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Abstract

The goal of this thesis is to present the Hamiltonian formulation of classical mechanics
in the generalized context of differentiable manifolds. We show that this formulation of
mechanics not only is best expressed using symplectic geometry, but it actually emerges
naturally from the basic construction of the theory. The work is structured as follows. In
the first two chapters, we focus on the mathematical background needed for describing
this generalization of mechanics, namely the theory of differentiable manifolds and of Lie
groups and Lie algebras. The third chapter is entirely dedicated to presenting the main
ideas of symplectic geometry with a particular emphasys on those relevant to physical
applications. Finally, in the fourth chapter, we show how Hamiltonian mechanics naturally
emerges from symplectic geometry and demonstrate how some ideas of classical mechanics
can be elegantly reformulated using this formalism.

Abstract

L’obiettivo di questa tesi & presentare la formulazione hamiltoniana della meccanica clas-
sica nel contesto generalizzato delle varieta differenziabili. Mostriamo non solo che questa
formulazione della meccanica ¢ meglio espressa utilizzando la geometria simplettica, ma
che emerge naturalmente dai fondamenti basilari della teoria. Il lavoro e suddiviso come
segue. Nei primi due capitoli ci concentriamo sui concetti matematici necessari per de-
scrivere questa generalizzazione della meccanica, ovvero le varieta differenziabili e i gruppi
e le algebre di Lie. Il terzo capitolo ¢ interamente dedicato all’esposizione delle princi-
pali nozioni di geometria simplettica, con una particolare attenzione rivolta a quelle con
applicazioni fisiche. Infine, nel quarto capitolo mostriamo come la meccanica hamiltoni-
ana emerge in maniera naturale dalla geometria simplettica e presentiamo come alcune
nozioni di meccanica classica possono essere elegantemente riformulate mediante questo
formalismo.



Introduction

Classical mechanics, as presented in the works of Newton (1642-1726) and Huygens (1629-
1695), heavily relied on geometry. What followed, however, was the period of ”"mécanique
analytique”. Lagrange’s (1736-1813) treatise of mechanics contained no pictures, as his
methods did not require geometric or mechanical reasonings but just algebraic operations
(see [1] and [2]). Later, at the beginning of the 20th century, the works of Poincaré
(1854-1912) and Birkhoff (1884-1944) brought geometry back as a tool to make quali-
tative statements for problems which were not quantitatively tractable. More generally,
geometry played a crucial role in the development of physics in the 20th century, as both
the theory of General Relativity and Yang-Mills field theories, which together describe all
four fundamental forces, are deeply rooted in geometry.

The geometry of both General Relativity and gauge theories is Riemannian geometry;
however, there is another type of geometry which is even more deeply rooted in physics:
symplectic geometry. The first symplectic manifold was introduced by Lagrange in 1808
as a tool in the study of celestial mechanics (see [2]). For many years symplectic ideas
were implicitily present in the development of mechanics; most importantly, the ideas
of Lagrange influenced the works of Hamilton (1805-1865), who first applied them to
optics and later used them to arrive at his formulation of mechanics. Nevertheless, the
geometrization of classical mechanics proceeded slowly and symplectic ideas were sparsely
used by physicists up until the 1940s (see [1]). However, in these same years, symplectic
geometry came into its own as a distinct mathematical discipline and rapidly grew. By the
1960s, symplectic geometry was cast in its modern form and the geometric formulation
of classical mechanics was finally complete.

In this thesis, we present a fully geometric treatment of the Hamiltonian formulation of
classical mechanics using the tools of symplectic geometry. The work is structured as
follows.

The first chapter introduces calculus on differentiable manifolds, which is an indispensable
tool for the geometric constructions that follow.

Meanwhile, in the second chapter, we present the main elements of the theory of Lie
groups and Lie algebras, which are the main tools used to describe symmetries in modern
physics.
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In the third chapter, we introduce symplectic geometry starting with the algebraic prop-
erties of a symplectic form on a vector space and later defining symplectic manifolds. We
discuss Hamiltonian vector fields and Poisson brackets as purely geometric constructions
and talk about the cotangent bundle as a prominent example of a symplectic manifold. We
end the chapter by introducing the momentum map and show how conserved quantities
can be exploited to reduce the degrees of freedom of a system via the Regular Symplectic
Reduction Theorem.

Finally, in the fourth chapter, we show how Hamiltonian mechanics can be generalized
using the tools of symplectic geometry developed previously and discuss the Hamiltonian
version of Noether’s Theorem. Later, we show how the symplectic formulation of Hamil-
tonian mechanics can be obtained from the Lagrangian formulation over a manifold via
the Legendre transform. We conclude the chapter by showing some notable examples
of momentum maps in physics and use them to apply regular symplectic reduction to
Kepler’s problem.



Chapter 1

Mathematical background

In this chapter we introduce the basics of calculus on differentiable manifolds. In partic-
ular, we define differentiable manifolds, smooth maps as well as vector fields, flows and
differential k-forms. For further reading see [3], [4] and [5].

1.1 Differentiable manifolds

In this section we introduce the notion of a differentiable manifold and provide some
examples. We assume that the reader is familiar with point-set topology. The main
reference for this section is Section 5 of [4].

Definition 1.1.1. A topological space M is locally Euclidean of dimension n if every
point p in M has a neighborhood U such that there is a homeomorphism ¢ from U
onto an open subset of R". We call the pair (U,¢ : U — R") a chart, U a coordinate
neighborhood and ¢ a coordinate map or coordinate system of U. A chart (U, ¢) is said to
be centered at p € U if ¢(p) =0.

Before proceeding, we recall that a topological space is said to be second countable if it
has a countable basis while it is said to be Hausdorff if for every two distinct points x,y
there are two disjoint open sets U,V such that x € U,y € V.

Definition 1.1.2. A topological manifold is a Hausdorff, second countable, locally Eu-
clidean space. It is said to be of dimension n if it is locally Euclidean of dimension
n.

It is worth noting that for the notion of dimension of a topological manifold to be well-
defined we need that, for n # m, an open subset of R" cannot be homeomorphic to an
open subset of R™. This fact is known as invariance of dimension. If a manifold has
more than one connected component, it is possible for each connected component to have
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a different dimension.
For physical applications additional structure is required.

Definition 1.1.3. Two charts (U, ¢ : U — R"), (V,9 : V. — R") of a topological manifold
are C'°-compatible if the two maps

pop L ip(UNV) = o(UNV) , Yoo t:p(UNV)—=p(UNV)

are both C*. These maps are called transition functions. If UNV is empty the maps are
automatically C'*°-compatible.

We simplify the notation by writing U, instead of U, N Ug and so on for multiple inter-
sections.

Since we are interested only in C'*°-compatibility we will simply speak of compatible charts
and omit the C* prefix.

Definition 1.1.4. A C* atlas, or simply an atlas, on a locally Euclidean space M is a
collection 3 = {(U,, ¢o)} of pairwise compatible charts that cover M.

An atlas 9T on a locally Euclidean space is said to be maximal if it is not contained in a
larger atlas, meaning that if any other atlas 4l contains 991 then 3 = 9.

It is worth noting that, while the compatibility of charts is both reflexive and symmetric, it
is not transitive. To show this it’s enough to consider three charts (U;, ¢;), with i = 1,2, 3,
such that (Uy, ¢1) is compatible with (Us, ¢2) and (Us, ¢2) is compatible with (Us, ¢3) .

Now, since the functions are simultaneously defined only on Ujss, the composition

ps0pr' = (¢30¢5") o (¢ao i)

is C* only on ¢;(Uizs), and not on ¢1(Us3), as we would need for the charts ¢; and ¢3
to be compatible.

We say that a chart (V) is compatible with an atlas {(U,, ¢o)} if it is compatible with
all the charts (U,, o).

Lemma 1.1.5. Let (U, ¢o) be an atlas on a locally Euclidean space. If two charts (V1))
and (W, o) are both compatible with the atlas (Uy, ¢o), then they are compatible with each
other.

Proof. For the proof see [4], Section 5.2, Lemma 5.8. ]

Finally, we can define the main object of this section.

Definition 1.1.6. A C* or smooth manifold is a topological manifold M together with
a maximal atlas. The maximal atlas is also called a differentiable structure. A smooth
manifold is said to have dimension n if all its connected components have dimension n.
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As it was for topological manifolds, the notion of dimension is well-defined as we shall
prove later on (Corollary 1.3.7). The following proposition shows that it is not necessary
to exhibit a maximal atlas to prove that a topological manifold is also a smooth manifold,
as the existence of any atlas suffices.

Proposition 1.1.7. Any atlas 34 = (Uy, ¢o) on a locally Euclidean space is contained in
a unique maximal atlas M.

Proof. Adjoin to the atlas 4 all the charts (V;,1);) that are compatible with  and call
this new collection of charts 9. By Lemma 1.1.5 all the charts (V;, ;) are compatible
with one another. Therefore, 9 is an atlas as well. Any chart compatible with the new
atlas has to be compatible with the original atlas 4, so it must belong to the new atlas.
This proves 91 is maximal.

Let 9 be another maximal atlas containing 4, then all the charts in 9 are compatible
with U so, by construction, they must belong to 9. This shows that 9t C 9, since N’
is maximal we get that 0¥ = 9. This shows that the maximal atlas is unique. O

From this proposition we conclude that to prove that a given topological space is a smooth
manifold it’s sufficient to show that it is Hausdorff, second countable and that it has an
atlas, not necessarily a maximal one. It is worth noting that, while any given atlas is
contained in unique maximal atlas, a given topological manifold could admit distinct
differentiable structures.

From now on, since we are only interested in smooth manifolds, we will simply speak of
manifolds. We’ll also use the terms “C* ”and “smooth” interchangeably.

Example 1.1.8. Euclidean space, R", is a manifold with a single chart where the coor-
dinate map is the identity map i.e., (R" 1gn).

Example 1.1.9. Consider a manifold M with atlas (U,, ¢,) and V, an open subset of
M. Now, if we consider V' as a topological space with the subset topology, we get that
the collection of charts (U, NV, ¢ |u.nv) is an atlas for V| where ¢, |y, denotes the
restriction of ¢, to U, N'V. As an open subset of a manifold, V' is automatically second
countable and Hausdorff. Therefore, V' is a manifold.

Example 1.1.10. We view the unit circle, S, as the set of points (x,y) € R? satisfying
2?2 4+ y? = 1 and we give an atlas made of four charts. We can cover S with four open
sets: the upper and lower semicircles Uy, U and the right and left semicircles Us, Uy.

Ulz{(x,y)€R2|y>O} , ng{(x,y)€R2|y<0},
ng{(x,y)€R2|x>0} , U4:{(:U,y)ER2]m<O}.

Now we can project the upper and lower semicircles onto the z-axis to get two home-
omorphisms, namely ¢; : U; — (—=1,1) , ¢i(z,y) = x for i = 1,2. Similarly, we
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can project the right and left semicircles onto the y-axis and get the homeomorphisms
i U — (=1,1) , ¢i(x,y) =y for i = 3,4. It is now easy to check that, for all the
pairwise non-empty intersections U; N Uj, the transition function ¢; o =% is smooth. For
example, on U; N Uy we have

(3007 (@) = ¢g3(2, V1 — 22) = V1 — 22
(brod3)(y) = d1(v/1—12,y) = V/1—¢?

which are both smooth. Similarly, this holds for every pair. Therefore, S! is a smooth
manifold with atlas {(U;, ¢;)}.

An alternative atlas for S* is given by the stereographic projections. These maps are given
by @4y : ST\ {(0,+1)} — R, where

x
¢ r,Yy) = )

#0) = Ty

with inverses given by
2t t?—1
-1
t) = + .
(621)7(%) (ﬁ-+1’ t2+-1)

Since both maps are continous bijections with a continous inverse they’re homeomor-
phisms. Thus they’re charts (Ui, ¢+1). We now show these charts are compatible. We

have that ®1,(Uyy NU_1) =R\ {0} and the transition functions are
2t 1

H(t) = = — .
(@Gxrolox) ) = s FE—1D) ¢

Both of these smooth on R\ {0}, therefore {(U,1,¢11), (U_1,¢_1)} is an atlas for S*.

1.2 Smooth maps on manifolds

In this section define the notion of smooth maps between manifolds and provide some
criteria to determine the smoothness of a map. The main reference for this section is
Section 6 of [4].

Definition 1.2.1. Let N and M be manifolds of dimension n and m respectively and
let F': N — M be a continuous map. F': N — M is said to be C*°, or smooth, at a
point p if there are charts (U, ¢) about p and (V1) about F'(p) such that the composition
YpoFogp t:p(UNF V) —»R™

UcCN I s VM

ot v (L.1)

e} 071
s(U) c R —LoEO L R
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is smooth at ¢(p). The continuous map F' : N — M is said to be C*°, or smooth, if it is
smooth at every point of N.

Remark 1.2.2.

(1) In Definition 1.2.1 we assume that F': N — M is continuous to guarantee that the
set F~1(V) is open in N. This ensures that the set ¢(U N F~*(V)) is open in R" so
that it makes sense to talk about differentiability.

(2) We usually reserve the term function for maps that have R, or one of its subsets, as
the target space, i.e. maps such as f: M — D C R.

A general principle of the theory of differentiable manifolds is that constructions should
be intrinsically defined, meaning they should not depend on the coordinate system we
choose to describe them. In particular, for the notion of a smooth map to be well defined
it needs to be independent of the choice of charts, as we show in the next proposition.

Proposition 1.2.3. Let N and M be manifolds. Suppose F' : N — M 1is a smooth
atp € N. If (U,¢) and (V,4) are arbitrary charts about p and F(p) respectively, then
Yo Fog¢tis smooth at ¢(p).

Proof. Since F is C* at p there exist charts (Up, ¢o) about p and (V4, ¢) about F'(p) such
that the composition ¢ 0 Fo¢,' is smooth at ¢o(p). Since both N and M are manifolds,
the compatibility of charts implies that both ¢g o ¢ and 9 o 9y are C* maps between
subsets of Euclidean spaces. Hence the composite map

YoFo¢p™ = (Yoihy)o (o Fody)o(pyod™)
is a smooth map. In particular, it is smooth at ¢(p). O

Definition 1.2.4. Let F': N — M be a map and h a function on M. The pullback of h
by F', denoted F*h, is the composite function h o F.

In this terminology, a function f is smooth on a chart (U, ¢) if and only if its pullback
(@71)"f by (¢71) is €= on $(U).

Proposition 1.2.5. Let N and M be smooth manifolds of dimension n and m and let
F: N — M be a continuous map. The following are equivalent:

(1) The map F : N — M is C*

(2) There are atlases b of N and U of M such that, for every chart (U,¢) in L and
(V, ) in B, the map

YpoFo¢pt:¢p(UNF (V) = R™
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15 C°.
(3) For every chart (U, ¢) on N and (V,v) on M the map
YpoFo¢p ' :p(UNFHV)) = R™
15 C°.
Proof. For the proof see Proposition 6.8 in [4]. O

As an immediate consequence, we get that the composition of smooth maps is itself a
smooth map.

Corollary 1.2.6. Let F: N — M and G : M — P be smooth maps between manifolds,
then the composite Go F': N — P is smooth.

Proof. See Proposition 6.9 in [4]. O

Example 1.2.7. Let n and m be two positive integers so that R™*™ denotes the space
of all n x m matrices. Since this is isomorphic to R™" we can give it it the topology of
R™. We define the general linear group GL(n,R) to be the subset of n x n invertible
matrices. This is an open subset of R™*" since it is the preimage of an open set under
the continuous map det : R™" — R,

GL(n,R) = {A € RV | det(A) # 0} = det (R \ {0}) .

Therefore, by Example 1.1.9, GL(n,R) is a manifold.

Consider the matrix multiplication map u : GL(n,R) x GL(n,R) — GL(n,R). Since the
(1, 7)-entry of the product matrix of A, B € GL(n,R) is a polynomial in the coordinates
of the matrices, namely

(AB);; = Zaikbkj )
k=1

the multiplication map g is smooth. Analogously, by the inverse matrix formula we have

that
1

ANy =
(A7) det A
which is a smooth function of the entries of the matrix A as long as det(A) # 0. This
shows that the inverse map ¢ : GL(n,R) — GL(n,R) is C* as well.

(—1)""((4, j)-minor of A) ,

We now focus on the class of smooth bijective maps, whose inverse is also smooth.

Definition 1.2.8. A diffeomorphism is a smooth bijective map F' : N — M whose inverse
F~1is also C.
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It turns out that every chart of an n-dimensional manifold is a diffeomorphism onto a
subset of R™ and that every such diffeomorphism naturally induces a chart.

Proposition 1.2.9. Let M be a n-dimensional manifold. If (U, ) is a chart on M, then
the coordinate map ¢ : U — ¢(U) C R™ is a diffeomorphism. Conversely, if U is an open
subset of M and ¢ : U — ¢(U) C R" is a diffeomorphism, then (U, @) is a chart in the
differentiable structure of M.

