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Abstract

In this thesis, we study the Hadamard renormalization of the energy-momentum tensor of quantized scalar
perturbations on static spherically symmetric spacetimes. We reduce the problem to an auxiliary scalar field
theory in the two-dimensional conformally flat time-radial sector and approximate the Regge-Wheeler-type
effective potential as a finite potential well. The field is quantized in terms of normal modes characterized
by definite parity, a discrete low-energy spectrum below the potential height, and a continuous high-energy
spectrum above it. Owing to the step discontinuity of the potential, the renormalized expectation value of the
energy-momentum tensor operator (REVEMTO) is explicitly constructed piecewise in the interior and exterior
regions following Hadamard's renormalization and by imposing matching conditions on the field and its first
derivative at the well’s surfaces. Inside the well, the REVEMTO has the structure of a Zeldovich stiff fluid with
homogeneous proper energy density receiving low- and high-energy contributions. Without the Hadamard
parametrix, the low-energy contribution remains finite and regular, but the high-energy contribution becomes
ultraviolet divergent. Outside, the low-energy contribution has a dust structure with proper energy density
decaying exponentially away from the well. In addition, the exterior REVEMTO contains a state-independent
contribution with a vacuum-energy structure induced by the potential. It remains to be established whether the
exterior high-energy contribution ensures the REVEMTO's regularity across the well’s surfaces without spurious
divergences, and whether these effective perfect-fluid structures persist for more realistic effective-potential
models.



Notations & Conventions

Unless explicitly stated otherwise, we adopt the following notations and conventions.

The pair (M, g) shall be called a spacetime and denotes a real, oriented, connected, pseudo-Riemannian,
metric manifold of dim M = D = 1 + d spacetime dimensions, d spatial dimensions, and mostly-positive
Lorentzian signature sgng = (—, +,--- , +).

The trio (M, g, T') denotes a solution of the Einstein field equations (EFE), G = x*>T, where G = R — %Rg
is the Einstein tensor field and T is the energy-momentum tensor field (EMT).

Greek indices run from zero p, v, --- € {0, 1,...,d} and Latin indices fromone 7, j, - - - € {1,...,d}.
The Einstein summation convention is assumed throughout, e.g., A*B,, = ZZ:O AVB,,.
All tensor fields of nonzero rank are expressed in bold regardless of their rank, e.g., u, g, T, ...

Given a coordinate chart z# : M D A +— R, the Lorentzian inner product, norm, and trace induced by the
metric tensor field are respectively denoted by v - w = g (v, w) = g viw” = viw,, v? = v - v, and
T :=trg T = g, T* = T", . The determinant of the metric is denoted by g := det (g,..).

We adopt Planck units {¢p, mp, ... }, taking the Planck length ¢p and Planck mass mp as the fundamental
units of length and mass, respectively. We also set the speed of light in vacuum dimensionless and equal
to unity, ¢ = 1. In these units, [time] = [length] = /p and [energy] = [mass] = mp. Notably, we explicitly
retain i = mplp and k2 x G = mp ¢5 > dimensionful.

Round and square brackets surrounding the indices of a tensor denote the symmetrized and anti-symmetrized

part of a tensor, respectively. E.g., for arank-2 tensor: C,,,,y == % (Cpw +Cyy)and Clw) = % (Cuv — Cup).
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Chapter 1

Introduction

In this introductory chapter, we motivate and formulate the central problem of this thesis: the Hadamard
renormalization of the expectation value of the energy-momentum tensor quantum operator for scalar quantum
perturbations on static spherically symmetric spacetimes, idealizing the Regge-Wheeler effective potential as
a finite potential well. The SSS spacetimes are of particular interest because they serve as base models for
describing the spacetime sourced by compact objects, particularly when rotation and geometrical deformations
can be neglected. Meanwhile, the quantization of scalar field perturbations under the framework of QFTCST
can be conceived as a first step toward understanding the possible quantum nature of gravity by studying the
regime where gravitational effects and the quantum effects of matter cannot both be neglected simultaneously.

11 Compact Objects

Among the fundamental interactions of Nature, gravity is distinguished by the fact that the dynamical field is
the spacetime geometry itself. Our current best description of this interaction is Einstein’s theory of gravity,
whose total action is given by:

$19.9] = Soulgl + Sule.# = [ %03 (5 + Lu) (0
QCM

By the principles of general relativity, the Lagrangian density of the matter sources £y; must be locally covariant.
That is, constructed from contractions of the matter tensor fields, the metric tensor field, and their respective
covariant derivatives [19, 30, 23]. Matter sources gravity by means of its EMT.

Definition 1.1 EMT

Let the components of the EMT T" of the matter action Sy [g, @] in eq. (1.1) be defined as:

_ 2 0Sum
V=g g"

Ty =

In our units:

[S} = mpgp, [dD$ \/jg] = 657 [R] = 61;2

1.3
W) = mg 2, () = IT) = mpty "
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Imposing the action principle, extremization of eq. (1.1) with respect to (w.r.t.) the metric tensor field g yields
the EFE:

1
Ry — §R 9w = 52Ty (1.4)

If the matter Lagrangian in eq. (1.1) depends at most on the first covariant derivative of the matter tensor field,
then extremization of the matter action w.r.t. ® yields the Euler-Lagrange equations of motion (e.o.m.):

0L\ 0L\
_ _IEM | 1.5
0P Vi [8(%@)} (1.5)
For & = {(I)l, ey <I>N} independent matter fields, we shall have NV Euler-Lagrange e.o.m., which are coupled

whenever the matter fields interact with each other. As we shall explore in detail in chapter 2, the linearity of
eq. (1.5) is entirely dependent on the structure of the matter Lagrangian. In contrast, the EFE are inherently
nonlinear. Solving eq. (1.4) without imposing isometries a priori is virtually impossible in any practical sense.

In this thesis, our interest lies in the static spherically symmetric class of spacetimes. Static meaning 3 K €
iso (M, g) that is timelike and hypersurface-orthogonal in an open subset &/ C M, and spherically symmetric
meaning there exists a subalgebra so(D — 1) C iso (M, g) of spacelike Killing vector fields (KVFs) whose orbits
are the (D — 2)-sphere SP~2. These include the well-known EFE solutions of Minkowski, de Sitter, anti de
Sitter, Schwarzschild, Reissner-Nordstrém, and Bartnik-McKinnon'.

Proposition 1.1  Static Spherically Symmetric Metric

The metric of a static spherically symmetric (SSS) spacetime in the adapted coordinate chart z# = (¢, r, %)
wherea € {1,..., D — 2} is given by:

ds? = —f(r)dt® + h(r)dr* +72dQ% _, (1.6)

Furthermore, let the Regge-Wheeler tortoise coordinate r, be defined as:

[ )
ry = / 35 (1.7)

In Regge-Wheeler coordinates X* = (¢, r,, %), the metric of a SSS spacetime reads:

ds? = f () (—dt2 1 d?",%) 4+ 2 (ry) dQQD_Q (1.8)

Proposition 1.1 follows straightforwardly by adapting the time coordinate as the parameter along the static
KVF K; = d/dt, the angular coordinates to the induced metric of the unit (D — 2)-sphere, dQ23, , =
Qap (0°) d9°d6®, and exploiting the Lie derivative identity £ g = 0.

The Regge-Wheeler coordinates show that the spacetime contains the isometry subalgebra R @ so(d) C
iso (M, g) and that the time-radial sector is conformally flat. In this chart, the areal radius r is regarded as a
scalar function obtained by inverting the relation . = r, (r) in eq. (1.7), which is only well defined outside the
static Killing horizon. For SSS spacetimes, the static Killing horizon coincides with the static limit ergosurface
and, if any, with the event horizon (under suitable regularity and analytical conditions).

"The Bartnik-McKinnon metric is a particularly useful example for which h(r) # ft (r) in general. This spacetime is a solution of
the EFE sourced by an SU(2) Yang-Mills field in D = 4 [3, 29].
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SSS spacetimes are of particular interest because they are the base model for describing the spacetime sourced
by compact objects—intending any astrophysical self-gravitating body from stars to black holes—concretely
when their rotation and geometrical deformations can be neglected. As a first approximation, the compact
object itself can be modeled as a perfect fluid. Namely, a fluid in local thermodynamic equilibrium that is free
of anisotropic stresses and dissipative fluxes.

Definition 1.2  Perfect Fluid’s EMT

If u, p, p denote the timelike normalized D-velocity, proper energy density, and isotropic proper pressure,
respectively, let the components of a perfect fluid’s EMT be defined as:

T,uu = P9uv + (/0 + p) Uy Uy (19)

In the rest frame of the perfect fluid, u# = (1,0,...,0). By the equivalence principle, g,/,; = 71,/ in a
sufficiently small neighborhood. Therefore:

T, = diag(p,p,...,p) (1.10)
If the metric is on-shell, then the EFE enforce the source’s EMT to be locally conserved, divT = 0, and to
inherit the spacetime isometries, £ T = 0 for all> K € iso (M, g, T). When definition 1.2 sources a SSS
spacetime, the fluid is said to be in hydrostatic equilibrium: the fluid elements move along the congruence of
the static KVF, u || K, and the fluid itself is spherically symmetric, p(r), p(r). One of the simplest models for
the (M, g, T') of a compact object is then as follows.

Proposition 1.2  SSS & Homogeneous Perfect Fluid Sourced Spacetime

Consider a perfect fluid with a homogeneous proper energy density pg € R within a finite region of areal
radius r = R and vanishing proper pressure at the boundary:

p=po©(R—r) (1.11a)
p(R) =0 (1.11b)

If this perfect fluid uniquely sources a static and spherically symmetric spacetime via the EFE, then the
solution to proposition 1.1 is given by:

2
fr) = 1 (D—l)\/l—QRQ—(D—B)\/I—QTQ] , 0<r<R (122)
1B r>R
(1-or?) ", 0<r<R 120
h(r) = v 112b
DT - e R

And the pressure profile is given by:

2The converse statement need not be true: the source’s EMT may (and often does) admit symmetries that are not isometries.
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V1—o0r2—4/1—oR?
(D —1)/1—oR% — (D —3)/1— or?

p(r) = po(D — 3) (113)

Where?:

2k2

= -1 -2)" (1.14)

9The pole at D = 2 shows the “degenerate” nature of Einstein’s gravity in two dimensions where G = 0 identically. Strictly,
this result is valid for D > 3.

Proposition 1.2 follows from the ¢¢t- and rr-components of the EFE combined with divT = 0, imposing the

pressure boundary condition and metric regularity at the center h(r = 0) = 1, and matching the interior
solution with the exterior vacuum solution. Cf. [9] for an explicit proof. In our units:

Wl =1, [o]=[pl=mez"™Y, [0 = 7 (115)
The solution in the interior region r < R is the D-dimensional interior Schwarzschild metric:
1 2 1
ds’(r <R) = = [(D —1)\/1—oR2— (D —3)y/1— grﬂ dt? + ?Wer +r2d0% ,  (116)

While the solution in the exterior region » > R is the D-dimensional Schwarzschild metric, where the mass
parameter has been specified in terms of the perfect fluid’s density:

RD73 RDfS -1
ds’(r>R) = — (1 — oR? o ) de? + <1 — oR? o > dr? +r2d0% _, (1.17)

The exterior spacetime is asymptotically flat, and in both regions we recover Minkowski spacetime when no
matter is present, o o< pg — O.

p(r)/po

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
r/R

Figure 1.1: Normalized pressure profile p(r)/po of proposition 1.2 for D € {3,4,5,6} at fixed compactness
C = 0.5 in terms of the areal radius coordinate normalized by the fluid’s radius R. In D = 3, the fluid is
everywhere pressureless.
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As shown in fig. 1.1, the pressure profile of eq. (1.13) is a monotonically decreasing function that is minimal at
the surface, p(r = R) = 0, and maximal at the center, p(r = 0). If the pressure of proposition 1.2 is to be
non-negative and finite, 0 < p(r) < oo, then the compactness C of the source must satisfy the Buchdahl
bound:

4D —2)

C=pR*’< "~ = 1.18
0 (D—1)2 B (118)
Figure 1.2 shows the divergence of the pressure at the Buchdahl limit C = Cg. Beyond the Buchdahl limit
C > Cpg, the central pressure becomes negative, and there is a pole where the pressure diverges before
reaching the surface. l.e., the Buchdahl bound C < Cp < 1 is the condition on the free parameters pg, R for
proposition 1.2 to describe a regular configuration.

20 I I [l T
---Cp=38/9 : |
=1 : :

15— : .

§ | |
g 10 . i N

Y : :
51 ! ! |

O l | L L - T | :‘ :

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

C = oR?

Figure 1.2: Normalized central pressure p(0)/po of proposition 1.2 as a function of the compactness C in D = 4.
The central pressure diverges as the compactness approaches the Buchdahl limit from the left C — Cg = 8/9.
The value Cy = 1 corresponds to the location of the static Killing horizon coinciding with the fluid’s surface.

1.2 Scalar Perturbations

Beyond more accurate modeling for the spacetime metric and matter EMT of compact objects, the next level of
complexity is to consider a perturbation on the background spacetime (M, g, T'). The perturbation has an
associated energy content 47" and thus modifies the spacetime geometry by g — g + dg. The field theory of
the perturbation is computed on the background spacetime, and then the perturbed spacetime is determined
by solving the EFE G[g + dg] = k2 (T + 0T'). The simplest perturbation is a free point particle, which has
been studied extensively [24]. In this thesis, we will instead consider perturbations induced by a real scalar field
on the background spacetime defined by proposition 1.1.

Definition 1.3  Scalar Field’s Action

Let the action of a real scalar field ® = ®(x) on (M, g) be defined as:

1
Slg,®] = / dPz /=g [—Qg“”VuCDV,,‘l) -V (®,9,z) (1.19)
QCM

In definition 1.3 we have taken the canonical kinetic term, £ D K(®) = —%gWV,;I)V,,(ID = f%g“”all@@,,q).
We allow for the potential energy density £ D V (®, g, x) to depend on spacetime points, on the metric tensor
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field and its derivatives, and on the scalar field but not its derivatives. Furthermore, we restrict the potential to
be real, and require that any dependence on the metric be locally covariant. The physical dimensions of the
scalar field are:

[@] =/ mplp (1.20)

Proposition 1.3  Scalar Field’s E.O.M.

The variation of the action in definition 1.3 w.r.t. the scalar field ® yields the e.o.m.,

ov
O — — = 1.21
0P 0 (.21
where the d’Alembert operator [ is given by:
1
0:=¢"V,V, = ——0 —g g’ o, (1.22)
o= =0, (V=59 0,)

Proposition 1.3 is immediate from combining definition 1.3 and eq. (1.5). The explicit form of the d’Alembert
operator follows by exploiting the compatibility of the metric and Jacobi’s formula.

Proposition 1.4  Scalar Field’s EMT

If the potential does not depend on the metric, V' = V(®, z), then the variation of the action in definition 1.3
w.r.t. the metric tensor field g yields the EMT:

1
Ty = V@V, — g, [2ga5va<bv6q> +V(®, 93)] (1.23)

Proof. Using the variation of the metric determinant, 6,/—g = —%w/—g 909", the variation of the action
w.r.t. g is:

1 oL y
548 = /d% (65 (V=9) L+ /=g (6,£)] = /d% V=g {—2%& + 89“”} Sg*
Definition 1.1 then yields the standard structure of a minimally coupled matter field in which there is no explicit
dependence on curvature tensors beyond the metric:

oL
T,ul/ = _QW +g,LLV‘C

The desired result follows directly from £ = —1 g%V ,®V® — V (@, z) and dL/0gH = —3V, @V, @. O

Taking the Lie derivative of proposition 1.4 shows a general feature of the EMT: there is no guarantee that
the symmetries of T'(®) are also symmetries of the matter field ® and vice versa. Cf. [27] for an interesting
discussion of this phenomenon.

To compute the contribution to the EMT of the potential’s metric dependence, the relation V' = V'(g) must be
specified. As an example, if V(®, g) = ¢ R[g]®?, then one must add to proposition 1.4 the term:
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Téu - g(G,LLl/ - v,uvy + QWD) @2

1 9 (1.24)
=2¢ <2GW<I> ~V, 0V, & — ®V,V,® + 6,9’ V, 0V 3P + gul,CI)DCI>>

The perturbation problem is determined by solving proposition 1.3 for the chosen background, plugging the
solution into proposition 1.4, and then solving (at least a linearization of) the EFE for the perturbed spacetime.
A subtler situation is encountered for quantum perturbations, which is our case of interest.

1.3 Quantum Perturbations

Afirst step toward understanding the elusive quantum nature of gravity is to study the regime where gravitational
effects and the quantum effects of matter cannot both be neglected simultaneously. Using the well-established
formalisms of quantum field theory (QFT) and Einstein’s theory of gravity, quantum field theory in curved
spacetimes (QFTCST) provides a framework for describing such a regime. QFTCST is a background-field approach
where we construct the QFT of a given classical field theory S[®] on a fixed and classical background spacetime
(M, g, Tig). The field @ is treated as a perturbation whose EMT T' (®) does not contribute to the background’s
matter distribution Tt,; and thus does not source the background EFE. If the perturbation of the metric and its
guantization are considered, it is treated as an additional dynamical field on the background spacetime that
does not determine its causal structure [7, 2].

The field quantization ® — & leads to the EMT quantization T'(®) — T'(®). Since the tensor field T'(®) is
generally nonlinear in the classical field and its derivatives, the quantum operator T((i)) inherits this nonlinear
dependence on the quantum field. However, a quantum field is an operator-valued distribution, and the
product of distributions at the same spacetime point is generally ill-defined. To solve this issue, we adopt the
point-splitting approach where products of tensor fields are turned into bitensor fields, ®2 () — ® (z) ® (2/).
The classical EMT is recovered by acting on the bitensors with a bitensorial differential operator and then taking
the coincidence limit ' — z. Upon quantization, the Feynman propagator provides the two-point function for
constructing the quantized EMT.

Definition 1.4 Feynman Propagator

Let ¢, ¢’ be the chosen time coordinates for the spacetime events =, 2’ € M. We define the Feynman
propagator GT (, 2') of a bosonic quantum field ®(x) w.rt. a given quantum state as:

G" (2,0) =i (To @b (@) =i[O (1) (S @) b (@) +O (! ~1) (¥ (=) & (@))] (1.25)

Here, T denotes the time ordering and © Heaviside's step function®.

9Cf. definition A.4.

In definition 1.4 we have denoted the expectation value of a quantum operator f w.r.t. a quantum state |¢)) as
f> = <1/) ‘f’ w>. Although our notation suppresses |)), the state-dependence of the Feynman propagator in
the absence of a preferred vacuum state is crucial for the arguments that follow.

