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Abstract

We study the possibility that a consistent description of the four-dimensional photon
field can arise from a model of scalar-QED in six-dimensional space-time.

The existence of new dimensions other than the usual four represents one the most
attractive approaches to adopt in the attempt to solve long lasting high energy as well
as cosmological puzzles [28]. However if the introduction of extra dimensions may con-
stitute the natural framework for the construction of new effective field theories, it also
opens the crucial question of explaining why as long as we can test, the Universe appears
truly four-dimensional [13; 25; 17]. Extra dimensions need to be hidden somehow and
one possibility is that Standard Model particles result localized on a four-dimensional
brane embedded in a higher dimensional space-time.

In the present work, we examine the possibility of localizing gauge fields by coupling
the six-dimensional field to a vortex-like configuration of the charged scalar field. This
represents a stable and cylindrically symmetric (along the four usual directions) solution,
which carves Minkowski four dimensional space-time out of its throat.

The main result is that, the gauge field components associated with the four di-
mensional photon can be completely decoupled from the other fields, with a convenient
choice of the gauge together with the existence of a mass hierarchy, which allows to set
a cut-off for the admissible energies range, in order to exclude non physical degrees of
freedom from the theory. This procedure though, doesn’t leave the photon massless.
We add to the six-dimensional Lagrangian a finely tuned mass term, in order to cancel
the mass of the photon thus obtained. We assume this extra mass term coming from a
Higgs mechanism, introducing an auxiliary scalar field with vacuum expectation value
appropriately chosen.
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Sommario

In questo elaborato esaminiamo la possibilita di derivare una descrizione consistente del
campo di gauge associato al fotone, da un modello di QED-scalare in sei dimensioni.

L’esistenza di nuove dimensioni in aggiunta alle quattro comuni, rappresenta uno degli
approcci piu interessanti da adottare, nel tentativo di risolvere correnti puzzles nella fisica
delle alte energie cosl come in cosmologia. Tuttavia se da un lato 'introduzione di extra
dimensioni potrebbe rappresentare ’ambiente naturale per la costruzione di nuove teorie
di campo, dall’altro fa emergere la necessita di spiegare perche, per quanto ne sappiamo,
I’Universo appaia effettivamente quadridimensionale. Le dimensioni extra devono quindi
risultare nascoste in qualche modo e una delle possibilita piu stimolanti e che le particelle
del Modello Standard siano localizzate su una brana quadridimensionale immersa in uno
spazio-tempo di dimensionalita maggiore.

Nel presente lavoro discutiamo un possibile meccanismo per la localizzazione del
campo di gauge mediante 1’accoppiamento con una configurazione di tipo vortice per
il campo scalare carico, questa rappresenta una soluzione stabile e a simmetria cilin-
drica (lungo le quattro dimensioni usuali) che permette di modellare lo spazio-tempo
Minkowskiano quadridimensionale, confinato all’interno del vortice.

Il risultato principale e che le componenti del campo di gauge associate al fotone
quadridimensionale possono essere completamente disaccoppiate dai restanti campi, come
conseguenza dell’invarianza di gauge del modello congiuntamente alla presenza di una
gerarchia tra le masse delle componenti del campo di gauge sei-dimensionale, che sug-
gerisce di fissare un cut-off al range di energie ammissibili cosi da escludere gradi di liberta
non fisici. Questa procedura tuttavia, lascia il fotone massivo. Una possibilita ¢ aggiun-
gere alla Lagrangiana sei-dimensionale un termine di massa accuratamente scelto per il
fotone, cosi da cancellare la massa ottenuta. Questo termine extra potrebbe derivare
da un meccanismo di Higgs mediante I'introduzione di un campo scalare ausiliario, con
valore di aspettazione del vuoto appropriatamente scelto.
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Introduction

The possibility that our space has more that three spatial dimensions has been actract-
ing the attention of physicists for many years. One of the main reasons for looking for
extra-dimensions comes from the crucial help it might offer in solving long lasting puz-
zles like the Hierarchy Problem. This refers to the 'unnatural” huge discrepancy between
the electroweak scale mgy ~ 102 GeV and the Planck scale Mp, ~ 10Y GeV. Over
the last few decades, explaining the smallness and radiative stability of the hierarchy
mew/Mp; ~ 10716 has been one of the greatest driving forces behind the construc-
tion of theories beyond the Standard Model. While many different specific proposals
for weak and Planck scale physics have been made, the commonly held picture of the
basic structure of physics beyond the Standard Model, is of a new effective field theory
(like a softly broken supersymmetric theory) revealed at the weak scale, stabilizing and
perhaps explaining the origin of the hierarchy [25]. On the other hand, the physics re-
sponsible for making a sensible quantum theory of gravity is revealed only at the Planck
scale. The desert between the weak and Planck scales could itself be populated with
towers of new effective field theories which can play a number of roles, such as triggering
dynamical symmetry breakings or explaining the pattern of fermion masses and mixings.

The extra-dimensions perspective was firstly adopted in Kaluza-Klein theory !. In
their work was postulated one extra compactified space-like dimension and assumed noth-
ing but pure gravity in the new (4 + 1)-dimensional space-time. It turned out [23] that
five-dimensional gravity would manifest in the observable four-dimensional space-time as
gravitational, electromagnetic and scalar field. Kaluza and Klein then managed to unify
gravity and electromagnetism but the theory had some inconsistencies, the calculated
mass and charge of the electron, for example did not match with experimental data.
Neverthless this theory was never completely abandoned. Over many decades physicists
have been trying to improve the Kaluza’s and Klein’s concept, in the attempt of building
a theory which could incorporate gravity in a reliable manner. All these resulting new
field theories are consistently formulated in space-time of more than four dimensions
and are commonly known as Kaluza-Klein(like) theories, independently of the specific
mechanism adopted for explain how four-dimensional physics emerge.

!Published in 1921 by German mathematician and physicist Theodor Kaluza and extended in 1926
by Swedish theoretical physicist Oskar Klein, was one of the first attempts to create an unified field
theory.
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One possibility is that the extra dimensions are microscopic, compact and essen-
tially homogeneous, ensuring that space-time is effectively four-dimensional at distances
exceeding the compactification scale (size of extra-dimensions). A ’common wisdom’ as-
sumes this size to be roughly of the order of the Planck scale (although compactifications
at the electroweak scale can be also considered). With the Planck length Ip; ~ 10733
cm, probing extra dimensions within this framework appears to be hopeless.

Recently, emphasis has shifted towards non-compact extra-dimensions. The crucial
ingredient is a brane on which Standard Model particles are localized. Gravity however,
propagating in all dimensions as it is the dynamics of spacetime itself, could not fix in
this scenario; the first successful model is due to Randall and Sundrum 2[12; 13]. They
assumed a non factorizable geometry i.e. the four dimensional metrics was not inde-
pendent, as it was before, of the coordinates in the extra dimensions, and managed to
prove that (4 + n) non-compact dimensions are in perfect compatibility with experimen-
tal gravity.

In the brane world model-building the question of paramount importance is how the
mechanism for implementing compactification in large extra dimensions can take place,
in particular why one may ignore the massive states in lower dimensions which arise from
harmonic expansions of the higher dimensional fields. These states may be ignored if they
are separated from the zero modes by a well defined 'mass gap’ [11]. Different approaches
to realize this mechanism have been suggested, such as adopting warping factor [36] (like
in the R-S model) or induced kinetic term which ensure localization on the brane [17];
another common possibility is that our Universe could be a four-dimensional topological
defect dynamically occurring in a higher-dimensional space-time [25; 28; 15; 26; 27; 33].
Ordinary particles, in this approach, can be viewed as “zero modes“ trapped in the core
of the defect, making extra dimensions invisible for a four dimensional observer. This
mechanism is referred to as dynamical compactification since the four-dimensional space-
time is dynamically generated out of a higher dimensional one, through a spontaneous
breaking of (a part of) the translational symmetries of the original theory.

With the present work we want to discuss explicit models for the localization of four
dimensional fields in higher dimensional space-time, focusing in particular on Abelian
gauge fields. The general structure is outlined briefly below.

In Chapter 1 we present some background topics, we investigate the Hierarchy Prob-
lem in more detail showing how a potential solution can naturally arise in the extra-
dimensions scenario and then introduce the original Kaluza-Klein theory. As previously
stated this was an attempt to derive four-dimensional theory of gravity and electromag-
netism from a theory of gravity in five-dimensions alone. Despite the inconsistent results,
for the first time was presented a mechanism to explain how four-dimensional physics

2Published in 1999 by Lisa Randall and Raman Sundrum, also known as RS2, it constituted an
extension of a former model, RS1, in which the size of the extra-dimension was kept finite.
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can emerge from a higher dimensional framework. From then, many different theories
have been proposed, and independently of the localization procedure assumed, they all
share the same Kaluza-Klein idea.

In Chapter 2 we discuss models for the localization of scalar, fermion and gauge fields
in (4 + 1) non compact dimensions. In the first two cases, compactification is dynamical
ensured by a domain wall solution that shapes the four-dimensional space-time. Once
Kaluza-Klein reduction is implemented, four-dimensional massless scalar and fermion
fields emerge as Fourier components of localized zero modes in the extra-dimensions. In
the last model a different mechanism is adopted, localization is achieved by means of
a four-dimensional kinetic term for the gauge field obtained from the coupling with a
localized matter current.

In Chapter 3 is presented a different procedure for the localization of Abelian gauge
fields. Space-time is enlarged with two extra infinite dimensions, and the coupling is with
a complex scalar field. The field equations admit a vortex-like solution for the scalar field
which implements dynamical compactification once fields perturbations around this con-
figuration are considered. The vortex solution enters the linearized gauge field equations
as a mass term, function of the extra dimension, null in the core of the vortex and constant
in the bulk. The main result is that the components associated to the four-dimensional
photon appear completely decoupled below an energy cuf-off, set by a mass hierarchy
between the six-dimensional fields. The photon thus obtained is not massless though, a
fine tuning must apply so to suitably cancel the mass of the lightest Kaluza-Klein mode.
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Notations

The following notations are meant to apply, unless explicitly stated.

Throughout the whole text the natural units system is adopted, as well as the
Heaviside-Lorentz C. G. S. system of electromagnetic units, accordingly

h=c=1

for the reduced Planck’s constant and speed of light, in this units system the Action
and the Lagrangian density 3 satisfy

Finally Planck length and mass in terms of Newton constant G result

lp = VG, Mp; = VG

Four dimensional Minkowski space-time is denoted M3 the metrics signature be-
ing mostly negative. Extension to higher dimensional manifolds will occur, (4 + n)-
dimensional space-time will then represent the Minkowskian four-dimensional one plus n

3Commonly referred to simply as Lagrangian.
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extra-dimension, the topology of which will depend on the specific case. Capital letters
and subscripts will always refer to higher dimensional quantities while Greek letters to
the four-dimensional ones.

The four-dimensional D’Alambertian is defined

04 = 0,0 = 62 — V2

so that O, will refer to the n-dimensional D’Alambertian.

We’ll make use of cylindrical coordinates (p, ¢, 2), with p € [0,90), ¢ € [0,27],
z € (—o0, +0), the metric tensor reads g, = diag(1, p?,1) and the Laplacian V?

