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Sommario

In una serie di articoli [2], [3] pubblicati tra il 1981 e il 1983, Igor Batalin e Grigory
Vilkovisky svilupparono una procedura per quantizzare le teorie di gauge tramite un
approccio basato sull’integrazione funzionale. Al giorno d’oggi questo & considerato
il metodo piu potente per la quantizzazione delle teorie di gauge. Lo scopo di
questa tesi e I'applicazione del formalism BV ad alcune teorie di campo quantistiche
topologiche di tipo Schwarz. E’ presentata una formulazione BV della celebre teoria
di Chern-Simons, la quale fu la prima teoria di campo quantistica topologica ad
essere studiata da Witten nel suo famoso articolo del 1989 [30]. Di seguito viene
presentata la cosidetta teoria di campo BF (probabilmente introdotta per la prima
volta da Horowitz in [I8]) su una varieta di dimensione arbitraria in una prospettiva
BV. L’ultima applicazione che consideriamo ¢ la formulazione BV del modello Sigma
di Poisson introdotto da Cattaneo e Felder in [7]. In tutti questi modelli viene
discussa dettagliatamente la procedura di gauge fixing.
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Abstract

In a series of seminal papers [2], [3] written between the 1981 and 1983, Igor Batalin
and Grigory Vilkovisky developed a procedure to quantize gauge theories via path
integral approach. This algorithm nowadays is considered to be the most powerful
quantization method for gauge theories. The aim of this thesis is the application of
the BV formalism to some topological quantum field theories of Schwarz type. A BV
formulation of the Chern-Simons theory, the celebrated topological quantum field
theory first studied by E. Witten in his famous 1988 paper [30], is presented. Next,
the so called BF field theory (Probably introduced for the first time by Horowitz in
[18]) on manifolds of any dimension is studied in a BV perspective. The last topic we
consider is the BV formulation of the Poisson sigma model introduced by Cattaneo
and Felder in [7]. In all these model, we discuss in depth the implementation of the
gauge fixing procedure.
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Chapter 1

The Batalin-Vilkovisky
quantization method

In this chapter we provide a summary history of the development of the Batalin-
Vilkovisky formalism, then we discuss the method in detail introducing BV ge-
ometry, BV algebras and present the quantization scheme and the gauge fixing
procedure.

1.1 The roots of the formalism

Fundamental interactions of nature are described by gauge theories. A gauge sym-
metry has a crucial role nowadays because signals that the related theory is described
in a redundant way. In particular there are some degrees of freedom which do not
enter in the lagrangian. A theory like that possesses local invariance. From a theo-
retical point of view we can eliminate this gauge degrees of freedom, but in practice,
for many reasons (e.g. manifest covariance, locality of interactions or simply for cal-
culation convenience), we do not do this. The gauge invariance problem was quoted
for the first time by Richard P. Feynman in a conference held in a small town near
Varsaw in 1962. In his talk titled ”Quantum theory of gravitation”, Feynman pre-
sented the problem of gauge invariance in Yang-Mills theory and in the gravitation.
He proposed some heuristic methods to treat this question. In the following years
other scientists introduced more sophisticated techniques to study these theories.
There are many problems in the quantization methods of gauge theories. In the
abelian case the procedure is in the most of the cases well understood. In contrast
the situation is more complicated in the non-abelian case. In order to perform the
quantization procedure we must introduce ghost fields. Therefore the gauge fixing
method is necessary to render dynamical all the degrees of freedom, in this way
the unitary is preserved. A further improvement about this topic was developed by
L.D. Faddeev and V.Popov, and today is known as Faddeev-Popov method. It con-
sists in an functional integral approach to the quantization in which the presence
of auxiliary fields called ghosts is considered as a sort of measure effect. In fact,
dividing out the volume of the gauge group, a Jacobian measure contribution arises.
This factor is generated by introducing quadratic terms in the lagrangian for ghosts.
The lagrangian with the gauge fixing contribute retains a global symmetry which
was not broken by quantization. This property was discovered by Becchi,Rouet,



Stora and Tyutin in 1974. A property of the BRST symmetry is that for closed
theories the transformation law for the original fields has the same behavior of a
gauge transformation where the gauge parameters are replaced by ghost fields. In
order to develop a formulation of the gauge theories which contains ghost fields and
incorporate the BRST symmetry was developed the field-antifield formulation. The
advantage of this formalism is to consider the previous symmetry as a fundamental
principle and use sources to deal with it. In 1975 J. Zinn-Justin studied the problem
of the renormalization in the Yang-Mills theories. He introduced the sources for the
BRST transformations and a symplectic structure denoted by (-,-) in the space of
fields and sources. Thanks to his idea he wrote the Slavnov-Taylor identity in the
following compact form

(Z,7) =0, (1.1)
where Z is the generating functional of one-particle-irreducible diagrams. Contem-
porary the proof of the renormalizability of the gauge theories using the Feynman
rules was proposed by t’Hooft and Veltman. Parallel to the development of the
lagrangian formalism was developed also the hamiltonian formalism, which gained a
lot of importance after the discovery of the BRST symmetry. A group of physicists
including Igor Batalin, E.S Frakdin and Grigorij Vilkovisky studied the problem of
the phase space integral quantization of the gauge theories. This problem was solved
in 1977 for closed algebras, and thanks to Frakdin and Fradkina for the open alge-
bras. Finally, we arrived to the Batalin-Vilkovisky formalism that was developed
in many seminal series of papers written between 1981 and 1983. These physicists
further developed the Zinn-Justin approach, generalizing the symplectic structure
and the sources for the BRST transformation. They called them antibracket and an-
tifield respectively. Due to their contributions this quantization procedure is called
Batalin-Vilkovisky formalism (or BV for short). Nowadays is recognized as the
most powerful method to treat gauge theories. The geometrical aspects of the BV
formalism were studied later by Schwarz in [29)]

1.2 BV geometry

In this section we present the geometry of Batalin-Vilkovisky quantization algo-
rithm. let U be a domain of a graded manifold M parametrized with coordinates
(2!, .2 €M), Let F and G be functions on U, then we define a degree -1 Poisson

bracket as follows
OrF 0.G B OrF 0.G

where 0r and J;, denote the right derivative and the left derivative respectively.
We define the transformations of the domain of a superspace preserving the bracket
as P-transformations. They are an odd version of the symplectic transforma-
tions. Furthermore, if we impose the condition that the Jacobian is equal to one,
we obtain the so called SP-transformations.

{F.G} = (1.2)

The graded manifold M is equipped with a degree -1 symplectic form. It has,
in a general local coordinate system (z!, .., 2%"), the following expression

1 . .
w= édz’wijdzj, (1.3)



and is closed as expected, i.e
dw = 0. (1.4)

Using the invertible matrix w;;(z), which inverse determines (1.3), we can express

bracket ((1.2)) as follows
OrF oLG

ij
R
where as in (1.2), F' and G are defined on the graded space of functions.

{F.G} =

(1.5)

We introduce some useful definitions:

Definition 1.1 A P-manifold is a standard supermanifold M pasted together from
(n|n)-dimensional superdomanins by means of P-transformations.

Definition 1.2 A SP-manifold is a standard supermanifold M pasted together from
(n|n)-dimensional superdomanins by means of SP-transformations.

Using an important result of the standard symplectic geometry we can construct
a unique vector field Ky (Hamiltonian vector field) corresponding to a function H
(hamiltonian) on a P-manifold M by the following equation

orH
0z

Kl = w(2) (1.6)
If the function H is odd, then K is even and viceversa.
We can provide now an invariant form for definition 1.1 and 1.2.

Definition 1.3 A P-manifold is a graded manifold M endowed by a non-degenerate
degree -1 closed 2-form w.

Definition 1.4 A SP-manifold is a graded manifold M endowed by non-degenerate
closed degree -1 2-form w and by a density function p(z).

There are three important remarks about the previous definitions:

Remark 1.1 Definition 1.1 is equivalent to definition 1.3 as consequence of Dar-
boux’s theorem, which states that a non degenerate closed odd 2-form w can be
locally written as follows

w = dz'd;, (1.7)

using an appropriate choice of coordinates (x!...2", &, ..., &,)- Darboux coordinates.
(1.7) is the coordinate berezinian of the all Darboux charts of an atlas of the mani-
fold M.

Remark 1.2 In the definition (1.4) there is the density function p(z). It is not
arbitrary. We require that in the neighbourhood of every point in M, we can choice
appropriately the Darboux coordinates such that p(z) = 1.



Remark 1.3 There is not a classical analogous of P-manifold and SP-manifold
because always symplectic matrix has a determinant equal to one.

We consider a SP-manifold with a berezinian of the form (1.7). We can introduce
the following degree 1 second order differential operator

A : C%(M) — C(M), (1.8)

which is the Batalin-Vilkovisky laplacian. Locally we can express it in Darboux

charts as 9. 9
r 0L

— _ 1.

a= [ X onae (19)

BV laplacian is a degree +1 odd second order operator and is nilpotent, i.e

A*=0 (1.10)

Proof of relation (|1.10))

RS
pr ox? 85, oxd 8§J
S (1) T s 2| Or O Or Ou (.11)
Iy ox7 85] ozt 8& ’
_ Z(_1)<|xi|+\a|><|zf|+|aj|>a_ﬁﬁa_f? Or
pr oz’ (953 ox’ 85,
Using the property that z* and & have opposite parity, we have |2°| + || = —1, for
any i. Indeed we obtain
A? = —A?% (1.12)
then, we get relation (|1.10)). O

We can introduce the BV laplacian in another way. Consider a P-manifold with
it a general berezinian of the manifold M. We can define the second order operator

A, 1 C%(M) — C=(M), (1.13)

by setting .
A (H) = §divuKH, (1.14)

where div, is a degree O first order differential operator uniquely defined by the
following property

/ uKygF = —/ p div, Ky F, (1.15)
M M

and Kp is the vector field introduced in (1.6]).
Locally in a Darboux chart (x%, ;) on the manifold M, we assume that the berezinian
has a local form

p=p(x, &)de...dx"dE,...dE;, (1.16)



where p(z,§) is a local density function.
Imposing the condition p(z,£) = 1, (1.16)) has the following form

p=dz'.. . dx"dE,..d& (1.17)

We can formulate (|1.14)) as follows

— Or 0L 1
Au(H) = Z i agiHJr 5 {log p, H} (1.18)

The BV laplacian in equation (1.18)) is not necessary nilpotent. It squares to zero if
and only if the Berezinian has the form (1.17)). In this case ((1.18)) is equivalent to

[9).

Lagrangian Submanifold

We introduce now the relevant notion of lagrangian submanifold

Definition1.5 Let M a graded manifold and w a degree -1 symplectic form. We
can define the natural injection 74 as the following application

ip L — M, (1.19)
where £ is a submanifold of M. £ is a lagragian submanifold if
i w = 0. (1.20)

There exists a berezinian p| 35% on £, which is a tensor square root of the restriction
of pto &£.

Definition 1.6 Let M a graded manifold with a berezinian (1.17) and a degree
-1 symplectic form w, we define a BV integral as follows

/;g MF\/E, (1.21)

with £ C M is the lagrangian submanifold and F' € C*°(M) is a function satisfying
A F =0.

We present now the BV version of the Stokes’ theorem:

Theorem 1.1 (Batalin-Vilkovisky-Schwarz) Let M be a graded manifold en-
dowed with a Berezinian ((1.17)) and and a degree -1 symplectic form w.

(i) For any G € C*(M) and £ C M is a lagrangian submanifold, we obtain

/AMG\/W—O (1.22)
£
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(ii) Let £ and £’ lagrangian submanifolds of a SP manifold M, whose are in the
same homology class. Therefore

| PVl = [ Fide, (1.23)

where F' € C*°(M) is a function satisfying A, F = 0.

1.3 BYV algebras

The aim of this section is introducing the BV algebras and present some of their
properties.

Definition 1.7 Let V' a commutative graded algebra. V is called a Gerstenhaber
algebra if is equipped with bilinear bracket of the form ([1.2)) with the following
properties:

{F,G} + (—)IFFDICHD ra Yy = 0 (1.24)

{FAG H}} = {{F, G}, H} + (=)D @ (F HYY (1.25)
{F.GH} = {F,G} H 4 (-1)FHVClg(F I} (1.26)
{FG,H} = F{G,H} + (-1)/ClUE+D rp ) @ (1.27)

where F;G, H € V.

The degree of the bracket {-,-} is 1. We can verify the properties (1.24)-(L.25)-
-(L.27) using the definition (1.2). An example of Gerstenhaber algebra is
T*[-1]N).

H
=

o0

Qe

Definition 1.8 A BV algebra is a Gerstenhaber algebra equipped with a degree
+1 linear map
AV —V (1.28)

which is nilpotent and generates the bracket
{F,G} = (-1)FIA(FG) + (-1)FHY(AF)G — FAG. (1.29)

Where ([1.28)) is called BV laplacian or odd laplacian.
The space of functions C*(T*[—1]N) is a BV algebra V with A defined in (1.18]),

with a choice of the volume form.

Definition 1.9 A BV manifold is a graded manifold such that the space of functions
C*°(M) is equipped with the structure of a BV algebra.
For example T*[—1]N is a BV manifold.

We can provide the definition of a BV algebra proposed by E. Getzler (see [12])
in 1994 which is equivalent to the previous one.

Definition 1.10 A BV algebra V is a Gerstenhaber algebra equipped with a degree

+1 linear map
AV —V, (1.30)



that is nilpotent and satisfies the following relation

A(FGH) = A(FG)H + (-)FIFA(GH) + (—1)FI=-VICIGA(F H) +

(1.31)
— A(F)GH — (-)FIFA(G)H — (-1)/FHC FGAH.

BV bracket generalizes the Schouten bracket defined on polyvector fields, viz. con-
trovariant tensor.

1.4 BV quantum master equation
and gauge fixing procedure

In this section we discuss the gauge fixing procedure, then we obtain the BV quan-
tum master equation.

Consider now the following integral

/Nq> N (1.32)

where 4 is the berezinian (1.17) and N = T*[—1]% is the space of fields and anti-
fields. We assume that ® has the following form

d = Xei®, (1.33)

where S' is the quantum action.

We need a lagrangian submanifold £ in order to use the definition of BV integral
. To choose £ we use the gauge fixing procedure. The gauge fixing paves
the way to the quantization of the gauge theories via the path integral approach,
and the most important data is the gauge fixing fermion, an odd functional of fields
with ghost number -1. We can exemplify the importance of the gauge fixing in the
following way. Consider a model which is described by some classical fields ¢ (in
a 4d gauge theory are the usual gauge field A,). Now we introduce ghosts c in order
to obtain the fields . The action of the model S[¢’] is ill-defined, so we need a
new ones to quantize the theory using the path integral technique. To do this we
use the BV formalism. We add antifields ¢} and we have a BV action S[¢’, ¢}] for
the model, which possesses a gauge invariance, so we cannot use it to implement
the path integral in equation . We can set the antifields to zero, but in this
way, we reduce the action to the classical one that cannot be used to perform a
quantization procedure because is ill-defined. Usually we eliminate the antifields by
using a gauge fixing fermion ¥ via

ey (1.34)

where ' and ¢} denote the fields and antifields respectively. The gauge fixing
fermion 1 is a degree -1 functional which depends only by the fields.
Thanks to ([1.34) we select a lagrangian submanifold &

L+ {goj = g:;} (1.35)
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We denote the gauge fixed action as S| = Se.

