrix of h. For all f € RT, Z ¢ RT

oh Pt on fP
w(f7z):pﬁa ﬁ(f?z):_(p_l)ﬁ
62h fp72 82h fpfl
ng(fvz):p(p_l)ﬁa W(faz):—p(p—l) 7D
0%h o 9%h fP
afoz %) =P =7 Go(hA) =pl =170
pp-Vh=  —pp- 1)
Hy(f, Z) = (4.3)

p—1 P
—plp -1 plp—1)L

Now we compute the eigenvalues of the Hessian matrix (4.3)):

p—2

1

pp -V — X —p(p—1)I -
det(Hy(f, Z) — AI) = det —

1
—p(p -1 pp— 1)L — A
2p—2 2p—2

2f 2 2f
fr2
Zp—1

P2 fr }

=p*(p— 1)

— A[p(p— 1)

=)\ — )\[p(p —1)>— +p(p - 1)2p+1

So the eigenvalues of the function h are A\; = 0 and Ay = p(p— 1);—:? +p(p— 1)%
Sincep > 1, f > 0, Z > 0, the eigenvalue As is greater than 0. So the Hessian matrix
Hy(f, Z) is positive semi-definite for every f > 0, Z > 0. h is continuous up to the
boundary of its domain, so h is a convex function, completing the proof that B is

concave.

2) This is trivially true because of the conditions over the domain of the function.
Sincep>1,F>0,f>0,A>0,v>Aand fP < FvP~! then
fP fP S Fop—1

B(F, f,A,v)=F (Atopl= F 2T = o1 = F o1 = 0
and o
A A
B(F, f,A,v)=F (Atop 1= F
O

Lemma 4.1.1. The function B satisfies

— D
B(F,f,A,?})—% B(F_,f_,A_,'U_>+B(F+,f+,A+,U+):| Z <p2p1>ijpc

where the inequality holds for all
F=F+10P, f=f+ab
v="704dl, A=A+c
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and

e+ Fy) =g+ 1)

1
(A= +44)

1 -
77:5(@—+U+)7 A=
for every choice of a >0, b >0, ¢ > 0. Here q is the real number such as %—1—% = 1.
Proof. We start by considering the telescopic sum
B(F, f,A,v) — B(F, f, A —¢,3) = B(F, f, A,v) — B(F, f, A —¢,v) + (4.4)
+B(F)f7A_va) —B(F,f,A—C,@)

Since the function B is concave and differentiable over a convex domain, we recall
that a concave differentiable function’s values are lower or equal to the values of any
of its tangent hyperplanes. This entails that, for every g concave and differentiable,

for every choice of z,z* in the domain of the function g:

4 *
@) - g(a7) < 3 )

(x; —x}) (4.5)

by changing the sign of (4.5 we get

(x] — x;) (4.6)

So when g = B, = = (F, f,A,v), 2* = (F, f,A,v) = (F, f, A — ¢,v), the inequality
becomes
B(F, f,A,v) — B(F, f,A—c,v) > (p— I)Lc
(A+ov)P
now, since v > A by definition of the domain of B, then
B(F,f,A,0)~ B(F.f.A—c,0) > 2= 11", (4.7)
o P

By combining with we get

B(F, f,A,v)-B(F, f, A—c,d) > B(F, f,A—c,v)—B(F,f,A—c,ﬁ)—i—pQ;plgc (4.8)

Now we consider g = B, = = (F, f,A— ¢, ), ©* = (F, f, A — ¢,v), the inequality
(4.6) becomes

o f p-l f P
B(F, va—C,U)_B(Fa f)A_C’ 6) > bp_p<14_|_v_c> ab+(p_1) <14+U—C> o

Now let y € R be

T

A4+v—c

we observe that y > 0 because f > 0, v > 0, A — ¢ > 0 by definition of the domain

y:

of B. So the last inequality can be rewritten as

B(F,f,A—C,’U)—B(F,f:,A—C,f)) sz_pypilab—i_(p_l)ypaq:¢(y)
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Now we prove that ¢(y) > 0 for all y > 0.
We observe that ¢(y) = bP > 0 trivially when a = 0, so we assume a > 0.

We compute the first derivative of the function ¢:

¢'(y) =p(p — Da®y?™" — p(p — 1)abyP~
=p(p — 1)y**(a%y — ab)
So the derivative ¢'(y) is ¢'(y) < 0 for 0 <y < aq—b,l and ¢'(y) > 0 for y > aq%, so

Y= aq%l is a point of absolute minimum, so as long as ¢(y) > 0 the inequality holds
for all y > 0.

