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Sommario

Lo studio della materia oscura é uno dei temi principali della fisica oltre il Modello
Standard degli ultimi decenni. Ad oggi sono state raccolte numerose evidenze cosmo-
logiche e astrofisiche indipendenti che richiedono la presenza di materia aggiuntiva non
barionica, nota come materia oscura, la cui natura non é ancora stata determinata. Una
delle principali tecniche per svelarne le interazioni non gravitazionali ¢ la rivelazione in-
diretta, ossia I'uso di dati da telescopi per cercare segnali di annichilazione di materia
oscura, previsti nei modelli in cui la materia oscura € una reliquia termica. L’obiettivo
della tesi ¢ studiare 'impatto delle incertezze relative al profilo di densita della materia
oscura nella Via Lattea sui vincoli di rivelazione indiretta ottenuti dal Centro Galattico,
il bersaglio pitt promettente per questo tipo di ricerca. Il numero atteso di eventi di seg-
nale scala come il quadrato della densita di materia oscura, ed & quindi estremamente
sensibile al profilo di densita assunto: per un insieme di profili rappresentativi, i cui
parametri sono fissati tramite vincoli osservativi, il segnale previsto dalla regione centrale
varia di oltre due ordini di grandezza da un profilo all’altro. Un semplice modello di
reliquia termica € poi confrontato con i limiti sperimentali sulla sezione d’urto di annichi-
lazione per valutarne la compatibilitd. Nel Centro Galattico € inoltre presente il buco
nero supermassiccio Sgr A*, la cui crescita adiabatica puo ridistribuire la materia oscura
circostante in una cuspide molto densa, detta spike, che puo quindi migliorare drastica-
mente le prospettive di rivelazione indiretta. Ri-deriviamo quindi il profilo di densita della
spike generato dalla crescita adiabatica di Sgr A* e ne valutiamo l'impatto sui vincoli,
mostrando quanto fortemente essi dipendano dalla distribuzione piu interna di mate-
ria oscura. Il codice sviluppato per questa tesi é disponibile pubblicamente all’indirizzo
github.com /IvanDalena/Bachelor-thesis.


https://github.com/IvanDalena/Bachelor-thesis




Abstract

The study of dark matter has been one of the main topics in physics beyond the
Standard Model over the past decades. To date, several independent cosmological and
astrophysical observations require the existence of additional non-baryonic matter, known
as dark matter, whose nature has not yet been determined. A leading technique to un-
cover its non-gravitational interactions is indirect detection, i.e. the use of telescope data
to look for signals of dark matter annihilations, which are predicted by the well-motivated
thermal-relic dark matter models. The aim of this thesis is to study the impact of the
uncertainties on the dark matter density profile of the Milky Way on the indirect detec-
tion constraints obtained from the Galactic Center, the most promising target for this
kind of search. The expected number of signal events scales as the square of the dark
matter density, and is therefore extremely sensitive to the assumed density profile: for
a set of representative profiles, whose parameters are fixed through observational con-
straints, the predicted signal from the central region varies by more than two orders of
magnitude from one profile to another. A simple thermal relic model is then compared
with the experimental limits on the annihilation cross section to assess their compati-
bility. Moreover, the Galactic Center hosts the supermassive black hole Sgr A*, whose
adiabatic growth can redistribute the surrounding dark matter into a very dense cusp,
known as a spike, that can then dramatically enhance indirect detection prospects. We
re-derive the spike density profile generated by the adiabatic growth of Sgr A* and as-
sess its impact on the constraints, showing how strongly they depend on the innermost
dark matter distribution. The code developed for this thesis is publicly available at
github.com /IvanDalena/Bachelor-thesis.


https://github.com/IvanDalena/Bachelor-thesis
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Introduction

Objective and structure of the thesis

The objective of this thesis is to quantify how the astrophysical uncertainties on the
dark matter (DM) density profile of the Milky Way affect the constraints obtained from
indirect searches towards the Galactic Center. The gamma-ray flux expected from DM
annihilation depends on the density profile through the J-factor, a line-of-sight integral of
the squared density: as a consequence, different profiles lead to very different constraints.
In order to show this, we compare a set of representative DM density profiles and confront
their upper limits on the annihilation cross section with a simple thermal relic model.
The thesis is organized as follows:

e In the first chapter, we present the main properties of DM, together with its most
relevant candidates: WIMPs. Then we discuss the most significant astrophysical
evidence, on scales ranging from galaxies and galaxy clusters to the entire Universe.
In addition, we briefly introduce theories of modified gravity, developed as an al-
ternative to the DM hypothesis. Finally, we illustrate the theoretical framework
for DM indirect searches and describe the main astrophysical environments investi-
gated. The primary source for this chapter is Dark Matter [1], the most complete
review on DM written to date.

e In the second chapter, we focus on the Galactic Center, the most promising target
for DM indirect searches, unless the DM distribution exhibits a large core at its
center. We introduce a set of representative DM density profiles and compute their
J-factors. We then consider a simple model of thermal relic DM and constrain it
with the upper limits on the annihilation cross section obtained by the H.E.S.S.
Inner Galaxy Survey [2], assessing the impact of the density profile uncertainty on
the constraints.

e In the third chapter, we study the adiabatic growth of the supermassive black hole
at the center of our Galaxy, which redistributes the DM around it into a cusp,
called a spike. Then we derive the relation between the slope of the spike and that
of the DM halo and discuss it for different initial density profiles. We introduce two
benchmark spike profiles, compute their J-factors and finally quantify the impact
of the spike on the cross section limits derived in the previous chapter.

Finally, we summarize and discuss our main results and their implications.
All the code developed and used in this work for numerical calculations is available at
github.com/IvanDalena/Bachelor-thesis.


https://github.com/IvanDalena/Bachelor-thesis




Chapter 1

Dark matter

Evidence for the existence of DM comes from a wide range of astronomical scales: from
a few kiloparsecs, corresponding to the typical size of a small galaxy, up to nearly the
entire Universe.

In this chapter, after a concise description of the properties of DM and its leading
candidates, we present this evidence over increasing scales: starting from the study of
rotation curves of spiral galaxies, to the mass of galaxy clusters, with a brief mention of
the Cosmic Microwave Background (CMB) and Large Scale Structures.

Since all this evidence can be explained through gravitational interactions, alternative
theories of gravity have been developed: the most prominent one is Modified Newto-
nian Dynamics (MOND). However, none of these theories is currently able to explain all
cosmological and astrophysical observations.

The present cosmological DM density, averaged over the total matter-energy content,
is measured to be Qpy = 0.264 £ 0.003 [1, 3|. Considering only the matter content,
this value rises to about 84%. Figure 1.1 shows a comparison between the content of the
Universe today and at the time of photon decoupling, the moment when photons decouple
from matter and start to travel freely.

z=0 z=~ 1100
Today CMB

photons

radiation

baryonic matter
(luminous + gas)

" Dark
Matter.

neutrinos

baryonic

Figure 1.1: Left panel: content of the Universe today. Right panel: content of the Universe
at the time of photon decoupling. The different components evolve differently in cosmology

/1, 3.
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1.1 Properties of dark matter and WIMPs

From astrophysical and cosmological observations it is possible to determine the general
properties of DM: it turns out that it behaves as a kind of cold, non-interacting, stable
matter with adiabatic inhomogeneities.

e Matter stresses the fact that DM behaves as matter in the cosmological evolution,
i.e. its density decreases as the inverse of the volume.

e Cold means that DM behaves in large part as a non-relativistic fluid at the time
of matter-radiation equality (MReq). Therefore, DM particles move slowly (with
respect to the speed of light) and can attract each other and cluster. If they moved
with velocities comparable to ¢, the clustering would not be effective and structures
would not form and grow.

e Non-interacting, or equivalently collision-less, means that the interactions of
DM with itself or between DM and ordinary matter are small enough to be neglected,
except for gravitational interaction. For this reason it is called “dark matter”: the
absence of interactions with light makes DM dark.

e A consequence of the non-interacting nature is that DM is dissipation-less: unlike
ordinary matter, it cannot emit electromagnetic radiation and therefore cannot eas-
ily dissipate its energy and cool down. This is the main reason why baryonic matter
and DM behaved differently during cosmological evolution.

e Stable means that DM has been present since the early phases of the Universe,
estimated to be tyy ~ 13.8 Gyr = 4.35 x 10'"s. Indirect detection constraints on
DM decay indicate that its lifetime must be over 10 orders of magnitude longer than
the age of the Universe.

e Adiabatic means that, on cosmological scales, its composition is the same ev-
erywhere. Moreover, DM and ordinary matter have the same primordial density
inhomogeneities, indicating that the mechanism responsible for their generation is
the same.

While there is broad consensus about the hypothesis that DM is made of one or
more new particles beyond the Standard Model (SM) of particle physics, no definitive
experimental confirmation has been obtained so far. Among the particles that satisfy
these conditions, a well-motivated and widely studied class of candidates is given by
the Weakly Interacting Massive Particles (WIMPs). WIMPs are assumed to interact
through the weak force and gravity, with masses in the GeV-TeV range and a cross section
characteristic of the electroweak scale, which justifies their name. It is assumed that in
the early Universe WIMPs were in thermal equilibrium with the cosmic plasma, with an
interaction rate I' much larger than the Hubble expansion rate H. When I' ~ H, they
decoupled from the primordial plasma, the so-called freeze-out, breaking this equilibrium
and fixing the average density of WIMPs in the Universe. The WIMP miracle consists
in the fact that, by requiring this relic density to reproduce the observed DM abundance,
one obtains an annihilation cross section ! of order (ov) ~ 3 x 10729 cm?/s, compatible

!Throughout this thesis we refer to (ov) simply as the cross section, although strictly speaking it is
the thermally-averaged cross section times relative velocity.
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with electroweak-scale interactions. However, no conclusive signal, despite an extensive
search program that combines, often in a complementary way, direct, indirect, and collider
probes, has been detected so far. This situation might change in the near future with
the advent of even larger detection experiments [4, 5|. For comprehensive reviews on the
search for WIMPs see [6, 7|.

1.2 Astrophysical evidence

1.2.1 Rotation curves of spiral galaxies

In 1970, Vera Rubin and Kent Ford initiated a true revolution in the field of DM after
analyzing the rotation curves of the Andromeda Galaxy (M31) [§].

It is known that spiral galaxies rotate around their vertical axis, therefore we can infer
their mass distribution from the rotation velocity, which can be measured experimentally
through Doppler shift. From Newtonian mechanics we can derive the circular velocity
Veire Of @ body of mass m at a distance r from the center as a function of the mass M
enclosed within r, assuming spherical symmetry

M(r

. = = Uere(r) = GTU (1.1)

In spiral galaxies, most of the mass is concentrated relatively close to the center
and along the disk arms. Therefore, beyond a certain radius r, M(r) can be consid-
ered approximately constant and the circular velocity should follow a Keplerian decline
Veire (1) o< 7712, The crucial point is that the observations of a large sample of galaxies
of this kind have shown that the rotation curves instead remain flat out to large dis-
tances from the galactic centers. We show the results obtained by Rubin and Ford for the

Andromeda galaxy in fig. 1.2.
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Figure 1.2: Rotation curve of the Andromeda Galaxy (MS31) as measured by Rubin and
Ford [8]. Filled circles and squares distinguish the two halves of the major azxis: NE and
SW, while the open circles trace the innermost region. The solid line is the rotation curve,
the dashed line is an alternative interpolation in the inner region, which is poorly sampled.
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To explain this discrepancy, additional invisible mass must be present to prevent
the peripheral stars from flying away and the galaxies from breaking apart. Assuming
spherical symmetry, eq. (1.1) shows that a constant velocity ve.(r) is obtained assuming
a matter halo that has mass density p(r) o T% out to large 7: in this way, M(r) =
4T fOT dr' r'? p(r") o< r so that the dependence of v () on r vanishes. Eventually, at even
larger r, the halo is expected to die off and the rotation curve to start declining. However,
no observable traces are typically available at such large distances [1].

To describe the DM distribution in more detail, numerical simulations are used: from
N-body simulations, including only the DM component, one obtains a profile known as

the Navarro-Frenk-White (NFW) |9, 10]

pnEw (1) o (1.2)

where 7 is a characteristic parameter called scale radius [11].

