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Introduction

The primary mathematical tool used in signal theory is the Fourier trans-
form. It is applied to a signal, in the time domain, to obtain from it a rep-
resentation in another form, in the frequency domain.

The theoretical domain of signal theory is very large. It involves the study
of functions, and the study of partial differential operators as well, to pass
through these two field it is necessary to introduce Wigner-Ville distribution
(which we name W-V for short).

W-V distribution first appeared in quantum mechanics and its use in the ap-
plications is based on the useful properties this distribution satisfies. In the
applications the positivity property is of interest because it removes interfer-
ences. Interferences are caused by the cross terms present in the formula, for

all (u,&) € R%:
W(af +B9)(u, &) = [al*W(f)(u, &) +|B*W (9)(u, &) + aBW (£, 9)(u, &) +aTBW (g, f)(u, €),

which is obtained developing the expression for the W-V distribution W into
autoterms, the former two, and cross terms, the latter two. To guarantee the
positivity property is a complicate problem and it is resolved by averaging
the W-V distribution with smoothing kernels. As a byproduct, this smooth-
ing operation delocalize the support of the new averaged W-V distribution
resulting in a loss of resolution.

Time-frequency analysis has been developed mainly because of the need of
good resolution over the information we get from signals. This means to be
able to distinguish between closed events in time or frequency space. Simul-
taneously, that is in the time-frequency space, it is not possible to obtain

very good resolution above a fixed threshold. This due to the Uncertainty

1l
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Principle, it plays a role crucial in every area of Signal Analysis and it is a
constraint superimposed by the theory over all the arguments following in
this document.

In the following we will find instantaneous frequency, which is a mathemat-
ical concept which pretened to represent the sound intensity varying with
time, that we perceive hearing sounds for example. In giving a definition
of instantaneous frequency we adopted which one uses the analytic signal
associated to the signal.

The tool we will use to explore signals is the Windowed Fourier Transform
F9  f(u,&) defined in the time-frequency domain (u,§). In this new trans-
form the signal f has to be integrated against a reference function g, the
window. Firstly, is central the inversion formula, which provides a represen-
tation of a signal in terms of an integral expansion of vectors, in the discrete
case we have a sum expansion and the vector are referred to as Gabor frame.
In this context the smoothness and the decay of the signal affect these one of
its transform and vice versa. In order to quantify the information given by
the distribution of the transform coefficients we resort to modulation spaces
defining Banach spaces of functions with a given time-freqeuency behaviour
for which we can use operator theory. Ambiguity functions are also covered.
They are of relevant utility in the applications and we use them as cross-
correlation function between two signals in one pratical example.

The representation of a signal f whit the inversion formula is very redundant
and not useful for the discretized case. Our approach consists rather in using
frames. We will prove when the coefficients in the frame decomposition of
f are unique, and this will corresponds to the case of having a Riesz bases.
In the sampling-to-reconstruction process there is the need to recover any
signal f from its sampled values < f,e; > _,. This lead to the iterative
frame algorithms for implementing the reconstruction process of a signal f
when samples of the signal are received. As a corollary of this part we will
see how to implement an algorithm to reconstruct the signal and how its rate

of convergence is related to the frame bounds of the frame.
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The Wavelet Transform %, (f)(u, s) is introduced at the end. It has signed
the beginning of a new era in signal processing since the easier computability
with respect to the Windowed Fourier Transform. It is not a representation
in the time-frequency plane (u, ) of a signal f, but it retain a property of
localization thanks to the formula:

t—u

Fe Dl = [ ) f(t)%w( it [ " F () EF (s e,

S 00

which implies that the frequency-support of the signal is restricted to

1
supp F(s€) = ~Supp F.

Nevertheless the s parameter gives the Wavelet transform the capacity of
resizing the signal’s support of an s factor. This property of multiresolution

at different scales s links the Wavelet transform to Hoelder spaces.






Chapter 1

Fourier transforms

We will see that there is a sort of duality between a signal f and its
transform .% (f) and all matters covered in the sequel stem from the operation

of Fourier transform. In particular, it is central the Uncertainty Principle.

1.1 Heisenberg’s indeterminacy

Consider f as a function in L?(R?), this means it is a signal with finite

energy. It is well defined the following:
Definition 1.1. Fourier transform of f € L*(R?) is
FEN© = [ rwe (11)

We will use the definition above in the sequel. Nevertheless there exist
other equivalent forms for the Fourier transform. We will need the following

result by Riemann and Lebesgue:



1. Fourier transforms

Lemma 1.1. (Riemann-Lebesque) If f € LY(R) then Z f is uniformly con-
tinuous and
lim |7 f(§)] =0

E—+oo

Observation 1. It should be proved that the definition (1.1) is well-defined
in L?(R). Observe that the integral in the definition above is not defined
pointwise, and furthermore, it does not associate to an L' function an L'
function. For an example take the function e** ¢ L'(R), for k¥ > 0. Or
for example take f(t) = %(t) ¢ L'(R), the integral of this function doesn’t
converge, it can be shown simply using the contrapositive of lemma 1.1 and

the fact that f is equal to ﬁ(%x[%u). But both the functions are in L*(R).

Now we give a formula which says us how to move between these spaces
with the Fourier integral operator. We give the inversion formula for the

Fourier operator (1.1) defined above:

Theorem 1.1. If f € L*(R):

It will be needed this:

Theorem 1.2. (Plancherel formula) If f € L*(R) then the operator F :
L*(R) — L*(R) is unitary, this is equivalent to:

| fllzz = |7 ()|l
and this:

Theorem 1.3. (Parseval formula) If f € L*(R) then:

1

1 Flle = - IF (T Flee



1.1 Heisenberg’s indeterminacy 3

It is useful to consider o7 and Ug, the standard deviation respectively of

a signal f and its spectrum % (f):

Definition 1.2.

= f f(6)[di = lloullz:

(1.2)
ag e <g w> Z(OPdE = [loule

We are ready to state the uncertainty principle. Its usual formulation is:
“a realizable signal occupies a region of area at least a fixed constant in the

time-frequency plane”.

Theorem 1.4. (Heisenberg’s principle) Given a normalized function f €

L3(R) then the following inequality holds:

LAl )
| =

Proof. Consider A to be the following:

A= / ) f(t)e .

We define F' to be the following positive function:

F(p) = 27 1A= (u€A — £ A)dE =
= 73 A A = e A) A (€ f — 5 A)E
= 1P [T AN + pgs [T HALS + A A+ 5 [ | AP
>0

We rewrite it applying integration by parts and using the hypothesis || f|| =
27 (| f| must vanish at infinity):

= 1202 + ([ A%, — [T AldE) + 5= [77 [ £ APde

- (1.3)
= 12 05 + g/ub(() —2m) + % fjoo |d%A|2d£
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Observe that

d o0 .
A=—A=—i f(t)e ®tdt.
i z/_ tf(t)e *'dt

Substituting it in (1.3) and using reverse Parseval theorem 1.3:

o0

=202 —p + [T APdE
=120 —p +r [TT T ()Pdg (1.4)
= 1202 —p + [T7|tf .

