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Abstract

Questo lavoro di tesi nasce con lo scopo di fornire una inquadratura generale del
campo di studi relativo ad i sistemi quantistici aperti.

Esattamente come avviene nel caso della termodinamica, questo tipo di approfondi-
mento vuole tenere conto delle interazioni che un qualunque sistema quantistico puo
sviluppare con ’ambiente esterno.

La prima parte del lavoro intende introdurre il lettore all’argomento; in queste prime
sezioni si trattano anche alcuni argomenti pit concettuali di rilevanza prettamente
fisica, come ad esempio il fenomeno dell’entenglement o del quatum eraser.

La seconda parte presenta un approccio geometrico, allo scopo di chiarire come ven-
gono a modificarsi in questo nuovo contesto le strutture geometriche entro cui si
sviluppa il sistema quantistico interagente, intendendo con cio sia le orbite unitarie,
sia gli spazi formati dagli stati puri e dagli stati misti.

Infine, la parte finale della tesi sviluppa questi argomenti in due circostanze applica-
tive, relative all’insieme delle matrici densita rispettivamente di dimensione due e
tre. Nello specifico, queste due trattazioni analizzano specialmente le problematiche
relative all’evoluzione temporale aperta , ossia quel tipo di evoluzione osservabile es-
clusivamente in caso di interazione del sistema quantistico con un ambiente esterno,
e che per questo si discosta dalle usuali evoluzioni unitarie descrivendo invece una

traiettoria che permette il passaggio dall’una all’altra di queste orbite.
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Introduction

This work belongs to the recent attempts to describe open quantum systems. An
open quantum system is a quantum system that is free to interact with the environ-
ment or with other systems. Because of the disturbing nature of the measuring pro-
cess and because of the arising difficulties on completely isolating physical systems
from the external world, this argument has lot of applications to concrete contexts.
Indeed, the study of open systems is useful in fields such as quantum optics, quan-
tum measurement theory, quantum statistical mechanics, quantum cosmology and
semi-classical approximations. Moreover, the study of composite quantum systems
is at the heart of quantum computation and quantum information, where concepts
like entanglement can have applications in quantum teleportation or superdense
coding. In fact, by the development of quantum information science, there has been
a strong revival in the study of open systems aimed at further understanding the
impact of decoherence phenomena on quantum information protocols. Considering
the relevance of the subject, the goal of the first part of this thesis work is to sum-
marize and clarify the general approach to the argument, from both the algebraic
and the geometric points of view.

Density matrices are the most important objects in the theory of open systems, so
that chapter 1, following the line of [10], will introduce these matrices and show
how to manipulate them. The consistency of resolving quantum problems with this
formalism will be ensured by Gleason’s theorem, that will justify us to calculate
quantum probabilities with the help of density operators. The Schmidt decompo-
sition, together with its main corollary, the GHJW theorem, will provide us the
necessary tools for expanding in a useful way a composite quantum state, initially
expressed in the form of a direct product of density matrices of the distinct sub-
systems. These two theorems will allow a formal interpretation of the presence of
the entanglement phenomenon between subsystems, intended as a condition over the
Schmidt number of the whole state of the system. Moreover, the GHJW theorem has
some important implications on the interpretation of quantum eraser phenomenon,
that we will discuss.

In chapter 2 we will see how the interactions between subsystems modify the mea-
suring process, allowing the use of Positive Operators Valued Measures, or POVMs,

that are measures ruled by positive operators that have not to be orthogonal, in
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contrast with the usual measures governed by orthogonal projectors, described as
Positive Valued Measures, or PVMs, in standard quantum mechanics. Starting from
a generic POVM |, Neumark’s theorem will ensure us the possibility of always recon-
structing an extended system whose the POVM is the result of orthogonal measures.
In chapter 3 we will speak about open evolutions. The theoretical discussion about
foundations of open time evolutions will follow the criteria used by [11], in which
the open evolution is governed by linear maps, called Universal Dynamical Maps, or
UDMs, that connect density matrices to density matrices. The equations and the
theorems of this chapter will have the purpose of describing in detail the properties
of these maps, showing also the constraints that we will need to impose to make the
evolution physically consistent. Amongst these constrains, besides conditions on the
possible form of the starting state, we will present the Markovian approximation,
that has the objective of keeping under control the disturb coming from the envi-
ronment during the evolution.

Then, in chapter 4, we will make some considerations about the geometrical na-
ture of the spaces involved in the study of open systems. In fact, identify quantum
states with density matrices instead of vectors transfers the geometrical settings of
spaces of physical states from the usual Hilbert space to more complicate types of
manifolds. In particular, we will see that the space of pure density matrices, as well
as mixed one and their unitary orbits, become Kdaler manifolds, that are manifolds
that admit a metric and a symplectic structure. For this first part of the chapter
we will limit us to enunciate the statements of the theorems, reminding the reader
to [8] for demonstrations. The end of the chapter will be reserved for an example of

application to 2x2 density matrices of these geometrical concepts, taken from |[§].

Finally, the last chapter of this work will present the study of 3x3 density matrices,
with a special attention to the dynamical issues. Indeed, after a contextualization of
the argument, we will apply a new parametrization in time for the Kraus operators
in the solution of Lindblad equation, showing how the open trajectories defined by
this parametrization can connect different unitary orbits in the space of 3x3 density
matrices. Both analytical and numerical calculations and checking will be performed
to find and verify the consistency of this parametrization. Our hope is to contribute
with the intuitions applied in this particular case to the generalization of the treat-
ment for density matrices of any dimension, that will be a natural continuation of

this type of research.



Chapter 1
Open quantum systems

To avoid burdening the reading , we underling now that, for the whole chapter, we

will use [10] as main reference text.

1.1 Canonical Foundations of Quantum Mechanics

Before we consider in depth the properties of open quantum systems, it can be use-
ful to recall the main principles of quantum theory. We can summarize this by a

schematic list of 3 points:

1. States are identified by rays in a Hilbert Space H.

A ray is defined as an equivalence class of the vectors of the space H that
differ by a multiplication of a nonzero complex scalar. Usually, to represent a

ray, one selects a representative of the class that has a unit norm, like:
(Ply) =1

2. Observables are identified as self-adjoint operators on H and measures are or-

thogonal projections, or PVM.

An operator is a linear map that takes vectors into vectors on H. Because
of the properties of Hilbert spaces, each self-adjoint operator has always a
spectral decomposition, that means that its eigenvectors form a complete or-
thonormal basis for H. So, we can express a generic observable A in the

following way:
A= Z a, P,
o

where the {a,}, are the eigenvalues of A and the {P,}, are orthogonal pro-

jectors with the canonical properties:

P,P,=0,P, and Y P,=1
I
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Performing a measure of an observable on the quantum system means project-
ing the initial state into a specific orthogonal direction given by these projec-
tors P, and the possible outcomes of the measure are the different eigenvalues
{a,},. In fact the probability of getting the numerical outcome a, comes from

the expression:
prob(ay) = (¢| Py |¢)

and the normalized state reached by the system after the measuring process is

L

o L

(V] Py )
This measure obtained by the process illustrated above if often called Projected
Valued Measure, or briefly PVM.

. Evolution is unitary.

The evolution of a quantum system is completely described by the observable
H called Hamiltonian. In the Schrédinger picture, with the time dependence

carried by the states, for the evolution we have the famous equation:

d .
S0 = ~iH [ (1)
that leads to the definition of a unitary operator of evolution:
U(t) =e"H

satisfying:
9t +dt)) =U (@) [¥(1))

1.2 Density matrix

The most common use of quantum mechanics is to consider features of a state in a

single quantum system, typically assumed to be isolated. According to the principles

of the theory, as we said, the state of the system is represented by a ray of a Hilbert

space and the results of measuring correspond to eigenvalues of certain self-adjoint

operators on that Hilbert space. With these assumptions, the evolution of the state,

regulated by the famous Schrédinger equation, is a unitary evolution . However, if

the system is not isolated anymore, but considered just part of a larger system, then

(contrary to the axioms):

States are not rays.

10



2. Measurements are not orthogonal projections.

3. FEwvolution is not unitary.

Indeed, if we are looking at a subsystem of a larger quantum system, even if the
state of the larger system is still a ray, the state of the subsystem needs not to be;
in general, the state is represented by a density operator, called density matriz. In
the case where the state of the subsystem is a ray, we say that the state is pure.
Otherwise the state is mixed. Assuming that these basilar notions are still known
by the reader, we skip the formal demonstrations and we just summarize the five

properties that have to be satisfied by a pure density matrix:

1. pis bounded

2. p is self-adjoint : p = p!

3. p is positive

4. tr(p) =1

5. p°=p

Moreover, is important to recall also that, if the density matrix p represents a pure

state, then it can be expressed as:

p=|v) (¥ (1.1)

where |¢)) € H , so that any pure density matrix can be always interpreted as a
projector on the subspace of H generated by |).
The property number 5 is the way to distinguish a pure state from a mixed one. In

fact we have:

Theorem 1.2.1.

p is associated with a pure state iff p> = p
Moreover

Theorem 1.2.2.
p is associated with a pure state iff tr(p*) = 1, otherwise tr(p*) < 1

11



When we consider a mixed state, we may interpret p, . ., as describing an en-
semble of pure quantum states. In future, we will refer to a general state of the
larger quantum system (the system and the environment) with the ket |1)4p) that

is:

[YaB) = Zam lia) ® |1B) (1.2)

where {|ia)} , {|up)} are orthonormal bases for Hy and Hpg, the Hilbert spaces

of systems A and B respectively. Of course we will have also: 3,  [a;,[* =1
This means that the Hilbert space of the whole open system is Hy Q) Hp.

It is now easy to verify what is the action of an operator related just to the
system A on the state |¢ap); considering an operator M = M4 ® 1g we will get

the expectation value:

(M) = (Yap| Ma @ 1B |{ap)
=@, ((al ® () Ma®@ 15> ail|ia) @ |us))

Jv (7

(1.3)
= Z @}, @ip((jal Ma lia))
=tra(Mapa)
where:
ps=trp(|Yas) (Yasl) (1.4)

So we say that the density operator p, for subsystem A is obtained by per-
forming a partial trace over subsystem B of the density matrix (in this case a pure
state) for the combined system AB. This way of describe the subsystem A is the
most complete one we could reach; indeed we can say that p4 provides a complete
physical description of the state of subsystem A, because, differently from a single

vector of the Hilbert space H 4, it characterizes all possible states of A.

1.3 Gleason’s theorem

Operating with these mathematical instruments may induce the question if the
density matrix formalism is really necessary to describe quantum world, even when
we are studying an isolated system. An interesting way to answer this question is
given by the Gleason’s theorem. This important theorem was proved by Gleason

during the course of an investigation on the possible existence of new axioms for
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quantum theory that would give statistical predictions different from the standard
rule (1.3) illustrated in the previous section.

Gleason’s theorem starts from the premise that it is the task of quantum theory
to assign consistent probabilities to all possible orthogonal projections in a Hilbert
space (in other words, to all possible measurements of observables). A state of
a quantum system, then, is a mapping that takes each projection (P? = P and

P = P') to a nonnegative real number less than one:
P = p(P)with 0 <p(P) <1 (1.5)
This mapping must have the properties:

1. p(0)=0

2. p(1) =1

3. if PyPy =0 then p(P; + Py) = p(P;) + p(P>)

The fundamental property is the last one, that has not a trivial physical content,
that can be proved experimentally by virtue of the strong superposition principle of
quantum mechanics. A concrete example can be founded in [9)].

Under these assumptions, the statement of the theorem is the following:

Theorem 1.3.1 (Gleason’s theorem).

If A is a quantum system, represented by an Hilbert space Ha with dimensions n,
then, for any possible map of type (1.5) it always exists a unique , hermitian, positive
p with tra(p) = 1 such that:

p(P) =tra(pP) VP (1.6)
iff n>2

It is important to notice that the density matrix p depends only on the prepara-

tion of the physical system A (it does not depend on the choice of the projectors P).

Thus, the density matrix formalism is really necessary, if we want to represent
observables as self-adjoint operators in Hilbert space, and to consistently assign
probabilities to all possible measurement outcomes. Roughly speaking, the require-
ment of additivity of probabilities for mutually exclusive outcomes is so strong that

we are inevitably led to the expression (1.6).

The case of the two dimensional space is more complicated because there just are

not enough mutually exclusive projections in two dimensions. To better understand
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the point behoves us to return to the original question hidden inside this theorem:
find all the real nonnegative functions f(u) such that, for any complete orthonormal

basis {e,,}m of Hy , one has:

Z f(em) = constant (1.7)

A function of this kind was called by Gleason a frame function. If this summation
equals to one, then the physical meaning of such a function f(u) is the probability
of finding a given quantum system in state u ; so, this interpretation of f(u) is in
agreement with one of the main postulate of quantum mechanics. Imposing the
latter equals to a generic constant, like Gleason did , means giving a little different
mathematical description of the quantum postulates, that directly leads to density
matrix and to the statement of his theorem. Another way to express the result (1.6)

of this theorem using frame functions is the following:

flu) = Z PrnlmUn, (1.8)

where f is a frame function, u a unit vector of the Hilbert space and p is a non-

negative matrix with unit trace.

Now we are able to prove why the two dimensional space is so special. In a two
dimensional vector space unit vectors correspond to points on a unit circle, and can
be denoted by an angle 6. So, the general form of a frame function in such a space

is:

f(u) = £(6) + F(0+3) (1.9)

To show the problems that appear in this space, we execute a Fourier expansion

of this function:

F0)+ f(0+ g) =Y ™1+ ¢7F) (1.10)

n

To have a frame function, this expression must be a constant. Therefore, the
only values of n allowed in the Fourier expansion are n = 0 , and those n for which
ez = —1, namely, n = +2, 46, +10 , etc. There is an infinity of possible forms for
frames functions in a two dimensional real vector space, consequently the uniqueness
does not hold.

With three or more dimensions instead, there are may more alternative ways to
partition unity, but even if it can seem strange, there is less freedom, because the
orthonormal bases are intertwined: a unit vector v may belong to more than one

basis. Anyway, each unit vector must have a single expectation value, f(u) = (uu'),
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irrespective of the choice of the basis in which it is included, that imposes severe

constraints on the possible forms of f(u).

For the interested reader , a complete prove of this theorem is reported in [5] .

Gleason’s theorem is a powerful argument against the hypothesis that the stochas-
tic behavior of quantum tests can be explained by the existence of a subquantum
world, endowed with “hidden variables” whose values unambiguously determine the
outcome of each test. If it were indeed so, then, for any specific value of the hid-
den variables, every elementary test (yes-no question) would have a unique, definite
answer; and therefore every projector P, would correspond to a definite value, 0
or 1. Therefore the function f(u) = (P,) too would everywhere be either 0 or 1
(its precise value depending on those of the hidden variables). Such a discontinu-
ous function f(u) is radically different from the smooth distribution (1.6) required
by Gleason’s theorem. This means that (1.6) cannot be valid, in general, for an
arbitrary distribution of hidden variables; and therefore, a hidden variable theory
must violate the quantum mechanics postulates that support Gleason’s theorem, as
long as the hidden variables have not been averaged over. This conclusion was first
reached by Bell.

1.4 Schmidt decomposition

Now that we have left behind some conceptual problems well solved by Gleason’s
theorem, we can present a very useful tool to operate with the world of density
matrices and open systems: the Schmidt decomposition. Starting from an open
pure state of the standard form (1.2) we can reach, by using this decomposition, a
useful way to express the density matrices of the two systems involved. So we start

giving to (1.2) a new expression by a definition:
[Gap) =Y alia) @ |ps) = lia) ®|is) (1.11)
T %

Here {|ia)} and {|up)} are orthonormal bases for H4 and Hp respectively, but to

obtain the second equality we have defined:

i) = iy |ps) (1.12)

I

Note that, in this new form, the set {|ig)} does not need to be orthonormal.
Now let us suppose that the {|is)} basis is chosen to be the basis in which the

density matrix p4 is diagonal:
pa= pilia) (il (1.13)
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But, as we already know from (1.4), we can get this matrix also by performing a
partial trace:
pa = trp([Yap) (Yasl)) = trs Z [ia) @ i) Y (jal © (js])
J

—Z|@A ]A’Z (klig) (k|jB)) (1.14)
—Z|2A JA|Z (iglk) (kljs)) ZZW (jal ((iBlis))

and, because the two dlfferent expressions must com(;lde7 we must have:
(isljn) = 6ijp; (1.15)
then we have proved that the base {|iz)} is orthogonal. To get also the normalization

condition we just have to rearrange the definition of the base:
i5) = 3 auu/Bi s (1.16)
1%

this operation is always permitted because these coefficients, taken from the sum-
mation (1.13) that defines the density matrix, are all different from zero. After all

we obtain a new expression for the open state:
[Wap) =Y V/pilia) ®|in) (1.17)

given in a particular base of Hy Q) Hp.

