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Sommario

L’obbiettivo di questa tesi e lo studio delle fluttuazioni quantistiche dei modi tensoriali
primordiali prodotti durante l'inflazione, con particolare attenzione alla possibilita di
rilevare tali modi come onde gravitazionali di background. Una eventuale rilevazione
confermerebbe ulteriormente la validita dei modelli inflazionari. Tuttavia, la densita di
energia predetta per le onde gravitazionali di background e di gran lunga inferiore alla
sensibilita degli attuali rivelatori.

In questo lavoro noi andiamo oltre l'inflazione slow-roll standard e analizziamo nuovi
modelli che ci permettono di amplificare le perturbazioni tensoriali su scale al di fuori
dell’orizzonte.

Introduciamo un meccanismo che sfrutta una fase transitoria di evoluzione non-attractor
per amplificare i modi tensoriali. Procediamo poi con lo studio della fenomenologia
del modello, dimostrando la possibilita di amplificare la densita di energia delle onde
gravitazionali fino alle scale accessibili dai rivelatori LISA, aLIGO e PTA. Calcoliamo
poi il numero di e-folds di fase non-attractor necessari per assicurare la rivelazione di tali
onde.

Successivamente, presentiamo un nuovo modello di bigravita, caratterizzato da un ter-
mine di accoppiamento tra un tensore privo di massa ed uno massivo. Presentiamo
un’analisi dettagliata della dinamica dei due campi tensoriali, derivando vincoli che la
massa del campo deve soddisfare per poter amplificare le fluttuazioni prive di massa.
Infine, assumiamo che ’accoppiamento sia dominante per un certo numero di e-folds
durante l'inflazione e diamo una stima di tale valore per i tre rivelatori sopracitati.






Abstract

The purpose of this thesis is to study quantum fluctuations of primordial tensor modes
from inflationary models and to investigate their relation with late-time observables.
Their detection would definitely constitute an important hint in favour of inflation mod-
els. However their amplitude is predicted to be smaller than the sensitivity of present
detectors. In this thesis we instead go beyond the usual slow-roll inflation and discuss
two new methods to enhance primordial tensor modes on superhorizon scales.

We first present a mechanism which relies on a transitory non-attractor phase that
amplifies the would-be decaying tensor modes. We examine the predictions of the model
and we show that gravity waves might be amplified up to the sensitivities of LISA,
aLLIGO and PTA detectors. We also compute how many e-folds of non-attractor phase
are necessary to ensure that the energy density crosses the sensitivity curves of the
detectors.

Next, we discuss a new model of bigravity where we assume the existence of massive
spin-2 field coupled with a massless tensor mode. We present a detailed analysis of
the 2-field dynamics and we derive the constraints on the mass of the field in order to
amplify the massless fluctuations om superhorizon scales. We also estimate for the above
mentioned detectors the number of e-folds where the coupling term has to be relevant.
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Introduction

The theory of cosmology deals with the origin and the evolution of the universe. The
current understanding relies on the application of the general relativity framework to
the universe itself. Cosmology provides an explanation to many observational facts with
great success, such as the universe expansion, Cosmic Microwave Background (CMB)
spectrum and Large Scale Structure (LSS) formation.

Besides its great predictions, standard cosmology is not able to explain questions such as
the flatness and horizon problem. These shortcomings are strictly related to the profound
question of the initial conditions of the universe, and a possible solution is provided by
inflation. The theory of inflation assumes a phase of accelerated expansion of the uni-
verse that took place in early times at ultra-high energy. Besides solving some of the hot
big bang drawbacks, it was then realized that inflation provides a powerful connection
between the universe LSS and its quantum nature. Inflation, together with quantum
mechanics, yields a dynamical mechanism for the production of cosmological perturba-
tions on large scales. This is actually one of the rare cases in physics where a prediction
based on quantum mechanics and general relativity can be tested experimentally with
the present day technology. Indeed, the today’s observed cosmic structure evolved from
isotropy and homogeneity deviations generated on early times. These deviations may
be traced back to quantum fluctuations of the metric and matter fields at the epoch
of inflation. Superluminal expansion then stretched fluctuations to a-causal distances,
and when inflation ended they eventually re-entered the horizon as classical perturba-
tion. Therefore quantum fluctuations behave as primordial seeds for inhomogeneities,
and then they collapse due to gravitational instability.

With the development of precise CMB measurements, inflation became an empirical sci-
ence, and not only a theoretical speculation. There is great accordance between inflation
predictions and the measurements of a nearly scale invariant primordial spectrum of
density perturbation. Among these predictions, inflation generally admits the existence
of a stochastic background of gravitational waves over a huge range of frequencies, from



Introduction

those detectable with CMB experiments to those directly accessible with gravitational
wave detectors, such as LISA, aLIGO and PTA.

In this dissertation we try to investigate the detectability of the gravitational wave back-
ground predicted by inflation at the frequencies probed by the above mentioned detectors.
The experimental detection of such background would open up new observational win-
dows for the evolution of the universe at very early times, besides CMB experiments.
Indeed a potential observation could give us relevant data about the high energy physics,
that will never be accessible by today’s particle accelerators.

However the stochastic gravitational wave amplitude is expected to be very week, hence
their detection without CMB polarization experiments is so far unlikely.

The purpose of this thesis is to discuss new models which slightly modify the standard
slow-roll inflation paradigm in order to enhance the primordial power spectrum of the
tensor sector. This would give us a chance to amplify the gravitational wave energy
density up to the scales probed by the detectors.

The other main purpose of this thesis is to study the phenomenology predicted by these
models, and we try to understand whether or not the primordial spectrum might be
enhanced. Then we give an estimate of the required amplification in order to intersects
the sensitivity curves of LISA, alLIGO and PTA detectors.

More precisely, this dissertation is organised as follow. In chapter [1| we give a brief
introduction of the Friedmann-Robertson-Walker (FRW) space-time and we review the
cornerstones of modern cosmology. Working in the general relativity framework we
describe the dynamic of homogeneous and isotropic universes, showing the relativistic
nature of the expansion and we discuss whether or not it might be accelerated. We
then explain how standard Big Bang theory leads to the finely-tuned initial conditions
question, namely the flatness and horizon problems. We give a detailed explanation for
each of this problems and we show how they can be solved assuming an early period
of accelerated expansion called inflation. Finally we discuss the key features of cosmo-
logical inflation and we describe how it modifies the causal structure of the space-time.
In particular we focus on the physics behind inflation, introducing the notion of the
scalar inflaton field as the best candidate which might support the accelerated expan-
sion phase. Eventually we explain the slow-roll approximation which allows us to solve
the inflaton dynamics with a perturbative approach and we characterise the number of
e-folds required to solve the hot big bang problems.

In chapter [2] we give a brief review of cosmological perturbation theory, trying to explain
the mechanism which converts quantum fluctuations during inflation into macroscopic
seeds that led to the LSS formation. As pedagogical tool we review the harmonic os-
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cillator theory, computing its fluctuations around the ground state. We highlight the
choice of the vacuum state, uniquely fixed by the requirement that it is the minimum
energy state. Finally, we describe the perturbations production during inflation. In par-
ticular we compute the primordial spectrum generated by quantum fluctuations both
for the scalar and tensor sector and we discuss its nearly scale invariant behaviour on
superhorizon scales.

In chapter 3| we show how to connect the inflation predictions for the tensor sector,
i.e. the primordial power spectrum, with late-time observables. We solve the equation
of motion for the tensor fluctuations derived in chapter [2] at the super and subhorizon
scales respectively. Then we match the two solution at horizon crossing in order to fix
the integration constant. In particular we focus on the modes that re-entered the hori-
zon during radiation domination, the latter being the cosmologically relevant one for
the frequencies probed by detectors. We define the gravitational wave energy density
and we show its connection with the primordial power spectrum. According to standard
inflation the predicted energy density is well below the sensitivities of actual detectors,
therefore relic gravity waves are hard to detect.

We then turn to the discussion of a new model developed by [16] capable to enhance the
primordial tensor spectrum in single field inflation. This new mechanism allows us to
amplify the would-be decaying tensor mode on superhorizon scales, requiring a transitory
non-attractor phase which breaks down standard slow-roll inflation. This phase might
be achieved introducing non-canonical kinetic term for the inflaton field, and it can be
analytically controlled with tensor duality.

Then we discuss the consequences of a brief non-attractor phase and we investigate how
the amplified primordial spectrum could in principle amplify the late-time gravitational
wave energy density. In particular we compute how many e-folds of non-attractor infla-
tion are necessary to ensure that the energy density crosses the sensitivity curves of the
detectors and we give an estimate of the number of e-folds at which the non-attractor
regime should have begun in order to have amplification at the correct frequencies.
After that we review the main noise sources of LISA, aLIGO and PTA experiments and
characterise their performance in terms of sensitivity curves. In particular we review the
construction of the LISA and aLIGO curves and we propose a new analytical fit for the
PTA detector. We conclude the chapter by plotting both the detectors sensitivity and
the energy density curves predicted by non-attractor evolution in the same graph, using
a consistent protocol. This eventually shows that the stochastic gravitational wave back-
ground might be measured by today’s detectors if we assume a transient non-attractor
phase in between standard slow-roll inflation.

11
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In chapter [4] we discuss a new model which relies on the effective field theory approach:
we suppose the existence of a massive spin-2 field coupled with the massless tensor fluc-
tuations and we show that the primordial power spectrum might be enhanced if we set
specific constraints on the massive field.

Firstly we discuss a hybrid model of inflation which for the first time introduced a
tachyon-like scalar field in order to amplify the production of primordial black holes.
Then we develop a similar approach for the tensor sector: starting from effective field
theory considerations, we justify the consistency of a lagrangian functional with an inter-
action term between the massless and the massive tensor field. In particular we assume
the coupling term to be relevant for a brief time interval during inflation. Then, solving
the equation of motion we investigate the possible enhancement of the massless tensor
fluctuations. This might be achieved exclusively for specific values of the mass param-
eter. We highlight the fact that if we turn off the coupling between the two field, the
standard primordial spectrum predicted by slow-roll inflation might be recovered. Fi-
nally, in complete analogy with chapter [3| we compute how many e-folds of coupled-fields
inflation we need to amplify the energy density up to the desired level accessible by the
above mentioned detectors. Eventually, we plot the energy density profile predicted by
this model together with the sensitivity curves of the three experiments. Again, this
shows us that even in this scenario the detectability of stochastic gravitational wave
background might be achieved.

Finally, in the last chapter we sum up the results obtained so far, highlighting the
differences between the models discussed in chapter [3] and dl Then we give possible
outcomes for future works.

12



Chapter 1

Inflationary Universe

1.1 The FRW Universe

The aim of Cosmology is a quantitative description of the evolution and the structure
formation of the universe on its largest scales. The current understanding of the universe
is based upon the FRW cosmological model which relies on two important observational
facts: the expansion of the universe and the so-called Cosmological Principle. The latter
tells us that the universe, at least on large scale, is homogeneous and isotropic. The
uniformity of the temperature of the CMB constitutes the best observational evidence for
the Cosmological Principle: indeed the temperature anisotropies of the CMB spectrum
are smaller than one part in 10° and this tells us that at the epoch of last scattering
(around 300000 years after the Big Bang) the universe was isotropic and homogeneous
with a high degree of precision [I].

From now on we work assuming that the universe is homogeneous and isotropic on large
scales and such spaces are characterized by translational and rotational invariance. The
only time-dependent four-dimensional spacetime in which the symmetries are clearly
manifest and the Cosmological Principle is preserved takes the form

dr?

1 —kr?

ds?* = dt* — a2(t)< + 7’2dQ2) = gudatda” (1.1)
where g, is the FRW metric and 2 = (t,r, 6, ¢) are the comoving coordinates of events
on the four-dimensional spacetime. Here a(t) is the cosmic scale factor and it character-
izes the relative size of spacelike hypersurfaces ¥ at different times [6] together with the
time evolution of the universd] The curvature parameter k defines the topology of the

Notice how a(t) is the only time-dependent quantity.
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1. Inflationary Universe

spacelike hypersurface. Indeed, it may have three different values:

+1 for positively curved X
k=<0 for flat (1.2)

—1 for negatively curved X

As we said previously eq. uses a very convenient coordinate system i.e the co-
moving coordinates: this means that the universe increases in size as a(t) grows, but
observers keep fixed coordinates r, 6, ¢ in the absence of peculiar motion, in other words
if there are not any forces acting on them. Hence the physical distance can be easily
obtained by multiplying the coordinate r with the scale factor, and it is time-dependent
even for objects with null peculiar velocities due to the expansion of the universe.

The evolution of the universe, assuming a homogeneous and isotropic FRW metric, is
completely determined by the time-evolution of the scale factor a(t). The latter is charac-
terized by the Einstein field equations, once you chose the matter content of the universe.
A useful quantity that helps us characterizing the FRW spacetime is the expansion rate,
also called Hubble parameter

=2 (1.3)

a

It has units of t~! and is negative for a collapsing universe, positive for an expanding one.
In particular, the Hubble parameter sets the time scale of the homogeneous universeE]:
the Hubble time ¢t ~ H~! sets the scale for the age of the universe, while the Hubble
length d ~ H~! sets the size of the observable universe [2].

1.2 Einstein equations and stress-energy tensor

The time dependence of the scale factor, which defines the dynamics of the expanding
universe, is determined by solving the Einstein field equations

1
R = 59 R = 87GT,,, (1.4)

Here T),, is the stress-energy momentum tensor and it takes into account the matter
content of the universe. This tensor is symmetric

T =T = g"T", (1.5)

2We are working with natural units.

14



1. Inflationary Universe

and it satisfies the continuity equation
vV, =0 (1.6)

where the covariant derivative reduces to the standard one in flats space-time [4].

For consistency with the underlying symmetries of the metric the stress-energy tensor
have to be diagonal, while for isotropy the spatial components must be the same. Working
on large scales, the simplest realization of such a tensor is that of a perfect fluid

T, = (p + p)u''u, + pdy, (1.7)

where we denotes with p and p the energy density and the pressure respectively, while
ut is the four-velocity. The latter is known as the fluid velocity field and it reduces to
u* = (1,0,0,0) if we use comoving coordinates, i.e if we work in reference frame with
respect to which the fluid is at rest. In such a frame the stress-energy tensor is simply

given by
p 0 0 0
0O —p 0 O
T = 1.8
00 0 —p

Typically, together with the matter content we need to specify an equation of state
p = p(p) that depends on the properties of the matter itself. Many cosmologically
interesting scenarios arise from a linear relationship of the type

p=wp (1.9)

where we introduced the equation of state parameter w.

After these assumptions, we can finally deal with the Einstein field equations: it can be
shown that there are only two independent equations, namely the 00-component and one
of the ij-components [I]. In particular, the field equations take the form of non linear
ordinary differential equations, better known as the Friedmann Equations:

SrG k&
m:%f_ﬁ. (1.10a)

. i 4nG
H+m:§:—{f@+@) (1.10b)

We denote with dots the derivative with respect to the physical time ¢.
It is interesting to notice that if the universe is filled with matter which satisfies the
strong energy condition p + 3p > 0 then equation [1.10| implies ¢ < 0. Moreover, if we

15



1. Inflationary Universe

assume an expanding universe, i.e. @ > 0, then we can claim the existence of a singularity
in the past a(t = 0) = 0. This conclusion depends on the assumption that Friendmann
Equation and general relativity are valid up to arbitrary high energies [2] but it is more
likely that the singularity determines the breakdown of general relativity itself.

In order to compute the time evolution of the scale factor we combine together the
two equation from [1.10| into the continuity equation, which takes the form

d
A+ 3H(p+p) =0 (1.11)

Using the equation of state [1.9] we can rearrange this expression as

dlnp
Tna —3(1 4+ w) (1.12)

The latter, if integrated, gives the result
p ox g 30Fw) (1.13)

We notice that the energy density scales like the inverse of the volume of size ~ a® if
we consider a universe filled with non-relativistic matter (w = 0). On the other hand,
for a radiation dominated universe (w = 1/3) the energy density scales like a=* where
the extra factor 1/a takes into account the red-shift: the energy of a photon scales like
the inverse of its wavelength which in turn scales like 1/a [I]. Eventually, if w = —1,
the energy density p is constant in time and this scenario corresponds to a cosmological
constant vacuum energy.

Finally we can use the result together with the first of the Friedmann egs. to
obtain the evolution of the scale factor for a flat universe (k = 0)

a(t) o {tz/gmm w# -l (1.14)

eft w=—1

In principle the early universe was dominated by radiation or relativistic matter, then
it was matter dominated and finally the adult universe is dominated by a cosmological
constant A. As we shall see next, if we assume that inflation happened, there was again
a period when the stress-energy tensor was dominated by vacuum energy during the very
early phase of the universe.

We report in table the solutions for these three different scenarios.

16



1. Inflationary Universe

L Jw Tpla)[a(®) ]
MD [0 |a3 | ¢?/3
RD |1 |a™* | ¢?
A —11a° eflt

Table 1.1: This table shows the possible FRW solutions for a flat universe dominated by
matter, radiation or a cosmological constant.

We conclude this section with a brief description of a universe with more than one matter
species: if this is the case each species contributes to the energy density and pressure.

Hence,
pzz,oi pZZpi (1.15)

where we denotes with the subscript 7 each species. In particular if we introduce the
critical energy densityf’

3H?
. = 1.16
pe=g (1.16)
we can define the dimensionless energy density as
0, = (1.17)

Pc

Finally if we normalize the scale factor evaluated today as a(ty) = ap = 1 we may rewrite
the first of the Friedmann equations [I.10] as

H 2
(Fo) = Qa0 4 Qe (1.18)

where we parametrize whit = —k/a2Hg the curvature content. If we evaluate this
expression today, we end up with the consistency relation

ZQi+Qk: 1 (1.19)

On the other hand the second of the Friedmann equations evaluated today gives us
the condition for accelerated expansion today

1 d2a0 1
= S INTO(1 4 3wy 1.2
ZHE AR 2 Z (1+3w) (1.20)

3We denote with the subscript 0 a quantity evaluated at the present time tg.

17



1. Inflationary Universe

Indeed we see that accelerated expansion is possible if the condition

1
oL 1.21
w 3 ( )

is satisfied. This can be achieved if we consider a cosmological constant vacuum-energy
domination.

1.3 Causal structure of the spacetime

An outstanding comprehension of the behaviour of light in an expanding universe is a key
point to the interpretation of observations: indeed over the last tons the improvements
of x-ray, radio and infrared detectors opened a new window to explore the universe.

It is known by physicists that since no massive particle can travel faster than light

and the light itself travels at a finite speed there is a fundamental constraint to how far
we can see: this is where the concept of horizon comes from.
In this section we focus on the study of the causal structure of the spacetime, which can
be understood in terms of conformal diagrams and we develop useful tools that will lead
us to the heart of the Big Bang problems and their possible solution with an inflationary
epoch at the early stage of the universe.

Once we define the metric for the spacetime of the universe we can study its causal
structure, which is determined by the propagation of light in a FRW background.

We know from special relativity that the spacetime interval along the trajectory of a
massless photon is determined by
ds* =0 (1.22)

According to the equivalence principle, the same holds true in general relativity as we
work in a locally inertial reference frame: being the interval invariant, this equation
should be valid for light geodesic in any curved spacetime [4].

Given an isotropic universe the radial propagation of light can be easily studied if we
work with conformal time 7 instead of the physical time ¢. It can be thought as a clock
which slows down with the expansion of the universe, and it is defined as

ot
n:/@ (1.23)

Using conformal time, the metric [I.1] takes the form
ds® = a*(n) ( — dn® + dx* + ¢r(x*)(d6? + sin*(0)d¢?)) (1.24)

18



1. Inflationary Universe

where we introduced the coordinate
9 dr?

=T (1.25)

dx
and the function ¢ (x) is defined as
sinh®(y) k= —1
or(x) = { x* k=0 (1.26)
sin?(x)  k=+1

Thanks to the coordinates 17 and y the symmetry of the spacetime are more explicit.
In particular by isotropy it is clear the the radial trajectory such that 8, ¢ =const is a
geodesic and the propagation of light is determined by the two dimensional line element

ds® = a*(n)( — dn® + dx?) (1.27)
This can be recognised as a static Minkowski metric multiplied by the time dependent

factor a?(n).

i

Future Light Comne
Q

cansally-distonnectesd

——= Spac

Past Light Cone

Figure 1.1: The light cone defines the causality of the spacetime: its interior, in which
ds?* > 0, together with the null geodesics ds? = 0, defines the region of spacetime
causally connected with the event P. On the other hand, causally disconnected region
are separated by spacelike interval ds* < 0, [2].

Therefore we conclude that radial null geodesics in a FRW background may be described
by
x(n) = £n + const (1.28)
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1. Inflationary Universe

and they correspond to straight lines in the n-x plane at angles £45°. In fig. we
describe the causal structure in terms of these coordinates. Besides, if we had used
physical time t to study light propagation, then the light cones for such a spacetime
would be curved [2].