Definition 1.5 EVEMTO

Let 7, (, x') be defined as the bitensorial differential operator constructed by the point splitting of the
classical EMT. The expectation value of the EMT quantum operator 7},, (=) w.r.t. a given quantum state is
defined as:
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<TW(:E)> = lim T, (z,2') [fiGF (z,2")] (1.26)

Definitions 1.4 and 1.5 have dimensions:
67 =mpta ™0, ()] = mes®Y (1.27)

Alas, in general the Feynman propagator is singular in the coincidence limit, GF(:U, x') r=e, o0, and defini-
tion 1.5 inherits this feature. To obtain a UV-finite expression, a suitable regularization and renormalization
prescription <T(<i>)> — <T(<i>)> is consequently required. We shall follow the Hadamard renormalization

ren

procedure, described in detail in section 3.3. The general idea is to construct the theory’s regularized propagator
by expanding the Feynman propagator near the coincidence limit, identifying the Hadamard parametrix which
encodes the UV divergences, and subtracting this singular structure. Henceforth, we call the renormalized

expectation value of the EMT quantum operator, <T(<f>)> , the REVEMTO.
en

T

Only after the theory’s REVEMTO has been computed can we determine the backreaction of the quantum
perturbation on the spacetime geometry, g — g = g + dg. Indeed, the energy content of the quantum field P
is postulated to be small relative to that of the background fields, but it is certainly not zero. In QFTCST, the
coupling between the metric and the quantum field is described by the semiclassical EFE:

G (§) = KT )+ x* (T (0.9)) (1.28)
The QFTCST postulates hold as long as the quantum contribution to the backreacted EMT remains sufficiently
small such that the correction dg does not invalidate the classical background approximation itself. This requires
that the system’s characteristic length and energy scales lie sufficiently far away from the Planck scale, where the
possible quantum nature of gravity is expected to emerge. Within the regime L > /p and £ < mp, QFTCST
provides an effective description of quantum matter interacting with classical gravity, leaving the quantization
of gravity beyond its scope.

1.4 Scalar Fields in Static Spherically Symmetric Spacetimes

The general objective of this thesis can now be stated concretely: we seek to construct the QFT of a real scalar
field in a SSS spacetime and determine the REVEMTO.

Proposition 1.5 Scalar Field in a SSS Spacetime

Consider the real scalar field action of definition 1.3 on a SSS spacetime where the metric is given in the
form of proposition 1.1 and the potential is quadratic in the field, with U (g, ) being a scalar function of the
metric and the areal radius:

1 1
S[®, g] = / dPz /=g [—zgﬂ”vuq>qu>—2U(g,r)q>2 (1.29)
QCM

The normal mode solutions to the e.o.m. in proposition 1.3 are given by:
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Do (t,1,0%) = D/ Yom (6%) e*“”tuwg(r) (1.30)

The angular component Yy,,, denotes the hyperspherical harmonics, and the radial component u,,, of the
normal modes is given by the solutions of the following equation in the tortoise coordinate,

d2
|:d7’2 +w?— v (7"*)] Uy (15) =0 (1.31)

where the effective potential V; [r (r,)] is given by:

~

(r
(r

~

(1.32)

>

r2

Vi) = 50 [Ugmy + D] D2 ] (DA

4 rdr |h(r) 4 72

~

Proof. For the prescribed action, the potential is V(®, g, z) = %U(g, r)®2. By proposition 1.3, the e.o.m. are
[0 —U(g,r)] ® = 0. In the adapted spherical coordinates, the d’Alembertian of proposition 1.1's metric splits
into three parts, one for each sector. The determinant factor is \/—g = r?~2,/f(r)h(r)Q (0*), so the e.o.m.
take the explicit form,

[—132 + ! Or (TD_2 f &) + T%DSD—Z —U(g,r)| ®(t,r,0% =0 (1.33)

N h

where Ogp-2 denotes the d’Alembertian on the (D — 2)-sphere. Every scalar function constructed from
contractions of the metric is invariant under isometries. In this chart, any scalar function of the areal radius is
also invariant under the SSS isometries. Hence, U (g, r') is invariant under the SSS isometries and, in this chart,
it only depends on r. This implies eq. (1.33) is a linear and separable differential equation under the ansatz
O(x) = A(r)T'(t)O (6*). After some manipulations, we find:

Lare oo (/o) -
TfatT—i— ATD_QmaT (7“ . &A) U(g,)

The angular function must then be one of the hyperspherical harmonics, which are defined as the eigenfunctions
of the d’Alembertian operator on the n-sphere:

1
= 6DSD726 =

Ogp 20 =10 = A= —L({+ D —3)and © (6%) = Yo, (6°)

The time-radial part is separable as well:

m@4¢m@<r j oA~ Ul = = | = 0T = —w

With this choice of separation constant, the time function must solve the harmonic oscillator equation. A basis

for the solutions is given by {e~*, C'C'}w>0’ and thus:

f

d? .
(dt2 + OJ2> T=0= T(t) = et
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The remaining equation yields the radial part:

\/z(i (W*ﬁiA) + (w2 —f [U TR k) +£ - S)D rP724=0

After the radial rescaling A(r) = Tg};")_l and switching to the tortoise coordinate such that % = %%, a
lengthy manipulation yields:

d%u (+D=3)\ D-2d (f\ (D=2)(D-4)f]
drf+[WQ_f<U+ 72 >_ 4r d7“<h>_ 472 hlu—()

This is a one-dimensional time-independent Schrodinger-like equation (—% + Vg) u = w?u where the
effective potential is given by eq. (1.32). O

Given a SSS spacetime, the full solution of the scalar field’s normal modes ®,,/,,, is given by solving eq. (1.31)
for the radial component u,,, of the modes. The latter is a Schrédinger-like ODE in the tortoise coordinate,
meaning that once f(r) and h(r) have been specified, we must invert the relation r, = r.(r) in proposition 1.1
and express the effective potential in this variable, V; [r (.)]. The structure of eq. (1.31) is known as the
Regge-Wheeler equation, where analogous “master equations” arise for fields of different spin, including scalar
(s = 0), electromagnetic (s = 1), and gravitational (s = 2) perturbations in SSS spacetimes [25, 8, 15, 5].

The dimensions of the potentials are:

[U(g,7)] = [Va(r)] = €57 (1.34)

Equation (1.32) plays an analogous role to the effective potential experienced by a free-falling point particle. In
particular, it comprises three contributions:

1. An effective mass term (as justified in the Klein-Gordon limit g — n), which vanishes in the purely-kinetic
theory:

VIE(r) = f(r)Ulg, ) (1.35)

2. A centrifugal barrier, which vanishes for s-modes:

N L+ D -3
vens(e) = f(r) LD =Y 3 ) (1.36)
3. And a background term, which is independent of the parameters {U, w, ¢, m} of the scalar field:
D-=2fd [f(r)] (D-4)f(r)
V(1) = — 1.37
(r) 4r {dr {h(r)} + r h(r) (1.37)

Provided the set {®,,m, c.c.} is complete such that it spans the complexified space of solutions, and if the
spectrum of w is completely continuous, then:

7d
o100 =3 / 2 At @t (67,6 + A @ (1,7, 0%) (1.38)
E,m 0

10
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Figure 1.3: Normalized background effective potential VP8 R? for a scalar field propagating in the static spherically
symmetric spacetime sourced by a homogeneous perfect fluid in D = 4. The three curves correspond to a
low, intermediate, and high compactness relative to the Buchdahl limit Cg = 8/9. The horizontal dashed line
denotes the vanishing Minkowskian potential, while the vertical dashed line marks the fluid’s surface at » = R.

Let the normal modes of proposition 1.5 be written as:

“ 1
P (T, 74, 0%) = 7D (1)

Yim (ea) Yue (t> ’l“*) (1.39)
Ts)

We will call ¥, (t,74) == e~ “u, (1,) the time-radial sector of the normal modes.

Definition 1.6 (1 + 1)-dimensional Auxiliary Theory

For each /, the time-radial sector of proposition 1.5 defines a scalar field theory for the auxiliary field ¥, in
the (1 4 1)-dimensional Minkowski spacetime (M, n) and in 2# = (t, r,) coordinates:

1 1
Sy [Ty, m] = / dtdr, [—Qnﬂ”a“\lfgayxpg — ng(r*)\I/% (1.40)

The variation of definition 1.6 w.r.t. to the field ¥, yields the e.o.m.:

11
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(=07 + 02 — Vi (r)] Wy (t,7,) =0 (1.41)

The normal modes of the auxiliary theory are precisely 1,4 (¢, 7). If the set {1, c.c.} is complete in the
complexified auxiliary solution space, then:

Oodw

v (t, T*) = / % [Bwéwwﬁ (t, T*) + BZW& (ta 7"*)] (1.42)

0

The dimensions of the auxiliary field are [¥;] = /mp/p.

Proposition 1.6  SSS Propagator

If Gé“ (t,rs,t',7.) denotes the Feynman propagator of definition 1.6 w.r.t the vacuum state defined by
the 1,,¢ (t, 7+) modes, then the Feynman propagator of eq. (1.38) w.r.t. to the vacuum state defined by the
Do (t, 74, 0%) modes is given by?:

Y Yem (09) Yo, (6%
GF (0.0) = Y , D/gf’?< e (.49
pan (rrh)

9Again, assuming the sets of normal modes are complete in their respective spaces.

Proof. The quantization of a classical field theory on a curved spacetime will be described in detail in chapter 3,
but the general procedure is to promote the field in eq. (1.38) to an operator(-valued distribution),

~ 7 dw T 4 1 *
P(x) = Z / o [Awfmq)w@m(x) + ALzm wem (T)
Z,m 0

and to impose the ladder algebra on the commutators of the expansion coefficients:
Ay, A = 27hé ") G4,
wlms A yrprmy | = 4T (UJ — w) 00 Ornmy

Taking the two-point function w.r.t. the quantum state defined by Awgm |0) = 0, the only non-vanishing term is
> = 2mhd(w — w')dp Sy - Therefore:

A~ ~

the one proportional to <AwgmAT

w'l'm/

<%mwwwwhqgmwmmwﬁimmmmmm
1 0

An analogous procedure yields:

D/2—-1
()PP

(B)0(0)) = e S Vim0 in(0%) [ G2l ruieltr)
0

,m

By the addition theorem of the hyperspherical harmonics, the sum over m is a real and symmetric function of
the angles 3, Vim (09)Y;5 (07) = 32, Yem (07) Y}, (69) = Vs (9&, 9) Thus:

12
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Gr(z,z') = D/2 - Zyé 9@ 9@ /27(” (t — )V hue(t, 7 )U5(t, 70) + O — )5 e(t, 72 ) et 70)]
0

After imposing [E’M, BIM} = 2mhd (w — w’), the integral over w is the (1 + 1) auxiliary propagator w.r.t. the
vacuum state defined by B, 0)1,,=0. O

Although proposition 1.6 shows that the D-dimensional propagator decomposes into a weighted sum of (1 + 1)-
dimensional propagators, obtaining an explicit expression for the D-dimensional REVEMTO is by no means
trivial. The weights (1) "P/241S Vi (0%) Y7 (6%) are UV finite in the coincidence limit for all £. Hence, at
least mode-wise, the singular structure is contained in the time-radial sector, and the regularization is required
only for the (1 4 1)-dimensional propagator Gfl(t, Ts) — G%‘H(t, T )reg- The REVEMTO of proposition 1.5 is
then obtained from?®:

<TW($)>ren = hrn Tow (2,2’ Z Lom ng()p/)gyj (ea)(—i)GéJrl (t, r*,t',r;)reg (1.44)

The point-splitting operator acts on both the weights and the propagators. Thus, in general, the D-dimensional
REVEMTO cannot be expressed as a weighted sum of (1 + 1)-dimensional REVEMTOs. Moreover, the REVEMTO

of the auxiliary theory is computed based on the operator Tlfrl of the flat spacetime, not the D-dimensional

7LDZ, of the SSS spacetime. Nevertheless, we can qualltatlvely argue that the fact we can define the auxiliary

theory in the first place is due to the conformal flatness of SSS spacetimes in the time-radial sector, and we
can naively expect < Tow (t,7s, 6“)>f to be constructed from contributions involving < Tao(t, r*)>::. Yet another
subtlety is the vacua on which these REVEMTOs are built; the ,,, normal modes are of course contained
in ®_,4,,,, but in QFTCST the relationship between different vacua is not obvious, and the correspondence
must be proven explicitly. Despite these difficulties, one thing is clear: the first step toward constructing the

D-dimensional REVEMTO is the (1 + 1)-dimensional REVEMTO.

1.5 Statement of the Problem

The overall message we have tried to convey in the previous section is the following: the classical and quantum
theory of the scalar field ® in a D-dimensional SSS reduces mode-wise to the classical and quantum theory of
the “auxiliary” scalar field ¥, in a (1 + 1)-dimensional flat spacetime subject to the effective potential V. The
solution to the auxiliary problem therefore provides the natural first step toward constructing the full scalar
quantum perturbation on the background SSS spacetime.

In going from definition 1.3 to proposition 1.5, we have quietly made a choice of the potential energy density
for ®@. This choice will be justified in chapter 2, but it is already clear from eq. (1.33) that such a restriction is
required to have a linear and separable e.o.m. in the first place. Even under this simplification, there is no
known analytical solution of eq. (1.31) for a generic SSS metric, and consequently neither for eq. (1.41). Faced
with this obstacle, we are therefore led to approximate V. Figure 1.3 shows the background effective potential
of proposition 1.2 in D = 4, corresponding to the SSS spacetime sourced by a homogeneous perfect fluid. Two
features are immediately apparent:

1. The effective potential exhibits a finite step discontinuity at the surface.

2. The potential varies much less in the interior than in the exterior. Particularly for low compactness, the
interior potential is approximately constant.

3Here we neglect the state-independent ambiguity term inherently associated with the Hadamard renormalization; see section 3.3
for details.

13
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Motivated by these behaviors and with the ultimate objective of describing the effects of quantum perturbations
in compact objects, we shall consider an idealized effective potential that is exactly constant inside a finite
region and has a finite discontinuity at the boundary of said region. Concretely, we take V; as a finite potential
well. This model captures the two qualitative features of the SSS effective potential most relevant to our
purposes, while remaining sufficiently simple to allow for explicit analysis. Our final specific objective is to
explicitly compute the REVEMTO of the corresponding (1 + 1)-dimensional auxiliary QFT.

In chapters 2 and 3 we will describe the necessary techniques of classical and quantum field theories in curved
spacetimes, respectively, for the development of the model. Experienced readers may proceed directly to
chapter 4, where we will derive and present our results. This work is a direct continuation of the model initially
developed by [26] in the context of studying the role of spacetime boundaries and dimensionality in Hadamard
renormalization. In that work, they developed the infinite potential well model and laid the starting point for
the finite potential well construction considered here, so we will also review those results in detail. Finally, we
conclude with closing statements in chapter 5.

14



Chapter 2

Classical Field Theory in Curved Spacetimes

This chapter is devoted to the classical field theory of scalar fields in curved spacetimes, with particular emphasis
on their solution spaces and their compatibility with spacetime isometries. When appropriate, we specialize the
general formalism to the cases relevant for scalar fields on SSS spacetimes. We then show how, under suitable
conditions on the scalar potential, the scalar field’s EMT admits an effective perfect-fluid interpretation. The
former provides the foundation for the canonical quantization developed in the following chapter, while the
latter will be used to physically interpret our results.

2.1 Cosmic Fluids

Although highly ideal, perfect fluids are valuable for modeling not only astrophysical compact objects, but also
the large-scale structure of matter in our Universe [14, 30].

Definition 2.1 Cosmic Fluid

Let w € R be areal constant. We will call cosmic fluid to a perfect fluid (definition 1.2) with the equation
of state (EoS):

(2.)

w =

p
p

If 0 < w < 1, the cosmic fluid parameter can be physically interpreted as the squared ratio between the speed
of sound in the fluid and the speed of light in vacuum, cz = (0p/0p)g = w. If w < 0, its physical interpretation
is best understood in terms of the energy conditions. Let us list several important cosmic fluids.

e Vacuum energy is defined by the cosmic fluid EoS:

wp = —1 (2.2)

This yields the EMT whose proper energy density is measured to be the same for all locally inertial observers:

T;i\y = —PA Guv (2.3)
When such an EMT uniquely sources the EFE, the solutions are given by the Einstein manifolds. The vacuum

energy fluid models the “dark energy” which causes the accelerated expansion of the Universe in the ACDM
cosmological model.

15
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e Dust is defined by the EoS:

Waust = 0 (2.4)
This fluid models non-relativistic and pressure-less matter, c3'* = 0 and pd"* = 0, whose associated EMT is:
TSSSt = Pdust UpUy (2.5)

In the locally inertial rest frame of dust, eq. (1.10) becomes:
Tt = diag (pdust, 0, - - -, 0) (2.6)

In the ACDM, this is the model for all large-scale massive (standard model and dark-) matter in the Universe.

e Radiation is defined V D # 1 by:

1
Wryad “— ﬁ (27)
This EoS is motivated by the fact that the EMT of a single particle satisfies 7},,, o< p,,p, and that of an ensemble
Ty o< (pupy). Hence, a fluid of massless particles always implies tracelessness, Tr2d — (. Such behavior is
then inherited as the defining condition of the radiation cosmic fluid:

Tt = Dprjdl (g + Duyuy) (2.8)

In ACDM, this is the modeling of ultra-relativistic matter and massless matter (e.g., photons and neutrinos)
in the Universe.

o A stiff fluid is defined by Zeldovich'’s EoS:
wy =1 (2.9)
The stiffness and compressibility of Zeldovich’s fluid are the maximal values consistent with causality. Namely,

acoustic perturbations propagate through the fluid at the speed of light, c? = c. The corresponding EMT
reads:

TEI/ = Pz (gul/ + 2“#“1/) (2.10)

In the locally inertial rest frame of a stiff fluid:

T%., = Pzl (2.11)

In D = 2, the radiation EoS and EMT coincide with a Zeldovich stiff fluid. We recall that u describes
the macroscopic fluid motion, not that of its microscopic constituents. Massless particles move along the
spacetime’s null geodesics and have no rest frame.

16
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2.1.1 Energy Conditions

The energy conditions are motivated by contracting the EFE with a generic vector field Y,

1
R, YMY" = K? (TWY“Y” -5 57 Y2> (2.12)
where D > 3.
Definition 2.2 Energy Conditions
Let T be the EMT of the EFE solution (M, g, T'). For all timelike U and lightlike k vector fields, we define
the following.
e Dominant energy condition (DEC): For all future-directed U, the energy-momentum current J* =
—TH U, must be causal and future-directed?:
g(J,J)<0 (2.13a)
J°>0 (2.13b)
e Strong energy condition (SEC):
T UMDY — ——TU? > 0 (2.14)
m D -2 - ’
e Weak energy condition (WEC):
T, U"U" >0 (2.15)
¢ Null energy condition (NEC):
Tuwk"k” >0 (2.16)

9Future-directed means lying in the future light-cone, which is an observer-independent notion. In some given frame, J° > 0
strictly, but we allow for T' = 0 to satisfy all energy conditions trivially.

In general, DEC = WEC = NEC and SEC = NEC. Since eq. (2.15) is the local energy density of T as
measured by an observer whose tangent worldline is U, the WEC ensures a non-negative measurement. The
DEC of eq. (2.13) generalizes this notion by enforcing that the measured energy-momentum flux is causal. The
physical interpretation of eqgs. (2.14) and (2.16) is given by the Raychaudhuri equation, where the SEC and the
NEC ensure the focusing (either in the finite past or future) of timelike and null congruences, respectively.