We have obtained a polynomial with no real root. By using the discriminant

formula, Heisenberg holds:
1-— 4030? <0

and

FTn

1.2 Instantaneous frequency

To analyze the time-frequency behaviour of a signal we first consider
the instantenous frequency. This concept is undefinable in the sense of the
Heisenberg indeterminacy’s principle. In fact, consider a signal f, defined in a
small interval I; around a fixed instant of time ¢, of width e. We associate to it
f+g where g is a smooth cut-off function (a function zero everywhere outside
an interval) and we Fourier transform it. Then invoking the Heisenberg
principle 1.4, we have: . .

~

2

g > ~ —.
$ = 402 7 4e

Which implies that for small € we can not say that f has frequencies concen-

trated in a fixed bandwidth in . Nevertheless, for many purposes is sufficient

what we can do. So let us start with the following:



1.2 Instantaneous frequency

Definition 1.3. The instantaneous frequency is the derivative of the am-
plitude related to a signal. So if f = a(t)cos(y(t)) then the instantenous

frequency is

We will give in theorem 2.2 in the next chapter a fundamental result on
instantaneous frequency which well shown the connection to the Windowed
Fourier Transform. In fact, in order to achieve better satisfying results, the
structure of a signal is well investigated by the use of the following Win-
dowed Fourier Transform introduced below, which is our second new type of

transform.
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Chapter 2

Windowed Fourier Transform

Previously, we have considered e®! as a function with which we weighted
the signal in the definition of Fourier transform (1.1). Now we consider the
weights g(t — u)e®!. Furthermore, we obtain better approximations about
the integral of the signal f considering the change of variable t — (t — u), a
translation v in time under the integral sign.

The resulting transform .7,

win

f we obtain so has the property that the inter-
secting supports of the functions under integral sign will give a more concen-
trated information about the signal f. This is the idea behind the following

definition:

Definition 2.1. Let L*(R) 3 g be an even and symmetric function with

llg]| =1 (g is our window). The Windowed Fourier Transfor is the:

ol ) (1,€) 1= / " g = we . 2.1)

Observation 2. We now give an example of computation of the Windowed

Fourier Transform of a sinusoidal signal f, with a characteristic function as

7
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window g. We will discuss about it in example 2.1. In the figure below is
shown the plot of the transform obtained sliding the window along the time

axis. We obtain very good results here, following Mallat:

AR AL AR R
AR,

f(t)

g 8 8 8 8 &8 8
O R T T Tl

freqg=5;

n=24;

spec=.1;

t=[0:spec:n];

A=[];

m=length(t);

ampiezza=.3;

M=2%m;

s=zeros (1,M-amp-2) ;

for (i=m:1:M-1)
s=[s(l:i-amp-1) ,fun((i-amp:1: (i+amp))) ,zeros(l,M+m-i-amp-1)];
ss=fft(s);
A=[A;ss];

end



subplot(2,1,1);plot(t,f(t,freq),t,g(t,n/2%ones(1,m),...
...ampiezza));axis tight;
for i=1:1:m
subplot(2,1,2);colormap(l-gray(256));imagesc(t,(1:1:3*m-1),...
...[abs(A(1:i,:));zeros(m-1,3*m-1)]’) ;axis tight;

end

Next we define what is called an Heisenberg box.

Definition 2.2. We consider a fixed (u, £) point in the time-frequency plane,
the Heisenberg box is a rectangle with edges the time spread and the fre-

quency spread defined by (1.2).

These boxes are important because they define the area where the (sup-
port of the) window is concentrated. So boxes far from each other leave
gaps in the time-frequency plane, we have that in these gaps the signal can
not be well approximated by a system of functions (exempli gratia: taking

# will gives birth to

the set {e*'g(t —u)},,,,, where we can take g(t) = e~
Gabor systems), so that we cannot expect that it forms, in a certain way, an
acceptable frame. We will speak about these concepts below in chapter 3.

In literature the product of the frequency spread by the time spread corre-

sponds to the resolution.

Observation 3. Scaling the window g by a dilation g(t/s)/+/s, we obtain a

new Heisenberg box with the same area. In fact we have from definitions
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(1.2) by properties of the window g¢:

of =7 7leg( ) i“lzdt = J7 Plg(t)[Pdt =

=5 [ L[2dt

:52 - t2‘ () ‘2dt

=5 [ t2rgs<>12dt

o? %f (w—¢&) |f Yeit ) emiwltHu) gt 2 dyy =

[0 wPlemiu fu <>|2dw= (2.2)
= [ wlem O 7, (g)|2dw =
= [ W Fu(g)Pdew =
[ (sw) V5T w(g) Pd(sw)
22 W2F (Lg(h)Pd(w)

= £ [ (w)? wgs( ))[2d(w)

So the product 0?02 (the area of the Heisenberg box) is always the same (i.e.
it is constant around the time-frequency plane). Note that the resolution in
time and frequency respectively depends on s instead. This fact leaves open

the way to Wavelet which we will explore in the last chapter.

2.1 Ambiguity function

In the applications, an analogue invariance property, like that of the area
of the Heisenberg boxes above, is obtained by considering ambiguity func-

tions.

Definition 2.3. An ambiguity function is the following:

Ag(u,§) == /_OO g(1T +u/2)g" (1 —u/2)e”"dr (2.3)

[e.9]

We note with * the complex conjugate. The definition above is expressed
in the time domain. We prove here also the equivalence with the other

equivalent form in the frequency domain:
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Theorem 2.1.

N

9(u,§) =

7 g(m 4+ u/2)g* (T — u/2)e " dr =

)
)

:f 9 T+U/2)g*(7-_u/2 6 zg (t+% )6 g(T—%)dT: (2 4)
= L [ Plolr o+ eSO @) Pl - DD o=
% foooo y _Z§T>(w)9(g(7')ei%T)*(w)eiw(%+%)d¢u _
= & [ F(9)(w +€/2)F (9)"(w — £/2)e™dw =: Ai(u, )
Proof. 0

See that in the calculations (2.4) above we have used the Plancherel the-
orem 1.2. Observe that we did not use the Ambiguity function with an
auxiliary window as in the Windowed Fourier transform. Furthermore we
note that it is complex-valued and it do not constitute a probability density.
Instead if we take two different functions f € L?*(R) and g € L*(R) instead
of only ¢ in the definition of Ambiguity function, namely:

MﬁmW@»z/ffv+umﬁv—umw“wn (2.5)

we obtain the cross-ambiguity function, which is used as a cross-correlation

function.

Observation 4. We look at the norm of the values of the ambiguity function as
a kind of dependence of the signal energy on time and frequency. Supposing
we have a radar emitting signals, we would determine the spacial values (by
means of distance d and velocity v) of an object. To achieve this we use
the echo signal produced by the object and so we measure it with a receiver.
Consequently we have a returned signal reflected by the object incoming with
a delay to = 2d/c in time and a Doppler shift £, = —2&v/c, where ¢ is the
speed of light. So the echo signal is

frct (t) = f(t — t(])e*ifo(t*to)
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and its spectrum:

+o00
F(f)r)= [ fut)e it

If our receiver is an optimal receiver with frequency characteristics F'(£), then

the incoming signal we have to treat is

[ re @

o0

which is the (Woodward) Ambiguity function (it can be shown with a bit
of computations that it coincides with our Ambiguity A defined in (2.3)).
Observe that the incoming signal is a function of the time delay ¢y and the
Doppler shift &.