1.3.1 Horizons

In this section we try to answer a crucial question in cosmology: if light travelled only a
finite distance since the universe was born, what is the size of the region of the universe
in causal contact? This can be easily computed using the results of the previous section:
indeed the maximum comoving distance light can propagate from an initial time ¢; and
a time t is
t dt/ a , 1
Xp()=n—mn= | —= [ dlnd(aH) (1.29)
ti a<t) a;
where 7; corresponds to the birth of the universe. The quantity x,(n) is called the
comoving particle horizon and in the last equality we expressed it as a logarithmic integral
of the comoving Hubble radius (aH )71. The maximum physical distance is simply given
by multiplying the comoving particle horizon with the scale factor

dp(t) = a(t)x, (1.30)

There is an important difference between Hubble radius and particle horizon and it is
crucial to keep in mind this distinction: while the scale characterised by the particle
horizon relies on kinematical consideration, the Hubble radius is a dynamical scale that
determines the rate of expansion [4]. In particular the Hubble horizon represents the
distance travelled by particles in the time which takes the scale factor to double [5], [1].
In essence the Hubble radius gives us a different way to understand whether particles
are causally connected: if particles are separated by a distance greater than the particle
horizon x,(n) they could have never communicate between each other, while if they are
separated by a distance greater than the comoving Hubble radius (aH )71 they cannot
talk to each other at a given time 7. This open the possibility that particle horizon is
much bigger than the Hubble radius at the present time, so that they cannot communi-
cate today but they were in causal contact at earlier epochs.

We underline that in the standard Hot Big Bang model the particle horizon is finite and
it is equal to the Hubble radiug] and this is the reason why they are interchangeable
in the context of standard cosmology. On the other hand, as we shall see later on, if
we consider inflationary models where the strong energy condition is violated and the

4Up to a numerical factor.
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1. Inflationary Universe

universe undergoes an accelerated expansion the two quantity are drastically different:
indeed the particle horizon grows exponentially with respect to the Hubble radius and
by the end of the inflation they differ by a factor e” where N is the number of e-folds.

Finally we note that the Hubble radius determines whether or not a physical length scale
A = 2ma/k is within the Hubble radius itself: if k/(aH) < 1 then the physical scale is
outside the horizon, while for k/(aH) > 1 the length lies inside the Hubble radius.

1.4 The drawbacks of the Big Bang theory

Observations over decades of the CMB, which gives us a snap-shot of the early universe,
showed us that at the epoch of recombination the universe was surprisingly isotropic and
homogeneous on all scales, with anisotropies of the order of 107°.

In this section, given the laws that govern the evolution of the universe, we try to
understand which initial conditions led to such isotropy and homogeneity, and we show
that the standard Big Bang model requires a fine-tuned set of initial conditions to explain
the current state of the universe. It would be disappointing if only a specific set of
initial conditions allows the universe to evolve as we see it, making what we observe an
improbable accident [2]. In the next section we will show how this problem can be solved
if we assume a stage of accelerated expansion of the universe: indeed one of the major
achievements of inflation is its ability to let the universe evolve out of generic initial
conditions.

In order to specify the initial conditions, we consider [0] a spatial slice of constant

time Y. On this surface there are two independent sets of initial conditions that charac-
terize matter: the particles positions and their velocities.
In particular, the spatial distribution is described by the energy density p(x) as a function
of the coordinates. Experimental evidences show that inhomogeneities at the last scat-
tering epoch were much smaller then today, and we know that such inhomogeneities grow
with time due to gravitational instability. Thus we expect that these fluctuations were
even smaller during the early phase of the universe and in the standard Big Bang model
there are no dynamical reason to explain the smoothness of the early universe. Besides,
this is even more annoying since, as we show in a while, at the CMB epoch there were
a large number of causally disconnected regions, and in the conventional model there is
no reason why these regions show similar physical behaviour’] This is often referred to
as the horizon problem.

On the other hand, besides the initial spatial distributions, we have to specify the

SRemember that the CMB spectrum shows us that the universe is almost homogeneous on all scales.

21



1. Inflationary Universe

initial field of velocities for a complete characterization of the Cauchy problem of the
universe [4]. It turns out that the initial velocities must obey the Hubble law to ensure
that the universe is kept homogeneous at late time. Together with the horizon problem,
this fine-tuning of the initial velocities is even more dramatic because they have to be
matched between causally disconnected regions. This second problem regarding the
initial velocities is often called the flatness problem.

In the next paragraphs we analyse in detail these two shortcomings of the standard
cosmology model.

1.4.1 Horizon problem

The standard cosmological model shows that at a red shift of aboutz = 1100, photons
decoupled from baryonic matter and started a free-stream path, until they reach us
basically untouched [I]. In particular this event is know as recombination and it defines
the so called last-scattering surface. Let us consider the length corresponding to the
present Hubble radius, i.e. the scales entering the horizon today, at the time of last-
scattering. This is simply

Qs
Ag(ts) = dy(tg)— = d,(tg) — 1.31
lte) = dy(t0) 2 = dyft0) (131)

where T' stands for the temperature. If we consider a universe filled by a fluid with
equation of state w, we have

H? o p oc a~20Fw) o T30+w) (1.32)

The behaviour depends on whether or not 1 + w is positive or negative. Taking into
account standard cosmology i.e. w > 0 we conclude that the Hubble radius (H)™*
always decreases monotonically as you go back in time, but with a different law than the
physical length. In particular, at last-scattering epoch and assuming matter domination,

i.e. w = 0, the Hubble radius takes the value

) TO 3/2
Hls :dp(to) f <<>\H(tls) (133)

In other words, the physical lengths corresponding to the present day Hubble radius were
larger than the Hubble horizon itself at the time of recombination. In particular, the
ratio between the volumes associated with these two scales is given by

A (Ths To\ 2
f[f{(;) = <—°) ~ 10° (1.34)
ls




1. Inflationary Universe

Therefore we showed that there were almost 10° different casually disconnected regions:
this means that the physical scales that enters the horizon today were far outside the
horizon at the epoch of last-scattering. However, CMB observations tells us that the
universe was extremely homogeneous at that time. How is it possible the so many
causally-disconnected regions show the same physical behaviour?

For a better comprehension of the horizon problem it is convenient to think in terms
of the conformal time. We recall that in conformal time the light cones look the same
as in Minkowski spacetime, and since the light determines the causality, a conformal
spacetime diagram provides a good tool to visualize horizons. During radiation or matter
domination, the scale factor as a function of the conformal time behaves as

a(n) « {Zz 5{% (1.35)

Figure 1.2: Conformal diagram corresponding to standard cosmology. Two points on a
surface n = const are in causal contact if their past light cone intersect at least at the
big bang singularity n; = 0, [3].
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1. Inflationary Universe

Therefore if we assume that the universe has always been dominated by radiation or
matter we end up with the existence of the Big Bang singularity at n = 0:

a(n; =0) =0 (1.36)

From the diagram in figure it is evident how the last scattering surface consists
of numerous causally disconnected regions, not in thermal equilibrium. Therefore the
homogeneity of the CMB becomes a serious puzzle, and we see later on how the inflation
paradigm allows us to solve this problem.

1.4.2 The flatness problem

General relativity teaches us that the spacetime is a dynamical entity that evolves in
response to the matter content. On the other hand cosmological observations suggest
that the universe is perfectly approximated by a flat Euclidean space. How is that
possible? To address this problem we start from the Friedman equation

8t k
2 _
which can be written, introducing the critical density, as
k
Qa) - 1= T (1.38)

From this equation we deduce that if the universe were perfectly flat, then 2 = 1 would
holds true at all the times. Besides, if even a small curvature is present, then we have
to take into account the time dependence of Q(a) and things can be tricky: the critical
value = 1 is an unstable fixed point [2].

Given a radiation domination, the Hubble parameter evolves as H? o< a=* and we get

Q—1oa® (1.39)
while in matter domination, H? o =3 implies
N—1xa (1.40)

In both scenarios the time dependent quantity €2 — 1 decreases as we go backwards in
time. Experimental evidences suggest us {0y = 1 at the present day. Therefore we can
deduce the value of Q(a) at the Plank era, at which the temperature of the universe was
Tp; ~ 10 Gev. Indeed given the present day CMB temperature Ty = 107 Gev, we

have: ) ,
|Q - ]‘|T:Tpl ~ @ ~ TO

— =Pl ~ -2 ~O(107% 1.41
12 — 1|T:T0 ag TIQDI ( ) ( )

24



1. Inflationary Universe

Therefore we can conclude that without inflation the almost flatness observed today
requires at early times an extreme fine-tuning of the value 2 — 1, which needs to be very
close to zero without being exactly zero.

In the last two paragraphs we described the horizon and flatness problem of the Big
Bang model. It is important to highlight that these problem are not inconsistencies of the
model: if we assume that the universe was isotropic and homogeneous over superhorizon
scales and that the initial value of the dimensionless energy density was extremely close
to unity, then the universe evolves according to the experimental results. These are just
drawbacks in the predictive power of the standard cosmological model.

The power of the inflationary theory relies on its ability to describe dynamically these
initial conditions, without assuming a priori fine-tuning.

1.5 Inflationary universe

In the previous section we stressed out that at the heart of the horizon and flatness
problem there is the fact that the comoving Hubble radius (aH )_1 is an increasing
function of time in the hot Big Bang model. In particular, recalling the definition of the

particle horizon
dt' Ina(t)

Xp(n):/otmz/ dlnd'(aH) ™ (1.42)

we see that due to its behaviour the Hubble radius gives most of the contribute to the
integral at late time. In essence this means that the amount of conformal time
elapsed between the singularity and the CMB production is much smaller than the time
between recombination and the present day [7], as figure [1.2[ shows.

Therefore we are led to the following simple idea that could help us solving the Big Bang
puzzle: what if we invert the behaviour of the Hubble radius in the very early universe,
assuming it decreased in time for a sufficiently long period?

Let us explain why a shrinking comoving Hubble sphere really solves the drawbacks of the
standard cosmology. In section we said that if particles are separated by a distance
greater than the Hubble radius (aH )71 they cannot communicate with each other now,
while if they are separated by distances greater than the particle horizon x,(n) they
could have never talked to each other. In particular, there is a chance that the comoving
particle horizon is much bigger than the Hubble radius today: if this is the case, particles
that cannot talk to each other now were in causal contact in the past. Eventually this
might happen if we assume a decreasing phase of the Hubble radius during the early
times, and that is the idea behind inflation. In this new scenario we see that the integral
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1. Inflationary Universe

in eq takes most of the contribution from the lower limit and the nowadays particle

horizon is greater than the Hubble radius.

Once we understand the mechanism that underlies the evolution of these two cosmological

horizons we can explain how inflation manages to solve the Big Bang drawbacks.
According to our definition of inflation in terms of the Hubble radius, we discuss

what a shrinking Hubble sphere implies. Indeed the condition

4
dt

1 —a 1/ H B H

tells us that inflation is a phase of accelerated expansion @ > 0 of the universe: the
Hubble parameter remains approximately constant, while the scale factor grows very
fast. Taking into account the Friedmann equation

a ArG
=3 (p+3p) (1.44)

together with the accelerated expansion, why find a third condition for inflation expressed
as the violation of the strong energy condition

p+3p<0 (1.45)

A specific example of matter which satisfies this inequality is given by the cosmological
constant [4], for which p = —p. In this scenario the solution to the Einstein field equation
is a de Sitter universe. In particular we have the exact de Sitter solution in the limit
€ — 0 for which the space expands exponentially

a(t) oc et (1.46)

while the Hubble parameter remains constant. Again, since H ~ const and the scale
factor grows exponentially we see that the comoving Huble radius (aH )71 decreases
during the inflationary process, just as we said before. However, inflation should ends
with a graceful exit towards hot big bang evolution. Therefore the exact de Sitter solution
fails to attempt all the necessary conditions for a successful inflation: it can be used just
as a zero order approximation when you deal with realistic models.

Finally we show how inflation addresses the Big Bang problems: during inflation the
Hubble parameter is almost constant and the scale factor as a function of the conformal

time evolves like 1

= —— 1.47
oln) =~ - (1.47
This means that the initial singularity a = 0 is pushed to the infinite past n — —oo and

if we assume an exact de Sitter solution we see that the scale factor diverges at n = 0,
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1. Inflationary Universe

which corresponds to the infinite future ¢t — oo. Therefore we see that the inflation
phase introduces additional conformal time between recombination and the singularity
[7]. A graphical representation is given in fig. : as you can see the conformal time is
extended to negative values and the horizon problem is solved.

Inflation manages to solves elegantly the flatness problem as well. We saw in the
previous section that the Friedmann equation can be rewritten as

k
a’H?

Since the scale factor grows exponentially during inflation we conclude that the value

Q-1=

(1.48)

) = 1 is an attractor in this phase and this solves the flatness problem.
In order for this problem to be solved such that the present day value 2y — 1 approaches
unity, we define the so called e-folds number as

a;

AN =dlna=Hdt =  N= 1n(%) (1.49)

where ay, a; denote the value of the scale factor at the end and the beginning of inflation.

110HE 1 3 | ] | 3 {1 1100y
- - : - {10
-4 0.8

S0 =104

{ 0.2

Scale factor

Inflation

Causal contact

Figure 1.3: Conformal diagram for inflationary model. During the accelerated expansion
the Hubble sphere decreases and then grows again during standard hot big bang [7].

In particular the necessary condition to solve flatness and horizon problem is that the
largest scale observed today was smaller than the Hubble radius during inflation epoch.
This condition gives us a value of about N = 60 e-fold for the duration of inflation.
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1. Inflationary Universe

In the picture the value n = 0, instead of marking the singularity, represents the
smooth transition from inflation to the standard cosmology. The horizon problem is
evidently solved: all the points of the CMB are causally connected in the past.

Besides solving the drawbacks of standard cosmology thanks to the decreasing Hubble ra-
dius, inflation also explains the quantum-mechanical origin of cosmological perturbation,
as we discuss in chapter

1.6 The physics of inflation

So far we introduced the main idea behind inflation and we learned that in general rela-
tivity it is required a negative pressure in order to let the universe expand exponentially
within a fraction of second. Here we present a theoretical model and the physical con-
dition under which we can realize the required equation of state. According to [4], the
natural candidate to realize inflation is a scalar field ¢, called inflaton. Without spec-
ifying its nature, we use the scalar field as a clock to parametrize the evolution of the
energy density during inflation. In figure [1.4] we give an example of inflaton potential.

dcms Pend Reheating

<

N

Ad

Figure 1.4: Example of potential for a single field inflation model. Courtesy of [3].

We have accelerated expansion when the potential energy V(¢) dominates over the ki-
netic term %gb? Indeed, inflation ends when the kinetic term becomes relevant if com-
pared to the potential energy. Besides, CMB primordial perturbations are produced by
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1. Inflationary Universe

the quantum fluctuations of the inflaton at the beginning of inflation, and the energy
density of the latter is transferred to radiation during the reheating process.
The inflaton field minimally coupled to gravity evolves according to the action

S:/ﬁ%%ﬁcz/&%ﬁ5E3+%W“w@—vw):&m+& (1.50)

hence, its dynamics is governed by the sum of the Einstein-Hilbert action Sgy and the

action of a scalar field S, with canonical kinetic term [2].

According to the Euler-Lagrange equations of motion

LO(V=9L)  (V=gL)
YoX0) Y0)

0 ~0 (1.51)

we get for the scalar field ¢

V3¢
a2

We denote with V4 the derivative of the potential with respect to the field. It is evident

the presence of the friction term 3H ¢, which can significantly restraint the field ¢ for

b+ 3Hd—

+V,¢ =0 (1.52)

large values of the potential.
Starting from the action [1.50] we might compute the stress-energy tensors as

2 48 1
T =————=—=0,00,0 — gu | 20000 + V 1.53
= = 0,00, — 300000+ V(0)) (1)
Assuming a FRW metric [I.T], the corresponding energy density p and pressure p for the
inflaton perfect fluid are

p="Too = % + V() + (2;;) (1.54a)
T Vo)
p= 32 _ % —V(¢) — (652) (1.54b)

From these two equation we see that if the gradient term were dominant, according to
the equation of state p = wp we would get
P
=—= 1.55
p=-7 (1.55)
which is not enough to support inflation, as we claimed in [1.45]
Therefore we restrict ourselves to the case of a homogeneous inflaton field ¢(t, ) = ¢(t).
In this way, the resulting equation of state is
a2 v
w:E:%L—— (1.56)
PSP +V
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1. Inflationary Universe

Hence we showed that a scalar inflaton field can actually lead to a negative-pressure
stress-energy tensor, with the consequential accelerated expansion, if the potential V'
dominates on the kinetic term.

1.6.1 Slow-roll regime

If we work with a homogeneous inflaton field, then eq. becomes
b+3Hp+V,=0 (1.57)

This equation can be recognised as the harmonic oscillator equation with a friction term
3H gb It is a known fact that a large friction term reduces the initial velocities and
establishes a slow-roll regime in which the acceleration ¢ can be neglected with respect
to the friction term. From the Friedman equation we know that H? oc p ~ V, thus
we expect the friction term to be relevant for large values of the potential V. Indeed,
neglecting ¢ and assuming the approximation ¢ < V, equation simplifies to

3H)+ V40 (1.58)
while the Hubble parameter can be expressed as

dlnaN 1
da —V 3

Taking into account we can rewrite the Hubble parameter as

dlna -dlnaN V¢d1na

= ~ 1.
& " T3 do (1.60)
Using [I.59 we get
_y,dme srav (1.61)

Integrating this last expression, we obtain the evolution of the scale factor as a function
of the inflaton

bi
a(¢) =~ a; exp (87TG/ dgzﬁL) (1.62)
o Vo
Finally, if we assume a power law potential V' (¢) = \¢™ we get
a(¢(t)) ~ a; exp(4nG (7 — ¢*(t))) (1.63)

It is evident that the accelerated expansion takes place if the inflaton decreases in time
from its initial value.
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Eventually, we stress out that these solution are valid only in the slow-roll approximation
regime

P <V  S<3Hd~ -V, (1.64)

In particular, with the help of and they can be expressed in terms of condition
on the shape potential

2
() = (%) <1 (o) = \%] <1 (1.65)

The background evolution is determined by eq. [1.59] indeed

817G
H? ~ ”TV ~ const (1.66)

hence the spacetime is approximately de Sitter
a(t) ~ et (1.67)

Inflation takes over when the slow-roll condition are broken, i.e when €,(¢) ~ 1.
Using these approximations we can compute the number of e-folds for inflation: denoting
with ¢; and ¢ the values of the inflaton field at the beginning and at the end of inflation
respectively, we have

ty o | ¢i

N=m¥ = / Hdt ~ / —d¢ ~ 871G —do (1.68)
a; t; ¢ @ b5 V¢

where we used the results and in the last step.

In order to solve completely the flatness and the horizon problem we require a duration

of inflation of at least a
N=1In-L > 60 (1.69)

Q;
The precise value for the total number of e-folds depends on the energy scale at which
inflation take course and on the details of reheating after inflation [2].

We conclude this chapter spending few words on different models of inflation: even if
we restrict ourselves to the single-field inflation case, there are plenty of available models
and they are divided into three main categories: large-field, small-field and hybrid. It is
a challenging question whether or not a model explain rigorously the physics of inflation:
indeed inflation happened at extreme high energy scales and any description of this epoch
requires an extrapolation of the known laws of physics. Luckily, experimental data from
the CMB measurements can discriminate between inflation models [5].
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Chapter 2

Quantum origin of primordial
fluctuations

It is a known fact in cosmology that the LSS of the universe can be explained assuming
primordial inhomogeneities, seen as seeds of the structure formation. Indeed, the tem-
perature anisotropies observed in the CMB spectrum prove that the universe was not
perfectly homogeneous at the time of recombination. Moreover, the same observations
suggest us that the inhomogeneities were very small (~ 107°), therefore we are allowed
to treat them as linear perturbation around a homogeneous background.

In principle, before the development of the inflationary paradigm, these perturbations
were postulated ad hoc and their power spectrum was specifically built to be in accor-
dance with observations [4]. The drawback of this method is evident: any experimental
data could be described by imposing proper initial conditions.

Besides solving the horizon and flatness problem, cosmic inflation explains in a dynamical
way the origin of primordial perturbations and predicts their statistics. As we shall see
later on, primordial perturbations are generated by quantum fluctuations of the inflaton
scalar field'] These fluctuations are produced on subhorizon scales, and due to the accel-
erated expansion they exit the horizon once their comoving wavelength becomes greater
than the Hubble radius (aH )_1. In terms of physical coordinates, fluctuations undergo a
superluminal expansion, and they are stretched to non-causal distances. When inflations
ends, leaving space to the standard Hot Big Bang evolution, they eventually re-enter the
horizon as classical density perturbation and then collapse to form the LSS under the
effect of gravity.

'We are working in the context of a simple inflationary model: single-field inflation in slow-roll
approximation.
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2. Quantum origin of primordial fluctuations

2.1 Cosmological perturbations: generalities

In order to fully comprehend the important mechanism behind the generation of per-
turbation from quantum fluctuations, we need a background of perturbation theory and
this is going to be the topic of this section.

The smallness of inhomogeneities at the time of decoupling allows us to treat pertur-
bation linearly: indeed, the Einstein equations at first order in perturbations approximate
with very high accuracy the non linear solution.