Proposition 2.1 Perfect Fluid’s Energy Conditions

For a perfect fluid (definition 1.2), the energy conditions of definition 2.2 become the following.

e The DEC holds if:

17
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—Ipl >0
{” ’pp‘ u (2.17)

e The SEC holds if:

D—-3)p+(D-1)p>0
( )P+ ( )p > 218)
p+p=>0
e The WEC holds if:
>0
p= (2.19)
p+p=0
e The NEC holds if:
p+p=>0 (2.20)

Proof. The energy conditions are all scalar expressions. As such, they hold in any reference frame. Let us choose
the locally inertial rest frame of the perfect fluid where eq. (1.10) holds, and drop the primed indices.

(NEC) Given k# = (K, k7) and k2 = (k°)° — 3>, (k')? = 0, then:
0 < Tk "k =p () +pY " (k) = (p+p) (k) = p+p>0, WO

(WEC) Given U* = (U, U") normalized to U? = — (UO)2 + Z‘Zzl (Ui)2 = —1, then:

d d
OSTWU“U”:p(UO)2+pZ(Ui)2 p+pz 2 = p>0andp+p>0, VU
i=1 i=1

(SEC) From g,,,g" = 6", = D and u? = —1, the trace of definition 1.2is 7= —p + (D — 1)p. Thus:
i Ju

d

oginwﬂ435%ETU2:p+(p+mZ;(Uﬂ27Agj—kp+(Df1men

- R 03 ()

From which it follows that (D — 3)p + (D — 1)p > 0and p + p > 0, VU".
(DEC) Finally, the current is given by J,, = —T,,U” = — (pU",pU"). In the locally inertial frame, U* is

future-directed if U° > 0. Since we allow for the current to include the trivial case, then:

0<J=g%J, = (-1)(=pU° = pU° = p>0, VU°

18
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Furthermore:

2 0\2 2 i\ 2 2 2 2 i\ 2 2 2 2 i
0>J"J,=—p" (U°) +p Z(U) =—p"—(p fp)Z(U> = p°>0andp’ —p° >0, VU
Ifp>0,thenp—|p| >0 = p+p>2p>0,andif p < 0then p+ p > 0. In both cases, the DEC implies
the WEC and the NEC. O

Proposition 2.1 shows that the energy conditions are natural properties satisfied by many matter systems that
can be approximated as perfect fluids.

Proposition 2.2 Cosmic Fluid’s Energy Conditions

For a cosmic fluid (definition 2.1), the energy conditions of definition 2.2 become the following®.
1. If p > 0, then we have the following.

1.1. The DEC holds if:

lw| <1 (2.21)
1.2. The SEC holds if:
D -3
> - 2.22
Y="D-1 (2.2
1.3. Both the WEC and NEC hold if:
w>—1 (2.23)

2. If p < 0, then we have the following.
2.1. Regardless of w, the DEC and WEC never hold.
2.2. The SEC and NEC hold if:

w< —1 (2.24)

9By the cosmic EoS, p o< p = 0 recovers the trivial case T' = 0, which as we have stated, satisfies all ECs trivially.

Proof. We use proposition 2.1.

(DEC) One of the DEC requirements becomes 0 < p — |p| = p — |wp| = p (1 — |w|). If p > 0, then |w| < 1. If
p < 0, the other condition of the DEC is automatically violated.

(SEC) The SEC requirements become 0 < (D—3)p+(D—1)p = p[D — 3+ (D — 1)w]and 0 < p+p = p(1+w).
Ifp>0,thenw > 223 > _1.1f p < 0, thenw < —1 < —B=3,

(WEC) For the WEC, 0 < p(1 4+ w) implies that if p > 0 then w > —1. If p < 0, then the other requirement is
violated.

(NEC) For the NEC, 0 < p(1 + w) implies that if p > 0 then w > —1, and if p < 0 thenw < —1. O

Figure 2.1 shows which energy conditions are satisfied by the aforementioned cosmic fluids. All energy conditions
can be analytically continued to D — 2, except the SEC, whose formulation requires further care because the
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D-dimensional EFE becomes singular in this limit.

Cosmic Fluid w p NEC WEC DEC SEC
Vacuum ener —1 >0 v v v x
&Y <0 Vv* X X v

Dust 0 >0 v v v v

<0 X X X X

Radiation 71 >0 v v v v
D—-1 <0 X X X X

*
Stiff 41 >0 Vv v v v
<0 X X X X

Figure 2.1: Energy conditions for the cosmic fluids. The symbol v" indicates that the corresponding energy
condition is satisfied, v'* denotes saturation of at least one of its defining bounds, and x indicates violation.
For p < 0, the DEC and WEC are always violated.

2.2 Scalar Field Theory

A classical field theory is said to be free or non-interacting if the theory’s action is at most quadratic in the
dynamical fields and their derivatives. For definition 1.3, this translates into the condition 93V (®, g, x) = 0 for
all n > 3. Expanding in powers of the field, the potential energy acquires the structure:

V(@.9.0) = Alg,2) + J(g,2)® + JU(g,2)0? (2.29

We allow the scalar functions to depend (covariantly) on spacetime position, and on the metric and its covariant
derivatives. Proposition 1.3 then becomes:

[D - U(g,l‘)] ¢ = J(g,$) (226)

This is the essential feature of a free theory: the e.o.m. are linear, and the set of solutions thus forms a vector
space.

Suppose @ is one of the matter sources of the EFE, Lo C L. If A(g, z) = A(z), then this term represents a
shift in the cosmological constant of the vacuum energy cosmic fluid. If A(g, x) o< R(g), this represents a shift
in the coupling constant 2 of Einstein’s gravity. Finally, if A(g, x) depends on curvature tensors of higher order
than the Ricci scalar, we enter the domain of modified gravity beyond Einstein’s theory. All of these cases are
interesting in their own right, but the dynamics of ® are independent of A(g, x). Unless ® sources the EFE,
there is no coupling between ® and A(g, ), and the EMT contribution of the latter in proposition 1.4 can be
treated independently. Since we are interested in perturbations that do not source a fixed background, we
henceforth set A(g,z) = 0.

Equation (2.26) is linear, but not homogeneous. The term J(g, x) acts as a source for the scalar field, and
the general solution forms an affine space modeled on the vector space of solutions to the corresponding
homogeneous equation. This additional complexity is not required for our purposes: we can restrict ourselves
to backgrounds for which &3 = 0 is an equilibrium solution, which requires 8¢V|¢0:0 =J(g,z) =0,50 D
can be identified directly with the fluctuation about the fixed background.
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2.21 Klein-Gordon Product

The previous discussion partially justifies our choice of the potential energy in proposition 1.5. We will then
solely consider a free real scalar field theory which, up to boundary terms, the action of such a theory can be
written as:

1. .
S[®, g] = / dPz /=g S ODP (2.27)
QCM
Where:
D=0-U(g,x) (2.28)
And the corresponding e.o.m. are:
Dd =0 (2.29)

The vector space of solutions is real and given by the kernel of the e.o.m. operator:

Sp = kerD = {cpecoo (M»—>R)|25CI>:O} (2.30)

For the canonical quantization of the theory, it is convenient to complexify the solution space:

Sc = {®1 +i®y | b1, Py € S} = {<1> € C® (M~ C)| DD =0} (2.31)

It should be emphasized that we are complexifying the solutions, not the manifold nor the action—we still
have U*(g, ) = U(g, ). This is analogous to the complex quantum fields considered in QFT in real Minkowski
spacetime.

Definition 2.3  Klein-Gordon Product

e For &1, Py € Sc, let the Noether current density J (®,, ®3) be defined as:

<
J(®1,05) = —i B VO, = —i (B, VO — B3V Dy) (2.32)

e For a hypersurface ¥ C M with normal n, induced metric determinant gs., and integration measure
d¥ = dP-1z V/|lgs| n, let the complexified solution space Sc be endowed with the map S¢ x S¢ — C
defined by the flux:

(®1, B) = /dE T (B, DY) (2.33)
b

We will call eq. (2.33) the Klein-Gordon (KG) product. For this product to be physically meaningful, > must
be a spacelike Cauchy surface with a future-directed unit normal. In other words, (M, g) must be globally
hyperbolic, ensuring the existence of at least one Cauchy surface and its foliation thereof. The causal nature of
the hypersurface may be relaxed, but global hyperbolicity is required for a well-posed global Cauchy problem.
The bold notation in eq. (2.32) is symbolic for components since the covariant derivative is not a tensor, but it
emphasizes that the KG product in eq. (2.33) is coordinate-independent.
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There are two ways to justify definition 2.3: (1) By complexifying a bilinear current density J (®1, ®5), a real
symplectic form Q (1, ®2), and the real symplectic space (Sg, §2). (2) As the name suggests, eq. (2.32) is the
conserved Noether current associated with the U(1) internal symmetry of the complex scalar field theory
S[®, ®*, g|. The complexification of the S[®, g] solutions inherits this conserved current.

Proposition 2.3 Klein-Gordon Product Properties

If ®; € Sc and a; € C, then definition 2.3 enjoys the following properties.

e Conjugate symmetric, linear in the first argument, and antilinear in the second:

(B1, P2) = (P2, 1)" (2.34a)
(a1P1 + ag®2, @3) = a1 (D1, P3) + az (P2, P3) (2.34b)
(®1,a2P2 + azP3) = a5 (P, P2) + a3 (1, 3) (2.34c¢)
e For complex-conjugated arguments:
(@7, ®5) = — (@1, P2)" (2.35)

e If (M, g) is globally hyperbolic, then definition 2.3 is independent of the Cauchy surface up to a boundary
term:

(@1, Do)y, = (P1, Do)y, (2.36)

Proof. (a) Since the measure is real, conjugate symmetry is inherited from the conjugate symmetry of the
current:

> - *
J(P1,05) =—-i PV = <—i <I>2V<I>*f> = [J (®g, ®7)]"
(b) Linearity in the first argument follows from the linearity of the covariant derivative:

< I “
J (a1<1>1 —+ a2¢2,¢§) = —1 (0,1(131 + az(I)Q) V@; = —a1i<1>1V<I>§ — a2i<I>2V<I>§ = a1J(¢1, <I>§) + asJ (@2,@3)

(c) Antilinearity in the second argument follows from the linearity of V,, and the field conjugation in the second
argument of the current.

(d) For two complex-conjugated arguments:

- ras *
J( T,@g) = —1 @TV(I)Q = — <—i<I)1V<I)§> = — [J (CI)l, @;)]*

Hence:

(@1,83) = [ dZ- T (@}, D) = — [ dS - [J (&1, 83)]" = —(P1, o)’
/ /

(e) The divergence of the Noether current is:
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< 7
V. -J(@,9;)=—-iV- <<I>1V<I>§> =—i19,DP;

The proof then follows from integrating this divergence over a spacetime volume 2 C M whose boundary is
given by a timelike hypersurface and two distinct spatial Cauchy surfaces, one being in the future of the other,
0Q) = I1 U X1 U Xs. Imposing suitable boundary conditions on the scalar fields, the current can be made to
vanish at the timelike boundary. If the fields are on-shell, then V - J = 0 and the divergence theorem yields
the equality of the KG products on X1, X5. For an explicit proof, cf. [7]. O

Proposition 2.3 identifies the KG product as a sesquilinear form, which for globally hyperbolic spacetimes is
globally conserved. Although the norm induced by definition 2.3 is real, (®, ®) € R, it is not positive-definite
for all scalar fields. As an example, if (®, ®) > 0, then (®*, *) = — (P, P) < 0, which also shows that the
real subspace Sg C Sc¢ has zero norm.

2.2.2 Normal Modes

A special class of complex solutions is that of normal modes, obtained by separating the e.o.m. and labeled by
the separation constants and eigenvalues of operators that preserve the solution space. We shall say that a set
of normal modes is complete if its linear span is S¢, so that every complex solution can be expanded in terms
of these modes.

Definition 2.4 Positive- & Negative-Frequency

Let (M, g) be a stationary spacetime whose Killing vector field K is timelike inside a given region/ C M.
A normal mode u,, € Sc is said to have a positive-frequency w.r.t. K whenever

£ KU, = —iwiy, w>0 (2.37)

and negative-frequency w.r.t. K whenever:

£ KU, = +Hiwuy, w>0 (2.38)

Definition 2.4 is clearly inspired by the plane waves of Minkowski spacetime and asymptotically flat spacetimes.
In D = 2 and adapted coordinates K+ = 4}, we see that:

Lpce W — iy emiwitike — g gmiwttike — o= iwttike (2.39)

Complex conjugation maps positive-frequency normal modes to negative-frequency ones:

£ru,, = +iwu, (2.40)

Hence, if a set {u)} spans the positive-frequency normal modes, then {u}} spans the negative-frequency
ones. Provided the set {u,, c.c.} is complete, S¢ = spanc {uy} @ spanc {u} }, every solution ® € Sc can be
expanded as:

P = Z (axuy + Bruy) (2.41)
A
If the mode labels \ are continuous, the sums are replaced by appropriate integrals.
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Definition 2.5 Orthonormal Modes

We will call a complete set of positive-frequency normal modes and their complex conjugates {u,, c.c.}
orthonormal if w.r.t. definition 2.3 the set satisfies:

(U)\, U)\/) = 5/\)\/ (2.423)
(ux, uy) = —aw (2.42b)
(up,uy) =0 (2.42¢)

If the labels X\, \’ are continuous, the Dirac delta distribution replaces the Kronecker delta symbol.

If the set is orthonormal, the subspace spanned by the positive-frequency normal modes carries a positive-
definite KG product. Orthonormality also allows us to determine the Fourier coefficients in the linear expansion.

Proposition 2.4 Fourier Coefficients

If {uy, c.c.} is orthonormal, then the Fourier coefficients in the expansion of eq. (2.41) are given by:

Q) = (‘P,U)\) (2.433)
Br = —(®,u)) (2.43b)

Proof. By the linearity in the first argument, (®,uy) = (3, (og)\/u)\/ + ,B)\/uj/) Jux) = Dy oo (U, uy) +
Yo B (uy,un) = D\ axdyy = ay. Analogously for the other coefficient. O

For areal solution, ®* = ® = [ = a3}, hence:

® = [(®,up) ux — (®,u}) uj] (2.44)
A

Proposition 2.5 Lie Derivative Commutator

If K € iso (M, g) existsand [U (g, x), £ k] = 0, then the solution space Sc of eq. (2.27) is invariant under
the isometry generated by the KVF.

9The commutators are understood to act on scalar functions.

Proof. (1) The first step of the proof is to show that the d’Alembertian commutes with the Lie derivative
operator. Consider a generic diffeomorphism generator V' € 0diffM. For a test scalar field f, we have
O,V,] f = R.V”f, hence:

O, £v] f = [9"9,,VVa] £ = [0,V Vaf + V7 [0,Va] f = [2(99V) Vi + OV + VIR, Vaf

Now let V = K, where the Killing equation is VHKY) = (. The first term vanishes by virtue of VA K" =
Wiy ed being antisymmetric and V,V,, f being symmetric. Contracting the Killing equation with V , yields:

~0K" =V, V'K!" = [V,,V'| K" = RV ;K"
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The second term also vanishes and therefore:

O, £k]f=0
(2) The e.o.m. operatoris D = [0 — U(g,x),soif [U, £Lk] = 0, then [25, .fK} =0.

(3) If @ is a solution, then D (Lx®) =LK (f)cb) = 0 and £ g ® is also a solution. Ergo, the solution space is
invariant under the isometry generated by the KVF, £K|5<c : Sc — Sc. ]

Proposition 2.5 is the requirement to admit K -adapted normal modes in the first place, but it does not guarantee
completeness.

Proposition 2.6  Skew-Adjointness of the Lie Derivative

Suppose K € iso (M, g) exists and proposition 2.5 holds. If Kr j¥l vanishes on 8%, then £k is skew-
adjoint w.r.t. the Klein-Gordon product:

(L1, P2) = — (1, £ P2) (2.45)

Proof. Usingeq. (2.32) and £x® = K*V,®, consider:

JH(LxDL, B) + JH (B, (£x D)) = —i(KOVad)(VADE) + id5VA(KV By
— i® VH(KV®3) + i(K*V,®3)(VED))
= —iK%(Va®)(VFD}) — iK*® (Vo V D)
iKY (Va®3)(VAD)) + iK* B3 (Vo VAD))
— i(VFEY)(®1Va®) + i(VEE®) (V0 1)
= KV, J" (@1, ®3) + (VIK) Jo(P1, P3)

We can factorize the covariant derivative by exploiting the Killing equation ViKY = < Vo K*=0and
the conservation V,J = 0 on-shell:

Vo (K*JH — KPJ) = KOV J* — (Vo K*)JY = KOV o J" 4+ (VFE®) g

Therefore:

T (£R®y, ) + T (@1, (£x@2)) = 2V, (K1074)

And then:
(Lrc®y, Bs) + (Dy, LxDs) = 2/d2uva <K[C“J“])
b

The RHS will vanish if either K1*J# = 0 identically or s,n, K[®.J" vanishes at 9%, where n L ¥ and
s L oX. O
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It follows from proposition 2.6 that the operator K = 1.£ i is self-adjoint w.r.t. the KG product, provided
the boundary conditions are met. If the spacetime and the e.o.m. admit them, then the standard quantum
spectral theory holds in the Hilbert space spanned by the positive-frequency orthonormal modes. The potential
in proposition 1.5 has been chosen to be invariant under the isometries of the SSS spacetime and to allow a
definite-frequency normal-mode decomposition.

2.2.3 Parity

Continuous spacetime symmetries are generated by elements of the isometry algebra iso (M, g). If the
spacetime symmetry is discrete, then it is disconnected from the identity of the isometry group Iso (M, g),
and there is no KVF to describe the transformation. One of the discrete isometries of Minkowski spacetime
is parity, which in Cartesian coordinates corresponds to the time-orientation preserving, spatial-orientation
reversing, and involutive map P : (¢, ") — (¢, —a').

Definition 2.6  Parity

Let (M, g) be a stationary spacetime whose KVF K is timelike inside a given region i/ C M. We will
define parity as the discrete isometry P € Iso (M, g) with the properties?:

PoP =1 (2.46a)
P.K =K (2.46b)

9Admittedly, this definition is too broad since any inversion of a single spatial direction will count as parity and we need all of
them to reverse. Moreover, one can also define parity in the n-sphere, and there is no notion of time in S™. Notwithstanding, any
stricter definition of parity in 1 4+ d curved spacetimes will have to conform to these two criteria, which for our purposes are
sufficient.

In operator terms, the condition P, K = K < {75, £K} = 0 ensures that parity preserves the stationary time
orientation defined by the congruence of K and therefore excludes time-reversal.