V=0 +p o, +p 205+ 02



Chapter 1

Preliminaries

1.1 The Hierarchy Problem

The Hierarchy Problem is related to the huge discrepancy between the Standard Model
particles scale, the electroweak scale mgy ~ 103 GeV and the scale at which gravity
becomes as strong as the gauge interactions, the Planck scale Mp; ~ 10 GeV. The
central issue [1] is that the mass-squared parameter of Higgs field, which determines the
electroweak scale, is quadratically sensitive to new physics at higher energies. For the
Standard Model taken in isolation this would not pose any problem as this parameter
could be taken as an input. One might thus suggest that there is only the Standard
Model and side-step any potential issue. However gravity alone, and in particular the
scale where quantum effects in gravity become important, suggests the existence of new
physics at energy scales Mp;, which would feed into the Higgs mass and the electroweak
scale, contradicting the observed hierarchy v = 246 GeV '« Mp,.

Thought as two fundamental energy scales, the smallness and radiative stability of
the hierarchy mgw/Mp; ~ 10716 has represented an intriguing puzzle for many years
[15]. A crucial difference emerges between these two scales though; while electroweak in-
teractions have been probed at distances ~ mEIl,V, gravitational forces have not remotely
been probed at distances ~ m;llz gravity has only been accurately measured in the ~ 1
mm range [42]. The interpretation of Mp; as a fundamental energy scale is then based
on the assumption that gravity is unmodified over the 33 orders of magnitude between
where it is measured at ~ 1 mm down to the Planck length ~ 10733 cm.

Given that the fundamental nature of the weak scale is an experimental certainty,
it has been proposed [15] to keep mpw as the only fundamental short distance scale in
Nature, even setting the scale for the strength of the gravitational interaction. Accord-
ingly, Planck scale is not a fundamental scale, its enormity is a consequence of the large
size of the new dimensions compared with mgy . Putting mgy as the new ultraviolet
cut-off of the theory, the Hierarchy Problem would be then solved.

Vacuum expectation value of the Higgs field.
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Assuming the existence of n compact space-like new dimensions of radius ~ R, the
Planck scale Mpy(4y) of this (4 + n) dimensional theory is by definition ~ mpgy. At
distances at which the new dimensions become manifest i.e. r €« R, two test masses my,
ms will feel a gravitational potential according to Gauss’ law in (4 + n) dimensions -See
Appendix A-

1Mo 1
U(r) — —, (r<R)
MPZJE4+n) it

On the other hand, if the masses are placed at distances r » R, their gravitational
flux lines can not continue to penetrate in the extra dimensions, and the usual 1/r po-
tential is recovered

mqme 1
Ur) ~ —2 2 (r 5 R)
MP;Ei-i-n) Rrr

From the previous expressions we can identify the effective four dimensional Mp; as

2 24n n
Mp; ~ MP?_(4+n)R

Assuming that mgy is the only fundamental scale i.e. Mgﬁ ny ~ MEW, the four
dimensional Mp; is reproduced for

1TeV
R~ 10%em x (——L)1+i (1.1)
mew

Forn =1, R ~ 10" cm implying deviations from Newtonian gravity over solar system
distances, so this case is empirically excluded. For all n > 2, however, the modification
of gravity only becomes noticeable at distances smaller than those currently probed by
experiment. The case n = 2 (R ~ 100um — 1mm) appears particularly encouraging, this
observation has stimulated recent activity in experimental search for deviations from
Newton’s gravity law at sub-millimeter distances.

While gravity has not been probed at distances smaller than a millimeter, the Stan-
dard Model gauge forces have been accurately measured at weak scale distances. There-
fore, in this scenario, the Standard Model particles cannot freely propagate in the extra



1.1. THE HIERARCHY PROBLEM 3

n dimensions, and must be localized to a four dimensional submanifold with “thickness*
~ mpy in the extra n dimensions (mgw is the only short distance scale in the theory).
Indeed the non-trivial task in any explicit realization of this framework is the localization
of the Standard Model fields.

Independently of any specific realization, this model would have some dramatic con-
sequences. First, gravity becomes comparable in strength to the gauge interactions at
energies mpy ~ TeV. Future experiments performed in this range would not only probe
the mechanism of electroweak symmetry breaking, but the true quantum theory of grav-
ity. Second, for the case of 2 extra dimensions, the gravitational force law should change
from 1/r* to 1/r* on distances ~ 100um — 1mm, and this deviation could be observed
in the next few years by the new experiments measuring gravity at sub-millimeter dis-
tances. Third, since the Standard Model fields are only localized within m, in the
extra n dimensions, in sufficiently hard collisions of energy FE.,. = mgw, they can ac-
quire momentum in the extra dimensions and escape from the four-dimensional world,
carrying away energy 2. This implies a sharp upper limit to the transverse momentum
which can be seen in four dimensions at py = Fg..

In summary, according to [15] space-time manifold is M1 x K, for n > 2, with
K,, being an n dimensional compact manifold of volume ~ R™ and R given by equation
(1.1). The (4 + n) dimensional Planck mass is ~ mgy thus four dimensional Mp; is
not a fundamental scale at all, rather, the effective four dimensional gravity is weakly
coupled due to the large size R of the extra dimensions relative to the weak scale. In
this framework the graviton is free to propagate in all (4 + n) dimensions, while the
Standard Model fields must be localized on a four-dimensional submanifold of thickness
mE%,V in the extra n dimensions. This is required because no experimental signs of the
extra dimensions have been detected, despite the fact that the compactification scale,
te ~ 1/R would have to be much smaller than the weak scale.

However, as pointed out in [12], while this scenario does eliminate the hierarchy
between the weak scale mgy and the Planck scale Mp;, it introduces a new hierar-
chy, namely that between p. and mgy . In light of this a new alternative is explored.
They show that a large mass hierarchy might originate from small extra dimensions, if
the metric is assumed non-factorizable: the four-dimensional metric is multiplied by a
'warp’ factor, which is a rapidly changing function of one additional dimension.

2Usually in theories with extra compact dimensions of size R, states with momentum in the compact
dimensions are interpreted from the four-dimensional point of view as particles of mass 1/R, but still
localized in the four-dimensional world. This is because at the energies required to excite these particles,
their wavelength and the size of the compact dimensions are comparable. On the contrary in this
model, particles which can acquire momentum in the extra dimensions have TeV energies, and therefore
wavelengths much smaller than the size of the extra dimensions R ~ mm. Thus, they simply escape
into the extra dimensions.
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ds? = e 2%y datdx” + r2d¢? (1.2)

where £ is a scale of the order of Mp;, r. the compactification radius, 7,, the usual
flat four dimensional metric and 0 < ¢ < 7 the coordinate for one extra dimension,
which is a finite interval whose size is set by r.. In this framework, four dimensional
mass scales are related to five dimensional input mass parameters and the warp factor
e~2ke¢  Thus the crucial point is that to generate a large hierarchy does not require
extremely large r., this is because the origin of the hierarchy is an exponential function
of the compactification radius, which constitutes indeed the source of the large hierarchy
between the observed Planck and weak scales.

1.2 Kaluza-Klein picture

1.2.1 The original theory

Kaluza’s achievement was to show that five-dimensional general relativity contains both
Einstein’s four-dimensional theory of gravity and Maxwell’s theory of electromagnetism.
He however imposed a somewhat artificial restriction (the cylinder condition) on the
coordinates, essentially barring the fifth one a priori from making a direct appearance
in the laws of physics. Klein’s contribution was to make this restriction less artificial
by suggesting a plausible physical basis for it in compactification of the fifth dimension.
The key is the concept of gauge invariance, [21] which was coming to be recognized as
underlying all the interactions of physics. Electrodynamics, for example, could be “de-
rived“ by imposing local U(1) gauge invariance on a free particle Lagrangian. From the
gauge invariant point of view, Kaluza’s feat in extracting electromagnetism from five-
dimensional gravity was no longer so surprising: it worked because U(1) gauge invariance
had been “added onto“ Einstein’s equations in the guise of invariance with respect to
coordinate transformations along the fifth dimension. In other words, gauge symmetry
had been “explained“ as a geometric symmetry of spacetime [23].

Consider Minkowski space-time plus one extra space-like dimension, the full set of
coordinates being z = (z#,y), M = 0,1,2,3,4.
Einstein equations, with no five-dimensional energy-momentum tensor, assuming a “min-
imal extension” of general relativity 2, are:

Gag =0

or, equivalently:

3Tt means that there is no modification to the mathematical structure of Einstein’s theory. The only
change is that tensor indices run over 0 to (3 4+ n) instead of 0 to 3.
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Rap =0 (1.3)

where GAB = RAB — RgAB/2 is the Einstein tensor, I:EAB and R = QABRAB are
the five-dimensional Ricci tensor and scalar respectively, and g4p is the five-dimensional
metric tensor. Hat and capital letter latin indices refer to higher dimensional quantities,
greek indices to the four dimensional ones.
These equations can be derived by varying a five-dimensional version of Einstein action
with respect to the five-dimensional metric:

1 R
S=—-—— Jd‘*a:dy«/—gR (1.4)

167G

G being a “five-dimensional gravitational constant” .

The absence of matter sources in these equations reflects the attempt to explain mat-
ter (in four dimensions) as a manifestation of pure geometry (in higher ones).

The five-dimensional Ricci tensor and Christoffel symbols are defined:
Rap = 0cTS5 — 0815 + TS 8p — TS0 B0

wa 1 ACD(

AB = 59 GpB,A+ GpAB — GAB.D)

The metric tensor was suitably chosen:

Jop + K2?AnAs  kg*A,
(gap) = (1.5)

ko? Ag @?

where g4 is the four dimensional metric tensor, A, the electromagnetic potential, ¢
a scalar field and k£ a normalization parameter.
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Kaluza then, assuming the cylinder condition %, dropped all the derivatives with re-
spect to the fifth coordinate, this way equations (1.3) reduce to:

k242 1
Gag = —; T3 - $[Va(5ﬁ¢) — 9ap09]
« 2 3

where Gop = Rap — R gap/2 is the Einstein tensor, THY = go3F\sF7° /4 — F] Fy, the
electromagnetic energy-momentum tensor and F,3 = 0, Ag — 03 A, the strength tensor.
There are a total of 10 + 4 + 1 = 15 equations, as it has to be since a five-dimensional
metric tensor has (5 4 6)/2 = 15 independent elements.

If ¢ is constant the first two equations of (1.6) are just the Einstein and Maxwell ones:

Gop =87 G*THY,  VF,3=0 (1.7)

with the definition &£ = v 167G,

Substituting metric (1.5) into the action (1.4): 3

2 aad’a““b) (1.8)

d4 2 048 N

= J e ¢<16 G i HETE

where G is defined in terms of its five-dimensional counterpart G by:
G=aG/ f dy

Setting ¢ to a constant, we recover from a variational point of view Einstein-Maxwell
action scaled by factors of ¢. The fact that the action (1.4) leads to (1.8), or -equivalently-
that the source-less field equations (1.3) lead to (1.7) with source matter, constitutes the

4Physics was a priori considered independent of the extra coordinate.
5The cylinder condition permits to pull § dy out of the action integral other than dropping all the
derivatives with respect to y.
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central miracle of Kaluza-Klein theory. Four-dimensional matter (electromagnetic radia-
tion, at least) has been shown to arise purely from the geometry of empty five-dimensional
spacetime.