Proof. For the proof see Propositions 6.10 and 6.11 of [4]. O

Finally, we discuss how the notion of partial derivative generalizes to the context of
manifolds. Let M be a n-dimensional manifold, (U, ¢) be a chart and f a smooth function.
We denote the standard coordinates on R™ with r!,... r" so that the components of ¢
are given by z' = 1’ o ¢. For p € U we define the partial derivative df/0x° of f with
respect to x* at p to be

of . 0, 0 1y O(feo™)
I (p) = By pf =5 ¢(p)(f0</5 = T(Cb(p)) (1.2)
Since p = ¢! (¢(p)) we get the equation
a—fogb_l _ 8(fo _1)
Ox? B ort

on ¢(U). Therefore, the partial derivative df/dz" is C*° on U because its pullback by
¢! is smooth on ¢(U).

Definition 1.2.10. Let F : N — M be a smooth map, let (U, ¢) = (U, z',...,z") and
(V) = (V,y',...,y") be charts on N and M respectively such that F(U) C V and

denote . . ‘
F'=yoF=r'otpoF :U—R.

The matrix [0F"/d27] is called the Jacobian matriz of F with respect to (U, ¢) and (V).

1.3 Tangent vectors and tangent spaces

In this section we introduce the concept of tangent vectors and tangent spaces. Later,
we define the differential as a linear map between tangent spaces. The references for this
section are Sections 8 and 11.2 of [4].

Let p be a point on a manifold M and consider all the set of pairs (f,U) where U is
a neighborhood of p and f : U — R is C*®. We say two pairs (f,U) and (g,V) are
equivalent if f and g agree on a neighborhood of p. This is an equivalence relation, so
we call an equivalence class [(f, U)] the germ of f at p. We denote the set of all germs of
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functions on M at p as C;°(M). Addition and multiplication of functions makes C3°(M)
into an algebra over R.

Definition 1.3.1. Let D : C;°(M) — R be an R-linear map. We say D is a derivation
at a point p if it satisfies the Leibniz rule

D(fg) = (Df)g(p) + f(p)(Dg)

The key concept in generalizing the notion of a tangent vector to abstract spaces such
as manifolds is thinking about tangent vectors as derivation. As it turns out, in R" the
tangent space at any point (which is identified with R" itself) is isomorphic to the vector
space of all derivations at that point (see Theorem 2.2 in [4]). This motivates the following
definition.

Definition 1.3.2. A tangent vector at a point p in a manifold M is a derivation at p.
The tangent vectors at p form a vector space called the tangent space of M at p, denoted
T,M.

Remark 1.3.3. Since the notion of germs is local, it is clear that, for any neighborhood
of a point p € M, C3°(U) is the same as C;°(M), hence T,U = T, M.

Example 1.3.4. Let (U, ¢) = (U, z',...,2") be a chart about a point p is a manifold M
and let 7!, ..., 7" be the standard coordinates in R™ such that z° = r? o ¢. Using the fact
that the partial derivatives on R" are derivation we can show that the partial derivative
0/0x" is tangent vector. If f and g are smooth functions on a neighborhood of p, by
Equation (1.2) we get

009 ) = 200 ) 5
= QU0 g0 6700 + (0 60 L0 (i)
= 2 w)o(w) + 1) 22 0).

which shows that the partial derivatives with respect to the coordinates are tangent vectors
at every point in their respective coordinate neighborhood.

For simplicity’s sake, when dealing with one dimensional manifolds, we will use ¢ as the
coordinate and use the notation d/dt instead of 0/0t.
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Definition 1.3.5. Let F': N — M be a C'"*° map between manifolds. We call differential
at p of F' the induced map F, : T,N — Ty, M defined by

(F(Xp))f = Xp(f o F)

for f € CI‘;‘EP)(M ) and X, € T,N. To make the dependence on p explicit we sometimes
write F, ,. Occasionally, we will use the alternative notation (dF),.

Proposition 1.3.6. If FF': N — M and G : M — P are smooth maps between manifolds
and p € N, then
(GoF)p=GCurp o Fp

Proof. Let X, € T,N and f be a smooth function at G(F(p)) € P, then

(G o F)u(Xp))f = Xp(f 0 Go F) = (Fu(Xp))(f 0 G)
= (GL(F(Xp))f = ((Guo F) (X)) f

]

Corollary 1.3.7. If F : N — M s a diffeomorphism and p € N, then F, : T,N —
TppyM is an isomorphism. In particular if two open sets U C R™ and V € R™ are
diffeomorphic, then n =m

Proof. For the proof see Corollaries 8.6 and 8.7 in [4]. O

The second claim, which takes the name of (smooth) invariance of dimension, finally
shows that the dimension of a manifold is well-defined.

As we already remarked earlier in this section, the tangent space at any point in R”
is identified with both the Euclidean space itself, making it finite dimensional, and the
derivations at that point (See Section 2 in [4]). This induces a basis on the tangent space
given by {9/0r'}"_|, where r', ... r™ are the standard coordinates on R™. Since the charts
of a manifold are local diffeomorphisms between the manifold and Euclidean space, their
differential provides a way to induce a basis on the tangent space.

Proposition 1.3.8. Let (U, ¢) = (U,z',....2") and (V,¢) = (V,y',...,y") be charts
about a point p in a manifold M, then:

0 0
& <8x2> COrt

(1)

#(p)
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(2) T,M has a basis given by

9 9
Ox! p"“ " Oxn »
Proof. See Propositions 8.8, 8.9, 8.10 in [4]. ]

Since the differential is a linear map between vector spaces, once we fix a basis on each
vector space, it can be represented by a matrix.

Proposition 1.3.9. Let F : N — M be a smooth map between manifolds and let
(U, z,....2") and (V,y',...,y") charts about p € N and F(p) respectively. Relative to
the bases {9/0x"} for T,N and {0/dy'} for TryM the differential F.p, : T,N — TpyM
is represented by the Jacobian matriz [OF"/dz7].

Proof. As a linear map, F} , is fully determined by how it acts on the basis, meaning it’s
determined the numbers aé given by

=0
Za"f j=1...,n.
(&N ) k=1 " oy* F(p)
Applying 3* to both sides yields
. =0 9] 9] : OF"
;=\ dio vi=F | 55| |vi=55] WoF)=5—;
J (; T Oyt F(p)> Ox7 |, O’ p( ) O’
where we used the fact that (9/0y*)(y') = §i. O

Definition 1.3.10. Let F': N — M be a C'*° map.

1. The map is said to be an immersion at p if I , is injective. Fis called an immersion
if it is an immersion at every point in N.

2. The map is said to be a submersion at p if F\ , is surjective. F'is called a submersion
if it is a submersion at every point in V.

Immersions (submersions) are charaterized by the property that, for an apporpriate choice
of charts, they locally look like inclusions (projections). These facts are known as the
immersion and submersion theorem respectively.

Theorem 1.3.11. Let N and M be manifolds of dimension n and m respectively.
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(1) Suppose f : N — M is an immersion at p € N. Then, there are charts (U, )
centered at p € N and (V,v) centered at f(p) € M such that

(Yofod H(r',....r")=(r',...,r™0,...0)

(2) Suppose f : N — M is a submersion at p € N. Then, there are charts (U, ®)
centered at p € N and (V, 1) centered at f(p) € M such that

(Yo fod )t ...rm ™ ) = (™)

Proof. See Section 11.2 in [4]. O

1.4 Vector fields

In this section we define the notion tangent bundle for a smooth manifold and define
smooth vector fields on manifolds. The main reference for this section are sections 12 and

14 of [4].

We now want to focus on the additional structure that is provided to a manifold M by the
union of all its tangent spaces. Consider their (disjoint) union which we call the tangent
bundle
T™ = | |T,M.
peEM

This construction comes equipped with a natural projection map n : T'"M — M given by
m(v) = pifv e T,M. To give a topology to the tangent bundle we can proceed as follows.
Consider a chart (U, ¢) = (U, z',...,2™) on M, by Remark 1.3.3 we have that

TU = | |T,Uu=||T,M.

peU peU

Since at any point p € U the tangent vectors {9/dz'}, are a basis for T,M, any v € T,M
can be expressed by a unique linear combination

0

v = g P —
— Ozt
T

Since the coefficients ¢! = ¢(v) depend in v they are functions on TU. If we let T* = 2’ o7
we can define ¢ : TU — ¢(U) x R™ by

v— (..., 7 M),
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which has an inverse

0

-
Gmp

(6(p),ct,...,c") — Zci

Since ¢ is a bijection we can transfer the topology from d(U) x R* € R?" to TU. With
this in mind, one can show (Lemma 12.1 in [4]) that the collection

B = U {A | Aopen in TU, , U, a coordinate open set in M}

is a suitable basis for a topology; therefore we give T'M the topology generated by ‘B.

It follows that T'M is both second countable and Hausdorff and that any C°° atlas
{(Ua, o)} for M induces an atlas for TM given by {(TU,, ¢o)} (as shown in section
12 of [4]). This makes T'M a differentiable manifold. For further details see Section 12 of
[4].

Definition 1.4.1. A wvector field X on a manifold M is a map that assigns a tangent
vector X,, € T,M to every point p € M. We say a vector field X is smooth if the map
X : M — TM is a smooth map between manifolds. We denote X(M) the set of all
smooth vector fields on M.

Vector fields can still act on functions just like tangent vectors, where, for any function f
on M, the operation is now defined pointwise

(XN)p) = X(p)f = Xp(f)

and it induces a function X f : M — R. Additionally, if we consider the projection map
m: TM — M, every vector field satisfies m o X = id,,.

Definition 1.4.2. Let M be a manifold. A frame for the tangent bundle T'M over an
open set U C M is a collection of vector fields Xi,...,X,, on M such that, for every
p € U, the tangent vectors X;(p),..., X, (p) form a basis for T,M.

The following proposition characterizes smooth vector fields.

Proposition 1.4.3. Let X be a vector field on a manifold M, then the following are
equivalent:

(1) The vector field X is smooth.

(2) The manifold M has an atlas such that, for any chart (U,x',... z") of the atlas,
the coefficients a' of X =Y a'0/0x" relative to the frame {0/0z'}, are all smooth
functions on M.

(3) On any chart (U,z',...,z™) on M the coefficients a' of X =>_a'd/dz" relative to
the frame {0/0x'}, are all smooth functions on M.
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(4) For every smooth function f on M, the function X f is smooth on M
Proof. For the proof see Propositions 14.2 and 14.3 of [4]. H

If we denote C*°(M) the ring of all smooth functions on M, since vector fields act pointwise
on functions, we can think of them as derivation on C*°(M). We define the Lie bracket
[X, Y] of two vector fields X and Y as follows

(XY, [ = (XY =Y, X)f

for any germ f of a smooth function at p. It can be shown that the Lie bracket satisfies
the Leibniz rule so that [X, Y] is vector field, which is also C* if X and Y are (see Section
14.4 of [4]). Therefore, the Lie bracket makes X(M) into a Lie algebra.

Definition 1.4.4. Let K be a field. A Lie algebra over K is a vector space V' endowed
with a product [-,-] : V' x V — V| called the bracket, satisfying the following properties
forall a,b € K and X,Y, Z €V

(1) (bilinearity)
[aX +b0Y,Z] = a[X,Z] +b[Y, Z]
[Z,aX +0Y]=a[Z, X]+b[Z,Y]

(2) (anticommutativity) [V, X] = —[X,Y]
(3) (Jacobi identity)
X1, 2] + Y, 12, X]) + [2,[X, Y]] = 0

A map between Lie algebras ¢ : V. — W is called a Lie algebra homomorphism if it is
linear and

o([v,w]) = [p(v), p(w)] Yo,w eV .

A Lie algebra isomorphism is a bijective Lie algebra homomorphism.

Definition 1.4.5. Let F': N — M be a smooth map between manifolds. A vector field
X on N is F-related to a vector field X on M if for all p e N

Fop(X,) = Xk, . (1.3)

Proposition 1.4.6. Let ' : N — M be a smooth map. If two smooth vector fields X
and Y on N are F-related to two smooth vector fields X and Y, respectively, on M, then
the Lie bracket [X,Y] on N is F-related to the Lie bracket [X,Y] on M.

Proof. For the proof see Proposition 14.17 in [4]. O
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1.5 Submanifolds

In this section we define both immersed and embedded submanifolds, state the implicit
function theorem on manifolds and discuss the relation between vector fields on subman-
ifold and on the ambient space. The references for this section are Section 1.6 and 2.7 of
[3] and Section 11.3 of [4].

Definition 1.5.1. Let N be a smooth manifold. An immersed submanifold of N is a pair
(M, ) where M is a smooth manifold and ¢ : M — N is an injective immersion. Two
submanifolds (M, p1) and (Ms, @) are said to be equivalent if there exists a diffeomor-
phism v : My} — M, such that ¢ = g 0.

Given an immersed submanifold (M, ¢) of a manifold N, consider the induced mapping ¢ :
M — @(M). Since ¢ is a bijection, ¢ (M) can inherit both a topology and a differentiable
structure from this mapping, thus making ¢ into a diffeomorphism. This implies that
(p(M),i), where i : ¢(M) — N is the natural inclusion, is an immersed submanifold of
N equivalent to (M, ¢). Therefore, up to equivalence, every immersed submanifold of N
can be assumed to be given by a subset paired with the corresponding natural inclusion
mapping.

We note that, the topology induced on ¢(M) by the mapping ¢ might not coincide with
the subset topology induced by N. In fact, when ¢(M) is given the subset topology, it
needs not to be a manifold at all (see Section 11.3 of [4]). To solve this issue, it is sufficient
to require that the mapping ¢ be open onto its image. This makes it so that the image
(M) remains homeomorphic to M under ¢ even when given the subset topology.

Definition 1.5.2. A smooth map ¢ : M — N is called an embedding if it is a one-to-one
immersion which is open onto its image. A submanifold (M, ¢) of a manifold N is called
an embedded submanifold if o : M — N is an embedding.

Definition 1.5.3. Let F': N — P be a smooth map between manifolds. We say that a
value ¢ € P is a critical value of F if F is not submersion for some p € F~!(c). We say
c € N is reqular value of F if it is not a critical value.

We remark that, in general, a regular value does not need to be the in the image of F.
The following is the manifold version of the implicit function theorem, also known as the
regular level set theorem.

Theorem 1.5.4. Let F': N — P be a smooth map between manifolds and let ¢ € P be

a reqular value of F such that M := F~(c) is non-empty. Then (M,1) is an embedded
submanifold of N of dimension dim(N) — dim(P), where i : M <— N is the natural
inclusion map. Furthermore, iy (T M) = ker(FL ,,) for every m € M.

Proof. See Corollary 1.8.3 in [3]. O
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To end this section we discuss how vector fields on submanifolds are related to vector
fields on the ambient space.

Definition 1.5.5. Let N be a manifold and (M, ¢) be an immersed submanifold of N.
We say that a vector field X € X(IV) is tangent to (M, @) if Xy € @u(TmM) for all
m € M

Proposition 1.5.6. Let N be a manifold and (M, ) be an immersed submanifold of N.
For every vector field X € X(N) which tangent to (M, p), there is a unique vector field
X on M which is ¢ related to X, i.e., p,0 X = X o .

Proof. See Proposition 2.7.16 in [3]. O

1.6 Smooth curves

In this section we define smooth curves and show how they can be used to compute the
differential of a map. The main reference for this section is Section 8 in [4].

We say a map c: (a,b) — M is a smooth curve in a manifold M if it is smooth map from
an open interval to M. We usually assume 0 € (a,b) and say that the curve starts at p if
¢(0) = p. We define the curve’s velocity vector c(ty) at time tg € (a,b) to be the tangent

vector given by
d
/ t = « e
¢lto) =c (dt

Alternative notations for the velocity vector are

> € Tc(to)M-

to

d d
—C(to) and —

dt at| <

to

To avoid confusions, in the case where ¢ : (a,b) — R, we denote the regular derivative
with respect to t with ¢(¢).

Proposition 1.6.1. Let ¢ : (a,b) — M be a smooth curve and let (U,z',... z") be a
chart about c(t). If we write ¢ = x' o c: (a,b) — R, then (t) is given by

(1) = 3 et)5—

)

c(t)
Proof. See Proposition 8.15 in [4]. O

Proposition 1.6.2. For any point p in a manifold M and any tangent vector X, € T,M
there are € > 0 and a smooth curve ¢ : (—€,€) = M such that ¢(0) = p and /(0) = X,.
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Proof. See Proposition 8.16 in [4]. O

Proposition 1.6.3. Let F': N — M be a smooth map between manifolds, p € N and
X, € T,N. If ¢ is a smooth curve starting at p with velocity X, at p, then F.(X,) is the
velocity vector of F oc at F(p), meaning that

d
F*ﬁp(Xp> - E

O(F oc)(t) .

Proof. By hypothesis, ¢(0) = p and ¢(0) = X,. Therefore,

do)'

F.p(X,) = F.,(¢(0)) = (F,, o cx,0) (%

Now, by the chain rule (Proposition 1.3.6), we have

d >_i
o) di

Fop(Xp) = (Foc)o (E (Foc)(t).
1.7 Integral curves and flows

0

In this section we define integral curves of vector fields, discuss their existence and unique-
ness and show how they induce a map known as flow. The main reference for this section
is Section 3.2 of [3].

Definition 1.7.1. Let M be a manifold and let X € X(M). We say a smooth curve
c: I — M is an integral curve of X if
Cl(t) = Xc(t) forallt e I. (14)

We say an integral curve is mazimal if it doesn’t admit an extension and we say it is
complete if I = R. A vector field is called complete if its maximal integral curve is
complete.