The involution property P2 = 1 < Pl=p implies that for parity eigenfunctions, 75d>7r = w®,, the spectrum
is:

¢7r = 752¢7r = 7'(2@7‘_ :> m = {—17—|—1} (2.47)

In general, parity acts on scalar fields ® € C*°(M +— C) as:

(P2) (2) = @ (P~'a) = @ (Pa) (2.48)

Definition 2.7 Definite Parity

We shall say that a normal mode u) € S¢ has a definite parity if u) is an eigenfunction of the parity
operator P. That is:

75U)\ = TTA\U) (2.49)

If 7y = 41, then the normal mode is said to have an even parity, and if 7y = —1 an odd parity.
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Proposition 2.7 Parity Decomposition of the Solution Space

Let the even- and odd-parity sectors S¢ C Sc be defined as the definite-parity solutions:
ST = {q)w € Sc | PO, = w@W} (2.50)

If [75,15] = 0, then:

Sc =St aSs (2.51)

Proof. If [75,15} —0and ® € Sc, then D (75<I>) =P (ﬁ(b) = 0 and thus P® € Sc. This means that the
parity operator leaves invariant the solution space:

[75,15}:0 — P:Sc— Sc

Defining the projectors fI7r = % (H + 7775>, their algebra is then ﬂﬂf[,r/ = (SM/fI7r and f[+ +1II_ =L Given

72 =1, we have:
P (11,0) = (PIL) @ = 7 (11,0) — 11,0 € SF
Finally:
®—1d — (ﬂ+ + ﬁ_) o= (fmb) + (f[_<I>>

If® € STNSs, thenPd =& = & = & = 0. Given S& N S; = {0}, the decomposition is a direct
sum. ]

Proposition 2.7 shows that if parity is a symmetry of the spacetime and the e.o.m., then the solution space
decomposes into even- and odd-parity sectors. If the KG product is invariant under parity, (75(I>1, 75<I>2) =
(@1, ®2), meaning adapting the hypersurfaces X to the congruence of K, then the parity sectors are orthogonal:

(@, 0 )= (PO, PP )= (+Dy, P )= —(,d ) = (&,d_)=0 (2.52)

Moreover, since parity commutes with the stationary Lie derivative (by definition!) and the latter defines
the definite-frequency normal modes, parity preserves the definite-frequency sectors. If the spacetime and
the solution space admit both, normal modes may then be labeled as A = (w,7,...), where w > 0 and
7€ {—1,41}. In terms of eq. (2.28), the minimal conditions are £ xU(g, ) = 0 and PU (g, z) = U(g, ).

2.2.4 Effective Perfect Fluid

Let us now show how the energy-momentum distribution of scalar fields mimics that of perfect fluids. We
return to the generic potential of definition 1.3 and only impose independence from the metric.

Proposition 2.8  Scalar Field EMT’s Perfect Fluid Structure
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If V=V(®,z)onlyand (V<I>)2 < 0, then proposition 1.4 has the same structure as definition 1.2 with
D-velocity, proper density, and proper pressure given by:

Uy = W (2.533)
— (Vo)

p=—3 (VO + V(@) (2.53b)

p=—5 (VO - V(®,2) (2:530

Proof. Consider the normalized “velocity” of the scalar field v, == (V& - V(I))*l/2 V. ®. The prefactor
is only well defined for V& - V& < 0 and ensures the timelike normalization u?> = —1. In terms of the
kinetic energy K = —%Vq) - V&, we can write V,® = \/%uu. Substituting into the scalar field’s EMT,
proposition 1.4:

Ty = 2Kupyuy — g (K +V) = (IK+ V] + [K = V])uuu, + (K = V)gu
This is the EMT of a perfect fluid withp =K + Vandp =K - V. O

Comparing with definition 1.3, we see that the proper pressure of a scalar field under the conditions of
proposition 2.8 is given by the Lagrangian density, p = L. This is consistent with a perfect fluid’s Lagrangian
Lpr = p(n, s), where n is the particle number density and s the entropy density.

Based on proposition 2.8, the energy conditions (definition 2.2) translate into requirements on the choice of the
potential based on the kinetic energy. As an example, the DEC holds iff V' (®, z) > 0. We can continue with the
other energy conditions, but this is not particularly illuminating. Much more interesting for our purposes is the

cosmic fluid structure w(®, x) = ’p’g’g = I’ggglggg , which is in general a complicated function of the field

and position. However, there are two notable asymptotics: the kinetic-dominated regime |V (®)| < K(®),

w(®,z)=1+0 <,‘g> (2.54)

and the potential-dominated regime |V (®)| > IC(®):

w(®,z) =—1+0 <§> (2.55)

If V(@) = 0 exactly, then definition 1.3 describes a scalar field with a purely-kinetic Lagrangian £ = K(®)
and e.o.m. J® = 0. The corresponding cosmic fluid parameter is w(®,z) = +1, and thus the EMT of a
purely-kinetic scalar field with timelike gradient is indistinguishable from that of a Zeldovich stiff fluid. By virtue
of fig. 2.1, all energy conditions are satisfied if p > 0 and are violated if p < 0.

If (®) = 0 exactly, then definition 1.3 takes the form £ = —V(®, x) and the e.o.m. yield V' = V' (z). Given
w(®,x) = —1, the EMT of a solitary scalar potential is identical to that of a vacuum energy cosmic fluid. By
fig. 2.1, V(x) > 0 saturates the DEC/WEC/NEC and violates the SEC for all D > 3. If V(z) < 0, the SEC/NEC
hold while the DEC/WEC do not’.

'In cosmological inflation, the inflaton field is modeled by definition 1.3 on a flat FLRW spacetime background. The dynamics of the
inflaton when the potential energy dominates the kinetic energy V' (®) > K(®) such that w =~ —1 are called slow-roll inflation [4].
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To reproduce the other cosmic fluids, we can enforce the on-shell condition of proposition 1.3, J® = 03V (P, ),
such that the kinetic energy has the following spacetime average:

K= —% APz /—gV, oV D = —% /dDz: V=gV (2VHD) — o010
Q Q
- 1@8 vV 1 dY - V (92
T2 T Ty (%)
o0

The precise details on how this boundary term may vanish are discussed in [28, 20], but essentially they
require coherent, bounded, rapid oscillations around a local minimum of the potential and the averaging region
V= fQ dPx v/—g < oo to contain many oscillations. Assuming we can discard the boundary term, and taking
a monomial potential V(®, z) = V,,(x)®", we have the virial theorem:

— 1—— n —

K==20sV ==V

R

The average over () of the proper energy density p = F, and the proper pressure p = F_ are . = (% + 1) V,
so the effective cosmic fluid parameter weg is given by?:

I —9
Wegp ‘= p(®z) _n (2.56)
p(®,z) n+2

e The limit n — 0 corresponds to the potential-dominated regime where we recover the vacuum energy
cosmic fluid weg — —1.

e The limit n — oo corresponds to the kinetic-dominated regime where we recover Zeldovich’s stiff fluid
Wess — +1.

e The dust cosmic fluid w.g = 0 is reproduced for n = 2 and corresponds to averaging over the local minimum
of a quadratic potential V o< ®2.

o Similarly, the scalar field’s effective EoS averages to radiation weg = (D — 1)_1 for a conformal potential
2D
V o« D2 (we recall that if D = 2 then wpaq = wein)-

2Notice weg # .
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Chapter 3

Quantum Field Theory in Curved Spacetimes

In this chapter, we describe the QFTCST framework in the canonical quantization scheme. We then introduce the
aspects of point-splitting required for the Hadamard expansion of smooth bitensors near the coincidence limit.
Finally, we present the Hadamard renormalization and an algorithmic procedure for constructing a UV-finite
REVEMTO for scalar fields, the principal observable of this thesis.

3.1 Scalar Field Quantization

Thus far we have described field theories in the Lagrangian formalism. In the Hamiltonian formalism, one singles
out a particular coordinate as the time ¢ (say, via the ADM decomposition) and defines the canonical conjugate
momentum density field II(x) associated with the scalar field ®(z) as:

; 0(v/—gL
I (t,2") = é‘(/a:’;))) (3.1)

Endowing (@, IT) with the Poisson brackets defines the phase space of the theory. A sensible Hamiltonian
formulation of the theory requires (M, g) to be globally hyperbolic such that the time function ¢ is globally
defined and the foliation is made by spacelike Cauchy surfaces of 3 : t = cte.

Definition 3.1 Canonical Quantization

In the canonical quantization of the scalar field theory S [®, g] we promote the canonical fields to operator-
valued distributions ® — @, IT — II and impose the canonical commutators [-, -]y, = ii {-, - }p on the
¥ : t = cte hypersurfaces:

@ (t.27) 1 (1) | =iho @) (af ) (3.2a)
@ (t,a7) @ (t.17)] =0 (3.2b)
11 (t,27) 11 (t,y7) | =0 (3.20)

As operator-valued distributions, quantum fields are properly defined through their “smearings” with smooth
test functions of compact support:
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Blf) = / 0P =g d(2) () (3.3
[9]

Suppose the solution space admits a complete set of positive-frequency orthonormal modes {u,, c.c.}. When
the field is expanded as in eq. (2.41), the canonical quantization of definition 3.1 translates into promoting the
Fourier coefficients to operators while leaving the modes as classical fields:

b = Z (&)\u,\ + diuj) (3.4)
A

The quantum versions are called annihilation @) and creation &; operators.

Proposition 3.1 Ladder Algebra

The canonical quantization of definition 3.1 induces the ladder algebra on the commutators of the creation
and annihilation operators:

[&)\, di,} = h5)\)\/ (3.53)
b

[CALA, &,\/]E =0 (3.5b)

al,al,| =0 (3.5¢)

x|, .

For continuous labels A, the Kronecker deltas are replaced by the corresponding Dirac delta distributions.

We will prove proposition 3.1 explicitly for the infinite potential well.

The Fock space of the QFT is constructed from the vacuum state associated with the chosen normal mode
decomposition.

Definition 3.2 Vacuum State

The vacuum state |0) associated with {uy,c.c.} is defined as the normalized state annihilated by all
annihilation operators:

(0[0) =1 (3.6a)
ax[0) =0, VA (3.6b)

Letting <f> = <0 ‘f‘ O>, the excited states are constructed from the vacuum state by the successive applica-
tions of the creation operators:

na, .. ) o (di)m .. (0&)"A 10) (3.7)

Definition 3.2 and proposition 3.1 identify the excited states as positive-norm states. As an example:
(1a13) = (anal, ) = néw = 0 (3.8)
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A crucial feature of QFTCST is that, in general, the excited states of a quantum field admit the physical interpre-
tation of “particles” only in appropriate asymptotic regimes. Moreover, different choices of positive-frequency
normal modes {uy, c.c.} , {@y, c.c.} with their respective vacua |0} , |0) are not guaranteed to define unitarily
equivalent Fock representations. The observer-dependence and background-dependence of “the” vacuum and
“the” particle number density give rise to the famous Hawking, Unruh, and Parker effects [21, 11, 31, 6, 22, 12].

3.2 Point-Splitting
Our local quantum observable of interest is (T>. As discussed in section 1.3, a proper definition of this quantity
requires the point-splitting of fields into bitensors at the classical level.

A bitensor is a tensorial field B (z,2) € E(p’Q)M ® 7;(,T’S)M that depends on two spacetime points z, 2’ €
M. In a given coordinate chart, a bitensor may carry tensor indices associated with either spacetime point.
Henceforth, let unprimed indices refer to the tangent space at = and primed indices to the one at 2. In general,
the components of a rank-(p 4+ ¢ + r + s) bitensor are:

Bﬂl"'up almarﬁimﬁé (.Z',CC/) (39)

V1lg

The limit ' — x is called the coincidence limit of the bitensor. We shall assume:

1. The point 2’ € N () belongs to the normal convex neighborhood N\ of the point . Namely, the set of
points that are linked to = by a unique geodesic.

2. The coincidence limit is a unique tensor field at x and is independent of the direction in which the limit is
taken.

Definition 3.3 Synge World Function

Let 8 : (Ao, A1) — M be the geodesic segment connecting z, 2’ and described by z(\), where X is an
arbitrary affine parameter such that z (\g) := 2 and z (\1) := 2/, whose tangent vector is z := dz/d\.
We define the Synge world function o (z, 2’) as the biscalar:

A1

g (.f’ 1;/) = % ()\1 - )\0) /d)\g (Z,Z) (310)
Ao

Definition 3.3 of dimensions [o] = E% plays an important role in the Hadamard renormalization procedure.

Proposition 3.2 SWF Properties

General properties of the Synge world function (definition 3.3):
1. Argument symmetric, o (z,2') = o (2/, x).
2. Invariant under an affine reparameterization, \ — X\ = a\ + b, where a, b € R.
3. If the geodesic is timelike, then A = 7 is the proper time and o = —3 (A7) <0.
4. If the geodesic is spacelike, then A = [ is the proper length and o = % (Al)2 > 0.
5. If the geodesic is null, then o = 0.
6

. Letting o, =V, 0and o, =V 0, then:
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1 1 1.,
o= -g"ou0,=-g"" ooy (3.1)
2 2
7. The coincidence limits are:
Iim o =0 (3.12a)
' —x
lim o, = lim o, =0 (3.12b)
/' —x ' —x
zl’linz O = zl’lin:c Oy = G (3.12¢)
li o = i 1, = — 3.12d
x’linx Tu x’lglx Tu Guuw ( )

We refer to [24] for the proof, which is our main reference for this section. Proposition 3.2 shows that, in general,
definition 3.3 is half the squared geodesic distance between the points z, z’.

Proposition 3.3  Flat SWF
In flat spacetime with Cartesian coordinates, definition 3.3 reads:
AN 1 IAYZ nv 313
a(x,x)—inw,(xfm) (xfx) (3.13)
Therefore:
O = N (:c — a:’)y (3.14a)
O'lul = —T]/“, (.T — .I/)V (314b)
And:
Opv = Op/v' = Nuv (3.15a)
Ou'v = Op' = —TNuv (3.15b)

Proof. The tangent vector in definition 3.3 obeys the geodesic equation V 2# = ZF + FZBZO‘ZB =0.1In
Minkowski spacetime with Cartesian coordinates all Christoffel symbols vanish, and the solutions to the geodesic
eq. are straight lines V2 = 2 = 0 = 2z = a) + b, with a, b being constant vectors. The boundary
conditions enforce:

x=2z(A)=a\+Db
¥ =z(\)=a)\ +b

Subtracting the two equations, a = /\xl/_fo, the norm of the tangentis g (2, 2) = a’® = % = cte and

definition 3.3 becomes: -

_! (- [ _ N2
U—Q(Al—)\o)o\l_w/d)\—(az—x)

Ao
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Introducing coordinates, o = 31,4 (z — 2/)* (z — /)P, the derivatives are straightforward:

1

1
Ouo = 577a65ua (z— x/)ﬁ + 7B (z— ') 8,5 = Ny (z— z')’

2
a,uyo- = nu’yél/’y = Nuv
An analogous procedure works for the primed indices. ]

Near the coincidence limit, a generic bitensor can be expanded in powers of the Synge world function and its
derivatives. As an example, for a rank-2 bitensor with indices in z, we have:

1
Bas (m, fc') = Aag + Aopyo? + iAoégmgo”aé + O(3) (3.16)

The expansion coefficients A are rank-(2 + n) tensor fields at x, where n denotes the power of o, and
are determined by taking the coincidence limits of the bitensor’s covariant derivatives. E.g., by virtue of
proposition 3.2:

lim B,s (w,x’) = Aup (3.17)

r—x!

For bitensors with indices in ' or mixed indices, one usually employs the so-called parallel propagator
g“y, (x,2'). As the name indicates, this rank-2 bitensor maps tensor fields at =’ to x via parallel transport along
the unique geodesic connecting the two points. The parallel propagator also enters the construction of the
point-split EMT bitensorial differential operator in definition 1.5. As an example, for a purely kinetic scalar field
theory (proposition 1.4 with V' = 0), this operator reads:

T (x, :L") = gV”/ (1‘,3}') V.V — %gw(:v)gaﬁ, (:B,:U') VoV (3.18)

3.3 Hadamard Renormalization

For areal scalar field, the Feynman propagator is identified as a biscalar distribution symmetric in its arguments.
The singularity at the coincidence limit is treated in the Hadamard renormalization by expanding in powers
of o near the coincidence limit, isolating the state-independent structure from the state-dependent one, and
subtracting the universal short-distance singularity from the point-split expectation value. In this section, we
follow [10] closely and refer all proofs to this reference.

Proposition 3.4 Hadamard Expansions

With e — 0T, the Hadamard expansions of definition 1.4 are given by the following®.
e ForD = 2:
1o

GY (m,x’) = 72 [V (a:,a;’) In [a (13,:17/) + ie} + W (x,a:’)] (3.19)

e Foreven D # 2:
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U(z,2)

o (z, ') +ie]P/*7

+V (a:, x') In [0 (az, m’) + ie} + W (:c, x/)] (3.20)

e Forodd D:

G* (z,2") = D/a 1

iap [ U (x,2)

+ W (z,2' (3.21)
2 o (z,2') + i€ ( )]

9This expansion requires dtobeina Hadamard-type normalized quantum state [16].

In proposition 3.4, the prefactor is given by:

1

ap 2 v (3.22)

P=ArDm/2-1) '
~@nPE D #2

U, V, W are symmetric biscalars that are regular in the coincidence limit and which possess Taylor expansions
in terms of definition 3.3. The relevant ones for us are:

+o00o +00

W (z,2') = Z Wy (z,2") o™ (z,2") = w(z) + Z (_])Ppw(p) (z,2") (3.23a)
n=0 p=1 '
“+oo

\% (x, x’) = Z Va (a;, x’) o" (a:, a:’) (3.23b)
n=0

where f(,) (z,2") = fay.a,()V*0 (2,2')--- V%0 (x,2). The coefficients U,,, V,,, W), are symmetric and
regular biscalars as well, and can be Taylor expanded as:

+o00 (_1)p
Vi (z,2') = vn(2) + Z Tvn(p) (z,2) (3.24a)
p=1

By virtue of the coincidence limits of the Synge world function and its derivatives (proposition 3.2), the relevant
expansion coefficients are given by the following.

Proposition 3.5 Coincidence Limits

For all dimensions:

w(zx) = xl/iglz w (:1:, x') (3.25a)
wu(x) = xl/iglx V.V, W (z,2") (3.25b)
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Generically, the coefficients in eq. (3.23a) are determined by substituting the Hadamard expansion into the
Green function identity of the Feynman propagator and integrating the recursion relations along the unique
geodesic connecting x, 7’.

Definition 3.4 Regular & Singular Structures

For all dimensions, we identify the following two structures of the Feynman propagator’s Hadamard
expansion.

e The quantum state-dependent part that is regular in the coincidence limit is given by:

GY (m,x') = ZOé—DW (:L' 1:) (3.26)

e The purely geometrical part that is singular in the coincidence limit is given by:

Gfing (z,2') = G" (2,2') — Gy

reg (7,2') (3.27)

From definition 3.4, we shall call the following rescaling the regularized propagator

w (af, w’) GF ( ’) (3.28)

iop reg

and the following rescaling the Hadamard parametrix:

H (z,2) = o Gfmg( a') (3.29)

The Hadamard parametrix is the universal singular structure of the theory’s Feynman propagator and physically
encodes the local UV divergences.

In Hadamard’s renormalization procedure, we replace G¥ (z, z) — Gfeg (x,2") and add a state-independent

rank-2 tensor field © that only depends on the parameters of the theory and on the local geometry:

<Tw(m)>ren = 2D lim 7, (x, :L‘/) w (m,x') + O (3.30)

' —x

Explicitly, we have the following.