This form is the Schmidt decomposition of the open pure state |t 45). Any open
pure state can be expressed in this form, but of course the basis used depends on the
pure state that is being expanded. In general, we can not simultaneously expand
two different states of the whole system H4 Q) Hp using the same orthonormal base
of Hx and Hp . Using the last equation, we can also evaluate the partial trace over

H 4 to obtain the density matrix of the system B:

pe = tre(|vas) (Vasl) ZPZ i) (is] (1.18)

We see then that ps and pp have the same nonzero eigenvalues. Of course there is
no reason for H4 and Hpg to have the same dimension, so the null eigenvalues can
be different in the two systems.

Anyway, in a context with no degeneration of the nonzero eigenvalues there is
only an easy and unique way to construct the Schmidt decomposition of the initial
state [ap): we need to diagonalize the operators pa and pp and to pair up the
eigenstates that correspond to the same eigenvalues. But, if p4 has degenerate
nonzero eigenvalues, then we need more information than that provided by pa
and pp to determine the Schmidt decomposition; we need to know which |ig) gets
paired with each |i4). So it still remains an ambiguity (deriving to the unitary
transformations that connect the eigenstates depending on the same eigenvalues )

on the possible basis used by this type of construction.
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1.5 Entanglement

We consider now a quantum system A that interacts with another system B (that
can be our environment). In this case A and B become entangled, that is, correlated.
The entanglement destroys the coherence of a superposition of states of A, so that
some of the phases in the superposition become inaccessible if we look at A alone.
We may describe this situation by saying that the state of system A collapses ( it is
in one of a set of alternative states, each of which can be assigned a probability).

We mathematically define the concept of Entanglement in the following way:

Definition 1.1 (Entanglement).
Given a state |1)45) of the whole system A+B, one says that the subsystems A and
B are entangled if it is not possible to express the whole state as a direct product

of the states of the two subsystems:

[WaB) = |¢a) ® |xB) (1.19)
otherwise, the state is said separable.

The Schmidt decomposition provides an interesting mathematical criterion to
characterize the delicate physical notion of entanglement. In fact, considering a
state of the whole system (compose by A: the physical system of interest, and B:
the environment) the presence of this type of connection between its subsystems can

be distinguished by looking at the Schmidt number.
Definition 1.2 (Schmidt number).

The Schmidt number is the number of nonzero eigenvalues in a Schmidt decompo-

sition of a state.
From this definition, it follows the rigorous formalization of the criterion:

Theorem 1.5.1.
Given a state |ap) of the whole system, one can show that the subsystems A and

B are entangled iff the Schmidt number of |Wag) is greater than 1.

The prove of this theorem comes in a straightforward way from the above defi-
nitions.
Even if the two concepts of pureness and separability are strictly connected, it is
important to not make confusion between them. Any state of the whole system AB
is, by definition, a ray, and than a pure state; but the separability is just linked to
the pureness of the states of his subsystems. Indeed, a separable open pure state is

a direct product of pure states in H4 and Hp and can be written in the form:

[YaB) = [¢4) @ [xB) (1.20)

Thus, the reduced density matrices pa = |¢4) (¢4| and pp = |xB) (xB| are pure. As
we said , any state that cannot be expressed as such a direct product is entangled;

then p4 and pp are mixed states.
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1.6 The GHJW theorem and quantum eraser

The Schmidt decomposition is also a good starting point to achieve the GHJW
theorem. In fact, the GHJW theorem is an almost trivial corollary to the Schmidt
decomposition. This theorem, even if it is quite immediate in a mathematical sense,
has a lot of relevant implications on the physical concept of coherence between states
of a quantum system , giving a simple and illuminating explanation of the Quantum
eraser issue. The phenomenon of quantum eraser is a critical point that could be
used, as lot of scientists did, to questioning the all-pervading information content of
a system enclosed inside a density matrix . This phenomenon is strictly connected
with the entanglement one, and consists on the possibility of restoring coherence on
a system that was initially in a incoherent superposition of states just because of
entanglement with another system or environment. A clear example to consider this
argument is a simple system A of a spin particle, interacting with environment. We
can start with an initial state of this system that is an incoherent superposition of
spin up |1.) and spin down ||.) along the Z axis. As we know, this type of state can
not be expressed in a unique vector or ray formalism, because of the stochastic nature
of ensemble of pure states. What we can do to label this condition is reporting the
corresponding density matrix pq = %1 4 that, as we said in chapter 1, characterizes
all the possible states of A . This last incoherent superposition is really different

between a coherent superposition, like for example:

s ba) = 512 % 14.) (1.21)

The main difference between them is the role played by the phase: in the case of
a coherent superposition, the relative phase of the two states has observable conse-
quences (distinguishes [1,) from |],)). In the case of an incoherent superposition,
the relative phase is completely unobservable. The superposition becomes incoher-
ent if the system A becomes entangled with another system B, and B is inaccessible.
Heuristically, the states |1,) and ||.) can interfere (the relative phase of these states
can be observed) only if we have no information about whether the spin state is
|T.) or |[{.). More than that, interference can occur only if there is in principle no
possible way to find out whether the spin is up or down along the z-axis. Entangling
spin A with the system B destroys interference, (causes spin A to decohere) because
it becomes possible in principle for us to determine if spin A is up or down along 2
by performing a suitable measurement on system B.

Now, considering the incoherent superposition of the spin example above, we can
finally get into quantum eraser. As we already said, if an observer of the system
B makes a measure of the z-spin, then, because of incoherence, the other observer
in A immediately learns what is his state of spin along the z-axis. But, if the B-
observer, after that z-measure, does not look at the result and instead makes an

ulterior measure along the x-azis, communicating the results at his colleague on A,
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the situation completely changes. Indeed, the measure of the spin along the x di-
rection on B "erases" the initial state of incoherence on A, and, after this exchange
of information, it becomes impossible to learn something about the z-spin of the
system A by operating on the system B. Yet incoherence is not irreversible, that
is, we can always create a coherent superposition of some ensemble of states in the
subsystem A by projecting the whole A-+B-state with a suitable measure on a pure
state in the subsystem B. Thus, measuring the B spin on x-axis yields on A the state
(1.21), which is a coherent superposition of spin up and spin down along z-axis. So,
from this prospective, it is easy to see how this phenomenon can be used against the
claim of density matrix of describing completely all the possible states of the system
A. Since the information received from B-observer enables A-observer to recover a
pure state from the incoherent initial mixture, how can we hold that everything can
we know about A is encoded in p4? A possible answer to this interesting question

is saying that the two following distinct settings:

e knowledge of py

e knowledge of pa plus information coming from B

are physically different.

This type of solution seems to confirm another time the concrete and physical con-

sistency of information.

After this discussion, we are now ready to approach the GHJW theorem and see
how this theorem can formalize and generalize the concepts illustrated above. As we
said, any density matrix can be realized as an ensemble of pure states; for a density

matrix p4, we consider one such realization:
pa =Y pildi) (4 (1.22)

where, of course: ) . p; =1

In this equation is really not necessary to consider an orthonormal basis, and we
limit to assume just the normalization condition. From this point, we can now
construct a state that is often called purification of p4. To make the latter we have
to associate to H4 another Hilbert space Hp of dimension at least equal to those
of H,, with one orthonormal basis, and then we can identify the purification of the
density matrix with a state of the tensorial product H4 Q) Hp, here represented
by |®ap),. Anyway this state has not to be generic, it must satisfy the following

condition:

tre(|Pas), (Panl,) = pa (1.23)
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Starting from the same density matrix pa, as we will see in details, there are a lot
of possible purifications, and that is way of the subscript "1" on the state. Knowing

that, we can define this purification to have the following Schmidt decomposition:
|Pap), = Z VDi|9i) ® o) (1.24)

Where {|a;)}; is an orthonormal basis of Hp.

It is easy to check that with this choice the request above is verified. So, with this
purification it becomes possible to obtain an eigenstate of the system A making an
orthogonal measure on B.

To generalize the notion of a quantum eraser, we wish to see that in the state |®45),
we can realize a different ensemble interpretation of p4 by performing a different
measurement of B. To see that, we start choosing another basis in (1.22), like

{l1;)}; (as before not necessarily orthogonal) and then we write:
PA = Zpu %) (Yl (1.25)
w

and this expression is nothing more than another realization of the same density
matrix p4 as an ensemble of pure states.

With this change of basis it also changes the purification, that becomes:
[®an)y =D VPul¥u) © 18,) (1.26)
w

Where {|5;)}; is another orthonormal basis of Hg.

Thus we have two different equations that satisfy the same trace constraint on the
system B. It follows that the connection between the two states |®45), and |®4p5),
must be in the form of an operator that does nothing on subsystem A and keeps the

trace on the subsystem B invariant, something like:

|Pap); = (1a®@Up) |Pap), (1.27)

where Up is an unitary operator that preserves the trace on B. It acts transforming

the orthonormal basis {|3;)}; into another orthonormal one:

Vug) =Ug|Bup) (1.28)

Combining the two equations (1.27) and (1.28) one easily reaches:

[Pan)y =D /D lbu) © 1) (1.29)

0
We see then, comparing this last equation with the first expression of | 45),, (1.24),
that there is a single purification such that we can realize either the {|¢;)}; ensemble
or the {|¢,,) }, ensemble by choosing to measure the appropriate observable in system
B. This final consideration is the deepest meaning of the GHJW theorem, enunciated
almost at the same time by Gisin, Hughston, Jozsa and Wootters. We can know

present the theorem in its formal shape:
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Theorem 1.6.1 (GHJW theorem). Let pa be a density matriz in a Hilbert space
H, of dimension n, then it is possible to introduce another Hilbert space Hp with
dimension at least equal to n to construct states |®ap), of the tensorial product

HsQ Hp ( called purifications of pa ) such that:

1 |®ap); = >, /05 i) ®@ 1iP5) , Vi

where Vi , {|i*;)}; is a normalized basis of Ha and {|i®;)}; is a orthogo-

nal basis of and Hpg

2. pa=1trp(|Pap); (Panl,) , Vi

3. VZ,] ;i 7éj 3 UB such that UBUTB =1 and ‘CI)AB>Z' == (1A®UB> |CI)AB>]-

As we can see, this theorem is a direct consequence of the ambiguity contained
in the Schmidt decomposition, that allows to associate the same eigenvectors of the
system A to different orthonormal eigenvectors of the system B, related each other
by unitary transformations. In fact, the degenerate Schmidt decompositions that
support the validity of the GHJW theorem are the following ones: (allowed by the

same trace condition on B)

[@ap)y = DV lk) @ |k)
|PaB), = Z Vi k) @ |K))

(1.30)
where the \’s are the eigenvalues of p4 , the |k)’s are the corresponding eigenvectors
and {|k])}r and {|k5)}r are both orthonormal bases linked by a unitary operator
Up in the usual way. At the end of this discussion it is clear in what sense this
theorem characterizes the general quantum eraser; in fact after the preparation of
the state in the (1.24) conformation measuring B in the {|y,)}, basis erases the
crucial information concerning whether the state A is in the state |¢;) or |¢;) that

was accessible before by appropriate measure on the system B.
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Chapter 2

(Generalized measurement

2.1 POVM

We are now ready to discuss one of the main important consequence of the intro-
duction of open quantum systems. As we had already seen, even if the whole system
preserves the original statements of the ordinary quantum mechanics (states are still
rays, evolution is always unitary) the subsystem of our interest, often called here
the A system, has different properties. At the beginning of this work, we said that
on this system A measurements are not orthogonal. We are now showing the details
about this claim; indeed we will see that in this context the measuring process is rep-
resented by a non-orthogonal Positive Operator Valued Measure (usually shortened
by the acronym POVM) and not by the usual PVM described in section 1.1. This
treatment has of course a relevant physical interest because, in a real situation of
an experimental measure, it is impossible to isolate completely the system (even the
same measuring set up can often play the role of an irremovable "external" font of
disturb ), and so it is necessary to consider the interaction between the object of the
experimentation and the environment. So we start our presentation introducing as
always the environment B, represented here by a quantum system in a known state
pp. Likewise, the initial state of our system A is represented by the density matrix
pa® (the index i shows that a lot of possible configurations can be considered at this
starting point and it is useful to keep track of this initial choice for the continuation
of the discussion). Thus, the combined state of the original whole quantum system

is pp ® p*,4, that in components becomes :

(pB ® piA)omﬂs = (pB)ocﬁ(piA)r,s (2.1)
where the Greek letters refer to environment B and Latin ones to the system A.
Now we perform a measure on the whole system. From the principles of quantum

mechanics we know that such a measure is represented by an orthogonal resolution

of the identity. Different outcomes correspond to orthogonal projectors { P, }, which
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satisty:
P,P,=6,P, and Y P,=1 (2.2)
o
Moreover, in this measure, the probability of the outcome ”” with an initial prepa-

ration 74”7 of the system A, here identified by (P),;, is:

(P)m =tras [Pu(pB ® piA)] = Z (PM>M65(pB>a,B(piA)T,s (2~3)

ar,3s

and this can be written as:

(P)/Li = tTA(AupiA) (24)
where
(Au)rs = Z(Pp,)arﬂs(pB)ﬁa (25)
a,B

is an operator acting on the Hilbert space H 4.

So we can see from (2.4) that we have realized a way to express the outcome of
a measuring process on the whole system A + B just working with operators of
the subsystem A, the {A,},. These hermitian matrices, which in general do not

commute, satisfy:

d A, =14 (2.6)

in fact, from (2.4), for each component rs we get:

A =Y O Plarss(pB)sa = 3 burse(pB)s0 = (5)rs D (PB)ac = b1
I I B

a,B , a
(2.7)
The set of {A,}, is called a Positive Operator Valued Measure (POVM), because
each A, is a positive operator. They are Hermitian and positive, but the main
difference between these POVMs and the usual PVMs is that the {A,}, are not
necessarily orthogonal and normalized . Concretely, if a usual projector has the

form:
P, = [¢) (Y] (2.8)

then an operator of rank one composing a POVM is in the form:

All' = )\H WA,) <wA/L| (29)

where the states {|¢ )}, are not orthogonal and the A, are generic complex coef-

ficients.

This fact implies that the number of available preparations and the number of
available outcomes may be different from each other, and also different from the

dimensionality of Hilbert space H 4.
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It can be proved that, using only POVMs composed of operators of rank one, the

required number, n, of different A,, satisfies the inequality:
N <n< N? (2.10)

where N is the dimensionality of the subspace of H, spanned by the different prepa-
rations p’ 4. The prove of this claim can be founded in [4].

Another question that we can ask ourselves is: how does a general measurement
ruled by a POVM affect the quantum state and the density matrix of the subsys-
tem A? To answer, we choose a specific configuration p®, and we remove the "i"
index that is then superfluous. We know that, performing a non orthogonal general-
ized measure on this configuration, the outcome (P),; = p, occurs with probability
tra(A,pa); then, summing over the all the possible outcomes of this kind of measure

yields:

N

PA measuring PApovm = Z |@ZJAM> <1/JAM‘ )‘M <¢A“| pPa |¢AM>

.S (VA1) @l Joa (VA4 W41 ) o)
= VAupaVA,

and this is another relevant difference from the orthonormal projective case, where
a measure encoded by the projector operators { P, }, modifies the density matrix of

the system in a conventional way:

—
PA measuring PApyy = ZPMPAPN (2.12)
n

The method just exposed is the right one to generalize the concept of measuring
for open quantum systems; now we want to understand if this treatment is also
invertible, or, in another words, if it is always possible, starting from a generic
POVM, to construct an extended system whose the POV M is the result of orthogonal

measures. The clarification of this doubt is given by Neumark’s Theorem.

2.2 Neumark’s theorem

We immediately give the statement of the theorem briefly described in the section

above.

Theorem 2.2.1 (Neumark’s theorem).

