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Introduction

The financial crisis begun in the second half of 2007 has triggered, among many consequences, a
deep evolution phase of the classical framework adopted for trading derivatives. In particular, credit and
liquidity issues were found to have macroscopical impacts on the prices of financial instruments, both
plain vanillas and exotics.

Today, terminated or not the crisis, the market has learnt the lesson and persistently shows such
effects. These are clearly visible in the market quotes of plain vanilla interest rate derivatives, such as
Deposits, Forward Rate Agreements (FRA), Swaps (IRS) and options (Caps, Floors and Swaptions).
Since August 2007 the primary interest rates of the interbank market, e.g. Libor , Euribor, Eonia, and
Federal Funds rate, display large basis spreads that have raised up to 200 basis points. Recently, the
market has also included the effect of collateral agreements widely diffused among derivatives counter-

parties in the interbank market.

In this context, our aim is to describe how to coherently price derivatives with flows and/or collat-
eral posting in different currencies in presence of market dislocations and relying on funding strategies
based on FX swaps. We extend the usual arbitrage-free pricing framework to accommodate collateral ac-
counts by means of a more general definition of dividend and gain processes and we give clear definitions
of the relevant pricing measures. We finally apply these results to derive pricing formulae for derivative

contracts under different collateralization agreements.

The structure of this thesis is the following.

In Chapter 1 we start by reviewing the market practice for interest rate yield curves construction and
pricing interest rate derivatives, both in the traditional (old style) single-curve version, and in the modern
multiple-curve version triggered by the credit crunch crisis. Then we quickly describe two one-factor short
rate models, such as the Vasicek and the Hull-White models, with an example of calibration to market
data for the Vasicek model.

In Chapter 2 we derive the classical Black-Scholes-Merton pricing formulas using replication argu-
ments, PDE and Feynman-Kac. Afterwards we generalize this formula by considering more general cases
such as perfect collateral for derivative and for both derivative and hedge, derivatives on a dividend
paying asset subject to repo funding, multiple currencies, etc.

In Chapter 3, that constitutes the central contribution of this work, we start from some formulas
obtained in chapter 2 and we derive generic pricing formulae for different combinations of cash flow and
collateral currencies. Then we apply the results to the pricing of FX swaps and CCS, and we discuss curve
bootstrapping. Finally we investigate some approximations usually done in the practice when evaluating
CCS.






Introduzione

La crisi finanziaria iniziata nella seconda meta del 2007 ha innescato, tra le molte conseguenze, una
fase di profonda evoluzione del quadro classico adottato per il trading di derivati. In particolare, si é
riscontrato che i problemi di credito e liquidita hanno effetti macroscopici sui prezzi degli strumenti fi-

nanziari, sia plain vanilla sia esotici.

Oggi, terminata o no la crisi, il mercato ha imparato la lezione e mostra in modo persistente tali effetti.
Questi effetti sono chiaramente visibili nelle quotazioni di mercato dei derivati plain vanilla su tassi di
interesse, come ad esempio Depositi, Forward Rate Agreement (FRA), swap (IRS) e opzioni (cap, floor
e swaption). Dal mese di agosto 2007, i tassi di interesse primari del mercato interbancario, per esempio
Libor, Euribor, Eonia, e il tasso dei fondi federali, mostrano un ampio basis spread arrivato fino a 200
punti base. Recentemente, il mercato ha anche incluso 'effetto dei collateral agreements ampiamente

utilizzati nel mercato interbancario.

In questo contesto, il nostro scopo ¢ quello di descrivere come prezzare coerentemente derivati con
flussi di moneta e/o collaterale postato in diverse valute, in presenza di dislocazioni di mercato e con-
tando su strategie di finanziamento basate su FX swap. Estendiamo il framework usuale di arbitrage-free
pricing per accogliere collateral accounts attraverso una piu generale definizione dei processi di dividendi
e di guadagno e diamo chiare definizioni delle misure di pricing piu rilevanti. Applichiamo infine questi

risultati per ricavare formule di pricing per contratti di derivati sotto diversi accordi di collateralizzazione.

La struttura di questa tesi e la seguente.

Nel capitolo 1 rivediamo la prassi di mercato per la costruzione delle curve dei rendimenti dei tassi di
interesse e la determinazione dei prezzi dei derivati su tassi di interesse, sia nella versione tradizionale
“single-curve” sia nella versione moderna “multiple curve” innescata dalla crisi del credito. In seguito
descriviamo rapidamente due modelli per i tassi short, come il modello di Vasicek e quello di Hull-White,
con un esempio di calibrazione ai dati di mercato per il modello di Vasicek.

Nel capitolo 2 deriviamo la formule classica di pricing di Black-Scholes-Merton utilizzando argomenti di
replicazione, PDE e Feynman-Kac. Successivamente generalizziamo questa formula considerando i casi
piu generali come perfect collateral sia per i derivati sia per la copertura, derivati su asset che pagano
dividendi soggetti a finanziamenti di tipo repo, valute multiple, ecc.

Nel capitolo 3, che costituisce il contributo centrale di questo lavoro, partiamo da alcune formule ottenuto
nel capitolo 2 e deriviamo formule generiche di pricing per combinazioni diverse di cash flow e valute per
il collaterale. Applichiamo poi i risultati al pricing dei FX swap e CCS, e discutiamo di bootstrapping.

Infine analizziamo alcune approssimazioni applicate usualmente nella valutazione dei CCS.






Chapter 1

Interest rate derivatives

1.1 Classical vs modern pricing framework

A practice widely spread after the credit crunch is the one for which derivative contracts are traded
along with insurances to protect from default events. An amount of cash or high quality assets is usually
posted on a prefixed schedule to the counterparty to match the marked-to-market value of the position.
The assets used as insurance are known as collaterals or margins. How to manage the collateral
account during the life of the contract (margining procedure) and what happens on default of one of
the counterparties is regulated by a bilateral agreement documented by ISDA, known as Credit Support
Annex (CSA). In particular, the agreement regulates the possibility of re-hypothecating the collateral

assets, namely to use them for funding purposes.

Trade between two
counterparties under Counterparty A Counterparty B
collateral
Trade value V(i) Positive (receiver) Negative (payer)
Collateral account C(t) Recerves collateral Posts collateral
Collateral interest R(t) Pays interest Receives interest
Trade value V(1) Negative (receiver) Positive (payer)
Collateral account C(t) Posts collateral Recerves collateral
Collateral interest R(t) Receives interest Pays interest

Figure 1.1: Collateral scheme

In banking, collateral has two meanings:

e asset-based lending: the traditional secured lending, with unilateral obligations, secured in the

form of property, surety, guarantee or other;

e capital market collateralization: used to secure trade transactions, with bilateral obligations,

secured by more liquid assets such as cash or securities, also known as margin.

As a consequence, the classical theoretical framework adopted to price derivatives has become obsolete.
Well-known relations described on standard textbooks and holding since decades had to be abandoned
in one day.

The modern theoretical framework, still under active research and development, includes a larger set

of market information and of relevant risk factors, credit and funding risk in particular, and requires
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to review “from scratch” the no-arbitrage models used on the market for derivatives’ pricing and risk

analysis.
In order to understand and to price interest rate linked instruments we must know their characteris-
tics.

e The underlying: the interest rates, such as ECB rates, Libor, Euribor, Eonia, etc.

e The money market where such interest rates are traded and the basic lending/borrowing contracts,

such as Deposits.

e The contract mechanics: the schedule with all the contract relevant dates, the payoff, and any other

condition affecting the price.

e The counterparties: leading to credit/default issues, and to the corresponding credit/debt market
(CDS and Bonds).

e The collateral: leading to liquidity/funding issues and to Central Counterparties.

e The OTC market where the basic plain vanilla derivatives, are traded used for yield curve and

volatility construction, for calibration and for hedging purposes.

e The pricing model, to calculate prices and risk measures (sensitivities, VaR, etc.)

[ Pricing interest rate instruments |

Underlying interest rate
(Libor, Euribor, etc)

Contract I Money market
{schedule, payoff, etc.) | (Deposits, Repos, etc.
: " Pricing framework . OTC market for plain
NE;" ':gg:ﬁgﬁ:’:ml —l (price, risk l+—  vanilla calibration
g i measures) 39 lhedging instruments
OTC/Bond market for
Central Atz
counterparties credit/liquidity
instruments

Counterparties -~

Hence, the results of the financial crisis are several changes in the market, which can be summarized

in these stylized facts:

1. Banks are not credit risk free and are not too big to fail, credit and liquidity risk in market

benchmark interest rates (Ibor), tenor dependency.
2. Explosion of spot/forward market Ibor/OIS and Ibor/Ibor tenor basis.
3. Explosion of single and cross currency basis swap rates.

4. Break of the classic-no-arbitrage relationships between market FRA rates and forward rates implicit

in market Deposits.



1. Interest rate derivatives

. Shift from unsecured to secured money market funding, diffusion of collateralization, CSA chaos,
new ISDA Standard CSA.

. Trades migration to Central Counterparties (CCPs).

Shift towards CSA discounting for collateralized trades, changes in market quotations for OTC

derivatives, multiplication of interest rate yield curves used for pricing interest rate derivatives.

8. Reactions of regulators.
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Figure 1.2: Euribor6M Depo vs Eur OIS 6M (spot) rates. Quotations Jan. 2007—Jan. 2015 (source:
Bloomberg)

We will discuss now some important interest rate financial instruments. In particular, we will focus

on Deposits, Futures and Swaps, in order to construct a discount curve that will help us to calibrate
Vasicek and Hull-White short rate models.

We will adopt a systematic description approach based on the following scheme.

e Instrument description: payoff, pictures, discussion, etc.
e Instrument pricing: derivation of the relevant pricing formulas.

e Market data: possible quotations of the financial instrument available on the market.

e Discussion: classical vs modern pricing, etc.

Interest rate instruments depend, in general, on two distinct interest rates.
1. The underlying rate of the instrument, and related quantities, indexed with “z”, such as L, (T}, T?).

2. The discount rate associated to the instrument, and related quantities, indexed with “d”, such as
P,(T1,T5). Notice that the discount rate depends on the funding sources.
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1.2 Forward rates

Forward rates F(t; T;_1,T;) are interest rates observed at a generic time instant ¢, resetting at future
time T;_; and spanning the future time interval [T;_1;T;] (called rate tenor), with ¢t < T;_1 < T;. Forward
rates can be expressed in terms of Zero Coupon Bonds by recurring to a simple no-arbitrage argument.

If we define the forward Zero Coupon Bond observed at time ¢ as
P(t; Ti-1, Th) := EF[P(Ti-1; 1))
we may write the following no arbitrage relation for deterministic N(7})
N(t) = P(t; Ti)N(T3) = P(t; Ti—1) P(t; Ti—1, T;) N(T;)

The financial meaning of expression above is that, given a deterministic amount of money N (T;) at time
T;, its equivalent amount of money, or value, at time ¢ < T; must be unique, both if we discount directly
in one single step from T; to ¢, using the discount factor P(¢;T;), and if we discount in two steps, first
from T; to T;_1, using the forward discount factor P(¢; T;—1,7T;) and then from T;_; to ¢, using P(¢;T;—1).

e
T

H__
eI
M

At this point we may define the simple compounded forward rate F(t; T;_1, T;) associated to P(¢; T;—1,T5;)

as
P(t;T;) 1

P th— 71—‘1; fr = .

(T, T) P(t;T;—1) 1+ F(t;Ti—1, T;)1(Ti-1, T})

By inverting we obtain the familiar no arbitrage expression

1 1 P(t;T;—1) — P(t;T;)
Fi(t) .= F(t;T;,_1,T;) = —1| =
(t) = F(t: i1, o) 7(T—1,T;) | P(t; T;—1,T;) 7(Ty—1, T;) P(t; T)

We notice that, for ¢ — T,_; forward rates converge to spot Libor rates.
Theorem 1.1. Forward rates are martingales under their “natural” T;-forward measure Q7 :
T;
Fi(t) =E2 ' [Fy(u)] Vt<u<Ti_, <T;

Proof. The quantity
(t) == P To) Fi(t)7(Ti-1, T3) = P(t; Ti-1) — P(4T3)

is the time-t price of a tradable asset, since it is a combination of two (tradable) Zero Coupon Bonds.

Hence, under the Q”i-forward measure,

ne  PHETYE® o oon [ T
PwT) —  PwT) W =E [Pw;m}
2" {F Sgii(;;)ﬂ)} = B9 [Fy(w)]

In particular, setting u = T;_1 we obtain

Fy(t) = EY [L(Ti-1, T))]
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Notice that (risky) Libor rates L, (T;_1,T;) are not martingales under the Tj-forward measure Q7¢,
QT QT
Fi(t) =E;f [L(Tie1, T)] # Ef  [Lo(Ti-1,T3)] = Fri(t)

since the underlying Libor rate is, in general, different from the funding rate associated to the probability
measure.
We define

Foi(t) == B [Lo(Tim, T)

the risky forward rate.
When the funding rate and the underlying rate are the same, or in case of vanishing interest rate basis,

we obtain the classical (pre-credit crunch) single curve limit

Foi(t) = B [Lo(Tio1. Th)] — B [L(T,-1, Th)] = Fy(1)

Properties of the risky forward rate:

1. at fixing date T;_1 it coincides with the Libor rate

Fpi(Tic1) = Lo (Ti-1,T)

2. Tt is a martingale under the T;-forward discounting measure associated to the numeraire Py(t; T;):

Foi(t) = E;QTi [Lo(Tio1,T3)] = E?” [Fe,i(Ti-1)]

3. FRA contracts are quoted on the market in terms of their forward rates, thus it is “what you read

on the screen”. A forward rate term structure can be stripped from FRA quotations.
4. The risky forward rate is the basic building block of the new theoretical interest rate framework.

Instantaneous forward rate:
Instantaneous forward rates f(¢;T) are abstract forward rates observed at time ¢ and spanning an in-
finitesimal future time interval [T'; T+ dt] (with infinitesimal rate tenor). They are thus obtained through
the limit

et FETT— m L PET) = PET)
ft:T) = i Ft:;T,1T") = ol PET) (T, T7)
1 OPtHT) _ 9lnP(tT)

P(,T) oT aT

Integrating the equation above we can express the Zero Coupon Bond as an integral of instantaneous

forward rates as

T
P(t;T) = exp [—/t f(t;u)du]

Instantaneous forward rates can also be calculated as expectations of future short rates under the T-

forward measure Q7. In fact, setting v = T in the martingality relation for the forward rate we obtain

F6T) = EY [1(T)]
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1.3 Forward Rate Agreements

Forward Rate Agreements (FRA) are standard OTC contracts with two legs starting at time Ty. The
floating leg pays the interest accrued with a (risky) Libor L, (T;_1,T;) reset at time T ;, and spanning
the time interval [T;_1;T;]. The fixed leg pays the interest accrued with a fixed rate K over the same

time interval [T;_1;T;]. There are two types of FRA:

1. Standard (or textbook) FRA.:
the payoff off the standard FRA at payment date T; is given by

FRAg,q(T;; T, K,w) = Nw[L,(Ti—1,T;) — K]0 (Ti—1,T})

where w = £1 for a payer/receiver FRA (referred to the fixed leg), respectively, and for simplicity
we have assumed that both rates are annual, simply compounded, and share the same year fraction

and day count convention. The price of the standard FRA at time t < T;_; is given, under the

Lo T‘I 1K i Fixed leg

T = L
(T i- 1 > T (
‘ - Bk 1 Floating leg

f: © Y ]’ L(TmT)T

payment T;-forward measure, by

FRAgu(t; T, K, w) = Py(t; T)EY ' [FRAg(Ti; T, K, w)]
T;
= NwPu(t; Ty) {BY" Lo (T, 1)) - K} 72(Ti1, T)

= NwPy(t; T;) Fyi(t) — K7o(T3-1,T0)
The FRA rate at time ¢ is defined as the fixed rate K that makes null the FRA present value,
Ry §ia(t:T) = Fui(t)
Obviously, the FRA rate collapses on the Deposit rate for 77 — Ty

lim RgﬁA( T) = RPP°(t,T)
TIA)T

2. Market FRA:
the payoff of the market FRA at payment date T;_1 (not T;) is given by
w[Lx(TiflyTi) - K]Tx(TFl,Ti)
L+ Lo (Tioy, Ti) 72 (Ti-1, T)

FRAsuq(Ti—1; T, K,w)
1+Lz(ﬂ—1;ﬂ)7—m(ﬂ—l7ﬂ)

FRA]\/[kt( i— 1,T K’U}):N

Notice that the payment is anticipated at date T;_1, discounted from T; to T;_1 using the Libor

kK T

f T _____ — Fixed leg
< (T i- 1,T )

Floating leg
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rate itself.

The price of the market FRA at time ¢t < T; is given, under the payment T;_; forward measure, by

FRAMi(6 T, K, w) = Py(t; Tif1)E(tQTi71 [FRAM(Ti-1; T, K, w)]
[Lo(Ti1, Ti) — K7 (Ti-1, T;)
L+ Ly (Timy, T3) 72 (Tio1, Th)

QTi-1
= NwPy(t; T;—1)E;

Ti—1 1
= NwPy(t;Ti—1) 1 —[1 + K7y (Tj_1, T;)|EY
whalt 1){ L+ BT, TR L+Lx(TihTi)Tz(Ti1»Ti)H

Notice that, in this case, the price depends on the expectation of the forward discount factor

1
Po(Ti 1, T}) =
( ! ) 1+ Lz(ﬂflvﬂ)Tx(Ti*hTi)

under the payment T;_; forward measure.

Switching from T;_; to T; forward measure we obtain

EQ 1 _ Pt Tic) omi 1 1 B
! 1+ Lo(Ti1, T)7(Ti1, Th) | Pa(t,Th) " [ Pa(Ticy, Ti) 1+ Lo(Tiy, To)me(Tin, Ti) |
_ 1 EQ” [1 + Ld(Ti—laTi)Td(Ti—laTi):|
L+ 74(Ti1, T;) Fau(t) 14 Ly(Tieq, T3) 12 (Tio1, Ty)

1+ Krp (T34, T o | 1+ La(Ti—1, Ti)7a(Ti1, T
FRAMkt(t;T,K,w)Nde(t;Ti—l){l + Kro(Tia, Th) }EQT { + La(Tio1, T)7a(Ti )}

14 Fui)ma(Tio1, T) |0 |14 Lo(Ti1, To) (T 1, Th)

A 1 1+ Fai(t)ta(Ti—1, T;)

Ra:,Mkt(t§ T) = Tw(Ti717 TZ) ]EQT,L |:1+Ld(Ti—1’Ti)7'd(Ti—1:Ti):|
t 1+ Lo (Ti—1,T3) 72 (Ti—1,T3)

Thus the price of the market FRA depends on the model chosen for the joint distribution of the two
Libor rates Lq(T;_1,T;) and L, (T;_1,T;) under the forward measure Q7:.
Assuming some model for the dynamics of Lg(T;—1,T;) and L,(T;—1,T;) under the forward measure QdTi

we obtain

EO 1+ La(Tioy, T)ma(Ti1, T) | 1+ Fau(D)7a(Ti1, Th) COTTAT, )
¢ 14 Ly(Tioq, T3) 12 (Ti-1, T3) 1+ Fpi(t)me(Ti-1, T3)

_ 1+KT1(E—17E) CfRA(t;qu_l)
1 + Fx,l(t)’ra: (Tiflv Tz)

FRAy (T, K,w) = NwPy(t; Ty ) {1

where C,(t;T;—1) is a convexity adjustment, whose detailed expression depends on the chosen model.

A possible choice is that of Mercurio (2010), in which the two FRA rates are modeled as shifted lognormal

martingales under the forward measure Q7¢,

dFy;(t ’
d, ( )1 = o'dyideT (t)
Fai(t) + mom 7
i aw@

i
Foit) + mmomymy
AW ()W E" (1) = pas.idt

Ct;Tim1) = [Uz,i — 04.,i04,iPd,z,i)T(t, Ti—1)

The size of the convexity adjustment results to be below 1 bp, even for long maturities, for typical post

credit crunch market situations!.