1.2.2 Galaxy clusters

The first evidence of a mass-to-light discrepancy dates back to 1933, when Fritz Zwicky
studied the velocity dispersion of several galaxy clusters and obtained unexpected results
[12, 13|. Using the virial theorem, he estimated the mass of the clusters from the velocity
dispersion of the galaxies, measured through Doppler shift, and found large discrepancies
with the mass inferred from the observed luminous matter. Zwicky is also credited with
introducing the term dark matter, although the concept itself had already been present
in the scientific community for some years [14].

Particularly significant are the results obtained for the Coma cluster, for which Zwicky
concluded that additional mass was required to gravitationally bind the galaxies. We can
make these results quantitative: from the virial theorem, for a gravitationally bound
system, the time averaged kinetic energy (K) and potential energy (V') are related by

(K) =—=(V). (1.3)

Considering the one dimensional velocity dispersion of the galaxies, measured along
the line of sight between the observer and the cluster, equal to vj,s ~ 10% km/s [14], and
assuming an isotropic velocity distribution, we obtain the three dimensional dispersion

(v*) =307 (1.4)

Consequently, the time averaged kinetic energy can be expressed in terms of the total
mass of the cluster M as

(K) = %M (v?). (1.5)

Modeling the cluster as a sphere of total mass M, uniformly distributed within a radius
R, the gravitational potential energy is given by

3GM?

(V) = ST (1.6)
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Substituting the expressions obtained for (K) and (V), respectively eq. (1.5) and
eq. (1.6), into eq. (1.3) we can derive an expression for the mass of the cluster

1 o 1 3GM? _ B5R(v*)  5Rup,

To determine the value of M, we need to estimate the radius R, which can be obtained
geometrically from the distance of the cluster from the Earth, d ~ 100 Mpc, and its
angular radius € ~ 1° [15]. It is therefore possible to use the small-angle approximation

R~d# ~ 1.7 Mpc. (1.8)

Substituting vj,s ~ 10® km/s and R ~ 1.7 Mpc into eq. (1.7), we obtain a total mass
of the Coma cluster of the order of

M ~2x 10" M, (1.9)

It is crucial to compare this value with the baryonic mass of the cluster, which is
of the order of 10 M, obtained by summing the contribution from the visible mass
of the ~ 10? galaxies and the hot gas measured through X-ray observations. It is thus
observed that the mass responsible for the gravitational interaction is at least one order of
magnitude larger than the estimated baryonic mass, implying the presence of additional,
yet unknown, matter.

A further piece of evidence for the existence of DM comes from a system formed by
two galaxy clusters in the process of colliding, known as the Bullet cluster, located 3.7
Gly away. As shown in fig. 1.3, X-ray emissions trace the regions where most of the
baryonic matter is concentrated, which in this system is primarily in the form of hot gas.
On the other hand, weak gravitational lensing allows the reconstruction of the total mass
distribution of the system [16].

56’
56

57

57

—55'58'
5558

6"58M42° 36° 30° 24° 18° 128

Figure 1.3: Left panel: color image of the two merging clusters. Right panel: color map
of the distribution of hot baryonic gas, reconstructed from X-ray emission. The green
contours indicate the total mass distribution obtained through weak gravitational lensing.
The white bar corresponds to a length of 200 kpc [16].

The comparison between these observations reveals a clear separation between bary-
onic matter and the mass responsible for the gravitational interaction, once again sug-
gesting the presence of additional matter. The special feature of the bullet cluster is that
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it shows the non-interacting nature of DM: it is supposed that in the past each of the
two clusters had the visible matter and DM mixed together. The two objects collided
150 million years ago. Visible matter interacts significantly with itself, so that the hot
gas from the two clusters experienced a collisional shock wave. DM, on the other hand,
experienced negligible collisions with itself and with normal matter, such that it simply
passed through.

These observations put a severe strain on alternative interpretations where DM is
replaced by a modification of gravity, because such modifications cannot get spatially
separated from normal matter. In the next section, these theories will nevertheless be
briefly discussed.

Finally, moving to scales larger than galaxy clusters, it is important to mention the
Cosmic Microwave Background (CMB) and the Large Scale Structures, which provide
further evidence in support of DM on cosmological scales, where the most convincing
and precise evidence is currently found. DM played a fundamental role as a catalyst in
the formation of galaxies and galaxy clusters. Moreover, CMB temperature anisotropies
would not look the way they do if it were not for DM. This was accurately studied by
the Planck Collaboration, which measured the DM density from the analysis of the CMB
power spectrum, obtaining 2.k = 0.120 4 0.001 [3].

1.2.3 Modified Newtonian Dynamics

In February 1982, Mordehai Milgrom submitted three papers [17, 18, 19] which provided
the foundation for what would become the leading alternative to DM. Milgrom’s proposal
states that gravity, or inertia, does not follow the predictions of Newtonian dynamics for
accelerations smaller than the characteristic acceleration ag = 1.2x 1078 cm/s?, as derived
from fits to galaxy rotation curves. The MOND gravitational acceleration a is related to
the Newtonian acceleration ay through an interpolation function p(a/ag), such that

ay = ap (3) , (1.10)

Qo

where ag is meant to be a new constant of physics.
By construction, the interpolation function has the asymptotic behavior © = 1 for
a > agp, to recover the Newtonian expression in the strong field regime, and u = a/aq for
a < ag. In this limit, the gravitational acceleration becomes
GMCL()

a = anyag — —— 5 (111)
r

with dependence 1/r instead of the Newtonian 1/r? [20]. Within this framework, MOND
successfully reproduces the flat rotation curves of galaxies. However, the value aq is
introduced as an empirical parameter adjusted to match observational data. In fact, a
large variation in aq is found studying different samples of galaxies. This shows that
MOND works well as a fitting procedure but not as a universal description of gravity on
the scale of galaxies [21].

Moreover, in its original formulation MOND suffered from several theoretical issues,
such as the lack of energy conservation and the difficulty of a consistent relativistic ex-
tension. Subsequently, new theories were developed, such as the AQUAdratic Lagrangian
(AQUAL) [22] and its relativistic extension RAQUAL, which are based on a Lagrangian
formulation. Nevertheless, so far all these theories fail to provide a unified description
capable of simultaneously explaining the full range of experimental observations.
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1.3 Indirect detection

Indirect detection experiments aim to probe the nature of DM by searching for an excess
(above the presumed astrophysical contribution) in the flux of SM particles produced
through DM annihilation or decay. We show a schematic representation of the signal pro-
duction mechanism in fig. 1.4. In this context, the most relevant messengers are photons
(gamma rays and X-rays), neutrinos, and charged cosmic rays (such as positrons, antipro-
tons, antideuterons, and heavier antimatter nuclei). For charged cosmic rays, particular
attention is given to antimatter particles since they are less likely to be produced in astro-
physical processes than the corresponding matter particles, leading to a more favorable
astrophysical background. However, their propagation through the Galaxy introduces
additional systematic uncertainties, such as changes in their direction due to the galactic
magnetic fields or energy losses while propagating.

First of all, we must assume that DM possesses at least one interaction channel pro-
ducing SM particles. While there is no experimental confirmation of this, it is a natural
expectation in well-motivated scenarios such as the “thermal relic” one, where the relic
abundance is directly related to its annihilation cross section [23]. In alternative scenarios,
in which DM annihilates or decays exclusively into itself, conventional indirect detection
would not be effective.

The flux of cosmic rays produced by DM primarily depends on the annihilation cross
section (owv) or, in the case of decay, on the particle lifetime 7. Another crucial factor
is the spatial distribution of DM, which enters through line of sight integrals called J-
factor: the resulting flux is therefore expected to be enhanced in regions of higher DM
density, such as the Galactic Center (GC) or dwarf spheroidal galaxies, although these
environments might be challenging to study.

DM annihilation/decay Primary channels Final products

SM SRV N A . E = ¢F .0, ¥, Veus, d

Decays and
hadronization

SM =W+ Z b, 7%, t h... e C DY Ve d

Figure 1.4: Annihilation of DM into SM particles and generation of primary particle
spectra [1].

1.3.1 Gamma rays

The gamma-ray spectrum from DM annihilation can be classified according to its shape
as follows
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e y-ray lines, from the direct annihilation of two DM particles into vy or v.X, e.g.
with X = Z. In this case, the spectrum develops a prominent line centered at

2
E’Y = Mpm <1 — mx ) > (112)

4miy,
which reduces to E, = mpuy in the vy channel.

e ~-ray continuum, from prompt emission (hadronization and decay of annihilation
products) and from secondary radiation processes.

Supposing a signal in gamma-ray lines is observed, then the size of the continuum with
respect to the line and its spread in energy could allow one to distinguish between different
models in explaining the origin of the line, if the relative background can be understood.

Through observations of y-rays (high-energy photons), it is possible to derive some of
the most stringent constraints on the DM annihilation cross section. The main advantage
of gamma rays is the fact that photons are not deflected by magnetic fields and are negli-
gibly attenuated over Galactic distance scales. This allows one to retain both spatial and
spectral information, largely unaffected by astrophysical effects. Assuming self-conjugate
DM, the differential v-ray flux per unit solid angle and energy from DM annihilation,
integrated over the line of sight s, can be written as

o, 1 1 N, / ,
= — —_— d . 1.13
dQ dE AT 2m2DM Zf:<o-v>f dE Los. S pDM(f) ( )

This expression, derived in appendix A, connects the microphysical properties of DM
to the astrophysical factors, which depend solely on the DM density profile along the line
of sight. The quantity described by the integral in eq. (1.13) is often referred to as the
J-factor, which encodes all of the relevant astrophysical information. In the particular
case of the Milky Way (MW) we define a dimensionless J-factor, normalized over the
distance from the Earth to the Galactic Center ri and the local DM density pg

Jann(0) = /lf—z <M>2. (1.14)

Po

The radial coordinate r is measured from the GC and is related to s through r =
\/ré + 52 —2rgscosf. 0 is the aperture angle between the direction of the line of sight
and the axis linking the Earth to the GC.

Note that throughout this work we use both normalizations of the .J-factor: the di-
mensionless definition of eq. (1.14), convenient to compare the angular shape of different
profiles, and the dimensional definition, which is the line of sight integral in eq. (1.13),
commonly adopted by experimental collaborations to quote limits. The two normaliza-
tions are simply related by

JW =10 p2 Jann. (1.15)

The dimensionless J-factors for different DM profiles, most of which will be introduced
and discussed later, are plotted in fig. 1.5 as a function of 6.

Equation (1.14) is useful if we need the flux of gamma rays from a given direction.
Often we need instead the flux over solid angle regions, for example, an annulus centered
around the GC with 0, < 0 < 0pax



Chapter 1. Dark matter 11

21 [ 1 sing 70 1.16
A, sind J(6). (1.16)

From the definition of the J-factor, one can infer the main features of ideal targets
for DM detection: they should exhibit a high DM density, be located at relatively small
distances, be spatially extended and feature a low or well-understood astrophysical back-
ground [24]|. Dwarf spheroidal galaxies are particularly interesting because, although their
J-factor is typically smaller than that of the inner volume of the Milky Way (the Galactic
Center), they are characterized by a negligible astrophysical background. Nevertheless,
they present some observational limitations: the so-called ultra-faint dwarfs allow spec-
troscopic analyses for only a limited number of stars and the low J-factor implies that
years of studies are required to obtain sufficient data to draw meaningful conclusions.
On the other hand, the Galactic Center is arguably the most promising source for DM
annihilation in the Milky Way, unless the DM distribution exhibits a large core at its
center. It presents, however, a large and not fully understood astrophysical background.

Qmax
AQ = 27r/ df sin 0, J

emin min

103
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102 10° . ]
108 + .
104} .
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= 10 1 1 1 1
= 10-8 10-° 10~ 102 10°
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EinastoB
Einasto
Iso
Burkert
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0 30 60 90 120 150 180
0 [degrees]

Figure 1.5: Dimensionless J-factors for different DM profiles. From top to bottom, the
color identifies the profiles: Moore [25], NFW [9, 10/, EinastoB (o = 0.11), Einasto
(a« = 0.17) [26], Iso [27], Burkert [28]. Functional forms from [29]. The J-factors
are computed with the profiles normalized to p, = 0.4 GeV/cm?® at ro, = 8.33 kpc and
M (< 60 kpc) = 4.7 x 10" My, as in the rest of this work. See section 2.1 for more details
on the calculation.
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In the next chapter we compute the J-factors for different DM density profiles and de-
rive quantitative constraints on the annihilation cross section in the region of the Galactic
Center.