The extra factor ¢ into Einstein action can be absorbed defining ¢? = ¢ and operating
a rescaling of the metric tensor

Najl
Na)
Il
2
[
Nl

with conformal factor Q2 = ¢~ 1.

, ¢*1 <9a5 + k2¢AaA5 kqﬁAa)
9aB =
koAg ¢

(1.9)

This trasformation will rescale the four dimensional metric tensor as well g,z —
géxﬂ = 02g,p so that the new Ricci scalar will be

R—R = Q2(R+6%Q)

The conformally rescaled action read:

R’ 1 1 090 ¢
I — 4 —q - N o7 R - Al
S Jd A/ —g <167TG + 4¢Fa/3F + TR ) (1.10)

where primed quantities refer to the rescaled metric i.e. "¢ = ¢"*?0g¢p and G, k are
defined as before. The Einstein action now has the standard normalization.

In the attempt to give a physical meaning to Kaluza’s original cylinder assumption,
Klein postulated this dimension to be very small and gave it a circular topology S! so to
ensure compactification. With this approach any quantity f(z,y) becomes periodic in
the extra coordinate i.e. f(z,y) = f(z,y+ 27r), r being the radius of the fifth dimension
and thus the scale parameter.

Fourier expanding all the fields with respect to y give

+00 ‘ Too |
ese) = 3% D At = S AP

n=—a n=—aw
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+oo
dla,y) = D, oM ()™ (1.11)
n=—0o0
Expressed in terms of eigenfunctions of the operator p, = —id,, each of these modes

carries a momentum in the y direction of order |n|/r, for r sufficiently small, even the
n = 1 modes y-momenta, will be so large to fall far beyond the reach of experiments.
Hence only the n = 0 modes, which are independent of y, will be observable, in agree-
ment with Kaluza’s theory.

In this scenario 7 is commonly set to the Planck length Ip; ~ 10733 ¢m, which represents
both a natural value and a small enough scale to guarantee that the mass of any n # 0
Fourier mode lies beyond the Planck mass.

Fourier expansion of fields also suggests a possible mechanism to explain charge quan-
tization.

Consider the simplest kind of matter, a massless five-dimensional scalar field Cff)(x, Y):
Sy = — fd%dy«/—@ 0ADO4D (1.12)
This field can be expanded as above:

A +:[> A .
O(x,y) = Z <I>(”)(a:)emy/’"

n=—au

substituting into (1.12) and using the rescaled metric tensor (1.9) -primes are omitted-

o= = 3% [tema (o Yo (o, - 2o 2 o]

~ We thus obtain the action for a system of charged four-dimensional scalar fields
™ (z). Comparison with the minimal coupling d, — 0o + ieA, of quantum electrody-
namics -e being the electric charge- shows that the n-th Fourier mode quantized charge is:

_ nk :n\/167rG
dn 7"\/5 7“\/5

(1.13)
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where A, has been redefined A,¢~/? to ensure that action (1.10) has the standard
normalization.

This also allows to make a rough prediction of the value of the fine structure constant
identifying the charge ¢; of the first Fourier mode with the electron charge e.

Setting T\/a ~ lpl = \/é 6

_ @ i(\/167rG>2_4
N

The possibility of explaining an otherwise fundamental constant would have made
compactified five-dimensional Kaluza-Klein theory very attractive.

However, the masses of the scalar modes are not at all compatible with experimental
data. These can be read from the quadratic term into the above action:

_ Inf

mn_rﬁ

If r\/¢ ~ lp; as assumed, the electron mass m; would be ~ l;ll i.e. of the order of
the Planck mass Mp; ~ 10" GeV, rather than ~ 0.5 MeV.

This discrepancy of some twenty-two orders of magnitude between theory and obser-
vation made the model inconsistent and thus partially rejected.

1.2.2 The core mechanism

Despite the profound gaps in the original Kaluza-Klein theory, the core idea was far
to be abandoned. Extension to higher dimensional space-time is one of the building
blocks for many new fundamental theories, and most of them use the Kaluza-Klein
mechanism: starting from the ground-state solution of the field equations in a (4 4+ n)-
dimensional manifold M13) x K, K, being an n dimensional non necessary compact
manifold, one expands the arbitrary fluctuations around these solutions, in a complete
set of eigenfunctions in K, identifying the coefficients of the expansion as the physical
(four dimensional) fields. Substitution into the higher-dimensional equations yields the

6An improved determination of r/¢ would presumably hit closer to the mark.
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four-dimensional field equations and hence the spectrum.

To outline the general idea of Kaluza-Klein scenario we consider two different mecha-
nisms by means of which four-dimensional fields can emerge out from higher dimensional
ones. In both the examples space-time is assumed to be a (4 + 1) dimensional manifold
M3 x K|, with coordinates ™ = (2#,y).

Following Kaluza-Klein original theory, the low energy physics will be effectively
four-dimensional if the coordinate y is compact with a certain compactification radius R
[25]. This means that y runs in the interval [0,27R], points y = 0 and y = 27 R being
identified. The four-dimensional space is a cylider whose three dimensions z!, 22, 23 are
infinite, and the fourth dimension y is a circle of radius R. Assuming the cylinder ho-
mogeneous, we can write a complete set of wave functions of a free massless particle on

this cylinder, i.e. the solutions to five-dimensional Klein-Gordon equation:

D5 ¢(I,y) =0

oy,
_ _ipT ins
Gpn =€TTe"R, nel

the quadrimomentum p, and the one-dimensional angular momentum eigenvalue n
being related by:

2
2 n

_ﬁzo

Hence, inhomogeneous modes with n # 0 carry energy of order 1/R and cannot be
excited in low energy processes. Below the energy scale 1/R, only homogeneous modes
with n = 0 are relevant, and low energy physics is effectively four-dimensional.

Each Kaluza-Klein mode can be interpreted as a separate type of particle with mass
my = |n|/R, thus resulting in a Kaluza-Klein tower of four dimensional particles with
increasing masses. At low energies, only massless (on the scale 1/R) particles can be
produced, whereas at £/ ~ 1/R extra dimensions will show up.

Since the Kaluza-Klein partners of ordinary particles (electrons, photons, etc.) have
not been observed, the energy scale 1/R must be at least in a few hundred GeV range,
so in this scenario, the size of extra dimensions must be microscopic R < 10717 cm.
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Another possibility makes use of non factorizable metrics [22], localization is then
due by gravity. Assume a five dimensional scalar field ®(z™) in the following geometry

ds? = **W(dz°)% — (dx)? — (dy)* (1.14)

0

The conserved quantities associated to the cyclic coordinates (z°,x) are

0
A B _ p0,2¢
E=P gAB(w) Pe
0
z_PA ‘B: )
p 98 (55)

where

P2 _ eQ(b(PO)Q . p2 - (P5)2 _ M52

is the five-dimensional rest mass of ®. Then

PP = /B2 M2 - p?

and any classical particle will be confined in the four-dimensional space-time, bound
by the potential ¢(y) if

E?e™ — MZ —p* <0

which yields

E < A/ M2 + p2 sup(e?)
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The experimental non observation of any extra dimensions implies that e must rise
very rapidly, presumably with a length scale of the order of Planck mass.

Consider five-dimensional Klein-Gordon equation for ®(x,y):

1
V=9

D4 (\/?g gABchb) L M2P =0

substituting the metric (1.14) we get:

Using the ansatz

O(z,y) = explip- x) e~ 7 d(y)

with p? = E? — p? and E? = w?, then Q:)(y) satisfies the Schroedinger equation

[ 3o+ oo

which leads to the following eigenvalue problem:

[_ %(jyz + V(w,y)]nn(w,y) = = (W) N (w, y)

Being A\, > 0, the problem gives rise only to travelling waves in the four usual direc-
tions but bound states in the fifth coordinate

Oz, y) = Y explip-z) e n,(w,y)

n
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with the excitations spectrum given by:

2\ (w) = M2 + p?

Choosing an appropriate normalisation for 2° we can get:
inf(¢) =0

Then V(w,y) is bounded by

1
V(w,y) =V(wy) =V(w=0,y) — §w2

Leading to the inequality

In the usual type of Kaluza-Klein models one obtains an infinite tower of excited
states of ever increasing rest mass. For this exotic class of Kaluza-Klein theories the
spectrum is significantly more complex, and the specific form will depend on the details
of the model.
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Chapter 2

Localization with one extra
dimension

2.1 Scalar Fields

One of the first attempts to formulate a field theory postulating non-compact extra di-
mensions is due to Rubakov and Shaposhnikov [24]. They assumed space-time manifold
to be M3+ where M3 is the usual Minkowski space-time and n the extra spatial
dimensions '. Ordinary particles are confined inside a potential well, sufficiently nar-
row along the n directions and flat along the others. The well is originated from the
non-linearity of the field equations and hence is purely dynamical. Unlike Kaluza-Klein
theories, this model allows particles to propagate in the (3 + n)-dimensional flat space,
provided their energy is large. Namely, if the energy of a particle created in a high energy
collision exceeds the depth of the well, this particle can come out of the well and move
along the extra spatial directions. This process will look for an observer living in the
four-dimensional space-time, like violating energy and momentum conservation and thus
from this point of view the fundamental principles of relativistic quantum theory such
as (1 + 3) unitarity and (1 + 3) causality are correct only for particles with sufficiently
low energy.

Consider a toy quantum field model describing a real scalar field in a (1 + 4) dimen-
sional Minkowski space-time, z# = (2#, 2*), with mostly negative metrics signature, the

Lagrangian being

1 1 1
L= 5&,@ o+ §m2¢2 — ZWL’ A,m >0 (2.1)

'From this moment gravity effects are completely disregarded.

15
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V()

@

Figure 2.1: Sketch of Z, symmetry breaking potential, the configuration ¢ = 0 represents
a local maximum, V[0] = 0, the minimum occurs at ¢g = v, V[+v] = —Av?/2.

The scalar potential
VIg) = —gms® + 120"
has a double-well shape with two degenerate minima -Figure.2.1- occurring at
¢o=+tm/VA=tv
The Euler-Lagrange field equation

(05 —m? + A ¢?} o(x) =0 (2.2)

admits a domain wall solution ¢<(x*) -Figure 2.2- independent of the three spatial
coordinates (z', z%, x3) and of time z° i.e.
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¢CI(X4)

—0

Figure 2.2: Sketch of the solution ¢ = vtgh(m/v/2z%). It describes a domain wall of
thickness ~ m™! and asymptotes +v.

¢ (o) = \_ﬂtgh(ji z?) (2.3)

this provides a potential wall separating the two vacua of the model, narrow in the
fourth direction if m is sufficiently large. The spectrum of perturbations can be obtained
linearizing equation (2.2) around ¢

$a’) = ¢ + ¢f

Thus

{O5 —m? + 3\ (¢°)?}¢' =0 (2.4)

They found three types of perturbations:

(a.)
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/ 4 d
¢'(a" ") = ——e (2.5)

which yields E? = k2.