In local coordinates (U, ¢) = (U, x!, ..., 2"), where the vector field is given by

Xp = a (p) 8ZL'Z

i=1
if we call q(t) = ¢ o c(t) and ¢'(t) = ' o ¢(t), Equation (1.4) becomes
i(t)=(a' o N(q(t)) i=1,...,n.

Since this is system of first order differential equations with smooth coefficients a unique
solution is guaranteed. This leads to the following result.

)
p
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Proposition 1.7.2. Let M be a manifold and let X € X(M). For every m € M there
exists a unique mazximal integral curve Yo, : I, — M of X starting at p, i.e. 7,(0) = p.

Proof. For the proof see Theorem 3.2.3 in [3]. m

Definition 1.7.3. Let D be an open neighborhood of {0} x M in R x M and let ® :
D — M be a smooth map. Denote

Dp={teR|(t,m)eD} , Dy={me M| (t,m) € D}
and let ®,, : D,, =& M and ®; : D, — M denote the induced mappings
O(t,m) = Py(m) = Dy, (1) .
We say ® is a (smooth) flow on M is the following hold:
(1) &y =1idy
(2) if (s,m) € D and (t, Ps(m)) € D, then (s +t,m) and Oy(Ps(m)) = Pspr(m).
(3) D,, is an open interval for every m € M.
(4) ®4(Dy) C D, for all t € R.

A flow is said to be mazimal if it doesn’t admit an extension which is itself a flow. It is
called complete if D =R x M.

For a given vector field X, if we consider all the maximal integral curves {,, : I, = M}, .\,
of X through each m € M, we can form the subset

DY = | J In x {m} (1.5)

and define the mapping
X DY —» M, ¥ (t,m) = yn(t) . (1.6)

Proposition 1.7.4. The assignment defined by Equations (1.5) and (1.6) defines a bijec-
tion between vector fields and mazimal flows on M. Complete vector fields correspond to
complete flows.

Proof. See Proposition 3.2.6 in [3]. O

We refer to the map defined by Equation (1.6) as the flow of the vector field X. If the
corresponding vector field is unambiguous we will simply write ® : D — M.
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Proposition 1.7.5. Let M be a manifold, X € X(M) and ®* : DX — M be its flow,
then:

(1) For everyt € R such that DX # @, ®, is a diffeomorphism from DX onto DX, with
verse ®_,.

(2) For every t € R and every s € (0,t) we have DX C DX and ®,(DX) C DX ..
(3) If ® is complete, then 50 &y = gy for all s,t € R.
(4) For s € R let ®*X : DX — M be the flow of sX, then, for allt € R,

@fX — nDX

sX _ /X
st (I)t _(I)st’

Additionally, if N is another manifold, ¢ : M — N is a smooth map, Y € X(N) and
t € R, we have

(5) If X andY are p-related, then p(DX) C DY and &) o Plpx = o X

(6) If ¢ is a diffeomorphism, then o(DX) = DY and &F* = po dX o (@71)|D<tp*X.

Proof. For the proof see Propositions 3.2.10 and 3.2.13 in [3]. O

1.8 k-covectors and wedge product

In this section we briefly go over the properties of k-covectors and their wedge product
over arbitrary vector spaces. The main reference for this section is Section 3 of [4].

We denote V¥ =V x ... x V the Cartesian product of k-copies of a real vector space V.
We say a function f : V¥ — R is k-linear if it is linear is each of its k& arguments:

fG..;av+bw,...)=af(...;v,...)+bf(...,w,...)

for all a,b € R and v,w € V.

Definition 1.8.1. Let V be a real vector space and let S; denote the group of per-
mutations of the set {1,...,k}. We say a k-linear function f : V¥ — R is alternating
if

F(Woq1), -+ Vo)) = sgn(o) f(v1, ..., vp)
for all permutations o € Si. Such a function is also called a k-covector. The vector space
of k-covectors is denoted Ax(V). If kK = 1 we simply talk about a covector.

In this context, the space Ay(V') will be the space of constant functions, therefore Ag(V) =
R, meanwhile the space A;(V') is the space of linear functions over V' and coincides with
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the dual space of V', which we denote V*.
We now want to define a product of alternating functions, such that the resulting function
is alternating as well. This motivates the following definition.

Definition 1.8.2. Let f € Ai(V) and g € A(V), we define their wedge product, also
called exterior product, to be the (k + [)-covector f A g such that

1
(fAg) (v, vppr) = W Z (SgH(U))f(Ua(lw . 7Ua(k)>g<va(k+1)7 . ,Ua(k+l)) .

0ESk41
For the proof that f A g is actually alternating see Section 3.7 of [4].
Proposition 1.8.3. Let V' be a real vector space and f € A(V), g € A(V) and h €
A, (V), then:
(1) The wedge product is anticommutative

fAg=(E=DMgnf.
(2) If k is odd f N f = 0.
(3) The wedge product is associative
(fAgANh=FfN(gNh).
Proof. For the proofs see Proposition 3.21, Corollary 3.23 and Proposition 3.25 of [4]. O

We will now construct a basis for A,(V). Let ey, ..., e, be a basis for V and let a?, ..., a"

be a basis for V*. We introduce the multi-index notation
I: (Zl,,Zk)

and write e; = (ej,...,¢€;,) and al = o™ A--- Ao, Tt is clear that an alternating
k-linear function is fully determined by its values on (e;,,...,e;, ), where the i; are in
strictly ascending order, meaning 1 < iy < --- < i < n. We denote the set of all such
strictly ascending multi-indices as Jj .

Proposition 1.8.4. Let V be a real vector space and let o, ..., a" be a basis for V*. The
alternating k-covectors ol , with I strictly ascending multi-index, form a basis for Ax(V).

Proof. See Proposition 3.29 in [4]. O

It follows that A (V') has dimension (Z), as this are is number of possible distinct strictly
ascending multi-indices of length k for i; € {1,...,n}. If £ > n then A, (V) is the trivial
vector space, as every element of the basis o A - -+ A o' will have a repeating covector in
the wedge product, making each of the basis vector null via the associativity of the wedge

product and Proposition 1.8.3/2.
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1.9 Cotangent space and k-forms

In this section we restrict ourselves to the studying k-covectors over the tangent spaces of
a manifold. We define differential k-forms, the differential of functions on a manifold and
and the cotangent bundle. Finally, we give some criteria to determine the smoothness of
a k-form. The main reference for this section is Chapter 5 of [4].

Let M be a smooth manifold and p € M. The cotangent space of M at p, denoted T M,
is defined to be the dual of tangent space T,M, i.e. TyM = (T,M)*.

An element of the cotangent space Ty M is called a covector at p, which is a linear function
wy : TyM — R. A covector field, or differential 1-form, or simply a 1-form, is a function
w that assigns a covector w, at p to each point p € M. A particular important case of
1-form is the differential of a function.

Definition 1.9.1. If f is a smooth function on a manifold M, its differential is defined
to be the 1-form df on M such that for any p € M and X, € T,M

(df)p(Xp) =Xpf .

Using the differential we can induce a basis on T M.

Proposition 1.9.2. Let (U, ¢) = (U,a',...,2"). At eachp € U, the covectors {(dz"),}
form a basis for Ty M, dual to the basis d/dzt,...,0/0z" for T,M.

i 0 ox’ ;

the covectors {(dxz"),};_, form a basis for T M. O

n
i=1

Proof. Since

Given the result above, for every 1-form w on U there exists n functions a’ : U — R such
that w can be written as a linear combination

n
w= E a; dz’ .
i=1

Given the collection of all cotangent spaces of M, we can construct a set called the
cotangent bundle T*M given by

"M = | | ;M .

peEM

This set turns out to be a manifold whose construction is analogous to the tangent bun-
dle’s. Without going into details (for a more in depth analysis see Section 17.3 of [4]) we
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remark the cotangent bundle admits a natural projection map 7 : T*M — M and that any
chart (U, ¢) = (U, x', ..., 2") for M induces a chart for TM given by ¢ : T*U — ¢(U) x R™

Qg(a) =(pomcy,...,cn)()

where ¢y, ..., ¢, are the coefficient functions of the expansion of « in the basis (dz'),, ...,
(dx™), for p € U. These maps are bijections and 7*M has the topology induced by them
from ¢(U) x R™.

Since for any vector space Ai(V) = V* we actually have TyM = A,(T,M). We can
expand this construction and consider the space of all k-covectors on a tangent space
Aw(T,M). The union of this vector spaces as p € M varies forms a manifold A" T*M (for
further details see Subsection 18.3 in [4]). We talk about k-covector field, or k-form, for
a map that assigns a k-covector w, to each point p € M.

Definition 1.9.3. Let M be a manifold. A frame for /\k T*M over an open set U C M
is a collection of k-forms wy,...,w, on M such that, for every p € U, the k-covectors
wi(p),...,wn(p) form a basis for Ax(T,M).

Remark 1.9.4. Consider a chart (U.z!,... 2") for a manifold M. Since by Proposi-
tion 1.9.2 the covectors (dz'),, ..., (dz"), for a basis for T*M for all p € U, by Proposi-
tion 1.8.4 every k-form on U can be written as a linear combination

w = E ardz! |
i

where the I are strictly ascending multi-indices and a; : U — R. Therefore, the k-forms
{dxf}leﬁk form a frame for A" T*M over U.

If wis a k-form on a manifold M and Xi,..., X, are vector fields on M, we can define a
function w(Xj, ..., Xx) by
wW(X1, .o, Xe)(P) = wp((X1)ps -+ s (Xi)p) - (1.7)

Proposition 1.9.5. Let w be a k-form on a manifold. For any vector fields X, ..., Xi
and any function h : M — R,

w(Xy, ..., h X, o0, Xk) = hw(Xq, .0, X5) -
Proof. By definition of the function w(Xy, ..., Xj) and the fact that w, is multilinear, the
following holds for all p € M
WXty B X X)) = wp(X0), o AD) (X, (X))
= h(p)wp((X1), - -5 (Xi)ps -+ (Xi)p)
= (hw(X1, ..., X5 ..., Xp))(p) -
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We say that a k-form is smooth if it is C*° as a map between manifolds w : M — /\k T"M.
The set of all smooth k-forms on a manifold M is denoted QF(M).

Proposition 1.9.6. Let w be a k-form on a manifold M, then the following are equivalent:
(1) The k-form w is smooth on M
(2) The manifold has an atlas such that on every chart (U,¢) = (U,z',... z") in the

atlas, the coefficients ar of the w =Y, a;dx’, relative to the frame {dlj}IEﬁk , are
all O, ’

(3) On every chart (U,¢) = (U,z',...,2™) on M, the coefficients a; of the expansion
w =Y, ardz’, relative to the frame {dxf}lejk , are all O

(4) For any k wvector fields Xy, ..., Xy € X(M), the function w(Xy,...,Xy) is C™ on
M.

Proof. See Proposition 18.7 in [4]. O

We can extend the wedge product between a k-covector and an [-covector to forms by
defining it pointwise. If w is a k-form and 7 is an [-form, we define the (k + [)-form w A 7
by

(WAT)(P) =wpy ATy .

Proposition 1.9.7. If w and 7 are C*° forms on M, then w A T is also C*°.

Proof. See Proposition 18.10 in [4]. O

1.10 Exterior and Lie derivatives

In this section we define and briefly characterize some of the main operations involving
k-forms: the exterior derivative, the interior product and the Lie derivative. The main
reference for this section are Sections 19 and 20 of [4].

Definition 1.10.1. Let w be a smooth k-form on a manifold M and let (U, z!, ..., 2") be
a chart about p € M. Suppose w = >, asdz! on U. We say that the exterior derivative
dyw of won U is the (k + 1)-form

dw:dUw:Zdal/\d:cl.
I
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This construction is such that, for every point p € M, (dw), turns out to be independent
of the choice of chart (see Section 19.3 in [4]). Thus, as the point varies the exterior
derivative defines a map d : QF(M) — QFFL(M).

Proposition 1.10.2. The exterior derivative satisfying the following:

(1) It is an antiderivation, meaning that if w € Q*(M) and T € Q(M), then

dwAT) = (dw) AT+ (=1)*w A (d7) .

(2) dod=0.
(3) If f € C®(M) and X € X(M), then (df)(X) = Xf.

Proof. See Sections 19.1-19.4 of [4]. O

Consider a smooth map between manifolds F': N — M and a k-form w on M. Using the
differential F ), : T,N — Tr(yM we can naturally induce a k-covector at p in N given by

(F*w)p(vlv SR 7Uk) = wF(p)(F*,p(Ul)a s 7F*,p(vn>> y Ui € TpN .

As p € N varies this gives a k-form F*w on N called the pullback of w by F.

Proposition 1.10.3. Let F : N — M be a smooth map of manifolds. The pullback by F
satisfies the following properties:

(1) If w and 7 are k-forms and a,b € R, then
F*(aw+b1) = aF*w + bF*T .

(2) If wis a k-form and T is a l-form, then

Fr(wAT)=(F'w) A (F'1) .

(3) If w is a smooth k-form on M, then F*w is a smooth k-form on N.
(4) If w € QF(M), then F*(dw) = d(F*w).

Proof. See Propositions 18.9, 18.11, 19.5, 19.7 in [4]. ]

Definition 1.10.4. Let V' be a real vector space, § € Ai(V) with £k > 2 and v € V.
The interior multiplication or contraction of f with v is the (k — 1)-covector ¢,[3, or v,
defined by

(UJﬁ)<v27 st 7Uk) = (LUB)(U27 s )Uk> = 6(U’U27 s 7vk) :
We define ¢, = f(v) € Rif k =1 and ¢, = 0 if k=0.
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Interior multiplication on a manifold is defined pointwise, where for any k-form w and
vector field on M, the (k—1)-form txw is defined by (1xw), = tx,w,. If X and w are both
C°, then by Proposition 1.9.6/4 so is txw, since for any smooth vector fields Xs, ..., X,
the function txw(Xs,..., X;) = w(X1, Xs,..., X)) is smooth. Due to the alternating
nature of k-forms, it is obvious that tx o tx = 0 for every vector field X.

A collection of k-forms {w;} is said to be a one-parameter family if t runs over a subset of
R. Let ¢t € I, where [ is an open interval in R, M be a manifold and {w;} be a 1-parameter
family of smooth k-forms on M. We say {w;} depends smoothly on t if every point in
M has a coordinate neighborhood (U, x!,...,2") where the expansion coefficients a! of
wy, relative to frame {dmI } I3, Are smooth functions on I x U. Such a family is also

called a smooth family of k-forms on M. If we consider a smooth family {w;},., and chart
(U,a',...,a") such that (w), = > ;5 bi(t,p)(da’), for (t,p) € I x U, we can define
the derivative with respect to t to be

(E towt> = Z W(t,p)dz lp -
p

I
The construction is independent of the choice of chart (See Section 20.1 of [4]).

Definition 1.10.5. Let M be a manifold, X € X(M), and w € QF(M). If we let
®:D — M, with D C R x M, denote the flow of X then we can define the Lie derivative
Lxw at p to be

wa:—

0

The definition is well-posed since the smoothness of the flow makes it so that ®jw depends
smoothly on t.

Theorem 1.10.6. Let X be a smooth vector field on a manifold M.
(1) The Lie derivative Lxw of a smooth k-form w is a smooth k-form.

(2) The Lie derivative Lx is R-linear and if w € QF(M) and 7 € QY(M), then

Lx(wANAT)=(Lxw)AT+wA (LxT).

(3) Lx =dix + txd and Lx commutes with the exterior derivative d.

Proof. See Theorem 20.10 in [4]. O



Chapter 2

Elements of Lie theory

In this chapter we state the main results of the theory of Lie groups and Lie algebras
needed for our future discussion of symmetries in Hamiltonian systems. For this purpose
we define a Lie group and show its tangent space at the identify has a natural Lie algebra
structure, which defines the Lie algebra associated with the Lie group. Later, we show
how every left-invariant vector field on a Lie group induces a one-parameter subgroup and
define the exponential mapping of a Lie group. Finally, we briefly discuss representations
and actions of Lie groups and Lie algebras respectively and introduce the notion of Killing
vector fields. The main references for this chapter are [3], [4] and [5].

2.1 Lie groups and Lie algebras

In this section we introduce Lie groups and define their associated Lie algebras by en-
dowing the tangent space at the identity with a Lie bracket. The main references for this
section are Chapter 5 of [3], Chapter 4 of [4] and Section 9.2 of [5].

Definition 2.1.1. A Lie group is a group G with manifold structure such that the group
operations, multiplication

pw:GxG— G, ula,b)=ab

and inverse
LG =G, g =g,

are C°. A map F' : G — H between Lie groups is a Lie group homomorphism if it is
both C"* and a group homomorphism.

We briefly mention the following result which gives a way to get Lie groups out of abstract
subgroups of a given Lie group.

28
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Theorem 2.1.2. Let H be a closed (in the topological sense) subgroup of a Lie group G.
Then, H admits a differentiable structure that makes it into a Lie group.

Proof. See Theorem 5.6.8 in [3]. O

Example 2.1.3. In Example 1.2.7 we showed that GL(n,R) is a manifold and that both
the multiplication and inversion maps are smooth. It follows that GL(n,R) is a Lie group.