Chapter 2

Dark matter constraints from the
(zalactic Center

The Galactic Center is expected to be the single brightest source of DM annihilation
products on the sky. In particular, using a standard NFW profile, shown in eq. (1.2),
with 7, = 20 kpc and a local density of 0.4 GeV/em®, from eq. (1.13) we obtain a flux
of gamma rays that is more than three orders of magnitude larger than that predicted
from the brightest dwarf galaxies [24]. However, the mass within the innermost kpc of the
Milky Way is dominated by baryons, this leads to a higher astrophysical background and,
most importantly, numerical simulations need to include hydrodynamics and feedback
physics in addition to the gravitational effects, resulting in uncertainties in the obtained
DM profiles towards the GC. These simulations agree that the DM profile of MW-like
galaxies develops a peak towards the Galactic Center but their resolution prevents them
from determining a well-defined DM distribution.

Therefore, in this chapter we define a set of representative DM density profiles, deter-
mine their parameters from observational constraints and compute their J-factors. Then,
we introduce a simple model of thermal relic DM and confront it with the upper limits on
the annihilation cross section obtained by the H.E.S.S. Inner Galaxy Survey [2|, showing
how different profiles lead to different constraints.

2.1 Dark matter density profiles and J-factors

As long as a clearer determination of the DM profile in the inner Milky Way regions is
not achieved, it is worth considering a range of possible choices and comparing them. In
particular, the two limiting cases are: a peaked profile, in which the density keeps rising
steeply towards the GC, and a cored one, in which the density flattens to a finite central
value. Therefore, in what follows we consider the Einasto (peaked) [26], Burkert (cored)
[28] and NFW [9, 10] with a variable core radius 7. as representative DM density profiles
pom(T)-
For the Einasto profile the functional form reads

pelr) = paex| -2 ((—) -1)]. 1)

where o« = 0.17 is a shape parameter that controls how the logarithmic slope of the
density varies with the radius. Note that the Einasto profile does not diverge for small
radii, nevertheless, in the region of our analysis it behaves as a peaked profile.

13
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The Burkert profile is

pBur(r) = (22)

()

which flattens to ps at small radii, defining a core of size ~ r,.
The functional form of the cored NFW is

(T 1

- <
Te .
TS

. (2.3)

pnEw (1, 76) = < r

Once 7. is fixed, all three profiles depend on two free parameters, ps and r,. We
determine them by fitting the DM density at the Sun’s position: p(ro = 8.33 kpc) =
0.4 GeV/em® [30], and the total DM mass within 60 kpce: M(< 60 kpc) = 4.7 x
10" M, [31]. For the NFW profile these conditions yield ry ~ 14.0 kpc and pg ~
0.60 GeV /cm3, these values will be adopted throughout this work.

In order to make a more quantitative description, we compute the corresponding J-
factors, as done in [31]|. From now on, we adopt the dimensional definition of the J-factor
in order to properly compare our results with the experimental values. The main difference
with [31] is the DM density at the Sun’s position: they adopt p(ry) = 0.3 GeV/cm?,
while here we use p(re) = 0.4 GeV/cm?, since recent studies consider this value more
accurate. Improved determinations of the local DM density are being carried out, see [30|
for instance. As a check, we verified that setting p(rep) = 0.3 GeV/cm?® reproduces the
values reported in [31]. We integrate the J-factors over an angular region, centered on

the GC, defined as

Qops = (0 < 1°, || > 0.3°), (2.4)

where 6 > 0° is the polar angle with respect to the GC direction and b is the galactic
latitude with respect to the disk plane. At the Sun’s distance ro = 8.33 kpc, the angles
1° and 0.3° correspond to projected distances of approximately 145 pc and 44 pc from the
GC, respectively. The |b| > 0.3° cut is motivated by the choice of [2] to mask the large
photon backgrounds from the galactic ridge. The results are reported in table 2.1, where
we use three illustrative values of r, for the cored NFW.

Einasto | Burkert | NEFWsgpe | NEW3sg0pe | NEW3skpe
ps [GeV /em3| 0.171 1.283 0.604 0.604 0.586
rs [kpe] 12.9 9.7 14.0 14.0 14.3
[GeV?]
log;, <Jgobs p— ) 21.96 19.35 21.57 21.16 19.77

Table 2.1: Values of the parameters ps and rs obtained from the fitting conditions, and
J-factors for DM annihilation integrated over the region Qops of eq. (2.4), centered on the

Galactic Center, for the Einasto, Burkert and cored NFW density profiles, with the NFW
core radii . reported as subscripts.



Chapter 2. Dark matter constraints from the Galactic Center 15

The values in table 2.1 span more than two orders of magnitude between the Einasto
profile, the most peaked one, and Burkert, the most cored one. This has a direct conse-
quence for the upper bounds on the DM annihilation cross section: since the predicted
flux scales linearly with the J-factor, the upper bound on (ov) is inversely proportional
to it. Consequently, a more peaked profile yields a stronger constraint, namely a lower
upper limit on the cross section, than a cored one. In particular, the upper bound on
(ov) derived under the Burkert assumption is roughly a factor ~ 4 x 10? weaker than the
one obtained under Einasto.

This shows that, when the analysis is restricted to regions very close to the Galac-
tic Center, the uncertainty on the DM density profile has a very large impact on the
constraints on the annihilation cross section. Instead, if a larger region of observation is
considered, the impact of this uncertainty is reduced, since the different profiles show a
similar behavior in outer regions. On the other hand, restricting the region of observation
can reduce the astrophysical backgrounds. This is the reason why small regions close to
the GC are particularly interesting for indirect searches, in particular for the study of DM
spikes.

2.2 Thermal relic cross section and indirect detection
constraints

We now consider the model where two DM particles y annihilate into two BSM mediators
¢, i.e. particles that are not SM,

XX — 9. (2.5)

The mediators are then assumed to later decay into SM particles.

In the following calculation we use natural units, where i = ¢ = 1, masses and energies
are expressed in GeV and cross sections in GeV 2.

The annihilation cross section for the process xxy — ¢¢ is [1]

2
T

= 2.6
<‘7U>xxﬁ¢>¢> mQDM ) (2.6)

where mpy is the DM mass and ap is the coupling constant of the dark sector, defined
as

9b
ap = E, (27)
with gp the coupling between the BSM mediators and DM.
Assuming the thermal relic scenario, the observed DM abundance is obtained for an
annihilation cross section of order 10726 cm3/s. For a quantitative analysis, we use the
value for self-conjugate DM with mass greater than 10 GeV [32]

(ov) =2.2x 10720 cm?®/s ~ 1.89 x 1079 GeV 2. (2.8)

From eq. (2.6) we can easily compute the value of ap(mpy) that gives the correct
relic abundance

- -5 (MDMY mpwm
ap(mpyr) = 2.45 x 10 <GeV) ~ 0.0245 (1 TeV) . (2.9)
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Once ap is chosen, the annihilation cross section of our model is fixed.
We now assume that the mediators decay into W bosons, therefore the complete
process is

XX = pd — W W (2.10)

For simplicity, we use the limit for DM annihilating directly into the W W~ channel.

This is a good approximation because, as discussed in section 1.3.1, the v-ray spectrum
from W hadronization is a broad continuum: the extra step through the mediators halves
the average energy of each W and doubles their multiplicity, but this mildly affects the
spectrum.

To constrain our model, in what follows we employ the experimental upper limits on
the DM annihilation cross section obtained by the H.E.S.S. experiment. The High Energy
Stereoscopic System (H.E.S.S.) is an array of Imaging Atmospheric Cherenkov Telescopes
located in the Khomas Highland of Namibia, sensitive to very-high-energy ~-rays from a
few tens of GeV to several tens of TeV [33]. It does not detect the y-rays directly: when
a very-high-energy photon enters the atmosphere it initiates an electromagnetic cascade
of secondary particles that travel faster than the speed of light in air and therefore emit
a faint, nanosecond-long flash of Cherenkov light. Each telescope records an image of
this flash, and the combination of the images taken simultaneously, a technique known
as stereoscopy, allows the arrival direction and the energy of the primary photon to be
reconstructed with high accuracy. In this way the instrument effectively measures the
~v-ray flux and energy spectrum coming from a given region of the sky, which is precisely
the observable that can be compared with the signal predicted from DM annihilation.
The performance of the array, in terms of angular and energy resolution and sensitivity,
was established through the observation of the Crab Nebula, the standard candle of
very-high-energy v-ray astronomy [34]. Owing to its location in the southern hemisphere,
H.E.S.S. observes the Galactic Center at small zenith angles, close to the optimal observing
conditions, which makes it one of the leading instruments for indirect DM searches at the
TeV scale.

In particular, Ref. [2] provides 95% confidence level (C.L.) upper limits on the anni-
hilation cross section (ov)m(mpum) as a function of the DM mass. H.E.S.S. adopts an
NFW profile with ps = 0.39 GeV /cm? at ro, = 8.5 kpc and r, = 21 kpc, while we adopt
the parameters determined in section 2.1: ps = 0.4 GeV/cm? at ro, = 8.33 kpc and
rs >~ 14.0 kpc. We can adjust these limits using our parameters by rescaling them with
the ratio of the J-factors for the two sets of parameters, both computed over the region
of observation of the Inner Galaxy Survey, 0.5° < 6 < 3° with |b] > 0.3°, which in this
case gives JHESS. [ jour ~ () 60

Since the expected gamma-ray flux is proportional to (ov)J, a cored NFW profile,
having a smaller central DM density and hence a smaller J-factor, leads to a weaker
limit. Rescaling the NFW limit by the ratio of the J-factors, we obtain

J;
(o)t = (o)W N, (211)
cored

where Jxpw/Jeorea = 4.0 for a flat core of radius r. = 1 kpc. Therefore, the limit obtained
under the cored assumption is weaker than the one obtained under NF'W,

(ov)ered > (o) FEW, (2.12)

lim lim
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The resulting limits are shown in fig. 2.1 for the NF'W and the cored NFW profiles,
together with the thermal relic cross section of our model. We focus on the NFW and
cored NFW profiles since the H.E.S.S. experimental limits we employ are provided for the
NFW profile.

1022 - — — . . ——
— NFW
—— cored NFW (r. =1 kpc)
=== <U’U>relic
10-23¢ ]
T
E 10—24 ]
/S 4
S
10725¢ ]
-26 . \
10 100 Tot

mpm [TGV]

Figure 2.1: 95% C.L. upper limits on the annihilation cross section in the W W™= channel
from the H.E.S.S. Inner Galaxy Survey [2], rescaled to our halo parameters. We adopt the
NEW and the cored NFW profiles. The dashed line is the cross section that reproduces
the observed relic abundance in our model.

It is useful to discuss the relation between the number of photons detected and the
DM mass in order to understand the shape of the limit curves. Recalling eq. (1.13), we
notice that the ~-ray flux scales as

mpm dN
O o <"2”> J e ap, (2.13)
M Euns dF

where Fjy,, is the energy threshold of the telescope and the spectrum extends up to
E ~ mpy. The upper limit (o0v)y,, is inversely proportional to the number of detectable
photons per annihilation, hence we can distinguish three different regimes.

At low masses, most of the photons produced fall below Eiy,, and are lost, therefore
the limit is weak and the curve rises for small mpy.

At intermediate masses, of the order of a TeV, the photon spectrum falls in the energy
range where H.E.S.S. is most sensitive, and the limit reaches its strongest value, which
corresponds to the minimum of the curve.

At high masses, the telescopes are still able to detect most of the photons, but the
annihilation rate is suppressed by the factor 1/m2,, of eq. (2.13): at fixed mass density,
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the number density of DM particles decreases as p/mpy, and two particles are needed for
each annihilation, therefore the upper limit curve rises.

We can compare the cross section predicted by our model with the experimental upper
limit and exclude the DM mass values that give a cross section larger than the upper limit.
Since our model predicts a constant cross section after imposing the relic abundance, the
condition of exclusion becomes

2.2 x 107% cm?®/s > (00)jim (mpn). (2.14)

From fig. 2.1 we can evaluate this condition: if the upper limit lies below the thermal
relic value, the corresponding DM mass is excluded. If it lies above the thermal relic
value, the model is still allowed.

Figure 2.1 also shows how the upper limit changes when different DM density profiles
are assumed.