Let Hy to be Hilbert space in which is defined a set {A,}, of positive operators such
that 32, Ay =1a.

Then it exists an extended Hilbert space K and on it a set of orthogonal projectors
{P,}, satisfying Zu P, = 1k such that, Vu, A, is the result of projecting P,, from
K into Hy.
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Proof. We can restrict our attention to operators:
A= lug) (| (2.13)

that are of rank one, because any other case can be obtained from this general
one. Because they are of rank 1, we know that the number N of this operators
is N > n where n is the dimension of the Hilbert space H, (the case N = n is
represented by orthogonal operators). Let us now extend the original vector space
H 4 by introducing N — n unit vectors {|vg)}s—n+1.n, Orthogonal to each other and

to the all |u,) from equation (2.13):

|wp) = [u) + i Cus |Vs) (2.14)

s=n—+1
it is clear that the number of these equations (N) is greater than the number of
unknown complex coefficients ¢,s (N-n). By definition, the {|w,)}, ’s must form an
orthonormal basis for an enlarged Hilbert space K of dimension N, so they must
satisty:
s=N
(wow,) = () + 3 T = o (2.15)
s=n—+1
Anyway, the {|u,)}, ’s are not arbitrary: they obey the closure property Zu A, =

14, that in components it becomes explicitly:
> (uad)illw)); = 6 (2.16)
o

where i and j run from 1 to n (the number of dimensions of the original Hilbert

space, H4). Writing also equation (2.15) in components gives:

Z (|luw))i(lu))i + _Z CusCus = Oy, With (u,v=1,..,N) (2.17)

i s=n+1

We can now build up the square N x N matrix M:

(lua))1 - (Jua))n Camtl -+ CaN
Vo (\%))1 (W))n Cﬂn.wrl CB.,N (2.18)
(Jun))r - (lun))n CNm+1 --- CNN

The first n columns are the (|uy));, which are given, and the N —n remaining columns
are the unknown c,,. We can see then that equation (2.17) , in this notation, simply
says that M is a unitary matrix. The first n columns, which satisfy the consistency
requirement (2.16), can be considered as n orthonormal vectors in a N-dimensional
space. There are then infinitely many ways of constructing N —n other orthonormal
vectors for the remaining columns. We thereby obtain explicitly the N orthonormal
vectors {|w,)}, defined above. Their projections into H, are the {|u,)}, of the

beginning, that compose p4. O]
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At the end of this chapter we show how the possibilities of POV Ms can increase
the power of the already note GHJW decomposition.

2.3 GHJW with POVMs

As we know from section 1.6, if we have two Hilbert spaces , H4 and Hpg, the
instrument of GHJW decomposition allows us, starting from a generic open state of

the form:

[Pap) =D  Bult?,) @8%,) (2.19)

to realize an ensemble of up to N pure states by measuring an appropriate observable
on HB.
Then, we represented such an ensemble as a density matrix p4 like the following

one:

PA = Zp# |¢A;4> <¢A,¢ (220)
m

Nevertheless , if the dimension of H4 was N, that was granted only for a Hilbert
space Hp of at least the same dimension N, just because of the nature of the
orthogonal measure performed on B. But, if we introduce the possibility of make a
POVM on B, then we can reduce the minimum size of dimensions of Hg up to an

integer number n such that v N <n < N | as we can see from the expression (2.10)

Therefore, we may rewrite the same state |9 45) as:

[an) =Y Vou W) @ 157) (2.21)

where |B~B)M are the orthogonal projections of the old |3¥,) ’s of equation (2.19)
(those vectors that belonged to the space Hg of N dimensions) onto the new support
of pp of n dimensions. We may now perform the POVM on the support of pg with
A, = |55> <B~f\, and thus prepare the state [¢4 ) with probability p,.
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Chapter 3

Evolution of density matrix

3.1 Evolution without coupling

So far, we have not discussed the evolution in time of the density operator. At the
beginning of this work we claimed that evolution of open systems is not necessarily
unitary. To conclude the part of the thesis dedicated to the foundation of open
quantum systems we want to present and justify this important last deviation from
the usual principles of quantum mechanics. We will also see later that this type
of evolution can be connected in a very interesting way to the tool of POVM just
presented in the previous chapter. We begin by looking at the most simple case,
concerning two non-interacting subsystems A and B. This can be useful to become
familiar with the evolution of the density matrices before the situation becomes
more tricky with interaction. So, considering the usual two subsystems A and B
(environment) and their respective Hilbert spaces H4 and Hp, let us suppose that
the Hamiltonian on H4 @) Hp has the form:

Hyp=Ha®1p+1,4® Hp (3.1)

this assumption is the mathematical condition for absence of interaction between A
and B, so that each of them evolves independently. The time evolution operator for

the combined system is:
Uap(t) =Ux(t) @ Ug(t) (3.2)

and it decomposes into two separate unitary time evolution operators acting on each
system. In the Schrodinger picture of dynamics, then, an initial pure state of the

kind of equation (1.2) of the open system evolves as:
[YaB(t)) = Z@m [ia(t)) ® |ps(t)) (3:3)
where [ia(t)) = Ua(t) [1a(0)) and [up(t)) = Up(t) [15(0)).

If Ua(t) and Ug(t) are unitary, {|i4(¢))}; and {|pp(t))}, are orthogonal bases of H 4
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and Hpg respectively. Then, from this expression, we can obtain the law of evolution
of density matrix p4 just taking the trace of the projector |¢4p5(t)) (ap(t)| on the
space Hp:
pa(t) =D aid s lia(t) (ja(t) (3.4)
1223V}
that can be clearly simplified in the form:

pa(t) =Ua(t)pa(0)UT 4(2) (3.5)

In particular, in the basis in which p4(0) is diagonal, we have:
pa(t) =) pUa(t) [07,(0)) (0*,(0)| UT A1) (3.6)

So we can see that each state in the ensemble evolves forward in time governed by
U(t). The equation above shows that, if on the original preparation of the system
A the probability of finding the state [),(0)) was p,, then, after the evolution that
carries to the time ¢, that probability is the same of finding the state |[¢)“(¢)). This

last statement really explains well the meaning of not coupling between subsystems.

3.2 Evolution with coupling

3.2.1 Dynamical maps

In this section we will study the evolution of subsystems that are free to interchang-
ing information with each other so that it is impossible to factorize the evolution
operator in two separate parts like we have done in equation (3.2) . We will give
particular attention to this argument just because this is the main object of study
of this whole work.
So, what we really want to find is a dynamical map acting on a generic density ma-
trix defined on H,4 which connects the density matrix of the subsystem A at times
to and ty:

$to.11) : Palto) = palty) (3.7)
We know that a similar type of map has to depend not only on the unitary evolution
operator of the whole system Uap(t1,t) but also on the properties of the system
B and A themselves. So, it seems convenient to divide , for the initial state of the

whole system A+B , the correlated and the uncorrelated part [13] :

paB(to) = pa(to) @ pa(to) + Peorr(to) (3.8)

where the peorr(to) symbolizes all the possible starting interactions between A and
B but it has no physical meaning for the subsystems considered separately, so that
[13] :

tra(peorr(to)) = trp(Peorr(to)) = 0 (3.9)

About the presence of the correlation term, we have the following theorem:
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Theorem 3.2.1.
Let the density matriz of subsystem A to be pure: pa = [1ba) (Yal, then, in the whole

system density matriz, pap = pa @ PB + Pcorr, the term Peorr = 0

Proof. We can consider the density operator pap. If this density matrix is pure,
then it has to be of the form:

paB = [Ya) (Va| ® |¢5) (¢B] (3.10)

and S0 Peorr = 0. So, assume that pap is mixed. Thus, we can write it as a convex

combination of pure matrices:

PAB = ZPM |at?,) (a1,.] (3.11)
I

but, because we know from hypothesis that p4 is pure, then we must have:
tTB[Zpu @) (P[] = ZpupA“ (3.12)
1 p

to be pure.
(Here we have defined the p#, = trg[la??,) (a*?,]], that are operators acting on
Ha).

The only two possibilities to satisfy this request are:

1. py =1 for p =y and p, = 0 for each other p # 1/

2. pAu = p for all p

For the case (1) we immediately get, from equation (3.11) :
PAB = ’aAB;L’> <aABu’| (313)

that proves the theorem. Then, the case (2) remains.
In that case we can expand each |a*®,) with a Schmidt decomposition |a??,) =
S i luti) @ [vB,,) . and then obtain:

pa=pt, =trs(la?,) (]

3.14
= 3 i ) (il (314)

and then the last equation can be reformulated to be independent from pu:
pa=> N |uty) (uty] (3.15)
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Finally, because p4 has to be pure, we must have \; = 1 for i = ¢’ and \; = 0 for

all ¢ # i’. Therefore we finally get:
PAB = ’UAH & ‘UBi’> (3.16)
O

Anyway, we already know from the previous section that the evolution of the

whole system must satisfy:

pas(ti) = Uag(ti, t0)pas(to)UT ap(ti, to) (3.17)

Thus, as we have always done, if we want to reach the expression of pa(t;) it will

be sufficient to perform the trace of this last expression on the subsystem B :

pa(t) = trp[Uap(t1, to)pas(to)U' ap(t1, to)] (3.18)

Therefore we can substitute the explicit form of pap(to) provided by equation (3.8)

in the last expression , obtaining:

pa(ty) = trp{Uag(t1, t)[palte) ® pB(to) + Peorr (t0)]U T ap(t1,t0)}
= Z Xi trp[Uas(t1, to)(pa(to) ® [7,) (07U ap(t1, t0)]

+ tTB[UAB(tl,to)(pcorr(to))UTAB(tl,tg)] (319)
= Z K o (t, to)pa(to) Ko (t1, to) + dp(t, to)

= &(palto))

where « is a double index : a =4, j so that:

K, j(ti,to) = VA (07| Uap(ti,to) [7,) (3.20)

and we have used the spectral decomposition pg(to) = >, A [v5,) (¥P,].
The term dp(tq,to) is defined as:

5p(ti,to) = tre[Uas(t1, to)(Peorr(to) ) Ut aB(t1, to)] (3.21)

The positivity requirement of density operators forces each term in the dynamical
map to be interconnected and dependent on the state upon which it acts; this means
that a dynamical map with some values of K, ;(¢1,%y) and dp(t1,tp) may describe
a physical evolution for some states pa(tp) and an unphysical evolution for others.
This characteristic makes working with this type of evolution very delicate and
complex. Anyway, to try to give some regularity and some more general rules to
this maps D. Salgado and D. M. Tong reached independently an important theorem

that gives a useful description of these mathematical objects:
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Theorem 3.2.2.
Any kind of time evolution of a quantum state pa(to) can always be written in the

form:

pa(t) = Z Ko (ti,to, pa(to))pa(to) Kol (t1, to, palto)) (3.22)

Proof. Let us give a very simple proof; we can imagine an operator that we will call

Uchange that can act on tensor product in the following way:

Uchange(HA ® HB) - HB ® HA

(3.23)
Uchange(pA & pB)UchangeT = PB ® PA

Thus, given an original density matrix at time ¢, of the system A, pa(to), and a
final matrix pa(t1) that we want to get at time ¢; after the evolution , we construct
the state of Hy Q) Ha:

palto) @ path) (3.24)

So, we can see that the final operator at time ¢; can be also written as:

pa(ty) = try [Uchange(pA(tO) ® pA(tl))UchangeT] (3.25)

where try denotes the partial trace with respect to the second member of the com-
posed state in the tensor product. Finally, by taking the spectral decomposition of
pa(ty) in the central term of the above equation we obtain an expression of the form
(3.22) O

Note that this decomposition is clearly not unique.
This theorem shows that, reducing the domain of a dynamical map, it is always pos-

sible to obtain another dynamical map without the inhomogeneous term dp(t1, o).

3.2.2 UDM: Universal Dynamical Maps

Using the concept of dynamical maps, what we really want to reach is a way of
treating the evolution of a quantum system, let us say A, independently from the
particular starting configuration pa(ty) in which it is prepared. So, the tool that
we are searching for is a linear, positive defined map &, ¢,) called a Universal
Dynamical Map or UDM that could satisfy:

&, 1)pa(to) = Z Ko (t,to)palto) K a(t1,to) = palty) (3.26)

where the operators K, (t1,ty) do not depend here from the initial matrix pa(to).
In addition we observe that the normalization condition of the trace tra[pa(t;)] =1

imposes that:
ZKTa(tlatO)Ka(tlat()) =14 (3.27)

So, the following important theorem can inform us on the specific starting conditions

that could realize our goal:
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Theorem 3.2.3. A dynamical map &, 1) is a UDM if and only if it is induced
from an extended system A+B with the initial condition pap(ty) = pa(to) ® pe(to)
where pp(ty) is fized for any pa(to).

Proof. The first implication is really straightforward; indeed the condition fixed by
the hypothesis implies directly the dynamical map loses its dependence on p(to)
and so becomes an UDM. For the other implication we start considering for hypoth-
esis the existence of a UDM as defined in (3.26). Then, we suppose the original
density matrix of the whole system A+B to be of the form:

pag(t) = palto) @ [¢5) (V5| (3.28)

for each possible pa(ty) ; and try to verify if it is allowed.

(If we consider pp(ty) as a mixed density matrix we can proceed with the same
treatment, just by the use of the ensemble representation of any mixed operator).
To prove that let us look at the definition of the operators { K4 (t1,%0)}a given in
(3.20) ; with this hypothesis, they become:

Ko (t1,to) = (0o"| U(t1, to) [07) (3.29)

where {(¢o”|} is a generic basis for Hp.
We can see that this condition fixes only a few elements of U (¢4, ¢y) and the following

equation shows also that it preserves the necessary unitary constraint, in fact:

Y Kol (i to) Kalty to) = Y (07| U (11, t0) [6a7) (00| U (11, t0) [¢)

= (WB|U(ty, t0)U (t1, to) [07) (3.30)

So, it is always possible, for an UDM of this type, to define an U (¢, to) such that the
original density matrix of the whole system can be: pagp(to) = pa(to)®|vs) (Yp| O

We can summarize and clarify what we have said up to now by means of the
following diagram:

U(t1,to)
palto) ® pr(t)) —— pan(t1)

t?”Bl ltTB

pa(to) PN pa(ty)

(t1,t0)
It is now the moment to explain why UDMs are so important in physic and what
kind of properties they have.

Linearity and complete positivity

As we already said, UDMSs are requested to be linear and positive. Linearity is fun-

damental because of the possibility of treating any mixed density matrix that evolves
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in time as the sum of the evolutions of its pure parts in the ensemble interpretation.
Positivity is fundamental and necessary to preserve the positivity condition on any
density matrix. However, as we will see, a normal concept of positivity for an op-
erator is really not sufficient for a UDM. One has to resort to the new concept of
complete positivity. To make clear this argument we present a mental experiment.

Suppose that, in addition of our usual two systems A and B, another system C
is involved in our discussion. The system C is completely invisible to our eyes,
that means that it never interacts neither with A nor with B. So, we can write the

evolution operator of the whole system (A+B+C) as:
Uspc =Usp®@Uc (3.31)

Thus, considering at ¢y, an initial density matrix of the whole system papc(to) it

evolves until time ¢; like:

papc(ty) = Uap(ti,to) @ Ue(ty, tO)pABC'(tO)UTAB(tl; to) ® UTC’(tla to) (3.32)

We are now interested in the density operator concerning only the subsystem A+B,

then we perform on this last expression a trace on the space H¢, getting:

pag(t1) =tro[U ap(ty, to)Uc(t, tO)pABC(tO)UTAB(th tO)UTC(tly to)]

(3.33)
= U ap(t1, to)trelpas(to)]U ap(t1, to)

Therefore, as expected, we can see that the presence of the system C does not
perturb the dynamics in any way.

Nevertheless, if we suppose that the evolution of the density matrix pag(to) is ruled
by a UDM, then we know from theorem 3.2.3 that the initial density operator must

be in the form:
paB(to) = pa(to) ® pa(to) Vpalto) (3.34)

and the introduction of the system C unavoidably transforms the last equation in:

papc(to) = pac(to) ® pe(te) Vpac(to) (3.35)

We can now study the evolution of the system A-+C performing the trace of the last
equation on Hp:
pac(t) = trg[Uag(ti, to)Uc(t1, to) pac(to)ps(toe)U  ap(ty, to)U  c(t1, to)]

_ Z K, (t1, t0)Uc(tr, ) pac(to)U e (tr, t0) K o(ty, to) (3.36)

where we have used the spectral decomposition of pg(tg) and then the { K (t1, o) }a
in the same usual way of equations (3.19) and (3.20).