We denote the left multiplication by an element ¢, : G — G, {;(a) = ga. This is a smooth
map for every g € G and has a smooth inverse {,-1, therefore /; is a diffeomorphisms of
G onto itself. This map also satisfies

ga o gb = gab . (21)

Similar facts hold for the right multiplication map r, : G — G, r4(a) = ag.

Definition 2.1.4. A vector field X on a Lie group G is called left-invariant if £, X = X
for all @ € G. The vector space of all left-invariant vector field on G is called L(G).

It can be shown that every left-invariant vector field is also smooth (see Proposition 16.8
in [4]). By Proposition 1.4.6, since every left-invariant vector field is ¢, related to itself
for all g € G, the bracket of two left-invariant vector fields is left-invariant. This makes
L(G) into a Lie subalgebra of X(G). We now define the mapping

():T.G = L(G), A, =1(,A. (2.2)

This map actually induces an isomorphism between the tangent space at the identity
and the left-invariant vector fields, where the inverse is given by the evaluation of the
vector field at the identity. Under this isomorphism, we can induce a bracket [-, -] on T.G
as follows. Given A, B € T.G we map them to their corresponding left-invariant vector
fields A and B and take their Lie bracket [A, B] = AB — BA. We can evaluate this vector
field at the identity to map the bracket back to T.G. Thus, we define the Lie bracket
[A, B] € T.G to be

[A,B] = [A, B]. . (2.3)

Proposition 2.1.5. If A,B € T.G and A,B € L(G) are the left-invariant vector fields
they generate, then o
[A, B] = [A, B]" .

Proof. Since () and (), are inverse operations we apply ( ) to both sides of Equation (2.3)
[4,B]” = ([4,B].)” =[A B].
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With this bracket [-, -], the tangent space T,G forms a Lie algebra which we call Lie algebra
of the Lie group G and denote g. The proposition above also shows tha the isomorphism
( ):T.G — L(G) is a Lie algebra isomorphism letting us identify g with L(G).

Example 2.1.6 (SO(3) as a Lie group). Consider the matrix group
O(n) = {A € GL(n,R) | AA" =1} .

Using the manifold version of the implicit function theorem (Theorem 1.5.4) one can show
that this is a manifold of dimension (n? — n)/2 with differentiable structure compatible
with the group structure, making O(n) into a Lie group (see Example 15.7 in [4]). We
now compute its Lie algebra which we call o(n). We remark that, since O(n) is contained
in Euclidean space, its tangent vector, in particular its Lie algebra, can also be identified
with matrices. Consider a curve ¢(t) in O(n) such that ¢(0) = 1 and ¢(0) = X € o(n).
Since the curve is in O(n) we have

which we can differentiate with respect to ¢ and get the condition

dt)e(t) +e(t)'d(t)=0.

Evaluating this at ¢ = 0 yields
X+X"=0.

Since such a curve exists for every X € o(n), we get that o(n) is a vector space of dimension
(n*—n) /2 contained in the vector space of skew-symmetric nxn matrices, which we denote
K,. Since dim(K,,) = (n?—n)/2 we get that o(n) = K,,. Under the identification between
matrices and tangent vectors, the bracket is precisely the commutator of matrices (see
Proposition 16.11 in [4]).

We now consider SO(n) = {A € O(n) | det(A) = 1}. It can be shown (see Proposition
9.2.5 in [5]) that SO(n) is a compact Lie group, which is the connected component of
O(n) containing the identity, and that its Lie algebra, which we denote so(n), coincides
with o(n). In particular, the Lie algebra so(3) may be identified with R?, which becomes
a Lie algebra with bracket given by the cross product. Consider the isomorphism

0 —z* z?
0:R*—>s50(3), x—ex)=|22 0 -—a. (2.4)
-2 2t 0

This actually satisfies p(x)y = x Xy, which can used to show that p(xxy) = [p(x), p(y)]
(see Section 9.2 in [5]). Thus, ¢ is a Lie algebra isomorphism.
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2.2 The exponential mapping

In this section we discuss the completeness of left-invariant vector fields, define the ex-
ponential mapping of a Lie group and state how it relates to Lie group homomorphisms.
The main reference for this section is Section 5.3 of [3].

Proposition 2.2.1. Every left-invariant vector field on a Lie group is complete

Proof. See Proposition 5.3.1 in [3]. O

Remark 2.2.2. Let X € L(G) and let ® be its flow. By Proposition 1.7.5/6 and left
invariance we get

D5 4(1) = (B0 @)(1) = (Ps 0 Lo, (1)) (1) = (Lo, () © D) (1) = (1) P (1) ,

meaning that the flow of a left-invariant vector field induces an homomorphism between
R and G, also called a one-parameter subgroup of G.

Definition 2.2.3. The exponential mapping of a Lie group G is defined by
exp: L(G) = G, exp(X)=® (1),

where X is the flow of X. If the Lie group is ambiguous we will write exp,.

Remark 2.2.4. We can use the properties of the flow to characterize the exponential
mapping.
1. Since the null vector field X = 0 has the trivial low ®) = 1 for all ¢ € R, we get

exp(0) =1

2. If X € L(G) and consider the map t — exp(tX). By the scaling property of flows,
Proposition 1.7.5/4, for all ¢t € R we have

exp(tX) = (1) ,

meaning that the map ¢t — exp(tX) yields the maximal integral curve of X through
the identity. Since by Remark 2.2.2 the flow of a left-invariant vector field is a group
homomorphism, we also get

exp((s +1)X) = exp(sX)exp(tX), exp(—tX) = (exp(X))™".

The following proposition is an important result in the theory of Lie groups and Lie
algebras.
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Proposition 2.2.5. Let G and H be Lie groups and let g, expy and b, expy denote
their associated Lie algebras and exponential mappings. Let o : G — H be a Lie group
homomorphism, then

(1) The differential at the identify of v, (dp). : g — b, is a Lie algebra homomorphism.

(2) We have the following commutative diagram

(de)e b
expg leIpH (2:5)
G— s H
Proof. See Propositions 5.2.13 and 5.3.6 in [3]. O

2.3 Representations and actions

In this section we define representations of Lie groups and Lie algebras. In particular we
define the adjoint and coadjoint representations of a Lie group and its Lie algebra. Later
we define actions of Lie groups and Lie algebras, define Killing vector fields and show how
they can be used to induce a Lie algebra action starting from a Lie group action. The
main reference for this section are Chapters 5 and 6 of [3].

Definition 2.3.1. Let V' be a finite dimensional real vector space, let G' a Lie group and
let gl(V') be the Lie algebra of GL(V).

(1) A representation of G on V is a Lie group homomorphism ¢ : G — GL(V).
(2) A representation of g on V is a Lie algebra homomorphism ¢ : g — gl(V)

Every Lie groups G and its Lie algebra g admit representations on g. Consider the
conjugation map of the Lie group ¢, = ¢, o r,—1. Since this is a diffeomorphism of G
onto itself, its differential at the identity dc, = ¢4+ : g — ¢ is a linear automorphism,
de, € GL(g). As a € G varies we get a mapping

Ad: G — GL(g), Ad(a) =dc, .

This is a group homomorphism which can be shown to be smooth, making it into a Lie
group homomorphism (see Section 5.4 in [3]), making Ad into a representation of G on g.
The natural representation of every Lie algebra onto itself is given by

ad:g—gllg), ad(X)Y =[X,Y]|forallY €g.
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The Jacobi identify implies ad([X,Y]) = [ad(X),ad(Y")], hence this is a Lie algebra ho-
momorphism and a representation.

Definition 2.3.2. The representations Ad and ad are called the adjoint representations
of G and g respectively.

Definition 2.3.3. Let G be Lie group and g its Lie algebra. We call coadjoint represen-
tations of G and g, and denote Ad" and ad”, the representations of G and g on g* defined
by

1. (Ad*(a)¢,Y) = (£, Ad(a"1)(Y)) foralla e G,Y € gand € € g*.
2. (ad"(X)&,Y) = —(&,ad(X)(Y)) = —(£, [X,Y]) forall X,Y € gand € € g*.

Definition 2.3.4. An action of a Lie group G on a manifold M is a smooth mapping
VU :G x M — M, such that the induced mapping

V,:M— M, V,(m)=V(a,m),

satisfies ¥, = idy; and either ¥, oW, = ¥, or ¥, oV, = U,,. In the first case ¥ is called
a left action while it is called a right action in the second case. The triple (M, G, V) is
referred to as a Lie group action and the pair (M, W) is called a G-manifold.

A morphism of Lie group actions (My, Gy, U1) and (Mo, G, ¥2) (both left or right) consists
of a smooth map ¢ : M; — M, and a Lie group homomorphism p : G; — G5 such that

oWl =020 (px ).

If Gy = G5 and p is the identical mapping ¢ is called equivariant or morphism of G-
manifolds.

Example 2.3.5. Every representation ¢ : G — GL(V') of G on a finite dimensional vector
space V' defines a left action of G on V by ¥(a,v) = ¢(a)v for all a € G and v € V. In
particular the adjoint and coadjoint representations of G' induce actions on g, called the
adjoint and coadjoint action respectively.

We recall that a map between locally compact Hausdorff spaces is called proper if it is
continuous and the preimages of compact sets are compact.

Definition 2.3.6. Let (M, G, V) be a Lie group left action.

1. Two point my,my € M are said to be conjugate my = W,(m;) for some a € G.
This forms an equivalence relation on M whose equivalence classes are called the
orbits of G under W. The orbit thorugh a given point m is denoted G - m. The set
of equivalence classes, equipped with the quotient topology, is called orbit space of
(M,G, V) and denoted M/G.

2. For m € M, the subgroup G,, = {a € G : ¥,(m) = m} is called the stabilizer of m.
The action is said to be free is all stabilizers are equal to {1}.
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3. (M,G,V) is called a proper Lie group action if the following mapping is proper

Vet : GX M — M x M, Vey(a,m) = (g(m),m) .

Proposition 2.3.7. The orbit space M/G of a free proper Lie group action (M,G, V)
admits a unique smooth structure such that the natural projection © : M — M/G is a
submersion.

Proof. For the proof see Corollary 6.5.1 in [3]. O
Let (M,G, V) be a Lie group action and let g be the Lie algebra of G. For A € g, we have

\Ijexp(tA) o \Ilexp(sA) = ‘Pexp(tA)exp(sA) = \Dexp((s—i-t)A) .

Therefore, the assignment (m,t) — Wexpta)om) defines a one parameter group of diffeo-
morphism, which is a complete flow.

Definition 2.3.8. Let (M, G, V) be a Lie group action and let g be the Lie algebra of G.
The vector field A, on M is said to be the Killing vector field generated by A € g if it
corresponds to the flow Weypia).

The Killing vector field field’s value at a point m € M may be expressed as

d d
ol W ==
it | p(ea) (M) = —

(A)m = Ui (exp(tA)) = (Vm)«(A) -

0
Killing vector fields have the following properties.
Proposition 2.3.9. Let (M, G, V) be a Lie group action.

(1) For every a € G there holds V.. A, = (Ad(a)A). if U is a left action and V., A, =
(Ad(aY)A), if U is a right action.

(2) The mapping g — X(M) given by A — A, is an antihomomorphism of Lie algebras
if U is a left action and a homomorphism is ¥ is a right-action.

(3) Let (M;,G;,¥"), i = 1,2, be Lie group actions and let ¢ : My — Ms, p: G1 — Go
define a morphism between them. Then, the Killing vector field on M generated
by an element A in the Lie algebra of Gy is p-related to the Killing vector field
generated by dp(A) (where dp denotes the differential at the identity).

(4) Let (M;,¥%), i = 1,2, be G-manifolds and let p : M; — Mo be equivariant. For
every A € g, the Killing vector fields AMi generated by A are p-related.

Proof. See Propositions 6.2.2 and 6.24 in [3]. O
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Definition 2.3.10.

1. An action of a Lie algebra g on a manifold M is a mapping ¢ : g — X(M) which
is either an antihomomorphism or an homomorphism of Lie algebras. In the first
case 1) is called a left action and in the second it is called a right action. The triple
(M, g, V) is referred to as a Lie algebra action and the pair (M, ¥) as a g-manifold.

2. A morphism of Lie algebra actions (M;, g;,;), i = 1,2, consists of a smooth map-
ping ¢ : M; — M, and a Lie algebra homomorphism p : gy — g2 such that the
vector fields ¢1(A) and ¥9(0(A)) are p-realted for all A € g;. If g = go = g and

o= 1, ¢ is called equivariant or a morphism of g-manifolds.
By Proposition 2.3.9 we get the following Corollary.
Corollary 2.3.11.

(1) The assignment of Killing vector fields, A — A, of a left or right Lie group action
(M, G, V) induces a left or right action, respectively, of the Lie algebra of G, g, on
M.

(2) If (¢, p) is a morphism of Lie group actions, then (p,dp) is a morphism of the
corresponding Lie algebra actions. If ¢ is a morphism of G-manifolds, it is also a
morphism of the corresponding g-manifolds.



Chapter 3

Symplectic geometry

In this chapter we introduce the main concepts of symplectic geometry. For this reason,
we first start by talking about symplectic vector spaces, which are to symplectic manifolds
what regular Euclidean space is to differentiable manifolds. We then focus on symplectic
manifolds, show how the symplectic structure induces Hamiltonian vector fields and the
Poisson bracket and provide an important example of a symplectic manifold: the cotan-
gent bundle. Finally, we study symmetries by defining momentum maps and proving the
regular symplectic reduction theorem. The main reference for this chapter are [3] and [6].

3.1 Symplectic linear algebra

In this section we introduce symplectic vector spaces. These are even dimensional vector
spaces equipped with an antisymmetric, non-degenerate bilinear form. The main reference
for this section is Chapter 7 of [3].

Let V a finite-dimensional vector space over R and consider an antisymmetric bilinear
form w € Ay(V'). This map induces the linear mapping

WV SV (W), u) = (w)(u) = w(v,u), Yo,ueV .
We define the kernel and the rank of w to be the kernel and rank of w”, respectively, and
say that w is non-degenerate if w’ is an isomorphism. If w’ is an isomorphism we denote

its inverse by w.
For a subspace W C V', we define the w-orthogonal subspace

We={veV :whww) =0 forallw € W}

36
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Remark 3.1.1. By Proposition 1.8.4, if we let {¢;} and denote a basis in V' and e* be
its dual basis in V*, then

w= ; %wije*i Aed | Wle) = wie? | rank(w) = rank(w;;) ,
where w;; = w(e;, ;). If we let w be non-degenerate it follows that rank(w) = dim(V') is
even. To show this let dim(V') = n, then

det(w;;) = det(—w;;) = (—1)"det(wj;) = (—1)"det(w;;) -
Since we assumed w to be non-degenerate, det(w;;) # 0. It follows that n is even.

The following theorem characterizes antisymmetric bilinear form by a procedure akin to
the Gram-Schmidt process.

Theorem 3.1.2. For every antisymmetric bilinear form w on a finite dimensional real
vector space V' there exists an ordered basis {e;} in'V and an n € N such that

n

w = Z e A et ,

i=1

that is, the matriz of coefficients of w, w;;, has the form

Jn 0
Wij = 0 ol

0 1,
I = .
-1, O
Proof. Let Vo = V. If w is zero on Vj, any basis of V will yield the desired result.
Otherwise, there exist v; and u; in V' such that w(vy,u;) = 1. By bilinearity both vectors
are non zero, meanwhile, by antisymmetry, v; and u; are not parallel; therefore they are

linearly independent. Consider now FE, the vector space given by their span. We claim
that

where J, is given by

E\NEY =0, E+E=V,.

To show the first equation consider a vector v € £y N EY. This can be decomposed as
v = vy + Suy but, since v € E¥, we have a = w(v,u;) = 0 and § = —w(v,v;) = 0. For
the second equation we consider v € Vj and write

v = (w(v,u1)vr — w(v,v1)ur) + (v — w(v, ur)vr + w(v, v1)u) .
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Since the second term is in EY, the second equation follows.

We now replace Vj by Vi = EY and iterate the process until we arrive at a, possibly trivial,
subspace V,, C V' on which w vanishes. This process yields 2n linearly independent vectors
€1 =1, €i1n = Ui, 1 = 1,...,n that satisfy

w(ei, ;) = w(€itn,€jtn) =0, wle,ejpn) =0, foralli,j=1,...,n.

If V}, is trivial these 2n vectors form the desired basis in V. If V,, # {0}, we can choose a
basis {62n+1, - ,edim(v)} in V,, and take {61, el edim(v)} to be the basis in V with the
desired properties. O

Definition 3.1.3.

(1) A symplectic vector space is a pair (V,w) consisting of a real vector space V and
antisymmetric non-degenerate bilinear form w. A basis in V' for which w has the
canonical form of Theorem 3.1.2 is called symplectic or canonical.

(2) Let (Vi,wy) and (Va,ws) be two symplectic vector spaces. A linear map f : V; —
V5 is called symplectic if f*ws = wi. A bijective symplectic mapping is called a
symplectomorphism.

We note that the inverse of a symplectic map is also symplectic, making symplectomor-
phisms the isomorphisms corresponding to the morphisms of symplectic vector spaces
given by symplectic mappings.