1see Mercurio 2010
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16:14 30JAN1S ICAP LONDON UK69580 ICAPSHORTZ2
Contact Reuters EXEU EURO Short Swaps / FRAs +44 (0)20 7532 3530
1M Swaps IMM Dated 3m FRAs
2x1 0.029/-0.021 ly MAR/MAR 0.078-0.028 1x4 0.087-0.037
3x1 0.023/-0.027 ly JUN/JUN 0.075-0.025 2x5 0.086-0.036
4x1 0.018/-0.032 ly SEP/SEP 0.078-0.028 3x6 0.082-0.032
5x1 0.013/-0.037 ly DEC/DEC 0.088-0.038 4x7 0.081-0.031
6x1 0.010/-0.040 2y MAR/MAR 0.090-0.040 5x8 0.078-0.028
xl 0.008/-0.042 2y JUN/JUN 0.099-0.049 6x9 0.075-0.025
8x1 0.005/-0.045 3y MAR/MAR 0.128-0.078
9x1 0.004/-0.046 6m FRAs
10x1 0.002/-0.048 IMM Fras 1x7 0.173-0.123
11x1 0.001/-0.049 2x8 0.171-0.121
12x1 -0.001/-0.051 1x7 0.174-0.124 3x9 0.168-0.118
2x8 0.170-0.120 4x10 0.166-0.116
ly /3 0.078/ 0.028 3x9 0.167-0.117 5x11 0.164-0.114
15m/3 0.077/ 0.027 4x10 0.165-0.115 6x12 0.163-0.113
18m/3 0.078/ 0.028 12x18 0.169-0.119
21m/3 0.082/ 0.032 18x24 0.199-0.149
ly /6 0.162/ 0.112
15m/6 0.150/ 0.100 12m FRA
18m/6 0.165/ 0.115 12x24 0.298-0.248
21m/6 0.159/ 0.109 ICAP OIS Fix Menu <ICAPOISFIXO01>
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Figure

1.3: Forward Rate Agreement: market quotes

In the classical, single-curve limit, with vanishing interest rate basis, we have

FRAMkt(t; Tv Kaw) — NwP(ta,TZ—l) |:]' -

R

FRAg:(t;T,K,w) - NwP(t; T;)[Fi(t) — K|7(T;-1,T3)

14+ 7(Ti—1, T;) K ] B
L+ 7(Tio, T)Fi(t) |

= NwP(t;T)[Fi(t) - K]r(T;—1.T))
= FRAStd(t; T, K, w)

1 P(t;T;_
AT - RERAGST) = Fi) = ) ]

C1(Tio1,Th) | P(BTh)

Forward Rate Agreement pricing formulas ‘

Classical (single-curve)

FRAStd(t;Ti_l,Ti,K, w) = N’U}P(t,Tz)[Fl(t) — K]T(Ti_l,Ti)
T
RESA(HT) = Fi(t) = BY ' [L(Ty-1,T3)]
FRAMkt(UTi—hE"K,w) == FRAStd(t;n—lvz_‘iaK7 w)
Ry (6T) = REGA(T)

Modern (multi-curve)

R

FRA (6T, K,w) = NwPy(t; Ti—1) {1 _ KT T) eCfRA(“TFl)}

FRAgq(t; Ti—1, T, K,w) = NwPy(t; T;) [Fp i (t) — K10 (Ti—1,T;)
T;
RERL(HT) = Fuut) := EY ' [L.(Tj—1,T})]

1+ Fy i ()72 (Ti-1,T3)
FRA ;..
PEAET) = St {1+ o T R ()™ 070 1}
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1.4 Deposits

Interest Rate Certificates of Deposits are standard OTC zero coupon contracts such that:

e at start date Tp, counterparty A, called the lender, pays a nominal amount N to counterparty B,

called the borrower,

e at maturity date 7' the borrower pays back to the lender the nominal amount /N plus the interest
accrued over the period [Tp,T] (called rate tenor) at the annual simply compounded interest rate
R(To, T), fixed at time T < Ty, where [TE,Tp] is the settlement period, usually equal to two
working days in the EUR market.

The payoff at maturity, from the point of view of the lender (the receiver of the nominal amount plus
interests), is given by
DepO(T7 T) = N[l + R(T07 T)T(T()a T)}

Depo(t;T) Depo(T;T)

The price at time ¢, such that Ty < ¢ < T, when the deposit rate R(Tp,T) is already fixed, is given
by:

e the future cash flows (the nominal amount and the interest amount), which, in this case, are

deterministic and happen at the same cash flow date T',
e cach discounted at the pricing date t < T

In formulas:
Depo(T;T) = NP(t:T)[1 + R(To, T)r(To, T)

where P(t;T) is a discount factor taking into account the time value of money. In case of Deposits, the
discount factor is typically consistent with the deposit rate R(¢,T) quoted on the market at time ¢, such

that
1

1+ R, T)r(t,T)’

This price is the same for all counterparties.

P(t;T) =

Ty <t<T
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1.5 Futures

Interest rate Futures are the exchange-traded contracts on the 3 month interest rate (for example
LIBOR futures are on the 3 month LIBOR rate). They are similar to FRAs, except that their terms
(such as maturity dates) are regulated by the exchange.The Futures’ payoff at the last settlement date
T;_1, is given by

Futures(T;—1,T) = N[1 — L,(T;-1,T3)]

This payoff is a classical example of "mixing apples and oranges” because, clearly, on the r.h.s. 1 is
adimensional while the Libor rate L, (T;_1,T;) has dimension ¢ — 1 and they cannot be directly summed
together without an year fraction ¢(7;_1,7;). Thus we must look at it as a mere rule for computing the

amount of currency to be margined everyday.

The Futures’ price at time ¢ < T;_1 is given by
Futures(t,T) = E2[Dy(t; t) Futures(T;_1;T)]
= N{1 - EY[L.(Ti 1, T0)]} = N1 - RE"(5,T)]
under the risk neutral measure Q associated to the funding bank account B(t). Notice that the Futures’
daily margination mechanism implies that the payoff is regulated everyday, thus generating the unitary

discount factor D(t;t) = 1 appearing in the first line above. The daily margination amount is calculated
as D = 1.000.000 - Predey=Puesterday),

Hence, in order to price Futures we have to compute the Futures’ rate
RPN T 1, Ty) = BE (Lo (Ti1, T)] = B2 [Fri(Tin)]

Since the forward rate F, ;(¢) is not a martingale under the risk neutral measure Q , such computation
requires the adoption of a model for the dynamics of F, ;(¢). In general, we obtain that the Futures’ rate

is given by the corresponding (risky) forward rate corrected with a convexity adjustment
REU(ET) = B [Lo(Ti1, )] = B [Lo(Tioy, T0)] + O (4, Ti1) = Fai(t) + CFU (¢, Ti 1)

The expression of the convexity adjustment will depend on the particular model adopted and will contain,
in general, the model’s volatilities and correlations. For instance, under the multiple curve Libor Market

Model of Mercurio (2009), the convexity adjustment takes the form

T; 1
CEt i) = Fus(teon] [ puastudu 1]
t

where

%

Timn 74,394,304 Fai(t)
/ o i(u)du 22 0y 5 Y DI (T — )
t =

1+ 7q,5Fa,;(t)

D, o
dFy(t i
L O git)dt + o0 aw@” (1)
d,i

T; 1 Pd(t;T; )
Fuglt) : =B [La(Tn, T)) = —— [ 2) 1]
»J [

d_ . e
O2,ir0d,j pf] = instantaneous (deterministic) volatilities

and correlation of F, ;(t), Fy j(t)respectively.



1. Interest rate derivatives

13

Futures pricing formulas

Classical

(single-curve)

Futures(t,T) = N[l — RF“(¢;T)]
R T) = B [L(Ti-1, Th)] = Fi(t) + CT(t, T, 4)

Modern

(multi-curve)

Futures(t,T) = N[l — RE¥(¢;T))

REM (4 T) := BY[Lo(Ti-1, T0)] = Fui(t) + CF " (¢, Ty—1)

O#FEI:
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APRS
MAYS
JUNS
JULS
SEP5
DECS
MARG
JUNG
SEP6
DEC&
MAR7
JUN7
SEP7
DEC7
MARS
JUNS
SEPS
DEC3
MAR9
JUN9
SEP9
DEC9
MARO
JUNO
SEPO
DECO

Last
b 99.940
99.930
s 99.945
s 99.950
5499.940

99.950
s 99.950
99.945
499.930
99.915
5 99.890
5 99.865
s 99.835
5499.800
5 99.765
b 99.730
99.690
5 99.650
b 99.610
99.560
b 99.510
199,455
99.385
99.330
s 99.275

LIFFE EURIBOR

Net.Ch

-0.
-0.
-0.
0.
-0.

-0.
-0.
-0.
-0.
-0.
-0.
-0.
-0.
-0.

+0.
+0.
+0.
+0.
+0.
+0.
+0.
+0.
+0.
+0.

005
015
010
005
025

020
020
020
020
015
015
010
005
005

0
010
020
025
030
030
035
035
025
020
015

Bid

99
c99

199.
929.
c99.

c99.
c99.

99.
c99.
c99.
c99.
c99.
€99.

99.
c99.
c99.
c99.
c99.

99.
199.
i99.
i99.
i99.
199.
i99.
199.
199.

.940
.930
935
935
940

950
950
945
930
910
885
860
830
800
760
725
685
645
605
555
505
445
385
325
270
215
150

Ask
€99.
c99.

99.
i99.

99.

c99.
c99.
c99.
€99.
c99.
c99.

99.
€99.
€99.
c99.
€99.
€99.
c99.
i99.
c99.
199.
i99.
i99.

99.

99.
199.

99.

945
935
945
950
945

955
955
950
935
9135
890
865
835
805
765
730
690
655
610
565
520
465
400
340
290
245
195

LIF/IEU EUR
Bid/Asksize
100x668
11186x5606

3x356
200%x152
32256x939
0x0
8894x5456
5332x11524
828x30480
2215x2606
6333x980
8126x359
5542x33
705x109
4x1167
255x69
10x138
44x14
151x203
18x22
18x7
18x54
18x37
18x30
18x30
18x30
18x30
18x20

Settle

99.
99.
99.
99.
99.
99.
99.
99.
99.
99.
99.
99.
99.
99.
99.
99.
99.
99,
99.
99.
99.
.475
420
.360
.310
.260
.210
.155

945
945
955
955
965
965
970
970
965
950
930
905
875
340
805
765
720
670
625
580
530

Open

.945
.935
.950
.955
. 960

.970
.970
.965
.950
.930
.905
.875
. 840
.800
.765
.710
.660
.615
.580
.530
470
.455
.385
.330
.275

.910
.885
.850
.810
770
.735
.695
.655
.610
.560
.510
455
.385
.330
.275

Figure 1.4: Futures: market quotes
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1.6 Swap

Interest rate swaps are OTC contracts in which two counterparties agree to exchange two streams of
cash flows, typically tied to a fixed rate K against floating rate. These payment streams are called fixed
and floating leg of the swap, respectively, and they are characterized by two schedules S, T' and coupon

payoffs.

S ={So, ..., Sn}, fixed leg schedule

T ={Ty,..., T}, floating leg schedule

So=To, Sp=Tn

Swaplet;;, (Si; Si—1,5, K) = NK7r(Si-1,S:)
Swaplet ;.. (Tj; Tj-1,T;) = NLy(Tj—1, Tj)7r.(Tj-1,Tj)

where 7 and 77, are the year fractions with the fixed and floating rate conventions.

S 5. 5 S; S :
0 e — e x— Fixed leg
Lo (T 2.7, 1) Le (T 0,75 < |
L | VA [als v—» Floating leg
| Dt (02T ) P @t 4 :
tT§T, T 5T T T L Tn

The fixed vs floating interest rate swap coupon payoffs are
Swapletfm(Sl, Sifl, Si, K) = NK’TK(SZ',M Sl), 1= ].7 N

Swapletfloat(Tj;Tj,l,Tj) = ]\/ng;(iTj,h:ij)’rm(fz—‘jfl,:ij)7 ] = 1, ey

The coupon prices at time ¢ < maxz(S;,T;) are given by

Swaplet ;. (t;S; 1,5, K) = Pa(t; SZ-)IE;QSi [Swaplet ;;,(Si; Si—1, S, K)]
= NPy(t; S;)) K7 (S;-1, Si)
Swaplet ;... (t; Tj—1,T;) = Pa(t; Tj)EieQTj [Swaplet ;.. (Ty; Tj—1,T;)]
= NPy(t;T)) Fr ()72 (T2, T;)

The price of the fixed and floating swap legs is given, at time ¢ < Ty, by

Swapy,,(t:S,K) =Y Swaplet,, (t;: S;i_1,5;, K) = KAq4(t,S)

i=1
Swapfloat(t; T) = Z Swapl6tfloat(t; Tj—la 7})
j=1
= Pa(t; Tj)Fo j()7(Tj 1, T))
j=1

where the swap annuity A,(t,.S) is defined as

Aa(t, S) = ZPd(t§ Si)Tr (Si-1,5)

i=1
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The index ”d” reminds that the annuity is linked to the discount rate.

The total swap price is given, at time t < Tp, by

Swap(t,T,S,K,w) = w[Swapﬂoat(t; T) — Swapy,,(t; S, K)]

= Nw | > Pa(t; Tj)Fy j(t)7a(Tj—1, T;) — K Ag(t, S)
j=1
where w = £1 for a payer/receiver swap (referred to the fixed leg).

The swap rate at time ¢ is

Swapfloat(t; T)

NwAd(t, S)
i Pats Ty) Fo i ()70 (Tj—1, T))
- Ad(ta S)

RSP (4T, S) =

Hence the swap price can be written in terms of the swap rate as
Swap(t, T, S, K,w) = Nw[RIV?(t;T,S) — K]Aq4(t, S)
In the classical, single-curve limit, with vanishing interest rate basis, we have
Swapy,;,(t; S, K) = NKA(t, S)

Swap (6 T) =N Y P(t; Ty)F ()7 (Tj-1,T))

j=1

N Y (P Ty — P(t.T})] = NP(1Ty) — P(t.T,)

where we have used, in the last line, the single-curve expression of the forward rate and the telescopic
property of the summation. The latter does hold exactly only if the floating leg schedule is regular (the
periods do concatenate exactly with no gaps or overlappings). In practice the error is very small (of the
order of 0.1 basis points).

The swap price and swap rate are given by

Swa’p(taTa Sa Kvw) = NW[P(taTO) - P(t7Tm) - KA(tvS)]

RSwap(th, S) ~ P(thO) - P(thm)

A(t, S)
’ ‘ Swap pricing formulas ‘
Classical Swap(t,T,S, K,w) = Nw[RV%?(+;T,S) — K|A4(t, S)
(single-curve) RSwar(t; T, S) = W
Modern Swap(t,T, S, K,w) = Nw[RS"®(t;T,S) — K]A4(t, S)
(multi-curve) R3war (1. T, S) = 21 Pd(t;TZZiﬂt’g;)m (T5-1.T3)
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Figure 1.5: Swap: market quotes

1.7 Omne-factor short rate models

The theory of interest-rate modeling was originally based on the assumption of specific one-dimensional
dynamics for the instantaneous spot rate process r. Modeling directly such dynamics is very convenient
since all fundamental quantities (rates and bonds) are readily defined, by no-arbitrage arguments, as the
expectation of a functional of the process r. Indeed, the existence of a risk-neutral measure implies that

the arbitrage-free price at time t of a contingent claim with payoff Hr at time T is given by
H, = E,[D(t,T)Hy] = E, [e* I T<S>dSHT} (1.7.1)

with E; denoting the time t-conditional expectation under that measure. In particular, the zero-coupon-
bond price at time ¢ for the maturity T is characterized by a unit amount of currency available at time
T, so that Hr = 1 and we obtain

P(t,T) =E, {e— ffr(s)ﬂ (1.7.2)

From this last expression it is clear that whenever we can characterize the distribution of e~ [Fr(s)ds

in terms of a chosen dynamics for r, conditional on the information available at time ¢, we are able
to compute bond prices P. From bond prices all kind of rates are available, so that indeed the whole
zero-coupon curve is characterized in terms of distributional properties of . The pioneering approach
proposed by Vasicek (1977) was based on defining the instantaneous-spot-rate dynamics under the real-
world measure. His derivation of an arbitrage-free price for any interest-rate derivative followed from
using the basic Black and Scholes (1973) arguments, while taking into account the non-tradable feature

of interest rates.

The construction of a suitable locally-riskless portfolio, as in Black and Scholes (1973), leads to the
existence of a stochastic process that only depends on the current time and instantaneous spot rate and
not on the maturities of the claims constituting the portfolio. Such process, which is commonly referred
to as market price of risk, defines a Girsanov change of measure from the real-world measure to the
risk-neutral one also in case of more general dynamics than Vasicek’s. Precisely, let us assume that the

instantaneous spot rate evolves under the real-world measure Qg according to

dr(t) = u(t,r(t))dt + o(t,r(t))dWO(t)
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where p and o are well-behaved functions and W0 is a Qg-Brownian motion. It is possible to show? the

existence of a stochastic process A such that if
dP(t,T) = p* (t,r(t))dt + o (t,7(t))dW°(t) (1.7.3)

then
pt(tr@t) —r@) P, T

oT(t,r(t))

for each maturity 7', with A that may depend on r but not on 7. Moreover, there exists a measure Q

that is equivalent to Qg and is defined by the Radon-Nikodym derivative

] -on (4 o [ o)

dQo
where W (t) = WO(t) + fg A(s)ds is a Brownian motion under Q. The equation (1.7.3) expresses the

bond-price dynamics in terms of the short rate r. It expresses how the bond price P evolves over time.

Now recall that r is the instantaneous-return rate of a risk-free investment, so that the difference p —r
represents a difference in returns. It tells us how much better we are doing with respect to the risk-free
case, i.e. with respect to putting our money in a riskless bank account. When we divide this quantity
by or, we are dividing by the amount of risk we are subject to, as measured by the bond-price volatility
or. This is why A is referred to as “market price of risk”. An alternative term could be “excess return
with respect to a risk-free investment per unit of risk”. The crucial observation is that in order to specify

completely the model, we have to provide A. In effect, the market price of risk A connects the real-world

dQ
aQo
connection between these two “worlds”. The way of moving from one world to the other is characterized

measure to the risk-neutral measure as the main ingredient in the mathematical object expressing the
by our choice of \. However, if we are just concerned with the pricing of (interestrate) derivatives, we
can directly model the rate dynamics under the measure Q, so that A will be implicit in our dynam-
ics. We put ourselves in the world Q and we do not bother about the way of moving to the world Q.
Then we would be in troubles only if we needed to move under the objective measure, but for pricing
derivatives, the objective measure is not necessary, so that we can safely ignore it. Indeed, the value of
the model parameters under the risk-neutral measure Q is what really matters in the pricing procedure,
given also that the zero-coupon bonds are themselves derivatives under the above framework. All the
models we consider in this chapter are presented under the risk-neutral measure, even when their original
formulation was under the measure Qy. We will hint at the relationship between the two measures only
occasionally, and will explore the interaction of the dynamics under the two different measures in the

Vasicek case as an illustration.

We introduce in particular the classical short-rate model: the Vasicek model (1977), which is an
endogenous term-structure model, meaning that the current term structure of rates is an output rather
than an input of the model. The Vasicek model will be defined, under the risk-neutral measure Q, by
the dynamics

dr(t) = k[0 — r(t)]dt + odW (t), r(0) =rg

This dynamics has some peculiarities that make the model attractive. The equation is linear and can
be solved explicitly, the distribution of the short rate is Gaussian, and both the expressions and the
distributions of several useful quantities related to the interest-rate world are easily obtainable. Besides,

the endogenous nature of the model is now clear. Since the bond price P(¢,T) = E, {e‘ ) ’“(S)d‘s} can be

2See for instance Bjork (1997).
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computed as a simple expression depending on k, 6, o and r(t), once the function T +— P(¢t,T; k,0,0,r(t))
is known, we know the whole interest-rate curve at time ¢. This means that, if ¢ = 0 is the initial time,
the initial interest rate curve is an output of the model, depending on the parameters k, 6, ¢ in the

dynamics (and on the initial condition 7).

A classical problem with the above problems is their endogenous nature. If we have the initial zero-
coupon bond curve T +— PM (0, T) from the market, and we wish our model to incorporate this curve, we
need forcing the model parameters to produce a model curve as close as possible to the market curve. For
example, in the Vasicek case, we need to run an optimization to find the values of k, 6 and ¢ such that the
model initial curve T — P(0,T;k,6,0,7(0)) is as close as possible to the market curve T+ PM(0,T).
Although the values PM(0,T) are actually observed only at a finite number of maturities P*(0,T;),
three parameters are not enough to reproduce satisfactorily a given term structure. Moreover, some
shapes of the zero-coupon curve T — LM (0,T) (like an inverted shape) can never be obtained with
the Vasicek model, no matter the values of the parameters in the dynamics that are chosen. The point
of this digression is making clear that these kind of models are quite hopeless: they cannot reproduce
satisfactorily the initial yield curve, and so speaking of volatility structures and realism in other respects
becomes partly pointless.