We can check that (1.35]) represents a lagrangian submanifold

. 0
dp' A dp: = dg' Adp! ——— =0
P Ndpp = dpt h e s

where we used the property that a contraction of a symmetric tensor with an anti-
symmetric tensor vanishes.

Now we are interested in this BV integral

| @ Vi (1.36)
LcM

where \/m is the berezinian restricted to the lagrangian submanifold & Selecting
a suitable ¥ for a given model is a matter of skill, does not exist an algorithm or a
theorem that states how to choose a gauge fermion.

There are two important remarks about the gauge fixing procedure

Remark 1.4 Usually we choose the gauge fermion ¥ in order to have a non de-
generate theory. It means that when the action is expanded about a solution of the
equation of motion, propagators exist. Such W is called admissible.

Remark 1.5 When the classical action Sy is local is preferable that the gauge
fermion be a local functional of the fields, in order to preserve the locality of the
gauge-fixed action.

Now we obtain the BV quantum master equation.
To discuss a quantum theory we construct a path integral which contains constraint

(1.35) in a delta function form as follows

20%) = [dpas (i - 3% )emn (38000 Xl (130

where X[y, p*] is a correlation function and Slp, ¢*] is the quantum action which
depends from fields and antifields. We denote the integrand in by %, ¢*].
The freedom in the choice of the parameter ¥ corresponds to the gauge fixing
procedure. The final result obtained by the model should be independent from
the gauge fixing, so we determine under which conditions this happens. Consider a
deformation of the gauge fermion of an infinitesimal quantity, then

Zyisw(X) = Zy(X) =

ov 06V ov
Joele o 5552 5)) -
B OR% 0160 )
—/dg&a(p* 00 +O(((5\I/)),

after an integration by parts we have

/ dpAZ ST + O((51)2).

8



According to the previous equation, the integral (|1.37) is infinitesimally independent
of W iff
A% = 0. (1.38)

We have the following theorem

Theorem 1.2 Let the function ® as in ((1.33)) with X = 1, we have the follow-
ing quantum master equation

{5, S}BV — 2thAS = 0, (1.39)
where the BV bracket has the form
{S,S}BV = A(SQ) — SAS — (AS)S (1.40)

Sketch of the proof of theorem 1.2

Using ([1.33)) in (1.38)) we have
i = 1" =~ 1", .

n=0

We must evaluate (1.41]) for different n in order to find a relation for a general
expression. In this calculation we repetitively use the following relation

A(S?) = (AS)S + SAS + {5, S} - (1.42)

Therefore, for a generic n, the following relation holds true

o |nsas %n(n 1S {S, S} |- (1.43)

Now substituting (1.43]) in (1.41) and after splitting the sum, (1.39) holds true.
U

theorem 1.3 Let ® as in ((1.33]), now with a non vanishing X, so we have
(S, X}y — iRAX =0, (1.44)
where S is the BV action which satisfies ([1.39)).

Proof of theorem 1.3.

Using ([1.33)) in (1.38)), we have
0=A (Xe%s) — AetS X 4+ etSAX + {6%5, X} -
BV
— ohS <AX = {S,X}Bv> ,

then, we obtain

AX + % {S. X}y =0, (1.45)
which is another form of (|1.44)). d



Chapter 2

Chern-Simons Theory

In this chapter we present the application of the BV formalism to some models of
topological field theory. In the first section we provide some fundamental notions of
topological field theory and related properties, then we present the ordinary Chern-
Simons theory and using the BV algorithm we quantize it.

2.1 Elements of topological quantum field theory

we define a field theory to be topological if it contains a set of operators 0; called
observables whose correlation functions do not depend on the metric chosen on M.
Formally we have:

)

5 (0;,...0;,) =0, (2.1)
where g"” is the metric defined on M and 0; are the observables of the theory.
Topological field theories are very important because are non trivial field theories
which they are not renormalizable, and so in some cases are completely solvable.
Renormalization is not necessary because a topological theory is metric independent,
therefore the ideas of points extremely closed or extremely far, from which ultraviolet
and infrared divergences come, lost their meaning.

Topological field theories are very important not only for physics, but they are
topological relevant in mathematics, because they provide an analytic expression
for topological invariants in low dimensions.

We can group topological field theories in two classes:

I Schwarz type
IT Cohomological type (or Witten type)
We describe the main differences briefly:

I Schwarz theories are gauge theories with a metric indipendent classical ac-
tion. In this case the gauge fixing procedure is necessary in order to provide
the quantum theory.

IT Cohomological theories are supersymmetric theories which are not mani-
festly metric indipendent at classical level. They have a nilpotent odd operator
denoted as (). Physical observables are ()-cohomology classes and amplitudes

10



involving these observables are metric independent because of decoupling of
BRST trivial degrees of freedom. An example of such theories is the Donalds-
Witten theory, which is the twisted N = 2 supersymmetric version of the
Yang-Mills theory

In this thesis only topological quantum field theory of Schwarz type are considered.
First we analyze the Chern-Simons theory from an ordinary and a BV perspective.

2.2 Ordinary Chern-Simons theory

2.2.1 Introduction

As a first example of Schwarz type topological field theory we present the Chern-
Simons theory. This model gained its popularity with the famous paper written by
Witten [30] in 1989. Witten understood that the Chern-Simons theory is quantiz-
able and solvable in the appropriate sense. Indeed he showed the connection with
topology an knot theory.

2.2.2 Classical action and Symmetries

First of all we introduce the geometrical framework we need to describe the Chern-
Simons theory.

Consider a principal G—bundle P on a 3-fold M. G is a compact semisimple Lie
group. We assume a trivial principal bundle, P = M x G.

The dynamic fields are connections A € Q'(M, g), where g is the gauge Lie algebra
of the group G.

The Chern-Simons action for A is defined as follows

Scs(A) = 4ﬁ/M (A,dA+ % [A, A]) : (2.2)

7

where k£ € R is the coupling constant and (-,-) is an invariant bilinear form on g.
If we consider this form to be realized by the trace over some representation of the
Lie algebra g, we can write the action in the following well-known form

Ses(4) =4 [

2
Tr{ANdA+ - ANANA). 2.3
4m Jur T( +3 ) 23)

The action ([2.3)) is topological because it does not depend on a choice of a metric
on M.
Let is calculated the equation of motion. From the Euler-Lagrange equation one

finds 550s(A) L
cs
Y — =0 24
5A o A (24)
Equation (2.4)) corresponds to the condition of flatness for the connection A.
Now we discuss the integration over the base manifold M. The Chern-Simons action
is invariant under gauge transformation of the gauge field A. This invariance does

not hold completely.
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Consider indeed a gauge transformation g € Map(M, G), where Map(M,G) is the
group of continuous maps M — G acting on the connection A as

A— A =gAgt —dgg™* (2.5)

The Chern-Simons lagrangian varies as

Los(A) = Los(A) — %Tr(g”dgg‘ldgg‘ldg) — Earr(agidg)  (26)
T 47

The last term in equation is exact, indeed can be neglected when we integrate
on the compact manifold M, therefore does not affect the action. There are no
reasons for the second term of equation to vanish somehow, and this leads
to a gauge non-invariance of the theory. Note that the second term can be scaled
and in this way the invariance holds only up to integers. This determines that the
action Scg(A) can be defined as a functional taking R/Z or simply R values. With
a suitable choice of k it is possible to enforce that the variation of the action due to
a gauge transformation is 2wk, with k € Z. Therefore, the fundamental quantity

¢iSos(4) (2.7)

will be well defined, leading to a sensible quantum theory.
Consider the following integral

B 1
- 24x2

w(g) / Tr(g~'dgg™'dgg™"dg), (2.8)
M

for g : M — @ is called the winding number of the map ¢ in topology.

It is a classical result that w(g) is an integer.

We can restrict £ to be .
H=—, (2.9)
4

with k& € Z. To restrict the gauge anomaly of the Chern-Simons action generated
by the term

4 _ _ _
5 Trlg”dgg~"dgg " dg) (2.10)

to 27 times on integer k remains a free parameter which is called the level of the
theory.

2.3 BYV Chern-Simons theory

2.3.1 Geometrical framework and superfield formalism

We apply the BV formalism to the Chern-Simons theory in three dimensions. In
this model the geometrical framework is the following:

(i) An oriented smooth compact 3-fold M

(ii) A principal G—bundle P over M. Here G is a compact Lie group

12



In this model we adopt the superfield formalism. The base of this theory is the
degree +1 shifted tangent bundle of M, T[1]M.
In this case the related bundle projection is

I:TAM — M (2.11)

We consider now the degree +1 shifted adjoint bundle of P, AdP[1].

One has AdP[1] = M,_g[l], where g[1] is the degree +1 shifted Lie algebra of G.
AdPI1] is a vector bundle over M, then IT*AdP]1] is a vector bundle over T[1|M.
The superfield content of this model consists of the following superfield

a € T (T1)M,1I* AdP[1]). (2.12)

a can be decomposed in homogeneous components of defined T[1]M and AdP[1]
degree, called form and ghost degree respectively, yielding the form-ghost bidegree

a=—-c+a+a —c (2.13)
where:
c (0,1) (2.14)
a (1,0) (2.15)
al (2,—1) (2.16)
cf (3,-2) (2.17)

The superfield a can be decomposed as follows
A=A +a (2.18)

Where Ay is an ordinary background connection of P viewed as a locally defined
field of form-ghost bidigree (1,0).

We discuss now the integration of superfields. We can perform this integration
using the standard supermeasure p of T'[1|M, p has T[1]M degree -3.

If ¢ is a superfield, one has:
/ pup = / 0@, (2.19)
TM M

) is the component of ¢ of T[1]M which has standard form degree 3.

where ¢

BV symplectic form

This theory it is characterized by a symplectic form which is relevant in this de-
scription

1
QBV = —/ MTT(&A&A), (220)
2 )
using relation ([2.18]), we have
1
1 / WTr [(Ay + )6(Ag + a)] = (2.21)
2 TM T T

13



Since 0(Ap) = 0, then
1
Qpy = —/ uTr(dada). (2.22)
2 Jrmm
The symplectic form in the previous equation has degree -1 and is closed as required.

We can try to workout a BV formulation of the model. The BV antibracket reads

as follows 5 RS G
F,G :/ uT'r (R—L—> . 2.23
{ }BV (M (SQ 5@ ( )
Using the equation ([2.13)), we can express as
Qpy = / uTr(dctéc + da’da). (2.24)
M
So we have
0pF oG 0rF oG OrF0.G  OgF LG
F = T — — 2.2
{£.a} /M,u " [ Sc 8¢ 5 dc | Sa dal  oal da } (2.25)
2.3.2 Chern-Simons BV action
The Chern-Simons action in a BV formulation is formally:
2
Spy = k/ ul'r [AdA + —AAA} : (2.26)
M 3

Using the decomposition ([2.18)), we formulate the BV Chern-Simons action as

SBV =k Scs(Ao) + ]{?/

2
pl'r [22 F,, +aDaa+ —m} : (2.27)
M 3

where Scg(Ap) is the Chern-Simons action of Ag

Ses(Ag) = k/

M

2
TT' (AodAO + §AOAOA0) . (228)

Proof of relation (2.27))
First of all consider equation ([2.26) and use relation ([2.18)

Tr <AdA + ;AAA) =

2
— Tr((@+@)c_l(@+g) +3 {(@+g)(@+g)(@+g)}) _
= TT(@Q@+@@+@@+@+

+ % {Ag Ao Ao + 3A0°a + 3a*Ag + aaa} ) =

14



2

= Tr(AodAo + 5 AoAo A + a(dAg +240%)+
2

+ Aoda + a(da + 2aAo) + g_aaa) =

2
=Tr (&C_l@ + ngAoAQ + QF@ + Q®2 - d(@g)—l—

2
+%@+@(@+@@+@@)+§m> -

Integrating the previous lagrangian over the graded manifold T[1]M one gets

2
= / /j,TT’ |:A06_1A0 + —A()A()A() - d(A()Q>:| +
TM - 33— _
5 (2.29)
+ / wl'r [ZQFAO +aD,a+ —aaa} .
TM - = 3

Consider now the first integral in the equation (2.29) and using a sort of Stokes’
theorem we can eliminate the term d(Apa), which is not globally defined

/ wl'r [&d@ + ngAvo - d(AOQ)] =

TM 3 (2.30)

= / IU,TT’ |:A0dA0 + 2140140140:| )
" 3

that corresponds to equation ([2.28)). O

The integrand in equation is not globally defined, and so the integration is to
be understood in the Cheeger-Simons character sense.

Leaving aside the problem to giving the meaning of , we quantize the theory
with BV algorithm.

2.3.3 Classical BV equation

We can demonstrate the classical BV equation, namely

{SBv,SBv}g, =0 (2.31)

Proof of relation (2.31]).
In order to demonstrate the above relation we calculate the following directional
derivatives

d d
%SBV(Q +tb)]i=0 = 7 {kScs(Ao) + kScs(a+tb)} (2.32)
Since the fact k%SCS(AO) =0, we have
d
—k / plr [2 (a+1t0)F ,, + (a+tb)D 4 (a + th)+
dt Jrpm = =
2
+ 2 a o+ et )] -

= k / uTr {20Fs, +aD b+ bDy 0 + 2aab} =
T[1M -

15



we can rewrite the above relation as follows

k / uTr {2F s, +aD g b+ Db — D (ab) + 20ab s =
M —

— 2% / pTr {bFs, +bD g0 + baa} =
T[M T -

— Qk:/ MTT{Q (FAO + Dy, +@)}.
T[] M o —

Hence 5 S 5.9
LOBV _ OROBV
P 2k (Fa, + D 4,0+ aa) (2.33)
From equations ([2.23))
drSpv 0L.5BV
= T .
{SB%SBV}BV /T[l]MM ' [ da oa ]

Using (2.33), we have
/ pIr2k (Fay + Dya+ aa) 2k (Fa, + D 40+ aa)] =
T[M T T
= 4k2/ pTr[(Fa, + Dya+ aa) (Fay + Dy + aa)] =
TM

= 4k° /T[”M NTT[E@E@ + E@Q@Q + E@% + Q@@@‘f‘

+Dy,aD 0+ Dy aaa + aak , + aaD , a + aaaa) =

= 4k2/ pIr[E Fy +2F Dy a+ 2aaF , +
M - = - = -

+2aaD a0+ DyaDya+ aaaa) =

= 4k2/ pIr[E ]+ 4/€2/ pTr2F 4 Dy a+ 2aal 5 +
T[M - = T[M - = -

+2aaD 4 a+ D, aD 4 a+ acaal =

4 [ T Eu) R [ uTrRE (Dt o)t
T[M - = TM -

+ (aa + Dy a)(aa + Dy, a)l.

Now, we consider

2
dT'r {QMAO + @Ao =+ gwl =

2
=Tr [QAO(QEAO +aDy,0+ §M)} -
=Tr [22 AoﬂAQ - 2@AOEAO + Q@@@Q-}-

2
— Dy Dya+ 3 (Q@m —aD yaa+ aaD@Qﬂ =
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=Tr2F, Dya+ Dy aDya—a(F,a—al, )+ 2aaD 4 a+ aaaa| =

= TT[QE@Q@Q—FQ@M@Q—I—aCLD@Q—FQ@M—I—aaaa-{—QE@@] =

= Tr[2F 4, (D 4 a + aa) + (D 4 a + aa)(D 4 a + aa)].