The winning strategy to treat perturbation is to divide all quantities X (¢, x) into the
sum of to terms: a homogeneous background X (¢) that depend on cosmic time only, and
a perturbation § X (¢, x) term that is spatially dependent

X(z,t) = X(t) +0X(t,z) (2.1)
We are dealing with very small perturbations, therefore the linearised Einstein equation
0G,,, = 8mGdT,, (2.2)

approximates the general solution with great precision.

One of the crucial facts during the study of cosmological perturbation is that the
split of equations into background and perturbation terms is not unique because it
depends on the gauge choice, i.e the choice of the coordinate. Let us try to explain why
this is true: according to [2.1], the perturbation can be defined as the difference between
the value X in the real perturbed spacetime, and the value X of the very same variable
in the unperturbed spacetime. On the other hand, it is a known fact from differential
geometry that if we want to properly compare tensors quantities, we need a map which
allows us to identify points of the background spacetime with points of the perturbed
one. This is in essence a gauge choice, and the freedom we have in changing this map is a
gauge transformation. Therefore we conclude that the split of [2.1}is not unique. If we do
not make attention during the gauge choice we can either remove a real perturbation or
introduce a fake one. In order to resolve this ambiguity we have to take into account the
complete set of perturbation [2]: we need both the metric and the matter perturbations
and we can change from one to the other with a gauge transformation. Eventually, in
order to avoid confusion, we will study fluctuations of gauge invariant quantities: indeed
they cannot be removed, by definition, with a gauge transformation.

One of the advantages of the homogeneous and isotropic background is that it con-
stitutes a maximally symmetric space and these symmetries allow us to decompose the
matter and metric perturbations into three independent components: scalar, vector and
tensor. This is called in the literature scalar-vector-tensor (SVT) decomposition, and
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it turns out to be a powerfull techniques, as we shall see in a moment. We claim that
a generic perturbation has helicity m if under the rotation of the coordinate system by
an angle 6 it is multiplied by e’
0,+1, £2 respectively [2]. Eventually, the SVT decomposition allows us to treat each

. In particular, scalar vector and tensor have helicity

perturbationﬂ independently, because each type evolves individually.

As a final general remark we claim that perturbations are more easily treated in Fourier
space, and it can be shown that traslation invariance means that the different Fourier
modes do not interact. These features of maximally symmetric spaces allow us to con-
siderably simplify the study of cosmological perturbations.

After this general introduction we can explicitly define the perturbations for both metric
and matter around the homogeneous FRW background.

Metric perturbations

Here we define the inflaton and metric perturbation around the FRW universe and ac-

cording to [2.1] we have

o(t, @) = o(t) +0¢(t, ) g (t, ) = Gu(t) + 09, (t, x) (2.3)
where the metric perturbations may be parametrized in terms of the line element as

ds* = g, dz*dz”

) , ) o (2.4)
= —(1+29)dt” + 2aB;dz'dt + a [(1 —2W0)0;; + E,-j}dac’dacJ
Using the SVT decomposition we can rewrite the metric perturbation as follow

and

Ei; = 20,0,FE +2(0;F; + 0;F,) + hy; ~ 0'F;=0, hi=09h;;=0 (2.6)

We note the presence of two vector perturbation S; and F;. It can be shown [3] that vector
perturbations of the metric always decay in time, hence they do not play a fundamental
role in standard cosmology and from now on we neglect them. We will focus mainly
on scalar and tensor perturbations, which can be related to experimental observable
quantity in the late universe: density fluctuations and gravitational waves respectively.
The main difference between scalar and tensor perturbations is that the latter are gauge-
invariant, while the former change under a change of the coordinate system, hence they

2At the linear level
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are not gauge invariant.
Indeed, if we take into account the gauge transformation

t—t+a (2.7a)

a' — '+ 6B, (2.7b)

using the invariance of the spacetime interval, we see that the scalar metric perturbations
change as

®—P—a (2.8a)

B— B+ata—aB (2.8b)

E—-FE-p (2.8¢)

V- Y+ Ha (2.8d)

Matter perturbations

In this paragraph we define the stress-energy perturbation 67, .
The latter is related with the metric perturbations by the Einstein equations and after
inflation, the perturbed terms of the stress-energy tensor are [3]

§TY = 6p (2.9a)
6T = —(p+ p)u; (2.9b)
0T; = —656p (2.9¢)

where v; represents the perturbation of the velocity field. Being scalar quantity, under
a gauge transformation they change as

dp — dp — pa (2.10a)

dp — dp — pa (2.10b)

We stress out that we are dealing with a perfect fluid, and in most cases this approxima-
tion is enough for our purpose. If the matter cannot be represented by a perfect fluid,
then the perturbation (5T; contains an extra term Z;, called the anisotropic stress.
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2.1.1 Gauge invariant quantities

As we mentioned above, the split of equation is not unique, but depends on the
gauge choice. If we do not proceed carefully, the gauge choice can either introduce fake
perturbations or remove real ones. In particular, we said that tensor perturbations are
gauge invariant, but this is not true for scalar perturbations. To avoid confusion, it is
convenient to introduce gauge invariant variables for the scalar sector.

An important scalar quantity which is invariant under the gauge transformation is the
curvature perturbation ¢, defined as [9)

H
_g;qwgap (2.11)

This quantity gives us a measure of the spatial curvature of constant density hypersur-
faces [2] and besides being a gauge invariant variable it has the important property of
being constant outside the horizonP}

There is another relevant gauge invariant quantity, which geometrically measures the
spatial curvature of comoving hypersurfaces. It is called comoving curvature perturbation
and it is defined by

R=V-— g&b (2.12)
)

These two quantities can be related via the Einstein equations and it turns out that

they satisfy

B k? 2p
_C_R—i_(aH)?S(ﬁ—i—p)\D (2.13)
with
Uy =1+ a*H(E — B/a) (2.14)

is the Bardeen potential [9]. From this relation we conclude that on superhorizon scale,
i.e. for k < aH, ( and R are equal. Therefore their correlation function is the same at
horizon crossing and they are constant on superhorizon scales. Using the linear gauge
perturbations discussed before, it can be shown that both R and ( are truly gauge
invariant variables.

Statistical approach

So far we described a precise picture of cosmological perturbations and finally we need to
compare them with experimental data. This can be achieved using a statistical approach:

3This holds true for adiabatic matter perturbation [2].
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even if we have just one universe, thanks to the ergodic hypothesis we can substitute
the average over different realizations with the average over sufficiently large volumes,
which can be considered as statistically independent. Eventually, the connection between
theoretical computations and experimental results relies on the so called Power Spectrum
P(k). Tt is a statistical average of a certain signal as analysed in terms of its scale (or
frequency) content. From a mathematical point of view it is defined as the Fourier
coefficient of the Fourier transform of the two point correlation function. Therefore,
taking into account the comoving curvature perturbation R, we write its two point
correlation function as

RWRW) = [ o s (ReRe)ee e (2.15)

where we denote with (...) the ensemble average of the fluctuations.
Finally, the power spectrum Pg(k) is defined as

<RkRkI> = (271')35(’43 —+ k,)PR<k) (216)

We will use the dimensionless power spectrum, defined as

A} = — Pr(k) (2.17)

o2l R

If the variable under exam is gaussian then its power spectrum contains all the statistical
information. It can be shown that in single field inflation model the primordial non
gaussianity in negligible [I0]. Therefore all the statistical information are encoded in the
power spectrum of R and we do not need to take into account higher order correlation
functiond]

It is possible to define, in the very same way, the power spectrum for each of the two
polarizations of the tensor mode h;;

The total power spectrum of tensor modes is then defined as the sum of the power
spectrum of the two polarization
A =273 (2.19)

In the next sections we will compute both A% and A2 starting from quantum fluctua-
tions.

4Indeed, higher order correlation functions describe the non gaussianity of the field.
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2.2 Harmonic oscillator

As a pedagogical tool, we will start with a review of the quantum mechanical treatment
of the Harmonic Oscillator (HO). Indeed, it constitutes a simple example, but still con-
tains most of the important physical consideration.

The Fourier analysis tells us that the majority of complex physical systems can be ex-
panded as a collection of HOs with different frequencies and amplitude [2]. Being one
of the few physical system which can be solved analytically, the HO turns out to be
extremely important. In particular, we will see that a free quantum field in a curved
background can be thought of as a set of HOs with time dependent frequencies.

In classical mechanics, a time dependent frequency HO is described by the action

1

S = 3 /dt(x'2 — m*w?(t)z?) (2.20)

where we denote with x the deviation from the equilibrium state of a particle. From now
on we will set for simplicity m = 1.

The equation of motion can be easily obtained from the variation of the action

i—s =0 = i+w(t)=0 (2.21)
X

Quantization

Adopting the canonical quantization paradigm, we proceed in the standard way defining
the conjugate momentum

_ oL _
T o

and then we impose the canonical commutator at equal time

i (2.22)

(&, p] = ih (2.23)

where the classical variables x, p have been promoted to quantum operators z, p.
We are working in the Heisenberg picture, where states are time independent while
operators evolve in time. Hence, the position operator & might be expanded as

& =wv(t)a +v(t)*al (2.24)

where we introduced the creation and annihilations operators.
For consistency, the complex mode function v(t) satisfies the equation of motion m

i+ w?(t)v =0 (2.25)
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The canonical commutator of equation becomes
(v,v)[a,al] =1 (2.26)

where we introduced the scalar product
(v,w) = %(v*@tw — wop®) (2.27)

If we assume that the solution v is such that the scalar product is positively defined, we
can rescale the function itself in order to properly normalize the scalar product

(voy=1 = [a,a'] =1 (2.28)

In particular according to , the creation and annihilations operator are identified by
the relations

a= (v, 1) (2.29a)
al = —(v*, ) (2.29b)

Finally, we can proceed with the construction of the Fock space: the vacuum state is
defined as

alo) =0 (2.30)

while excited states are defined in terms of the action of &' on the vacuum state, i.e

(a*)"10) (2.31)

In) =

1
NG

indeed
N|n) =n|n) (2.32)

The careful reader probably noticed that we have not determined uniquely the mode
functions v(¢). Since the definition of annihilation operator is based upon the mode
functions, we conclude that every change in v(t) that leaves invariant the solution z(t)
determine a change in the definition of the vacuum state. In particular, it turns out that
for HOs with time dependent frequency w(t) there is no unique choice of the vacuum
state, because the decomposition of z in eq. is not unique. As we see later on, this
is what happens when we deal with curved spacetime.

On the other hand, if the frequency is time independent there exists a preferred choice
of the vacuum state |0) as the ground energy state of the Hamiltonian.
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2. Quantum origin of primordial fluctuations

Indeed, if we evaluate the Hamiltonian operator for a generic mode function v(t) taking
into account eq. [2.24] we get

= % P+ % 222
1 (2.33)
=3 [(0* + w?v?)aa + (0* + w?v?)a'al + (|0°| + w?|v?|)(aa’ + a'a)]
It is now easy to compute the action of the Hamiltonian operator on the ground state
|0). Indeed, recalling [a,a’] =1 and a|0) = 0 we obtain

A~

1
H|0) = 5(@2 +w??)atal |0) + (|0°| + w?|v?]) [0) (2.34)

Therefore, if we require the vacuum to be an eigenstate of H the first term must be zero,
and this implies
0 = Fiwv (2.35)

Recalling the definition of the scalar product [2.27, we see
2
(v,0) = F ol (2.36)

If we assume the scalar product to be positively defined and properly normalize, we chose

the minus sign equation from [2.35
0 = —iwv (2.37)

v(t) = \/ge—m (2.38)

With this choice of the mode function, the vacuum state is uniquely defined as the ground

and its solution is simply

state of the Hamiltonian. The latter can be written as

. - 1
H= m(zv + 5) (2.39)
for which .
H10) = > (2.40)

Fluctuations around the ground state

Finally, we consider the expectation value of |9Z’\2 around the ground state, which is

(01 1af* [0y = (0] &'z |‘o> — (0] (v"a" + va) (va +va) [0) o1

t)[* (0] [a, a'] [0) = u(w, )|’
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2. Quantum origin of primordial fluctuations

Therefore we see that the ground state fluctuations of the position around the vacuum
are completely characterized by the square of the mode function

2 I

T 2w

A2
(0112[7]0) = |v(w, t)| (2.42)
We reviewed so far all the necessary background to compute the power spectrum of
primordial fluctuations, which is going to be the topic of the next section.

2.3 Primordial perturbations from quantum fluctu-

ations

In this section we finally study the quantum fluctuations of the inflaton: we will see that
this approach provides a dynamical way to generate primordial perturbations that led
to the LSS of the universe.
In particular, cosmologically relevant fluctuations are created quantum mechanically
inside the Hubble horizon

k> aH (2.43)

The comoving scales k~! remain constant during inflation, while the Hubble radius
(aH )_1 shrinks as we explained in the previous sections. Eventually, fluctuations exit
the horizon and undergo to the so called super horizon regime, hence

k< aH (2.44)

This is better explained in figure in standard inflation the amplitude of the pertur-
bations is not affected by causal physics on super horizon scales. Therefore, fluctuations
freeze out until they re-enter the horizon. When inflation ends and the standard Hot Big
Bang begins, the comoving Hubble horizon grows in time and all fluctuations re-enter
the horizon. After these general remarks we can proceed with the detail computation of
quantum fluctuations and their power spectrum, keeping in mind the HO results.
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2. Quantum origin of primordial fluctuations
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Figure 2.1: Dynamics of perturbations in the inflationary universe [2].

2.3.1 Scalar perturbations

The starting point for the computation of scalar fluctuations is the action describing the
dynamics of a single field slow-roll inflation model. We are interested in linear equation
of the perturbations, hence the action must be expanded to second order in fluctuations.
From the latter we derive the equation of motion for the comoving curvature perturbation
R in the standard HO form. Then we will solve the equation considering different
approximation regimes.

The action for the single field, in units where 87G = 1 is given by

1

5=3

/ d*z/=g[R — ¢ 0,00,¢ — 2V ()] (2.45)
Before expanding the action, we need to fix the gauge in order to avoid time and spatial
reparametrisation. In particular, following the approach developed by Maldacena [10], we
leave the inflaton field unperturbed while all the scalar degrees of freedom are contained
in the metric fluctuation R. Hence, we impose

1

60 =0,  gj=a*[(1—2R)d;+hy],  Ohyy=h,=0 (2.46)

After the gauge fixing we can finally expand the action to the second order in R.
What we get is

12
S =7 / d'ra* TR~ ?(OR) (2.47)
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2. Quantum origin of primordial fluctuations

The latter can be simplified if we change to conformal time 7 and we introduce the new
quantity
2 29
v=2zR, P =dn (2.48)
where v is known as the Mukhanov variable. Then, the action, after integration by parts,
takes the form
1 z"
Se) = 5 /dndgx [(U’)2 — (Ov)? + Z0? (2.49)
z
where with ' we denote, as usually, the derivative with respect to the conformal time 7.
It is now convenient to move into Fourier space. Thus we define the expansion for the
field v as

v(n,x) = /%U;{(n)eik'w (2.50)

Substituting this expansion in equation and computing the equation of motion, we
end up with the so called Mukhanov equation

Z//
vy + (k2 - ;)vk =0 (2.51)

Since the function z is strictly related to the background dynamics, the Mukhanov equa-
tion is very hard to solve. Thus we will consider a series of approximation, like the pure
de Sitter limit and the slow-roll regime, in order to solve it analytically.

Quantization

In complete analogy with the harmonic oscillator we proceed with the quantization of
the field v. This can be achieved promoting the field itself and its conjugate momentum
v’ to quantum operator, hence

”* dgk A ik-x * A~ —ik-ax
_/W[vk(n)akek +vk(n)aze k } (2.52)

Equivalently we can promote to quantum operators the Fourier modes, using the decom-
position

A~

b = vr(n)ay +v* . (n)al , (2.53)

If we normalize the mode function as

(v, vi) = — (vpvy, — v o) =1 (2.54)



2. Quantum origin of primordial fluctuations

then the creation and annihilation operators satisfy the canonical commutation relation
. al| = (2m)%0(k - k) (2.55)

We stress out that equation is one of the boundary condition for the Mukhanov
equation [2.51] The second one is determined once we chose a proper vacuum state.

Bunch-Davies vacuum

The standard choice of vacuum state for fluctuations is the Minkowski ground state of
a comoving observer in the past, n — —oco or equivalently k > aH, [2]. Under this
approximation, the Mukhanov equation simplifies to

vy + ko, = 0 (2.56)

The analogy with the modes equation of a standard harmonic oscillator with time in-
dependent frequency is evident. We already showed that there exists a unique solution
to this equation if we require the vacuum state to be the minimum energy state of the
Hamiltonian. Thus we impose, together with [2.54] the second boundary condition

lim vy, = (2.57)

where we set h = 1. The two boundary conditions completely set the mode functions on
all scales [2].

De Sitter limit
In the previous chapter we defined inflation as a period of shrinking Hubble radius:

d - 1 H
ZE@H)IZ——u—f% =—1m <1 (2.58)
a

If we assume a pure de Sitter phase, i.e ¢ — 0 then the scale factor is related to the

conformal time by the relation
1
- 2.59
oln) = - (259
where 7 takes negative Valuesﬂ Thus if we consider the de Sitter limit

" 1
2
L _ (2.60)

®Recall that 7 € (—00, 00).
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2. Quantum origin of primordial fluctuations

and the Mukhanov equation becomes
/" 2 2
vg+ (K= — Ju. =0 (2.61)
Ui
By direct substitution it is easy to verify that an exact solution of this equation is

Y PN WY R 2.62
wp=a——\1—-—|+0b—==|1++— .
* \/ﬁ( kn) \/2k( kn) (262)

where o and 3 are two free parameters and they represent the non uniqueness of the mode
functions [2]. This solution can be uniquely fixed if we impose the boundary conditions

and 2.57, together with the subhorizon limit |kn| > 1. Indeed, in this case we fix
a =1 and g = 0 and this lead us to a unique definition of the so called Bunch-Davies

e~ thn ) 5
v = — | 1 — — 2.6
. m( kn) (2.63)

Zero-point fluctuations and power spectrum

mode function

We already computed the expectation value of \:%|2 for the standard harmonic oscillator
and we found

1
0l 1z|* |0} = DI = —
(0217 10) = |v(w, 1) 7

Here we proceed with the very same computation for the field R. Recalling the definition

(2.64)

of the Mukhanov variable
v=2zR, 2 =a" - (2.65)

and the definition of the power spectrum as the Fourier mode of the two point correlation
function, we have

2 2
a2q.52 <Uk, Uk/> = (271’)3 a2q.b2
o 2 sk 1 k)

a? ¢2

(Ries Rw) = S(k + K')|v(n)|?

(1+K*n?) (2.66)

1
2k3n2
H? H?

where we used the result and we took in mind that for a de Sitter background

1

a(n) = _H_'f] (2.67)
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2. Quantum origin of primordial fluctuations

On superhorizon scales |kn| < 1 we see that the power spectrum approaches to a constant

H? H?

_ 3 n-- -
This property reflects the fact that R is constant on superhorizon scales, as we ex-
plained in [2.1.1, Finally we can compute the power spectrum at horizon crossing, i.e at

a(ny)H(ny) = k. This is given by

H? H?
_ 3 X X
(Ri, Rie) = (2m)38 (ke + k:’)—d.)i o

(2.69)

The power spectrum at horizon crossing determines the future power spectrum until a

given fluctuation re-enters the horizon, since R is constant on superhorizon scales.

Eventually, the dimensionless power spectrum is defined as
k3 H? H?
T (2m)? ¢2

This result is explicitly extended to quasi de Sitter background because we computed it
at a specific instant: the horizon crossing. Indeed, different scales exit the horizon at

A% (k) (2.70)

slightly different times and Hy has different values due to its slow time-evolution.

2.3.2 Tensor perturbations

We already discuss the quantization of primordial fluctuations for the scalar sector, and
here we move on to the tensor sector, where a similar approach might be applied.

It is clear from equations that the stress energy tensor does not have spin two com-
ponents, therefore tensor modes are purely gravitational and they do not have sources [3].
After this remarks what we need is the action for the gravitational waves and
this may be derived if we expand the Einstein action up to the second order in the
metric perturbation h;;. Here h;;, already encountered in eq. , is the spin two
transverse traceless perturbation. Its dynamics is governed by the action

1 /
= e / dnd®za?[(H)? — (B1hi;)’] (2.71)

We recognise the analogy with the action of a massless scalar field, up to the over all
factor. We might define the Fourier decomposition of the tensor mode

d3k s s ik-x
hij= > /(2ﬂ)3eij(k)hkek (2.72)

s=+,X
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2. Quantum origin of primordial fluctuations

where efj(k:)ef;-(k:) = 20s¢ and €; = k'¢;; = 0. Substituting the decomposition in the

tensor action, we get
1
S=>" TP / dnd®ka®[(h})? — k*(h)?] (2.73)

If we introduced the canonical normalised field

a
Vi = ——h3 2.74
b= g (2.74)

we recognize it as two copies of the action for scalar perturbation of eq. [2.49]
Indeed each polarization satisfies the equation

a//
(vp)" + <k2 — —>vk =0 (2.76)
a
The latter might be expressed in terms of the physical fluctuation A} into the form
!/
(h3)” + 2%(@)’ + k2hE =0 (2.77)

which is going to be useful in chapter [3

Quantization and power spectrum

We just showed that each polarization of the tensor mode behaves as a massless scalar
field in the de Sitter space
V321G

h; = : 2.

k a Uk (2.78)
Since we already computed the power spectrum for the scalar sector, we can simply write
down

Se \hs 32rG, s
(R ()b (n)) = (2m)°6(k + k') =5 (vk(m)vi (m)
327G 1
_ 3 27.2

2

H
= (27m)30(k + k')32w02—l€3(1 + 0%k
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2. Quantum origin of primordial fluctuations

where we used the results from the previous section together with the expression of the
scale factor for a de Sitter background,

1

a(n) = _H_'f] (2.80)

In the superhorizon limit, |kn| < 1, we end up with

A N H?2
(hi(m)hi(n)) = (27)*6(k + k:’)327r02—k3 (2.81)
Finally, we can write down the dimensionless power spectrum for a single polarization
mode, evaluated at horizon exit
H3
WQMZ?I

A} = (2.82)
where we introduced the Planck mass M2 = 1/87G.