Being d¢® /dx* localized around x* = 0, (2.5) corresponds to four-dimensional mass-
less scalar particles confined inside the wall.

(b.)

¢ (z", 2h) = u(a?) e (2.6)

with E? = k? + 3m? so that u(z?) represents a normalizable solution of

2

{_d(sc4)2

—m? + 3\ ¢ = ngu

these perturbations are also confined inside the wall.

(c.)

There also exist solutions non localized in the extra dimension.

From
m
lim tgh(—=a") =1
m tgh( 75 o)
follows that at large ||
¢’(m“,x4) N eik#x“fik‘lx‘l (27)

with B? = k? + (k*)? + (2m)?
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These represent five-dimensional massive particles freely moving along all the four
spatial dimensions.

Considering the (1 + 3) dimensional space-time (interior of the domain wall) as a
toy model of our world, the extra dimension become accessible at high energies: in this

scenario a collision of particles of type (a.) with center of mass energy exceeding 2+v/2m
can result in creation of particles of type (c.) which can leave the domain wall.

2.2 Fermion Fields

The model introduced in the previous section can be extended to include massless fermion
fields living in (1 + 3) dimensions. Coupling the scalar field ¢(z*) with a fermion field
U (z4) via Yukawa interaction, the following Lagrangian must be added to (2.1):

Ly = iUT 40,0 — hp U (2.8)

VU is a four components spinor and the (1 + 4) dimensional v matrices are

*,4° being the standard Dirac matrices.

Let’s note that in each of the classical vacua, ¢y = +m/+v/A, the Yukawa coupling
reduces to a mass term for the five dimensional fermions, the mass being

hm
ms = ——

VA

In the presence of the domain wall (2.3), the five dimensional Dirac equation

{(iT40, — h¢} ¥ = 0 (2.9)
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+m

const - 2/
m =10

Figure 2.3: Four-dimensional spinor field mass spectrum, besides the massless zero mode,
there could or not exist other bound states with m = kv, k < 1; the continuum spectrum
starts at m = ms = v. Picture taken from [25].

has a solution

TO(zr 2y = exp( — thA ¢Cl(x4/)dx4l> x (at) (2.10)

0

where 1 (2*) is a massless left-handed (1 + 3) dimensional spinor
o =0, A =—1

This solution is localized inside the wall and at large value of |x*| decays exponentially

IO g-mala’]

Besides the chiral zero mode [25; 24|, there may or may not exist bound states, but
in any case the masses of the latter are proportional to |¢g| and are large for large |¢|.
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There is also a continuum part of the spectrum starting at m = ms, Figure 2.3; these
states correspond to five-dimensional fermions which are not bound to the domain wall
and escape to |z?| = o0.

The existence of massless modes for the four dimensional spinor field, which are meant
to mimic ordinary matter, represents the central point of this model. They propagate
with the speed of light along the domain wall, but do not move along the extra-dimension
and in realistic theories they should acquire small masses by one or another mechanism.
At low energies, their interactions can produce only zero modes again, so physics is effec-
tively four-dimensional. Zero modes interacting at high energies, however, will produce
continuum modes, the extra dimension will open up, and particles will be able to leave
the brane, escape to |x?| = o0 and literally disappear from our world. For a four dimen-
sional observer, made by particles stuck into the wall, these high energy processes will
look like e*e™ — nothing, or ete~ — 7 + nothing.

2.3 Abelian Gauge Fileds

In [17] is presented a model for the localization of Abelian Gauge Fields on a three-brane
embedded in five-dimensional space-time.

The four coordinates of the Minkowski space-time M13) are z#, with u = 0, ..,3; the
extra coordinate is y. Capital letters and subscripts are used for five-dimensional quan-
tities, Greek letters for the corresponding four-dimensional ones. The metric convention
is mostly negative.

In simplest scenario, the four-dimensional brane has the form of a delta-function placed
iny = 0. Let’s Ac(2™M), denote a gauge field living in the bulk of the five-dimensional
space-time, the Lagrangian being

Ly

STl

(2.11)

where the strength tensor is defined Fap = 04 Ap — 0 A4 and g is a coupling con-
stant with dimensionality

[¢%] = em

hence the gauge field A¢c has canonical dimension

[Ac] = em™



22 CHAPTER 2. LOCALIZATION WITH ONE EXTRA DIMENSION

The three-dimensional brane action reads:
S3_brane = —Tjd%\/ﬁ

where 7 is the brane tension and g,, the induced metric on the brane i.e.
§W(I) = g#,,(x, y)|y=0

In general there will be localized matter fields on the brane world-volume. Account-
ing for them, the additional term must be added to the previous action

S~3—brane = S?;—brane + Jd4x g E(l/})

These fields will give rise to a localized current:
Ja(x,y) = Ju(x)d(y)o4 (2.12)

Five-dimensional current conservation is guaranteed by five-dimensional gauge invari-
ance and because of the vanishing of the fifth component of J4(x,y), four-dimensional
current conservation is also satisfied:

oaJ A (z,y) = 0,J"(x) = 0
This current will interact with bulk field according to

Lint = fd%dy Jo(z,9) A% (z,y) = Jd‘lxju(x)/l"(x, 0) (2.13)
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Figure 2.4: The one-loop diagram generating the kinetic term for A,(x). Wave lines
denote photon propagators while solid lines fermion ones.

thus the effective interaction is between the four-dimensional current and the gauge
field A, (z):

Due to the interaction (2.13) a kinetic term for 4, (z) is induced on the brane world-
volume, this emerges from one-loop diagrams with two external legs of A, (z) and lo-
calized matter running into the loop -Figure 2.4. As a result the following Lagrangian
should be added to (2.11)

1
Ly = —4—62F3V + higher derivatives
with
2N A
e 2= In(—)
3T 7

where Ny (number of flavours) accounts for the different kinds of fermions running
into the loop and A, u are the ultraviolet and infrared cut-offs. The induced term has
the correct negative sign, were the loops generated by localized bosonic fields the sign
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would be wrong (positive).

The total five-dimensional low energy Lagrangian for the gauge fields results

1 1
L= —4—92]‘—33 - @F,iﬁ(y) — AgJ”

where a source term has been added to account for the effects of the induced kinetic
term on the Coulomb potential.

The Euler-Lagrange equations read
%(&CaCAB + 050 Ac) + 0(y) 5 (040" As + 00" Au)b,5 = T, )
Choosing the Lorentz gauge dc.AY = 0 and assuming the source to be of the form
Jp(x,y) = Ju(x) 0(y) Oy
we get

2
00 Ay + 53(y) (050° Ay + 0,0° As ) = ¢, ()3(y) (2.14)

000 A, =0 (2.15)

Fourier transforming with respect to z# 2

Aules) = | 2 Ao 7

2Wick rotation to Euclidean space is performed, so that p? = p3 + p? + p3 + p3 with ps = ipo.
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yields

2

(P> — @) A, (p,y) + 21—25@ <p2«4u(p, y) + ipu0” As(p, y)) = ¢ Ju(p)s(y)  (2.16)

(p* = ) Ay(p.y) = 0 (2.17)

Let’s multiply both sides of equation (2.16) by J,.(p), using four-dimensional transver-
sality p,J* = 0 we obtain

2,2

v = ) p) + 5w (.p) = ¢ T5() (2.18)

where f(y,p) = Au(y, p)J*"(p).

For y < 0 we get
fly.p) = Alp)e™,  y<0

fory > 0

fly,p) = B(p)e™, y>0

and from the continuity of the solution in y = 0 follows A(p) = B(p). Integrating
equation (2.18) from —e to +¢ and then taking the limit for € — 0

2,2
p ~
B(p)(2p + —geg ) = g*J?
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and hence

the solution to equation (2.16) then reads

- - 1 -
Ay, p)J*(p) = 62j2m6 iyl (2.19)

Taking the four-divergence of equation (2.14) and using 0,J" = 0 we get

0 A" =0

which, together with 0¢A¢ = 0 entails

2,4, =0

from equation (2.15) follows

0A, =0

which describes a four-dimensional massless scalar field, decoupled from the matter
fields localized on the brane. Hence from the point of view of a four-dimensional observer
we can forget about 4, and focus only on A,,.

From (2.19), the propagator of the gauge field on the brane world-volume at y = 0

takes the form:

nul/
Dp=—"7—"|1 2.2
K pg + 262]3/92[ + O(p)] ( 0)
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Thus there are two distinct regimes with respect to the critical value of momentum
ps = 2¢2/g. For small momenta, p < p, (2.20) resembles the propagator of the five-
dimensional theory, in the limit of large momenta, p » p, the four-dimensional photon
propagator -in Feynman gauge- is recovered. It gets clearer to turn to coordinate space;
the effect of the propagator (2.20) on the interaction between two static probe charges
results [16]:

r T

V(r)oc )i L) + %cos<1)[w ~2si()]) (2.21)

T T T

! (sm(

-
where r = |x| and

z z

dt (cos(t) —1)/t,  Si(z) = J dt sin(t)/t

0

Ci(z) =~y +1In(z) + f

0

v ~ 0.577 is the Euler-Mascheroni constant and the critical distance scale r, is de-
fined:

re = g°/2€

At short distances r « 7,

V(r) o % (g + [— 1+v+ ln(:—*)]:—* + O(ﬁ))

As previously stated for p » p, the potential has the correct four-dimensional 1/r
scaling. At intermediate distances it is modified by a logarithmic repulsion term.

For r » r, the (2.21) becomes

Thus, the large-distances potential scales as 1/r?, in accordance with five-dimensional
theory laws. The result has been interpreted as follows: a gauge field emitted by a source
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localized on the brane propagates along the brane but gradually dissipates in the bulk,
however the lower the frequency of the signal the faster it leaks in the extra space, this
phenomenon is referred to as 'infrared transparency’.

Consequently, 7, represents the crossover scale between four dimensional and five di-
mensional theories. At first sight, the bound on its value is expected to be very severe,
at least comparable to the present Hubble size 3. This is due to the fact that the elec-
tromagnetic waves propagating over the cosmic distances, constantly detected, seem to
behave in a perfectly four-dimensional way. Surprisingly enough, the actual bound on
r4 is rather mild; this is because of the phenomenon of ’infrared transparency’ according
to which the large wavelength radiation penetrates easier in extra dimensions. To see
this, consider an electromagnetic wave produced by a monochromatic source /,, located
on the brane:

Tu(:y) ~ 1,6(y) 6@ (x)exp(icot) (2.22)

the corresponding wave equation is given in (2.14) with the right-handed side sub-
stituted by (2.22) and A, set to zero. The induced world-volume contribution (the
second left-hand side term into equation(2.14)) is responsible for the existence of the two
regimes, without this the wave would behave as five-dimensional:

eiw (t—R)

TR (2.23)

A, ~ ev/w

R being the five-dimensional radial coordinate. On the other hand, a four-dimensional
wave which propagates in the world-volume would be described by:

5(y) (2.24)

The crossover between the four-dimensional and five-dimensional behaviour can be
estimated, looking at the distance at which the two regimes become comparable i.e.

