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Abstract

Nel presente elaborato di tesi, il sottoscritto D. Gregori ha sviluppato un metodo ricorsivo molto
efficiente, per calcolare gli integrali del moto locali delle teorie conformi quantistiche. Tale calcolo é
stato svolto nel contesto della corrispondenza ODE/IM, tra certe equazioni di Schrodinger e i
modelli integrabili conformi. A tal fine, & stato sfruttato il semplice comportamento ricorsivo dei
cosiddetti polinomi di Gelfand-Dikii, grazie anche a una precedente dimostrazione di D. Fioravanti,
concernente l’espansione asintotica, per grande energia, della funzione d’onda. Inoltre, il sottoscritto
D. Gregori, ha adattato tale dimostrazione alla cosiddetta espansione WKB (nota anche come
approssimazione WKB), cioé per piccola constante di Planck, ottenendo cosi una ricorsione efficiente
anche per questo noto metodo di soluzione delle equazioni di Schrédinger con singolarita. Questo
nuovo approccio all’approssimazione WKB ha permesso di dimostrare una congettura di W. He a Y.
Miao, nel contesto delle teorie di gauge con A = 2 supersimmetrie (SUSY). Inoltre, nel presente
elaborato, é stato parzialmente completato un lavoro, molto incompleto e pubblicato postumo, di Al
B. Zamolodchikov, riguardo alla costruzione della corrispondenza ODE/IM per il modello di
Liouville, ovvero per carica centrale ¢ > 25. L’equazione della ODE/IM da utilizzare, in questo caso,
& l’equazione di Mathieu Generalizzata, cosi battezzata da Al. B. Zamolodchikov. Per il caso ¢ = 25
"autoduale", tale equazione si riduce all’equazione di Mathieu e questo permette una diretta
connessione con le teorie di gauge N’ = 2 SUSY. In questo caso autoduale, il sottoscritto D. Gregori
ha dimostrato una congettura di Al. B. Zamolodchikov, secondo cui la funzione T di Baxter delle
teorie integrabili coincide con il coseno dell’indice di Floquet dell’equazione di Mathieu; dove
quest’ultimo & proporzionale alla deformazione quantistica (nel limite di Nekrasov-Shatashvili) del

ciclo classico di Seiberg-Witten, delle teorie di gauge con N' = 2 SUSY.
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Introduction

An integrable system is a physical system with an infinite number of integrals of motion. In integrable
quantum field theory, since there are infinite degrees of freedom, the Liouville theorem does not
hold and an exact solution is not always possible. However, in conformal quantum field theory, as a
consequence of Virasoro symmetry, it is possible to calculate almost all quantities of physical interest
and in particular, the correlation functions. In this sense, conformal quantum field theory can be
exactly solved.["1ll The integrals of motion can be expressed as the coefficients, for large rapidity
0, of the asymptotic expansions of the Baxter’s Q(#) and T'(6) functions. These functions satisfy
many functional relations, which give important characterizations of the T" and @ functions for a
certain integrable model. For the Liouville model (which is very useful also in string theory), we
write, perhaps, the most important of such functional relations, the T'Q) relation, as

T©)Q(0) = Q(6 + imp) + QO — inp) (v= b—i—bl/b) (0.0.1)

where b is the characteristic Liouville parameter. The Baxter’s Q(6) function can be also expressed
as the solution of a nonlinear integral equation (NLIE),[ I which, in certain limit,!"l reduces to a
linear integral equation. Before the discovery of the ODE/IM correspondence, such NLIE were the
most efficient technique to calculate the integrals of motion.!/!’]

However, today, an alternative way to characterize the Baxter’s ) and T functions is the so-
called ODE/IM correspondence, which means "ordinary differential equations / integrable models"
correspondence,!' 1.1 In fact there exist some Schrodinger equations, whose eigenfunction is, roughly
speaking, the Baxter’s Q function of integrability. More precisely, the wronskians calculated with the
solutions of such Schrédinger equations, satisfy all functional relations and the nonlinear integral
equation of conformal integrability, at least after some "a posteriori" identification between the
parameters of the equation and the conformal parameters.!'*l The ODE/IM correspondence has
been proved useful also in a wider context, for example to rigorously prove the reality of the energies
in PT-symmetric quantum mechanics.!'”! In other words, thanks to the ODE/IM correspondence,
we know that there exist non-hermitian Hamiltonians H =+ HY which anyway have real eigenvalues
A = X*, hence such systems are physical. Recently, C. Bender conjectured that P7 symmetric
quantum field theory might have a very important role for the physics beyond the standard model.
In this thesis, I developed a very effective technique for a systematic calculation of the local integrals
of motion I5,_; of integrability, both for the minimal models and for the Liouville model. For
my results, it has been proved equally important both the ODE/IM correspondence and a yet
unpublished result of D. Fioravanti, regarding the equivalence of Gelfand-Dikii polynomials and "large
energy" (for large rapidity #) expansion modes for the Schrodinger eigenfunction! *Il'l | Moreover, T
adapted Fioravanti’s rigorous equivalence proof to the standard, well-known, WKB expansion (for
small Planck constant 7). Thus, after various modifications, I found that also the standard WKB
expansion contributions, at all orders, can be simply connected with Gelfand-Dikii polynomials. The
power of Gelfand-Dikii polynomials lies in the fact that they have very simple markovian recursive
properties. In fact, for the standard WKB expansion, the calculation of n + 1-th mode S,, 1 requires
the knowledge of all the n preceding modes Sy, for k = —1,0,1,2...,n, as is evident from the recursive
equation:

n—1

Snin = —2;6( mZ: SnSu1m+5,)  Sa(n)=Val@) = V() -~ B 0.0.2)




(where E is the eigenvalue and V(z) is the potential of the Schrédinger equation). Instead, the
equivalent Gelfand Dikii recursive equation is markovian, that is, to calculate the n + 1-th mode 1,41,
it is sufficient the knowledge of only the precedent n-th T, mode, as is evident from the equation I

found:

1 3 q/ 3 q// 9 q’2 1 q/// 9 q//q/ 15 q’3
/ " 7 /
T = T Tt (gq*z - Eq—g,)Tn + (gq—2 “Ta * ﬁqj)Tn 1 (0.03)

Apart from the general interest of such general markovian WKB expansion for the Schrodinger
equation, I applied this result to obtain a rigorous proof to a conjecture of He and Miaol’/, in
the context of N' = 2 pure gauge theory. In that theory, the partition function receives both a
perturbative and a non-perturbative istantonic contribution. In R* Minkowsky space, (because of the
infinite volume), the instantons give infinite contribution. Hence, to calculate the non-perturbative
part of the partition function, Nekrasov devised a technique which involves spacetime deformation,
through two curvature (complex) parameters €; and ea. The Nekrasov partition function can be

written in the classical limit €1, €2 — 0, in terms of the Seiberg Witten prepotential Fgw

1
ZNek(Eh 62) = exp{—elez}—sw + 0(61, 62)} (004)

or in terms of Nekrasov-Shatashvili prepotential, in the homonimous limit e; — 0
1
ZNek(€1,€2) = exp{@]—‘Ns(q) + 0(62)} (0.0.5)

The Nekrasov-Shatashvili quantum prepotential Fg(€1) can be obtained!””’! from the knowledge of

the Floquet index v, relative to the Mathieu Schridinger equation

2 g2
el d

> 2 (2) + [u — cos 2z]1(z) =0 (0.0.6)

with eigenvalue u and €; as Planck constant. W. He and Y. Miao conjectured!”’l and I rigorously
proved that there exist, for the WKB expansion modes of the Floquet index v expansion modes,
relatively simple differential operators in the eigenvalue u, which deliver the n-th mode of expansion
starting from the zero order. In other words, He and Miao operators allow to calculate the whole
€1 contribution, Fyg(e1), to the Nekrasov partition function, in term of only the classical Seiberg
Witten potential Fsy . The energy eigenvalue u can then be expressed through the instanton part of
the prepotential in terms of the Matone’s relation in the Nekrasov-Shatashvili limit e; — 0.

. a]:inst
Odlng

(0.0.7)

This thesis is largely based on an unfinished work of the late scholar Al. B. Zamolodhikov . V.
Bazhanov,!'l in september 2011, held a seminar at Bologna, about such unfinished work. In this
thesis, I partially completed Zamolodchikov’s draft, which is very sketchy and full of confusing typos.
Zamolodchikov’s intention was to set up the ODE/IM correspondence for the Liouville model (for
central charge ¢ > 25). The ODE/IM equation which he used for the ODE/IM construction is
the Generalized Mathieu equation, which reduces to the Mathieu equation (0.0.6) in the "self dual"
Liouville case (for the b = 1 value of the Liouville parameter, or for which p = 1/2). In such self

dual case, considering numerical computations,I’) Al. Zamolodchikov conjectured what I dubbed

1'We thank P. Dorey for informing us of the existence of such publication.[”]



"fundamental Zamolodchikov’s relation", between the Floquet index v of the Mathieu equation (0.0.6)

and the Baxter’s T function

QO +ir/2) QO —in/2)

2cos 2mv(0) = T(0) = =5+ =55

(b=1) (0.0.8)

I devised: (i) an ezact proof of Zamolodchikov’s relation, using the Floquet theorem for Mathieu
equation;”*! (ii) an asymptotic proof, considering the large energy expansion (large rapidity ) at
all infinite orders, using of the aforementioned efficient method I devised for calculating the local
integrals of motion Iy, 7 for b = 1. I and D. Fioravanti interpreted Zamolodchikov’s fundamental
relation (0.0.8) in terms of deformed (even in the quantum Nekrasov-Shatashvili limit e — 0) Seiberg
Witten cycles, that is €;-expansion modes of the Floquet index v of (0.0.6), thereby finding a very
suggestive link between ' = 2 SUSY gauge theory and the fundamental TQ relation (0.0.1) of

integrable conformal field theory. Moreover, a deeper interpretation is still under investigation.

Daniele Gregori
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Part I

Introductive integrability notions
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1 Integrable structure of conformal field theory

1.1 Virasoro algebra and local integrals of motion

Conformal field theories are characterized by conformal symmetry. The generator of this symmetry

is the energy momentum tensor, whose mode expansion (Fourier series) is

(o]
¢ inu
T(u) = —5; + > Loge (1.1.1)

n=—oo
where ¢ stands for the central charge. The variable u is interpreted as the complex coordinate of a
two dimensional cylinder of circumference 27. This definition is consistent with the choice of periodic
boundary conditions T'(u + 27) = T'(u).
The modes of expansion of the energy momentum tensor satisfy the Virasoro algebra Vir
c
[Ly, Lin] = (n — m) Ly + E(n?’ —1)00,n4m (1.1.2)
Let UVir be the algebra generated by all powers and derivatives of the energy momentum tensor
T'(u). It can be shown that this algebra contains!’! an infinite dimensional abelian subalgebra spanned

by the local integrals of motion Is, 1 € UVir, with n=1,2, ...

27
du
-[277,71 —A %T2n(u) (113)
The first few densities T5,, are
9 3 c+12 , 9
To(u) = T(u), Ty(u) =:T(u) :, To(u) =:T7(u) : + THE (T (u))” : (1.1.4)

but their general expression is not known. Nevertheless, they can be uniquely determined!”! by the

requirements of commutativity

| [Ion1, I 1] = 0 (1.1.5)

and spin assignment

]g dﬂ(w —u)T(T(w)Ton(u)) = 2nTsy (u) (1.1.6)

211
where T denotes chronological ordering.
The physical space of states Hphys is embedded!”! into the tensor product of the left and right chiral
subspaces Hchiral ® ’thys. Each chiral space is built up from a collection of highest weight Virasoro

modules
Hchiral = @aVAa (117)

The highest weight state |A,) € Va, satisfies

LolAd) = AulAL), LA =0, n>0 (1.1.8)

1.2 Classical limit

The approach used by the foundational work!”l can be regarded as an instance of the Quantum
Inverse Scattering Method and can be thought as the quantum version of the Korteweg de-Vries
problem. More precisely the Korteweg de-Vries problem is obtained as ithe classical limit ¢ — —o0
(see (1.3.5)), through the substitution

Tw) = -SUw), [,]— %{, b fore— —oo (1.2.1)

13



where U(u) = U(u + 27) is the KdV potential. Correspondingly, the Virasoro algebra (1.1.2) reduces

to the Poisson bracket algebra

{U(u),U(v)} =2(U(u) + U(v))d (u—v) + 8" (u—v) (1.2.2)
cl)

nl1, calculated by (1.2.1) commute in the Poisson

and the classical local integrals of motion 12(
bracket sense

{1521)71712(211} =0 (1.2.3)

Many quantities and relations of conformal quantum integrability have a classical analogue.!’]
However, we stop here our exposition of this "correspondence principle", because we don’t need it so

much.

1.3 Baxter’s T, operators
1.3.1 Feigin-Fuchs free field representation of the Virasoro algebra

In this subsection we still follow.['l According to the Feigin-Fuchs free field representation of Vir,

the energy momentum tensor can be defined as?

2
BT ) = ¢! ()2 £ (1 B)e () + (1.3.1)
where ¢ is a free field (chiral boson) operator
o(u) =iQ + iPu + Z — ginu (1.3.2)
n#0
and the parameter 3 is related to the central charge as
c=13-6(8*+p57?) (1.3.3)

8= \/10 \/25C (1.3.4)

The operators P, Q, a_,, are defined to satisfy the Heisenberg algebra

[va] = %BQ [an7am] = gﬁQén—km,O (135)

It is evident that the classical limit corresponds to 32 — 0 (which, by (1.3.3), is consistent with
¢ — —00). We note that the free chiral boson field ¢ is quasi periodic: p(u + 27) = p(u) + 2miP. In
the following the vertex operators of the field ¢ will be used

Vi (u) =: e*22®) = exp (:I:? Z —n WU> exp(£2i(Q + Pu)) exp(:F2 Z n —mu> (1.3.6)

n=1 n=1

The Fock space F, corresponds to the highest weight module over the Heisenberg algebra (1.3.5)
with highest weight (or vacuum) state |p)

Plp)=plp);  anlp)=0 for n>0 (1.3.7)

For any p and 3, it can be shown that the Fock space F),, thus defined, is isomorphic to the highest
weight Virasoro module VA with highest weight given by

A= (%)2 + 02_41 (1.3.8)

2The Feigin-Fuchs epresentation of T'(u) is just a quantum version of the Miura transform for U (u).I"]

14



1.3.2 "Continuous transfer operators" T;(\) and local integrals of motion

Let E,F,H be the canonical generating elements of the quantum universal enveloping algebra
U,(s1(2)), which therefore satisfyll

g" —q"
[H,E]=2E, [H,F]=-2F, [EF=2"1_ (1.3.9)
q9—dq
where the important parameter g is function of 32
q=e"" (1.3.10)

Let 7; be an irreducible 2j + 1 dimensional matrix representation of this quantum algebra. The

"quantum monodromy matrices" L; are defined asl’]

L;i(\) = ﬂj{eiﬂPH'PeXp [A /:ﬂ du (V_(u)g® E + V+(u)q*%F)] } (1.3.11)

where V1 are the vertex operators already defined (1.3.6); A has the "role" of spectral parameter®; P

denotes path ordering, that is

L] — ﬂ_j{eiﬂ'PHZ)\k/
k=0 2

with  K(u) =V_(u)q? E+ Vi(u)g * F (1.3.13)

K(up)K(ug)--- K(uk)duldug...duk} (1.3.12)

T>Uu1>u >, >uE >0

For our purposes, it is important to note that the integrals (1.3.11) are convergent only for

1
—co<c< -2, = 0<52<5 (1.3.14)

since the operator product expansion of the vertex operators is
Vi)Vo (') = (u—u) 21+ 0w—u)], u—u —0 (1.3.15)

This range can be extended by analytic continuation, since the functions "of interest" (see below) are
considered to be entire.[”l Bazhanov, Lukyanov and A. Zamolodchikov, in the foundational works we
are following,!"l,[°l [l 'did not pursue such an extension. However, this is just what Al. Zamolodchikov
began to do in his unfinished draft,!”l which we are going to partially complete *.

The so called T operators® are defined asl’]
T;j(A\): Va = Va, (1.3.16)
T;(\) = try, (Lj) (1.3.17)

of course j = 0,1,1,3, ... for the representation of the quantum algebra U,(sl(2)). The T;(\)

operators can be written more explicitly as

T;(\) = trr, [eWHjPexp{A / " V(@™ B + Vi (wa * F] }] (1.3.18)

3To be precise, \ is the spectral parameter of a Schrédinger equation with KdV potential, but only in the classical
A Moreover, in the context of ODE-IM correspondence,[ I this parameter is proportional to the spectral
parameter of the ODE-IM equation: XA «x E (see (2.4.3)). However, we emphasize that the ODE-IM equation is
unphysical.

4We greatly thank P. Dorey, for he informed D. Fioravanti of the existence of a posthomous publication[?! of this
unfinished work of Al. Zamolodchikov.

5The T operators are continuous version of Baxter’s transfer matrices!®!
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Most importantly, the operators T;(\) commute between themselves

\ [T;(\), T;(\)] = o\ (1.3.19)

The commutative property is an immediate consequence of the Quantum Yang-Baxter equation for

the L; operatorsl’]
Ry (™) (L;(N) @ 1)(1® Ly (1)) = (18 Ly () (L; (A) © DRy (™) (1.3.20)

where Rj,j/()\;fl) is a trigonometric solution of the Yang-Baxter equation which act on the space
T & Ty

T()) is an entire function of A2 with an essential singularity at A> — —oo. The coefficients of its
asymptotic expansion around infinity are the local integral of motion Ia,—1 (with a normalization

constant Cy,)

1 s 1-2n
log T(A) ~mATFT—Y CoAt7 Iy, 1 A = —00 (1.3.21)

n=1

where the constants m and C,, are defined asl’!

( 2n—1 ) 2n—1

_ \/77— 2\n 2—-2[2 2 T1-p2
Cn = nl(1— B?) (8%) T(1+ 22§;i2) (F(l B )) (1.3.22)
G- (o )
m= -9 (F(l -8 )) (1.3.23)

1.3.3 Non local integrals of motion and fusion relations
For the first nontrivial® T operator, for j = 1/2, it is common use to drop the subscript

Ti()\) = T()\) (1.3.24)

%
T can be calculated evaluating the traces in the definition (1.3.17). Thus one gets a power series

expansion around the point A% = 0

T(\) = 2cos (27P) + Y _ N"G,, (1.3.25)

n=1

where the coefficients G,, the non local integrals of motion. The G,, operators commute among

themselves and with the local integrals of motion Is,_1

(G, G =0 (1.3.26)
(G, Iopm_1] =0 (1.3.27)

The higher spin operators T () also admit a power series expansion, around A2 = 0, with coefficients
algebraically dependent from the non local integrals of motion G,,. Such interdependence between

the T;(\) operators can be expressed through the fusion relations

Ti(q*NT(g 20 =1+ T;_1(NT; 1 (V) (1.3.28)

2

These relations are identical to the functional relations obeyed by the commuting transfer-matrices
of the integrable X X Z model. For this reason, the T operators T; are considered the continuous

field theory versions of the lattice transfer matrices.

61n fact, To(\) =L

16



1.4 Baxter’s QQ operators
1.4.1 Construction of the A operators

In this section we shall follow.["] The A operators, which will be shown to be strictly related to the
Q operators, are constructed similarly to the T; operators. The main difference is the substitution
of the algebra U, (sl(2)) with the g-oscillator algebra, which is defined by the commutation relations
of its generators £, E_, H

1

71’

€€ —q1EEL = [(H,Ex] = £2&4 (1.4.1)

One might choose any representation p of Uy(sl(2)) such that the following trace exists for Sp > 0.
Z(p) = tr,[e*™PH] (1.4.2)

The A operators are then defined in analogy with the T; operators.

2m
AL\~ Z(ip)trp{eﬂ”m"? exp [)\/O du (V_ (u)qi%fi + V+(u)q¥%5¢)} } (1.4.3)

Still similarly with what happened for the T; operators (1.3.25), if we were to evaluates the traces in

the definition of the A operators, we would find power series expansion around A2 = 0l

Ai()\) =1+ )\291(;1 + A\ |:ng2 + 911Gﬂ + A6 {ggGg + 912G1G2 + 9111Gﬂ =+ ... (144)

with coefficients which are polynomials of the non local integrals of motion Gy, (the "subcoeflicients"

gi;.. are functions of 3? and P). Define, for convenience, the alternative spectral parameter y as
_ -2 2
y=p"T(1-p%)A (1.4.5)

It is also convenient to define an alternative set of nonlocal integrals of motion H,,, by the expansion

of the logarithm of A
log Ay(\) =—> y*"H, (1.4.6)

n=1
Such alternative nonlocal integrals of motion H,,, clearly, must be algebraically dependent with the
previously defined nonlocal integrals of motion G,.["]
We define also the dual integrals of motion, by letting 32 — =2 and ¢ — S~2p. The local integrals

of motion are not affected by this transformation,

-1 = Iop— (1.4.8)
however the nonlocal integrals of motion are, so that

B — = B2 1.4.9

g Py (1.4.9)

H, - H, (1.4.10)
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1.4.2 Q operators and their properties

The Q operators are defined simply as the A operators, multiplied by a certain power of the spectral

parameter

QL(\) :Fp = Fp (1.4.11)
Q(N) = AP/ AL () (1.4.12)

The Q operators enjoy the following properties (for their proof we refer tol’l)

1. The Q4+ operators commute among themselves and with the operators T

[1Q=(), Q=(V)] = [Q+ (), T,(\)] = 0] (14.13)

2. The Q4 operators satisfy the Baxter functional relation, or TQ relation

’ T(N)Q+(N) = Qx(g)) + Qg™ 'N) \ (1.4.14)

Hence, any eigenvalue Q(\) of Q(A) (or, equivalently any eigenvalue A(\) of A (X)) satisfies

the TQ functional relation

TNQM) = Q(gN) + Qg™ (1.4.15)
TNAN) = e2™PA(g)) + e 2™ P A(g7\) (1.4.16)

3. The T; operators can be expressed in terms of the Q4 operators’

2isin (27P)T;(\) = Q4 (@ 2N)Q_(¢7772)) — Qg 72 N)Q_(¢F2)) (1.4.17)

For the particular case of j = 0, this equation is called quantum wronskian

2isin (2rP) = Q4 (4> A)Q—(¢72)) — Q4 (¢ 2 M) Q_(g?)) (1.4.18)
while, for j > 1/2 the name "fused quantum wronskians" is sometimes used.

Actually, in their work,!"] Bazhanov, Lukyanov, Zamolodchikov made a further assumption

log Ay (\) ~ M(=A)757 | A2 5 —oo (1.4.19)
where M is the constant
_ TD(grtss — 2T - 5055) .
_ (1-p2) 2 2(1-p52) _ p2y) =82
M = G (F(l 3 )) (1.4.20)

They proved this leading asymptotic behaviour only in the case p = N/2, when N is an integer.!"!

1.5 Non-linear integral equation and generating functions for the integral

of motion

The eigenvalues A(A) and T'(\) of the A and T, operators, for 0 < 5% < % and Sp = 0, enjoy the

following properties

7This property can be interpreted as an indication that the Q operators are more fundamental than the T;

operators. (5]
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1. The functions A()\) and T'()\) are entire functions of A? (considered as complex variable)

2. The zeros of the function A(\) are either real or occur in complex conjugated pairs. There are
only a finite number of complex or real negative zeroes and real zeroes accumulate toward +oo.
For the vacuum eigenvalues functions A¥*(\) the zeroes are all real and if 2p > —3? they are

all positive.

3. The leading asymptotic behaviour of A()) for large \? is
log Ay (\) ~ M(=A)7272 | A2 5 —oo (1.5.1)

If0 < 32 < %, an entire function with asymptotic behaviour such as (1.5.1), is completely determined

by its zeroes A\Z. In fact, it can be expressed as a convergent infinite product over its zeros.[”"]

AN = ﬁ (1 - i]z) (1.5.2)

k=0

where the normalization condition

A(0) =1 (1.5.3)
is understood.
Now, define the function a(X) as
w_AlgN)
A) = et 1.5.4
() = et IS (15.4)

setting A2 = A2, the Baxter’s TQ relation (1.4.16) induces the following Bethe-ansatz type equations

for the positions of the zeroes
a(Ag) = —1 (1.5.5)

which are an infinite set of transcendental equations of the zeroes AZ. However (1.5.5) can be

transformed in a non-linear integral equation!®!

iloga(8) = —2[%” + 2myg cos %5 e +i3 log S(0 — 0,) — 2G * Flog (1 + a(f — 40)) (15.6)
a(f,) =1 o
where the new parameters 6 and £ are defined by
2 § o
= )\ = N ]..5.
ﬁ 1 —"—6 b el ¢ ) ( 7)

while the subscript a indicates the zeros A, of A()) lying outside the positive real axis of A\?; the *

denotes the convolution and the function of the rapidity S(6) and G(8) are defined by

< dv sinh (rp U8
S(G):exp{—i/o Cf/sin(yﬁ)h(Q)} (1.5.8)

cosh % sinh ”T”g

G(6) = 5(0) + %% log S(6) (1.5.9)

In the following, we will somehow loosely use indifferently the parameters 52, € and the - yet to be

introduced, cf. (2.4.1) - parameter M = 1/£. Thus it is important to keep in mind their reciprocal
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relations, such as

1-8=— 1.5.10
= (1.5.10)
ﬂZ

= — 1.5.11
e (1511)

Given a solution a(X) of the Destri-de Vega equation, the eigenvalue A(\) can be calculated as
log A(\) = fz'/ dv L&(fv)w% (1.5.12)

¢,  cosh % sinh =2~
wth the integration contour along the vertical line Sv = —1 — € and g(v) defined as
< df . —iv0

gv) = %%bg (14 a(f —i0))e (1.5.13)

In the limit p — oo, the Destri de-Vega equation simplifies and becomes a linear equation!”!

B(p) 40/
~ TP 4 mgcos Toe? — / B 99 log S(6 — 0")3log (1 v am(e’)) ~0 (1.5.14)
B2 2 oo 2mi
at least provided one assumes
1
B(p) = ;—glogx\g ~ const log p, P — 00 (1.5.15)
A= min Y (1.5.16)

In this limit p — oo, the eigenvalue A¥*°()\) is given by

i 1+€

d . A2\ Wz
log A ()| |~ _727r3p/2g /C V—I;F(l _ ittt ;F’S)F(l + iu%)F(—% + i;)e’6”(—>\(2))
(1.5.17)
0 2n
_ 2n p—4n _ Q2 vac
_ ;/\ 3 (F(l /3)) | (1.5.18)

The second equality can be obtained by the method of residues (poles of the Gamma functions),
closing the integration contour at infinity in the lower half plane Sv < —1. From this calculation one

can also obtain the constant M which characterizes the asymptotic behaviour at A2 — —oo
B V) e 1+¢
= TEG—3) (I‘(l - 52)) (1.5.19)

The large A behaviour of A¥2¢(\) is similarly calculated by the method of residues by closing the
integral (1.5.17) in the upper half plane Sv > —1. However, in this case the contribution over the

large circle diverges; consequently, we get only an asymptotic expansion for A2 — —oo. Note that
log AV (N) = = "y Hye (1.5.20)
n=1

While the asymptotic expansion of A(2°) for A2 — oo has the form

_2p /2p\2(55 1) _z > —2n
AT(vac) o (62) 32 (67127) 82 (_yz) 32 exp{z Bn(—y2)2172252 Igzcl}x

n=0

x exp{— i(_m(_y?)‘ﬁﬁ;ﬂ‘f} (1.5.21)

n=1
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The normalization constants B,, are given by

__ (=pmt 2n -1 2n -1 nt 231
Bn = 2\/77'(1752)71!11(2_QBQ)F(2_2ﬁ,2>(IB2> (1.5.22)

Here the dual non local (alternative) integrals of motion H, have appeared. The asymptotic

expansion (1.5.21) was derived in the limit p — oo, but!®! conjectured and then proved!’ that it is

always valid.
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1.6 Asymptotic expansion of the TQ relation

It is important to observe that, in our calculation, we are not going to find any H,, coefficient. This
is a consequence of the fact that, following!' 'and,!'’! we will stay in the range 82 < 1/2 (or M > 1,
cf. (2.4.1)).

B < % (1.6.1)

Therefore, for each integer n, for y — oo, the power 21:22;2 of y is dominant over the power —%;

thus, at each asymptotic order, the nonlocal contribution will be suppressed. Hence, we can list the

asymptotic expansions of ATV and Q13 around infinity as follows

1—2n

ATV(\) = N(B, p)(A) 28 exp{Z By(—1)2 25 (82) T A D(1— )T AT Iéff”i} (1.6.2)
n=0

QTY(\) = N(8,p) eXp{Z Bu(—1)325% (82) 2 T(1 — 52)123A12312<ff>1} (1.6.3)
n=0

where we defined, for the "normalization function" A/(3,p) (which is constant only with respect to )

2p 20(1-877) o a2
N@B.p) = (2) (—D(1 - p2)~2* (L.6.4)
If we define, for simplicity, the alternative normalization constants B,, for the local integrals of the
motion
- 1-2n _1-2n 1-2n
By = Ba(—1)2735 (7)1 D(1 — 52) 15" (1.6.5)

we can write the expansion for ) more simply as

+vac 2p 2p(17ﬂ_2) 2\\—2pB~2 o = 1-2n (vac)
Q) = (2) (-1 = 52)7%0 " expd 3° B I (1.6.6)
n=0
9p 20(1-672) s O o (va
- (;) (~T(1 - £%)"25 " expy 3 B2 1{) (1.6.7)
n=0

The usuall’l normalization constants B,, are now given, with also some manipulation to make simpler

comparison with the normalization constants C,, of the T eigenvalue expansion®

_ (—1)ntt 2n —1 o2n —1 n[i22+7_721—1

S el e ) Gl

The alternative normalization constants Bn then are

- (y

" yE(1 - P

Our aim is to write the asymptotic expansions of the ) and T eigenvalues in terms of the same

)n!r(;ﬁ;ﬂlz)r(il;ﬂ;)(52)"(_1)%r(1 _ g (1.6.10)

parameters in order to compare them. Define the operator A(\) through the TQ relation

T(A) = A(qZA) + A~ (g 2 N) (1.6.11)

8We think that formula (3.29) ofl®l for B, has a typo, so we multiply it by 32

2n—p2
BT (8?)

2n—1

571 (1.6.8)

n+ n—+

(8%)
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which means

In a certain Stokes sector of A only one of the two terms of the sum will dominate

T(N) ~ Mgty = G4

this simplification is what enables us to collate the asymptotic series of T' and A.

1—2n

log AA) = im(=A) 77 —i 3 (=1)"Cp(—1) 2287 X1 15)

~ im(=N) T + 3 Cu(N) T 1)

probably there is another error in (4.14) of:l'l =X\ — X

The usuall®l normalization constants C), are now given and suitably rewritten.

_ VT F(%) 2 _ﬁ
Co= = ) s ey (P 57)

sin (7(n— 3) 4 n ey
S i 1) PP T YT Y

we specify also the leading coefficient m here, for completeness

273 - §) (ra- 52)>l+f

(54"

For these calculations, it is convenient to define a new constant D,,

D (=)™ 2 )1 ﬁ"’ﬂQ”F( 1 2n—1

VR - 275552

The n-th term of the Q7 (\) expansion writes then

(1 -2

—1)n+1 2n —1 2n — N gy 1=2n P N
Q\f((l)_ﬁ2) !F(2—252)F( — 28~ 2)(ﬂ2) r(t 6 )1-62 (—1)2-282 )\1 5 ]( )

= Z Ep W AT I572€)
while the n-th term of the A(\) expansion is

i(=1)"sin((n - 3))

2n—1

1—

(1.6.12)

(1.6.13)

(1.6.14)

(1.6.15)

(1.6.16)

(1.6.17)

(1.6.18)

()T () (P = 89) 7 TR

- Zisin (7‘(’(’[7, — %)%)Dn)\%léza_c)l

n=0

The parameter ¢ = ¢ has a key role, so we write the powers of it we need

qiigz :e“"(l 2")1 52 :672’71'(27171)5

1—2n

\/al,ﬁz _ e—iﬂ'(n—l/Q){
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We make the consistency check that the TQ relation (1.6.13) be identically satisfied

%(64”(%71)5 _ 1)Dn — je—im(n=1/2)¢ (w(n — %)5) D,

] — e—im@n-1)¢ _ | _ ,—in(2n—1)¢

We can finally find the relation between the normalization constants

1 g iz2n gy 1=2n
C = (~1)"2sin (ﬂ(n - 5)g)m — B (2P B, (1.6.19)
~ 1 n— 1—2n  ~
G, = 2sin <7r(n - 5)5) (—1)" 2= B, (1.6.20)
We are particular interested to the 82 = —1 case
1 n
Cp = 2sin (ﬂ'(g - Z))( " w B,
= — (ei"T"—if —e” 1§"+1I)ezﬁne%(2n—1)én
= i(=1)"[=i(=1)" — 1] B,
In conclusion, for 52 = —1

Co=[-1+i(-1)"B, (B*>=-1) (1.6.21)

a fact which will be repeately used later.
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2 "Ordinary differential equations - integrable models" corre-

spondence

2.1 The canonical Schédinger equation of ODE-IM

Consider the spectral problem associated with the Scrodinger operator on the half line x € (0, oo)[ I

( L DY i) = Bnto) (2.1.1)

dx? x

where 2M is a real number larger than —2. This equation was the first ODE-IM equation to be
discovered: the present final form (2.1.1) is due to the foundational works of Dorey and Tateo,!'“I1'"]
and of Bazhonov, Lukyanov, Zamolodhikov.!'”] We note that the "spectrum" is discrete, because the
potential is confining.!'”!

The point 0 is a regular singularity point,!””! the roots of the characteristic polynomial being [ + 1

and —[. The fundamental pair of solutions can be expanded around zero, in an ordinary power series,

as
Yt =g!t! Z ula" ~ gt x—0 (2.1.2)
n=0
Y~ =27 Z uy "~ g x—0 (2.1.3)

n=0

with uE = 1. We notice that (2.1.1) is invariant under the action of the discrete symmetry A defined

asll

A z—2, E—=FE |l—-1-1 (2.1.4)

the application of this symmetry to 1T transform it in the other solution 1~ and viceversa.

The point at infinity is a regular singularity of rank 2[M] + 4, where [M] denotes the integer part of
M. Hence, we cannot expand in an ordinary series around oo, but just in an asymptotic series.””]
Following the treatment of,l'’l we now restrict to the region M > 1, but extend z to the whole

complex plane. Then equation (2.1.1) has a entire solution y(z, E, ) with asymptotic representation
p p q y\z, tu, ymp P

1

v e M e { g

xMH} Rr — +o00 (2.1.5)

where x tends to infinity in any closed subsector of the sector

m
2M + 2

larg z| < (2.1.6)

A Stokes line® is a ray of the complex plane where the asymptotic behavior of the formal solutions
changes character, from an exponentially decreasing behaviour to an exponential increasing behaviour®.
Each fundamental pair of a second order equation such as (2.1.1), includes both an exponentially
decreasing and an exponentially increasing solution, called also subdominant and dominant solutions.
The Stokes sectors are now simply defined as the regions of the complex plane comprised between the

Stokes lines.”’l Note that the Stokes sectors are determined just by the leading order of the solution.

9For example, if the asymptotic representation of a function is of the form f(:r)eig(“”), the Stokes line can be taken

as the set of zeros zg of the real part of g(x): Rg(zo) = 0.
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We can say that equation (2.1.6) defines a Stokes sector in which the solution y~ is subdominant. In

general, equation (2.1.1) has the Stokes sectors Sy

2k T
- keZ 2.1.
MY o2l S22 < (2.1.7)

where k is an integer. Note that y~ is subdominant in Sy, while it is dominant in Sy;.

We can now introduce another symmetry 2 of equation (2.1.1). Tts action can be expressed as!'’]

Q: z—owls, E—=WE 1—1 (2.1.8)

with the parameter w suitably defined as the 2M + 2-th root of unity.

(e 22 ] (2.1.9)

Note the similarity with the definition (1.3.10) of the ¢ parameter in integrability.

Of coursel”’l these symmetries, even if they leave the equation (2.1.1) invariant, have a nontrivial
action on the solution. In particular, the Q symmetry exchange a dominant and a subdominant
solution (passively interpreted, in a fixed Stokes sector). The symmetries can thus be used to generate

other solutions. In fact, definel' !
ye = w2y (w R, W EL D) (2.1.10)

Yy 18 subdominant in Sg,while it is dominant in Sgiq.

Clearly, there exists a solution y* which, in Sy, is asymptotically represented as

Yyt~ M2 exp { xM‘H} R — 400 (2.1.11)

M+1

and therefore forms a fundamental pair with y~. In a the Stokes sector Sy, we can certainly linearly
expand any solution ¢(z) in the basis of the two fundamental asymptotic solutions y~ and y*. In
the other Stokes sectors Sk, "¢(x) will be represented asymptotically by a linear combination of the
two formal solutions; but the coefficients may vary from sector to sector"'°. This is called Stokes
phenomenon, by the name of his discoverer.

In the following, we shall use mainly the solution y~ and therefore we drop the — apex and write for

this solution just y.

2.2 Construction of C and D functions

We consider now the Stokes sector Sy. Being aware of the Stokes phenomenon we expand the solution

Yr—1 in the basis {yk, yx+1}
yp—1(z, B, 1) = Cy(E, Dyr(z, B, 1) + Crypsr(z, B\ 1)y — o0 (2.2.1)

The coefficients of expansion Cj, and Cj, are called Stokes multipliers and are different in different
Stoked sectors. To calculate the Stokes multipliers we must use the wronskian (by (2.1.1) independent

from x). The multipliers Cy, are all equal to —1

ék — _M -1 (2.2.2)

WYk, Yr+1]

10We used exactly prof. Erdelyi’s words in his book,[??] because this apparent "violation" of the fundamental
theorems of linear algebra, might rise skepticism. We note, also, that an asymptotic representation of a function is

defined!”?] as a whole equivalence class of functions, not as a uniquely determined function.
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because Wi, 41 ky41(E,1) = Wi,k (w?E, 1) and Wy 1(E,l) = 2i, with obvious subscript notation.