Proposition 3.6 REVEMTO

Consider a scalar field action (definition 1.3) with potential V (®,2) = m2®2/2h2 + ¢R®?/2 over all
spacetime Q = M where OM = @.

S[®,g] = /d%ﬁ( N7, OV, ® + hfqﬂ +gR<1>2> (3.31)
M

For an arbitrary rank-2 tensor field © (m, £, g) that is state-independent and locally conserved, V,,©#" = 0,
the REVEMTO of eq. (3.31) in the Hadamard prescription is given by the following.

e For D even:
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. 1 1 1
<TW(a:)>ren _ @D [—ww +51 -2V, Vw+ 3 (25 _ ) 9O +

2 2 2 (3.32)
+€Ruuw - g;wvl] + e;w
e For D odd:
~ ap 1 1 1
<T,U«l/($)>ren = 7 |:—1U’uy + 5 (1 — 25) VNVUUI + 5 <2£ — 2) gWDw =+ (3 33)

+ER w4+ Oy

In proposition 3.6, the change from ©® - Owasa dimension-dependent rescaling that ensured the conser-
vation of the resulting expression, while still retaining the state-independent ambiguity term inherent to the
Hadamard renormalization. The ®-independent terms and the ® term of the REVEMTO are locally conserved
independently of each other.

Proposition 3.7 REVEMTO’s Trace

If ® = 0and &.(D) = 1 8=2 denotes the conformal coupling constant, then the trace of the REVEMTO in
proposition 3.6 is given by the following.

e For D even:

2
<T> B %D [n};w + (D —1)(§ = &) Dw + 24 (3.34)
e For D odd:
~ 2
()= 7 [ 0= D s00] 39

Despite the power of the method and great generality of proposition 3.6, we still encounter difficulties:

e The REVEMTO in proposition 3.6 is unique up to the addition of the tensor field ®. This induces a serious
issue for backreaction effects because the RHS of the semi-classical EFE becomes ambiguously defined. The
structure of ® can be restricted considerably if one assumes that this is the EMT generated by a general-
relativistic Lagrangian Lg of dimensions [Lg] = [@®] = mpeg(D*” and that depends solely on m, &, g.

o |f the classical EMT is initially traceless, the REVEMTO may acquire a trace anomaly after renormalization. For
a conformally invariant scalar field theory, m = 0 and £ = &, we see from proposition 3.7 that if D is odd,
then there is no trace anomaly. However, if D is even, then the trace anomaly of proposition 3.6’'s REVEMTO
is given by:

<T> = apv; (3.36)

e For an even D, in order to make the argument of the logarithm in proposition 3.4 dimensionless one must
introduce a renormalization length scale [ through V (2, 2') Ino(z, 2') — V (z,2') In [o(x, 2’) /I?]. For an
arbitrary reference scale [y, this implies that one must add to the REVEMTO in eq. (3.32) the term:
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2
ei“, = —CMTD —Vour + %(1 — 26V, Viyvo + % (2§ — %) guvOvo + ERyvvo — g,wvl:| In (ZT()) (3.37)
The trace is’:
w )l ap m2 l() 2
g GNV = —7 —ﬁvo + (D — 1) (é. — gc) DUO In 7 (3.38)

Example 3.1 Two-Dimensions

The Feynman propagator, regularized propagator, and the Hadamard parametrix share the same physical
dimensions, which for D = 2 are [GF] = [W] = [H] = mplp = h. The expansion of the singular part of
the propagator in proposition 3.4 yields the Hadamard parametrix:

H (z,2') =V(z,2')In[o(z,2) + ie] (3.39)
The regularized propagator is then:

_471'

W (z,a') = —G" (2,2') = V(z,2")In [o(z,2) + i€ (3.40)
1
The required expansion order is:
V=Vo+Vic+0O (03/2) (3.41)
The Hadamard coefficients are:
1
Vo = vg — 19V + gvoabvaUvbO’ + O (0’3/2> (3.42a)
Vi=u +0O (01/ 2) (3.42b)
While the Taylor coefficients are:
vy = —h (3.43a)
Vg = 0 (3.43b)
h
Voab = _ﬁRgab (3.43¢)
m? h 1
I P 3.43d
ST (5 6> R (3.43d)

Since D is even, the parametrix-dimensional term in eq. (3.37) reduces to:

'Given that eq. (3.38) vanishes for m = 0 and £ = &, then eq. (3.36) holds even after introducing I.
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l2 m2 lO 2
0, = —Tln 7)) 9w (3.44)

If m = 0and § = &.(2) = 0, the trace anomaly of eq. (3.36) becomes:

<T>ren - %R (3.45)

Given [m] = mp and [¢] = [g] = 1, the only possible non-trivial Lagrangian of dimensions [Le] = mp/p '
is Lo = m?/h. Up to a dimensionless function f (&) of &, then:

© = /(&) 59 (3.46)

Notice how egs. (3.44) and (3.46) are locally conserved and vanish in the CFT limit m — 0.
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Chapter 4

Finite Potential Well

We now apply the formalisms developed in the preceding chapters to the finite-potential-well approximation
of the Regge-Wheeler-type effective potential. We establish the classical and quantum (1 + 1)-dimensional
auxiliary theory and determine the corresponding REVEMTO following Hadamard’s renormalization.

4.1 Infinite Potential Well

The first approach one can take to solve the e.o.m. of the auxiliary theory (definition 1.6) is to simply take the
effective potential to be vanishing for all angular momenta:

Ve(r) =0 (4.1)

For an arbitrary D, this does not necessarily imply the SSS spacetime is Minkowskian. Indeed, even for a
purely kinetic s-wave, U(g,7) = 0 and ¢ = 0, the Minkowskian effective potential becomes V"8(r) =
(D — 2)(D — 4)/(47?). For simplicity and contrast, consider the same setup. From the background effective
potential of eq. (1.37), we can see that eq. (4.1) corresponds to a SSS spacetime for which,

f(r) 4-D 4
h(r) ar .2
1/v/Ch D/2—1
- 7 1r Cs (4.2b)

where C; € R, and notice that in the D — 2 limit, . oc Inr. Equation (4.1) also implies that the auxiliary
field is purely kinetic and independent of the angular momenta, ¥, = . To reproduce the step-discontinuity
behavior of fig. 1.3, we can consider the scalar field ® to be confined within an infinite potential well of finite
tortoise length r, = L, which in areal-radius coordinates corresponds to the fluid’s spherical surface. This
requirement is implemented by imposing the Dirichlet boundary conditions:

U(t,r,=0)=V(t,r,=L)=0 (4.3)

The REVEMTO for this auxiliary theory has been computed in [18], and specifically in [26] following Hadamard’s
renormalization. Below we quote the results in our notation.
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Proposition 4.1 Infinite Potential Well

Consider the auxiliary theory subject to the Dirichlet boundary conditions at v, = 0 and r, = L.
+oo L

sten = [ [ atar, <—;nﬂvaﬂwayw> (4.4
—oo 0

Forn € N = {1,2,3...}, a complete basis {1, 1]} of the e.o.m. solution space is given by the
positive-frequency orthonormal modes:

1 )
U (t,74) = \/ﬁeﬂw”t sin (wpry) , Wy, = %n (4.5)
n
The corresponding quantum field reads:
U (t,7y) Z sin (wpy) (&ne_i“’"t +al e”w”t) (4.6)
\/wn "

As expected, the non-renormalized EVEMTO w.r.t. the vacuum state defined by eq. (4.5) is divergent and
non-symmetric:

n n h <X
<T00> = <T11> = ﬁ ZTL (4.73)
<T01> = — < A10> = —izLLhQ fnsin (2w 7y) (4.7b)
n=1

Following Hadamard'’s renormalization, the regularized propagator is:

+oo 2

N2 ’
W (t,r., t', 7)) = 4712 % sin (wnrs) sin (warl) em@n =]y pm | = (t=t) —2’_ (re = 12) + i€ (4.8)
n=1
And the REVEMTO of the theory reads:
. wh
<T“”>ren = a2 (4.9)

The standard interpretation of proposition 4.1is in terms of the Casimir energy, obtained by integrating the
local energy density (p), = (Too)ren along 0 < 7, < L. Taking the negative spatial gradient of the Casimir
energy w.r.t. the well’s width L shows that two parallel lines at the boundaries attract each other [17].

Comparing with the theory presented in section 2.1, we also see that the infinite potential well (1 + 1) REVEMTO
has the same structure as that of a Zeldovich stiff fluid in its locally inertial rest frame (LIRF) and with a
homogeneous proper energy density:

n
D)z = P2 =575 (4.10)

Since D = 2, this is also the EMT structure of a radiation cosmic fluid. By virtue of fig. 2.1 and given that the
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proper energy density is negative, the REVEMTO in eq. (4.9) violates all energy conditions. As described in
section 2.2.4, the EoS wz = 1 is to be expected at the classical level because the auxiliary scalar field is purely
kinetic, £L(¥) = (). Notably, we find that the QFT inherits this behavior but with an important distinction:
recalling proposition 2.8, the effective perfect-fluid interpretation suffers from being physically meaningful only
when the gradient is timelike (8,)1’)2 < 0. As shown in fig. 4.1, this means that for the modes in eq. (4.5) and
the chart z# = (t,r.), the effective fluid 2-velocity of the classical EMT is not well-defined throughout the
well. However, the components of the REVEMTO identify the reference frame of coordinates z# = (¢, r.) itself
as the LIRF of the effective perfect fluid, and the effective fluid 2-velocity as u* = (1, 0). This is everywhere
timelike and requires no reference to a scalar-field gradient at all. The REVEMTQ's perfect-fluid interpretation
does not inherit the timelike-gradient restriction of the classical EMT.

(V)2

1.2
27|aq |?

\
1
2

rs/L

=
B[00 -
—

Figure 4.1: Causal nature of the normalized gradient of the classical real field ¥ = a1v; + aj%] constructed
from the fundamental normal mode of proposition 4.1, evaluated on the time slice t = = /(4w;) = L/4
for which (V¥1)? = 2mL~2|a;|? cos (22+). The gradient is timelike in the shaded region, spacelike in the
unshaded region, and null at ., = L/4 and r,, = 3L /4.

4.2 Model Setting

To solve the auxiliary theory (definition 1.6) the next simplest case we can consider is an effective potential that
is constant for all angular momenta:

Vi(r) = 92 = cte (4.11)
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From the background effective potential of eq. (1.37), it follows that eq. (4.11) corresponds to a SSS spacetime
for which:

: < > 72 4 OyrtD (4.12a)
Ty = %Slnh <\/107D2192TD/2—1> + Cy (4.12b)
D —

where C; € R. The limit D — 2 forces ¥ — 0 and thus the previous case. More generally, we see that fixing
the effective potential determines one of the metric components.

To reproduce the step-discontinuity behavior of fig. 1.3, we shall consider that the auxiliary field is inside a well
of finite depth and finite length. This amounts to taking V;(r) proportional to the Heaviside step function and
imposing the smooth matching of the solutions inside and outside the well. The constant of proportionality is
taken to be non-negative since in the Klein-Gordon limit the effective potential reduces to the squared mass of
the scalar field, Vy(r) = m? > 0. The auxiliary theory is a scalar field theory in its own right, and thus all the
theory developed in chapters 2 and 3 holds. Henceforth, for simplicity, we change our notation to:

Uy (t,re) = @(t, x), Vo (ry) = Ulx) (4.13)

The action of the model is then as follows.

Definition 4.1 Finite Potential Well Action

Consider the following action for a real scalar field ®(x) in the D = 2 Minkowski spacetime (M, 1) with
coordinates = = (t,x).

“+00 +0oo

S@m%:/ﬁ/dwm{{ﬁwaﬁm¢—;U@w2 (4.14)

—00 —O0

For Uy > 0 and L > 0, let the potential U(x) be given by:

0, |z] < L

(Uo)2, 2] > L (4.15)

W@:%%V@UM—DZ{

As shown in fig. 4.2, U (z) describes a finite potential well of depth Ug and half-width L. From a field theory
perspective, definition 4.1 describes the dynamics of a real scalar field with a position-dependent mass that
is finite in the exterior region |z| > L and zero in the interior region || < L. In D = 2 and with our units,
[£] = [T] = mplp", [®] = /mplp, and the two free parameters have [L] = ¢p and [Up] = ¢;".

Proposition 4.2 Finite Potential Well E.O.M.

Varying the action of definition 4.1 w.r.t. the scalar field ® and imposing the action principle yields the
e.o.m.

0-U(z)]® =0 (4.16)
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which splits into:

O00=0, |z/<L
) (4.17)
(O-U5)®=0, |z|>L
U(z)
; Ug .
i i z
~L +L

Figure 4.2: Finite potential well of definition 4.1.

Proposition 4.2 follows by direct substitution into proposition 1.3 or straightforward variation of the action. Any
given solution to the e.o.m. will be defined for different spatial domains. Hence, we impose that the solution
and its first derivative be continuous all over spacetime. Since the potential is discontinuous only at the surfaces
x = £, it suffices to enforce the following smoothness boundary conditions.

Definition 4.2 Matching Conditions

For any solution ®(¢, =) of proposition 4.2, we impose the matching conditions:

D (t,2)perp = P2 i (4.18a)

The (1 + 1)-dimensional Minkowski spacetime is maximally symmetric with 2(2 4 1) /2 = 3 KVFs corresponding
to time translations, space translations, and a boost along the spatial direction. The discrete symmetries are
time reversal and parity. Since the potential is invariant under time translations and parity, definite-frequency
and definite-parity normal modes are allowed. A set of normal modes with these characteristics was explicitly
constructed in [26].
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Proposition 4.3 Low-Energy Normal Modes

Let the low-energy normal modes ¢ (¢, ) be defined as:

St x) = Bfe~®it cos (w;[x), |z] < L
Bjte —iwnt cog (wiL)e™ nw(zl=) gl > L
oo (tz) = B, e “ntgin (w, x), lz| < L
" B e “ntsin (wy, L) e *n (21=L) sgn(z), |z| > L

For s € {4, —}, these modes satisfy the following properties.

e Discretized bounded frequencies 0 < w;, < Uy with:

ne{l,...,Ni_ [%Lﬁliﬂ}
s 4

e Spatial decay parameter:

K (wn) =\ (Uo)* = (wp)?

e Normalization constants:

—1/2
B = |2w, | L+
(Uo)? — (wp)?
e Transcendental quantization conditions
kit 2
tan( +L) :—i: <U3> -1
Wn, Wn,
ki Up \?
cot(w;L)——fn_Z— <E> —1
W Wn,

e The basis {7, c.c.} is orthonormal under definition 2.3:

(2:03) = " an
(@), (93)7) = =68
(5 (63)7) =0
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(4.19a)

(4.19b)

(4.20)

(4.21)

(4.22)

(4.23a)

(4.23b)

e Theset {¢},c.c.} is a basis for the vector subspace of bound low-energy solutions of proposition 4.2.

(4.24a)
(4.24b)

(4.24c)
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e The ¢2 (t,x) and their c.c. have a definite parity.

¢ The ¢Z (¢, x) have positive frequencies, while the c.c. have negative frequencies.

Proposition 4.4 High-Energy Normal Modes

Let the high-energy normal modes 7 (¢, x) be defined as:

) — Bl e ™% cos (wz), lz| <L (4.253)
P | Bfe ™" (cos (wL) cos [k (Jz]| — L)] — ¢ sin (wL)sin [k (|z| — L)]), |z|>L '
— —iwt :
Pu (t, ) = B‘ie,. S (we), , ol < (4.25b)
B e ™" (sin (wL) cos [k (Jz| — L)] + % cos (wL)sin [k (|z| — L)]) sgn(z), |z|>L
Properties:
e Continuous frequencies 0 < Uy < w € R.
e Exterior wavenumber:
k(w) =y /w?—Ug (4.26)
¢ Normalization constants:
- 1/2
2 _ U2
BY = Ve~ 0 4.27a
¥ w? — Ug cos? (wL) ( )
- 1/2
/w2 — U2
B, = 0 4.27b
w w? — Ugsin? (wL) ( )

e The set {¢?, c.c.} is a basis for the vector subspace of unbound high-energy solutions of proposition 4.2.

e The basis {¢?, c.c.} is orthonormal under definition 2.3:

(wi, wi}) =0 276 (w — ') (4.28a)
(( 0)"s (25 )*) = 5% 270 (w — ) (4.28b)
(%, (s )") (4.28¢)

e The ¢? (¢, x) and their c.c. have a definite parity.

e The 7 (t, x) have positive frequencies, while their c.c. have negative frequencies.

Proof Sketch of Propositions 4.3 and 4.4.

(1) In the region |z| < L, the e.o.m. to solve is O0® = (—07 + 92) ®(¢,z) = 0. Discarding the exponentially
growing and decaying solutions in time, imposing the reality condition ®* = ®, and imposing the definite-parity
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condition P® = s®, yields the mode basis {u?,, (u?)*}, where the positive-frequency modes are:

ul(t, x| < L) = AS et (e”“’x + se_wx) , w>0, A3 €C

(2) In the region |z| > L, the e.o.m. to solveis (O — Ug) ® = (-9} + 02 — Ug) ®(t,z) = 0. Setting the
separation constant to —w? with w > 0 induces the parameter k?(w) \UO — wQ\

For 0 < w < Uy, discarding the exponential time solutions and exponentially growing spatial solutions, and
imposing the reality and definite-parity conditions yields the basis {v?,, (v$)*}, where the positive-frequency
modes are:

DS e—iwte—k(kr\—L)7 x> L

w

v (t, x| > L) = {st e—wto=k(jz|=L)  » ~ T,
w )

While for w > Uy > 0, following the same procedure yields:

(o] > Ly = € [Baem D + CoerHE ] e > L
ge—iwt [Bze—zkﬂx\—L) + Cje+zk(\x|—L)} . < —L

(3) For w® < Uy, the matching of the modes at x = L constrains the parameter w® — w to the transcendental
quantization condition, and allows us to write the positive-frequency modes as ¢2 (¢, z) = e~™n? f3(z), where:

() = 2AF cos (w;fx), lz| < L
2A} cos (wiL)e™* w(2l=L) |zl > L

() 2iA;, sin (w, x) , lz| < L
x) =
" 2iA; sin (w;, L) e Fn (e=L)son(x), |z| > L

(4) Forw > Uy, the matching of the modes at x = L yields the positive-frequency modes 2 (t, x) = e~ ! £ (z),
where:

o) = {2,4; cos(wz), 7| < L
2A% (cos(wL)cos [k (|z| — L)] — ¥ sin(wL)sin [k (J] — L)]), |z|>L
(@) = {QiA; sin(wzx), || < L
¢ 2iA;; (sin(wL) cos [k (|z| — L)] + % cos(wL)sin [k (|z] — L)]) sgn(z), |z| > L

(5) The normalization factors A;, A5 are determined by imposing orthonormality under the KG product. The
parity s # s’ and number n # n’ orthogonalities are verified automatically, so the coefficients are determined
via the norm. For the low-energy modes:

1 1
o=t (D) L1 = P
k 8ws (L—i—k%)

While for the high-energy modes, letting O denote terms regular at w’ — w, we find:

2

(oh,0d) = ‘A+| 4k [cos (wL) + 2 sin (wL)] 2m0(w —w) + O < 270 (w — w)
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2

(s, 00) = ’A;|2 4k [sin2(wL) + % cos2(wL)] 210 (w —w) + O = 270 (w — w)

And thus:

2 -1 /)2 2
+12 2 w 2 . 1 we — UO
|AY]" = <4k [cos (wL) + 72 sin (wL)}) =10 U2 o2 (L)

2 -1 /02 — ]2
—12 ) w 2 - 1 we — UO
|AL|" = <4k [sm (wL) + 72 Cos (wL)}) =i U2 sin?(wL)

The normalization coefficients are defined up to an arbitrary phase factor. Thus, we are free to perform the
rescalings A" — BF = 2A} and A,, — B, = 2iA., and similarly for A% .