2 eiw(t—R) iw(t—R)

000" (Vo ) = 80 (—5—3) .

3The radius of a Hubble sphere (known as the Hubble length) is ¢/Hy ~ 14 x 102 Iy where c is the
speed of light ¢ ~ 3 x 108m/s and Hy ~ 71.9 (Km/s)/MPc is the Hubble constant. The surface of a
Hubble sphere is called the microphysical horizon.
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which yields:

"~ Ty~ W (2.25)

Thus r, sets the distance below which the wave propagates as four-dimensional. The
waves with the frequency w » r;! will propagate as four-dimensional waves over the
distances much larger than r,. This suggests that even if the Coulomb law gets mod-
ified at relatively short distances, propagation of visible light at larger scales will still
look perfectly four-dimensional. For instance, assuming that the Coulomb law breaks
down beyond the solar system size, that is r, ~ 10 cm and considering the largest
wave-length radiation propagating over cosmic distances which has been detected so far,
i.e. the radio waves in a meter wave-length range w ~ 1072em ™!, such radiation would
propagate according to the laws of four-dimensional physics over the distance scale

T'radio ™~ 1028 cm

which is comparable to the size of the Universe . Thus, the Coulomb law might
break down at a scale of the solar system size and we would not even notice it!

4The diameter of the Universe is ~ 91 x 10'% [y ~ 10*°cm.
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Chapter 3

Localization with two extra
dimensions

In this chapter we present a possible model for the localization of Abelian Gauge Fields
in (4 + 2) dimensions. Compactification is dynamical, due to the existence of a topolog-
ical defect, a vortex solution, which models four-dimensional space-time. The approach
partially follows the one described in [15].

The main result is that, the field components associated with the four-dimensional
photon can be completely decoupled from the other fields, thanks to the gauge invari-
ance of the field equations together with the appearance of a mass hierarchy between the
fields, which sets a cut-off for the admissible energies range. This procedure though, will
not leave the photon massless. We add to the six-dimensional Lagrangian a finely tuned
mass term for the photon, in order to cancel the mass of the photon thus obtained. We
assume this extra mass term coming from Higgs mechanism, introducing an auxiliary
scalar field with vacuum expectation value appropriately chosen.

3.1 The vortex solution

Consider six dimensional Minkowski space-time M%) 1 A charged scalar field

O(zM) = 1 (a™) + iga ()

coupled, via the free parameter g, to an Abelian gauge field AM (z?), is described by
the following Lagrangian:

Lthroughout the entire section M = 0,1,2,3,5,6 with 2™ = (z*,y*) and a = 1, 2.

31
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A v>\2 1
L = (Dy®)(DMd)* — 5(;@\2 - 5) — Fun MY (3.1)

A, v are free positive parameters and

Fyun = 0nAn — aNAM> Dy =0 — ig Ap

define, respectively, the six-dimensional Abelian strength tensor and the gauge co-
variant derivative, so to ensure local U(1) gauge invariance

b P =e9XP

AM—>A/]\/[=AM+6MX

and

for arbitrary choice of y(z).

According to the units system conventions, the following relations hold:

[@] = [v] =em ™2, [A*]=cm™ [g]=cm, [\ =cm?

The Euler-Lagrange field equations result:

2

Dy (DM®) + A(|]> — L) = 0
D3 (DM®)* + A(|Df? — £)d* =0 (3.2)
OLFIM 4 ig(9*DMP — (DMD)*d) = 0
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Alternatively equations (3.2) could have been derived varying the Action

+0 +0
S = f d4arj d*y L (3.3)

—0o0 —00

with respect to the fields &, ®* and A,,.

Because of the 'wrong’ mass sign in (3.1) 2, the minimum of the scalar potential is
reached for a non null value of the field ®, namely

2
2= L 3.4
@ =2 (3.4

which defines a U(1) invariant set of degenerate vacua, with topology S' -Figure 3.1.

The vacuum configuration thus results

2
@P:% v Ay =0

We could try to investigate the spectrum of this model, looking for stable time-
independent solution, with finite energy, other than the vacuum one [31; 32]. If this
exist, it will represent a lump of energy density known as a soliton Figure 3.2.

Let’s use the following ansatz for the scalar field, independent of x*, and thus cylin-

drically symmetric [30]:

Do(p. §) = —=f(mp) €™, neZ/{0} (3.5)

Sl =

where m is a parameter with dimension of a mass and f(mp) cannot be expressed in
terms of known functions but has the following behaviour -Figure 3.3-

2Expansion of Scalar Potential in (3.1) yields A\v?/2|®|? — \/2|®|* + Av?/8, thus we see that the mass
term appears with the unconventional plus sign.
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V(@)

Figure 3.1: Sketch of the Potential functional V[®], the vacuum manifold is described
by |®|* = v?/2, configuration ® = 0 represents a local maximum.

(3.6)

The configuration (3.5) cannot be continuously deformed to the trivial vacuum one
because of the nonzero winding number n; an integer cannot change continuously and
thus the winding number must be preserved by smooth deformations of the fields that
keep the energy finite: it represents a topological invariant -see Appendix B. Starting
from a configuration with nonzero winding number we cannot reach the vacuum, which
has n = 0, by means of a continuous transformation; since time evolution is continuous,
the winding number must be a constant of the motion. This constitutes a "topological
conservation law’ because it’s not associated with any symmetry of the Lagrangian.
Solution (3.5) represents a string along the z# direction and it’s known as Nielsen-Olesen
vortex. The lowest energy configuration corresponds to n = 1 and represents a lump of
energy density surrounding the origin in the plane y'y?.
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2.5

-
[&)]

Energy density

o
o

Figure 3.2: Energy density distribution for a soliton-like configuration. Picture taken
from [30].

f(r)

Figure 3.3: Sketch of the radial part of the vortex solution. Picture taken from [30].
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Having switched coordinates of the extra-dimensional space

(:EM’ y17 y2) - <$M> P ¢)

with p € [0,0), ¢ € [0, 27], and

the new metrics

guMN = 1

leads to the following non null affine connection elements:
b ¢ _ ¢ _
Los=—p P =Tos=1/p

The generalization of Euler-Lagrange equations (3.2) to arbitrary coordinate systems
is:

Dy (DMD) + A(|®)2 — L)d =0

2

Di (DM D)* + A(|®)> — L)P* =0

VMFMN — —jN

the metric-covariant derivative V,;, the metric-gauge-covariant derivative Dy, and
the gauge-covariant current J* being defined by:
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VuVY =0y VN + T, VE, Dy =V —igAy

IV = ig(®@*DMd — (DM D)*D)

Thus we have

(Vu VM £ \(|®)? — 02/2) — 2igAM 0y — g*A? — igV  AMD =0

(VuVM 4+ A(|® —0?/2) + 2igAM 05y — ¢2A? +igV  AMID* = 0

{(VauVY + 2070 A* — o1 Wy AM = — ¥

(Vu VM 4 p72 4 262|021 AP + 2p7 10, A® — 0PV AM = —j°

(Vu VY — 2p_15p +2¢%|®*1A? — 2,0_36¢Ap — PV AM = ¢

where

b g

D

1
8M<9M = &N - p_28§,, VMVM = 5M&M - ;&p

VMAM = (9MAM + pilAp
and

M = ig d* oM P

37

(3.8)

(3.9)

(3.10)

(3.11)
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Substituting the vortex solution (3.5) into equations (3.7)-(3.11) leads to:

—m? " —mp T [+ nPp T+ mi (7 = 1) f —ig(OmAY + ptAD) f+

— 2igmALf' + 2gnASf — P A2f =0 (3.12)

—m? " —mp T [+ nPp 2 f + mi(f7 = 1) f +ig(OmAY + p A f+

+ 2igmALf + 2gn AL f — P A2f =0 (3.13)
{04 — 82 —p 10, — p 205 + m fPYAL — M (O Ay + pTAG) = 0 (3.14)
(04— 02— p7203 + ma f2}AL + 0,00 AY +2p7 0,45 = 0 (3.15)

(04— 02 =3p710, — p 205 + m3 2} Af — 2p 20, Af+

+p 2040 AN + p Tt AD) = —np 2 gu f? (3.16)

Prime indicates derivative with respect to the argument and the following definitions
have been adopted: m3} = Av*/2 and mg = g*v°.

Because of the source term into equation (3.16) there exists a non null component of

the gauge field A}, the solution takes the form:

AY(p) = ———n(mp) 6™° (3.17)

where n(mp) has not an analytic expression but is defined by:
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R S S W (3.18)

We can understand the asymptotic behaviour of n(mp), taking the limit for small
and large values of £ = mp, we also set m = my:

§_>07 77”__“’0_’ n~a£2

Where we have used the (3.6).
With A} given by (3.17), the (3.12) now reads:

" 1 / TL2 2 2
f +gf —g(l—n)f—ﬁ(f —1)f=0 (3.19)

in the previous equation we have defined 8 = m3/mg§ = \/2g>.

Hence:

5_}() f//+1f/_n2

S R B A (3.20)

Numerical evaluation of equations (3.18) and (3.19) for the case n = 1, is shown in
Figure 3.4.

The asymptotic behaviour f ~ 1, 7 ~ 1 can be made more precise [57].

Writing for & — oo:

f—=1+6f
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f(z)
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Figure 3.4: Numerical solutions of eq. (3.18) and (3.19). Picture taken from [32].

n— 144

equations (3.18), (3.19) ignoring quadratic terms in ¢ f, read:

/

4]
6?7// _ 77

5 ! 2
Sf" + ?f . 2—25772 —286f =0
Using the following ansatz:
)

o =e* £l + ¢ )

(3.21)

(3.22)

with ¢! and c¢§ arbitrary constants, the (3.21), collecting terms ~ £* and ~ £*7! (the

~ €272 and ~ €273 ones being negligible for £ — o) becomes:

(-1} =0
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&Nyl —2a) + c5(y— 1)} =0

which yields:

v=1 v o= %
and c§ can be set to 0.
on = e S 2 (3.23)
Substituting (3.23) into (3.22):
of" + %f/ —2080f = 7126?25(0”)2

The solution to the associated homogeneous equation can be obtained using the same
ansatz for § f:

5F = e (e + §—>
Thus:
el = 28)} = 0
& Hey(1+2a) + 5(28 — %)} = 0
now.
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and

Sfo = e~ V2B¢ 5—1/205

The particular solution takes the form:

where the constant c, = %%, The general solution reads:

4

5f eimg s ( v>2 2 6725
= ¢ — () n—m——
VE 2(8 —2)¢
with:
Som 1w
m3 2 g%v?
Thus:
52 s
~ 2, —> C
NG
ﬁ 5]0 2 2 6_25
> 2, — — (") N ———
ST

For f = 2, ¢” must be zero for § f being finite, this constitutes the threshold for the
production of a pair of scalar particles with mass m2 starting from a scalar particle with
mass m? = \v?/2ie [ ~2—m?=2ma.

The total asymptotic behaviour results:
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£—0
f~bell p~a® a4, b>0 (3.24)
£ o
f~1+ 6\?6& — (¢¥)? nQQ(;—_QZ)g, n~1+e (62

Further considerations on the stability of vortex solution (3.5) and (3.17) in terms of
the winding number and the value of § can be found in [32], here we only stress that for
the lowest energy configuration n = 1 stability is guaranteed for every S.