To improve this situation, exogenous term structure models are usually considered. Such models are
built by suitably modifying the above endogenous models. The basic strategy that is used to transform
an endogenous model into an exogenous model is the inclusion of ”time-varying” parameters.

Typically, in the Vasicek case, one does the following:
dr(t) = k[0 — r(t)]dt + ocdW (t) — dr(t) = k[0(t) — r(t)]dt + cdW ().

Now the function of time 6(¢) can be defined in terms of the market curve T — LM (0,T) in such a
way that the model reproduces exactly the curve itself at time 0. We will consider the the Hull and
White (1990) extended Vasicek model, and throughout all the section, we will assume that the term
structure of discount factors that is currently observed in the market is given by the sufficiently-smooth
function t — PM(0,t). We then denote by f*(0,t) the market instantaneous forward rates at time 0 for
a maturity ¢ as associated with the bond prices {PM(0,t) : t > 0}, i.e.

dlnPM(0,1)

fjw(oﬁt):_ ot
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1.7.1 The Vasicek model

The simplest term structure model of any practical significance is Vasicek model. Under the risk-

neutral measure its dynamics is given by:
dr(t) = k[0 —r(t)]dt + odW (t), r(0)=r0 (1.7.4)

where g, k, o are positive constants.

Integrating equation (1.7.4), we obtain, for each s <¢

t
r(t) = r(s)e FE=9) 1 g (1 - e*’c“*s)) to / e k=) gT (u) (1.7.5)
so that r(¢) conditional on Fs is normally distributed with mean and variance given respectively by
o2
E[r(t)|F] = r(s)e *t=9) 49 (1 - e_k(f’_s)> Varlr(t)| 7] = 2 [1 - e—%(f—S)] (1.7.6)

This implies that, for each time ¢, the rate r(¢) can be negative with positive probability. The possibility
of negative rates is indeed a major drawback of the Vasicek model. However, the analytical tractability
that is implied by a Gaussian density is hardly achieved when assuming other distributions for the process
r. As a consequence of (1.7.6), the short rate r is mean reverting, since the expected rate tends, for ¢
going to infinity, to the value 6. The fact that 6 can be regarded as a long term average rate could be
also inferred from the dynamics (1.7.4) itself. Notice, indeed, that the drift of the process r is positive
whenever the short rate is below 6 and negative otherwise, so that r is pushed, at every time, to be closer
on average to the level 6. The price of a pure-discount bond can be derived by computing the expectation
(1.7.2). We obtain

P(t,T) = A(t,T)e” B&TIr®) (1.7.7)

where
2 2

A(t,T) = exp { (9 - 2‘;2) [B(t,T) — T +1] - Z—kB(t, T)2}
B(t,T) = % [e==0)]
If we fix a maturity T, the change of numeraire? toolkit imply that under the T-forward measure Q7
dr(t) = [k — B(t,T)o? — kr(t)|dt + odW ™ (t) (1.7.8)
where the Q7-Brownian motion W7 is defined by
dWT(t) = dW (t) + oB(t, T)dt
so that, for s <t < T,

t
r(t) = r(s)e =) 4 MT(s,t) + 0/ e k=g T (u)

S
with

2 2
MT(S,t) = (9 - 22) (1 - e_k(t_s)) + ;T;Q {e_k(T_t) — e_k(T+t_2S)]

Therefore, under Q7', the transition distribution of r(¢) conditional on F, is still normal with mean and
variance given by
ET{r()|F} = r(s)e™ =) + M7 (s,1)

Var (rO1E} = & [1-em2k=2].
2k

3see Appendix A.4
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The price at time ¢ of a European option with strike X, maturity T" and written on a pure discount bond
maturing at time S has been derived by Jamshidian (1989). Using the known distribution of r(¢) under
QT the calculation of the expectation (1.7.1), where Hy = (P(T,S) — X)¥, yields

ZBO(t,T, S, X) = w[P(t, 8)®(wh) — XP(t, T)®(w(h — 0,))]

where w =1 for a call and w = —1 for a put, ®(.) denotes the standard normal cumulative distribution

function, and

op =0 ok B(T,S)
1 P(t,S) Op

We can also consider the objective measure dynamics of the Vasicek model as a proceee of the form
dr(t) = [k — (k + \o)r(t)]dt + cdW°(t), r(0) =1 (1.7.9)

where ) is a new parameter, contributing to the market price of risk. Compare this Qg dynamics to the
Q-dynamics (1.7.4). Notice that for A = 0 the two dynamics coincide, i.e. there is no difference between
the risk neutral world and the objective world. More generally, the above Qg-dynamics is expressed again
as a linear Gaussian stochastic differential equation, although it depends on the new parameter A. This
is a tacit assumption on the form of the market price of risk process. Indeed, requiring that the dynamics
be of the same nature under the two measures, imposes a Girsanov change of measure of the following
kind to go from (1.7.4) to (1.7.9):

dQ - = exp <—; /Ot Nr(s)?ds + /Ot )\T(S)dWO(S)> :

dQo
In other terms, we are assuming that the market price of risk process A(¢) has the functional form

in the short rate. Of course, in general there is no reason why this should be the case. However, under

this choice we obtain a short rate process that is tractable under both measures.
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1.7.2 The Hull-White model

The need for an exact fit to the currently-observed yield curve, led Hull and White to the introduction
of a time-varying parameter in the Vasicek model. Notice indeed that matching the model and the market
term structures of rates at the current time is equivalent to solving a system with an infinite number of
equations, one for each possible maturity. Such a system can be solved in general only after introducing
an infinite number of parameters, or equivalently a deterministic function of time.

In this section we stick to the extension where only one parameter, corresponding to the Vasicek 6, is
chosen to be a deterministic function of time.

The model we analyze implies a normal distribution for the short-rate process at each time. Moreover,
it is quite analytically tractable in that zero-coupon bonds and options on them can be explicitly priced.
The Gaussian distribution of continuously-compounded rates then allows for the derivation of analytical
formulas and the construction of efficient numerical procedures for pricing a large variety of derivative

securities.

Hull and White (1990) assumed that the instantaneous short-rate process evolves under the risk-neutral
measure according to
dr(t) = [0(t) — a(t)r(t)]dt + o(t)dW (t) (1.7.10)

where 0, a, o are deterministic functions of time. Here we concentrate on the following extension of the
Vasicek model being analyzed by Hull and White (1994)

dr(t) = [0(t) — ar(t)]dt + odW (t) (1.7.11)

where a and o are now positive constants and 6 is chosen so as to exactly fit the term structure of interest
rates being currently observed in the market. It can be shown that, denoting by f™(0,T) the market

instantaneous forward rate at time 0 for the maturity 7, i.e.,

OlnPM(0,T)

fM(07T):_ oT

with PM(0,T) the market discount factor for the maturity 7', we must have

afM(0,1) M o’ —2at
=" —(1— @ 1.7.12
o) = Lo a0+ (1 - e (17.12)
where 85% denotes partial derivative of fM with respect to its second argument.
Equation (1.7.11) can be easily integrated so as to yield
t t
r(t) = r(s)e =) 4 / e g(u)du 4 o / e =W W (u) (1.7.13)
t
= r(s)e” %) £ a(t) — afs)e =) 4 a/ e~V aW (u) (1.7.14)
where )
alt) = M0, 1) + 2‘%(1 — ematy2 (1.7.15)
a

Therefore, 7(t) conditional on Fs is normally distributed with mean and variance given respectively by

E[r(t)|Fs] = r(s)e™ ) + a(t) — a(s)e™ )

[}

Varlr(H] 7] = 2 [1 - e 2]
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Notice that defining the process x by
dx(t) = —az(t)dt + odW(t), x(0)=0 (1.7.16)
we immediately have that, for each s <t
x(t) = x(s)e_a(t_s) + a/t e_a(t_“)dW(u)

so that we can write r(t) = x(t) + a(t) for each .
For model (1.7.11), the risk-neutral probability of negative rates at time ¢ is explicitly given by

a(t)

%[1 _ €—2at]

Q{r(t) <0} =@
However such probability is almost negligible in practice.
Bond and Option Pricing

The price at time ¢ of a pure discount bond paying off 1 at time T is given by the expectation (1.7.2).
Such expectation is relatively easy to compute under the dynamics (1.7.11). Notice indeed that, due
to the Gaussian distribution of r(7") conditional on F, t < T, ftTr(u)du is itself normally distributed.

Precisely we can show that

T M
/t r(w)dul Fy ~ N (B(t,T)[r(t) —a(t)] + znm + %[V(O,T) —V(0,1)], V(t,T))

where

B(t,T) = 2 {1 _ e—a(T—t)]

V(t,T) = %z {T —t+ %e—a”—t) - %e—%(T—t) - 2?;}
so that we obtain
P(t,T) = A(t, T)e” B&TI(®) (1.7.17)
where PY(0,7) y )2 . ;
A, T) = Wexp {B(t, T)f*(0,t) — @(1 —e “)B(t,T) }

Similarly, the price ZBC(t,T, S, X) at time ¢ of a European call option with strike X, maturity 7" and

written on a pure discount bond maturing at time S is given by the expectation
ZBC(,T,8,X) =E (e* JEreds(per, §) — X)ﬂ]—"t>
or, equivalently, by
ZBC(t,T,S,X) = P(t,T)E' (P(T,S) — X)"|F).

To compute the latter expectation, we need to know the distribution of the process r under the T-forward
measure Q7. Since the process = corresponds to the Vasicek’s r with § = 0, we can use formula (1.7.8)
to get

dx(t) = [-B(t,T)o? — ax(t)]|dt + cdW T (t)

where the QT -Brownian mption W7 is defined by dW? (t) = dW (t) + o B(t, T)dt, so that, for s <t < T,

t
z(t) = 2(s)e” ) — MT(s,t) + 0 / e g T (u)
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with
2

MT( t) = g 1—e-alt=s)] _ LQ —a(T—t) _ —a(T+t—2s)
$,t) =5 e 522 |© e
It’s easy to find that the distribution of the short rate r(¢) conditional on Fy is, under the measure

QT7, still Gaussian with mean and variance given respectively by

ET{r(t)|Fs} = a(s)e™ ") = MT(s,1) + a(t),
2

Var{r(t)|F} = 2 1 em2e=

As a consequence, the European call-option price is
ZBC(t,T,5,X)=P(t,S)®(h) — XP(t,T)®(h —0p)

where

1 — e—2a(T-1)
——B(T
U B(Ts)

1 P(t,S) o
h=—in-2) 4 %
o " PETIX 2

Op =0

Analogously, the price ZBP(t,T, S, X) at time ¢t of a European put option with strike X, maturity T'

and written on a pure discount bond maturing at time S is given by
ZBP(t,T,5,X)=XP(t,T)®(—h+o,) — P(t,S)®(—h).

Through these formulas we can also price caps and floors since they can be viewed as portfolios of zero-
bond options. To this end, we denote by D = {dj,ds,...,d,} the set of the cap/floor payment dates
and by T = {to,t1,...,ts} the set of the corresponding times, meaning that ¢; is the difference in years
between d; and the settlement date ¢, and where ¢ is the first reset time. Moreover, we denote by 7; the
year fraction from d;_; to d;, i = 1,...,n. So the price at time t < t( of the cap with cap rate (strike) X,

nominal value N and set of times T is given by

n 1
tTN.X)=NY> (1+X7)ZBP (t,t;_1,t;, ———

or, more explicitly,

n

Cap(t,T,N,X) =N > [P(t,t;1)®(=h; + o)) — (1 + X7;)P(t,;)®(—hy)]

=1
where
i 1— e—2a(t1,1—t)
op=0 TB(tiflvti)a
1 P, t;)(1+X7; o
hi =—In (# ta)(1 + T)-Fl
al Pt ti 1) 2

Analogously, the price of the corresponding floor is

n
Flr(t,T,N,X) =N [(1+ X7;)P(t,t;)®(h;) — P(t,t;-1)®(h; — 0})]
i=1
We are also able to explicitly price European options on coupon-bearing bonds. To this end, consider
a European option with strike X and maturity 7', written on a bond paying n coupons after the option

maturity. Denote by T;,T; > T, and ¢; the payment time and value of the i-th cash flow after T. Let
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T :={T,...,T,,} and ¢ := {c1,...,¢c,}. Denote by r* the value of the spot rate at time T for which
the coupon-bearing bond price equals the strike and by X; the time-T' value of a pure-discount bond

maturing at 7; when the spot rate is 7*. Then the option price at time ¢t < T is

n

CBO(t,T,T,c.X) =) _ ¢ZBO(t,T,T;,X;) (1.7.18)

i=1

Given the analytical formula (1.7.18), also European swaptions can be analytically priced, since a Euro-
pean swaption can be viewed as an option on a coupon-bearing bond. Indeed, consider a payer swaption
with strike rate X, maturity 7" and nominal value N, which gives the holder the right to enter at time
to = T an interest rate swap with payment times 7' = {¢1,...,tn}, t; > T, where he pays at the fixed rate
X and receives LIBOR set “in arrears”. We denote by 7; the year fraction from ¢;_1 to ¢;, i = 1,...,n
and set ¢; ;== X7; fori =1,...,n—1 and ¢, := 1+ X7;. Denoting by r* the value of the spot rate at time

T for which "
A B
i=1

and setting X; := A(T,t;)exp(p(T,t;)r*), the swaption price at time ¢ < T is then given by

PS(t,T,T,N,X)=N> ¢ZBP(t,Tt;,X;)
i=1
Analogously, the price of the corresponding receiver swaption is

RS(t,T,T,N,X)=N> ¢ZBC(t,T,t;,X;)
=1
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1.7.3 An example of calibration

We present here an example of calibration to real-market data of the Vasicek one-factor model we

have reviewed in the previous section. To this end, we use these market-priced instruments: From these

Deposit Rates
Instrument Start Date End Date Rate
usDO/N  08/01/2007 09/01,/2007 5,300%

il

1 Ush 1w 10/01/2007 17/01/2007 5,303%

2 UsD2w  10/01/2007 24/01/2007 5,310%

1 UsD 1M 10/01/2007 12/02/2007 5,320%

2 UsD2M  10/01/2007 12/03/2007 5,346%

3 UsD3M  10/01/2007 10/04/2007 5,360%

Futures

Instrument Price Conv. Adj  All-in Rate

mar-07 EDHO7 94 665 0,01 5,335%
jun-07 EDMOT 94 790 0,10 5,209%
sep-07 EDUOT 04 955 0,30 5,042%
dec-07 EDZ07 95,090 0,50 4,905%
mar-08 EDHOB 95,170 0,80 4,822%
jun-08 EDMOR 95,210 1,15 4 77%%
sep-08 EDUIOS 95,235 1,55 4, 750%
dec-08 EDZ08 95,230 2,00 4,750%

Swap Rates

Instrument Start Date End Date Rate

2 USDSWAPDZY  10/01/2007 10/01/2009 5,124%

3 USDSWAPOD3Y  10/01/2007 10/01/2010 5,048%

4 USDSWAPO4Y  10/01/2007 10/01/2011 5,034%

5 USDSWAPOSY  10/01/2007 10/01/2012 5,038%

7 USDSWAPOTY  10/01/2007 10/01/2014 5,065%

10 USDSWAP10Y  10/01/2007  10/01/2017 5,115%
12 USDSWAP12Y  10/01/2007  10/01/2019 5, 150%
15 USDSWAP15Y  10/01/2007  10/01/2022 5,193%
20 USDSWAP20Y  10/01/2007  10/01/2027 5,229%

25 USDSWAP25Y  10/01/2007  10/01/2032 5,239%
30 USDSWAP30Y  10/01/2007  10/01/2057 5,238%

data we want to construct the zero-coupon bond curve defined as
CP(tg) :={T — P(to,T), T > to}

In particular the yield curve bootstrapping formulas are just the pricing formulas discussed in chapter 1,

applied to our plain vanilla instruments quoted on the market and selected as bootstrapping instruments.

Instrument Quotation ‘ Pricing formula ‘
Deposits Spot rate L(t,T;)
Futures | Futures price | Futures(t;T) = N{1 — [F;(t) + CT"*(t,T;_1]}
Swaps Swap rate R5wap(t: T, 8) = PO} Pd(tv?jgfg))T(TJ*hTi)

We suppose that:

o T = [Ty, Th,...,T,] be the time grid of the market data selected as bootstrapping instruments
(pillar);

e R™(Ty, T;) the market rate quoted for the bootstrapping instrument associated to pillar ;
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e We have already bootstrapped the yield curve until pillar ¢ — 1 and we want to compute the curve

at pillar .
Then, the bootstrapping algorithm proceeds as follows, for each typology of bootstrapping instruments:

[ ] DepOSitS: P(to,ﬂ) = m

P(to tifl)
e Futures: P(ty,T;) = . :
( 0 z) 1+[1_ Futulr(;aos(t,T) —CF“t(t,Ti_l)]T(T,;_l,Ti)

. ) — Py(to,Ti)P(to,Ti—1)
o Swap:  P(to,T3) = gmwengy o) R (t0) Ass 1 ()T Palto D))

We determine the discount factors for the standard maturities in three steps:

1. Build the short end (approximately, the first 3 months) of the curve using deposit rates. This step

involve some interpolation.

2. Build the intermediate (somewhere between 3 months and 5 years) part of the curve using the
Eurodollar futures. The starting date for the first future has its discount rate set by interpolation
from the already built short end of the curve. With the addition of each consecutive future contract
to the curve the discount factor for its starting date is either (a) interpolated from the existing
curve if it starts earlier than the end date of the last contract, or (b) extrapolated from the end

date of the previous future.

3. Build the long end of the curve using swap rates as par coupon rates. Observe first that for a swap
of maturity T;,.: we can calculate the discount factor P(0;T},4¢) in terms of the discount factors
to the earlier coupon dates:

1= S(Tmat) Z?gll ajP(OvTj)

1+ anS(Tmat>

P(O7 Tmat) =

We begin by interpolating the discount factors for coupon dates that fall within the previously
built segment of the curve, and continue by inductively applying the above formula. The problem
is that we do not have market data for swaps with maturities falling on all standard dates and

interpolation is again necessary to deal with the intermediate dates.
We obtain: Then, implementing the equation (1.7.7) for the price of a zero-coupon bond, our aim is to

Discount curve
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minimize the difference from this analytical formula, which depends on the parameters of the model, and

the discount curve constructed from the market, i.e we have to find this minimum:
n
min S (P(0,T3) — P™(0,T:))?
i=1
In Matlab we have used the function Isgnonlin.m in this way

funz=@ (x} ZCB Mark./ZCB(t,TT1,x(1},x(2},x(3},c(1}}-1;
x0=[0.2,0.05,0.03]:
xmin=1sqnonlin (funz,x0);

k=xmin (1) ;
teta=xmin (2} ;
sigma=xmin(3);

Our results are summarized in this graph:

1 T T T T T T T T T T
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Chapter 2

Funding, collateral, funding value

adjustment

2.1 Black-Scoles-Merton from a modern perspective

We consider a generic derivative IT depending on a single generic underlying asset A, with payoff II(T')
at time T and price II(¢) at time ¢t < T.

We assume a market M that trades three financial instruments:
1. the asset A, with no dividends

2. the derivative II

3. the funding account By (cash) for funding unsecured at rate 7
We stress the following assumptions:

e Single asset A

e No collateral

No counterparty risk

e No dividends

e Generic funding for asset A, no repo

e Deterministic interest rates (see the derivation)

e All the classical Black-Scholes-Merton assumptions

We will derive the classical Black-Scholes-Merton pricing formulas using replication arguments, PDE and
Feynman-Kac. In particular, we will be able to understand when and where funding enters into the

derivation and into the final result.

Dynamics under real measure P:

dA(t) = p(t, A)dt + o(t, A)dWw T (t)
dBy(t) = rp(t)By(t)dt

29
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oIl oIl 1 0%

_ v Y -2 2
dII(t) = —odt + SdA(D) + 5 =5 dA(D)
= L, I0(t)dt + ot A)g—gdWP(t)
~ ol on 1, 0’1

following notation and basic assumptions previously established and dropping obvious indexes.