Thus the dimensionless power spectrum for tensor fluctuations, taking into account both
the polarizations, is simply

212

2012
7rMpl

A2 =27} = (2.83)

This last expression gives us the result for the power spectrum of the tensor fluctuation
produced by inflation, evaluated at horizon crossing.
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Chapter 3

From Inflation to late-time
observables

The aim of this chapter is to discuss how the predictions of inflation on the primordial
tensor perturbations can be transferred at late time as a contribution to the GW energy
density. Firstly, we proceed with the study of cosmological perturbation, starting with
the equations of the linear theory previously derived to analyse the evolution of tensor
perturbations in the framework of the hot big bang theory. In particular, we connect
primordial fluctuations with late-time observable, introducing the notion of gravitational
wave energy density. The reason why we are so interested in studying tensor perturba-
tions in details relies on the possible detection of the theoretically predicted stochastic
gravitational wave background via direct detections with future spaced-based interfer-
ometers and Pulsar Timing Array (PTA) experiments.

Then we presents a new mechanism developed by [16] to amplify the primordial spectrum
of the tensor sector in single field inflation scenario. Requiring a transitory non-attractor
phase, tensor fluctuations might be enhanced by several orders on superhorizon scales.
Moreover, we compute the duration of the non-attractor phase to ensure that the energy
density crosses the sensitivity curves of LISA, aLIGO and PTA detectors.

We then review the main noise sources of these interferometers, providing good analyt-
ical fits for their sensitivity curves. Finally, we plot in the same graph the amplified
energy density together with the detectors sensitivity curves.
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3. From Inflation to late-time observables

3.1 Tensor perturbations as relic gravitational waves

We are assuming homogeneity and isotropy on large scales and this leads us to the FRW
metric which reads, using conformal time, as

ds* = a*(n)( — dn® + d?) (3.1)

where we assumed a flat background. Let us recall that tensor perturbations are de-
scribed by the transverse traceless
tensor h;;. The latter can be decomposed in momentum representation in the basis
of helicity-2 tensors in the very same way we discussed in chapter [2}

b= 3 [ Gt (3.2)

s=-4,X

where we denote with the index s the two possible polarizations. Moreover, we know
that each polarization obeys the equation [2.77] i.e.

/
(h3)” + 2%@;)' + kRS =0 (3.3)

describing the propagation of gravitational waves at the speed of light. For simplicity
from now on we neglected the polarization index, taking into account the single polar-
ization mode.

Evolution Regimes

Before exploring deep down the solutions of this equation we first need to step back for
a while and analyse the different regimes of evolution. Indeed the solutions strongly
depend on the relation between the Hubble parameter H and the physical momentum
q= S In particular it is possible to distinguish two different regimes, called respectively
Subhorizon and Superhorizon regimes. The former occurs when the physical wavelength
is small compared to the comoving Hubble radius (aH)™!, hence when it is satisfied the
following inequality

k> a(n)H(n) (3.4)

On the other hand during superhorizon regime the opposite inequality holds and this
means that the Hubble size is smaller than the physical wavelength

k < a(n)H(n) (3.5)

According to inflation the combination (aH)™' decreases in time, hence the physical
momentum ¢(t) = k/a(t) necessarily decreases faster than H(t) as shown in figure [3.1]
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3. From Inflation to late-time observables

inside \ outside 'inside
horizon \ ' horizon horizon
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Figure 3.1: Given a conformal momentum k the figure describes the dependence of the
physical momentum and Hubble parameter at inflation epoch and later on [3].

This property of inflation is related to the solution of the horizon and flatness problem
of the hot big bang theory. Hence we conclude that during inflation a mode is first sub-
horizon, and then superhorizon, with the situation being inverted at radiation or matter
domination: fluctuations are created on all length scale, and the cosmologically relevant
ones start their lives inside the horizon. However while the comoving wavenumber k&
is constant, the Hubble size shrinks during inflation, so eventually all fluctuations exit
the horizon. After inflation the Hubble radius grows again and fluctuations re-enter the
horizon. The larger the physical wavelength, the later the perturbations re-enters the
horizon. In particular, scales of cosmological interest came back within the Hubble size
at relatively recent times.

In the next section we solve the eq at superhorizon and subhorizon regimes respec-
tively and then we match the solutions at horizon crossing k = a(n)H (n)

3.1.1 Superhorizon regime

We begin considering the superhorizon regime, hence k < % (or equivalently |kn| < 1).
This allow us to neglect the last term in 3.3l and we are left with

/

n 2% =0 (3.6)
a
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3. From Inflation to late-time observables

The general solution of this equation is given by the sum of two different terms

h(n) = hi+C-/% (3.7)

where h; and C are two integration constant. We notice that one of the solutions is a
constant modeﬂ whether the other one is a decaying mode, and we always assume the
latter to be negligible at horizon re-entry. This assumption is not hard to understand but
deserves a better explanation: if the decaying mode was large enough not to be negligible
at horizon re-entry, it was even larger at early times, but this is in contrast with the
viewpoint of an homogeneous and isotropic universe at early stages. On the other hand
if this mode was not substantially large at early times, it soon became negligibly small.
Therefore we are led to the conclusion that decaying modes are always negligibleﬂ Of
course this reasoning holds true if we assume slow-roll inflation during which the scale
factor grows with time, but it breaks down if we consider a non-attractor regime: in this
case, the second term of becomes a growing mode, and this is going to be the topic
of the next section.

To summarize, we focus on the modes that ”freeze-out” outside the horizon and their
value at horizon exit determines the future power spectrum until the wavelength of a
given fluctuation becomes smaller than the Hubble size and the subhorizon regime sets
in.

3.1.2 Subhorizon regime

We now move on to subhorizon perturbations and we consider k > a’/a. To fully solve
eq we make use of a trick that allow us to get rid of the first derivative. The basic
idea is to introduce the unknown function f(n) = a(n)h(n) and rewrite the equation as

"+ <k2 — %)f =0 (3.8)

Since |kn| > 1 and in quasi-de Sitter space a o< n~! we can neglect the last term and we
are left with the equation of the harmonic oscillator, whose general solution is given by

h(n) = % cos(kn + «) (3.9)

We notice that after horizon re-entry the amplitude of the gravitational wave decays
in inverse proportion to the scale factor. This general result is valid both for MD and

1'With the subscript (i) we refer to the amplitude initial value.
2This assumption concerns scalar perturbation as well.
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3. From Inflation to late-time observables

RD epochs. The two free parameters A and « can be determined by matching 3.9 with
the constant mode of the superhorizon regime. The borderline between the two regimes
occurs at knx ~ 1 and the function at that time is found to be h = Aa~'(ny) and
equating it to the constant mode h; we finally find a first estimate of the amplitude after
the horizon re-entry

h(n) = h; aézy;)) cos(kn + «) (3.10)

At a given time, the dependence of the amplitude h on momentum is completely deter-
mined by the scale factor time evolution a(nyx) ~ a(k™'), if we assume that h; are the
same for all wavelengths. Keeping in mind this statement we now want to determine the
amplitude at both RD and MD epochs.

During RD era, in which we have k > k., with the subscript eq standing for matter-
radiation equality, the scale factor depends linearly on the conformal time a(n) o 7,
while during MD, k < k4, the scale factor grows with the square of the conformal time
a(n) o< n*. To summarize:

h(k) oc hik™ k> ke, (3.11a)

h(k) oc hik™ k< keg (3.11Db)

We are still missing the phase o and to determine it we have to fully solve eq[3.3]
In what follow we mainly focus on RD-entering modes because as we will see they match
with the range of frequencies analysed by interferometers. For these modes we have
a’'/a = n~! and this means that eq is nothing but the Bessel equation, whose solution
that tends to a constant as the conformal time tends to zero is given by

sin(kn)
h(n) = h; o

(3.12)

where we focused on the Bessel solution that tends to a constant mode in order to match
the solution with the superhorizon constant mode previously discussed. The assumption
of the absence of decaying modes uniquely fixes the phase in this solution. We have to
keep in mind that this expression is valid only at n ~ 1« and to obtain the value of the
amplitude h(n) at later times we have to make use of the time-independence of the ratio
a(n)/n at the horizon crossing, hence

h(n) = iaéf) S:;((l;? (3.13)

95



3. From Inflation to late-time observables

Let us recall now that deep down at radiation domination, making use of the entropy
conservation, we can rewrite the Friedman equation as

(3.14)

Hence we express the conformal time as

t dl? a da . 1/6 1
n= / —_— = / ~2—6L~ = (g_) —g (315)
0 a(t) a H(CL) 9x,0 aOHO \Y Qrad Qo

and this allow us to rewrite the ratio

1/6
a(nX) :agHom( g*,O ) (316)

M g*(UX)

This gives us the final expression for the time evolution of the amplitude of subhorizon
RD-entering mode. At a present time, the formula gives ug’

HO V Q’/‘ad ( gx,0

(TIO) qo0 9x (7]><

1/6
)) sin(knp) (3.17)

where ¢y = % is the physical momentum today.

3.2 Gravitational wave energy density

The main property of a relic gravitational wave background of cosmological origin is its
frequency spectrum: indeed it is expected to be isotropic, stationary and unpolarized.
The intensity of such a background can be characterized by the dimensionless energy
density, defined as [3]:

1 dp
Qou(k) = ——22 3.18
oul¥) pe dlog(k) (318)
where p. is the critical density given by
_sH}
Pe= G

and pg,, is the energy density of the stochastic background.
The results of the previous section can be used to compute such a density in the present

3We will use this result later on.
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3. From Inflation to late-time observables

Universe. Once the wavelength is smaller than the Hubble horizon the modes are not af-
fected anymore by the Universe expansion, and the tensor perturbation quadratic action
reduces to the free gravity waves action in Minkowski space—timeﬂ

1 S S S
52283647TG/d4x[(8th ) 0kt 0,k (3.19)

Hence the hamiltonian functional is given by

1 S S S
H=Y i / Er[(0h°)? + 0k 0] (3.20)

Next, Fourier expanding the amplitude and computing the Ty, component of the stress-
energy tensor we immediately get the energy density pg,

M? d
_ 2l 40 Aro)? 3.21

Pow = 35 / s (90A70) (3.21)
where A2 is the dimensionless tensor spectrum defined in chapter [2] as

2 __
A} = 55 Pr(k) (3.22)

With A2T70 we denote the power spectrum evaluated today. Of course this quantity is
strictly connected with the primordial spectrum.

It is now easy using the result and the definition to obtain the gravitational
wave energy density in the present Universe

0. - Lo d( 90 )1/3A2 (3.23)
127N gy !

The predicted energy density is very small, therefore relic gravity waves are hard to
detect. However the required sensitivity might be reached by future space-based inter-
ferometers like LISA or with Pulsar Timing Array (PTA) techniques. The figure
shows for a variety of gravitational wave experiments the sensitivities to a relic gravi-
tational wave background as a function of momentum k and frequency f. The line &,
separates modes that entered the horizon at matter domination (smaller frequencies)
and radiation domination, the latter being the ones we are interested in.

4We assume a flat background space.
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Figure 3.2: The dashed curves stand for the projective sensitivities of the various detec-
tors, while the solid curves denote the current upper limit [13].

3.3 Tensor fluctuations enhancement

In the previous section we obtained the energy density of relic GW in the present universe
assuming a flat primordial power spectrum. We can see from fig that the predicted
energy density for different inflation models is well below the sensitivity curves of the
actual detectors, hence we are led to the conclusion that direct detection of stochastic
background is so far unlikely.

Here we present a new mechanism developed by [10] that allows us to amplify the pri-
mordial fluctuations of the tensor sector. Then in section 3.4 we translate this enhanced
power spectrum into late-time energy density, ensuring that it crosses LISA, LIGO and
PTA sensitivity curves.
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3. From Inflation to late-time observables

Assuming a single filed inflation background, they showed that tensor fluctuations might
be enhanced if we assume a non-attractor phase of inflation: indeed, this transitory
regime raises the would-be decaying tensor mode at superhorizon scales. Before explor-
ing this mechanism we briefly discuss similar models applied to the scalar sector, in order
to gain familiarity with this scenario.

3.3.1 Analogies with the scalar mode

We already saw in that in a single field inflationary scenario the dynamics is gov-
erned by the action [2.45] Then we expanded the latter to the second order in the scalar
curvature perturbation R, obtaining eq. [2.47, which in conformal time takes the form

Se) = %/dndx?’z2 [RQ - (@»R)Q} (3.24)

where the scalar pump field z is
Z=a— (3.25)

and we denote with ¢ the scalar inflaton field. As we studied earlier, in standard single
field inflation scenarios gb and H are approximately constant, while the scale factor
a o< ef' grows exponentially. Hence, the scalar pump field z increases in time and the
inflation is said to be in an attractor phase: the scalar curvature perturbation R remains
constant at superhorizon scales and its power spectrum is almost scale invariant.
However there are models in which the rapid change in the potential slope breaks the
slow-roll conditions, then the standard inflation is not an attractor anymore and the
quantity z might decrease for a brief time interval. If this happens the would-be decaying
solution of eq [2.51]in the superhorizon regime becomes relevant, and the modes that exit
the horizon during this phase might be amplified by several orders. As a consequence
the primordial power spectrum of the curvature perturbation R is enhanced and these
predictions can be tested with CMB experiments.

Before discussing the tensor sector, it is worthwhile to present with some more details
the theories behind these results, hence we describe the so called ultra slow-roll system
as presented by [I1]. According to this model the slow-roll inflation, besides ending when
the field potential is steep and curved, breaks down when it becomes too flat and the
ultra slow-roll regime sets in.
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3. From Inflation to late-time observables

Ultra slow-roll inflation

In chapter [1] we studied the physics behind inflation and we saw that the dynamic of the
inflaton is governed by the Klein Gordon equation [1.57}

G+3HO+Vy=0 (3.26)

In particular, we achieved slow-roll inflation requiring the parameter
€= —— (3.27)

to be smaller than unity. In this standard scenario the term gzﬁ in equation is
negligibkﬂ and it reduces to

3Hp ~ —V,, (3.28)

The latter shows us that the friction term depends on the slope term. Inflation proceeds
in the standard regime and it ends when slow-roll conditions are broken.

However, there is a chance for the potential to became extremely flat and if this
happens the slope term in equation [3.26| can be neglected. Hence, we are left with

b+ 3Hd~0 (3.29)

and this shows us that the friction term now depends on the acceleration ¢.

In this scenario, the slow-roll conditions do not hold anymore and a super slow-roll regime
sets in.

Thus, if we are in slow-roll regime but the slope V, decreases drastically, then by virtue
of equation [3.28)it drags down the friction term as well. Arguably this reduces the kinetic
energy density

1.
Ekin = §¢2

However this value cannot decrease arbitrarily quick: indeed the fastest it can shrinks
is Fiin o< a % and this is called free-fall because it corresponds to a scalar field with
null potential density V' = 0, whose dynamics is governed by eq. [3.29) Therefore we
conclude that if the decreasing slope V4 forces the derivative 925, hence the kinetic energy
density, to reduce faster than the free-fall case, then slow-roll condition are broken and
super slow-roll begins.

5Indeed, we saw that accelerated expansion is sustained for a sufficient amount of time only if
6| < [3H,1V.sl.
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3. From Inflation to late-time observables

We conclude with a brief comment on the power spectrum behaviour during super
slow-roll inflation. In section we analysed the primordial fluctuations for the scalar
curvature perturbation, then we computed its power spectrum. This was given by

k3 H? H?
= —Prk)= —2-=
272 = (k) (2m)? ¢2

In standard slow-roll inflation the potential energy dominates over the kinetic term and

A% (k) (3.30)

the variation of ¢ is very small, hence the power spectrum A% (k) remains almost constant
and as we said it is roughly scale invariant. On the other hand, things are different during

ultra slow-roll inflation: indeed in this regime we have (ﬁ2 = 2En x a8 o< e 2N where
with AN we denote the elapsing ultra slow-roll e-folds. This means that during ultra

slow-roll the power spectrum goes like
A% (k) oc 88N (3.31)

Therefore we conclude that the curvature perturbations grow exponentially during this
phase and the primordial power spectrum for the scalar sector might be enhanced by
several orders of magnitude.

3.3.2 Tensor sector

The amplification of scalar perturbations recently lived a renovated interest, since these
scenarios can lead to the production of primordial black hole [16]. In this section we
explain how a similar enhancement might be achieved for primordial tensor modes, if we
require a phase of non-attractor inflation.

During the last decades accurate measures of CMB polarization set constraints on the
amplitude of the tensor spectrum at very large scales, without giving us further infor-
mation about much smaller scales.

On the other hand interferometers and other GWs experiments might probe a stochas-
tic background at these smaller scales in the next future. Thus, scenarios of inflation
where the primordial power spectrum is amplified at the scales of these detectors give
us predictions that are easier to verify, instead of CMB polarization experiments [16].
In essence, this is the reason why the enhancement of the tensor modes of primordial
perturbations constitutes a phenomenologically interesting topic.

Hence we describe this new mechanism developed by [16] that allow us to amplify the
tensor spectrum in single field inflation at arbitrary scales. It relies on the assumption
that the inflaton dynamic goes through a phase of non attractor regime that enhances
the tensor perturbations on super-horizon scales.
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3. From Inflation to late-time observables

We already saw in chapter [2] the linearised tensor fluctuations around a FRW back-
ground, define by the line element

ds® = —dt* + a*(t) ((1 — 2R)d;; + hy;)da’da’ (3.32)

where with h;; we denote as usually the transverse spin-2 tensor perturbations which
satisfies the traceless condition
Dihij = hi =0 (3.33)

Here we consider a non minimal coupling between the metric and the inflaton field ¢,
so that we end up with a time dependent function in the action for tensor modes that
allows us to enhance the spectrum. Indeed, expanding the Einstein action up to the
second order in the metric perturbation we get [17]

=1 / dtdPra®(t) [gT(t)(ath,-jf _ I gy (3.34)

8 a?(t)

where we set M2 = 1/(87G) = 1. In contrast with the previously derived equation
here we have two time dependent functions, i.e. Gp(t), Fr(t) that characterise the non
minimal coupling of the tensor kinetic term with the scalar field. If we introduce, in
analogy with the scalar fluctuations, the tensor pump field

a2

25 = < VorFr (3.35)
and define a new time variable
gr\"?

dt =a| = d 3.36
(%) a (3.36)

we might re-write the above action in a more convenient way

1 . .

5= [ ansA@ [0, - @hy)] (337)

where we denote with primes the derivative with respect to 7. Here we recognize the
action of a free field in a time dependent background. In particular it is interesting to
notice that if we impose Gr = Fr = 1 then the new time variable 77 behaves like the
conformal time and we recover the usual scenario discussed in the previous chapters.

Besides the presence of the two time dependent functions, the analogies with standard
inflation are evident and we can proceed as discussed in [3.1] Indeed, in Fourier space
the equation of motion reads

/
W42+ k2h =0 (3.38)

T
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3. From Inflation to late-time observables

Actually we just substituted the scale factor a in Mukhanov equation with the tensor
field pump z7. However the non minimal kinetic mixing encoded in Gr(t), Fr(t) might
considerably change the evolution of tensor perturbations with the subsequent primordial
spectrum enhancement. If we focus on superhorizon regime, i.e. k? < |2/2r| we can
neglect the last term in eq. and the general solution of the motion equation under
this approximation is given by

dn’

h(ﬁ)=61+62/m

where C; and Cy are two integration constant. As we discussed in section during

(3.39)

standard slow-roll inflation the second term on the r.h.s. decreases always in time and
its contribution is negligible at horizon re-entry. Hence the tensor perturbations together
with the primordial power spectrum remain constant on superhorizon scales.
On the other hand in this case we might have a very different behaviour of the would-be
decaying tensor mode which lead us to different predictions: indeed if the function zp
decreases rapidly in time the term proportional to Cy becomes dominant with respect to
the constant mode C; and the tensor amplitude is enhanced. If this happens the would-
be decaying mode is no longer suppressed by the scale factor and the system undergoes
to the so called non attractor regime.
In particular this occurs if the ratio z/./z7 changes sign, i.e.