Looking to this last expression it becomes clear that:

pAC(tl) = &A(tl,to) ® &J(thto) [pAC(tO)] (337)
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where W, 10)[] = Uc(t1,t0)[JU c(t1, to) is the normal unitary evolution of the sys-
tem C and &A(thto) is an UDM on the system A.

Making some considerations about this last equation we can conclude that the
temporal evolution of the two subsystems A and C happens undisturbed, as a tensor
product, independently from the dimensions of Ho and from the characteristics of
C . However, the requirement of positivity must hold if we want that pac(t1) can

be a density matrix. Then the following operator:

S 1 10) @ Wi a0) = (M 140) © 14] @ [1e @ Wy, 4] (3.38)

must be positive; but because 1¢ @ Wy, ;) is a unitary operator, what we are asking
for is the positivity of:
&A(thto) ®1a (3.39)

This is what we call the requirement of complete positivity, and it is really much
stronger than the usual positivity. Since we can never dismiss the possible existence
of some extra system C, out of our control, a UDM must always be completely
positive. Therefore, a formal definition of a UDM is a (trace-preserving) linear map
which is completely positive. The reverse statement, that claims that any possible
complete positive linear map can always be written as (3.26) has been proved by
Kraus in [7]. That is why sometimes the expansion of a generic UDM in the form
of (3.26) is called Kraus decomposition and the operators { K (t1,%0)}a are called

Kraus operators.

UDMs as Contractions

In this section we will see an interesting property of UDMs that will allow us to
distinguish the maps with a concrete physical meaning from the others. To discuss
about this property, we have to consider a generic self-adjoint operator 7T acting
on the Hilbert space H, as an element of the Banach space B of the trace-class

operators, with the norm is defined as:
|T|| = tr[VTT'] = tr[V T? (3.40)

We know that, amongst these operators, the physical density matrices are the opera-
tors pa which are also positive-semidefinite and with tr(pa) = 1, so that ||pal| = 1;
we indicate this subspace of B with the symbol B*;.

So then, to look for dynamic maps we can focus our attention on the dual space B”
composed by all the possible linear applications of the kind &(IB) — B.

This space is a Banach space too, with the induced norm:

(] = sup o 1PN _ G @) (3.41)
[|z[|#0 x [|lz||=1
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In particular we are interested in the ones that send the subspace BT, into itself;
indeed these ones preserve the physics of the system, as a UMD has to do. Before
introducing the main theorem that enforces this requirement, we recall the definition

of a contraction on a Banach space.

Definition 3.1 (contraction). A linear operator & on a Banach space B, is said to
be a contraction if:
[b(@)|| < |[z]] VzeB (3.42)

Then we can present the important theorem:

Theorem 3.2.4. A linear map & € B leaves invariant By if and only if it pre-

serves the trace and is a contraction on B, so that
||| < 1. (3.43)

Proof. If & € B” leaves invariant B+1, it means that it conserves the trace of its

arguments. Moreover, from the definition of the trace norm (3.40), we can write:
l|&d(x)|| = ||z|| Vz|x is positive € B (3.44)

that proves that, for the positive operators, & is a contraction. To prove definitively
the first implication of the theorem we have now to consider the action of & on neg-
ative operators. Anyone of these operators, that we call o, can be always described
by:

oc=0"—0" (3.45)

where we have:
0 = =225 A ) (W] with A; <0
{|%a) }a=i+; is an orthogonal basis for the Hilbert space H4 considered for the defi-

(3.46)

nition of B.
We note that both the operators o™ and o~ are positive defined. Moreover, because

of the definition of the norm trace and the orthogonality of {|¢,)}» we obtain:
loll =Y Pal = llo* Il + o] (3.47)
and these considerations allow us to achieve the following result:

()] = [| (o™ = o)[| < S([[o[]) + &(llo[]) = llo™ ||+ [lo~[| = llo]] (3.48)

that reproduces the definition of a contraction. Then we have proved the first
implication of the theorem.
Conversely, if we assume that & is a contraction and preserves the trace, then for

p € BT, we have the following chain of inequalities:

oIl = tr(p) = tr(d(p)) < ||d(p)I| < lpl| (3.49)
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So it follows that the inequalities become equalities : ||&(p)|| = ||p|| = tr(d(p)) =
||&(p)||. Since p € B¥y if and only if ||p|| = tr(p) = 1, the last equality implies that
&(p) € BT, for any p € By, O

Inverse of a UDM

Another important question that one can ask about UDMs is the following: is that
kind of time evolution reversible 7 We are wondering if, given an UDM like o, 4,) is
it always possible to find another UDM &, +,) of the same physical system A such
that:

*(tl,to)*(to,tl) == *(tl,to)&(tl,to)_l == ]-A (350)

The answer of such a doubt is provided by the following theorem:

Theorem 3.2.5. If &, 1) is an UDM, then it can be inverted by another UDM if

and only if it is unitary.

Proof. To start the demonstration we recall what we have said in the previous sec-
tion: any UDM has to be a contraction on the Banach space of trace-class operators
defined over the Hilbert space H4. So, given &, 1), if it really exists its inverse, we

must have:
o || = {110 Botr 0) ()] < Ity 1) ()] <[] (3.51)

where o is a generic element € B.
As we can see from this chain of inequalities , it follows that, for any invertible UDM

one finds:
|| t1.20) ()] = ||| (3.52)

From this condition it is easy to prove also that an invertible UDM must transform
pure matrices in pure matrices. Suppose that [¢)) ()] is a pure density operator and
&1 10)(|1) (1)) is not. Then it is always possible to write &, +,)(|1) (1/]) as a convex

combination of pure matrices:

&) (V) (W) =p py+(1—p)py (3.53)

but then considering the inverse of the above expression, we would get:

[0) (W] =D a0 (P1) + (1= p) i)~ (P2) (3.54)

Since &, 1) is considered to be a bijective operator and p, and p, are pure, we
would have &, 1) (p1) # d(i140)  (P2) and then we would reach an expression of
the pure density operator |¢) (1] as a convex combination of other density matrices.
We know that this situation is unacceptable. So the hypothesis we have made is
wrong, and pure matrices are always sent in other pure ones by an invertible UDM.

Now we take a specific expression of an element o of I:

& = 2 (1n) (il — ) (9] (3.59)
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where |11) (11| and [1)5) (19| are two arbitrary pure density operators.
Because we have just proved that the invertible &, ;,) transforms pure operators in

pure ones, we can write:

W10 (0) = e [ (1) (6] = [0} (0al)] = ()6 — [dlaal) (356)

where [1) (01| = e, 10)(|91) (1]) and [¢2) (o] = Sy 0)([102) (¥2]) are two pure

density operators too.

The eigenvalues equation for o reads:

o(al) + B l2)) = Ma ) + B |i2) (3.57)

where o and [ are generic complex coefficients.
Replacing o with the expression of (3.55) and projecting this last equation into the
two subspaces spanned by [¢;) and [¢;) we get respectively :

A =+53/1 = [ {@a]ihn) 2
A= _%\/1 - | <¢2|¢1> |2

(3.58)

At this point it is immediate to calculate the trace norm of this operator:

loll =[xl = /1= (W) (3.59)

7

Thus, using equation (3.52), valid for any element of B, we get:

| (21,10 (@) = \/1 — [{daln) [P = llol] = V1 = [ (Wafthr) P (3.60)

Therefore:
’ <¢~2|¢~1> ‘ = | <¢2|¢1> ’ (3-61)

Finally, exploiting the Wigner’s theorem [2]|, we can affirm that a transformation

that satisfies the above condition must be of the form:
&0 (0) = Vo V! (3.62)

where V has to be a unitary or anti-unitary operator. Because the anti-unitary case
is incompatible with the complete positive condition, only the unitary one remains.
Extending this type of demonstration to a o composed by more than two pure

density matrices is really straightforward, and requires the same treatment. O]

Anyway, the exclusive use of unitary UDM is really unnecessary; the reversible
maps represent indeed the most conventional type of evolution, and often the most
interesting and realistic properties are involved when one considers the not unitary

case.
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3.2.3 POVM as a UDM

The last property we presented allows us to connect the concepts of POVM and
UDM. As we have seen, these two mathematical instruments become necessary in
the study of open systems. We start by considering the time evolution of the state
|44) included in an initial state [1)) ® |¢P) of the open system A-+B:

4 [67) =1 > Ko |t?) [a”) (3.63)

where {|a®)}, is an orthonormal basis of the subsystem B and the {K,}, are the
Kraus operators governing the transformations of density matrices for the subsystem

A in such a unitary evolution of the whole system.

This is a correct way of writing an evolution for the states of subsystem A. Indeed,
replacing here the expression of the { K}, of equation (3.29), (we know, by means
of theorem 3.2.3, that (3.29) is the right definition for the Kraus operators of any
UDM) we obtain:

4 65) 5, 3 (0] (Uns(tr, 1)[6%) © [64)]) [a?)
“ (3.64)
i (UAB<t1, )67 @ |¢A>])

Thus, once we reach the state (3.63) , we can perform an orthogonal measure onto
the basis {|a”)} on the system B. From this measure, we can get the outcome «
with probability p(«) :

pla) = (V7 (Ko K, [ (3.65)

and this last equation can be rearranged in the form:

pla) =tra(Aapa) (3.66)

where pa = [1p*) (1] and A, = K, K.

We can now note that from the definition of the {K,}, it follows that the {A,},
do not necessarily commute for different values of a.. Therefore, equation (3.66)
could be the result of a POVM, as we can see comparing the latter with equation

(2.4). Indeed, the {A,}’s are evidently positive, and the necessary condition for a
POVM:

Y An=14 (3.67)

is provided by the Kraus normalization condition:

Y K. K,=14 (3.68)

So, we have just realized a POVM that, according with the equation (2.11) of

chapter 2, can modify the starting density matrix p4 once that the measurement is
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performed, in the following way:
—
PA measuring PaApovy = Z VAapay Aa (3.69)

but the transformation above of the density matrix p, is really the same that we

could reach with the help of Kraus operators {K,}, :

%
pA time evolving *(to,t)(PA) = ZKa(to,t)pAKaT(to,t) (3.70)

Therefore, at the end we can claim that every POVM has a unitary representation,
which means that one can always obtain the POVM on the subsystem A by making
evolve in time the whole system with a unitary evolution and then performing an
orthogonal measurement on B. We can summarize the previous statement saying
that, as we can directly see from (3.69) and (3.70), the act of a POVM on A

always corresponds to the evolution ruled by a certain UDM on this subsystem.

3.3 Lindblad equation

At this point we know a lot of details about time evolution of density matrices in
open systems; but a key question is still unresolved: is it possible to formalize this
evolution with the help of a differential equation? What is the form of such differen-
tial equation? Trying to answer to these questions brings out some critical problems
hidden inside the mathematical structure and definition of UDMs. We know that,
between two time coordinates to > t; , while the whole system is transforming in
a usual unitary way, the starting density matrix p,(¢;) of the subsystem A evolves

Palts) = Sy (pa(ts)) = Kalta, t)pa(t) Kla(ta, 1) (3.71)

and we have also just learned, by means of theorem (3.2.3), that this type of
evolution is granted only if, at initial time t;, the density operator of the whole

system A+B is in the form of a tensor product like:

pas(ti) = pa(t) ® pp(t) (3.72)

where pp(t1) is fixed for any possible pa(t1).

Up to here, there is no evidence of a problem. Nevertheless, looking more care-
fully at the process of evolution, one may ask himself: what happens if the state of
the system at time ¢, is the result of another, previous, evolution started at tq < 17
That is the most appropriate doubt that may come out when one is trying to de-
scribe correctly time evolution. If this hypothesis is true, and we think that also the

first evolution was ruled by an UDM, then we have to assume, in the same way as
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we have done before, that pap(to) was in the form of equation (3.72).

Therefore we have to write, for the density operator of the whole system at time #;:

pas(ti) = U(ti,to)pas(to)U' (tr, to) = U(tr, to) [pa(to) @ pu(to) [U (t1,t0) (3.73)

and so emerges clearly the problem: from the above equation there is no warranty
for this last density operator at time ¢, to be in the correct form of (3.72). Thus,
at this time, it falls the main requirement of theorem (3.2.3). This fact means that,
starting from an UDM type of evolution (on our example, ¢y — t1), in general, is
not always permitted to perform another one immediately consecutive ( t; — t5).
Notice that, instead, what is always allowed is the direct evolution from tq — o,
governed by an unique UDM &, 1,); indeed, for this type of evolution, the initial
condition (3.72) is fully satisfied.

Therefore, as a difference with the dynamics of isolated systems, it is clear that
these difficulties arising from the continuity of time for UDMs makes impossible to
formulate the general dynamics of open quantum systems by means of differential
equations which generate families of UDMs. That was the mathematical explana-
tion, but it is possible to justify the arising of these troubles also in a more physical,
intuitive and informal way. Moreover, spending some words on this argument can
be really instructive to understand also the formal solution that we will adopt to
solve these problems. In fact we can claim that at the origin of the problem is
the fact that the two subsystems develop correlations p,,,.,. during the evolution.
The key point is that, differently from what happens in isolated systems, where the
Shrodinger equation needs only the initial condition to be solved, here, the environ-
ment (or, equivalently, the other system B) retains a memory of informations for a
while, and can transfer it back to subsystem A. This implies the leak of linearity
and the impossibility of find a general equation.

Anyway, to untie these delicate and overwhelming complications, we can make a
reasonable approximation, that allows us to manage and control the general dy-
namic in a linear and useful way. Once that we have understood the root of the
problem, we can fix it assuming that the memory of the environment is sufficiently
short to forget all the past informations before they can flow again into the dynamic.
Heuristically, we are limiting p_,,.. to be insignificant at any time of the evolution.
Mathematically speaking, this assumption goes under the name of Markovian evo-
lution. A more detailed and formal treatment of this argument can be found in the
appendix , at the end of this work. Anyway, if we embrace this approximation, we

recover the composition law for the UDM:

*(tz,to) = *(tQ,tl)*(tl,to) VtQ Z tl Z tO (374)

and this condition directly leads us to the possibility of determining the & ) by

resolving a differential equation, often called master equation.

42



The derivation of such an equation that we present on this section is more physical;
a more mathematical approach is given in the appendix.
So we start considering a UDM-evolution of a density matrix p expressed in its

Kraus decomposition:
p(t) =) Ka(t)p(0)K'4(t) (3.75)

Now we consider only the first order,that means:
p(t) = p(0) + O(dt) (3.76)

Then, looking at equation (3.75), we can try to make a useful choice of the Kraus

operators that satisfy the above equality. We notice that the following assumptions:

Ky=1+(—iH + R)dt

(3.77)
K, =VdtL, with a>0

where R and H (that is the canonical Hamiltonian of the system considered) are
both Hermitian operators, are a perfect consistent choices.
We see that the operator R is completely determined by the Kraus normalization

condition; indeed, with this choice of Kraus operators we get:

1= K.t)K'(t)=1+dt(2R+» L',L,) Vt (3.78)
a a>0
and then : .
N AN :
R=— ;O oLa (3.79)

at this point we can substitute this expression of the Kraus operators into equation
(3.75) and, by writing p(t) = p(0) 4+ pdt , we can identify the derivate in time of

the density matrix evolution with:

p=Lip) = ~ilH.p|+ 3 (LapLla — 5 {LuLup))  (330)

a>0

This is the master equation of the dynamic, and the symbol L, is called Linbladian.
Looking at the equation it is fairly clear that tr(L;)(p) = 0, so that the trace of
the density operators is always preserved. The complete positivity is less evident,
but it follows directly from the Kraus representation that has led to the final ex-
pression. Thus, the process described by this master equation correctly transforms
density matrices in density matrices, and it expresses a UDM. We can try to en-
ter a bit more deeply into the physical meaning of this master equation. The first
term, —i[H , p] expresses the canonical unitary evolution of operators, completely
described by the initial condition p and by the Hamiltonian of the system involved.
So, the presence of all the other terms that we find in the sum depends directly
from the interaction that our subsystem develops with the environment during the

evolution. In particular, each contribution L.pL', represents the probability that
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occurs a quantum jump that leads the environment from the initial fixed state to the
state |a) of a certain orthonormal basis. These operators, L,, that here are time-
independent because of our cutting off at the first order, are often called Lindblad
operators. Notice that here it is crucial to assume the Markovian approximation,
that makes sure that this probability is proportional to dt, so that it can increase
linearly in time. The final term 2{L, L, p} is needed to keep satisfied the normal-

ization condition in case of no quantum jumps occurs in the environment.