(6) The maximum number N ¥ of low-energy solutions with parity s can be proven as follows. In the upper limits
w; — Uy, the transcendental quantization conditions yield:

UyL

tan(UOL):O = UOL:W(TLI—;aX_l) = nr—;axiL‘Fl
™

1 UL 1

COt(UOL):O — UOL:ﬂ-(nr:lax_Q) - n;laX:L_}—i
T

Since w® (n? ) = Up and the allowed values of n are strictly w®(n) < Uy, thenn < n? .. and the maximum
allowed values are:

N°=max{n € Z* :n < nj} = Mia] — 1 = [Ny — 1] <0

Here, [2] = min{m € Z* : m > x} denotes the ceiling function for z € R (the floor function would yield
N?® = n} . if the latter is an integer and this is not allowed). O
In contrast to the high-energy sector w > Uy > 0, in the low-energy sector 0 < w; < Uy the frequency
is quantized. In the interior region |z| < L, the dispersion relation is —w? + k2 = 0, and the normal
modes are massless. In the exterior region || > L and high-energy sector w > Uy, the dispersion relation is
—w?+k? = —Ug, and the normal modes have an effective mass m = Ujy. In the exterior region and low-energy
sector w; < Uy, the normal modes are damped by the decay parameters k.

if

The total number of low-energy solutionsis N = Nt + N~ = [%] + [% —1] = [%1 Thus,
UyL > 0, then there always exists at least one solution N > 1.

Proposition 4.5 Low-Energy & High-Energy Bases Orthogonality

The low-energy basis {¢5, c.c.} and high-energy basis {2, c.c.} of propositions 4.3 and 4.4 are orthogonal
to each other under definition 2.3:

(5.%)

(@ (e2)")

0 (4.29a)

0 (4.29b)
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(60 ()7) =0 (4.29

Proof. Showing the orthogonality in the frequencies is enough, so we ignore the parity index. Since the modes
bn(t,z) = e “ntf, (r) and Pu(t,z) =€ —wi f () are solutions of the KG equation, they are eigenfunctions
of the “Hamiltonian” operator H := —92 + U (z). Indeed:

ﬁgpw(t,x) = [—83 + U(w)] wu(t,x) = —8fgow(t,$) = w2g0w(t,x)
Along ¥ : t = cst, the KG product reads:
A . <~ ~ * “ ) RN . +oo
(anaHSOw) = _Z/dx ¢nat (HSDw) = (Hgbny@w) +1 |:¢naz@w:|

The exponential decay of the low-energy modes ensures the boundary terms vanish at both ends, ¢,, ~
e knlzl x_>—i>°° 0 and 0, ¢, ~ e knlzl x_>—i>oo 0. Hence:

= (H6mr00) = (60 Hipu) = (2 = ) (6n, 00)

Since the frequency domain is non-intersecting, 0 < w,, < Uy < w, it follows that w?l #* w? and thus
(¢n, pw) = 0. The same procedure for the inner product permutation with the complex conjugates holds, and
this completes the proof. ]

Proposition 4.5 implies that although the full basis for the space S of KG solutions is {¢%, ©2, c.c.}, the two
energy sectors do not communicate with each other:

S= Sdiscrete ® Scontinuous (4.30)

The general solution ®(¢, =) of proposition 4.2 is then given by the following linear combination of the normal
modes in propositions 4.3 and 4.4:

=3 Z [as $5(t,2) +cc]+ /dw s 05 (t, ) + c.c] (4.31)

s=+,—n=1 s=+,— Uo

The Fourier coefficients as 5, bs ., €.C., are determined as follows.

Proposition 4.6 Fourier Coefficients

The Fourier coefficients in eq. (4.31) are given by:

asn = (®,¢y,) (4.32a)
Ay =—(2,(¢5)") (4.32b)
bsw = (P, @5 (4.32¢)
Vs =—(®,(#2)") (4.32d)
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Proof. By proposition 2.3, exploiting the linearity in the first argument of the KG product, consider:

@)= 3w (50) + X b (0507 0) + 2 [ Gt (200) + X [ i (162)°)

For f = ¢7, by the basis orthogonality in eq. (4.24) and proposition 4.5, the only non-vanishing term is the first
one:

!
((I)v ¢fz) = Z Qs n! (Qbfl/, qbfl) = Z as/mxésxs&n/n = Qs,n
s'n’

s’ n!

Analogously:

(@, (¢7)") = Z a:’,n’ ((¢5L//)*7 (¢781)*> = - Z a:’,n’as’sén/n = —ai,n

s’/

/ /
((1)7(102') - Z/i{;bs’,w’ (‘Pi/,@fj) = Z/(;:)Tbsf’wfés/s%ré(w’ - w) = bs,w
/ !/
@02 = % [ Gt (00 @)7) == 3 [ Gt wbestmd@w - w) = b,

O

We proceed with the canonical quantization of the classical scalar field theory by promoting the Fourier
coefficients as 5, bs «, €.c. and the canonical fields ® (¢, z), I1(¢, x) = 0;®(t, ) to operator-valued distributions
and imposing the canonical commutators of definition 3.10on X : ¢ = cst. The non-vanishing one is:

[@(t, x), 11 (t, x’)} =1ihd (x — x’) (4.33)

Explicitly, the quantum KG field reads:

NS oo
o dw ~
O(t,z) = E E Qs Oy (t, ) + E /;;bsw oo (t,x) + h.c. (4.34)
s=+n=1 s==+
Uo

Proposition 4.7 Ladder Algebra

Equation (4.33) induces the following canonical commutators on the annihilation and creation operators of
eq. (4.34):

[aw,a;m,} — B6yyBay (4.35a)
(BB, | =270 (0 = ) B (4.35b)

All other commutators vanish.
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Proof. Let fj = ((i), fj). Using definition 2.3 on X : ¢ = cte and definition 3.1 yields:

~ @S5 (y) (), w)| + £ (@) f5 () M), 11() )
_ih / dedy [0, F1(2) F5 () — F1(@)0f5 ()] 6z — v)
— _ih / Ao F1(2)00 13 (x)
=h (fika fQ)

For the quantized versions of proposition 4.6, using proposition 4.3 we have:

n (@) o) =0
@l b, | = (= —65)7) =0
h

.l ] = 1 (6" (03)7) = By

[as,na as’,n/] =

Lastly, the mixed commutators all vanish by virtue of proposition 4.5. ]

The construction of the Fock space follows immediately. The vacuum state |0) associated with the normal
modes of propositions 4.3 and 4.4 is given by the normalized state (0|0) = 1 annihilated by all the annihilation
operators as , bs . Thatis, Vs, w, n, then:

Gsn |0) =0 (4.36a)
bs [0) =0 (4.36b)

Henceforth, all expectation values are taken w.r.t. this vacuum:
(Fy=lf]0)
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We conclude this section by noting that the Lie derivative w.r.t. the time-translation KVF K = d/dt can be
rescaled to define the “Schrédinger operator”:

E = ihLx = ihd; (4.37)

The positive-frequency low- and high-energy normal modes of propositions 4.3 and 4.4 are eigenfunctions of
this operator with eigenvalues:

E¢s,n = hws,n¢s,n (4.383)
EASos,w = hWSDs,w (4.38b)

The corresponding negative-frequency normal modes have the negative eigenvalues —/w; ,, and —hw, respec-
tively.

4.3 Interior Region
In this section, we construct the REVEMTO by focusing on the interior region |z| < L.

4.3.1 Propagator
The construction of the REVEMTO starts with the propagator.

Proposition 4.8 Interior Feynman Propagator

In the interior region |z| < L, the Feynman propagator of eq. (4.34) reads:

NT
G¥ (t, z,t, x') =ih Z (B;f)2 cos (w;fx) cos (w;fx/) e_iw'ﬂt_t/'

n=1

N
+ih Z (B;)2 sin (w,, x) sin (w,, z") e~ iwn [t=t']
n=1

oo (4.39)
+ iﬁ/ (21—: (Bj)2 cos (wz) cos (wz') el
Uo

oo}

) dw 2 . . N —iw|t—t|
-l-lh/ - (B sin (wz) sin (wa') e
Uo

Proof. The expansion of the quantum field in terms of the normal modes in propositions 4.3 and 4.4 for |z| < L
reads:

Nt N~
d(t,z) = Z Bt cos (wim) (&n,+67w:‘rt + &L’+e+wit) + Z B, sin (w, z) (dn,,e%w’:t + djlﬁeﬂ'“’;t)

n=1 n=1

oo o0

d . » . . dw . » . .
+ / 27“) B cos(wz) (bw,Jre wh et +6+Wt) + / v B, sin(wx) (bw,,e wh ! ,eHm)
- , ,
Uo

21
Uo

To compute the two-point function <<i> (t,z)® (¥, x’)> , we use the identities:
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<&n78djz’,s’> = hdsg/ O (4.40a)

<6W756L’,5’> = 2mh 50 (W - W/) (4.40Db)

The only non-vanishing terms are proportional to these VEVs:

N+
<<13 (t,z)® (', :U’)> = E B, B, cos (w;} z) cos (w;ha') e—i(wit—wnt') <€Ln,+&jn,+> +
n,m=1
N_ . — —_
+ Z B, B, sin (w;, @) sin (w;, ") ei(wnt—wmt’) <5Ln7_&;rn _> +
n,m=1
o0

dwdw” 1N p—i(wt—o't) [ 7
+/ 2n)? B B, cos(wx) cos(w'z)e <bw,+bw,’+>—|—

Uo
o /
+ / dwdos B, B, sin(wz) sin(w'z)e " HWt=w't) <bw b _>
(2m)? @ C

Uo

The only non-symmetric terms under the exchange <<i> (', 2') d(t, :r)> are the exponentials, so the time-
ordering T effectively induces an absolute value in their arguments. The Feynman propagator then follows
immediately after enforcing the deltas in G (t,z,t/,2') = i <T(i> (t,z)® (¢, a:’)>. O

As detailed in section 3.3, the propagator decomposes as G* = G, + ngg. The former is the regular

structure at the coincidence limit (¢, 2) — (¢, z) and the latter is the divergent structure. Since N* < oo, the
contribution from the discrete sum coming from the low-energy normal modes is finite and thus belongs to

Gfeg. We then expect ngg to be contained solely in the contribution of the high-energy normal modes. This is

verified in the following proposition.

Proposition 4.9 Interior Feynman Propagator Limits

Proposition 4.8 has the following temporal and spatial limits, where O denotes all the regular terms at the
coincidence limit:

: ih

}Lrlta/GF (t,z,t',2) :—gln}Uo ({L‘—l’,)’—FO (4.41a)
. ih

lim, G" (t,z,t,2') = —o- [T (¢~ | +0 (4.41b)

Proof. Consider the expansion in powers of w of the high-energy normalization coefficients B? of proposi-
tion 4.4:

By =w ' +0(w™)

The integral flcff dw w™ diverges for « < 1 and converges for o > 1. Therefore, the UV divergence of

proposition 4.8 only comes from the leading terms (Bjj)2 ~ w~t, which yield logarithmic divergences. Letting
the discrete sums and the O (w™?) contributions be all collected as O, we then have the following.

93



Chapter 4. Finite Potential Well

i (i)16" 0= [ 991 co e [l (o) — L [ g coslw@=a")]
tl,lint(zh) G 0= 2chos (wz) cos (wm)Jr/ 27rwsm (wx) sin (w:c) = 27r/dw -
Up Ug Uo

1 .. 1
= *ECI [Uo (z—2")] = o (7+ln’Uo (a:fx/)‘ +0 [Ug (xfm')ZD

= —%ln |U0 (z— x/)| +0(1)

We have made use of the definition and expansion of the cosine integral (for details, see [1], chapter 13) and
absorbed all regular terms under 2’ — z into O(1).

R mdﬁl 2 —iw|t—t' | /Ood(ul .2 —iw|t—t'| _ 17 emiwlt=|
xl/lglx(lh) G -0= 5 . 08 (wx)e + 5 . Sil (wx)e = 5r dw —
Uo Uo Uo
1 . 1
=5 [-7—In (i [t—t'|) +0O[Uo(t—1)]] = —5-In |Uo (t—t")|+0(1)

We have made use of the definition and expansion of the exponential integral and absorbed all regular terms
under ¢’ — tinto O(1). Combining all regular terms into a single O yields the desired result. ]

As expected, the Feynman propagator of the model diverges in the coincidence limit given by the combined
limits ¢’ — t and 2’ — z. This implies that the EVEMTO of definition 1.5 is also divergent and must therefore be
regularized and renormalized. We shall follow the Hadamard renormalization procedure of section 3.3.

Proposition 4.10 Interior Hadamard Parametrix

In the interior region |z| < L, the Hadamard parametrix for definition 4.1is given by:

. N N2 . N2
H(t,m,t',x’):—hln (t—1) ;(x ) + i€ (4.42)

Proof. For D = 2, the general structure of the Hadamard parametrix is given in example 3.1, particularly
eqg. (3.39). Comparing the action of definition 4.1 with eq. (3.31), we see that R, = 0 and R = 0. In the
interior region U (|z| < L) = 0 and thus m = 0. The final result follows V (¢, z,t',2') = —h + O (¢/2) and
o(t,x,t',a") = -t —¢) + (z — 2')?). O

The parametrix encodes the complete singular structure of the propagator by matching proposition 4.9. The di-
mensional inconsistency in the In argument of proposition 4.10 will be treated by introducing the renormalization
length scale [. At the level of the REVEMTO, this amounts to adding the term in eq. (3.44).

Proposition 4.11 Interior Regularized Propagator

In the interior region |z| < L, the regularized propagator for definition 4.1 is given by:

N+
W (t, Z, t/, x') = 47Thz (B;"_)2 coS (w;l'x) cOs (w;-x/) e—iw:’;‘t_t’| +
n=1

N
+47h Y (By)? sin (wy z) sin (wy a') e =01 4
n=1
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+o00
+h / dw {(Bj;)? _ (B;)Z} cosw(z + x/)e_iw\t—t’\ N
Uo
+00
+h / dw [(B:)Q + (B;)2:| COS(,J(J? . l‘,)e_iw‘t_t/\ n
Uo
— (t - t/)2 + (.7) _ l’/)2
2

+ hln + i€

Proof. For D = 2, theregularized propagator is given by eq. (3.40) of example 3.1. The desired result then follows
directly from propositions 4.8 and 4.10 and exploiting the double-angle trigonometric identities 2 cos a.cos 5 =
cos(a — ) + cos(a + () and 2 sin asin 8 = cos(a — B) — cos(a + ). O

4.3.2 Low-Energy Contributions

Let us focus on the contribution solely coming from the interior low-energy modes (proposition 4.3). Since this
is regular, we don't need the Hadamard parametrix, and we write:

Nt
W o Wl (t, x,t x’) = 47rhz (B;f)2 coS (w;f:z:) cos (w;'x/) gttt +
=l (4.43)
+ 47rhz ~)?sin (wy, @) sin (w,, ') e~ twn =t

We first determine the coincidence limits (proposition 3.5).

Proposition 4.12 Coincidence Limits: Interior & Low-Energy

The coincidence limits of the low-energy normal modes’ contributions in proposition 4.11in the interior
region |z| < L are given by:

Nt
WY (z) = 4rh Z B+ cos? w,, + 4mh Z ? in? wn a:) (4.44a)

n=1
wie™ (z) = wiff = —47h Z B+ n ? cos? wiz) — 4rh Z w,, sin2 (w;x) (4.44b)
Wi (@) = wig" (z) = 0 (4.44c)

Proof. Since the discrete sums are finite, we can commute the limits and the sums. The coincidence limit

w'ov (t,x) = lim g 4y (¢,2) Wow (¢ 2, ', 2') is immediate. Since the spacetime is flat, the other coincidence
limits are wlOW (t, ) = img 4y t0) QQWWlOW (t,x,t', x). Splitting the propagator into definite-parity sectors,
Wlow — W10W + 4+ Ww:— the second derivatives of the low-energy regularized propagator for the even
modes read:

N+
dFwlowt — —47rhz (B;D2 w; cos(w, ) cos(w; 2 e i |t [w; sgn?(t —t') + 2i0(t — t')]

n=1
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N+

OF W't = 92 W' T = drrhi Z (B:[)Q (w;)? sin(w; z) cos(w; 2') sgn(t — #)eiwn =t
n=1

agwlow,-i- 47rh2 cos(w;{ )Cos(w"‘x/) —twyy |t |

Where we have used the distributional identities of proposition A.2 for the derivatives of the absolute value.
We first perform the spatial limit ' — z and then take the temporal limit ' — ¢, which when computed as an
evaluation immediately yields the xx and ¢z derivatives using sgn(0) = 0. For the ¢t derivative, we use the
distributional identity sgn?(z) = 1. The contact term 6(t — t') is only defined by smearing against test functions
and does not admit a pointwise evaluation at coincidence, whereas w,,,, is defined as a smooth coincidence
limit. Thus, we henceforth retain only the non-contact contributions and obtain:

w™ (@) = Wt (x) = —4nh Y (B)? (wih)? cos? (w; x)
wF(z) = w (@) = 0

Following the same procedure, we find the derivatives of W'°":~ and the coincidence limits wlOW . The

desired result is then given by the additions w0 = wi T wn O

Henceforth, all results for the REVEMTO will be given without the state-independent ambiguity term @, inherent
to the Hadamard renormalization, but with the inclusion of the state-independent renormalization length term
ol

Proposition 4.13 REVEMTO: Interior & Low-Energy

The components of the REVEMTO in the interior region || < L and from the low-energy normal modes’
contributions in proposition 4.11 are given by:

mo\lov L \low B 2 2 h ol 2 2

<Ttt>ren - <Txx>ren - 5 Z (B:'L_) (W:) T 5 Z (BT:) (w;) (4453)
~ low ~ low e n=l

<Tm> - <Txt> =0 (4.45D)

Proof. The structure of the REVEMTO is given in proposition 3.6, concretely eq. (3.32). Comparing with the
action of definition 4.1we have D = 2, ap = 1/27, R, =0, R = 0,{ = 0, m = 0. From example 3.1 this
implies that v; = 0 and @LV = (. The interior REVEMTO structure is therefore:

~ int 1 1 int
<THV(t7 l’)> = E —Wuw + 2a,uyw 477/1,u|:|w (446)

ren

All terms admit the energy-sector split w = w!'°" + w"8". Here we concentrate on the low-energy one. From
proposition 4.12 we see that w'°" = wlOW(:L‘) only. Thus, for the 00-component:

_ +\2 412 2, + 1 2 20— 1 —
*hZ(B") (wi) [cos (wnx)—gcos 2w }—!—ﬁz |:blIl (wnx)+§cos(2wnx)

o6



Chapter 4. Finite Potential Well

S B @) Y ) wn)?

n n

Where we have used the trigonometric identities cos?(f) = % + 3 cos(26) and sin?(0) =
Furthermore, for the 11-component:

R low 1 1 low 1 1 low R low
<Tm(t, :U)> (—wm + 48§w> =i <—wtt + 463%10) = <Ttt(t,x)>

ren 47

The mixed components vanish identically, and this completes the proof. ]

4.3.3 High-Energy Contributions

We now turn to proposition 4.11’s contribution in the interior region arising from the high-energy modes:

+oo +o0

W o whish (t,z,t',a") =h / dw N cosw(z + x/)eﬂ'w't*t/' +h / dw N cosw(z — x/)efi“’h*t/‘ +
Uo Uo (4.47)
N2 "2
4+ hln | =21 ;(x*"”) +ie
Where we have set:
NF = (B + (B;)? (4.48)

Proposition 4.14 Coincidence Limits: Interior & High-Energy

The coincidence limits of the contribution coming from the high-energy normal modes to the regularized
propagator (proposition 4.11) in the interior region |x| < L are given by“:

W () = h/oodw [(BI)Q - (B;)Q} cos (2wz) + h]odw {(33)2 + (BZ)Q - wz%ng] +0(1) (4.492)

Uo

whi! (z) = —h ( /oo dw [(B)" = (B2)"] w? cos(awa) + ]O duw [(BI)2+ (Bo) - 3} w2> S (4.49b)

w
Uo Uo

“Here, O(1) denotes constant terms that originate from the infrared divergence of the natural log integral representation as
w — Up. However, the high-energy spectrum is strictly w > Uy, and the REVEMTO, which is of second order, is independent of
this undetermined constant.