. <0 = non-attractor regime (3.40)
This condition might be achieved, even for a short period of time, if the tensor pump
field zr has a strong time dependence, inducted by the presence of the two functions
Gr(t), Fr(t). Actually the above condition for the non-attractor regime determines a
break down of the standard slow-roll inflation: this implies that the dynamics of the
tensor amplitude cannot be described in terms of the usual slow-roll equations and we
have to introduce the idea on tensor duality, which allows us to control the system
analytically besides being in the non-attractor phase.

Duality and tensor modes

The concept of duality for the scalar sector has already been introduced by Wands [18]:
he showed that the power spectrum produced during inflation from quantum primordial
fluctuations is invariant under a transformation of the homogeneous background field.
In essence this allows us to produce a scale invariant spectrum from inflation regimes far
from the usual slow-roll approximation.
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3. From Inflation to late-time observables

This degeneracy of the spectrum is present even in the gravitational wave sector and we
might apply the very same argument to the brief transient non-attractor phase in order
to control analytically the evolution of tensor perturbations. For a better comprehension
of the idea of tensor duality we recall the action [3.37, The latter can be written in the
standard form

1 ~ ~ z//
5= [t - @)+ Lo (3.41)
where we introduced the canonical normalized tensor field
T

The above action corresponds to the usual action for an harmonic oscillator with a mass
u? = 2./ 27 which evolves in time, and it can be quantized and investigated if it satisfies
specific conditions. In particular we realize that the action |3.41| remains invariant under
a general transformation of the function z7(7) which leaves the ratio z7./z7 unchanged.
Moreover such a redefinition leaves invariant the equations of motion of the canonically
normalized field ¢;; hence the solution is the same.

According to [18] the most general transformation which leaves the ratio

~U "
r_Z%r (3.43)
T T

invariant might be written as

. _ dn’
22() @m(q+@/#wg (3.44)
where ¢y, co are two integration constants. It is worthwhile to highlights that the action
contains the same canonical variable g;; after the transformation law of the tensor
pump field z7 and this constitutes the key feature of tensor duality. Indeed this condition
allows us to introduce a new tensor perturbation ﬁij which can be related to the old tensor
amplitude h;; thanks to the common canonical variable g;;:

hij = %
zT _ ZT
= hij = —h;; (3.45)
B — i o
1] ET

The new field ﬁij is called the tensor dual of h;;. The dynamics of the tensor dual is
governed by the very same action [3.41] if we substitute zr with zr. Thus we conclude
that both the tensor perturbation and its dual follow the same statistics, since they are
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3. From Inflation to late-time observables

associated with the same canonical variable ¢;;. Eventually this allows us to correlate the
dual power spectrum with the original one with the only difference of an overall factor

2
A%::(ff) AZ (3.46)
2T
In particular if the overall ratio is bigger than unity the dual tensor spectrum is enhanced
as we desired. This shows that, thanks to tensor duality, if we control analytically the
power spectrum of h;; then we might control the dual spectrum for the amplitude ﬁij.

So far we discussed in a general way the non-attractor phase and tensor duality and
now we want to correlate them by computing the tensor dual of a slow-roll phase. Hence
we consider a quasi de-Sitter background space where the inflaton field is such that the
functions Gr(t), Fr(t) are almost constant in time and the slow-roll approximation is
satisfied. In this regime we know from the previous chapters that the power spectrum is
scale invariant and it is constant at superhorizon scales. In particular if we neglect the
time dependence of the Hubble parameter it is found to be [10]

1/2 172
AT::Z;E—H? (3.47)

‘/—_-;/2 T2

Recalling the definition [3.35] the function zy during slow-roll inflation is simply

2

2= az GrFr o< a® (3.48)

On the other hand, keeping in mind the duality condition of eq. [3.44, which can be

rewritten as B
aﬁ(Z—T) x = (3.49)
zT 2T
we might determine the properties of the tensor dual of the slow-roll phase. Recalling
the relation which connects the two time variable 7 and ¢ the above equation becomes

Zr 1
o | — — 3.50
t<ZT> X 23 ( )
If we consider the background as a pure de Sitter space we obtain

1 1
Ty~ = G oo (3.51)

Thus we showed that if slow-roll inflation is an attractor phase with the the tensor pump
field zr increasing in time, then the tensor dual of such a phase has a time-decreasing
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function zp. This tells us that the dual phase is a non-attractor and recalling the solution
[3.39] we conclude that in this regime the tensor perturbations grow at superhorizon
scales, with the subsequent amplification of the primordial power spectrum. The latter,
according to has an amplitude given by

2
A2 = (Z—T) A2 o aSAZ (3.52)
T

We know that during inflation the scale factor a grows exponentially, hence we conclude
the mechanism we just described allows us to properly amplify the power spectrum in
the dual regime where equation holds true. In particular, the requirement

L1

T X (3.53)
together with the definition [3.35
2 0’ ==
= Vorsr (3.54)

implies that in the dual phase the two functions must satisfy the relation

— 1
V GrFr pr; (3.55)

which eventually determines the non-attractor regime of the tensor fluctuations.
Using tensor duality it is possible to build specific models of single field inflation which are
able to enhance the tensor fluctuations on superhorizon scales. For further details see [16].
In what follow we will mainly use the results 3.52| in order to study the phenomenology
predicted by a brief non attractor phase in between standard slow-roll inflation.

3.4 Non-attractor regime

In this section we investigate how a non attractor phase of the tensor sector, with the
consequent enhancement of the power spectrum, could in principle amplify the total en-
ergy density of the gravitational wave background in the present Universe. The dynamic
of a non-attractor phase has already been discussed in the previous section.

We first justify the idea of a non attractor regime during inflation and then we move
toward a quantitative study of the power spectrum evolution in the presence of such
a regime. Then we estimate the new energy density predicted by the modified power
spectrum and we examine how many e-folds of non attractor inflation are necessary to
ensure that the energy density crosses LISA, LIGO and PTA sensitivity curves.

66
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The CMB and LSS observations provide an estimate of the spectrum of inhomogeneities
in the Universe on very large scale and they both strongly support the paradigm of
cosmological inflation.

However, we know from the inflationary theory that large scales modes were the first to
exit the horizon and being far outside of it at recombination they have not been affected
by subhorizon evolution. Hence, they allow us to directly observe just a small fraction
of the inflationary evolution. Indeed, CMB and LSS probe the range of wave numbers
10~*Mpc™t < k < 0.1Mpc™?, corresponding to about 7 out of the 60 e-folds of inflation
and this leaves the remaining e-folds largely unknown [31].

It is therefore legit to suppose that at smaller scales there has been a short period AN of
non-attractor regime during which slow-rolls conditions were broken. We already studied
in the previous section how this transitory non-attractor phase let the tensor fluctuations
grow at superhorizon scales, amplifying the would-be decaying tensor mode. Our purpose
is to compute again the energy density predicted by the modified power spectrum. In
particular, we consider a short period of non-attractor phase in between the slow-roll
inflation. Let us recall the expression for the dimensionless power spectrum during
a non-attractor phase

2

A2 = (f—T) A2 o aSA2Z (3.56)
2T

This relation shows us that the power spectrum during the dual phase grows like the

sixth power of the scale factor.

Indeed, if we assume the presence of a non-attractor phase for a brief time interval

between usual slow-roll inflation, the power spectrum profile might be viewed aﬁ

, a < a; slow-roll
A2T =Pr = 27r—2X X (a%_)6 a; < a<af non-attractor (3.57)
(%)6 a>ay slow-roll

where we note with a; = a(N;) the scale factor when the non-attractor phase stars,
while ay = a(Ny) when the latter ends. We want to translate the enhancement of
the primordial power spectrum achieved by the non-attractor phase into energy density
amplification in the present Universe. Hence we start again from the formulas of the
previous section and making use of eq. and the definition [3.18] we get the amplified

SWe are assuming H to be constant during the inflation process.
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dimensionless energy density

1 o \/PH?
ng - _Qrad< 90 ) _; X
6 9x(Mx) T

1 a < a;
(i)ﬁ a; < a<as (3.58)

424

(a—f)G a > ay

aj

We note that one of the main advantages of the non-attractor hypothesis is that it really
increases the stochastic gravitational wave energy density by a factor of a® hence we
expect that such a mechanism ensures that the energy density crosses the detectors
sensitivity curves with just few e-folds of non-attractor regime.

Before computing the e-folds number of the non attractor regime, we need a relation
between the frequencies (scales) and the e-folds number during inflation. To this end,
let us recall the definition of the horizon crossing

k
a(nk)

During inflation, the scale factor rapidly evolves in time while the Hubble parameter

= Hy(nr) (3.59)

remains almost constant. Hence, chosen a conformal momentum k, at one’s convenience
we get
ﬁ _alm) — NOw)=N(nk,) (3.60)

k* B a(nk*)
where we chose the sign convention that counts the numbers of e-folds from the start of

inflation: with this convention N becomes larger as we go forward in time and increases
as the scale factor increases. We are assuming that inflation ended at N = 60 e-folds.
To determine how many e-folds of non-attractor inflation are necessary and whether
or not background gravitational radiation will be detectable by a specific gravitational
wave detector, it is essential to know the sensitivity of the instrument [15].
Typically such sensitivities are represented by plotting the minimum value of the gravi-
tational wave amplitude detectable by the instrument versus the frequency of the wave
itself, as we saw in fig[3.2] We will provide in the next section the analytical fit for these
curves.
According to the literature [13] we consider as inflation energy scale the value
Einp = 2 X 10"°GeV, which corresponds to an energy density of Qg,h3 ~ 107, where h
is the dimensionless Hubble parameter.
The LISA, aLIGO and PTA sensitivities are provided by [31] and the table [3.1| summa-
rizes the observational windows, together with the number of e-folds from the start of in-
flation at which the corresponding modes were generated. In particular, the number of e-
folds was obtained using eq and setting as arbitrary momentum ke p =~ 0.05Mpct.
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| GW @ | k [Mpc™'] | Negiinm. | (Quhd)min |
LISA | 10" —10™ [ 28.3-35.2 |45 x 1072
aLIGO | 10" —10'7 | 39.8 —42.13 | 3.2 x 107°
PTA | 10°—10% |16.8—214 | 0.9x 1071

Table 3.1: First column: list of different interferometers under exam. Second columns:
observational windows in terms of the order of magnitude of the wave number of the
primordial modes. Third column: estimate number of e-folds at which those modes exit
the horizon. Fourth column: minimum value of gravitational wave amplitude detectable
by each experiment.

Given all these ingredients we can finally determine how many e-folds AN of non-
attractor are necessary for each of the three detectors. Indeed, recalling the definition of
the e-folds number

dN =dln(a) = Hlt = N= 1og<ﬂ) (3.61)

(2

and taking into account the predicted energy density value ,,,h2 ~ 107 before the
non-attractor regime sets in, we can estimate the duration of the non attractor regime in
order to get the desired amplification. Keeping in mind the expression of the amplified
power spectrum during inflation [3.58, the enhancement is given by

6 2 2
ar 6AN (ngh )mzn (ngh )min
- = = = 3.62
( a; ) ‘ ngh2 1019 ( )
Hence, the required e-folds number might be expressed as
1 (ngh2)min

where with (Q4,,1?)mi, We mean the minimum value of gravitational wave energy density
detectable by each experiment. Taking into account the fourth column of table we
are able to obtain the value AN for the three different detectors and finally fix the value
N; = Nestim. — AN at which the non-attractor regime should have set in to ensure the

amplification of the energy density at the correct frequencies. We report the results in
table [3.2
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[GWa | AN [ N;
LISA |29 [25.4—323

aLIGO | 5.2 | 34.6 — 36.9
PTA 3.4 | 134 —18

Table 3.2: First column: estimated duration of the non-attractor phase. Second column:
number of e-folds at which the non-attractor regime should have begun.

Finally, with these results we can represent graphically the equation [3.58| taking into
account the three different detectors. In order to have a smooth transition regime be-
tween the non-attractor and the slow-roll phases we considered the following analytical

approximation of eq

1 + S(V=Ni)
2 —19
(NG = 107 = —exw (3.64)
10—5 T 7 [ 1 [ 1 © T T [ T T T T [ T T T T [ T T T T T]
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Figure 3.3: We considered the energy density amplification as given by for three
different detectors. We assumed the inflation to end at N = 60 e-folds. Each curve
represents the desired amplification for every detector under exam. The presence of a
non-attractor phase ensures that the energy density crosses the sensitivity of the above

mentioned detectors if the growing phase takes place for a sufficiently large number of
e-folds.
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The plot [3.3| shows the amplification of primordial energy density due to the intermediate
non-attractor phase for all the detectors we analysed in this section. Notice how according
to the results of table we were able to enhance the power spectrum up to the desired
level. Indeed, we show in section that the latter really crosses aLIGO, LISA and
PTA sensitivities curves at the correct frequency range.According to table(3.2/the alLIGO
interferometer requires a longer non-attractor phase if compared with PTA and LISA,
since its minimum value of detectable energy density is higher - see

In this plot we assumed the Hubble parameter H to be constant during both slow-roll
and non-attractor inflation epochs and we neglected the inheritance of the subhorizon
modes. The latter assumption allowed us to consider a flat power spectrum during the
slow-roll phases.

3.5 Energy density and sensitivity curves

In this section we discuss a method to parametrize the sensitivity of a GW detector
and, together with the results so far obtained, we try to summarize these information
on a sensitivity-curves plot. There are several methods to describe such sensitivities and
the gravitational wave energy density, hence we discuss the different conventions - and
their relations - commonly used in the literature, in order to adopt a consistent protocol
between detectors and sources that allows us to plot both the information on the very
same graph.

3.5.1 Power spectral density

We begin making contact with what happens in a GW detection experiment and we focus
on the response of a single detector. Its performance is completely characterized by the
so called power spectral density (PSD), and the latter can be defined with the following
method. Typically the total output of the detector can be expressed as a superposition
of a possible signal h(t) and the noise n(t)

s(t) = n(t) + h(t) (3.65)

where we assume, for simplicity, that the noise is stationary and Gaussian [33]. Con-
sidering the average over an ensemble of realization} the noise auto-correlation function

C(tq,t5) is defined by
C(t1,t2) = (n(t1)n(t2)) (3.66)

"More precisely, we are working with a single realisation, but with the ergodic hypothesis the ensemble

average can be replaced with a time average.
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Under the assumption of stationarity, hence assuming the detector performance being
time independent, this quantity depends only on 7 = |t; — t3|. In this case it is possible
to introduce the PSD [34] as the Fourier transform of eq.

Su(f) = 1/OO drC/(7)e 2T f>0 (3.67)

—00

Using the following convention for the Fourier transform

fuwthﬁ»uvz/fdmanM“ (3.68a)
£(t) = FHE} () = / " dfa(f)e (3.68b)

it is easy to show, with the help of [3.67, that for a stationary noise background

G () = 5007 — F)Sa(f) (369

Detector output and GW signals are both real quantities: thus we have to impose the
reality condition on the Fourier coefficients. This gives us

n(=f) =n*(f) h(=f) =1"(f) (3.70)

therefore we conclude that S, (f) is an even function and this fact allows us to rewrite the
Fourier integrals over all frequencies as an integrals over the positive frequencies only;
hence the S, (f) is called one-side PSD.

It is easy to show [33] that the PSD, if integrated over all positive frequencies, gives us
the mean square noise amplitude

()] = /OOO Su(f) (3.71)

Thanks to this interesting property, the square root of the PSD, also called amplitude
spectral density, is one of the most commonly used quantity in sensitivity curves plots.
Introducing the dimensionless strain amplitudesf| h.(f) and h,(f) for the source ampli-
tude and the noise counterpart respectively, we have

\% Sn(f) = hn(f)f_1/2 (3.72&)
VSu(f) = he(f)f? (3.72b)

8Designed to include the effect of integrating and inspiralling signal [33].
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It is evident that the PSDs have the dimensions of time but, being defined in the fre-
quency domain, it is conventional in the literature to use the dimensions of Hz™!, hence
both /S, (f) and /S, (f) have dimensions of Hz /2.

A second way of describing the GW amplitude is the characteristic strain itself: the
advantage of this convention is that when plotting on a log-log scale it is possible to
relate the signal-to-noise ratio with the area between the source and the detector curves
[12].

Energy density

Finally we describe a third way to characterize the spectrum, and it involves the energy
density per logarithmic interval of frequency g, (f). We recall the definition [3.18]

1 dpge
Lulf) = o (3.73)

where f is the frequency of the stochastic background GW with energy density p,,, and

pe is the value of the critical energy density given by

_sH;
YYe.

The energy density description is the most commonly used in sensitivity curves for

pe (3.74)

stochastic GW background and it has the advantage of having an explicit physical in-
terpretation.

Relation between the descriptions

In this work we deal with stochastic GW background therefore, for consistency with the
existing literature, we wish to plot in the same graph both the signal and the sensitivity
curves of the detectors we analysed using the energy density parametrization. Typically
the sensitivity curves are given in terms of the PSD, the latter being the quantity that
fully characterizes the performance of a GW detector, as mentioned earlier. Hence, we
need to relate all possible ways for describing the spectrum and it can be shown that the
following relations hold true [12],[33]

2m? 272
HQuu(F) = - F5.() = S Lol ) (3.75)
Writing the Hubble constant Hj as

Hy = hg X 100 km s~ 'Mpc™* (3.76)
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where hy parametrize the today’s experimental uncertainty and using |3.75 we easily
obtain the desired relation]

Qyu(f)RE = 67225, (f) x 10 (3.77)

As we see later on thanks to this equation we will be able to plot the sensitivity curves
in the energy density domain.

3.5.2 Sensitivity curves

So far we discussed the response of a single detector in a very general way and we
introduced the necessary quantities to characterize its performance. In this section we
focus on the sensitivities of the detectors we took into account in In particular, we
review how the sensitivity curves for LISA and aLLIGO are constructed, and we propose
a new analytical fit for IPTA curve.

aLIGO Interferometer

In order to have good chances of detection, gravitational wave interferometers must
aim to extremely ambitious sensitivity. In this subsection we analyse the possible noise
sources to see what sensitivity can be achieved. We distinguish two main categories of
noise, know as optical read-out noise and displacement noise. The former is intrinsic to
the techniquﬂ that an interferometer uses to detect the signal, while the latter denotes
all other sources that have nothing to do with gravitational waves detection.

The optical read-out noise can be thought as a combination of two different effects: the
shot noise and the radiation pressure

Sn(f)|0pt = Sn(f)’shot + Sn(f)|md (3.78)

The shot noise is a quantum effect that arises from the photons emitted by the laser:
these discrete quanta of light, arriving randomly at the test masses, produce fluctuations
in the light intensity that can be misunderstood as gravitational wave signal. Being a
random process, the error increases with the square root of the number N, of photon
used [34]. In order to reduce this noise we should increase the laser powerﬂ, however
this improves the radiation pressure generated by the photons on the mirror itself. Since

9We made use of the conversion 1 Mpc = 3 x 10?2 m.

10T ypically we detect the displacement induced by the gravitational wave on the test masses, using a
laser beam that bounces between them [35].

' This result can be achieved either increasing the recycling factor or the input laser power.
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the number of photons arriving at the test masses fluctuates, the radiation pressure gen-
erates a stochastic force that shakes the mirrors [35] and it cannot being compensated
by a mechanism that keep the mirrors in place.

It can be shown [35] that the shot noise is proportional to Pbls/ ? while the radiation pres-
sure to ij/ 2, where we denote with P, the laser input power. Here we explicitly see
the effects of the Heisenberg uncertainty principle: we increase the laser power to re-
duce the shot noise, improving the position sensing accuracy'2, but this eventually ends
up with a greater disturbance of the conjugate variable. Indeed, the momentum trans-
ferred to the mirror impinges a recoil on the mirror itself, and this leads to a measure
disturbance able to mask a gravitational wave signal. The interesting fact is that we
are working with a quantum system to measure a purely classical quantity, such as the
gravitational wave amplitude. Luckily the uncertainty principle does not impose con-
straint on the level of accuracy of position measurements, but only on the simultaneous
measurements of conjugated variables. Therefore it is possible to overcome this difficulty
adopting specific interferometer configurations that reduce the uncertainty effect on the
variable being measured, decreasing the accuracy of the unmeasured conjugated variable.
One of the best results so far obtained was achieved during the upgrade of the German
interferometer GEO600 and it is described in [39).

Next we move on the discussion of displacement noise: the complete computation of
these noises is a very technical subject and it goes beyond the scope of this work. Here
we limit ourselves to discussing the most important displacement noise sources without
mentioning the details of the suspension mechanism or the properties of the materials
used to build the detectors.

The main noise sources against which we have to deal with are

e Thermal noise

This noise source induces vibrations both on the suspending pendulum and in the
mirrors, disturbing the measure process. Regarding the suspension mechanism, we
have thermal fluctuations that determine a horizontal displacement of the mirrors
due to the induced swinging motion in the suspensions. This noise is the most
relevant one between a few Hz and 50 Hz. Besides, because of the Earth curvature,
the vertical at the two mirror locations has not the same direction, and the vertical
motion induced by thermal fluctuations produces a horizontal-vertical coupling
which alters the measure.