The non trivial Stokes multiplier is the other

Wyk—1, Yk+1]

Cul(B ) = W yk—1, yr]

In particular the Cy Stokes multiplier, from which we drop the subscript 0, is

Wy—1,v1]

C(B,1) = =

being Wyo, y1] = 2i.
The relation (2.2.1) becomes

C(E,Dy(z, E,l) = wil/Qy(wx,w*QE, 1)+ w1/2y(w*1x,w2E, 0) T — 00
In analogy to (2.1.10) define the "shifted" solutions around zero
ViE(x, B, 1) = o ?pE (w0 ke, w?* B )

We take the wronskian of both sides of (2.2.5), defining

[ D (8,1) = Wly(a, B.1). v, £.1)

the Stokes relation (2.2.1) becomes

C(E,)D¥(E,1) = wT /2D DF(w2E, 1) + w2 DF(W2E, 1)

2.3 Analiticity properties and uniqueness

(2.2.3)

(2.2.4)

(2.2.5)

(2.2.6)

(2.2.7)

(2.2.8)

The function D~ (E, 1) has the following analyticity properties, the proof of which can be found in

Dorey and Tateo’s foundational work on the ODE-IM.I']

1. C(E,l) and D~ (E,I) are entire functions of F

2. ifl e R and I > —1/2, then the zeros of D~ (E, 1) all lie on the positive real axis of the complex

E-plane

3. if M > 1 then D~ (E,1) has the large energy asymptotic

M+1

log D™(E,l) ~ 2(~E) %, |B| =00, arg(~B)| <

with leading coefficient aq

ap _ [* oM 12 oy L 1 1 1
Do [ @M )Y M = D(—- — — D1+ —
2/0 (= +1) = =571 — o) T+ o7
4. if E = 0, the normalization is
1 20+ 1 2041 1
D(0.]) = —TI(1+ —— " Y(2M + 2)z7m12 13
(0.) = =T+ Ss) @M +2)
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These four properties are exactly the properties (but the normalization was chosen differently (1.5.3))
of the AT eigenvalue listed in subsection 1.5.

The other function C(E, 1), on the other hand, can be determined by the Stokes relation (2.2.8) and
the following zero propertyl ']

o if -1 — M/2 <1< M/2 then the zeros of C' don’t lie on the positive real axis

Following the the Bazhanov, Lukyanov, A. Zamolodchikovl®l construction of integrable conformal
field theory (summarized in section 1), all these properties permit to characterize the functions
C(E,l) and D~ (FE,l) uniquely. In fact, it can be shown, in complex analysis, that if M < 1, D~ can

be written as an infinite product over its zeros

D=(E,1) = D~(0,1) ﬁ (1 - 5) (2.3.4)

n=0
(if M <1 a more complicated prefactor is needed and the asymptotic density of zeros necessitates
modifications to ensure convergence). Given the zeroes, the residual ambiguity is only in the
normalization D~ (0,1). D~ is also called spectral determinant. Introduce the function (cf. (1.5.4))
D~ (w?E,I)
D—(w=2E,l)
It is evident, from (2.2.8), that the points at which d = —1 correspond to the zeros of C' and D~.

d(E,1) = Wt (2.3.5)

The function
£(0,1) =log d(v=2e%/m 1) (2.3.6)

thus solves the Destri de Vega equation!'’]

f(0,1) = iw(l + 1) — icos (L)aou_Quee + / 6" o(6 — ') log (1 + &/ @"D)

2 2M —0o0—1€
oco+ie
— / d0’ (6 — ') log (1 4+ e~ 7"0) (2.3.7)
—oo+1€
with
% g €*sinh (g(ﬁ - l)k) 1
o= S— N = (238)
—oo 4" 2 cosh (gk) sinh (55143)

Dorey and Tateo assumed!''l that the solution to this equation is unique.
Given the solution f of the Destri de Vega equation, the zeroes of C and D~ are determined uniquely
and the spectral determinant D~ is fized up to an overall constant, which is given by property (2.3.3).

Since C' was already given by (2.2.4), D~ and C has been determined.

2.4 ODE/IM correspondence

We now make explicit the relation between integrable conformal field theory and the quantities
introduced in relation to the Scrodinger equation (2.1.1). We list on the left side of the equalities the

integrable CF'T parameters and on the right side the Scrédinger equation quantities

52— M1+ - (2.4.1)
1(1+ 1
P=3 (M++21) (2.4.2)
2 2\1—32
A=vEY? = ;gilm) (2.4.3)
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remember that 1}g2 = % As a consequence of uniqueness, we can also identify
AMN2 2p 1
AL, ‘ _ ?DJF(<,) )7_,)‘ 2.4.4
+(Ap) P ) 32 2 g (2.4.4)
2 A\ 2 2]) 1
Q+(N) = AF2F/P OﬁDjF((;) 3z §)|M=ﬁ*2—1 (2.4.5)
M2 2p 1
T, - C((f) it )‘ 2.4.6
(A p) - ) 3 "3 s (2.4.6)

where ot = ( DF(0, 3273

-1
2 _ l)) .With these identifications, the Stokes relation becomes exactly the TQ

relation (¢!*+1/2 = €2m = ,!+1/2 ) the asymptotics of AT = D~ match and the normalization (2.3.3)
of D~ correctly induces normalization to unity (1.5.3) of A*. We note that using v/E in the place of

A = e?1=5") amounts just to a shift on 6 as

6 —6—1n(26%) + 1 InT(1 - %)

AN VE = =5

(2.4.7)

Consider the expansion of y in the basis of the shifted of {¢) 1~} (see subsection 2.6 for further
comments)

(2l +1V)y(z, E,1) = D™ (E, )¢ (x,E,l) — DY (WE, )y (z, E,1) (2.4.8)

f we consider the limit z — 0 for this equation, we see that the contribution of DT is suppressed
because 1T — 0; while the contribution of D~ is dominant, because is multiplied by the divergent
function ¢_ ~ x~!. Thus, because the wronskian D~ (E,l) = Wy(x, E,1),¢ " (x, E,1)] is an entire

function, it can be calculated just by multiplying this expression by z!

D=(E,l) = lim [(21 + Daly(z, B, 1)

x—0

(2.4.9)

All our calculations will be based upon this or similar identifications between the Baxter’s Q func-

tion (2.4.5) and the solution of the ODE-IM Schridinger equation calculated at some point.

2.5 Fusion relations

The "fused" T operators T; (j = 0,1/2,1,3/2,...) were introduced in integrable conformal field

theory from the fusion relation (1.3.28), which we report here

Ti(q*NT;(g 2 A) =1+ T,y (N)T;,1(A) (2.5.1)
The T; operators also satisfy relations of the TQ form
T()\)Tj(qj+l/2)\) = T3‘71/2(61].“/\) + Tj+1/2(qj/\) (2-52)

We now want to establish the analogues of these relations for the ordinary differential equation (2.1.1),
through suitable definition of the T} eigenvalues of the T; operators.

We already obtained the j = 1/2 case, i.e. the TQ relation, by considering the Stokes relation (2.2.1)
for adjacent Stokes sectors. It seems reasonable to find a general Stokes relation for the general

Stokes sectors, namely

Yk—1 = C,im)ywm,l + C',im)yk+m (2.5.3)
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where we introduced generalized Stokes multipliers
m 1 ~(m 1
C’;i ) = ZWk—l,k-&-ma C;(C ) = _ZWk—l,k—&-m—l (2.5.4)

Considering now a fundamental pair of solutions, the four Stokes multipliers can be collected in a

(m) ~(m)
Yk—1 m) [ Yk+m—1 m C C
( ) = ( > ; cy = ( (m—1) ~(:11)> (2.5.5)
Yk Yk+m Ck+1 Ck+1

It is easily proved that

matrix Cém)

CiM (B, = O™ (W E, 1) (2.5.6)
The matrices C,(Cm) satisfy a sort of "transitivity" property

cmcr — gl (2.5.7)

k+m

which corresponds to the requirement that the change from the basis {yx+m-+n—1, Yk+m+n } to the basis
{Yk+m—1; Yk-+m |, followed by the change from {yxtm—1,Yk+m} to {yr—1,yx}, should be equivalent to

the unique change from {yxtm+n—1,Yb+m+n} t0 {Ur—1,yx}. For the particular case of m = 1, we get
CrCyY, — o = oty (2.5.8)

and another similar equation for the tilted multipliers Cj.

Now we define the candidate for the T;, /5 eigenvalues
C(E) = C{ (w1 E) (2.5.9)
then, considering property (2.5.6), the transitivity relation (2.5.8) can be written as
C(E)C™ (W E) = ¢V (w2 E) + 0D (W E) (2.5.10)

which matches precisely the fusion relation (2.5.2), provided the T, , eigenvalues is defined as

1
T, /2(vE'?) = C(E) = ?W,Ln(of”“E) (2.5.11)
i
Taking instead n = —m in the transitivity relation (2.5.7) and noting that CECO) = I we obtain also
the fusion relations
cm=V(wtE)CmD(WE) =14+ c™(B)C™=2(E) (2.5.12)

2.6 Fused quantum wronskians

The pair of functions {¢)~, 1T}, defined as the solutions around zero, can be used as basis "almost
everywhere in [".'' Consider in particular the expansion of y;, in the basis of the shifted versions of
this solutions (2.2.6)

(20 + Vyi(z, B,1) = D~ (W B, D)y (x, B, 1) = DY (W E, D)y (z, E,1) (2.6.1)

1 For example, this is not true at [ = —1/2, when the two functions coincide. More generally, since ¢~ was defined
making the analytic continuation I — —I — 1 on 9T, there may be points at which poles are encountered. At such

points a regularization is needed which may spoil the functional independence.
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Taking the wronskian of y_; and v, expressed though the previous equation and taking into account

the properties

W, o] = Wy v, ] =0
Wy, o] = (2 + 1)wk-P+1/2)

(2.6.2)
(2.6.3)

we find an expression for C")(E) which turns out to be the fused quantum wronskians relation of

integrability (1.4.17)

(41 4 2)iC "™ (E) = (VY2 D= (g DY (w1 E, D)
wf(n+1)(l+1/2)D7(w7n71E7 l)DJr(wnJrlE, l)

2.7 Singular potentials and duality

Consider the usual ODE (2.1.1)

d? (l+1
g e+ T a0

and apply to it a sequence of transformations, the first of which is the Langer transform
r=e  ylw)=e"P(2)

d2 n 2z(M+1) (Z+1)2_E 2z w( )_O
d2 e B e z) =

then apply a dilation and translation to z

1 M+1
Z:M+1Z + log o
z=erin L
VE
d2 2! ~ ’ ~ 1
7@*6% 7E€22 +(l+5)2 'l/)(Z/):O

where we define new energy F and quantum number l
(M +1)PM
EM+1
M
-5
M+1

E

~
I

Now we apply an inverse Langer transfom

M+1 .
:?U1\4+1
vV M+1
w(e') = Ly (S )
i10) = Aty (A i
E

After this last transformation the equation becomes

PdQ_&M—E+RhJme=O

dv? v2
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(2.7.12)
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where we defined a new parameter

~ M
M=—- 2.7.14
M+1 ( )
In terms of 32
~ 1
B? = 5 (2.7.15)
the old range M > 0, 0 < 3% < 1 is mapped into
-1<M<0, [>1 (2.7.16)

but note the sign of the "M-term" is reversed (minus).
In particular, the harmonic oscillator Schrédinger equation - M = 1 is mapped into the Coloumb
potential Schrédinger equation M = —1/2 by the transformation (2.7.10) (2.7.12)

2.7.1 Developments for the Liouville model

We make a comment concerning Dorey and Tateo’s duality consideration of section 2.7.

Note that if, as it indeed happens, the solution y(z, F) of the original problem (2.1.1) is analytic in
the whole complex plane of E but not at infinity, the solution of the dual problem y(w, E) (2.7.12)
cannot be such, because the map between F and E (2.7.7) is not analytic for £ = 0. Nevertheless, F¥
is analytic for £ — oo. Thus the entireness problem can be solved simply considering the zero energy
of the original problem as the infinite energy of the dual problem and viceversa.

One can now consider a new range for M in (2.7.14)
—2<M< -1 (2.7.17)

which is inversely mapped in the range
M < -1 (2.7.18)

which corresponds to the Liouville model.
However, in the range M < —1 both energies, for the original and the dual problem are analytic in
the whole complex plane, because zero is not anymore a singularity. In the corresponding M < —1

there are two irregular singularities in y.

2.8 Y system and TBA

The fusion relations permit a purely algebraic derivation of the TBA equations.I'’! For generic
% > 0, the TBA leads to an infinite system of coupled integral equations, the Takahashi-Suzuki
system, which is somewhat complicated. However, at rational values of 52, it truncates to a finite
system of integral equations.

For example, at

1
2 _

# =

(which correspond respectively to M integer or half integer M = —1/2,0,1/2,1, ...) the fused quantum

2
or B%= ¥ N=1,2,3,.. (2.8.1)

wronskian expression (1.4.17) induces an additional relation'?

Ty (0) =2cos (m(l + %)) + Ty _4(9) (2.8.2)

12Remember that A = exp 11_\;1]‘31
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which closes the fusion relations (1.3.28)

T, (0)T;(6 + %) —T, (0 ”(zﬂ 2y 41,0 ”;(A?j)) (2.8.3)
within a finite number of functions 7} (#) with j = %, 1, %, - % -1
For this purpose, introduce the functions
Y;(0) = T]_%(O)Tﬁ%(@) j= %, 1, g, ,g -1 (2.8.4)
Yo(0) =0 2.8.5
Y(0) =Ty _,(0) (2.86)

then associated to the fusion relations and the truncations (2.8.2) there is a closed system of functional

equations, known as Y-system

i s o1 N 3
YJ‘(GJFW)YJ'(Q*m)*(1+3fj—%(9))(1+3§+%(9)), Jf§,1,-~-,§*§ (2.8.7)
. LTS LN . mi(l+3 —ri(l+1)§
Yy_,(0+ 2M>Y7—1<'9 2M) (14+Yy_s(0))(1+e Y(0)(1+e Y () (2.8.8)
- I s

This Y-system is of the Dy type in the TBA framework,!”'! that is, they refer to Sine-Gordon
scattering theory at the reflection-less points 6% = 87 /n. Thus, the Y-system can be transformed in

the TBA integral equations.
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3 Thermodynamic Bethe ansatz for Sinh-Gordon model

3.1 Generalities on Sinh-Gordon model

The two dimensional Sinh-Gordon model is defined via the euclidean action!?’!

AShg = /dzx |:41ﬂ_(8a¢)2 + 2# cosh (2b¢) (311)

where b is a dimensionless parameter and p is a coupling constant (assumed real positive). For the

Sinh-Gordon and Liouville models, the following parameters are usually defined

1
Q=b+; (3.1.2)
b b?
=5 (3.1.3)
b —1
a:1—2p:b2+1 (3.1.4)

The coupling constant p determines the scale of the model and it is related to the mass precisely as
()

Wﬂm = [mZ(P)}2+2b2 (3.1.5)
where Z(p) is defined as
Z(p) = #pp(l fp)l’pf(l ;p)F(g) (3.1.6)

The Sinh-Gordon model is integrable, even if, by (3.1.5) it is not conformal. The spectrum consists
of only one neutral particle subjected to factorized scattering with two particle amplitude, which, as
function of the rapidity 6, is expressed by

sinh @ — isin p

S(6) = (3.1.7)

sinh 6 + isinp
Evidently, scattering theory is invariant under the symmetry p — 1 —p, which corresponds to b — 1/b
and a — —a. Thanks to this symmetry it is sufficient to restrict to the region 0 < 5% < 1 (i.e.
0<p<1/2,0<a<1). However, in order for the whole theory to be invariant, it is also necessary

that the scale p also transforms to a scale fi, defined implicitly by
re?) \Y° T/ N\’
— = —_ 3.1.8
(mrem) = (o (318

3.2 Thermodynamic Bethe ansatz
3.2.1 TBA integral equation for the Sinh-Gordon model

Consider now the Sinh-Gordon model placed on a circle of finite circumference R. We can study the
finite size Sinh-Gordon model through a non-linear integral equation!”’! known as thermodynamic

Bethe ansatz (TBA), whose solution is the so-called pseudoenergy ()

‘EszcoshH—gp*log(l—Fe_s) (3.2.1)

where * denotes convolution on the whole real axis of 6 and the kernel ¢(0) is related to the scattering
amplitude (3.1.7) as

e(0) = —%d% log S(6) (3.2.2)

1 4sinmwpcoshd

=5 2.
27 cosh 260 — cos 27p (3.2.3)
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which, by use of simple hyperbolic trigonometric identities, can be reduced to

1 1 1
w(0) = 27 (cosh (0 +ira/2) * osh (6 — i7ra/2)> (3:24)

From this latter expression, we conclude that the function () is even and analytic in the strip
IS0 < —ma/2 + /2.

3.2.2 Formal link between Sinh-Gordon and Liouville TBA and leading asymptotics

Consider the right hand side of the TBA equation (3.2.1). Given Euler formula for cosh 6, asymptoti-

cally for 80 — 400 we can write

0

mR cosh @ ~ mTRe RO — 400 (3.2.5)

Now, we define a shifted rapidity 6’ and include the divergence only in the shift parameter A
0 =0-A, A~ RO — +o0 (3.2.6)
Thus, the new rapidity 6’ is finite and we can define a new mass by
M = met A — +o0, m — 0 (3.2.7)

which can actually be set equal to an arbitrary constant, because for the Liouville conformal model
the mass can be considered infinitesimal
m — 0 (3.2.8)

In particular, Zamolodchikov!’l defined

MR =27 (3.2.9)
In conclusion, we can say that, the Liouville TBA and other R0 — +oo asymptotic relations, are
formally obtained from the corresponding Sinh-Gordon relations by discarding one of the exponentials

of hyperbolic function in the asymptotic terms and by setting, formally, mR — 27. In particular,

Liouville TBA is written as!?

e=me? —pxlog(l+e°) (3.2.10)

Note that ¢ is the very same kernel (3.2.4) as in the Sinh-Gordon model, because the only term of

the TBA dominant in the limit 0 — +oc is the forcing term, not the convolution.

3.3 Y system
3.3.1 Y system and universality

Define the important function Y (6)

Y () = e =@ (3.3.1)

which is called simply Y function. The Y function is even and, for R — +oo is asymptotically

represented as R
Y (0) ~ exp (—mTeg) RO — +o00 (3.3.2)

The Y system for this function is the following functional equation (to be proven below)

Y (0 +in/2)Y (0 — in/2) = (1 FY(0+ ia7r/2)) (1 FY(0- m/2)) (3.3.3)
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Physically, Liouville theory is very different from Sinh-Gordon theory. First of all, Sinh-Gordon
theory is massive (the mass is given in (3.1.5)), while Liouville theory is massless and therefore
conformal. As a consequence, for instance, Liouville three-point correlation functions are known
exactly (by the so-called DOZZ formulal’’!), while their determination is much more difficult in
Sinh-Gordon theory.

However, the Y-systems for these two theories are the very same. In fact, it is a general feature of
integrable models that, even if the massive and massless cases have actually different TBA equations,
the Y system is always the same. In particular, the driving term is the only formal difference between
Sinh-Gordon and Liouville TBA equations. However, given some Y system, all the related TBA
equations not only differ for the forcing term, but also for the physical states to which they are
referred to. We always consider the void but, In fact, the excited states have different TBA equations

which correspond to the one and the same Y system!”'!

3.3.2 The TBA equation corresponds to a unique Y system
We now show that the TBA equation (3.2.1) entails the validity of the Y-system, given the definition
of the Y function in terms of the TBA solution €(6). In fact, we shift the argument of £(6) by +im/2

€( +im/2) = imRsinh § — / ' o(0 +im /2 — 0') log (1 + e—=(?")

— 00

€(0 —im/2) = —imRsinh 6 — / o’ (6 — im/2 — 6') log (1 + =9

then sum the two equations, using the definition of Y

log [Y/(6 +im/2)Y (6 —im/2)] = /0; ;176; <sinh 0+ i17Ta/2 —o) " sn (0 - i17ra/2 - 9/)) log (1+Y(8)

< dg’ 1 1
@ log (1 + Y (&'
+[m omi <Sinh(9+i7m/2—9’) + sinh(e—ma/2—9/)> og (1+Y(#)

Note that the result is not zero, because the integrals are singular in § = ¢’ F ira/2. The Y function
is, on the real axis, also real and positive. By continuity, we expect an infinitesimal strip 30 < €
where 1+ Y () is analytic. In such a strip, the whole integrand is analytic, except at § = 6’ Fimwa/2,
where the pole is simple. We can the encircle this singularity from above, for the first integral and
from below, for the second integral. Therefore, we have to calculate

do’ log(14+Y(¢))

— = = =14+ Y(0Fi 2

72‘ omi 00 Linajz T Y0 Fima/2)

directly by Cauchy integral formula, with C, a rectangular contour, horizontally infinitesimal (where

the sinh(6 — 6" + iar/2) function can be linearly approximated). Exponentiating, we obtains finally
the Y-system (3.3.3)

Y0 +in/2)Y (0 —in/2) = [1+ V(0 + m/Q)} [1 LY(0- mp)]
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3.4 X system
3.4.1 From the X function to the X system

Al. Zamolodchikov[?"! defined the X function as

B mR o0 do log (1+ Y (0'))
X(G) = exp {_25111 o COShg + / ﬁm (341)

— 00

The X function is analytic in the strip |36| < 7/2 and in this strip is asymptotically represented as

mR
4sinwp

X () ~ exp ( e"> RO — +o0 (3.4.2)

Now we prove that this definition implies the relation

| X(0+im/2)X(0—im/2) =1+ Y (0)| (3.4.3)

In fact, by the definition (3.4.1)

—+oo /

X (O +im/2)X (0 —in/2) :eXp{/ o log(HY(g/))[cosh(a +1m/2—9/) + cosh(a—lm/2—9')H

— 00

. /+°° a9 log (1Y (0) /+°° 49’ log (1+Y(9))
- 27i  sinh (60 — 0") 2mi —sinh (6 — 6)

— 00 — 00

Note that the result is not zero, because the integrals are singular in § = ’. The Y function is, on
the real axis, also real and positive. By continuity, we expect an infinitesimal strip 30 < € where
14 Y () is analytic. In such a strip, the whole integrand is analytic, except at 8 = ', where the pole
is simple. We can the encircle this singularity from above, for the first integral and from below, for
the second integral. Therefore, we have to calculate

df’ log (14+Y(9"))

X0 +in/2)X (0 —in/2) =
(0 +ir/2)X (0 — im/2) exp{ o T

} =1+Y(0)
directly by Cauchy integral formula, with C, a rectangular infinitesimal contour around § = 6’ (where
the sinh(f — ") function can be linearly approximated).

Consider an equivalent definition of the Y function

Y(0) = X(0 +iar/2) X (0 — iar/2) | (3.4.4)

In fact, assume the validity of the TBA equation (3.2.1), then, given the definition (3.4.1) of X, take
the logarithm of this relation. Set also co = —mR/2sin7p. We get:

. © de’ log (14 e <))
1 Y = ‘h 2 -
og Y (0) [co cosh (0 + iam/2) + [m 9 cosh (0 1 ian /2 — 0

[ e
oo 2m cosh (0 —iamw/2 — 6")

)] + [co cosh (6 — iam/2)

= 2¢g cosh @ cos (am/2) + / df’ (6 — ') log (1 + 6*5(9'))

— 00

Now because ¢ = —mR/2sin7p and a =1 —2p

2¢q cosh @ cos (am/2) = —mR/2sinmpcos (1 — 2p)w/2 = —mR
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we obtain the right hand side of the Sinh-Gordon TBA equation (3.2.1)
log Y (#) = mRcosh 6 — / 6" o(6 — ') log (1 + =)

We conclude that, given the TBA and the X function, the definition (3.4.4) for the Y function is
equivalent to(3.3.1).
It is immediate that, from the combination of (3.4.4) and (3.4.3), the so called X system holds

| X(0+im/2)X (0 —im/2) = 1+ X (0 + iar/2) X (0 — ia/2) | (3.4.5)

which is a functional equation for X.

It is commonly assumed that the X system is equivalent to the Y-system (3.3.3). To be precisely, the
Y system is obtained by combining the above X system with the same X system with the rapidity 6
shifted by —7 (using also the relations (3.4.3) and (3.4.4))'3.

[X(e +iam/2)X (0 — m/2)} [X(e +ian/2 — im) X (0 — iam/2 — iw)}

- [X(G in/2)X (0 — in/2) 1] [X(G —in/2)X (0 — 3im/2) — 1]
However, given the Y system, the validity of the X system is not rigourously necessary, even if it is
always assumed that there is an equivalence between the X system and the Y system.
3.4.2 Inverse procedure

Given the X or Y system,'® assuming only the knowledge of (3.4.3) and (3.4.4), it is possible to
obtain Al. Zamolodchikov’s definition (3.4.1). However, by this inverse procedure X is not uniquely
determined, that is, the boundary conditions must also be fixed.

We use a theorem of,[”’l which we report here

Theorem 1. Let £ be a function such that its Fourier tmnsformf belongs to L'. Define another

x(0) = % /Z Cosfg)_e,)de’ (3.4.6)

function x by

then x is bounded and analytic in the strip |30| < 5 and its boundary functions satisfy
X0+ im/2) + x(0 —im/2) = £(0) (3.4.7)

for real 0. Conversely if £ is bounded and analytic in the strip |30| < T and if (3.4.6) then so does
(3.4.7)

For both the Sinh-Gordon and Liouville model, set £(0) = log (1 + Y (6)). Then by (?7?)

. /"'OO df"log (1+Y(6"))

X(O) = exp oo 2m cosh(0—0") (3.4.8)

(the hat over X means that this is a temporary definition).
We observe that there is freedom to add to £ a so called "zero-mode function" ¢, defined as a solution

of the homogeneous equation

| 6(0+ im/2) + ¢(0 — im/2) = 0| (3.4.9)

13To get the shifts as in (3.3.3), a final shift of +7/2 is needed
4 Concerning the equivalence of the X and Y system, see the comments above
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which implies

(X(a in/2) — 66 + m/2)) + (X(a —in/2) — (6 — m/2)) — £(9)

A possible zero mode function is cosh 6 or exp 8. Thus, the most general expression for £ is

x(0) = ¢(0) + % /_OO Cosfg)_e,)de’ (3.4.10)

Now, for the Sinh-Gordon model, we fix the zero mode of (3.4.9), following the conventions of.[*’]

mR
o(0) = — DSy cosh 6 (SINH-GORDON) (3.4.11)

so that the X function matches the previous definition (3.4.1)

+20 46 log (1 + Y (')

X(0) = exp {2sin7rp

— 00

Instead, for the Liouville model we we fix the zero mode of (3.4.9), following the conventions of!”!

™ 0
= LI ILLE 4.1
@(0) s 7rpe (LIOUV ) (3.4.13)

so that the X function matches the definition ofl’!

2 d6’ log (1 +Y(9))
0 df’ log (1 + Y (8))
o [m 27 cosh (0 — ) } (3.4.14)

X(0) = exp {_ 2sinmp
Thus, we have proven that the direct and inverse procedure of Al. Zamolodchikov are only if we
fix the boundary conditions, i.e. the zero modes of (3.4.9), which corresponds to the R0 — +oo
asymptotics for the X function.

For the RO — —oo asymptotics, for the Sinh-Gordon model there is no difference, as all functions
constructed from the TBA solution £(6) are even. However () is not even for the Liouville model.

Accordingly, numerical calculations of Zamolodchikov!’! were consistent with the boundary condition

X(8) ~ exp {2PQ9 n const.} § - —o0o  (LIOUVILLE) (3.4.15)

3.5 Integrability

Lukyanov!”’l found the same expression (3.4.1) for X (6) in a rather different context. He argued that
the Baxter’s @ function for the Sinh-Gordon model has an asymptotic expansion without non-local

integrals of motion

(oo}
log Q(0) = —Boe’ = > Bplay 1e” 1) (3.5.1)

n=1

because, differently from the Sine-Gordon model, in the Sinh-Gordon model there is no soliton sector.
Lukyanov then gave numerical evidence that the coefficient of this expansion, which therefore are
only the local integrals of motion, can be expressed in terms of the pseudoenergy €(6), that is the

solution of the TBA equation (3.2.1). More precisely,

B,ls,_1 = (—1)”/ %eQn_l)elog(l + 6_6(9)) (3.5.2)
2n—1)b n— —2n
() [ () () .
" 2/7nQ SQ .
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In fact, this entails the same expression (3.4.1) for X (6).

log X (0) = log Q(8) = _4$1R’g§ ¢’ /_O:O ‘éiw (3.5.4)
Al. Zamolodchikov!”"! defined'® the T function T'(f) and its dual T'(#) via the TQ relations
T(0) = X6+ iwp;(—f(-eif(e —4mp) (3.5.5)
7(0) = X(0+in(1 - p);(—i(—oi((H —im(1—p)) (3.5.6)
he proved them also to be periodic
T +ir(1—p)) =T(0) (3.5.7)
T(0 + inp) = T(0) (3.5.8)

we note also that p =b/Q and 1 —p = 1/bQ.
We discuss asymptotic behavior for X (#) and T'(f) at R0 — +o0. As in,[*’l consider the leading
behaviour of X (6) in the strip |36] < /2

R
X(0) ~e B’ py= T 3.5.9
() € 0 4sin7p ( )

To get, from the TQ relations, the asymptotic behaviour of T', assume 6 and p are such that we can

also write
X(0 £ imp) ~ e~ Boe™™

then

X(@ + Z'ﬂ'p) N eBoeefBoeeiin — ox { mR

2] _ . ..
X0) e’(1 coswp:msmwp)}

4sinwp

R
:exp{g,mwpee(l —20052%]9 —|—1:F2isin7;pcosw)}

sin % cos 7 2
mR 9<.27Tp . . T Fp)
=exp! —————¢"(sin® — F isin — cos —
P 4 sin 2P cos &P 2 ™ 2 2

e mh e? (s'n i 1 COS 7rp)
= ex in — —
P 4 cos P 2 T 2

R R
= exp{ mT tan %pee T imTee}

From the TQ relation, we can now calculate the asymptotic behaviour of T'(9), at least on the Stokes

line 60 = 0, where neither of the exponentials of the sum prevails

I
o

(3.5.10)

T(0) ~ 2 exp(mTR tan(7rp/2)ee) cos (mTRee) RO — +o00 R/

Now, if we are not on the real axis, only one of the two addenda of the TQ relation will prevail,

depending on the #-Stokes sector we are considering. For simplicity, consider the self-case b = 1

15 Actually he proved the subsequent relations for X considering this quantity as the continuum limit of the solution

of the Hirota difference equation!?°]
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T(0) ~ exp(mTR(l + i)ea) + exp(mTR(l — i)ee>
- exp(mTR\/ieHiﬂ/‘l) " exp(mTR\@ee—mm)

exp(%’*x/ﬁee—”/‘*) 0<S0<Z

exp(mTR\/?ee+i”/4) -5 < 0 <0

~

When b is not 1, by a similar argument delivers the result!”’!

T(8) ~ exp{ mReXZ(fOS(ZZ(/g) p)/2) } 0< 30 <n(l+a)/2
T(6) ~ exp{ mRZ:ﬂ?ﬁ;gf /2) } 0< S0 <n(l—a)/2
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Part 11

Gelfand-Dikii differential polynomials
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4 General markovian large energy expansion

4.1 Modified Schrédinger equation

Consider the following differential equation, which is sometimes called in physics modified Schrédinger

equation

2

—% +u(z) + Ap(2)|¢¥(z;A) =0 (4.1.1)

where A is a complex spectral parameter and p(z) and u(s) are "sufficiently smooth" functions.
Historically, Liouville”’! discussed the asymptotic behaviour of its solutions as A — oco. To our
purposes the importance of the modified Schridinger equation (4.1.1) is that permits a better set up
for the ODE/IM correspondence.

4.1.1 Baéicklund’s Schréodinger form

Following Bécklund,!''l we change variable as

dw=+\/p(z)dz  w(z)= /Z dz'/p(2) (4.1.2)

(4.1.3)

This change for the variable z — w has the effect of "separating” the spectral parameter A from p(z)

d? 1 p d

_qu_im%dH_ [%_H\M;:O (4.1.4)

where we use the prime for the derivative in 2z: ' = %.

If we now eliminate the first derivative, by the usual Abel transformationl”’! on the wave function

solution,

st =ep{ -2 [ @ VoA i) (4.1.5)

so that the two solutions are related as

x(w(z)) (4.1.6)

We finally arrive to the equation apt for the A — oo asymptotic expansion,

[—CZ; + U(w)]x = —Ax (4.1.7)

even if the new Bdcklund potential is rather involved

" '2

1 4pp” —5p'2 u 1p 5p
_ _ 2 P oP Yy _ 2, P 2P 4.1.
U(z) = U(w(2)) 5 (u BT ST 1 T 16 58 (4.1.8)

4.1.2 Application to ODE-IM equations

Our goal, now, is to put both our ODE-IM equations in this form, with

A= e K=¢° (4.1.9)
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where 6 is the TBA rapidity.
In order to put in this form the ODE-IM minimal models Schrédinger equation (2.1.1)

N (R
G

—3 . +2*M — E|¢(z; E) =0 (4.1.10)

it is convenient to definel'’l a new independent variable z and a fictitious gauge parameter s as

follows

x=Cz= K™y (4.1.11)
E = C*M2M _ i g2M (4.1.12)

with C' = e™¥1. We observe that if we take the limit A — 00, in order for the initial (2.1.1) energy
E to be finite, it is necessary also that s — 0.
In any case, the initial (2.1.1) ODE-IM equation, for3? > 0, gets transformed into the Lukyanov-

Zamolodchikov equation!'!

2 l(l+1
LD

2 o +AM — 2MY () =0 (4.1.13)

We observe!6 that, whether previously (2.1.8) the action of the £ symmetry was
Q: - wr, E - wiE, =1,

in these new variables, it would act as (at least, under the assumption that the spectral parameter A

were fixed)
Q: z—owz, s —w VMg, I —1 (4.1.14)
If we define the "Bicklund coefficients" asl' 17
p(z) = 22M — §2M (4.1.15)
I(1+1) 2|k 1
— = 2lk| = - 4.1.1
uz) = EY A g =14 (41.16)
we see that Lukyanov-Zamolodchikov equation (4.1.13) is in the Liouville’s form (4.1.1).
Hence, for the minimal models the Backlund potential U is
A2 — 1 1 oM 5 aAM
22(22M — g2MY) 4 52(2M _ g2M)2 G 52(2M — g2M)3

We anticipate that, below (8.5.4), we are going to consider also the Al. Zamolodchikov’s Generalized

Mathieu equation

2
e ) 1 P () = 0 (4.1.18)
Yy

Actually, this form is dued to D. Fioravanti, and has the advantage that the correspondence with

Liouville equation (4.1.1) is immediate, setting

ply) = e¥/¥ 4 eV (4.1.19)
u(y) = P? = const. (4.1.20)

16This observation may be useful for further generalizations.
TUsing 2|k| =1 + % is not the most convenient choice for the following calculations. A more convenient notation

Ap =1+ % would had been that of,[ 1 but, lest confusion with the totally other large energy expansion parameter A,

we chosed to follow! 6l notation.
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where the real positive parameters b and P? are the standard homonimous parameter of the Liouville
integrable model,[’" as we are going to explain below.

Hence, for the general (b > 0) Liouville case, the Bécklund potential is

P2 1 1 y/b + e vb 5 1 2y/b _ 2 y/b—yb 4 bRe—2yb
Uly) = 4o p° ¢ _ 2 p° ¢ ¢ (4.1.21)
e¥/b 4 e~vb 4 (ev/b 4 e~¥b)2 16 (ev/b 4 e—vb)3

An important special case is for the self dual Liouville model, for which b = 1. In fact, now we get
the standard modified Mathieu equation!”"!

—Tav+ (2¢%? coshy + P?)h = 0 (4.1.22)
Y
Instead, if we consider this equation on the imaginary azis of y, setting z = —iy, we obtain the
standard Mathieu equation!**1'®
dZ
ﬁ’(/J + (2¢*’ cos 2+ P?)y =0 (4.1.23)
z

In particular, for the modified Mathieu case (real axis of y)

p(y) = 2coshy (4.1.24)
p? 11 5 sinh?®
Uly) = + 1oy~ 16 ol
2coshy ~ 42coshy 16 cosh’y

Pz 1 1 5 1
=—=— - = — 4.1.25
( 2 32) COShy * 32 cosh3 Y ( )
and for the Mathieu equation (imaginary axis of y)
p(z) = —2cosz u(z) = —P? (4.1.26)
1 1 5
U(z) = P? 4+ = + — tan®
(2) 20082( +4+16 a Z)
1 1 5} 1
= (P~ 3) 2 : 4.1.27
( 16/ 2 cos 2 + 4 (2cosz)3 ( )

We observe that all the functional relations of the ODE-IM correspondence are constructed (see
section 2) through wronskians among some solutions %; and 12 of the modified Schrodinger equa-
tion (4.1.1). Instead, after the Bécklund transformation, we don’t consider ¢ and 9 anymore, but
just their Backlund transformed y; and xo: it seems that calculating wronskians among y; and xo
is not correct for constructing the ODE-IM functional relations. Nevertheless, it is an elementary
property of wronskians, that if the relation between any solution 1 and its transformed y is through

a unique function ¢, for every solution, as in (4.1.6)

Vi(z) = clz)xi(z) i=1,2  c(z) =p V4(2) (4.1.28)

then also all wronskians differ by the the same multiplicative function cc’. In fact
W[ — I e — pl/4 lpi/ L
X1; X2 = X1X2 — X1X2 =P (4p3/4) [1/)1% Y11ho
/
= ijﬁw[%,%] (4.1.29)
Therefore, the ODE-IM functional relations are "form invariant" under Bécklund transformation, as
they can be modified at most by a fixed function. In this sense, the ODE-IM construction can be

considered "Béacklund invariant".