To determine the distance d and the velocity v we have to determine ¢y and &.
In doing this we must to take into account this property (1): that |Af(u,&)|
takes on the maximum value || f]|? at the origin (0,0) in the (u, £)-plane.

So we necessarly have to determine experimentally the time-frequency values

for which the following Ambiguity function

Af(t —to, & — &)

takes its maximum to use the property (1). The explanations of the role of
the ambiguity function compared to the antenna pattern of the radar are not

pursued here for brevity.

We obtain the following property that the volume of ambiguity is con-

stant:
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Observation 5.

57 J o ST VAS (1, €)Pdudg =
= L[ [ [ g+ u/2)g (7 — u/2)e e dr [2dude =
L [ g+ u/2)g (T — u/2)e Edr
25 g (7" +u/2)g(r" — u/2)ei¢dr' duds =

= o [0 T T [ T g (T + u/2) g (7 — u/2)

g (7" +u/2)g(r" — u/2)dédTdT du =
= [2 [ L[ e (g(r +u/2)g (T — u/2)

g (T +u/2)g(T" — u/2))(§)dEdT du =
= [ [ 0 +u/2)g" (7 = u/2)g* (7 + uf2)g (7 — u/2)dr'du =
= [0 g (@)g(x)dx [7 g9(y)g* (y)dy =
= lgll”
=1

(2.6)

which is another instance of the uncertainty property; in the sense that the

‘amount of ambiguity’ is constant as the energy of the signal g is.

Here we state, as promise some chapters ago, a result showing the con-

nection between instantaneous frequency and Windowed Fourier Transform:

Theorem 2.2. Consider f = a(t)cos(t), g a normalized window and its
rescaled gs = \/ng(ﬁ) If£>0:

P P),6) = L) IIG(5le — () + ).

where the Windowed Fourier transform is calculated with respect to gs, instead

of g.
We have that the corrective terms satisfy:

lﬁu,g‘ S €a,1 + €a,2 + €p,2 + sup ‘Q(UJ)‘
w|>s¢’ (u)
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with:
4
sla(w)]
€l = ol
€2 < sup 82||5(l;()1\m
[t—u|<3
€on < sup Sl"(1)], if Jell <1
\ i<

Proof. By definition
Fuin() (€)= [17 a(t)cos(p(t))g(t — u)e™ dt
which we rewrite as a sum of two terms:
= fj;o(%a(t)ew“)gs(t —u)e " 4 La(t)e W g (t — u)e ) dt

Reminding Taylor series expansion, we have here

a(t)

a(u+1t) = a(u) + d(u)t + TtQ with  |a(t)] < sup |a”|
[u,u+t]

and

B(t) 2

plu+1) = o) + ¢ (i + Z0¢ with [5(0)] < sup |

[wsu-+t]
By the first summand in (2.8), which we name as I(y), we obtain:
I(p) = [72° Sa(t + u)e 0 g (e~ dt.
Multiplying it by 2e~“¢(") &%) we get:
= fj;o a(u)e”‘ﬁl(“)ei%ﬁ(t)e_iftgs(t)dt—i-

. / y 2 ]
[l ()t e POty (1) d +

+ fj;o @ﬁefi(£t+s0(U)*s0(u+t))dt,

(2.7)

(2.8)
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Now using first order Taylor expansion another time yields:

:B(t) 42
e'LTt

B(t)

5 t() with ()] < 1,

=1+

and finally observing that:

2 gi(t)e e Wiar = \/sg(s¢ — ¢ (u)]),

we have that:

11() — La(u)e' @ -5(e — o/ (u))] < Lt 1e,ht+e,n)  (2.9)

with

2|a’ (u s(t) i
€1 = ||a(q(t 2l = tg e ) ]
oz = [0 talt |'9s ‘dt (2.10)
02 _f 2|8(t |I9s ‘dt+| U)If 1£3]|8(t) ||gf/(?‘dt.

€

Similarly for I(—¢), we obtain:

I(—p)| < L5 — ()| + Ll (e 4 epn+e0).  (2.11)

2|a’ &0 t)
;1 _ |a (u)| | / tQS( —it(§+¢' (u dt|
a@] ') V5

By inequalities (2.9) and (2.11) we obtain:

with

e +e
u+ea72+€<p,2+ sup [g(w)],

|“‘|28|¢/(’U‘)|

which is exactly the statement because

9(s[€ + (W) < sup  [g(w)]

|w|=s|@" ()]
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in the case
E>0 and ¢'(u)>0

+ —
Finally, we prove the upper bounds of the statement, we set: €,1 = w,
since we can suppose supp g = [—%, %], we get:

+o00 i g™
n gst n ? n
JC ’\/(g”dt:s [ ploiar < 5

1
2

Applying the property for n = 1 gives the estimate

Let’s finally verify the upper bounds (2.7). The formers two are simple

consequence of the fact that the Taylor remainder in each formula satisfy the
property:

sup|a(t) < sup |a"(t)] , supla(t) < sup |a”"(t)].

[t<3 [t—ul|<3 [tI<35 [t—ul<3
Finally, in (2.10) above, replacing |3(t)| by its upper bound and considering
sla’(u)||a(u)] ™! < 1 gives:

1 S|a/(u)| 2 20 N
< —(1 < t
or < 51+ 500 swp (O] < s 100

jt—ul<3 jt—ul<3

2.2 The inversion formula

The Windowed Fourier Transform fulfills the inversion formula as the
Fourier Transform of the last chapter. First of all, Windowed Fourier Trans-

form satisfies the following orthogonality relation.

Theorem 2.1. Let fi, fo, 91,92 € L*(R), then Fyu;(f)(u,§) € L*(R) for



2.2 The inversion formula

7 =1,2, and:

1 _
fzﬁm (f1), 7 fizm (f2) >p2= o < fi, fa >12 < 91,92 >12,

where .Z.%  is applied to gj-

win

Proof. Suppose for instance that g, g, are in L' N L*>® C L2 So we have

f39;(- — u) € L*. Therefore by Parseval formula theorem 1.3 we obtain

“+o00 “+o0
/ / o (P T (fa)dedt =

400 +0o0 e
:/ (/ F(fi(t)gi(t — u).F (fot)ga(t — u))dE)dt

o (e o]

—on [ ARG Wl - wdd

[e.o] —0o0

next, applying Fubini to the products fif; € L} and 172 € L:
< Fin (1) P (f2) >12 =27 [T o[22 (gt — w)ga (t — w)du)dt

=21 < fi1, fa >12< g1, 92 > 12

Finally we extend the relation, as usually, to g; € L? by density argument.
Fixing g, € L' N L*®, the mapping go —< Fur. (f1), Fusn (f2) >12 is a
linear functional that coincides Wlth = < f1, fa >12< g2, 91 >2 over L'NL>,
a dense subspace of L?. It is therefore bounded and so it extends to all g5 €
L?. So now, considering arbitrary fi, fo and g, in L?, the linear functional
g1 —< Foi (J1), P (f2) >12 equals 5= < fi, f2 >12 < g1, 92 >12 on
L' N L>® and extends to all g; € L?. So the orthogonality relations are
established on all L*(R). O

Observation 6. It is a corollary that

£l = o~ H Fwin(f)|2
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for all f € L* (which is the isometry property of the Windowed Fourier
Transform). So it follows that f is completely determined by its windowed

Fourier transform .%,,;,(f). But furthermore, the implication
ywm(f) =< f(’)?eié.g('_lo >=0 Vu,éERQ :>f:O
is equivalent to say that for each fixed g € L? the set

{eg(t —u) : (u,€) € R?}

spans a dense subspace of L?. The matter of how recover f from Z,(f) is

shown in the next theorem:

Theorem 2.2. (Reconstruction formula) We suppose that f is in L?(R). Then

+00 +oo
= [ ] Funln)e 00t — e

Proof. Observe that

“+00

9wxm@=eM/ F(t)g(t — u)eDdt

= (7)) fx [g(=t)e™]
= (e7")f * [g(t)e™!]

where the convolution is a function of the u variable and by its property ¢ is

even, so g(—t) = g(t). So its Fourier transform is

F ()W) = flw+6)dw).