Moreover we have Brownian motion of the atoms of the mirrors due to their kinetic
energy [35] and this gives rise to mirror thermal noise, mostly relevant between a

12Remember that we are using photons to measures the position of the mirrors.
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few tens ad a few hundred Hz. Then we have thermo-elastic fluctuations generated
by temperature anomalies that cause the expansion of both the mirror bulk and
the mirror coatings.

e Seismic and Newtonian noise

The Earth surface moves continuously with a few microns amplitude. In particu-
lar, in the wave band between 1 Hz and 10 Hz this noise is mostly generated by
local phenomenaE'] and human activity such as train, local traffic and other sources.
This constitutes a serious problem for interferometers because they work bouncing
the laser beam back and forth in between the mirrors, hence at each reflection
further vibrational noise is introduced. This micro-seismic noise can be attenuated
-at least in principle- arbitrarily using a cascade set of pendulums able to filter the
ground noise. Using a pendulum with resonance frequency f, it is possible to at-
tenuate the oscillations by a factor (f,/f)? at frequencies f > f,. Therefore, using
a set of N pendulums we can reduce the seismic noise by a factor of (f,/f)*. We
conclude that the ground noise can be reduced up to the desired level of accuracy
just for frequencies above 10 Hz, and that is the main reason why ground-based
detectors cannot investigate gravitational wave events with frequency below this
limit. The most efficient isolation system has been developed so far for the VIRGO
detector [40)].

Besides seismic noise we have to deal with the Newtonian noise, or gravity gradient
noise. While the other noise sources can be reduced with apposite filtering system,
this noise cannot be attenuated or eliminated, because the gravitational forces can-
not be screened out. The Newtonian noise arises from changes in the gravitational
field produced by seismic waves, air density fluctuations and man-made sources.
All these effects sum up in a non-negligible contribution to the gravity gradient
noise and this is the main reason why the detection of gravitational waves in the
band below 1 Hz must be done in space.

e Other noises
There are many other subtle effects, besides displacement and read-out noise, that
must be kept under control in order to achieve the desired level of accuracy. In
particular, fluctuations of the laser input power have to be controlled with great
precision and the laser beam must travel in a vacuum tubes in order to avoid fluc-
tuations of the index of refraction that could alter the accuracy of the instrument.
Moreover, the residual gases inside the high vacuum pipe must be kept free of or-

13Wind and atmospheric cyclonic systems over the oceans [35].
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ganic molecules such as hydrocarbons, in order to avoid the cumulative deposit of
such molecules in the optical surfaces.

We discussed so far the most important noise sources that could alter the precision of
the instrument if they are not kept under control to great accuracy. Next we focus
on the plot of the sensitivity curve and, as mention earlier, we need an expression for
the one-sided noise PSD, the latter being the quantity that completely characterize the
performance of a gravitational wave detector. The noise power spectral density for the
advanced LIGO interferometer, according to [34], is well fitted by the expression

111(1 — 22 + 0.5z%)

Sp(x) = So|z™*M — 5 + T 0522

(3.79)

where we gave the PSD in terms of a dimensionless frequency x = f/ fo, with fo = 215 Hz
and Sy = 10~ Hz %

The expression in[3.79 holds true just for frequencies above the cut-off f; = 20 Hz and for
data analysis purposes for f < f; the noise PSD is assumed to be essentially divergent.
Indeed, due to low frequency seismic vibrations and other noise sources, the sensitivity
of ground based interferometers is restricted at frequencies less than a Hertz [34], [15].
Combining again with the PSD given in [3.79 we get the aLIGO sensitivity curves
in the desired convention

111(1 — 22 + 0.52%)

2 _ 1015 23|, —4.14 2
Qarico(f)hg = 1077 x 677 f* | x —5z” + 1+ 0522

(3.80)

LISA antenna

Ground-based interferometers such as LIGO and VIRGO can not access the region below
about 10 Hz of the gravitational wave spectrum because of the wall due to the Newtonian
and seismic noise [35], but there are many expected sources in this wave band such as the
coalescence of supermassive black holes at the center of galaxies. These ground-related
noises fall down rapidly as we move away from Earth and the only way to observe the
low band frequency is to go in space.

The Laser Interferometer Space Antenna (LISA) project, developed in collaboration be-
tween ESA and NASA| is a quite impressive mission that would open up for the first
time the frequency window between 0.1 mHz and 0.1 Hz [34].

The LISA mission consists of three different spacecraft separated by 2.5 Gm and arranged
in a equilateral triangle array orbiting the sun at a distance of about 1 AU, about 20°
behind the Earth.

We will not go through a detailed description of the experimental apparatus, but for

7
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the sake of clarity we briefly discuss its most remarkable aspects. The LISA mission
incorporates drag-free technique, i.e. inside each spacecraft there are two unattached
test masses that fall freely. Using micro-thrusters, the spacecraft adjusts its position
with respect to the masses and it is kept stationary relative to them@. Hence, the job
of the spacecraft is to isolate these masses from the main external influences such as
solar radiation pressure, solar wind and micro-meteorite that would affect the measure
process.

The spacecraft are way too far to use mirrors reﬂectionm similarly to the ground-based
interferometers. Instead, LISA uses a system of laser transponders: each spacecraft has
an on-board laser that sends signals to the others. Once this laser light is received the sig-
nal is sent back using a laser locked exactly at the same phase of the incoming signal [34].

In what follow we present a method to construct and plot the LISA sensitivity curve,
and we compare the curve with the signal strength of a gravitational wave event.
According to [36] the LISA sensitivity curve can be well approximated by the expression

Su(f) = 31—; (Poms(f) + 4&—}%’?) (1 + % (%)2) + S.(f) (3.81)

and here we show how this curve is derived. We denote with f, = 19.09 mHz a reference
frequency, while L = 2.5 Gm is the length of its arms. P,,(f) is the so-called optical
metrology noise and P, is the single test mass acceleration noise and they are quoted
as

2 mHz\*
Py = (1.5 x 1071 m)2(1 + ( H} Z> ) Hz ™! (3.82a)

2 4
Pie = (3 X 107"m 5—2)2(1 - (%) )(1 - (8 IﬁHZ) ) Hz ™! (3.82D)

Se(f) stands for the galactic confusion noise due to the unresolved binaries that will

interfere with measurements as an effective noise source. An estimate on the confusion
noise for LISA interferometer can be found in [37] and it is well fitted by the expressionm

S.(f) = AfTBe~fatBIsmkN ] 4 tanh(v(fy, — f))] Hz ™! (3.83)

As the mission progresses and more binaries sources are removed from the background,
the S.(f) noise is reduced and in a good analytical model sufficient for most purpose

14The LISA pathfinder is a ESA mission launched on December 2015 to demonstrate the drag-free
technology at the desired accuracy.

15Indeed, reflection is impossible due to power losses when the light travels from one spacecraft to the
other.

6For the fit parameters consult [36].
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it can be neglected. According to [38] the total noise in a LISA-style interferometer is

given by
PCLCC

P.(f) = PZZZS +2(1 +cosz(f/f*))w (3.84)

Combining this expression with the transfer function’| well-fitted by [17]

3 1
R(f) = 0010607/ (3.85)
we end up with the final expression for the LISA effective noise power spectral density
function
P’Vl 10 4-Pacc 6 2
(1) = 2 = g (P + 200+ o1 =) (14 5 (£) ) 330

Combining this result with relation we obtain the LISA sensitivity curve expressed
in term of the energy density

ursa(f)H = 67 x 109 (Poms<f> +2(1 +cos2<f/f*>>%) (1 + S <fi) )

(3.87)

PTA

Pulsars are highly magnetized and rapidly rotating neutron stars that emit electromag-
netic radiation. These objects formed with the supernovae explosion of stars with masses
between 5 and 10 times the solar mass. The extreme density and the short, regular ro-
tational period of pulsars make these objects excellent clocks: there is a very accurate
interval between pulses that goes from milliseconds to seconds for a single pulsar. In
particular, these milliseconds pulsars are an impressive source of high precision measure-
ments [12]. This amazing stability allows us to use pulsars as natural gravitational wave
detector. Assuming that pulsars emit perfectly regular pulses, we can measure the time
irregularities of a single object to set upper limits on the stochastic gravitational wave
energy density. On the other hand, if we observe simultaneously more pulsars we end
up with a natural gravitational wave detector. Indeed, the perturbation produced by
such a wave passing between us and the pulsars induces a fluctuation that causes a delay
in the time of arrival of the pulses, proportional to the amplitude of the gravitational
wave. It is interesting to note that the sensitivity of a pulsar timing array depends on

17This quantity takes into account the averaged signal response function of the instrument due to sky
and polarization effects.
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the sampling properties of the data set [33]: if we assume a total length of observation
time T and each measurement is spaced in time by At, then the PTA sensitivity falls
in the frequency range between 1/T < f < 1/At. Pulsars are typically detected once
every few weeks, hence the maximum detectable gravitational wave frequency is limited
by the data sampling around f ~ 1077 Hz [41].

Thus, PTA allows us to observe the very low frequency band and we chose to focus on
these three different type of detectord™| in order to cover almost the entire frequency
range of the background gravitational wave spectrum.

We summarized the main properties of PTA technique and we now move on with
the study of its sensitivity curve. In this work we consider the International Pulsar
Timing Network (IPTA) project: it consists of a network of 20 pulsars, and we assume
as cadence of the measurements the value 1/At = 20 yr~! with an ambitious value of
the root mean square error in each timing residual of o = 100 ns. We also assumed as
total observation time 7" = 5 yr, and this value sets the lower frequency limit on the
power spectral density. Finally, we consider identical white timing noise power spectral
density [41]

P.(f) = 2Ato? (3.88)

and using these data sampling it can be shown [42] that the effective noise power spectral
density for the IPTA project is given by

20 20 1/2
Sers(f) = Su(f) [Z > ij] (3.89)

i=1 j>i

where the standard PSD, given by the ratio between the total noise and the transfer
function R(f), takes the form

Lu(f)
R(f)

and the latter is weighted over the Hellings and Downs factors ¢;; [43]. Choosing a set

So(f) = = 1272 f%P,(f) (3.90)

of 20 pulsars we find a value
20 20

YN ¢ =am4 (3.91)

i=1 j>i
and it can be thought as the effective number of pulsars of the network array [42].

In this work we present a graphical representation of the sensitivity curve of the IPTA
obtained with an analytical fit built with the data discussed above: the lower frequency

IBLISA, aLIGO and PTA.
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range is constrained by the vertical line f = feuorr = 1/7, while for higher frequencies,
up to fmex = 1/At, there is a growing factor of f°. In particular, we developed the
following analytical fit, in good accordance with the existing literature [41],[42]

f
fcutoff

—26
QPTA(f)h(Q) = 10_10 X H(fcutoff - f)( ) + 1031 X H(f - fcutoff)f5 (392)

where H(x — ) is the Heaviside step function. It is interesting to note from figure
that, while the LISA and aLIGO sensitivity curves have a rounded shape, the PTA
curve is wedge-shaped: this is due to the fact that the low frequency wall is determined
by the total observation time, while for higher frequency the energy density goes like
Qqu(f)hd o< f°: a factor of f? is given by the transfer functionR(f), and an additional
factor of f2 comes from the PSD to energy density Conversionﬁ.

3.6 Conclusions

In section we discussed the effects of a non-attractor phase of the tensor sector, which
allowed us to enhance the primordial power spectrum, and consequently the gravitational
wave energy density. In particular we examined how many e-folds of non attractor in-
flation are necessary in order to ensure that the energy density intersects the sensitivity
curves of the three detectors under exam.

In section we studied how to characterize the performance of a GW detector, present-
ing different conventions commonly used in the literature to plot the relative sensitivity
curve. Then we discussed the possible noise sources of LISA, aLIGO and PTA detectors,
and we presented a good analytical fit for the sensitivity curve of each detector, expressed
in terms of the energy density convention.

We can now plot, using a consistent protocol, both the detectors and sources curves in

the same graph, showing how the enhanced GW energy density intersects the sensitivity
of the detectors.
In figure |3.3| we showed the behaviour of the amplified primordial energy density as a
function of the e-folds number, assuming the inflation to end at N = 60 e-folds. Here
we want to plot the same curves as a function of the frequency f. This can be easily
achieved starting from the relation? )

2r 2nf
kj:—:—
A c

19Gee the equation
20We denote with \ and ¢ the wavelength and the speed of light respectively.
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Now, using the wave number e-fold relation from eq.
k = kN =N (3.93)
with the reference value
ky = kemp = 0.05 Mpc™?

we obtain the desired frequency e-fold relation

1
— 10716 N(nx) 94
f 077" x 407r6 (3.94)

Substituting this result in the expression [3.64] we get the analytical fit of the enhanced
primordial energy density as a function of the frequency

1 + (4071016 f6)e—6N:)

2 —19
ng<f)ho =10 1 + (4O7T1016f>66—6(Ni+AN)

(3.95)

With all these ingredients we can finally plot the LISA, aLIGO and PTA curves from
eqs. [3.87], [3.80 [3.92 respectively, together with the analytical fit of eq. The latter
was plotted for each detector using the results of table

6L iy . ; .
10 b _ LISA

aLIGO
& 1070
(2"
<=
10-14 L
10718 |

O—B 0—4

fHz

104

PTA

LISA curve
aLIGO curve
PTA curve

Figure 3.4: The dashed curves stand for the analytical fit of the three detectors sensi-
tivities: starting from the left we have PTA, LISA and aLLIGO curves. The solid curves
denote the enhanced primordial energy density, relative to each detector.
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The plot in figure summarize the results discussed in this chapter. Arguably we
showed that the assumption of a non-attractor phase for a brief time interval really
amplifies the energy density of the gravitational wave background. Indeed, if the growing
phase takes place for a sufficiently large number of e-folds, there is a chance for the
detectors to measure the gravitational wave event. We highlight that we specifically
focused on these three experiments since they cover almost the entire predicted frequency
spectrum.
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Chapter 4

Model building

In the second chapter we studied a new mechanism to enhance the power spectrum
in single field inflation which relies on a transitory non-attractor regime and it can be
controlled via a tensor duality between an attractor and non-attractor phase. Then we
focused on the phenomenology predicted by this model and we were able to amplify the
stochastic background gravitational wave energy density up to the sensitivity curves of
different experiments, as we showed in fig [3.4]

In this chapter we study a new model based on the effective field theory approach which
allows us to amplify the primordial power spectrum on superhorizon scales avoiding the
tensor duality developed by [16], hence with less mathematical effort.

We consider a lagrangian for two tensor field system at superhorizon scales with a non
minimal coupling between the two fields, studying whether or not one of the two tensor
modes can be enhanced due to the coupling. As we will see later on, this result can be
achieved assuming one of the fields to be tachyon like. Indeed, it is the imaginary mass
of one of the two field{'| that introduces instability in the system, allowing the other field
to grow exponentially in time when the coupling is on.

We begin studying the analogy with the scalar sector and we briefly investigate a model
of hybrid inflation where for the first time it was used a tachyon-like scalar field in order
to easily amplify the production of primordial black holes, good candidates for dark
matter [30].

After that we introduce the basic ideas behind the effective field theory of inflation,
which gives us the most general way to describe fluctuations around a quasi de Sitter
background in single field inflation models [I9]. This approach allows us to justify the
lagrangian chosen for the development of our model and provides an alternative picture
to describe the primordial power spectrum enhancement. Then we move towards a

!The other being massless.
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quantitative study of the model, solving the Euler-Lagrange equations. After that we
determine the conditions under which the would-be decaying modes can be amplified
at superhorizon scales. Finally, once we determined the growing-modes predicted by
the model, we compute the power spectrum for the massless field and, in analogy with
the previous chapter, we try to determine how many e-folds of non attractor regime are
necessary to ensure that the gravitational wave energy density crosses the sensitivity
curves of the detectors.

Primordial black hole formation

In this section we briefly discuss an hybrid inflation model which consist of two different
stages of chaotic inflation discussed by [31]. When inflationary theory was first proposed
it was believed to begin after the high temperature phase transition in the early phase
of the Universe [44]. Then it was proposed to consider all possible initial conditions
without assuming necessarily initial thermal equilibrium, and this is what we call chaotic
inflation[45]. It took many years to accept this scenario, but later it was understood that
thermal initial conditions are neither natural or helpful for inflationary theory.
Recently there has been a renewed interest in the hybrid inflation, which belongs to the
more general class of chaotic inflation as well. In particular, hybrid inflation describes
the dynamic of two scalar inflaton field, ¢ and 1. Here we try to explain the distinctive
feature of this scenario: at the beginning one of the two fields, say ¢, moves very slowly
while 1 does not move at all and the false vacuum energy density of the latter supports
the inflation process. As soon as the slowly rolling field ¢ reaches a critical value ¢, it
starts a rapid motion of the other field, inducing a transition to a waterfall regime [31].
Eventually the field v reaches its real minimum and its energy density degrades rapidly,
determining the end of inflation regime.

In particular, in their work [31], Bellido et al. investigated the simplest hybrid inflation
model given by the potential

VA L\ 1
V(g ) = (M2 - 7@02) + §m2¢>2 + §7¢2¢2
and assuming a negative square mass —mi = 2v/AM? around the real minumum ¢ = 0
they were able to amplify density perturbation on the exponentially large scales, allowing
the production of primordial black holes.
For many years it was believed that inflation reduced exponentially all the pre-existing

inhomogeneities, but they showed that in a simple hybrid inflation model you can pro-
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duced in a specific mass range a large amount of black holes, assuming the driving field
1 to be tachyon-like.

We chose to discuss this interesting model because in what follow we try to apply
a similar technique at the tensor sector: starting from a super-horizon two tensor fields
lagrangian we show how the instability induced by negative square mass field ensures
the amplification of the other massless field.

4.1 Effective field theory: an introduction

The effective field theory (EFT) is considered one of the most widely applicable concepts
in theoretical physics and in the last decades it has been very fruitful in numerous fields
such as particle physics, cosmology and condensed matter physics thanks to its power
and universality. EFT techniques give us valuable ideas on the physics behind inflation
in the absence of a fundamental theory of gravity.

EFT consists in the description of a system through the isolation of its relevant low-energy
degrees of freedom and the systematically inclusion, as non-renormalizable corrections,
of the high-energy degrees of freedom effects [6]. Hence, the first step in EFT consists in
the identification of the relevant degrees of freedom for the energy scale on interest: this
allows us to describe the low-energy physics in term of an effective action for the light
fields through the lowest dimension operator compatible with the underlying symmetries
of the system [19]. The border between light and heavy degrees of freedom is whether or
not the corresponding particles can be produced on shell at a given energy scale of the
experiment [32].

4.1.1 EFT techniques

As we said, the starting point in constructing EFT consists in integrate out the heavy
degrees of freedom, performing a path integral over them. This allows us to build an
effective action for the low-energy fields only

ezseff(wL) = /DQ/}Hezs(vawH) (41)

where ¢, and ¥y denotes the light and heavy fields respectively. With this method,
the effective lagrangian can be written as an expansion into a finite number of terms
of dimension four or less, and an infinite sequence of non-renormalizable terms with
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dimension higher than four

Lepr(r) = Laca + Z %A(:p_a) (4.2)
J

where we denote with A; = dim(O;) the dimension of the the operator O;, while A is an
arbitrary energy scale above which the effective theory breaks down. The expansion in
is performed in terms of the operators O;, the latter being made out of light degrees
of freedom and they are local in time if we consider processes at energies lower than the
heavy fields masses, i.e. when £ < My ~ A.

In principle the sum in[4.2]takes into account an infinite number of terms, but in practice
just a few of them are relevant: indeed, we want to reproduce the experiments with a
finite level of accuracy [32], hence this requires just a finite number of terms[]

Typically EFTs techniques are used in one of the following cases

e If the full theory S(¢, 1) is known, you may use the path integral to system-
atically integrate out the heavy degrees of freedom and focus on the low-energy
observables only. In this case, calculations are heavily simplified than in the full
theory.

e On the other hand it could happen that the full theory is unknown and once we
fixed the energy scale A it is possible to decouple the high-energy physics and
work with an effective lagrangian such as[4.2] If this happens, then the operators
O, (1) that enters L.rr(1r) must respect the underlying symmetries that survive
at low energies. Hence, given the most general set of such operators we can write
down, taking into account the UV physics in a model independent way, the effective
lagrangian of the theory under exam. This is exactly what happens when we try
to describe inflation as an effective field theory.

The EFT approach to inflation has been introduced in [I9] by analysing the dynamics
of Goldstone bosons associated with the breaking of time translation symmetry in a quasi
de Sitter, single field inflationary phase. During the past years this approach has been
developed considerably, also including extra fields, deriving a general effective action for
light modes with spin in inflation. It is well outside the scope of this thesis to develop in
detail the subject of EFT of inflation, and we refer the reader to [20] for a comprehensive
review. In the next Section, we use some of the results of [21], a recent work which applies
EFT techniques to couple the massless tensor mode predicted by general relativity to an

2This approach allows us to treat non-renormalizable theories as well.
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extra massive spin two field during inflation. In particular, we focus on specific couplings
between these two fields that can enhance the amplitude of the primordial spectrum of
the massless tensor mode.

4.2 Lagrangian for two-field tensors system

In this section we can finally focus on the phenomenology of a spin-2 tensor fields model.
We consider a FRW background with the metric given by

ds? = —df2 + 2(t)dx2  d¥? = dr? + r2(d6? + sin?(0)d¢?) (4.3)

where we used the physical time ¢ and we assumed a flat background space-time.