Where we used the well-known relation
Q@E@ =0

called Bianchi identity.
We also used the Ricci identity

QAOQ@Q = E@Q - ﬂ@7

and the following algebraic relation
Tr(aaaa) = 0.

It follows that:

/ pIr2E 4 (Dyya+ aa) + (D y,a + aa)(Dy,a + aa)] =
T[1M 7 7 7 7
2
= / pdT'r [ZQAO +aDy a+ —m} =0
M — - 3

By Stokes’ theorem.
Next, one has

/ ;LT?“ [EAOEAO} — 0
T[l]M T

Since the integrand of equation ([2.37)) is of form degree 4.
Using ([2.36) and (2.37), one gets (2.31)).

2.3.4 Quantum BV equation

We now discuss quantum BV Chern-Simons theory.

(2.34)

(2.35)

(2.36)

(2.37)

From the theory of the BV formalism we know that action ([2.27)) satisfies the Quan-

tum BV master equation, namely

{SBv,Spv} — 2ihApySpy =0

(2.38)

Since Spy obeys to the classical BV master equation, we can rewrite (2.38)) as

QihABVsBV = ABVSBV - 07

where Apgy is the BV laplacian. It has the following form

Agy = 1/ Tr 7
T2 Jr T \ 0404

17
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Proof of relation (2.39)
Using the BV action ([2.26]) we have

ApyvSur = Apvk /

ulr [AdA + 2AAA
M 3

Recalling that
0rSpy _ OrSpv
A T oA =25, (2.41)

oL
o, )
M JA—H

i / P T Da(60)15)) =

then, we have

= dimg 6(0) k:/ pIr[Dal] =0
TM
Where 6(0) is the Dirac delta function evaluated in 0 and dimg is the dimension of
the Lie algebra g. We impose a cut-off in order to regularize the divergence that
comes from the Dirac delta function.
In a suitable regularization scheme, this result is supposed to be valid before remov-
ing the regularization, in spite of the fact that 6(0) tends to infinity. O

2.3.5 Nilpotence and Invariance

We introduce the BV field variations as follows

1
Opva = ﬂ(SBVa a)=F,, +Dya+aa (2.42)

We can write the action ([2.27)) in field components using the decomposition (2.13)).
One has:

SBV = kSC,g(Ao) + ]{7/ ,uTT |:2aFAO + aDAOa—i—
M (2.43)

2
+ 7000 — 2a" (D a,c + [a, c]) — ZCTCC} :

and we have

dpyc = cc (2.44)

dpva = Da,c+ [a,c] (2.45)

Spval = Fa, + Da,a+ aa — [a', ] (2.46)

Spyc' = —Dyya’ — [¢,c] — [a,al] (2.47)
The BV field variations enjoys the nilpotence property, i.e.

Spya =0 (2.48)

18



Proof of relation (2.48]). Using equation ([2.42)), we have

Spya = dpy <% {SBV,Q}BV) =
= 0py (L4, + Dy,a+aa) =
= —Qﬂfgvg + Opvaa — adpya.
Using again equation , we have
= —D (Fy)+ Dyja+aa)+ (Fy + Dya+aa)a—a(F, + Dya+aa) =
=—Dy Fu — 2,240@ —Dyaa+aDya+ Fyat
+ Q@& +7+wt akF jﬂﬂg —7M -
=-—Fya+alF, +F a—aF, =0.
The action ([2.27)) is inv;iant un;er theti ﬁeldivariations , namely
dpySpy =0 (2.49)
Proof of relation ([2.49)):

2
dpvSey = 0By {k:Scs(Ao) + k/ wl'r [ZCLFAO +aD, a+ gaaa] } )
. Z—Ap T 2= A mel

(1M
Since 0pyScs(Ag) = 0, we obtain
2
k / ul'r [253\/@% +dpvaD,a+ aD, 0pyva+ 5(53\/% — adpyaa + %5BVQ)} :
M = = =

Using the relation ([2.42])

k / wT'r [2 (Fa, +Dya+aa)Fy + (Fy +Dya+aa)Dya+aD,y (Fy + Dy a+ aa)t
TM T - T T T T T T

2
+3 {(E@—i—Q@Q—i—%)%—i-Q(E@‘i‘Q@Q+%)Q+%(E@+Q@Q+%)}] =
_k / Tr[2(F o, + Dyoa + aa)F g + (F g + Dyoa+aa)D y at

M - - 7 7 o o

+aD g (F 4, + Dyya+ aa) + 2aa(F 4 + D yoa + aa) =

k?/ MTT[QEAOEAO + QQAOEAO + QMAO + EAOQAOQ + QAOQAOQ + MAOQ‘F
T[1M - - — 7 7 7 -

+aDy Fp, +aDy Dya+aDyaa+ 2aakF \ + 2aaD 4 a + 2aaaa) =

= k:/ pITr2F 4 F 4 +4aaF , +4F , Dy a+ Dy aDy a+4aaD , +aDy D, a+ 2000 =
M - = — - - = — -

:]{j/ /,L(—dTT {EA0Q+@AQQ+M}+2TT[EAOEA0+
TM T T -
+2F 4, (D a + aa) + (Q@ww)@@mw)]) =

=2k / pIT[E g F gy +2F 5 (Dy,a+ aa) + (Dya+ aa)(Dy,a + aa)
M - - = =
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The last expression was shown to vanish earlier, indeed one gets ([2.49)). 0J

(2.49) corresponds to the classical master equation (2.31)).

2.3.6 Gauge fixing of the BV Chern-Simons theory

In this section we discuss the gauge fixing procedure, that is necessary to quantize
the Chern-Simons theory. First of all we introduce trivial pairs of fields and antifields

¢ e T(M, AdP[+1)) e v, T M ® AdP[0)) (2.50)
5 € T(M, AdP0)]) S e v, AT M @ AdP[-1)) (2.51)
The auxiliary BV symplectic form is
Vpvans — / uTr [52*52 + 55*5%] (2.52)
M
The corresponding auxiliary BV bracket are

orF 5,G  SrF6,G  6pF0,G  GF 6,G
R AP V- TR o T U Aot

{F7 G}B\/auz = / /LTT’ (253>
M

Auxiliary BV action

We can introduce the auxiliary BV action as follows

Spvans = —2 / Tr (EW) (2.54)
M
From a direct inspection the following relation holds true

{SBVau:L‘a SBVaux}Bvaux = 07 (255)

that is the BV classical master equation for auxiliary action ([2.54)).
We introduce the auxiliary BV variation as follows

1

6BV0/U,$ = 5 (SBVaUm7 .>BVaux . (2'56)

We apply (2.56) to fields and antifields introduced in equations (2.50) and (2.51)),
then

~

0BVauaC = —7 (2.57)

Bvauay =0 (2.58)

Spvan =0 (2:59)

6BVau:Jc;;T S (2.60)
As expected enjoys the nilpotence property, namely

0V aua() =0 (2.61)
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Proof of relation (2.61]

5%Vau:c(c7 CH7 Y ) = 5BVaux(_’Y,O7O, —C

thanks to (2.58)) and (2.59)), (2.61]) holds true. O

The auxiliary BV action ([2.54) is invariant under auxiliary BV variations ([2.56)),

namely

f_o

6BVauxSBVau:c == 0) (262)

which corresponds to the BV classical master equation (2.55)) for the auxiliary BV
action ([2.54)).

Proof of relation (2.62])
5BVau:vSBVauz = (SBVauz (_2k/ Tr <ET§)> =
M
e~ ~
= _2k/ Tr <5BVau:1:C Y+c 5BVaux’y>
M
Using the relation (2.58) and ([2.59)), one gets equation ([2.62)). O

2.3.7 The gauge fermion
The gauge fermion for the BV 3d Chern-Simons theory is

v :/ Tr (EDAO*a), (2.63)
M

where %, as usual, is the Hodge operator.
Using (2.63) we can define a lagrangian submanifold & in the field space as follows

5

t Y
Pa= SpA” (2.64)

One finds 50
=212 =9 2.65
¢ =5 (2.65)

v N

al = 5(;—& =xDy,C (2.66)

A
S =% _p,xa (2.67)

oc

U
A (2.68)

oy

Thanks to the gauge fermion ([2.63)) we can define the gauge fixed action as follows:

I = (Spy + SBvau)|e =

= (kScs(Ao) + kScs(a) + Spvaus) | = (2.69)
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2 ~te
= {kSCS(AO) + k/ Tr {2&]7,40 +aDa,a + —aaa} - Qk/ Tr (chy)}
M 3 M
Using (2.64)

= ]{,‘SCS(A()) + ]{i/

M

&

2
Tr [QaFAO +aDy,a + saaa+
3 (2.70)

—2yDy, xa+ 2Dy, ¢ * (Dy,c+ [a,c])}

We can introduce now the BRST operator

s = 0pv| fietds: (2.71)

such that:
sc = dgyc=cc

sa = dpya = Da,c+ [a, |
SE = 5BVauzZ = _%;
SFN}/ = 5BVaux:\}; =0

Operator (2.71) is nilpotent, i.e
s =0. (2.76)

This is a trivial relation because the BRST formalism works for this model.

Proof of relation ([2.76]).
Consider s? acting on the fields a, ¢, ¢, 7, then

Spv(dpya+ dpyc+dpyc + dpyy)

Using relations ([2.72)),(2.73)),(2.74)) and (2.75), we obtain

~

dpv(Da,c+ [a,c] + cc —7)
Using again the previous relations, we have

— Da,(dpve) + [0pva,c] + [a,dpyc] + dpyeec — copye =
= —Dy,(cc) + (Da,c)c + [a, cJc — ¢(Dayc) + cla, c]+

— acc + cca + ccec — cec =

= —Dy,(cc) + (Dy,c) — cac — ¢(Da,c) + cac =0

relation (2.76]) holds true. O
The gauge fixed action (2.69) is invariant under the BRST operator, namely

sI =0 (2.77)
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Proof of relation (2.77))

sl = S(SBV + SBVauw)l.fB =

=S ]{ZSCS(A()) + s k’/

Tr [2aFAO + aD g, a+
M

2 ~
+ z0aa + 2D, ¢ *x (Daye+ [a,c]) —2vDay, *a]
Since SSCs(Ao) = 5Bvscs(A0) = 0, we have

2
=5 k/ Tr [QGFAO +aDa,a + saaa+
M 3
+2D 4, ¢ % (Dagc + [a,c]) — 2yDa, *xa| =
= k:/ Tr(2saFa, + saDa,a + aD g, sa + 2saaa+
M

— 2DAOSE * (DAO + [CL, C]) — 2DAOE* (—DAOSC+
+ [sa, c] — [a, sc]) — 287D a, x a — 27D s, * sa] =

= k:/ Tr(2(Da,c+ |a,c])Fa, + (Dayc+ [a, c])Da,a+
M

+ aDa,(Dayc+ la,c]) + 2aa(Dayc + [a, c])+
+ 2D 4,7 * (Dage + [a,c]) — 2D 4, ¢ x (Da, (cc)+
— [Da,c+ [a, ], c] — [a,cc]) +2yDa, * (Da,c+ [a,c]))] =

= k:/ Tr[2D 4,7y * (Dayc + [a,c]) — 2D g,y * (Dayc + [a, ¢])+
M

— 2Dy, ¢ * (Dy,cc — eDyyc — Dy ce 4 cDayc — (ac + ca)ce+
+ c(ac + ca) + acc — cca) + 2F 4, (Dayc + [a, c])+
+ Da,a(Dayc+ [a,c]) + Da,a(Dayc + [a, c]) + 2aa(Da,c + [a, c])] =

= Qk/ Tr[Fa,(Dayc+ [a,c]) + (Da,a+ aa)(Da,c+ [a, c])]
M
Now, one has
0= / dT'r [(Fa, + Daya + aa)c] =
M
= / Tr{Da,[(Fa, + Da,a+ aa)c] + [a, (Fa, + Da,a + aa)c]} =
M

= / Tr[Da,Fayc+ FayDa,c+ DayDa,ac + Da,aD g c + Dy aac+
M

—aDg,ac+ aaD g ¢ + [a, Falc + Fa,la, c] + [a, Da,alc + Da,ala, c]+

+ [a, aalc + aala, c]] =
= / Tr[Fa,Da,c+ [Fa,,alc+ Da,aDa,c — [a, Da,alc + aaD g c+
— [F]ZO, alc + Fa,la, c] + [a, Da,alc + Dayala, ¢] + aala, c]] =
= / Tr[Fa,(Dayc+ [a,c]) + (Daya + aa)(Da,c + [a, )]
From the p?évious relation, follows.
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Chapter 3

BF theory

3.1 Ordinary BF theory

3.1.1 Introduction

In this chapter we provide an introduction to the so called BF theory, probably
introduced by Horowitz in [I8]. This is an important topological quantum field
theory of Schwarz type because its deformations have a relevant role in studies
about the gravity quantization.

3.1.2 Classical action and symmetries

In this section we introduce BF theory, begging with some elements of its geometry.

Consider a G-bundle P — M, where M is a connected, orientable and closed
manifold of dimension m > 2. G is a compact simple Lie group with a Lie algebra
g. We assume the bundle to be trivial, P = M x G. We denote by (M) the space
of differential forms on M and by Q(M, AdP) the space of differential forms on M
with values in the adjoint bundle AdP = P X xq ¢ (which are g-valued forms on M).
The field content of the BF theory is the following

(i) A connection A € Q'(M, AdP) which plays the role of dynamical field. Its
curvature denoted by Fj is a form in Q*(M, AdP).

(ii) A form B € Q™ 2(M,AdP).

Using these fields, we can construct the action of the model

SBF:I{:/ (B, Fy), (3.1)

where k € R is a constant and (-, -) is an invariant, non singular, bilinear form on g.
If we consider this form to be realized by the trace over some representation of the
Lie algebra g, we can rewrite (3.1)) as follows

SBF == k’/ TT’(BFA) (32)
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Let’s calculate now the equations of motion. From the Euler-Lagrange equation,
one finds:

6Ssr .
S = kFy =0 (3.3)
5Spr B
E = kDaB =0, (3.4)

Eq. (3.3) corresponds to the condition of flatness for the connection A.
Next we discuss the symmetries of the BF theory.
Action (3.2)) is invariant under the finite gauge transformations

A—9A=gAg ' +dgg™? (3.5)

B — 9B =gBg ", (3.6)

where g € Map(M, G), the group of continuous maps M — G.
We can provide an infinitesimal form for the previous gauge transformations, namely

(SA = —DAE (37)

0B = —([B, €] + Dar), (3.8)
where € € Q°(M, AdP) and 7 is an element of Q™ 3(M, AdP).

3.1.3 Deformations of the BF theory

We discuss now all the possible deformations of the BF theory. To obtain them is
necessary add to the action a topological term which is invariant under gauge
transformations and . We don’t consider Chern-Simons terms, which exist
only in odd dimensions and are invariant under transformation . Imposing that
B be a (m — 2)-form which takes value in the adjoint bundle, we have the following
theorem:

Theorem 3.1 Exists topological, gauge invariant and non-singular deformations
of the BF theory only for m = 2,3,4. They have the following form

S = / Tr(f(B)Fy,) m=2 (3.9)
M
A
SS}:/Tr(BAFA+§BABAB) m =3 (3.10)
M .
A
sg;:/ T?"(B/\FA+§B/\B> m=4 (3.11)
M

where k € R and f(B) is an analytic function on the space Q°(M, AdP).