Consider that the Fourier transform of g(t—u) with respect to u is §(—w)e~%.

We have finally, by Parseval theorem 1.3 applied to the integral formula in
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the statement of our theorem:

+o0o +<>o )
/ €)g(t — u)e™dudé

1 +o00

T o flw+€)]g(w) P ) dunde.

—o0
But f € L', so we can apply Fubini’s theorem to reverse the integration

order. From the formula we obtain, using the inverse Fourier transform

theorem 1.1, which we recall is:

1 oo .
ft) == flw+ e r0de
2r J_
which results in oo
= f(®)|g(w)]?dt.

But since we have .
/ 9 Pdw = 1

it finally results the statement above. For a more general f € L*(R) a density

argument is used and the proof is complete. O

The key ingredient in this proof is the Parseval formula. in fact we can

prove a more general result:

Theorem 2.3. We suppose that g, are in L*(R) and < g,y ># 0. Then
for all f € L?

£t) = /m Ci%MﬁWO( Wekdedu,  (2.12)

27r<gv>

Proof. Since Z,,(f) € L? by observation 6, the integral

: 1 too +°°5\ et
g | [ Zulhluontt—wea

—0o0

is well-defined in L2 as we will see in the observation 8.
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Consider ¢ function on R with values in the Banach space L?, then f =

f_Jr;o g(u)du, operator-valued integral, for us means that

+oo
< f,h >:/ < glu),h>du for all heL*.

[e.9]

If the mapping
+00
h — / ), h > du

is a bounded (conjugate-)linear function on L? (where the (conjugate-) is
applied on h), then the mapping defines a unique element f € (LQ*)*. Al-
though in general we can only say that the integral < f, h > is in the bidual
(L*")". But this problem don’t worry us, because we the spaces we deal with
are all reflexive Banach spaces, L? included. Using the orthogonality relation
theorem 2.1 it yelds

1 oo oo .
ho=e — — i (), )< B, 4t — w) et >dud
<fh> 27T<%g>/_ B DA = ) > dud

“+oo +oo
), Z.. (k) >=< f h>.

So f = f, and the inversion formula is proved. m
Definition 2.4. We call v the reconstruction function.

Observation 7. The inversion formula (2.12) shows that f can be expressed
as a continuous superposition of time-frequency shifts with the Windowed
Fourier Transform as weight function. In this sense, (2. 12) is similar to the
inversion formula for the Fourier transform, that is, f(t) = 5- f oo f £)etde.
However, in Fourier inversion the elementary functions €' are not in L2,
whereas in theorem 2.3, the elementary functions (¢ — u)e are instead
particularly nice functions in L?, in fact they are used as the starting point

for the reconstruction of a signal f. We will speak about this in chapter 3.

Observation 8. The integral (2.12) in the theorem above is a superposition
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of time-frequency shifts of the form:

+oo +oo
_ gt
f /_Oo /_Oo F(u,&)g(t —u)e"dudg. (2.13)

Let us now specify well this integral in the more general setting of Banach

spaces. For example, if F' € L?(R), then the (conjugate-)linear functional

I(h) = /_+OO /_+OO Flu,€)< I g(- — 0)e® >dude

is a bounded functional on L2 To see this, we apply the Cauchy-Schwartz

inequality and use that (it follows from the orthogonality relations above)

[ Fowin ()2 = [ fll2llgl2,

where the Windowed Fourier transform is applied with g. So the following
holds
(L) < [ Fll2ll-Fwin(R)ll2 = 1 2llgll2l2]]2- (2.14)

This means that [ defines a unique function

— /JFOOF _ i€t 2
f= : (u,&)g(t —u)e~*dudé € L

with norm || f]l2 < || fll2|lglle and satisfying I[(h) =< f, h >.
We show now how the integral (2.13) gives a relation for the Windowed

Fourier transform. Let A, be the linear operator defined by

AJF = /%O /+OO F(u,&)g(t —u)e dudg.

By the estimate (2.14), A, is a bounded operator from L? onto L?. Moreover,
by

+o0o +oo
< AyF, h >= / / F(u, &) < g(t —u)e ™ h > dudé¢

< F, Fyin(h) >=< F

win

(F), h >,
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with h € L? and F € L?, so A, is exactly the adjoint operator (the conjugate
transpose is the same as the inverse) of the Windowed Fourier transform

viewed as an operator from L? to L?. Thus indeed .#, = A,, where the

win

Windowed transform is computed by g.

Thus the inversion formula reads as

This inversion formula will lead to important results about modulations
spaces. The definition of these spaces is based over an extension of the

inversion formula as:

(e[ ~ / | g (0, )P, ) < o),
where g € (R) and 1 < p,q < oco. Modulation spaces are spaces of func-
tions that are better suited to describe the action of the Windowed Fourier
transform, and they give a general framework for the definition of admissible
window. In the applications is important to choose a Window such that both
g and ¢ decay very rapidly, that is, for example for Schwartz functions or
C§° functions.

For completeness we show an:

Example 2.1. One signal processing application known as signal segmenta-

tion amounts to using a characteristic function as window. We have that

{X[o,l] (t . k)€2mnt}k,n

is an orthonormal bases in L*(R). Indeed, if ¢ = Xjo,1], the Fuin(f) re-

spect to g provides an accurate picture of the temporal behaviour of f since
tg[wzn(f)(ua O) = fu+[0,1]

u. But on the frequency side, since Fx, (§) =

f(t)dt is the average value of f in a neighborhood of

l1—e
3
not even in L'. This gives a bad frequency localization and the Windowed

i€
decays slowly and is
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Fourier transform

T (N, &) = Zo (& —u)e

provides a completely inadequate frequency resolution.
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Chapter 3

Frames

In this chapter we start considering sequences {e; : j € J} in a separable

Hilbert space $) which we call frame

Definition 3.1. We call {e; : j € J} a frame in case there exist positive

constants A, B > 0 such that
AlJIP<Y 1< freg> P < BIfIP, for all fest. (31)
jeJ

If the frame bounds A, B satisfying (3.1) are equals then {e; : j € J} is
called a tight frame. We will see that in case of tight frames, both the frame
and its dual defined in (3.4) coincide.