¢(§) =bF — pgP~tab + (p — 1)gPa? =

b\t b \?
:bp—p<aq_1> ab—l—(p—l)(aq_l) al =

—1

bP
1P _ — 7 —
=V pa(qfl)(pfl)ab +(@ 1)ap(q71)a
bP bP
=V _pa(qupfq) - 1)a(qupfq)
now we recall that
1
-4 - = 1
P 4q
pqg=p+q
so we get
bP bP
y) =b° — p— —-1)— =
o(9) pg (=13
=0’(1l-p+(p—-1))=0

So the inequality ¢(y) > 0 holds for all y > 0, for every choice a > 0, b > 0, therefore
the inequality (4.8) becomes

B, f,A,v) ~ BF, f,A—e.0) > o L %c (4.9)

now (F,f,A—C,?]) = (F,f,fi,f)) = %((F-‘r’f-‘r)A-‘raU-i-) + (F—vf—vA—av—))v so for

the last step we use the fact that B is concave

p—1fF
—C

1
B(F>f7A7v)_§ B(F+,f+,A+,’U+)+B(F7,f7,A,,U,) Z 2w P

4.2 Hardy’s inequality

Let D(Iy) be the dyadic tree over Iy = [0, 1], let A be a positively valued measure
over the dyadic tree defined as follows: for each node I € D(Ip)

D(Ip) > I A\j € RT
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now we define the following objects as follows:

A =) Ak

=
(A) = |}| KZQ:IAK - |}|A(I)
Joan- PILLIE
@)= o 3 o = 7 [oas

Now we are going to prove the theorem (1.3) in the article [I, pg. 4] in the general
case p # 2.

Theorem 4.2.1 (Hardy’s inequality). Let D(Ip) be the dyadic tree originating at
Iy with notations as above, let {ar}icr, be a sequance of positive numbers. Let
A : D(Ip) — RY be a positive measure over the dyadic tree. Let ¢ : D(Ip) — RJ be a

non-negative function. Let p be a real number 1 < p < 4+o00. Then if the inequality

L Z ag (M) < (A); VI e D(I) (4.10)
11 e
1s satisfied, then
o > ar(ehe)} < Cr)(@)r, (4.11)
ol =

Here % + % =1,C(p) = p%pl is a constant depending only on p, and

(¢AT); = ’11’ > I (M), = ,110| >N

KCI ICIy

Before proving the theorem we are going to mention the reason why Hardy’s
inequality is useful to study Carleson measures on Besov spaces.
Let D = {z € C| |z| < 1} be the unitary disk in the set of complex numbers C. Let

1 < g < 400 be a real number. Then we define the Besov space D, as the set
D, ={f:D — C| f is holomorphic, ||f||p, < +oo}

where the norm || - ||p, is defined by

171, = O+ [ 10 = 1) @) =

We define the Carleson measures over D in the following way

Definition 4.2.1. A Carleson measure over (D, #(D)) is a measure p : (D) — RJ
such that

[ it < €G- 111l for an £ € D,

where C'(u) is a real constant depending only on f.
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Carleson measures can be characterized using a discretization theorem in the

following way: let

Quj={r-e¢"ed|2" <1—r<om 27r32;n1§t<27r23—n}
forn=0,1,2,... and j =1,2,...,2". The sets @, ; allow to build a tree structure
in this way: Qo1 is the root of the tree, Q1,1 is the first son of Qo1 while Q1 2 is the
second son of Qo 1, Q21 is the first son of Q1,1, Q2,2 is the second son of Q1 1, Q23
is the first son of ()12 and so on, increasing the index n increases the generation of
the node @), ;. We will denote this dyadic tree by T.

Given a measure g on D we may now define a measure on T by

fi:T— RS

(Qn.j) =/ dp

n,j

The following discretization theorem holds true:

Theorem 4.2.2. Let i1 be a measure on D. Let I be the Hardy operator defined by,
giwven ¢ : T — Ra':

I¢p: T — RY
16(Q) = > ¢(R)
R2Q

Then the following two statemens are equivalent:

1)
[ 11t < €G-Sl for ait 1 €,

2)
Y IH@Q)AQ) < C'(1) - |9llfogy  for all ¢ € 19(T)

QeT

where C' (1) is a constant depending only on .

It can also be proved that the statement 2) is equivalent to its dual version 3),

i.e. 2) is equivalent to
3)

) ( ) ﬂ<P>>p <C"(u) Y i(R) VQeT

RCQ “PCR RCQ

where C”(u) is a constant depending only on pu, and % + é =1.