First of all we focus on the superhorizon regime characterized by the presence - for a
brief time interval - of a coupling term in the lagrangian between the massless graviton
and the massive field. In this phase the dynamics of the physical tensor fluctuations
strongly depends on the massive term. Indeed we were able to find a specific constrain
on the value of the mass parameter in order to enhance the massless tensor fluctuations.
Moreover, the standard prediction of a scale invariant spectrum might be always restored
if we turn off the coupling term between the two field.

Then we focus on subhorizon scales, where the coupling is absent and the standard
Bunch-Davies vacuum can be chosen following the same line of reasoning of section
[2.3.1] Thanks to this procedure we can unequivocally fix the integration constants which
is of fundamental importance for the primordial power spectrum computation, the latter
being the quantity related with the today observed energy density.

4.2.1 Superhorizon dynamics

The starting point is the lagrangian for the two-field system. In the appendix [A] we
show how to obtain the lagrangian in eq. starting from a more general one with non
canonical kinetic and mass terms.

At super-horizon scales, neglecting the spatial kinetic terms, we have

L=t %hl(t)Q + %f'@(t)? - AHhy (#)hat) — %m%(t)? (4.4)

where we consider a massless tensor field A4 (t) describing primordial gravitational waves
and a second auxiliary massive field hq(t) with mass m. We indicate with H the Hubble
parameter, while \ is a dimensionless coupling constant. As we will see later on it’s the
coupling term that allows the tensor mode hy(t) to grow with time.

3This is possible thanks to the very definition of super-horizon scales, k < aH.
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Massive gravity and bigravity

Before exploring deep down the physics predicted by the lagrangian we first need to
step back for a while and talk about interacting massive spin-2 theories. From particle
physics we know that the Standard Model contains massless and massive fields with spin
0, 1/2 and 1, while gravitational interactions are described by a self-interacting massless
spin-2 tensors. Even though these theories are well-tested experimentally, the study of
new theories behind the standard picture is motivated by several unexplained phenomena
and the introduction of new physics becomes unavoidable.

In the framework of general relativity one of the simplest additional degrees of freedom
that could be added to the already known theory is a massive spin-2 field, whose presence
is expected to modify the gravitational sector [22]. The early attempts of investigating
massive gravity were developed by Fierz and Pauli in 1939 and since then there have
been important ideas towards the construction of the modern theory. Two review article
focused on massive gravity have been written by de Rham [23] and Hinterbichler [24].
It was shown by Boulanger et al. [25] that there is no consistent (ghost-free) coupling
that can mix various massless gravitons: most of the interaction observed in natures
are described with Yang-Mills” theory by non-linearly interacting massless spin-1 fields.
Besides, gravity involves just a single spin-2 massless field and there exists no analog of
Yang-Mills’ theory with multiplets of interacting massless spin-2 fields.

The main difference between the standard general relativity and bigravity is that the
latter uses two different metric, a physical one coupled to matter and a sterile one
that does not couple. In such a theory, gravitational interactions are mediated by two
gravitons composed of different superposition of the two metric, and so they couple in
different ways to the surrounding matter. In particular, one of the graviton is massive
while the other one is massless, and this is exactly the case we consider in the next
section. Finally, it can be shown that such a theory is a consistent effective field theory
valid up to energies parametrically above the particle mass [26].

Equation of motion and growing modes

So far we gave a first introduction of the model under exam, explaining how the la-
grangian can be derived in term of the effective field theory of inflation and we
briefly reviewed the massive graviton approach.

After this remarks we would like to proceed with a quantitative approach and we start
studying the Euler-Lagrange equations for the two fields hy(t) and ho(t). Explicitly, the
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equations of motions are

hy(t) + 3Hhy(t) + AXHho(t) + 3NH?hy(t)

ho(t) + 3Hho(t) — AHhq (t) + m>hy(t)

0 (4.5a)
0 (4.5Db)

and we recognize them as a coupled ordinary differential equations system, whose solution
is in general difficult to understand, but we were able to obtain an analytical solution,
as it is shown later on. We remind the reader that we are working in a pure de Sitter
space where the expansion is truly exponential and some calculations involving inflation
during the early universe can be simplified.

Notice that in the limit A — 0 the equations decoupled and they reduce to the simple
form

hi(t) +3Hhi(t) =0 (4.6a)
ho(t) + 3Hho(t) + m>hy(t) = 0 (4.6b)

Hence, turning off the coupling we recover the usual equations of motion studied in the
previous chapter and they can be easily solved analytically. It is worth to stress out
that the hy(f) tensor mode behaves like in section [3.1.1} indeed the general solution of
is given by the sum of two terms, a constant and a decaying mode, the latter being
negligible at horizon re-entry

e—SHt

3H

where C; and C, are two integration constant to be determined once the initial conditions

hi(t) = Ci — Cy

(4.7)

are given. Hence, as we expected the model reduces to the classical form if we turn off
the coupling.

Going beyond the decoupling limit analysis of [4.6a and [4.6b| we consider again the

general equations of motion [.5a] and [£.5b] studying their solutions. The complete so-

lutions of the equations of motions are written down in the appendix [Bl and here we
would rather focus on the hy(t) tensor field, writing down the two exponent that can be
collected apart. In particular, we try to understand whether or not we have growing or
decaying modes. It can be shown that the two possible time behaviours are

. 3 1
1%(MWWW>m—iﬂf—imﬂ4ml+ﬁ%9—4v) (4.8a)

- 3 1
kgm%mW)z—QHw+?VLMM+JP@—4V) (4.8b)

It is easy to determine the time evolution of these two expression: indeed we notice that
the r.h.s of eq. is always smaller than zero, hence all the terms in the solution of
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that evolve in time according with this behaviour are decaying modes and they can
be neglected for the very same reason we explained in section [3.1.1]

On the other hand things can be different for all those terms whose time evolution is
governed by [4.8b] Indeed, if the expression under the square root dominates over the
first term we might have growing modes. This actually happen if

3 1
- SHt+ §t\/—4m2 + H2(9 —4)2) > 0 — m? < —H?*\? (4.9)

where m is the mass of hs(t) tensor field.

Thus, if we assume hs(t) to be tachyon-like there is a chance to amplify the gravitational
wave amplitude predicted by the lagrangian 4.4 and eventually enhance the primordial
power spectrum produced during inflation.

At first, it was believed that tachyon fields permitted faster than light propagation
[27] however it was soon realized that excitations of such imaginary mass fields do
not propagate faster than light, but they are just some unstable states that need to
decay [28],[29]. Indeed, in the context of modern quantum field theory tachyons are
viewed as an instability of the system, rather than faster than light particles, treated
using tachyon condensation and the causality is preserved.

As we notice in our example, it is the imaginary mass that causes instability and leads
the massless field amplitude to increases exponentially. From now on we shall focus on
the growing modes onlyﬁ The complete solution for the growing modes is given by

' 3€f%Ht+%t\/f4m2+H2(974)\2)
hgrou}mg (t) — HQ)\ |:2H/\Cl+
6H (m? + H2\2)\/—4m?2 + H2(9 — 4)2?)
+ (9H? — 2m2)Cy + \/—4mZ + H2(9 — AN2)Cs+ (4.10)

+ 3H (\/—4m?2 + H2(9 — 4)\2)C, + 03)}

where we introduced the integration constants Cy, Co, C3 yet to be determined. Once again
it is evident that turning off the coupling, i.e A = 0, the growing modes are suppressed
and we restore the classical limit.

From equation we see that the time profile is completely determined by the
exponent, while all other terms are just constants. Hence we might rewrite the solution
in a more convenient way as

hy(t) = hi(k)\exp (—;Ht + %t\/—4m2 + H2(9 — 4)\2)> (4.11)

4Assuming a tachyion like ho(t) field.
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were we incorporated all the constants in a single initial amplitude h;.

The latter might be determined after matching the solution with the subhorizon evolu-
tion, as we show in the next section.

If we introduce the dimensionless parameter

4 m?
p? = -5 (/\2 - ﬁ) (4.12)

the previous expression takes the form

hi(t) = hi(k)Xexp (;Ht(\/l +pu? - 1)) (4.13)

where 12 > 0. It is now evident that for A # 0 the time evolution of the tensor amplitude
is completely determined by the value of the parameter p?. In particular this quantity
determines how fast the tensor fluctuations hq(t) might be enhanced on superhorizon
scales.

In what follow we consider A # 0 just for a brief time interval in between standard
slow-roll inflation, in analogy with the non-attractor phase. Therefore it is legit to assume
a quasi de Sitter background which allows us to further simplify the expression of the
massless tensor modes. Indeed, recalling the time evolution of the scale factor during
inflation

a(t) oc et (4.14)

with the Hubble parameter H almost constant, and taking the logarithm of we have
hq(t 3
ln( i )) = 5)\Ht(\/ 1+ p2—1)

h)
= AV/TH 2 1) In(a(t) (4.15)
= n(a(t)) M (VIH7)

Then if we take the exponential of the above expression and we switch to conformal time
n we get the final expression for the growing tensor mode

() = heya(n) P (VIF21) (4.16)

In this final form the time evolution of hy(n) is completely determined by the u? pa-
rameter which appears as an exponent of the scale factor. In particular it is worthwhile
to stress out that if we turn off the coupling A = 0 the standard slow-roll model which
predicts a constant power spectrum on superhorizon scales is recovered. On the other
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hand if we take into account the interaction term i.e. A\ # 0 then we might enhance the
tensor fluctuations on such scales.

Finally we can compute the power spectrum predicted by this model and then trans-
late it into late time energy density of gravitational waves. Before going through the
explicit computation we first evaluate the integration constant ;) by matching the equa-
tion with the subhorizon modes. This is going to be the topic of the next section.

4.2.2 Subhorizon regime

So far we just focused on superhorizon scales where we considered the lagrangian [4.4
with a coupling term between two tensor field. We studied how such a term completely
modify the dynamics of tensor perturbations and we ended up with eq. which
determines the fluctuations evolution on superhorizon regime if the coupling is onﬂ.
On the other hand in this paragraph we discuss the subhorizon evolution assuming the
coupling term to be negligible during this phase. Eventually this allows us to fix the
constant initial amplitude A of equation .

We already know from chapter 3| that on subhorizon scales physical wavelengths are
smaller than the comoving Hubble radius, .e.

k> a(n)H(n) — |kn| > 1 (4.17)

This means that the contribution from the spatial derivative of the two tensor field
cannot be neglected on this scales.
Actually the subhorizon dynamics is governed by the action

Sz/ﬂ%&@&ﬁﬂ+@@%ﬂ&mf—@mf—m%g (4.18)

As early disclosed, we did not considered the coupling term between the massive and
massless filed, since we suppose the interaction to be relevant for a short time interval
only on superhorizon scales.

If we redefine the time variable

dt
with 7 conformal time, the above action might be written as
1
S:§/hm%fhﬁm+@wn—@mf—@mf—m%g (4.20)

5Turning off the coupling in restores the fluctuations dynamics in standard slow-roll inflation.
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In complete analogy with we proceed with a Fourier expansion of the two tensor
field. This is given by

=3 / %e%kmik(mem (4.21a)

s=+4,X

i) = X [ e e (4:211)

s=+4,X

where es(k)es/(k) = 20s¢ and €; = k'e;; = 0. With the above decomposition the tensor
action in momentum space takes the form

1 ! !
S = ; —327TG /dnd3ka2 |:(h1’s)2 4 (h278)2 - k2(h1,s)2 . (kZ + m2) (h2,5>2 (4'22)

where we neglected for simplicity the subscript k£ of the Fourier modes.

The analogies with equation [2.73| are evident, except for the presence of a second massive
tensor field which does not affect the dynamics of the physical tensor fluctuations, since
there is no coupling between them.

If we introduce the canonical normalized fields, defined by

a a

his Vg g = ho. g
V321G " 2 BanG

the action .22 reduces to the standard form

(4.23)

V1,s

" n"

5= k|t on)t - (-5 )t (0wt = anrt| w2

This might be easily recognised as the action of two uncoupled harmonic oscillator with
time dependent masses in a de Sitter background. Hence the system can be analytically
controlled and its dynamics its completely determined by the motion equations. In
particular we might derive them for each polarization mode starting from the action:

55 1

=0 = 9, + <k2—a—)v1,5:0
0v1 s : a

=0 = vy, + <k2+ 2——)027320
0va, : a

We ended up with a very similar result as discussed in chapter 2] because we did not
consider the coupling between the two fields. The only difference is the presence of the
second massive field vy s which does not alter the evolution of v, ; on these scales.
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From now on we focus exclusively on the physically relevant field vy s, trying to solve its
equation of motion. Recalling the subhorizon regime approximation, i.e. [kn| > 1 we
might neglect the last term of the v; s motion equation and we are left with

V) + kP =0 (4.26)

where we focused on a single polarization, neglecting the subscript s. This is easily
recognised as the equation of a harmonic oscillator with time independent frequency.
Indeed we already discussed in chapter [2l how such equation admits a unique solution if
we require the ground state of the theory to be the minimum energy eigenstate of the
hamiltonian functional. This procedure allows us to choose the so called Bunch-Davies
vacuum if we impose the initial condition

o—ikn

lim v, =

n——00 vV 2k

This requirement completely fix the mode functions v; on all scales. In particular this

(4.27)

solution tells us that inside the horizon all the fluctuations behave like if they were in
a flat space. This is not surprising since for physical wavelengths considerably smaller
than the Hubble radius we expect the flat space-time to be good approximation for most
purposes.

Finally, we might recast the solution in term of the field h; and we get

V321G e
a(n) 2k

Therefore each polarization might be thought of as a renormalized massless field in a de

h1:

(4.28)

Sitter background.

4.2.3 Modes matching and power spectrum

In the previous paragraphs we obtain the expression for tensor fluctuations both outside
and inside the horizon. In particular the inside horizon solution is uniquely fixed by
the Bunch Davies vacuum choice, while the superhorizon has an integration constant
yet to be determined. For the sake of clarity we report here both these quantity: on
superhorizon regime, determined by k < aH, we obtained the following time evolution

hi(n) = h(z’)@(n)g)(mfl) (4.29)

which might increase in time if A # 0, otherwise we recover the standard behaviour. On
the other hand on subhorizon scales we got

_ V32rG e~ tn
h, = o) Vor (4.30)
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Hence we have two expression for the perturbation h; in the two extremes regimes
k < aH and k > aH. If we require the continuity of the function at horizon crossing
we might determine the desired integration constant h;. Indeed, roughly matching the
absolute value of the above solutions at k = aH we get

heya(n )%)\(\/m—l):\/?Qﬂ—G 1 :\/327TGH
e aln) Vak  VaRS

where with the subscript x we denote quantities evaluated at horizon crossing. In the

(4.31)

last step we used the condition k£ = aH.
Eventually we can determine the value of the constant h;) as

o — V332G H 7%>‘(\/m71)
G) = W@(Ux)

This actually allows us to rewrite the final expression for h; tensor fluctuations on

(4.32)

superhorizon scales: keeping in mind equation [4.16| we simply have

 VBZRGH, [ aln) \ P V)
VR <a(nx))

The matching procedure allowed us to determine uniquely the fluctuations behaviour on

ha(n) (4.33)

superhorizon scales whether or not we consider a coupling termﬁ.

Therefore we can proceed with the primordial power spectrum computation, since we
already discussed all the required ingredients. This actually help us to estimate the
perturbations growing rate in the presence of a coupling term with a tachyon like massive
field. Recalling its definition from section [2.3.1] we have

(ha(k)hi(K)) = (2m)°0 (K + k') Py, (k)

167G ie

4 3x(v/15u2-1) (4.34)
= (2m)°(k + k)= ( (”))

a(nx)

Hence, the dimensionless power spectrum defined by

nr =

h = on2

Py (k) (4.35)

is simply given by

- LD (st )W_> a6

w2\ alny)

6 Again, if A = 0 tensor modes remains constant outside the horizon, as in standard inflation.
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where we re-introduced the Planck mass M2 = 1/87G. This expression is valid for
a single polarization of the tensor fluctuations. Therefore keeping in mind both the
polarizations we might actually write down the correct expression for the primordial
power spectrum predicted by our massive bigravity model

27 (40 )W_> )

7T2M5l a(nx)

This is going to be the quantity related with the today-observed gravitational wave

A% =207 =

energy density. In particular we will study the prediction of the model for different
values of the parameters A and u? since they completely determine the dynamics. This
eventually allows us to compute how many e-folds of inflation the coupling must be turned
on to ensure that the energy density intersects the sensitivity curves of the detectors.
Before discussing the phenomenology of the model we note that the above result for the
power spectrum is in complete agreement with what we did in section [2.3.2f indeed, if
we substitute A = 0 in we recover the scale invariant primordial power spectrum,
constant on superhorizon scales.

4.3 Energy density

So far we computed the primordial spectrum on superhorizon regime predicted by the
model introduced in this chapter. Besides proving the power spectrum amplification due
to the coupling with the tachyon like massive field we are interested in the phenomenology
of the model itself. Therefore the aim of this section is to connect the primordial spectrum
with an observable quantity ¢.e. the energy density, which might be measured by different
detectors. We know already that the intensity of a gravitational wave background can
be characterized by the dimensionless energy density

1 dp
Qu(k) = ——22 4.
where we denote with p. the critical energy density
3H?
. = 4.39
pe= g (4.39)

while pg,, stands for the stochastic gravitational wave energy density, strictly connected
with the primordial power spectrum.

In section [3.2| we already computed the today observed energy density starting from the
primordial spectrum, and we took into account the modes that re-entered the horizon
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during radiation domination, the latter being the cosmologically relevant ones since they
match with the range of frequencies probed by detectors.
In particular we obtained the relation between 2y, and the primordial spectrum in eq.

323
1 9x,0 1/ 2
Qo = — il A 4.40

12 d(g*(nx)) r (4.40)

In standard single field inflationary models the predicted energy density is very small,

hence the detection of relic gravity waves is unlucky. However we saw in section [3.3] a
new mechanism developed by [16] which relies on a non-attractor phase, and it allowed
us to enhance the energy density, ensuring it crosses LISA, aLIGO and PTA sensitivity
curves - see figure [3.4]

Here we might follow a similar approach for the model discussed in this chapter and we
will see whether or not the energy density can be amplified to the desired level tested by
the three detectors. As we said earlier we assume the coupling term - responsible for the
enhancement - between the two fields to be dominant for a brief time interval, hence for
few e-folds, during the inflationary phase. In other words, the modes at horizon exit have
a constant power spectrum until the parameter A is turned on: after that they evolve
according to eq. and fluctuations are amplified. Then the coupling si switched off
and inflation proceeds with standard slow-roll evolution with constant power spectrum.
Thus, only the modes that exit the horizon when the coupling is on might be enhanced
on superhorizon scales.

Actually, keeping in mind what we just said, the power spectrum profile is given by

2H 3x(v/1+2-1)
2 _ X a
Ar = T M X (a((:i))) a;<a<ap, A#0 (4.41)

where we denote with a; and ay the value of the scale factor before and after the growing
phase respectively.

It is already evident one of the main differences with respect to the non-attractor ap-
proach discussed in chapter [3} here we see that the power spectrum falls down as soon
as we turn off the coupling term, and the standard slow-roll primordial amplitude is
recovered. On the other hand, if we recall the power spectrum evolution |3.57| predicted
by the non-attractor model we see that in this case the spectrum remains constant after
the growing phase: this means that even the modes that exit the horizon after the non-
attractor regime might be amplified.
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| GW @ | k [Mpc™'] | Negiim. | (Qguwh?)min |
LISA | 10" — 10" | 28.3—-35.2 | 45 x 1072
alLIGO | 10" —10'7 | 39.8 —42.13 | 3.2 x 106
PTA | 10°—10° [168—214 |0.9x1071°

—

]

Table 4.1: First column: list of different interferometers under exam. Second columns:
observational windows in terms of the order of magnitude of the wave number of the
primordial modes. Third column: estimate number of e-folds at which those modes exit
the horizon. Fourth column: minimum value of gravitational wave amplitude detectable
by each experiment.

In essence this was possible thanks to the non canonical kinetic terms of the model: the
time dependent function Gr(t), Fr(t) have a different time profile before and after the
non-attractor regime, hence we had the chance to keep constant, but still amplified, the
power spectrum at the end of the growing phase.

After these considerations we might actually focus on the gravitational wave energy
density: keeping in mind and the expression of the power spectrum we have

1 a < a;, A=0
w — 7 Sbra sy ;
6 \gnx) ) mME CWJ G <a<ap A0
1 a>ay, A=0
(4.42)

We note that the effective growing rate of the fluctuations depends on the values of
the parameters A\ and u?. Thus we expect that this mechanism ensures that the energy
density really intersect the detectors sensitivity curves with just few e-folds of growing
phase. The latter depends explicitly on the values of the two parameters, as we see in a
while.