181t is clear that this correspondence suggested to Zamolodchikov!?l the name Generalized Mathieu equation for his
original equation (9.2.1). However, we permit to point out that, in order to respect the standard nomenclature,[ I the

most correct name would had been "Generalized Modified Mathieu equation", even if it is perhaps too lenghty.
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4.2 Riccati equation for the eikonal representation

The eigenfunction solution x of the Bécklund equation (4.1.7) can be written in the eikonal integral

representation as

x(w; A) = exp {/w dw'S(w'; A)} = exp {/OO dz' \/p(z") S(#; A)} (4.2.1)

w z

S(w;A) = %log x(w) (4.2.2)

Note the choice of zyp = +00 (wg = w(zp)). Considering that the spectral parameter of (4.1.7) is
—A (therefore in —e??, from (4.1.9); note the minus sign), the logarithmic derivative S(w) can be

asymptotically expanded, for |A| — oo asl*l

S(z; A) 2ﬂ+i %)n

(So=0) A— o0 (4.2.3)

For the large energy limit § — +oco it may be also convenient to define the small parameter

€= — e—0 (4.2.4)

so that the expansion of S(w) reads
1 (o)
S(zA) ~ =+ Su(2)e" (So=0) €0 (4.2.5)
€ n=1
Whatever total derivative appears in the integrand S(z), we will discard it, because we intend to

integrate it over the entire "space” or period. In particular, the space we will consider is:

e the real positive line of z (0 < < +00) for equation (2.1.1)
e the entire real line of y (—oo < y < 00) for the Generalized Mathieu equation (8.5.4)

e the interval s < z < oo for the Lukyanov Zamolodhickov equation (4.1.13)

Explanations of this choices will be given below.

As is known,I”"! a solution ¢(x) of the general second order linear equation
L(¢) = ¢" + ar(2)¢’ + az(z)¢p =0 (4.2.6)

can be expressed in "eikonal integral form" as

o(x) = exp /w dt p(t) (4.2.7)

It can be shown that, ¢ is a solution of L(¢) = 0, if and only if, p satisfies the first order non-linear
equation

/

p'=—p* —ai(z)p — az(x) (4.2.8)

which is called a Riccati equation.

With our variables the Riccati equation reads

%S(w) = —S*(w) + U(w) + A (4.2.9)
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Of course, the Riccati equation has two functional independent dominant and subdominant solutions

S+t,5~, with corresponding Bécklund solutions x ™ and y~

St(a') ~

A — 0 (4.2.10)

S (a") ~ F+Zrn A — o0 (4.2.11)

which we expanded in terms of their modes SF. Substituting these expansions in the Riccati

equation (4.2.9) we get the standard recursion relation for the large energy expansionl” 19
1 n—1
+ + + o+
Shp1 = 35 <S;z + mz_:l SmSn—m> (4.2.12)

with initial condition established by the leading asymptotic form of the Riccati equation (4.2.9)
St =41 (4.2.13)

We write here the first examples and refer to appendix A for further examples

§E = %U (4.2.14)
+ 1 == 1 /
Sy =F550 =—3U (4.2.15)
1
Sy =F= (S - Sﬂ) = g(U” -U? (4.2.16)

In appendix A, we also (trivially) prove that, comparing the dominant S* and subdominant S~

solution, the even modes have the same sign, while the odd modes have the opposite sign

Sy = Son, neN
Sni1 = ~Sant1 (4.2.17)

4.3 Gelfand-Dikii recursion relation

In this subsection we shall follow mainly the, yet unpublished, Fioravanti’s and Fachechi’s article.l'*]

Let us split the generic eikonal in an even and an odd part
S(w> = Seven<w) + Sodd(w) (431)

2 Son_
Soaa(w) = VoAS_, + 3 Szn1(w) (4.3.2)
n=1V _A

with the understanding that S_; =1 and Sy = 0.
The correspondence to the previous split in the dominant and subdominant fundamental pair S*, .5~
is established by (4.2.17) and is confirmed byl

(4.3.3)

chcn = %(SJr + Si) Sodd = %(SJr - Si) (434)

19The Riccati equation (4.2.9) is just one; the two recursions appearing here correspond to the fact that, after

substitution of the modes expansion, we divided the Riccati equation by ijl =+1.
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—1
The Riccati equation can also be splitted in two equation for the even and odd part in v/A . For
the odd part this equation is nothing but (4.3.6)

Sé)dd + 2SoddSeven =0 (435)

which entails that the even part Seypen s a total derivative

15 1d
Sodd _ ———(log Soaq) (4.3.6)

Seven = -3 =
2 Sodd 2 dw

As a consequence, we can neglect it if we are to integrate over a period or over the entire space. For
the even part, instead we get
Séven + Sgdd + ngen =U+A (437)

which becomes, eliminating S,qq
—280qaS/ g + 382 + 484, = 4(U + A)S2y,

We now can define the Gelfand Dikii function

1
h= 256dd

(4.3.8)

It is clear that R admits an asymptotic expansion in terms /—A with certain modes R,

R(w;A) =) \/}ELA(;ZL = \/ifA Z f"f)”g (4.3.9)

n=0

with initial condition Ry = 1/2. In order to match the conventions ofl'’! (but not of the originall'’l),
for which the initial condition is 1, we define the alternative modes R,, = 2R,,, such that Ry = 1%°.
However, the recursive equations for the modes we are going to find are the very same. Since the only
difference is only the initial condition, in the following treatment, we shall drop the bar and use R,
for what should be R,,. In general when we will expand at large energy we will use this convention,
to match our calculations with the article of Lukyanov and A. Zamolodhikov.

The equivalent equation for R is then
2R'R—R?—4(U+ANR*+1=0
However, it is more convenient to consider the derivative equation
R" —4(U+ AR —2U'R=0 (4.3.10)

which, however, when integrated, introduce an inconvenient arbitrary constant. We will follow
the physical prescription that the resulting function R(w) must tends to zero when the independent
variable tends to infinity., which is also consistent with the limit of U(w).

lim R,(w)=0 = lim U(w) =0 (4.3.11)

w—r00 w—r 00

Expanding equation (4.3.10) in the modes R, and integrating we finally get the Gelfand-Dikii

recursion equation!'*!

1 1 (v ,dU ,
Ryt1(w) = _ZWRH + U(w)Ry(w) — 3 dw T R, (w") (4.3.12)
20This different convention explains the extra divisor 2 in formula (3.49) of,['9] with respect to (4.4.1)
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with the initial condition Ry = 1 In derivative form!'‘l

dRy+1 1 d3 dR,, 1dU
_ 1 ) 1dVp 431
dw 4dw3R +wa Jr2dwR (4.3.13)

Instead of the differential equation (4.3.12) we can equivalently obtain the Gelfand Dikii polynomials

recursively by the operator A defined inl'‘l as follows
P " 1 A1 ~
R,=A"-1 A= —182 +U - 58’1U’ (4.3.14)

The first Gelfand-Dikii polynomial arel'’!

RolU] =1 (4.3.15)
1
R [U] = 5U (4.3.16)
R U—§U2—1U” 4.3.17
2[U] = 3 3 (4.3.17)
5 5 5 1.
R3[U) = —U%— —U"? - ZU"U+ =U™ 4.3.18
3l 16 32 16 D) ( )
35 35 ., 35 21 vy 14 7
RU] = —U* - ZSpUu? - S0 + —U %+ —U'U" + —UuUW
4[U] 128 64 64 tT1sY tw T
1
—y® 4.3.1
128U (4.3.19)
(4.3.20)

where the prime indicates the derivative with respect to w. The Gellfand-Dikii polynomials are
differential polynomials in the functional argument U, that is, they are polynomials in the function U
and in its derivatives, in all possible combinations?!.['"]

The leading term in U isl'*!
= 7nU” +oU™ Y Ul = +o0 (4.3.21)
(4.3.22)

as we prove in appendix A
For later developments, it is important to observe that the Gelfand-Dikii recursion equation, written

in the variables z of the Liouville equation (4.1.1) is

Wiy W&y S0 &y ey 30 Opd
dz  4pdz3 " 8p2d2™"  lp  8p2 16 p3ldz "
14 1 up' 1 " 9 'y 15 '3
[JL_,% L +71’7} . (4.3.23)
2p 2p2 8p2 16 p? 32 pt

Beware that here, and only here, the prime indicates the derivative with respect to z, not to w. This

equation in the variable z will be far more useful for us.

4.4 Local integrals of motion by Gelfand Dikii polynomials

While the even terms S, being total derivatives, give null contribution; the odd terms S5, _1 give

nontrivial contribution. However, it turns out thatl'*! they differ from the R, by a total derivative

21'We use "combination" in its proper mathematical sense, i.e. not "dispositions", because U is a simple commutative

function.
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and a simple numerical factor. Therefore, under integration they can be sobstituted by the R,, as

1
2n —1

Son_1=— R,, + 0. (local fields) n>1 (4.4.1)

This equation appears indirectly in;!'°! however, until the unpublished!'®! there was no proof of it.
Fioravanti gave a rigorous proof of (4.4.1) in;!'"*l we write a strict analogue of Fioravanti’s proof for
the WKB case in subsection 6.3. This equivalence is perhaps interesting in itself, from a mathematical
an computational point of view. However, from the integrability perspective, (4.4.1) implies the
actual claim of Lukyanov and Zamolodchikov,!'“! that is, that the local integrals of motions can be

calculated as

Bulon 1 = — 2n1_ : /0 " e D RalU(2) (4.4.2)

The proof of this important relation relies on the identification (2.4.9) between the wronskian (which
is @) and the solution of the ODE-IM equation calculated at a certain point. This point was x — 0
in (2.4.9) for the equation (2.1.1); however, now it must be z — s!'‘! for the equation (4.1.13). We are
going to partially justify this choice "a priori" in subsection 5.2; while its best justification remains
the check of the correct outcome (4.4.2) in subsection 5.3, "a posteriori". For now, we limit to follow

a slight suggestion of.!'‘l 22

Q(E,1) o lim x(2) = exp { / e \/MS(Z')} (4.4.3)

S

Thus, apart a normalization constant, from (1.6.7) and (2.4.7)

Q(E7 l) X exp{z 69(1_2'”)3’”[2(;’1851}

n=0

= exp{nij% VE# /:O dz Msgn_l}

— exp{i_o% VET# 27%1 /:O dz \/@Rn} (4.4.4)

where the last equality is a consequence of Fiovavanti’s theorem (4.4.1);

4.5 The markovian property

If one compares the recursion (4.2.12) for the standard large-energy expansion modes S,, and the
recursion (4.3.13) for the equivalent Gelfand Dikii polynomials R,,, one can immediately note the vast
convenience of using the latter, rather than the former. In fact, the Gelfand Dikii recursion (4.3.13)
is markovian, that is, the next n + 1-th step depends only on the preceding n-th step; in particular,
it is evident that, in order to calculate R, 1 from it suffices to know only R,,. Instead, in (4.2.12),
to calculate the usual mode S,,41 it is necessary to know all the preceding Sy, for k = 0,1,...,n.
However, we remind that Fioravanti’s equivalence proof,!'*! shows that the equivalence (4.4.1) holds
only "modulo" total derivatives, that must be cancelled, for example through integration interval

over a period or over the entire space.

22Lukyanov and Zamolodchikov, in,['%] indicated as integration contour the standard Mellin transform contour,
taking (s, 00) as the cut for the non integer powers. Namely, the contour starts from s and goes toward +oo just above
the real positive axis; then around a "big circle" in clockwise direction around infinity: then from +oo backward to s.
This can be justified as (i) in the physical conformal limit s — 0 this interval is approximately equal to 0 < z < oo; (ii)

s is a singularity for the potential U(z) (4.1.17) which must be avoided.
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5 Local integrals of motion for the minimal models

5.1 Gelfand Dikii recursion relation for coefficients

We want to solve the Gelfand Dikii recursion equation

dRyiy _ 11d°R, 3p &R (4lkl2 —1 .30 _ 7@) dR,,
dz ~ 4p dz® ' 8p? d22 22p 8p2 16 p?/ dz
1 1 / 1 111 9 /// 15
Lk - (e L) 1S B
2 4’\z23p = 22p? 8 p2 16 p3 32 pt

By direct inspection of Ry, Rs, Rs we conjecture the following form for R,

n = 2n Zanm m

m=n

In other words, for each n we have expanded the polynomial R, in the function basis z

m=n,n+1,...,3n.

3n

3n
Z) = Z anm272np7m = Z a?nfn(z)gm(z)

m=n

To make things simple to control, we proceed following the generalized Leibniz rule

RO _ Zaan( )f<k Dy

m=n

We list the derivatives of f,,

fn(z) = Z72n

fi(z) = —2nz" 2zt

f(z) =2n(2n +1)272"2 72

f7(2) = —(2n)(2n +1)(2n 4 2)z~ 223

— 27 Y[@M)p— 7]
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(5.1.1)

(5.1.2)

p~ ™, for

(5.1.3)

(5.1.4)

(5.1.5)

(5.1.6)



After this definition, we can list the derivatives of g,

gm(z) =p~™
g (2) = =2 'mpp™ ™
gm(2) = 272 [m(m + 1)p* = m(2M — 1)plp™™
(o) = 23 [fm(m F1)(m +2)p% + 3m(m + 1)(2M — 1)p? — m(2M — 1)(2M — 2)p]p*m

With in mind the Leibniz rule, we compute the derivatives of R,

dR 3n
n _ __—op—1 _
L = " mz::nanm[—%l —mplp~™ (5.1.7)
d2R 3n
dzZn =722 mzznanm[Qn(Qn + 1) + 4nmp + m(m + 1)p*> —m((2M — 1)plp~™
3n
=z 2n 2 Z anm[2n(2n +1) + (4n + 1 —2M)mp +m(m +1)p*]p~™ (5.1.8)
AR an
¥ 3" = z72n=3 Z Anm{—2n(2n +1)(2n 4 2) — 6n(2n + 1)mp — 6n[m(m + 1)p*> — m(2M — 1)p]
z =n
— m(m + 1)(m +2)p® + 3m(m + 1)(2M — 1)p* — m(2M — 1)(2M — 2)p}p_m (5.1.9)

3n
— ,—2n-3 Z anm{—Qn@n +1)(2n+2) — [6nm(2n +2-2M)+m(2M —1)(2M —2)|p

- {Gnm(m +1) = 3m(m+1)(2M — 1)}p2 —m(m+1)(m+ 2)p3}p_m (5.1.10)
We express also the potential U and its derivatives in terms of the new variable p.

Ue) - 5 [(4|k|2 D e o - fﬁp}

, 1 », 1y 1 5, , 1y 1 2, 5 g
=—1(- ) =@M = Dp+ p— (4K~ 2 )p— T(2M —1)p* + —
Uz) = =, ( 8|k| +2) 5( o+ ( k| 4)p e )p"+ 1P

OME2M —1) 2M—1 , 5 s 5 4
1 pm—g P —g@M)p"+ 2p
1 1 3 3 9 9 15
= | (—s|k 7) (741@2 S Vi M2) (7771\4)2 2
z3p[(8|+2+ P+ g =M Mot (5= M)+ 150
The Gelfand-Dikii equation in terms can now be written as
dR 1 ,d®R, 3 ,d’°R 1 3 9 ,\ dR
2 n+1 3 n 2 n 2 2 n
== ° AE2 -+ 20eM —1)p— —
PR 17 am TR g +( k1= 7+ 3 T )z dz
1 3 3 1 9 9 15
—4|k|? 7) (721&‘ SV 7M2) (—77M> 24 23R,
+{<||+4+ Mg = MM )pt (35— gM)r + 557 | B
(5.1.11)

The Geldand-Dikii recursion from the polynomials R,, and R, 11 is transmitted to their coefficients

Ap.ms An+1,m
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3n+3 3n
Z nt1mP " (—2n—2 —mp) = Z A" Hro(n) + 71 (n,m)p + ro(n,m)p? + rg(m)p?’}

(5.1.12)
where we defined r; as the coefficient of the i-th power of p.
3 1
ro(n) = 2n® 4 3n? + (5 - 2/\2)n + i~ 41k

3 3 3 3 3
ri(n,m) = 3n*m + =n® + 3(—M + 1)nm + (M2 ——M+ - —4|k2|>m+ (—§M—|— §>n

2 2 4
1 3 3
MM 7—2k2)
+ (M - Mg -2
3, 33y 3 9 9 9
rg(n,m)anm +< 2M+4>m +3nm+( 3M+2>m+8n 8M+16
r(m)*1m3+gm2+§m+lf
STy 8 16 32

The powers of p we need are
1

p=2M +2Ms*M =
p

1 1
p2:4M2+8M282M7+4M284]\/172
p p

1 1 1
p* = 8M® + 24M3s*M = 4+ 2403 ™M — 4 8MPSOM —

p P P
The n + 1-th side reads

3n+3 1
Z (—2n —2—-2Mm — 2Mm52M7>an+1,mp_m
m=n+1 p
3n+3
= Z |:A0 (Tl, m)an_,_Lm + Al(’ﬂ,, m — 1)an+17m_1}p7m

m=n+2

+ Ag(n,n+ 1)ant1n41 p "t 4 Ai(n,3n +3) pin—4

with the important definitions

Ao(n,m) = Ag(m) = —2n —2 —2Mm (5.1.13)
Ai(n,m) = A% (m) = —2M s*Mm (5.1.14)
The n-th side reads
o 1 1 1 1
;(Bl(n, m); + Bs(n, m)P + Bs(n, m)ﬁ + By(n, m)ﬁ)ammp*m
3n+1
= Z (Bl (ny m— 1)an,m—1 + BQ(’I’L, m— 2)an,m—2 + B3(n7 m — S)Qn,m—?) + B4(n7 m — 4)an,m—4)p_m
m=n+4

+ Bi(n,D)app™ "' + (31(71, 2)an2 + Ba(n, 1)%1)10_”_2 + (31(7% 3)an3 + Ba(n,2)anz + B3(n, 1)%1)27_"_3
+ (Bg(n, 3n)an 3n + Bs(n,3n — 1)an 3n—1 + Ba(n,3n — 2)an73n_2)p73"72 + (Bg(n, 3n)an,3n

+ By(n,3n — 1)an,3n_1)p_3"_3 + Ba(n,3n)ay z,p 2" "
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Were we defined
Bi(n,m) =ro(n) + 2Mri(n,m) + 4M27“2(n7 m) + 8M3r3(m)
= 2M3m? 4 2n® + 6 M3*nm? + 6 Mn*m + (3M> 4+ 3M*)m? 4 (3M + 3)n? + (6 M>

3 3 3 3 1 3
+6M)nm + (§M3 +3M? + oM - 8|k|?M)m + (§M2 +3M + 5 — 8|k[*)n + (1M3 + ZM2
3 1
+ M- 4|k[PM — 4k |*)

Ba(n,m) = 2M s*Mri(n,m) + 8M?s*Mry(n, m) + 24M3s*Mrz(m)
= M {6M3m3 +12M2nm? + 6Mn2m + (15M3 + 6M2)m? + 3Mn? + (18M?+
+6M)nm + (%M3 +9M? + %M - 8|k\2)m + (6M? + 3M)n + §M3 + 3M*?
+ ZM - 4|k|2M}

Bs(n,m) = 4M?*s*Myry(n,m) + 24M3s*M 3 (m)

( [ 45 .
=M [(ﬂwm3 +6M?*nm? 4+ (21M3 + 3M?)m? + 12M*nm + (?Md +6M*)m

2
+ gMz 7M3 + QMQ}
By(m) = 8M356Mr3 (m)
23 15
= M0 Bm3 + 9M3Pm? + ?M?)m +7 — M3
The "core" equation is
3n+1
Z [Ao(n +1,m)ant1,m + Ar(n+1,m — 1)an+1,mfl}p_m
m=n-+4
3n+1

= > (Binm = Danm1 + Ba(n,m = 2)anm—z + Bs(n,m = 3)an s + Ba(n,m — am—a)p "
m=n-+4

(5.1.15)
(5.1.16)

while for the "extremal" terms the following sub-equations of the previous main equation hold
Ao(n,n)ant1,p " =0
{Ao(n, n+ 1ant1,nt1 + A1(n, n)an_H,n}p*”*1 = Bi(n,n+ l)an,m_lp*"*l
[Ao(n, n+2)ant1nt2 + A1(n,n+ 1)an+1,n+1]p7”72 = [Bl(n, N+ 2)an nt2 + Ba(n,n + 1)an7n+1}p7"72
[Ao(n, n+3)ant1n+s + A1(n,n+ 2)an+1,n+2}p_”_3 = [Bl(n, n+ 3)an nts + Ba(n,n+ 2)an nio

+ Bs(n,n + 1)an7n+1}p*”*3

A o(n,3n +2)ant1 3042 + A1(n, 3n + 1)an+1,3n+1]p73"72 —
= [ 2(n, 3n)ay 3, + B3(n,3n — 1)ay 3n—1 + Ba(n,3n — Q)Gn,3n—2}p_3”_2
Ao(n,3n + 3)an 11,3043 + A1(n,3n + 2)an+1,3n+z]p_3"_3 _

= { 3(n, 3n)an 3n + Ba(n,3n — 1)an73n_1}p*3”*3

>A (n,3n + 3)@n+1,3n+3:|p_3n_4 = [34(71, Sn)an,3n:|p_3n_4
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We note that this recursion relations for the coefficients does not give explicitly the single coeflicient
@n+1,m in terms of the coefficients a,, i, for some ks, but give a linear combination of coefficients
of the polynomial R, ;i in terms of the coefficients of R,,. For the n + 1-th side we must therefore

consider the upper triangular matrix A™ defined as

ATL

AT(Bn+2) Af(Bn+3)

0
I 0 A7 (3n+3)]
(5.1.17)

The first line correspond to an equation which would be identically satisfied when multiplied by ap m,
it is not linearly independent. We have deleted it so as to be able to define a determinant, which also

does not vanish

3n+4 3n+3
det 4, = H Ai(n,m—1) = H Ai(n,j)
m=n+1 j=n

3n +3)!

= (—2M s?M)2ntd ((n 1 (5.1.18)

We want to use the Cramer method to solve the linear non homogeneous system generated by the

coeflicients recursion relation. We schematically write this system as
Aapi1 = by (5.1.19)

where clearly by a,41 we denote the vector of all the (a priori) non null components ani1,m ,
m=n+1,n+2,..3n+ 3 and by by = bi[a,] we denote the functional of the coefficients of a,,
established by the recursion relation (5.1.15)

Therefore we define the modified matrix of coefficients A}, whose determinant,divided by the

determinant of A", gives us the coefficient a,41,m

Al(n) Af(n+1) 0 b1
0 At(n+1) AZ(n+2) ... by

b AR(m+1)

Al =
b1 Af(m+1)

b3n+2 0 v A? (37?, + 2) Ag(3n + 3)

L b3n+3 0 ‘e 0 A’f(3n + 3)_
(5.1.20)
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m—1 3n+3
det A7 = T Av(n,3) 3 (=1 b [ Ao, m + 1)+ Ag(n, k) As(n b +1) -+
j=n

k=m
.-.A1(3n+3)}
P (1R [ Ao m 1) < Ag(m, k) Ay (n, k4 1) -+ A1 (3 + 3)

k=m
3n+3 .
Hj:jn Al (’Il,j)

This kind of finite product is simply a Pochhammer symbol (ascending factorial) or descending

An+1,m =

factorial.
N N
_ N -
H(lJrcg) c H(chj)
J=1 7j=1
_ NTE+1+DN)
L(;+1)
1 1 1
=+ NT(=+ N) I'(z +N)
N c c N c
In our case
k k
IT 4otm.iy= ] (—2n—2-2Mi)
i=m-+1 i=m-+1
il n+1
:(—2M)’“‘m‘H ( - -l—i)
i=m-+1
el +14+k
:(_2M>k—m (M +1+ )

(% +1+m)
The other product is trivially reduced to elementary factorials

I

l
gAl(n,i) = (—2Ms2M)l*’”17(k —T

We can finally write the expression for the a1, coefficient

ntl
3’ﬂ+3(_1)k—mbk3 |:(_2M>k—m C(*5r +1+k) (_QMSQM)3n+3—k (3"3:!‘3)!

w2 (T 14m)
’ (—2M 52M )3nta—m Gnt3y
1 3”+3(_1)k7m(32M)m7k71 (m— 1) T(5E +1+k) b
2M =~ kU D5 +1+m)
3n+3 n
= gy 2 D e (B R+ Bk~ Vo
(5.1.21)
+ Bs(n,k — 2)an j—o + Ba(n, ki — 3)an}k,3] (5.1.22)
where the B;1(n,k — i) are polynomials up to the third degree in k and n.
We write the final formula more symmetrically, shifting m — m +1
” 3n+3 , n
Ut toms1 = % T(szM)—kmx (5.1.23)
k=m+1 M
X [Bl (n,k)ani + Ba(n, k — 1)an x—1 + Bs(n,k — 2)an -2 + Ba(n, k — 3)an,k_3}
(5.1.24)
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Define By,_1(n,m) = s~2M*=1) B, (n,m). We reorder the terms.

- 3 3 3
Bo(n,m) = (2m> + 3m? + 3m + )M3 (6nm? 4+ 3m? + 6nm + 3m + on + Z)M2
3 3
+ (6n*m + 3n? + 6nm + 3m +3n+ Z)M — (2m + 1)4|k]PM — (2n + 1)4|k|?
3 1
+(2n3 +3n% + n+ ) (5.1.25)
2 4
. 25 13
Bi(n,m) = (6m> + 15m? + 5 m + 1 —)M? 4 (12nm? + 6m? + 18nm + 9m + 6n + 3)M?
3 3
+ (6n*m + 3n? + 6nm + 3m +3n+ Z)M — (2m + 1)4|k]*M (5.1.26)
- 3 9 45 27, . 3 9 9 9 9., 9
Bs(n,m) = (6m> + 21m* + - m + Z)M + (6nm® + 3m* + 12nm + 6m + o + Z)M (5.1.27)
. 23 15
Bsz(m) = (2m® + 9m? + 5 m+ Z)M3 (5.1.28)
(5.1.29)
It can proved by induction that
Unom = S2M(m—n)dn7m x 82M(m—n) (5130)

where the Gy, ., are s-indendent. We write the s-independent final formula as

(=1)™m! i (—DF T(HE +k+1)

n+1
oM A= kD T(BE +m+2)

Qnt1,m+1 = X X [Bo(n, k)dn,k + Bl (n, k— 1)&71,1671

+ Ba(n, k — 2)an k-2 + Bs(n, k — 3)%,1%3}

(5.1.31)
We rewrite this expression isolating a, ; in the sum
- 3n+3 k+3
1 ZMan m n+1 -m A
— ( == ) Z ( tm+ 1) BiL g1 (K)ank (5.1.32)
me k=m—3 I=Fk
or
D5 +m+ D(=D)™(=2Mm)anp1m o s, DO +1+1)
= —B" k)an 5.1.33
I'(m+1) k;gg 1) k1 (B)ang  ( )

(5.1.34)

5.1.1 Gelfand Dikki coefficients test

We now want to control that our recursive procedure (5.1.31) is correct.
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We list the first Gelfand Dikii polynomials

1
Ri[U] = 5U
3 1
Ro[U] = gU2 - gU”
R3[U] = Sys_Sye_ Oy Lyw (5.1.35)
16 32 16 32
35 35 35 5 15 7
RJU = 2 U - 2Zpu? - 2p2u” + U2+ —y'u” UU( )
4U] = 128 64 64 M R MG
1 1
L@z Lo 1
+ 57U sV (5.1.36)

The initial condition is just the number 1

Ro=1 (5.1.37)
apog = 1 (5138)

We calculate the coefficients of Ry immediately by halving the coefficient of U

1 1, 1 1 o\ 1 321>52M<52>4M
U(z)zg[( M2 = oM 4+4|k\)p+< M= oMo+ (M)
or
1
Ri(z) = §U(z) (5.1.39)
1 1 1
=——M?*— M — - + 2|k 5.1.40
3 1
_o2M (2 2 -
arp = s ( M 4M) (5.1.41)
a13 = 84M (—2M2> (5142)

To calculate Ry, we need U?

1[/1 1 3 1 1y 1
U%(2) = — [( M*+ M3+ M? + - M + 16]k|* — 2|k M? — M — 2|k|*> + 7)72

16 1 8 1 16
3 7 5 1 $2M 93 11 7
SMA AP - 2P S M = 12(k2M2 — 4k 2M) 5 ( MA M3+ L2
+<4 M [l KM ) =5+ (3 +4 N

5 M 15
- f4|k|2M2)S—4 + ( My
2 D

5M3) 86M 25 8M
4 4

AV e
PP T 16 p°
the first derivative of U

dU 1

dz 28

3

3 1
{( M+ SM? + M+f 8|k|2M78|k|2)7

§2M 27

1 4M 1 6M
+ (+§M3+6M2+2M78|k|2M)—2+< s ]
p

9
M3 M2> iy VN
T M

and the second derivative

d? 1 s 9,5 156, 11 3 91 1o 9 2\ 1
—U(z) = {( M M — S M? = M — 5+ 16[k[2M? + 40[k[2M + 24[K );

24

93 11 2M
+ (—27M4 - ?M?’ —2TM? — M+ 48 M2 |K|? + 40M\k|2) 8—2 + (—107M4

39 4M

M+ 320° k[ )

M 8M
(—141M4 2 M?’) —eoM* I — }
p p

o8



Finally

3, 1 d? 3, 1 d? 1y d
_3 1 _9 _ _pra 1.4
Ra(w) = J0%(w) = 5250 w) = SU%) — 3 (545006 - 3 5 206)) (5.1.43)
p— (5.1.44)
27 15 15 27
——Aﬂ Jw3 NF M + 6|k — = |kIPM? — =|k|?M — 47k2
422 = 198 +32 +'64 + 3 M+ 6l Il 5 [kl [kl + 128
(5.1.45)
145 237 135 27 25 15
2M 4 3 2 2 2 2
— M+ S MP S MP 4 o M= D RPME = kM 1.4
as3 = s { n + 5y M+ 5 =il Ik } (5.1.46)
1 441 1
@4:5“4P@§Aﬂ A——AP4—€?NF 5anﬂ} (5.1.47)
693, 231
a5 — S6M{ M ] (5148)
1155
8M
- ey ) 14
26 S (128 (5 9)

We checked the recursive procedure (5.1.31) for Ry — R; and R; — Ra.

5.2 Gauge s-independence and basis for integrals

We recall that, at least for M > 1, Dorey and Tateo identified the @) function with the Stokes coefficient
(wronskian) as in (2.4.5). Then, following Lukyanov and Zamolodchikov, not so explicit, suggestion,!' !
we further identified the @ function with the Bécklund eigenfunction calculated at z — s, with
the understanding that s — 0 (4.4.3); so that Dorey and Tateo’s rigorous identification (2.4.9) is
somehow imitated. In this subsection, we try to give a more support to such identification, even if we
will not be completely rigorous. In particular, we are going to charaterize the general s-dependence
of the integrals of the functional basis Z,, ,, for the Gelfand Dikii polynomials R, (z;s) and we will
show that the @ function can be written in a s-independent way. We write the general Gelfand Dikii

polynomials R, (z;s)
3n

/OO dz/p(z)Rp(2) = Z nmIn,m (5.2.1)

where Z,, ,,, is the integral of the functional part of the m-th Gelfand-Dikii coefficient.

I, = / dz 2720 (;2M _ g2M)=m+1/2 (5.2.2)

To obtain the expansion of the () function in terms of the local integrals of motion, such wronskian
must be expanded in the energy parameter of ODE-IM equation (2.1.1), rather than in the spectral

parameter A\ = ¢?(1=8%) The two choices are related as
A 2\1-8
VE:A:HﬂFW(BJ I(1-8%  (s=1) (5.2.3)
v

However, if this was true for the original Schrodinger equation (2.1.1), it is not necessarily true in
the modified Schrodinger equation (4.1.13). In fact, Lukyanov and Zamolodhikov!'?! set

1-—p82

VE = /(1% g5 (5.2.4)

Therefore, we cannot write directly the expansion of @ (4.4.4), which is valid only if s =1

(1—2n)

log Q ~ §:¢744?§:amnnm E—oo  (s=1) (5.2.5)

59



0(1—

we must use instead A = (15" ag expansion parameter and then use (5.2.4)

o 3n
logQ~ > eI N a0 Tym RO — +oo (5.2.6)
n=0 m=n

We choosed to integrate z from s to +o0, instead than from 0, wth the understanding that s — 0.
This choice is better justified "a posteriori", after the observation of the independence of the expansion
from the fictitious gauge parameter s. Indeed, we now show that the coefficient of the n-th term of

the expansion is s-independent. The general s -dependence Gelfand Dikii coefficient ay, », is (5.1.30)

M(m=n)g (5.2.7)

Qpm = 8

where Gy, ., are the s-independent Gelfand-Dikii coefficients.

We now calculate the general basis integral, by which we shall find also its s dependence

> on, 2M _ 2M 1/2 1 dt
Inm:/ dz 272" (2M — 2M)—mt / t=—, dz=—-3
s z t
1/s S 1 — 2M2M | —m41/2
=, @t ()

1/s 1 )
dt $2n—2F2Mm=M (| _ (o)2M —m+1/2 — (ts)2M gt — S
/0 ( (st) ) v=(ts) 2Msv

1
1
_ s~ 2n—2Mm+2+M—1 dvvﬁfﬁer*%Jrﬁfl(l _,U)fm+%

1 1 -
_ m8—2n+1—2Mm+M/O dv U(%er—%)—l(l _ U)(—m+g)—1
_ 1 2n—1 2m—-—1 —2m+3
T 9M §2n—1+M(2m—1) ( IM + 2 ’ 9 )

where the Euler Beta function, in general, is to be defined through its analytic continuation to all

possible complex values of the parameters, by means of the integration on the Pochhammer contour

(rather than on the segment [0, 1]).[°l In conclusion
Tom = ! PO + N5 (528)
T 9 M s2n—1+M(2m-1) (2t +1)
We can also define the s-independent basic integrals T by
Ty = st 20t MA=2m) 7 (5.2.9)

We can thus say that, on one hand, the integral of the Gelfand-Dikii n-th polynomial R,, depends

from s only through the index n (not m) as

fe%e) 3n
/ dz/p(z)Ry(2;8) = s(1=2n)(M+1) Z &n,mfmn (5.2.10)

On the other hand, the expansion parameter includes s as (4.1.12)
M+1
! =VE " s~ (MHD (5.2.11)
so that the n expansion coefficient multiplies the power (5.2.4)

M+41

b=2n) _ g U2 (1) (1-2n) (5.2.12)
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We thus see the powers of s completely cancel and the expansion of () becomes

n=0

00 1—2n ST
10g Q ~ Z \/Em Z CAln,mi-nm

E — 400 (5.2.13)

m=n

As a consequence of the s independence, we can freely fix it to any value, in particular to 0. We thus
justify the identification!’’ of 1(0) with Q also with the different (4.1.13) ODE-IM equation ofl'"/

Q = x(0) = exp {/0 dz \/p(z)S(z)} (5.2.14)
~ exp {/OO dz \/p(z)S(z)} s—=0 (5.2.15)
5.3 Minimal models local integrals of motion
We observe that, for the leading order
5 1 T(—5x %) (3 _ 1 L= = 5)0(55)
Too = 357 F( S ) = oY r(-1) (53.1)
DT 1 1
_oagt 1 Dlegy — 5T (aw)
=== M ﬁ (5.3.2)

where a7 /2 is Dorey’s and Tateo’s!'’] leading term. In other words, our calculations match
the standard result of Dorey Tateo, save the use of an expansion parameter with the opposite sign.

Continuing the operations on the Gamma functions

1 1 1 1 1
Too = — Do —3)0(r) _ 1 Tlogw + 5)0() (5.33)
4M N3 2M +2 N3 h

1

=— MPLZ 5.3.4

(2M +2)I(1 — B2)1+¢ (5.3.4)

so after Dorey and Tateo identification (2.4.3) of the expansion parameter
1+¢

VE T = (5) — AFE2M 4 2)0(1 — g1+ (5.3.5)

v

we match also the standard!®! leading order, apart the opposite sign of the expansion parameter.

We now manipulate a bit the all basic integrals, which, for convenience, we rewrite using the parameter

¢ =17

i ET((n—3)é+m —HT(=m + 3)
2 L((n—3)¢+1)
We use the Gamma function reflection property
3 s 1
M(—m+ -) =
2 sin (w(m - %)) L(m— 3)
T 1

61



We also multiply and divide by two different Gamma functions, in order to obtain a common
n-dependent normalization which factorize some polynomial (the ratio of those Gamma functions)

P -DE+n+m-n) ey

eI =3E)r(m-HE+D)
Nn-PE+1)  Tn-3 +mn>]

™2 T(n—13)

(_1>m—n—1

In fact, the two ratios of Gamma functions in the square parenthesis are polynomials, because
numerator and denominator differ by the shift of an integer. The coeflicients of such polynomials can
be easily expressed in terms of the standard Stirling numbers of the first kind, as reported in the
appendix C.1. Perhaps now it is more simple to write the whole m-dependent part as two products,

which is also convenient because we can write it as a single product

e I L (G L) NP = (GRS R
Inm = 2 I'(n— %) ( D g (n _ % + l)
D(-m-DOr(m-HE+n)[ w1
=2 - _(71) g (1 v ;+ lﬂ (5.3.6)

Now, we recall Dorey and Tateo fundamental ODE-IM identification (2.4.3) (apart the aforementioned
minus sign)
O N 21-5" g201-5%) .
— H(1-8%) _ 5.3.
‘ -7 (531

ﬂ2
A =VE— (5.3.8)
2I(1 — B2) -2

Besides, by (2.4.4), the expansion must be intended in the parameter v/E, not v/A%?*. The correct
ODE-IM expansion becomes, for § — +o00

% r
logQ ~ ‘/El_%g(—l)’“rl (
n=0

Y (_1)n+1r(—<n—é>s r((n=3)E+1) 3 l<_1>mm_"_1(1+ (n_;>g>
n=0

We use now the property

I'(n+ %) =/m27"(2n — 1! (5.3.9)
T(n+ %) _ \/7?271(2@1!(2(7”;;)!1!)” _ \/En!@g;)!l!)” (5.3.10)

23Dorey and Tateo identification!'?l can be thought to amount to a shift of the rapidity 0
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Hence, we continue our calculation, also noting that & = 32/(1 — 32) (there were typos inl")

g2 T (== HE)r (= 5+ 1)
(1—p32) 2,/mn!