Commonly , a family of UDMs that satisfies the Markovian requirement in the
form of equation (3.74) is called a Quantum Dynamical Semigroup. The formal

definition is:

Definition 3.2 (Quantum Dynamical Semigroup). A Quantum Dynamical Semi-

group is a family of linear maps {é&;, t > 0} such that:

1. &;is a UDM

2. dsody = &t+s

3. Trid(p)A]is a continuous function of ¢ for any density matrix p of the system
(without the environment) and for any hermitian and bounded operator A

defined on the Hilbert space of the system.

Finally, now that we have presented some of the fundamentals properties of open
systems, concerning measuring and time evolution, in the following sections we will
apply this treatment to concrete cases, the world of 2x2 and 3x3 density operators
, trying to individuate the correct and explicit expressions of the Kraus decomposi-
tion and the Lindbladian for this type of systems.

Nevertheless, before we can analyzing the concrete examples, we have to present
some of the geometric implications that the universe of open systems induces. In-
deed, observing by a geometrical point of view, it is possible to formalize the spaces
of density matrices in a really instructive way, that, characterizing the possible orbits
of the dynamics, could shed light on the deeper meanings and distinctions between

unitary and open evolutions.

44



Chapter 4
Geometrical approach

Before getting into the discussion, we premise that this geometric overture, on our
purpose, has the goal of clarify some features that will be used to study the concrete
examples in the next following sections. Thus, the attention of the reader is directed
towards the most important results about the description of the orbits, and the most
formal mathematical details, as well as the demonstrations of the theorems, are here
omitted, in order to simplify the presentation. A more detailed description of these

arguments can be found in [8].

4.1 Projective Hilbert space

We begin to discuss what are the geometrical consequences of working with equiva-
lence classes on a Hilbert space, not with vectors, which means working with rays.
When we do that, we are considering the Projective Hilbert space.

In the following, we will work with finite dimensional Hilbert spaces, which are

enough for our future discussions.

Definition 4.1 (Projective Hilbert space). The Projective Hilbert space is defined

P(H) = {[[W)] : [9),[®) € [[W)] & W) = A|®) ; [V),|®) € Ho, A€ Cop  (4.1)

where Cy is defined as C — {0}.

This mathematical object is obtained starting from an Hilbert space H of dimen-
sions n, quotienting it by the two multiplication operations, respectively by a norm
of a complex number and by a phase, so that to implement the equivalence of the

states belonging to the same ray. The procedure can be schematically illustrated in
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the following way:

P(H)
With this definition, the original Hilbert space gains a structure of a principal fiber
bundle, with P(#) as a base space, and a typical fiber Co = U(1) x R, .

Definition 4.2 (Principal fiber bundle). A principle fiber bundle is composed by:

1. a t-dimensional manifold 7', called total space.

2. an m-dimensional manifold M, called base space.

3. amap 7 : T — M, called projection, such that « is a surjective and continuous

function.

4. a topological space F, called typical fiber, such that F is omeomorphic to all
the spaces 7=(m),Vm € M , that are called fibers.

The base can also be part of the total space, i.e "= M x N , and the latter is
an important particular case of principle fiber.
The Hermitian structure of H allows the association of the equivalence class [|¥)]

with the rank-one projector defined in the previous sections.

4.2 Kahler Manifold

This new framework carries the scaffolding of Quantum mechanics from the usual
Hilbert space, that was a linear vector space, to a new geometric context that is
no more linear, because is described by manifolds. Then, it becomes necessary to
update all the Quantum quantities to a tensorial formulation. Even if this work has
not the purpose of study all the details of this updating process, there is a concept

we really need to define.

Definition 4.3 (Kdhler Manifold). Let K be a real, even dimensional, manifold on
which we define a complez structure.

A complex structure J on a manifold is a map on the tangent bundle T'K such that:
J:TK - TK; Jo(v)=iv YveTK (4.2)
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so that :
JP =1, (4.3)

Then, let w be a closed two-form, called symplectic form, satisfying the compatibility
condition:
w(x, Jy) +w(Jz,y) =0; Vr,y e TK (4.4)

We notice that, starting from this two-form, we can define another one, that we call
g:

g(x,y) =w(x,Jy) — w(x,y)=—g(x,Jy) Ve,y e TK (4.5)
It is easy to see that g is symmetric and, iff w is non-degenerate, also ¢ is. Thus, in

this case, g represents a metric for TK.

The analog of equation (4.4) for g becomes:
g(x, Jy) + g(Jx,y) =0; Vo,y e TK (4.6)
Also , J? = —1,, implies:
w(Jz, Jy) =w(Jz,y); g(Jz, Jy) = g(x,y) Va,y € TK (4.7)

A tensorial triple (g, J,w) , with g a metric, that satisfies the above requirements,
is said an admissible triple.
Finally, we can affirm that K is a Kaler Manifold if it admits an admissible triple

with a positive metric.

We have introduced this notion because it is possible to show that the space
of pure density matrices, as well as the unitary orbits of each mixed matrix, are
Kahler Manifold. Physically speaking, the Kahler manifold is the perfect setting in
which one can operate, because of the possibility of defining a metrical vector space
and a symplectic structure, from which can follow the definition of an Hamiltonian
function and, consequently, the birth of a sensible physical system. Therefore, what
we will do in the following sections of this chapter is to construct the conditions
to affirm that the spaces of density matrices, pure or mixed ones, as well as their

unitary orbits, present this type of structure.

4.3 Realification of the Hilbert space

We want now to study a procedure that allows to transform the original Hilbert space
of n dimension into a 2n vector space that admits a structure of Kahler manifold.
This procedure is ofter called realification , and the vector space obtained, Hg, that
is also a Kahler manifold, is called the realified of H.

The latter is a real vector space that coincides with H as a group, (Abelian group
under addition) but in which only multiplication by real scalars is allowed. Skipping

the formalities, we can say that, if we choose a basis on H ~ C", like {é1, €3, ..., €, }
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the corresponding basis in Hy becomes: {é1, €3, ..., €,,1€1,1€3,...,1¢,} and so H ~
RQn
Once the basis is chosen, the realification of a generic vector in H is given by:

7= W +if)e € H— j= (u',u?, . u™ vt 0% . 0") € Hy (4.8)

Of course, this transformation involves also all the observables and operators. Briefly,

we can say that if , chosen a basis, a generic Hermitian operator A acting on H can
be represented as:

A=a+if (4.9)

where a and [ are real n X n matrices; then we can present the corresponding

realified operator Ag as the 2n x 2n matrix:

_ (o B
Ay = (5 a) (4.10)

The properties (A + B)gr = Ag + Bg and (AB)y = AgBg can be easily checked,
so that the set of all the linear operators that are realifications of complex operators
on H is both a subspace of the vector space of all the linear operators on Hy as well
as a subalgebra of the associative algebra GL£(2n, R).

Finally, the operation of multiplication by the imaginary unit on H is interpreted

by the linear operator J, whose representation in any basis of Hy is:
On n _1n n
J="" ) (4.11)
17L><7’L O'I’LX'I'L

J?=—1,, (4.12)

with the property:

The choice of this particular letter to symbolize this operator is not casual, in fact it
establishes a complex structure on Hgy, considered as a manifold. Making an explicit
choice of coordinates, such that two generic vectors of H becomes: ¥ = (u,v) and

7 = (u/,v"), we can operatively introduce the quantities:
g(z,y) = uu' +vv' and w(z,y) = uv' — v (4.13)

The two corresponding differential forms, ¢ and w, together with the already dis-
cussed complex structure, constitute an admissible triple for Hy, with a positive

metric.

4.4 Geometry of pure states

Operating, as we said, in the projective Hilbert space, in this section we want to
understand what are the properties of the space just composed by the pure density

matrices and their unitary orbits. In the previous chapters we have defined a pure
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density matrix as a ray, that could be associated with a rank-one projector, like
|1) (1b]. Now, we need a way to characterize the set of these projectors with all their
unitary orbits , that will be the space of pure density matrices. To give a geometrical
description to the latter, we have to find a way to portray the unitary evolution, so
we want to define the co-adjoint action of unitary group U(n). We start recalling
the definition of the Lie algebra u(n) :

Definition 4.4. The Lie algebra of U(n) can be defined as u(n) := T.U(n), that
is the tangent space to U(n) at the identity e € U(n), equipped with a bilinear
operation [, -] : u(n) x u(n) — u(n), called Lie bracket that satisfies the following

axioms:

o Alternativity:

[z,2] =0 Vz € u(n)

e Jacobi identity:

2,1y, 2] + [z, o, 9]l + [y, [z, 2] = 0V, y, 2 € u(n)

From this definition we immediately note that the dimension of u(n) is the same
of U(n).
We now present a useful connection between u(n) and U(n) , claiming that, for every

element U € U(n), it is always possible to write:
U=e" for some u € u(n); (4.14)

more details in theory of Lie groups , Lie algebras and their representations can be
found in [14]. Therefore because any element U € U(n) acting on a Hilbert space
is a unitary operator , from the equation above it follows that every element of the
Lie algebra u(n) has to be anti-Hermitian.

We can now define the adjoint action of the group as the map:
Definition 4.5 (Adjoint action of U(n)).

Ad :u(n) — u(n)

Ad(T) = UTU? 419)

where U € U(n) and T € u(n) .

The co-adjoint action of U(n) is the same concept, considered from the starting
point of the dual space of the Lie algebra, u(n)*. This dual space represents the
space of all the n-dimensional Hermitian operators, thus the co-adjoint action, that
is the geometrical transposition of the concept of an unitary evolution, is the main

object of our interest. Moreover, the adjoint action, as well as the co-adjoint action
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of U(n), because of the properties of the group, are actions that preserve the metric
and the symplectic form, so that the triple and the Kdhler structure remain valid.

According to the pairing of spaces and dual spaces, between u(n) and u(n)” there is an
isomorphistfm mediated by a scalar product that connects anti-Hermitian operators

with Hermitian ones:

(A,T) = STr(AT) VYA€ um)",T € u(n) (4.16)

um) 37 — iT €u(n)’

With this isomorphisfm, it is easy to check that also u(n)” is a Lie algebra, and
that the co-adjoint action of the U(n) group can be defined in the same way of the

adjoint one:
Definition 4.6 (Co-adjoint action of U(n)).

CoAd :u(n)" — u(n)”

(4.17)
CoAd(T) = UTUT

where U € U(n) and T € u(n)" .

So, now that we know how to operate for implementing the concept of unitary
evolution, we want to operate with the co-adjoint action of U(n) over the set of
projectors of rank one, that we denote by W(H)" = {|z) (z| | |z) € H — {0}}.

The co-adjoint action over )/V(’H)1 foliates the latter into the spaces:

Wt ={la) (2| | (z|z) = |z) € H —{0}} (4.18)

one for each possible value of the norm r.

This result is completely consistent, because we know that a unitary transformation
does not change the norm of vectors.

Then, at the end, if we want to consider just the space of pure density matrices,
inclusive of all their unitary orbits, we only have to put » = 1 and we get the space:
Wt

At this final point, defining the correct tensorial quantities that could build up the
appropriate admissible triple, is possible to demonstrate this last theorem, that here

we just limit to present :
Theorem 4.4.1. The space of pure states Wi is a Kihler manifold.

The prove of the latter can be found in [8].
In particular, the Kdhler structure of W;' comes from the structure of the realifica-

tion Hg of the original Hilbert space H.

20



4.5 Geometry of mixed states

Our goal in this section is to extend the treatment we have used for pure states to
mixed ones. As we will see, the procedure is here much trickier.

We start by introducing the space of non-negatively defined operators P(H),:
P(H), = {plp=TT" T € gl(H)} (4.19)

where the subscript n represents the dimension of H.
We note that: p € P(H), — p € u(H)".
From this definition, we can separate the spaces of mixed matrices with the same

rank. That means defining:
P(H)," ={plp =TT, Rank(p) =k, T € gl(H)} (4.20)

Adding to these definition the condition on the trace gives back the corresponding

spaces for density matrices:

D(H), = {plp € P(H),|Tr(p) =1} and DH)," = {plp € P(H), |Tr(p) = 1}
(4.21)
Notice that the space of density matrices D(H), is a convex cone in u(H)*. In
fact, every matrix in D(?), can be written as a convex combination of pure states,
then the pure states are the extreme points of D(H),. The details about these
considerations can be founded in [1].
As we have done for the space of pure states, we now report a theorem that clarifies

the geometrical nature of these spaces D(’H)nk for each possible value of & < n:

Theorem 4.5.1. The spaces D(H) F of density states of rank k < n are smooth

and connected submanifolds in u(H)*. Moreover the stratification into submanifolds

n

of D(’H)nk s mazimal; i.e. every smooth curve in the space of Hermitian matrices
which lies entirely in D(H),, is such that:

A1) €D(H)," = A1) € Ty D), (4.22)

n n

The interested reader can find the demonstration in [6].
Now that we have understood the properties of the starting spaces, we need a feature
to characterize the unitary orbits that arise from these spaces, and that is the

purpose of the next two fundamental theorems:

Theorem 4.5.2. Let py and ps two density matrices on H ~ C" | then py and ps are
unitarly equivalent (i.e. ps = Up UT for some unitary matriz U) if and only if p,
and po have the same spectrum; that is the same eigenvalues including multiplicity.
Moreover we have: Tr((p2)"] = Tr[(p1)"] Vr=1,2,..,n

This theorem has a really deep implication. In fact this statement means that

every unitary orbit can be identified by a unique diagonal matrix like:
p'rappresentative - dzag(/\l 1n1 XNn7 >\2 ]-TL2 XNy ***) /\7'1n,~><nr) (423)
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where a particular criterion of ordering is chosen to dispose the eigenvalues on the
diagonal, so as to remove any ambiguity.

Therefore, all the possible orbits are distinguished by the possible values of these
eigenvalues, that, as we already know, have to satisty the constraints : \; € [0,1] Vi =
1,2,..,r and ) 7 A\; = 1. Anyhow, there is still an infinity of possible combinations,
so that we can conclude that U(n) partitions the set D(#), into infinite (an un-
countable) family of orbits or strata.

The second theorem that we present clarifies the dimensions and the nature of these
strata, and it will be essential later for our studies about concrete examples of 2x2

and 3x3 density matrices.

Theorem 4.5.3. Let U(n) act on D(H),, by the co-adjoint action and let p a den-
sity matrix with r > 1 eigenvalues \; with multiplicity n; ; then the orbit of p is

homeomorphic to the manifold:
U(n)/[U(ny) x U(ng) x x U(n,)] (4.24)
of real dimension n* — >\ n;?.

As consequence of this last theorem we have for the orbit of a pure matrix of a

n-level quantum system:
Un)/[U(1) x U(n—1)] = D(H)," = W(H),' (4.25)

as we expected.

The last remaining question to clarify is if these strata could be considered as valid
physical settings, that means, if they admit a structure of Kahler manifold.

As we expected, the answer to this question is affirmative, and a complete prove can
be found in [8] . We just present the result, the final theorem that concludes this
chapter .

Theorem 4.5.4. For the orbit O, of every density matriz p € D(’H)nk with k < n,
is always possible to find an admissible triple (JO n% ~%) such that O, is a Kdhler

manifold.

We can now finally translate the theoretical structure examined up to here in a

practical example: the density matrices 2x2, related to two level quantum systems,
or Q-bits.
4.6 Q-bits

Because we know from the last section that each unitary orbit can be identified with

a representative diagonal density matrix, we can always report a generic 2x2 density
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matrix at his unitarly equivalent form:

_ [ Po 0
p= (O . _p0> (4.26)

Where pg is a probability, so that 0 < py < 1.