Proof of the theorem 3.1
Consider the general form for a deformed action defined on a m—dimensional man-
ifold M, which is invariant under transformations (3.5)) and (3.6, namely

sim) — /M > DB (3.12)

r>0,5>0
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In order to obtain a topological action we require
r+(m—2)s=m (3.13)

with r, s positive integers.
To solve (3.13]) we can consider many cases, namely

(I) For m=2, (3.13) has trivially one solution for s = 0 and r = 2. Since
D3%a = aFy, we have action (3.9) with f(B) = >, s B*,where a5 are arbi-
trary constants.

(IT) For m> 2 we can rewrite (3.13)) as

m—r

(3.14)

S =

m—2

it has solution if » = 0,1,2,m. In what follows each solution is considered
singularly.

(a) r=m. In this case s = 0. Since D%a = aFy, the we obtain F'% if m is
even, while, if m is odd, we have Dy F "= which vanishes thanks to the
Bianchi identity.

(b) r=2. In this case s = 1, then we have the ordinary BF term.

(¢c) r=1. In this case s = Z=F which has a solution only for m = 3. We

obtain the term BDB.

[\

(d) r=0. In this case s = 5. It has a solution only for m = 3 and m = 4.
We obtain s = 3 and s = 2 respectively.

We have terms B A B A B and B A B which appear in (3.10) and (3.11)).

26



3.2 BYV BF theory

3.2.1 Introduction

In this section we discuss the BF theory in a BV perspective. First of all we introduce
the geometrical framework for a BV BF theory in a arbitrary dimension m, then
we define the action of the model and we demonstrate the BV master equation.
Next we will take a specific dimension and we face the problem of the gauge fixing
procedure..

3.2.2 Geometrical framework

In this model the geometrical framework is constituted by the following components:
(1) An oriented, smooth, compact m-fold M
(2) A principal G bundle P over M. G is a compact Lie group

In this model we adopt the superfield formalism. The base in this example is the
degree +1 shifted tangent bundle of M, T[1]M.
In thid case the related bundle projection is

I: T[1]M — M. (3.15)

We consider the adjoint bundle of P, AdP, which is a vector bundle over M, while
ITAdP is a vector bundle over T[1]M.
The superfield content of this model consists in the following fields

A— Ay € D(T[1]M, AdP) (3.16)
B € I(T[1]M, AdP), (3.17)

which are respectively a 1-form and a (m —2)-form of adjoint type. Ay is an ordinary
background connection of the bundle P. We denote with I" the internal sections of
the bundle P.

We can decompose and in field components as follows:

m—2
A—Ay=—c+a+ (=)™ + ) (=)™l (3.18)
k=1

m—2

B:ZTk-f-b-f—aT—CT (3.19)
k=1

Each component in (3.18)) and (3.19) has a definite form-ghost bidegree, namely
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A B

c (0,1) Th (0,m — 2)

a (1,0) Te—1  (1,m —3)

bt (2,-1) Thoo  (2,m —4)

i (3,-2)

™ (4, -3) T (m—3,1)

T (5, —4) b (m—2,0)
: a (m—1,-1)

o (m,—m+1) | (m, —2)

We briefly discuss now the integration of superfields. We can perform this inte-
gration using the standard supermeasure p of T[1]M, which as T[—1]M degree —m.
Given ¢ a superfield, one has the following relation

/ pup = / o™, (3.20)
TM M

where (™ is the component of ¢ of T[1]M which has standard form degree m.

BV symplectic form

In this theory is relevant the following symplectic form
THM
which has degree -1 and is closed as required, namely

8y = 0. (3.22)

The related BV bracket reads as follows

0rF 601G 0rF 601G
F = Tr| ——=— — (-]
5 Chpy /TMM“ r(éé o5~ V5B 64)

We can formulate (3.21)) in field components. Using (3.18]) and (3.19)), we get

QBV:/ Tr
M

we can rewrite (3.23) in field components as follows

(3.23)

m—2
dalda + ob'6b + dclde + 57,154 . (3.24)
k=1

opF 0;,G B 0rF 0,G  OrF6.G B OorF 0.G
da dat dat da ob bt obt b

(F.G} = /M Tr
(3.25)

0rF oG OrF 6,G . ’”22 0rF 61.G OrF 61G
dc dct dct e oy, (STII 5711 ST
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3.2.3 BV BF action

The action for the BF theory in a BV perspective is formally

SBV = k‘/ uT?"(ﬂA), (326)
T[M o

where the curvature I, has the well-known form:
1
EA =dA+ §[A7 A] (3'27)

BV Classical master equation

We can demonstrate the classical BV equation, namely

{SB‘/)SBV}BV =0 (328)

Proof of equation (3.28))

In order to demonstrate the previous relation we have to calculate directional deriva-
tives for both the superfields. Consider first the superfield A, then we determine the
following relation

d
& Spv(A +1a), (3.29)
where a € Q'(M, AdP).

Using ((3.26) in (3.29)), we obtain

d
—k:/ puTr[BdA + (—1)""'tdBa + BAA + t((—1)"'ABa + BAa) + t* Bad] =
dt - Jrpm t=0
d
= —k/ pTr[BdA + BAA + (—1)"'t(dB + [A, B])a + t* Bad] =
dt Jrpm o
— (1" Uk [ uTrl(dB + (4Bl
TM
Hence 5.5 5 S
ROBV m—10LOBV m—1
SO ()R () DB (3.30)
For the superfield B, we have to calculate
d
%SB\/(E + tb) (3.31)
t=0
Using ([3.26)) in (3.31]), we have
d
G [ i wr) = [ T
dt T[1)M o T[] M o
Hence
0rSpy _ OrSpv (3.32)

B~ 6B 4
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Substituting (3.30]) and (3.32)) in (3.28]), we have

OrSBV 0158V
0A 6B

{SBv, Spv} = 2/ pwI'r

=207 [ (D8] -
T[)M T[M -

2 [ DA B -2 [ TDaF,B) =0
T[] M o T

(1M N
where the second term vanishes thanks to the Bianchi identity
DaF, =0, (3.33)

while the first term vanishes thanks to the Stokes’ theorem, therefore relation (|3.28)
holds true. O

3.2.4 Nilpotence and Invariance

In this section we introduce the BV field variations and their properties.
We define the BV field variations as follows

opv(-) = %{SBV, STE (3.34)

where {-,-} 5, is the BV bracket introduced in (3.23).
For the superfields A and B we have the following relation

1
dpvA = E {SBVa A}BV = EA (3-35)

1
dpyB = 7 {Spv,B} gy = —DaB (3.36)
Proof of relation (3.35) Considering the following test function

(A, ) = /T o pT'r(Ap) (3.37)

Substituting (3.37)) in (3.34)) we have

—0A=— {SBV? <Au 90>}BV = _(_1)7m <{SBV>A}BV ) 90> =
_ _(_1)m/ IUTT' |:5RSBV 5L <A, Q0> . (_1)m5RSBV 5L <A, g0>
T[1|M

SA 5B 6B 5A
= / pTr(E 4]
TRM

then (3.35)) holds true. d

Proof of relation (3.36]).
As in the previous proof we can consider the following test function

(B, ) = /T B (3.38)
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Substituting (3.38)) in (3.34]) we have

—{SBv, (B, ¢>}BV = (_1)_(m+1) <{SBV7§}BV ) =
_ drSpv 01 (B, Tﬂ)} o ym=2
- /T[l]M pIr [ oA 0B =(=1) /TD]M pIr[DaBy)]

then ([3.36]) holds true. O

(3.34) enjoys the nilpotence property, namely

5 () = 0 (3.39)
In the case of the superfields A and B, we have

05y (A) =0 (3.40)

5 (B) =0 (3.41)
Proof of relation (3.40)

03y (A) = 6pvdpy(A) = dpvF = —DabpyA = —DyF, =0

we used the Bianchi identity (3.33). Then (3.40) holds true. O
Proof of relation (3.41)

53v(53v§) = _5BVDA§ =
= (DadpvB — [0pvA, B]) = —l—Dzﬁ —[F4,B]=0

Where we used the well-known Ricci identity
DaDsB=F, B — BF,. (3.42)
Then holds true. OJ
The BV action is invariant under the BV field variations, namely
dpySpy =0 (3.43)

Proof of relation (3.43])

SivSny = Spvk /

NTT[MA] = /{2/ MTT[(;BVMA +§5BVEA] =
TM

T[M

= k/ pTr [=DaBF s+ BDsF 4] =0
T[1M T -

The last expression vanishes thanks to Bianchi identity (3.33)) and Stokes’ theorem,
therefore equation ((3.43)) holds true. O
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3.2.5 Quantum BV BF theory

In this section we discuss the quantum BV master equation. From the theory of the
BV formalism we know that the BV action must satisfy the BV master equation,
namely

{SB\/, SBV} — QiHABVSBV =0 (344)

Since the fact the classical BV equation holds true, we check the Quantum master

equation, namely
ApySpy =0 (3.45)

where the BV laplacian has the following form

5 6
_ (_1\m+1 _L_L
Apy = (—1) /TMMMTT <5A5§) (3.46)

Proof of relation ((3.45)

ASpy =dav k[ uTr(BE,) -

T[M
OLF 4
= (-1 m+1k:/ uTr{ _}
- TIM 0A

— (~1)mH / TP =

= (=1)""'dimg 6(0) k/ puD41 =0

M

where §(0) is an infinite constant. In order to have a finite one we impose a cut-off.
In an opportune regularization scheme, this result is supposed to be valid before
removing the cut-off, in spite of the fact that the Dirac Delta function tends to
infinity. 0
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3.2.6 BV BF theory in 2d

From now, unless stated otherwise, we assume m = 2. In this section we study the
2d BV BF model and related gauge fixing procedure.

Geometrical framework
The geometrical framework is constituted by the following elements

(I) An oriented, smooth, compact 2-fold ¥

(IT) A principal G—bundle P over ¥. Here G is a compact Lie group

We adopt the superfield formalism. The superfield content of this model consists

in the following fields
A— Ay e L(T[1]X,AdP) (3.47)
B e [(T[1]3,AdP), (3.48)
which are respectively a 1-form and a 0-form of adjoint type. We recall that Ay is an
ordinary background connection of the bundle P which can be viewed as a locally

defined field of form-ghost bidegree (1,0).
We can decompose ([3.47)) and (3.48) in homogeneous components fields as follows

A—Ay=—cta+d (3.49)
B=b+a - (3.50)
Every component has a T'[1]X degree and AdP degree, namely
A B
c (0,1) | b (0,0
a (170) aT (17_1)
bt (2-1) | ¢ (2,-2)

In what follows, unless stated otherwise, we assume Ay = 0.

2d BV action
The BV action for the 2d BF theory is formally

Spy = k/ ,uTr(ﬁ EA) (3.51)
T[S o
we can explicit the action (3.51))on the manifold ¥ in field components as follows
k/ Tr [bF, — a'Dyc + b'[b, c] — cec] (3.52)
b

Proof of relation (3.52))
Substituting (3.49)) and (3.50)) in (3.52)) we obtain

k/Tr [(b+a" —cNd(—c+a+b)+ (b+al =) (—c+a+b)(—c+a+b)] =
o
- k/ Tr [bda + baa — a'(dc + ca + ac) + b' (be — ¢b) — c'ec]

2
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Using the usual definitions of curvature and exterior covariant derivative, then (3.52])
holds true. O

We have the following BV variations

dpva = D,c (3.53)
Spyvb = [b, (] (3.54)
dpyc = cc (3.55)
Spval = Db+ [c,a'] (3.56)
Spvb!t = F, 4 [c,b'] (3.57)
Spvel = —D,al + e, ] + b7, b] (3.58)

Gauge fixing for BV BF theory in 2d

We present now the gauge fixing procedure for the 2d BV BF theory. First of all
we introduce trivial pairs of fields and antifields, namely

TeD(R,AdP]L) ¢ e I(Z,A2TY ® AdP[0)]) (3.59)

Y eD(D,AdP]) 5 el e (8,A%T"Y) ® AdP[-1)) (3.60)
TeD(S,AAP0]) T e D(A’T*Y @ AdP[-1]) (3.61)
NET(S AAPI]) X € D(AT™S @ AdP[0]) (3.62)

The related BV symplectic form is
ot~ ot~ ot~ ~ o~
Qpvaw = | Tr|0C'00 + 87 67 + 07 07 + 61 0| (3.63)
2

The associated BV bracket have the following expression

SeF01G _OrF G OkF 8, SrF 81G
LEP VAR U T O S oY

{F7 G}B\/aua: = /TT
=

(3.64)
n 0rF oG OrF 6.G N 0rF 6,G  OrF 6.G
SN N v~ AT
0T 67 67 OT  SX s\ sx OA
Auxiliary BV action
We introduce the auxiliary BV action which reads as follows
e Mo
SBVaur = — / Tr (c v+ A 7‘) . (3.65)
)
From a direct inspection one has
{SBVauaca SBVaux}Bvaux = 0. (366)
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Equation ([3.66)) corresponds to the classical master equation for the auxiliary action
(13.65)).
We define the auxiliary BV variation as follows

5BVaux(') = {SBVCL’U:E? '}BVauz . (367)

Let us calculate auxiliary field variations for fields/antifields introduced in (3.59)),(i3.60)),
(3.61) and (3.62)) which correspond to

0BVausC = —7 513\/aua:ET =0 (3.68)
5Bvauy =0 (SBVau:c’NYT - (3.69)
Snvanh = —7 5BVauxXT =0 (3.70)
0BVaua™ =0 5BVaux;T = —;\T (3.71)

As expected, the auxiliary BV field variations (3.67)) enjoys the nilpotence property,
namely
6%y aus = 0. (3.72)

Proof of relation (3.72])

NV VN NN |
6%Vauz<cac VY 7/\7)‘ 77—77—):

~ ~ ~ ~T
= 5BVGU«’E (_% 07 07 _CTa -7, 07 07 —A ) =0

then (3.72)) holds true. O
Auxiliary BV action ([3.65)) is invariant under auxiliary BV field variations, namely

6BVaquBVaux =0 (373)

s

e~ ~ fo ~
= - / Tr |:5BVauxCT7 + CT&BVaux’Y + 5BVaux)\ T+ A 5BVau:E7_ = O,
by

Proof of relation ((3.73])

ot

NTN
5BVauxSBVaux = 5BVaux <_ / Tr|c Y + AT
by

~

indeed (3.73)) holds true. O

The gauge fermion

The gauge fermion for the BV BF theory in 2d is

U= / Tr (EDAO wa+ 7Dy % aT) (3.74)
by
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where %, as usual, is the Hodge star.
Using (3.74) we select a lagrangian submanifold £ in the field space as follows

oL

ol = G (3.75)
Then, one finds:
al =xDy,c (3.76)
b' =0 (3.77)
=0 (3.78)
= D xa (3.79)
Yo (3.80)
7' = Dy, xal (3.81)
5 = (3.82)
Using the gauge fermion (|3.74)), we can define the gauge fixed action
I = (Spv + SBvaus)|« (3.83)
Using (3.52)) and (3.65) we have
{k/ Tr {bFa —a'Dyc+ bl[b, ¢] — clec — EW - ;\T;} } =
= @
=k / Tr [bFa — %Dy, CDuc — Da, aﬂ
5
We introduce now the BRST operator, i.e
s = 0BV| fields (3.84)
One finds:
sa = D,c (3.85)
sb=1[b, | (3.86)
sc = cc (3.87)
sC=—7y (3.88)
57 =0 (3.89)
sh=—7 (3.90)
5T =0 (3.91)
Operator is nilpotent, namely
=0 (3.92)



Proof of relation ((3.92))

Consider s? acting on a, b, c, ¢, v, \, 7, then
) M M ) M ) b

Satbrct T EA+T)=s(sa+ sh+sctse+ sy + skt sT) =

= s(+dc+[a,d] + b, +cc—y—T) =

= —d(sc) + [sa,c] + [a, sc] + [sb, ] + [b, sc] + scc — csc — 57y — 5T =

= —d(cc) + dec — ede + [[a, c], ] + ace — cea + [[b, ¢], c] + bee — ecb + cec — cecc = 0

then the nilpotence property for the BRST operator holds true. U

The gauge fixed action [ is invariant under the operator (3.84), i.e.
sI =0 (3.93)

Proof of relation (3.93))

s (k:/ Tr [bFa —xDa,¢Dyc — Da, *cﬁ]) =
=

k/ Tr -sta — bsF, — *DAOSZDac — *DAOEsDac — Dy, * safNy =
Z L

k/ Tr _[b, c|F, + b(d(Dyc) + [a, Dycl]) + *DA(ﬁDac#—
s L

— %Dy, ¢(—d(cc) + [Dgc, ] + [a, cc]) — *DA(,%DQC} =

- k:/ Tr[[, c]FaerDaDac] =0
S

where the last expression vanishes thank to Ricci Identity (3.42)). Then (3.93]) holds
true. 0
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3.2.7 BV BF theory in 3d

From now, unless stated otherwise, we assume m = 3. In this section we provide a
BV formulation of the 3d BF model and we also study the gauge fixing procedure.