" (2n o I (n—3)¢
{52 @n !Ig;a”m[_) 11 (1+n—é+l>
__Z 1 2”/32(1 2n) (_q)n+l F<—(”—%)§)F((”_%)(§+1
= 2 62) 1-p?) 2y/mn!

. 271 1 3n mm—n—l (n_ %)5
{ﬂ (2n—1)!! £ ”m[ I1 (1+n—1+l>

IOgQ_ Zfl 271( anﬂ_4nx

n+1 I ( — l)g T (n - l)(f + 1) 1-2n
- _ Z 0(1— 2n)21 2rLE )52) ( 2 Z\/gn' 2 )62”1-\(1 _ ﬁ?)m %
3n m—n—1 1
o T )
1=0 2
_ i 69(172n)Bn12n71
n=0

where we defined the local integrals of motion as

3n m—n—1 (TL _ 1)5
—2n Qn m
Ign 1= 2 B ” Z Cln ml - H <1 + TL—;H) (5311)
m= =0
and the B,, are the standard normalization constants.
- —1)nt+t 2n —1 2 1-2n
B,= U T LB 0=2r (1 — )15 (5.312)

2mi— ) 2—25) (55

Apart the factor 427, the summand I, _1/3%" in formula (5.3.11) is a polynomial in M, because the

Gelfand Dikii coefficient a,, ., is a polynomial in M, with lowest power AM™~"

g = nmpM? (5.3.13)
p=m—n
3n—m
=M™ " G M” (5.3.14)
p’=0

—(m—n) .

and the finite product is a polynomial in M !, with highest power M

Tﬁn (1 + S:?_%) = Mﬂlm ﬁ (M + WE”_E&) (5.3.15)

=1 =1

so that the lowest and highest power perfectly compensates
The multiplication by the factor 327, instead, makes (5.3.11) a polynomial in c, as it should be.['V]

In fact, it trivially follows from the central charge expression (1.3.3) that, for some 2n — 1-degree
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polynomial with M with 91y,,_1; coeflicients

2n—1
1 l
Loy 1 = D IZ; Moy 1M (5.3.16)
2n 2n—1
1
= S1gMa 1, ](M+ 1)! (5.3.17)
AT 2| 2 St
= ZQ:Qn—l,lcl (5318)
=0

where S, is some, simply determined, matrix for the basis transformation. Thus we get an n-degree

polynomial in ¢ with €a,,_1; coefficients.

5.3.1 Test

We control that our result for I; matches that ofl’ 7124

I 1 1 1
4_152 =2 |flll — (1 + M)alg + (1 + M) (1 + W)a13‘| (5319)
g M1
6
1 M+1
L=——||k? - 3.2
! 4(M+1)[k| 6 ] (5.3.20)

so that we match also the result of the the standard referencel'’]

C
L=A—-— 3.21
i=A- o (5:3.21)

because A = (p/B)% + (¢ — 1)/24 and p = |k|B>.

We control that our result for I5 matches that ofl'’]

L 8
4-254 3

on = (14 gp)am + (14 37) (U4 gp)am = (14 57) (1 53) (14 7y Yo

()0 ) 0 ) 0 g (1 30) (4 550) (1 730) (1 g

(5.3.22)
4 9 (M +1)(4M + 3)(M - 3)
= 16|k|* — 4]k|*(M + 1) — 50 (5.3.23)
B 1 4 9 (M +1)4M + 3)(M —3)
I3 = (M 1 172 [16|k| 4|k|*(M 4+ 1) 50 (5.3.24)
and with the standard referencel'’l
+2) c(be + 22)

I, =A% — (c A 3.2

3 12 2 %0 (53.25)

241n their workl!7] concerning the ODE-IM correspondence, Dorey, Millikan-Slater and Tateo used the parameter
Ap = 4]k|?. However, in our work we have chosen to follow Lukyanov’s and Zamolodchikov’s ,[ I because the A

variable ofl' 7] causes confusion with the A = e?(1=5%) of the asymptotic expansions of integrability (1.5.7)
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6 General markovian WKB expansion

6.1 Riccati equation and standard WKB expansion

Consider a Schrodinger operator of the following form (for our purposes, it is convenient to use w as

independent variable)

d2
- ﬁ2ﬁx(w) + q(w)x(w) =0 (6.1.1)
We represent the eigenfunction y in terms of its logarithmic derivative S, by the eikonal representation
wo
x(w) = exp/ dw'S(w'") (6.1.2)
which satisfies the following Riccati equation (cf. (4.2.9))
dsS(w) 1
2
= — 1.
s2(w) + = = Sa(w) (6.1.3)

We now expand S asymptotically for # — 0 in terms of its modes S, (w)

Sw)= Y Su(w)h" (6.1.4)
VA, g g
=4 ;Snﬁ (6.1.5)

The first mode S_; is trivially obtained from the leading order in # of the Riccati equation (6.1.3)
S_1(w) = vq(w) (6.1.6)

Note that now it is not constant (cf. (4.2.13)). Thus, S_; serves as initial condition for the WKB
standard recursion relation. The WKB recursion, for all orders in £, is obtained substituting in the

Riccati equation (6.1.3) the asymptotic expansion (6.1.4).

n—1
25 180+ Y SmSn-1-m + 5, =0 (6.1.7)
m=0
Sn+1, is thus determined by
1 n—1
S7z+1 = _7(2 SmSn—l—m + S;L) (618)
2\/6 m=0

We report the first terms of the WKB expansion in terms of the multiplicative part of the Schrédinger

operator g(w)

S_1 = /2 (6.1.9)
1¢
So=—-— 6.1.10
0 4q ( )
_ 14,
- 4ddw 084
1 o 5 '2

Sp=-4 29 (6.1.11)

§q3/2 32 q5/2

1 q/// 9 q//q/ 15 q’3
So=——"+ 4+ — - —— 6.1.12
2T 2 T g elg ( )

__1ld (i)
- 2 dw 571
1 qiv 7 q//Iq/ 19 q”2 291 q/lq'2 1105 q'4

=4 - L T - 1.1
5= 33 F72 322 128472 T 256 92 2048 11/ (6.1.13)
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Since the WKB recursion (6.1.8) is very similar to the large energy recursion (4.2.12), we expect that
we may similarly use the Gelfand-Dikii analysis. However, the different form of the Riccati equa-
tion (6.1.3) and the different initial condition (6.1.6), suggest that some not too trivial modifications
might be needed. The aim of this section is to develop these observations, in order to obtain a very

convenient markovian (cf. subsection 4.5) recursion relation for the WKB expansion.

6.2 Decomposition in odd and even part

This section and the next are the adaptation, for the WKB expansion, of D. Fioravanti’s analysis
and proof, for the large energy expansion, in his still unpublished work with A. Fachechi.l'®/

We begin by separating, as usual, the even and odd part of the solution of the Riccati

Seven(w) = Z S2nh2n (6.2.1)
n=0

Sodd<w) = Z S2n71hQn_1 (622)
n=0

so that the Riccati equation can be splitted in two equations

dSeven

ngen(w) + Sgdd(w) + dw = q(w) (623)
dSoda

2Seven(w)Soda(w) + 2o =0 (6.2.4)

The latter equation implies that the even part Seven is a total derivative

1 Sodd

Seven = — 6.2.5
2 Sodd ( )

and therefore is negligible if we integrate over a period or over the entire dominion. We substitute
Seven 1n the former equation, obtaining (until differently claimed, we use the prime ’ to indicate the

w derivative)

/ 1
— 2504450dd + 3Spaa + 4Saqa = ?4615(3&1 (6.2.6)
Following Fioravanti,!'"l we define the function R as (1/2) the algebraic inverse of S,qq
Rw) = — (6.2.7)
250dd (U}) -

such function R(w) expands asymptotically for # — 0 in terms of its modes R,
(oo}
R(w) =Y Ry(w)h** (6.2.8)
n=0

with initial condition Ry = 1/2,/3.

We pause the usual procedure for an important observation. The functions R, ?°, integrated over a
period, are not equivalent to the densities So,_1, for the WKB expansion; they were such only for the
large energy expansion. The equivalence, in fact, was rigorously proved by Fioravanti in,!'" as we

already reported in (4.4.1). As a consequence, the conjecture we made in subsection 6.1, regarding

25For setting the problem, we use the same notation we used for the large energy expansion; however, the resulting
Gelfand-Dikii polynomials for the WKB expansion, will not be the R, modes. The R,, functions, are always defined

as the modes of the algebraic inverse of the eikonal integrand S function.
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the applicability of Gelfand-Dikii polynomials to the small & expansion, will evidently require some
modification of Fioravanti’s proof.
Continuing the previous calculations, by (6.2.6) we obtain the the function R(w) satisfies the

equivalent equation
4q

‘2 2
2R'"R—R? = ﬁQR —1
Still following,!'"! we apply the w-derivative
R2R" = 4qR' +2¢'R (6.2.9)

In terms of the modes R, we obtain

! 1

q
R+ 2g e = 1o R" (6.2.10)

This recursion is evidently markovian, in the sense the to calculate the successive term is sufficient only
the precedent one. However, this recursion, which has just been obtained as the direct analogue (6.2.7)
of Fioravanti’s analysis of,l'*l appears not at all of the Gelfand-Dikii form.['") We obtain thus a
markovian recursion, but not for the well-known!'”! Gelfand Dikii polynomials. However, we are
going to show that the markovian modes R,, are simply related to some markovian and Gelfand-Dikii

modes.

6.2.1 Examples and heuristics

We report the first examples of the modes R,,. This will also support further developments.

The leading order in A is
h 1

25, "2

R

So the S_; is equivalent (actually, strictly equal) to
Sfl = 2qR0 = \/E] (6211)

note a factor ¢ correcting the usual (6.2.7) density.
We continue with the next %> order, using the technique of algebraic series inversion, which is a

fundamental tool of complex analysis!*’!

h 1

25_1(1+7281/5-1)  2/q

(1-r25)

R~ 5,

1 ¢ 5 4°2
_ 3(__— =
=filo+1 ( 16 ¢5/2 64q7/2)
the mode R; therefore is
1 q// 5 q/2
RMi=———F+——5 6.2.12
1 16 q5/2 64 q7/2 ( )
Comparing with (6.1.11) we can establish the equivalence, as strict equality
Sl = *QQRl (6213)

Note, again, a factor ¢ and a different numerical coefficient correcting the usual (6.2.7) density.
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We proceed to the #° order

h 1 S S3 52
R~ =h SR Y Ry et S
2S5 1(1+ h2S1/S_1 + h*S3/S_1) 2\/6( S_1 S_q + Sil)
. 1 . 52
=5 ﬁd ﬁB— _qQ3 1
Ry + I°Ry + 2q( S+5)
So, we can establish the strict equality
S? 9
2qRy = —S3 + Sf =-353 + — S (2533 1+ Sl)
1
= —-3S53 + 7(—25032 — Sé)
S_1
= —353 —ds
or
2 1
S3 = —qug + §d2 (6214)

where dy can be shown to be a total w derivative as follows
1 !
—d2 - 5771(—25052 - 52)
B 1 |:1q ( 1 q/// 9 q/ql/ 15 q/S) 1 q'L"L) 13 ql " 9 q”2 99q2 " 15 q/4:|
T Val2g\ 162 T32 ¢ 64t 16 ¢2 32 ¢3 32 ¢3 64 ¢t 16 ¢°
B qw 7 q/ " 9 q”2 27 q/l ) 135 q'4
- 16¢5/2 16 ¢7/2 32 ¢7/2 16 q°/? 198 ql1/2

1 q/// ’ 9 q//q/ 15 q’3 /
:173((15?) 32( 7/2) +&<Q9W)

The expression of R is

1 [ lg® 7q"¢ 21¢? 231¢"¢q*  11554* }
32,/q

s 2 ¢4 T8 ¢4 16 ¢ 128 ¢
6.3 Equivalence proof for the WKB integrands

(6.2.15)

In this paragraph we just adapt, to the WKB expansion, Fioravanti’s rigorous proof in, "1 made for

the large energy expansion. To make the analogy perfect, define k=! = A and s = Soqq as

= kv/q(w) + 82]:2”1(1 w) (6.3.1)

n=1

We recall that the usual large energy equivalent density R is WKB expanded as

ot (6.3.2)
We also report in the new notation the Riccati equation (6.2.6) for the odd part of S
4s* + 352 — 255" — dk?qs®> =0 (6.3.3)
Now, following Fioravantil'®l derive s with respect to k
s = S2n—1
- =V > (2n—1) Lo (6.3.4)
n=1
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and define a new quantity ¢ as

10 = 52n 1
b= Z Dz (6.3.5)

With the aid of the previous heuristics, we conjecture

639

where d is a total w derivative, to be specified below.

We now prove this, again, by analogy with Fioravanti.l'®l We differentiate (6.3.3) with respect to k

0s Os’ 0s 0s
3 ! "
16s +68— —2—5"—2s ( L

" k k2 3
ok "%k ok ) —8kas® — 8k%gs 0 = 0

ok
then divide by 2k
853t + 35"t —ts” — st — 4qs® — 4k*qst =0

and divide by s

"

!/
8s2t + 324 — 15 4" —4qs — 4k2qt = 0
S S

Now, since
S/ R/ S// R/ 2 R//
f__= 7:2<7> - 6.3.7
s R s R R ( )
we can replace s by R to obtain
1 R, R R 1
2—t—3—t —2t( ) —t—t"—2¢— —4k*qt =0
R R R) TR g~ "1
2t — 3R'Rt — 2R%*t + RR"t — R*" — 2qR — 4k%qR*t =0
4gk?R%*t + 2qR = 2t — 3RR't' — 2R%*t + RR"t — R*"
Recalling also equation (6.2) for R
2R"R— R?+1 = 4gk*R? (6.3.8)
we can write
2qR =t —3RR't — R?t — RR"t — R*t"
t—2gR = 3RR't' + Rt + RR"t + R*t" (6.3.9)
We note that d really is a total derivative
d=3RR't + R®t+ RR"t + R*" (6.3.10)
= (tR*)" — (tRR') (6.3.11)
In other words we have proven the conjecture
t=2qR+d (6.3.12)
which, in terms of the modes is
oo (oo}
_ 2 R d
ol I (6.3.13)
n:lk”+ 2n—1n:1k’”r 2n —1
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or (restoring the capital letter)

2
Son_1 = —mWH + Oy (local fields) n>1 (6.3.14)

where we defined the correct equivalent densities

W, =qR, (6.3.15)

By analogy with Fioravanti’s rigorous proof in,!'*! we have thus proved that, under integration over
a period or over the entire dominion, integrating the standard WKB density S, _1 is equivalent to
integrating the new WKB densities W,,, up to a simple numerical n dependent factor. The difference
with respect to the large energy expansion of Fioravanti is, however, that the equivalent densities are

not directly R,,, but require multiplication by the function q.

6.4 The markovian recursion relation and its solution

Evidently, the new densities W, satisfy a markovian recursion relation, that is, W, ;1 is determined
only by W,,, without contributions from all the preceding orders. In particular, from (6.2.10) we
obtain

" /7

1 3 3¢3
(_7q7+7qq q

3¢ 3q°
4q 2¢ 2¢

W
4 q nt

1 1 3¢" 3¢2
Wiy = 5d W = W)~ € 24 ) / )Wn (6.4.1)

If one now wish to have only one term on the right side, new densities T;, must be defined as

Wh
T, = -2 = /3R, 6.4.2
7 Va (6.4.2)

which turn out to be exactly the Gelfand-Dikii polynomials. In fact equation (6.4.1) yields

8¢2 16 ¢3

SF 6@ Tmg (6.4.3)

QA2 n

_ r/L+1:—4iT7ILN+:q;TTIL/ (3q// 9 q2)T, <1q/// 9 ¢"q Eq:’)) )
q q

We emphasize that the derivatives in this section are with respect to the variable w. The Gelfand
Dikii recursion equation (6.4.3) of the T,, densities, for the WKB expansion, written in the Béicklund
variable w, is of the very same form of the Gelfand Dikii recursion equation of the R,, densities, for
the large energy expansion (4.3.23), written in the non-Bdicklund variable z. The only substantial
difference is that g is used in the place p and u is set to zero®S. In the next section we are going to

clarify the very simple reason behind this correspondence.

6.4.1 Conventions and test

We now make some simple tests of the recursion.

The initial condition T, for the recursion must be set as in Gelfand Dikii original work.!'"]

To = % (6.4.4)

With respect to the previously written large energy Gelfand Dikii polynomials R, in the other

convention, there are the following differences. First, because the zero term was not 1 but %, each

26The sign convention is another difference, because here it is opposite to that Lukyanov and Zamolodhikov,[ I but

in accord with the original Gelfand Dikiil'“! work.
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polynomial must be multiplied by this factor (the recursion equation is linear). Second, each odd n
Gelfand-Dikii polynomial Rs,, 1 must be taken with the opposite sign, because of the sign convention

in (6.4.3). Third, we recall now the prime indicates derivative with respect to w, not to z.

We can thus check directly with Gelfand Dikii original work,!'”! using as function U (remember
u=0)
1 q// 5 q’2
v _-% 2% 6.4.5

from (6.4.3) we obtain

1 " 9 J"q 15 '3
=1L 299 209 (6.4.6)
16 ¢2 32 ¢3 64 ¢*
which can be obtained also from differentiating 21 of (6.2.13) and dividing by 2,/g. This can be

integrated to give

T, = —iv (6.4.7)
Continuing
Ty = Syr_ id—QV (6.4.8)
16 16 dw?
_ 3y lad L& 1% (6.4.9)

16 32¢%dz C 16d22
1 [7} @ T¢"¢ 214 231¢"¢* 1155 q/4}
32 o

2¢ 2 ¢ 8 ¢* 16 ¢° 128 ¢5

which perfectly matches with (6.2.15)
So, without calculating S5 from the WKB non-markovian recursion relation, which involves all the
previous S; and also without inverting the analytic series in A, we can say that the next Gelfand-Dikii

polynomial is

_EW+éclf 54V, 1dWV
32 64 \ dw 32 dw? 64 dw*

We thus see that using the Gelfand Dikii polynomials of the WKB expansion makes the calculations

Ty = (6.4.10)

far easier.

6.5 Simple justification for the possibility of a Gelfand-Dikii analysis

There is a simple reason which explains why the recursion of the WKB densities T}, has the very
same form of the recursion of the large energy densities R, at v = 0. In fact consider the generic

modified Schrédinger equations

—% () + Ap(z)(x) = 0 (6.5.1)
L 0() + gp()(r) = 0 (652)

it appears evident that if we treat A and % as dumb parameters, if they were asymptotically related

as

1
e —— A—oo (6.5.3)

VA

(as they indeed can) the WKB asymptotic expansion of ¢(x), at positive powers of i must necessarily

be the same as the large energy asymptotic expansion, at negative powers of v/A. as the asymptotic

expansion at small reduced Planck constant (positive powers of h).
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Considering our particular equations,

2
%w(z) —Ap(z)¥(2) =0 A — with u(z) =0 (6.5.4)
2
LX)~ maw)xw) =0 B0 (6.5.5)

we can also say that the link between the two situations that the WKB expansion of any Schridinger
equation corresponds to the large energy expansion of some modified Schrédinger equation with zero
potential u(z) (cf.(4.1.1)). Substituting p(z) by ¢(z) in (4.2.1) it is clear that we must expect the
function /g in the measure of the eikonal integrals. Moreover, we expect a Bécklund potential
without the u term as in (6.4.5). The "simple justification" might end here, however, for the sake of
clarity, we carry out in detail the Backlund change of variable we are referring to.

So, we introduce a new (second) Biicklund variable v and eigenfunction n?”

ow(e) = [ dwvatw) = [ aEEVIE T A (6.5.6)
nx[¥]] = Vax = VU + Aypy (6.5.7)

where we specified a double equality to clarify the link with the large energy situation, with old
Bécklund potential U(z) (4.1.8), eigenvalue A and the use of p(z) in the basis for the polynomials.
Note that the Bicklund change of variable introduces the square root \/q in the measure of the integral.

Consequently, the new Schrédinger equation in the variable v has the Backlund potential

V= 12 164 (6.5.8)
and as "energy" eigenvalue % Explicitly,
d? 1
7,271) = V(Wn(v) = +5n(v) (6.5.9)

Let’s now introduce, as usual, the eikonal density o for the eigenfunction
n(v) = exp{/ dv’a(v’)} (6.5.10)
- exp{/ dwu/q(wf)a(w’)} (6.5.11)

which satisfies the Riccati equation

1
o +ot=V+ = (6.5.12)

If we decompose in odd and even part the asymptotic expansion at small A,
0 =0+ 0, (6.5.13)

we will again find that the even part is a total derivative, therefore negligible under integration over

a period or the entire space. Further, taking the inverse for the odd part

1
T= (6.5.14)
o
= Z T, "+t (6.5.15)
n=0

2"Note that we are legitimated to say that the Bicklund transformation (6.5.6), (6.5.7) was actually a second
Bécklund transformation, only if our ODE-IM equations (4.1.13) and (4.1.18), were already Béacklund transformed in
the form (6.1.1).
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Since, from the Riccati equation, the first Z-mode of o is 0_; = 1, we understand the reason for the
initial condition

o= (6.5.16)

Note that, however, we have yet to prove that all the T}, are indeed the Gelfand Dikii polynomials
with V' as "fake KdV" potential. Following the same procedure as in section 4, from the Riccati
equation for o,, we find the equation for T’
1
21T — (T')? — 4(V + E)TZ +1=0 (6.5.17)
to which we can apply the v derivative, finding
1
T" — 4V + ﬁ)T, —-2V'T =0 (6.5.18)
In terms of the modes T}, of the WKB /i — 0 asymptotic expansion, the equivalent recursion is finally
found to be the Gelfand Dikii recursion!'’!

dTher 1 & d 1dv
- S A VL A
dv 4 dv3 + dv + 2 dv

T, (6.5.19)

This is already in the form of Gelfand Dikii recursion equation (4.3.12) if we use the second transformed
Bécklund variable v instead of the first transformed Bécklund variable w as variable and further use
the potential V of (6.4.5) instead of U of (4.1.8).

To make comparison clearer, we write also this recursion in the first transformed Bécklund variable

w. The Bécklund change of variable implies

d 1 d
@~ Jadw

2 1 14 d
d? qdw? 2¢dw

d3 1 d® 3¢ & (1q" q’2)d
dw

Q@ prar aplar \Taprt g

so that equation (6.5.19) becomes

4 1 d3 3¢ d? T (3q” 9 q/2> d 3 (

T+ -1
+8qdw2

"o 15 '3
7Tn+1 = — 77 aidn 49 7(1 ) n
dw 4 dw3

17 9 a”
8 ¢ 16 ¢2 16 ¢3
(6.5.20)

exactly as expected.

6.6 Conclusive remarks

In conclusion, thanks to a strict analogy with Davide Fioravanti’s rigorous proof,l’* we have proven
also that the WKB eikonal densities Sa,_1 are equivalent, modulo total derivatives, to the densities
W, defined by

Wi (w) = q(w) R (w) (6.6.1)

which satisfies the markovian recursion relation (6.4.1). Further, we have shown that the strictly

related densities T,

(6.6.2)

are nothing but the standard Gelfand-Dikii polynomials,!"") with a "fake KdV" potential given by the
Bdcklund potential related to the Bécklund transformation (6.5.6), (6.5.7).
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In other words, thanks to,l’*! we have drastically simplified the standard WKB approzimation recursion

relation, because

1. The recursion is markovian, i.e. ,in order to obtain a certain mode, it is sufficient to operate

only on the preceding one, disregarding all the preceding modes.

2. The Gelfand Dikii polynomials are equivalent, via Béacklund transformation, to the eikonal

densities for the WKB expansion.

We note that the first property also opens to the possibility of an exact solution, at all orders, for
the Gelfand Dikii recursion, as we did in section 11.2.

The application of Gelfand-Dikii polynomials to the WKB approximation seems an important result,
but it was deduced rather simply from: (i) the knowledge of Gelfand-Dikii polynomials from;!"’!" (i)
the rigorous proof of Fioravanti inl’°!. We thus wonder whether someone else in post!'”! history has
already deduced our result. In any case, in the literature we examined until now, this both powerful

and simple result seems to be unknown.
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7 Proof of He-Miao conjecture for ' = 2 gauge theory

7.1 Introduction

For the self dual case b> = —% = 1, that is M = —2 the generalized Mathieu equation reduces to

the Mathieu equation.
d2
da?

Actually, the standard form for the Mathieu equation needs the rescaling = = 2z

Y(x) 4+ (P? +2¢*% cos 2)y(z) = 0 (7.1.1)

D)+ (PP 4 86 cos20(2) = 0 12)

Therefore we must also rescale by % the Floquet exponent of the sections where we used the other
convention for the Mathieu equation.

We relate our parameters to those of He and Miaol*l Agas and qpas

Ay = 4P? (7.1.3)
quy = —4e? = —(2K)? (7.1.4)
The following parameters instead are standard: e stands for A, while u stands for the so-called

Coulomb branch moduli.

9 1 1 1 9

— - —_Z 1.
€ o m 1€ (7.1.5)
AHM p? p?
— - - _ 7.1.6
v 2quMm 2A 220 ( )
Dividing by 2¢, the Mathieu equation can be expressed in Schrédinger form as
€2 d?
- — 2 = 1.
5 dz2¢(z) + [u — cos2z](z) =0 (7.1.7)
The solution v can be expanded in a WKB series with
e~h—20 (7.1.8)
However note that in this WKB case € as defined (11.3.1)
il g (7.1.9)
€=+ 1.

is a bit different with respect to the large energy expansion parameter (4.2.4) which we denote with
the same symbol.
Therefore, it is essential to observe that also the P? parameter must diverge in order for u to be finite

as g ~ € 2 — 0o. More precisely, the WKB approximation is valid only if

P = +v—2ué’ (7.1.10)
P2=0(?") = +00 as 60— +oo (7.1.11)

Hence the wave function is asymptotically expanded for € — 0 as

P(z) = exp {2 /Z dz’p(z')} (7.1.12)

20

= exp {z/z: dz [@ +p1(2") + ep2(2') + } } (7.1.13)
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For example,

po =/ 2(u — cos 22) (7.1.14)
1
p1 = i(hqpo)/ (7.1.15)
1 /
p2 = =g~ [2(Inpo)” — (Inpo) ?] (7.1.16)
Po

He and Miaol"] conjectured the existence of differential operators in u, with polynomial coefficients

in u of the form

f ﬂ/; pont1(z')dz =0 (7.1.17)
%ﬂ/Q pon(2)dz = ; C, kukﬁ fﬂ/z po(2')dz (7.1.18)

/2 A T
(7.1.19)

where n = 0,1, 2... and the C‘nk (k=0,1,...,n) are numerical coefficients which they left unspecified
(apart for n = 1,2,3,4).
On,k = én,kuk

k=0,1,2,...n (7.1.20)

In this section, we give a rigorous proof of the existence and uniqueness of the He-Miao differential
operators and give a general algorithm for calculating them.

In our usual conventions the eikonal density S, is related to that of He and Miaol*'l as

ipn(z) = Sp—1(2) (7.1.21)

7.2 Gelfand-Dikii WKB markovian recursion for b = 1

The simplicity of the Gelfand Dikii recursion will be our first step for the construction of the C,, j
He-Miao operator coefficients, so we now turn our attention to it.

First, we have to apply our previously discussed Gelfand Dikii Markovian WKB analysis with

q(z;u) = 2cos2z — 2u (7.2.1)
cos 2z = @ tu (7.2.2)
From the first integrands we conjecture the general form of the integrands

3n b (U)
To(z;u) = L 7.2.3
(z;u) mZ::n o 02) (7.2.3)

For this first step, the following simple observation is crucial

1 1 am
= — 7.2.4
qm—1/2 (2m — 3! Ju™ va ( )
/2 3n b (u) /2 om

dz \/qT,, = e LA d 7.2.5

The integrals for z from —m/2 to 7/2 are integrals with compact support. Hence, the exchange of

. . . . . ?
order of u-derivative and z integral, surely satisfies the necessary assumptions of convergence.’
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/2 3n " m w/2
/ dzSon_1(z;u) = 2 Z (bn’m( ) 9 / dzS_1(z;u) (7.2.6)

/2 2n—1 2= (2m = 3)!1 Ou™ J /5

As simple as it is, this is only a partial proof of He-Miao conjecture, because the number of terms in
our operator is 2n + 1 rather than n+ 1 and the b, ,, are not at all homogeneous in u as those of He
and Miao (see the next subsection for clarifications).

However, this "redundant operators” anyway give the correct integrals and we can immediately write
a recursion (7.2.26) for the coefficients of the derivatives.

The integral of S_; = ,/q is reduced to the Gauss hypergeometric function!’"!

/2 21 N by (u 2
/ dzSon_1(z;u) = 51 Z ( 3 e m{\/ (u+1)2F1( )} (7.2.7)

_71./2 2m u + 1

by means of the well-known Euler formulal’l
F(C) 1 tb71(1 _ t)cfbfl
Fi(a,b;¢;,2) = =~ dt —————— 7.2.8
2Fi(a.bi¢:2) = Fr e =) /0 1 2t)e (72.8)
We can now pass to the main objective of this section: the markovian recursion relation for the
coefficients by, ,,. We consider?® the usual Gelfand Dikii recursion equation (6.4.3) for the integrated
densities.

1 3 q// 9 q’2 1 q/// 9 q//q/ 15 q
I L (77 - ——)T’ (7— - )T 7.2.9
n+l 4" +8q2 m\8¢2 16 ¢3 nt 8¢2 16 ¢3 +32q (7.2.9)

Hence, on the n 4 1 side

%dzs?nﬂ(z)_ 2n+17{dZ\ﬁT"+1 ~ o +17{dZF/ dz (- aT”“
%dz\/i/ dz 3nz+:3 b [ q;ll;(lz()z)} (7.2.10)

m=n+1

2n+1

While, on the n side

/g | dzbn [1 +1}£
zZ\/q(z Z"»mqm-i-l 4m 8l g

3 3 3 91¢q"
* [_Zm(mﬂ) g TR 16} 2

1 3 9 15143
+ [Zm(m—k H(m+2)+ gm(m+ 1) + 1—6m—|— 3—2} q?’}

Until now the calculation respected the generality of the Gelfand Dikii recursion (apart the ansatz
form (7.2.3)). To proceed we must simplify the derivatives of ¢(z) and their product for the particular

case of the Mathieu equation. We start collecting the derivatives of ¢ with respect to z

% = —4sin2z

% = —8cos2z = —4q — 8u = —8(u + g)
% = 16sin2z = —4¢’

% = 16q

28For further considerations (in particular, the discarding of a total derivative from recursion relation), it is important

to keep in mind the double integration in which the Gelfand Dikii recursion for the density is embedded
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The expression for q/2 will also be essential below

2

¢? =16 —16cos2 2z — 16(1 _ qz —qu—u2>

2

q%=—16[(u® — 1) + qu + qz} (7.2.11)

The Gelfand Dikii recursion becomes

%dz\/@/z dZmbn+17mq771% - ]{dz\/@/z dzbn,mmil{ E"” %](,4)}

q q
3 5 3 9 1 (4q + 8u) [1 3 9 o, 23 15](—16)[112—1+qu]—4q2
+[47” +2m+16} 2 ™ e e

- fdz\/@/z dz b,m{ [—%(1 + Qm)ﬂ q7nl+2 + [—4U(m + %)("H’ 1(m + g)} qml+3
—4(u® — 1) [(m + %)(m + g)(m + §>] 1

qm+4

We therefore find the Gelfand Dikii recursion for the Gelfand Dikii coefficients by, »,

m— 1) m—3)(m—1)(m— %
bn+1,7rz = _an,m—l - 4u( 2)( )( 2>bn,m—2
m m
_ 5 _3 _ 1
gz —pmzm—)m=g), (7.2.12)
m
or also
(m+3)° (m — 3)m(m + 3)
thmetl m+1 ’ b m—+1 m—1
(m = $)om = 3)(m + )

—4(u® -1 2 2 2 by 2.1

(- 1) o et (7.213)

7.2.1 Test of the recursion relation

We tested the coefficient recursion (7.2.13) directly Ty — T and 77 — T, using the WKB formulas

for general ¢ .In fact, we know from the previous section on the Markovian WKB that

1
Ty = 3 (7.2.14)
1 1 q// 5 q/2
Tty 4 04 2.1
1 4U 16q2+64q3 (7.2.15)
1] 1¢™ 74¢"¢ 21¢2 231¢"¢2 1155¢4
7 - LA oW el BT U (72,10
32| 2¢ 2 q 8 ¢q 16 ¢ 128 ¢q
which simplified corresponds to
1
boo = 5 (7.2.17)
1 3 5
by =—— byo=—= bis=—-(u?—-1 2.1
1,1 16 1,2 4U 1,3 4(U ) (7 8)
by 2L B 1085, 455
227 956 %37 39 S D) 32
693 693 1155 1155 1155
bys = —u® — — = 4_ 2 7.2.19
207 g T g e E e s T 6 ( )
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7.2.2 Further examples of Gelfand-Dikii coefficients

From Wolfram Mathematica we get also the coeflicients of T3

1125 26285 63 9
W= oo T g v e = g (090507 - 2133) (7.2.20)
231 429
bsg = i (1513u® — 1063) by = —@(UQ — 1) (4943u® — 1235) (7.2.21)
765765 9 2 425425 , 3
bgg = — 39 (7 (u - 1) b39 = — 39 (U - 1) (7222)
We get also the coefficients of Ty
385875 ~3945753u
65536 4096
231 (493415u — 129609) . _ 420u (771239u? — 447347)
0 4096 e 1024
6435 (610843u4 — 603310u? + 80667) 36465 , 4
_ =2 —1) (44887u? — 23011
46189 780825045
bato = (> — 1) (67117u® — 11875)  byyy = ————u (u? = 1)°
’ 256 ’ 64
1301375075 , , 4
biiz = ——e— (u®—1) (7.2.23)
We calculated also the coefficients of T5 but we don’t report them.
7.2.3 "Redundant He-Miao coefficients" recursion relation
The "partially correct" coeflicient operators would be
2
B = b 7.2.24
nn () = G Ty Em =gy (W) (7.2.24)
71'/2 3n 87}1 71'/2
dzSon_1(z;u) = B, dzS_1(z; 7.2.25
/_ﬂ/z #Son-1(20) mz::n m(u) du™ /_Tr/2 25-1(z5) ( )
but, with respect to those of He and Miao,[”" they are not neither in the correct number, nor of the

homogeneous form.
However, as we anticipated, for this "Redundant He-Miao coefficients" we can write a recursion

relation. It just suffices to slightly correct the recursion for the Gelfand Dikii coefficients by, ,,, (7.2.12).

n—i[ 1 (m+3)3 m(m+ 3)
Bn m = 2 Y 2 Bnm_u—2 n,m—
i n+;{ 2(m+1)(m—1) ™ (m+1)(m—3) ™"t
1
2 m+3
_ L o 7.2.26

7.3 General algorithmic proof of He Miao conjecture

We now prove He-Miao conjecture in all generalities. A first step for the proof was already made in
the previous section, however the "redundant He-Miao operator" (7.2.25) was not exactly that of
He-Miaol”!l and quite more complex. In fact, the number of derivative involved was double and they
multiplied polynomial, rather than monomial coefficients in w.

We can write the general structure of the b, ,,, coefficient as
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In particular, if m = 2n + [ with [ > 0 the Gelfand Dikii coefficients are divisible by (u? — 1)!

(U2 - 1)l ZZZO 5n,m,lu2k if n+11s even

2 | —(2n+1)/2 ok 1 ) . (7.3.2)
(u? = 1) Zk:l Br,m, it if n+1{is odd

bn,2n+l = (UQ - 1)ll;n,2n+l =

We can immediately check the form (7.3.2) for n = 1,2,3,4. In general we have proven true it
by induction, using formula (7.2.12). This fact is going to be shown to be the condition for the
elimination of the unwanted higher (m > 2n) derivatives.