Proof. Recalling (B3)* = w™! + O (w™?), we see that the UV divergence comes only from the cosw(z — ')
term since N7 = O (w™?) while NJ = 2/w + O (w™?). Given this, we shall first take the temporal limits.

(1) The second-order derivatives of eq. (4.47) without the parametrix read:

+oo
o wyhish.o (t,z,t',2") = —ih / dw N weosw(z + ') [26(t — ') — iwsgn®(t — t')] eIt =t 4
Uo
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+oo
—ih / dw N fweosw(z — ') [26(t — t') — iwsgn®(t — /)] e~ wlt=t],

Ug
—+00

d2yyhish.o (t,z,t',2") = —h / dw N w? cosw(ax + ' )e @I 4

Up
+oo

. /
—h / dw NFw? cosw(ax — z')e @It

Uo

+0o0
92, whish.o (t,z,t',2") =in / dw NS w? sinw(a 4 2') sgn(t — t')e @I 4

Uo
“+00

+ ik / dw N;w2 sinw(x — x’) sgn(t — t’)e—iwﬁ—t’l
Uo

Following the same arguments as in the proof of proposition 4.12, the temporal limy_,, Whigh. (t,z,t', ") =
Whigh.o (¢ 2 '), and similarly for the derivatives, read:

W (0,2%) = [ o AL cosite o)+ h [ do AL conafc — ) (4502
Uo UO
W;lli/ghﬂ ($7 a:’) - —(5uyh/dw/\fww2 cosw(x + ') — (5Wh/dw/\/jw2 cosw(x — ') (4.50b)
Uo UO

(1) To achieve a “spectral” integral representation of the distribution H (o) = In (o + i¢), we shall employ propo-
sition A.6. However, the appropriate integration variable with a consistent interval is 0 < k = \/w? — UO2 < 00,

not Uy < w < oo. Hence, with dk = ﬁdw, the limit ¢’ — ¢ reads (as with the usual notation, the ¢ limit
w—=Upg
is left implicit):
— / 2
hUH (z,2') =In [(z;) +ie
[ e cos[(e — a/)K]
e “cos|(r —x
0
o0
= —2/dw %6_6 ©*=Ug cos [(x —a')\/w? — Ug] +0(1)
0

We recall that O(1) denotes constant terms that regulate the infrared divergence of the natural log integral
representation as w — Uy. Combining egs. (4.50) and (4.51), the ¢/ — t limit of the high-energy regularized
propagator reads:
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whieh (g o) = h/dw/\/: cosw(z + ') + h/dw/\/:r cosw(x — ')+
Uo Ug
T 2 52
— h/dw w2_ngcos [(m — ')\ /w? — Ug] e~V U L 0(1)
Ug
After grouping all integrals, the coincidence limits ¢ — 0 and 2’ — z are immediate:
whsh (z) = h/dw/\/w_ cos(2wx) + ﬁ/dw <./\/:r — 2wU2) + O(1)
w= =Yg
Uo UO

() Let X = (t,x) and AX = X — X'. Using proposition 3.3, the derivatives of the parametrix are:

a2, 9,00, . alvs (AX)® (AX)P
hilﬁzyﬂ(a)zaiyln(a—kie): “(,7 - MU,UQ = _ Mals { ) 2( )
o+ie (o +ie) 0 + i€ (o + i€)

From theorem A.1, after setting ¢’(0) = dd/do we have:

h_lﬁiVH(a) =N [P(1/0) —imd(o)] — Nuanup (AX)” (AX)'B [73 (1/02) + iﬂ'é’(a)]
Taking the first limit At — 0 such that ¢ = Az?/2 and using the distributional identities of eq. (A.16)

and proposition A.3, then:

. —1a2 2 . 2
Aligloh 0, H(o) = —25, [P(1/Az?) — imé(Az?))

Once again, § (AmQ) is a purely contact term that we discard. Employing proposition A.5 in the appropriate
integration variable:

o, H(AZ®) = 25W/dkkcos (Azk) e % =6,, | dw2wcos (Aa:\/oﬂ - Ug) e~ VeUs (4.52)

0 Ugp

Combining egs. (4.50) and (4.52), the limit At — 0 of the complete high-energy regularized propagator reads:

an, whieh (z,2") = —6Wh/dw./\/w_ w” cos [w(z + )] +

Uo

- (5W7’z/dw (NJ w” cos [w (z — 2)] — 2w cos {(x —a') \/w2 - Ug} e_e\/w2_Ug>
Uo

Taking the coincidence limit Az — 0 and ¢ — 0 completes the proof:

uv

whieh (2) = —h /dw./\/'w_ w? cos(2wz) + /dw (N w? = 2w) | G
Uop Uo
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Proposition 4.15 REVEMTO: Interior & High-Energy

The components of the REVEMTO (proposition 3.6) from the high-energy normal modes’ contribution in
the regularized propagator (proposition 4.11) in the interior region |z| < L are given by:

o0
.\ high .\ high d BN (B2 1
( tt> :<Tm> = 2—“’ (Bo) +(Bo) 1), (4.53a)
ren ren ™ 2 w
Uo
.\ high .\ high
<Tm> = <T1’t> =0 (4.53b)
ren ren

Proof. The proof is completely analogous to that of proposition 4.13. Given eq. (4.46), the split w = w!'°¥ +whigh,

and that 9,w"8" () = 0, then:

~ high 1 1
<T}LV(t7 ‘T)> = E <_wpu + 5W185w)

= (SW4i [/dw,/\/’w w? cos(2wz) + /dw (N w? = 2w) + i/dw./\/:(—Zw)Qw) cos(2wx)
7r
Uo Uo Uo
Uo

4.3.4 Interior REVEMTO

Combining propositions 4.13 and 4.15, the REVEMTO for definition 4.1 w.r.t. the normal modes of propositions 4.3
and 4.4 is given in the interior region |z| < L by":

. n wl h W,
<Tuu(|=’”‘<L)> :6MVZZL+ i +6’“’ZZL+ i +
ren n=1 (U0)2_(w7+;)2 n=1 (U)2—(wy )2
) (4.54)
T e T
v 2 |2w? —Ugcos? (wLl)  2w? — UZsin*(wl) w

Uo

Remarks:

e As asanity check, [w] = [wg] = [Up] = [L]~! = ¢, implies [BS] = 1 and [B?] = /I, so we obtain the
right dimensions [(Trenﬂ = mplp'.

e The REVEMTO is constant in the interior region of the well in fig. 4.2. Thus, eq. (4.54) is trivially locally
conserved:

wH <:ﬁ,w (Jz| < L)>ren —0 (4.55)

'We recall that the bound states w? are given by the solutions of the transcendental equation in eq. (4.23). Therefore, the REVEMTO
in the interior region is solely and completely determined by the two free parameters of the theory Uy and L.
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Chapter 4. Finite Potential Well

e Consider the power expansion of the high-energy normalization constants in proposition 4.4:

2

e 1[0 1 W) | 1 1 Uo " us

(Bw) = 14+ 3 cos(2wL) (U) + 1 (:I: cos(2wL) + > cos(4wL)> (U) + O (F) (4.56a)
4 6
NI = 2 1+ 1 cos(4wL) (%) +0 (U—g’) (4.56b)
w 8 w w
2
N = coswl) (@) 41 (@) Lo (UO) (4.56¢)
w w 2\ w wb

The linear combination N‘ =3 4+ O (w™?) is convergent under integration, while (B2)* ~ w™! +
O (w™3)and Nf ~ 2wt + 0 ( %) are divergent. Without the Hadamard parametrix, the coincidence
limit of the propagator and the REVEMTO are logarithmically and quadratically divergent, respectively. The
inclusion of the Hadamard parametrix into the renormalization procedure successfully removes all these
pathologies: eq. (4.54) is UV-finite for both the discrete 0 < w? < Uj and the continuous w > Uy > 0
spectrum.

e The structure of the REVEMTO is that of a Zeldovich stiff fluid in its locally inertial rest frame whose proper
energy density and proper pressure are:
dw
h
ot / 27

s n=1 Uo

(P)g = (P)z =

2 —\2
(B) + (BD) 1]w2 @57

As in the infinite potential well model, the effective stiff-fluid structure is inherited from the classical theory,
since the scalar field’s Lagrangian is purely kinetic in the interior region. By the mode construction, wy >0,
and thus the low-energy contribution is manifestly positive, (5 >1°W (lz| < L) > It follows that the

energy conditions will be satisfied provided the high-energy contribution satisfies < >h1gh (| < L) >
- (p)low (lx| < L), and all violated otherwise.

4.4 Exterior Region

Now we focus on the exterior region |x| > L.

Proposition 4.16 Hadamard Parametrix: Exterior

In the exterior region |z| > L, the Hadamard parametrix of definition 4.1is given by:

H(o)=—h (1 + ;Uga) In (o + ie) (4.58)

Proof. The proof is completely analogous to proposition 4.10 and follows from example 3.1. The main difference
is that comparing eg. (3.31) and definition 4.1, in the outside region U (|z| > L) = UZ, so we identify m/h = Uy.
The expansion V = V; + Vio + O (¢%/2) has now the coefficients Vy = —h + O (¢3/2) and V; = —hUZ/2 +
0 (12). 0

Proposition 4.17 Regularized Propagator: Exterior

In the exterior region |x| > L, the regularized propagator w.r.t. the normal modes of propositions 4.3
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and 4.4 reads:

Nt

W (t,z,t',a") = 47TFLZ (B:{)2 cos (wn L)e” kit (lel+le’|—2L)  —iwrt |t =t/|
n=1
+ 47rhz ? sin? (wo L) e™ ki (o121 -2L) sgn(z) sgn(z’)e “n =
+ 2h/dw (B})? (cos(wL) cos [k (jz| — L)] — %sin(wL) sin [k (|z] — L)]) :
vo (4.59)

. (cos(wL) cos [k (|2'| — L)] — %sin(wL) sin [k (|2| — L)D e—wlt=|

n 2n/ dw (BS)? (sin(wL) cos [k (Jz| — L)] + % cos(wL) sin [k (Jz| — L)]) :
Uo

. (sin(wL) cos [k (|2'| — L)] + %COS(LUL) sin [k (|2 — L)D sgn(x) sgn(g:’)e*i“|t*t/|

+ h [1 + %UOQO' (t,x,t',x'):| In [0 (t7 x,t, CCI) + ie]

Proof. The quantum field expansion in eq. (4.34) in terms of the exterior region normal modes of proposi-

tions 4.3 and 4.4 reads:

Zan+B+ w cos( ,J{L) e hn (I=1=L)

N
+ Z n,_ By e ™n'sin (w, L) e~ Fn (I21=1) sgn(zx)
n=1
Oodw 7 + —iwt w . .
+ [ —bu,+ Ble (cos(wL) cos [k (x| — L)] — T sin(wL) sin [k (Jz| — L)])
™
Uo
+ / gfw bo,_ Bye ! (sin(wL) cos [k (|Jz| = L)] + %COS(WL) sin [k (Jz| — L)]) sgn(x)
™
Uo

The only non-vanishing terms in the two-point function are proportional to eq. (4.40) and thus:

<<T>(t,:r > = hz (Bi)? cos? (1w L) e (lel eI =2L) i (1=t')
+ hz ) sin? (wi L) e (=1+12'1-20) g () sgm (oo (=0) 4
+ h/ (QL: (BS) (COS(wL) cos [k (|x| — L)) — %Sin(wL) sin [k (|z] — L)]) .
Uo
- (cos(wL) cos [k (2’| = L)] = % sin(wL)sin [k (j2'| = )] ) e ")+
T h?g: (B2)’ (Sin(wL) cos [k (|z| — L)] + % cos(wL) sin [k (|z| — L)D :
' (S“j(wL) cos [k (|a'| = L)] + % cos(wL) sin [k (Ja'| - L)] ) sgn(x) sgn(a’)e ™~
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Chapter 4. Finite Potential Well

The rest of the proof proceeds as with propositions 4.8 and 4.11 by using W (¢, z,t',2’) = 4« <T d (t,z)d (¢, x’)> -
H (t,z,t',2") with proposition 4.16. ]

Using proposition 3.6 and example 3.1, the structure of the REVEMTO in the exterior region is:

. ext 1 1 1 hU? oxt AU lo 2
<TW(t7x)>ren - (-WV + 50w — 70w + 20%) -2l <z> Mo (4.60)

In contrast to the interior region, we observe two contributions. A state-dependent part:

R ext 1 1., 1 ext
<Tuy(t,flf)>ren D) E (—wW + 58/“,'11) — 477MV|:|w> (461)
And a state-independent part:
L oext _ RUR Io\ 2
() 2 5 [1 D0 (z) v (4.62)

We recall that [ and [j are the renormalization length scale and reference, respectively, needed to make the In
argument in the parametrix dimensionless. Equation (4.62) can be interpreted as a quantum vacuum fluctuation
induced by the non-vanishing external potential. The structure is that of a vacuum energy cosmic fluid with

proper energy density:
Io\ 2
1-In( (4.63)

The choice 3 /1> = e effectively eliminates this term from the exterior REVEMTO.

_hug

(B)a (] > 1) = = (), (2] > T) = ="

4.41 Low-Energy REVEMTO

We isolate the state-independent part of the REVEMTO and focus on the state-dependent low-energy contri-
bution. Since the sum is finite and regular, we dispense with the parametrix. The corresponding regularized
propagator in the outside region reads:

Nt
W o wv (t,z,t',2") = 47rhz (B,'l')2 cos? (w L) e~k (lzl+l2"1=2L) g—iw o=t |

n

(4.64)
N
+ 47rhz (B;)2 sin? (wn L) ¢k (Iel+e’|-2L) sgn(z) sgn(z’)e”n |t=¥']

n

Comparing egs. (4.43) and (4.64), we notice that the low-energy regularized propagators in the inside and
outside regions coincide at |z| = |2'| = L. As expected from the matching condition of the modes!

Proposition 418 REVEMTO: Exterior & Low-Energy

The components of the REVEMTO from the low-energy modes’ contributions in the regularized propagator
of proposition 4.17 in the exterior region |z| > L are given by:
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NS
R low h w? _ 2_ (052 (|| —
< oo (Jz| > L)>mn _ 522 T R— o2V (U0)?=(w3)*(|zl-L) (4.653)
s m (Uo)®—(w3)?
~ low
(Tu (J2] > 1)) ~ =0 (4.65b)
A~ ow
< b (2| > L)>ren =0 (4.65c¢)
~ low
<Txt (|z| > L)>ren —0 (4.65d)

Proof. Taking the second derivatives of eq. (4.64) and discarding the temporal contact terms, the coincidence
limits of proposition 4.17 and its second derivatives are:

Nt N~
W' (z) = 47rhz (Bf{)2 cos? (w:{L) e 2kn (lzl=1) | 47rhz (B,f)2 sin? (w, L) e~ 2kn (l21=1)

n

NT
wlo%w(w):—4ﬁhZ(BI)2(w$)2cos2(wiL)6*2’“3(‘”‘ L) 47rhz Wi )? sin? (w) L) e~ (1=
it (x —47rhz (BI)? [(k)? — 2k 8(2)] cos? (wif L) ¢~ (el =0)

.

+Anh Y (By)? [(kn)? — 2k, () + 26 () sgn(@)] sin® (w,, L) e~ 2= 1#171)

Given that |x| > L > 0, the spatial Dirac delta distribution and its derivative, which are only supported at
x = 0, do not contribute when smeared against test functions whose support is contained entirely in the
outside region (as consistent with the piecewise nature of the orthonormal mode basis), so henceforth we set
all spatial contact terms to zero in the distributional sense. Therefore, given 0,w(z) = 0, the tt-component of
the low-energy sector of eq. (4.61) is

ren

_ N low 1 1 low
nt <T00(t,m)> 2 i <—w00 + Z(ﬁw)
+ Al _
= Z(BI)Q(WI)Q cos® (w,f L) e~ 2Fn (#171) Z(B;)Q(w;)2 sin? (w;, L) e~ 2Fn (I71=1)
+ Z (B2 [U2 — (wh)?] cos® (w; L) e~ 2kn (1) 4. Z )2 (UG — (wn)?] sin®(w;, L) e~ 2k (210

= Z(BI)Q (wjl—)Q e_Qk:,r,(\Z\—L) + Z(B;)Q (w;)Z 6_2k;(‘z‘_l‘)

Where we have used U2 cos?(w; L) = (w;})? and U2 sin?(w;; L) = (w;;)*, which follow from eq. (4.23). The
mixed terms vanish identically, and the za component vanishes by virtue of 62 low — 4w1°W. ]

Remarks:
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Chapter 4. Finite Potential Well

e |n contrast to the interior region, the low-energy REVEMTO in the exterior region depends on the position
relative to the center of the finite well. It is a locally conserved quantity nonetheless:

low

v < ' (2] > L)> ) (4.66)
ren
The asymptotic limits are:
I " low
lim <TW (Jz| > L)>ren =0 (4.67)

Unlike the fields, the normal modes, and the propagator (and its coincidence limit), we see that the low-
energy REVEMTO is not continuous across the surfaces |x| = L. However, it is a finite discontinuity, which
for the local energy density is given by:

low

<TOO(\x\ > L)>10W (4.68)

ren

—9 <T00(]ac] < L)>

ren

The matching conditions imposed on the field and the normal modes are of zeroth- and first-order. The EMT
is of second-order, and thus sensitive to the step discontinuity of the potential via the e.o.m.