For the NF'W profile, the thermal relic cross section lies below the upper limit at all
masses, so no value of mpy; is excluded within this approximation. Since the cored NF'W
yields an even weaker limit, as shown in eq. (2.11), the same conclusion holds for the
cored profile: the thermal relic model is not excluded in either case.

It is important to notice that in this case we are assuming that our relic model is correct
and then excluding the different DM masses and density profiles. Strictly speaking, the
rigorous interpretation is that a point (mpwm, (ov)) above the limit curve is excluded in
the sense that the three hypotheses, which are the DM profile, mass and cross section,
are simultaneously incompatible. In our work we fix the cross section since it is a robust
theoretical prediction, while the DM density profile is affected by numerous uncertainties,
which will be discussed in detail in the next chapter.



Chapter 3

Spikes in dark matter density profiles

There is strong evidence for the presence of a supermassive black hole (SMBH or simply
BH), called Sgr A*, at the center of our Galaxy.

The first dynamical calculation of its mass came from Eckart and Genzel [35] and Ghez
et al. [36], who studied the stellar velocity dispersion in the inner 0.1 pc and estimated the
mass of Sgr A* to be Mpy = (2.6 +0.2) x 10° M. New measurements have been done by
tracking the complete orbits of individual stars around Sgr A*, for instance see [37, 38].
The most precise determination to date, obtained by the GRAVITY interferometer from
the orbit of the star S2, is Mpy = (4.15 +0.01) x 10% M, [39].

If cold DM is present at the Galactic Center, as in current models of the dark halo,
the adiabatic growth of the black hole redistributes it into a cusp, called a spike. From
eq. (1.13) we have seen that the annihilation rate depends on the square of the DM density,
so it is strongly increased in the spike. The absence of a detected signal then allows one to
place interesting upper limits on the density slope of the inner halo, under the assumption
of DM being a thermal relic. However, the determination of the DM density profile in the
spike is affected by severe uncertainties.

Therefore, in this chapter we study the formation of DM spikes around black holes,
derive the relation between the slope of the spike and that of the DM halo, examining its
physical origin and its regime of validity, and discuss the main astrophysical uncertainties
affecting the spike profile. Finally, we compute the J-factors for DM annihilation around
the Galactic Center for two benchmark spike profiles, on both a peaked NF'W and a cored
halo.

3.1 Adiabatic spike around the central black hole

We want to find the DM density profile in the region where the black hole dominates the
gravitational potential. From the data in [35, 36], Gondolo and Silk [40] estimated this
region to be of the order of a parsec.

We work under the assumption that the growth of the black hole is adiabatic: this
means that the black hole grows on a time scale much longer than the typical orbital time
of the DM particles in the central region. This assumption is supported by the collisionless
behavior of particle DM, discussed in section 1.1.

In order to determine the DM density profile after the formation of the black hole, it
is useful to describe the system in terms of the phase-space distribution f(x,v), defined
as the DM mass per unit phase-space volume, recalling the relation

19



Chapter 3. Spikes in dark matter density profiles 20

o) = [ fxov)d (3.1

which means that the density at a point is obtained by integrating the DM mass per unit
phase-space volume over all velocities. With this convention p is the mass density, in
GeV/cm?, and the corresponding number density is p/mpur.

For a spherically symmetric system we can express the phase-space distribution as a
function of the energy F and the angular momentum L of the particles. While the density
profile gives information about the amount of DM at a given position, f(F, L) contains
additional information on the orbital structure of the system.

Therefore, the final DM density profile can be calculated by integrating the final
phase-space distribution f’(E’, L) over all the bound orbits that pass through a radius r

r2uv,

0 L, Ar L)
,0’(7“):/ dE’/ ALl —= f(E', L), (3.2)

where £’ and L' are respectively the final energy and angular momentum per unit mass,
and

2 1/2
vy = [2 (E’ 4 GMon _ L )} (3.3)

. e
is the radial velocity. The derivation of this expression is reported in appendix B.1.
The integration limits are

M 4 Mg\ 12
E;:—G i (1— RS), L. = 2¢cRs, L;n:{zﬁ (E+@>] . (3.4)

T T T

The upper bound for the energy is £’ = 0, which means we are neglecting the contribu-
tion from unbound orbits. The lower limit in angular momentum L/, and the second factor
in E! eliminate the particles with L < 2cRg, where Rg = QGC# is the Schwarzschild
radius. These particles have angular momentum small enough to be captured by the black
hole, so they have to be excluded. The angular momentum upper bound is obtained from
the condition that the radial velocity must be real.

The key point is that, in the adiabatic approximation, we relate the final phase-space
distribution f’(E’, L) to the initial one f(F, L) through the conservation of the angular
momentum and of the radial action. The angular momentum is conserved because the
potential remains spherically symmetric during the growth of the black hole. Moreover,
since the potential varies on a time scale much longer than the orbital periods, the radial
action

T
I(E,L) = j{vr dr = 2/ v, dr, (3.5)

where ry are the turning points of the orbit, is also conserved. This is a classical result
on adiabatic invariants, see e.g. [41]. The conservation of the phase-space density along
the orbits follows from Liouville’s theorem. Finally, we have

f(E L'Y=fE,L, L=L I L) =IE,NL). (3.6)

This means that the growth of the black hole does not create DM particles, it only
modifies their orbits, increasing their density in the central region and forming a spike.
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3.2 Relation between the slope of the spike and that of
the DM halo

We now want to derive the relation between the slope of the spike and that of the DM
halo. For this purpose, we follow the procedure of Ullio, Zhao and Kamionkowski [42],
which reproduces the original result of Gondolo and Silk [40].

3.2.1 Halo distribution with only circular orbits

Before the general treatment, it is instructive to consider a simple toy model that illus-
trates the origin of the Gondolo—Silk spike.
We assume an initial self-gravitating DM distribution

r

p(r) = ps (—> _v, 0<vy<2, (3.7)

Ts

made of particles that are all on circular orbits, at the center of which a black hole grows
adiabatically. Note that here, and throughout this section, we neglect the gravitational ef-
fect of the baryonic components and consider only that of DM and black hole. We consider
the more realistic scenario in which baryonic components are included in section 3.3.2.
The enclosed mass and the angular momentum of a circular orbit of radius r; are

M(ry) ocr} ™, L?=GM(r)riocr, . (3.8)

After the growth of the black hole, the mass enclosed within the final radius 7 is
dominated by the BH at small radii: My(ry) o~ Mgy as ry — 0, so L% = G Mgy r¢. Since
the black hole exerts no torque on any DM particle, the angular momentum is conserved
(L; = Ly) and we obtain the relation

rpocr . (3.9)

Each orbit shrinks by a factor r¢/r; ~ M(r;)/Mgn: for the innermost orbits the
contraction is huge, since M(r;) < Mgy, while orbits that enclose a mass larger than
Mgy are practically unaffected. Therefore, we conclude that the spike is made up of
particles from the region of the halo that initially enclosed a mass roughly equal to Mgy,
for an NFW halo this is the inner ~ 50 pc [42]. It is important to note that these particles
are initially very cold, since v. — 0 as r — 0.

We can obtain the final density profile from the conservation of mass shell by shell

py(rp)rdry = pi(ry) i dr; (3.10)
and writing py o r;%p we get
TJ?_VSP ocr (3.11)

Now, using eq. (3.9), we obtain the final slope of the spike for our toy model

9 — 2y
3=y=l-7B-%) = T = T (3.12)

In the following, we will obtain the same result in a more rigorous and complete way.
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3.2.2 General scaling relation

We now consider again the adiabatic growth of the black hole and the phase-space treat-
ment introduced previously.
We adopt the general family of spherical double-power-law DM density profiles, intro-

duced by Zhao [43],
r\ 7 r\ @16/
—o (L) 1+ (L , 3.13
om0 o

where 7 is the inner slope, for r < rg, 8 the outer slope, for r > rg, r, is the scale radius
of the halo and « controls the sharpness of the transition between the two regimes.

Note how this family contains all the cases of interest: for («,,7) = (1,3,1) we
recover the NFW profile, v = 0 corresponds to cored halos and for § = v we have the toy
model profile of eq. (3.7).

For r < ry the density approaches ps(r/rs)~7 and we can obtain the functional form
of the initial potential near the center from Poisson’s equation (see appendix B.2 for the
full derivation)

r

¢U)2¢0<—)%W, (3.14)

Ts

where, without loss of generality, we have fixed the value of the initial gravitational
potential at the center to zero: ¢(0) = 0, possible since the potential is finite at the center
for v < 2. Note that with ¢(0) = 0 the potential increases outward and every orbit of
the initial halo is bound, with £ > 0. The most bound particles are those closest to the
center and with £ — 0F.

Equation (3.14) is the leading behavior of the potential for any density profile with
inner slope v, with 0 < v < 2. Note that the case v = 0 is allowed and leads to a harmonic
potential (¢ oc 72).

We also assume, following [42], that the final potential is dominated by the black hole
in its vicinity, while it is roughly unchanged at large galactocentric distances, fixing

§(r) = p(r) - o (3.15)

r

We postulate that the initial halo has an isotropic velocity distribution, this means
that the phase-space distribution depends only on the energy (f = f(E)) and there is a
one-to-one correspondence between the density profile and the distribution function given
by Eddington’s formula [41, 42|

! d/md’) d¢ (3.16)

f(E) V8m2 dE Jp dp JH—E’
Eddington’s formula is derived in appendix B.3 following section 4.3 of [41].
To proceed we need a relation between initial and final energies, which can be obtained
from the conservation of the radial action. For the initial potential we need to make some
dimensional considerations, sufficient to determine the scaling. A particle with energy F
can have an orbit with maximum radius rg defined by

o(rg) ~ E (3.17)
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and from the functional form of the potential it follows that 75 oc EY2~7) with a typical
velocity v ~ V/E, so that

4—y

I(E,L) = ]{vr dr ~rgVE o« E77 - B2 = 57, (3.18)

In the final potential the radial action is known exactly

G Mgn >
V=2E")’
and for small radii the second term dominates so I’ & (—FE’)

Both results for the initial and final potential are derived in detail in appendix B.4.
Now applying the conservation of the radial action we obtain

I'(E' L) =2r (—L’ + (3.19)

-1/2.

E o (—E') ", (3.20)
which is the scaling relation between initial and final energies, first obtained in [44].
Note that, due to the definition of the initial and final potential, the most bound final
orbits are the ones with E' — —o0, which populate the innermost region of the spike, and
correspond to the initially most bound orbits with £ — 0F.
Now supposing that the distribution function in the initial state diverges near the
center as

f(E)~E™, E — 07", (3.21)
we can derive the final density profile at small radii, in the region where the potential
is dominated by the black hole. There ¢/(r) ~ —GMpy/r, and bound particles have
E' = —GMgu/r +v*/2 with 0 < v < vge = /2GMpy /7.

Note that here we introduce n only as an assumption on the behaviour of f, it is not
a free parameter: in section 3.2.3 we derive it as a function of the problem data for a
specific power-law p, and in section 3.2.4 for the general profile of eq. (3.13) introduced
above.

The final distribution function is obtained recalling the consideration made in sec-
tion 3.1, in particular from Liouville’s theorem

22—y

F'(E") = f(E(E")) oc (—E') "5, (3.22)

and integrating over the velocity space (see appendix B.5 for the explicit integral)

(GMBH)3/2 . (3.23)

r

~

Vesc M 2 M n%
P/(T)=47T/ f’(—@—k%) v dv o (G BH)
0

r r

where the first factor comes from the scaling of f’ and the second from the phase-space
volume ~ v3_. We therefore obtain the general scaling relation

esc”

R (3.24)

This result shows that the slope of the spike is not only determined by the halo slope

7, but by the pair (v, n), where n determines the strength of the divergence of the phase-
space distribution on the most bound orbits. Particularly important is the case of n = 0,
which means that f(F) approaches a finite constant, as in models with a core: the spike

slope is 75, = 3/2 for any 7.
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3.2.3 The Gondolo—Silk spike

Gondolo and Silk [40] studied in particular a single power law density profile (the same
we examined in section 3.2.1)

r

o(r) = s (—) (3.25)

Ts

which is the general family of eq. (3.13) with § =~ and 0 < v < 2.

For this profile the initial potential of eq. (3.14) is exact at all radii, so we can recover
all the scaling results obtained previously and complete them deriving the normalization
of the profile and the shape near the boundaries.