To obtain the fundamental formula of our proof, consider the following second derivative

92 1 5 3 q2 3 q"
— | — | = - = — ) - — ) 7.3.3
022 (qm—5/2(z)> (m=3)m = 3) iy ~ M = ) ey (7.3.3)
We simplify this expression using the usual formulas for the particular case of Mathieu equation
’ q2
q2:—mkﬁ—1ﬂwu+11 (7.3.4)
q" = —4q—8u (7.3.5)

So we get the fundamental formula of our proof

u? -1 10? 1 m—2 1 m— 3 1
m— T 192\ sm-5/2 - 3 112, 3\ ym—2-1/2 (7.3.6)
qnt2(z) 4022\ qmP2(z)) m—3 q (2)  Alm—3)q (2)
which under the integration over a period corresponds to the equivalence
21 —2 1 m—3 1
“ =Ty - 2 (7.3.7)
g™ 1/2(2) m—3 ¢ 1-12(2)  A(m— 3) g 2172(2)

Let’s define for convenience the functions which perform the fundamental operation for each power

m—1and m—2

dy(m) = — 3 Di(m) = udy(m) (7.3.8)
m—3
m— B
dQ(m) = 23 DQ(m) = dg(m) (739)
4(m — 3)
so that the fundamental operations reads
-1 1 1

Now, consider the general (up to a trivial factor u) coefficient in (7.3.2) for 2n < m < 3n

b (u) = (u® = 1) 2h, 0 (u) (7.3.11)
by (1) 2 m—2n—1} u? —1
i = [0 =0 )] e
- m—2n—17 1
= |:(u2 _ 1) 2 1bn’m(u) udy (m)} W
m—2n—17 1
The result is a modification of the the two "lower" coefficients
b£L2,)2n+l71 = bsll,)znﬂq + (u® — 1)1—187(5)%“(”) udy(2n +1) (7.3.13)
bff,)zw_z = bpontio + (U — 1)l_1b(2)n,2n+l(u) da(2n +1) (7.3.14)
2 1 _97(2
bfm,)2n+l—2 = bT(’L,)QTL-i—l—Q + (u2 - 1)l 2[’;,)2”4_1_1(“) udi(2n+1—1) (7.3.15)
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where the superscript (1) or two (2) stands for the number of transformations which have affected the

coefficient, in the process starting from m = 3n. Of course, if we consider the process starting from
= 3n our coefficient b,, ,, is actually already twice transformed and should be denoted as bn 2ntm-

Note that the transformation (7.3.10) guarantees that the divisibility characteristics (7.3.2) are

unchanged.

It is clear that in this manner we can eliminate all coefficients for 2n +1 < m < 3n, the result being

a double transformation of the two lowest index coefficients, namely by, ,,—1 and b, ,,—o.

We begin to write some explicit formulas. In all our formulae, we shall always use certain coefficients

Bj . (u) calculated very simply with the following "Fibonacci-like" recursion

By, n = Di(m +5)Bj o + (u® = 1) Da(m + 5) By 2 (7.3.16)
= udy(m + j)B] .+ + (u* = L)da(m + j) B} 2 (7.3.17)
and initial conditions
B, =1 (7.3.18)
B}, =Di(m+1) =udi(m+1) (7.3.19)

To begin with, we need also the second transformed of the n 4 1-th Gelfand-Dikii coeflicient b, 25,41,

even if its third transformed is null.
n 2n+1+ 2 2
n 2n+1 Z Bn 2n 1] 1); bgl,)2n+1 = (u® — 1)} )2n+1 (7.3.20)

In fact it permits us to calculate the first transformed of the n — 1-th coefficient

(2)

b
0%, 1 =bn2n-1+ Da(2n + 1)% (7.3.21)
=bnon-1+ Y Da(2n+1)B5 (2%13] (7.3.22)
j=1

which of course is a partial result. We can directly write the second transformed of the n-th coefficient

in terms of the Gelfand Dikii coefficient of higher index 2n < m < 3n

by = Z B an] bn, 2"“)j (7.3.23)
(7.3.24)

We now expand all the remaining coefficients in the n dimensional basis
w? =1, (u? = 1)%,---, (W= 1", u" (7.3.25)
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up to the usual global factor u the expansion is (we assume n odd)

(n—1)/2
b = Bt +u > A2 (w1
=1

(n—1)/2
1 1 n— 1
S M D DIt MEF U
=1
(n—1)/2—1
buon—2 = Bron—2n-2u" > +u Y pon-2u(u’ = 1)
=1
(n—1)/2—1

-3 2 l
bn,2n73 = 5n72n73,n73un + E '771,27173,[(“ - 1)
=1

(7.3.26)
(n=1)/2=[(n—k)/2]

brmik = Brnskpu’ +u' > Yok (u? — 1) (7.3.27)
=1

2
bn,n+2 = /Bn,n+2,2u
bn,n-i—l = Bn,n-{-l,lu

bn,n = Bn,n,O

where §;, = 1 if k is odd, whether 65, = 0 if k is even. We introduced alternative 7, 4%, Gelfand-Dikii
subcoefficients (rather than 8, n+k1), because we changed the basis (7.3.25) for the polynomial in w.
It is clear now that the same fundamental transformation (7.3.10) can be applied to the part of the

coefficients by, 1 (0 < k < n) proportional to some power of u? — 1.

(n=1)/2=[(n—Fk)/2]

bn,n+k - 5n,n+k,kuk = (UQ - l)uék Z 7n,7l+k,l(u2 - 1)171 (7328)
=1
1 (n=1)/2—[(n—k)/2] 1
k - O+1 2 -1
[bmn-i—k — ,an_i_k,ku :| m =d (Tl + k)u k ; ”Yn,n-‘rk,l(u — 1) m
(n—1)/2—[(n—k)/2] 1
Ok 2 -1
+ da(n + k)u’* lz:; Ytk (U — 1) 7(1”‘”“_5/2(2)

(7.3.29)
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It is evident that final result is of the form

3 3

£L )2n 1= 167(7, %n 1,n— lu !

3 —
bsL )2n 2 IBn 2n—2,n— 2U 2

3 3) —
b£L)2n3_ﬂ1(12n 3,n—3” ’

(3) (3) uk

bn,n—&-k = 6»@ n+k, U (7330)

(3)
n,n+2 ﬁn n+2, U

2 2
bgl ZH-I = @(z nt1,1Y
p() — 5(1)

In practice, given a second transformed Gelfand-Dikii coefficient b

h2n—1° with [ =0,1,...,n, we can

obtain the final coefficient ¢, 2,,—; by calculating it in u? = 1 and then restoring the lost u dependence

by multiplication by u"~
Cnonai(u) =02 ()| . w"t 1=0,1,.n (7.3.31)
the difference A, 2,,—; is defined by
Ap2n—1 = bp2n—1 — Cn2n—1 (7.3.32)

The general formula for the modified is similar to the previous for 2n < m < 3n, but now is recursive

on the second index m because requires the nowledge of ¢, 1

n+l
2 An,2n—l+'
nt = bnan-t+ 3 Buan1i T 1= 23 n =1 (7.3.33)
j=1

The "extremal" indexes [ = 0,1, n are related to different equations. For [ = 0 we use the second

transformed coefficient

Cnan = Db, (w)|  u” (7.3.34)
u=1
ALY =02 —cnan (7.3.35)
For | =1 we use the first transformed coefficient
b1 = b\, +o 1 D120 A2 (7.3.36)
Cnzn—1 = bh 1 (u) uzlu”*1 (7.3.37)
A =0~ nana (7.3.38)

While for I = n there is no contribution from the next higher coefficient (corresponding to ! =n — 1)

(2)

b
1) = by + Da(n + 2)—2 "_*i (7.3.39)
n—2
= D bn.nt2 E Dao B M 4
=bpn+ Da(n+ 2) + 2(n+2)Bp nioyj (02 — 1)+ (7.3.40)
j=1
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Because of (7.2.4), the He-Miao operator coefficients are in general given by

2 3 mn
Cn,m - (2TL _ 1)(2m — 3)”67(172”7,”1_”11 n S m S 2n (7341)

as they are in the exact number and of the exact u-homogeneous form. This completes the proof of

He-Miao conjecture.

7.4 Examples

We report here only the first two examples of application of our procedure and proof. Further
examples can be found in appendix. In all cases we checked our results with those of He and Miaol”*'!
7.4.1 Trivial example: T}

The only transformation we need is that of the highest degree coefficient of Ry, that is b13

b13 (u®—1)

5
_ 5 ud1 (3) dg (3)
= —4[ 72 + e (7.4.2)
which implies that
by =0 (7.4.3)
5 U
bglz) = b1z — 1d1(3)u =12 (7.4.4)
5 1
by = bin — Zd2(3) =3 (7.4.5)
Formula (7.3.41) now gives the coefficients of the differential operator in u
1
Ci2 = ik (7.4.6)
1
= 4.
Cn B (7.4.7)
which are exactly those of He and Miao in their articlel’’]
We note that
1 bis
bly = cio = b + N 1Ud1 (3) (7.4.8)
= [5121 +ﬁ132d1(3)} u (7.4.9)
1 bis
bgl) =c11 =biio + mdz(:))) (7.4.10)
= P10 + Pra2da(3) (7.4.11)
7.4.2 Simple example: 15
Let’s begin with transformation of bog, that is, the highest degree coefficient of R,
b26 1155 2 (u2 — 1)
112 ~ 16 (u”—1) g2 (7.4.12)
_ 1155, udy(6)  da(6)
=g (-1 { o T (7.4.13)
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which implies that

o
1 1155 539

by = bys + 16 d1(6)(u® — )u = 57 Y (u®—1)
1 1155 35

B = o+ o da(6)(u? — 1) = < (1096 — 1)

We operate now on (the transformed of) bos

by 539 (@~ 1)

@2 24 q°/?
_ 539 fudi(5)  da(5)
=T pe

which implies that

2 =0
@ 1 539 _ 7 9

b24 = b24 + ﬂu d]_(5) = @ (17U — 5)
(W) _ 4 039 _ Bu

bys = bag + o1 ud2(5) T

(7.4.14)

(7.4.15)

(7.4.16)

(7.4.17)

(7.4.18)

(7.4.19)

(7.4.20)

(7.4.21)

We end thus the elimination of the "extra coefficients" (with m > 2n = 4). To proceed further we

operate with the fundamental operation on (the second transformed of) bog, but before it is necessary

to expand it in the (7.3.25)

b2 T 35 (u? 1)

q7? _q7/2 192 q7?

Tu®
=15+ %udl(zx)qs% 4 % 2(4)(13%

so that

=2

BE) = 1) + o udy (4) =

b = boy + +%d2(4) = 634
Formula (7.3.41) now gives the coefficients of the differential operator in u

Caz = %gu

which are exactly those of He and Miao in their articlel*']
We now write explicit formulas.

1
(u* 1)

! 1 {Ud1(5)b25 + d2(6)b26} +

2
bg4) = bay + 2

1
1 ud1(5)b25 -+

:b24+u2_

(u?

= [5240 - 5264d2(6)} + {5242 + Ba53d1(5) + P26ad1(6)d1(5) + 6264d2(6)} u?
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2 u2d1 (6)d1 (5)b26

%1)2 [(u2 —1)d2(6) + u2d1(6)d1(5)} bas

(7.4.22)

(7.4.23)

(7.4.24)
(7.4.25)

(7.4.26)

(7.4.27)
(7.4.28)

(7.4.29)

(7.4.30)

(7.4.31)

(7.4.32)

(7.4.33)



So the highest corrected coefficient co4 is

Coq = {5240 + B2 + PBas3di(5) + B26‘4d1(6)d1(5)} u?

AR = - {ﬁ%o - /8264d2(6)} (u? — 1)

(7.4.34)

(7.4.35)

Passing to the next Gelfand-Dikii coeflicient bog, for its first transformation we need the transformed

of b25

Y = bos + udy (6)bag

u? —1

SO

1
bg? = b23 + d2 (5)[)515) = b23 + dg (5) |:b25 + u2 — 1ud1 (6)b26
bag

= bog + da(5)bes + dy (6)d2(5)uu2 1

A(Q)
b5y = cas = by + o udi(4)

2

= {5231 + d2(5)B253 + d1(6)d2(5) P26 — d1(4)B240 — d2(6)dy (4)5264:| u

= {5231 — dy1(4)B240 + d2(5)B253 + d1(6)d2(5)B264 — d2(6)d1(4)5264:|u

We arrive now to the lowest coefficient bos, which is transformed only once

A®
by = cap = bas + 3 4 1d2(4)

= [a2 — da(4)Baao — d2(6)d2(4)Baea
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(7.4.36)
(7.4.37)

(7.4.38)

(7.4.39)

(7.4.40)

(7.4.41)

(7.4.42)



Part I11
Liouville ODE/IM
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8 Zamolodchikov’s Generalized Mathieu equation

8.1 Derivation of generalized Mathieu equation

In the draft of his unfinished work,!”! Al. Zamolodchikov considered the equation (2.1.1)

{ d? +l(l+1)

dx? 2

+ 22M — E}¢(m) =0 (8.1.1)

which was considered by Dorey, Tateol'”l and Bazhanov, Lukyanov, A. Zamolodchikov, to establish
the ODE-IM correspondence for the minimal models. In particular, they considered the range

M > 0%°. Instead, the Liouville model corresponds to the range

o< <0 < —co<M<-1 (LIOUVILLE) (8.1.2)

Then in his draft, he conjectured that to establish the ODE-IM correspondence in the Liouville

model, the following differential equation must be considered

dy?

2
{ it e e ) =0 (5.1.3)

where y € C; b is the dimensionless parameter for the Liouville model (which is the same as that of
the massive Sinh-Gordon model); while P parametrized the highest weight vector of the Liouville

Virasoro-Heisenberg module

2

A=—-P?+ T (8.1.4)

Zamolodchikov!”! propose to call p4 and pu_ coupling constants to be determined.

Al. Zamolodchikov propose to call this (conjecturely) ODE-IM equation (8.1.3) Generalized Mathieu
equation. Actually, a better name would be "Generalized modified-Mathieu equation", because for
b =1, for certain choices of p4 and u_, the equation reduces to the well-known modified-Mathieu
equation.l”’l We now reconstruct the passages which permit to obtain this equation (8.1.3) from the
corresponding ODE-IM standard (8.1.1)3°

The central charge for the Liouville model is

1
_ 2 _ 2, L
c=14+6Q f13+6(b +b2) (8.1.5)

It is evident that it is obtained by (1.3.3) by the analytic continuation on the parameter 5 of the

Sine-Gordon modell®l

5—ib beR*  (LIOUVILLE)]| (8.1.6)

so as to effectively transform it in the Sinh-Gordon model.[*"]

Namely, we apply a succession of transformations, the first of which is the Langer transform

z=el ¢(x)=e"?P(9) (8.1.7)

29 Actually, in detail in the case M > 1, and studied very briefly in the "dual" case —1 < M < 0.
30Al. Zamolodchikov did not report this calculations in his draft,[ | we aid ourselves with Bazhanov’s seminar at

Bologna INFN in september 2011,["] which also informed us of the existence of this unplished and unfinished work of

Zamolodchikov.
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so that the equation becomes

d? <132 - 1

Now, we continue to transform, passing to the variables

yzgy (8.1.9)
{—C;;+i2ey/5—i2Ee5y+:(l+;)2}¢(y) =0 (8.1.10)

and also
7= ij (8.1.11)
{+dd;2 + %zeiW - %zEeW + ;(l + ;)Q}zp(g) -0 (8.1.12)

Now we send 8 = ib, that is, rather than of giving real values to 3, we imagine it to have imaginary
values. The equation for the minimal models is thus transformed in the equation for the Liouville

model. We also define a new parameter>!

2 2
2_ P _ P
P = “E (8.1.13)
or also
(3% 1+ 3%
p?— 2 - _ 2 1.14
2 v b? -
- —e¥/b — ZFem 4 P2 Ley(5) =0 8.1.15
{~a+ o - B P o) (81.15)
A final change of variable and parametrization
b2
yzgj—a—&-blnz (8.1.16)
In(—E) b +1, b
= In — 8.1.17
=Ty T M (8.1.17)
according to which the energy of (8.1.1) can be expressed as
A b>+1
E = —¢2b (b?> (8.1.18)
delivers now the generalized Mathieu equation
d2
{—dy2 +eloFn/b 4 ela=y)b 4 P2}¢(y) =0 (8.1.19)
with the coupling constants of Bazhanov seminarl'!
pf = e/t pf = eo? (N = 2 conventions) (8.1.20)

31Note that the limit P2 — oo can be interpreted as the limit [ + % — oo and [ constant, which means also p — co.

This consideration can be useful for the WKB analysis.
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Somewhat contradictorily, Bazhanov’s choice of parameters make impossible the matching with the
Sinh-Gordon®? TBA conventions, even if they are correct for the conventions of N = 2 gauge
theory. Anyway, we show below that a simple shift in o and y is sufficient to get the correct TBA
normalization. For now, we use uf and pZ, as Bazhanov!'! invited us to do.

For later considerations, we observe also that the initial variable z and the Langer’s variable ¢, can

be conveniently expressed in terms of the final variable y as

boab B b
= exp [—% - % +5 ﬂ (8.1.21)
boab BB
QZ—%—%-FEIHZ (8.1.22)

This shows that  — 0 corresponds to Ry — 400, while £ — +00 corresponds to Ry — —o0.

8.2 ODE-IM for the Generalized Mathieu equation
8.2.1 Study of asymptotic solutions

Still following Bazhanov,!'l we specify the two uniquely defined WKB decaying solutions of Al

Zamolodchikov’s generalizes Mathieu equation (8.1.19)

1 aty aty

Uo(y) =~ ﬁe_ a0 g~ 2be 7 Ry — +oo (8.2.1)
b a—y (a—y)b

Voly) ~ ﬁe_( e e—fe 2 Ry — —o0 (8.2.2)

The Stokes sectors of CI*°l characterizing the generalized Mathieu equation are are only defined

asymptotically, for oy — +o0, or Ry — —oo, respectively:

Df ={yeC|2k—1)mb< Sy < (2k+ 1)7b} k€EZ (8.2.3)
Dy ={yeC|2k-1)n/b<Sy< (2k+1)7/b} keZ (8.2.4)

Equation (8.1.19) has two important symmetries:

Q: Df—Df,, D — Dy 8.2.5
8.2.6

8.2.7

y—=y—+mb, a— a+ind,

Qi: Dy — D, Df—Df

~—~ o~ —~~
o — — T

y—y—mi/b, a— a+in/b 8.2.8

which in the original coordinates of (8.1.1) are respectively

Qs: v—qr, E—q?°E, (8.2.9)
Myp: o=z, E—E (8.2.10)
where, as standard, ¢ = ™8 Note that these symmetries are exact, that is, they hold in the whole
plane, not only in a neighborhood of infinity.
By using these symmetries one can automatically generate new solutions of (8.1.19)
Ur(y) = 2 Uo(y), Vo(y) = 2 Vo(y), (8.2.11)
Uo(y) = 21, Uo(v), Vi(y) = Q1 ,Vo(v), (8.2.12)

32Therefore, Liouville TBA conventions, since the leading order for large rapidity is the same.
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whose explicit asymptotic expression is

—ikm/2
e k+1 (a+y)/2b
Uk (y) ~ e~ (aFy)/4bg(—1)7 2be (8.2.13)
V20
—ikm/2
Vi(y) ~ be 777 / e (amw)b/ag(= ) felamwtr2 (8.2.14)

V2
Note, however, that the application of the symmetries to the original asymptotic expression does
not give us information about the subdominant terms of the dominant solutions. The subdominant

dominant or dominant behaviour of the solutions can be expressed by the limits:

mylgr}roo Uan(y) =0 (8.2.15)
lim  Va,(y) =0 (8.2.16)
Ry——o0
lim  Ugny1(y) =i(—1)" oo (8.2.17)
Ry—+o0
lim Vo1 (y) = i(—=1)""oo (8.2.18)
Ry——o0

The wronskians of "nearby solutions" is readily calculated
i

W(Ug+1,Ux] = 5 (8.2.19)
W ([Viir, Vi] = +ib? (8.2.20)
(8.2.21)

However, we are not allowed to calculate in this way wronskians of the type W[Uy, U_g]. Analytic

continuation of the asymptotic expression would be needed!" !

8.2.2 QQ system

Define the entire function of «

| X(a) = W[Vo, Up] | (8.2.22)

i.e. the wronskian of the WKB solution around y — +oo and that around y — —oo (Sy = 0). That
it is non-null will be shown below (8.2.33). Note that it is independent from y.

As a consequence, applying the Q2 and 2, /, symmetries we can obtain also
X(a +inb) = W[Vy, Ui] (8.2.23)
X(a+in/b) = W[Vy, U] (8.2.24)
and so on.

Let us expand linearly, but asymptotically, the fundamental pair of solutions at +oco in terms of the

fundamental pair at —oo.

Vo(y) = AUo(y) + BU1(y) (8.2.25)
Vi(y) = CUo(y) + DU (y) (8.2.26)

the Stokes coefficients are readily calculated taking some wronskians

W{Vo,Uy] = AW [Up, U] = X (a + inb) = < A

b2
A= X(atint) (3.2.27)
. i
W{Vo,Uo] = BW[Uy,Up] = X (o) = 2B
B = +it"X(a) (8.2.28)
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W{Vi,U1] = CW([Up, U] = X (a + inth + int/b) = —C

b2
C = —ib*X(a + inb + in/b) (8.2.29)
_ . i
WV1, U] = DWI[U, Up] = X (o + im/b) = =35 D
D =it X (o +im/b) (8.2.30)

Rewriting the relations (8.2.25),(8.2.26) we find the linear relations

7

72 Vo(y) = X(a+imb)Us(y) — X (a)U1(y) (8.2.31)
SVily) = X (o +imQ)Un(y) — X (a -+ im/b)U1(5) (8.2.32)

From the definitions

lim Uy(y) =0 lim Uj(y) =ioco

Ry— o0 Ry— o0
and the relation (8.2.31)
. VR .
§Ryhﬁrr}roo Vo(y) = ib° X () %ylinim Ui (y) (8.2.33)

so that, in modulus, |Vo| — oo as y — +o00. In other words Vy, defined as subdominant for y — —oo
is dominant at for y — 4o00. This proves the linear independence of V;; and Uy and therefore that
X () is non null (this is not an assumption of the foregoing operations).

We can also obtain the QQ system

| X(0)X(a+inQ) — X(a+imh) X (a+in/b) =1| (8.2.34)

In fact,

<l> W Vo, Vi] = ;—2 = W{Us, Uy {— X(a +imh) X (a + in/b) + X () X (o + m@)]
= iz [ — X(a+imb) X (a +im/b) + X (a) X (a + iﬂQ)]

S

8.2.3 TQ systems

Taking inspiration from Dorey and Tateol'*! (summarized in 2), but modifying slightly their calcula-
tions, we can construct the first TQ system with the €2, , symmetry, which operates on the solutions

around y — —o0 or & — +00.

V="V
Vi =MV =V (y — kmi/b;a + kmi/b)

Formula (8.2.35) is the source of difference between Dorey and Tateo construction and ours, i.e. we

have no prefactor as in (2.1.10). The general Stokes relation reads

Vie1(y; @) = Cr(@)Vi(y; @) + Crl(@) Vi (y; @) (8.2.35)
Cr(a) = Cr_1(a+mi/b)  Cr(a) = Cr_1(a + mi/b) (8.2.36)
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Define the general wronskian

Wiy ks = WV, Vi (8.2.37)
Wiy 41, k+1(0) = Wiy i, (a + i /D) (8.2.38)
Wiy e (@ 4 i7b) = Wiy i, (8.2.39)
Wor = W[Vo, Vi] = —ib? (8.2.40)

In particular,

P S
€= Oy =t = WV, Vi
~ Wi—1k
C. = — = =—1 Vk
¥ Wi k+1

remember that C corresponds to the Baxter T function (2.4.6). The Stokes relation for kK = 0

corresponds to the TQ relation

Vi=CV—V
CVo=Vi+V_, (8.2.41)
The solutions around y — 400, i.e x =0
Ut =10, U =0 (8.2.42)
Uf =Q,,U* =U* (8.2.43)
W Vi, U¥](a) = W[V, UF|(a + kxi/b) (8.2.44)

permit us to define also the D function, which corresponds (2.4.4) to the A or @ function
D¥(a) = W[V,U%](«) (8.2.45)
But, recalling the previous definition (8.2.22), we note that D~ (a) coincides with X ()
X(a) =—-D" () (8.2.46)

Similarly
X(a+inb) = —D" () (8.2.47)

We can therefore write in different notations the TQ relation

C(a)D™ (o) = D™ (o + mi/b) + D™ (a0 — i /b) (8.2.48)
T(2)X (o) = X (o + 7i/b) + X (o — mi/b) (8.2.49)

and also
C(a)D*(a) = DY (a+ mi/b) + DT (o — 7i/b) (8.2.50)

T()X (o + mib) = X (o + i /b + mib) + X (o — wi /b + wib) = T(a + iwh) X (e + iwb)  (8.2.51)
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the last equality being due to the iwb periodicity (8.2.39)in « of the wronskians constructed with the
V), functions.
T(a +imb) = T(«) (8.2.52)

It is important to note that, thanks to the similarity of structure®® of the generalized Mathieu
equation (8.1.19) at y — 400 and y — —oo, we can construct the first TQ system with the €
symmetry, which acts on the solutions around y — 400, i. e. x = 0. We merely repeat the just done

passages.

Uy, == QfU = Uy + kmib; a + kmib) (8.2.54)

the Stokes relation between the solutions around x = 0 is
Uk-1(y; @) = Br(a)Ux(y; @) + Br(a)Us1(y; ) (8.2.55)
with new Stokes coefficients By, and By, which enjoy the properties
Bi(a) = Br_1(a+7ib)  Bp(a) = By_1(a + mib) (8.2.56)

Define the general wronskian as

Wi ky = WUk, Uk, (8.2.57)
which has the property
Wk1+1,k2+1(a) = Wk17k2 (Oz + Zﬂ'b) (8258)
and the periodicity
Wiy ko (0 +i7/b) = Wi g, (@) (8.2.59)
In particular,
W_ia
B:=By=—- 8.2.60
0= T, ( )
5 Wi_1x
=———2>=-1 Vk 8.2.61
g Wi k41 ( )
i
Wor = WUy, Uy = 0 (8.2.62)
The Stokes relation for k£ = 0 is
Uy =BUy—-U_;
BUy=U,+U_; (8263)

and corresponds to the TQ relation, with B playing the role of T'. Because of the periodicity (8.2.59)

of the wronskians constructed with the U functions, the 1" function is periodic

T(a) = B(a) = Bla+in/b) = T(a +imw/b) (8.2.64)
The solution around y — —o0, i.e. x — +00 are

VvJr = VO VT = V1 (8265)
VE=QvE=v* (8.2.66)

33 At both edges of the dominion there are essential singularities.
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A useful wronskian is
WV, V] =ib? (8.2.67)

We define the analogues of the DT functions, which have the role of A4 function
ET(a) = -W[U,VE(a) (8.2.68)

we observe that
WUk, VE](a) = W[U, VE](a + kmib) (8.2.69)

Recalling the definition (8.2.22) we can write the correspondence

E~ (a) = X(a) (8.2.70)
Et(a) = X(a+ir/b) (8.2.71)
We can write another TQ system3*
B(a)ET (o) = ET (a + mib) + ET (a — mib) (8.2.72)
| T(0)X () = X(a +mib) + X (o — ib) | (8.2.73)
and also
T(a+im/b)X (a + wi/b) = X (a + mi/b+ mib) + X (o — mi /b + wib) (8.2.74)

8.2.4 Observations

In the ordinary variable x of (8.1.1) there is only one TQ system, where the @ is the wronskian
between the eigenfunctions calculated at 0 and +oc in = (see, for instancel' ). In our case there are
two different TQ-system essentially because in the Langer variable y, +00 and —oo are symmetrical,
that is, the eigenfunctions have analogous form. Here @) is the wronskian between the eigenfunctions
calculated at —oo and +oc in y. For the minimal models (32 real) there is only one 1" operator, while
for the Liouville model there are two of them. However, for the Liouville model there only one X (Q)
operator, since £~ and D~ differ only by a sign; while for the minimal models there are actually two
@+ operators, which are obtain through the action of the symmetry A (2.1.4) which sends p — —p.
The two symmetries used in the ODE-IM construction for the range 4% > 0 (minimal models) are
very different: © (2.1.8) acts on the solutions at © — +oco only through  and A (2.1.4) acts on the
solutions at & — 0 only through /. Now, the the two symmetries used for the range 3% < 0 (Liouville
model) are very similar: both €, and ©, /;, act on the solutions at y — F-oo through y and c. In the
Liouville model, P? — P? under the minimal models symmetry A (because [ — —I — 1 leaves [(l + 1)
invariant). Thus,

Therefore, we can somehow justify why the symmetry Q; s, in (8.2.10) is just the trivial symmetry in
the minimal models set up, that is the identity transformation. In fact, we have just seen that also

A (2.1.4) is the trivial symmetry in the Liouville model set up.

341n fact, they are two but differ by an insignificant shift of argument.
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8.2.5 Quantum wronskians

We construct the quantum wronskians again adapting!''! construction to our situation.
We can write a Stokes relation for U also using the V* basis. Recalling that W[V, V+] = ib? and

the definitions of EF, we must write
W*U(y,a) = E=()V ™ (y,0) = B ()V*(y, @) (8.2.75)
which, applying the €, symmetry becomes
i’ Up(y, a) = B~ (a + iknb)V ™ (y,a) — ET (o + iknb)V T (y, a) (8.2.76)

because the VT functions are invariant under this symmetry. We now take the wronskian of this

U_; and U, using this formula
—VWIU_1,U,)(a) = —ib? X (o — imh) X (o + i /b + imnb) + b X (a + im /b — imh) X (o + imnb)
12 - 1 -
WIU-1,Up)(e) = ib—2X(a —imb) X (o + im /b + imnb) — ib—zX(a +im /b —imb) X (o + imnb)
(8.2.77)

Now, defining

WIU_-1,Up](a +im(1 — n)b)
WUy, U]

C™(a) = CS™(a + in(1 — n)b) = = —iP*W[U_1,Up](er + im(1 — n)b)

(8.2.78)
we get
O™ (a+in(n —1)b) = X(a — inb) X (a + im /b + imnb) — X (a + i /b — iwb) X (a + iwnb)
C™(a) = X(a — imnb) X (o + im /b + iwb) — X (a 4 in/b — imnb) X (a + iwb) (8.2.79)

In the case n =1

| T(a) = —X (o +inb) X (o + in/b— imb) + X (0 — inb) X (o + i /b + imb) | (8.2.80)

We note that with respect to the seminar of V. Bazhanov!'l we got the opposite sign.

8.3 Liouville integrable structure

The works of Bazhanov, Lukyanov, A. B. Zamolodchikov,!"]|[*l restricted consideration on the region
—o0 < ¢ < 1. In his unfinished work,[ ' Al. Zamolodchikov tried to extend their considerations to the
region ¢ > 1. In this subsection, we report and comment Zamolodchikov”’s (somewhat non-rigorous)
definitions of the general T; and Q operators (not just their void eigenvalues, as we are used to do).

Zamolodchikov considered the usual chiral free boson field

$(u) = go+ Pu+ D “Z_;n”emu (8.3.1)
n#0

but defined in a such a way as to be free from the parameter b (analogue of 8, cf. (1.3.1) and (1.3.5) )

[am, an] = %mém,n (8.3.2)
[am, P] = [am, ¢o] =0 (8.3.3)
[¢0, P] = % (8.3.4)
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For any b, the eigenspace B(P) of the operator P with eigenvalue P is a highest weight representation

of Vir with central charge and conformal weight

1
c=1+6Q* =13+ 6b* +673 (8.3.5)
2

A== - P? (8.3.6)

The corresponding highest weight vector isl*’]
2P0 |p) (8.3.7)

As we observed in section 8.2.4, at variance with the minimal models case, now there are two different
kind of T operators. In fact, Zamolodchikovl’l considered two copies of vertex operators (cf. (1.3.6))

and of other quantities of quantum integrability

Vip =: exp (£2bg(u)) : (8.3.8)
Vit =: exp (£26(u)/b) : (8.3.9)

Since there are two symmetries at infinity, two ¢ parameters must also be defined (cf. (1.3.10))

imh? .

g=e™;  G=&v (8.3.10)

As a consequence, Zamolodchikov had to consider also two quantum algebras Uy (sl(2)), and Uy(sl(2)),

whose generators have the commutation relations (cf. (1.3.9))

¢" —q
[H, Ei] - :|Z2Ei 5 [E+, E_] == F (8311)
o B N N Q‘H _ Q’—H
A, By =B, (BB =T (8.3.12)

Therefore, by analogy with thel®l foundational work for the minimal models, Zamolodhikov defined

the two T; operators as

27
T;(\) = trn, [62“'1’”1 P exp (/\ K(u)du)} (8.3.13)
0
~ . ry ~ 27T ~
T;(\) = trs, [62’””1 /bP exp (/\ K(u)du)} (8.3.14)
0
where
K(u) = V,b(u)q%EJr + Vb(u)q_%E, (8.3.15)
K(u) = Voipp(w)q® Be + Vijp(u)g~ = E_ (8.3.16)

[H, 4] =428,  q&. & —q ' & = p _1q_1 (8.3.17)
(H,Ex] =284,  GELE- —G 6 & = P (8.3.18)

However, he did not specify the ) operator expression relative to this algebra.
For the purpose of our ODE-IM construction, the main thing we have to note is that, for the large

energy (or rapidity) expansion of the T and Q functions, there are two different expansion parameters,
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rather than one (cf. the parameter A in (1.3.21) and (1.6.6)). In fact, their dependence can be
deduced by (8.1.18). Explicitly!”!

A ox et = 9@ (8.3.19)
A1 /p X e/b = Qb (8.3.20)

However, Zamolodchikov did not specify the normalizations. We are going to fix them through the
leading order through the TBA matching.3®
Comparing with X in (1.5.7) we note that it coincides only with A

A= erie = (D7) — Qb — ) (8.3.21)

This means that our transformations to get the generalized Mathieu equation (8.1.19) somewhat

break the duality symmetry, as one can see by (8.1.18).

8.4 Minimal models analogue

We now stop our considerations on the Liouville model for an important comment: the previous

equation (8.1.10) up describes minimal models if 0 < 3% < 1. If we define

ﬁQ
t=g—a+pfnp (8.4.1)

the equation becomes

&? B2 1 B%\ =5 B 1,2
_Z L ea/Bet/B gl ([ Ba Bt - —
{ o Tele E4(4) e’e —|—4(l—|— )}1/)(75) 0

And defining also a as

G- E;E) ﬂ223 L %2 (8.4.2)
which means e
— 20 (%) (8.4.3)
Finally, we can write the new "Langer form" minimal models ODE-IM equation
d? . .
{—dtQ 4 @H0/B 4 Bl=att) Pz}z/z(t) =0 (8.4.4)

Note the minus sign of P? and that now ¢ in the two exponential appears always with the same sign,
while now & does change sign. Only one of the two exponentials, evidently, dominates for 8 # 1, but
it 1s always the same for every t. This seems to make impossible the construction of the following
paragraph with two TQ systems. However, as it should be, one TQ system can be constructed.

At B =1 this equation becomes

2

{_5152 + (2e%)e’ — Pz}w(t) =0, f=1 (8.4.5)

i.e. an exponential potential for the energy P2.

351n particular, we shall find that the X () function which we used until now has an expansion in terms of e,
even if the standard TBA function X (0) has an expansion in K = €, if we define it by X(0) = X (a) (see section 9

for further specifications).
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8.5 Modified Schrodinger form

Consider the Generalized Mathieu equation

d2
{dy2 +eloatv)/b g lamy)b 4 PZ}zb(y) =0

we search a change of variable that would put it in the form apt for the large energy expansion

{—djz T Aply) + u(y’>}w(y> —0

for some parameter A and functions p and wu.
It suffices a simple shift of y
Y= +s S:a(b Ql/b) _ ag)b+ 11//bb)
(a+s)
b

20 = (a—s)b=

the new form is

with

and A = e, p(y) = e¥/* + e ¥ and u = P2.

The symmetry transformations in the new parameter 6 become

Qy: a—a+ind = 0 — 0+ imp

Qp: a—=atin/b = 0 —60+ir(l—p)

being p =b/Q and 1 — p = 1/bQ.

(8.5.1)

(8.5.2)

(8.5.3)

(8.5.4)

(8.5.5)

The same kind of transformation on the Langer form of the minimal models equation (8.4.4)

e . i
{_dt2 b eEH/B | PGt _ PQ}w(y) —0

requires the shift
o _ a(l 52)
t=y'+s s=—

so that the equation becomes

d2 o / ’
{— +eX(eV /B PV — P2}¢(y’) =0

dy'?
where
= a+s _ 2ap
20 = 5 —(—a—l—s)ﬂ—i/BQ_l
i B
9—&52_1
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(8.5.10)

(8.5.11)
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8.6 Reflection amplitude

Following Zamolodchikov!”! we want to express Uy and U; in (8.2.13) as

Uy~ —e Ry — +o0 (8.6.1)
kr
1
Uy ~ ——ethr Ry — +o0 (8.6.2)
kr
with
aty
kr = 2be 25
For example, we can set
k= (20)@/be/b = (20)@/09Q/ — (2be9)Q/P (8.6.3)
r = (4b2€ab)71/2b26y/2b _ (26)’1/1’2670‘/21’6”% (8.6.4)

We rewrite the linear relation (8.2.31) shifting & — « — inb/2 (or  — 0 — imp/2)

Vo(y; 0) = —ib®> X (0 + imp)Uo (y; 0) + ib> X (0) U1 (y; 6)
Vo(y; 0 —imp/2) = —ib> X (0 + inmp/2)Uo(y; 0 + inp/2) + ib> X (0 — imp/2)Us (y; 0 — imp/2)

with the new parametrization

Uo(y:0) = XPV%’“)
Uo(y; 0 — imp/2) = Z-EW

exp (tkr —im/4)
Vkr
— R X (0 — inp/2) [S(k)

exp (—ikr + im4)
Vkr

Vo(y; 6 —imp/2) = b> X (0 + inp/2) + 02X (0 —inp/2)

exp (tkr) L e (—ikr)

VEkr VEkr
Zamolodchikov!’! defined a reflection amplitude as
X (0 +imp/2)
SO)=—t——"= 8.6.5
) === imp/2) (8.6.5)

However, since the waves and variables are different, this is only formally a reflection amplitude, but

is not exactly the standard Liouville reflection amplitude.!*"]

100



9 Thermodynamic Bethe ansatz for Liouville model

9.1 X and T functions matching

The correct X function for the Sinh-Gordon or Liouville TBA of sections 3 (cf. (3.5.5) and (8.2.73))
is not X («) defined in this section but a new function X (6), defined by

X(0) = X(a) (9.1.1)

with @ = 0Q from (8.5.5), so that X () = X(0Q). The same discourse must be applied to the T
function

T(9) = T(a) (9.1.2)

In other words, one recovers the TBA constructions of the previous sections by a dilation of the
rapidity 6.
For example, the T'Q relation is correctly expressed as (cf. (8.2.73))

T(0)X(0) = X(0 +inp) + X (0 —imp) (9.1.3)
simlarly, the T'Q dual relation is matched (cf. (8.2.49))
T0)X(0) = X(0 +in(1 —p)) + X(0 —in(1 — p)) (9.1.4)
Another example is the X system for the argument « (cf. (8.2.34))

X(@+in/2)X(0 —im/2) =1+ X(0 + ian/2) X (0 — ian/2) (9.1.5)

As a consequence, for instance, even if the standard!””! asymptotic expansion of X (9) for Liouville is

in terms of the parameter K = e’

IOg X(G) = —B()ee - Z Bnlgn,le_(%_l)e (916)

n=1

we expect that the asymptotic expansion of X to be in the parameter e®?