Details about these topics can be found in [8] and [9].
We observe that Hardy’s inequality (4.11]) entails the statement 3), because you can

prove 3) by considering oy = |I|P in (4.11)).
This is why Hardy’s inequality is useful to study the characterization of Carleson

measures for Besov spaces.

Now we will prove theorem [£.2.1] using the Bellman function’s method.
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Proof. Let I € D(Iy), we denote with I_ € D(ly) and I+ € D(Ip) the two children
of the node I.
For every I € D(Ip) we define

I— v eRT
I+— FeR{
I— freRS
I— Ar e RY

as follows
vr:=(A)r = 7 |)\] + = (V[_ + V[_J =
\ 1
:a? + 97, where ay := (\II\> !
1 » 1
Fr:=(¢"); = il ()P + i(FL + Fr, ) =
- I
:b? + Fr, where by := il 1)
[1]»
1
1 D 1 ;
J1 ::(¢Aq)1 = ¢(|I)\ L + §(f1_ +f1+) =arbr + fr
1 Oq(A)p 1
A :=— A = L+-(4 Ar) =
- AP
=cy + A;, where ¢j := a1|(1| )]

This mapping is the mapping ® mentioned in subsection 3.2.2.
We observe that the hypothesis (4.10)) is exactly A; < vy, and we also observe that,
by applying Holder’s inequality to fr, we get

1
q

KCJI

1 7
¢”) (Zv) =
\I\P(KZCI Ik KCI

1

= (¢")F (A} = F} v}

So, for all choices of ¢ : D(Ip) — Ry, a: D(Iy) — R, A: D(Ip) — RT, I € D(Ip),

the vectors

xr = (Fr, fr, Ar,vr), = (Fr_, fr_,Ar_,vr.), =1 = (Fr,, fr,, Ar,.,vr,)

are elements of the domain of the function B defined in (4.1). So we can compute
the value of the function B over xy, x7_, 7, for all I € D(Iy). We observe that

B(Fy, fr, Ar,vr) = B(Fr + W, fr + arbr, Ar + cr, o + a%)
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where

F=>(F_ +F,), f=s(f-+ 1)

’DZE(U_—F’U_F), A:

so we can apply Lemma to get

(p2—p 1) j};cl <|I| <B(a:1) - %(B(SE}_) + B(a:1+)>

(p—1) f ar())
2» (N7 M

1|

p
1] L <|1|B(ar) — |I-|Blar ) — |11 B(er,)

p—1
@Dy 7 <l11Ber) ~ 1-1Bler ) ~ |L41Br,)
Summing over all I € D(Ip) and using the telescopic nature of the sum we get

(p—1)
op

> " arf? < \Io|B(Fry, f10, Aty v15) < 0| Fy (4.12)
ICI

Infact, after ordering the nodes of the dyadic tree in the following way: Iy = I,

L= (lo)-, I = (lo)+, I3 := ((lo)-)-, Ls := ((Do)-)+, Is := ((Ho)+)-, Is :=
((Io)+)+, I7 == ((({o)=)—)— and so on, we observe that

0< (p;pl)oqf}” < [[B(wr) = [I-|B(zr.) = |I+|B(z1,)

so the sums

(p—1) ~ p
op Zoq]. ffj
=0

+
8

(11181, = 105)- B ) = (04 B,

<.
Il
=)

converge to a limit in R} U {400} and this limit does not depend of the order of
the addends in the sum because all the addends are greater or equal to 0. So, by

considering a partial sum of the first N + 1 addends

(p—1) & Y
2 Y andt < 3 (I618Gan) - 5)- 1By ) = 104 Bl
=0 =0

we observe that the last summing is telescopic, and for each j > 0 the term |I;|B(z;)
addend |I;|B(zr;) — [(1;)-|B(z1,)_) — |(Ij)+|B(2(1;),) is simplified with one of the

negative terms in the previous addends, so the sum can be written as

N

(p—1)

5 Y anff < olBxr) = Y |1|B(er)
j=0 jEL

where £ C N is the (finite) set of the indexes of the negative terms that are not

simplified in the partial sum. However we recall that F' > B(F, f, A,v) > 0, so the

inequality becomes

N

p—1

( 5 ) Y anff < olBxr) = Y ||B(er) < |[Io|B(z1,) < [To| Fr,
§=0 JeL
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By letting N — +oo we get the inequality (4.12). Now we recall that Fy, = (¢P),
1
and fr = (¢pAa), so we get
1 1
— g ar(pAa)h <
‘10’ I( )I (p—1) (¢p)10

ICIy

which is exactly (4.11) , where C(p) = —2-, ending the proof. O
(p—1)
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