Before going through the direct computation of the number of necessary e-folds for
each detectors, we recall the observational windows of the experiments under exam,
together with the minimum value of gravitational wave energy density detectable by
each of them. These results, already encountered in are summarised in table [4.1,
reported here for the sake of clarity.
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Finally we might estimate the duration of the growing regime in order to get the
desired amplification. This can be easily computed keeping in mind the e-folds number
definition

AN =dln(a) = Hdt = N= 1og<%) (4.43)

Qi
and taking into account the energy density value Qg,,h3 ~ 10~ predicted by usual slow-
roll inflation before the coupling is turned on. Then the number of necessary e-folds AN
is given by

(%) (Vi) _ 63A(W—1)AN _ (Qwhd)min _ (Qguwh)min (4.44)

a; Quh? 10719

Hence, we get

1 (Qgwh?)mi )
N _ ln gw'tQ/min 445
BA(VI+p2—1) ( 1071 (449)

where with (Qg,h2)min we denote again the minimum value of energy density detectable
by each experiments.

Therefore, if we take into account the fourth column of table [4.1], the above formula gives
us the value AN for the three different detectors. Moreover we might actually fix the
value N; = Negtim — AN at which the coupling term should be turned on to ensure te
amplification of the energy density at the desired frequencies. However, while for the
non-attractor regime of section the growing rate was fixed as

(%)6 _ 6AN (4.46)

a;
in this case it depends on the values of the free parameters A and 2. Indeed if choose
A=1 u*=38 (4.47)

we have the same growing rate of the non-attractor model, i.e.

1 a<aia )\:O
1 9%,0 1/3 H>2< 6
Ho e , o 4 4.48
g 6 d(g*(nx)) 7T2M1?l X (a(m)> a; <a<ap, A#0 ( )
1 a > ay, A=0

and the number of e-folds AN, according to [4.45] is given by

1 Q wh2 min
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[GWa | AN [ N;
LISA |29 [25.4—323

aLIGO | 5.2 | 34.6 — 36.9
PTA 3.4 113418

Table 4.2: First column: estimated duration of the growing phase. Second column:
number of e-folds at which the coupling term should have turned on. Here we assumed
A=1and p? =8.

In particular this gives us the values of AN and N; reported in table [4.2] in complete
analogy with table [3.2]

We conclude that the values [£.47] give us the same results of the previous model.
On the other hand, if we choose different values, such as

A=1 u?>=15 (4.50)

we get a faster growing rate on superhorizon scales: with these values the gravitational
wave energy density profile is given by

1 a < a;, A=0
1 Gx,0 13 H>2< 9
Q w — _Qra : X a(n) ) 451
o6 d(w(nx)) M2 (a(m)> a<a<as, A#0 (4.51)

while eq. gives us the estimated number of e-folds necessary to get the desired

amplification
1 (nghQ)min

Again, taking into account the fourth column of table we find the values of AN and
N; reported in table corresponding to the parameters choice of eq. [£.50}

Here we see that this second choice of the parameters A and p? gave us a faster growing
rate, therefore the number of necessary e-folds AN to ensure that the energy density
intersects the sensitivity curves is slightly decreased. Physical constraints on the values
of the two free parameters might be obtained from specific model of massive gravity and
bigravity, and this actually goes behind the aim of this work.
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[ GWa | AN | N,
LISA | 1.96 [ 26.3 —33.2

aLIGO | 3.4 | 36.4 — 38.7
PTA 2.3 | 145-19.1

Table 4.3: First column: estimated duration of the growing phase. Second column:
number of e-folds at which the coupling term should have turned on. Here we assumed
A=1and p? = 15.

4.4 QOutcomes

In the previous sections we discussed the effects of an interaction term between the
massless graviton and a spin-2 massive fields. In particular we showed that if the coupling
is turned on - even for a brief time interval in between standard slow-roll inflation - it is
possible to enhance the primordial power spectrum, and consequently the today observed
energy density up to the magnitude probed by the detectors. In particular, we showed
that this is possible only if we assume

m? < H?)\? (4.53)

where m denotes as usually the hy field mass. Then, we examined for how many e-folds
of inflation the parameter A must be different from zero in order to have the desired
amplification and the results are summarized in table [4.3] where we assumed A = 1 and
p?=15.

In this section we try to plot the profile of the energy density for the above values
of the free parameters.

The performance of gravitational wave detectors have already been discussed in section
3.5, where we studied the possible noise sources and we provided good analytical fit for
the sensitivity curve of LISA, aLIGO and PTA detectors.

As a final step we can actually plot both the detectors and sources curves in the same
graph using the developed standard protoco]ﬂ We will use the analytical fit for the de-
tectors sensitivity curves introduced in chapter (3, while the gravitational energy density
profile of eq. might be expressed as a function of the frequency with the following
fit

(40710'6 )9e=9N: )

Quu(f)he = 10—19(1 + 11 oI/t (4.54)

"We expressed all the quantities in term of the energy denity as a function of the frequency.
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Here we denote with /N; the number of e-folds at which the coupling term should be turned
orf] This value is given in the second column ot table [4.3] for each detector. While with
fe we denote a cut-off frequency which corresponds to the frequency associated with the
minimum value of gravitational wave amplitude detectable by each experiment.
Arguably the energy density analytical fit is merely phenomenological and it does not
descend from specific models of massive gravity and bigravity. However it gives us a
good example of amplified power spectrum with a profile that evolves in time according
to eq [4.51]

We report in the next paragraphs the plot of the sensitivity curve together with the
analytical fit for each detector.

LISA

Actually the LISA sensitivity curve, expressed in term of the energy density is

10 4P,e(f) 6 (f\
0 h2 =672 13 x 103 —( P,,.s 2(1 2 N2 1+ — =&
LISA(f) 0 7T f X 3L2 (f)+ ( + cos (f/f )) (27Tf)4 + 10 f*
(4.55)
1078 1
Z 10710 1
g _ LISA
10-14 i [— LISA curve
10718 ]
10L12 1ol‘5 10I‘”‘ 1 104

fHz

Figure 4.1: Sensitivity curve and amplified power spectrum of LISA interferometer. The
dashed curves stand for the analytical fit of the sensitivity while the solid curves denote
the enhanced primordial energy density.

8We are assuming inflation to end at N = 60 e-folds.
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aLIGO

For aLLIGO interferometer the sensitivity curve is well fitted by

111(1 — 22 + 0.52%)

2 —15 2 r3 —4.14 2
QaLIGO(f)hO =10 X 67 f T —bx” + 110522

(4.56)

where the variable z = f/ fj is a dimensionless frequency, while fy = 215 Hz. We remind
the reader that this fit holds true for frequencies above the cutoff f; = 20 Hz. Indeed,
for data analysis purposes the noise is assumed to be essentially divergent for frequencies

f<Ts

1078
Z 10710
g alIGO
£
10-14 s aLIGO curve
10—18« i
10712 1078 107 1 10
fHz

Figure 4.2: Sensitivity curve and amplified power spectrum for aLIGO interferometer.
The dashed curves stand for the analytical fit of the sensitivity, while the solid curves
denote the enhanced primordial energy density.

PTA

A good analytical fit for the PTA curve is given by

—26
QPTA(f)h%) = 10710 X H(fcutoff - f)( ) + 1031 X H(f - fcutoff)f5 (457)

fcutoff

Here, we considered a network of 20 pulsars, assuming a cadence of the measurements
of 1/At =20 yr~! and a root mean square error in each timing residual of o = 100 ns.
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10-5 ]
Ga 10710 .
N PTA
£

10-14 e PTA curve

10-18 ]

10712 1078 1074 1 10*
fHz

Figure 4.3: Sensitivity curve and amplified power spectrum of PTA detectors. The
dashed curves stand for the analytical fit of the sensitivity while the solid curves denote
the enhanced primordial energy density.

Figures and explicitly shows us that the energy density, determined by the
primordial power spectrum, can be enhanced up to the orders of magnitude probed by
the three detectors.

We chose arbitrary values for the free parameters, i.e.

A=1 pu?>=15 (4.58)

which give us a faster energy density amplification than the non-attractor model.
However in this case the energy density rapidly falls down as soon as we turn off the
coupling term: therefore we might enhance only those modes that exit the horizon when
the interaction term is dominant. Finally, we highlight that even in this scenario the
detectability of relic gravitational waves might be achieved if coupling constant A\ is
non-vanishing for a sufficiently large number of e-folds during inflation.
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Conclusions

The goal of this thesis was the study of primordial fluctuations of the tensor sector pro-
duced during inflation and their relation with late-time observables.

We investigated two new mechanisms which allow us to enhance the primordial spec-
trum on superhorizon scales. Here we report the main results we obtained and suggest
potential future prospects.

This dissertation studies the phenomenological aspects of inflation and its ability to solve
the standard big bang drawbacks. We gave special attention to the predicted stochastic
gravitational wave background and its possible detectability. Indeed, a potential detec-
tion would give us a completely new method to investigate the dynamics of the early
universe, with an exclusive access at ultra-high energy scales, otherwise inaccessible with
standard experiments. This constitutes the main reason why the scientific community is
involved with large effort in the construction of advanced gravitational wave detectors.
However we showed that the predicted energy density by standard slow-roll inflation is
very small, and direct detectability of stochastic background is so far unlikely.

The first purpose of this thesis was to investigate new models that allow us to amplify
the tensor perturbations on superhorizon scales. We focused on two different mechanism:
firstly we discussed a non-attractor regime based on non-canonical kinetic term for the
inflaton field. Then we proposed a new model which relies on the existence of a second
massive spin-2 field coupled with the standard massless tensor fluctuations.

For both these cases we assumed the breakdown of standard slow-roll inflation for a brief
time interval, during which the non-attractor phase and the presence of a coupling term
respectively sets in.

We analysed in detail the phenomenology predicted by these two mechanisms and we
showed that the primordial power spectrum of the tensor sector may be amplified on
superhorizon scales up to the desired level for both the models.

In chapter |3| we focused on the non-attractor mechanism and we investigated how many
e-folds of transitory non-attractor inflation are necessary in order to amplify the would-
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be decaying mode up to the energy density scales accessible with LISA, aLIGO and PTA
detectors.

Then in chapter |4 we discussed the interacting model and we showed that the primordial
power spectrum might be enhanced if we assume the massive field to be tachyon-like. In
particular we obtained specific constrains on the value of the mass parameter. We then
turned into the phenomenological analysis of the model: in analogy with what we did
for non-attractor model, we computed the number of e-folds of interaction between the
two field required to ensure that the primordial spectrum crosses the sensitivity curves.
While in the non-attractor regime the spectrum enhancement was proportional to the
sixth power of the scale factor, in the interacting model the growing rate depends on the
strength of the interaction constant and on the value of the mass parameter. The latter
might be constrained from specific model of massive gravity and bigravity, which may
be taken into account in future projects. In this work we considered fictitious values
for the two parameter: first we showed that is always possible to obtain a growing rate
analogous to the non-attractor model, hence like the sixth power of the scale factor.
Then we considered different values of the parameters in order to obtain a faster growing
profile. In this case the number of necessary e-folds to get the desired amplification was
slightly smaller than in the previous situation.

In conclusion, we were able to correctly amplify the tensor primordial spectrum for
both the models. However, while the non-attractor regime has a fixed growing rate, the
interacting model admits different time evolution, depending on the values of the free
parameters of the theory. Among this, another main difference between the two model
is given by the power spectrum behaviour once the growing phase ends and standard
slow-roll is restored: while for the non-attractor regime the power spectrum remains
amplified, but constant, even after the end of the non-attractor phase, in the interacting
model the primordial spectrum falls down as soon as we turn off the coupling term, and
standard slow-roll spectrum amplitude is restored. This means that only the modes that
exit the horizon when the coupling term is on might be amplified. On the other hand,
in the non-attractor model even the modes that exit the horizon after the non-attractor
phase could in principle be amplified.

In the future it will be interesting to further develop these two models and complete this
study by building concrete and realistic scenarios of inflation where the two amplification
mechanism might be inserted in.

The comprehension of the early universe physics is an ongoing adventure and we hope
to face this challenge together with all the curious and interested people.
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Diagonalization Procedure

The starting point of the model we developed in chapter [] is the lagrangian for
the two tensor field system. The latter can be obtained starting from a more general
lagrangian with non-canonical kinetic and mass terms

£= (1) (e + Shat)? + pha(halt) + A s (0)hat)+
. 1 (A.1)

+ Mha(t)ho(t) — 5mth(z&)2 + ohy(t)ha(t)
where we introduce the new parameters p for the non-canonical kinetic term, o for the
mass term and Ay, A as coupling constant.
We ask ourselves if this general lagrangian can be further simplified without affecting
the dynamics of the system, hence with a diagonalization process.
We start studying the simplest term of which is the interaction lagrangian

Lint = NHhy(t)ho(t) + Ahy (£)ha(t) (A.2)

The second term on the r.h.s can be reabsorbed with a integration by part if we re-define
the coupling constant and we obtain, up to a total derivative, the standard interaction

lagrangian used in eq.

Lint = NHhy (t)ha(t), A=\— % (A.3)

A more interesting term is the non-canonical kinetic lagrangian
1, o 1. . )
Liin = §h1(t) + Ehz(t) + pha(t)ha () (A.4)
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The latter can be diagonalized with an orthogonal transformation, as we show in the
next steps. The non diagonal kinetic matrix has the form

11
2 p 1
with the following eigenvalues and eigenvector
1—pu 14+ p 1 [—1 1 |1
_ —_'r = = A6
Gt BT wegsi]s mesh] e

Therefore, we can diagonalize the kinetic matrix with the orthogonal transformation
given by the matrix of the eigenvectors

111 —p 0 1 (-1 1
- _UTKU = = U=_—"

We have found the diagonal form of the kinetic matrix and we can finally re-define the
fields hy(t) and ho(t) using the matrices U and U” in order to get the standard kinetic
term. Hence, we define two new field w;(t) and wy(t) such that

—wy(t) + wa(t)

hi(t) — 20— 1) s
hg(t) _ +w1 (t) + ’LUQ('[Z) '
2(1 4 p)

where we rescaled the two fields with the coefficient /1 — p and /1 + p respectively in
order to get the correct 1/2 coefficient in front of the kinetics terms.
Substituting these expression into the general lagrangian we get

L= ;a‘%(t) 2(—=1+ p?) (w1 (£)* + wa(t)?) + (14 p)(m® + 20)wy (t)*—

4(—1+ p?)
— (=1 + p)(m® — 20)wa()* + 2H A wa (t) (/1 — pain () + (1 — p)ia(t)) +
+ 2wy (£) (HA(1 + p)in (t) + /1 — p2(mPwa(t) — Hia(t))
(A.9)

We finally obtained the desired canonical kinetic term and we can now focus on the mass
matrix and diagonalized it. According to the latter matrix is given by

. (14 p)(m?*+ 20) m2y/1 — p?
M= e (A.10)
Lo (- w(m? - 20)
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Given the matrix M, we ask ourselves what rotation needs to be performed such that
M is diagonalized

(A.11)

Moy — BTMR, R [COS(Q) - sm(@)]

sin(f)  cos(0)

It is easy, but a bit tedious, to obtain the expression for My;,, and we will write down
the final result only. Imposing the anti-diagonal term of My;,, to vanish, we obtain the
following condition on the value of the angle

1 m2y/1 — 2
0 = — arct A12
5 AIc an<m2u—3H2)\+20> ( )

Therefore, substituting the latter into the explicit expression for My;,, we finally obtain

3H?\ —20 [ay 0O
Myigg = ———— A.13
diag 4 {0 aJ (A-13)
where we defined
1
aq =
—1+u?) ma(—1+p?)
(“ + \/1 - (m2u+20 35{%) ) — 4m? (1 + '“\/1 - (m2u+2a3l;IQA)2>

(A.14)

1

Qg 1=
1142 A (— 12
( \/1 - m2,u+20 31;{2)\)2) +4m? (1 - [L\/l - (m2,u,+2a—3l;{2>\)2)

It is now straightforward to obtain the final form of the lagrangian: indeed, we have to
introduce two new field ~,(t) and v,(t) using the matrices R , RT and the value of ¢
previously found. Then, substituting these new fields in[A.9 we finally get the lagrangian
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in its diagonal form

e~ g T (- T e )
- e )(\/1 B 3H(2l;\ ;:;Ti 2007 M)}%(t)%r
" " (’L\/1 3H2/§\ J: :;Ti 20)° 1) - (A19)
- (A~ 20) (\/1 3H2/f\ n :;T: 202 )} Bt

FAHA G2 = 1) 20500+ 2(1 - ) (a0 +220) |

It is always possible to rewrite this expression as in the standard form used in chapter

£= 0| 70 + 5l — Fmin? - gm0 + A Eu(]  (10)
where we rescaled the parameter in order to simplify the expression.It is worthwhile to
stress out that the kinetic term are invariant under the transformation of the fields into
the mass eigenstates: this was possible because we first reduced to the canonical form
the kinetic term, and after that we diagonalized the mass matrix. Eventually, after the
diagonalization procedure, we end up with two massive fields, but it is always possible
to set m; < my and neglect the mass of one of the two field.
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Appendix B

General Solutions of the Equation of
Motion

Here we present the general solutions of the equation of motion and derived
from the two field system lagrangian . For the massless field hy(t) we have

0¢ BHI=3 (4 /H2(9—4)\2)—4m2—3H)t)\63H3
2 (m2+ H2)\2) /H2 (9 — 4)\2) — 4m?

hi(t) = —

9€%t<3H+\/H2(974>\2)74m2>73Ht s
_|_
2 (m2 + H2X\2) \/H? (9 — 4)\2) — 4m?

N 2 o BHI=3 (4 /H2(9—4)\2)—4m2—3H>t)\262H2
m?+ H22 (2 + H22) \/H? (9 — 4\2) — dm?

. e%t(3H+w/H2(974/\2)74m2>73Ht)\262H2
(m2 + H2X2) \/H2 (9 — 4)\%) — 4m?

36—3Ht—% (\ /H2(9—4)\2)—4m2—3H)t)\CSH2

* 2 (m? + H2A2)

Be%t(3H+\ /H2(9—4>\2)—4m2) —3Ht)\c3H2 Iy 2

2 (m? + H2)\?) Com? + H2\?

+
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36—3Ht—% (« /H2(9—4)\2)—4m2—3H>t)\C4H2
2 (m2 + H2\2) \/H2 (9 — 402) — dm?

3€%t(31ﬁ1+w /H2(9—4)\2)—4m2)—3Ht)\C 72
4
_l’_
2 (m2 + H2\2) /HZ (9 — 402) — 4m?

o BHI=3 ( H? (9—4)\2)—4m2—3H>t

m?Aes H
(m2 + H2X2) \/H? (9 — 4)%) — 4m?

o3 (8HA/H2(9-032)~4m?) 2 es H
(m -+ H2)2) \/H? (0 — 42) — dm?

_ _1 2(0—4A)\2)—Am2 —
o BH1 2( H2(9—4)2)—4m 3H>t)\

2 (m? + H2)2)

i C4H

o3t <3H+\ /H2(9—4)\2)—4m2> “sHy L g
2 (m? + H2\?)

+

AeaH m2c; e 3Htm2 ey

TR TR LN 3(mE 1 HOA)

m2\cs e 3Htm2e,y m2cy

TR EY) 3PP H 3P+ PN H
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On the other hand, for the massive field hy(t) we obtain

SHt_ 146/ H2(9—4)2)—4m?2
3¢5 51( (8-43%) m))\203H3

ha(t) =
" T ) I D) e
Lm,lt<6H+\/m)
3e 2 2 /\02H2
2(m? + H2)?) /H? (9 — 4X%) — dm?
e i A O
(m? + H2N2) \JHZ (0 — %) — dm?
e%mf%t(wﬂ/m) \2e, H?
(i Ho) 0 — 430 — 4
+.3e3§t—é(6H+\/H2w—4A%—4ﬂﬂ)t+x/H2@‘4A%‘4"ﬂtAc2f12
2 (m? + H2\?) \/H? (9 — 4)?) — 4m?
LHt,lt(f;HJr\/m)
e 2 2 )\CQH
2(m? + H2)\?)
+ 3V HHO-02)—am? 31 (6H+/H2(9-4)2)~4m?) NeyH?
m? + H2\?
363Tm—%t<6H+¢m) m2csH
"2 ) VAT ) —
(m? + H22) /I (0 — D0) — d?
u_lt(6H+\/m> 2
+ e 2 B} m=cs

2 (m? + H2\?)
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1 2(0—4\2)—4m2_ L 2(0—_4N2)—49m,2
SV H(9-432) —am 2t<6H+\/H (9—4X2)—4m >)\ch

_|_

m? + H2)\?
e%mf%t<6H+\/m) mey
(m2 + H2X2) \/H2 (9 — 4)\%) — 4m?
e%—% <6H+\/H2(9—4>\2)—4m2)t+\/H2(9—4>\2)—4m2t)\CZH
2 (m? + H?)\?)
(B.2)
. 36%—5(6H+\/H2(9—4A2)—4m2)t+\/H2(9—4A2)—4m2tm263H
2 (m2+ H2\2) /H? (9 — 4)\2) — 4m?
. 254 (6H+\/H2(974)\2)74m2)t+\/H2(974)\2)74m2tm203
2 (m?+ H?)\?)
N 254 (6H+\/H2(9—4)\2)—4m2)t+\/H2(9—4)\2)—4m2tm204

(m2 + H2X2) \/H2 (9 — 4)\%) — 4m?
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