4.6.1 The Bloch sphere

The first issue we need to deepen the argument is a tool to represent these matrices in
a more useful way, the so called Bloch Sphere. We know that a generic 2x2 matrix
can always be expressed as a combination of the Pauli matrices and the identity

matrix. The representation that we will use is the following:
= 1
p(R) = 5(12 + R0y + Ryoa + R303) (4.27)

that in a matrix form becomes:

. 1({1+Rs R, —iR
p(R)y=_( T~ Tt (4.28)
2 R1+ZR2 1—R3

In this way we have established a connection between the 33 vectors R = (R1, Ro, R3),
usually called Bloch vectors and the density matrices for Q-bits. The explicit form

of this connection is:

R = Tr(oip(R)) (4.29)

To make the latter physically consistent we have to impose the positivity of ma-
trix (4.28), so that:

~ 1 . .
detp(R) > 0 — Z(l —|R]*) = |R*< 1 (4.30)

This condition is really sufficient to satisfy the positivity request, because the possi-
bility of two negative eigenvalues is excluded by the constraint tr[p(R)] = 1. Then,
we have limited the possible region of this biunique connection to a unit 3-ball on
3, that is traditionally called Bloch sphere, even if it is actually a ball. The edge
of this ball, given by the condition detp(R) = 0 — |R|? = 1 consists of the 2x2
density matrices with one eigenvalue equal to zero and the other equal to one, that
are the pure states. Therefore the edge corresponds to the space V\/(’H)l1 previously
defined in section 4.4.

Another interesting area of this ball is the center. The center of the Bloch Sphere
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is, by definition, given by E= (0,0,0) so that detp((f) = %1. Applying the notation
used in the equation (4.26) and the trace one condition we get:

1

1
Podo = 7 and po+Qo:1—>p0=%=§ (4.31)

Thus, the center of the Bloch Sphere corresponds to the density matrix:

" 10
p(8) = (; ;) (4.32)
2

the latter is called the maximum entangled state that, being proportional to the
identity matrix, is invariant under the change of basis defined by the adjoint action
of an unitary matrix U, hence it is a fixed point of the co-adjoint action.

Choosing the particular basis {|0),|1)} we can identify the pure state , pg, corre-
sponding to the 3-vector ﬁpo = (0,0,1) = Py as the matrix:

po = (é 8) (4.33)

and then, to clarify what we have said up to here , we can represent the Bloch sphere
in fig. 4.1.

Figure 4.1: Bloch sphere with the mazimum entangled state and the pure state pg. The coloration

has just an aesthetic purpose.

4.6.2 Unitary evolution on the Bloch sphere

Now that we have got a way to clearly visualize the density matrices we can analyze
the time evolution observing the paths on the Bloch sphere. As we know, concerning
these quantum objects, there are two different types of possible evolutions, the uni-

tary and the open one. Starting just considering the unitary one, we can apply the
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important notions coming from the theorem (4.5.3) to categorize all the possible

unitary obits.

Because the distinct eigenvalues pg and pg— 1 are at maximum two, we have only

two distinct cases:

1
® Do =3

then the orbit is homeomorphic to:

U(2)/U(2)

so that the orbit has the dimension of a point, and concretely there is not an
evolution: the system keeps staying in the ME, blocked at the center of the

sphere.

® py # %
then we have an orbit homeomorphic to:

U2)/[U(1) x U1)] ~ S

Thus, interpreting the orbit of the first illustrated case as a 2-sphere of null ra-
dius, we can claim that all the orbits for the group U(2) are homeomorphic to a
2-sphere of fixed radius, concentric to the Bloch sphere. Furthermore, it is easy to
see that, varying the value of py from 0 to 1 we can reconstruct the full Bloch sphere.
Indeed, we know that co-adjoint action of the unitary group U(2) on our starting
density matrix pg preserves the original determinant , and so, because of the men-
tioned connection between determinant and the modulus of 3-vectors on the Bloch
sphere, we immediately note that , starting any unitary evolution from a point of
the sphere with modulus R = |ﬁ\, we will remain on a sphere centered on the origin
of the sphere and with radius R. Consequently, the set of all the unitary orbits, for
all the possible starting points inside the sphere, reconstructs the whole sphere.

By analogy with the considerations of section 4.5 the set composed by all the unitary
orbits excluding the edge of the Bloch sphere represents the space 1?(?-[)22 .

As we have done before, we graphically conclude this section showing in fig. 4.2
an example of the described unitary evolution on the Bloch sphere, where it has the
form of a rotation around the ME state, starting from the already considered point
P,.
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Figure 4.2: Unitary evolution of a pure state po on the Bloch sphere

The direction of the rotation depends on the particular unitary operator U used

to perform the evolution.

4.6.3 Open evolution on the Bloch sphere

More complicated than the unitary one, the open evolution has to be determined
trying to evaluate the correct UDM for the system. So, what we want to do is to
implement a time evolution that satisfies all the theoretical requests of UDMs that
we have showed in the previous chapter. What we know, from these properties, is
that the open evolutions' connect pure states to mixed ones and so they are not
invertible. To make general this treatment we start from a generic initial state p(0)
of the form of the equation (4.26). Then we can imagine a general UDM & that

operates in the following way:

[ Do 0 . p(t) 0
p<o>—(0 1_po>m”“>—<o 1_p(t)) (434)

where p(t) is a function of ¢ that gives p(0) = po and that always satisfies 0 < p(¢t) < 1

in such a way that p(t) remains a density matrix at any time.

We now show one of the possible consequent choices of the Kraus operators, taken
from the thesis work in [8], where it has been used for solving the Lindblad equation.

This choice is the following:

'From now omn, using this word in this context, we refer to the evolutions that are specifically not

unitary, just because the unitary ones has been already treated
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Ki(t) = §+7<é f) ;Kz(t):\/%—%tcj (1)) (435)

In fact, with straightforward calculation one can prove that:

K" () Ky (t) + Ky (1) Ko (t) = 15Vt

(4.36)
K1 (t)poK1'(t) + Ka(t)po K2 (t) = p(t)

With this choice , the function p(¢) introduced in the equation (4.34) becomes:

1 _ 1 _ 1
p(t) = 56 t(—l + €t —+ 2p0) = 5 +e t(po — 5) (437)

It is now interesting looking at the Bloch vectors. Starting from the Bloch vector
corresponding to p(0) , R(0) = (0,0,2p — 1) , we get the Bloch vector at time ¢ :
R(t) = (0,0,2p(t) —1) and, comparing the modulus of these two different 1 vectors
we note that, iff pg # %:

IR(0)| =2p0 — 1> 2p(t) —1=e (=1 +e" +2p)) —1=|R(t)| V>0 (4.38)

The latter is a really significant inequality because it mathematically expresses the
irreversibility nature of this type of evolution. Indeed, increasing in time, the Bloch
vectors can only become nearer and nearer to the center of the sphere , never coming
back, converging to the ME state.

Anyway, with this parametrization of time t the ME state is only an asymptotic

state, as we can see from the following limit:

10
. > (4.39)

N =

Instead, if we think of starting from this final state, as we can see from the in-

equality (4.38) inserting the value py = 3, we get |R(t)] = 0 for any instant ¢, so

that there is no more evolution and the quantum system keeps staying in that fixed

state exactly like the unitary case.

Analyzing the evolution at different times, that means evaluating the succession:

&:.0)(P(0)) = p(t), dt1c0)(p(0)) = p(t +€),p(t +2¢),...,p(t +ne)  (4.40)
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where € is a real number > 0 and n is an integer sufficiently big to get a sizable
number of points; we can draw the open evolution on the Bloch sphere as shown in
fig. 4.3.

Figure 4.3: Open evolution of a generic initial state P(0) on the Bloch sphere

Nevertheless, we have not considered yet the Markovian requirement. This inter-
pretation, as we have said before, is the one with more intuitive physical properties,
and it is the only one that allows to describe this open evolution with a Master
differential equation. The latter will allow us to analyze the general form of the
"derivative" p = L, . Anyway, with a direct calculation one can see that the funda-
mental key at the heart of the Markovian approximation , in form of the following

equation:

(oo =dio Vs=t=0 (4.41)

is satisfied by the supposed time dependence of our open evolution, in fact:

& (1) © di0) = S (K1(1)p(0) K1 '(t) + Ka(t)p(0) K2'(t) =
L 1) ( 3¢ (2po + e = 1) 0 )

0 te7t(=2po + €' +1)
(4.42)
_ [z Gt et =) 0
0 %G_S_t (_2p0 + esTt + 1)
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Graphically speaking, on the Bloch sphere, this means that the action of the com-

position of two consecutive open evolutions has the form shown in fig. 4.4

Figure 4.4: The starting point P(0) has po = 0.86 and we have considered t = 0.6 ,s = 2.4

We can also think of mixing open and unitary evolutions. The latter has relevant
differences depending on the order of the combination between the two evolutions.
Indeed, if we first perform the unitary evolution on a generic starting density matrix
po of the form of equation (4.26), and then the open evolution to the result, to be
consistent with the other inverted combination we need to modify the basis in which
the Kraus operators are written, just because , as we know, the unitary evolution
corresponds to a change of basis.

To prove this fact we show separately the two distinct cases and then we demonstrate

that they are equivalent.

e Open evolution before, unitary evolution after
For the open evolution we maintain the same Kraus operators previously de-
fined in equation (4.35) ; for the unitary one, we use a generic unitary operator

U. So we have:

p1=U(K:(t)pK1'(t) + K»(t)p, K2 '(1)) U = Up(t)U' (4.43)

e Unitary evolution before, open evolution after

As we said, we define the changed Kraus operators:

K,(t)=UK;(H)U' ; K,(t) = UKy (t)U' (4.44)

29



Thus, we perform the same unitary evolution on pg , followed by an open

evolution ruled by the new Kraus operators :
5 > > >
p, = Ki(t)Up UK, (t) + K2 () Up, UK (t) (4.45)

Replacing the definitions on the last equation it becomes clear that , only with these

prescriptions, the two different procedures are equivalent, in fact we get:
P, = U(K1(t)pyK1'(t) + Ka(t) po K2 (1)U

(4.46)
=Upt)U" = p,

We can now present in fig. 4.5 a graphic summary of these considerations on
the Bloch sphere, where the starting point is the same considered for the previous

picture:

Figure 4.5: The blue and the red lines represent the two equivalent types of composite evolutions.

At the end of these argumentations it is clear that, combining open and unitary
evolutions, it is always possible to reach any point of the Bloch sphere with the
modulus less then the modulus of the Bloch vector of the arbitrary starting point.
The latter give us the opportunity to construct infinite patterns on the sphere, with

the only constraint to maintain the modulus of the Bloch vectors decreasing in time.

The last remaining question to deepen for the Q-bits case is the form of the
Lindbladian and the Lindblad operators for the open evolution. As we have done

in a previous chapter, we analyze the first order in time, for an infinitesimal time

pldt) = (% +e " (po — 3) 0 )) (4.47)

0 T —eYpy—3

variation dt:
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Hence , the first order in a Taylor expansion is:

1 (2po — 2podt + dt 0
<p0 Podt = ) (4.48)

dt) = =
pldt) 2 0 2 — 2pg + 2podt — dt

and then we finally get the Lindbladian:

p=ci(p)= PO _ Loy ((1) _°1> 0oy (449

To conclude , we want to determinate the expression of Lindblad operators. From

equation (4.48) we can see that:

dt

dt

Hence, comparing the latter with the result of equation (3.80) we deduce that the
first term in the sum corresponds to the normalization term proportional to the

identity matrix, and we remain with only one Lindblad operator:

that correctly agrees with its definition from equation (3.77) and that returns, apply-
ing the Master equation without considering the part proportional to the identity,

the previous expression for the derivative of the open evolution:

. 1 1
P = Lt(p) = L]_pOL]_T — §{L1TL1, p()} = 5(1 — 2p0)0'3 (452)
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Chapter 5

Q-trits

Finally, the last content of this work is the study of the density matrices 3x3, related
to open quantum systems with 3 levels, often called @-trits. The generic diagonal

density matrix in this context has the form:

po 0O 0
pPo=10 q 0 (5.1)
0 0 1—-po—qo

where pg, qo € [0, 1] and py + go < 1 so that the trace condition is always respected.
Anyhow, the addition of this new degree of freedom implies the origin of further
complications concerning the unitary orbits, compared to the previous U(2) case,
that can be immediately understood applying to this new context the results of
theorem (4.5.3). In fact, because of the increased number of eigenvalues of pg, the

theorem yields three distinct types of orbit:

=

® Do =4qo = 3
then the orbit is homeomorphic to:
U3)/U(3)

so, we recover the orbit with the dimension of a point.

e po has two equal eigenvalues that differ from the last remaining one (like, for

example py = qo = %)
then we have a co-adjoint orbit homeomorphic to:

U(3)/[U(2) x U(1)]
which is a 4-dimension manifold.
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e po has every eigenvalue different from each other, that means 3 distinct eigen-

values.
Therefore the co-adjoint orbit is homeomorphic to:

U3)/[U1) xU(1) x U(1)]
which is a 6-dimension manifold.

At the end of this list, it becomes evident that, almost about visualizing the orbits,
we are not able to represent them in an intuitive way anymore. We have to leave the
useful resource of the Bloch sphere, that can contain in a unique three dimensional
picture all the possible evolutions of the system, because the dimensions of these
new orbits are not accessible anymore. However, the intricacy is not confined to our
limits of visualization, as we will see with some sly manipulations.

In fact, also in this case, we can define a connection between matrices and vectors,
building an extension of the concept of Bloch vectors. Any 3x3 density matrix can

be expanded on the algebra of Lie generators of SU(3) plus the identity matrix:
1. 1
=-1 - t 5.2
p=3ls+; ; Sklk (5.2)

where the {s;}; are real parameters and the 8 matrices {¢x}, that constitute the
basis of the Lie algebra su(3) can be chosen ad lib.

This procedure allows to associate to each matrix p a vector S (p) € R® such that
g(p) = (81, S2, .-, Sg)-

In the reference [12] it is shown that each unitary orbit leaves invariant the modulus
of this vector, so that the distance from the center of 1% of each vector related to
different matrices in the same unitary orbit remains unchanged.

Moreover, we know that the surface on R® constituted by the vectors with the same
modulus is a 7-sphere. Nevertheless, taking as a starting point for the unitary orbit
a pure density matrix, that must have one eigenvalues equals to one and the other
two null, the theorem above claims that the co-adjoint orbit has to be omeomorphic
to a 4-dimension manifold. Therefore, we clearly infer that, unlike the showed U(2)
case, the unitary orbit of pure matrices ruled by the U(3) group is not a sphere, but
only a submanifold of a sphere.

This consideration, here naively solved by words, exemplifies effectively the com-
plexity of this setting, not only related to our difficulties on figuring spaces with

dimension higher then 3.
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However, we can select a particular way of visualizing the space of density matrices
that, even if it is just a section of the whole space of all the possible evolutions, it

is cleverly focused on the open scenery at the expense of the unitary one.

If we choose for the basis the Gell-Mann matrices:

010 0 —i 00 1
=] 100 |;ta=|1i 0 cta=100 0 |;

000 0 0 00

00 —i 000 0 0
ts=1 00 0 |:ts=001|:tz=|00 —i |; (5.3)

i 0 0 010 0 i 0

1 0 0 oo
ts=| 0 -1 0 |;ts=—[0 1 0

3
0 ‘[00—

we note that any diagonal 3x3 density matrix in the form of (5.1) can be represented

just by the use of the identity matrix and the last two t3 and tg, so that:

Po — qo Po+ qo — 2(1 — po — qo)
=13+ ts + tg =
Po 33 9 3 2\/§ 8
) 1 0 0 1 0 0 o0+ 3 5 1 0 O
— o1 o0 |+ =R g g |gTDTL G
3 2 6
0 01 0O 0 0 00 =2

(5.4)

and then, because the coefficient of the identity is always the same for all the ma-
trices, we can think of reducing the set of all the possible diagonal density matrices

to a 2-dimensional subspace of 1%, spanned by all the vectors of the form:

Sy (o Potdo—2(1 = po— o)
S(po) = (Po — qo; 7 ) (5.5)

If we draw a graphic of this subspace, respecting the conditions pg,qo € [0, 1] and
Po+ qo < 1, we get the triangle shown in fig. 5.1.
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P

Figure 5.1: the space of diagonal density matrices

The origin of this space is the maximum entangled state, (ME in fig. 5.1) :

1

o O =
S = O
_ O O

the other three points pictured in fig. 5.1, P, , P, and P; are the three extremal

pure density matrices:

. 1 00
Sp = 5(pp) = ( 7%) — pp,=| 000
0 00
. 000
SP1 = S(pPQ) = (_17 ﬁ) — Pp, = 010 (57)
000
) 000
Sp, = S(pp,) = (0, —%) - pPp,=1 000
0 0 1

It is now important to dwell on what we have really done, from a conceptual point
of view, introducing this representation. As we know from the previous geometrical
treatment of chapter 4, each diagonal matrix corresponds to a unitary orbit, and
the orbits differ depending on the spectrum, i.e. on its eigenvalues and their multi-
plicities. Therefore, parameterizing only the diagonal matrices, what we are doing
is preparing a setting that could ignore the ambiguity caused by the equivalence
of unitary orbits. Such a setting is the perfect surrounding for studying the open
evolutions, that can be thought exactly like the transformations that the system
performs passing from an unitary orbit to another. Of course, the illustrated one is
not the only way to parametrize the diagonal density matrices, and other solutions
are possible. Nevertheless, this particular choice is suited to our purposes, as we

will see soon.
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Anyway, the careful reader could object to these considerations the incontrovertible
observation that the three pure density matrices associated to the points showed
above belong to the same unitary orbit. That is true; in fact, even with these pre-
cautions, the unitary ambiguity is not completely removed, but just reduced to a set
of three points. To explain better this statement, it is sufficient to underline that,
considering all possible different diagonal density matrices, we are always including
the three admissible permutations of the three distinct matrices with the same spec-
trum. Nevertheless, we know that these three matrices belong to a unique unitary
orbit, even if they produce three separate points on the set of fig. 5.1.