Example 3.1.4. Let V = R?". When equipped the bilinear form wy(u,v) = ul.J,v,
(R?" wy) clearly defines a symplectic vector space where the standard basis is symplectic.
We call J,, the standard symplectic matriz of R*™ and the pair (R®",wp) the canonical
symplectic vector space in dimension 2n.

From this example, we get an immediate corollary of Theorem 3.1.2.

Corollary 3.1.5. Let (V,w) be a symplectic vector space of dimension 2n. FEvery sym-

plectic basis of V' defines a symplectomorphism onto the canonical symplectic vector space
(RQTL, wo) .

We now focus our attention to the properties of a particular kind of subspace of a sym-
plectic vector space.

Definition 3.1.6. A subspace W of a symplectic vector space (V,w) is called Lagrangian
if W=we.

It can be shown (see Proposition 7.2.6 in [3]) that every Lagrangian subspace admits
a Lagrangian complement, i.e. for every Lagrangian subspace W C V there exists a
subspace W’ C V that is also Lagrangian and such that V =W & W',
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It turns out that, given a vector space W, the vector space V.= W @& W* has a symplectic
structure given by the form

o (v ® p,u® ) = plu) — o(v) |
This form is referred to as the canonical symplectic form on W @ W*. For further detail

see Section 7.1 of [3]. We can now state the following.

Proposition 3.1.7. Let (V,w) be a symplectic vector space and let V.= W & W' be a
decomposition into complementary Lagrangian subspaces. Then, this composition induces
a symplectomorphism onto the canonical symplectic vector space (W & W*, wwaw+).

Proof. For the proof see Proposition 7.2.9 in [3]. O

Example 3.1.8. A particularly interesting example is given by the following decomposi-
tion of R?". To describe this we can decompose R?" into the two Lagrangian complements
R™ @ {0} and {0} & R"™. By the proposition above, this induces a symplectomorphism
from R*" to R" ¢ (R")*. While this decompoistion does not seem computationally advan-
tageous, it is physically interesting as we will see later on.

Finally, we end this section by showing a necessary property for a linear map to be a
symplectomorphism.

Proposition 3.1.9. Let (V,w) and (W, p) be symplectic vector spaces and let f :V — W
be a symplectic mapping. Then, the mapping is injective. In particular, if dim(V) =
dim(W), f is a symplectomorphism.

Proof. Let v € V be such that f(v) = 0, then, since the mapping is symplectic, we have

w(v,u) = (f*p)(v,u) = p(f(v), f(u) = 0

for all uw € V. Since w is non-degenerate, it follows that v = 0. n

3.2 Symplectic geometry

In this section we introduce and characterize symplectic manifolds, a class of differentiable
manifolds equipped with a symplectic form, which is a 2-form that makes all the tangent
spaces of the manifold into symplectic vector spaces. The main reference for this section
is Section 8.1 of [3].

Definition 3.2.1. Let M be a manifold and w be a smooth 2-form on M. Every such
form induces a map w’ : TM — T*M defined by

(W(X),Y)=w,(X,Y), X,)YeT,M.
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We define the kernel and the rank of of w to be the kernel and rank of w’ respectively. The
2-form w is said to be non-degenerate if w, € Ay(T,M) is non-degenerate for all points
p € M, otherwise it is called degenerate.

When w is non-degenerate, w’ is actually an isomorphism of vector bundles. For our

purposes, this just means that w’ is a diffeomorphism between T'M and T*M which is
fibrewise linear, it satifies 7y = 77y 0w” and its inverse posses analogue properties (for
further details on vector bundles and their morphisms see Section 2.2 of [3]).

In the following, whenever w is non-degenerate, we denote the inverse of w” by wf. We
will also occasionally write X° = w’(X) and of = wf(a) for X € X(M) and a € Q'(M).

Definition 3.2.2.

1. A symplectic manifold is a pair (M,w) consisting of a differentiable manifold and
a closed non-degenerate 2-form w, called the symplectic form or the symplectic
structure.

2. A smooth mapping ® : M — N between symplectic manifolds (M,w) and (N, p)
is called symplectic or canonical if ®*p = w. If ® is a (local) diffeomorphism it is
called a (local) symplectomorphism.

If (M,w) is a symplectic manifold, then every tangent space forms a symplectic vector
space (T,M,w,). In particular, this shows that every symplectic manifold must be even
dimensional. As for symplectic mappings, every such map ® : M — N is symplectic
if and only if its differential ®,, : T,M — Tg)N is symplectic for all points. By
Proposition 3.1.9 it follows that every symplectic mapping is also an immersion. Just as
it was for the symplectic maps in the sense of symplectic vector spaces, we have that the
inverse of a symplectic map is also symplectic.

Example 3.2.3. Every symplectic vector space (V,w) naturally induces a corresponding
symplectic manifold given by the standard differentiable structure on V' and the identi-
fication T,V ~ V by which w can be viewed as a 2-form. In particular, this makes the
canonical symplectic vector space (R?",wj) into a symplectic manifold.

The following theorem can be viewed the manifold version of Corollary 3.1.5, generalizing
it to arbitrary spaces but losing the global aspect. It also tells us that (R*" wy) is the
prototypical 2n dimensional symplectic manifold.

Theorem 3.2.4 (Darboux). Let (M,w) be symplectic manifold of dimension 2n. Then,
for every m € M, there exist a symplectomorphism from a neighborhood of m onto an
open subset of the canonical symplectic vector space (R*",wy).

Proof. See Theorem 8.1.5 in [3]. O

Consider now a symplectic manifold (M,w). By Proposition 1.2.9, we know that every
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diffeomorphism onto a subset of Fuclidean space can be used as a chart. We can apply
this result to the symplectomorphisms given by Darboux’s theorem to construct charts
(U,¢) = (U, 2, ..., 2%") such that w takes the form

n
wly = dei Adz

i=1

Such a chart takes the name of a Darboux chart while the coordinates are referred to as
Darboux coordinates. By the theorem above a Darboux chart is guaranteed to exist about
every point p € M. As we will soon see, having such a simple expression for the symplec-
tic form is extremely useful when doing local computations in Hamiltonian dynamics.
Since we are mostly concerned with physical applications, we can use the symplecto-
morphism between (R?",wy) and the canonical symplectic structure on R™ & (R")* to
construct a new Darboux chart. If we compose this last symplectomorphism with ¢ we
get a new chart such that, if we denote ¢* and p; the coordinate functions corresponding
to the factors R™ and (R™)*, the symplectic form can be expressed as

wly = dei Adqg' . (3.1)

=1

The significance of this last expression comes from the fact that, as we will see in the
next chapter, the phase space of an Hamiltonian system can naturally be expressed as a
symplectic manifold. Thus, this decomposition shows how the symplectic structure of an
arbitrary phase space is locally symplectomorphic to the phase space of a point particle
of appropriate dimension.

3.3 Hamiltonian vector fields

In this section we shift our attention to Hamiltonian vector fields, a class of vector fields
generated by the corresponding Hamiltonian functions via the symplectic form. The main
reference for this section is Section 8.2 of [3].

The non-degeneracy of the symplectic form can be used to assign a vector field to every
smooth function via the isomorphism w* : T*M — TM.

Definition 3.3.1. Let (M,w) be a symplectic manifold and let f € C°°(M). The vector
field

Xy = —(df )} = —w*(df)
is called the Hamiltonian vector field generated by f. The generating function is some-

times called the Hamiltonian. The set of all Hamiltonian vector field on (M, w) is denoted
X H (M y w).
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We refer to the flow of X as the Hamiltonian flow generated by f. Given an Hamiltonian
function its corresponding vector field is implicitly defined by

(X;) = Xjow = —df

In particular, Hamiltonian vector fields are in a 1-1 correspondence with exact forms via

the isomorphism w’.

Example 3.3.2. By using Darboux coordinates we can find a local expression for Hamil-
tonian vector fields. Consider a symplectic manifold (M, w) of dimension 2n and let f be
the Hamiltonian function. In Darboux coordinates ¢* and p;, the vector field X; can be
expressed with respect to the local frame

"0 %,
Xp=> Am—+ B,
i—1 Op; dq

where A; and B; are the 2n coefficient functions determined by the condition Xy w = —df.
By using Equation (3.1) we can compute the interior product to get

i=1 ’ j=1 i

By expanding df in local coordinates we the relation

(9f of
g i - Op;

> Aidg' — B'dp; = dp;

which implies

=Y -
— Op; 0q* aq 8p
Another important class of vector fields are the so called infinitesimal symmetries of the

symplectic structure.

Definition 3.3.3. A vector field X on (M,w) is called symplectic if the symplectic form
w is invariant under its flow. The set of all symplectic vector fields on (M, w) is denoted
% LH (M , W ) .

Proposition 3.3.4. The let (M,w) be a symplectic manifold and let X € X(M). The
following statements are equivalent:

(1) X is symplectic
(2) EX(U =0
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(3) X" is closed

(4) X is locally Hamiltonian, meaning that for every p € M there ezist a function on a
neighborhood U of p such that X |y = X;.

Proof. To show the equivalence of (2) and (3) we can use Theorem 1.10.6/3 and the fact
that dw = 0 to get
Lxw = Xdw+ d(X _w) =dX" .

To show the equivalence between (1) and (2) we let ® denote the flow of X and observe

that J
(@) = (L Lxe)

for all s € (0,¢) and all points m in the domain of ®,. If X is symplectic, ®*w = w for all
s, meaning that the derivative vanishes and implying (2). If (2) holds, we can integrate
from 0 to ¢ and use the condition &y = id to get the desired result.

Finally, the equivalence between (4) and (3) follows from the Poincaré Lemma. For further
details see Proposition 8.2.4 in [3]. O

Remark 3.3.5. Every Hamiltonian field X is such that (X)” is exact, therefore it is
also closed. It follows that every Hamiltonian vector field is automatically symplectic.
The converse doesn’t hold in general, however depending on the topology of the manifold,
it is sometimes true that every closed form is exact guaranteeing that every symplectic
vector field is also symplectic. For further details see Chapter 7 in [4].

Proposition 3.3.6. Let (M,w) be a symplectic manifold.
(1) Xu(M) is a Lie subalgebra of X(M).
(2) ForY,Z € X ug(M) we have that

Y, Z] = Xuwv,z) -
Proof. See Proposition 8.2.6 in [3]. O

In particular, since every Hamiltonian vector field is symplectic, the bracket of two Hamil-
tonian vector fields is an Hamiltonian vector field as well. This makes Xy (M, w) into a
Lie algebra.

We end this section with a result that shows how symplectic mappings are characterized
in terms of how they act on Hamiltonian vector fields.

Theorem 3.3.7. A smooth mapping ® : M — N of symplectic manifolds (M,w) and
(N, p) is symplectic if and only if it is an immersion and the Hamiltonian vector fields
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Xo+f on M and Xy on N are ®-related for all f € C.
In particular, if ® is a diffeomorphism it is a symplectomorphism if and only if

O, Xp, = Xpoo-1, forallh € C*(M) .

Proof. See Proposition 8.2.9 in [3]. O

3.4 Poisson bracket

In this section we define the Poisson bracket and prove its main properties. The main
reference is Section 8.2 of [3].

In the previous section we showed that the set of Hamiltonian vector fields is a Lie algebra.
Since these vector fields are generated by smooth functions it makes sense to ask if there
is a Lie algebra structure on C*°(M) that makes the mapping f — X, into a Lie algebra
homomorphism.

Definition 3.4.1. Let (M,w) be a symplectic manifold and let f,h € C*°(M). The
function

{f.9} = w(Xp, Xy)
is called the Poisson bracket of f and h.

Remark 3.4.2. Since by construction we have w(Xy, X,;) = —X;1(X,w) = Xru(dg) =
X¢(g), the Poisson bracket can be rewritten as

{f,9} = X;(9) = =X,(f) - (3.2)

Proposition 3.4.3. Let (M,w) be a symplectic manifold.

(1) The Poisson bracket makes C*°(M) into a Lie algebra. With respect to this structure,
the mapping f — Xy is a Lie algebra homomorphism onto Xy (M).

(2) The Poisson bracket satisfies the Leibniz rule, that is, for all f,g,h € C®°(M) we
have

{frght ={f, gt h+{f,h}g.

Proof. 1. Unpacking the various definitions, it follows that the Poisson bracket is an-
tisymmetric and bilinear and that the assignment f — Xy is linear. Meanwhile, by
Proposition 3.3.6 it is also true that

[Xf’Xg] = XW(vaXg) = X{t.g} -
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By this and Equation (3.2) we can show the Poisson bracket satisfies the Jacobi identity,
since

{£:{g, hy} + {9, {h f1} + {h{S 93} = Xp(Xg(h)) = Xo(Xp(h)) = Xy (h) = 0,

making C* into a Lie algebra and f — X into a Lie algebra homomorphism.
2. It follows from Equation (3.2) and that vector fields are derivations on C*°(M). O

We end this section by showing how symplectic mappings can be characterized in terms
of the Poisson brackets.

Proposition 3.4.4. A smooth mapping ® : M — N of symplectic manifolds (M,w) and
(N, p) is symplectic if and only if it is an immersion and for all f,g € C*°(N) one has

{@°f, ®"g} = 2" {f, g} .

Proof. See Proposition 8.2.15 in [3]. O

3.5 Liouville form and the cotangent bundle

In this section we show how the cotangent of every manifold carries a canonical symplectic
structure given with symplectic potential given by the Liouville form. The main references
for this section are Section 8.3 of [3] and Chapter 2 of [6].

Let @ be a smooth manifold. We want to show that 7% not only can always be given
a symplectic structure, but that it admits a symplectic potential, meaning there exists a
1-form 6 such that w = d# is a symplectic form on T%(Q).

In the following, we consider the coordinates (T*U, ¢, ...,q", p1,...,pn) for the cotangent
bundle.

Definition 3.5.1. The canonical 1-form 6, or Liouville form, on T*() is defined by
(g, X) = (&, m (X)) (3.3)
where £ € T*Q, X € T(T*Q) and 7 : T*Q) — @ is the natural projection.
We note that the canonical 1-form on 7@ might also be written as
O = (mg) § =Eomg,
where § € TQ for some p € Q.

We claim that the 2-form w := df is a symplectic form on 7*(). Consider a tangent vector
X € T(T*Q)¢. In coordinates, we will have

9
' Op;

inaidqi+ﬁidpi , X:zn:Aia + B
i=1

i=1 8ql 13

3
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Then, the defining equation of # becomes
Ala;(€) + Bif'(€) = pi(§) A"

Therefore, the local expressions for the canonical 1-form and the 2-form w are
0 = Zpidqi ., W= Z dp; N dq* . (3.4)
i=1 i=1

From this is follows that § and w are smooth and that w is non-degenerate. Furthermore,
w is clearly closed since dw = d?f = 0, proving the initial claim.

Definition 3.5.2. The 2-form w = df is called the canonical symplectic structure on
Q.
Remark 3.5.3. The local expression Equation (3.4) for 6 is enough to intrinsically define

it on T*@Q. Consider two charts, (T*U, ¢, ...,¢", p1,...,pn) and (T*U’, ¢, ..., ¢™, py, ..., PL),
and the changes of coordinates

dq' , aq7 .
/ 9 1
Pi = 2 P dq’ = E : o 1

It follows that, on (T*U) N (T*U’)
= S = S
i J

Therefore, the local expression is invariant under change of coordinates. Clearly, the same
will hold for the symplectic form w. In particular, the standard atlas of 7@ is made up
of Darboux charts with respect to the symplectic form w. For furthere details see Section
2.2 of [6].

We now consider two manifolds of the same dimension, (); and ()5, and a diffeomorphism
between them f : @1 — Q2. The map f naturally induces a map fy : T"Q1 — T*Q2
which is called the lift of f. Let p; = (21,&1) € T*Q1, where z; € Q1 and & € T Q.
Then f; is defined by

fi(p1) = pa = (12,&) ,

where x9 = f(21) € Q2 and & = f*(&). It can be shown that f; is a diffeomorphism (See
Section 2.4 of [6]).

Proposition 3.5.4. Let f : Q1 — Q2 be a diffeomorphism between manifolds and let 6;
denote the canonical 1-form on T*Q;, © = 1,2. Then, the lift fy : T*Q1 — T*Q2 pulls
back the tautological 1-form on T*Q)s to the tautological 1-form on T*Q)q, i.e.,

(fi)02 =10, .
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Proof. We first remark that, if 7; : T%Q); — @Q); denotes the natural projection for ¢ = 1, 2,
then we have

mof=fiom.

Now, if we let f(p1) = f(x1,&) = (22,&) = pa, we have

(f502)p, = (dfs)y, (02)p, = (dfy)p, (dT2), 80 = (d(m2 0 fy));, &0
= (d(f om)),, & = (dma)y, (df )5, &2 = (dma)y &1 = (01)p,
where we denoted the differentials as dF, = F . O
The results above can be summarized by saying that the canonical 1-form is the natural

symplectic potential for the cotangent bundle.

Corollary 3.5.5. Let f : Q1 — Q2 be a diffeomorphism between manifolds and let
(T*Q;,w;) be symplectic manifolds, where w; denotes the canonical symplectic structure.
Then, the lift fy : T*Qv — T*Q2 is a symplectomorphism.