We now construct a replication strategy O of the derivative II, by setting up a replication portfolio
V such that
V(t)=11(), vt<T

by combining appropriate amounts of the available assets

X(t) = A |
| Br(t) ]
A@)]

) =

(t) Wy (t)]

where:
e X is the vector of the price processes of the assets,
e O is the vector of the portfolio positions, or number of units, in each asset,
e V is the (scalar) value of the replication portfolio,
e O(t)" denotes vector transposition.

The replication strategy is described also by its (vector) dividend processes D(t), and gain processes G(t)

(namely profit and losses achieved by holding securities), such that

D(t) =0
G(t):= X(t) + D(t) = X (1)

The gain processes of the assets, in SDE form, are given directly by the dynamics chosen before, as

dA(t)
dBy(t)

u(t, A)dt + o(t, A)dW T (t)

dG(t) = dX(t) = rs(t)By(t)dt

The gain process of the replication portfolio is given, in SDE form, by

dG(t) .= 0O(t)" - dG(t)
= A(t)dA(t) + U (t)dBy(t)
= [u(t, A)A(E) +rp ()W () By ())dt + A(t)o(t, A)dW " (t)

We now impose replication condition, and we obtain

=
—~
~
~—
I
<
—~
~
~—
Il

A()A() + T, (0)B(t) VE<T
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= W(H) By (1) = L(t) — A(t)A(t)

consistently with the fact that the funding account By is used to finance the borrowing of A(t) units of

the underlying A(t) at the funding rate 7 (¢).

The gain process of the replication portfolio becomes

dG(t) = p(t, A)A(t)dt + dT'(t, A) + A(t)o(t, A)dW T (t)
dD(t, A) = [—rp (DA A(L) + 1 (O)TI()]dt

the cash amount I'(¢) contained in the replication portfolio is split between:
e the derivative II(¢), growing at the funding rate r(¢),

e the amount A(t)A(t), borrowed at the funding rate r;(t) to finance the purchase of A(t) units of
the underlying asset A(t).

We now impose the self-financing condition. The replication strategy is said self-financing if its dividend

process (in/out cash flows generated by the strategy) is null,

We have just seen that this latter condition is already satisfied. Combining the conditions above, we have
dG(t) = dV (t) = dII(t)

Introducing in this latter equation the expressions of dG(t) and dII(t) obtained before, and rearranging
terms we obtain the SDE

[%Ig—s—y(t,A)(gi—A()) +30 (tA)g2g]dt+a(tA)<gg A())dWP() dr(t, A)

We finally impose the risk neutral condition A(t) = g—g, such that the stochastic (risky) term with

dW T (t) disappears, and we obtain a Black-Scholes PDE equation for the derivative’s price TI(t)
Lp, 0(t) = 7y (O)IL(E)

. o 1 0?
Ly = 5+ (AR 57 + 507 (0 A) g

Using the Feynman-Kac theorem we may switch from the PDE representation to the SDE representation

given by

11(t) = EZ (D (t; T)I(T)]

- /tT rf(u)dul

dA(t) = rp(t)A(t)dt + o (t, A)dW(t)

D¢(t;T) := exp

under the risk neutral funding probability measure QQ associated, in this case, to the funding account

By (t). We conclude that we discount at the funding rate.
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Remark 2.1. Replication at work

This proof makes clear how the replication and funding mechanism works in practice. The market risk
generated by the derivatives’ position is hedged using the risky asset A. The replication strategy is
constructed with a combination of the instruments available on the market: the (single) asset A and the
funding account By. The former allows to include into the replication strategy the appropriate amount
of risk to hedge the risk generated by the derivative. The latter describe the amount of cash that we must
borrow or lend on the market at the funding rate r; to finance the hedging. The cash is split between
the amount A(¢)A(t), borrowed to finance the purchase of A(t) units of the risky asset A(t), and the

amount II.

Remark 2.2. Probability measure

The probability measure Q introduced via Feynman-Kac is associated to the risk neutral drift 7y appearing
in the SDE dynamics of the asset A. In the classical financial world Q was traditionally associated to
a Libor Bank account, reflecting the average funding rate on the interbank money market, considered a
good proxy of a risk free rate. Nowadays, in the modern financial world, there are no risk free rates, and
Q must be interpreted simply as the risk neutral measure associated to the funding account Bf. We call

it the funding measure.

Remark 2.3. Static hedge

In particular, self-financing implies the absence of strategy dividends and

dV (t) = dG(t)

=dOt) - X(t)]=0(t) -dG(t)=0(t) -dX(t)
d[A(D)A(t) + V() By ()] = A()AA(t) + W (£)dBy (1)
= dO(t)=0

= O(t) = constant
This is the well known feature of the classical Black-Scholes derivation:

o the position A(t)A(¢) in the risky asset S is self-financing in its own, because its variation d[A(t) A(%)]
is funded by the risky asset variation alone, A(t)dA(t).

e the position is static, A(t) = constant.
We stress that this is a consequence of the absence of dividends. In general this equality does not hold
dO(t) - X (1) # ©(t) - dX(t)

Remark 2.4. Zero Coupon Bond

We can define unsecured Zero Coupon Bonds, such that
Py(T;T)=1
Py(t;T) = EF[Dy(1;T)]

Remark 2.5. We can switch from risk neutral funding measure Q , associated to numeraire Bf(t), to
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T—forward measure Q 7, associated to numeraire Py (t,T), using the Radon-Nikodym derivative

Mi(t;T) : = Pg(;étj;)
1(t;T) = EZ[Dy (t, T)IL(T)]
e (28
Pe(t;T) or [ Bs(t)
%m“ﬁ[a&ﬁﬁ”ﬂ
QT

2.2 Multiple funding sources

We assume that derivatives’ counterparties may finance their derivatives’ activity by borrowing and
lending funds on the market through a variety of market operations, such as trading Deposits, Repos
(Repurchase Agreements), Bonds, etc. at their corresponding funding rates. We also assume that deriva-
tives’ counterparties eventually reduce the counterparty risk through the adoption of bilateral collateral
agreements (CSA) or trade migration to Central Counterparties (CCPs). In particular, we will identify

three sources of funding associated with derivatives.

¢ Money market
Money market funding is the traditional unsecured funding source for banks and financial institu-
tions. Borrowing and lending is based on the trading of Certificates of Deposit (Depo). A Depo is
an unsecured cash zero coupon loan. In case of default of the borrower during the Depo life, the
lender suffers a loss. In banks and financial institutions, a derivative trading desk may borrow and

lend unsecured funds through a treasury desk.

¢ Repo market
Another common funding source is repo funding. In this case, borrowing and lending is based
on trading Repurchase Agreement contracts (Repo). A Repo is a secured cash zero coupon loan
such that, at time t, counterparty B, the borrower, sales an asset A to counterparty L, the lender,
receiving upfront the corresponding asset value A(t), under the agreement to buy it back and pay
an interest Ri(t,T), called repo rate, at maturity 7' > ¢. Thus, the borrower pays, at maturity T
the amount
(T, A) = A()[L + Ra(t, T)r(t,T)]

The repo is secured by the asset A itself, used as collateral. In case of default of the borrower during
the repo life, the lender keeps the asset A. Thus, a repo is equivalent to a combination between
a spot sale (the initial legal transfer of the asset to the lender in exchange for transfer of money
to the borrower), and a forward contract (repayment of the loan to the lender and return of the
collateral of the borrower at maturity). Possible coupons and or dividends generated by the asset A
during the repo life are transferred by the lender to the borrower. Looking at the forward contract
component of the repo, the repo price IIz(t) is such that Iz (¢) = 0 if the contract is traded at par
at time ¢.

In banks and financial institutions, a derivative trading desk may borrow and lend secured repo

funds through a repo desk.

e Collateral
Real collateral agreements are regulated mostly under the Credit Support Annex (CSA) of the ISDA
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Standard Master Agreement. For pricing purposes it is useful to introduce an abstract “perfect”

collateral, with the following properties.

Zero initial margin or initial deposit

Zero threshold

— Zero minimum transfer amount

— Fully symmetric

Cash collateral only

Continuous margination

Instantaneous settlement

— Instantaneous margination rate 72 () in currency 3

— In case of default of one counterparty: neither close out amounts nor legal risk to the closing

of the deal or availability of the collateral

As a consequence we have that, in general, the collateral value perfectly matches the derivative’s

value,

°(t, A) = 245(t)CP(t), Vt<T.

In banks and financial institutions, the collateral associated with a derivative trading desk is oper-

ated by a collateral desk.

Multiple funding accounts

Following the previous discussion, we assume that the amount of cash borrowed or lent by a coun-
terparty in the market M from multiple funding sources is associated to multiple funding accounts B,,

where index = denotes the specific source of funding, with value BS(¢) and (symmetric) funding rate

(0%

r%(t) in currency « at time ¢, such that
dBg (1) = rg () B (t)dt, B (0) =1
¢
B (t) = exp {/ rﬁ(u)du]
0
B&(t) T
Dg(t,T) : = =% =exp —/ ro(u)du
B(T) ¢
Remark 2.6. 1. The collection of funding accounts B, (t) is assumed locally market risk free, since

their dynamics do not contain stochastic terms, and thus the value of the account at time t 4 dt

depends only on the value of the account and of the rate at previous time t.

2. The collection of funding accounts B, (t) is assumed credit risk free, since the default of the bor-

rowing counterparty is not included into their dynamics

3. The funding rates r,(t) may be, in general, stochastic.

2.3 Collateral: discrete margination

Example 2.1. A trivial (but intuitive) example

Let’s suppose that the trade consists of single cash flow, such that we receive/pay an amount II(T") at
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maturity 7', corresponding to a present value II(¢) at time ¢ < 7.
Let’s suppose also that the trade is under perfect collateral, with two margination dates, at ¢t and T": at
time ¢ we post the amount B.(t) into the collateral account, where it grows at the collateral rate R.(t)

up to maturity 7. By no arbitrage and self-financing, we must have

Trade f(t) ]IY(T)
_______ t
1| t T
Collateral '

Account  Be(V) B.(T) = B.[1+R(t)(T-9)]

B.(T) = B.(t)[1 + R:(t)(T — t)] = II(T)

II(t) = Py(t, T)II(T) = B.(t)
1
[+ Re(t)(T — )]

Thus no arbitrage requires discounting at the collateral rate.

= Pd(t7T) =

In case of multiple discrete marginations, at each margination date T; the counterparties must regulate

the margin over the last time interval AT; = [T;_1,T;] by exchanging the amount

M(Ty) = T(T;) = T(T;_1) — Be(Ti—1)Re(T;—1)AT;
=II(T;) — I(T;_1)[1 4+ Re(T)—1)AT]

111 IAT)
pes e ey T t
[= TO Tf Tg T,,]' Tf Tn=T

The counterparty whose NPV has increased/decreased must receive/post the amount M (T;). At
the same time interval the bank account B(t) and discount factor D(¢,T) evolve with the (simple com-
pounded) rate R as

B(T;) = B(Ti—1)[1 + R(T;-1)ATj]
D(t;Ti1)
DT = — itz by =1
6T) = o kg D6

The value at time ¢ of all the future margination amounts is given by the discounted sum

M(ET) = zn:IE?[D(t,Tz)M(TZ)}
= iE?{D(t, T)I(T;) — I(Ti—1) (1 + Re(Ti-1)AT)]}
- D.(t; T,
= 3B? | D TN ~ () N

where D,(t;T;) is the discount factor associated to the collateral rate such that

B.(T;) = Bo(Ti—1)[1 + Ro(Ti-1)AT;]

. _ Dc(t;j—’ifl)
Dc(taT’L) - 1 +RC(7—ZL‘_1)ATZ'
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D.(t;t) =1
By no-arbitrage, the total value of the margination amount must be null,

Dc(ta T’i—l)

Do) M=) =0

M) = 3B | D6 T - D)
i=1
This may be true if and only if D4(¢;T;) = D.(t;T;). Hence
M T) = EP[Do(t; T)I(T;) — De(t; Ti—1)I(Ti—1)]
=1

= 7 [De(t; To)I(T,) = De(t; To)U(To)]
— E[D, (1 T)I(T)] — T1(t) = 0
We conclude that no arbitrage implies discounting at the collateral rate
I1(t) = B [De(t: T)I(T)]
D(t;T;) = De(t; T2)
R(t;T;) = Re(t; T3)
In the limit of continuous margination AT; — dt we have

D(t;T;) = D(t;T) = exp l /tTr(u)du]

D.(t;T;) = D.(t;T) = exp [_ /tT rc(u)du‘|

Mt T) = M(t;T) = EF[De(t; T)I(T)] — 11(t) = 0
I(t) = EF[D,.(t; T)IL(T)]

where r(t) and 7.(t) are the short rate and the collateral short rate, respectively.

In the limit of no margination AT; — T — t we have the same equations as above, but we make funding

not at the collateral rate but at a generic funding spread s¢(t) over the risk free rate
T
D(t;T;) — exp {—/ [r(u) + sf(u)]du} = D(t;T)Ds(t;T)
t

M(;T) — My(T) = EZ[D(6T) Dy (1 T)I(T)] — TI(1) = 0
() — TL;(t) = EP[D(t; T) Dy (t; T)I(T)]
[T ()] < 1))

Hence we discount at the funding rate.

If sf(t) is deterministic we obtain

T4(t) = Py(t; T)EF [D(; T)I(T)] = Py(t; T)T(1)

- /tT sy(u)du

Ty (1)) < [TI(2)]

Py(t;T) = Dy(t;T) = exp
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2.4 Perfect collateral

We now consider the case of derivative under perfect collateral.

Our economy admits, in this case, four financial instruments:
e the asset A, with no dividends
e the derivative II under collateral C'
e the funding account By for funding unsecured at rate 7
e the collateral account B, for funding secured by collateral at rate r.
We hold all the assumptions of the previous case but the perfect collateral, such that

I(t) = C(t), W<T

Dynamics under real measure P:

dA(t) = p(t, A)dt + o(t, A)dW T (t)
dBf(t) = T’f(t)Bf(t)dt
dBc(t) = Tc(t)Bc(t)dt

dII(t) = £,00(t)dt + o (t, A)a—HdWP(t)

0A
. om o 1, &

We now construct a replication strategy © of the derivative II, by setting up a replication portfolio V'

such that
V(t,0e,X)=1(), vt<T

by combining appropriate amounts of the available assets
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The gain processes of the assets, in SDE form, are given by

dA(t) u(t, A)dt + o(t, A)dWT (t)
dX(t) = |dBs(t)| = rr(t)By(t)dt
dB.(t) re(t)Be(t)dt

The gain process of the replication portfolio is given, in SDE form, by

dG(t) .= O(t)" - dG(t)
= A(t)dA(t) + U (t)dBy(t) + U, (t)dB.(t)
= [u(t, AYA() + ()T () By (t) + 7e(t) Ve (t) Bo(t)]dt + A(t)o(t, A)dW T (t)

We now impose the perfect collateral and replication conditions,

and we obtain

V(t,0,X) = A(t)A(t) + U (t) By () + U () Be(t)
= A(t)A(t) + Wy () By (t) + 11(2)
= Ws(t)By(t) = —A(t)A(t)

Notice that:

e the funding account By is used to finance, at the funding rate r;(t), the borrowing of A units of
the asset A;

e the collateral account is used to finance, at the collateral rate r., the derivative II;

e no cash is left out the replication because of the perfect collateral (see the partial collateral case
later).

The gain process of the replication portfolio becomes
dG(t,©,X) = u(t, A)A(t)dt + dT'(t, A) + A(t)o(t, A)dW P ()
dr'(t,A) : = [—rs(t)A(t)A(t) + re(t)II(E)]dt
Notice that the cash amount I'(t, A) contained in the replication portfolio is split between:

e the derivative amount, equal to the cash in the collateral account B., growing at the collateral rate

TC’

e the amount A(t)A(t), borrowed at the funding rate r¢(t) to finance the purchase of A(t) units of
the asset A(t).

We now impose the self-financing condition on the replication strategy
D(t,0,X)=G(t0,X)-V(t0,X)=0
We have just seen that this latter condition is already satisfied. Combining the conditions above, we have

dG(t,©,X) = dV(t,©, X) = dII(t)
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Introducing in this latter equation the expressions of dG(t,®, X) and dII(¢) obtained before, and rear-

ranging terms we obtain the SDE

[& + u(t, A) (ZE - A(t)) + ;UQ(t,A)gQﬁ] dt +o(t, A) (gj — A(t)) dWF(t) = dr(t, A)

We finally impose the risk neutral condition A(t) = g—g, such that the stochastic (risky) term with

dWPT(t) disappears, and we obtain a generalised Black-Scholes PDE equation for the derivative’s
price II(¢, A)

L= — 47 (t)A(t)i—&-l 2(t A)‘l2
T A 27 " V24

Using the Feynman-Kac theorem we may switch from the PDE representation to the SDE representation

given by
T1(t) = BZ[De(t; T)TI(T)] (24.1)
Do(t:T) i= eap | — /t ' rc(u)du] (2.4.2)
dA(t) = rp(t)A(t)dt + o (t, A)dW(t) (2.4.3)

We conclude that we discount at the collateral rate.

Remark 2.7. 1. Funding measure:
the probability measure Q introduced via Feynman-Kac is associated with the risk neutral drift r¢
appearing in the SDE dynamics of the asset A. It is the same measure of the uncollateralised case,

but now the numeraire is the collateral account B..

2. Borrowing/lending return:
we notice that, over the time interval [t,¢ + dt), the derivative II(¢) and the cash flow r.(¢t)II(¢)dt
generated by the (perfect) collateral margination, are equivalent to a derivative II(¢) without col-
lateral but with a continuous dividend yield r.(¢)II(¢)dt, such that ry — 7. the rate is the actual

(instantaneous) borrowing/lending cost/return including the collateral.

3. Zero Coupon Bonds:

we can define secured (collateralized) Zero Coupon Bonds, such that
PC(T; T) =1
Po(t;T) = B [De(t;T)]
4. T-Forward measure:

we can switch from the funding measure associated with numeraire B.(t) to T-forward measure

@ C T associated with secured (collateralised) numeraire P.(¢;T') using the corresponding Radon-
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Nikodym derivative as follows

I(t) = B [De(t; T)I(T)]
= M(t, T)ES* [%H(T)}
= P TIE | g

= P.(t; T)E [I(T)]

We remember that any positive martingale process (not necessary the ratio between two numeraires)

can be used as Radon-Nikodym derivative in a measure change.

5. (Im)perfect collateral:
Since real CSAs are far from being perfect, a more general proof is required to take into account

imperfect collateral, such that B.(t) # II(t), also in terms of different currencies.

6. Equity asset:
The lending/borrowing of some assets is often realised through repo contracts and funded at the
repo rate. Furthermore, assets may pay, in general, dividends. Typical example is equity asset.

Thus a more general proof is necessary to deal with these special case.

7. Funding Valuation Adjustment (FVA):
Comparing the collateralised vs uncollateralised prices we can define a Funding Value Adjustment
(FVA) such that, in additive form,

I (t) = EZ[D(t; T)IL(T))]
_ Dy(t;T) . ..
=E? ch(t, T)II(T)
= E@[D.(t; T)I(T)] + FV A (t)
= T0.(t) + FV Ag (1)

FVAﬁC L= Hf(t) - Hc(t)

The calculation of the FVA above depends on the correlated dynamics of the funding and collateral
rates, and is thus model dependent. If the variance of the ratio between the funding and the
collateral (stochastic) discounts is negligible with respect to the variance of the remaining discounted
payoff 1,

Var [f(:g:))] < Var|D.(t; T)IL(T))

we may write

I(t) = E2 _l[))i g g D.(t; T)H(T)}
~ EQ _gfgf g] EQ (D, (t; T)I(T))
o [DsT)
=BV _Dc(t;T)] L)

FV Aj (t) = {]Ef? {Df(tT)] - 1} IT.(t)

1This condition is less restrictive than the deterministic basis limit used below.
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In the limit of deterministic basis we obtain the simple expression

EQ Df(t7T) o~ EtQ[Df(t7T)] — Pf(t’T) — e~ ftT sf,e(u)du
t D.(t;T) . T

T

T
FVA;,. = {6_ J spe(u)du 1} I.(t) = — [/ 5f7c(U)dU II.(¢)
t

Sf.e(t) = 7p(t) = 7e(t)

2.5 Perfect collateral for derivative and hedge

We now consider the special case of perfect collateral, in which also the asset A is perfectly collater-
alized, with its distinct collateral rate.