Geometrical framework

The geometrical framework is constituted by the following data:
(I) An oriented, smooth, compact 3-fold ©
(IT) A principal G-bundle P over ©. Here G is a compact Lie group

We adopt the superfield formalism. The superfield content in this model consists in
the following superfields

AN

A— Ay e [(T[1]©,AdP) (3.94)
B e L(T[1]©,AdP) (3.95)

which are both a 1-form of adjoint type.

Ay is an ordinary background connection of the bundle P which can be viewed as a
locally defined field of form-ghost bidegree (1,0).

We can decompose ([3.94]) and in homogeneous field components as follows

A=—c+a—-0b—7f (3.96)

B=m+b+d —¢ (3.97)
All the components have a definite T'[1]© degree and AdP degree, namely

A B

c (0,1) | (0,1)
a (1,0) | b (1,0)
bt (2-1) | af (2,-1)
o (3-2) | ¢ (3-2)

In what follows, unless stated otherwise, we assume Ay = 0.

3d BV action
The action of the 3d BV BF theory is formally

A%V:k/ J(Tr(BE,) (3.98)
T[]e
We can explicit action (3.98)) in field components, i.e.

Spy = k/ Tr [bFa —a'Dye — Db + 1[e, 7] + bi[b, ¢] — cfee (3.99)
e
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Proof of equation (3.99).
Substituting (3.96)) and (3.97)) in (3.98) we obtain

Spy = /{Z/@T’f’[(ﬁ +b+af —cd(—c+a—b — 1))+
—l—(ﬁ—l—b—l—aT—cT)(—c—ira—bT—Tf)(—c—l—a—bT—TlT)] =
= k:/@Tr[— mdbt + bda — a'de + 7 (erf 4+ 7 ¢) — 7 (abf + bla)+
+ b(eb" + be) + baa — a'(ca + ac) + CTCC] =
:k;/@TT[—Tlde+bda—aTdc+7'1[c,TlT] — 7[a, bf]+
+ ble, bT] + baa — a'[c, a] — CTCCi|

Using the standard definitions of curvature and exterior covariant derivative, then

(3.99) holds true. O

We have the following BV field variations

dpva = D,c (3.100)
Spyb = Dyry + [b, d] (3.101)
dpyec = cc (3.102)
dpym = [71, ] (3.103)
Spyal = Db+ [c,al] + [1, b'] (3.104)
Spvbt = F, + b, ] (3.105)
Spycl = —Doal — e, f+ b, 0] = [r], 7] (3.106)
Spvi = [c, 7] (3.107)

Gauge fixing for the 3d BV BF theory

Now we discuss the gauge fixing procedure for the 3d BV BF theory. First of all is
necessary we introduce trivial pairs of fields/antifields, namely

.|.

¢ €(6,AdP[1]) ¢ e(Oe,A*T*0 ® AdP|0]) (3.108)
~ ~T

A € (6, AdP[1]) A € L(0,A*T*6 ® AdP|0]) (3.109)
5 € I(0, AdP[0)) S e (e, AT 0 @ AdP[-1)) (3.110)
7 € T(0, AdP[0)) slere, Ao @ AdP[-1])  (3.111)

The related BV symplectic form reads as follows
N VRN PV ~f o~
Vpvaws = | Tr [50 §C + 0565 + 67 071 + +0A; 6)\1] (3.112)
e
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The associated BV bracket has the following form

SrF0LG  OpFO,G  0pF 0, 0pF 8,G
L PR VU TR O S Lot

{F7 G}BVauz = /TT
o

(3.113)
n 0rF oG OrF 0.G n 0rF 01G  OrF 01.G
NS T T o v~
(57—1 (57’1 57’1 (57’1 (5/\1 5)\1 6)\1 5/\1
Auxiliary BV action
We can introduce the following auxiliary BV action
e vt
SBVau:c = _/ Ir (C v+ /\1 7_1> (3114)
e

From a direct inspection, one has

{SBVauxa SBVauz}BVaux =0 (3115)

Equation ((3.115)) corresponds to the classical master equation for the auxiliary action
(13.114]).
We introduce now the auxiliary BV variations as follows

5BVaua:(') = {SBVau:):, '}BVauac (3116)

Let us calculate the auxiliary BV variations for fields/antifields introduced in ([3.108]),
(3.109),(3.110)) and (3.111f). We have the following results

0BVaus € = = 5BVauxET =0 (3.117)
Spvand =0 Opvawd = ¢ (3.118)
5BVaua:>\N1 =-7 5BVauz)T1T =0 (3.119)
0BVausTt =0 5BvauzﬂT = —)E (3.120)

the auxiliary field variations enjoys the nilpotence property, i.e.
6%Vaux(') =0 (3121)
Proof of relation (3.121)
O Y A IV
52BVaux <C7 CT? Y5 7T7 >\17 >\l » Ty TIT) =
~ ~f o~ ~ 1

:(SBVaum —"}/,0,0,—6 ,—7'1,0,0,—)\1 =0

Then (3.121)) holds true.

Auxiliary BV action (3.114)) is invariant under auxiliary BV variations, namely

6BVaumSBVaux =0 (3122)
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Proof of relation (3.122)

e T
5BVaux (_/ Tr (CT’7+ )\1 7—1)> -
S]

~ 1

~t~ AT ~ ~ T ~
= _/ Tr [5BVaua:C v+c 6BVaua:7 + 5BVauac)\1 T+ )\1 5BVaux7—1:| =0
€]

Eq. (3.122) holds true.

The gauge fermion

The gauge fermion for the 3d BV BF theory is
v — / Tr (EDAO xa+MDy, *b>
S}

where *, as usual, is the Hodge star operator.

(3.123)

Using ([3.123)), we can select a lagrangian submanifold £ in the field space as follows

<PT B YA

A 5S0A
One finds:

CLJr Z*DAOE
b]L :*DAO)’\Vl
=0
7'1T =0
~1
¢ =Dy, *a
~T
)\1 —DAO*b
Al =0
70

Using the gauge fermion (3.123)) we can define the gauge fixed action
I = (SBV + SBVau:v)|$‘
Substituting the relations (3.99) and (3.114]), we obtain

(k/ Tr [bFa - aTDaC - 7_ll)ab]L + T [Ca TIT]+
(C]

e T
+b'[b, ] — cfec — CT’}/ -\ 7'1}>

£
- k/ Tr (bFa kD D¢ — 71Dy % Da Mt
S
4 kDa M [b,c] — D, x a5 — D, % bﬂ)
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We can introduce now the BRST operator denoted by s as follows

s = 0pv| ficldss (3.134)
then, we have
sa = D,c (3.135)
sb= Dy + [b, ] (3.136)
sc = cc (3.137)
st = |m, ] (3.138)
sc=—y (3.139)
sy =0 (3.140)
Sh =7 (3.141)
571 =0 (3.142)
Operator (3.134) is nilpotent, i.e.
=0 (3.143)

Proof of relation (3.143)).

s(sa—i—sb+sc+3ﬁ+sz+s§+s)\1—|—sﬂ> =

:s<Dac—|—Da7'1+[b,c]—kcc—i—[ﬁ,c] —%—ﬂ) =

= —dcc + cdc + [de, ¢] + [[a, ], ¢] — d([m, c]) + [de, 7]+
+ [la, c], 7] + [a, [71, c]] + [dm, ] + [[a, 7], c]+
+ [[b, c], c] + [b, ec] + cce — cec + ([, ¢], ] — [m1,cc]) =0

Therefore ([3.143) holds true. 0

the gauge fixed action (3.133)) is invariant under the BRST operator (3.134]), namely
sI =0 (3.144)
Proof of equation ([3.144))

k/ Tr (sta + bsE, —xDy, seD,e + *DAOEsDac —sD,m % DAOj\V1+
S}

+ DaTl * DAOS)\l - DA()SAl[bv C] + *DAoAl([Sbv C] + [b> SCD - *DAOSG§+
— *DAOCLLﬁ + *DAOSbﬁ - *DAObsﬂ> =

_k / Tr((Dom + b)) Fi + b(d(Dac) + [Dac, al) + (~d(ce) + [Duc, ]+
(€]

+ [a,cc]) % Da,¢ + Do Dayy + (—=d([r1, ¢]) + [Dac, 7] + [a, [11, c]]) % Dag M+

+ Doy % Dgym1 4 %D a1 [b, ¢] + %D sy M1 ([Dati, ] + [[b, €], ] + [b, ec])+
— Dacx Dagi = +Dag7i(Dar + [b,]) ) =

= k:/ T’I"((DaTl + [b, o)) F, + bDaDac> =0
(S}
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where the last expression vanishes thanks to Ricci identity and Stokes’ theorem.

Then (3.144)) holds true.
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3.2.8 BV BF theory in 4d

From now, unless stated otherwise, we assume m = 4. In this section we provide a
BV formulation of the 4d BF model and we also study the gauge fixing procedure.

Geometrical Framework

The geometrical framework for this model is constituted by the following data:
(I) An oriented, smooth, compact 4-fold II
(IT) A principal G bundle P over II. Here G is a compact Lie group.

We adopt the superfield formalism. The superfield content of this model consists in
the following superfields

A— Ay € D(T[1]II, AdP) (3.145)

B e I(T[1]I, AdP) (3.146)

which are respectively a 1-form and a 2-form of adjoint type.

We recall that Ay is an ordinary background connection of the bundle P which can
be viewed as a locally defined field of form- ghost bidegree (1,0).

We can decompose and in homogeneous component fields as follows

A—Ay=—c+a+b+7 +7 (3.147)

B=n+n+b+a - (3.148)
every component has a definite T[1]II degree and a AdP degree, namely

A B

¢ (01) |7 (02)
a (1,0) |nn (1,1)
bio(2-1) | b (20)
o (3-2) | al (3-1)
(4:3) | ¢ (4,-2)

In what follows, unless stated otherwise, we assume Ay = 0.

4d BV action
The action for the 4d BV BF theory is formally

Spy =k / pTr (BE ) (3.149)
T[T o
We can express action ([3.149)) in field components as follows

Spy = k:/ Tr (7'2Da7'1T + 71 Dyb" —a'Dyc + bF, + mob'b'+
I (3.150)

— e, ] = ble,bT] — mle, 7] — cch>
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Proof of relation (3.150).
Using ((3.147)) and (3.148)) in (3.149]) we obtain

k/n TT|:(7'2+7'1+b+CLT—CT)d<—C+a+bT+TlT+T2T>+
+(n+7n+b+ad —c) (—c+a+b*+rf+r§> (—c+a+b*+rf+r§>]:
- k/HTr [TQ (drf + [a, 7] + 57T — [c, Tg]) + b(Fa e, bT]>+

+ 7 (de — [e, 7] + [a, bT]> —a'(de + [a, c]) - cch}

Using the standard definitions of exterior covariant derivative and curvature (3.150)
holds true.

We have the following BV field variations, namely

opva = Dyc (3.151
Spvb = Doy + [b, c] + [72, D] (3.152
dpyc = cc (3.153
dpvT = D1y — 11, (] (3.154
dpvTe = [T2, (] (3.155
opval =[], 7] — bF, 7 + [af, ] — Db (3.156
Spybl = F, — [c,b'] (3.157

Spvel = e, CT] — Dya' + [, Tﬂ—i—

- [bT7 b] + [7—2T>72] + [bT’ b]
OpvTi = Dab’ + [c, 7] (3.159)
0pvT) = Dot — [c, 73] + bTb! (3.160)

Gauge fixing for the 4d BV BF theory

We discuss the gauge fixing procedure for the 4d BV BF theory. First of all we

introduce trivial pairs of fields/antifields, namely

¢eD(ILAAP[L)) ¢ e (L ATl @ AdP[0)) (3.161
NETLAAPHD) A e DL AYT*TT & AdP[0]) (3.162)
N ET(LAAP])  h € I(IL AT T AdP[L)) (3.163
5 eD(ILAAP[]) 5 € D(IL AT ® AdP[1)) (3.164
7 e D(ILAAP]) 7 € D(IL AT @ AdP[—1)) (3.165

% e D(ILAAP[-1])) 7 e DL ATl ® AdP[-2)) (3.166
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The auxiliary BV symplectic form this model is

N UV SV S
QBVauxZ/TT(50T50+57T57+6/\1 A+
11

; (3.167)
+ 07, 0T, + 8hy Ohg + 67,07,
while the associated BV bracket reads as follows
0pF 6G  0gF 6,G  OrF 0G  OrF 0.G
{F7G}BVaux:/TT T~ T T T~ ~ 7 o o~
I oc §e d¢ oc 0y &~ oy 0y
0pF 0G  OrF .G OrF 0G  OrF LG
~ At At ~ ot T o 3.168
o\ 5/\1T 5/\1T O\ om 57’1T 57’1T 0Ty ( )
0pF 0G  OrF 6,G  OrF 0G  OrF LG
T T T ot e T T AT o
o §Xy Ay ONo 02 0Ty 6Ty OT2
Auxiliary BV action
We can introduce the auxiliary BV action as follows
IR DU SR Y
SBVau;z — _/ Tr (C Y + /\1 T + /\2 D) (3169)
H
From a direct inspection the following relation holds true
{SBVauma SBVaua:}BVauz =0 (3170)

Equation (3.170)) corresponds to the classical master equation for the auxiliary ac-

tion (3-169).