3.2 Linearization of the field equations

Turning back to the equations (3.12)-(3.16) we define the background configuration to
be the Nielsen-Olesen vortex solution:

v . n
Py = —= f(mop) €™ v Ay = g n(mop) 6¢

V2

Considering small fluctuations around this configuration, we can linearize the field
equations (3.7)-(3.11)

Oz, p,0) = o+ P(x.p, D)

AM(z,p,0) = AY + AM(2.p, 9)

with terms ~ O(%?), ~ O(A?) and ~ O(p.A) neglected, thus we get

(D4 =02 —p 10, — p 205 + m3(2f° = 1) + n’n°p 2 }p + 2inp 1y @ + mfcf262i”¢g5* =
=i 27 2mgo f (O AM + pLAP)E™? + iV 2mgAPD, fem? 4+ N 2nmg f(n — 1)A%M? (3.25)

* Kk ok
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—2ing ~

(04— 03— p 710, — p 205 + m3(2f% = 1) + 0®?p Yo" — 2inp *nde@* + m} e 0P =

= —i 27 2o f(Op AM + p L AP) e — iN2mg AP0, feT T + A 2nmg f (n — 1) A% "?
(3.26)

(04— 02— p7'0, — p7205 + 2¢°| P L A" — 0" (O AM + pT ' AP) = —ig{DF 0" p — Bod"¢*}

(3.27)
* % *
(04— 02— p7'0, — p 205 + p° 4+ 2¢°| Do }A? + 207 10, A+
1
+ 0, (O AM + ;AP) = —ig{[®E0rP — Do’ P*] + [@* 0P Dy — POPDE]} (3.28)

* % Kk

{04 — 02 —3p'0, — p7205 + 29°| D[P} A — 2p72 0 AP+

1
+ p 204 (O AM + ;AP) = —ig{[®E°p — DO?P*] + [@* %Dy — p?DE]}  (3.29)

The first two equations suggest to set:

@z, p,¢) = oz, p,p)e™

Qb*(iﬁ, Py ¢) = QO*(I', Py ¢)6_in¢

so equations (3.25), (3.26) now read:

e {0y — 62 — p_lﬁp — p_zai +n2p 3 (n* —1)* + mfc(2f2 — 1) + 2inp~%(n — 1)04} o+

+mifre* e = (i 27 Pmo f (O AM + pT AP) +iv/2mo AP0, f + V2nm f (n — 1) A%}
(3.30)
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* % %

e M0y = 05— p7t0, — p 205+ n?p 2 (n = 1)7 + mE(2f* = 1) = 2inp~3(n — 1)ds )"

+mf froe ™ = (=i 27 Pmg f(Ou AM +p 7t AP) —iN2mg AP0, f 4 2nmg f (n—1) A% e
(3.31)

Consider the U(1) gauge trasformation:
D — ' = PeX
AM_’A/]\/[:AM_‘_aMX

where x(z, p, @) is a small real scalar field of the same order of ¢, so that we can drop
O(x?) terms in the defining series of the exponential:

' ~ (D + @ +ig Do x) = (|Po| + ¢ + i g|Po| x) ™

AIMIA()M-F.AM-FaMX

From the previous relations we see that the infinitesimal gauge transformation will
act on ¢ and Ay in the following way:

© — @ +1ig|Po| x
(3.32)

.AM — .AM +aMX

and because of gauge invariance of the Lagrangian, the field equations need to read
the same after this transformation is implemented.. To check this out, we must compare
the equations (3.25)-(3.29) with the ones transformed according to (3.32), for gauge in-
variance to apply the difference between the two, has to vanish.

From equation (3.25), after setting ;1 = vg/v/2 we obtain:
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{06 +n2p72(n — 1)° + m(f* — 1) + 2inp™>(n — 1)0s} ipfx =
=i puf(0p 0™ x + p7107x) + iV2mod"x 0, f — p7PV2nmof (n — 1)0sx

linear terms in 04 cancel and we are left with

ipf O x —ipx{O2f + p 10, f —np 2 (n— 1)°f —mi(f* — 1) f1+
—2ipdyf Opx = ipf Bex — iﬁmﬁapx Opf

Recognizing between brackets the (3.19) -the background equation satisfied by f- the
previous equality holds for arbitrary fields .

Let’s check the remaining equations, from the (3.27) we get:

{000™ — p710, + 267 | Do 2}t x — " (Ond™x + p~10PX) = 2ug f| Dol "X

which is again true. Taking the (3.28):

(04— 05— p710, — p 205 + p72 + 2¢%|o | }07x + 2p~ ' 00X+
+0,(0p0™x + p0PX) = 26°|Po] 07(|Po|X) — 29°|Po| x | Do

and then:

—0,{04 — 05 — p 205 X + 0, (™1 0px) + P2 0px + 20 05X+
+p 20 + 297 |®o|P0Px — 2p’3(3ix + apaMaMX + 8p(p’18px) = 2¢°|®o|*0Px

Recalling that 0y 0" = Oy — 02 — p~20; we see that all terms vanish.

Finally from equation (3.29):
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(04— 02 —3p7'0, — p 205 + p~2 + 2¢%| o[ }0%x — 20 20,0"x+
+p7205(0p 0™ x + p70PX) = 267 Po] 07| Polx) — 297 Po| x 07| Do

which gives

—p20s{04 — 05 — p 203X + 20%|Po[?07x — 2072 00" X+
+p7205(0p0™Mx + p707X) = 267 Po] 0%(|Polx) — 297 Po| x 07| Do

again satisfied. We’ll use the trasformation (3.32) to simplify the field equations.

Let’s write equations (3.25)-(3.29) explicitly in terms of the real fields ¢ and ¢

(T, p, ) = p1 +ips

(Ou— 02— p 10, — p 205 +n2p 2 (n— 1) + m}(3f* — D}pr+
—2n(n — 1)p 20y @2 = V2nmo f(n — 1)A? (3.33)

{040 —p 10— p 205 + %72 (n — 1)* + m3(f* = D}part
+2n(n — 1)p 20501 = V2mo AP0, f + 27 Pmg f(Op AM + p7 1 A?) (3.34)

{04 — (?ﬁ —pto, - p’z(ﬁ +m2f2 AR — H (O AM 4 pT AP) = NV2mo fg" 0, 0o (3.35)

(D4 =02 —p'0, — p 205+ p 2 + m [ YA + 207 10, A%+
+ 0p (O AM + p 7 A?) = V2mo{ 2 0,f — f 0y 02} (3.36)
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{04 — (3/% —3p7'0, + p_zﬁi +mfP}A? — 2p 7205 A +

+ 0 205 (00 AM + pTLAP) = —N2mg fp HOpp0 + 2001} (3.37)

Equation (3.33) can be rearranged, for p # 0

{0, — 82 — p’lﬁp — p’%’?5 +np 2 (n—1)* + mfc(3f2 —D}pr =
= —V2n(n — 1) fmop *{ Ay — 11" 0s(02/ 1)}

while from equation (3.34) we get:

(O™ + p7107)pa + {n?p72(n — 1)* + m3(f* = 1)} o + 2np™2 (1 — 1)0pp1 =

= V2mo AP0, f + 27 Pmg f (O AM + Tt AP)

Using again the (3.19) for terms between brackets

(00 0™ + p710") g — (O™ f + p7 0% fpa/ f + 2np™2 (1 — 1) 01 =
= V2mg AP0, f + 272 f(O AM + pTLAP)

and dividing both members by mqf/2Y% = uf

1 11 1 1 on 1
— O™y + ——0Ppy — —<p2((9M(7Mf + =0°f)+ ——=(n—1)0pp1 =
jf wfp P p nf p? i

_ §Apap f 4 (On A %Ap)



3.2. LINEARIZATION OF THE FIELD EQUATIONS

little manipulation yields

Oar(AM — =1 0M 0o/ ) — —f26M 2 On f + fgaMf Onrfoa + A”+
11 11 2n 1
—— 0Py + ——(0° ——=(m-1)0 +—A”6 =0
qup (202 [LfZ ( f) 2f( ) ¢(701 f pf
and finally

O (AM — 110 (o) ) + %(Ap 0 (af )+

2n 1
_(77 - 1)%%01 =0

2 _
+2 0 f{A” — 18p(¢2/f)}-;zfp2

f

49

We see that ¢y and AM appear always in the same combination AM — =10 (¢, /f),
this is another statement of gauge invariance of the field equations, by means of which

we can make the choice

X =—n""(p2/f)

and drop explicit dependence on the field ¢s.

p— ¢ =

Ap — Ayp = Ay — 7 om(p2/ f)

(3.38)

Note that in the bulk, for £ » 1 and f(§) ~ 1, the previous transformation is equiv-
alent to the Unitary gauge of the Higgs model with ¢, being the massless Goldstone
boson arising from the global U(1) symmetry breaking in the vacuum [58]; on the other
hand, the choice (3.38) is not well defined at the origin £ = 0 and hence we must assume

9 to vanish in the core of the vortex.

In terms of the new fields
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A

At = A = (pf) " o

AP = A? — (uf) ™ 0%

(A? = AP — = 0 (¢a/ f)
equations (3.33)-(3.37) now read (neglecting primes):

{04 — 8§ —pto, - p‘%’; +n2p 3 (n—1)* + mff(?)f2 —1)}p =

= —V2n(n — 1) fmep 2 Ay (3.39)
1 2 2n 1
GMAM + ;Ap + ?(}ppr - Wﬁ(n - 1)0¢Q0 =0 (340)

(04— 32— p'0, — p 205 + mg fJ A" — (O AM + p ' A?) = 0 (3.41)

(04— 2 —p 10, — p 205+ p 2+ mi [P LA + 2p 10, A%+

+ 0, (O AM + p7tAP) =0 (3.42)

{04 — é‘i —3p7'0, — p_Qé’g) +mifPIA? — 2p 7205 A" +

+ 0 205 (Op AM + pTLAP) = —2nmg fV/20 2 (3.43)

Thus we have obtained four dynamical equations for the fields ¢;, A*, A? and A?
and a constraint relation from the equation for ys.
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3.3 Possible solutions

Let’s decompose the spatial components of the four-vector field A* into an irrotational
and solenoidal part -Appendix C-

AV = (A% A+ AT AP A?)

where the transverse component satisfies by definition

GAT =0

using the 'constraint equation’ (3.40), we are left with

(D4 =02 —p 10, —p 205 +0°p 2 (n— 1> +mi(3f* = 1)} =
= —V2n(n — 1) fmep 2 A, (3.44)

1
O0A” — V2A + 0,A° + 04,A% + ;Ap-i-

2o A= 2= )0 = 0 (3.45)

+
wf p?

(04— 02— 510, — p 202 + mif A0+

2 2n 1
00 Q0 A° == (0~ 1)l = 0 (3.46)

_|_
nf p?

=
|
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(04— 02— p'o,—p 20 +my fPYAT =0 (3.47)

{Bu= 0y —p7'0p — p7205 + mgf*}A+
2 2n 1

fapfA" — ——Mm—1)0p =0 (3.48)

_|_
nf p?