Proof. By the previous proposition and the fact that the pullback and exterior derivative
commute (Proposition 1.10.3/3), we have that

3.6 The momentum map

In this section we define momentum mappings on symplectic G-manifolds and show how
to induce one on symplectic manifold with a G-invariant symplectic potential. The main
reference for this section is Section 10.1 of [3].

Definition 3.6.1. Let (M, w) be a symplectic manifold, G be a Lie group and g be a Lie
algebra

1. Let ¥ be a Lie group action of G on M. We say that W is symplectic if we have

Vow=uw
for all g € G. In this case, the tuple (M,w, V) is called a symplectic G-manifold.

2. Let 9 be a Lie algebra action of g on M. We say that ¢ is symplectic if the vector
field ¢ (A) is symplectic for all A € g.
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Let (M,w, V) be a symplectic G-manifold and let g be the Lie algebra of G. Then, by
Proposition 3.3.4, all Killing vector fields (Definition 2.3.8) are symplectic since for all

A € g we Ila\/e
Liw=— ((\If )*W) = — w=20
Ay / . exp(tA) / . .

In particular, this shows that Lie algebra action induced by a symplectic Lie group action

U by the assignment of Killing vector fields (Corollary 2.3.11) is a symplectic Lie algebra
action.

Definition 3.6.2. Let (M,w) be a symplectic manifold and let H € C*(M). We say
that the triple (M, w, H) is an Hamiltonian system and call H the Hamiltonian function,
or simply the Hamiltonian.

Definition 3.6.3. A Hamiltonian system (M, w, H) is called symmetric

(1) under a symplectic action W of a Lie group G if V;H = H for all g € G. Such
a function is called G-invariant and the set of all G-invariant functions is denoted
C>=(M)C.

(2) under a symplectic action ¥ of a Lie algebra g if ¢)(A)H =0 for all A € g.

It is clear that, if a Hamiltonian system is symmetric under a Lie group action, it will be
symmetric under the corresponding Lie algebra action. Thus, every Lie group symmetry
of a Hamiltonian system induces a Lie algebra symmetry. The converse need not to be
true.

As shown above, the Killing vector fields of a symplectic G-action are automatically
symplectic, however they will not necessarily be Hamiltonian. In this special case, for
every A € g there exists a smooth function J4 € C*°(M) such that its corresponding
Hamiltonian vector field is the Killing vector field generated by A, ie., X;, = A..

Definition 3.6.4. Let (M, w) be a symplectic manifold and let ¥ be the an action of a
Lie group G on M. A mapping J : M — g* is called a momentum mapping if
Xy, = A (3.5)
for all A € g, where the functions J : M — R are given by
Ja(m) = (J(m), A) .
The action VU is called Hamiltonian if it is symplectic and if there exists a momentum

mapping. In this case, the tuple (M, w, V) is called a Hamiltonian G-manifold.

Given a Lie group action there can be various different momentum mappings. If a mapping
J is fixed we may include it in the tuple, i.e., (M,w, ¥, J). We also remark that, by the
non-degeneracy of the symplectic form, Equation (3.5) is equivalent to

A*_Ju} == —dJA .
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Proposition 3.6.5. Let (M,w) be a symplectic manifold and let ¥ be an action of a Lie
group G on M. A momentum mapping for ¥ exists if and only if all Killing vector fields
are Hamiltonian.

Proof. Suppose every Killing vector field is Hamiltonian. Then, for a given basis {e;}
in g, there exists some smooth functions f; € C*°(M) such that X; = (e;).. Now, we
consider the dual basis {e*'} in g* and define the map

J:M—g, J(m):= Zfz(m)e*Z :

Then, for every A € g, we get
Jq = Z(e*ZaA>fi

from Definition 3.6.4. It follows that

Xy =) (e, )Xy = (e A)(e)s = Y ({7, A)e;) = A, .

Therefore, J is a momentum mapping for W. The converse is a direct consequence of the
definition of momentum mapping. O

Remark 3.6.6. The proof above shows that, given a momentum mapping J : M — g,
the functions J4 can always be choses so that the mapping A +— J4 is linear.

We recall that, as shown in Example 2.3.5, any given representation of a Lie group G
on a vector space V naturally induces an action of G on V. In particular, the coadjoint
representation Ad* induces an action of G on g* called the coadjoint action of G.

Definition 3.6.7. Let (M,w, ¥, J) be a Hamiltonian G-manifold. Then we say that J is
equivariant if it is equivariant with respect to the coadjoint action of G.

More explicitly, if (M,w, ¥, J) is a Hamiltonian G-manifold, the momentum mapping J
is equivariant if

JoW,=Ad*(g)oJ
for all g € G.
A particularly interesting case is that of a symplectic GG-manifolds endowed with a sym-
plectic potential, 6, invariant under the Lie group action, i.e., W;f = 6 for all g € G. The

following proposition shows how an equivariant momentum mapping can be constructed
for this particular class of manifolds, making them into Hamiltonian G-manifolds.
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Proposition 3.6.8. Let (M,w, V) be a symplectic G-manifold. If w = df for some 1-form
mvariant under WV, then

J:M =g, (J(m),A) =0,(A.)
18 an equivariant momentum mapping.

Proof. For every m € M, J(m) is clearly a linear functional on g. The invariance of
implies L£4,6 = 0, therefore

0= ,CA*Q = A,.df + d(A*JH) .

It follows that A,_w = —dJ4 for all A € g, making J into a momentum map.
To show that J is equivariant we note that, by Proposition 2.3.9/1, we have

O (As) = (W0 (As) = Ouy(m) (Vg As) = Ouy(m) ((Ad(g)A)w) -

Since this holds for all m € M and for all A € g, by definition of the coadjoint represen-
tation it follows that
J=Ad*(g7") o Jo U, (3.6)

for all g € G. This shows that J is equivariant. O

An important class of Hamiltonian G-manifolds which admit an invariant symplectic
potential is constituted by the the cotangent bundles of G-manifolds. Let (Q, ) be a left
G-manifold and let 7 : T*Q — @ denote the canonical projection. Since 9, : () — @
is a diffeomorphism, it can be lifted to a diffeomorphism ¥, : T*Q) — T™(Q as showed in
Section 2.3. Since by definition we have

(Wy(£), X) = (€ (¢hg-1): X)
with £ € T*Q and X € T(y,or) )@, then the assignment g — W, defines a map
U:.GXxTQ—TQ
which is a left G-action. In particular, we note that by construction
ToU, =t,or

for all g € GG, therefore the projection is equivariant. An action ¥ on 7@ such that the
natural projection is equivariant is called a lift of the action .

By Proposition 3.5.4 and Corollary 3.5.5 both the canonical 1-form on 7*Q), 6, and the
canonical symplectic structure, w = df, are invariant under the lift . Therefore, the tuple
(M,w,¥) is a symplectic G-manifold satisfying the assumptions of Proposition 3.6.8. This
yields the following result
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Corollary 3.6.9. In the case of the symplectic G-manifold (T*Q,w, V) associated with
the G-manifold (Q, ), the equivariant momentum mapping defined in Proposition 3.6.8
15 given by

J:TQ =g, (J(),A) =(A(n(©)
where AY is the Killing vector field generated by A under the action of 1 on Q.

Proof. For A € g let AY be the Killing vector field generated by A under ¥. Since the
projection 7 : T*@Q) — @ is equivariant, by Equation (3.3) and Proposition 2.3.9 we have

(J(€), A) = 0(AY) = (€, m (AT (9))) = (& AL (n(€)))

3.7 Regular symplectic reduction

In this section we give a proof for the regular symplectic reduction Theorem and discuss
the reduction of Hamiltonian systems and the Poisson structure induced on the reduced
manifold. To do so, we briefly discuss some algebric properties of tangent spaces of the
orbits of Lie group actions. The main references for this section are Sections 10.2 and
10.3 [3].

We recall that an immersed submanifold consists of a pair (IV, ¢) where N is a smooth
manifold and ¢ is an injective immersion (Definition 1.5.1). When ¢ is open onto its
image we talk about embedded submanifold (Definition 1.5.2).

Definition 3.7.1. Let (M, G, V) be a Lie group action, (N, ¢) an immersed submanifold
of M and let (H, o) be an immersed submanifold of G where H is also a Lie group. We
say (N, @) is invariant under (H, ) if, for all g € o(H), we have

Uy(p(N)) C @(N) .

In the following we require that a submanifold be H-invariant where H C G is taken only
to be a closed subgroup. This is sufficient since the differentiable structure induced on H
by Theorem 2.1.2 actually makes it into an embedded submanifold (H, %) of the ambient
Lie group G, where the embedding is given by the inclusion map i : H < G (see Theorem
5.6.8 in [3]).

Lemma 3.7.2. Let (M,G,¥) be a proper Lie group action (Definition 2.3.6/3), H C G
a closed subgroup and (N, ) a H-invariant embedded submanifold. The, restriction of ¥
to H x N 1is a proper Lie group action.

Proof. See Proposition 6.3.4 in [3] O
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Consider an Hamiltonian G-manifold (M,w, ¥, .J) where ¥ is a proper action and J is
an equivariant momentum mapping. Let m € M, p = J(m) and let G, be the stabilizer
of p under the coadjoint action. We recall that G' - m and G, - m denote the orbits of

G and G, through m respectively and that the w,,-orthogonal complement of a subspace
V C T,,M is denoted V*m.

Lemma 3.7.3. Let (M,w, ¥, J) be an Hamiltonian G-manifold where V is a proper action
and J is an equivariant momentum mapping. Let G, be the stabilizer of jn under the
coadjoint action. Furthermore, let m € M such that = J(m) is a reqular value of J and
M, = J Y(u) is an embedded submanifold of M by Theorem 1.5.4. Then we have

Tn(G-m)NT,M, =T,(G,-m) (3.7)

and
To(G - m) = (Tul,)*" (33)
Proof. Remark 10.2.6 in [3]. O

The expressions above are justified by the fact that G - m and G, - m are submanifolds
of M (See Corollary 6.2.9 of [3]). In particular, G, - m can be seen as the orbit of m via
the restriction of the action ¥ to G, x M via Lemma 3.7.2. This follows since G, as the
stabilizer of y, is equal to the preimage of ;1 under the orbit mapping Ad}, : G — g* of p
and is therefore closed in G.

Furthermore, if we again consider the action ¥, M, is invariant under G, since

JoW,(m)=Ad*(g)J(m) =Ad"(9)p=pn, YmeM, VgedG,,

where we used the assumption that J is equivariant. Since ¥ was taken to be proper, by
Lemma 3.7.2, it restricts to a proper G ,-action on M,

UG, x M, — M, . (3.9)

When this induced action is free, we get the regular reduction theorem. This states that
we can leverage the G-invariance of M, to quotient out this symmetry and induce a
symplectic structure on this quotient space in a way that’s compatible with the original
symplectic structure.

Theorem 3.7.4. Let (M,w, ¥, J) be an Hamiltonian G-manifold with a proper action
and an equivariant momentum mapping. Let u € g* be a regular value of J and assume
that W*, the induced G, action, is free.

(1) The topological space M,,/G,, carries a unique differentiable structure such that the
natural projection m, : M,, — M, /G, is a submersion.
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(2) There exists a unique symplectic form w* on M, /G, such that
W =iw, (3.10)

where i, : M,, — M denotes the natural inclusion mapping.

Proof. The first point follows directly from Proposition 2.3.7 since U* is assumed to be free
and it proper by construction. To prove point 2 we observe that, since 7, is a surjective
submersion, every tangent vector of M, /G, can be written as m,, X for some X € TM,.
Therefore, we define w# by

wgu(m)<7TMX7 WMY) = wm(Xa Y) (311)

for m € M, and XY € T,,M,. To prove that w” is well defined we show that the
right side does not depend on m, X and Y as long as they project down the same point
and tangent vectors. We let m € M, and X,Y € T;M, such that 7,(m) = m,(m),

T (X) = 7 (X) and 7,.(Y) = 7,.(Y). Tt follows that m and 7 lie on the same orbit,
thus there exists a g € G, such that m = W (m) and

(U)X = X € T,(G,-m), (V.Y =Y € T,,(G,-m) .
Since w is G-invariant we get
wi(X,Y) = (W) 1) W) ((T5). X, (94).Y)

= Wy, (V"

g

)X, (U4).Y)
= wo (X + (P4, X = X,V + (U4),Y —Y) = w, (Y, X) .

where in the last step we used Equation (3.8). By construction w* satifies Equation (3.10).
This defining property is enough to make it both uniquely defined and smooth. This result
comes from a general fact about surjective submersions where, if U : M — N is a surjective
submersion and F': M — P is a smooth map, then, if there exists a mapping F:N—>P
such that F'o ¥ = F, F is both smooth and uniquely defined (see Remark 1.5.16/3 in
[3]). Therefore, by the smoothness of w o i,, Equation (3.10) implies the desired result.
For the same reason, dw = 0 implies dw" = 0. Lastly, we prove that w* is non-degenerate.
Thus, let m € M, and X € T,,M, such that

in
Wity (m)

for all Y € T,,,M,,. By definition of y, this implies that w,,,(X,Y) =0 for all Y € T,,,M,,,
therefore X € (7,,,M,)“™. By Equations (3.7) and (3.8)

(M X, 7 Y) =0

(T, M) (VT M, = T, (G, - m) .

Thus, 7,,X = 0 holds, making w" non-degenerate. O]
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This reduction procedure can be used for Hamiltonian system. This results in another
Hamiltonian system on M, /G, with an Hamiltonian related to the original by the pro-
jection.

Proposition 3.7.5. Let (M,w, U, J) be an Hamiltonian G-manifold with a proper action
and an equivariant momentum mapping and let H € C*(M)Y. Let u € g* be a reqular
value of J and assume that W*, the induced G, action, is free.

(1) M, is invariant under the flow of Xy and Xy restricts to a vector field Xt on M,
which is i,-related to X, that is

ipe o Xt = Xproi, . (3.12)

(2) H defines a unique smooth function H, on M, /G, by
H,om,=Hoi,. (3.13)

The corresponding Hamiltonian vector field Xy, , relative to the symplectic structure

wh, is m, related to X1
Xp, omy =Ty 0 Xy . (3.14)

Proof. See Proposition 10.3.3 in [3]. O

The Hamiltonian system (M, /G,,w", H,,) is referred to as the reduction of the Hamil-
tonian system (M,w, H).

Since the result above is independent of the choice of Hamiltonian function, we get the
following.

Corollary 3.7.6. The Poisson structures defined by w and w* are compatible, in the sense
that

{fwhu} Oy = {f7 h} Oiu (315)
for all functions f,h € C*(M)% and f,, h, € C*(M,/G,) related by Equation (3.13),

i.e., fyom, = foi, and similarly for h and h,,.

Proof. Using Theorem 3.7.4 and Proposition 3.7.5, we compute

{fu: hu} (mp(m)) = Wﬁu(m)(xfw Xhn,.)
= (mw")m (X}, X)) (Equation (3.12))
= (ihw)m (X5, X}) (Equation (3.10))
= Wi, (m)( Xy, Xp) (Equation (3.14))
= {f, h} (1u(m)) .
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Since the action ¥ was assumed to be symplectic, we actually have that {f, h} € C(M)%

if both f and h are. This is shown using the relation F*(X_.w) = (F*X)J(F*w), where
F is a diffeomorphism and F*X := (F~!),(X o F), from which we get

(\I/;Xf)Jw = (\I/;Xf)_n(\llzw) = \If;(Xf_nw) = ‘P;(—df) = —df = Xwa .

By the non degeneracy of w this implies Xy = W7 X for every Hamiltonian vector field.
Thus,

Vo {f h} = V(X pa(=Xpaw)) = (VX 5)a(= Ve Xpa(Vgw))) = (Xya(=Xpw)) = {f, h} .

Therefore, since the Poisson parenthesis of two G-invariant smooth functions is also G-
invariant, by virtue of the uniqueness of the function defined by relation Equation (3.13),
the Corollary above shows that {f,h}, = {f., I}, meaning that the Poisson parenthesis
actually reduces to the parenthesis of the reduced functions.



Chapter 4

Hamiltonian mechanics

In this chapter we formulate Hamiltonian mechanics using the the language of symplectic
geometry. We first show how symplectic structures emerge naturally from simple Hamil-
tonian systems such as the phase space of a point particle. This is generalized by having
any phase space described by an approapriate symplectic manifold where the dynamics
is governed by the flow an Hamiltonian vector field. The integral curves’ equations of
such vector fields locally reproduce Hamilton equations. Then, we characterize constants
of motions via the Poisson bracket and discuss the Hamiltonian formulation of Noether’s
Theorem. Later, we show how Hamiltonian mechanics can be obtained starting from the
Lagrangian formulation, based on a variational principle, via the Legendre transforma-
tion. Finally, we show how the Lie group actions of translations and rotations yield the
linear and angular momentums as momentum mappings. We apply this to show how the
two-body problem can be solved by means of Regular Symplectic Reduction. The main
references for this chapter are [3], [7], [8] and [9].

4.1 Hamiltonian mechanics in R"

In this section we illustrate how Hamiltonian mechanics on R" can naturally be expressed
via symplectic geometry. In particular, we show how the Hamilton equations for the
dynamics a point particle can be expressed as the integral curves of an Hamiltonian
vector field by viewing its phase space as a symplectic manifold. The main references for
this section is Section 9.1 of [3] and Chapter 8 of [9)].