We introduce now the auxiliary BV variations as follows

5BVau:):(') = {SBVau:ra .}BVauz (3171)

Let us calculate the auxiliary BV variations for the fields and antifields introduced
previously. We have the following results

~t

08VausC ==  OpvausC =0 (3.172)
5Bvauay =0 (SBVaua:’NYT S (3.173)
Svamah = 7 5BVaux/\N1T =0 (3.174)
0BVauaT =0 6BVaux7TiT = —)f\v1T (3.175)
Snvate = % pvade =0 (3.176)
0BVausT2 =0 53\/@%77; = —)tzT (3.177)
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As expected, we have the nilpotence property for the auxiliary field variations

BITI), ic.
6%Vau:t(‘) =0 (3178>

Proof of relation (3.178)

~ o~ ~ ~f

~ o~~~
523Vaux< C, 7777)‘17)‘177—177—17)\27)\277-277-2):
~ o~ ~T ~ T
:5BVaux —’}/,0,0,—C ,-7'1,0,0,—)\1 7_7—2,070,_>\2 =0
Then relation (3.178|) holds true. 0J
Auxiliary BV action (3.169)) enjoys the property of invariance under Auxiliary BV

variations ([3.171)) , namely
5BVauacSBVau:c =0 (3179)

Proof of relation (3.179))

IS DU A

5BVaux (—/T?" (C Yy + )\1 T + /\2 Tg))
m
applying the variations on the fields and antifields we have
T
/ Tr <5BVauxC v + C 5BVau:E’Y + 6BVaux>\l Tl+
I
~ 1 ~T1 . ~ 1
+ )\1 5BVauw7—1 + 6BVau;B/\2 7_2 + /\2 6BVaux7_2> =0
then (3.179)) holds true. O

The gauge fermion

The gauge fermion for the 4d BV BF theory is formally
\Il:/Tr (EDAO*a+leAO*b+AN2DAO*n>, (3.180)
I

where * denotes, as usual, the Hodge star operator.
Using (]3.180)), we can select a lagrangian submanifold £ in the field space as follows

ol = % (3.181)
One finds:
al = %Dy, (3.182)
bl = %D\ (3.183)
=0 (3.184)
T =*Da, Ao (3.185)



=0 (3.186)

= D xa (3.187)
= (3.188)
N = D xb (3.189)
N = Daxm (3.190)
7= (3.191)
=0 (3.192)

Using the gauge fermion (3.180)) we can define the gauge fixed action, namely

I = (SBV + SBVauz) ‘gg (3193)

Using (3.150) and (3.169) in (3.193)), then we have

I = (k/ Tr (TgDaTlT + 11 D,bt — a' Dy + bE, + mbTbf 4+ 7 [, o]+
I

~T, o~

+ bT[b, c| — mle, TQT] —clee — ACJT% -\ T — o 7'2>)

7

_ k/ Tr<72Da*DAO)\N2 4 71Dy % Dag s — %D ay EDuc + bEy+
II

+ D) *DAO/\I *DAO/\I +*DAO)\2[T1,C] +*DA0)\1[b7 C]+

— Dy, *xay— Dy, xbmy — Dy, *T17'2>

We can introduce now the BRST operator as follows

s =0y fictds (3.194)
then we have
sa = D,c (3.195)
sb= D, + [b, ] (3.196)
sc = cc (3.197)
st = Dymo — |11, (] (3.198)
sT9 = [T9, (] (3.199)
sC = —7 (3.200)
sy=0 (3.201)
Sh =7 (3.202)
Ao = —7 (3.203)
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sty =0 (3.204)
519 =0 (3.205)
The BRST operator (3.194]) is nilpotent only on shell, namely, for the field b, we

have

s%b = [F,, 7] # 0 (3.206)

Proof of relation (3.206))
Using relation (3.196)) we have

s%b = s(Dy11 + [b, c]) = s(dm) + [a, 7] + [b, c]) =
= —d(dmy + [a, 7)) + d([11, ]) + [de, 1] + [[a, ¢], 1] + [a, dma]+
+ [a, [a, 72]] = [a, [11, €]] + [dm, c] + [[a, 7], ¢] + [[b, ¢], ¢] + [b, ec] =
= 1(da + 2[a, a]) — (da + 2[a,a])ms = [1, F,] # 0

then relation (|3.206)) holds true. 0]
while, for the other fields, we have
=0 (3.207)

Proof of relation (3.207)
We consider s? acting on the fields a, ¢, 7, and 75, then

52(a+c+7'1 +7'2) = S(DaC+ cc+ DaT2 - [7_170] + [7-270]) -
= —d(cc) + [Dyc, c] + [a, cc] + cce — cce + d([r2, c]) + [Dac, Ta]+
+ [a, [19, c|]] = [DaTo, c|] + [[11, ], €] + [11, cc] + [[72, ¢], ] + [12,cc] =0

then (3.207]) holds true. OJ
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Chapter 4

Poisson Sigma Model

In this chapter we present a very important example of topological field theory: The
Poisson Sigma Model. It was introduced by Noriaki Ikeda in [20] and later Strobl and
Schaller unified several models of gravity and they recast them in a common form in
Yang-Mills theory [28]. Cattaneo and Felder in [8] provided a BV formulation of this
model. The Poisson Sigma model consists in a bi-dimensional field theory defined
on a manifold possibly with boundary. In the first section we provide a description
of the ordinary Poisson sigma model studying its action and related symmetries and
applying the BRST formalism on it. Then, in the second section, we introduce the
BV version of the same model in order to study the gauge-fixing procedure.

4.1 Ordinary Poisson Sigma Model

4.1.1 Geometrical framework

We present now the essential geometrical elements necessary to introduce the clas-
sical action of this model.

Let M be a Poisson manifold which is a smooth, paracompact, finite-dimensional
manifold endowed with a Poisson structure. We can define a structure like that con-
sidering a bivector v € C*(M, A*T'[1]M) that can be seen as contravariant tensor
a of rank 2, satisfying the following Jacobi Identity

a0 + 79,0M + oMo =0 (4.1)

or shortly N
a9, =0 (4.2)

Using the Poisson bivector field, we can define the Poisson Bracket as follows

where f and g are smooth functions. (4.3)) enjoys the following property:

-Antisymmetry
{f,9} +{9, 1 =0 (4.4)
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-Jacobi identity

{f: 49,03} +4g.4h, f1} +{h.{[, 93} =0 (4.5)

-Leibnitz rule

{f,9h} ={f, 93 h+{f h}yg (4.6)

The Poisson Sigma model is a sigma model whose worldsheet is a connected, smooth
bidimensional manifold ¥ (with boundaries) and whose target is a (m-dimensional)
Poisson manifold (M, «).

Remark 4.1 Note that the space of functions ¥ (M) defined on a manifold M
endowed with a Poisson structure {-,-} is an infinite-dimensional Lie algebra.

4.1.2 Classical Action and symmetries
Action

The field content of this model is constituted by the following elements:
(i) A bosonic field X : ¥ — M, also called embedding field

(ii) A bosonic field n which is a 1-form on 3 taking values in the pull-back by X
of the cotangent bundle of M

Using the previous fields we can define the classical action as follows

SO = [ (dX) + 5 oo X)), (4.7

where we denoted with (-,-) the pairing between the cotangent and tangent space
at a point of the manifold M.
The eventually boundary conditions for (4.7)) are the following

n(v)u =0 v eIy u € T,(0%) (4.8)
The two bosonic fields can be expressed in local coordinates as follows:
(i) X is given by m functions X*(v)
(ii) n is given by d differential 1-forms n;(v) = n; ,(v)dv*

Using the previous expressions for the fields we can express action (4.7)) in the
following way, viz.

. 1 ..
SCCn) = [ mdxX' + 50 (Xm (19)
¥

In the case of a manifold with boundaries we have for n, v € 9%, while for 7;(v)
vanishes on tangent vectors to 0.
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Let us calculate the field equations. Using the Euler-Lagrange equation we obtain

6S(X,n)

o = dX'+ a"(X)n; (4.10)
and 55(X. ) .
i = dn; + Eaioz (X )nen; (4.11)
Symmetries

The action (4.9) is invariant under the following infinitesimal gauge transformations
5 X" = a(X)B; (4.12)

where 3; is an infinitesimal parameter, which is a section of X*(T*[1] M) and vanishes
on the (eventually) boundary conditions of the manifold.

We have a special case when we impose the condition a@ = 0, so the action (4.9))
reads as follows

S(x,n) = / n:(v) A dX"(v). (4.14)
b
The action (4.14)) is invariant under the following transformations
n—n+1, (4.15)

where 7 is an exact one-forms on X..

Another important symmetry arises when we consider o as an invertible matrix.
In this case after integrating formally over the field n we recover the action

S(xX) = /E Xw=1 /E wig () dida? (4.16)

where w is the symplectic form which generates the bivector a. In this peculiar case
the differential condition ([4.1]) implies that w¥ is a closed 2-form. Now action ([4.16))
in invariant under the following transformations

X — X'y ¢ (4.17)
with £'(v) = 0 on the eventually boundary of the manifold .

Proof of the symmetry of the action under the transformations (4.17))
1 S oo .
0S = 5/EX*OJ = /E §8kwij€kdl'ld$] +d (wijﬁ'ldaj]) — @-wkda:’fk =

1 oo
-3 / [Ohwij + Ojwi + Oj) E¥da'da? =
s

1

=_ / (dw)ijr&Fda’da’ =0
2Js
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Then the action is invariant under the transformation (4.17)). 0J

We can assume now M as a vector space and « a linear function on M. In this case
M is the dual space to a Lie algebra g = M*. Given two linear functions f,g € M*
we can construct the Lie bracket which corresponds to the ordinary Poisson bracket
whose is again a linear function on M.

The classical action (4.9) can be viewed as a function of a field X taking values in
the adjoint lie algebra of g and a connection d 47 on a principal bundle on ¥ which
we assume to be trivial.

Integrating by parts, the action can be written in the same form of the BF
theory action (cit), namely

S:/E<X,Fn>:/sz77+X(n/\?7) (4.18)

4.1.3 BRST formalism

We can apply the BRST formalism to the Poisson sigma model promoting the in-
finitesimal parameter (3; to an anticomutting ghost field (with appropriate boundary
conditions). We can introduce the BRST operator s, which is an odd derivation on
the functions X, n, 8, such that the following relations hold true

sX' = a'p; (4.19)
sni = —dB; — 8, ™ (X)mBy (4.20)
i = 5007 (X)5,54 (4.21)
The BRST operator is nilpotent only on shell, namely
$2X' =0 (4.22)
s’8; =0 (4.23)
P = — 50060 5,5,(dX* + 0 (X)) (4.24)

We recognize in (4.24]) the field equation (4.10)).

We assign a ghost number to the fields. Considering also the form degree we have
the following form-ghost bidegrees for the fields

X (0,0)
B (0,1)
i (17 0)

The BRST operator has ghost number 1.

We have already seen that s squares to zero only on shell. A problem arises with
this formalism. When we try to calculate the path integral to determine a physical
observables this does not work because we do not have a well-defined cohomology. In
order to solve this problem and to quantize this model we use the Batalin-Vilkovisky
formalism, that is a generalization of the BRST ones.
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4.2 BYV Poisson Sigma Model

In this section we present a BV formulation of the Poisson sigma model presented
in the previous section. We also study the gauge fixing procedure in order to obtain
the quantum theory for this model.

4.2.1 Geometrical framework and superfield formalism
The geometrical data for this model are the following
I An oriented bidimensional manifold ¥ (possibly with boundaries)

IT A space of bundle maps from T'[1]¥ to T*[+1]M of a Poisson manifold M. We
denote such bundle map by pair (X, 7), where X : ¥ — M is the base map and
n is the map between fibers, is a section in I'(X, Hom(T'[1]X), X*(T*[+1|M))

In this model we adopt the superfield formalism. Superfields combine fields
and antifields. The superfields content in this model consist in a total degree zero

superfield X?, which can be decomposed as follows:

~

4 ) . 1 ,
X'= X0l — 0n07 5, (4.25)

We also have a total degree one odd superfield 7;, which can be decomposed as
follows:

. 1
= B+ 0" + 50"0"X] (4.26)

L,V

We recall shortly the integration of superfields. We can perform this integration
using the standard supermeasure p of T[1]%, u has T[1]X degree -2.

If ¢ is a superfield, one has
/ pusp = / 0@, (4.27)
THIE )

where ¢ is the component of T[1]¥ which has standard form degree 2.

4.2.2 BV symplectic form

In this theory is relevant the following symplectic form
Qpy = / uaﬁié)zi (4.28)
TS
The BV symplectic form has degree -1 and is closed as required
0y =0 (4.29)
The associated BV bracket for this model reads as follows

(F.G} _/ . OrF' 0,G  OrF OLG
TS

— - (4.30)
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Using (4.25) and (4.26)) we can express (4.28) in field components as follows
Qpy = / (58106 + d'tom, + 6[6X") (4.31)
s
The associated BV bracket in field components has the following form

ey - |

OpF 01G B opF 01.G n opF 0;,G
dB; 6B S 6B, on; 5772‘T

(4.32)
B 0rF0,G  OrF 61G B 0rF0.G
o't om - 6X' X oX] X
4.2.3 BV action and BV quantum master equation
The action of the BV Poisson Sigma model is formally
N SR B
S {Xﬂm} = / 1 (deZ + —oz”nmj) : (4.33)
T[S 2

~

where X* and 7; are the superfields introduced in ([#.25)) and ([%.26)).

Classical BV master equation

We can demonstrate the classical BV equation, i.e.
{SBv,SBv}g, =0 (4.34)
We can write action in the following form
Spv = So + 51, (4.35)

where Sy and S7 are the two terms in equation (4.33]). Indeed, we can split the
classical master equation (4.34) in the following form

{507 SO}BV +2 {5’0, Sl}BV + {Sla Sl}BV =0 (4-36)
Proof of relation ({4.34))

In order to study the terms in (4.36)) we need to calculate the following directional

~

derivative. For the superfield X*, we have

d ~ )
& Sy (X7 + th)

p (4.37)

t=0

Substituting (4.33)) in (4.37]) and we have
d <~d(§i+tbi>+1 ijN”)
- o\ T 5N

. ~ 1 o~
= / pb' (dm + Eaioﬂknmk)
T

95
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Hence N N
ORS(XT+tb")  6.5(X" +tb')
5X 5X

The directional derivative for the superfield 7; corresponds to

~ 1 PN
= dn; + §aiajk77j77k

d ~
ESBVO% +t&)

=0
Substituting (4.33)) in (4.39)) and we have

d

— 7 ( (n: +t&)d X" + sa¥ (n; + &) (n; + tgj))
dt T[1]E 2

t=0

_ / 1 E(dX + 0
TS

Hence N N
om; on;
We study the first term in (4.36))

= dX' 4 o,

{50, S0} gy = 2/

T[S

wd (@d)P') =0
For the second term we have

sXi Om 0m sx

2{50,51}:2/ _

TS

} <5R50 5,51 0pSo 5L51>

~ g 1.~ o
= 2/ 1 <dnkak9nj — —kaakOé”T]mj> =
A 2
_ / p d (7o) + da¥iil, — dX 003 = 0
TS
For the last term we have

(5050 =2

1 (Oz”ﬁzaj’%ﬁj%) =
T[]
2 o~~~
3
2 il ik jla ki klg ij\> o>~
= § u(a 0" + o' 9™ + oM O )ninjﬁkzo
T[]

where the last expression vanishes thanks to (4.1)). Indeed, (4.36]) holds true.
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(4.39)

(4.40)

- (0" i+ o0 i + o 00 ) =
T[1]2
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Quantum BV master equation

From the theory of the BV formalism we know that the action (4.33|) satisfies the
quantum master equation, namely

{SBv, SBV}BV — QihABvSBV =0 (441)

Since the action (4.33]) is closed; i.e. it obeys to relation (4.34]), we write the previous
equation as follows

ZMABVSBV = ABVSBV =0 (442)
where Apgy is the BV laplacian whose has the following form
or, 0
- ( : —i) (1.3
TS 5Xi0n;

For the Proof of relation (4.42), we remind to the next section where we perform
this calculation using the action in field components.