When we considered the Windowed Fourier transform (2.1) for the Inversion
formula in theorem 2.3, we used it to write f as a continuous expansion of f

with respect to the uncountable system of functions

{r(t —u)e™ : (u,€) € R?}.
Since L? is a separable Hilbert space, only a countable subset of them suf-

25
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fice to represent every signal f € L?. In fact the representation of f by
the Inversion formula is highly redundant, hence in the case the supports
{supp < y( - —w;)e’ " h >}, overlap when (u;,&;) varies in a countable
subset of R x R. This because the coefficients

{yjm (f)(uz; gi)}(ui,gi)

in the Inversion formula are almost equal and so they represent the same
time-frequency behaviour of f varying (u;,&;).

The formal idea behind this is that requiring to have a frame is less than
requiring the invertibility of the Windowed Fourier transform operator.

We now give an interesting geometrical interpretation of the formula (3.1).
We cover the time-frequency plane by a lattice (an, fk) with (n, k) € Z x Z.
Our window function ¢ has support essentially concentrated in a rectangle
R over the lattice. Its size by the uncertainty principle can not be larger
than a costant. So we have a covering of the time-frequency plane given
by R + (aZ, f7Z), which is a countable set of shifted rectangles in time and
frequency. If the product a8 > 1, then the rectangles R do not overlap
leaving gaps. The signal in the gaps can not be approximated, so giving a
set of vectors {e;, 7 € J} which do not constitute a frame. This is a theorem

and is formulated as:
Theorem 3.1. If {g(t—an)e®} is a (Gabor) frame in L*(R), then af < 1.

The converse is not necessarily true. This is the case also when the signal
is oversampled but f is not completely determined by its frame coefficients
< f,ej >. We can take for example ¥ (g = x,a = 2,3) = {X[0,1)(t—2n)e™P};

they do not form a frame because the functions with supports in | J [2k +
k€eZ
1,2k + 2) are not even in the span of ¥ (x,2,3). We conclude this brief

introduction with an example of frame:

Example 3.1. Take an orthonormal bases {g1, g2, 93} in a three dimensional

Hilbert space $). Considering a cube the corresponding tetrahedron can be
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given by the coordinates
(1,1,1),(1,-1,1),(—1,-1,1),(1, -1, —-1).

Considering the following rotation matrix

1 1 1
V3 V3 V3
1 \/E 1
NG 3 N
—1 L
NG V2

applying it to the tetrahedron above we obtain the following four vectors:

91
O1=g1,02 = — %5 — —92 + \/7937

g V2 2 2/2

O3 = T3 ?92 — 593#54 —g + 792

By simple computations we obtain that | < f,¢, > |*> = 3| f||* So they
form a tight frame with bounds A = B = 4/3.

Observation 9. Here is an example of computation made using Mallat code.
It is a representation of the Windowed Fourier coefficients of signal, a (com-
pressed for logistic necessity) piece of music taken as input (its time profile
the graph immediately above, in blue). The logarithm of the coefficients of
the spectrogram log(:#) f are calculated using a Hanning windowed, tipically

used in musical recordings.

3.1 Riesz bases

We call
| Z(f)(u, &)

the energy of f in a time-frequency box centered at (u,&).

A way to collect both the property that the sampling operation is continuous
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on L? (stability) and that f is uniquely determined by the samples of the

Windowed Fourier transform (completeness) is considering:
ANFIE < DD IZ (k0 < BIIFI;
k n

fulfilled for all f € L2. This is more or less to say that the energy of the signal
f is preserved under discretization. Observe that the samples of the Win-
dowed Fourier transform are just inner products of f with a given collection

of functions:
F(f)k,n) =< f,g(h —k)e™ >= e *" < f g(h — k)e™"F > |

We have that f is unique under the representation of the Windowed Fourier
coefficients if {g(h — k)e™™"=*) . k. 'n € Z} spans a dense subspace of L%
How this is realized will be the content of proposition 3.3, which states when
the particular case of uniqueness of the coefficients in the Windowed Fourier

expansion of f happens. We will use different types of operators in the sequel.
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Definition 3.2. Consider {e; : j € J} C § subset and {c;};es a finite

sequence .

e The analysis operator C' is given by
Cf={<fej>jel}

e The synthesis operator D is defined by Dc =) cje; € $

e The frame operator S is defined on § by

S(H=)_<fe>e

Proposition 3.1. Given {e; : j € J} a frame for ), the following holds:
a) C'is bounded from $) into ¢*(.J) with closed range.

b) The operators C' and D are adjoint to each other; that is, D = C*. Con-

sequently, D extends to a bounded operator from ¢?(.J) into $ and satisfies
1D ciesl < VBielle-

¢) The frame operator S = C*C' = DD* (here * is the involution operator)
maps ) onto $ and is a positive invertible operator satisfying Al < S < Bl
and B[z < S7!' < A'I. In particular, {e; : j € J} is a tight frame if and
only if S = Alj.

d) The optimal frame bounds are B, = ||S|| and A,y = ||S7!|7", here || - ||
is the operator norm of S.
Proof.

a) We have that
ICfll2 > All ]2

so taking the sequence

Cfh =y
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we obtain that {z,}, is a Cauchy sequence by the fact that ||z, — z,|2 <
%HC’fn — Cfull2- So C'lim f,, = y and hence, y is in the image of C'. Hence

it is a closed subspace of ¢2.

b) Take a finite sequence of coefficients {¢;},c;. Then

< C%, f>=<¢Cf >:ch< fiej >=< chej,f >=< Dec, f > .

Now, since C' is bounded on $ and has operator norm ||C|| < v/B by (3.1),
it follows that D = C* : (2(J) — £ is also bounded with the same operator

norm. Thus b) follows.

¢) Since S = C*C = D*D we have that S is self-adjoint and positive definite.

Since

<Sff>=Y1<fe>]

it’s immediate that AI < S < BI. Further, S is invertible on £ because
A > 0. Since S is a positive definite operator and it commute (i. e. [S,S™!] =
SS~1 — 5715 = 0) therefore AS™1 <SS~ < BS™!, as desired.

d) We remember that the operator norm is defined by [|S]| = sup < Sf, f >.
IflI<1
Then from inequalities (3.1) the statement follows. O

We observe that point b) above is remarkable because it says to us that
> cjej is well defined for arbitrary ¢ sequences even if we are not claiming
that the frame vectors in the sequence are not even orthogonal. We can
explain better this phenomenon using the following:

Corollary 3.2. Let {e; : j € J} be a frame for . If f = > c;e; for some
j€J

{c;}; € C3(J), then for every € > 0 there exists a finite subset Fy = Fy(e) C J

such that

||f—chej|| <e for all finite subsets F DO Fy.

In this case we say that the series converges unconditionally to f € $.
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Proof. Choose Fy C J such that |¢;]* < e/\/ﬁ for ' O Fy. Let cp = cxr €
n¢F
(%(J) be the finite sequence with terms cg; = ¢; if j € F and c¢p; = 0 if

j ¢ F. Then cje; = Dcp and
jEF

|f — cjejll = ||De — Depl|

jEF
and by proposition 3.1 b)
= [ D(c—cr)|l

= V/E§HC‘—'CFH52f§ €

Corollary 3.3. If {e; : j € J} is a frame with positive bound coefficients A
and B, then {S™'e; : j € J} is a frame with bounds A~', B~'. Every f € $)

has non-orthogonal expansions

F=Y <[5 >e¢ (3.2)
Jj€J
and
f=Y <fe>5"e, (3.3)
je€J

where both sums converge unconditionally in $).