In this case our economy admits, four financial instruments:

e the asset A under collateral Cyx
e the derivative II under collateral Cp
e the derivatives’ collateral account B, for funding II secured by collateral at rate 7.
e the asset’s collateral account B.4 for funding A secured by collateral at rate 7.4
The proof follows the previous case of perfect collateral, with the substitutions

Bf—)BcA, Tf—>TcA
Bc — Bcl_h Te = Tell

C—)CH

We obtain the PDE

)

reall(t) = rem(8)II(2)

_ 0 o 1, 92
red 1= gy Frea()A) 57 + 507 (8 A)

)

Using the Feynman-Kac

T1(t) = EZ[Dent (t; T)TI(T)]

- /tT TcH(U)d'LL]

dA(t) = rea(t)A(t)dt + o(t, A)dW2(t)

Den(T) = eap

We conclude that, in case of perfect collateral for both the derivative and the hedge, the stochastic process

for the asset A is driven by the collateral rate r.4 associated with the asset A.
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2.6 Perfect collateral, dividends, repo

We now consider the case of derivatives on a dividend paying asset A subject to repo funding. In
practice, the asset A, instead of being traded directly, funded through an unsecured funding account By
at the funding rate r¢, is traded indirectly through repo contracts, secured by the asset A and funded at
the repo rate rg.

Hence, our economy admits, in this case, four financial instruments:
e the asset A, and its dividends at rate rp
e the derivative II under collateral C'
e the collateral account B, for funding secured by collateral at rate 7.
e the repo contract IIg(A) for funding secured by asset A at repo rate rg
Dynamics under real measure P:

dA(t) = p(t, A)dt + o(t, A)dw T (t)
dBc(t) = re(t)Be(t)dt

dII(t) = £,T0(t)dt + o (t, A)g—idwp(t)
4 9 o 1, 02

Regarding the repo contract dynamics, we must remember that, for the repo holder:
e there is a continuous positive cash flow of dividends +rp(¢)A(t)dt
e there is a continuous negative cash flow of repo interests —rg(t) A(t)dt,
e the price is linearly dependent on the asset A

Thus, using Ito’s Lemma, we obtain

oIl oIl 10°10
dTlR(t) = det + a—;dA(t) +5 82AR

=dA(t) + [rp(t) — rr(t)]A(t)dt

dA2(t) + rp(t) A(t)dt — rr(t)A(t)dt

(We have considered unit nominal).

The replication strategy of the derivative II is obtained by combining appropriate amounts [A, U] of
the available assets [IIg, B.]

0
X(t) := B.(1)
| A®)
o) = ()

where we have taken into account that the repo contract is always traded at par on the market, such

that IIx(¢) = 0 for time ¢ trading.
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The value of the replication portfolio V' is thus simply given by
V(t,0,X)=0()  X(t) = U.(t)B(t)

(remember there is a zero repo value on the r.h.s.)

The gain processes of the assets, in SDE form, are given by

dIR(t)
dB.(t)

{u(t, A) + [rp(t) — re(®)A(®) bt + o (t, A)dW " (t)
re(t)Be(t)dt

dG(t) =

The gain process of the replication portfolio is given, in SDE form, by

dG(t) := O(t) - dG(t)
= {[u(t, A) + (rp(t) — rr(®) AD]A() + re(t) Ve (t) Be(t) Yt + A(t)o (t, A)dW T (t)

The dividend processes of the assets may be obtained by difference

dD(t) = dG(t) — dX (t)

[dA@) + ro(t) — rr@)]Abdt] [0
B dB,(t) dB,(t)
_ [dA@®) + Irp(t) = rr(0)] At de

0

D(0) =0

This is consistent with the presence of dividends assumed at the beginning. Notice that in this case we
have
de() - X(t)] # e(t) - dX(t)

We now impose the perfect collateral and replication conditions,
Ve(t)Be(t) = C(t) =10(t) = V(t,0,X), Vt<T
The gain process of the replication portfolio becomes

dG(t,©,X) = A){dA(t) + [rp(t) — rr(t)|A(t)dt} + dB.(t)
= p(t, A)A(t)dt + dU'(t, A) + A(t)o(t, A)dW T (t)
dU'(t, A) = {[rp(t) — rr()]AR)A®) + ro(®)TI(E)} dt

We observe at this stage that the cash amount I'(¢, A) contained in the replication portfolio is split

between:
e the cash in the collateral account B., growing at the collateral rate r.,
e the cash generated by the dividends paid by the asset A at the dividend rate rp,

e the amount A(t)A(t), borrowed at the repo rate rg(t) to finance the purchase of A(t) units of the
asset A(t), secured by the asset itself.

We now impose the self-financing condition: the dividend process of the replication strategy must be
null,

Dt,©,X)=G(t,0,X)-V({t0,X)=0
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= dG(t,0,X) = dV(t,©, X) = dII(t).

Introducing the gain process of the strategy on the lLh.s, the derivative process on the r.h.s of the

previous equation, and rearranging terms we obtain the SDE

{?913 +p(t, A) {gg - A(t)} + %O—Q(t, A)g%ﬂ dt + o(t, A) [gg - A(t)} dW"(t) = dr'(t, A)

We finally impose the risk neutral condition A(t) = g—g, such that the stochastic (risky) term with

dW T (t) disappears, and we obtain a generalised Black-Scholes equation for the derivative’s price I1(#)

S TI() = 1o (£)TI(2)
2
e 1= o () — (D) A g + 2070 A)

Using the Feynman-Kac theorem we may switch from the PDE representation to the SDE representation

=)

given by

T1(t) = E2[De(t; TYTI(T)]

- /tT re(u)du

dA(t) = [rr(t) — rp ()] A(t)dt + o (t, A)dW (L)

D.(t;T) := exp

We conclude that we discount at the collateral rate.

Remark 2.8. 1. Funding measure:
the probability measure QQ introduced via Feynman-Kac is associated with the risk neutral drift rp
appearing in the SDE dynamics of the asset A. It is the same measure of the collateralised case,

with numeraire the collateral account B..

2. Risk neutral drift:
The repo rate rg is the correct rate to be used in the risk neutral dynamics of assets subject to
repo. We may think that the repo (short) rate rr(t) is associated with a repo account Bg, such
that
dBRr(t) = rr(t)Br(t)dt
The repo rate, being associated with a secured transaction, may be considered a good proxy of a

risk free rate. In practice, overnight repos are close to unsecured overnight rates.

3. Funding Valuation Adjustment (FVA):
The price II(t) is different from the no repo case, because of the different risk neutral drift in the
SDE dynamics of the asset A. According to the consideration above, the difference is small. We
conclude that FVA is negligible.

2.7 Partial collateral

We now relax the hypothesis of perfect collateral and consider the more general case of partial collat-

eral C(t) # I1(t), in the same currency of the derivative.
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Our economy admits, in this case, four financial instruments:
e the asset A
e the derivative IT under partial collateral C
e the funding account B for funding unsecured at rate 7
e the collateral account B, for funding secured by collateral at rate 7.

In general, we may assume the following dynamics under the real measure P:

dA(t) = pu(t, A)dt + o(t, A)dw T (t)
dBy(t) = ry(t)By(t)dt
dB.(t) = r.(t)B(t)dt
dII(t) = £,T0(t)dt + o (t, A)g%dwp(t)
~ 2
£, = % + “(t’A)a% + %aQ(t,A)ag—A

The replication strategy of the derivative II is obtained by combining appropriate amounts © of the

available assets

The value of the replication portfolio V' is thus simply given by
V(t,0,X)=0() - X(t)=A{)A{X) + U s(t)By(t) + V. (t)Be(t)

The gain and dividend processes of the assets, in SDE form, are given directly by the dynamics

discussed before, as

dA(t) u(t, A)dt + o(t, A)dWT (t)
dG(t) : = dBs(t)| = rr(t)By(t)dt
dB.(t) re(t)Be(t)dt
dD(t) =0

The gain process of the replication portfolio is given, in SDE form, by

dG(t) := O(t)" - dG(t)
= {u(t, AYAE) + ()T (8) By (1) + ro(t) Lo () Bo(t) Yt + A(t)o(t, A)dWE (1)

We now impose the perfect collateral and replication conditions,

V(,©,X) =TI(t) = A)A{) + (1) Bs(t) + Uo(t)Bo(t), Yt <T
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= Ws(t)By(t) = I(t) — Vc(t)Be(t) = II(t) — A(H)A(t) — C(2)
consistently with the fact that the funding account By is used to finance the borrowing of A(t) units of
the asset A(t) at the funding rate rz(t).
The gain process of the replication portfolio becomes
dG(t, 0, X) = u(t, A)A(t)dt + dT(t, A) + A(t)o(t, A)dW T ()
dl'(t, A) = {—=rp()AQ)A({t) +rpOILE) — [rp(t) — re(t)]C(t) bdt
={-rr(O)A)A[) +rc(t)C(t) —rp(t)[IL(E) — C(t)]}dt
We observe that the cash amount I'(¢, A) in the replication portfolio is split between:

e the collateral C, growing at the collateral rate r.,

o the amount A(t)A(t), borrowed at the funding rate r;(t) to finance the purchase of A(¢) units of
the asset A(t),

e the off-collateral amount II(¢) — C(t), borrowed/lent at the funding rate r¢(t)

We now impose the self-financing condition: the dividend process of the replication strategy must be
null,
D(t,0,X)=G(t0,X)-V(t6,X)=0
= dG(t,0,X) =dV(t,0,X) = dIl(¢).
Introducing, in the previous equation, the gain process of the replication portfolio on the lLh.s, the

derivative process on the r.h.s, and rearranging terms, we have

[0t ) [ 28 @) + 3o ] ot ote. ) [ 33— 2] aw 0 = arce

Finally, we impose the risk neutral condition A(¢t) = gg and we obtain a generalised Black-Scholes

equation for the derivative’s price II(t)

£ T1(0) = PO ~ [r ()~ re()CO
= o+ g O)AW) S + 30% 0 A)

[
v
Using the Feynman-Kac theorem we obtain the SDE representation

<>EﬂD /Dtuw)ﬂAwﬂ)ﬂwm

T
D.(t;T) := exp l—/t rc(u)du]

dA(t) = rp(t)A(t)dt + o (t, A)dWO(t)

Remark 2.9. Funding Value Adjustment (FVA)

We may rewrite the previous formula as follows

T
Tyo(t) = EY | De(t; T)INT) + /t De(t;u)[ry(u) = re(uw)][Hye(u) = C (U)]dU1
=1IL.(t) + FVAs.(t)
FVApe:=Tge(t) —TL(1)

= E¥

/t De(t;u)[rp(u) = re(u)][ye(u) = C (U)]dU]
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In this case, the FVA amounts to the expected difference between the trade and collateral values, weighted

with the difference between funding and collateral rates, integrated over the residual life of the trade.

2.8 Perfect collateral, stochastic rates

We consider now the case of stochastic funding rates with perfect collateral. Stochastic funding means

that funding rates are stochastic, there are more risk factors to hedge.

Our economy admits, in this case, six financial instruments:

e the asset A,

the uncollateralized asset Ay, e.g. a zero coupon bond Py(t, s)

the collateralized asset A., e.g. a zero coupon bond P.(t, s)

the derivative II under perfect collateral C'

the funding account By for funding unsecured at rate ry
e the collateral account B, for funding secured by collateral at rate 7,
Notice that:

e Non tradable assets, such as interest rates, inflation, fx, etc. can’t appear directly as hedging
instruments, but through some corresponding tradable financial instruments. In particular, funding

rates r, may enter in the form of Zero Coupon Bonds, A, (t) = P,(t, s).

e Additional financial instruments associated with (stochastic) funding rates are required to hedge

the additional risk factors.

In general, we may assume the following dynamics under the real measure P:

dA(t) = pa(t, A)dt + o a(t, A)dWT (t)

dA,(t) = pa(t, A)dt + o (t, Ay)dW T ()

dB,(t) = 1, (t) By (t)dt

dII(t) = &, T1(t)dt + [814 At A)+ ot Ap) + aAcac(t,Ac)] AW (1)
A 0 0 0 0 ) 9?
L=yt palt, A) 57 + st Af)aA + pe(t, A )8A + E (t, A, Ag, Ac) (1) - 52A
0?2 0? 0? 0?

2 . 2
3E(t, A, Ap, AL) - 924 = o (t, A)62A f(t,Af)aQ—Af a?(t, A )82A +
) 82 ) 62 82
Foalt ) 030 AN g+ 02 A g |+ st AN ot A g

AW (t)dw [ (t) = 6; jdt
x:={f,c}

The replication strategy of the derivative II is obtained by combining appropriate amounts & of the

available assets
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The value of the replication portfolio V' is thus simply given by
V(t,0,X)=0(t) X(t) = Aa(t)A(t) + Ap(t)Ap(t) + Ac(t) Ac(t) + Vs (8) By (t) + Ue(t) Be(t)

The gain and dividend processes of the assets, in SDE form, are given directly by the dynamics

discussed before, as

dA(t) [ pa(t, A)dt + o a(t, A) - dWP(t) ]
dAg(t) pg(t, Ag)dt + o s (t, Ag) - dW P ()
dG(t) : = [dA(t) | = | pe(t, A)dt + oo(t, A.) - AW (1)
dB(t) r(t)By(t)dt
dB.0)] | ro(t) Be(t)dt

The gain process of the replication portfolio is given, in SDE form, by

dG(t) == 0O(t) - dG(t)
= {pa(t, A)AA() + py(t, Ap)Ap(t) + pe(t, Ac)Ac(t) +rp(t)W s () By (t) + re(t)We(t) Be(t) pi+
+[AA)Talt, A) + Ap(t)os(t, Ap) + Ac(t)o.(t, A)]dWT (1)

We now impose the perfect collateral and replication conditions,

V(t,®,X)=II(t)
=Aa()A(L) + Ap(t)Ap(t) + Ac(t) Ac(t) + W (t) By (t) + We(t)Be(t)
= A4 (t)A(t) + Ap(t)Ap(t) + W (t) By (t) + 1I(¢)

where we have used the generalised perfect collateral condition
II(t) = C(t) = We(t) Be(t) + A(t) Ac(t)
Thus we obtain the generalised unsecured funding condition
Ur(t)By(t) = —Aa(t)A(t) — Ap(t)As(t)

consistently with the fact that the funding account By is used to finance the borrowing of A 4(t) units of
the asset A(t) and Ay () units of the asset A;(t) at the funding rate 7 ().
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The gain process of the replication portfolio becomes

dG(t,0,X) = dII(t) = £,I1(t)dt =
= [pa(t, A)Aa(t) + pp(t, Ap)Ap(t) + pe(t, Ac) Ac(t)ldi+
+dD(t, A Ap, A+
+[AAB)Talt, A) + Ap()of(t, Ap) + Ac(t)oe(t, Aol - AW (1)
dl'(t, A) = —rp()[AA()AR) + Ap () Ap ()] + re(O)[II(E) — Ac(t)Ac(t)]dt
We observe that the cash amount T'(t, A) in the replication portfolio is split between:

e the collateral amount C(t) = II — A (t)A.(t), growing at the collateral rate r.,

e the amount A(t)A(t), borrowed at the funding rate r¢(t) to finance the purchase of A(t) units of
the asset A(t), and Af(t) units of the asset Ay(t).

We now impose the self-financing condition: the dividend process of the replication strategy must be
null,

D(t,0,X)=Gt0,X)-V(t0,X)=0
= dG(t,0,X) =dV(t,0,X) = dII(¢).
Introducing, in the previous equation, the gain process of the replication portfolio on the lLh.s, the

derivative process on the r.h.s, and rearranging terms, we have

oIl

0A.

{%Itl pat, 4) BE _AA(t)} + gt Ay) [éii —Af(t)] + pe(t, Ae) { —Ac(t)] +

1 o %11 oIl o1l
52 (t,A,Af,AC)82A}dt+ { |:8A — AA(t):| oalt,A) + [5‘Af — Af(f):| O'f(t,Af)+

+ [5}: — Ac(t)} o.(t, Ac)} AW (t) = dT(t, A, Ay, A,)

Finally, imposing the generalised risk neutral condition

oIl oIl o1l
DA = a4, 2= 54

we obtain a generalised Black-Scholes PDE equation for the derivative’s price II(¢)

£ J1(t) = re(TI(E)

= 7] 0

Lfe = e + (%) A(t)a—A + Af(t)aaAf] +re(t)Ac(t)

01

0A.2

82
0%2A

22@7 Aa Afa Ac) :
Using the Feynman-Kac theorem we obtain the SDE representation
T(t) = B [De(t; T)T(T))

- /tT rc(u)du]

dA(t) = rp(t)A(t)dt + o a(t, A) - AW (t)
dAL(t) = 1o (1) Ag(t)dt + o (t, Ay) - AW (t)

D.(t;T) :=exp

We conclude that we discount at the collateral rate.
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Remark 2.10. IR dynamics

In the risk neutral measure the dynamics of the stochastic rates r, is expressed via the functional de-
pendence on the instruments A,. We could proceed the other way around, postulating from the very
beginning, stochastic process of the rates in the risk-neutral measure.

This freedom allows to select their dynamics with appropriate characteristics that can be calibrated to
the corresponding yield curves. For example, we could choose the Hull-White dynamics such that, under

the risk neutral measure Q ,
dro(t) = [ko(t) — ax(O)ro(t)]dt + o, (t) - AW (1)

Remark 2.11. IR instruments

Next, we can specify the interest rate instruments A, used in the replication. One possible choice
are unsecured and (perfectly) collateralised zero coupon bonds, A, (t) = P,(¢,T"), with some maturity
T >T.

The parameters k,(t) in the Hull-White dynamics above can be calibrated to the market zero coupon

bond curves. Using Ito’s lemma we obtain the price dynamics of the zero coupon bonds as

dP,(t,T") = r4(t) Py(t, T")dt — Py(t, T Yo p, (t, T") - AW (1)

op, (th/) =0y, (t)/ e ftu U«z(v)dvdu
t

x=f,c

Notice that the zero coupon bonds dynamics inherit appropriate drifts corresponding to their underlying

(short) rates 7.

2.9 General case

We now consider the more general case of multiple assets A, multiple stochastic funding rates 7,
dividends and partial collateral.

Our economy admits, in this case, multiple financial instruments: the vector of assets A, = [A¢, A., AR]
according to the funding of their associated hedging strategies (unsecured, collateral, repo) the derivative
IT on assets A, under partial CSA the vector of funding accounts B, = [By, B., Br] with funding rates

Ty = [rf, re, 7] The generalised funding conditions become
Ap()Ag(t) + Ws(t)By(t) = II(t) — Cult)
Ac(t)Ac(t) + o (t)Be(t) = Cu(t)
ARr(t)ARr(t) + Yr(t)Br(t) =0

We obtain a generalised Black-Scholes PDE equation for the derivative’s price II(t)

o 1 o
i - 2 " ;[rw(t) —rp(t)] Ay(t) - A + §§0m(t;Az> coy(t, Ay) - 9404,

and, using Feynman-Kac, the SDE representation

M(t) = B2 | D, (1 T)TI(T) — / D, T) [ () — ()] [T1(s) — Cry ()]l




2. Funding, collateral, FVA

51

T
D, (t;T) := exp l/t rm(u)du]

dAy(t) = [ra(t) — rp(O)]An(D)dt + oo (t, Ay) - AW (1)

2.10 Multiple currency

We consider now the case of different currency for the derivative and its funding.

Our economy admits, in this case, five financial instruments:

e the asset A%, in currency «, with no dividends

e the derivative II® under partial collateral C# in currency 3

e the funding account Bf for funding unsecured in currency « at rate rf
B

e the funding account B? for funding unsecured in currency 3 at rate r ¥

e the collateral account B? for funding secured by collateral C# at rate r?

We also assume that the derivative II is under perfect collateral, such that
e (t) = 2*?(t)CP(t), Vt<T

where %7 is the spot exchange rate expressing the value in currency o of one unit of currency f.