The structure of proposition 4.18 is that of a dust cosmic fluid in its LIRF whose proper pressure is (p) 4 (|z| >
L) = 0 and whose proper energy density is:

()a (lal > L) = ZZ s e S (4.69)
vV (U )—( 5)°

Once again, this effective perfect-fluid structure is consistent with the classical field theory of a real scalar field
subject to a quadratic potential. Since (), (|z| > L) > 0, this contribution satisfies all energy conditions (cf.
fig. 2.1).

Proposition 4.19  Casimir Energy

Consider the contribution of the low-energy modes to the REVEMTO in both the interior and exterior
A low “ low ~ low
regions, <TW(:U)> = <TW(\:U| < L)> + <TW(]:U| > L)> . The Casimir energy is:

+o0
Fo = / dz <T00 >1°W 5> Zhw (4.70)
— o0 s=x n

Proof. Straightforwardly, from propositions 4.13 and 4.18 using the identities in proposition 4.3:

“+oo

Ec = /da: <T00 IOW / / / da; Too x) >IOW

—0o0

L

_ /dx (Too(Ja] < L)>l°W + 27dx (Too(Ja] > L)>1°W
L

—L
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L [e's)
h $\2 (512 $\2 ( s\2 —2kS (jz|—L)
= /dx2Z(Bn) (w?) +2/dth(Bn) (w3)%e
iy s,n T s,m
1
=hY (B)?(@p)?L+h)_ (B) (w)? =
1 1 hw
_ Z 1 wy ! L+ _ Z n
L+ 2 12
sm (Uo)*—(w3)? (U0)” = (wy) s.n
O
0.14 T
| 3 — Interior: |z| < L |
‘ —— Exterior: |z| > L
0.12 |
0.1 |
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4-1072 | :
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Figure 4.3: Low-energy contribution to the dimensionless proper energy density of the REVEMTO for L = 7
and Uy = 1. The well admits two bound states with frequencies w;” = 0.377 and w; = 0.736. The vertical
dashed lines mark the well’s boundaries, while the open circles indicate the corresponding one-sided limits.
The energy density is constant inside the well, |z| < L, and decays exponentially to zero outside, |z| > L.

4.4.2 Limits

Proposition 4.20 REVEMTO Limits

The interior REVEMTO of eq. (4.54) has the following limits:
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UISIEU <TW (|z] < L)>ren =0 (4.71a)
e U2
lim <TW (Jz| < L)>ren =<6 (4.71b)

While the exterior low-energy REVEMTO of proposition 4.18 has the following limits:

low

lim <TW (Jz| > L)> =0 (4.72a)
Up—0 ren
~ low

lim <TW (Jz| > L)> —0 (4.72b)
L—0 ren

Proof. Since the REVEMTO is completely regular, we can commute the sums and the integral with all limits. (i)
In the limits Uy = 0 and L = 0 there are no solutions for the discrete normal modes: N (UpL = 0) = 0 and

~\ low
wy = 0. Hence, the corresponding limits of <T> vanish identically for both the interior and exterior region.

ren

.\ high
(i) The limit Uy — 0 of <T> ¢ in the interior is immediate. For L — 0, we have:

ren

.\ high / 2 2_py2
lim i~ (T) " = 80 lim d [2 . el Uow]

L—0 ren a—o0 % w2 — U2 2
Uy w 0
Ouv .
= ﬁali}n;o <U02 + a? [ 1— (Up/a)?® — 1])
2
5,0
8w

O]

Not much can be said about these limits without an explicit computation of the exterior high-energy sector
contribution. Notwithstanding, these partial limits are consistent with Uy — 0 corresponding to the massless
free theory limit, and L — 0 to both the massive free theory limit (exterior) and the ultra-compact limit (interior).
For the latter limiting theory, we see that the interior REVEMTO is not vanishing but still dust.

The limit Uy — oo with L = cst corresponds to the infinite potential well limit. For the low-energy sector in
both the interior and exterior, N*(Uy — 00) — oo yields the total spectrum w,, = 51, Wheren € ZT. The
exponential factor makes the exterior contribution vanish so that the total low-energy REVEMTO becomes:

o0

~ lOW h/]r
li <T > - 473
i AT ) = 0w 55Ty ;” 4.73)

This is the unrenormalized EVEMTO for an infinite potential well of length 2L.
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Chapter 5

Conclusions

We conclude with a brief overview of the principal ideas discussed thus far, a summary of our main results, and
closing statements regarding the open questions and future directions stemming from this thesis.

5.1 Overview

Having introduced the general framework of scalar field theories on curved spacetimes at the classical and
qguantum levels, in this thesis we considered the free action describing the dynamics of a real scalar field
® (t,r,6%), and imposed that the quadratic potential shares the symmetries of the SSS spacetime in order to
allow a complete normal mode decomposition. Under these hypotheses and in Regge-Wheeler coordinates r,,
the e.o.m. for the field reduce to a Regge-Wheeler type equation for the radial normal modes subject to an
effective potential V; (7). We have shown that the time-radial sector of the D-dimensional theory defines a
family of theories for an “auxiliary” scalar field ¥, (¢, r,) in a (1 + 1)-dimensional Minkowski spacetime and
whose e.o.m. are precisely those of the positive-frequency and radial normal modes. Moreover, we showed
that both the Feynman propagator and the REVEMTO of the latter are essential intermediate ingredients of
those of the former. Hence, to solve the D-dimensional classical and quantum theory of ® (¢, r, %), we must
first solve the theories of W, (¢,7,) in a (1 4+ 1)-dimensional flat spacetime subject to V; (7). The effective
potential of a SSS spacetime sourced by a homogeneous perfect fluid motivates the model studied in this thesis:
the “background” contribution exhibits a finite step discontinuity at the surface of the compact object, and the
interior profile is nearly constant.

Therefore, we have considered the auxiliary theory U, (¢, 7.) — ®(¢, ) with an idealized effective potential
Vi (ry) = U (z) = UZO (|z| — L) corresponding to a finite well of depth U2 > 0 and width 2L > 0. Given
the discontinuity of the potential at the surfaces |x| = L, we have imposed smoothness boundary conditions
for the field, which are translated into matching conditions for the normal modes in the interior |x| < L and
exterior |x| > L regions. The potential is static and parity-symmetric, so we have quantized ®(¢, x) in terms of
a complete set of orthonormal modes { ¢y, (¢, z) , sw (¢, x) , c.c.} with these properties. Said normal modes
are characterized by a low-energy sector of discrete, parity-dependent, bound-state frequencies 0 < w? < Uy,
and a high-energy sector of parity-independent continuous frequencies w > Uy > 0.

This finite-well model illustrates the necessity of renormalization in a particularly transparent setting: the
Feynman propagator of the theory is shown to be divergent at the coincidence limit, and the expectation value
of the energy-momentum tensor quantum operator inevitably inherits this feature. Following Hadamard'’s renor-
malization procedure, the theory’s regularized propagator has been constructed by computing and subtracting
the Hadamard parametrix, and from its coincidence limits the REVEMTO has been explicitly constructed.

68



Chapter 5. Conclusions

5.2 Main Results
The main results of this thesis are egs. (4.54) and (4.62) and proposition 4.18. Together, they give the REVEMTO

in the interior region of the finite potential well, and the low-energy sector and state-independent contributions
to the REVEMTO in the exterior region:

A\ low ~\ high 0
(@h +(P)3 _>,|M<L

() 0 )5 + ()" -
o e (mﬁw0>+CmA 0 ) o>
0 0 0 —(py)’

In the interior region, the quantum perturbation’s REVEMTO is identical to that of a Zeldovich stiff fluid in
its locally inertial rest frame with a homogeneous proper energy density given by the low- and high-energy
contributions:

N* s

(D) = % P D — (5.22)

e N G =

()b — g / dw [1 N 1 JE U2 1] (5.2b)

Z 21 | 2w? — U2 cos?(wL) * 22 — U sin?(wL) Tol”
Uo

In the exterior region and low-energy sector, the quantum perturbation’s REVEMTO is indistinguishable from
that of a dust cosmic fluid in its locally inertial rest frame with an exponentially decaying proper energy density:

10W w?} —2¢/(Up)? —(ws)? (|z|—L)
> L) 5.3

s:tnl ()(e)Q

The exterior REVEMTO also contains a state-independent term that currently dominates the asymptotic region
and is induced by the non-zero external potential and the renormalization length scale. Its structure is that of a
vacuum energy cosmic fluid whose proper energy density is given by:

2 2
(Phn = —hg% [1 —In (ﬁg)] (5.4)

Furthermore, the REVEMTO is not continuous across the surfaces |x| = L. The discontinuity in the low-energy
sector is, however, finite and quantified by:

Ay =) (5.5)

|z|=

The most notable feature of eq. (5.1) is the emergence of effective perfect-fluid structures from the scalar
quantum perturbation, where the pressures follow directly from the corresponding cosmic fluid equations of
state. Furthermore, the low-energy contributions in both the interior and exterior are UV finite, whereas the
high-energy interior contribution diverges if the Hadamard parametrix is not subtracted accordingly.
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5.3 Future Directions

We have determined the interior REVEMTO for both low- and high-energy sectors, but only the low-energy
and state-independent contributions in the exterior region. The immediate extension of this work is then
to compute the high-energy normal modes’ contribution to the exterior REVEMTO. This will complete the
finite-well model across all energy sectors and regions, and will allow us to answer several open questions:

1. Does the exterior high-energy contribution ensure the REVEMTO's regularity across the finite potential
well’s surfaces without introducing spurious divergences due to the potential’s discontinuity?

2. Does the vacuum fluctuation contribution of eq. (5.4) survive in the complete exterior REVEMTO, or is it
canceled by a complementary term emerging from the high-energy normal modes? This is particularly
relevant because this contribution currently dominates the asymptotic region and determines the sign of
the energy density.

3. All energy conditions are satisfied in the interior region provided <ﬁ>lzligh > — (ﬁ)lzow. Whether this feature

holds in the exterior region can only be properly answered once the high-energy contribution is known.

4. The exterior high-energy contribution is also necessary to determine the limiting behavior of the complete
model, such as the expected free theory limit Uy — 0, the ultra-compact limit L — 0, and the infinite-
well limit Uy — oo. The simultaneous limits . — 0, Uy — oo are of particular interest as toy models for
the interior of highly compact objects such as black holes.

Once the (1 + 1)-dimensional auxiliary theory is complete, the natural continuation is to compute the cor-
responding D-dimensional propagator, REVEMTO, and ultimately solve the semiclassical EFE to determine
the backreacted spacetime. Of course, this is easier said than done. A more approachable continuation is to
solve the auxiliary theory using increasingly more accurate approximations of the SSS effective potential, in
particular by restoring the radial and angular-momentum dependence. This would provide a crucial insight into
whether the effective perfect fluid structures identified in our results are genuine features of quantized scalar
perturbations in SSS spacetimes, or instead artifacts of the idealized infinite- and finite-well models.
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Appendix A

Distributions

We briefly introduce the theory of distributions and the identities required for some proofs in chapter 4.

Definition A.1  Distribution

Let D (R™) denote the space of smooth functions with compact support® on R™. A distribution 7" on R™ is
a continuous linear functional on D (R™), namely:

T:D[R") —R (A1)

Let the space of distributions be denoted by D’ (R™). The action of a distribution 7' € D’ (R™) on a test
function f € D (R"™) is denoted by T'[f] € R.

“The support of a function f : X — R is the smallest closed subset A C X’ containing all points not mapped to zero.

Outside of their domain, the functions f € D (R") are vanishing, and integrals inside the domain are finite.

Definition A.2 Distributional Derivative

The distributional derivative of 7' € D’ (R") in the direction z; is the distribution ;7" € D’ (R™) defined
Vf e D(R") as:

O5T) [f] = =T'[9;f] (A2)

This definition can be justified by analogy with integration by parts, keeping in mind that test functions vanish
at the boundary.

Definition A.3 Dirac Delta Distribution

The Dirac delta ¢ is the distribution defined Vf € D (R") as:

Every locally integrable function g € L (R™) defines a “tempered” distribution through:
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Tl = [dog@)fe), Vi D®) ()
Rn
Definition A.3 is one of the distributions we shall encounter the most during the Hadamard renormalization

procedure. In one dimension:

+o0

511 = [ deda)f(a) = 0)

—00

The notation §(z) should be understood distributionally rather than as an ordinary function.

Definition A.4 Heaviside Step Function

The Heaviside step function O(z) is the piecewise function defined on R as:

0, =<0
O(r)=93, =0 (A.5)
1, >0

One can define the associated Heaviside distribution © as the one whose integration kernel corresponds to the
Heaviside step function:

—+o00 00
olf] = / 4z O(z) f(z) = / dz f(x) (A.6)
—00 0

The kernel ©(z) is discontinuous at z = 0 and therefore not differentiable in the ordinary sense. Having
introduced the Heaviside distribution ©[f], differentiation is now well-defined, but only in the distributional
sense.

Proposition A.1 Heaviside Derivative

If f € D(R), then:

Proof. Using definition A.2,

pel=-e|ir| =~ [aril =0 - s = ) =l

where we have exploited the fact that test functions vanish at infinity (the boundary), f(c0) = 0. ]

Definition A.5 Absolute Value & Sign Functions
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The absolute value |z| of € R is the piecewise function defined as:

4z, ifz >0
|z| == ¢ 0, ifr=0 (A.8)
—z, ifx<0

The sign function sgn(z) is the piecewise function of x € R defined as:

+1, ifx>0
sgn(z) =40, ifz=0 (A.9)
-1, ifz <O
In 1D, the associated distributions are:
+o00 0 +o0
AV[f] = /dx\x]f(a:) =— / deaf(x)+ / dezf(x) (A.10a)
—00 —00 0
+00 0 +00
SGN[f] = / dz sgn(x)f(z) = — / dz f(x) + / dz f(z) (A.10b)
—0 —00 0

Having specified the value O(z = 0) = 1/2, then we can write:

sgn(z) =20(z) — 1 (A1)

Furthermore:

|z| = = sgn(z) =22 0(x) — x (A12)

The differentiation of definition A.5 at x = 0 is well-defined only for the associated distributions and via these
identities.

Proposition A.2  Absolute Value Derivatives

As distributions:

d
o |z| = sgn(x) (A13a)
d? d

Proof. The first result follows from the distributional differentiation of eq. (A.12),

%m = sgn(x) + m% sgn(z) = sgn(x) + :1:% [20(z) — 1] = sgn(z) + 2zd(x) = sgn(x)
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where we have used eq. (A.11) and proposition A.1, and also:

(@6) [f] = o[z f] = 2 f(x)],—0 = O

The second follows from differentiating once more and exploiting the same identities. ]

Proposition A.3 Delta Derivatives

As a distribution and for ¢ >, we have:

x%m) — () (A14a)

d" dr

el — g+ =

dxné(am) a dxn(S(a:) (A.14b)
Proof. For the first one:

dé dé d df
v = plef) = =8 | tan)| = ol -5 |5 | = a1

The second follows recursively. ]

Definition A.6  Cauchy Principal Value

The Cauchy principal value of 1/z is defined as the distribution P (%) € D' (R) for which:

P <i> /] = lim (/+7 dz %f (x) (A15)

o0 €

For higher powers, we use the same notation P (1/z™) for the corresponding distributions which recover
definition A.6 for n = 1 and are given recursively by the properties:

d 1 1
1 1

2P (n> =P ( — ) , 0<m<mn (A16b)
T xn m

For a concrete definition of these distributions and the proof of the following theorem, cf. [13].

Theorem A.1  Sokhotski-Plemelj Theorem

We have the following distributional identities:

lim L _ P (i) Fimd(x) (A17a)

e—0+ x €
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lim —= =P | —= | tir— A7
e—>1 ot (.13 + i€)2 (.132> ! dxé(x) ( b)

We will be mostly interested in theorem A.1in order to find the integral representation of definitions A.3 and A.6.

Proposition A.4  Distributional Integral Representations |

In the limit e — 0T, we have the following distributional identities:

lim [ dg glalatic) _ mo(x) +iP <> (A.18a)
e—0t T
0
lim [ dg cos(zq)e 1 = 7d(x) (A.18b)
e—0t
0
. r . _ 1
lim [ dg sin(zq)e “1=7P () (A18c¢)
e—0F x

Proof. The damping term e~“? is the regulator that guarantees the convergence for ¢ > 0 of the integrals.
Performing the integration and then using theorem A.1:

[e.o]

lim dgq glalatie) — |y -
e—0T e—0t+ 1Xx — €
0

. q—00
paliz—e)

= lim -
e—0+t T + 1€

= i[P(1/z) — ind ()]

q—

Decomposing clalatie) — g—eq (cosxzq + isinxq), the proof is completed by taking the real and imaginary

parts. ]
Proposition A.5 Distributional Integral Representations Il
In the limit e — 0T, we have the following distributional identities:
o
lim [ dgqe?®™=9 = _p LR iﬂ'ié(az) (A.19a)
0+ 2 dx
0
o0
1
lim [ dggcos(zq)e 1 = —-P <2> (A.19b)
e—07t X
0
T d
li dg g si M= _—q1—§ A.19c
lim [ dggsin(zg)e T30 (A.19¢)
0

Proof. Since the regulator e~“? guarantees convergence for ¢ > 0, we may commute derivatives with the
integral. Differentiating proposition A.4, suppressing the e — 0T limit for simplicity, and using eq. (A.16), we
then have:
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i iT— E r 1r— e - 1 . 1 .
8I/dq el /dqzqeq = m0;0(x) —iP <x2> =1 [73 <$2> - m’@xé(m)}
0 0

Decomposing into iqeq“”*e) = ge~ 1 (—sin gz + i cos gx) and taking the real and imaginary parts completes
the proof. ]

Proposition A.6 Distributional Integral Representations Ill

In the limit e — 0T, we have the following distributional identities:

e:tiq(z:tie)
lim In(z £i€) = — lim [ dg——— + O(1) (A.20a)
e—0t e—0t q
0
o0 _eq
lim In (e + ic) — —2 lim [ dg %D o) (A.20b)
e—0t e—0t
0

Here, O(1) is an z-independent constant required to regulate the infrared divergence of the integral
representation.

Proof. (a) First, we notice that:

o0
lim 8, In(z + i€) = lim = Filim / dg eFia(@Eic)
e—0 e—0

e—0 x £ ie

Integrating over x, we have:

eilq(zile)
lim In(x 4 i€) = Fi hm/dq /dw etial@tie) — _lim [ dg —— +0(1)

=0 e—0 q
0

The convergence of the integrand guarantees that the integrals can be swapped. (b) For the second one, using
proposition A.4:

[o.¢]
2x 1
li In (22 + i€) = li =2P (=) =21 ~lgj
lim Oz In (2% + i) e P (a;) lim dg e “sin(zq)
0
Integrating over x we get the desired result. ]
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