Proof. First of all we have that

dI<fSle>P=) <5 fe>=

jedJ jed

because is self-adjoint and by definition:

=< S(S7H), ST f>=< ST f >
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Therefore by proposition 3.1, c):

B fIP << ST F>=Y | < f,87¢; > P < AT,

jeJ

Thus the collection {S™'e; : j € J} is a frame with bounds B! and A~

Using the factorizations Iy = S71S = SS~!, we obtain the series expansions

F=S8STH=)_<S'fe;>e;=) <fSe>e

jed jed
and
f=857SF=Y < fe>5"e.
jed
Because both {< f,e; >} and {< f,S'e; >} are in (*(J), both series
converge unconditionally by the corollary above. O]

Observation 10. If the frame is tight, that is the bound coefficients are iden-

tical, then both the decompositions are identical. So from
1 2 -1 2 _ 1 2
vfen SlIFIP<Y I <f57e > <SIfI, (34)
jet

we have that also:

1
f:ZZ<f’ej>ef'

jeJ
Definition 3.3. The frame {S™'e; : j € J} in the statement above is called

the dual frame.

Observation 11. In the applications our synthesis operator is discretized as a
pseudo inverse. The (continuous) linear pseudo inverse C is defined as the
left inverse that is zero on (R(C))*:

Vie$H CTCf=f and Yac (R(C))* CTa=0. (3.5)

The pseudo inverse of the analysis operator C, also called frame analysis
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operator in literature, allows a reconstruction with the dual frame just defined
above. This reconstruction from inner products (3.2) is the counterpart of
the series expansion with respect to a set of vectors (3.3).

So the signal f is reconstructed from the frame coefficients C'f(e;) =< f,e; >
with the dual frame coefficients €, = S~'e; as expanding functions. For
orthonormal bases these two aspects, (3.2) and (3.3), coincide. Note however
that we have to be able to compute the dual coefficients €; in advance to make
effectively computations with these formulae. In general this is not the case,
to provide for this situation we will prove Richardson iteration procedure
below.

Further, our decomposition is not unique in general. This in contrast as it is
in the case of orthonormal bases. The following proposition says us when that
uniqueness of the coefficients < f,S7'e; > happens. Here is a preliminary

result, it says us that the coefficients are canonical in a certain sense:

Proposition 3.2. Suppose {e; : j € J} is a frame for X and f = ) c¢je; for
jeJ
some coefficients ¢ € ¢(J), then

Z’CJ'P > Z’ < f7 Silej > ‘27

jedJ jed

with equality only if ¢; =< f,S7e; > for all j € J.

Proof. Set a; =< f,S7'e; >. Then f = Y a;e; and

jed

< [,87 f >=a; < e, ST >= ay).

jeJ jeJ

On the other hand, using that S is self-adjoint we have,

<LST>=D¢j<ep, ST >=) @ =<ca>.

jeJ jeJ
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Therefore ||al|7; =< ¢,a >, and we see that
lell?> = lle — a + all?

=lle—al% + l|la|z+ < c—a,a>+ < a,c—a >
= lle — all2 + llall> > llallz,
with equality only if ¢ = a. m

So the question when the coefficients are uniquely determined is settled

by the following statement:
Proposition 3.3. Suppose that {e; : j € J} is a frame for §. Then the
following conditions are equivalent:
i) The coefficients ¢ € ¢*(J) in the series expansion (3.2) are unique;
i1) The analysis operator C' maps $) surjectively onto £%(J);
i7i) There exist positive constants A’, B’ such that the inequalities
Alelle < 1Y csesll < B'llelle (3.6)
jed
hold for all finite sequences ¢ = {¢;};e,.

iv) {e; : j € J} is the image of an orthonormal bases {g; : j € J} under an
invertible operator T' € Bound($)).

v) The Gram matrix G, given by G;,, =< €j,€, >jmes, defines a positive

invertible operator on £2(.J).

Proof. Consider {e; : j € J} a frame, we remember that from proposition 3.1
and equation (3.2) we have that C' is one-to-one with closed range and that
D is onto.

We recall also that a bounded operator is one-to-one if and only if its adjoint

operator has dense range.
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i) <= 1ii) The coeflicients are uniwue if and only if D is one-to-one if and
only if D* = C is onto (id est its range, R(C), is closed and dense in ¢*(.J))
i) = i) The continuity of D, by proposition 3.1, implies the existence of a

constant B’ such that

> leiesll < Bl

jet
Since D is bijective, D~! is continuous by the open mapping theorem, from

which the lower estimate follows and #i7) is proved.
i11) = iv) Let {f; : j € J} be an orthonormal bases of ) For f = > ¢;f;, we
jeJ
define T'f = > cje;. Then ||f|| = |lc||2 and
jed

TSI =1 _csesll = Alelle = All /Il

jeJ
and similarly, ||Tf]] < B||f|| for all f € $. Thus 7" is well defined, invertible
operator on §) and T'f; = e;, as desired.

iv) = 1) If Tf; =e;, j € J for an orthonormal bases {f;}; and an invertible
operator T' € Bound($)), then

chej = T(chfj) = 0
jeJ jeJ

if and only if

> eifi=0

jeJ
if and only if
c;=0, for all jeJ

i1i) <= v) For any finite sequence ¢ = {¢;}e,

< Ge,e>= Z < em, €5 > CpCj = HZcmem\P.

m,jEJ meJ

Therefore (3.6) is equivalent to saying that G is a positive invertible operator
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on (2(J). O

Definition 3.4. A frame {e; : j € J} that satisfies the conditions of propo-

sition 3.3 is called a Riesz bases of §.

Observation 12. A Riesz bases is a frame of vectors that are linearly inde-
pendent, which implies that R(C) = ¢2(.J), so the vectors of the dual frame
are also linearly independent. Inserting f = e in (3.2) and (3.3) above yelds

er = Z < ep, Slej > e (3.7)

jeJ

and by linear indenpendence we have that
< ek, Sflej >= 6k,j-

Thus dual Riesz bases are biorthogonal families of vectors. If we take a
normalized bases (||e;|| = 1), substituting f = e; in the frame inequality of

corollary 3.3:

BUfIP << ST f>=Y | < f.87 ;> P < AT,
jeJ
we have that
A<1<B.

3.2 Richardson algorithm

In signal processing we have to represent a signal f with as possibly as
less coefficients in our frame {e; : j € J}. So the problem at the end of the
approximation process is how to well reconstruct f. We devote this section to
the computations needed in order to achieve the reconstruction of a function
approximated by only sparse coeffients.

The best linear approximation of a function f by a subspace spanned by

(*(J) functions is the orthogonal projection of f in the subspace. When it is
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not this case, id est we do not make use of dual coefficients, we will use the
Richardson algorithm.