We have the following dynamics under the real measure P<:

dA%(t) = p(t, A%)dt + o(t, A%)dW P (t)

dB}(t) = r}(t) B} (t)dt

dB}(t) = r{(t)B] (t)dt

dBY(t) = r(t)BY (t)dt

dII*(t) = 8;1: + p(t, A )g—ﬁ + Ly (t,Aa)aag dt+a2(t,A"‘)gAdWPO‘( t)

We now construct the replication strategy of the derivative II* by setting up a replication portfolio
V< such that
Ve, 0,X)=114¢), vt<T

by combining appropriate amounts ® of the available assets X
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The value of the replication portfolio V*(¢, ®, X) is given by
V(t,0,X)=0()  X(t)=A{t)A(t) + V§(t)BF (t) + \I/?(t)maﬁ(t)B?(t) + WA 1)z (t) B.(t)

The gain and dividend processes of the assets, in SDE form, are given directly by the dynamics

discussed before, as

dA*(t) pu(t, A)dt 4 o(t, A%)dW e (t)
_ |4BF®)| _ ré(t)BS (t)dt
160 aBi(t)| (6B (t)dt
dBZ(t) r8(¢)BE (t)dt
dD(t) =0

dG(t) = dX(t)
We now impose the perfect collateral and replication conditions, and we obtain

V0, X) = A(H)AY(t) + UG () B () + V()P (1) B
= A(t)A™(t) + U (1) BF (t) + U
Vet e, X)=1 Vt<T

= UG ()BY (t) = —A()A%(t) — U] (t)a* (t) B} (t)

~
~—
8
Q
@®
—~
~
~—
oy}
ST s
—~
~
~—
-
=
—
~
~—

consistently with the fact that the funding account B is used to finance, in currency « the borrowing
of A(t) units of the asset A%(t) and W (¢)z*?(¢) units of cash B? (t) in currency S, at the funding rate

r?(t).
The gain process of the replication portfolio, in SDE form, is given by
dGY(t,0,X) =dX“(t,0,X) = 0(t) - dG(t)
= p(t, AY)A(t)dt + dT*(t, A%) + A(t)o(t, A%)dW e (t)
dre (1, A%) s ={ = r§ (AWM A () + [rF (1) = r§ (O] W] (2P (1) B] () + rf (11" (1) } e
={ = rFOAMA W) + [rE() + 1] (1) = ()] T (1) Yt

where we have chosen W?m“ﬁBf (t) = II*(t), such that \Ilfmo‘ﬁBf (t) units of cash B?(t) are used to
fund the derivative TI1*(¢).

We observe that the cash amount I'*(¢) in the replication portfolio is split between:

e the amount A(t)A%(¢) in currency «, borrowed at the funding rate 7% (¢) to finance the purchase of
A(t) units of the asset A*(t),

e the amount B/ (t) in the collateral account (currency 3), growing at the cross currency collateral
rate 2 (t) + r? (t) —r§

We now impose the self-financing condition: the dividend process of the replication strategy must be
null,
DY(t,0,X)=G*t,0,X)-V(t,X)=0
= dG“(t,0,X) =dV*(t,0, X) = dlI*(t).
Introducing, in the previous equation, the gain process of the replication portfolio on the 1.h.s, the

derivative process on the r.h.s, and rearranging terms, we have
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o211
02A

{81'[" ot A% [ma - A(t)] - %02@71‘1(’)

ot 94 } dit

oI~
0A

Finally, we impose the risk neutral condition A(t) = g—g and we obtain a generalised Black-Scholes

+o(t, A%) [ — A(t)} dWPe(t) = dre(t, A%)

equation for the derivative’s price I1%(t)

By11°(0) = [r2(0) + 1710) = rg )] 10

- 0 o O 1, oy 02
Using the Feynman-Kac theorem we obtain the SDE representation
1 () = E2” [Dgf(t; T)H“(T)}
T DA, T)
Bly.y . B a _ . fA"
D (6 T) = exp [—/t [ (w) + 7' (u) = 75 (u) ]du] = Df(t»T)W

dA*(t) = 1§ (t) A% (t)dt + oa(t, A*) AW (t)

Remark 2.12. Discounting

T
Dz’f(t;T) = exp l—/t [Tf(u) + Tf(u)B(u) — rﬂ du]
contains the cross currency basis.

Remark 2.13. Funding Value Adjustment (FVA)
Comparing the single vs double currency collateralised prices we can define a Funding Value Adjustment
(FVA) such that, in additive form,

« [DB(t;T)DE(t;T N
1) = B | B | B DT (7))
o [DET)DY(HT)]
=B | Dewrimsery | Y
. o [ DE(t;T)DS(t;T) .
FVAS(1) g{E? Dg(t;T)Dé(t;T) —I}Hc(t)

In the limit of deterministic basis we obtain the simple expression
o DE(;T)D](t;T)
De(t;T)Dg(t:T)

~ 7ftT s?’f(u)du

a,B ~ — [T 5B (w)du «
FVAGS [e S5l (wyd —1} 11 (1)

T
~ / s?’f(u)du
t

sPO) s =rl(t) + () — r§ (1)

I (2)

Remark 2.14. Special cases

All the cases analysed before may be recovered as special cases of the last formula.
e perfect collateral: set 2@ (t)B5(t) — T1%(t, A) Wt
e single currency: set a — 3, 2*5(t) — 1 WVt

e 1o collateral: set B.(t) = 0 V¢t






Chapter 3

FX modelling in collateralized

markets

The foreign exchange market (forex, FX, or currency market) is a global decentralized market for
the trading of currencies. This includes all aspects of buying, selling and exchanging currencies at current
or determined prices. In terms of volume of trading, it is by far the largest market in the world. The main
participants in this market are the larger international banks. Financial centres around the world function
as anchors of trading between a wide range of multiple types of buyers and sellers around the clock, with
the exception of weekends. The foreign exchange market does not determine the relative values of differ-

ent currencies, but sets the current market price of the value of one currency as demanded against another.

The foreign exchange market works through financial institutions, and it operates on several levels.
Behind the scenes banks turn to a smaller number of financial firms known as “dealers”, who are ac-
tively involved in large quantities of foreign exchange trading. Most foreign exchange dealers are banks,
so this behind-the-scenes market is sometimes called the “interbank market”, although a few insurance
companies and other kinds of financial firms are involved. Trades between foreign exchange dealers can
be very large, involving hundreds of millions of dollars. Because of the sovereignty issue when involving

two currencies, forex has little (if any) supervisory entity regulating its actions.

An investor, funding derivative contracts and hedging instruments along with their collateral accounts,
requires liquidity in one or more currencies. Cash in foreign currencies is usually obtained by trading FX
spot and swap contracts. Thus, market dislocations may produce additional costs in funding and hedging
activities and, during turbolent periods, can also lead to severe liquidity shortages.

We notice that these funding costs depend on the particular funding strategy adopted by the investor.
Indeed, there are different ways to raise money in a foreign currency. The actual funding policy adopted
by an institution is a collection of different strategies, driven not only by financial factors. Thus, to
introduce an arbitrage-free pricing framework we need to select a particular funding policy. Here we
explicitly assume that a domestic investor can fund in foreign currencies only by means of FX swaps.
Thus, prices of derivative contracts with cash flows or collateral accounts expressed in foreign currencies
should include funding costs originating from the FX swap market.

In general, the FX market does not quote instruments sufficient to fix all the degrees of freedom of dy-
namical models describing the relevant financial risks. Moreover, the market of cross-currency products

is essentially USD based, so that we need to perform triangulations to connect currencies for which no

55
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quotes are available. This section sets within this context and aims to shed some light both from a

theoretical and a market practice point of view.
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3.1 Funding strategies in domestic and foreign currencies

If some cash flow is expressed in a different currency, we should describe how the investor can obtain
cash in such currencies to fulfill the contractual agreements. In the following it is crucial to assume that
the investor can fund without restrictions in one particular currency by accessing a risk-free bank account,
and we call such currency the domestic currency. All the other currencies are called foreign currencies.
The problem, discussed in the introduction, of the limited access to on-shore liquidity channels for off-
shore institutions, create market segmentation between currencies. Hence, what we discuss here may lead
to asymmetrical evaluation of financial contracts.

If we want to fund in foreign currencies we have to trade market instruments paying cash flows in
such currencies, and, if required, to remunerate their collateral accounts in the proper currency. It’s
important to describe the market strategy used to implement funding in foreign currencies, since the

collateralization procedures required by the strategy will affect the pricing formulae.

Two instruments commonly used to implement funding strategies in foreign currencies are the FX
spot and forward contracts. Morevoer, the FX money market quotes also combinations of a long (short)
FX spot contract and of a short (long) FX forward contract, usually named FX swap.

Here we focus on FX swap contracts, in which the investor borrows cash from the counterparty in foreign
currency while lending domestic currency to the same party. At inception one unit of domestic currency
is exchanged against the equivalent amount of foreign currency, while at maturity one unit of domestic
currency is exchanged back against a given quantity of foreign currency that was determined at inception
by market bid-ask dynamics. Let x; be the FX market rate converting one unit of foreign currency into
a quantity of domestic currency as seen at time ¢ and let e; be the domestic collateral accrual rate for FX
products. A FX swap contract started at ¢ and collateralized at e will exchange, at its maturity 7', one
unit of domestic currency against ﬁ
the market quote for the given FX swap. In the following we denote

T
D(t,T,x) := exp {—/ mudu}
¢

Then, we use FX swap contracts to build funding strategies in a foreign currency. In particular, if we

units of foreign currency. The quantity X;(7T;e) correspond to

where x; is a generic rate.

assume that the margining procedure occurs on a continuous time basis and it is able to remove all credit
risk (perfect collateralization), we can use the pricing formula (2.4.1) to get

y [ Xswar g, [(th(TTe) - 1) D(t,T; e)] (3.1.1)

The FX forward rate is determined to sell the FX swap contract at par, so that, putting (3.1.1) equal to

zero, we get
E, [XTD(ta T; 6)]
Xi(Tre) =
039 = 7, (e, Tre)

Notice that FX forward rates depend on collateral rates, and, as a consequence, FX forward rates observed

=E5xr). (3.1.2)

in instruments with different collateralization are different.

Remark 3.1. The reference leg of a FX swap contract can be expressed in foreign currency, namely we
can consider a FX swap contract where at inception one unit of foreign currency is exchanged against the
equivalent amount of domestic currency, while at maturity one unit of foreign currency is exchanged back

against a given quantity of domestic currency. If we still assume domestic collateralization at overnight
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rate ey, we can apply equation (2.4.1) to obtain
viXswer = g, [(XT — X(T; 6)) D(t,T; 6)}

where )Zt(T; e) is the par rate of the contract, so that

_ ExrD(t, T;e)]

Xt (T7 6) - Et [D(t, T, 8)] = E?;G[XT] = Xt (T7 6)

Thus, we get that this forward rate is exactly the same as the one given in equation (3.1.2).

3.1.1 Collateralized foreign measure

Using the FX forward rate we can define the collateralized foreign measure Q° by means of the

following Radon-Nikodym derivative

dQ’ Xt
Zie)==—=| =2D 0,t;e — b (e 3.1.3
i(©)="7g b ( (e)) (3.1.3)
where we define the basis rate b{ (e)
f dx:
bt (e)dt = etdt - Et 7 (314)
t

We can notice that Z{ (e) is a Q martingale normalized so that Zg (e) = 1. Hence, if we use the above

measure in the definition of FX forward rate, we get
1
E? [D(t,T;b% (e))] = ;Et [xTD(t,T;e)] (3.1.5)
t

The equation (3.1.5) establish that the result, expressed in foreign currency units, is the same as dis-
counting the flux by means of the basis collateral rate bf (e) under an appropriate measure Q.

Now, defining the effective foreign funding curve as

P/ (T;e) :=E! [D(t,T; b7 (e))], (3.1.6)
we have
P/ (T;e) = Xt(XT;e)Pt(T; e) (3.1.7)

By means of the following Radon-Nikodym derivative

_dQT? | EY[D(0, T3 (e)] _ D(0, ;b7 (e)) P/ (T;e) (3.18)
aQv |, PJ(T;e) PJ(T;e) -

th (e) :

we have also the definition of the collateralized foreign T-forward measure Q7, that will serve us later.
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3.2 Derivation of pricing formulae

At this point we are able to price contracts with cash flows and/or collateral accounts expressed
in foreign currencies inclusive of funding costs originating from dislocations in the FX market. In the

following we consider three cases:
1. domestic coupon contracts with collateral posted in a foreign currency;
2. contracts with cash flows denominated in a foreign currency but domestic collateral;

3. contracts with foreign cash flows and collateral.

3.2.1 Pricing domestic contracts collateralized in foreign currency

We consider the case of a derivative collateralized with assets in foreign currency remunerated at cf
rate. We have to evaluate the cost of carry of the collateral account in foreign currency. The collateral
taker must remunerate the collateral assets posted in foreign currency at the contractual rate c{ , while

he is funding in the domestic currency with the risk-free bank account.

We give a description of the problem by detailing the funding strategy followed by the collateral taker
to remunerate the account. At each collateralization time ¢ we have to remunerate the collateral account,
so that at t + At we must have

cl(1+ ¢l A
in the collateral account, where c{ is the derivative collateral rate. In order to obtain such foreign cash,

we enter at time t into a FX swap with notional
Xi(t+ At;e)Cf (14 ¢f At).

On the other hand the FX swap require to pay back the notional in domestic currency at t + At, which

we can fulfill by entering at time ¢ into a risk-free zero-coupon bond with notional
Pt + At;r) Xy (t + At; €)Cf (1 + ¢ Ab)

where Py(T;r) := E[D(t,T;r)] is the price of the risk-free zero-coupon bond. Thus, the dividend to be

payed at each margining date is equal to
XeCl — Pi(t + At;r) Xy (t + At e)Cf (1 + ] At)
We can solve the FX forward rate in term of the basis curve by using equation (3.1.7):

X(T;e) P/ (t + At:e)
P/ (T;e) = =2 p(T; Xi(t+ Atye) = yy =2
t ( 76) Yt t( 76) = t( + 76) Xt Pt(t—&—At;e)

and we obtain
p/ (t + Atse)
f t ) f
1-—P(t+At;r) =——TZL(1+clA
Xtct ( t(t tv T) Pt(t ﬁt, 6) ( C t)

In the limit of small time intervals At we get a continuous dividend equal to
xeCf (re — ] +b](e) — e) At

where b/ (e) is given by equation (3.1.4).
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If we assume perfect collateralization, namely V}ixtth , we can substitute the collateral costs in
(2.4.1) with the above expression to obtain the following proposition. The discount rate for a derivative
perfectly collateralized in foreign currency with CSA accrual rate given by c{ , and funded by means of
FX swaps collateralized at the overnight rate ey, is given by cf — b,{ (e) + e¢, so that in case of perfect

collateralization we get

T
Vi = / E; [D(t, u;r) (dmy + Viu(ru — ¢f, + bl (e) — eu)du)] (3.2.1)
= /T E¢ [D(t, u; cf —bl(e) + e)dm,]. (3.2.2)

3.2.2 Pricing foreign contracts collateralized in domestic or foreign currency

Contracts expressed in foreign currencies can be priced by using the collateralized foreign measure
QY introduced by equation (3.1.3). We consider a foreign derivative collateralized in domestic currency
accruing at ¢; rate, and funded by means of FX swaps whose collateral account is remunerated at domestic
overnight rate e;. The contractual coupons can be converted at each payment dates at the spot FX rate,

and we obtain from equation (2.4.1)

T
v, — / E, [D(t, u; ¢)xudrl]
t

We change measure to the collateralized foreign measure Q°, and we get

_V

vl
Xt

T
= / E [D(t,u;c+ b (e) — e)dm{] (3.2.3)
t
which can be simplified for contracts with collateral rate equal to the overnight rate in the following

form

T T
thi/ R [D(t,u; bf(e))dmﬂ = / Pf(t,u;e)Eff;b [dﬂ',’:], cr=e;
¢

t

where last expectation on the right-hand side is computed under the basis forward measure Q7.

As last case we consider a foreign coupon derivative collateralized in another foreign currency accruing
at c{ / rate, and funded by means of FX swaps whose collateral account is remunerated at domestic
overnight rate e;. The contractual coupons can be converted at each payment dates at the spot FX rate,

and we obtain from equation (3.2.2)
T ! ’
V= [ B Dl el 1 (0) + ]
t
We change measure to the collateralized foreign measure Q°, and we get
T 4 ’
v/ = / R [D(t,u;cf — b (e) + bf(e))dﬂﬂ (3.2.4)

t
which can be simplified for contracts collateralized in the same foreign currency of the cash flows in the
following form.

T
v/ = / E? [D(t,wi el )dnl], f=f.
t

In the following Table we summarize the results.
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’ T ‘ C ‘ ‘ Pricing formula ‘
d | d Vi = ftT Ei[D(¢, u; c)dm,)
d | f Vi = [ ED(t,uscf — bf(e) + e)dm]
fld Vi = [ ELD(t,u; ¢ + b (¢) — e)dnf]
FLF VW = [ BID( e = b7 (o) + b () dr]

Table 3.1: Pricing formulae for derivative contracts with domestic (d) or foreign (f or f) contractual
coupons m; and/or collateral accounts C;. Cash flows in the foreign currencies are always funded by

means of FX swaps with domestic collateralization with accrual rate equal to the overnight rate e;.

We have seen how the choice of the collateral and cash-flow currencies modifies the pricing equation.
In the following section we apply these results to understand the impact of a change of collateralization

currency in derivative pricing. In particular, we will focus on FX swap and CCS pricing.

3.3 Pricing FX market instruments

In this section we want to apply the theory just developed to the pricing of FX market products, with
a special focus on FX swaps and CCS. Alike the single-currency interest rate markets, we find quotes
only for a given set of instrument typologies and for standardized expiry/maturity dates, whereas traders
need to price and hedge off-market products, with customized features. The most straightforward way to
achieve this task is to bootstrap a set of convenient discounting and forwarding curves, able to take into
account collateral posting in foreign currencies. In terms of availability and liquidity, the instruments
that can be used to calibrate those curves are FX swaps for short to mid maturities and CCS with

notional resetting for mid to long maturities.

3.3.1 Pricing FX swaps in the market practice

Even if prices of derivative contracts collateralized in different currencies are different, liquid market
instruments such as FX swaps are quoted without mentioning the currency used for collateralization,
since uncertainties are usually hidden in the bid-ask spread quoted market.

We now investigate the consequence of this approximation.

We consider a domestic investor funding in foreign currencies by means of FX swap contracts collat-
eralized in domestic currency, as we did in the previous section. In this setting, we wish to price a FX
swap collateralized in foreign currency and remunerated at the foreign overnight rate e{ . We can apply

equation (3.2.2) to obtain
VFXswap/f —E XT — 1) D(t.T: f_ bf
' I\ KT el o) (& T5e" = b7(e) +e)

where we name X;(T; e/, e) the par rate of the contract. We can solve for the par rate to get

_ _ E[xeD(t,T; el —bl(e) +e)]
Xt(T,ef,e)_ Et [D(t,T;ef—bf(e)—f—e)]

= Xi(T;e) (1+77(e!,e))

where the convexity v (ef, e) of the FX forward rate due to a change in collateral currency is defined as

_ Covl*® [xr, D(t,T;el — bl (e))]

X(ef,e) =
) T BT D Tl b))
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We can observe that, if the above covariance is null, e.g. this occurs when the spread between the basis
rate bf (€) and the foreign overnight rate ef is a deterministic function of time, then the convexity is zero,
and, in turn, the par rate is equal to the forward rate given in equation (3.1.2). In general, we cannot

FXswap and ‘/tFXswap/f

estimate the convexity 7X(e’, e) from market data, since V share the same quote

on the FX market, and there are not other liquid quotes with this information.