Consider a mechanical system with configuration space R" and phase space R*" with
coordinates (q,p) such that q,p € R™, where as customary we identify T4R™ with R™.
The first n phase coordinates represent the spatial coordinates in the configuration space,
while the last n phase coordinates represent the generalized momenta of the system.

56
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From classical mechanics, we know that every point in phase space represents a state of
the system, every function on phase space, also known as a phase function, represents an
observable such that the result of a measurement of an observable f : R?® — R in the state
(q,p) is f(q,p). We remark that there is a 1-1 correspondence between states and phase
points and observables and phase functions respectively. As such, these terminologies are
interchangable.

In the Hamiltonian formulation of classical mechanics the dynamics of the system is
governed by the Hamiltonian function H and its corresponding Hamilton equations

i) = 5 (alt).p(0)

ji(0) = =5 (a0, pl0)

i=1,...,n, (4.1)

where q(t) = (¢*(t),...,q"(t)) and p(t) = (p1(t, ..., pa(t))). Here, the evolution of a state
(a(to), p(to)) = (qo, Po) is described by the solution of Hamilton equations with initial
condition, specified at time tq, equal to (qo, po). This can be seen as a parametrized
curve in phase space. In physical applications, such a solution is often assumed to be
both unique and global.

Remark 4.1.1. As the index placement suggests, the momenta p; are to be interpreted
as covectors components and p is to be interpreted as a covector which acts on velocity
vectors. This interpretation will become more natural in light of the formulation of
mechanics on manifolds.

Alternatively, if we denote x = (q, p) and V,H (x) = (0H/9q'(x),...,0H/dp,(x)), then
Hamilton equations can be written more compactly as

x(t) = J, Vi H(x(1)) (4.2)

where J,, is the standard symplectic matrix and z(t) := (q(t), p(¢)). Thus, given an Hamil-
tonian function for R?", the equations of motions are readily obtained via the standard
symplectic structure on phase space.

This procedure can be expressed naturally in the language of symplectic geometry. Let
(R, wp) be the canonical symplectic vector space in dimension 2n where wy(u,v) =
u?J,v and let H be an Hamiltonian function. Here we have a global Darboux chart
with coordinates ¢* and p;. In Example 3.3.2 we computed the Hamiltonian vector field
generated by H

~0HO  O0HO
Xy = . 4.
" z; Opi 0q'  Oq' Ip; (43)

1=
Thus, given a Hamiltonian function H, Hamilton equations coincide with the equations for
the integral curves of the Hamiltonian vector field X generated by H. We see that all the
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informations about the dynamics of a system is encoded in the Hamiltonian vector field
H, which accounts for both the Hamiltonian function itself and the symplectic structure
of the manifold.

4.2 Hamiltonian mechanics on a manifold

In this section we illustrate how Hamiltonian mechanics can naturally be generalized to
manifolds using symplectic geometry. In particular, we describe arbitrary physical systems
with an appropriate Hamiltonian system, i.e., a tuple formed by a smooth manifold, a
symplectic structure and a smooth function which serves as a Hamiltonian. The main
references for this section are Section 9.1 of [3] and Section 4.3 of [7].

The discussion of Section 4.1 can be generalized to have the phase space of a given system
be described be any symplectic manifold. Given a Hamiltonian system (M,w, H) we
have that every point in M represents a state, that every function on M represents an
observable and that the time evolution of a state m € M is given by the integral curve
passing through m of the Hamiltonian vector field H where the equation for such integral
curves are the Hamilton equations when expressed in Darboux coordinates.

The most prominent phase space model is taking the manifold M as the cotangent bundle
of a given manifold () endowed with the canonical symplectic structure. Here, the base
manifold () is interpreted as the configuration space of the system and the momenta are
represented by 1-forms on (). This is coherent with the notion that the momenta be linear
functions of the velocities since tangent vectors are naturally interpreted as velocities.

We now focus on the role that the symplectic form plays in determining the dynamics of
a system. Given a function on a manifold, which we think of as a Hamiltonian function,
the associated Hamiltonian vector field is determined only when we equip the manifold
with a symplectic structure. Thus, the evolution of the system depends not only on
the Hamiltonian but also on the symplectic structure, since the Hamiltonian vector field
depends on both. We conclude that the symplectic structure encodes the kinematics of a
given physical system.

Example 4.2.1. Take the canonical symplectic vector space as a symplectic manifold
(RS, w) with coordinates ¢* and p;. This describes the phase space associated with the
configuration space R3, under the identification T*R? = RS, Consider a particle of mass
m subject to a conservative force with potential energy U(q) such that the Hamiltonian

Hap)= L+ ). (4.4
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The Hamiltonian vector field is thus

3
p; 0 oUu o
Xy = —_— 4.5
1 —~ mdq  9q Op; (4:5)
and equations of motions are readily found
. p .
at) =, p(t)=-VqU(a(t)), (4.6)

where we denote V,U(q(t)) := (0U/dq",...,0U/dq*)(q(t)). Thus, the first equation is
just the classical definition of linear momentum that can be substituted in the second to
find Newton’s second law

mi(t) = ~VqU(a(t)) (4.7)

Now, assume the point particle has charge e and that an external magnetic field B is
applied to the same system. The laws of motion will be different since the the particle
will also be subject to the Lorentz force, thus

mé(t) = —p x B - VqUl(a(t)) (48)

Since the magnetic field is not conservative, instead of modifying the Hamiltonian function
to obtain the equations of motions, we modify the symplectic form and define

wp = w + e(Brdr? Adr® + B%dr® A dr' + Bdr' A dr?)

It follows that the Hamiltonian vector field generated by H via this new symplectic form
is
0

0 e 0 e
XB = Xp+ S (poB? — ps B 4 S (paBt — 9 B + S (p B — p,BY .
H H+ m(pz p3sB*) o, + m(ps mB?) s + m(pl paBY) s

whose integral curves must satisfy
: ) e
ait)=--, plt)=—pxB-VqU(qt)).

Thus, by encoding the presence of non-conservative fields in the symplectic form, to
account for how they modify the kinematics, we can still get the equations of motions
from the Hamiltonian framework where the Hamiltonian is interpreted as the total energy
of the system.

We end this section with the following consequence of Theorem 3.3.7, which states that
Hamilton equations are invariant under canonical transformation, i.e. transformations
that preserve the symplectic structure.
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Corollary 4.2.2. Let (M,w, H) be a Hamiltonian system and let & : M — M be a
canonical transformation, then
¢*XH - XHOq)—l . (49)

In particular, if the canonical transformation is given in Darboux coordinates by

(a,p) — (Q(a,p), P(q,p)) .

then Equation (4.9) yields Hamilton equations in the variables (Q, P) with Hamiltonian
K(Q,P) = (Ho® 1) (Q,P). We remark that not all transformation that leave Hamilton
equations invariant are canonical.

Example 4.2.3. Let (U, ¢', p;) be a Darboux chart for a symplectic manifold (M,w) and

consider the transformation

(a,p, H(q,p)) = (Q(a,p) = q, P(q,p) = ap, K(X) = aH (x(X))) ,

where x = (q,p), X = (Q,P) and a # 0 is a constant. This transformation leaves
the Hamilton equations invariant but it is not symplectic. We introduce the notation

(Q(t),P(t)) = X(t) = X(x(t)) where x(t) = (q(t), p(t)). It follows that

QD) = ') = G (x(0) = S X0) . P = ai(0) = a5 x(6) = - S (X(0).

Therefore, the transformation preserves the Hamilton equations. However, it is not canon-
ical as it does not pull the symplectic form back to itself.

4.3 Constants of motion and Noether’s Theorem

In this section, we shift our attention to the time evolution of observables. In particular,
we define the notion of constant of motion, characterize them in terms of the Poisson
bracket and prove the Hamiltonian version of Noether’s theorem. The main reference for
this section is Section 9.1 of [3].

Definition 4.3.1. Let (M,w, H) be an Hamiltonian system. A function f € C*°(M) is
called a constant of motion if

d
— t)) =0
ZF6(1)
for every integral t — () of the Hamiltonian vector field Xy.

Equivalently, a smooth function f is a constant of motion if its pullback ®; f under the
flow ®; of Xy is independent of ¢.
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Proposition 4.3.2. The Hamiltonian H of a Hamiltonian system (M,w, H) is a constant
of motion

Proof. Let t — ~(t) be an integral curve of Xy, then

%H(V(t)) = Xu(H)(v(1)) = dH(Xu)(v(t)) = —w(Xu, Xu)(7(t)) = 0.

]

This result is simply the law conservation of energy, which is expected to hold for au-
tonomous system. The result above is a special case of the following characterization of
the constant of motions in terms of the Poisson bracket.

Proposition 4.3.3. Let (M,w, H) be a Hamiltonian system,
(1) A smooth function f is a constant of motion if and only if {H, f} = 0.

(2) If f,g € C°(M) are constants of motion, then {f, g} is a constant of motion as
well.

Proof. The first statement follows from

d
5 00) = Xuf(y(0) = {H, f} (v(1)) -
The second point follows from the first and Jacobi identity, since

{H.Af 9}y ={f{H g}} +{9.{f H}} =0.
O

Let (M,w, H) be a Hamiltonian system and let e € R be a regular value (Definition 1.5.3)
of H. From Theorem 1.5.4 we get that H !(e) is an embedded submanifold of M of
dimension 2n — 1. The connected components of this submanifold are called reqular
energy surfaces. Let % be one such regular energy surface and let ¢ : ¥ — M be the
natural inclusion mapping. Since by Proposition 4.3.2 ¥ is invariant under the flow of
Xy, then Xp is tangent to X in the sense of Definition 1.5.5. From Proposition 1.5.6, it
follows that Xy induces a unique vector field X3, on ¥, which is i-related to Xy,

i (X7) = Xgoi.

Thus, the conservation of energy can be exploited to reduce the dynamics to a submanifold
of codimension 1 for every regular value of the Hamiltonian function.

We now prove the Hamiltonian formulation of Noether’s theorem. Recall that, by Def-
inition 3.6.4, given an Hamiltonian G-manifold (M,w,¥), J4 denotes the Hamiltonian
function corresponding to the Killing vector field A, generated by A € g.
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Theorem 4.3.4. Let (M,w,¥,.J) be a Hamiltonian G-manifold and let H € C>(M)®.
For A € g, the function J4 is a constant of motion for the Hamiltonian system (M,w, H),
i.e.,

LA (#) =0

for all integral curves ~(t) of the Hamiltonian vector field X .

Proof. For all m € M we have

{Ja, H} (m) = X, (H)(m) = A.(H)(m) = Cfl—tH 0 Wesp(ra)(m) =0,

which follow from the G-invariance of H. Hence, the result follow from Proposition 4.3.3
O

With a slight abuse of language, the view of Hamiltonian mechanics presented in the
previous section could be called the Schroedinger picture of classical mechanics, as the
dynamics of the system is given by the evolution of its states. Alternatively, one can
study the evolution of a system by studying how its observables evolve in time. Consider
the Hamiltonian system (M,w, H). Let f € C*(M) and define a family of functions
f(t) = f o ®; where ® is the flow of Xy. We remark that, since ®;—y = id,;, we have
that (f(0))(z) = f(x) for all z € M. Thus, the result of a measurement of f in the state
®,(x) is equal to the result of a measurement of f(¢) in the state x € M as

(f@)(z) = f(Pe(2)) -
If we denote f(t) = (d/dt)(f(t)), then the equation of motion for f(t) can be written as
f(t)={H, f(t)} .
This follows from Equation (3.2) as
ft)(x) = % (f 0 ®1) (2) = (df (Xu))(Pe()) = {H, [} (De(x)).
Now by Remark 3.3.5 we know that the Hamiltonian vector field Xy is also symplectic,

therefore, by Proposition 3.3.4/2, its flow is a symplectomorphism for all ¢ € I and some
small enough interval I containing 0. We can now apply Proposition 3.4.4 to get

({H, [} o®)(x) ={H o foP}(x) ={H,[fo P} ()

for all x € M, where in the last step we used the fact that H is a constant of motion. We
remark that if the flow ® is complete the interval I is equal to R and the equation holds
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for all times.
In particular, the equations of motion can be written as

qZ:{quZ} ) pZ:{Hapz} ’

where the coordinates are now viewed as observables. This can be seen as the Heinsenberg
picture of classical mechanics.

4.4 Lagrangian mechanics

In this section, we present the Lagrangian formulation of classical mechanics in the gener-
alized context of smooth manifolds. To do this we first define the Lagrangian as a smooth
function on the tangent bundle and define its associated functional, the action. Later, we
define the corresponding variational problem that yields the Euler-Lagrange equations.
Finally, we discuss the main issues that arise in our local treatment of the problem. The
main reference for this section is Lecture 4 in Part 1 of [8].

Definition 4.4.1. Let (Q be a smooth manifold. A Lagrangian of () is a smooth function
of L : TQ) — R. For any smooth curve 7 : [a,b] — M, we define the functional associated
to L, also called the action, to be

Fuly) = / Lv/(t))dt

We remark that the word functional is classical and Fj, is interpreted as a function on
the set of all smooth curves v : [a,b] — M.

Definition 4.4.2. Let @ be a manifold and let v : [a,b] — @ be a smooth curve. A
smooth variation of v with fixed endpoints is a smooth map

[:a,b] x (—e,¢) = Q
for some € > 0, such that I'(¢,0) = ~(¢) for all ¢ € [a,b] and that I'(a,s) = v(a) and
['(b,s) = v(b) for all s € (—e¢,¢).

In the following, since we will consider only smooth variations with fixed endpoints, we
will simply speak of variations.

Definition 4.4.3. Let ) be a smooth manifold and let I" be a variation of a smooth curve
vt [a,b] = Q. We define a function Fpr : (—€,€) — R by setting

Frr(s) = Fr(vs)

where 5(t) = I'(¢,s). We say that such a curve v is L-critical if Frr'(0) = 0 for all
variations of . Whenever this is the case, we say that the action F, is stationary at ~.
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From classical mechanics, it is know that a solution of the equations of motion coincides
with the curves such that the action is stationary. This means that the solution of the
equations of motion of the system, whose position and velocities are represented by points
in the tangent bundle T'Q), are L-critical curves.

To find such curve, we choose a particularly convenient set of coordinates. Let (U, x)
be a chart for (). This canonically extends to a chart (T'U, x,p) with the property that,
for any curve 7 : [a,b] — U, with coordinates y* = ' o 7y, the p-coordinates of its lift,
v :la,b] = TU, are given by po ' = ¢. We say that the coordinates (z*,p’) on TU are
the canonical coordinates associated to the coordinate system (U, z'). As it is customary
in physics, given a coordinate system (U, q), we will denote the associated canonical
coordinates on TU with (g, ¢), with an abuse of notation.

Consider a canonical coordinate system (g, ¢) on TU associated with the chart (U, q) for
(). A Lagrangian L can be expressed in local coordinates as L(q,¢). Thus, for a curve
v @ [a,b] — M that lies in U, the associated functional F, becomes

Fily) = / Lly(t). (t))dt

It can be shown (see Lecture 4 in Part 1 of [8]) that the curve v is L-critical if and only
if y(t) = (z o v)(t) satifies the system of differential equations

d (0L oL

— - (y(t), y(t ——(y(t),y(t)) =0 4.10

i (5003 = 5 050 (4.10)
for i =1,...,n. These are obviously the Fuler-Lagrange equations.

As is, the main issue with this approach is that these equations give a necessary and
sufficient condition for a curve to be L-critical only when it lies in a coordinate neigh-
bourhood. Also, we would like to express the equations in a way that does not depend
on the choice of coordinates. In the following, we want to remedy this issues.

4.5 The Legendre transform

In this section we obtain a coordinate-free form of the Euler-Lagrange equations on man-
ifolds and obtain the Hamiltonian formulation in our generalized context starting the
Lagrangian formulation. To do this we induce a symplectic structure on the tangent bun-
dle and define a Hamiltonian system on it such that the equations of motion are equivalent
to the Euler-Lagrange equations in an appropriate sense. Finally, we show that this sys-
tem is equivalent to the Hamiltonian formulation on the cotangent bundle for a suitably
defined Hamiltonian function. The main reference for this section is Section 9.1 of [3].

As stated previously, the most prominent phase space model is that of a cotangent bundle,
M = T*@Q, where the base manifold () is the configuration space of the system. Given
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the importance of this model, we want to derive the Hamiltonian formalism starting from
the Lagrangian formulation of mechanics.

Let 7p : TQ) — @ denote the canonical bundle projection and L : T() — R a Lagrangian.
We extend L to a mapping

L:TQ—-QxR, LX)=(rp(X),L(X)).