We do that integrating Poisson’s equation and, recovering the results obtained in
appendix B.2, we have

drGosr? [T 1. ., r\*7" 4G pgr?
gbr:—s/r Tdr' = ¢ (—) , Do = = 3.26
D=5, '\ a0
so that
pox ¢ T (3.27)

and Eddington’s formula of eq. (3.16) can be evaluated exactly, the computation is re-
ported in appendix B.6, giving a pure power law

s ['(n) oo\ 6 —
f(E) = (2W20)3/2 F(n _ %) (E) ’ n= —’Y (3.28)

Inserting this value of n into eq. (3.24),

_3+ 6—v 2—v 9-2y
T T g 22 —7) 4—v 4—7’

which is the famous result of Gondolo and Silk.
To find the final phase-space distribution f'(E’, L") we need to solve the equation of
conservation of the radial action I(E, L) = I'(E’, L') for E as a function of E’. We already

derived the final radial action, after the formation of the black hole, which is

G Mgy )
V—2FE')

But in the initial power law potential the action integral cannot be performed exactly.
Gondolo and Silk therefore performed this inversion numerically, finding an approximation
accurate to better than 8% for 0 < vy < 2.

So, once the relation between the initial and final energy is known, it is possible to
integrate eq. (3.2) with the final distribution f'(E’, L) = f(E(E’,L')), obtaining the
complete density profile of the spike

(3.29)

I'(E'\ L) =2n (—L’ + (3.30)

RS Vsp 9_27
# = pmantn) (22) 7Ly =52 (3.31)

where
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R\ Mo\ /3=
pR:ps( p) : Rsp:A,yrs< BH) : (3.32)

rs psr

Here ppg is the density normalization, Rg, is the radius of the spike, A, is a normalization
factor and g,(r) ~ (1 — 4Rg/r)? accounts for the capture of particles by the black hole.
Therefore, the density vanishes for » < 4Rg. It is important to note that the factor g, (r)
follows from the Newtonian treatment of capture adopted in [40]. Adopting a relativistic
description of the adiabatic growth of the spike [45] shows that the spike actually extends
down to 2Rs. Throughout this work we will adopt the conservative cutoff at 4 Rg.

For 0 < v < 2, the density slope in the spike varies only between 2.25 and 2.5: we
note that the spike is always much steeper than the initial cusp.

Note that, for v — 0 we have n — 3/2 from eq. (3.28), and studying the phase-space
distribution already signals that this limit is delicate: f(E) depends on F(n—l?) 75 and since
['(z) ~1/x for x — 0*

1 N 3 vy

P(n—2) T2 24 a0

0. (3.33)

We notice how the amplitude of the divergence of the distribution vanishes linearly
with . From the formula of 75, of eq. (3.31) it seems that vy, — 9/4, but the population
of cold particles responsible for that slope disappears in the limit. In the following section
we properly discuss this case.

3.2.4 Cored halos and the case v =0

We now recover the general family of eq. (3.13) in order to make some considerations
on cored halos, which is the case of v = 0. We will see how this general treatment also
reproduces the Gondolo-Silk result, with the appropriate choice of parameters.

In the following we derive n for 1 < o < 2, but the results for other ranges can be
obtained analogously.

In this case we cannot integrate Eddington’s formula in closed form, so we study it
asymptotically and extract the behavior of f(E) for E — 0%. In this way we obtain the
value of n, which is the only quantity needed in eq. (3.24) to compute the spike slope.

Expanding eq. (3.13) around r = 0, we obtain

p(r) = p, (ris)_W [1—5;7<r1&>a+...} (3.34)

We see that for v — 0 the profile approaches a constant central density, with a leading
correction o< 7.

Inserting this expansion into Eddington’s formula, changing the integration variable
from ¢ to r and keeping the terms that can produce a divergence, one finds [42]

f(B) ~ / A (3.35)

T3 /7*2—’7 — E )
where the lower limit 7, = E'/(2=7) is the radius at which ¢(r,) = E.
Some care is needed here: the integral of eq. (3.35) is obtained from the small radius

expansion of the density, and is therefore not valid over the whole range of integration.
However, this is sufficient for our purposes, because we do not need f(FE) itself, but only
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its singular behavior as £ — 0%. Splitting the integral at an arbitrary fixed radius 7,
independent of E, the outer region r > r; has r*7 > E: the integrand is a smooth
function of the energy there, and this piece approaches a finite constant as £ — 07,
contributing only to the regular part of f(F). Therefore, all the singular behavior comes
from the inner region r, < r < ry, where the expansion is valid and where the energy
enters only through the lower limit r, — 0. For this reason the upper limit of integration
is irrelevant for the scaling.
In our particular case of 1 < « < 2, the first two coefficients are (up to a constant)

Co = _2’}/(3 - 7)7

o — — alo — 3.36
1= (o~ 2)(3 - 7)(8 - y) LEZDB D) ala Zy), (3:36)

aB+a—17)

Rescaling r = r,x, a term o 7* in the numerator of eq. (3.35) contributes as

. 6—~— 2%
E ~ E ng _ '

provided nj > 0, otherwise the integral is dominated by large radii, the term gives no
divergence and only contributes to the regular part of f(FE). Note that n decreases with
k: once a term of the expansion is regular, so are all the subsequent ones. The explicit
calculation, together with the analysis of the two endpoints of integration, is reported
in appendix B.7. In conclusion, the behavior of f(E) near £ = 0 is determined by the
lowest power k with a non-vanishing coefficient, provided it satisfies ny > 0, which fixes
n and, through eq. (3.24), the slope of the spike. If no term satisfies this condition, f(E)
is regular and n = 0.
There are three important cases:

(3.37)

e For v > 0 and independently of o, ¢y # 0. In this case the k = 0 term dominates
and we have

6—7 9 —2y
n=mn — —, IYS = y 338
" 22— oAy (3.38)

recovering the result of [44] and Gondolo-Silk.

e For v =0 and for 1 < o < 2, the first term ¢y vanishes and the leading term is the
second one, which has k£ = a:

33—«
2 )

3 n 99—«

n =

Hence we notice how for a cored halo the spike is milder, 7/4 < 75, < 2, and its
slope is controlled by «, not by ~.

e For v =0 and a = 2 both ¢y and ¢; vanish, the distribution function is non-singular
(n = 0) and the density profile after the adiabatic growth of the black hole has a
slope 7sp = 3/2. This is the case of the non-singular isothermal profile of eq. (3.42).

We can make some considerations about the result we derived previously: the slope
of the spike is a property of the DM profile very close to the black hole, at r < Ry,
and yet from eq. (3.31) and eq. (3.39) we observe a dependence of 7y, on v and «, which
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at first sight look like parameters describing the halo very far away: after the growth of
the BH, the initial profile inside Ry, no longer exists, having been replaced by the spike
itself, while « is the slope measured on the halo well outside the spike and a describes the
transition of the profile around the scale radius r,, which is orders of magnitude further
out.

This is, however, only an apparent paradox. In the Zhao family of eq. (3.13) the
parameter a plays two distinct roles: it sets the sharpness of the transition between the
two power laws at r ~ r,, but it is also the exponent of the leading correction to the inner
power law as r — 0, as we can see in eq. (3.34). It is exclusively through this second
role that « enters our calculation: via the coefficient ¢; of eq. (3.36) and the behavior of
Eddington’s integral at r, — 0. The same holds for v, which is by definition the exponent
of the leading term of the same expansion. The spike therefore never probes the halo at
large radii: it only probes the way in which the density approaches its central value, and
any profile sharing the same r — 0 expansion would give the same 7, however different
its behavior at r 2 r,. What is really assumed, when g, is quoted in terms of (a,7), is
that the fitted profile can be extrapolated all the way down to r — 0.

The mechanism behind this can be traced back to the derivation of the spike.

First, the spike is formed by the initially most bound, hence coldest, particles and the
relation between the initial and final energy of eq. (3.20) connects the region r < Ry, to
the initial orbits with £ — 0. The point is that the parameter n measures how many
such particles the initial halo contains.

Second, n is not fixed by the central density p(0), nor by the slope of the profile at any
observable radius, but is fixed by the leading non-constant term in the expansion of p(r) as
r — 0, as we show in appendix B.7 from the analysis of Eddington’s expansion. Ref. [42]
presents an instructive example of what we have just discussed: the profiles p o< (a+ 1) 72
and p o< (a®+7?)71, where a is a constant, both approach a constant density at the origin
and both fall off as r=2 for r > a, and yet the first has (a, 3,v) = (1,2,0), hence v, = 2,
while the second has a = 2, hence 5, = 3/2. The general criterion [44] is the analyticity
of the density at the origin: if p can be expanded in even powers of 7, i.e. it is an analytic
function, the phase-space distribution is regular and the spike has the minimal slope 3/2;
any non-analytic behavior, either a cusp r=7 or a correction r* with @ < 2, produces a
phase-space singularity and a steeper spike.

3.2.5 Annihilation saturation

We also need to consider the DM annihilation at small radii. The growth of the DM
density cannot continue indefinitely: in the inner regions of the spike annihilations are so
efficient that they set a maximal density, called saturation density

mpwm
<0'U> tBH ’
where mpy is the DM mass, (ov) is the cross section and tgy is the age of the black hole,
conservatively 10! yr. The explicit derivation is reported in appendix C. The final spike
profile can be written as

(3.40)

Pcore =

p'(r) peore
/(1) + peore’
which behaves like p/(r) where p/(r) < peore and flattens to peore where p/'(7) > peore. The
transition happens at the saturation radius Reo, defined by the condition p'(Reore) =

pspike(r) = (341)
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Peores 1.€. the radius at which the unsaturated spike reaches the saturation density.

Note that flattening eq. (3.41) to a constant peo. is not the only possible approach:
Ref. |46] shows that, since particles on eccentric orbits cross the annihilation-dominated
region only briefly, the density inside the saturation radius still has a residual cusp. Our
choice is therefore more conservative.

Examples of spike density profiles are shown in fig. 3.1: for the halo we adopt the
single power law of eq. (3.7), with different values of v ranging from 0.01 to 1.3. As
a representative cored halo we employ the non-singular isothermal profile [27], which
corresponds to the general family of eq. (3.13) with (a, 8,7) = (2,2,0), whose functional
form reads

Piso(T) = @ (3.42)

with r¢ = 1 kpc. This profile flattens to the constant value p, for r < rg and falls off as
r~2 at large radii, reproducing flat rotation curves. As discussed in section 3.2.4, this is
the case of v = 0 and a = 2, therefore the spike develops the minimal slope 7, = 3/2.
We neglect the cases of higher values of 7 since they are not supported even by the
most optimistic simulations.
The saturation density is fixed to the representative value peore = 1.4 x 10* GeV /cm?,
corresponding to mpy = 1 TeV and (ov) = 2.2 x 10726 cm?/s.
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Figure 3.1: Examples of spike density profiles for different values of the halo inner slope
~v: 1.8, 1, 0.1, 0.01, and for an isothermal profile with a flat core of radius 1 kpc, following
[40]. The halo profiles are normalized to pe = 0.4 GeV/cm?® at re, = 8.33 kpc. Both azes
use a logarithmic scale to display the wide dynamic range of the profiles, from the region
close to the black hole to the outer halo.
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3.3 Benchmark spike profiles

In this section we combine the results obtained previously to build two benchmark spiked
profiles, the Gondolo—-Silk and the less-stellar-heating benchmarks, each constructed on
both a peaked NF'W halo and a cored halo.

We know that the knowledge of the DM density profile in the spike is affected by severe
uncertainties, it is therefore desirable to know how the strength of the signals depends on
a meaningful parametrisation of these astrophysical uncertainties.

We distinguish two main sources of uncertainty: the poor knowledge of ppy in the
inner kpc of the Milky Way and the impact of baryonic matter, such as stars, on the
DM in the vicinity of Sgr A*. However, these uncertainties are being reduced as our
comprehension of the baryonic matter in the region surrounding Sgr A* continues to
improve: dramatic observational progress has recently been achieved, for example, on the
orbits of stars closest to Sgr A* [47, 48| and on the nuclear star cluster profile [49, 50, 51].
Many of these observational results were unknown at the time of the first studies that
aimed to determine pypike, such as [42], and novel determinations have subsequently been
possible, see e.g. [52].