However, it is possible to compute the orthogonal projection with the dual
frame stated in the previous section. This is proved exactly by the following

result:

Proposition 3.4. Let {¢;};c; be a frame of £2(.J), and {S'e;};es its dual
frame. The orthogonal projection of f € § in (*(J) is

Pf= Z < f, ej > S_lej = Z < f, S_lej > €. (38)

jeJ jeJ

Proof. Since both frames are dual, by corollary 3.3, in the case f € (2(J),
then the operator P f satisfies trivially Pf = f.
To prove that it is an orthogonal projection it is sufficient to verify that if
fenthen < f—Pf e, >=0Vk € J. Indeed,

< f=Pfep>=<fer>-Y < fe;><S5ejep>,
jeJ

because by the dual frame property (3.7) we have that finally
< f—Pf, e, >=0.
]

This result is particularly important for approximating signals from a
finite set of vectors. In fact in the case that J is a finite set, {e; : j € J} is
a frame of the space it generates.

But our situation is not the case: f € § and our pseudo inverse (3.5) is only

invertible on ¢2(.J), the definition of the pseudo inverse changes in this:

Definition 3.5. A pseudo-inverse on the subspace ¢*(.J) C §) is:

Vfe®(J) CYC=f and Vac (R(C)* Cta=0.



38

3. Frames

If the frame & = {e; : j € J} does not depend on the signal f, then the

dual frame vectors €; = S~'e; are precomputed and the dual reconstruction
is solved directly with our projection formula (3.8).
In many applications however, the frame vectors & depend on the signal f,
in which case the dual frame vectors cannot be computed in advance. This
is the case, for example, when coefficients {< f,e; >},c; are selected in a
redundant transform in building a sparse signal representation. Thus, the
transform coefficients C'f are known and we must compute

Pf=(C'C, ) 'C'Cf=(C"C, )'ST.

207

A dual synthesis algorithm computes first

y=C'Cf=> <fe>ecl’(])
jed
and then derives Pf = L'y = 2 by applying the inverse of the symmetric
operator L = C"C

(1)

to y, with

VheP(J), Lh=Y <he;>e,
jed
Note that the eigenvalues of L are between A and B.

Observe that the operator L is symmetric:

<Lhey>=)Y <he><ejep>=» <he><ejep>=
jeJ jeJ

:Z<h,6j><€k,6j>1:<h,L€k>, Ve, € &.
jet
The step requiring more effort in the algorithm above is the inversion of L
to compute z = L™y, where the eigenvalues of L are between A and B. The

first algorithm we see requires knowing the frame bounds A and B.

Proposition 3.5. To compute z = L'y, let 2z be an initial value and v > 0
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be a relaxation parameter. For any k& > 0, define

2k = 21 +Y(y — Lzgp_1). (3.9)
If
6 = max{|l —vA[,[1-7B|} <1,
then
Iz = 2]l < 0%[|z — 2| (3.10)
and therefore
i

Proof. We rewrite equation (3.9):
z—zrk=2—21 —vL(z — zk_1).

Let
R=1-+L,

and
z— 2= R(z — 2z1) = R*(2 — ).

Since the eigenvalues of L are between A and B,
Allzl]* < (Lz,2) < B||2|*
This implies that R = I — L satisfies
| < Rz, z > | <6|2|]%,

where § is defined as in the statement. Since R is symmetric (L was), this
inequality proves that | R|| < §. Thus iterating we derive (3.10). Finally, the

error converges to zero in the case § < 1. O]

Observation 13. We note that convergence is guaranteed for all possible initial
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values of zy. The convergence rate to the term L~y is maximized when § is

2

475 because then

minimum. This is the case if we choose v =

|1 —~yA| = |1 —B|,

B-A _ 1-A/B
B+A — 1+A/B

We now derive an estimate on the velocity of convergence. From the error

S0 0 = is optimum.

estimate (3.10) above we obtain an error smaller than € for a number n of

iterations, which satisfies

Iz = 2|

Inserting the value of 7 in § = |1 —yA| = [1 — 254 = 1 — 2%, by Taylor

series it yelds:
Ine _—B

k ~ ~ Ine.
m(1—24) 24 "°

Therefore, the number n of iterations increases proportionally to the frame
bound ratio % Usually in the applications, the exact values of A and B are
often not known. We have that A is generally more difficult to compute than

B and B = ||CC*||. By proposition above for
v <[l

the algorithm is guaranteed to converge, but the convergence rate still de-
pends on A.

The optimal relaxation parameter v is in the range |CC*|| 7! < v < 2||CC*|| ™!

The difficulty in finding the bounds coefficients A and B, often found

O

far from an optimal ratio i—”z, leads to an implementation using conjugate
op

gradient’s method. It is an alternative approach in finding Pf = z using

iterative algorithms. In computing, z = L~'y we follow a gradient descent

along orthogonal directions with respect to the norm (and its related scalar
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product) induced by the symmetric operator L:

1217 = 1221

This L norm is used to estimate the error. The implementation is given by

the following:

Proposition 3.6. To compute z = L™y, we have the initial data

20=0, m1o=po=y, p-1=0.
For any k > 0, we define by induction:

<7“k,pk>

A pr—

21 = 2k + AkDk

Thi1 = Tk — N Lpg

Dist = Lpn (Lpy, Lpr,) . (Lpg, Lpr—1) .
1= - — 1
* <pk> ka> <Pk—1, ka—1>

_ VB-VA
If o = RV then

20"
|2 — 2]l < m”zﬂh
and therefore:

lim z, =z
k——+oo

(3.11)

(3.12)

Proof. Following the Groechenig implementation of the proof we outline the

following important steps:

i) Let Uy be the subspace generated by {L7z},_ _, . By the induction formula

(3.11) on k, we have that p; €Uy, for j < k.

it) By induction we can prove that {p;}

0<j<k

is an orthogonal bases of U with

respect to the inner product (z, h)r, := (z, Lh). Assuming that (py, Lp;) =0,

for j <k —1, it can be shown that (py41Lp;) =0 for j < k.
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iii) We can verify that zj, is the orthogonal projection of z onto Uy with

respect to (.,.)r, which means that
Vg €Uk, |z =gl = llz — zllc-

Since z;, €Uy, this requires proving that (z — z;,p;)r = 0, for j < k.

iv) We can compute so the orthogonal projection of z in embedded spaces Uy,
of dimension k, and one can verify that klim ||z — 2|l = 0. The exponential
—+00

convergence formula (3.12)also can be proved. O

Observation 14. Note here that we must choose zy = 0 to start the algorithm.

A
B

_1—\/A/BN B é
i yap ! 2\/;

The exponential convergence (3.12) proves that we obtain a relative error

The convergence is slower when % is small. In this case,

Iz = zklle

<e€
[E1P2

for a number of iterations

In £ 1 /B. €
[P P el WY
mo 2V a2

Comparing this result with the previous one, we observe that when B/A
in o above is big, the conjugate gradient algorithm is more faster than the

Richardson iteration algorithm to compute z = L~y at a fixed precision.