IOg X(a) = —Boe“Q — Z BnIanle_(Qn_l)aQ (917)

n=1

The normalization constants are given by Lukyanov!*’]

B _ |:F(§)F(12p)mR:| 1—2nr((anl)P)I—\((Qn—lZ)(l_p))

9.2 Matching of large energy leading order

(9.1.8)

We estimate the large i behaviour, by the semiclassical approximation to the differential equation

originally considered by Al. Zamolodchikovl’! (not Bazhanov!'l)

d2

“ap W [P poe ¥ 4 et \y(y) =0 (9.2.1)

i.e., without making any choice of puy and p_. In fact, as we already pointed out, Bazhanov’s
choice (8.1.20) is not consistent with TBA. Define, as Al. Zamolodchikov did!”!

Ply) = pe ¥ 4 pye/t (9.2.2)

101



Now, at the leading order in _ and py (considering P? negligible)

WlVo, Ul ~ 2v/plti(a)Volw) = [ NN (0.2.3)

where the integral is understood as analytic continuation in b.

/ dy'\/u_e_yb + pgey/b = ul_/z/ dy e v/? {1 + uieyQ} y=19 ——=1In B+
— 00 — 00 ui

Q  p-
55 0o
— Mi/Q {M*] « / dy’ e—y'b/2 [1 + ey/Q] 12 0] dy = ldﬁ
fr oo Quz
b
1 (py]2@ [ 1/2 t dt
:—,ul_/Q Bt / dxz_%_l{l—km] r=-—— dx=
Q ~ Lu- 0 1—t (1—1)?
b
1 A
= 7| B / dt (1 — )220 1 (1 — ¢)2a+(1 — ¢)~1/2
Q H— 0
b
Foo1ss 1
= l,ul_m Kt o dt (1 _ t)*1/2+b/2Q*1t*%*1
Q H— 0

(9.2.4)

that is, we reduced our integral to a Euler Beta function. We continue, using the reflection property

of the Gamma function

RN 1 2 8 I'(3) m
[mdy \/u_e yb+u+ey/b:f§ _ “*F( 2){‘?1 )51n(77p/2 sin (7(1 — p)/2)
1 1o Q\Fw 4 1
= QM TN o1 — p) s (np/2) cos (7p/2)
e oz 2/7nQ 1 1

=—p_? p? T(2)T(552) b(Q — b) sin (1p/2) cos (rp/2)

i 2 4/7TQ 1

M () s ) 929

so we match Zamolodchikov’sl’l result. Zamolochikov noted that, notwithstanding the general
form (9.2.1) of the his Generalized Mathieu equation, by a sort of gauge symmetry, all its property

depend on the following combination of parameters puy and p_.

p= b’ (9.2.6)

so for the TBA matching at the leading order, comparing with (3.4.14), it must hold the equality

g WEQ 1,
L(5)T(55g) sin (rb/Q) ~ * 2sin(7b/Q) (9.2.7)

so we infer that g must be chosen as

u=e2 (9.2.8)
where [ is
= [W] * (9.2.9)
8vVTQ
= i " (9.2.10)
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and it has been parametrized in terms of some fi; and ji_ given by

_ T(55) (55g) 797"
5 [Tl T(gmg) @
B — {8\/%@ } (9.2.12)

This parametrization is convenient for a direct match with Bazhanov’s equation (8.1.19). In fact, if

we make a shift of o in

(2D (=L
o« et O [(222\)/%362)] (9.2.13)
2
—j?ip(y) + {PQ + fi_e®PeYb 1 ﬂ+ea/bey/b} Y(y) =0 (9-2.14)

Alternatively, if we we consider Fioravanti’s "shifted equation" (8.5.4), which is more conveniently
for large energy expansion in the parameter e? (recall that a = 6Q) we must parametrize ji in an

equal way, that iswith is

bP(L)72Q
i=pt = [F(2§\)/1;(5”Q)} (9.2.15)
b D(L)7Q/b
iy = {F(Qg\)/;(;@)} (9.2.16)
_ [Plg)T(5g)1?"
fi { S0 } (9.2.17)

This parametrization is convenient, because if we make a shift of 6 in Fioravanti’s equation (8.5.4)

(T (=L
0 —0,=0+In [%(Q%Q)] (9.2.18)
d2
—gE W+ [P+ /962 (e 4+ er/?) () = 0 (9.2.19)

We emphasize that the Generalized Mathieu equation in this form, that is, after both a shift in the
independent variable y and in the rapidity 6 with respect to Bazhanov’s form,'l is apt for the Liowville
ODE-IM analysis, because it matches the standard leading Sinh-Gordon TBA.? However, the previous
Fioravanti’s form (8.5.4), after only a shift in y, is apt for the N' = 2 analysis.

9.2.1 Liouville TBA

Liouville TBA was already, formally, obtained from Sinh-Gordon TBA in (3.2.10). Anyway, we

report here that important result
e=ne" —pxlog(l+e ) (9.2.20)

where ¢ is the usual Sinh-Gordon kernel (3.2.4).
The b = 1 self dual case is particularly important, so we specify the TBA equation

e =meft —2p xlog (14 e7%) (9.2.21)

where we defined a new kernel . )
(0) = — 9.2.22
#(0) 27 cosh 0y, ( )
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Note that because a = 0 at b = 1 the former kernel (3.2.4) is twice the present

@(0r) =2¢(0L) (9.2.23)

In fact, this definition was made because the factor 2 is crucial for further developments, as we are

going to show.

9.2.2 Speculations on the TBA for Q at the self dual point

We now concentrate in particular on the self dual case b = 1. It is important to note that, because
a=0forb=1
Y (0) = X2(0) (9.2.24)
So in terms of the pseudoenergy the TBA is
de’ 1 )
0) =21 —2 [ —————log(1+e =) 9.2.25
e(0) 1e /l o comn ooy e Fe ) (9:2.25)

We can consider then also a new "pseudoenergy" ey for X, namely

1
X(0) =e=xO  x(9) = 550 (9.2.26)
Noting that
log (1 + X?) =log (1+iX) +log (1 —iX) (9.2.27)
we can write
ex(0) = —lZlea - / w1 log (1 + ==X O+7/2) 4 1og (1 + ¢=5x(0)=1m/2) | (9.2.28)
2 1, 2m cosh (6 —6") o

9.2.3 N =2 TBA and proof of a conjecture by Gaiotto

Gaiotto, in his article,’”! considered the pure S U(2) gauge theory spectral curve

1 u 1
2
_1 ‘ 9.2.29
v z + 22 + 23 ( )

which is reconducible to Seiberg-Witten spectral curve.l”’l Gaiotto’s noted that setting v = 0, for

symmetry reasons his "TBA-like" integral equation for a certain X () reduces to (I set e¢ =

’
e e, =e")

log Xe(6) = +Z1e® — 25— e (1+ Xa(9)) (9.2.30)
7 J e 128 -

which becomes

de’

1
_ 0
log X¢(0) = +Z1€e” + 2;/ e—0+0 4 o—0+0

I
ae’ 1
1, 2m cosh (0 —¢')

log (1 + X (0))
= Z1e” +2 log (1 + X (6)) (9.2.31)

In order for this to actually be N'= 2 TBA Z; must be such that

27972, =77 = me=(0761) = w% (9.2.32)
I'(35) T (zg)
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Gaiotto reported also that numerical evidence gave suggested him the following candidate as

Schrodinger operator (u # 0)

1 wu—€/4 1
2 92
7€G82 + ; + T + ; (9233)

which corresponds exactly to our own with b = 1.

1 u—€/4 1

242
€ az + ; + T + ? (9234)
Consider the generalized Mathieu equation on the imaginary axis x = —iy, set € = e~? and u = P%¢?
d2+1[m/bJr —ibz | } W(z) =0 (9.2.35)
—+ e e U x) = 2.
dz? = €

Now change variable z = ¢**/® and ¢(z) = \/z%(2), the equation becomes

d> 1 b2 1 1
{qﬁ+@yP+“+»4‘4ﬁ@>0

or
1 bu b 1
{_dz2 = {? 22 ﬁ} - 4}¢(2) =0 (9.2.36)
We could also choose t = e~%*/ and obtain
d? 11 1 1
{ﬁ2+§WﬁP+u+ﬂM44}M®0
2 171 u 1 1
{M*@[w*mﬂﬂﬂ/m} 4}¢(t)0 (9.2.37)

We note that, in the general Liouville case with parameter b # 1, the operator contains rational
powers. Thanks to the duality, we can always consider 0 < b < 1.

However, Gaiotto’s equation should refer to Y, because of the integrand of the convolution.

Xa(0) =Y () = X2(0) (9.2.38)
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10 Local integrals of motion for Liouville model

In this section we use the Gelfand Dikii polynomials to calculate the Baxter’s Q function for the
Liouville model (9.1.6).

Q(6) = W[V, Ul (a) | (10.0.1)

where we considered rescaling X (6) = X («) in (9.1.1). Given the subdominant solution U, around

y — 400 and the subdominant solution Vj, around y — —oo, defined as

Uy = exp{— /:O dy' \/gTy')S(y’)} (10.0.2)
Vo = exp{/: dy’ \/Ms(y’)} (10.0.3)

where p(y) = e¥/?+e~¥?, directly by Fioravanti’s modified Schrédinger form (8.5.4) for the generalized
Mathieu equation. Following Dorey and Tateo’s suggestion (2.4.9), to calculate the Baxter’s Q function
as the regularized solution of (8.1.1) for x — 0. From the transformations of variable we made (8.1.21),
it is evident that  — 0 in the minimal models casel' corresponds to y — 400 in Liouville case.

Therefore, we can assume that the wronskian (10.0.1) can be calculated as

h dy' x/p(y’)S(y’)} (10.0.4)

Q) = lim Up(y) = exp{ /

Yy—>—00

In fact, we already checked in subsection 9.2 that the leading order matches the TBA result for Q.
Note that this expression coincides with UyV} and that there is no need for reqularization. If this
assumption is correct, by the asymptotic expansion

Q(@):exp{i(—A)"_l/g(— ! )/:dz\/MRn(z')} A=e? 500 (10.0.5)

2n—1

n=0
we must find the local integrals of motion; thereby giving an "a posteriori proof", in subsection 10.2.
Note that in (10.0.5) we took into account also Fioravanti’s theorem (4.4.1). More explicitly, in order
to match the leading order, as already discussed in subsection 9.2, it is necessary to shift the rapidity

in the Fioravanti’s form of the Generalized Mathieu equation

L(5)r (")

we then must find the asymptotic expansion (9.1.6)
Q(0) ~ exp{— > anznle—@”—l)@} (10.0.7)

n=0

with exactly Lukyanov’s normalization constants (9.1.8).

10.1 Gelfand Dikii coefficients recursion in the Liouville case

The Gelfand-Dikii recursion®® is obtained from the general one (4.3.23), remembering that, for the

Liouville model, the "Bécklund coefficient" u = P2.

dRny1  11d°R,  3p d®R, <P2 3p" 9 p’2>an

dy — 4dp dy® T 8p? dy?

/11

p  8p 16p3
P2y 1 9 'y 15 '3
+< p p p'p p )Rn

2 p2 8p? 16 p? 32 pt

(10.1.1)

36Following the conventiions ofl'‘l
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We rewrite the "Bécklund coefficient" p
py) =e ¥ +ev = e Vp(y)~! (10.1.2)

in terms of a convenient function p

1 —yb —
ply) = Ttev@ =e "p7y) (10.1.3)

From direct inspection (cf. (10.1.44) and (10.1.51)) of the first polynomials, we conjecture the general

form for R,

3n
Rn(y) = Z € p(y)"™ = D apmeV(1+4e¥9)" (10.1.4)
3n -
= Z Qe [PV (1 4 V@)
5n
=D apme™Tp(y) (10.1.5)

We list some useful expressions for derivatives and powers of p in terms of the function p. For the

first derivative:

1
S=1-Qp (10.1.6)
In fact,
I by _Low oy —b 1 —b
ngebfbe y:g(ebJre Y) — Qe y:gpre Y

the following expressions are proved similarly. For the second derivative:

p// 1 ) e—by
L _92x 10.1.7
=t @2 (10.1.7)
In fact,
17 1 2 —by 1 ¥ —by 2 1 —by
P :b—erere :b—2(6b+e ‘)Jr(bfb—Q)

1 Q
b2 - 2 2%

b2 @ b
It is convenient to reorder the terms rewrite them through the @ parameter, both for computational
clarity and for theoretical understanding. For the third derivative:

/11

r-_ 3
. b3 +[-@*+30]p (10.1.8)
In fact,
" 1 + b3 —by __ n bS 1 —by
P ¢ e =(ev +e7) —( b—3)
1 )
bt = Q7 - 3Q

For our purposes, it is enough to calculate and rearrange only the first three derivatives, since the

remaining quantities we need are simple products of these.

'2
p 1 Q —b 9 _oby 1
— _9%, vl - 10.1.9
P A (10.09)
p//p/ QZ Q 3 Q2 5
p -+ [ _3b2] @2 +2% s (10.1.10)
pe 1 Q 21 o—2b 1 3 _3py 1
P’ _ 1 3@ wl 4 v v 10.1.11
pdv b2 + @ p? — Qe p? ( )
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The Gelfand-Dikii recursion relation (10.1.1) becomes

dR,y1  1d%R, 31 3 _ 1d’R, , 31 /3 _ 31 9 ., ,1dR,
= — — _—— = P _— — —_— _ — _—
dy 17dy [81) 8Qp] e + 16 12 +(8Q+8b)Qp 16¢ /| dy
Pl 11 (P2 1., 3Q 31 9 91N o, 15 44
gt a5 50 153 mp) 9t (50 553) 9 - 550 B

(10.1.12)

The derivatives of the Gelfand Dikii polynomial (10.1.5) are the trickier part of the calculation. For

their computations, it is useful to express the derivative of p in term of p-itself.

P _Q+Qp (10.1.13)

The first derivative of the Gelfand Dikii polynomial is

3n
Ry(y)=> anm{e("’m)byp*m[nb —mQ] + er(”*m*”byp*mfl}

m=n

3n
= Z anme("fm)bypfm{[nb —mQ] + eribypfl} (10.1.14)

The second derivative of the Gelfand Dikii polynomial is

3n

Ri(y) = Z anm{[nb — mQ2e(nmmbyy=m

m=n

+ mQ[2nb — (2m 4 1)Qle™ ™= Vbp=m =L 4 in(m + l)Qze("fmfmbyp*m*Z} (10.1.15)

3n
= Z anme(n—m)byp—m{[nb _ mQ]2 + mQ[an _ (2m n 1)Q]e_byp_1

m=n

+m(m+ 1)@26—2byp—2} (10.1.16)

The third derivative of the Gelfand Dikii polynomial is

3n

Rfé/(y) — Z anm{[nb _ mQ]Be(n—m)byp—m

m=n

+ {[Qnme — (2m 4 1)mQ?*][nb — (m + 1)Q] + mQ[nb — mQ]2}e("_m_l)byp_m_1
+m(m+ 1)@2{[nb — (m+1)Q] + [2nb — (2m + 1)Q] }ewmﬁﬂwpfw2
+m(m+1)(m+ Z)Qge("_m_?’)byp_m_g} (10.1.17)

3n
= Z anme("_m+1/2)byp_m{[nb —mQ?
m=n

+mQ [(3m2 +3m + 1)Q* — (6nm + 3n)bQ + 3n2b2] e tpl

+m(m+ 1)Q%[3nb — (3m + 3)Qle **p~2 + m(m + 1)(m + 2)Q3673byp*3} (10.1.18)
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We now expand the n-th side of the Gelfand-Dikii recursion

3n
m=n

1

{{—i[nb QP — mQ[(Bm + 3m + 1)Q7 — (6nm + 3n)hQ + 3072 p

™ m(m + 1)Q*[3nb — (3m + 3)Q]p* — %m(m +1)(m + 2)Q3p3}
+ {Sb[nb - mQJ* + % [2nb — (2m + 1)Q]p + 83bm(m + )szz}

s
~2QInb ~ mQPp — SmQ[20b — (2m + 1Q)? — Smlm + Q%)

w2 @ D) )b m@) 4 [P (@24 D)o @ may
+[_P72%+312b13+(£2_7622 §_%Cb?JF?)QZﬂ)Q'OJF( Q+335)Q22 gQgpg}}a”mpme”by

Expanding also the derivatives of the Gelfand Dikii polynomial in powers of p and restoring integration

one finds
3n+3
dyp | dy U 1,me "I o (0 4 1)b — mQ) + mQ
7{ y / Y m;ﬂ tm { p}
=~ fay [y mg an,menby;pm{&(n, m) + Bo(n,m)p + Bs(n,m)e? + Ba(n, m)p?’}
(10.1.19)
where
1 3 5 P?
Bi(n,m) = —i[nb —mQ]° + m [nb —mQ* + (P - @) [nb mQ] + (—% + 32?) (10.1.20)
+ Qb? [—Z(m+%)( ;)2} + P2Q(m + %) (10.1.21)
By(n,m) = Sm+ 2)(m+ 21°Q° — S0+ 3)(m + 5)(m + 2)bQ” (10.1.22)
Ba(m) = f%(er%)(er%)(erg)Q (10.1.23)

We observe that the k-th power of p (k= 0,1,2,3) always multiplies at least the same k-th power of
Q. The proper basis function therefore appears to be r(y) = Qp(y). However, we shall continue to
use p(y) in order not to add further complexity to our calculations.

Since

e(n—i—l)bypm — enbyp—lpm

enby nby -m+1

pWL:e p

for trivial theorems of integration theory we can write

j{dy\f/ dy’ :g:jlanump {[(nH)b mQHme}
%dyf/ dy' ianmp {Bl(n m)p + Ba(n,m)p* + Bs(n,m)p* + Ba(n, m)p4} (10.1.24)
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It will be also convenient to define

Ao(n+1,m) = (n+ 1)b — mQ (10.1.25)
Ai1(m) =mQ (10.1.26)

The Gelfand Dikii recursion relation for the coefficients is

Ao(n+1,m)ant1,m + A1(m — Dapt1,m—1 = Bi(n,m — Dap m—1 + Ba(n,m — 2)an m—2 (10.1.27)
+ Bg (n, m — 3)an,m_3 + B4(m — 4)an7m_4 (10128)

up to null terms for the lowest and highest values of m.

We now repeat exactly the derivation already done in the minimal models case.

We note that this recursion relations for the coefficients does not give explicitly the single coefficient
@n+1,m in terms of the coefficients a,, i, for some ks, but give a linear combination of coefficients
of the polynomial R, ;i in terms of the coefficients of R,,. For the n + 1-th side we must therefore

consider the upper triangular matrix A™ defined as

[Ay(n+1) AM'(n+2) ... 0

Aa(m) AT (m+ 1)
0 Ai(m+1)

A" =

o

A(3n+2) AFT(3n +3)
0 A1(3n+3) |
(10.1.29)

The first line correspond to an equation which would be identically satisfied when multiplied by ay m,

it is not linearly independent. We have deleted it so as to be able to define a determinant, which also

does not vanish

3n+3

det A, = [ Ai(m) (10.1.30)
j=n-+1
|
_ s Bn ) (10.1.31)

n!

We want to use the Cramer method to solve the linear non homogeneous system generated by the

coeflicients recursion relation. We schematically write this system as
Aay 1 = by, (10.1.32)

where clearly by a,41 we denote the vector of all the (a priori) non null components ani1,m ,
m=n+1,n+2,..3n+ 3 and by by = bi[a,] we denote the functional of the coefficients of a,,
established by the recursion relation (5.1.15)

Therefore we define the modified matrix of coefficients A}, whose determinant,divided by the

determinant of A", gives us the coefficient a,41,m
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[Ay(n+1) A*'(n+2) ... b

by AP (m+1)

AN =
bm+1 Al(m + 1)
b3nto 0 oo A(Bn+2) APt (3n+3)
L b3n+3 0 e 0 Ay (37’L + 3) i
(10.1.33)
m—1 3n+3
det A7 = [ A1) D (=) ™bx [Ao(n +1,m+1)--Agn+1,k)A (n,k+1)---
j=n+1 k=m
- Ai(3n+3)] (10.1.34)
P =R [ Ao(n + 1m 4 1) -+ Ao + 1K) As (K + 1) -+ A1 (3n + 3)|
An+41,m = 3n+3 (10135)
IT;2, A()

j=m

We can finally write the expression for the a,41,, coefficient

Bn+3(_ 1 \k—my, ko DG AR 5013 g (3n43)!
k=m(_ ) k (_Q) r(— (n+1)b+ +1)Q Al

Ap+1,m =
’ 3n+4— m(3"+3)'
N ey
X o Ty
Q5 HoT(- ("“ NPT
3n+3 (n+1
1 (m—1)! T'(= +k+1)
S Bi(n,k)an s, + Ba(n, k — Van i
kam k! T(— (n+1 +m _|_1)[ 1(n B)an g + Ba(n ) k-1
+ By(n, k — 2)an o + Ba(n, k — 3)an,k,3] (10.1.36)

where the B;11(n, k — i) are polynomials up to the third degree in k and n. With the understanding

that for £ = m the ratio of Gamma functions is one.

We now write this recursion more symmetrically, shifting the index m to m + 1 and redefining the

By functions as
Bi_1(n,m) = Br(n,m) k=1,2,34 (10.1.37)

We write the final formula as

' 3n+3 1 1“( (n+1)b+k+ )

anJrl m+1 — T
Q k%:H K p(— (”“)b +m+2)

[Bo(n, )k + Bi(n, k= Dan s

+ Bg(n7 k—2)an k—2 + Bg(n7 k— 3)an7k_3} (10.1.38)

10.1.1 Test

In this paragraph we test the correctness of the recursion found for the Gelfand-Dikii coeflients (10.1.38).
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The Bécklund potential for the Liouville case is explicitly given by

P2

1 % y/b + b2e—yb 5 b%er/b _ Qey/b—yb 4 b26_2yb
ey/b —+ e*yb Z (ey/b —+ e*yb)Q - T6 (ey/b + efyb)3

Uly) =

(10.1.39)

we now rearrange and simplify it in order to find its coefficients with respect to the Gelfand-Dikii

basis
O L S B VR N
11ev@ T 42 (11 ev@)2 " 1 (T+ev@)2 1662 (1 + evQ)3
5 evbev@ 5 , e¥
8(1+ev@)3 16 (1+ e¥Q)3
1 11 1 1, 5 31
() e (1)
¢ {1+eyQ 652) T i@ \1” TR
1 5 5 51
S S— - ——) 10.1.40
+(1+ey@)3< 16”8 16b2} ( )

Hence, the Gelfand Dikii polynomial Ry = 1/2U has the coefficients

P2 11
- 10.1.41
TL= T T 392 (10.1.41)
1, 5 31
- - 242 10.1.42
a12 8b +16+16b2 (10 )
5 2
__2 10.1.43
a3 3262 ( )

In terms of the variable p, the first Gelfand-Dikii polynomial can be written succintly as
Ri(y) = e [anp + a12p” + algpﬂ (10.1.44)

The coefficients of Ry have been tested (Rg =1 — R;) from (10.1.38).
The second Gelfand Dikii polynomial is

3 1 d2 3 1/1 d2 1p d
R = U*(w) — =—U(w) = U*(y) — = (--—=U(y) — =5 —U 10.1.45
p(w) = SU%(w) = g 7sUw) = S0%() = 5 (0 75U0) — 575 7 .U) (10.1.45)
By direct calculation we find
1155 ,
age = —204862 (10.1.46)
1155 Q3 231 9 SQN\ 3
= ——— 22 10.1.47
@ 512 b 256( @+ )Q ( )
7 (2 +1)% (56b% + b2 (184 — 80P?) + 155
a4 = 1) ( 0 ) ) (10.1.48)
1024b%
b2 +1) (262 +5) (8b* + b2 (28 — 80P?%) + 29
ag3 = | ) ( ) ( ( ) ) (10.1.49)
51204
27 15P2  3p*
= " pt_ = 10.1.
922 = 5008" T a? T8 (10.1.50)

In terms of the variable p, the first Gelfand-Dikii polynomial can be written written succintly as

Ro(y) = e2by [a22p2 + a23p3 + a24p4 + a25p5 + GQGpG} (10.1.51)

Also the coeflicients of Ry given by (10.1.38) have been tested succesfully.
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10.2 Liouville local integrals of motion
10.2.1 Basis for integrals

The general Gelfand Dikii polynomial R,, has been expressed in terms of the just considered coeflicients

an,m of its expansion in the basis e(n=mbyp=m_for (n <m < 3n).

Z U me YT = Z anme™ pm (10.2.1)

Since the integration measure implies multiplication by the factor ,/p, in general, the basic integrals

can be reduced to Mellin transforms by the change of variable z = e¥<.

00 6yb(?n 1)/2
Imn :/ dy(1_|_eyQ)(2’m_1)/2

o0 ub(2n—1)/2 o0 c¥Qp(2n—1)/2

N l/w dpgn—dw-1___ 1
Q Jo (1+a)m=1/2

It is more convenient to make a change of variable t~! = 1 + x and reduce the Mellin transform to a

Euler Beta function

/00 dx:r(”_%)pﬂ; _ bt ym— 1/2(1 — t)("—1/2)p—1
0 (142z)m-1/2 at ;

0
— /1 dttm71/2f(n71/2)p71(1 o t)(n71/2)p71
0
B((n —1/2)p,m —1/2 — (n — 1/2)p)
b b
=B((n- 1/2)gm =12~ (n - 1/2)5)

(10.2.2)

10.2.2 Expansion in local charges

In order to match the leading order, as we discussed in subsection 9.2, we need to shift the rapidity

0 —0,=60+1In F(Z)\I}(Qf) (10.2.3)

As a consequence, the expansion (10.0.5) becomes, for § — +o0o
1— 1-2n 3n 2n—1 (2n—1)
log O ~ Z 001~ Qn)[rmr( 2”)} Z[— 1T ”) I(- P+m—%>anm
8VTQ n—3 2I'(m ) ’

2
(7)1—\(171)) 172n1—\((2n—1)p) ((Zn 1)(1 ))
_ n+1 0(1—2n) 2

Z [ 8v7Q } (n %)QF(H—*)Q

3n F(W +m—n)(n-1)
x Gn—1)(1-p) 1 On,m
T(En=U0=phr(y — L4 — n)

m=n

X
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For the elementary property
1
I'(n+ 5) =/m27"(2n — 1)!! (10.2.4)
or

. 2 — 1) 2 — 1)
o+ 3) = Ve ol = Ve

we continue obtain a the correct factorial of n, to match the conventions for the normalization

(10.2.5)

constants (9.1.8). We thus continue, also multiplying and dividing by the mass parameter

_ 6(1—2n) WT2nF<(2n21)p)F((2n12)(1p))
log @ = Ze [ 8/7Q SN, X
{cvpmns 2 F<”"1“”+m—n>r<n—;>m,m}

(2n — )N F(M)F(n —2+m-—n)

N f—

N —

(oo}

= - Z 69(172n)énIQn—1
n=0

where the normalization constant perfectly matches that of Lukyanov!”"!

B _ F(%)F(l%p)mR I—QnF((277,;1);0)1—\((27’7,712)(1717)) (1026)
" 8/mQ 2/mn!Q o
and the local integral of motions (or local charges) are expressed as
(2= 1) F((2n*1)(1fp) +m—n)
_ 2n—1 n 2
fona = (mB) (=1 Qn — 1 I Z 2" 1 + m—n) F((anlg(lfp)) anm  (10.2.7)
B (2’)1)” 3n m—n—1 |:(n— 5)(1—]))4—1]
= (mR)*" 1 (—1)" Anm (10.2.8)
(271—1)””;_” g [(n77)+l}
= ( R)Qn—l( )" 2n i ml_n[ 1 (n - %)p (10.2.9)
=(m Hmn pairy n*%+l An,m L.
(10.2.10)
The final formula for Liouville integrals of motion is
1\b
12n—1(b;P) n 3n m—n—1 (n _ 5)@
TR = (-1) 2n ~ 1 CTR—I > ] BT . (b; P) (10.2.11)
m=n =0

10.2.3 Test

We now test the correctness of our formula (10.2.11). We calculate I; and I3 and compare our results
with those ofl”’] and.l'"l For n =1, (10.2.11) gives

Lo b b b
== —2{(111 n (1 _ é>a12 + (1 _ §> (1 _ ?)Q)al?,} (10.2.12)
1 Q? 1 c
__p2_ - _ _x _ _
=P =A-E A (10.2.13)
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For n = 2, (10.2.11) gives

= (o (- 0 oaaso
() - 2) (- sg)an+ (1-5) (1= 55) (- 26) (- 55)}

(10.2.15)

A2 (01*22@ n 0(5;82022) (10.2.17)

10.3 Universality of Gelfand-Dikii recursion

We collate here the two Gelfand-Dikii recursions

ml 33 1 F( tb 4 k1)
an+1 m+1 — Q Z

Wk (”“)” +m+2)

[ o(n, k)an + Bi(n, k — )an k1

+ Bo(n b — 2)an,k_2 + By(n b — 3)an,,€_3}

(—)mm! R () DR R+ 1)

E— X
n+1
2M W= KV T(%E 4+ m+2)

dn+17m+1 -

% [ Bo(n. K)in,ic+ Bi(n, k= Va1 + Ba(n. s = 2)an 2+ By(n.k = 3)an s

We note that not only the recursion is of the same form, but its terms its coeflicients are of the
same form. In fact, by analytic continuation, ﬁ = —%. The reason for this equality is, simply put,
that both the local integrals of motion I,_1 are the same (if expressed in terms of the conformal

parameters) and also the normalization constant By, is the same.
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11 Proof of Zamolodchikov’s fundamental relation for self-dual

Liouville

The Generalized Mathieu equation at the self dual point of the Liouville coupling b = 1 reduces to
the the modified-Mathieu equation.!*’]
d2
—@u(y) + (P? +2e“coshy)y(y)  b=1 (11.0.1)

If we change variable so as to consider this equation on the imaginary axis

Y= —iz
we get the well known Mathieu equation
d2
ﬁu(z) + (P% +2e®cos 2)Y(2) =0 (11.0.2)
z
It is well known that, as a consequence of Floquet theorem,!”’! there exist a particular solution f (2)

of the Mathieu equation for which the following monodromy relation!”°! holds

f(z+2mv) = 2™ f(2) (11.0.3)

where v is called Floquet index.
In his draft,[’l Al. Zamolodchikov conjectured that the Baxter’s T function for the self dual Liouville

model (b= 1) is exactly equal to the cosine of the Floquet index. In particular,!”!l']
T(a) = 2cos 2wy (11.0.4)

In his seminarl'l told that Zamolodhikov proved this interesting relation. However, there is no
analytical proof in Al. Zamolodchikov’s draft,”l but only numerical computations. In this section,
we are going to give two different proofs of this relation. The first proof we give is directly through
Floquet theorem and is ezact; the second proof we give is through the calculation of the complete

asymptotic expansion of 7" and v and thus is just an asymptotic proof.

11.1 Proof by Floquet theory
11.1.1 Floquet theorem and Hill determinant

Note that the points at infinity transform as
Ry — too — Sz — +oo (11.1.1)

while the Stokes sectors of C for the Mathieu equation arel”!

Df ={z e C|2k — )r < 3(—iz) < 2k + 17}, keZ
D, ={z€C|(2k — 1)1 < J(—iz) < 2k+ 1)}, keZ
Df={z€eC|Ck—1)r <Rz < (2k+ 1)}, keZ (11.1.2)
D, ={2€C|2k—-1)r <Rz < (2k+1)n}, keZ (11.1.3)

In order to match exactly the standard Mathieu equation we simply divide by two the coordinate

z =27 (11.1.4)
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so that the periodicity of the Mathieu equation becomes 7, rather than 2.

d2
@u(z') + (4P? + 8¢ cos 22 )u(2') = 0 (11.1.5)
The Mathieu equation is a particular case of the Hill equation!”’]
P (00425 0, cosans’ u(s') = 11.1
ﬁu(z)—i— o+ chos nz' Ju(z') =0 (11.1.6)
n=1
with
Op = 4P% 01y = 4e” (11.1.7)

the other parameters being zero. In the following, we shall drop the prime from z.
According to Floguet theorem,l”'l the Mathieu equation has two linearly independent solutions which

factorize into an exponential part and a periodic part. They can be written as

‘fl(z) =e"*p(z)  faz) = e VFp(—2) ‘ (11.1.8)

where the function p(z) is even®” and periodic: p(z +27) = p(x). The (parameter dependent) number

v is called Floquet index.

Following the standard!”!! and,['l we expand in modes the Bloch eigenfunctions of the Floquet

theorem
fi(z) = e p(£2) (11.1.9)
k=+oc0
pe(z)= 3 pe(k)e?™ p(E(z + ) = p(£2) (11.1.10)
k=—o

Then, by substituting these expressions in the Mathieu equation, we find

o0

1 oo
> (2iv + 2ik) bRz 4 ( > 9ne2"m) ( > bke(2”+2ik)z) =0 (11.1.11)

k=—o00 n=—1 k=—o0

and equating the coefficients of the same exponentials e(2v+2ik)2
(2iv + 2ik)py, + 0_1pp11 + Oopr + 01pr—1 =0 (11.1.12)

It is clear that, in order for the modes p; to be all non-null the determinant of the following matrix

must be zero

(—2v +4)2 — 6, —b61 0 0 0
791 (721/ + 2)2 — 90 *91 0 0
0 —91 (—21/)2 — 90 —91 0
0 0 —91 (—2V — 2)2 — 90 —91
0 0 0 —64 (—2v —4)2 — 6§,
(11.1.13)
To be precise, in the standard definition of Hill’s determinant each line is multiplied by a suitable
factor
o7 ~ )
T = 0 0 0
—6 (—2v42)"—6o —6; 0 0
220, 220, 22—,
A(—v) = det 0 L e O;j’;,g 0 =0 (11.1.14)
0 O —601 (721172) —bo —601
229, 220, ( 222—4@ ,
—6 — 22— —_
L 0 O 0 427100 42700 0_

37That the function p(z) is even follows from the fact that the Mathieu is such.
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By considering well-known infinite products, it can be proven the expression!””

sin® v

A(—v) = A(0) — SZaP (11.1.15)
The roots v of the Hill determinant are thus shown to satisfy the simplified equation!']
A(0) sin® 7P = sin” v (11.1.16)
which can be written also as
2cos2mv = 2(A(0) — 1) + 2A(0) cos 2w P (11.1.17)
11.1.2 Proof of Zamolodchikov’s conjecture through Floquet theorem
Considering numerical calculations, in his draft,’l Al. Zamolodchikov conjectured that
| T(a) = 2cos 27| (11.1.18)

We now prove it, directly by the use of Floquet theorem. In fact, consider the TQ relation at b =1

:X(a+i7r) X(a —im)

) = =% X(o)

(11.1.19)

where the terms on the right side ("Q side") can be constructed through the wronskians of the

fundamental solutions of the modified Mathieu equation.

X(a) = WVe, Uy X(a+in) = W[V, Usi] (11.1.20)
Uo(y) ~ %6_(a+y)/46_26(a+y)/2 Ry — 00 (11.1.21)
Usi(y) ~ %6_(a+y)/462e(a+y)/2 Ry > 00 (111.22)

On the imaginary axis of y these are solutions of the Mathieu equation (11.0.2). We report only the

correspondence between the periodic shifts, on the imaginary and real axis of y, respectively
z—=z42n & y—y—2m (11.1.23)

We can expand the fundamental solutions in the Floquet theorem’s basis (11.1.8)

Vo(y) = are™"Ypi(y) + aze”Vpa(y)
Uo(y) = cre™"p1(y) + c2e"Vp2(y)

the coefficients being understood as Stokes coefficients as in section 2. Note that the functions
p; © = 1,2 are periodic only on the imaginary y-axis; therefore, for Ry — +o0o the varying domi-
nant/subdominant behavior of the solutions U1, Uy is admitted.
Bazhanov!'l defined the Uy, functions by application of the €, (b =1) symmetry to the Uy function,
as in (8.2.11)

Uiy (y; ) == Up(y £ mi;a £ i) = QU (y; @) (11.1.24)

We note that this definition permit us to obtain, from the asymptotic representation of the subdomi-
nant solution Uy, the asymptotic representation of the dominant solutions U1, staying within the

same Stokes sector of y. We can define two, in general, different functions Uy, as

Us1(y; @) = Uo(y + 27i; ) (11.1.25)
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which, however, for the leading order, have the same asymptotic representation

(aty)/2
~ 626

Usi(y;0) ~ Ugy (y; @) ~ Ry — +o0 (LEADING ORDER) (11.1.26)

In fact, at the leading order in y, it is legitimate to use the approximate equation

d2
{—d2 +ea+y+P2}¢(y) ~0 Ry— +oo (11.1.27)
Y
Since, by Abel theorem,!””l the wronskians are independent from y, we can write their asymptotic

calculation for Ry — +oo as

WVo(y; @), U1 (y; )] = W[ lim Vo(y;a),yggloo Ui1(y; )]

Yy—r—+o0

= W[ lim Vo(y;a)vygglm Usi(y; )] = W[Vo(y; ), Usr (y; )]

y—>—+o00

Thus we see that, exactly at all orders, it is true that we can use U:tl in the place of Ut for the

calculations of the wronskians

W Vo, Uri](a) = W[V, Usy](a) (11.1.28)

Note that a has been left untouched.