Observing these particular three points, we can note that the unitary matrices in-

volved in the the transformations are:

010 0 01 1 00
U2 = 1 00 |; Uis= 01 0 |; U= 0 01 (5.8)
0 01 1 00 010
such that:
Pp, = Ulz)oplUwT y Ppy = U13Pp1 U13Jr = Uzspszst 3 (5-9)

Thus, considering the form of these matrices and the structure of the graphic, we
can conclude that, if we really want to remove the unitary ambiguity, we have to
consider only one of the three possible sections A; , A and As of our triangle, as

we can see from fig. 5.2.

Figure 5.2: the three areas unitarly equivalent

Anyway, working with the whole triangle is just easier, and we can do it without
problems, just remembering these crucial considerations.
Finally, after these preparatory contextualizations, we are able to study the open
evolution. Because we are limiting ourselves to diagonal matrices, for the Kraus
operators we choose matrices that maintain the diagonal structure during the evo-

lution. Starting from this assumption, we pick up all the rotation matrices plus the
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identity:

0 0 1 010 0 0 1
Rlz 1 0 0 ;RQZ 0 0 1 ;R3: 010 y
010 1 00 1 00
(5.10)
010 1 00
R, = 1 00 [|;R=]001
0 0 1 010

and we equip them with a suitable temporal dependence, as a unique multiplicative
function for all the operators, trying to retrace the same steps as for the U(2) case.
Nevertheless, because we do not really want to lose generality, we introduce a vector
a = (ag, a1, as,as, ays, as) € NO that represents a degree of freedom for the coefficients
that could multiply these rotation matrices involved in the definition of Kraus op-
erators. Thus, each component a; of this vector , with « = 0,2,..,5, is associated
to the corresponding matrix R;. The ay term is the one in front of the identity
matrix. Introducing this vector of coefficients @ gives us the possibility of analyzing
and discern in the whole set of plausible combinations of coefficients the correct
ones that respect all the UDMs conditions. Defining the normalization parameter
n = Z?:o a; we can clarify what we have explained in words showing the selected

Kraus operators:

0 01
ay a1
Ki(t) = 1—e )Ry = 1—et :
() =[S0 enm = g e [ oo |
010
010
a2 a2
K = 1 — et — 1 — et .
(0= [ 2 0 eom = [ a0 01|
1 0 0
0 0 1
as as
— 1—e )Ry = 1— et : 11
K;(t) \/n+1< e t)Rs \/n+1( eyl 01 0 |; (5.11)
1 0 0
01 0
_ a4 _ ot _ a4 ot .
K,(t) \/n+1(1 e )Ry \/n+1(1 eyl 1.0 0 |;
0 01
1 00
as Qs
K:(t) = 1 —et — 1 — et
o) =\~ = g0 e | 0 0 s

Moreover, the Kraus operator connected to the identity matrix is the following one:

14+ ag+ (ag —n)e?
Ko(t) :\/ 0 n(+01 ) T3xs (5.12)
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but it could be expressed in a more intuitive way separating the part assimilable to

the other Kraus operators from the part connected with the normalization:

Qo
n+1

Kol (t) + Ko2(t) = \/ (1= e ) lgus+ \/HLHQ Fne g (5.13)

Because all the operations that involve Kraus operators are quadratic, the two dif-
ferent expressions are really equivalent, and we preferably use the last one.
With this specific choice of the operators, it is straightforward to verify that, for all

the possible values of the real vector @ € R°, we always have:
5
Y KIWKi(t) =15 Vi (5.14)
i=0

The last equality means that starting the evolution with these Kraus operators from

a generic diagonal density matrix pg of the form (5.1), we have:

Tr(p(t) =1 Vt,a (5.15)

The above equality is the deepest reason that led us to this particular definition,

and all the normalization conditions have been imposed to this purpose.

Starting from po at time ¢ = 0 , we are now able to calculate the open evolu-
tion at a generic time ¢, and this operation will depend on the components of @
considered from time to time:

&0 (p0) = (1) = 3 K (D)poK (1) (5.16)

1=0

Q

Anyhow, as we know, (5.14) is not the only condition that the open evolution has

to satisfy, and, the composition requirement, in the form of the known equation:
S odio) =deo Vs>t>0 (5.17)

appears to be really constraining, so that it considerably reduces the possible range
of the coefficients in @. These calculations are really tiresome and voluminous and

can be solved numerically imposing the equivalence:

&0 — o) =0 V5 >0, Vpo,q0 € [0,1] ,po+qo < 1 (5.18)
for each one of the three diagonal term of the resulting matrix.
We have performed these calculations with the help of the software Mathematica.

These procedure yields seven different non-trivial combinations of coefficients and

some of them are really complex. When we mention the term combination we mean
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a relation between the components of @ that could satisfy (5.18). Anyway, it is
possible to show that, for the majority of these combinations, it does not exist a
numeric range for the coefficients in which the positivity of the eigenvalues is pre-
served for any time and any starting point inside the triangle. Therefore, they are
solutions that we have to reject. As an example of these considerations, we report

the combination:

1 1
a= (5(4@ +az + 3az — 2), ay, az, as, a; — as + as, 5(_2611 — a2 — CLS)) (5.19)

As we can see, in this particular solution of (5.18), the only coefficients that are
free are a; , as and az and the others are linear combinations of these three.

Nevertheless, evaluating the limit for ¢ — oo of the resulting open evolution "'((it,ﬂ) (po),

we get:
3 0 0
. a 2a1—az+a3)(3po—1
tllglo &(0)(po)=1] 0 G 6?:1422)% L+ g 0
—3poaz+taz+6ai(po—1)+as(3po—>5)
0 0 . 0a2+a2 6(;14_0%) 3(3Po _
(5.20)
and the system:
(2a1—az+a3)(3po—1)
—Garia) T @ =0
— Smartartbun-ltalnd) g >0 Ypo,go € 0,1 po+ap <1 (5.21)
a, + as 7é 0

has no real solutions in ag, a; and as .

The trajectory of this evolution is depicted in fig. 5.3.

Figure 5.3: The starting point P corresponds to the density matriz with eigenvalues: py = 0.1 ,
qo = 0.15 ; the arrival point P’ |, that is the result of the open evolution, has instead pg = 0.333 ,
go = —0.0542

Therefore, as we can see, the breaking of the positivity condition reflects into the

overtaking of the borders of our triangle representing density matrices.
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Thus, the evaluation of systems of inequalities like (5.21) for all the seven combi-
nations leads us to just four combinations that satisfy also the positivity condition

for all the possible starting points in a certain range of the components of a:

(2a1 + a3 — 1,a1,a1,a3, —ay, —ay) with a; # —ag
(

2ay +ay — 1,a1,a1, —ay, a4, —ay) with ay # —ay

(5.22)

61
62
@ = (2a; +as — 1,a1,a1, —a1, —a1,as) with a; # —as
64

= (a1 — 1,a1,a1,0a3,a3,a3) Vay,a3 € R
Moreover, we can ascertain that, for all these four combinations, what really matters
is the relation between the components, that satisfies all the above constraints, and

not the specific value of the coefficients, that does not infer the dynamic. To clarify

this fact we can consider the example of the evolution related to the combination a*

te (2po — € (g —1)+q—1) 0 0
6:1
p"(t) = 0 o 0
0 0 —3e"po+e(p—1)+qp—1)

(5.23)
this evolution is calculated keeping a generic expression of a; and a3 but, as we can
clearly see, the components of @ are not involved in the expression.

Therefore, it seems logical and useful to simplify the combinations above in (5.22),
choosing specific values for the coefficients and preserving effectively the same dy-
namic. Then, at the end of this procedure, we come to the final four correct open

evolutions, in the following form:

a' =(0,0,0,1,0,0) ; a* = (0,0,0,0,1,0) ; @ = (0,0,0,0,0,1)
(5.24)
a

=(0,1,1,0,0,0)

So, now that we have found the right evolutions, we can analyze the details of
the dynamics. We can immediately see that the first three evolutions are related
to the three rotation matrices R3, R4 and Rs5 respectively, matrices that keep one
eigenvalue fixed and mix the other two. Indeed, the corresponding open evolutions
maintain unchanged in time one eigenvalue, and they describe straight orbits that are
always parallel to the sides of the triangle. We can now study this three evolutions

separately one by one :

e @ =(0,0,0,1,0,0) :

This particular combination is related to just one Kraus operator :

Ks(t) = %(1 e )Ry (5.25)
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so that the orbit is described by the equation:

p7 (1) = Ko*(t) poKo® (1) + Ks(t) po K (1) =

te7 ' (2pp — (g —1)+q—1) 0 0
- 0 qo 0
0 0 —4e ' (2po+e(go—1)+q —1)

(5.26)

Expanding the Kraus operator to the first order around ¢ = 0 we get the

that leads us to the expression of the derivative of the evolution:

Lindblad operator :

. 1
Lip)=p = L3POL3T - §{L3TL37 Po} =

) —2po—q+1 0 0 (5.28)
=3 0 0 0
0 0 2py+qo—1

We can show these results with the graphic of fig. 5.4.

A /4
. | 7 5s / ;

a

Figure 5.4: Open evolution using @* . The starting point P corresponds to the density matriz with

etgenvalues: po = 0.8 , go = 0.15

The study of the possible ending points of trajectories is showed later.

e @ =(0,0,0,0,1,0):

This particular combination is related to just one Kraus operator :

Ka(t) = /31— e, (5.29)
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so that the orbit is described by the equation:

p” (1) = Ko*(t)poKo?' (t) + Ka(t)poK4' (t) =

s (po — qo + €' (po + o)) 0
= 0 57" (—po + qo + €' (po + @) 0
0 0 —po—qo+1

(5.30)
Expanding the Kraus operator to the first order around ¢ = 0 we get the

1
L= \@34 (5.31)

that leads us to the expression of the derivative of the evolution:

Lindblad operator :

.d» 1
Li(p) = p" = LapoLs' — §{L4TL4» po} =

o—p 0 0 (5.32)
=5 0 pPo—q O
0 0 0

We can show these results with the graphic in fig. 5.5.

Figure 5.5: Open evolution using @ . The starting point P corresponds to the density matriz with

eigenvalues: pg = 0.8 , go = 0.15

e @ =1(0,0,0,0,0,1):

This particular combination is related to just one Kraus operator :

Ks(t) = ,/%(1 e )Ry (5.33)

so that the orbit is described by the equation:

p™ (t) = Ko (1)poKo® (1) + Ks(t)po Ks' (1) =

Po 0 0
=| 0 Ze'(—e'(po—1)+po+2¢—1) 0
0 —3e " (e'(po — 1) + po + 2g0 — 1)

(5.34)
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Expanding the Kraus operator to the first order around ¢ = 0 we get the

1
Ls— \/;R5 (5.35)

that leads us to the expression of the derivative of the evolution:

Lindblad operator :

. 1
Lip)=p "= L5p0L5T - §{L5TL57 Po} =

0 0 0 (5.36)
== 0 —po—2q +1 0
0 0 po+ 20 — 1

We can show these results with the graphic in fig. 5.6.

Al P\

Figure 5.6: Open evolution using @ . The starting point P corresponds to the density matriz with

eigenvalues: pg = 0.8 , go = 0.15

Evaluating the limit for ¢ — oo for the orbit of each one of these three combinations

we can easily draw the graphic of the three asymptotes in fig. 5.7.

Figure 5.7: with the number j we have denoted the asymptote corresponding to the combination

@
We call them asymptotes because, starting from a generic point inside the triangle,
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the trajectory continues straight parallel to one of the sides converging to the reach-
able point belonging to one of the blue lines drawn in fig. 5.7 ( which one depends on
the combination chosen for the evolution, that, as we have already seen, determines
also the side of the triangle to follow) where the derivative of this specific evolution
goes to zero, and then the dynamic stops. The asymptotes, that are the bisectors of
the triangle, are composed by all the diagonal density matrices with two degenerate

eigenvalues. The sets of density matrices that compose these special lines are:

1—#!0 0 0 po;—qo 0
at — 0 Qo 0 ; az - 0 PO‘;‘QO
0 Lo 0 0 —po—q+1
p 0 0 (5.37)
a—| 0 =20
0 1=po

vaaqo S [071} 7p0+q0 S 1

Starting the open evolution from one of these points only two of the three directions
showed are accessible.

We can also claim that the treatment is completely specular in each of the three
unitarly equivalent sections of the triangle, in fact we can see that, after a change
of basis ruled by the unitary matrices in (5.8) , the transformed Kraus operators

become:

U12K'3(75)U12T = K;5(t) ; U12K4(t)U12T = Ky(t) ; U12K'5(t)U12T = Kj(t)
UisKs(t)Uys" = Ks(t) ; UpsK4(H)Us" = Ks(t) ; Uis Ks(H)Us" = Ky(t)
Uss K3(t)Uas" = Ky(t) ; Uas K4 (t)Uas' = K3(t) ; Uas Ks(t)Uas' = K(t)

5.

(5.38)

Then, the ambiguity of the unitary orbits is reduced to an exchange of role amongst
these three operators, so that, for example, starting from the vertix P, the a® evo-

lution is the unitary equivalent of starting from P, the @ evolution.

The last combination remained, @* , determines instead a completely different type
of evolution.

This particular combination is related to the two Kraus operators :

Ky (t) = %(1—6331 and Ko(t) %(1—6332 (5.39)
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so that the orbit is described by the equation:

p7 (1) = Ko*(t) poKo® (1) + K1 (1) po 1 (1) + Ko (t) po K (1) =

%e*t (3pg + €' — 1) 0 0
= 0 st (3go+ e —1) 0
0 %eit (—3]70 + 6t — 3(10 + 2)

(5.40)

Expanding the Kraus operators to the first order around ¢t = 0 we get the Lindblad

1 1
I SRy ; Ly=1/= Al
1 \/;Rl y 2 \/;RQ (5 )

that lead us to the expression of the derivative of the open evolution:

operators :

g 1 1
Lip)=p ' = LipoL,! — §{L1TL1, po} + LapoLs' — §{L2TL2, Po} =

Lo 0 0 (5.42)
3
- 0 % — 9o 0
0 0  po+qo—3

As we can see, this is the only combination that changes all three the eigenvalues
during the evolution.

We can show these results with the graphic in fig. 5.8.

il -
- e

i I /
I \ e e e
0.5

V4

Figure 5.8: Open evolution using @* . The starting point P corresponds to the density matriz with

eigenvalues: pg = 0.8 , go = 0.15

This type of evolution always converges toward the Maximum Entangled State, that
is the asymptotic limit for every possible starting point.

The invariant nature of this evolution is evident also under unitary transformation,
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in fact we have:

U12K1(15)U12T = U13Kv1(15)U13T = (/.2:’,1{1(15)(]23T = Ks(t)
(5.43)
U12K2(15)U12T = U13I{2(15)U13T = (/.2:’,1{2(15)[]23T = K, (t)

We always have the possibility to mix ad lib all the four open evolutions showed
up to here. By way of example, in fig. 5.9 we show the resulting orbit obtained
by composing all the three progressions parallel to the sides, from one asymptote to

another one, with this very last evolution directed to the center.