Chapter 4

Wigner-Ville Distributions

The mathematical approach to time-frequency quadratic distributions
consists in looking for sesquilinear forms G(f, g)(z,w); that is, G is linear in

f and conjugate linear in g. Then there are two ways to make G quadratic
in f. To take C'f = |G(f,g)|* and C'f = G(f, f). In both cases we have:

Claf + ph) = [al’Cf + |B]*Ch+ aBG(f, h) + TBG(h, f), (4.1)

where «, 5 € C. For the last decades, the more effort has been spending
explaining the non linear formula (4.1) above relative to the two cross terms
G(f,h) and G(h, f). Plotting it gives figure 4. We observe immediately the
typical phenomenon of interferences. Interferences are shading created in
unexpected regions of the time-frequency plane. They are caused not by a
property of the signal but by the transform’s quadratic property. The result
is that Wigner-Ville distribution do not always reveal the exact pattern of
the signal’s spectrum or energy. We define the Wigner-Ville distribution of

a signal:

Definition 4.1. The Wigner-Ville distribution W f of a function f € L*(R)

43
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4. Wigner-Ville Distributions
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Figure 4.1: Three pairs of different signals and their corresponding Wigner-
Ville distributions plot

is defined to be

o t t ,
Wi = [ flat Hftu- He e (1.2
Observation 15. Our defined distribution in (4.2) is a function which takes

real values because w(f)(t,&) = f(§+1/2)f(£ —t/2) is hermitian in ¢ (id est

Observation 16. The Wigner-Ville distribution, by polarization formulas, be-

comes:
+oo

W) €)= [t Dglu— e,
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Vf,g € L*(R), which is named Cross-Wigner distribution.

The Cross-Wigner distribution is just a Windowed Fourier transform in

disguise:

Proposition 4.1. For all f,g € L*(R),

“+o00

W(f,9)(u,&) = 27> F)g(u—t)e "t

Proof. We make the substitution 7 =t + § in definition (4.2) and obtain

+o0 t

W) = [ flu+ S)glu—Z)e

ot [ f)g(=n = 2u)e e g

= 2d€2iu£§winf(2ua 25)5

where the Windowed Fourier transform is computed with g( -) . O

There is here an orthogonality property for the Wigner-Ville distribution
corresponding to which one already seen in theorem 2.1, and it implies also
that the Wigner-Ville distribution is unitary (which implies that energy is

conserved).

Proposition 4.2. (Moyal’s formula) For every f and g in L*(R):

1 —+00 “+00

W (f)(u, OW (9)(u, §)dudg = |(f, g)I*,

27T —00 —0o0

where (f,9) = [*%° f(t)g(t)dt.

In general, Wigner-Ville distributions are not positive. So it has been
proposed, as a remedy for its negative values, to take averages at each point.

The standard averaging procedure in maths is the convolution of W f with a
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smoothing function o which is centered at (0,0). Then the convolution

“+oo +oo

(W fl*xo)(t,§) = / W f(u,w)o(t — u, & — w)dudw
—0 J-co
can be seen as a local average of W f at (t,£) According to our discussion
of section 1.1, a region of area AtA{ < 1 in phase space does not have any
physical meaning. For such small regions in phase space paradoxical conclu-
sions may be deduced. On a formal level, these can be expressed in the form
of new uncertainty principles for quadratic time-frequency representations
given below, in proposition 4.3, in this particular case for the Wigner-Ville
distribution. We may think that since only regions of size larger than 1 are
relevant, the oscillations, caused by the cross terms in eq. (4.1), will cancel
out and that (W f) % g is non-negative for all f € L*(R), whenever the sup-
port of ¢ is large enough. This beautiful conjecture however is not true in
general. It is difficult to determine those kernels o for which the averaged
Wigner distribution (W f) * ¢g is always positive. It can be seen that this
question is equivalent to characterizing the positivity of pseudodifferential
operators by their symbol. Nevertheless, if o is a gaussian, our intuition on

the uncertainty principle is true.

2 g2
Proposition 4.3. Let o, (t,§) = e (Tt = P (t)p, (&)

i) If ab=1, then (W f)*o,, > 0forall f € L*(R).

a
3%y

i) If ab > 1, then (W f)*o,, > 0 for all f € L*(R).

iii) 1f ab < 1, then (W f) x o, , may assume negative values.

To prove this result we need the following semigroup property of Gaus-

sians:
Lemma 4.1. For a > 0 we have

Wea(u, &) = g (u)p 1 (§)V2ma.

(SIS
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Proof. We take a Fourier transform and we apply the same Fourier transform

property used in the previous lemma:

+o0
W)= [ e
/ e 2“6 thdt
:QO ( SOZa(f)

Lemma 4.2. For a,b > 0 we have

ab
a+b

Pa * Pb = P2r(a+b)
Proof. We take a Fourier transform and apply this Fourier transform prop-
erty:
F(fxg)=(Ff)(Fg) for all fgel?

to have

F (0a* 1) (€) = Pa(&)P6(8)

We are now ready to prove proposition 4.3

Proof. The trick is to write o, as a Wigner distribution and the convolution
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as an inner product as in

fxglu) =< f glt—u)>, for all fgelL?

where convolution is now an inner product with a translation and an involu-
tion.

Furthermore the following identity hold.

oo t t

Wi-u -0 = [ fut Di(-u- e
= [ ium Dt D
=W ) (1.3

Now assume that ab = 1. Then by lemma 4.1:
-1
0ap(t,§) = pz(u)p 1 (§) = V2ra Wea(u, ).

Using involution identity (4.3), the covariance of W f, and Moyal’s formula

proposition 4.2, we obtain:

Wfxo w8 = ["7["ZWflu—t.&—n)o , (tn)dtdy

1 1
‘a ‘a

= [[SW( (= N —un—Ea , (tn)dt,dy
= = J23 S W A=

- u;)a(tv n)W@a(tv W)dtdﬂ
V2ar|(e™ f(—(- = u)), a)|* = 0.

In the case ab > 1, we can choose 0 < ¢ < a and 0 < d < b such that c¢d =1,

and by lemma 4.2 we can write 0, = 0c 4 * 0q—cp—q. Therefore
Wf * Oqp = (Wf * Uc,d) *Oq—chd > 0

is strictly positive since it is a convolution of a non-negative function with a

positive function.
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Finally, in the last case ab < 1 we have that f(t) = te~t will give

(Wf*0,4)(0,0) < 0.
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Chapter 5

Wavelet transform

Now we introduce the wavelet transform.

Definition 5.1. A wavelet is a function ¢ € L*(R), symmetric, with a
zero average property ( fj;o Y(t)dt = 0) and ||| = 1 (not necessarily with
compact support). We translate and scale the wavelet in order to weight the

signal in the integral below with \/igw(t%“) The wavelet transform is:

+oo 1

gwcwe(f)(u,S) = f(t)ﬁ¢*(t;u

The symbol * in the definition is the complex conjugate.

)dt (5.1)

Observation 17. In the figure below there is the wavelet transform applied
to a signal varying by time. The wavelet is not shown because changes in

width as the parameter s change.

We could define here Heisenberg boxes and Ambiguity functions men-

tioned above identically as for the windowed Fourier transform case.

o1
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Observation 18. In L*(R), Hilbert space, we decompose the signal f in the

subspace generated by the following family of vectors:

{g(t —u)e™}ue

making the windowed Fourier transform. We can observe that
gt —u— )8 = g((t — v) — u)e'tVE

and
g(t _ u)eitgeitw — g(t _ u)eit(g—i-w).

So the family of vectors is closed under time and frequency translation. So
the windowed Fourier transform (2.1) above is particularly useful in analyzing
patterns that are translated in time and frequency

The aforementioned wavelet transform (5.1), instead is useful to analyze

patterns translated and scaled. In fact, considering the family of vectors
{\/%1/1('5_7")}%3, we have:



53

and

rs
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