Thus, the proper "dominant" functions to be expanded in the Floquet basis are Uy,

U_1(y) = bie”"p1(y) + bae"pa(y) (11.1.29)
Ur(y) = die™"p1(y) + dae"Vpa(y) (11.1.30)

in terms of some Stokes coefficients b; and d;. By considering the definition of Uiy, we can write

Usi(y) ~ Uo(y F 2mi) Ry — +o0 (11.1.31)
= 1TV, (y) + coe T ey (y) (11.1.32)

The key observation of our proof is the ensuing relation between the Stokes coefficients

b1 = 6727”'1/61 b2 = 627”-1,02 (11133)

2miv

d1 =€ C1 dg = 6_27”1/62 (11.1.34)

we treat the Stokes coefficients as they were ordinary linear coefficients, because we just reach the
border of a single Stokes sector (in which the Stokes coefficients are uniquely determined).

So, the wronskians of interest are expressed as

WV, U_l] = (a1by — asb))Wle "p1(y), e"Ypa(y)] (11.1.35)
W Vo, U] = (arda — azdi)We™Ypi(y), e"Vpa(y)] (11.1.36)
W Vo, Uo] = (a1c2 — azer)Wie ™1 (y), e"Ypa(y)) (11.1.37)

Finally, the TQ relation can be exactly written as

X(Oé-i—iﬂ') X(Of—iﬂ') W[V07U1} W[V07U,1}

T(a) = — + — =
( ) X(Oz) X(Oz) W[Vo, Uo] VV[V()7 Uo]
_ W({Vo, Ui] i W(Vo,U-1] _ (a1dy — azdy) + (a1by — azby) (11.1.38)
W(Vo,Uo]  W[Vo, Uy aicy — ascy
(6727””(1102 _ 6271'1'1/&261) + (627riualc2 _ 6727‘%‘”@201)
N a1Cy — A2C1
= 2cos 2V (11.1.39)
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we thus conclude our proof of Zamolodchikov’s conjecture (11.0.4).

T(a) = 2cos2mv (11.1.40)

11.1.3 Observations

We end this paragraph with an observations concerning the possibility of generalization of Zamolod-
chikov relation (11.0.4) for some b # 1.

For example, we know that at all rational b the Floquet theorem holds. Now, e¥/® has period 2mib,
e~¥® has period 27i/b. Let us suppose that b is a rational number, namely, suppose b = o, with m

and n integers. Then the two periods are commensurable and there exist a common period.

A27ib = B27i/b (11.1.41)

A =B pmez (11.1.42)
n m

A=n? B =m? (11.1.43)

With this choice, e¥/? 4+ e~¥? is invariant under the shift
y — y & 2min?b = y + 2mim? /b (11.1.44)

Then, by Floquet theorem, the generalized Mathieu equation (8.5.4), for rational b, has two linearly

independent solutions

Yily) =e " y)  aly) = e f(y) (11.1.45)
[y £ 2min®b) = f(y & 2mim?/b) = f(y) (11.1.46)

Nevertheless, the problem is that the T(Q relation doesn’t generalize to a relation between the
wronskians of Uy and U,,2,.
Hence, it is not trivial to obtain a generalization of Zamolodchikov’s relation (11.0.4) between T' and

v for b # 1, perhaps it is impossible.

11.2 Proof by integrability theory

In this section, we are going to give an asymptotic proof, for large rapidity 6, of Zamolodchikov’s
relation (11.0.4). This shall be done by direct calculation, of both the Floquet index v asymptotic
expansion and the usual log ) asymptotic expansion. The asymptotic proof amounts to a check
that, for each n-th asymptotic coefficient, the only difference between 27iv and log @ is just the
ratio (1.6.21) of C,, and B,, between the constant of normalization of the Baxter’s log T' function

expansion and log ) expansion, which is consistent with the TQ relation (1.6.13)

QO +in/2) QO —ir/2)

2cos (2nv(0)) = + 11.2.1
T Q) —

which asymptotically, for large rapidity, reads (1.6.13)3%
2miv(0) ~ log Q(8 +im/2) —log Q(H) 6 — 400 (11.2.2)

27 is true only in particular Stokes sectors of 6 which we don’t

38The asymptotic approximation 2cos 27y ~ e
specify, for simplicity, because the only other possibility amounts to a trivial minus sign. In fact, the leading order is
proportional to e?; if the real part of the proportionality constant is positive, the contribution is dominant, instead, if

the real part is negative, the contribution is subdominant.
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11.2.1 Floquet exponent and T function

Consider the self-dual case b = 1. The generalized Mathieu equation becomes the standard modified

Mathieu equation!”! and, by a rotation of the axis z = iy, becomes the well-known Mathieu equation.

d2
2 (2) + (2¢* cos z + P*)ih(z) = 0 (11.2.3)
z
The Mathieu equation is of the Liouville form (4.1.1) with p_(z) = —2cosz and u_ = —P2. The
Bécklund potential (4.1.8) is
P? 1 1 5 tan?
U_(2) = + TR (11.2.4)

2c0sz  42cosz | 162cosd z

G A
16/2cosz 4 (2cosz)3

We put a subscript — at p and u, to keep in mind that the rotation z = ¢y introduces a minus sign,
with respect with the usual p = e¥/® + e~¥®. Moreover, also the functions y, S and R (nut not !)

need such reminder. The Bécklund-Schrédinger equation is

d2
{de - U(w)} x_(w_) =e*x_(w_) (11.2.5)
with dw_ = ,/p_dz. Our aim is to asymptotically calculate the Floquet indexr v, that is, the

monodromy for the wave function around the cycle (period) —m < z < w. for the wave function
solution .
Y(z + 271) = 2™ h(2) (11.2.6)

or, in the Zamolodchikov’s rotated varible y

|y — 2mi) = E7V(y) (11.2.7)

We note that we can equivalently consider the monodromy of the Backlund-transformed wave function
X—, since the factor {/p(z), by which these two functions differ, is 2m-periodic. Hence, making
the correctly "rotated" Bécklund change of variable in (4.2.1), we can define the Floquet exponent

through the integrand of the eikonal as

v(f,P) = QLM {log X—(m) —log x—(—m) (11.2.8)

™

1 dz+\/p—(2)S_(z;0,P) (11.2.9)

21 J_

which can asymptotically written as

2m’u~ze@(1—2n>(— ! )/ dz\/p—(2)R,(2) 6 — +oo (11.2.10)
n=0 -

2n—1

Note that the factor 7 is correct, from (11.2.7).

We can begin our calculations. It is convenient to introduce the variable

(11.2.11)
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Note that t(z) = —1/p_(z) and that is has a simple pole for z = 7/2 + kn, with k € Z. The inverse

transformation is
2= cos ! & (11.2.12)
o 2.

(11.2.13)

By this transformation, the measure of integration get transformed as

dt /
dz = ———— 11.2.14
tv/—1 + 4¢? 1- 4t2 ( )

while the Bécklund potential assumes a (functional) polynomial form

Ult(2)] = <P2 . %)t + it3 (11.2.15)

By direct inspection of the first polynomials, we conjecture the following ansatz

D= anmt"" (11.2.16)

We begin with the calculation of the coefficients a,, ,, through the Gelfand Dikii recursion rela-

tion (4.3.13)
dRy 11 1d°R dR, 1dU

=———2+U -—R, 11.2.17
dw 4dw3+ dw+2dw ( )
We transform the derivatives with respect to w into derivatives with respect to ¢
d
— =1 —42Vt3—
dw \th
d? d? 35 d
A5 43 104
T2 = (- t+t)d2 (— Ot+t)dt
d3 d3 9 .. d? . d
B 74152\/1573{ 45 ) (308t + 212D 4 (—d08® + 3t —}
dw3 ( + )dt3+( Jr2 )dt2+( + )dt

therefore the Gelfand Dikii recursion (4.3.13) becomes

dRp+1 5 1 &3 15 d? 45 4 13 d
— = (t — R, — ft R, (*25 p2-= t) —R, 11.2.18
dt ( )dt?’ (5 2 8 )dt2 + 4 +( 16) dt ( )
P? 1 15 ,
e 11.2.1
* ( 2 32 + 8 t )R” ( 9)
where we used also the fact that a ) 5
— =P — + —¢? (11.2.20)

dt 16 4
Expanding this equation in powers of ¢(z) (by using the ansatz (11.2.16)) and equating the respective
coefficients, we obtain a recursion relation for the Gelfand-Dikii coefficients

1 1
(n+2m+1ant1,m = [(n+2m+ §)P2 - 1(n+2m)(n+2mf D(n+2m—-2)— %(n+2m)(n+2mf 1)

312]anm + {(n—ﬁ— 2m —2)(n+2m — 3)(n+ 2m — 4)
15

4
(n+2m—2)(n+2m—3)+£(n+2m—2)+§

0 P (11.2.21)

w"_‘
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which, continuing the calculations, becomes

(n+2m+1)antim = [(n—|—2m+ 1)P2 - 1(n—|—2m)(n—|—2m— D(n+2m-2)— %(n+2m)(n—|—2m— 1)

2 4
1 1
- 1—2(n+2m) - @]an,m + [(n+2m— 2)(n+2m —3)(n+2m —4)
15 45 15
—|——(n+2m—2)(n—|—2m—3)+Z(n+2m—2)+§ Cpm—1

Simplifying again and a making also an index rearrangement (n + 1 — n), we finally get

n+2m—1 1(n+2m—121)3 n+2m—23% n+2m-32
An,m = l:PZ - ( 2) :|an—1,m+ |:( 2) - 2

n+2m 4  n+2m n—+2m n+2m n—-1,m—1
(11.2.22)
It is perhaps already evident that this is a very simple recursion. However, its simplicity can be
emphasized by introducing the variable 7(n, m), which is function of the indexes n, m3°
1
n(n,m) =n+2m+ 3 (11.2.23)
and functions of it f(n) and g(n)
1
f(n) =P%*— 1772 (11.2.24)
gn) =n*>—-1 (11.2.25)
the recursion can then be written as
1
anm =—7 S =DM = 1an-1,m + 9(n = 2)(n = 2)an—1,m—1 (11.2.26)
2

Such simplicity makes us hope to solve it completely, with initial condition
ago =1 (11.2.27)

We now want to calculate the general integral of the functional coefficients. The functional basis is
made from positive power of the meromorphic function ¢(z)*°, the singularities must be avoided in

the integration, by using the symmetries of the simple trigonometric function cos z.

1 n+2m
2cos z )

—T

/ dzv—2cosz R, (z) = Z an’m/ dz \/—20052(
m=0 -

[
NE

—2cos z

amm{ _:dz\/m(l)"“m(_l)n}

0

3
|

U o7 1 n+2m—1/2
_Oa"’m{(_l) /_ﬂdz(_2(3052> }

39 Beware that in the following we shall drop the n,m dependence from n(n,m).
40Since t(z) has just a simple pole, from the general form (11.2.16) we deduce that R, (z) has at most a 3n order

pole for z = w/2 + km, with k € Z

3
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In particular, we split in two the interval of integration, according to whether cos z is positive or
negative. It is clear, then, that the area enclosed between the curve of the integrand and the z axis is

the same on every 7/2-wide interval of z.

/2 1 n+2m—1/2
dz /2 nm 2 (- / d
[ﬂ z cos z Ry, ( Za { + (=" s 2(20052)

/2 1 n+2m—1/2
mz::()a’ { (Fi+ (1) )/0 Z(Qcosz) }

It is perhaps useful to define a "constant" 6, *', in order to better manage this clumsy aspect of the

calculation

126, = 2(xi + (-1)")| (11.2.28)

The basis Z,, ,,, of the integrals is defined as

/2 1 n+2m—1/2
Tym = / dz <2C ) (11.2.29)
0 OS2

so that we can write the integral we are interested in as

dz V—=2cosz R, (z) = 25(n Z nmLn,m (11.2.30)

—T

We proceed to calculate the generic basis integral Z,, ,,

/2 1 n+2m—1/2
T = / dz ( )
’ 0 2cosz

2m+n—3/2

V1 —4?

Change variable s = 1/4t, t = 2s71/2 dt = —1573/2,

1
T :12—n—2ﬂ1+3/2/ £3_3/2_m‘”/2+3/4+1/2
mn,m 4 o

s—1
1 n 3
:2—n—2m—1/23 -, 9
(Gr—m=5+7)

in terms of the well-known Euler Beta function. Therefore, the generic basis integral 7, ,,, can be

expressed as

n—2m—1/2 L(—m— 3+ %)
Lym=2" f—5 (11.2.31)

L(=m—35+7)
In conclusion, the Floquet exponent (11.2.10) can be expanded, for large Biicklund energy €242 in

terms of the Gelfand Dikii coefficients as
S 0(1-2n) \fﬁl - —m—5+9)
, 1-2n 2 "1
QFZV(G,P)NnXZ%e 205,48 /T ———— T o Zanm m_g_'_g) 0 — +oo

(11.2.32)

41 More properly, §(n) is a function of the (now) fixed index n.
42This limit can be more properly interpreted as a large rapidity 6 limit

124



We can define the expansion coefficients of v by
vy 0y 0 too (11.2.33)
n=0

or

—1-2n
2 - D(-m—2+32
2 4

m=0
11.2.2 Baxter’s Q function

Thanks to the standard!''l identification (??), we can calculate the Baxter’s Q function for the
self-dual case, using the wave function solution of the modified Mathieu equation®?, calculated in the
transformed (by (8.1.21)) of z = 0.

d2

aEl) - (2¢*’ coshy + P*)(y) = 0 (11.2.35)

In particular, whether the integration extremes were +o0o and 0 in the non-transformed equa-
tion (8.1.1), now, by the transformation (8.1.21), they get transformed respectively into —oco and
+00. Thus, by (??) and (4.2.1)

log Q ~ ygrfoo log ¥ (y) (11.2.36)

:/w@mwwm (11.2.37)

The Bicklund transformation involves now the functions p(y) = 2coshy and u = +P?; while the
Bécklund potential (4.1.8) is
p? 1 1 5 tanh’®y

Uly) = - - = 11.2.38
) 2coshy + 42coshy 16 2coshy ( )

(poly L5 1
B 16/ 2coshy = 4 (2coshy)3

Our aim in this paragraph is to calculate the asymptotic expansion of log () by the following formula

= —an 1 o
logQ ~ Y "7 (— o) / dy/py)Raly) 0 — +00 (11.2.39)
n=0 —00

We can now begin this calculation. It is convenient to introduce the variable v as

v(y) >0 VyeR (11.2.40)

2 coshy

We observe that, thanks to the properties coshy, this new variable v(y) is always positive and
continuous on the real axis of y. Note also that v = 1/p. The inverse transformation is
y = cosh™* 1 (11.2.41)
50 2.

43We recall that, the generalized Mathieu equation (8.1.19), for the self dual Liouville model at b = 1, reduces to the

standard[?°] modified Mathieu equation. With respect to the calculation of the Floquet exponent, we don’t need to

make any rotation of y.
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while the differentials get transformed as

dv dv
dy = ———n dv = ——-—— 11.2.42
Y V1 — 4v? V31 — 4v2 ( )

In terms of the function v(y), we can express the Bicklund potential simply as a functional polynomial

Ulv(y)] = (P2 - %)v + ZUB (11.2.43)

We note that, thanks to the definition (11.2.40) of the variable v, the Bdcklund potential for the
modified Mathieu equation, as well as the expressions for the derivatives, assume the very same form
which they had with respect to variable t above, for the Mathieu equation. If we choose also the same

ansatz form**

Ru[o(y)] = Y apmo" ™" (11.2.45)
m=0

we find also the very same recursion relation (using the initial condition agy = 1).

o+ 2m — 1 (n+2m—%)3}a +{(n+2m—g)3 n+2m—3
- n—1,m -

1
n -+ 2m 4 n—+2m n -+ 2m n+2m

Up,m = Gn—1,m—1

(11.2.46)

However, the basic integrals seem different. In fact, to calculate log ), the integral of the eikonal is
taken over the whole real axis of y, rather than on a 2mi-long segment on the imaginary axis of y. If
we were able to show that the two different basic integrals are actually equal, we would show that,
apart perhaps the correction of constant, the two different integrals and hence T and v would indeed

be equal. More precisely, the basic integrals read

| vEeohyp =2 [ dyy/2eostiylo) " = 2
oo 0

where we defined, for convenience of comparison with the Floquet index v expansion, the generic

basis integral as

p2mtn=3/2 (11.2.47)

7 _/5 dv
o VI = w2

Therefore, the general Gelfand-Dikii integral we want to calculate is

/ dy /2 coshyR,(y) = 2 Z (P Tnm (11.2.48)
- m=0

We reduce it to the usual Euler Beta function, by the change of variable r = 402, v = 1/r, with

2
_1,.-1/2
dv = T .

7 :12—n—2m+1/2/1 dr pmAn/2-3/4-1/2
7 0

2 VvV1i—r
1 n 1
_ 2—n—2m—1/23 - o2
(Gm+5-7)
44which is equivalent to
3n
1
Rn(t) = Z(_l)kan,(kfn)/2ﬁ (11.2.44)

k=n
where if kK — n is not an even number the relative contribution is null. Thus, the ansatz for b = 1, We observe that,
while the b = 1 Liouville model is of course a particular case of the general Liouville model; the present ansatz is only

similar to the particular case, for b = 1, of the general Liouville ansatz (10.1.5). Namely, the factor e("=k)Y is lacking.
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The generic basic integral J,, ,» can be finally expressed as

I(m

Tn,m
(m+

2n2m1/2f

V|3 w\:

(11.2.49)

Now, in order to compare with the analogue basic integral (11.2.29) for the Floquet index, we
manipulate a bit the Gamma functions which compose the Beta function. We use the reflection

formulal*®l

T 1

I(z) = (11.2.50)

sinmz T'(1 — 2)

so, the Beta function of the log @ basic integral (11.2.49)

1 n o1 1.T(m+2 -1
Bgom+ 5~ ) =T(5)c 2
_F(1)P(—m—g+%)sim(m+g+i)
2'T(—-m—2+3)sinar(m+2%—1)
T} Tem-3+d
tanw(m+ 2 — 1) T(-m— 2+ 2)
1 n 3
=(-1)""B(z,-m— =+ =
()" B, —m - T4 2)

apart the alternating sign, becomes exactly the the Beta function of the 27wiv basic integral (11.2.31).

The two generic basic integrals are related as simply as

Tngm = (—1)" Ty (11.2.51)
The expansion of log @ (or 27wiv) can therefore be written in two equivalent ways
vz Lm+% - 1)
log Q(6, P) 61-2m)9¢8 /& n Py 2 i’ 0 — 11.2.52
0g Q( Z -2 mZ::Oa" { )F(m+g+ﬁ) ool )
—1-2n
2 - I'(—m—2+3)
= 0(=2m)g(_1)ntt V2 P ——— 2 42 11.2.53
n;oe ( ) {ﬁ 1—on ;}an,m( )F(fmfg %) ( )

Comparing with the expansion (11.2.32) of 2miv we deduce that

omivy, = (=1)"*16, By lop_1 = [—1 +i(—1)"|Bplan_1 (11.2.54)

The "global" factor (—1

the normalizations constants of the Iy, 1 asymptotic coefficients of Baxter’s T and @ functions are

)nt+16,, permits perfect agreement with the TQ expansion (1.6.21). In fact,

related as

Cp = [-1+i(~1)"|B, (11.2.55)
multiplying this relation by the local integrals of motion we conclude our proof, because, since the

n-th term of the v asymptotic expansion now is

27TiVn = CHIanl

(11.2.56)

by a general theorem!”’! of asymptotic expansions, starting from n = 0, we can calculate all the

coeflicients through a recursive relation

nl

R ZC) D S g VSO O P _
v = lim_ it o — n=0,1,2,.. (11.2.57)
- log T(0) — >-p—y Crloj—17(1~2%)
Colon 1 = lim 08T = 2k Crlaiae = omiv, n=0,1,2,.. (11.2.58)
H—>+o0 ef(1-2n)
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which, inverted, establishes that the asymptotic expansion of the Floquet index 2miv is equal to the
asymptotic expansion of the Baxter’s log T function. In other words, we have given an asymptotic

proof of Zamolodhikov conjecture (11.0.4).

11.2.3 Test

We tested directly*® the Gelfand Dikii recursion for b = 1, for Ry — Ri, and R; — Rs. Starting

from agg = 1, we obtain recursively from (11.2.22)

P21 5
e _d 11.2.
a0 = 5~ 5 an = g (11.2.59)
3 15 27 35 455 1155
_ *P4— P2 — 7P2_ — = — 11.2.60
@20 =3 61° To0as T 16 256 27 128 ( )

Using these Gelfand-Dikii coefficients and the relative basic integrals (11.2.49), we calculate the first

local integrals of motion (or charges). The first charge I; is

1
I = —2[(110 n 2*2§a11] (11.2.61)
P o1
S| L. 11.2.62
ERgr (11262)
25
N 11.2.
51 ( 63)

The second charge I3 is

8 3 3x7
I3 =+4- 272% 24 11.2.64
3 +3[a20+ 5a21+ 5><9a22 ( )
1 5
=pt4+-p?y = 11.2.
+ 1 + 192 ( 65)
9 245
=AZ - A4+ 11.2.
121 102 ( 66)

Thus, we checked that our results match those of,””! for b = 1, and of,['"! for ¢ = 25.46,

45That is, from the general expression of Gelfand Dikii polynomials (4.3.16) (4.3.17)
46We note also that, for b=1, A =1 — P2
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11.3 WKB expansion of Zamolodchikov’s relation

In this section, we expand the TQ relation for b = 1 in WKB series, with expansion parameter

€0) =+ (11.3.1)

—€
21

which, of course, has the role of the Planck constant . We use the following ansatz for the Q(6)

function!'"]
Q(8) = e *® (11.3.2)
0) = i Pre” (11.3.3)
n=0
(11.3.4)

with the coefficients ¢,, (independent from e and therefore also from #). The WKB expansion of
the Floquet index has been treated in section 7. In this subsection we are going to show that the

coefficients of the two expansion are related as

2mivy, = (=1 + (=1)"1)don_1 (11.3.5)
Chn
37%"_1 (11.3.6)

where we used the usual (1.6.21). However, this is only true assuming Zamolodchikov’s rela-

tion (11.0.4), since, in this subsection, we just expand the TQ relation.

11.3.1 WKB expansion of the TQ relation

The T'(6) function satisfies the TQ relation (because p = 1 in (9.1.4))

QO+i3)  QO—i3)
Q(0) Q(0)

T(9) = (11.3.7)

In this paragraph, we are going to examine the WKB expansion of this TQ relation, using for Q) the
ansatz (11.3.3) .

Because 6 is divergent, it is convenient to change variable, defining an infinitesimal 7 as

n=e"’ (11.3.8)
= +2ic = 0 (11.3.9)
f=—Inn— o (11.3.10)

For the sake of generality, set 6 = i5. We make a Taylor expansion at infinity

¢(0 +6) = ¢(—Inn+9) (11.3.11)
Z e (11.3.12)
B dqb 82 &
_(b(_ln”)wd(qnn) iy 2Vd(—Inp)? 71m7+'"
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and transform the derivatives in § = —Inn in derivatives in 7, using the Stirling numbers of the

second kind 55:”)

dn¢ n (m) dm(b
= E Upm —— 11.3.1
d(tnn)" m:osn ! dnp™ (1:5:13)
dn¢ n quf)
Y _1)ngm)yym”Z ¥ 11.3.14
T = s (113.14)

m=0

(11.3.15)

This relations can be proven showing that some generic coefficients of expansion, actually satisfy the

characteristic recursion relation of the Stirling numbers of the second kind,l”*! that is 5( ),
s = ms(™) 4 50— (11.3.16)

A brief collection of properties of the 53") numbers can be found in appendix C.2. Thus Taylor

expansion becomes

o0 +9)= Y 0 S (-aran Gt |

Il
[“]e
(7=

| — |
=%
T

L
=
i

—_
3
3
Q|
SHEE
3

I
[~
| 3
[~
2%

i
=
3{‘“’\

&

(@)

3
Y
m

SIS

m=0tn=m 0(e)

e om dm

Sl S [E Sl
n! de

n—0 0(e€) m=1Ltn=m 0(e)

As explained in appendix C.2, it is a property of the Stirling numbers that 5(0) = don, hence our

expansmn becomes

(11.3.18)

B0 +6) = +Z{Z 1)"s0 )]e o

m=1""n=m

0(¢)

We must be careful in writing the TQ relation, because the parameter of expansion depends on 6

LT 1 —9—i
) =4—e 072 11.3.1
e(9+z2) 5;¢ (11.3.19)
11
= iige*‘) = —ie(0) (11.3.20)

so that one part of the T(Q relation can be written as

QO+ 9)
Q9)

—exp{ iy0(0+0) — ol0)]}

—i€)

/—\

1—1

= exp{ [¢(0 4 6) — ()] + ¢(9)]}

. oo oo 5m dn
= exp{‘lS [Z(Z W(l)ng))e”def

n=1 “m=n

] 41 1¢(9) (11.3.21)
6(e)

We now take into account the expansion (11.3.3) of ¢(0) itself in the parameter e. Since ¢y is

independent from 6, the general n-th derivative is

"¢ o~ g, N
== ;W = (11.3.22)
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Substituting this expression in (11.3.18), we obtain

(" e ) a4
we+®—¢w>—g;(;;mg'wsm)edwe@

-3 (mz ™) ssy) > o

ZZ¢N€N(N—n)!<Z — (=1)"s

= i GN{¢N ﬁ: (N]i'n), (ni i:(—l)ms%?))} (11.3.23)

so that the part of the TQ relation we are considering (11.3.21) becomes

n=0 “m=n

= exp{i i e {—@V +idn ZN: (NN'n),(i f:!(—msg)ﬂ } (11.3.24)

N=0 n=0 m=n

The Stirling numbers of the second kind satisfy the following property!”!

(=1 =mnl) s — (11.3.25)

which, substituted in our expression, entails

G -t £ forn S (7))

N=0 n=0
= exp{i Z N [¢N + i¢NeN6:| } (11.3.26)
N=0

The other term of the TQ relation is obtained simply by sending § into —§. In conclusion, for a

generic shift 0 we can write

QU +9) _ {1‘” N . _Ng}

———~ —exp{ — €' | —dn +ipne (11.3.27)
Q) P 62; { N ]

Qg(;)é) = exp{iNz_:OeN [—qu + iqueW] } (11.3.28)

(11.3.29)

If we define, trivially, a new shift parameter & by § = 4, the TQ relation is written, for general shift

T(6) = Qg(;)a) + Qg(;)a) (11.3.30)
1 o) N . ~ 1 N N ' B
= expq - Z € {—qu + i¢N cos (N(S)} 2 cosh - Ze [(Z)N sin (N(S)] (11.3.31)
N=0 n=0
(11.3.32)

Restoring the particular value of § appears now essential in order to separate the odd and even terms

131



in the expansion of ¢(0)

QU+i3)  QU—i3)
QO " Q)

:exp{i > ENgon -1+ ()N }QCosh{ Z “Lon 1 ( 1)N} (11.3.34)
N=0 —1

Asymptotically, in some Stokes sector of 8

QO+i3)  QO—i3)
Q(0) Q(0)

1 (o)
= exp{6 > EQNVQN} (11.3.36)
N=0

It must be true that

2cos2mv =T(0) = (11.3.33)

—_

™

2T~ 9 cos 2y =

RO — +oo SO0 (11.3.35)

vo = (—1+1)po (11.3.37)
0 = ¢gan(w) (11.3.38)
von (w) = dpan 1 (w)[—1 4 (=1)Vi] (11.3.39)

where we set the even modes ¢on to zero, because we assume that the ¢on are the integrals over the
whole space of the even modes of the eikonal integrand, as usual (6.2.5).

It might be worthy to note that the correcting constant for the WKB expansion is again the 6,,(—1)"+!
found for the large energy expansion (11.2.54), (11.2.56) and (1.6.21).

11.3.2 From large energy expansion to WKB expansion

We know that, in the WKB approximation, P ~ e/ — 400; more precisely,

P = /—2ué’ (11.3.40)

0

with u constant. Thus, we see that the divergence of P is necessary because e Y is infinitesimal

(h — 0). We recall the ' = 2 form for the Mathieu equation
2 g2
Eﬁw(z) + [u — cos2z](z) =0 (11.3.41)
We already know that the local integrals of motion can be expressed as polynomials in P2, with some
coeflicients p,,; .
Iop1 = anllﬂl (11.3.42)
1=0
B in the WKB expansion, Considering the WKB expansion of Baxter’s Q function, because P ~ ¢/

as § — +oo, there is a rearrangement of the coefficients. More precisely,

logQ _ Z 6(172n)03n (PQILIEOO I2n71(P)) _ 69 230672710 lz: BnpanQl
n= =0
— 69 Z ZBnpnl 2U l 29([ n) 9 Zzénpnl(*2u)l620(lin)

n=0 [=0 1=0 n=l

(o) oo oo
(N=n-1) =¢ Bysipnia(—2u) e N0 =y 7 0172N0 {Z Byipn+i(—2u)
=0 N=0 N=0 =0

3

(11.3.43)
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Thus we see that, while for the large energy (rapidity) expansion the coeflicients of the Q function

were the local integrals of motion Is,_1, which are polynomials in P? with coefficients p,,;

¢2n71 Jarge E: BnIanl = Bn ZPIPZZ (11344)

for the WKB expansion, the coefficients p,; of undergoes a rearrangement over all but a finite number
of charges Isp_1, starting from the n-th. (k =n,n+ 1,...) The formula for ¢,, in the WKB case is

thus an infinite series.

(oo}
= Byypniri(—2u) (11.3.45)
=0

Pon—1

small A

On the other hand, the Floquet exponent for the Mathieu equation, as calculated in section 7 can be

expressed as a differential polynomial in Inu

du™ —m/2

d [ a» [
2TV, = u ZC" "‘Huldul —/ dz /2(cos2z — u) (11.3.46)

Taking into account the rescaling of the expansion parameter €, one can easily deduce the precise
relation between the ¢o,_1 modes of Baxter’s Q function and the 27iv,, coefficients of the Floquet
index and then find an expression for the n-th ¢; mode of the deformed Seiberg- Witten prepotential

in terms of the P2-coefficients 47 p,; of the local integrals of motions Ia,_1.

v = [—1+i(=1)"22" (1) Y " By b (—2u) (11.3.47)
=0

thanks to Zamolodchikov’s fundamental relation (11.0.4). In appendix E we began to outline a
method for exactly solving the Gelfand Dikii coefficients recursion for the self-dual Liouville model.

If, in a next work, we were to obtain a general formula for the Gelfand-Dikii coefficient
A (P) Vn,m € N such that 0 <m <n (11.3.48)

then it should not be difficult to find also the P? subcoefficient and thereby applying the general
formula (11.3.47) to calculate the v, hence the n-th mode of expansion of the deformed Seiberg- Witten
prepotential for N' = 2 gauge theory.

4TWhich we recall that, by A =1 — P2, correspond to coefficients with respect to the conformal weight A.
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A Expansion modes for the Riccati equation
We report the first few modes for the eikonal integrand S(w) of the Riccati equation (4.2.9)
1 1
1/ 1
S5 =F5 <52 =+ Slﬂ) =+ (U - U?)
gt — ls/i + __i 1 1 /
1 =F5| 5% +25,£55 | = 16U +4UU (A.0.1)

1/
S5 =F3 (54 = +28F8F + SQﬂ)

1 1 1 1

— iﬁU”” ¥ g(U/Q 4 UU”) ¥ TG(UUN _ U3) ¥ TGUIQ
1 3 1

— 4y 2 " 2 773 A02
32U :FIG(UU +U ):F16U (A.0.2)

here the ’ stays always for the derivative with respect to w

We prove also a very simple theorem by induction
Theorem 2. In general, we have
Sy =S5, neN

S;nﬂ = =541

In fact, let’s assume that by direct calculation we have verified this statement for £ € N, that is
52+k = Sa
S;;c+1 = =S3k41

Taking n = 2k + 1 we can write (4.2.12) as

1 ,
Si+2 =*35 (iS2k++1 + (£57)S5, + S (£S2k —1)" + ...

= ot S;k(isf))
1 2k
= D) <S2I:Srl + Z Sjnsg;ﬁ—l—m)
m=1
S;rk-s-z = S27c+2
Now take n = 2k + 2

1 /
Shivs = T3 (Saiia + (EST)(ESHp) + TSk + (£8]) (55 1) + .

= oot (EG0) (£57)
1 2k+1
=7*3 (5213;1 + Z Sj;LS;;vFlfm)
m=1
S;rk+3 = =513
We have proved that
52+k+2 = S;k+2

+ _ —
52k+3 - 52k+3
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by induction this equalities hold for all k¥ € N, as was to be proved.
We now prove also that the leading term of the Gelfand Dikii polynomials is!'’!

I'(n+ %)

_ n n—1
RalU] = == U™+ O(U" ) U] = oc (A.0.3)
(A.0.4)
In fact:
_ _ 1 _
Pn 1Un—1 N Pn—1 Un — 7/dwgpn 1 Un—l
dn—1 dn—1 2 dw dn—1
— Pn—1 |:1 _ i:| Un
qn—1 2n
Pn—1 2n—1 n
B qn—1 2n

Pn = (QTL - 1)pn—1

In = 2nqy,

=1

Q=2

pn = (2n— 1! (n — 1 factors, the last being 1)
Gn = (2n)N (n — 1 factors, the last being 2)

Py (n—1)(n—2)- 20D

In nl2(n—1)

B Gauss Hypergeometric function

The Gauss hypergeometric function is defined by the series

oy - N (@a(B)n
2F1(a,b, C7Z) —HZZOWZTL (BOl)
where ¢ is not zero nor a negative integer. (a),, stands for the Pochhammer symbol
r
@n = 2OF ) (atn—1) n>1 (B.0.2)
I'(a)
(a)o =0 (B.0.3)

The series (B.0.1) converges absolutely for |z| < 1. On the circle |z| = 1 is absolutely convergent
provided R(c —a — b) > 0; it converges but not absolutely and not at z =1if -1 < R(c—a—b) <0
and diverges if R(c —a —b) < —1.1°l The Gauss-hypergeometric function (as well as the binomial
expansion) convenes only in the circle of radius 1.

It can be proven that for b > 0, Rc > 0 the hypergeometric function has the integral representation

N I(c) 1 {h=1(1 — g)eb-1
e biez) = m/o gy (B.0.4)
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for z € C\ (1,00). In our case z = —e¥? — —0c0 as y — o0, 50

1
2P (o, B5 3 —2) ~ WZQ/O dttP=e 11— )81 5 o

Ll —a) T
)

TOTo—a = (B.0.5)

The following formulal”®l permit to expand the Gauss hypergeometric function around infinity

T'(e)T'(b—a) _ 1

2Fl<a,b§C;Z) = T (¢ —a) (—z) “sFi(a,1—c+a;1—b+a; ;)
L(c)T(a — b) B . 1
* TaT(e=b) (=) 2Fi(b 1 —ct bl —at b ) (B.0.6)

B.1 Indefinite integrals for ODE/IM

Using directly the defintion of the hypergeometric function (B.0.1) we calculated theBdcklund
independent variable (4.1.2) and also the first nontrivial eikonal density. They are both indefinite
integrals and, in general, are far more difficult with respect to the Euler Beta function.

The Bécklund independent variable for the Liouville models is

y) = /dy’ Vey'/b eyt (B.1.1)
1
= 2b\ et +evb —2Qe V2 Ly (5, —g, —g +1; —eyQ) + const. (B.1.2)
while for the minimal models we calculated it only for s = 1

w(z) = /dzx/ 22M 1 (B.1.3)

M L1 2M gy
= — F; ; 2\ 22M t. B.14
1 G o 2 M+1 270 = L cons (B.1.4)

The indefinite integral for the first Gelfand-Dikii polynomial R; = %U is given through the integral
of the Bdcklund potential. In the Liouville case:

/dyU /dy\ﬁ ( LW 5p(y)>

Ay 16 22()

1 e/t 4 p2emvb
dyi + - /dybz—
Vey/b fe—ub 4 (ey/b 4 e—yb)3/2
B 5 b%QZy/b o 26y/bfyb + b2672yb
16 Y (ev/b 4 e~ub)5/2
2 5 1 v 3 +2
= (+p22 7_7) yo/2pp (— 27 T2 @
(+ b T2 12)¢ Gy )

+ e [1(1)2 (1 +e¥9) — > —[6b% — 4+ (4b* — 6)ev¥]
s | 5 (07 — e —6)e
(14 ev@)3/2 L 2b 48b
,2 1 1 v 3p2+2
_ p2Z ) yb/2p (Z _ oY@
(+ s P ) I G e g )

=+P?

eyb/2

1 2 2),Q

24b L

In the minimal models case:

; 11 1
d2U(z f——Mﬁ:4P2M 1 )3 Fi(= —— e 4 1. 2M
/Z 6 (M+17) 2 2 PG —gap g T 12
11 9 1 5 1
BREN 7Y S S VA B
+( e i) e T 2 — 1
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C Stirling numbers

C.1 Stirling numbers of the first kind

The Stirling numbers of the first kind Sr(lm) can be given the following combinatorial calculus definition:
(—1)’”*"5'7({”) is the number of permutations of n symbols which have exactly m cycles.[”]

Their generating function is

z(z—1)..(z—n+1)= m = Sm)gm (C.1.1)

m=0
The Stirling numbers of the first kind satisfies the recurrence relation

Sr(:i)l _ Sémfl) o nS’(Lm) n>m> 1 (012)

with initial condition Séo) = 1 Some examples are

O (C.1.3)
(C.1.4)

S = (—1)" (n —1)! (C.1.5)
1) _ _<’;) (C.1.6)
S =1 (C.1.7)

C.1.1 "Correcting polynomials" to Gelfand-Dikii coefficients

Using the signed Stirling numbers of the first kind[*"! S](\l,), we can express the "descending factorial"

of x
I'(z+1)

N
= — )
m—W‘”“'@—NW—Zl:OSzém’ (C.18)

The descending factorial can be expressed in sum of powers of its argument, with as coefficients (up
to a sign) the Stirling numbers of the first kind.