Here, we treat () X R as a vector bundle over () with canonical projection p: Q@ xR — Q.
We define the fibre derivative of L to be the mapping

FL:TQ—=Hom(TQ,Q xR) = T*Q,  (FL)(X) = (Lapx))ex (4.11)

g 18 the restriction of L to the tangent space over q € (). For further

details on vector bundles and the construction Hom(7'Q, @ x R) see sections 2.2 and 2.4 in
[3]. It is clear that F'L is both fiber-preserving and smooth. Also, if we identity (F'L)(X)
with a cotangent vector we have

where Eq = f,]ﬁ;l(

(FL)(X),Y) = % 0L(X +tY')
for X, Y in the same tangent space. If the fibre derivative F'L : T(Q) — T*() is a diffeomor-
phism, it is called the Legendre transformation induced by L and the Lagrangian is called
hyperregular. We now compute the local form for the fibre derivative. Let X,Y € T,Q
for some ¢ € @ such that, in coordinates (g, ¢), they’re given by X = (¢, z!,...,2") and
Y = (¢,9%,...,4"), then

(PL)(X),Y) = 4

" IL . " IL .
L(X+1tY)= o7 (X)y' = ( (X)dqz) Y.
0 i

Since Y was arbitrary, it follows that

. oL ..
FL(q,q) = a—qi(q,q)dq (4.12)

and the fibre derivative is given by the mapping

(@d) ~ (@p= §—§<q,q» ,

where (g,p) are the local coordinates induces on T*Q by the coordinates g. When L
is hyperregular, this is the local representative of the Legendre transform known from
classical mechanics.
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Remark 4.5.1. A Lagrangian L is called regular if the fibre derivative F'L is a local
diffeomorphism. This holds if and only if

O*L
oot (a7 O

where (g, ) are local coordinates on T'Q) (see Remark 9.1.1 in [3]). In particular, if L is
hyperregular the condition above has to hold globally.

Now, assume that L is hyperregular and let w be the canonical symplectic form on 7%(Q).
We endow T'Q) with a symplectic structure given by wy := (F'L)*w such that F'L becomes
a symplectomorphism. Next we define the energy function

E:TQ—R, E(X) = ((FL)(X),X) — L(X) (4.13)
and consider the Hamiltonian vector field Xg generated by E on T'Q)
XE_IWL = —dFE .

In local coordinates, the equations for the integral curves of Xg turn out to be equivalent
to the Euler-Lagrange equations, which casts them in a coordinate-free form.

Proposition 4.5.2. Consider an hyperregular Lagrangian L. Then, a smooth curve - :
I — TQ is an integral curve of the Hamiltonian vector field Xg, generated by the energy
function defined in Equation (4.13), if and only if there is a curve ¢ : I — @ that satifies
the Euler-Lagrange equations and whose tangent lift is .

Proof. In local coordinates (g, ¢), we have by Equation (4.12)

Zq ol

L(q,4q) ,

from which it follows that

- 92L %L oL .
dE = 4 dq” _di*) — dq’ .
;q(aqkafr ¢+ gaagdd) g

Meanwhile, from the definition of w; and Equation (4.12) we get

wp = Zd(FL*pi) Nd(FL*q") = Zd (gé) Adq,

or more explicitly

0°L ‘ 9L .
= dq® A dq dq* A dqg' .
wi Zk: Sgaqgd Ndd' + grpmddt Ada
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Let Xg be given by

R
XE:ZAaqi+Baqi’

i

where A® and B? are functions on T'Q, then

0*L , 0% - 0% 0*L ,
X =) A dq' — A’ dq* — A’ d¢* + B* dq" .
EWL lz]; 9¢" 04t q 9" 0§ q 93k oG q + 93" oG q
Now, from the equation Xp_w; = —dE, we can determine the functions A* and B’. By

comparing the two sides, is clear that

from which the equation simplifies to

8L .
Zaqk(‘?q B" = Zaqkaq ¢"

for all i. From Remark 4.5.1, it follows that the functions B® are determined as the
matrix [0L/0¢*d¢] is always invertible. Now, let y(t) be an integral curve for Xpg, i.e.,
7' (t) = Xg@- Then, if we express 7 in local coordinates (t) = (x(t),v(t)), we have the
differential equations

() = A'(y(t),  0(t) =B'(y(1)).

The first set of equations then states that #°(t) = v'(t), while the second set can be written
as

0*L
E 8qk8q L 9707 (v(t))o 0.

By using that i%(t) = v'(), this is equivalent to

& (Gra0.4)) - e telo).4(0) 0.

Thus, if the curve «(¢) is an integral curve of Xp it is precisely the tangent lift of the
curve ¢(t) = (mr o «y)(t) which solves the Euler-Lagrange equations, where 7y : TQ — @
is the natural projection.

Conversely, let ¢(t) be a curve on @) that satifies the Euler-Lagrange equations and consider
its lift /(). We want to show that ¢/(¢) is an integral curve of Xpg. If we expand it in
canonical coordinates we have ¢(t) = (y(t),y(t)), meaning that it satifies first set of
equations, §¢(t) = A¥(c/(t)), since ¢*(¢(t)) = 4'(t). The second condition is shown to hold
by expanding the Euler-Lagrange equation and reversing the steps above. O]
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Finally, we define the Hamiltonian of the system by
H:T"Q—-R, H:=Fo(FL)™". (4.14)

It follows that
((FL)*l)*(XEJwL) =—dH .

Meanwhile, since F'L is a symplectomorphism, Theorem 3.3.7 implies that
(FL).Xp =Xy .

Thus, when the Lagrangian is hyperregular the Lagrangian and Hamiltonian formula-
tions are equivalent. In particular, (7'Q,wy, E) is a Hamiltonian system equivalent to
(T*Q,w, H).

We end this section by writing the Hamiltonian function is local coordinates. Let g be co-
ordinates on () that induce the coordinates (¢, ¢) and (¢, p) on T'Q and T*(Q) respectively.

Then
H(q,p) = ' g—;(q,d(q,p))qi(q,p)—L(q,q'(q,p))7

where ¢(q,p) is determined by solving the system p; = g{; in terms of ¢¢, where we use
the fact that F'L is a diffeomorphism. Thus, when ¢ = R", the Hamiltonian function is
the Legendre transform of L known from classical mechanics.

4.6 Examples of momentum maps

In this section we show some important examples of momentum mappings. In particular,
we show how the left Lie group actions of translation and rotations on Euclidean space
respectively yield the momentum and angular momentum as momentum mappings. The
main reference for this section is Section 10.1 of [3].

Recall that, by Corollary 3.6.9, given a G-manifold (Q, ), there is a standard procedure
to endow the symplectic G-manifold (T*Q,w, ¥) with a momentum mapping. In the
following examples, we show how the momentum mapping coincides with the momentum
and angular momentum known from classical mechanics for an appropriate choice of Lie
group actions. This fact explains the origin of the name momentum mapping.

Example 4.6.1. Consider the base manifold ) = R? and let G be Lie group R3, with
the group operation given by the sum of two vectors, act on () by translations. Thus, we
define the left action ¢ : G x QQ — @

a(x) =x+a.



4.6. EXAMPLES OF MOMENTUM MAPS 69

Under the identification T*Q = R? x R3, the induced action on T*( is given by

Va(x,p) = (x+a,p).

We now want to find an explicit form for the Killing vector fields generated by the elements
of g € R3. To do this we use the result of Remark 2.3.4/1 in [3], which states that for any
open subset M of a vector space V' the vector fiels on M can be represented as maps from
M to V. In particular, L(G), the left-invariant vector fields on G, is formed by maps of
the form X : G — R®. Let X € L(G) and consider its flow ®;¥. By Proposition 1.7.5/5,
the left-invariance of X implies that that

0 (a) = 0 015(0) =, 0 7' (0) = a+ 27 (0)

for all a € R3. Therefore,

(B (@) = %

(a+ @ (0)) = X(0),

meaning that the left-invariant vector fields corresponds to constant mappings. This
identifies L(G) with R?. Under this identification, the equation for the integral curve of
the left-invariant vector field corresponding to X € R? is given by ¢(¢) = X. Thus, the
solution with initial condition v € R? is ¢(t) = v +¢X. Therefore, the expontial mapping
is the identity since we have

exp(tX) = ®X(0) = tX .
It follows that the Killing vector field generated by b € g = R? is

d

d
blﬁ (X) = % wexp(tb) (X) = a (X + tb) =b.
0 0

Finally, we can apply Corollary 3.6.9 to obtain

(J(x,p),b) = (p,bY(x)) =p-b,

which yields

J(x,p)=p. (4.15)
Thus, the momentum mapping associated with translations is precisely the momentum
from classical mechanics.

Example 4.6.2. We considered the action of spatial translations on the phase space of a
point particle. This can be generalized to an arbitrary number of point particles, whose
configuration and phase space are given by an appropriate number of copies of ) and
T*(@) respectively. Here, the action is given by the simultaneous translation

Va(x) = Va(xq,...,xn) = (X1 +a,...,xy +a).
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Thus, the Killing vector field generated by b € g = R3 is

d d
bf(ﬁ(]) = E wexp(tb)(x) = E (Xl +tb’ - XN +tb) = (b7 s 7b) :
0 0

By Corollary 3.6.9 we have

(J(x,p),b> = <(p17"'7pN)7bf<x)> :pl'b+"'+pN‘ba

from which we conclude that the momentum map is exactly the total momentum of the
system, i.e.,

J(x,p) :Zpi.

By Noether’s Theorem (Theorem 4.3.4), it is clear that when the Hamiltonian of the
system is invariant under translations the total momentum of the system is conserved.

Example 4.6.3. Let Q = R? and let G = SO(3) act by rotations

Py(x) = gx .

Thus, under the identification 7*Q = R? it induces the action ¥ : G x T*Q — T*Q is
given by

Yy(x,p) = (9%, 9p) -
We observe that the action v is associated with the identical representation ¢ : SO(3) —
GL(R?), ¢(g) = g, in the sense of Example 2.3.5. It follows that the Killing vector field
generated by A € s0(3) is

d
V(%) = 5 (Vg (9)) 2 (exD(t4)(x)) = Ax (4.16)
Thus, the momentum mapping satifies
(J(x,p),A) = (P, AY(x)) = p - Ax .

Recall now the Lie algebra isomorphism defined by Equation (2.4) in Example 2.1.6.
Denote A € R3 the vector corresponding to A under this isomorphism and observe that

p-Ax=p - (Axx)=(xxp)-A.
This finally shows that the momentum mapping associated with rotations is
J(x,p) =xXp, (4.17)

which is precisely the angular momentum. By Noether’s Theorem (Theorem 4.3.4), it is
clear that when the Hamiltonian of the system is invariant under rotations the angular
momentum of the system is conserved.
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4.7 Kepler’s problem

In this section we apply Regular Symplectic Reduction to the two-body problem. The
problem can be simplified by means of two symplectic reductions. The first coincides
with the choice of the center-of-mass as a reference frame while the second leverages
the rotational invariance of the system to yield a one dimensional problem. The main
references for this section are Section 10.6 of [3] and Section 8.1 in [7].

Consider the standard two-body problem. This is the problem of two point particles of
masses m, and my which interact gravitationally. From classical mechanics, we know that
this highly symmetric problem can be reduced to a one dimensional problem. Tradition-
ally, this is done by choosing the center-of-mass reference frame to reduce the problem
to that of a 3-dimensional point particle in a gravitational potential. Then, by exploiting
the rotational invariance of the system, this can be further reduced to a one-dimensional
problem with effective potential given by a gravitational and a centrifugal term. We will
show that these two steps can be formalized in the Hamiltonian setting by means of two
symplectic reductions.

The system is described by the Hamiltonian system (Mg, wo, Hy), where M = T*(R5\{0}),
wo is the canonical symplectic structure on M and the Hamiltonian function is
L (P_ N p_> Gmamy

Holar, @, prpo) = 5 { 0+ 200 ) = 0

Consider the proper action of simultaneous translation defined in Example 4.6.2 and
corresponding momentum mapping

Jo(d1, A2, P1,P2) = P1+ P2 -

This is a submersion, therefore, My, = J; '(a) is an embedded submanifold of M, for
every a € R3. Also, since the conjugation map (see Section 2.3) on R3? is the identity,
it follows that J is equivariant and that the induced R3-action (Equation (3.9)) is free.
Finally, since the Hamiltonian is clearly invariant under simultaneous translations, we can
apply the results of Theorem 3.7.4 and Proposition 3.7.5. Thus, the dynamics is reduced
to the quotient space My /RS = T*(R? \ {0}) where we identify all points that differ by
simultaneous translations in the set of points with total momentum a. We introduce the
coordinates (q,p) and (qi, q2, p) on Mya./R3 and M, respectively, where q = q; — q2
and

ma mo

:—a+ , = — a —
P1 m1+m2 P P2 m1+m2 P
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Now, if we consider the inclusion mapping i, : Mya — My we have that

3
laWo = Z d(izpri) A d(izgy) + d(igpai) A d(ings) =

=1

3 3
= dpi Adg — dp; Ndgy = dp; Ad(g; — gj)
=1

i=1

Thus, the reduced symplectic structure is
wy = Z dp; A dq'
i

as it satifies miw§ = iiwo. Meanwhile, for the Hamiltonian we have

1 /a*> p? GMu
Hyoia)(q1,92,P) = = (—+ —) B —
( )( ) 2\ M 2 |Q1 - Q2|
where M = m;y + my is the total mass and g = mymsy/(m; + my) is the reduced mass.

Thus, the reduced Hamiltonian Hy, on My a/R3 is

1 /a®? p? GM
Hoa(q,p) = 3 (M + ;) T

where ¢ = |q|. From the structure of the reduced phase space and the reduced Hamil-
tonian, it is clear that the dynamics of the two-body problem gets reduced to that of a
3-dimensional point particle subject to a Coulombic potential.

Remark 4.7.1. As a varies, the symplectic structure remains the same while the only
change in Hamiltonian is in the the constant term a/2M. Therefore, the dynamics on the
reduced phase space is independent of the total momentum and we can conveniently set
a equal to zero without loss of generality. Physically, this choice corresponds to choosing
the center-of-mass reference frame.

In the following, we will set a = 0 and denote M = My ,, w = w3 and H = Hy,. For
simplicity’s sake, we will set all other constants equal to 1, thus the Hamiltonian becomes

p° 1
2 q

H(r,p) =
The Hamiltonian is clearly invariant under the the lift of the action of SO(3) on R?, which
was examined in Example 4.6.3. The corresponding momentum mapping is the angular
momentum of the particle
J(a,p) =axp.
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We observe that every non zero value of J is regular, letting us reduce the dynamics to
the set My, /SOy, for every Ly € R?\ {0}. The case with zero angular momentum can
be studied using a procedure known as Singular Symplectic Reduction (See Sections 10.5
and 10.6 in [3]).
In the case of a classical Lie group, G C End(V'), where V' is a vector space, we have that
Ad(a)A = aAa™! for all a € G and A € g (see Example 5.4.6 in [3]). In the case of SO(3),
if we consider the isomorphism ¢ : R® — s0(3) of Example 2.1.6, given that for a € SO(3)
and x € R? we have
plax) = ap(x)a’” = Ad(a)p(x) .

it follows that ¢ identifies the adjoint representation of SO(3) with the identical represen-
tation on R3. This implies that under the identification so0(3)* = R?, the coadjoint action
is

Ad*(a)b = ab a € S0(3), b €s0(3)" =R?
It follows that the coadjoint orbits of b are labeled by b = |b| and that its stabilizer is
SO(3), = SO(2).
We can finally perform the second reduction. Consider Lg such that [ = |Lg| > 0, making
it a regular value of J. Thus, the level set

J Y (Lo) = {(a,p) € M : q x p=Lo}

is an embedded submanifold of M which is acted upon freely the stabilizers of SO(3)y,.
Furthermore, the action is proper and the momentum mapping is equivariant since

(JoW,)(q,p) =aq x ap = a(q x p) = (Ad*(a) o J)(q,p) -

Therefore, we can apply the Regular Reduction Theorem which yields the reduced phase
space )
M; = J H(Lg)/SO(3)y, -
We aim to describe M, explicitly. We first note that the constants of motion Ly reduce
the dynamics to the plane orthogonal to the angular momentum, which we take to be
Lo = (0,0,1) without loss of generality. Then, the level set J~!(Lg) is contained in the
phase space
M = T*(R?\ {0}) = (R* x SO(2)) x R?.

Since q # 0, we can use polar coordinates (¢, ¢) to describe the ¢'-¢* plane. We denote

Pq = p1cos(@) +pasin(@) ,  py = —qprsin(¢) + gpz cos(¢)

and observe that the transformation (¢, 4%, p1,p2) = (¢, ¢, Dy, Ps) 1s a canonical transfor-
mation of M. In terms of these new coordinates, we have

T (L) = {(a.6,pps) € M py = 1} = (R* x SO(2)) x R
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1/, 1
H\J—I@O) ~ 9 (Pﬁ@) R

Furthermore, the action of SO(3)r, in these new coordinates is given by ¢ — ¢ + « and
the functions ¢, py, pg and H|;-1(r,) are invariant under this actions. Finally, the reduced

and

phase space M, is isomorphic to RT x R endowed with the symplectic form w; = dp, A dg
and the reduces Hamiltonian is given by

Therefore, the problem is reduced to a one-dimensional problem with effective potential

12 1
Ulg) = — ——.
From classical mechanics, it is know that the orbits in configuration space are ellipses
for energy values h < 0, hyperbolas for h > 0 and parabolas for h = 0. This can also
be shown by purely algebraic arguments by using the hidden simmetry provided by the
Lenz-Runge vector (see Example 10.6.3 in [3]).
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