4.2.4 BV Action in field components

We can express the BV action (4.33)) in field components using the decomposition
of the superfields (4.25)) and (4.26). The final result is the following

, , g 1 ..
Spy = / [ —ndp; + nd X' + o (X)X] B, + 5o (X)min;+
P

(4.44)
1 g ) 1 -~
- 55“31@04” (X)B:8; — 1" 0pa (X )mi3; — ZﬁkTﬂlTakalOé” (X)BiB;
Proof of relation :4.44)
Using (4.25) and (4.26]) in (4.33]) we have
/ [<5¢+7h+XJ>d(Xi+7liT—ﬁiT)+
2
+5 (oz” (X) + 0 (X) (" = M) + 8,00 (X )n’“*n”)
(8i+m+ XT) (B +m5+ X]) | =
= / <ﬁidn” + nd X 4 o7 (X) 3 X + §aZ”(X)nmj—|—
)
y 1 . 1 .
+ 000 (X s — 5 80ka (X)Bi8; — 110010 (X)5:5 )
then (4.44]) holds true. O

We introduce the BV field variations, namely

6pv(-) = {Sav, }py (4.45)

where {-, -} is the BV bracket in field components introduced in (4.32)).
The BV field variations for the fields are

1 .
53V5i = 5@&”@@' (4-46)
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Spyn = —df; — O (X )m: B+

1. . (4.47)

- 577]T8iaj04 B Bn
Spv X' = a"(X)B; (4.48)

while for the antifields we have

dpv BT = — dn't — a¥(X)X] + 0pa” (X) 515+

g 1 . (4.49)
+ Ora? (X)UkTTIj + §8j8k06”77ﬂ77“51

5aniT = —dX'— aij(X)nj - 8k(xij(X)77kTﬁj (4.50)

1

1 )

- §azaj&mn(X)ﬁ]T6mﬁn - azakamn(X)nanmﬁn_F (451)
1 .

- Zai(?j@kam"(X )7 0" B B

BV Quantum Master Equation

Using the expression for the BV action in field components (4.44]) we can verify the
quantum master equation, namely

ABVSBV =0 (452)

introduced yet in section 4.2. In this case the BV laplacian in field components
reads as follows

_ (SL 5[, (SL 5L 5L 5L
Apy = /E (W(S_)(j 5_@56“ + 5_771‘577“> (4.53)
Proof of relation (4.52))

Using the definition of the laplacian in field components and the expression of the
action in field components (4.44)), we have

Apy ( /z ndX" + 504” (X)nin; — §BkTak04”Biﬂj + O/JXiTﬁﬂ'

) . |
— (B + D (X )y ) — ;ln’*nﬂTaiajam“<X>ﬁmﬁn>

Considering only the terms whose contribute to the laplacian we obtain
1 - - ) )
ABV/E <—§5H3k04” (X)Bi3j + a”(X) X[ 8, — ﬂlTaiajk(X)mﬁk) =

=6(0) /2(1 +1-2)0;,07(X)B; =0

We have regularized the Dirac Delta function evaluated in 0 imposing a cut-off. In
an adequate regularization scheme the previous result is supposed to be valid before
removing the regularization or rather when 6(0) is infinite. U
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4.2.5 Gauge fixing for the BV Poisson Sigma Model

In this section we study the gauge fixing procedure in order to quantize the model.
First of all we introduce trivial pairs of fields/antifields.

(7') e, X 1(-1)M) (ZT) € O(S, A2 TS © X*T* M) (4.54)

~i ~t
<)\ ) e (3, X*TM) <)\> e L(S, N°T*S @ X*T*[—1]M) (4.55)
The BV auxiliary symplectic form reads as follows
i T i
b

The related BV bracket has the following form

0pF oG 0rF oG OrF 0.G  OrF LG
{F. G pyau: = / ~i ot i ~ ot A (4.57)
Bl 0c de;p e 0c Gh g, OA, 6N
Auxiliary BV action
We can introduce the Auxiliary BV action as follows
Y
SBVauz = _/ Ci)\ (458)
by
From a direct inspection the following relation holds true
{SBVauara SBVaux}Bvaux =0 (459)

(4.59) corresponds to the classical master equation for the auxiliary BV action (4.58)).

We can introduce the auxiliary BV variations as follows

5BVaua:(') = {SBVaua:a '}BVaux (460)

The auxiliary BV variations for the fields and antifields introduced in (4.54) and
(4.55)) are

~t

6BVaua:Ei == (461)

5B‘/a'uaezl'L =0 (462)

nvansh =0 (4.63)
~t ot

5BVaua:)\i = —C; (464)

As expected we have nilpotence property for the auxiliary BV variations, namely

6%Vauz(') =0 (465>
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Proof of relation (4.65)

9 S N ~t ot
5BVaux ¢, ¢ A ) )‘z = 5BVaua: _/\i7 07 Oa —C | = 0

then (4.65]) holds true. O
The auxiliary BV action (4.58)) is invariant under the auxiliary BV variations, ie.
5BVaumSBVaux =0 (466)

Proof of relation (4.66]

5BVa,u$ (_/’5:;) - _/ (53\/@1&;:; +EjéBVaua:X) =0
by b

then (4.66]) holds true. O

The Gauge Fermion

The gauge fermion for the BV Poisson Sigma Model is the formally

g / &e %, (4.67)
by

where %, as usual, is the Hodge star operator
Using (4.67) we can define a lagrangian submanifold &£ in the field space as follows

oL

T
Pa = SpA (4.68)
one finds ;
c; = —d*n; (4.69)
~
A =0 (4.70)
nt = — % d (4.71)
X =0 (4.72)
BT =0 (4.73)
Thanks to the gauge fermion (4.67) we can define the gauge fixed action, namely
I = (SBV + SBVau:v)|$ (474)

Substituting in (4.33]) and (4.58) in (4.74]) we obtain an explicit expression for the

gauge fixed action, i.e.
i 1 ij 1 kt ij ij y i

. A 1 ., . ot
— (A5, + B (X)) — 710,050 (X) BB — T1X )

¢
. 1 .. ~i .
= / nd X" + 504” (X)nin; +xdc (df; + ;0 (X)n; Br)+
>

~t

1 ~E g
—1 *dc *dcjaiajamn(X),Bm/Bn + (dxmi)A .

60



The gauge fermion (4.67)) is not a global well defined functional. The ghost ¢ does
not transform in a covariant way, namely
~j 0z"

, A 2 i
~1 o oL ~J k 8 xr
de =dc 90 ¢ dx pE

(4.75)

A possible solution for this problem is considering a connection in the target space.
In this case we can provide a new version of the gauge fermion, i.e.

~i ~i ~i o~k
U= ECV*m:— EVC *ni:—/2<dc +dXT.c >*m, (4.76)

where T, is the connection introduced in the target space.
Using (4.76)) we can select a new lagrangian submanifold £’ in the field space as

follows

o,

t YL

Pa= o8 (4.77)

one finds ;
c; =~V % (4.78)
~
A =0 (4.79)
gt = —x VT (4.80)
X/ =0 (4.81)
BT =0 (4.82)

We can formulate the new gauge fixed action (4.74]) using the lagrangian submanifold
%', then we obtain

. 1 .. ~i .
= / n:dX" + o (X)mim; + Ve (df; + 0,7 (X)n; Br)+
> 2 (4.83)

~1

1 i~
+ Ve V& 00,0 (X) By + (V % mi) A

The gauge fixed action (4.83)) has a well defined kinetic terms.
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Outlook and Open problems

In this thesis, it has been presented three models in a BV perspective: 3d Chern-
Simons theory, BF theory and Poisson Sigma Model. The Batalin-Vilkovisky quan-
tization technique can be applied to many other different topological quantum field
theories. In this last section, the Courant sigma model and the related gauge fixing
problem are outlined to suggest possible future lines of research.

Courant Sigma Model

First of all we introduce Courant algebroids, then we illustrate the action of the
Courant sigma model.

Courant algebroid

Let V. — X be a metric vector bundle. Therefore, there is a degree 2 symplec-
tic N—manifold L related to V as follows. Given the 2-shifted cotangent bundle
T*[2]V[1] of the 1—shifted bundle V1], then T*[2]V[1] is a degree 2 symplectic
N —manifold which can be locally described by degree 0 base coordinates z*, degree
1 fiber coordinates £* of V[1] and by related cotangent degree 2 base coordinates
p; and degree 1 fiber coordinates 7,. Furthermore 7%[2]V[1] is endowed with the
following canonical degree 2 symplectic 2-form

wo = dp;da’ + dngdE” (5.1)

We consider, for simplicity, a local trivialization of V' such that the coefficients g4,
of the metric of V' are constant. Thus the following covariant constraint

1
Mo = 5 9ab€’ (5.2)

defines a submanifold M of T*[2]V[1]. M is a degree 2 symplectic N—manifold. M
is coordinatized by the degree 0,1,2 coordinates z*, %, p; and is equipped with the
following degree 2 symplectic 2-form

|
w = dpda’ + g gude” (5.3)

yielded by the pull-back of (5.1)) by the embedding M — T*[2]V[1]. Conversely, it

can be demonstrated that every degree 2 symplectic N—manifold M arises from a
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metric vector bundle V' by the above construction.

Thanks to the fact that the constraint defining the embedding into T7*[2]V[1]
is linear, M can be identified with the 1-shift L[1] of a graded vector bundle L over
N. This is not a canonical result, but it depends on an arbitrary choice of a metric
connection of V.

The metric vector bundle V' is a Courant algebroid if the graded vector bundle
L has the so called L..-algebroid structure with the homological vector field ), of
L[1] hamiltonian with the respect to the Poisson bracket associated to the symplectic
form . In that case ()1, has the following form

QL= pia(x)fapiaxi + <_ax¢pja<x>£apj + éaxifab05a§bgc) 8pi+
(5.4)
+ g% (—pid(ﬁ)pi + %fdbc(m)ﬁbﬁc) Ok,

for a certain functions p’, and fu.. Therefore, since Qp is hamiltonian, Qr = {5, -}
for some degree 3 function S on L[1] can be locally expressed as follows

- 1
S =—p'&"pi + éfabcfagbfc (5.5)

leading to (5.4)).
The nilpotence of@), is equivalent to the following equation

(5,5} =0 (5.6)

the structure functions p’, and f,. define the Courant anchor and bracket of V'
respectively. Equation implies a set of relations that characterized V as a
Courant algebroid and that the structure functions p’, and f,;. must obey.

For a Courant algebroid V', L[1] is therefore a degree 2 PQ)Q—manifold. In [27] there
is the proof that every degree 2 P(Q—manifold stems a Courant algebroid V' thanks
to the above construction.

Courant sigma model

The Courant sigma model, introduced by Tkeda in [19], and treated by Roytenberg
in [27] via AKSZ formalism consists in a topological quantum field theory of Schwarz
type. The classical action of this model reads as follows

S[A* By, X'] = / [%A“gabdAb+ BidX"' — p'o(X)AB; + é fare ATAP A (5.7)
M

where p',(z) and fu. are the structure constants of the Courant algebroid previously

introduced and X%, A% and B; are forms of degree 0,1 and 2 respectively. We can

formulate this theory in a BV perspective. Nowadays for the BV formulation of this

model there is no treatment of the gauge fixing procedure. This remains an open

problem left for future work.
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Appendix A

Supergeometry/Graded geometry

In this chapter we introduce some elements of supergeometry and graded geometry
(an extension of the ordinary geometry) and related spaces (called superspace and
graded space respectively). We also present many examples of graded manifolds and
the related theory of integration.

A.1 The fundamental idea behind
supergeometry

Supergeometry is an extension of the ordinary geometry with anticommuting coor-
dinates in addition to the usual even ones.

We consider a smooth manifold M and the algebra of smooth functions C*°(M)
over M. C*°(M) is a commutative ring. The functions which vanish on a given
subspace of M form an ideal of this ring. The maximal ideals would correspond to
the points of M. In a supergeometric context we replace the usual ring of functions,
with supercommutative ring and the supermanifold arises

A.2 7Zo-linear algebra

A.2.1 superspace

The rings of functions of supermanifolds is Zs-graded. It is necessary to study Zo-
graded linear algebra. We study Zs-graded vector space V over R(or C) as a direct
decomposition:

V=WwaeW

where Vj is called even and V; is called odd.
Define now the space of homogeneous elements as follows:

Vg =WU W, (A.1)
Considering an element f € Vp, we can define the parity for f.

Definition 1.1 we denote the parity (or degree) of an element f € Vi as |f|.
It’s defined as follows:
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-if f € Vg, so fis even, |f| = 0.
-if f € Vi, sofisodd, |f|=1.

A generic element f € V may doesn’t have a definite degree.

In what follows, unless explicity stated otherwise, we assume that all elements of V/
belong to either V4 or V7 and have a definite degree.

Definition 1.2 Let V| W superspace. A superspace morphism is a linear map
T:V—W (A.2)

such that:
TVy C Wy TV, Cc Wy (AS)
Let Hom(V, W) denote the vector space of morphisms V' — W.

Definition 1.3 Let V, W superspaces. A inner morphism of superspaces is a linear
map

T:V—W (A.4)
such that
TVy C Wy TV, C Wi (Inner even) (A.5)
or
TVy C Wi TV ¢ Wy (Inner odd) (A.6)

We denote the inner morphism of superspaces by Hom(V, W).

If dim Vy = dy and dim V; = d;, then we adopt the following notation 1 %l%
and the combination (dy, d;) is called the superdimension of V.

A.2.2 Superalgebras

Definition 1.4 A commutative superalgebra A is a superspace equipped with a
distributive and associative multiplication

Ax A—s A (A7)

such that:
1) For homogeneous a,b € A

ab= (=1l g (A.8)
2)For homogeneous a,b € A, a - b is homogeneous with
lab| = |a| + |b| (mod 2) (A.9)

Definition 1.5 A superderivation D of a commutative superalgebra A is an inner
endomorphism of the superspace A such that

D(ab) = Da b+ (=1)/Pllelg Db (A.10)
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We discuss now an important example of supercommutative algebra, the exterior
algebra.