We give an example of application of this formula to the calculation of minimal models basis integrals
of subsection (5.3)

2n—1_ 2m-—1 D3 +2-1) 2n—1 2n—1

= r
2M 7 ) I(2t + 2n-l) Cor T3

I'(
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Thus we can write a polynomial in £ = 1/M in terms of the Stirling numbers

D(n=E+D+m=—n) mn 0y N
e LN )
T((n— 3+ 1)) o M 2
— ) ! _1 r _§ l—rar—r
S (1) - gy = Sy
=0 r=0
=Y ol
r=0
, — (1 1, 3.
O[’En)—n = Z <T> (TL - 5) (m - i)l S7(rlz)—n
l=r

which will be the correcting factor to our expression for the local integrals of motions (5.3.11)

C.2 Stirling numbers of the second kind

We report the recursion relation for the Stirling numbers of the second kind 5£LT”)[ I

5 5:1)1

=ms{™ + sm=D (C.2.1)

with initial condition 5(()0) =1

The Stirling numbers of the second kind can be expressed in a closed form as

5(m) = % i(—l)’”” <’l”> " (C.2.2)
" 1=0

Some special cases are

NON . (C.2.3)
sV =5 =1 (C.2.4)

oD = (Z) (C.2.5)

A possible generating function for the Stirling numbers of the second kind is (e* — 1)". More

precisely!*l
oo _j[,‘m
(=1 =mn!) 553)% (C.2.6)
The Stirling numbers of the first kind can be expressed in terms of those of the second kind by the
relation
= —14+k 2n —m k
Sem = 37 ()R " (k) c2.7
n kZ:O< ) n7m+k n—m-—kL 5n7m+k ( )

Hence, also the Stirling numbers of the first kind have a closed form, though quite cumbersome.

D Further He-Miao operators examples

In this appendix, we give further examples of our algorithmic proof for He-Miao conjecture. In
section 7 we reported the calculations for n = 1,2, here we continue to n = 3,4. We did also n = 5,
but we don’t write it. From n = 1,2, 3,4 we tested our results with those of He and Miaol*'l (obtained
through a far more laborious procedure). For n = 5 we tested our results with those of Basar and

Dunnel?’!
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D.1 Less simple example: T3

Let’s begin with transformation of bsg, that is, the highest degree coeflicient of Rj

by _ 425425 5 o (u?-1)
Q2T 32 (v’ —1) T4
425425 , 5 o [udi(9)  da(9)
- 39 (u 71) {q15/2 + q13/2
which implies that
o
1 425425 1106105 2
by = bas — —go— i (9) (0 = 1) = == (u? — 1)
425425 143
B = bor — S da(9)(u? — 1) =~ (91880 — 1003302 + 845)
We operate now on (the transformed of) bss
(1) 2
11061 -1
qls/2 96 q15/2
1106105

ol

which implies that

by =0
1106105 143
b§Y = by — 96 u?(u? —1)di(8) = —%(u2 —1) (2048u? — 845)
) 1106105 77
bl = bas — —ge—u(u” — 1)da(8) = — 5 (150700 — 6979)

We operate now on (the double transformed of) bs7

0% 143 ) (u® —1)
457 = 06 (2048u” — 845) S

which implies that

2 =0
143

2
bge‘) - b51’>6 ~ 96

143
b = bys — 5 (2048u? — 845) da(7) =

(2048u* — 845) ud, (7) = 518 (32661u — 32041u?)

~:3 (38509u — 853)

(D.1.1)

(D.1.2)

(D.1.3)

(D.1.4)

(D.1.5)

(D.1.6)

(D.1.7)

(D.1.8)

(D.1.9)

(D.1.10)

(D.1.11)

(D.1.12)

(D.1.13)

(D.1.14)

(D.1.15)

We end thus the elimination of the "extra coefficients" (with m > 2n = 6). To proceed further we

operate with the fundamental operation on (the second transformed of) bsg, but before it is necessary

to expand it in the (7.3.25). To this end, we observe that in general

cru + czu® = dyu(u® — 1) + dzu®
d1 = —C1

d3 =c1 +c3
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so that

1 _ 155 4 32661

(2) _ 3 2 2
bsg = 198 (620u® — 32661u (u” — 1)) = 35 U 198 u(u®—1)
b2 1s5u® 1 32661 , 1 32661 1
QU2 32 g2 1 ¢ 1 )q‘ﬂﬁ_ 128 * 2( )q7/2
so that
b(g) _ 15543
36 32
(2 _ 1) 32661 5 1 9
1 _ 32661 _ _g
baa = baa = o5 uda(6) = —5ppu

We proceed operating on the fifth coefficients, after having correctly expanded it.

395 5, 2559

(2 _ 2
b =~ g ()
Y 395 , 1 2559 R
2 64 u q(/2) " 512 udi q7/2 T p12 2 q5/2
so that
5 395
ng) = 67”2
2 1 2559 2295u
by = by = S5 uhi (5) = =g
W, 2559 615
by = bsa = 5 d205) = 1755

Formula (7.3.41) now gives the coefficients of the differential operator in u

Cs6 = %%U‘g
Cs5 = 2%%13
C34 = %%u
Oss = oo 12

which are exactly those of He and Miao in their articlel*']
We note that

2

b2 = byr + UQ“_ -dy(8)bas + —— [dz(g) + #dl(g)dl(s)]bgg
b = bag + u2“_ S (T)b + ﬁ [dQ(S) + (u;‘il)dl(s)dlm} bss
+ (u? g 1)2 [d1(9)d2(8) +d2(9)d1 (7) + (u;ﬂl)d1(9)d1(8)d1(7)} bag

We now write general formulae. Let’s begin with c3g and Ag?

c36 = [5363 + B361 + Ba7ad1(7) — B370d1(7) + Bassdi(8)d1(7) + 6396d1(9)d1(8)d1(7)}u3

Aé? = [*5361 + B370d1(7T) + Bassda(8) + Baeo[d1(9)d1(8) + d2(9)d1(7)]}u(u2 -1)
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(D.1.20)

(D.1.21)
(D.1.22)

(D.1.23)

(D.1.24)

(D.1.25)

(D.1.26)
(D.1.27)

(D.1.28)

(D.1.29)
(D.1.30)
(D.1.31)

(D.1.32)

(D.1.33)

(D.1.34)

(D.1.35)

(D.1.36)



Now we pass to c35 and Agls)

b(z)

by = bss +o 1d2(7)

=b%-+uf_1dx7»+b”2udu&dx7»+Cﬁﬁ?nskuZ—lybwy&w>+lﬁdmmdm&dxn

1)

= Basou”® + Bszo + Barada(T)u” — Baroda(7) + Bassu’di(8)da(7)
+ Bags[(u? — 1)da(9)do(7) + u?dy (9)d; (8)d2(7)]

= [5350 — B370d2(7) — 5396d2(9)d2(7):|

+ {5352 + Ba7ada(7) + P3s5d1(8)d2(7)

+ Baosld2(9)da(7) + d1(9)d1(8)d2(7)1] u? (D.1.37)
(2)
b2 = bl 4+ - &0 Cud; (6) (D.1.38)

= [5350 — B370d2(7) — 6396d2(9)d2(7)} + { [3352 + B374d2(7) 4 B3s5d1(8)d2(T7)

+ B396[d2(9)d2(7) + d1(9)d1(8)d2(7)]} + [_ﬁSGIdl(G) + B370d1(7)d1(6) + B3ssd2(8)d1(6) + Bzos[d1(9)d1(8)d1(6) + d:

(D.1.39)

So
c35 = {5350 + B352 — B361d1(6) + P370[d1(7)d1(6) — da(7)] + Bass[d1(8)da(T) + da2(8)d1(6)]

+ B396[d1(9)d1(8)dy (6) + dy(9)d1 (8)d2(7) + d1(9)d1(8) + do(9)d1 (7)d1(6)] }u2 (D.1.40)

AL = by — cas = by (u) — [b5) (u) + ufg cudi (6)]| (D.1.41)
u2=1
= {— [5350 — B370d2(7) — Baged2(9 }} u? —1)
*P&m+%WM)+&WM)+&w[()()+®U¢Wﬂ¢@ﬂ2 (D.1.42)
Now we pass to c3q4
(2) Az(’,ls) Ai(fﬁ) 2 2
bsy = bsq + w2 1ud1(5) + @ - 1) [u d1(6)d1(5) + (u” — 1)d2(6>] (D.1.43)

= {5341 + Ba50d1(5) — Ba70d2(7)d1(5) — B396d2(9)d2(7)d1(5)
+ [—5361 + Ba70d1(7) + Bassda(8) + Bzeold1(9)d1(8) + d2(9)d1(7)]] dg(ﬁ)}u (D.1.44)

Note that Aé%) is not divisible by (u? —1)? and Ag? is not divisible by u? — 1. However, the rational
(not polynomial) contributions cancel each other.

Finally, ¢33 is corrected not with Ag? but with Aé?

(1) b2 — a5 Af A%
b33 = ¢33 = b3z + W21 d2(5) = b33 + 271d2(5> + Wud1(6)d2(5) (D145)
= (330 + B350d2(5) — Baroda(7)d2(5) — Bzoed2(9)da(7)d2(5) (D.1.46)
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D.2 Less simple example: T}

Let’s begin with transformation of b4 12, that is, the highest degree coeflicient of R4

byiz 1301375075 , 5, .3 (u2—1)
12 — D.2.1
q23/2 256 (u ) q23/2 ( )
1301375075 , 5 3 [udi(12)  do(12)
= —s (u? —1) 2172 972 (D.2.2)
which implies that
1
b, = (D.2.3)
1301375075 3 706460755 3
bfﬂl =by11 + s (u? = 1) ud (12) = ———u (u* — 1) (D.2.4)
2
1301375075 3 46189 (u® — 1)~ (728929u? — 66025)
b =b St (W — 1) de(12) = D.2.5
4,10 = 4,10 26 (@ 1) d(12) 3072 (D-2.5)
We operate now on (the transformed of) by 11
b, 706460755 |, , .o (u2— 1)
q2i/2 = 96 u (u - 1) q21/2 (D26)
706460755 , 5 2 [udi(11)  dy(11)
=—95 U (u — ) 072 T2 (D.2.7)
which implies that
b =0 (D.2.8)
(2) _ 1) 706460755 , o5 2 46189 (u® — 1)° (265249u> — 66025)
by 1o = bato + —o5 " (u? = 1)"di(11) = 2073 (D.2.9)
706460755 12155
by = bag + g u (- 1)?dy(11) = e (299977u* — 4030701 4 103093)  (D.2.10)

We operate now on (the double transformed of) by 19

bl 46189 (u? — 1) (265249u2 — 66025) (u? — 1)

ql9/2 B 3072 ql9/2 (D.2.11)
46189 (u? — 1) (265249u? — 66025) [ud; (10)  da(10)
= (D.2.12)
3072 q17/2 q15/2
which implies that
b8l =0 (D.2.13)
46189u (u* — 1) (265249u? — 66025)
2
bz(l,E)J = bzlx,g + 3072 d1(10)
143
— 5o (1779707 (u? = 1) + 531372 (u® — 1) ) (D.2.14)
46189 (u® — 1) (265249u” — 66025)
Bt =b da(10
48 = Das Tt 3072 2(10)
715 (5955443u? — 4565374u? + 197531)
- (D.2.15)
4096
We operate now on (the double transformed of) b4 9
b7 143 , (u? — 1)
T = 355" (1779707 (u* — 1) + 531372) e (D.2.16)
o 143 2 ud1(9) dg(g)
= oect (1779707 (u* — 1) + 531372) { J57 T g (D.2.17)
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which implies that

b =0 (D.2.18)
(2) _ 1 143 5 2 _
bis = b + geeu? (1779707 (u? — 1) + 531372) da (9)
143 (48003857u* — 62776010u? + 14814825)
= (D.2.19)
61440
143
by = baq + 5ag v (1779707 (u® — 1) + 531372) da(9)
143u (2892391u? — 975565)
= (D.2.20)

3840

We end thus the elimination of the "extra coefficients" (with m > 2n = 8). To proceed further we
operate with the fundamental operation on (the second transformed of) b4 g, but before it is necessary

to expand it in the (7.3.25). To this end, we observe that in general

co + cau? + cqut = do(u? — 1) + da(u? — 1) + dyu? (D.2.21)
do = —260 — Co (D222)
dQ = —Cp — C2 (D.2.23)
dy =co+ca+cy (D.2.24)
so that
(2) _ 143 4 2 2 2
18 = Graap (426720 + 47961185 (u® —1)" + 33146360 (u”® — 1) (D.2.25)
B2 1271270t 1 143 , w?—1
52 = 1380 g5 T 61440 (47961185 (u® — 1) + 33146360) i (D.2.26)
127127u* 1 143 1
= 47961185 (u? — 1) + 33146360) ud; (8) —=
1280 572+ 51aa0 (u” = 1) + ) udr(8) 5573
143 )
+ 5110 (47961185 (u® — 1) + 33146360) dQ(S)W (D.2.27)
so that
3 1271270t b
== 2.2
4.8 1280 ( 8
143
b =) + o110 (47961185 (u® — 1) +33146360) ud (8)
71728547u®  13826791u
_ _ D.2.29
15360 3072 ( )
1 143 9
bis =bas+ g0 (47961185 (u® — 1) + 33146360) da(8)
1989581u? 252461
_ ur (D.2.30)
16384 16384
We proceed operating on the seventh coefficient, after having correctly expanded it.
27027u® 13826791 (u? — 1) u
b2 D.2.31
4.7 160 3072 ( )
B2 270274 1 13826791u 1 13826791 1
2= 160 gB2 T 30m ud, ( )qu/Q + gl )—qg/2 (D.2.32)
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so that

27027u3
B(3) _ D.2.33
4.7 160 ( )
13826791 207085703u% 252461
b2 — pM) 22T 20 (7) = - D.2.34
16 = bag + gy w di(7) 49152 16384 (D-2.34)
13826791u 87405u
pt) —p S Ao (7) = D.2.35
45 = 05 T a0 2(7) 2048 ( )
We proceed operating on the sixth coefficient, after having correctly expanded it.
54285u% 252461 (u? — 1)
b = D.2.
4,6 512 16384 (D-2.36)
b2 sa285uZ 1 252461 1 252461 1
LA dy(6) —m 4+ 22722 — D.2.37
JREVE 512 172 1oasa ") 7 T Te3s1 2O ( )
so that
5428512
b3 — D.2.38
9252461 66773u
b2 = pt) dy(6) = D.2.
15 = bas + Jagg (6 = 5505 (D-2.39)
13826791u 106603
b — b ST o (T) = D.2.40
14 = baa+ i —d(7) = S ( )
Formula (7.3.41) now gives the coefficients of the differential operator in u
1127
113
Cir = i 7ost (D.2.42)
1517 ,
0476 = ﬁau (D243)
1 9539
=== D.2.44
Cis = 57 915 ¢ ( )
1 15229
=== D.2.45
Caa =51 135 ( )

which are exactly those of He and Miao in their articlel*']

We now write general formulae. bg) is directly expressed in terms of the Gelfand-Dikii coefficients as

2) b49 b4,10 2 2 b4,11 3

+u(u? = 1)dy (11)d2(10) + u(u® — 1)do(11)d1(9) | + ml utdy(12)dy (11)d;(10)d;(9)

+u?(u? — 1)d1(12)d1 (11)do(10) + u? (u? — 1)d1(12)d2(11)dy (9) 4 u? (u? — 1)do(12)d; (10)d1(9)
+ u?(u? — 1)d(12)d2(10) (D.2.46)
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E Recursion solving of Gelfand-Dikii coefficients for self-dual

Liouville

The Gelfand-Dikii recursion relation for the coefficients a,, ,, is far simpler in the self-dual Liouville
case (11.2.22), with respect to the general Liouville case (10.1.38). We report here such simple recur-
sion, found incidentally in subsection 11.2 in the context of the asymptotic proof of Zamolodchikov’s
fundamental relation (11.0.4).

P2n+2m—% 1(n+2m—%)3}anlm+ {(n+2m—3)3 _n—|—2m—%

@nym = n+2m 4 n+2m n+2m n+2m n—1,m—1
(E.0.1)
The initial condition is
appg = 1 (EOQ)
Its simplicity was already emphasized by a first change of variables. We defined the index function
n(n,m)* by
1
n(n,m) =n-+2m+ 3 (E.0.3)

and then defined the defined the functions f(n) and g(n)

fln) = P* = o =~ (1~ 2P)(n + 2P) (B.0.4)
gm) =n*=1=(n-1n+1) (E.0.5)

Thus, a first simplified form for the recursion is

An,m = 17i1 |:f(77 —1)(n— 1)an—1,m +g9(n—2)(n— 2)an—1,m—1 (E.0.6)

2

Since the functions f(n) and g(n) are very similar, we can express one in terms of the other, for

example f(n) in terms of g(n) as in

f(n) = —i gn) +1— 4P2} (E.0.7)

Hence, probably any finite arbitrary product of these functions can be computed. Noting the
simplicity of this self-dual situation, we express hope to solve the recursion for the Gelfand-Dikii
coefficients ay, . completly.

To get an even more simplified situation, we can make a second change of variable function, defining

the functions

F(n) =nf(n) (E.0.8)
= 17— 2P)( + 2P) (£09)
G(n) =Mm+1)gn+1) (E.0.10)
=nn+1)(n+2) (E.0.11)

48 Beware that in the following we shall drop the n,m dependence from n(n, m).
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where 7 = n + 2m + 1/2 decreases by 1 when n decreases by 1, but decreases by 2 when m decreases

by 1. Equation (E.0.7) corresponds to
Fo =1 {6t -0+ [1- 4 - v}
_ 1’7{(77 1l +1) + [1— 4P| n(n 1)}
= —inQ [1+2 - 4P?]

The recursion now is written simply as

1

An,m = m |:F(77 - l)an—l,m + G(T/ - 3)an—1,m—1:|

(E.0.12)

(E.0.13)

(E.0.14)

It appears now evident that the shift in the definition on G (with respect to g) can facilitate the

calculation because in this way the total shift of both F(n) and G(n) equals the shift in 7 in the

Gelfand Dikii coefficient this functions multiply.

Now, also the nn — 1/2 divisor, already simple, can be included in the definition of a third couple of

functions. In fact, define the final solving functions §(n) and g(n) by

__F(n)
f(n) = m

1 (n—2P)n(n+2P)

- T
_ G

n+5/2
_nn+Hn+2) Tn+3) 1

n+32 T(n) n+32

a(n)

so that the recursion finally becomes

‘ An,m = f(n - l)an—l,m + 9(77 - 3)an—1,m—1 ‘

We easily show all its simplicity by iterating the first four steps: for the second

anm = f(n — Df(n — 2)an—2,m + [f(n —1g(n—4)

+ 90— 31— 4)] an—2.m1 + 900 — 31 = 6)an—2.m 2

for the third

(E.0.15)
(E.0.16)

(E.0.17)

(E.0.18)

(E.0.19)

an,m = f(n — D)f(n — 2)f(n — 3)an—3,m + [f(n = Dg(n —Df(n —5) + g(n — 3)f(n — 4)f(n — 5)

+§(n = Df(n —2)a(n — 5)} Un—3,m—1+ [f(n —Dgn—4)gn—"7) +9(n—3)fn—4)e(n—-7)

+9(n —3)g(n — 6)f(n — 7)] an—3,m—2+8(n—3)a(n —6)g(n —9)an—3m-3
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and for the fourth

anm = f(n = 1)f(n — 2)f(n — 3)f(n — 4)an—a,m + g(n — 3)a(n — 6)g(n — 9)a(n — 12)an—a,m—1
+ [fr = D = 251 = 3)a(n = 6) + 5 = D — 2)a(n — 5)F( — 6)
+f(n = Da(n — 4)§(n —5)j(n — 6) + a(n — 3)f(n — 4)§(n — 5)f(n — 6)] An—a,m—1
+ [ar = 3)a(n — 6)a(n = 9 — 10) + 8(n — 3)a(n — 6)f(n — g — 10)
+9(n—3)f(n —4)a(n — 7)g(n — 10) +§(n — Da(n — 4)g(n — 7)a(n — 10)] Un—4,m—3
+ [f(n =i —2)a(n —5)a(n — 8) +f(n — g(n — 4)j(n — 5)a(n — 8)
+8(n = 3)f(n — 4)§(n — 5)a(n — 8) +f(n — La(n — 4)g(n — 7)f(n — 8)
+9(n = 3)f(n —4)a(n — 7)f(n — 8) + g(n — 3)a(n — 6)f(n — 7)§(n — 8)] An—d,m—2

In general, we can write for the h-th step

h (1)
0l =3 an-nm-t| Y Ol gl (E.0.20)
=0 q=0

and for the n-th last step

a%%—zémz[zc(" .9 } (E.0.21)

where the coefficients Cl(,};) [f, 9] are obtained by the following rules. A certain Cl(,];) [f, g] is product of
h functions f, g such that

1. Number of f and g
Given h, in each product, the total number of function (of whichever type) is h. Given [,

distribute in all possible CZ(Z) ways [ functions of type f and h — [ functions of type g

2. Lowest argument

Given [, the lowest argument is
— (h+20) (E.0.22)

or
Apaxn = An + 2Am (E.0.23)

3. Growth of argument
Staring from the lowest argument: if one has a function f(nx), the nearby-argument function,
whichever it is has augmented by +1; if one has a function g(nx), the nearby-argument function,

whichever it is has augmented by +3
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The highest and lowest coefficients are easily determined

ann =[] on—3k) (E.0.24)
k=1

I'(n) TGn—3-n)

= - TE D) (10.25)
ano =[] §n—k) (E.0.26)

_( 1\"Tlh+35-n) T(n I(n—2P) T(n+2P)

N ( 4) I'(n+ %) I'(n—n) | T(n—2P —n)T'(n+2P —n) (E.0.27)

Observe that the ratio of the Gamma functions in the explicit formula, for all possible orders n,
for the lowest Gelfand Dikii coefficient a,g can be expressed, through the Stirling numbers of the
first kind, as a polynomial in the Liouville momentum P? with coefficients p,,; and to substitute in
formula (11.3.47).

The next-to highest and lowest begin to be complex

n n—l1 n—1
1Z{f(773(nl)1)1_[9(773k) 11 g(n3j4)} (E.0.28)

=1 k=1

n—l
" ) P T30 1)
; =3 ) DR T ) T - 80+ 2)
14+ 1/2—3(n— D) (n—3n+9/2)l

(n+1/2)M (n—3/2—3(n— ) (E.0.29)
n n—l n+1
e Z{g(n Bl VLSRN V SR 1>} (£.0.30)
=t k=1 j=n—1+3

In general, we conjecture that a definite, tough very involved, formula, for the generic Gelfand-Dikii
coefficient ay, m
an,m (P) Vn,m € N such that 0 <m <n (E.0.31)

might be found, following the rules we just outlined. In particular, the generic a, , might be
expressed in terms [m/2] finite sums. If we were correct, the final outcome of the research project we
outlined in this appendix, might be the determination of an explicit formula for the generic Liouville
charge I,_1 at the self dual point b = 1. In fact, we remind that the Gelfand Dikii polynomial, for

the self dual Liouville case, is defined as

_ En: T (E.0.32)

m=0

where for integral [, ,, of the Gelfand-Dikii functional part we already, far more easily, found a

general formula (11.2.49).

+

L(m+

T — 2—7L—277L—1/2\/7T_ )
n,m (

)

Then, following the procedure outlined in the second paragraph of subsection 11.3 (cf. (11.3.47)),

(E.0.33)
I'(m +

PN N

I3 )3

it might be possible to obtain also a general formula (now involving the infinite series (11.3.47),
however) also for generic €;-deformed Seiberg-Witten cycle 2miv,, of N' = 2 pure gauge theory, thanks

to Zamolodchikov’s fundamental relation (11.0.4).

148



References

1]

2]

13l

4]

15]

6]

17l

18]

19]

[10]

[11]

[12]

[13]

V. Bazhanov, (2011) - Generalized Mathieu Equation and Liouville TBA: An unpublished
work of Alexei Zamolodchikov, seminar at INFN, Bologna; http://cft-im.bo.infn.it/2011/
talks/Bazhanov.pdf

Al. Zamolodhikov (unpublished, 2000) - Generalized Mathieu Equation and Liouville TBA;
incomplete draft in Quantum Field Theories in two dimensions: Collected works of Alexei

Zamolodchikov , World Scientific, 2012, 2 voll

D. Fioravanti, A. Mariottini, E. Quattrini, F. Ravanini (1997) - Excited State Destri - De Vega
Equation for Sine-Gordon and Restricted Sine-Gordon Models ; Phys.Lett.B390:243-251,1997 ;
arXiv:hep-th/9608091

D. Fioravanti, M. Rossi (2003) - Ezxact conserved quantities on the cylinder I: conformal case. ;
JHEP 0307 (2003) 031; arXiv:hep-th/0211094

D. Fioravanti (2004) - Geometrical Loci and CFTs via the Virasoro Symmetry of the mKdV-SG
hierarchy: an excursus ; Phys.Lett. B609 (2005) 173-179 ; arXiv:hep-th/0408079

V. Bazhanov, S.L. Lukyanov, A. B. Zamolodchikov (2003) - Higher-level eigenvalues of Q-
operators and Schrodinger equation ; Adv. Theor. Math. Phys. Volume 7, Number 4 (2003),
711-725 ; https://projecteuclid.org/euclid.atmp/1112627038

V. Bazhanov, S.L. Lukyanov, A. B. Zamolodchikov (1996) - Integrable Structure of
Conformal Field Theory, Quantum KdV Theory and Thermodynamic Bethe Ansatz ;
Commun.Math.Phys.177:381-398,1996 ; arXiv:hep-th/9412229v1

V. Bazhanov, S.L. Lukyanov, A. B. Zamolodchikov (1997) - Integrable Structure of Conformal
Field Theory II. Q-operator and DDV equation ; Commun.Math.Phys.190:247-278,1997 ; arXiv:
hep-th/9604044v2

V. Bazhanov, S.L. Lukyanov, A. B. Zamolodchikov (1999) - Integrable Structure of Conformal
Field Theory I1I. The Yang-Baxter Relation ; Commun.Math.Phys.200:297-324,1999 ; arXiv:
hep-th/9805008v2

V. Bazhanov, S.L. Lukyanov, A. B. Zamolodchikov (1998) - Integrable Quantum Field Theories
in Finite Volume: FExcited State Energies. ; Nucl.Phys.B489:487-531,1997 ; arXiv:hep-th/
9607099v1

P. G. Drazin, R. S. Johnson (1989) - Solitons: an Introduction ; Cambridge University Press

P. Dorey, R. Tateo (1998) - Anharmonic oscillators, the thermodynamic Bethe ansatz, and
nonlinear integral equations ; J.Phys.A32:1.419-1.425,1999 ; arXiv:hep-th/9812211v1

V. Bazhanov, S.L. Lukyanov, A. B. Zamolodchikov (1998) - Spectral determinants for Schridinger
equation and Q-operators of Conformal Field Theory ; J.Stat.Phys.102:567-576,2001 ; arXiv:
hep-th/9812247v2

149


http://cft-im.bo.infn.it/2011/talks/Bazhanov.pdf
http://cft-im.bo.infn.it/2011/talks/Bazhanov.pdf
arXiv:hep-th/9608091
arXiv:hep-th/0211094
arXiv:hep-th/0408079
https://projecteuclid.org/euclid.atmp/1112627038
arXiv:hep-th/9412229v1
arXiv:hep-th/9604044v2 
arXiv:hep-th/9604044v2 
arXiv:hep-th/9805008v2
arXiv:hep-th/9805008v2
arXiv:hep-th/9607099v1
arXiv:hep-th/9607099v1
arXiv:hep-th/9812211v1
arXiv:hep-th/9812247v2
arXiv:hep-th/9812247v2

[14] P. Dorey, R. Tateo (1999) - On the relation between Stokes multipliers and the T-Q systems
of conformal field theory ; Nucl.Phys. B563 (1999) 573-602; Erratum-ibid. B603 (2001) 581 ;
arXiv:hep-th/9906219v2

[15] P. Dorey, C. Dunning, R. Tateo (2007) - The ODE/IM correspondence ; J.Phys.A40:R205,2007 ;
arXiv:hep-th/0703066

[16] S.L.Lukyanov, A.B. Zamolodchikov, (2010) - Quantum Sine(h)-Gordon Model and Classical
Integrable Equations , JHEP 1007:008,2010 , arXiv:1003.5333

[17] P. Dorey, A. Millican-Slater, R. Tateo (2004) - Beyond the WKB approzimation in PT -symmetric
quantum mechanics; J.Phys. A38 (2005) 1305-1332 ; arXiv:hep-th/0410013v2

[18] A. Fachechi, D. Fioravanti (...) - Quantising N' = 2 x SU(2) gauge theory: integrability and
modular anomaly; JHEP ...

[19] 1. M. Gelfand, L. A. Dikii, (1975) - Asymptotic behaviour of the resolvent of Sturm-Liouville
equations and the algebra of the Korteweg-de Vries equations , Russian Math. Surveys 30:5
(1975), 77-113

[20] Al. Zamolodchikov (2000) - On the Thermodynamic Bethe Ansatz Equation in Sinh-Gordon
Model, J.Phys. A39 (2006) 12863-12887 , arXiv:hep-th/0005181

[21] Al. Zamolodchikov (1991) - On the thermodynamic Bethe ansatz equations for reflectionless
ADE scattering theories; Phys.Lett. B253 (1991) 391-394

[22] C. A. Tracy; H. Widom (1983), Proofs of Two Conjectures Related to the Thermodynamic Bethe
Ansatz, Commun.Math.Phys. 179 (1996) 667-680, arXiv:solv-int/9509003

[23] A. Erdelyi (1956) - Asymptotic expansions ; Dover Publications

[24] E. T. Whittaker, G. N. Watson, (1920) - A course of modern analysis; Cambirdge, 3rd edition
[25] S. Lang, (1999) - Complex analysis, 4th edition; Springer

[26] E. Hille (1976) - Ordinary differential equations in the complex domain; John Wiley & Sons
[27] E. A. Coddington (1961) - An introduction to ordinary differential equations; Prentice-Hall

[28] M. Abramowitz , I. Stegun (1964) - Handbook of Mathematical Functions with Formulas, Graphs

and Mathematical Tables ; National Bureau of Standards

[29] S. L. Lukyanov (2000) - Finite Temperature Ezpectation Values of Local Fields in the sinh-Gordon
model; Nucl.Phys. B612 (2001) 391-412 ; arXiv:hep-th/0005027v1

[30] A. Zamolodchikov, Al. Zamolodchikov (1996) - Conformal bootstrap in Liouville field theorys;
Nucl. Phys. B477 (1996)

[31] Y. Nakayama (2004) - Liouville Field Theory — A decade after the revolution ;
nt.J.Mod.Phys.A19:2771-2930,2004 ; arXiv:hep-th/0402009v7

32]

150


 arXiv:hep-th/9906219v2
arXiv:hep-th/0703066
arXiv:1003.5333
arXiv:hep-th/0410013v2
arXiv:hep-th/0005181
 arXiv:solv-int/9509003
arXiv:hep-th/0005027v1
arXiv:hep-th/0402009v7

[33] K. Maruyoshi, M. Taki (2010) - Deformed Prepotential, Quantum Integrable System and Liouwville
Field Theory ; Nucl.Phys.B841:388-425,2010 ; arXiv:1006.4505 W. He, Y. Miao (2010) -
Magnetic expansion of Nekrasov theory: the SU(2) pure gauge theory ; Phys.Rev.D82:025020,2010
; arXiv:1006.1214v3

[34] W.He, Y. Miao (2011) - Mathieu equation and Elliptic curve; Commun. Theor. Phys. 58(2012)827-
834 ; arXiv:1006.5185v3

[35] G. Basar, G. V. Dunne (2015) - Resurgence and the Nekrasov-Shatashvili Limit: Connecting
Weak and Strong Coupling in the Mathieu and Lame Systems ; JHEP 1502 (2015) 160 ; arXiv:
1501.05671

[36] A.-K. Kashani-Poor, J. Troost- Pure N = 2 Super Yang-Mills and Fzact WKB ; J. J. High
Energ. Phys. (2015) 2015: 160. https://arxiv.org/abs/1504.08324v1

[37] D. Gaiotto (2014) - Opers and TBA, arXiv:1403.6137v1

151


arXiv:1006.4505
 arXiv:1006.1214v3
arXiv:1006.5185v3
arXiv:1501.05671
arXiv:1501.05671
https://arxiv.org/abs/1504.08324v1
arXiv:1403.6137v1

	Introduction
	Acknowledgments
	I Introductive integrability notions
	Integrable structure of conformal field theory
	Virasoro algebra and local integrals of motion
	Classical limit
	Baxter's Tj operators
	Feigin-Fuchs free field representation of the Virasoro algebra
	"Continuous transfer operators" Tj() and local integrals of motion
	Non local integrals of motion and fusion relations

	Baxter's Q operators
	Construction of the A operators
	Q  operators and their properties

	Non-linear integral equation and generating functions for the integral of motion
	Asymptotic expansion of the TQ relation

	"Ordinary differential equations - integrable models" correspondence
	The canonical Schödinger equation of ODE-IM
	Construction of C and D functions
	Analiticity properties and uniqueness
	ODE/IM correspondence
	Fusion relations
	Fused quantum wronskians
	Singular potentials and duality
	Developments for the Liouville model

	Y system and TBA

	Thermodynamic Bethe ansatz for Sinh-Gordon model
	Generalities on Sinh-Gordon model
	Thermodynamic Bethe ansatz
	TBA integral equation for the Sinh-Gordon model
	Formal link between Sinh-Gordon and Liouville TBA and leading asymptotics

	Y system
	Y system and universality
	The TBA equation corresponds to a unique Y system

	X system
	From the X function to the X system
	Inverse procedure

	Integrability


	II Gelfand-Dikii differential polynomials
	General markovian large energy expansion
	Modified Schrödinger equation
	Bäcklund's Schrödinger form
	Application to ODE-IM equations

	Riccati equation for the eikonal representation
	Gelfand-Dikii recursion relation
	Local integrals of motion by Gelfand Dikii polynomials
	The markovian property

	Local integrals of motion for the minimal models
	Gelfand Dikii recursion relation for coefficients
	Gelfand Dikki coefficients test

	Gauge s-independence and basis for integrals
	Minimal models local integrals of motion
	Test


	General markovian WKB expansion
	Riccati equation and standard WKB expansion
	Decomposition in odd and even part
	Examples and heuristics

	Equivalence proof for the WKB integrands
	The markovian recursion relation and its solution
	Conventions and test

	Simple justification for the possibility of a Gelfand-Dikii analysis
	Conclusive remarks

	Proof of He-Miao conjecture for N=2 gauge theory
	Introduction
	Gelfand-Dikii WKB markovian recursion for b=1
	Test of the recursion relation
	Further examples of Gelfand-Dikii coefficients
	"Redundant He-Miao coefficients" recursion relation

	General algorithmic proof of He Miao conjecture
	Examples
	Trivial example: T1
	Simple example: T2



	III Liouville ODE/IM
	Zamolodchikov's Generalized Mathieu equation
	Derivation of generalized Mathieu equation
	ODE-IM for the Generalized Mathieu equation
	Study of asymptotic solutions
	QQ system
	TQ systems
	Observations
	Quantum wronskians

	Liouville integrable structure
	Minimal models analogue
	Modified Schrödinger form
	Reflection amplitude

	Thermodynamic Bethe ansatz for Liouville model
	X and T functions matching
	Matching of large energy leading order
	Liouville TBA
	Speculations on the TBA for Q at the self dual point
	N=2 TBA and proof of a conjecture by Gaiotto


	Local integrals of motion for Liouville model
	Gelfand Dikii coefficients recursion in the Liouville case
	Test

	Liouville local integrals of motion
	Basis for integrals
	Expansion in local charges
	Test

	Universality of Gelfand-Dikii recursion

	Proof of Zamolodchikov's fundamental relation for self-dual Liouville
	Proof by Floquet theory
	Floquet theorem and Hill determinant
	Proof of Zamolodchikov's conjecture through Floquet theorem
	Observations

	Proof by integrability theory
	Floquet exponent and T function
	Baxter's Q function
	Test

	WKB expansion of Zamolodchikov's relation
	WKB expansion of the TQ relation
	From large energy expansion to WKB expansion


	Expansion modes for the Riccati equation
	Gauss Hypergeometric function
	Indefinite integrals for ODE/IM

	Stirling numbers
	Stirling numbers of the first kind
	"Correcting polynomials" to Gelfand-Dikii coefficients

	Stirling numbers of the second kind

	Further He-Miao operators examples
	Less simple example: T3
	Less simple example: T4

	Recursion solving of Gelfand-Dikii coefficients for self-dual Liouville
	References