X 3/ ——P

Figure 5.9: Open mized evolution using the coefficients @ in each stretch denoted by the number

i . The starting point P corresponds to the density matriz with eigenvalues: pg = 0.8 , go = 0.15

This procedure allows us to discover one relevant property that, similarly to the
U(2) case, is an interesting behavior of any possible open motion. Indeed, the mod-
ulus of the vector associated to each density matrix in the representation chosen
always decreases , regardless of the orbit constructed mixing the four correct evolu-

tions.

Regarding the definition of the components of the vector (5.5), we note that the

modulus, that has his maximum on the three vertices :

4

Sk = |Sp,| = Sk | = 3 (5.44)
and his minimum on the Maximum Entangled State:
1Sue| =0 (5.45)
can be expressed in a useful way:
15(p)| = 2 % b, = 2\/maz,b, —b, (5.46)
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where b, is the quadratic coefficient of the characteristic polynomial p,(z) of the

diagonal density matrix p, defined as:

po(z) = —2° + byz® — a,z + ¢, (5.47)
with :
cp = det(p)
a, = tr(p) (5.48)
bp = p(lfl)p(2’2) _|_ p(l’l)p(373) + p(272)p(373)

In a unitary evolution, because the spectrum remains the same, the three co-
efficients of this polynomial do not change; instead, in an open evolution, even if
the value of the trace is constricted to 1, the other two coefficients vary in time,
and, writing their expressions for all these four evolutions, it is possible to ascertain
that they are increasing during the motion; always increasing also considering mixed

evolutions from one asymptote to the other like the example showed in fig. 5.9.
Thus, from the expression in equation (5.46), we immediately deduce the correct

decreasing behavior of the modulus of the vectors corresponding to density matrices,

that constitutes a similarity with the U(2) case.
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Conclusions

To briefly summarize what we have done in each chapter of this work we present a

schematic list :

1. Following the line of [10] we have discussed the context of open quantum sys-
tems from an algebraic point of view, introducing the concepts of density ma-
trices, entanglement and quantum eraser. With Schmidt decomposition and
GHJW theorem we have studied how to express open states and how to relate

the different parts that compose an open system.

2. We reflected upon the measuring process in an open context, understanding
the necessity of a new treatment that led us to the definition of a POVM.

3. We have studied the open evolution of subsystems , coherently with the ap-
proach used by [11], discussing the requirements and the implications of work-
ing with UDMs. The Markovian approximation has been illustrated with its
physical meaning, and by means of this approximation it has been possible to
present the Lindblad equation. We have also noticed an interesting connection
between UDMs and POV Ms.

4. We have recollected some geometrical results from [8] concerning the Kdhler
structure of the space of pure states, mixed states, and the realification of
Hilbert space. We have also showed an important way to describe the unitary
orbits and their geometrical properties, allowing to geometrically understand
the meaning of open evolutions. In the second part of this chapter we have
applied the theory for the concrete example of 2x2 density matrices, connected
with the Q-bits world.

5. Checking the analytical calculations with the help of the software Mathematica
we have found a new explicit formula to parametrize the Kraus operators for
the 3x3 density matrices. It has been showed that this particular formula
satisfies all the UDMs conditions, so that it has led us to correct solutions

of the Lindblad equation in that specific case. These solutions have been
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studied in detail and the corresponding open trajectories have been illustrated

in graphics with the help of the same software.

Open questions and the U(n) case

Just before concluding this work, we want to underline some implications on gener-
alizing the treatment used for the U(3) case for the U(n) problem.

Because of the generality of this procedure, and the self-normalizing nature of the
Kraus operators showed, the idea of using the rotation matrices equipped with op-
portune coefficients that could satisfy all the UDMs properties can always be applied
in a generic dimension. The structure of the time-depending part of the Kraus opera-
tors could remain completely unchanged and it continues to appear valid, satisfying
automatically the trace one requirement at any time. The only obstacle to me-
chanically follow the same procedure is the complexity of the numeric calculation,
that could require softwares more and more performing. Indeed, in a n-dimensional
context we have n! permutation of the eigenvalues of density matrices, so that our
vector of coefficients for Kraus operators becomes @ € R and, just to selecting all
the admissible combinations of the components that could satisfy the n-dimension

analogous of equation (5.18), we need a huge computing power.

Anyhow, resolving the U(3) case ensures us the existence of some known correct
motions also in higher dimensions. In fact, the four evolutions founded could be
reproduced almost identical when some eigenvalues of the n-dimensional density
matrix are kept fixed. Indeed, as we have seen previously, the first three evolutions
connected with @', @ and @ resolve completely the eventuality of an evolution
characterized by only two eigenvalues free to change. Therefore, in a n-dimension

context, we can always think of using a Kraus operator like the following one:

1 Lin—3)x(n— 0 L
Ki(t) =/ 5(1—¢) << 3)0“ 2 R}) with i =1,2,3 (5.49)

that, combined with the usual identity Kraus operator:

Ky (t) = w/%(l + e ) pxn (5.50)

gives us a correct open evolution.

Because all three R3 , Ry and Rs5 has a 1 on the main diagonal, the number of these
types of evolutions is : ﬁ

At the same way, we can extend to n dimensions the last remaining U(3) evolution,

that moves three eigenvalues keeping the others fixed and that is related to the
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coefficient vector @*. The latter can be done using the two Kraus operators:

1 1i—3)x(n- 0
1

(5.51)
1 Lin-3)x(n-3) 0
Ky(t)=1/z(1—et
(1) = /51— ) ( o
that, combined with the usual identity Kraus operator:
2 1 _
Ky (t) = 5(1 + 2 ) 1xn (5.52)
gives us a correct open evolution.
The number of this type of evolutions is : (n—n—S')'Z’»'
Therefore, by solving the U(3) case we have guaranteed
n! n! 1
== H(n—-1 5.53
DR I A (5.53)

valid solutions of Lindblad equation in any dimension.
Thus, our hope is that the basis lied by this work could help for the building of

an advantageous iterative method for a complete theorization of the generic U(n)

case that could curtail the burdensome amount of calculations.
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Appendix A

Quantum Markov process:

mathematical structure

We premise that, the attitude taken in treating these mathematical arguments is
not so rigorous here, but it pursues the objective of giving some brief but useful
clarifications just about the tools that have been used on this work. For a more
depth approach to Quantum Markov process, the interested reader could consult
[3]. Before treating the quantum topic, we remind briefly the concept of classical
Markovian process. We define a stochastic process as a variable X that takes random
values depending from a parameter ¢ (for our purpose, t can be considered as the

usual time):

Definition A.1 (Stochastic process).
{X(t);tel CR} (A.1)

If we suppose that the [ set is limited, and its elements can be labeled with integer
numbers, then we affirm that the stochastic process X is a Markovian process if the
value assumed by X at any arbitrary time ¢, depends only on the value that X
took at time ¢, , forgetting all the other values taken before that. Mathematically

speaking, in terms of conditional probabilities, we have:

Definition A.2 (Markovian process).
p(xnatn|xn—17tn—l;--';x(bt()) :p(wnatn|$n—1atn—1) th el (A2)

Now we can imagine that the range I is continuous, so that z,_q,t,_1 = 2/, t’
can be considered as infinitesimally close to x,,t, = x,t. At this point, just from

the definition of conditional probability, we obtain:
pla, t/2' 1) = p(x, t|a', i p(a', ) (A.3)

where we used the symbol / to represent the joint probability that the random

variable takes both the values = at time t and 2’ at time t’. Therefore, to calculate
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the probability of p(z,t) we can just integrate the last expression with respect to 2’

plx,t) = /dx’p(:c,ﬂx’,t’)p(m’,t’) = /dw’K(x,t]x@t’)p(x',t’) (A.4)

where we have defined p(x,t|2’,t') = K(z, t|2,t').

Then we can give the definition of an homogeneous Markovian process:

Definition A.3 (Homogeneous Markovian process). A Markovian process is said
to be homogeneous iff K (x,t|z’,t’) is only a function of the difference between the

two time parameters involved, so that:
K(z,t|2',t") = Ky_y(x|2") (A.5)

Moreover, we can repeat the same process but involving three different times
: t3 > ty > t; and three corresponding different values of the random variable.

Applying the usual definition of conditional probability yields :

p(x3, t3\/Ta, tan/T1, t1) = p(T3, t3|@a, tan/21, t1)p(22, tar/21, 1)

(A.6)
= p(x3, ts|za, tan/x1, t1)p(@a, ta]x1, t1)p(21, t1)
But the Markov condition (A.2) implies that:
p(3, ts|re, tar/T1,11) = p(w3, t3]22, 12) (A7)

so that we have:

p(xs, t3\/Ta, tan/21, t1) = p(xs, ts|xe, ta)p(ae, ta]xr, t1)p(21, t1)
(T3, tan/Ta, ta|xy, t1)p(x1, t1) = pas, ts|za, t2)p(xa, ta]x1, t1)p(21, 1) (A.8)
(T3, tan/Ta, ta|x, t1) = p(23, t3]22, to)p(22, ta| 21, 1)

Now we can integrate the last equation with respect to zo, obtaining:

p(xs, ts|z1,t1) :/d@ p(x3, t3|T2, t2)p(22, Lo|21,11)

(A.9)
= /dﬂfg K (x3,t3|w0, to) K (9, to|x1, 1)
and this equation is called the Chapman-Kolmogorov equation:
Definition A.4 (Chapman-Kolmogorov equation).
K(x3,ts|x1,t1) = /d@ K (x3,t3|wg, to) K (2o, ta|x1,t1) (A.10)

We can see that, all that this equation claims is that, under Markovian hypoth-
esis, the evolution in time of the K (x,t|z’,t’) is governed by a composition rule. So
it becomes clear that this classical treatment can be easily extended to a quantum
setting. In fact, looking at the equation (A.4) , it can be easy to imagine the

K(x,t|2',t') as the propagators of time evolutions from time ¢’ to time ¢. Indeed,
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since they are conditional probabilities , one can say that K(z,t|2’,t') connects the
probability p(a’,t') to p(x,t). Moreover, because they are probabilities , they are
always positive and normalized. So it is really intuitive to identify, in a quantum
context, these K(x,t|2’,t') with the UDMs ). Therefore, in such a parallelism
, the role played here by the probabilities p(z,t) is played by the density operators

p(1).

Once we get into this quantum extension of the concepts above, we can try to
observe the behavior of the time evolution of density operators under Markovian

assumptions. To do that, for positive €, we express the difference :

p(t+e) = p(t) = [direo) — 0)]p(0) = [ty — Lldor0)p(0) = [diter) — 1] p(t)
(A.11)
Then, assuming that the time evolution is sufficiently smooth, we can perform the

limit for ¢ — 0 of the above equation, trying to reach a linear differential equation
for p(t):

do(t) o plt+—plt) | ey~ 1
dt e—0 € e—0 €

p(t) = Lip(t) (A.12)

This equation is often called master equation and the operator L; is the generator

of the evolution, or Lindbladian, defined by:
Definition A.5 (Lindbladian).

-1
ct:hmw

e—0 €

(A.13)

Under Markovian assumption , the form of the master equation is unique and it

is defined by the following, important, theorem, that concludes this appendix:

Theorem A.0.1.
A differential equation is a Markovian master equation if and only if it can be written

in the form:

O B0, p(0)]+ 3 0 L)l L (6)— L () Lalt). p(0)}] (A1)

where H(t) and Lg(t) are time-dependent operators and H (t) is self-adjoint. The
v (t) are complex coefficients that satisfy: v(t) >0 Vi, k.

Proof. We start considering a generic UDM, &, +,) , with t5 > ¢;. We know that it

can expressed in a Kraus decomposition:
*(b,h)(p) = ZKa(t%tl)pKaT(totl) (A15)

Now we choose a basis {Fj;j = 1,2,---, N?} for the space of the operators acting

on density matrices, that have dimension N? | where N is the dimension of the
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density matrices. We want this basis to be orthonormal, and then we choose an
inner product between these operators, that we call the Hilbert-Schmidt (HS) inner

product:

(Fi, Fj)HS = tT(F,FJ) 62‘j (A16)

We make another particular choice : Fpn2 = \/—lﬁlNz; so that, because of the or-
thonormality of the basis, we get tr(F;) = 0 Vj # N?. With these premises,
expanding equation (A.15) in such a basis yields:

&) (0) = ) cinlta, 1) FpFy| (A.17)
.k
where the coefficients :
Cjk(tb t2) = Z ((Fj, Ka(t27 tl))HS) ((Fk, Ka(tg, tl))HS)* (A18)

«

form a matrix N? x N? that we call c(ts, t1).

c(tz,t1) is a semi-positive matrix; in fact, for every N2-vector v, we have:

2

(U, C(tg, tl)U) = Z fu*jcjk(tl, tQ)Uk = Z ‘ Z Uk(Fk, Ka<t2, tl))HS (A19)
Jsk o k

Since we said that t5 > t; we can pick to = t + € and t; = t, with € real positive

number. Let us now calculate the expression of the Lindbladian in the usual way,

but expressing the UDM &) in the Kraus decomposition with the basis showed

above:

Y Cjk(t—f—E,t)FijkT—]_
E*‘EQE: - (A.20)
j.k
and now we can make use of the useful definition of the basis chosen, separating and

making explicit the different components of this sum:

1 CN2N2<t+€,t) —N
N €

L.(p) = lim { ot

N2-1
1 cpn2 (T + et
(e lp . pF.")+ (A.21)

and this allows us to define some new time-dependents coefficients a;y(¢):

t t)— N
aN2N2(t) Ell_l)% CNQNQ( ‘|‘€€, )

t t
apve (1) = lim M

2 (T t
aji(t) Elim—cﬂk( tet)

e—0 €

for k=1,2,--- N*—1 (A.22)
for jk=1,2,--- ,N*—1
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and then some useful operators:

M(t) = LN Z_ apn2(t) Fp

k=1
G(t) = %QN;}I\;@HW + E[MT(t) + M(t)] (A.23)
H(1) = - [M'(t) ~ M(1)]

where the last one operator H (t) is clearly self-adjoint.
At this point, we can notice that, by means of these definitions, it is possible to

rearrange equation (A.21) in the form:

N2-1
Li(p) = —i[H(®), p +{G (1), p} + 3 asu(t) FypFi! (A.24)

k=1
We can get an important improvement in this equation above by imposing some
properties of UDMs on the evolution. In fact, if we want that this Lindbladian
governs a UDM type of evolution, we have to ask tr(L;) = 0, so that the trace of
density matrices does not change during the time evolution. Therefore we can write:

N2-1

tr([,t(p)) = t’f‘|:(2G(t) + Z ajk(t)FkTFj)p} =0 (A25)

7,k=1

and from this expression immediately follows:

N2-1
1
G(t) = 3 > ap(t)FF; (A.26)
jk=1
so that (A.24) becomes:
NZ-1 1
£up) = ~iH(0.+ 3 anlt)| FipFil - LR Fp) (a.27)
jk=1

At the end we notice that the semi-positive nature of the coefficients cjx(t + €, 1)
ensures the same nature for the (N? — 1) x (N? — 1) square matrix a;(t) in such a
way that it can be diagonalized , for any time ¢, by the action of one time-dependent

unitary matrix u(t); this is:

N2-1

Sty (D (O () = Y (D) VE (A.28)

jk=1

where each eigenvalue is positive or null: 7,,(t) >0 V¢, m.

Extending the same unitary transformation to the operators too:

N2-1

Li(t) = Z u*1; (t) F; (A.29)
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finally leads to the desired result:

Lo = 0 i), pl0)] + 3 ) EapO T ()~ HE W L(0). p(0)]
* (A.30)
O

Since this differential equation is linear, there exists a continuous family of prop-

agators de; ) satisfying:

*(tg,to) - *(tQ,tl)*(tl,to) vt2 2 tl Z tO
and (A.31)

*(t,t) =12 Vi

Even if we have currently used in the demonstration above the fact that these
operators are UDMs, formally prove that they really are UDMs needs not only
the trace preserving requirement (at first imposed in the demonstration and then
correctly satisfied) but also the complete positivity one. Prove this last requirement

rigorously is a bit tricky, and we refer the interested reader to [11].
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