Comparison between (3.46) and (3.48) shows that A° and dy.A solve the same equa-
tion, thus we identify

A" = 0y A (3.49)

Indeed equation (3.45) can be inverted in terms of A, and once this is substituted
into (3.48) we loose any explicit dependence on it. This shows that A is not independent
grade of freedom, its dynamics can be derived from that of A° and can be ignored.

The last equations for A” and A? are

{04 — 52 —p 0, - ,072835 +p 2 mE AP 4+ 20 L 0g A%+
2n 1

- 8 (GO~ 2~ i) =0 (3.50)

{04 — 8§ —3p7'0, — p_2635 +m2fAAY — 2p 205 AP+

_ %, {%&,J fAP — %%(n D)oy} = —2nmefyv2p % (3.51)

The Hamiltonian reads

H = fdgxfpdpdgb T

with
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2 2 1~ Y 2 AU o Vi, 1 2
T% = (o) + Vel? + [0 + 9 + 5 [ + o = T + (0o

1
P P A (1) ¢ gA¢J2}<% o)

1
— FOM(?OAM + ZFMNFMN (352)

For p — 0 terms proportional to dgp, 0sAM will increase the value of the Hamilto-
nian; being interested in the configurations of minimal energy we can drop the angular
dependence on ¢, this is equivalent to Kaluza ansatz -see Chapter 1- on Fourier expand-
ing the fields into a complete set of eigenfunctions in the domain [0, 27], and keep only
the zero modes; we also set n = 1:

1 1 2
(8= = S0t o= P w6 - e = = Dpmods 659
{04 — 0% - %@ +mg AT =0 (3.54)

2

700 foo AP =0 (3.55)

1
{0, — 02— ;a,) +mg fAAY +

2

fa,, fA?) =0 (3.56)

1
{0, — 82 - ;&p +p 2+ mfAP — 0,(

2\/§m0

p2

(0, — & — %ap G mRfAY — - fo (3.57)

The first and fifth equations above are decoupled from the other ones, and describe
the fluctuations of the background string solution.
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The second, third and fourth describe, from the four-dimensional point of view, the vec-
tor and scalar components of the photon and a scalar A” which acts as a source for the
scalar photon through the term 2f710,f0,.A”.

Let’s recall that f(£) and n(£) have the following behaviours at small and large values
of the variable & = mqp:

and consider equations (3.54)-(3.56) only.

In the region ¢ « 1 these read

(ot = = g+ P EIAT =0 (3.58)
{i—‘% e éag LREVA 4 miogaoflp ~ 0 (3.59)
{;—‘% - gag 4 % LA = 0 (3.60)
While for £ » 1 we have
{2—% - %ag L AT = 0 (3.61)
(2 Lo ao oo (3.62)

my _f
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Oy 1
-4 VAP —
{m% 0 56& + = 52 + }.A 0

Let’s now consider equations (3.60) and (3.63) first, writing
AP(x, p) = Z(E)A"(x, p)
and substituting into (3.60)

R . d? d
T D2V AP AP
m2 Je)A” — A e q(&) —

() QA0 — AP Toa(6)+

d£ e ae!
3o v s (3 .
—dag%A %Q+b§)(9AI=o

where ¢(£) = limg_ Z(€) need to cancel terms propotional to d¢.A”

d 3 —-3/2
qu(ﬁ) 2% 9(6) =0 < q(§) =&

and

15

O
— =0+ S+ WA =0

3/2
& (mo I
Thus for 0 < £ « 1 have:

(| A
(o = 0+ Vi) A" =0

0

with

151

‘/eﬁ}f(f) 4 52

+ b% 2

95

(3.63)

(3.64)
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Similarly, from equation (3.63) we get:

. - d? d . ~d
010z~ )4~ A G (€) = 24 (2 — e ()4

(0 + €)1+ %w 0

where ¢/(€) = limg_,,, =(&). Hence

¢ =¢"2
and we obtain, for £ » 1:
{EE—aQ+Vﬂ}Aﬂ:0 (3.65)
m% 3 eff
with
31
Vir=1% e

Factoring out the eigenfunctions of Oy into (3.64) and (3.65), with free parameter m?

we get

~

AP ~ ey, (€)

where p? = m3.

We define k1 = m?/mZ, and arrive to the following Schroedinger problem:
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2

(- wt VI 1(6)) 0, = kv, (3.66)

with:

The effective potential diverges for & — 0 -Figure 3.5, hence forcing the solution to
vanish at the origin. Furthermore we see that V;;(§) is always positive and bounded by
below by 1, thus from

]{Il > Mzn(Vepff)

we can set kp > 1.

Let’s write the equations explicitly:

d? 15

pe (4—52 + b2§2> wl, + k! =0, £<«1 (3.67)
d? 31

d_gwgl - <Z? + 1)107]7.{1 + k:lw,]n[l =0, 5 »> 1 (368)

Where we have labeled the respective asymptotic solutions in the two regimes in or-
der to avoid confusion.

The general solution of equation (3.67) 3, w!, _(p) is a linear combination of Hyperge-
ometric and Laguerre functions [9], the former diverge for £ — 0 and must be ignored,
then:

wl, =Dy e e[, —2,b62)

3All computational analysis have been obtained with Wolfram Mathematica 11.
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with o = klﬁb. Thus considering only the £ depndece of the field A”:

Ap oC D1 €_b§2/2 6_3L [Oé, _27 b§2]7 6 <1

For ¢ — o from (3.68), recalling that k; > 1 we have:

d2 II
{d_§2 + (k?l — 1)}wm1 o 0

thus the solution is expressed in terms of plane waves

wll ~ Dyexp(ivé), v=+/ki—1

and

AP o Dy €72 eap(in €), €1

It turns out that A” describes, from the four-dimensional point of view, a massive
scalar field, non localized in the extra-dimensions and vanishing at the origin, with four-
dimensional mass m? > mZ. This allows to say that for energies lower than mg which can
be assumed to be of the order of mgy, A” is not dynamical and can be ignored in the
equation (3.59), where it appears as a source term for the scalar component A°. Under
this condition, the gauge field components associated to the four-dimensional photon i.e.
AH(z, p), are completely decoupled and the corresponding equations potentially solvable.

Let’s then consider equations (3.59) and (3.62) assuming a cut-off ~ mg for the en-
ergy range.

ﬂ_ 2_1 2 2 0 _

{mg Oz f65+I)5}A =0, £«1
O

(22 o na—o s

my §
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Veff
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Figure 3.5: Effective potential for w,,, (p), in the region & < 1.

Being separable with respect to the variables (z*, p) we can factor out the solutions

of Klein-Gordon equation with free parameter m3:

{D4+m3}a(z) =0

which gives

A2, p) ~ " R(p)

with ¢? = m3.

Setting k = m3/m2 we obtain the following asymptotic equations for R(p):

d? 1d
{_d_e_éd_g+b2£2_k}72:0’ E«1 (3.69)
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& 1d
_d_g”?_gd_f_(k_l)}R:O’ E>»1 (3.70)

We recognize the (3.69) to be the Schroedinger equation of an isotropic two-dimensional
harmonic oscillator in polar coordinates [10], with unitary mass, frequency w = b, energy
E = k/2 and null angular momentum eigenvalue m = 0 (from the absence of ¢ depen-
dence); the energy spectrum is given by

En:b(n+1), HENO

and hence

kn=2b(n+1), neNg (3.71)
with

Ro(€) = N, e ng/g (b€?) (3.72)

where LP(w) are the Laguerre polynomials and N,, a normalization constant.

We have to select the admissible values for k,. Let’s set
R = h(§) ra(§) (3.73)
equation (3.69) becomes

" / 1 1 !
hr f+rln" + 20 r ] + Erg B+ hgrnl —0*Ehrl + kbl =0 (3.74)
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where h(€) is chosen so to cancel terms proportional to rL(€)

i3 (5) + ih(€> =0 < h(é) - 571/2

then equation (3.74) yields

1/2{ — 0+ kayr, =0 (3.75)

@ ae

Analogously, substituting (3.73) into (3.70) gives

hE) =€
and
1
/ _ _
-1 2{d§2 e — (1 =k}t =0 (3.76)

Hence we arrive to the following Schroedinger problem for r,,(§), £ # 0:

d2
(- at Vers(6)) 7 = b (3.77)

The effective potential cannot be expressed in terms of any analytic function, all we
know are the asymptotic behaviours for very small and very large value of the variable
&, namely:

Vi = 452 +02€2, £«

Vers(§) ~
Vi =L +1 Ex»1
ff = T e ’

e
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It turns out that bound states, if any, are possible only provided k,, < V.s(o0), from
the previous relations we should expect:

e k, <1, the problem might give rise to bound states

e k, > 1, only continuum states are allowed

This is clear if we consider the limit & — oo of equation (3.77)

d2 I

the solution falls down exponentially for k, < 1 but results in plane waves for k,, > 1

(&) ~ exp(—=Pag), kn <1

ri(€) ~ exp(iBu€), kn>1

with B, = /[T — k.

However having set mg as the energies cut-off, it follows that condition &k, > 1 is
automatically excluded and only k,, < 1 may apply.

Turning to the spectrum (3.71) we find the following condition for the lowest energy

level to be a bound state:

ko=2b<1b<1/2

The corresponding wave function

Ro(€) ~ Noe s
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Figure 3.6: Sketch of Ry(&) for b = 0.4.

is sketched in Figure (3.6).

Accordingly higher energy states with n # 0 will be confined in the vortex core iff

kp = 2b(1 +n) < 1 (3.78)

The complete solution for A, in absence of ¢ dependence reads:

Az, p) = Y o™ (2) Rau(p)

n=0

where 7 is the biggest value of n that satisfies (3.78) and:

2
e L7 (bg?), £«
2
Ru(p) ~
e Vizkn & Ex1



64 CHAPTER 3. LOCALIZATION WITH TWO EXTRA DIMENSIONS

Thus we have found a set of n Kaluza-Klein modes localized in the extra-dimensions,
these are Gaussian like at small value of the variable ¢ and exponentially vanishing at
infinity. Requiring b < 1/2 guarantees that exists at least one bound state, namely 1 = 0,
where other values are admitted according to (3.78).

The lightest mode coefficient i.e. a9 (z) is identified with the scalar potential of the
four-dimensional photon field, this however is not massless as we would wish, the mass
being;:

2 _ 2
mao = 2bmyg

The same analysis repeated for equations (3.58) and (3.61) shows that we can expand
AT (z, p) in terms of localized functions in the ¢ dimension as well obtaining

AT (z,p) = > ot (2)Va(p)

n=0

with:

@ (z) ~ (p) e

where p? = m?2 , and p; - ¢ = 0.

The lowest energy mode coefficient o’ (%) (z) describes a three-dimensional vector field,
with two independent degrees of freedom because of the condition ¢;,4°T = 0, decoupled
from the other components of the gauge field AY (z") as well as from (™) and local-
ized in the core of the vortex; this is thus identified with the vector field describing the
photon in the Coulomb gauge. As before, however, this mode has a non null value of the
four-dimensional mass m? , = 2bmg.