The approach of quoting FX par swap rates regardless of the chosen collateral currency also impacts
FX swap triangulations. Let us consider three currencies {z,y,z} and the FX swaps between such
currencies. Market practice is to quote par swap rates such that

Xr=(T)

L L XPTY(T).
Xty—>Z(T) t ( )

By means of the theoretical framework we developed, we want to delimit the validity of such a relationship.
Let us focus on the FX forward rates from currencies x, and y, to currency z. We first assume that the
collateral accounts are in currency z, and remunerated at the overnight rate ef. We name such rates
XE22(T;e?) and XJ77(T;e?). If we calculate the ratio between them, we get

XP73(Tse?)  Exg "D T5€)] oy PP(T5€7)

XU (Trer) By "Dt The?)] M PY(Tier)

where the last step comes from the triangulation rules of spot FX market, namely

T—z Ty Y—z

Xt =Xt Xt

On the other hand, by equation (3.2.3) the FX forward rate from currency x to currency y with

collateralization in currency z at ef overnight rate is given by

B [xp "Dt b/()] LG we)] ey PATie)
BV (D wtn(e)] i B D wbv(e))] N PY(Ter)

Xi (T e®) =

in which the second equality comes from the equation (3.1.5): EY[D(t, T;b/ (e))] = X%Et [xrD(t,T;e)].
Thus, the triangulation rule for FX forward rates holds only if all the rates share the same collateralization

currency
XT3 (T e%) = XP7U(T; %) XY 7% (T %) (3.3.1)

The same relationship does not hold if we change the collateralization currency. For instance, we consider
the FX forward rates from currency z to currency y with collateralization in currency y at e} overnight

rate. We get from equation (3.2.4)
EY [ Y D(t, u;e¥)] _ Exg Dt use? — b¥(e) + €)]
By [D(twer)] B Dltuier — (e) + )]
X mse) (1498 (@)

XP A (Tre) (L4 00 (e,e)

ﬂwﬂawﬂc+€w( i)

X{7U(The) =

L+ (ev, e

If the market approximation
v (e, e®) =~ 0 (3.3.2)

is assumed, we obtain that the triangulation rule for FX forward rates is holding again.
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3.3.2 Cross-Currency swaps

FX swaps are quoted with sufficient liquidity only for short maturities, i.e. up to two-four years
depending on the considered currency pair. For longer maturities, market participant exchange amounts
of currency by means of Cross-Currency swaps (CCS). A CCS is a foreign exchange derivative between two
institutions to exchange the principal and/or interest payments of a loan in one currency for equivalent
amounts, in net present value terms, in another currency. A currency swap should be distinguished from
interest rate swap, for in currency swap, both principal and interest of loan is exchanged from one party

to another party for mutual benefits.

Curr; T T T T

Curre

Figure 3.1: A cash flow description of a constant-notional CCS

In the simplest case, depicted in Figure 3.1, each of the two parties lends to the other an amount
of money at the swap start date Tp, receives for it (floating) rate interests at dates Ti,..., T, ..., TN,
and gets the notional back at maturity Tn. These CCS are called constant-notional because the
principal amount used to value interests is established once for all at inception. For most currency pairs,
standardized CCS are structured such that, at inception, notionals are equivalent (using FX rate for Tp)

and the deal is entered at-par.

Curry T I
(MtM notional) |

To 11 T; : Tn

Curry
(const notional)

Figure 3.2: A cash flow description of a marked-to-market CCS

The FX market mainly quotes marked-to-market (MtM) CCS, which are built by appending a series
of at-par single period CCS one after the other. The resulting contract is shown in Figure 3.2, and it
behaves like a pair of rolling loans, where notionals are exchanged at each interest rate payment date,

hence reducing the counterparty risk and the FX risk of the structure. Legs with a MtM notional are
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dubbed renotioning or resetting legs, to distinguish them from constant-notional ones.

Most of quoted and liquid CCS have the following features:
e the major currency has a renotioning leg, while a minor currency has a constant-notional leg;

e the major currency has interests indexed to flat Libor rates, while a minor currency has interests

based on Libor rates plus a spread;

e the spread over a minor currency floaters is chosen such that the CCS is at-par (equilibrium spreads

are CCS market quotes);
e payments occur quarterly.

Now we want to value CCS net present value (NPV) and, in order to do that, we take the point of
view of a domestic investor pricing FX swaps, constant-notional CCS and marked-to-market CCS with
collateral posted in domestic currency and remunerated at the same rate e; therefore all foreign flows will
be priced by the formula in the third row of Table 3.1. The extension to different funding strategies is
straightforward by means of the results of Section (3.2).

1. Constant-Notional CCS

Let’s consider a constant-notional CCS, where interests are indexed to domestic and foreign Libor rates
L¥(T), t being the fixing date, T the maturity and = € {d, f}. We assume that the domestic market
quotes single-currency interest rate swaps with a floating leg indexed to the same Libor rates the CCS
domestic leg is indexed to and where the standard collateralization is based on the same collateral rate
e. Hence, we define the domestic Libor forward rate F;(T;;e) as the forward for the Libor rate Lz, _, (T;)
when the collateral is posted in natural currency, i.e.

E[D(¢, T35 e) Ly, (13)]

B Tro) = E**[Lr,_,(T})). (3.3.3)

Fy(Tj;e) :=

For sake of generality we allow CCS interests to be equal to Libor rates plus a spread, which we name s
for the domestic leg and s/ for the foreign leg. According to first and third rows of Table 3.1, we compute

the CCS price, expressed in domestic units, as

VtCCS — VtCCS/d . VtCCS/f (3.3.4)

where the net present values of the domestic and foreign legs are given by

N
VtCCS/d =N (—Pt(To; e)+ ZTi(Ft(Ti§ e) +s)Py(Ti; e) + P(Tw; 6)) (3.3.5)
i=1
ccs/f 7 for - Fo. A pfir. I
Vi =x: N | =B (Tan)+ZTi(Ft (Ti;e) + )P (Ti; e) + P} (T e) (3.3.6)
i=1

and where N and N/ stand respectively for the notionals of the domestic and foreign legs, 7; is the
year fraction calculated between T;_; and T;. Most importantly, in valuing the net present value of
the foreign leg we introduced the foreign basis forward Libor rates th (T;;e) observed under domestic

collateralization as
E} [D(t, Tt () L4, (Ty)]
Ptf(Ti5 e)

F/ (Tyie) == —E (L3 (1] (3.3.7)
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2. Marked-to-market contributions

In this case the resetting of the notional creates an asymmetry between the two legs, so that different
pricing formulae will be needed according to the leg on which the marking-to-market operates.

If the renotioning leg is the domestic one, we get

yoos . VtMtMCCS/d _ VtCC’S/f (3.3.8)
where the net present value of the MtM leg is given by

N
VMIMOCSIE = NENT BT ) B [xr, (1+ 7Ly (T3) + )]

i=1
N (3.3.9)
Ti—1;
_NfZPt(T’i;e)Et e[XTi—l]
i=1
while the constant-notional leg is defined as in Equation (3.3.6).
In the other case, where the foreign leg has a renotioning feature, we have
V;/CCS — VtCCS/d o VtMtMCCS/f (3.3.10)
where the net present value of the MtM leg reads
al 1
VAMCCS N Y P (el | (e, (@) + )]
— Ti—1
=t N (3.3.11)
Ti—1;b 1
—XtNZPtf(Ti—ﬁ B [—]
i— XT;-1

while the constant-notional leg is defined as in Equation (3.3.5).

These two pricing formulae share the same structure. The contribution of the first summation repre-
sents the redemption of the lending which occurrs at the end of each period plus the payment of matured
interests, while the second summation corresponds to the lending of an amount of currency at each coupon
period start date, such as to be at par with the constant-notional of the other leg. Let us now separately

analyze the structure of the MtM contributions.

Domestic Marked-to-Market Leg

We start by analyzing the domestic MtM leg. The second summation term in equation (3.3.9), where the
exchange rate read at T;_1 is immediately paid, corresponds to the flow of a FX swap, and it is simply

given by
N N
> PU(Ticii B xr ] =i D P/ (Ti—uze).
i=1 i=1

On the other hand the first summation, over interests and notional repayments, involves two terms linked
to the correlation structure of discounting, forwarding and exchange rates. In particular we need to

evaluate a FX forward with delayed payment, namely
Tise Tise
]Et [XTi—l] = ]Et [XTi—l (,Ti—l; e)] (3312)
and a floating domestic payment with stochastic notional

E?i;e[XTi—lLTi—l (Tz)] = E?;E[XTF1 (Tifl; e)FTifl (Tl’ e)] (3313)
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We wrote these contributions in terms of the forward exchange rate X;(7;_1;e) and of the forward Libor
rate Fy(T};e), which are martingales under the terminal measures Q7i-1¢ and Q¢ respectively. These

two measures are linked by standard Radon-Nikodym derivative

dQTize Py(Ti;e) Po(Ti—1;e)
Zi(Ti-1, Tz e) := el T i
t( 1 6) QTi-1se . Pt(Tifﬂe) PO(TZ-;G) ( )

As a consequence, the first term must be valued taking into account the correlation between the forward
exchange rate and the collateral curve (pure change of measure effect), while the second also need to
incorporate the correlation with forward Libors (change of measure plus covariation). Any estimate of
these contributions requires defining joint distribution with covariation effects. We notice that the FX

delayed payment terms would be present even in the case of a fixed rate MtM CCS.

Foreign Marked-to-Market Leg

We focus on the foreign MtM leg, whose tractation is totally analogous to the one carried on for the
domestic case. The term bound to the lending of a marked-to-market foreign notional is trivial, because
it states that we are lending one unit of domestic currency at each date Ty, ..., Ty_1 and we get, by means
of Eq. (3.1.5),

N N
o 1
Xty Ptf(Tiﬁe)E?hb[ ] = P(Tis;e)
i=1

XTi_1 i—1
Analogously to the domestic MtM case we then write the terms related to the payment of interests
and notional redemptions relying on forward exchange rates and forward Libor rates. We have a FX

forward with delayed payment

. 1 . 1
BT { ] _ gl {] 3.3.15
k XT;—1 ‘ XTifl (Tifl; 6) ( )

and a floating foreign payment with stochastic notional

f _ f .
ET:b LTi—1(T1) — gLub FTi,—l(T“ €) (3.3.16)
t | T Y~ T -9
XT;—1 XT@—I(T'L_l)
In this case the exchange rate to be used for notional purposes is the reverse rate - converting

Xt
domestic units into foreign one. Both expectations involve the basis forward measure Q%% under which

the basis forward Libor rate F (T;e) is a martingale. The forward exchange rate X,(T;_1;e), as seen,

Ti—15e

is a martingale under the terminal measure Q , which is connected to Q7% by means of the Radon-

Nikodym derivative
Q7 Xi(Ti;e)P/ (Tiie)  Po(Ti—yze)

ZHT1, Ty e) == _| = 3.3.17
¢ T ) dQTi-1e ], P/ (T 1;e) Xo(Tz'—l;e)P({(Tz‘;e) ( )

Once again, the first expectation involves a change of measure contribution, and depends on the cor-
relation between X;(T;_1;e) and ZZ_I’i(e; b), while the second also depends on the interplay with basis

forward Libor rates.

At the end of this section we tie together all the analysis brought on so far and quickly sketch a hy-
pothetical bootstrapping procedure to infer basis discount factors, basis forward Libor rates, as well as
correlation terms. We assume here that the market quotes, for a set of maturities, FX swaps, constant-
notional CCS, and MtM CCS both with fixed and floating rate interests.
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15t step:

2nd step:

we can apply Equation (3.1.7)
- Xt (T, 6)

Xt
to a set of domestic-foreign FX swap with increasing maturities T4, T5,..., T, such as to derive the

P/ (T;e) P,(Ts;e)

basis discount factors Ptf (T;; e). These basis zero-coupon bonds constitute the fundamental pillars

of a basis discounting curve used to discount foreign flows collateralized in domestic currency.

we consider constant-notional CCS and apply formulae of Section (3.3.2) (Point 1) to deduce basis
forward Libor rates th (T;; e) for a set of maturities T; hence building a basis forwarding curve.
Marked-to-market CCS with domestic renotioning leg and fixed interests let us infer forward FX
rates with deferred payments (Eq. (3.3.12)), which incorporate the correlation between domestic
discounts and FX forwards, while CCS with domestic renotioning leg and floating interests are used
to deduce the terms involving correlations between FX forwards and domestic Libor forwards (Eq.
(3.3.13)). Analogously, Marked-to-market CCS with foreign renotioning leg and fixed interests let
us value inverse forward FX rates with deferred payments (Eq. (3.3.16)), which incorporate the
correlation between basis discounts and FX forwards, while CCS with foreign renotioning leg and
floating interests are helpful to estimate correlations between FX forwards and foreign basis Libor
forwards (Eq. (3.3.13)).
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3.4 Effective discounting curve approach

The procedure described above constitute only a theoretical case study; in this section we discuss a
practical curve bootstrapping procedure by approximating the pricing formula of MtM CCS.
We have already said before that the only FX quotes which are actively traded are FX swaps with short
to mid maturities together with MtM CCS with flat floating interests and renotioning for the major
currency leg versus floating interests plus spread and constant notional on the minor currency leg. The
absence of a set of quotes allowing a sequential bootstrap of the foreign basis discounting curve, of the
foreign basis forwarding curve and of correlations driving MtM corrections, forces market players need to
find some approximations. A very common approach to take into account the information embedded in
market quotes, and to quickly price CCS, consists in avoiding direct modelling of the dependencies among
all the components of the swap price formula, and valuing net present values by means of an effective
discounting curve approach.
The most natural way for an investor to achieve this result is to give relevance to its own domestic

currency and price the CCS by means of four curves:
1. a domestic discounting curve, which is the same curve linked to the domestic collateral rate;

2. a domestic forwarding curve, which is the same curve obtained from single-currency standard floaters

quoted in the domestic money market;

3. aforeign currency forwarding curve, which is the same curve obtained from single-currency standard

floaters quoted in the foreign currency money market;

4. an implied foreign currency discounting curve, bootstrapped such as market CCS are repriced at

par.

By means of this procedure we choose to use unadjusted foreign forwards, as if they were paid and
collateralized in their own currency, and incorporate all the corrections discussed above into an implied
foreign currency discounting curve. In this way we deduce an implied foreign currency curve that does
not correspond to the basis foreign currency curve given in equation (1.7.8), and used in the previous

section to present the theoretical curve bootstrapping procedure, unless some approximations hold.

3.4.1 Bootstrapping curves in the FX market

The short end of the implied curve could be straightforwardly stripped by FX swaps by means of Eq.
(3.1.7). Thus, if we call T, the longest maturity for which we can find on the market liquid quotes of FX

swaps, we can write

_ Xi(Te)

pliimpl Tse):
f (T e) o

Pt(T;e)v TST('

where X(T';e) is given by the market.

Then, in order to cover the mid-long part of FX curves (T > T.), we need to develop simplified pricing
formulae for CCS to be used for bootstrapping purposes. The effective curve approach consists in dis-
regarding all of the contributions that would require a dynamical model and in re-writing in a simple
way the net present values given by equations (3.3.6), (3.3.9), (3.3.11) in terms of implied basis foreign
zero-coupon bonds Ptf imp Z(T; e). These latters will be calibrated such as to ensure that a set of relevant
market instruments is priced at-par. Equation (3.3.5), wich only involves domestic flows and domestic

collateral, is unchanged. Let us begin by analyzing the MtM domestic leg of a CCS. Its NPV can be cast
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in the form N
yMIMOCSIE =N NI - PU(Ti—15€) + Py(Tise) (1 + 7i(Fy(Tise) + 5))) (3.4.1)
=1

by introducing the coupon-dependent notionals
N = NTXE (T )
based on the implied forward exchange rates

) pf’impl(T_. e)
szpl ,Ti — Xt 7y
t ( ) 6) Pt (E; 6)

As for the foreign leg, in presence of constant notional (Eq. (3.3.6)), we set

N
VOO = Nt (—Ptf’imp%%; o)+ Y n(F (Tseh) + sT) PP (T e) + P (T e>> (3.4.2)
i=1

while if the leg is marked-to-market (Eq. (3.3.11)), we write

N
‘/;MtMCCS/f =Y Z Nif_,ilﬂ’bpl <7Ptf,impl(71i_1; @) + Ptf.,impl (j—v“ 6) (1 + Tl(ﬁtf(Tz’ ef) + Sf)>)
i=1
where we defined the maturity-dependent notionals
1

vaimpl -
' X{" (T e)

and, in the formulae related to foreign leg, we replaced basis foreign forward Libor rates with the foreign
forward Libor rates th (T;; ef) which are the rates bootstrapped by a foreign investor by means of its
own money market quotes with the analogous of Equation (3.3.3) discussed before. We use these rates

because we are able to bootstrap them from market quotes.

The rationale behind this definition of implied curve is removing from the equation all the terms
depending on dynamical parameters which cannot be bootstrapped by independent market quotes. In
the following sections we highlight the terms we have approximated to understand the hypothesis under
which the implied curve P/"™! (T ¢) can be identified with the basis curve P/ (T’ e).

Approximating a MtM Domestic Leg
We consider Eq. (3.3.9) and, neglecting correlations between FX spot rate and interest rate risk factors,
get

EF [xr) ~ Xe(Tiosse),  EFxn_,Lr_, (T)] ~ Xu(Ti—; ) Fy(Tise).

The assumption
XMPH(Tyse) = X, (T €) (3.4.3)

leads to Eq. (3.4.1) and to the identification P (T;;e) ~ P/ (T;; ).

Approximating a Constant-Notional Foreign Leg
Let us focus on Eq. (3.3.6). Since the foreign basis forward Libor rates th (T3; e) in such equation cannot
be deduced from independent market quotes, a possible solution is to replace the forward Libor rate by

means of the foreign forward Libor rates as given by the single-currency foreign money market, namely

F/(Ty;e) = F/(T;;€7). (3.4.4)
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This choice naturally suggests to identify Ptf (Ti;e) ~ Ptf simpl (T}; e) and to price this leg by means of Eq.
(3.4.2).

Approximating a MtM Foreign Leg Finally, we consider Eq. (3.3.9), disregard correlations between

FX spot rate and interest rate risk factors to approximate

1 ETsib {LTH(Ti)] - Ff (Ty;e)
! XTi—1 Xt(T’i—l;e)

{-
¢ XT;—1 Xt(n—l;e)’

and get a simple formula for the net present value of the foreign leg of a MTM CCS as
N
VMM oy SN (<P (Tiase) + P (Tie) (14 mlFf (Tise) + 7)) ).
i=1

Under the approximations of Egs. (3.4.3) and (3.4.4) once again we can inteerprete the implied discounts
P/™PL(T;: ¢) as proxy for the true basis discount P/ (T};e).



Appendix A

Theoretical framework

A.1 1Ito calculus: some hints.

Definition A.1. We denote by L7 . the family of processes (u¢)teqo,r) that are progressively measurable

with respect to the filtration (F):epo,7) and such that

T
/ uidt < oo a.s (A.1.1)
0

It is interesting to note that the space Llro is invariant with respect to changes of equivalent probability
measures (see def. (A.5)): if (A.1.1) holds and Q ~ P then we have of course

T
/ ujdt < oo Q—a.s.

0

Definition A.2. An It6 process is a stochastic process X of the form
t t
X = Xo —|—/ ugds +/ osdWs, t€[0,T] (A.1.2)
0 0

where Xy is a Fo-measurable random variable, u € L}, . and o0 € L?

Formula (A.1.2) is usually written in the “differential form”
dXt = /,Ltdf + Utth (Al?))

Corollary A.1. If X is the Ito process in (A.1.2), then its quadratic variation process is given by

t
<X)t:/ o2ds
0

or, in differential terms,
d(X), = o7dt

The differential representation of an Ité process is unique, that is the drift and diffusion coefficients

are determined uniquely!

Theorem A.1. It6 formula for Brownian motion

Let f € C*(R) and let W be a real Brownian motion. Then f(W) is an It6 process and we have

df (W) = f (W,)dW, + %f”(Wt)dt2

LA proof can be found in [I] p. 169
2A complete proof can be found in [I] pp. 170-172
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Theorem A.2. [t formula-general version
Let X be the Ito process in (A.1.3) and f = f(t,z) € CY*(R?). Then the stochastic process

Yy = f(t, X¢)
18 an Ito process and we have
df(, X2) = 00 f(, Xo)dt + Dy f (1, X0 )dX + %am (6, X0)d (X), (A.1.4)
Remark A.1. Since, by Corollary (A.1), we have
d(X), = o7dt
formula (A.1.4) can be written more explicitly as follows

1
df = (8tf + w0 f + 20’,528wa) dt 4+ 010y fdWy, (A.1.5)
where f = f(t, Xy).