Given these uncertainties, we employ the following general parametrisation of the DM
mass density of the MW

0 r < 4Rg,
p(?") = pspike(r> 4RS S r< Rsp, (343)
phalo(r> r 2 Rsp,

where r is the distance from Sgr A*, which we assume to be at the exact center of the

MW, phalo is the outer halo density and pspike(r) is the saturated spike profile of eq. (3.41).
Since the spike slope is strongly dependent on the halo profile close to the BH, it is

crucial to account for the uncertainties in the DM halo distribution at small radii. In

what follows we will employ a peaked NFW and a cored profile, defined following [53].
We recall the NFW profile

Ps
Phato’ () = —————5 (3.44)

with scale radius 4 and normalization fixed by the local DM density through

2
b= po (—) (1+7“—®) | (3.45)
Ts Ts

where ro = 8.33 kpc is the distance of the Sun from the Galactic Center. For p, we use
the same value adopted for the J-factors of table 2.1, which is p(rs) = 0.4 GeV/cm?. The
scale radius ry is fixed, as in table 2.1, by the enclosed-mass condition M (< 60 kpc) =
4.7 x 10* M), which for the NFW profile gives r, ~ 14.0 kpc.

For the cored profile we employ the following parametrisation

—Ye

NFW r
core: phalo (TC) <_> r < rC)

phalod(r) - Te (346)

NFW(T)

Phalo r 2 Te,
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where r,. is the radius of the core and 0 < v, < 1 its inner slope. For MW-sized galaxies,
simulations allow for core radii of the order of a kpc, so we assume r. = 1 kpc. Since
baryons largely dominate the gravitational potential at those scales, in eq. (3.46) we can
safely use the same values of p, and r, obtained for the NFW profile in eq. (3.44). For the
slope we adopt . = 0.4, a representative value of the peak softening found below 1 kpc
by recent FIRE simulations including both baryons and DM [54]. Note that for 7. = 0 we
recover the cored NFW profile of eq. (2.3), which is a conservative choice since the density
inside r. is constant. Strictly speaking, for v. > 0 this profile is not truly cored, but only
softened with respect to NF'W, we will nevertheless refer to it as cored for brevity.

It is important to note that the spike does not extend over the whole region of influence
of the black hole: it begins to grow around the radius Ry, ~ 0.2 R}, where

M
Rh= & e (3.47)

Yo

is the gravitational influence radius of the BH, defined by the condition that the potential
energy due to the BH equals the typical kinetic energy of a DM particle in the halo. Here
v is the velocity dispersion of the DM particles in the inner halo, which we estimate from
the velocity dispersion of the stars in the same region, since DM and stars move in the
same gravitational potential. The numerical factor 0.2 is the result of simulations of the
adiabatic growth of the black hole [55].

Adopting Mpy =~ 4.15 x 10% M, for Sgr A* [39] and vy ~ 105 kms™" [53], one finds

Ry, ~ 1.6 pc, R, ~ 0.32 pe. (3.48)

Note that this estimate of Ry, differs substantially from the one of eq. (3.32), ob-
tained by Gondolo and Silk from the condition that the halo mass enclosed within R, be
comparable to Mgy, which for the NFW profile of eq. (3.44) is met more than an order
of magnitude further out. The two conditions would be equivalent for a self-gravitating
halo, where v? ~ GMyao(< 7)/r and Mya.(< R) = Mgy is the same requirement as
R = G Msgy/v?. They differ here because the potential of the inner Galaxy is dominated
by the baryons: the mass criterion ignores them altogether, while v, inferred from the
stars, is several times larger than the DM mass alone would produce, and R}, oc vy 2. Both
criteria identify the scale at which the black hole starts to dominate the potential, and
here we adopt eq. (3.48) for consistency with Ref. [53]; it is also the conservative choice,
since the spike density grows with Rs,. We return to this assumption in section 3.3.3.

3.3.1 Gondolo—-Silk benchmark

From eq. (3.31), for an NFW profile, which has v = 1, one obtains a spike slope of
Ysp = 7/3, while for the cored halo, which has v = 7. = 0.4, one obtains 7, >~ 2.28. Now,
neglecting the factor g.,(r), which is replaced by the parametrisation that we adopted, we
obtain the Gondolo-Silk (GS) profile

,
fos0) = ) (-

where pha, is the NFW profile of eq. (3.44) or the cored profile of eq. (3.46), with the
corresponding value of .

Vsp
) . 4Rs <71 < Ry, (3.49)
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As discussed in section 3.2.4, the case 7. = 0 is subtle: the halo has a flat core, so the
spike slope is 7, = 3/2 and not the value 9/4 suggested by the naive limit v — 07 of
eq. (3.31).

3.3.2 Less-stellar-heating benchmark

Now we consider the gravitational effect of the baryons surrounding Sgr A*: this interac-
tion between DM and the baryons dampens the spike. The DM spike may be significantly
softened due to gravitational heating by the nuclear star cluster, i.e. the stars within
the inner few pc of the MW. Gnedin and Primack in [56] obtained an equilibrium spike
solution of

yaeated — 1.5, (3.50)

We refer to this case as the stellar-heating benchmark. Instead, in the less-stellar-
heating (LSH) benchmark, since there are only a few older/brighter giants in the inner
region, there should be no scattering between DM and stars in » < 0.01 pc, hence the DM
spike should theoretically not be softened within this region and follow the Gondolo—Silk
slope of the corresponding halo. Imposing continuity at r, = 0.01 pc, the unsaturated

spike reads
-3/2 —Ysp
Ty T
alo ( Rs —_— — , 4Rg <1 <1y,
Pusto( ) (RSP) (Tb) =TS

Phsin(r) = (3.51)

r -3/2
phalo(Rsp) (R_> ) p S r< Rspa
sp

where again pp,i, denotes either the NFW or the cored halo, with v, = 7/3 and 75, ~ 2.28
respectively.

3.3.3 Limitations of the benchmarks

The benchmarks defined above encompass many of the uncertainties affecting the deter-
mination of spike profiles. However, there are other sources of uncertainty that they do
not account for.

First, we have not considered halo profiles steeper than NFW, although recent simu-
lations do produce them. The correspondingly steeper spikes would yield larger J-factors
and hence a larger predicted v-ray flux, improving the sensitivity of indirect searches for
DM annihilation towards the Galactic Center.

Second, we determine the spike radius Ry, through the velocity dispersion of the stars,
implicitly assuming that DM and baryons are in kinetic equilibrium. This holds in the
less-stellar-heating benchmark, but could perhaps be too conservative for GS, where we
neglect DM heating by stars and so DM could have a smaller velocity dispersion, leading to
a larger spike radius. Since the GS benchmark provides the strongest constraints anyway,
we use the same Ry, for both benchmarks.

Third, if the GC underwent mergers with other galaxies, then the shape of the spike
would be affected. However, the Milky Way is unlikely to have undergone a major
merger in its recent past: Gaia data suggest that the last one, the so-called Gaia-
Enceladus/Sausage event, took place several billion years ago [57, 58, 59|, so the spike
has had time to regenerate. Therefore, we do not account for major merger effects in our
benchmarks.
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Finally, we assumed that Sgr A* has been sitting within tens of pc of the center of
the halo density distribution throughout most of its formation history. This assumption
is supported by the measured slope of the density of the nuclear star cluster, see e.g. [51],
and by the fact that the gravitational dynamics is by far dominated by baryons. If this
were not the case, the resulting spike would be softened.

3.4 J-factors of spiked profiles

For both benchmarks, the final profile pgspike(r) is obtained by applying the annihilation
saturation of eq. (3.41) to p'(r).

We can now compute their J-factors in order to quantify the enhancement of the
annihilation signal produced by the spike.

In section 2.1 we integrated the J-factors over a region with a mask on the latitude
|b] < 0.3° to remove the photon background from the galactic ridge. Now we cannot
integrate over the same region since the spike extends only up to Ry, ~ 0.32 pc, while the
mask excludes all the l.o.s. passing within ~ 44 pc of the GC, therefore the spiked profiles
would give exactly the same J-factors as the corresponding halo alone. For this reason we
have to define a different region of integration. The key point is that the spike subtends
an angle of only ~ 0.002° and, specifically for the NFW profile, its signal dominates over
that of the surrounding halo: as long as the region of integration contains the spike, the
resulting J-factors depend only mildly on its exact shape and size. Therefore, following
Ref. [53], we integrate over the central 0.1° x 0.1° pixel centered on Sgr A*, so that our J-
factors are directly comparable to theirs. As a consequence, from now on we no longer use
the H.E.S.S. Inner Galaxy Survey limits of section 2.1 |2], which mask the |b| < 0.3° region,
but the limits derived in Ref. [53| over this central pixel. These, in turn, are obtained
from the H.E.S.S. observations of the Galactic Center [60], a measurement of the very-
high-energy ~-ray flux from the central source associated with Sgr A*, reinterpreted as
an upper limit on a possible DM annihilation contribution.

All the other parameters are the same used for table 2.1: the local density p., =
0.4 GeV/cm? at ro, = 8.33 kpc and, for the NFW halo, the scale radius r, ~ 14.0 kpc
fixed by the enclosed-mass condition M (< 60 kpc) = 4.7 x 10" M. The spike parameters
are those of eq. (3.48), with the density set to zero below 4Rg according to eq. (3.43).

Another key consideration is the choice of the annihilation cross section (ov). From
eq. (3.40) it is clear that a bigger cross section corresponds to a smaller saturation density.
In the following, we calculate the J-factors in the non-annihilating limit (cv) — 0, where
the saturation density diverges and therefore the .J-factors are the maximal ones, and for
a representative value of (ov) = 2.2 x 10726 cm?/s and mpy = 1 TeV, corresponding to
Peore = 1.4 x 101 GeV /em?. In the latter case it is important to notice that the saturated
J-factor is no longer a purely astrophysical quantity, and the expected flux is not linear
in (ov) [53].

Since R, is much smaller than the size of the region of observation, the spike behaves
as a point-like source and its contribution can be computed as a volume integral

|
Jop = = 471" p ke (1) dr, (3.52)
s Jarg
to be added to the line-of-sight integral of the corresponding halo over the pixel. Note
that in the non-annihilating limit pspie(r) — p'(7). The results are reported in table 3.1.
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log1o(Jo.10x0.10 [GeV?/em?®]) | NFW | NFW + GS | NFW + LSH | Core | Core + GS | Core + LSH
(ov) = 0 20.70 27.74 25.22 18.63 22.87 20.53
(ov) =2.2x 1072 cm?/s | 20.70 23.62 22.02 18.63 20.60 19.19

Table 3.1: J-factors integrated over the central 0.1° x 0.1° pizel centered on Sgr A*
following Ref. [53], for the NFW and cored (v, = 0.4 and r. = 1 kpc) halos, alone
and with the two benchmark spike profiles GS and LSH. The J-factors are calculated in
the non-annihilating limit (ov) — 0 (top row) and with the saturation of eq. (3.41) for
mpm = 1 TeV and {(ov) = 2.2 x 1072 cm?/s (bottom row).

In fig. 3.2 we plot the density profiles for both halos, alone and with the two spike
benchmarks. The spikes are shown unsaturated, as in the non-annihilating limit (cv) — 0,
nevertheless the horizontal dotted line indicates the saturation density pcore-
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Figure 3.2: DM density profiles as a function of the distance from Sgr A*, alone and with
the two spike benchmarks GS and LSH. Solid lines refer to the NFW halo and dashed
lines to the cored halo with ~v. = 0.4 and r. = 1 kpc; curves of the same color correspond
to the same case (no spike, GS or LSH spike), so that the comparison between the two
halos is immediate. The spikes are shown unsaturated, i.e. in the non-annihilating limat
(ov) — 0.

The results obtained meet the expectations, and are evident in both table 3.1 and
fig. 3.2: we observe a huge enhancement for the NF'W halo, up to about seven orders of
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magnitude, and a much milder one for the cored halo. In both cases, the GS benchmark
produces a stronger enhancement than the LSH and the J-factors in the non-annihilating
limit are larger than the ones where the saturation is included. The values for the halos
alone are the same in both cases, since their densities stay below peoe at all radii above
4Rg.

It is crucial to compare the two sources of uncertainty discussed previously: we note
that the same spike benchmark yields J-factors that differ up to almost five orders of
magnitude between the two halos, while on the same halo profile, the difference between
the two benchmarks is about two orders of magnitude. The uncertainty on the inner halo
profile therefore dominates over the uncertainty on the spike shape.