Example 1.1 consider purely odd superspace R%™. Let us pick up the basis
£i=1,2,...,m and define the multiplication between the basis elements satisfying
¢ = —¢1¢. The functions C®(R%™) on R%™ are given by the following expres-

sion
m

m 1 i1 i i
FE,8,,8™) =) Tifuinin€"E2.E" (A.11)
1=0
and they correspond to the elements of the exterior algebra A®*(R™)*. The exterior
algebra
A® (Rm)* _ (/\even(Rm)*> @(/\Odd(Rm)*) (A12)

is a supervector space with the supercommutative multiplications given by wedge
product. In this case the wedge product corresponds to the function multiplication
in C>(R™).

A.2.3 Lie superalgebras

Definition 1.6 A Lie superalgebra g is a superspace equipped with Lie superbrack-
ets, that is a bilinear degree preserving map

[ —]:gxg—9g (A.13)
such that
[a, b] + (—1)'“””' b, al (A.14)
and
la, [b,c]] = [[a,b], ] + (—1)‘“"“’| b, [a,c]] =0 (A.15)

We present some examples of commutative Lie superalgebras.

Example 1.2 Let A be a commutative superalgebra.
Define [—, —]; A x A — A by

[a,b] = ab — (—1)lPpq (A.16)

Then, (A, [—,—]) is a Lie superalgebra ga.
If A= End(V), then this Lie superalgebra is called gl(V)

Example 1.3 Let A a commutative superalgebra with derivation Der(A). Der(A)
is a superspace. We define the following Lie bracket:

[—,—]: Der(A) x Der(A) — Der(A) (A.17)

by
[Dl, DQ] == D1D2 — (—]_)'DIHDQ‘DQDl (A18)

then Der(A) is a Lie superalgebra.
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A.2.4 Supermanifolds

Now we can construct more complicated examples of supercommutative algebras.
Consider, for example, the real superspace R™™ and define the space of functions
on it as follows:

Ce(R"™) = C*(R") Q) A*(R™)" (A.19)

if we pick up an open set Uy in R™, then we can associate to Uy the supercommutative
algebras as follows:

Up — C=(Up) Q) A*(R™)" (A.20)

This supercommutative algebra can be thought as the algebra of functions on the
superdomain U™ c R™™ C=(Uy) @ A*(R™)*.

The superdomain can be characterized in terms of standard even coordinates x*,u =
1,2,...,n for Uy and the odd coordinates &, i = 1,2, ...,m.

Now we can introduce the definition of smooth supermanifold:

Definition 1.7 A smooth supermanifold M of a dimension (n,m) is a smnooth
manifold M with a sheaf of supercommutative algebras, typically denoted O,; or
C%9, that is locally isomorphic to C*°(Uy) ® A®*(R™)*, where Uy is an open subset of
R™.

Essentially the theory of supermanifolds mimics the standard smooth manifolds.
We can present some important examples of supermanifolds:

Example 1.4 Given a manifold M, the parity reversed tangent bundle IIT'M is
the usual tangent bundle in which the fiber is assumed to be odd (of Grassman
degree 1). Under a change of local coordinates, x and ¢ transform in the usual way.

~p
~U ~p ~H . ox

P =) € =5

¢ (A.21)

where z’s are local coordinates on M and £’s are odd. The functions on this super-
manifold have the following expansion:

dimM

F@8) = 3 iy (@) (A.22)
p=0 "

and thus they are naturally identified with the differential forms on M, C*(IIT M) =
Qeven/odd(M)'

Example 1.5 Given, as in the previous example, M a smooth manifold. The parity
reversed cotangent bundle II7T*M is the usual cotangent bundle in which the fiber
is assumed to be odd. Under a change o local coordinates x and £ transform in the
usual way.
~ ) ox?
z ( &0 (A.23)

u:T
ox

™2

z)
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In this example z’s are local coordinates on M and {’s transform as 0,,.
The functions on II7T*M have the following expansion

dimM

F@€) = 3 I )G (A.24)
p=0

and thus they are naturally identified with multivectors fields, C>(IIT*M) = ['(A*T'M).

Note that many notions and results from the standard differential geometry can
be extended to supermanifold in a straightforward way.

A.3 Integration theory for supermanifolds

In this section we shall discuss integration on supermanifolds. There’s a problem
in this procedure related to the occurance of odd variables. A natural question
arises about how to perform integration of odd variables. to solve this problem we
must understand in which way we can treat them. Before this we have to recall
some notions about integration theory for even variables and looking for indications
about how to generalize to odd ones. We know from the ordinary calculus that the
integral of a function f(x) on an interval I can be performed splitting the interval in
a very large number of small intervals I; on which f(x) is approximately constant,
f(z) = f; and then sum up these values multiplied by the lenghts of the underlying
intervals (1.18)

/If(x)dl" =~ Zlez (A.25)

When we consider odd coordinates the above definition is useless because odd di-
rections have no points and no intervals. According to the well known fundamental
theorem of calculus, one has:

[ e = 50) - sia) (A.26)

This important relation offers clues about the problem we are treating. In the case
of a periodic function, it’s defined on a circle (imposing f(a) = f(b)), that integral

holds af ()
/S1 I dex =0 (A.27)

It turn out that relation determines integral over the circle up to a multiplicative
constant.

The same previous relation, but for odd variables is the following:

df (§)
/ e (A.28)
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for a suitible differentiation respect to an odd variable, we discussed shortly. In a
general approach we define a set of vector fields (first order differential operators).

, 0
D, = . A.29
()5 (4.29)
such that,given a manifold M
/ jDuf =0 (A.30)
M

Where 1 is some integration measure which nature made precise below.
Note that the differential operators (1.21) form a Lie algebra.

A.3.1 Berenzin integral

Felix Berenzin understood in which sense odd variables may be treated as the even
ones.

Consider for example the space R!', coordinatized by (z,¢). Since £2 = 0, the most
general function f(x,&) has the form

f(@,8) = folz) + Efi(2) (A.31)
The most natural derivative relations respect the odd and the even coordinate are:
even axf(x,f) = +& i (A.32)
0
odd —f(x,&) = fi(z) (A.33)

23

An important remark about relation (1.33). There two type of derivatives called
right and left. The difference between them is the following:

Right %mngcmwﬁw (A.34)
Left %<a@=%wno:<mw (A.35)
We can now integrate the previous relations, mimicking (1.27), so:
even / dx% F(@,€) = f(400,0) — f(—00,0) (A.36)
odd / dga% F2,6) =0 (A.37)

In the integration theory we assume that f(x,¢) falls out rapidly to be integral in
the usual sense.
A prescription for (1.37) holds in the following:

/ de = a% (A.39)
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Since €2 = 0 we have the following property:

82
ag (6 =0 (A.39)

With this in hand, we can define a notion of integration on the space R'' of the

function f(x,§)

0
/ dvdgf(e,9) = [ dog (.6 (A.40)

We can generalize (1.40) on the space R™?, which has coordinates z'z2...2", £1€2...£P.
Consider the following function:

f:R"P SR (A.41)

the relative expansion is:

p

fz,6) =

k=

%E“---6"’€fi1..‘ik(x1...x’“) (A.42)
0

integrating (1.42) and using the relation (1.38),we obtain

o 0
/ d"zdPE f(z, &) = / e (0.6 = (A.43)

:/d”xfil__ip(xl...x”)

Note that the integral selects the component f;, ;..
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A.4 Z-graded linear algebra

A.4.1 Z-graded vector space

A Z-graded vector space is a vector space V with a decompostion of the form labelled
by integers:

V=aV (A.44)

i€z

If v € V;, then we say that v is a homogeneous element of V a variable degree
|v| = 4. Any element of V can be decomposed in terms of homogeneous elements of
a given degree. The morphism between graded vector spaces is defined as a linear
map which preserves the grading.
The dual vector space of a Z graded is self-graded:

Vi=a (V") (A.45)

1€Z

with:
V5=V_" (A.46)

A k shifted vector space V is the graded vector space V[k] defined by:
VIki = Vit (A.A47)
A [k shifted dual vector space V' is the graded vector space V'[k| defined by:
VI = V7 [kl (A.48)

If the graded vector space V' is equipped with the associative product which respects
the grading, then we call V' a graded algebra. If we consider a graded algebra V' and
consider homogeneous elements v and v therein, the following relation holds true:

v = (=1)15y (A.49)
then we call V' a graded commutative algebra.
A derivation D of a grade |D| is an endomorphism of graded algebra V with Z

satisfying relation (1.10) with Z, grading rule replaced by Z grading.
In the following, we present two of the most important examples of graded algebras
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Example 1.6 Let V be a graded vector space over R (or C). We define the graded
symmetric algebra S(V') as the linear space spanned by polynomial functions on V'

Z fa1a2...azvalva2...val (A50)
l

we use the relation ,
v = (=117 lgbye (A.51)

with v* and v are homogeneous elements of degree |v%| and |v°| respectively. The
functions on V' are naturally graded and multipilcation of functions is graded com-
mutative. Therefore the graded symmetric algebra S(V') is a graded commutative
algebra.

Example 1.7 Let V be a graded vector space over R (or C). We define now
the graded antisymmetric algebra S(V') as the linear space spanned by polynomial
functions on V

Z fa1a2‘..alvalva2'“val <A52>
l

we use the relation )
vl = —(=1)[V 70y (A.53)

with v® and v are homogeneous elements of degree [v?| and |v°| respectively. The
functions on V' are naturally graded and multiplication of functions is graded commu-
tative. Therefore the graded antisymmetric algebra S(V') is a graded commutative
algebra.
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A.4.2 Graded manifolds

In a close analogy with the section 1.2.4, we can define a graded manifold as an or-
dinary manifold coordinatized by even and odd coordinates( with a definite degree)
and we glue them by the degree preserving maps. This is an intuitive definition.
Let introduce now the formal one:

Definition 1.8 A smooth graded manifold M is a smooth manifold M with a sheaf
of graded commutative algebras, usually denoted by C§7, which is locally isomorphic
to C°(Uy) ®@S(V), where Uy is an open subset of R™ and V' is a graded vector space.

To understand better the idea of graded manifold we can introduce the following
explicit examples.

Example 1.8 Exists a graded version of tangent bundle introduced in the exam-
ple 1.4. This is the 1-shifted tangent bundle T[1]M, whose fiber is parametrized
by degree 1 coordinates. The base coordinates x has degree 0. We have the
same coordinates transformations as shown in example 1.4. The space of functions
C®(T[1]M) = Q°*(M) is a graded commutative algebra with the same Z-grading as
the differential forms.

Example 1.9 In the same way we can introduce the graded version T*[—1|M of the
odd cotangent bundle (Example 1.5). We assign grade 0 and -1 to £ and z respec-
tively. As in the previous example the gluing rules preserve the degrees. The space

of functions C*°(T*[—1]M) = I'(A*TM) is isomorphic to algebra of differentiable
grade integers, with the opposite grading degree of multivector field.

The previous examples are very important in the BV-formalism. We’ll see this
formalism in the following chapter.
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Appendix B
BV bracket

The aim of this appendix is to present the BV bracket using superfields and field
components and provide a proof for these formulas using the standard results of the
graded symplectic geometry.

B.1 BYV bracket

In this section we provide an expression for the BV bracket using superfields. To
obtain this result we can consider the following BV symplectic form

Qpv = / H <5£T5£> ; (B.1)
T[1M

where p is the standard measure of T[1|M, p has T[1]M degree —m. We denote
with & the functional de Rahm operator. ¢ and ¢! are two de Rham superfields of
degree p and m — 1 — p respectively. B B

Given a functional f, we have

- 1)
of = / (&0 Lf+5_T5L{)+
TRM
_/ M( Rf 5Rf5¢)
TM 5@ = oyl

We consider now the inner contraction ix,, whose has the following form

in:/ nl X o | xtlL : (B.3)
M el 60

where X is the hamiltonian vector field, which has the following form

oL
X; / ( + xt= ) B.4
THIM 5@* op (B-4)
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We apply (B.3) to (B.1)), then
inQBV = in/ U <(§£T3£> = (_1)m(|f|+1)/

M M

= (=1)"m(f+D) /T[”MM in‘SET‘Sf _ (_1)(|f|+1)(m—1—p)5£uxf5£ =

wix, (de'dp) =

_ (_1)—m(|f|+1)/ I ((_1)m(|f|+1+p)X&0 N (_1)(\f|+1)(m—l—p)+m(|f\+p+1)(§¢TXT) _
T[1M - -
_ / i ((_1)mp XGp — (1)) mtp D (1) (1) XT&OT> _
TM - -
= / 1 ((—1)"”’)(&0 — XT&pT>
T[1)M - -

We use now the well-known relation

ix,Qpv =0f (B.5)
We recall relation (B.2), then
Orf
X = (-1 B.

(-1 (B:6)

Orf
Xt= - B.7
o (5.7)

Substituting and (B.7) in (B.4) , we have

Orf oL Orf 5L)

X;= (-1 mp/ <——— —1)"—— B.8
p= [ (S - o (B3

In order to obtain the BV bracket in the usual form, we apply (B.8) to a functional
g, then

Orf oLy Orf oLy
Xi(g)=1{f,9} = (-1 mp/ <——— —1)"P—— B.9
1(9) ={f.g} = (1) o o 50 5ol o (B.9)
The BV bracket enjoys the following properties:
-Antisymmetry
{f.9} + (=)D g, f} =0 (B-10)

- Jacobi identity

{f’ {97 h}} - {{f’ g} ) h} - (_1>(\f|+1)(|g|+1) {97 {f: h}} =0 (Bll)

-Leibniz rules
{f.9h} = {f. 9} h+ (=1)FDlg { f 0} (B.12)

{fg.h} = flg.h} + (=1)9"HD {f h} g (B.13)
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B.2 BYV bracket in field components

In this section we provide an expression for the BV bracket in field components. To
obtain this result we can begin considering the following symplectic form

QBV—/ Z 5(,015301 > <B14)

where M is a m—dimensional manifold. We denoted with § the functional de Rahm
operator. The field and antifield components denoted with gp} and ¢; have a ghost
bidegree (p;, g;) and (m — p;, —1 — g;) respectively.

Given a generci functional f, we have:

of = / (Za A(SLf+Za TaLf)

:/M(iéRf Z+ZRf )

We consider now the inner contraction ix, whose has the following form

_ / PP U oI (B.16)
M |58 86p;

)

(B.15)

where X is the Hamiltonian vector field, which has the form

Xf_ZX T+Z 1580 (B.17)

Now we apply the inner contraction (B.16]) to the BV symplectic form (B.14)), then

= [ 52 (il — e 5
M
We can use equation (B.16]) in the previous expression, therefore

/Z Xid — (— 1)) mpi—gim &OTXT)

/ Z X8t — (= 1)U HDm—pi =g m—pimgim D) (mtpirgit 1+1) X;gw) _

— St — X150
/M; Xzégp Xﬁgp)

We recall now the following well-known relation

~

ix,Qpy = 0f (B.18)
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Using (B.15), we have

orf
X, = B.1
5o (B.19)
X/ = ﬁ (B.20)
0

Substituting (B.19)) and (B.20)) in (B.17)), we obtain

> (W_L . W_L) (B.21)

M dep; (Sgol 5g0;r 0p;

In order to obtain the ordinary expression for the BV bracket, we apply (B.21)) to a
given functional g. Finally, we get

SpfoLg Onfd
Xilg) =Af.9} = /MZ <LfL9T _ g%) (B.22)

Poisson bracket in field components (B.22]) enjoys the properties (B.10]), (B.11)),(B.12])
and (B.13).
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