Definition A.3. An N-dimensional Ito process is a stochastic process of the form

t t
X = Xo +/ wsds +/ osdWs, t€0,T] (A.1.6)
0 0

1

where X, is Fo-measurable, W is a d-dimensional Brownian motion, u € L;, .

is a (N x 1)-vector and

oel? isa (N x d)-matrix.

loc

Formula (A.1.6) can be written in the equivalent differential form
dXt = [Ltdt + O'tth

or, more explicitly
d

dX! = pidt + Za?dwg, i=1,...N

j=1

Lemma A.1.1. Consider an Ito process X of the form (A.1.6) and set

C =o0".
Then we have .
(X', X7), = [ Cdds, t>0
0
or, in differential notation,
d(X), = Cdt

In practice, given two Ité processes X, Y in RY, the computation of (X, Y), can be handled by
applying the following “rule”:
d(X",Y7), = dX;dY;

where the product on the right-hand side of the previous equality can be computed using the following
formal rules:

dtdt = dtdW' = dW'dt =0, dW'dW’' = §;;dt,

and 6;; denotes Kronecker’s delta
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0, i#j
1, i=j
Theorem A.3. Let X be an Ito process of the form (A.1.6) and f = f(t,z) € CY3(R x RY). Then
1 o
df = Oufdt+Vf - dXo+ 5 Y Ouw, fd (X, XT), (A.1.7)
ij=1

with f = f(t,Xe) and Vf = (0, f, s Oun f)-
In compact form, if we put C = oo™ and recall Lemma (A.1.1), then the formula (A.1.7) becomes

N
1 g
df = §§ COpia, [+ 1t - Vf+0uf | dt+ V-0 dW,

i,j=1
1 N 3 N N d ‘
=5 2o COua, f+ piu f+Of | dtt ) > Ou o dW.
i,5=1 i=1 i=1 h=1

A.2 Bank account and risk neutral measure

In order to understand the modern interest rate market after the credit crunch, we must set up a
framework with solid theoretical basis able to explain the observed data, or, in other words, to price plain

vanilla derivatives according to the available market quotations.

The (spot) instantaneous rate, abbreviated into short rate, is an abstract rate spanning an infinitesi-
mal time interval (with infinitesimal rate tenor). In fact, setting 73 = ¢, 7o = T and taking the limit

tT < T we obtain
T T T Ly (t, T
Ry (t,T) P Ri(t,T) o Roo(t,T) o k(t,T) o r(t)
From any equation above, we may obtain, setting T' =t + dt,
N(t+dt) = N(t)[1 + r(t)dt]

where N(t) is the nominal al time ¢ and dt is an infinitesimal time interval. Thus the dynamics of N ()
is given by
dN(t) := N(t+dt) — N(t) = N(t)r(t)dt
and can be easily integrated over a finite time interval [T}, T3] to obtain
T>
N(Tp) = N(Tl)e:cp/ r(t)dt.

T

Thus, the short rate is a continuously compounded annual rate.

The bank account, or money market account, is, in financial mathematics, an ideal financial instrument
representing the behaviour of an abstract loan that rewards its holder with the risk free rate. Denoting

with B(t) the bank account value at time ¢, it must evolve in time according to the dynamics

dB(t) = r(t)B(t)dt,
B(0) = 1.
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This simple differential problem can be integrated to obtain the solution

B(T) = B(O)exp/o r(t)dt

The factor B(0) = 1 on the right hand side (r.h.s) is tipically omitted, in this case one should remember

that the dimensionality is correct (currency on both sides).

Being the short rate a stochastic process, also the bank account is a stochastic process. From a fi-
nancial point of view, the bank account is such that one unit of currency invested at time ¢ = 0 accrues,
over an infinitesimal time interval dt, at the (stochastic) short rate r(t).

Thus the bank account is particularly suitable as reference asset, or numeraire, since it allows to put into
relation amounts of currencies observed at different times.

The value (price) of any contract II can be expressed in units of B(¢) and B(T') through the risk neutral

pricing formula

D(t,T) := Bl _ exp

where Q denotes the risk neutral measure associated to the numeraire B(t) and EZ [.] denotes the expec-
tation at time ¢ < T under measure Q .
We remark that the stochastic discount factor is adimensional, being the ratio between two bank account

values, and it depends on the short rate over the time interval [¢, T

In case of a contract paying multiple coupons {II(7}), ..., II(Tx)} at multiple cash flow dates {T1,...,Tn'}

we have

N
1(t) = > EZ[D(t, T)I(T)]
i=1

Notice that the expectation is a linear operator. The expression above can be written in integral form

T
() = / E2(D(t, u)dn(u)]

where T' = Ty, by introducing the cumulative coupon process

N
w(t) ==Y K, I(T).

In fact

N

T T N
(t) = / E2(D(t, u)dr ()] = / BHD(t,u) D 8(7s — w)Tl(w)du] = 3~ B [D(t, T)TI(T)

¢ t i=1
A.3 Feynman-Kac theorem

The Feynman-Kac theorem, under certain assumptions, allows us to express the solution of a given
partial differential equation (PDE) as the expected value of a function of a suitable diffusion process

whose drift and diffusion coefficient are defined in terms of the PDE coefficients.
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Theorem A.4 (Feynman-Kac). Let A be a generic asset with price process A(t) solution of the SDE

dA(t) = p(t, A)dt + o(t, A)dWe(t), 0<t<T,
p,o € £2[0,T),
A(t = 0) =Ag € R+,

under some probability measure Q . Let also II be a derivative on A with price I1(t, A(t)) = II(t) at time
t, solution of the parabolic PDE
LII(t) = r(¢)IL(),

0 0 1 02

—— P —_ 2 [N
= o Hult A) g+ S0 (1 A)

[
e e?[[0,T] xR], o(t, AI(t) € £2[0,T],
I(T) e RY,t € [0,7) C RT

Then the derivatives’ price I1(t) admits the representation

1(t) = EZ[D(t, T)IN(T)],

D(t,T) = exp l— /Tr(u)du]
t
where Q is the measure such that
dA(t) = p(t, A)dt + o (t, A)dWO(t)
Theorem A.5 (Generalised Feynman-Kac). In case of the more general parabolic PDE
L, =1, AQ)IL(E) + 2(t, A(t)),
we have the more general expectation

I(t) = E2 | D(t, T, A)H(T)Jr/tT D(t,u,A(u))Qﬁ(u,A(u))du],

T
D(t,T, A) = exp l—/ r(u,A(u))du]
t
where Q is the measure such that
dA(t) = p(t, A)dt + o(t, A)dW(t)?

This theorem is important because it establishes a link between the PDE’s of traditional analysis and
physics and diffusion processes in stochastic calculus. Solutions of PDE’s can be interpreted as expecta-

tions of suitable transformations of solutions of stochastic differential equations and vice versa.

3See e.g Darrel Duffie (2001), Tomas Bjork (2009)
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A.4 Zero Coupon Bond

The Zero Coupon Bond is the simplest interest rate derivative. It is a contract in which one party
guarantees to the other party the payment of one unit of currency at maturity date 7', with no other
payments. The contract payoff at time T is thus denoted by P(T;T) = 1 and the contract value at time
t < T by P(t;T). The dimension is currency (c) and the units are, e.g., Euro. Using the risk neutral

pricing formula we have the pricing expression
P(t;T) = E[D(t, T)P(T; T)] = E}[D(t, T)].

As for the bank account the dimensionality of the equation above is correct when one remembers that
there is an hidden nominal amount N = 1 units of currency on the r.h.s.

Notice that the Zero Coupon Bond value, being the price of a contract between two counterparties,
has to be exactly known at any time ¢ < T, and thus it is a deterministic (not stochastic) quantity (being

an expectation). This is the main difference with respect to the stochastic discount factor.

Both the stochastic discount factor D(¢,T) and the Zero Coupon Bond P(t;T) “move” an amount of
money backward in time. In financial terms we say that the amount of money is discounted from time
T to time ¢t < T, thus D(¢,T) and P(¢;T) are both called discount factors. The reciprocals % and
% "move” an amount of money forward in time from ¢ to 7' > t and are called capitalization factors.

The main difference between the two types of discount/capitalization factors is that, in general, the
Zero Coupon Bond is deterministic, while the stochastic discount factor is not. Thus, given a deterministic

amount of money N(T2) at time T2, we have
N(Ty) = P(Ty;T2)N(Ty),
N'(Ty) = D(T1; T2 )N(T3) # N(Th),
E3, [N'(Tv)] = P(T1; To)N(T) = N(T1)

where N (T7) is deterministic and N’(T}) is, in general, stochastic.
In case of deterministic interest rates, we have D(¢,T) = P(¢;T) and N'(Ty) = N(T}) are all determin-

istic quantities.

There exist a relationship between interest rates and Zero Coupon Bonds. Using the general expres-
sion

N(Ty) = P(Ty; To)N(T»)

and the definitions of simple/discrete/continuous compounded rates give before, we obtain the following

expressions
Interest rate ‘ Expression in terms of Zero Coupon Bond ‘
Simple compounding (Libor) L(Ty,T») = ﬁ m -1
Discrete compounding Ry(T),Ty) = ——FE——— — &
P(Ty;T) F7(T1,T2)
Continuous compounding R (T1,Ts) = —ﬁlnP(Tl; )

We may invert the preceding relations to express the Zero Coupon Bond in terms of the different

interest rates
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Interest rate ‘ Expression in terms of Zero Coupon Bond

Slmple Compounding (leor) P(Tl,TQ) = m

Discrete compounding P(Ty,Ty) = L

[1+ Rk(’T};l,TQ)]kT(TlvTZ)

Continuous compounding P(Ty,Ty) = e Boo(T1,T2)7(T1,T2)

The Zero Coupon Bond is particularly important in interest rate modeling because, similarly to the
bank account, it can be used as reference asset (numeraire) to put into relation amounts of currencies
observed at different times.

The value (price) of any asset 7 at any times ¢t and T' > ¢ can be expressed in units of P(¢,7) and
P(T,T), respectively, through the T-forward (Libor) pricing formula

H(t) _ T H(T) _ T
Pty = [P(T; T)] =B [0(T)

1(t) = Pt T)EL [11(T)]

where Q T denotes the T-forward (Libor) measure associated to the numeraire P(t; 7).

A.5 Change of measure

Radon-Nikodym theorem

Definition A.4. Given any two measures P, Q on (2, F), we say that Q is P-absolutely continuous on
F if, for every A € F such that P(4) = 0, we have Q(A) = 0. In this case we write Q K P or Q < P
if we want to highlight the o-algebra that we are considering; indeed it is apparent that the notion of
absolute continuity depends on the o-algebra under consideration: if G C F are o-algebras, then Q <¢g P
does not necessarily imply that Q <~ P.

Definition A.5. If Q < P and P <« Q, then we say that the measure P and Q are equivalent and we
write P =~ Q. In case P, Q are probability measures, Q < P implies that the P-negligible events in F
are also Q-negligible, but the converse may not be true. Obviously, if Q <z P, then for every A € F
such that P(A) =1 we have Q = 1, i.e. the certain events for P are certain also for Q, but the converse

is not generally true.

Theorem A.6. Let (U,F,P) be a finite-measure space. If Q is a finite measure on (0,F) and Q <x P,
then there exists L : Q@ — R, L > 0, such that

i) L is F-measurable;
it) L is P-integrable;
iii) Q(A) = [, LdP for every A€ F

Further, L is P-almost surely unique (i.e. if L' verifies the same properties of L, then P(L = L') = 1).

We say that L is the density of Q with respect to P on F or also the Radon-Nikodym derivative of Q

with respect to P on F and we write without distinction L = fl% or dQ = LdP. In order to emphasize the

dependence on F, we also write
_dQ

L=
dP | ,

(A5.1)
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Remark A.2. Let P, Q be the probability measures on the space (£2,F) with Q < P and set L = %.
Using Dynkin’s theorem, we can show that X € L'(Q,Q) if and only if XL € L*(Q,P) and in that case

E%[X] = EF[X L] (A.5.2)
where EF and EQ denote the expectations under the probability measures P and Q respectively. In other

AXszAX(Z%)dP

and this justifies the notation (A.5.1).

words

On the probability space (£2,F,P) we consider a sub-o-algebra G of F and a probability measure
Q <7 P (therefore also Q <g P). We denote by L7 (resp. LY) the Radon-Nikodym derivative of Q with
respect to P on F (resp. on G). In general L” # LY since L7 may not be G-measurable. On the other
hand, we have

L9 = E°[L7|G)

Indeed LY is integrable and G-measurable and we have
/ LYdP = Q(G) :/ LYdP, Geg
G G

since G € F.
A result on the change of probability measure for conditional expectations, analogous to formula (A.5.2),

is given by the following:

Theorem A.7 (Bayes’ formula). Let P, P be the probability measures on (Q,F) with Q <z P. If X € L!

(Q,Q), G is a sub-c-algebra of F and we set L = % , then we have

F
EF[XL|G]
EF[L|G]

E°[X|G) =
Proof. We put V = E?[X|G] and W = EF[L|G]. We have to prove that
QW >0)=1
ii) VW = EF[XLI|G]

Concerning i), since {W = 0} € G, we have

Q(W:O):/ LdP:/ WdP = 0.
{w=0} {w=0}

Concerning ii), VW is obviously G-measurable and for every G € G we have

/ VWdP = / EF[VL|GldP = / VLdP
G G G

:/GEQ[X|g]dQ:/GXdQ:/GXLdP
O

Definition A.6. Q M, Q M are equivalent martingale measures associated to the two numeraires N;
and Ng if

Ni(t) Tt [MN(T)

M) _gv [ T(T)
N = {sz}

) _ o™ {H(T)}
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Comparing the two equations above we obtain

ne) =B | G| <=8 | o)

thus the change from measure Q M to measure Q 2 is given by

< 1] e [

Why changing the numeraire?

Let X (¢) the stochastic process underlying the payoff of the derivative II:

e Suppose that Na(t) is a numeraire, a strictly positive tradable asset and X (¢)Na(¢) is the price of

a tradable asset;

e In this case % is a martingale under QQ 5, such that we may assume simple stochastic

dynamics for it with simple distributions under Q 5, e.g. lognormal martingale dynamics

dX(t) . N3
SO o(t)dWw? (1)

InX(T)~ N [ZnX(t) — %/t 02(u)du;/t UQ(u)du]

Now, if %&)) is simple enough w.r.t. %, we are able to compute its expectation under Q ».

EZ" [Jl\} 2((TT)) ]

Example A.1 (Change between risk neutral and T—forward measures). If we choose
QM =Q,Q" =Qr

Ni(t) = B(t), Na(t) = P(t;T)

we obtain
—RQ _ o [INT)
I(t) = EZ[D(t, T)T(T)] = B(t)ES [B(T)}
_ Pt;T) or [ T(T)
= BO g B [P(T;T)]

T
— P TEY (7))
Example A.2 (Change between T; and T forward measures). If we choose
QM =QM, QM =Q"™ T <D

Nl(t) = P(t,Tl),Ng(t) = P(t,Tg)

we obtain

-5 [ [

t<Ty <Tp <T
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Example A.3 (Change between foreign and domestic risk neutral measures). If we choose
Q" - ¢/, Q% = ¢!
Ni(t) = By (t), No(t) = Ba(t)
4 (t) = ya(t)f (1)
where x ¢4 is the spot exchange rate from currency f to currency d, we obtain
f
Iy (t) = EF [Dy (t, T)IL4(T)]
d
Iy (t) = B [Da(t, T)a(T)]
£
= aa()EF [Dy(t, T)I(T)]
d
= E [Da(t, T)asa(T)U4(T)]

hence
zsa(T)
zra(t)

Example A.4 (Change between risk neutral and forward swap measures). If we choose

EY Dy (t, T)IH(T)] = EY" | Da(t, T) Ip(T)|, Vt<T
QM =Q,QM = Qs

Nl(t) = B(t>7N2(t) = A(t’S)

where A(t,S) = Y1, P(t,5:)76(Si—1,S:), we obtain

I(t) = EX[D(t, T)IL(T)] = E2 {B(t

The Girsanov theorem shows how a SDE changes due to changes in the underlying probability measure.
It is based on the fact that the SDE drift depends on the particular probability measure P in our
probability space (Q, F, (F):, P), and that, if we change the probability measure in a “regular” way, the
drift of the equation changes while the diffusion coefficient remains the same. The Girsanov theorem can
be thus useful when we want to modify the drift coefficient of a SDE. Indeed, suppose that we are given two
measures P* and P on the space (2, F, (F:):). Two such measures are said to be equivalent, written P* ~
P, if they share the same sets of null probability (or of probability one, which is equivalent). Therefore
two measures are equivalent when they agree on which events of F hold almost surely. Accordingly, a
proposition holds almost surely under P if and only if it holds almost surely under P*. Similar definitions
apply also for the measures restriction to F;, thus expressing equivalence of the two measures up to time
t. When two measures are equivalent, it is possible to express the first in terms of the second through

the Radon-Nikodym derivative. Indeed, there exists a martingale p; on (2, F, (Ft):, P) such that

P*(A) = /Apt(w)dIP’(w), AeF
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which can be written in a more concise form as

dpP*
dP

= Pt
Fi

The process p; is called the Radon-Nikodym derivative of P* with respect to P restricted to ;. When
in need of computing the expected value of an integrable random variable X, it may be useful to switch
from one measure to another equivalent one. Indeed, it is possible to prove that the following equivalence
holds:

X = [ X)) = [ X(w) ‘f; ‘ﬁ:}

where E* and E denote expected values with respect to the probability measures P* and P, respectively.

()P () = | X

More generally, when dealing with conditional expectations, we can prove that

sl
E[X|F] = ————

Theorem A.8. Change of numeraire (Girsanov)
Given two numeraires N1(t), Na(t), and a generic asset X (t) following the stochastic diffusion processes

under the martingale measure Q 1 associated to Ny,
dX(t) = St X ()] + o x[t, X ()] - AW (1)
AN (t) = pfH [t N1 ()] + on, [t Ni ()] dW D (2)
AN (t) = p[t, Na(8)] + 0w, [t, Na(t)] - dW ' (2)
AW () dW P (1) = py(t)dt, i,j=1,...F

where W (t) is a F-dimensional vector of correlated brownian motions under Q 1 and the volatilities are
F-dimensional vectors, with 1 < F < 3. The dynamics of X (t) under Qs is

dX(t) = p$2[t, X (1)) + o x[t, X ()] - AW P2 (1)

HPLE X (0] = u 6 X (O] + o x [t X (0] - p(t) - {"Nz LX) omlh X W}'

Na(t) Ni(t)
AW (0 = aw 1) - plo) | 72550 - Tk T gy

A.6 Replication

e Market:
we assume a market M trading n assets A with price, cumulative dividend and cumulative gain
processes
G1(t) Ax(t) D (t)
G(t)=A(t)+ D(t) = = +

e Asset price dynamics:

we assume Ito process under real measure P
dA(t) = u(t, A)dt + o (t, A) - AW (1), A(0) = Ay

AW () dWT (t) = pyydt, Vi, j=1,..,d
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e Cumulative dividend dynamics:

we assume continuous dividends proportional to asset A with instantaneous dividend rate rp(t)

dD(t) = A(t)rp(t)dt, D(0) =0

= /Ot A(u)rp(u)du

e Cumulative gain dynamics:

dG(t) = dA(t) + dD(t) = [u(t, A) + rp(t)A(t)]dt + o(t, A) - dW T (1)
G(0) = A(0) + D(0) = Gy

e Derivative price dynamics:
the market trades also a derivative, with price at time ¢ denoted by II(¢), depending on the other

assets A. The dynamics of the derivative price is obtained from Ito’s lemma

ot oI 1 , 0211
= (A1) + SdA®) - 5y

o(t,bsA) - dWT(t)

- dA(t)

o1l
= L.t ANt + 51

. 0 1 "G 52
L= at+u(tA) a4t HzllealftA)a”(tA)aAaA

e Exchange rate:
since we want to deal with the multiple currency funding case, we introduce in M also a spot
exchange rate at time t: N®(t) = 28 (t)N58(t)

e Trading strategy:

a trading strategy is a (multidimensional) process ©(t) such that
V(t,©,A):=0() At), V(0,0,4)=06(0) A(0):=1(6,A)
Gt ©, A) /@ Gu), G(0,0,4) =

D(t,0,A) :=G(t,0)—[V(t,0,A) - V(0,4)], D(0,0,A)=

are the price, cumulative gain and cumulative dividend processes, respectively. The components ©
of the trading strategy are interpreted as the number of units (or nominal) of the asset A held at

time t.

e Self financing:

a trading strategy O is self-financing if its associated dividend process is null
D(t,0,A) =

= dG(t,0,A) = dV(t,©, A)

Intuitively, a self-financing strategy is such that it’s cumulated gains are generated only by the

changes in the asset prices, and no additional cash flows occur during it’s life.
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¢ Replication:

a derivative price II(¢) is replicated through a self-financing trading strategy ©O(t) if
It A) =V(t,0,A), Vvtelo,T]

Gu(t,A) = G(t,©, A), Vte[0,T]

where Gri(t, A) is the cumulative gain process associated to derivative II.
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