3.5 Impact of the spike on the cross section limits

The enhancement of the J-factors produced by the spike translates directly into stronger
constraints on the DM annihilation cross section. Therefore, in this section we repeat the
comparison of fig. 2.1 between the experimental upper limits and the thermal relic cross
section of our model, this time including the benchmark spikes of section 3.3.

Ref. [53] provides 95% C.L. upper limits on (ov) in the WHTW~ channel, derived
from the H.E.S.S. observations [60] of the central 0.1° x 0.1° pixel centered on Sgr A*,
assuming an NFW halo with the GS and LSH spikes. The limits are provided for DM
masses mpy 2, 0.3 TeV.

As done in the previous chapter, we adapt these limits to our halo parameters. Ref. [53]
adopts po = 0.383 GeV /cm? at re, = 8.2 kpc, ry = 18.6 kpc and Mgy = 4.3 x 10° M, and
we rescale the limits with the ratio of the J-factors computed for the two sets of parameters
over the same region of observation. We use the saturated .J-factors of table 3.1, i.e. those
obtained for mpy = 1 TeV and (ov) = 2.2 x 10726 ¢cm?/s. We obtain J*/Jo% ~ (.78 for
the GS benchmark and ~ 0.75 for the LSH one.

Note that for spiked profiles the limits are not exactly proportional to 1/.J, since the
saturation density peore, and hence the J-factor itself, depends on mpy and (ov) [53].
The rescaling is therefore an approximation, which we expect to be adequate here since
our halo parameters differ only mildly from those of Ref. [53].

The resulting limits are shown in fig. 3.3, together with the no-spike NFW limit from
fig. 2.1 and the thermal relic cross section of our model. All the curves in fig. 3.3 refer to
the peaked NFW halo of eq. (3.44), combined with the GS and LSH spikes of section 3.3.

It is important to underline that the no-spike NFW limit and the spiked ones are
derived over different observation regions: the Inner Galaxy Survey [2] (0.5° < 6 < 3°) for
the former, and the central 0.1° x 0.1° pixel for the latter. This choice reflects the different
nature of each signal: the NF'W halo produces a diffuse annihilation flux, therefore is best
constrained over a wide region, whereas the spike is an essentially point-like source at
Sgr A*, whose signal is optimally isolated from the astrophysical background by the
smallest region that still contains it.

We immediately notice the dramatic impact of the GS spike: the limit reaches a
minimum of ~ 1.2 x 1073 ¢m3 /s at mpy ~ 20 TeV, more than five orders of magnitude
below the minimum of the no-spike limit, ~ 5 x 1072¢ cm? /s at mpy =~ 1.6 TeV. Such low
values of cross section are made accessible by the saturation: it follows from eq. (3.40)
that a smaller (ov) implies a larger saturation density and hence a larger J-factor, so
the expected flux from the saturated region does not simply decrease with the cross
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section. This is the same effect we already discussed when we questioned the validity of
the rescaling.
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Figure 3.3: Qur result for the 95% C.L. upper limits on the annihilation cross section in the
WHW = channel, rescaled to our halo parameters, for the peaked NFW halo of eq. (3.44).
The blue (NFW + GS spike) and orange (NFW + LSH spike) curves are obtained from
the limits of Ref. [53], derived from the H.E.S.S. observations of the Galactic Center [60)],
they correspond respectively to the Gondolo-Silk spike of eq. (3.49) and to the less-stellar-
heating spike of eq. (3.51), both defined in section 3.3. The grey NFW curve without spike
is the one of fig. 2.1, based on the H.E.S.S. Inner Galaxy Survey [2]. The dashed line is

the cross section that reproduces the observed relic abundance in our model.

The GS limit lies below the thermal relic value over the whole mass range for which
the limits are available: already at mpy =~ 0.32 TeV it is a factor ~ 4 below it, and the
margin grows to five orders of magnitude around 20 TeV. Our model therefore excludes
this benchmark for every mpy between 0.3 and 100 TeV.

The LSH limit is instead much weaker, but it still dips below the thermal relic cross
section in a window of high masses: it crosses it at mpy ~ 15 TeV, reaches a minimum
of ~ 6.7 x 1077 cm3/s at mpy ~ 48 TeV, a factor ~ 3 below the relic value, and rises
back above it at mpy ~ 69 TeV. Thermal relic DM is therefore excluded in the range
15 < mpy/TeV < 69 even for this milder spike, and allowed outside it.

These results confirm the interpretation given at the end of the previous chapter: an
excluded point expresses the simultaneous incompatibility of the assumed DM distribu-
tion, mass and cross section. Since the thermal relic cross section is a robust theoretical
prediction, we analyze its compatibility with the DM profile.

We obtain that if thermal DM with 0.3 < mpy/TeV < 100 exists, then the combina-
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tion of an NFW halo and a GS spike is excluded, meaning that either the inner halo is
shallower than NFW, or the spike has been softened by stellar heating, or it never formed.
Softening the spike is however not sufficient over the whole mass range: in the window
15 < mpum/TeV < 69 even the LSH benchmark on an NFW halo is excluded, so there the
inner halo itself must be shallower than NFW, or the spike must be absent altogether.

Observations of the Galactic Center thus probe not only particle DM properties but
also the dynamical history of the innermost region of the Milky Way.



Conclusions

In this thesis we studied the impact of the uncertainties on the DM density profile of
the Milky Way on the indirect detection constraints obtained from the Galactic Center.
We mainly investigated this region since the DM density is expected to rise towards the
center, leading to a flux of gamma rays that is orders of magnitude larger than that
predicted from the brightest dwarf galaxies. However, the GC is severely affected by the
uncertainties on the density profile and by the astrophysical background.

We first compared a set of representative density profiles, namely the Einasto, Burkert
and cored NFW profiles, fixing their parameters through observational constraints and
computing their J-factors (section 2.1). The latter, integrated over a small region around
the Galactic Center, span more than two orders of magnitude between the most peaked
profile (Einasto) and the most cored one (Burkert), as summarized in table 2.1. This has
severe consequences on the upper bounds on the annihilation cross section. In particular,
the upper bound derived under the Burkert assumption is roughly a factor ~ 4 x 102
weaker than the one obtained under Einasto. We then considered a simple thermal relic
model, in which DM annihilates into a pair of mediators that subsequently decay into
W bosons, with the annihilation cross section fixed by the relic abundance to (ov) =
2.2 x 1072 cm?/s for self-conjugate DM (section 2.2). Comparing this prediction with
the H.E.S.S. Inner Galaxy Survey limits 2], provided for the NFW profile and rescaled to
our halo parameters, we found that the model is not excluded at any DM mass, neither
for the NF'W profile nor for the cored one, whose limit was obtained through a further
rescaling of the J-factors (fig. 2.1).

Subsequently, we studied the adiabatic growth of the supermassive black hole Sgr A*
at the center of the Milky Way (section 3.1): the black hole redistributes the inner DM into
a dense cusp, the spike, strongly enhancing the expected annihilation signal (fig. 3.2). We
introduced two benchmark spike profiles, the steep Gondolo—Silk (GS) spike (section 3.2.3)
and a milder one accounting for stellar heating (LSH, section 3.3.2), and compared them
with our thermal relic model (section 3.3). The spike enhances the J-factor of the inner-
most region by several orders of magnitude (table 3.1), and correspondingly strengthens
the cross section limits derived from the H.E.S.S. observations of Sgr A* (section 3.5).
For the GS benchmark, thermal relic DM is excluded over the whole mass range probed,
0.3 < mpy/TeV < 100, while for the LSH benchmark it is excluded only in the window
15 < mpu/TeV < 69 (fig. 3.3).

These results clearly show that the annihilation cross section constraints depend criti-
cally on both the poorly known inner DM distribution and the assumed spike benchmark.
Even within the NFW assumption, the choice of the spike benchmark alone moves the
excluded region from the entire mass range to a narrow window at high masses. Nev-
ertheless, it should be stressed that the two sources of uncertainty are not independent,
since the spike develops from the inner halo and therefore inherits the uncertainties in
both its inner slope and density normalization.
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Appendix A

Gamma ray flux from dark matter
annihilation

In this appendix we derive the y-ray flux from DM annihilation and the associated J-factor
introduced in section 1.3.1.

The gamma ray flux produced by DM annihilation can be derived starting from the
local DM density distribution. The number of DM pairs contained in a volume dr at
position 7 is

AN = dr (M)z, (A1)

2 mpwm

where ppy(7) is the DM mass density. We assume self-conjugate DM, i.e. the DM particles
coincide with their antiparticles. On the other hand, in the case where DM particles
can interact only with their own antiparticles, the factor 1/2 must be replaced by 1/4.
There is a quadratic dependence on the density since two DM particles are required for
annihilation, whereas in the case of decay the dependence would be linear. We introduce
the factor 1/2 to avoid double counting of particle pairs.

Assuming that a pair of DM particles annihilates into a pair of SM particles f, with
a cross section (ov) s, then multiplying eq. (A.1) by (ov); and summing over all possible
final states, we obtain the number of annihilations per second in the volume d3r

% = d%% (—pglhig)) ;(0@]‘. (A.2)

Now multiplying this rate by the number of photons produced per annihilation in the
channel f within an infinitesimal energy bin dF), i.e. d]\;g?” dE, we obtain the number of
photons produced per unit time and energy

AN, dgrl (pDM(F) ) i Z<av)f—deﬁy. (A.3)
f

dtdE~ 2\ mpy dE

As we show in fig. A.1, only a fraction of the photons produced at a distance s from the
observer reaches the telescope. Since the emission at each point is isotropic, the photons
spread over a sphere of area 4ms?, so a detector of surface Siq collects the geometric
fraction

Stel

4752

(A.4)
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of the total number of photons produced. The solid angle A2 and the energy bin AFE
define the angular and spectral acceptance over which the signal is collected, and do not
enter as a suppression factor.

Figure A.1: A telescope of surface Sie at line-of-sight distance s collects the fraction f;—zg
of the photons produced by the isotropic emission [61].

The photon flux, i.e. the number of photons per unit detector area, time and energy,
is obtained by multiplying the emission rate by the fraction eq. (A.4) and dividing by the
collecting area Si.;, which therefore cancels

o, 15 1 (pou(F) ’ ANy~
o —/47T52dr 2< Z(av>f T (A.5)

mpwm 7

Writing the volume element seen by the observer as d®r = s? ds d2, with s the coordi-
nate along the line of sight, and integrating over the line of sight we obtain the differential
photon flux per unit solid angle and energy

dd,,

e (o Y AN/,
10dE!) = 3an <mDM) Jann(e)zf:wv)f—dE : (A.6)

where in the particular case of the Milky Way

Tunl) = [ 2 (M) (A7)

osTo P
is the annihilation J-factor. Here s is the distance from the observer along the line of sight,
6 is the angle between the line of sight and the direction of the Galactic Center, and r is the
galactocentric radius, i.e. the distance from the Galactic Center that sets the DM density
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ppm(r); it is related to s and 6 by r = /12 + s> — 271 scosf . Finally, re, ~ 8.33 kpc is
the distance from the Earth to the Galactic Center and pg ~ 0.4 GeV/ cm”® is the local
DM mass density.

Note that a similar treatment for DM decay leads to

d(I)»y . To de_yy
a8 = I <mDM) Jaec( ZF ’ (4.8)

where

Jieel6) = [ & (M) (A.9)

05 TO Po

is the J-factor for decay and I'y is the decay rate in the channel f. As expected, we obtain
a linear dependence on the DM density.






Appendix B

Phase-space calculations for the
adiabatic spike

In this appendix we report all the explicit derivations used in the study of the DM spike
in chapter 3.

B.1 The density as an integral over energy and angular
momentum

Here we derive eq. (3.2) of section 3.1.