A possible way to recover the correct description of the photon field, could be the
introduction of a fine tuning mass that exactly cancel the zero mode one [20]. We can as-
sume this extra term coming from a Higgs mechanism, coupling the gauge field A (z")
to an auxiliary complex scalar field 1 (z*). If the Higgs vacuum expectation value is
suitably chosen, the gauge field can acquire the precise mass term needed. We leave the
details of proving that such a mechanism may occur, to a later work. Here we just point
out that the auxiliary field need to be a ghost, it must occur with a negative kinetic term
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in order for the gauge field to acquire the correct mass with a 'wrong’ minus sing. The
introduction of a ghost however, should’t rise new issues if its mass falls far outside the
theory energy range, and the instabilities can’t set and propagate.

Once the extra mass term is added, it will have the effect to decrease the fields po-
tentials of the same amount so that the hierarchy between the A” and A°, A*T will not
be changed.

Equations (3.69) and (3.70) thus read

d? 1d
{ d_@_gd_§+b2€2_(k"+2b>}7€":0’ £«1
{—j—;—%d%—(knJrQb—l)}Rn =0, &»1

which together with (3.71), give

k, = 2bn, n € Ny

hence ensuring that the lightest mode with n = 0 is actually massless.
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Conclusions

Theories with large and infinite extra dimensions look rather exotic, at least for the mo-
ment. Nevertheless the help they might offer to long lasting puzzles as well as to the con-
struction of new effective field theories, makes them far to be abandoned. In the present
work we have discussed different approaches for the localization of four-dimensional fields
in higher dimensional space-time, showing that under appropriate conditions the results
can be really encouraging. The main purpose however, has been to investigate a possible
mechanism for the localization of Abelian gauge fields, different from the one exposed in
[17].

Our starting point has been a model of scalar-QED in six dimensional space-time. The
emerging picture is that four-dimensional space-time, can be build in the core of a thin
six dimensional vortex, a topological defect, symmetric along the four usual coordinates,
which represents a stable solution of the scalar field equations, narrow in the extra
dimensions {y%} with characteristic width ~ mg"'. At perturbation level the scalar field
only interacts with the ¢ component of the gauge field, namely A?(z"), the corresponding
equations describe the fluctuations of the background vortex configuration; the remaining
gauge field components describe the scalar and vector six-dimensional photon A°(z?),
AT (2N) together with a scalar field A?(xV) which acts as a source for A°. We found that
it is possible to define a low energy regime, where A” is not dynamical, while a localized
spectrum for A and A*7 is possible; this possibility is closely related to exact form of the
radial function entering the vortex solution f(§), namely the value of b which gives the
slope of f(§) in proximity of the vortex core. The loosen condition for having just one
bound state reads b < 1/2, where tighter values of b would allow to accommodate more
bound states. Conversely, A” doesn’t admit bound states in the extra dimensions and
represents from the four dimensional point of view a massive scalar field, the mass being
greater than mg. Setting my as an energy cut-off for the theory, permits thus to exclude
this non physical degree of freedom from the effective spectrum. The four dimensional
photon obtained with this procedure results localized, decoupled but massive though.
We suggest that a fine tuning, to exactly cancel this mass term, might occur, coupling
the six dimensional gauge field to an auxiliary scalar field in order to implement Higgs
mechanism. We don’t give any detail and leave the proof that such an occurrence may
take place for a future work.
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Appendix A

Gauss’ law in (44n) dimensions

Consider an N-dimensional flat and infinite space-like manifold. The divergence theo-
rem, for any vector field g, reads:

dexdivngdN_lx <g,n> (A1)
Q 2

where (2 is an arbitrary N-dimensional volume, > the enclosing surface and n the
unit vector normal to the surface and pointing outward.

Assume g(7) to be a radial function, r = vziz? and i = 1,.., N, obeying Gauss’ law:

divg = —4nGy p (A.2)

p is the mass density and Gy the N-dimensional generalization of Newton constant.
Choosing Q = BY(r) and X = SV~1(r), respectively the N-dimensional ball of radius
r and the enclosing N — 1 sphere and combining equations (A.1) and (A.2), we get [56]:

Vol (SY1(r))g(r) = —4rGx M 4,

from the relation
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where M is the mass enclosed by B, hence it follows

M

~

g(?") =-K GNmUT
with ]C = W8F(N/2+l).
From g = —grad(V') we find the gravitational potential:

M

rN-2

V(T) ~ GN

For the three dimensional ordinary space, N = 3, we recover
g(r) = —Gs 3 U

together with

M
V(T‘)ZG;J,?

Suppose the N-dimensional space-like manifold to be made by three flat and infi-
nite dimensions while the remaining n = N — 3 extra-dimensions result compactified
into an n-dimensional sphere S™ of radius R [55]. The complete set of coordinates is
{2y}, i=1,2,3and a =4, ...,n:

(ya)2 _ R2

a=4

At scales much smaller than the compactification radius R, we don’t resolve the
curved nature of the extra-coordinates, and space looks flat along all the N dimensions
Figure A.1. All coordinates are on an equal footing and the compact nature of the extra
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Figure A.1: Space schematically represented as mixture of three flat and n compact
dimensions, ¢ = 1,2,3 and a = 4, ..,n; the total dimensionality of the bulk is N. Flux
line is showed in red.

dimensions doesn’t affect the form of the gravitational potential.

From the previous calculations, it follows

M

Tn+1’

V(r) = G

where

r = ‘/Iqri+,yaya

At distances much larger than the characteristic scale of the extra-dimensions, Figure
A.2, the flux lines run predominantly along the flat dimensions, and we recover the usual
three-dimensional inverse distance law:
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Figure A.2: For ' » 3, contribution to the flux lines (in red) coming from the extra-
dimensions, can be ignored and volume and surface area are governed only by z°.

, r>» R

where now

r=/xizt + yoyt ~ Vaiz



Appendix B

Topological Defects

Consider a classical field theory with energy density T = 0, such that Tyy = 0 ev-
erywhere for the ground states (or ’vacua’) of the theory. A solution of the classical
equations of motion is said to be dissipative if [32]

lim maxyToho(t,x) =0 (B.1)

t—>00

If the vacuum manifold V), the set of minima of the potential, contains non-contractible
n-spheres, then field configurations in (n+1)-spatial dimensions whose asymptotic values
as r — o0 'wrap around’ those spheres are necessarily non-dissipative, since continuity
of the scalar field guarantees that, at all times, at least in one point in space the scalar
potential (and thus the energy) will be non-zero. The region in space where energy is
localized is referred to as a topological defect. In three spatial dimensions, it is custom-
ary to use the names monopole, string ! and domain wall to refer to defects that are
poin-tlike, one-dimensional or two-dimensional respectively.

In order to decide whether a theory, possesses non dissipative solutions, we need to
examine the topology of the vacuum manifold.

Let G be the Lagrangian symmetry group, and ¢g a point on V. Then

Vge G, gpgeV

!The names cosmic string and vortex are also common. Usually, 'vortex’ refers to the configuration
in two spatial dimensions, and ’string’ to the corresponding configuration in three spatial dimensions;
the adjective ’cosmic’ helps to distinguish them from the so-called fundamental strings or superstrings.

73



74 APPENDIX B. TOPOLOGICAL DEFECTS

Since many different elements g may yield the same point, it is convenient to intro-
duce the isotropy group H of ¢, as the set of all elements h € G such that

hoo = ¢o
Then

gbo=g'¢o < ¢ =gh, heH

We say that the points of V are in one to one correspondence with the left cosets of
H in Gie.

YV =G/H
In the case of vortex configuration, the asymptotic solution
o) = lim ¢(p, p)
p—0

build on ¢y, i.e. ¢(0) = ¢, must define a non-contractible loop in V, a map from
St into V based at ¢y, that cannot be shrunk to a point, so that the energy carried is
always non zero. Non-contractible loops are classified by the elements of the fundamen-
tal group, or first homotopy group of V, denoted m1(V, ¢y). Two loops based at ¢, are
homotopic if one can be smoothly deformed into the other without leaving V. This is
an equivalence relation; the equivalence classes, or homotopy classes of loops, are the
elements of 71 (V, ¢p). These classes have a group structure: the identity is the class of
contractible loops, homotopic to the trivial loop which remains at ¢y. The inverse is the
class comprising the same loops traversed in the reverse sense and the product is defined
by traversing two loops in succession.

If V is connected, then 71 (V, ¢g) does not depend on the base point ¢y and the first
homotopy group is often denoted simply by (V). If (V) is trivial, comprising the
identity element only, then V is said to be simply connected. A necessary, but not suffi-
cient, condition for the existence of stable vortices is (V) to be non-trivial.
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If G is chosen to be simply connected (which can always be done by going to the
‘universal covering group’), then an equivalent condition is that H contains disconnected
pieces. In the case of the Abelian model seen in Chapter 3, we must replace U(1) by its
covering group R, then the isotropy subgroup is the group Z of integers (transformations
with phase equal to a multiple of 27) and

V=R/Z=_5"

which is not simply connected. This suggests the existence of non dissipative solu-
tions, but there is certainly no guarantee. For example, all loops with non-zero winding
number n are non-contractible, but for 5 > 1 and |n| > 1, there are no stable vortices.

Cosmic strings and other topological defects are particularly interesting also from a
cosmological point of view because they might have been formed at phase transitions
in the very early history of the Universe. Like transitions in condensed matter systems,
these may have led to the formation of defects of one kind or another. In many cases,
such defects were stable for topological or other reasons and may therefore have survived,
a few of them even to the present day. If such defects existed, they would constitute a
uniquely direct connection to the highly energetic events of the early Universe [30].
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Appendix C

Decomposition of a vector field

Every vector field A(x) = A(r,t) can be uniquely decomposed into longitudinal A;(r,?)
and transverse A | (r,t) components, as a consequence of Helmhotz theorem [60; 59] with
respectively:

Vx A5 =0, V-A =0
Starting from the tautology:
A(r,t) = de’ A(r',t)o(r — 1)
together with the identity:
Sr—r') = -V*(1/4x|r — 1))
we get:

Alr,t) — —fdv'A(r',t) V(1 /4y — )

Being the Laplacian a function of r we can invert the order and write:

7
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Alr, ) — — fdv' V2 (A1) falr 1))

and from the general relation valid for any vector field E

VZE=-VxVxE+V(V-E)

we arrive to:

A(r,t) = Ay(rt) + A (r,1)

where:

Aylr,t) = —vfdv'v. A1) 4l — x| (1)

A(r,t) =V x JdV’V x [A(r’,t)/47r|r - r'|] (C.2)

using Fourier expansion:

1 1 5 1 : /
v @n)" Jd P ea:p(zp(r r ))
and substituting into (C.1), (C.2):

&Pp  Alp,t) |
V2 ) ipr
Ajlr,t) = = f(27r)3/2 p? e
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@p  A(p,t)

6ip]r
(2m)32  p?

Ai(r,t)=V><V><J

This decomposition could have been obtained as well, making use of the longitudinal
and transverse delta functions ¢/ (r —r’) and 67 (r —1’), which project out the respective
vector field components. In momentum space these read:

ol (p) =p'P /%, 8 (p =6y /D
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