In a spherically symmetric system it is useful to decompose the velocity into its radial
v, and tangential v; components. In cylindrical coordinates, recalling once more the
invariance of f under rotations, the volume element is d3v = 2mv; dv; dv,, where we
already integrated over the azimuthal angle. The density becomes

/f v = 27T/f v dvy dv,. (B.1)

We now change variables again from (v,,v;) to (E’, L'), defined by
v? + v}
2 Y
where ¢ is the gravitational potential and the primes indicate that these quantities are

evaluated after the formation of the black hole.
At fixed r, the Jacobian is

E' =¢'(r)+ L' =ru, (B.2)

J(E', L)

a(”?H Ut)

Now we notice that this change of coordinates is not injective: to a given (E’, L') there

correspond two velocities: the orbit crosses the radius r once moving outward (v, > 0)

and once moving inward (v, < 0), with the same |v,|. Hence we have to account for both
by multiplying the integral by a factor of two

L dE'dL nl) |
P(r) =2 x 21 F(E, L) = /dE’/dL’ e, L. (B.4)

T U TU,

dE"dl’

T U,

= det (28“ ?:f) =ru, = dv, dv, = (B.3)
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The integration limits follow from the requirements that the orbit is bound (E’ < 0),
that it is not captured by the BH (L' > L’), and that v> > 0 (L' < L.)).
B.2 Potential of the power-law halo

This derivation completes the potential used in section 3.2.2.
For the density profile

—
p(r) = ps (7’1) , 0<y<2, (B.5)
the enclosed mass is
T 4 3 Y
My(r) = / 4 p(r') dr’ = %r&”, (B.6)
0 -7

which converges at the center for v < 3.
We now recall Poisson’s equation for a spherically symmetric system

_14d <r2%) — 4G p(r). (B.7)

Integrating this equation we obtain Newton’s theorem

@ . GMh(T‘)

dr r2

rz? = / 4G p(r') ' dr' = G My(r) (B.8)
r 0

Now, substituting M (r) from eq. (B.6) and integrating once more, with the boundary
condition ¢(0) = 0, we derive the potential

AtGpsr) /T My 4 ( r )24Y 4 Gpsr?
r) — P dr! = — 7 bo = , B.9
o) 3—=v Jo % rs T B-vE-9 (B9)

Note that the last integral, [J /'™ dr’ = r?77/(2 — ~), converges only for v < 2.
Therefore the condition at the origin ¢(0) = 0 is admissible.

Another important consideration is that, although derived here for the single power
law, this result has a wider validity: for any spherically symmetric density profile with
inner slope v, the potential has the same central behavior, determined by the enclosed
mass.

B.3 Eddington’s inversion formula

Here we derive Eddington’s formula used in section 3.2.2.

We want now to obtain the phase-space distribution as a function of the density profile
p, the opposite of what we did in appendix B.1.

We start again from the density as an integral over velocity space, p = [ f d*v. Now
we have an isotropic distribution f(F), i.e. f depends only on the energy, so the volume
element in spherical coordinates reduces to d3v = 4w v*dv. Changing variables through
E = ¢(r) + v*/2, the density becomes
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p=4dm /Oo f(E)v?dv = 4m/§/oo f(E)\/E — ¢ dE, (B.10)
0 ¢
where we used v = 1/2(E — ¢) and v*dv = V2v/E — ¢ dE.

Since both p and ¢ are functions of 7, and ¢(r) is monotonic in the region of interest,
we can regard p as a function of ¢ and differentiate both sides with respect to ¢

dp * f(E)
= = —2\/%/ dE. B.11
de o VE—9 (B
Equation (B.11) is an Abel integral equation for f.
To invert it, we multiply by (¢—&)~/2, with £ as a new fixed parameter, and integrate
over ¢ from & to infinity, exchanging the order of integration:

/g i =% - 2V/2 /‘g dEf(E)/g N CEICETE (B.12)
The inner integral
E do
| 7oee=s )

is a standard integral, independent of both £& and E, which can be solved explicitly with
the substitution ¢ = £ + (E — &) sin?# and becomes

w/2
2/ df = . (B.14)
0

Now, substituting this value in eq. (B.12)

oodp de - 7T2 0
/‘g 46 T—F " 2v/2 /gf(E)dE, (B.15)

and differentiating with respect to £ we obtain Eddington’s formula

L e
HE) = <= dE/E Tyt (B.16)

B.4 Radial actions

Here we derive the radial actions used in section 3.2.2.

Power-law potential

For the initial potential

6(r) = o (1)2’Y (B.17)

the action integral cannot be performed in closed form for generic v, so we will study its
scaling with F.
We can obtain the orbit rg by ¢(rg) = E:
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TR =Ts (%) o . (B.18)

Recalling the radial action expression in eq. (3.5) and rescaling r = rg x we obtain

T4+ 2 T4+ A2
I(E, L) :2/ 2E = 2¢(r) — — dr = 2V2FE TE/ 1 —2*7 - —dz, (B.19)
T— r xr— x

where \? = % is dimensionless.
E
Hence
I(E,L)=2V2E i F(\) o« E*te5 = o5 (B.20)
at fixed A.
Point-mass potential
The final potential is the point-mass
GM
¢ (r) = ———=, (B.21)
r
so the radial velocity becomes
2GMgy L?* 2|F
UzZQE/—FT—F:T—2(7’+—7°)(7'—7",), (B22)
where r4 are the turning points, with
G Mgy L"?
Ty +r_ = |E” s ryer_ = m (B23)

The radial action is therefore

I'=2 /T+ vy dr = 20/2[F] /T+ Vi - Z)(r =) g (B.24)

The definite integral is a standard one and can be evaluated with the substitution
r =1, sin?f 4 r_ cos? 6:

[ S ey 29

so that
GMBH L ( GMBH)
I'=22E|Z o —or(—L'+ . B.26
Sl RV VT V=T (B.26)

Note that the action vanishes for circular orbits, for which L' = ok is the maximum
angular momentum at fixed energy.
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B.5 Velocity integral for the spike density

Here we perform the velocity integral quoted in section 3.2.2.
We saw that in the region dominated by the black hole the potential is

¢'(r) = —GMgn/r, (B.27)
and bound particles have
M, 2 2G M,
o BH+%, 0< v < e = 1) 20 MBI (B.28)
r r

The final distribution function, obtained from adiabatic invariance considerations,
scales as

2—y

f(E") < (—E") "5, (B.29)

So, the density is given by the integral over velocity space

Mpu  0*\"i5
GMen ”) v dv. (B.30)

p'(r) =4r fI(ENVdv o / < - —
0 0 T 2

With the substitution v = ves. u, u € [0, 1], we can factor out all the dependence on r

2=y 2*7_;'_;
2

ni—y 1 _ ni=2 )
pl(r) - (GMBH) 4 . / (1—U2)nifﬁu2du ~ (GMBH> 4 . r*(%JrnH)’
0

r esc r
(B.31)
where the integral in « is a finite constant independent of r, in particular we notice that

1 2—~ 1 1 2—y 1 3 2_7
1—u?)" 5 2 d :‘/ t2(1—t)"=dt =S B( 5, nT— +1 B.32
/0( ) du =g A=Y 2Pl i ) B

where B is Euler’s Beta function, whose definition will be better discussed in appendix B.6.

We therefore obtain

_ 3 2 —
pl(T‘)O(T‘ A,/sp7 Ysp = 54‘”4_1

(B.33)

B.6 Distribution function of the power-law halo

Here we derive the Gondolo—Silk distribution function used in section 3.2.3.
For the power law halo

p(r) = ps <i> L 0<q<2 (B.34)

Ts

it is possible to evaluate Eddington’s formula exactly.
We recall Eddington’s formula of eq. (B.16)

1 i/m@ d¢
V8n2 dE Jp d¢ /¢ — E’

f(E) = (B.35)
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and the potential of eq. (B.9), which is exact for the considered density profile,

ArGpsr) [T 1. r\°77 4Gpgr?
o(r) = s/,,,/ Y — ¢ (_) b= s (B36
D=5 '\ e P
Combining eq. (B.34) with eq. (B.36) we can eliminate the radius
¢>_” v dp _ pps (¢)_”_1
= Pg _— s = -, —_— = — v . B37
o= <¢o Ty Ao T (P37

Now the integral in eq. (B.35) can be computed with the substitution ¢ = E/z,
z € (0,1]:

[e'e) 1
/ " (¢ —E) VP dp=EP / 2?1 —a) P de = B2 B(p+ 5. 5)
0

E
(B.38)

where B is Euler’s Beta function, defined for a,b > 0 as

' () '(b)
Bl(a,b) = Tl —2)de = ——% B.
@b) = [ et = (B.39)
with I Euler’s Gamma function,
['(z) = / t* et dt, z > 0. (B.40)
0

The convergence of the integral in eq. (B.38) is guaranteed because p + 3 > 0, since
p=g5>0for0<y <2
Taking the derivative with respect to E/, we obtain

_ %y

f(E) NTL (p+3)B+iL)Er32 (B.41)
so that f(E) oc E~™ with
3 6 —7
= — = B.42
e N Tr (B.42)

The coefficient can be simplified using the properties of Euler’'s Beta and Gamma
functions:

T(z4+1)=2T(z), T()=vr, (B.43)

and in our particular case

r 1
Blo+ 43 =vipers) (B.41)
together with the identities
(p+3HT(p+3)=Tm+2) =T p L __ 1 (B.45)
)Pt s )= TG T T T )

Finally we obtain the Gondolo-Silk distribution function

S F(TL) ¢0 "
F(E) = (27“’;0)3/2 T 1] (E) . (B.46)
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B.7 Scaling of the singular terms in Eddington’s for-
mula

Here we derive the scaling used in section 3.2.4.
We recall the expansion of Eddington’s integral of eq. (3.35)

R 2

d o)< )Y L

(B) N/ _;” co+ ci(r/rs) 2—_|— co(r/rs)?™ + | (B.47)
Tw r \/ r 7 — E

where the lower limit 7, = E'Y(2~7) is the radius at which ¢(r,) = E, while R is an

arbitrary upper radius, of the order of the scale radius of the halo. We set ¢g = 7, = 1,

since we are only interested in the scaling with F.
A term o< r* in the numerator gives the contribution

R ,,ﬂkf3

Rescaling r = r,z and using 7277 = E, so that r>~7 — E = E (2~7 — 1), we obtain

Rire p k=3 dy he2 1 66—y —2k

= x B i—E, pg=— T
1 vV 27 —1 g 2(2 - PY)

then the scaling is all in the prefactor, provided that the dimensionless integral in = tends
to a finite constant as E — 0. We therefore examine its two endpoints.
At the lower endpoint the integrand is singular, but integrably, so expanding 2277 —1 ~
(2 —)(x — 1) for # — 17, it behaves as (z — 1)7%/2 and never produces a divergence of
1(B).
At the upper endpoint, where £ — 0" implies R/r, — oo, the integrand behaves as
k=3-(2-7)/2 5o the integral converges if and only if

IW(E)=rF2Ep"1? , (B.49)

X

2 —
k—3—T<—1 = n, >0, (B.50)

i.e. the condition of convergence at large z is precisely the condition that the exponent
ny be positive. Instead, when n;, < 0, the integral is dominated by large radii and Iy
contributes only to the regular part of f(F), as discussed in section 3.2.4.

For k = 0 one recovers ng = %, in agreement with the exact result of Gondolo and
Silk. For a cored profile, with v = 0 and & = «, one obtains n, = ?’_TO‘, which is the case
analysed in Ref. [42]. For the non-singular isothermal profile, with v = 0 and o = 2, both
¢o and ¢y vanish and the first surviving term has k = 2a = 4, for which ny = —1/2 < 0:

no term of the expansion produces a divergence, hence f(F) is regular and n = 0.






Appendix C

Saturation density from dark matter
annihilation

In this appendix we derive the saturation density of section 3.2.5.

The density growth in the innermost region of the DM spike is depleted because DM
annihilates efficiently on account of very high DM density. The evolution of the density
due to annihilation is

dp B {ov) o
ot N mpm ’ (Cl)

where mpy is the DM mass and (ov) is the cross section.
Equation (C.1) is a separable first-order differential equation, so writing it as

ggzz-—<av>dm (C.2)
P mpwm

and integrating from the initial density p; at the time of black hole formation up to the

density p at a later time ¢
P d / t
/ _/P2 _ (o) / d’. (C.3)
p P mpwMm Jo

%

we obtain

1 1
11, fow, (C.4)
P Pi TMbDM

Considering a very large initial density we can neglect the term 1/p; and the equation

becomes

p(t) ~ ZZS;\/;. (C.5)

Finally, we obtain the saturation density evaluating eq. (C.5) at the age of the black
hole ¢ = tpy, conservatively 1010 yr, the maximum time over which annihilation has been
acting,

mpm
core — . C.6
p o0) ton (C.6)

Peore Can be obtained also as the density at which the characteristic annihilation
timescale tan, ~ mpy/({ov) p) becomes comparable to tpy.
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